
7363

Interweaving Mathematics and Art: Drawing Graphs
as Celtic Knots and Links With CelticGraph
Niklas Gröne , Peter Eades , Karsten Klein, Patrick Eades, Leo Schreiber , Ulf Hailer, Hugo A. D. do

Nascimento, and Falk Schreiber

Abstract—Celtic knots, an ancient art form often linked to Celtic
heritage, have been used historically in the decoration of mon-
uments and manuscripts, often symbolizing the notions of eter-
nity and interconnectedness. This paper introduces the framework
CelticGraph designed for illustrating graphs in the style of
Celtic knots and links. The process of creating these drawings
raises interesting combinatorial concepts in the theory of circuits
in planar graphs. Further, CelticGraph uses a novel algorithm
to represent edges as Bézier curves, aiming to show each link as a
smooth curve with limited curvature. We also show that with our
production mechanisms we can compute any 4-regular plane graph
and thereby any celtic knot or link. TheCelticGraph framework
for drawing graphs as celtic knots and links is implemented as an
add-on of Vanted, a network visualization and analysis tool.

Index Terms—Celtic art, knot theory, interactive interfaces.

I. INTRODUCTION

C
ELTIC knots are an ancient art form often attributed to
Celtic cultures. These elaborate designs (also called “end-

less knots”) were used to decorate monuments and manuscripts,
and they were often used to symbolize eternity and intercon-
nectedness. Celtic knots are a well-known visual representation
made up of a variety of interlaced knots, lines, and stylized
graphical representations. The patterns often form continuous
loops with no beginning or end (knots) or a set of such loops
(links). In this paper we will explore the use of the Celtic knot
visualization metaphor to represent specific graphs in the form
of “knot diagrams”.
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We show how to draw a 4-regular planar graph1 as a knot/link
diagram. In this paper, we will first review the relevant back-
ground of related fields in Section II. Then, in Section III, we
present an overview of our novel approach for creating aesthet-
ically pleasing pictures of 4-regular planar graphs as knots and
links. This process involves constructing specific circuits in the
4-regular planar graph, described in more detail in Section IV.
In Section V, we show how to route graph edges so that the
underlying links are aesthetically pleasing. This involves some
optimization problems for cubic Bézier curves. We also provide
an implementation of the presented methods as an add-on for
Vanted [38]. This system supports the transformation of a
graph into a knot (link) representation and interactively changes
the layout of both the graph and the knot. In addition, knots can
be exported to the 3D renderer Blender [7] to allow for artistic 3D
renderings of the knot. Fig. 1 shows a 4-regular planar graph, its
knot representation, and a rendering of the knot. In Section VI,
we present production mechanisms that allow the construction
of knot/link diagrams by merging two existing knots (graphs) or
by applying simple operations to the graph, and we show that any
4-regular planar graph (and therefore any knot/link diagram) can
be constructed using this method. Section VII provides formal
proof for an interesting mathematical claim made in Section IV.
The claim states that the number of threaded circuits in any
threaded circuit partition of a 4-regular plane graph G is fixed
by its combinatorial structure and remains invariant regardless
of the particular topological embedding of G. Following this,
Section VIII briefly describes the implementation of Celtic-
Graph as an add-on for Vanted, as well as its rendering in
Blender. Finally, Section IX concludes and presents several
possible directions for further research regarding framework
extensions.

II. BACKGROUND

This paper has its roots in three disciplines: Mathematical
knot theory, Celtic cultural history, and Graph Drawing. We
briefly review the relevant parts of these diverse fields in Sec-
tions II-A, II-B, and II-C. Further, in Section II-D we review
relevant properties of Bézier curves, which are a key ingredient
toCelticGraph. Additionally, in Section II-E, we distinguish
our novel approach to visualizing Celtic knots from the current
state of research in related fields.

1Graphs used in this paper can contain multiple edges and loops (also called
pseudographs or multigraphs).
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Fig. 1. Using the CelticGraph framework, we (a) take the graph K ′
4

(K4 with some duplicate edges), and (b) create a knot drawing (knot diagram) of K ′
4

;
from this we (c) render the graph as a Celtic knot with a sandstone texture.

Fig. 2. (a) The trefoil knot (knot diagram) and (b) its resulting graph repre-
sentation.

A. Knot Theory

The mathematical theory of knots and links investigates in-
terlacing curves in three dimensions; this theory has a long
and distinguished history in Mathematics [2], [36], [43]. The
motivating problem of Knot Theory is equivalence: whether two
knots can be deformed into each other. A common technique
involves projecting the given curves from three dimensions
into the plane to form a “knot diagram”; the resulting graph
representation is a 4-regular planar graph, with vertices at the
points where the curve crosses itself (in the projection). For
example, a picture of the trefoil knot and its graph representation
are in Fig. 2.

A famous theorem states that two knots are equivalent if the
knot diagram of one can be transformed to the knot diagram of
the other using “Reidemeister moves” [62]. Algorithms to test
equivalence have been a core topic of computational topology
since the 1960 s. Currently no polynomial time algorithm is
known for this test. Properties of a knot or link may be deduced
from the knot diagram, and the equivalence problem can some-
times be solved using knot diagrams.

B. Celtic Art

Knot patterns (“Celtic knots”) are often described as a char-
acteristic ornament of so-called “Celtic art”. In fact, since the
epoch of the Waldalgesheim style (4th/3rd century BC), Celtic art
(and therefore also ornamentation) is characterized by complex,
often geometric patterns of interlinked, opposing or interwo-
ven discs, loops and spirals (see Fig. 3(a)). The floral models,
e. g. tendrils and palmettes, originate from Mediterranean art; in

Fig. 3. Celtic art: (a) Helmet of Agris and (b) Belt Buckle Sutton Hoo. Figures

are in the public domain.

the Celtic context, they were deconstructed, abstracted, arranged
paratactically or intertwined [52], [56].

It is still unclear whether the import of Mediterranean or-
namental models was accompanied by the adoption of their
meaning. However, the selective reception of only certain motifs
suggests rather an adaptation based on specific Celtic ideas,
which we cannot reconstruct exactly due to a lack of written
sources. These motifs and patterns possibly express a specific
“Celtic” world view that can only be surmised speculatively,
according to which all things are in a mystical, ever-changing
connection with one another, in which there are transitions,
changes of form, different states and alternating forms of being.

In today’s popular understanding, a special role in the trans-
mission of actual or supposed “Celtic” art is attributed to the
early medieval art of Ireland [45], [60]. However, such a restric-
tion of Irish or insular art to exclusively Celtic origins would
ignore the historical development of the insular-Celtic context
in Ireland and the British Isles. The early medieval art of Ireland
is partially rooted in indigenous Celtic traditions, but was also
shaped by Late Antique Roman, Germanic and Anglo-Saxon,
Viking and Mediterranean-Oriental models [27].

The knot and tendril patterns of the 7th/8th century can also be
traced back (indirectly) to Mediterranean-Oriental manuscripts.
Such patterns were subsequently used in Anglo-Saxon art,
transmitted by braided ribbon ornaments and other patterns in
the Germanic “Tierstil” (e. g. on Late Antique soldiers’ belts,
Fig. 3(b)). For example, the famous Tara Brooch created in
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Fig. 4. Celtic art: The late 7th or early 8th century Tara Brooch Figure is in the

public domain.

Fig. 5. Celtic art: (a) Book of Kells, (b) Book of Lindisfarne, and (c) Book of
Durrow Figures are in the public domain.

Ireland in the late 7th or early 8th century showcases a blend
of native and Germanic motifs and ornaments [60] (Fig. 4).
Also the knot patterns and braided/spiral ornaments described
as typically “Celtic”, such as in the Book of Kells [48] and
other manuscripts (Book of Lindisfarne, 7th/8th century; Book
of Durrow, 7th century) can be linked to Germanic/Anglo-Saxon
and late Roman traditions (Fig. 5). The ornamentation today
often perceived as “Celtic” is therefore less exclusive or typical
“Celtic”, but rather a result of diverse Late Antique-Roman, Ger-
manic, Anglo-Saxon and Celtic-insular influences, that reflect
an equally complex historical-political development [45]. So it
is not surprising that the so-called Celtic motifs often presented
in tattoo studios of the 21st century, such as braided bands, are
not of Celtic but Germanic origin [52].

Note that while “Celtic knots” are related to the mathematical
theory of knots, the prime motivation of the two topics is
different. For example, the Bowen knot [12], a commonly used
decorative knot that appears in Celtic cultures, is uninteresting
in the mathematical sense (it is clearly an “unknot”).

C. Graph Drawing as Art

In Computer Science, the discipline of Graph Drawing [17]
investigates algorithms for constructing pictures of graphs. Vi-
sualizations of graphs are used to understand complex rela-
tionships between different data elements, to identify patterns,
trends, and correlations between data sets, and to illustrate the
structure of a network. Graph drawing methods are at the root
of many Visual Analytics systems, applied to diverse contexts
such as Biotechnology, network management, and Software
Engineering. In particular, there is substantial interest in planar

graph drawing, that is, algorithms to draw graphs without edge
crossings [11], [15], [29], [37].

Note that the purpose of CelticGraph is different from
most Graph Drawing systems such as yEd, OGDF, Cytoscape,
and graphviz [14], [30], [54], [68]. Our aim is to produce
decorative and artistically pleasing pictures of graphs, not to
make pictures of graphs that effectively convey information
and insight into data sets. Other examples of graph drawing
systems that serve the purpose of producing decorative and
artistically pleasing pictures of graphs include the system by
Devroye and Kruszewski to render images of botanical trees
based on random binary trees [16], the system GDot-i for
drawing graphs as dot paintings inspired by the dot painting
style of Central Australia [20], [33], and research on bobbin
lacework [35]. Also related to our work are Lombardi graph
drawings, artistic representations of graphs that contain edges
represented as circular arcs and vertices represented with perfect
angular resolution [19]. Experiments have shown that Lombardi
graph drawings do not convey information any better than tra-
ditional graph drawings, nevertheless people prefer Lombardi
graph drawings [55].

D. Bézier Curves

The Gestalt law of continuity [42] implies that humans are
more likely to follow continuous and smooth lines rather than
broken or jagged lines. To draw graphs as Celtic knots, certain
circuits in the graph need to be drawn as smooth curves.

Computer Graphics has developed many models for smooth
curves; one of the simplest is a Bézier curve. A cubic Bézier

curve with control points p0, p1, p2, p3 is defined parametrically
by:

p(t) = (1− t)3p0 + 3(1− t)2tp1 + 3(1− t)t2p2 + t3p3,

(1)
for 0 ≤ t ≤ 1. The following properties of cubic Bézier curves
are well-known [26]:
r The endpoints of the curve are the first and last control

points, that is, p(0) = p0 and p(1) = p3.
r Every point on the curve lies within the convex hull of its

control points.
r The line segments (p0, p1) and (p3, p2) are tangent to the

curve atp0 andp3 respectively. We say (p0, p1) and (p3, p2)
are control tangents of the curve.

r The curve is Ck smooth for all k ≥ 0, that is, all the
derivatives are continuous.

Drawing each edge of a graph as a cubic Bézier curve ensures
smoothness in the edges, and can improve readability [67].
However, for CelticGraph we need certain circuits in the
graph to be smooth curves, so we need the curves representing
certain incident edges to be joined smoothly. Suppose that p(t)
and q(t) are two cubic Bézier curves that meet at a common
endpoint. Then the curve formed by joining p(t) and q(t) is
C1 smooth as long as the control tangents to each curve at the
common endpoint form a straight line; see Fig. 6.

Mathematically,C1 smoothness is adequate. However, the in-
finitesimality of Mathematics sometimes does not model human
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Fig. 6. Two cubic Bézier curves with control points p0, p1, p2, p3 and
q0, q1, q2, q3, meeting at the point p3 = q0. The control tangents are shown
in black; note that the points p2, p3, q1 lie on a straight line and the join is C1

and visually smooth.

Fig. 7. A cubic Bézier curve with a “kink”, i. e. a point of large curvature,
near the middle. The curve is C1 smooth; but the kink, together with the limits
of human perception and screen resolution, mean that the curve does not look
smooth.

perception well. For example, the curve in Fig. 7 is mathemati-
cally smooth, but given a fixed-resolution screen and the limits of
human perception, it appears to have a non-differentiable “kink”.

For this reason, it is desirable that the curvature [22] of
each edge is not too large. Informally, the curvature κ(t) is the
“sharpness” of the curve. More formally, κ(t) is the inverse of
the radius of the largest circle that can be placed tangent to the
curve at p(t) without intersecting it. For a cubic Bézier curve
p(t) = (x(t), y(t)), the curvature at p(t) is given by [26]:

κ(t) =
|ẋÿ − ẍẏ|

(ẋ2 + ẏ2)1.5
, (2)

where ḟ denotes the derivative of f with respect to t. Note that
κ(t) is continuous except for values of t where both ẋ(t) and
ẏ(t) are zero. For CelticGraph, we need C1 smooth curves
with reasonably small curvature. In Section V-C, we discuss
the extreme of curvature and therefore what can be considered
reasonable.

E. Related Work

1) Knot Diagrams as Lombardi Graph Drawings: Closely
related to our types of drawings are Lombardi graph drawings,
which are graph drawings with circular-arc edges and perfect
angular resolution [19]. Lombardi style drawings have been
shown to positively impact user preference, as their aesthetic
appeal often makes them more visually engaging and pleasant
to work with [55]. Previous studies have demonstrated that a
significant group of 4-regular planar graphs can be represented as
plane Lombardi graph drawings [39]. However, there are certain
restrictions. Notably, if a non-trivial planar graph contains a loop,
it cannot be depicted as a Lombardi drawing. In our approach,
every 4-regular planar graph can be transformed into a knot or
link.

2) Celtic Knots by Tiling and Algorithmic Design Methods:

Celtic knots can be created using tiling and algorithmic design
methods. George Bain introduced a formal method for creating
Celtic knot patterns [4], which subsequently has been simplified
to a three-grid system by Iain Bain [5], [28]. Klempien-Hinrichs
and von Totth study the generation of Celtic knots using so-called

“collage grammars” [40]. Even-Zohar et al. investigate sets of
planar curves which yield diagrams for all knots [21]. None of
those methods use graphs or are graph drawing approaches.

3) Gauss Codes: The graph theory of Celtic knots is strongly
correlated to the study of a sequential labeling representation
called Gauss codes. In fact, every closed curve in the plane that
crosses itself in a finite number of times by passing twice in
each intersection point can be described by such a code [59].
The Gauss code of a closed curve in a Celtic knot artwork (or of
a circuit in a graph representing the Celtic knot, as investigated in
this paper) can be obtained by uniquely labeling every crossing
point (or vertex of the graph) and then writing the sequence of
labels that follows the curve until it returns to the starting point.
If the Celtic knot is composed of just one closed curve, then all
labels appear twice in its Gauss code. For Celtic knots composed
of two or more interlaced closed curves (links), each curve gives
rise to an independent Gauss code. In that case, a crossing point
shared by two curves is represented by a label that appears
exactly once in the two corresponding Gauss codes. As an
example, the Gauss code for the graph in Fig. 1(a), considering
that each vertex represents a crossing point and starting at vertex
1, is the sequence “12432134”.

Some graphical marks can be added to the Gauss code to con-
vey extra information about the intersection points and the asso-
ciated knot drawings. For instance, by using alternating plus and
minus signs before the labels it is possible to indicate whether
a curve passes over or under an intersection point, respectively.
Furthermore, a common extension of the Gauss code notation
explicitly defines whether a crossing is left- or right-handed to
distinguish between its two mirrored versions. This last aspect
can be denoted by drawing a mark on the top of the labels
associated with left-handed crossings in the Gauss code. A more
frequent and compact representation of crossing handedness,
however, adopts the plus and minus signs differently in the
second occurrence of each label in the Gauss code, with the left-
handed crossings given by negative numbers. An extended Gauss
code for the Celtic knot in Fig. 1 using plus and minus signs to
denote over and under crossings and the mark ∧ to represent
left-handed crossings is “+1− 2̂ + 4̂− 3 + 2− 1̂ + 3̂− 4”.

Overall, the Gauss code concept has been employed to facil-
itate the representation and manipulation of knot drawings in
some computational systems [13], [41] as well as for supporting
their theoretical study.

4) Drawing Graphs With Bézier Curve Edges: A number
of network visualization systems use Bézier curves as edges.
These include yWorks [68], GraphViz [30], Vanted [38],
Vizaj [58], and the framework proposed in [29]. In many cases,
such systems allow the user to route the curves by adjusting
control points, but few provide automatic computation of the
curves. However, there are some exceptions. For example, in
the GraphViz system, Bézier curve edges are routed within
polygons to avoid edge crossings [1]. Force-directed methods
are also popular for computing control points of Bézier curve
edges [10], [23], [25]. Brandes et al. present a similar method
to the “cross” method in Section V, applied to transport net-
works [9]. However, only [23] considers smoothness in more
than one edge.
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TABLE I
LIST OF IMPORTANT KNOT DRAWING TOOLS AND THEIR INPUT PARADIGM AS

WELL AS MAIN FUNCTIONALITY

5) Knot Drawing Tools: Drawing Celtic weaving patterns is
closely related to creating knots and links, for which various
specialized tools are available. These tools can be categorized
according to their main interaction modality and core function-
alities, as shown for a selection of tools in Table I. It is to be
noted that our aim is not to present a comprehensive survey of
all software available; but rather, to provide an initial overview of
available options, accompanied by a classification of said tools
based on our findings.

In Table I the second column displays the different input
modalities. The ‘Sketching’ approach serves as an input method
that allows users to create two-dimensional curves using a mouse
or an equivalent input device. These curves then are auto-
matically enhanced, for instance, through a special smoothing
technique as provided in the SeifertView tool or preserved
in their initial drawing with the capability to ‘beautify’ and refine
at a later stage, like in tools such as KnotFolio.

The ‘String’ approach employs text-based inputs for the gen-
eration of knots and links. A prevalent method to achieve this
involves the use of the Gauss notation (see Section II-E3) [3],
[6]. Furthermore, some tools such as SeifertView have
developed alternative notation, such as the ‘Braid Notation’, to
enable the conversion of a string input into knots and links.

The tools Knoty and the KnotR represent a mentionable
deviation from most other input paradigms, since both tools are

Fig. 8. The CelticGraph process.

capable of accepting SVG files (Scalable Vector Graphics) as in-
put. In Knoty, a knot equation is derived from this SVG image,
whereas, in KnotR, the resultant curves undergo a ‘beautifica-
tion’ process. Nevertheless, this approach effectively transfers
the task of the input generation to an external application, where
knots have to be created in some form and then exported as an
SVG file, and, in the case of KnotR, this process is again done
by hand.

Beyond their input modalities, these tools also differ in their
core functions, shown in Table I in the column ‘Main Focus’.
Here, we can distinguish between tools that focus primarily
on visualization and those that compute theoretical properties
of knots, such as important invariants. In the middle of these
two categories lie tools dedicated to the visual exploration
of knot structures, reflecting the main purpose in knot the-
ory. Most of these tools offer Reidemeister steps (see II-A)
for an interactive simplification, (see KnotPad). Some tools,
such as KnotVis, even identify regions within a knot draw-
ing where Reidemeister moves can be applied, suggest poten-
tial moves, and constrain the user to only make permissible
operations.
CelticGraph now sets itself apart from existing programs

by taking the novel approach of translating a given graph struc-
ture into knots and links, emphasizing aesthetic visualizations
reminiscent to celtic art as well as exportability.

III. OVERVIEW OF THE CelticGraph PROCESS

In this section we outline CelticGraph, our framework
for creating aesthetically pleasing pictures of 4-regular planar
graphs as knots.

Observing typical Celtic knots (e. g. the Book of Kells [48]),
several key characteristics emerge, which our CelticGraph
framework aims to replicate. These patterns typically involve
one or more smooth, interwoven closed curves in three-
dimensional space projected onto a two-dimensional plane. In
this projection, a specific curve crosses itself or another curve; it
either crosses over or under the other curve. In most celtic knots,
we observe that the curve alternates between over and under the
other curves. Another aspect of these patterns is the angle at
which the curves intersect: typically, the curves intersect at a
large angle.

The CelticGraph procedure is shown in Fig. 8; it has 5
steps:

1) Create a plane graph (that is a topological embedding [53])
G′ of the input 4-regular planar graph G.

2) Create a planar straight-line drawing D of the plane graph
G′. Note that we extend the standard definition of a planar
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straight-line drawing to accommodate the overlay of mul-
tiple edges. In this extended definition, multiple edges are
allowed to overlap while still being considered part of the
planar straight-line drawing.

3) Create a special circuit partition of G′, called a “threaded
circuit partition“. The vertices along each circuit in the
circuit partition of G′ have an alternating “under-over“
assignment.

4) Using the straight-line drawing D and the threaded cir-
cuit partition C, create a drawing D′ of G with cubic
Bézier curves as edges. To ensure that the representations
of the threaded circuits are smooth curves that cross at
large (right) angles, we choose control tangents for Bézier
curves in a special way.

5) Render the drawing D′ as a knot, on the screen or with a
3D printer.

The first two steps can be done using standard Graph Draw-
ing methods [17] such as the Hopcroft-Tarjan algorithm [46],
[50] or the Boyer-Myrvold algorithm [8] for step (1) and the
algorithm by De Fraysseix, Pach & Pollack [15] for step (2) or
manual layouts. Steps (3) and (4) are described in the following
sections, while step (5) can be done using standard rendering
methods.

IV. STEP (3): FINDING THE THREADED CIRCUIT PARTITION

Here we define threaded circuit partition, a special kind of
circuit partition of a plane graph, and show how to find it in
linear time.

A circuit in a graph G is a list of distinct edges
(e0, e1, . . . , ek−1) such that ei and ei+1 share a vertex for
i = 0, 1, . . . , k − 1 (here, and in the remainder of this paper,
indices in a circuit of length k are taken modulo k). We can
write the circuit as a list of vertices (u0, u1, . . . , uk−1) where
ei = (ui, ui+1). Note that a vertex can appear more than once
in a circuit, but an edge cannot. A set C = {c0, c1, . . . , ch−1}
of circuits in a graph G such that every edge of G is in exactly
one cj is a circuit partition for G. Given a circuit partition, we
can regard G as a directed graph by directing each edge so that
each ci is a directed circuit.

A path (α, β, γ) of length two (that is, two edges (α, β)
and (β, γ)) in a 4-regular plane graph G is a thread if edges
(α, β) and (β, γ) are not contiguous in the cyclic order of edges
around β. This means that there is an edge between (α, β)
and (β, γ) in both counterclockwise and clockwise directions
in the circular order of edges around β. We say that β is the
midpoint of the thread (α, β, γ). Note that each vertex in G

is the midpoint of two threads; see Fig. 9(a). For every edge
(α, β) in G, there is a unique thread (α, β, γ); we say that the
edge (β, γ) is the next edge after (α, β). For each vertex uj

on a circuit c = (u0, u1, . . . , uk−1) with k > 1 there is a path
pj = (uj−1, uj , uj+1) of length two such that uj is the midpoint
of pj . In fact we can consider that the circuit c consists of k

paths of length two. We say that the circuit c is threaded if for
each j, the path pj = (uj−1, uj , uj+1) is a thread. Note that in
such a circuit, the edge (uj , uj+1) is the (unique) next edge after
(uj−1, uj) for each j. A circuit partitionC = {c0, c1, . . . , ch−1}

Fig. 9. (a) Two threads (α, β, γ) and (α′, β, γ′), each with mid-
point β. (b) Plane 4-regular graph with a threaded Euler circuit
(0,1,2,3,4,0,5,6,3,7,1,5,8,4,7,2,6,8).

is threaded if each circuit cj is threaded. In the case that h = 1,
a threaded circuit partition defines a threaded Euler circuit; see
Fig. 9(b).

An assignment υ(p) ∈ {−1,+1} of an integer −1 or +1 to
each thread p of a 4-regular plane graph G is an under-over

assignment. Note that for each vertex β of G, there are two
threads pβ and p′β with midpoint β. We say that an under-over
assignment υ is consistent if υ(pβ) = −υ(p′β) for each vertex
β.

An under-over assignment υ is alternating on the circuit
(p0, p1, . . . , pk−1) if υ(pi) = −υ(pi+1) for each i. An under-
over assignment for a graph with a threaded circuit partition C

is alternating if it is alternating on each circuit in C.
Intuitively, a consistent under-over assignment designates

which thread passes under or over which thread, and an alternat-
ing under-over assignment corresponds to an alternating knot or
link [49].

The following theorem gives the properties of threaded circuit
partitions that are essential for CelticGraph.

Theorem 1: Every 4-regular plane graph has a unique
threaded circuit partition, and this threaded circuit partition
has a consistent alternating under-over assignment. Further, this
threaded circuit partition can be found in linear time.

Proof: The existence and uniqueness of the threaded circuit
partition follows from the fact that every edge has a unique next
edge. A simple linear-time algorithm to find the threaded circuit
partition is to repeatedly choose an edge e that is not currently
in a circuit, then repeatedly choose the next edge after e until we
return to e.

We can direct every edge of a 4-regular plane graph G so
that each circuit in a given threaded circuit partition C is a
directed circuit. This means that we can sensibly define the “left”
and “right” faces of an edge. Since a 4-regular plane graph is
bridgeless [53], no face is both “left” and “right”.

Since the planar dual graph of a 4-regular plane graph is
bipartite [53], the faces can be colored green and blue, such
that no two faces of the same color share an edge, see Fig. 10
. An immediate consequence is that the sequence of left faces
to (directed) edges in a threaded circuit alternate in color. Now
consider a thread (α, β, γ) in a (directed) threaded circuit in a
threaded circuit partition. If the face to the left of (α, β) is green,
then assign +1 to the path (α, β, γ); otherwise assign −1 to
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Fig. 10. (a) Two threads: (α, β, γ) has under-over assignment +1 (since the
face to the left of (α, β) is green), and (α′, β, γ′) has under-over assignment
−1 (since the face to the left of (α′, β) is blue). (b) The faces of the graph are
coloured according to its bipartition; note that each vertex has two incoming
edges: one has a blue face to the left, the other has a green face to the left, and
that the faces on the left of the threaded Euler circuit alternate in color.

Fig. 11. Two topological embeddings of a planar graph. In (a), the plane graph
has a threaded circuit partition of 4 circuits, with two circuits of size 6 (in black)
and two circuits of size 12 (in blue and orange). In (b), the plane graph still has
4 threaded circuits: the two of size 6 are unchanged, but the lengths of the blue
and orange circuits are 14 and 10 respectively.

(α, β, γ). Note that the face to the left of (β, γ) is the opposite
color of the face to the left of (α, β), and so the under-over
assignment is alternating. Further it is consistent, since at each
vertex there is precisely one incoming arc with a green face on
the left, and precisely one incoming arc with a blue face on the
left. �

A. Threaded Euler Circuits

Celtic knots are sometimes called “endless knots”, and can
be used to symbolize eternity. For this reason, a threaded Eu-

ler circuit is desirable; such a circuit gives a drawing of the
graph as a knot rather than a link. Using the algorithms in
the proof of Theorem 1, one can test whether a given plane
graph has a threaded Euler circuit in linear time. Note that
different topological embeddings of a given planar graph may
have different threaded circuit partitions; see Fig. 11. It is clear
that, in some cases, we can increase the length of a threaded
circuit by changing the embedding. It is tempting to try to find a
method to adjust the embedding to get a threaded Euler circuit.
However, in Section VII, we show that changing the embedding
cannot change the number of threaded circuits in a threaded
circuit partition.

Fig. 12. (a) The 3-prism with a cross at each vertex. (b) Edges drawn as Bézier
curves, using the arms of the crosses as control tangents.

Fig. 13. A cross rotated by an angle of θ. Here the cross is in blue, the edges
of the graph are in orange.

V. STEP (4): SMOOTH KNOT DRAWING WITH BÉZIER CURVES

Step (4) takes a straight-line drawing D of the input graph G,
and replaces the straight-line edges by cubic Bézier curves in a
way that ensures that each circuit in the threaded circuit partition
found in step (3) is smooth.

A central concept for the smooth drawing method is a “cross”
χu at each vertex u. For each u, χu consists of 4 line segments
called “arms”. The four arms are all at right angles to each other,
leading to a perfect angular resolution. Each arm of χu has an
endpoint at u.

This is illustrated in Fig. 12(a). Each edge (u, v) then is
drawn as a cubic Bézier curve with endpoints u and v, and the
control tangents of the curve are arms of the crosses χu and χv

(illustrated in Fig. 12(b)).
For this approach, we need to choose three parameters for

each cross χu:
1) The mapping between the four arms of χu and the four

edges incident to u.
2) The angle of orientation of the cross.
3) The length of each arm of the cross.
These parameters are discussed in the next subsections. The

methods described in Section V-A and V-B are analogous to the
methods in [9]; Section V-C is not.

A. The Edge-Arm Mapping

Suppose that u is a vertex in the straight-line drawing D

of the input plane graph. We want to choose the mapping
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Fig. 14. A graph with crosses oriented to align with edges as much as possible
before (a) and after (b) applying the algorithm, and shown in Vanted (c).

Fig. 15. Three drawings of the 3-prism, differing in edge curvature.

between the arms of the cross χu and the edges incident with u

so that the arms are approximately in line with the edges.
Now suppose that the edges incident with u are e0, e1, e2, e3

in counterclockwise order around u. For each i = 0, 1, 2, 3 we
choose an arm αi of the cross χu corresponding to ei so that the
counterclockwise order of arms aroundu is the same as the order
of edges around u; that is, the counterclockwise order of arms
is α0, α1, α2, α3. Note that this method separates multi-edges.

B. The Orientation of the Cross

To improve the alignment of the arms of the crosses with the
edges, we rotate each cross. Suppose that the counterclockwise
angle that edge ei makes with the horizontal direction is φi. We
want to rotate the cross by an angle θ to align with the edges, as
best as possible. This is illustrated in Fig. 13.

Consider the sum of squares error in rotating by θ; this is:

f(θ) =

i=3
∑

i=0

(

θ +
iπ

2
− φi

)2

. (3)

To minimize f(θ), we solve f ′(θ) = 0 and choose the opti-
mum value:

θ∗ =
1

4

(

i=3
∑

i=0

φi

)

−
3π

4
. (4)

In Fig. 14, we show a graph with crosses oriented by this
method.

C. Arm Length

Recall that the “apparent smoothness” of an edge depends
on its curvature. We illustrate this with Fig. 15, which shows
three Bézier curve drawings of the 3-prism. This graph has 3
threaded circuits, and we want to draw it so that each one of

Fig. 16. The uniformly proportional approach: (a) α = 0.2; (b) α = 0.4; (c)
α = 0.6.

these threaded circuits appears as a smooth curve with limited
curvature. In Fig. 15(a), the arms of the crosses are all very
short, resulting in a Bézier curve drawing which is very close to a
straight-line drawing. Each edge has low curvature in the middle
and high curvature around the endpoints. The high curvature
near their endpoints results in a lack of apparent smoothness
where two Bézier curves join (at the vertices); it is difficult
to discern the three threaded circuits. The arms of the crosses
are longer in Fig. 15(b), resulting in better curvature at the
endpoints. However, here each of the edges (0, 3), (1, 4), and
(2,5) have two points of large curvature; this is undesirable.
In Fig. 15(c), the arms of the crosses are longer still. Each
of the edges (0, 3), (1, 4), and (2,5) again have two points of
large curvature, but the edges (3,4), (4,5), and (5,3) are worse:
each has a “kink” (a point of very high curvature, despite being
C1-smooth).

Next we describe three approaches to choosing the lengths
of the arms of the crosses, aiming to give sufficiently small
curvature. The curvature of the edge varies with lengths of the
arms, and we want to ensure that the maximum curvature in each
edge is not too large.

1) Uniform Arm Lengths: The simplest approach is to use
uniform arm lengths, that is, judiciously choose a global value λ

and set the length of every arm length to λ. The drawings of the 3-
prism in Fig. 15 have uniform arm lengths: λ in Fig. 15(a) is quite
small, in Fig. 15(c) it is relatively large, and (b) is in between.
In fact, the problem with the uniform arm length approach is
typified in Fig. 15: if λ is small, the curvature is high near the
endpoints for all edges, and increasing λ increases the curvature
away from the endpoints, especially in the shorter edges. There
is no uniform value of λ that gives good curvature in both short
and long edges.

2) Uniformly Proportional Arm Lengths: An approach that
aims to overcome the problems of uniform arm length is to use
uniformly proportional arm lengths: we judiciously choose a
global value α, and then set the lengths of the two arms for
edge (u, v) to αd(u, v), where d(u, v) is the euclidean distance
between u and v. Fig. 16 shows typical results for the uniformly
proportional approach. For α = 0.2 the drawing displayed in
Fig. 16(a) is similar to Fig. 15(a), and has similar problems. But
for values of α near 0.5 (Fig. 16(b) and (c)), we have acceptable
results; in particular, the shorter edges have acceptable curvature.

3) Optimal Arm Lengths: A third approach is to choose the
arm lengths at each end of an edge (u, v) to minimize maximum
curvature, as follows. Suppose κ(t, λu, λv) is the curvature of
the edge (u, v) at point t on the curve, when the arm lengths are
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Fig. 17. “Ballooning” curves: as α = λu = λv increases, the curvature falls
but the curve becomes very long.

λu and λv at u and v respectively. From Equation (2), we note
that

∂

∂t
κ (t, λu, λv) =

∣

∣

∣

∣

...
xẏ −

...
y ẋ

(ẋ2 + ẏ2)1.5
−

ẍẏ − ÿẋ

3 (ẍ+ ÿ)2.5

∣

∣

∣

∣

(5)

as long as (ẋ2 + ẏ2) 6= 0 and ẍẏ 6= ÿẋ. Since both x and y are
cubic functions of t, equation (5) is not as complex as it seems,
and it is straightforward (but tedious, because of the edge cases)
to maximize κ(t, λu, λv) over t; that is, to find the maximum
curvature κ∗(λu, λv):

κ∗ (λu, λv) = max
0≤t≤1

κ (t, λu, λv) .

Now we want to choose the arm lengths λu and λv to minimize
κ∗(λu, λv). Let ιu and ιv be the unit vectors in the directions of
the appropriate arms of χu and χv . We can express the internal
control points p1 and p2 of the Bézier curve in terms of λu and
λv:

p1 = u+ λuιu, p2 = v + λvιv.

In this way, κ∗(λu, λv) is linear in both λu and λv and finding a
minimum point for κ∗(λu, λv) is straightforward.

However, in some cases, an edge with globally minimum max-
imum curvature may not be desirable. In Fig. 17, for example,
the curvature decreases as λu and λv increase; for large values
of λu and λv the curvature is quite low. The problem is that these
large values make the curve very long (it “balloons” out), which
might also cause unintended edge crossings.

For this reason, we choose an upper bounds ǫu and ǫv and
take a minimum constrained by λu ≤ ǫu and λv ≤ ǫv:

κ∗
min = min

0≤λu≤ǫu,0≤λv≤ǫv
κ∗ (λu, λv) .

We have found that ǫu = ǫv = 0.75d(u, v) gives good results,
where d(u, v) is the distance between u and v. Values of λu

and λv that achieve the (constrained) minimum κ∗
min are then

used by the Bézier curves. These bounds help mitigate the
“ballooning” effect and prevent most unintended edge crossings.
However, they do not provide a complete guarantee. To eliminate
unintended edge crossings entirely, we calculate the intersection

Fig. 18. Comparison of proportional arm length (blue, α = 0.5) and optimal
arm length (magenta): (a) Trefoil; (b) K4 knot; (c) 3-prism; (d) Love knot.

points of each pair of curves. If an intersection is found, the arm
lengths of the intersecting curves must be adjusted to ensure they
no longer cross. In practice, using such optimal arm lengths gives
better results than using uniformly proportional arm lengths. In
some cases the difference is not significant, but in others the
optimal edges appear to be much smoother. See Fig. 18 for
examples.

VI. GENERATING 4-REGULAR PLANE GRAPHS

In the previous sections we presented a novel procedure for
drawing a 4-regular planar graph as a knot/link diagram. Celtic
interlace patterns can be quite complex; we wish to define
operations to build very large and complex Celtic knots. With
this in mind, we define two operations edge-disentanglement

and combine for the creation and modification of 4-regular plane
graphs. These operations aim to be easily implementable in an
interactive tool. The edge-disentanglement operations, shown in
Fig. 19, extends such a graph outwards through its outer face with
minor alterations to its inner structure. The combine operation,
shown in Fig. 20, merges two 4-regular plane graphs. In fact, we
show that these operations can generate every 4-regular plane
graph in Section VI-C.

A. Edge-Disentanglement

Here, we define the two edge-disentanglement operations O1

and O2 along with their inverse operations O−1
1 and O−1

2 .
Let G = (V,E) be a 4-regular plane graph.
r O1: Choose a vertex u and two edges e1 = (u, u1) and
e2 = (u, u2) incident to vertex u, such that e1 and e2 lie
on the same face ofG, andu is not incident with a self-loop.
Then delete edges e1 and e2, and add an an edge (u1, u2)
and a self loop (u, u). This is illustrated in Fig. 19(a).

r O2: Choose a vertex u and two edges e1 = (u, u1) and
e2 = (u, u2) incident with vertex u, such that u is incident
with a self-loop e, e 6= e1, e 6= e2, and e, e1, and e2 lie on
the same face ofG. Then delete the vertexu as well as edges
e1 and e2, and add an edge (u1, u2). This is illustrated in
Fig. 19(b).

Note that the resulting graph is a 4-regular plane graph for
both operations.

For each of O1 and O2, we have an inverse operation:
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Fig. 19. Operations O1, O−1

1
, O2, and O−1

2
. The curve indicates which two

edges are used for O1 or O2. The T-Stick indicates onto which vertex O−1

1
is

performed or where the newly created vertex of O−1

2
lies.

Fig. 20. Combine operation.

r O−1
1 : Suppose that e = (u1, u2) is an edge of G and u is a

vertex in G such that u is incident with a self-loop e′, and
e′ shares a face with e. Then we remove e and e′, and add
edges e1 = (u, u1) and e2 = (u, u2).

r O−1
2 : Choose an edge e = (u1, u2), add a new vertex u,

replace e with two edges e1 = (u, u1) and e2 = (u, u2),
then add a self-loop (u, u) to u.

Again, the graphs formed by operations O−1
1 and O−1

2 are
clearly 4-regular plane graphs.

B. Combine

A vertex a ∈ V of a 4-regular plane graph G = (V,E) is
active if a is on the outside face and is incident with a self-
loop on the outside face. Suppose that G = (V,E) and H =
(U,F ) are two 4-regular plane graphs, andA = (a1, a2, . . . , ak)
and B = (b1, b2, . . . , bk) are lists of active vertices in G and H

respectively, with |A| = |B|. We also require that vertices in
A appear clockwise and vertices in B are in counter-clockwise
order around the outside face.

We combine G and H with respect to A and B by identifying
vertex ai in A with vertex bi in B for 1 ≤ i ≤ k. We create a
new graph J whose vertices set is (V ∪ U) \A, and edge set is
(E \ EA) ∪ (F \ FB), whereEA is the set of self-loops incident
with vertices in A, FB is the set of self-loops incident with
vertices in B. The combine operation is illustrated in Fig. 20.
Note that combining two 4-regular plane graphs yields a single
4-regular plane graph

C. Completeness

Having introduced both operations, we will now demonstrate
that the edge-disentanglement operation alone is sufficient to
construct all possible four-regular plane multi-graphs. Addition-
ally, the combine operation provides an efficient and straight-
forward method to merge large sub-patterns without affecting
the completeness of the edge-disentanglement operation, as
combining two four-regular plane multi-graphs results in a four-
regular plane multi-graph. Formally, we present the following
theorem:

Theorem 2: Any four-regular plane multi-graph can be con-
structed, starting with the one-vertex graph with two self-loops,
using a finite series of (inverse-) edge-disentanglement opera-
tions (and the combine operation).

Proof: We prove this by induction on the number of vertices
in G first and the number of non-self-looping edges, denotedE′,
second. That is, assume that our claim holds for any four-regular
plane graph with less than n vertices or with n vertices and
less than k non-self-looping edges (normal edges), including
multi-edges.

Let G = (V,E) be a four-regular plane graph with n > 1
vertices and k normal edges. Let us now distinguish the three
possible cases that might occur.

Case 1. G is disconnected: Let G be a disconnected graph.
By our induction hypothesis, we know that each connected
component can be created individually using a series of edge-
disentanglement operations. Thus, our claim holds.

Case 2.1. G is connected and contains self-loops: Let u be
a vertex incident to an arbitrary self-loop e and the two edges
e1 = (u, u1) and e2 = (u, u2). Performing O2 on u and the two
edges e1, e2 results by definition in a graph G′ = (V ′, E ′), with
n− 1′ vertices. Hence G′ can, by induction, be created using
the edge-disentanglement operations, and our claim holds.

Case 2.2. G is connected and contains no self-loops:

Let u be any vertex incident to two arbitrary edges e1 =
(u, u1) and e2 = (u, u2). Performing O1 on u and e1, e2
per definition results in a graph G′ = (V ′, E ′), with k −
1′ normal edges, which again can by induction be created
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Fig. 21. Examples of the four types of subgraphs separated by a separation
pair. The type of a subgraph is determined by a perfect matching on the edges
in its cut; there are three ways to match four edges, and one way to match two
edges. Threaded circuits crossing the cut are traced in blue and red.

using the edge-disentanglement operations and our claim
holds.

Since these are the only possible cases and each edge dis-
entanglement operation results in a 4-regular plane graph, our
claim holds for any 4-regular plane graph with n vertices and k

normal edges. Therefore, by induction, the claim is valid for all
4-regular plane graphs. �

VII. THE CARDINALITY OF A THREADED CIRCUIT PARTITION

Here we provide a proof for the claim made in Section IV;
namely that the number of threaded circuits in any threaded
circuit partition of a 4-regular plane graph G is fixed by the
combinatorial structure of G, and cannot be changed by taking
a different topological embedding of G.

Since there is no choice of topological embedding for 3-
connected graphs [66] we will be concerned only with 1- and
2-connected graphs. We will not consider disconnected graphs;
in that case each connected component should be treated sepa-
rately. Clearly a threaded circuit cannot span multiple connected
components, so the cardinality of a threaded circuit partition of
a disconnected graph is exactly the sum of the cardinalities of
the threaded circuit partitions of its components.

Suppose that G is a 4-regular planar graph, and c is a cutpoint
separating components G1 and G2 in G. Note that c has degree
2 in both G1 and G2, because a 4-regular graph is bridgeless.
Now suppose that the two edges incident with c in G1 are e1
and e2. For the threaded circuit containing e1 to form a valid
circuit, it must eventually include a second edge incident on
vertex c. This edge could either be e2 or one of the other two
edges incident on c. However, both of these edges originate in
G2, and since c is a cut vertex, a circuit can only pass from G1 to
G2 through an edge connecting G1 to c. Therefore the threaded
circuit containing e1 must also contain e2.

PivotingG1 around the cut vertex c connects e1 to the threaded
circuit formerly connected to e2 and vice versa. However, since
e1 and e2 are part of the same threaded circuit this pivot does not
change the number of threaded circuits; in fact we can deduce
the following theorem.

Theorem 3: Suppose that G is a 4-regular planar graph, and c

is a cutpoint separating components G1 and G2 in G; denote by
G′

i the 4-regular planar graph formed by adding a self-loop to c

inGi, for i = 1, 2. Suppose that Ĝ is a topological embedding of
G, and Ĝ′

1 and Ĝ′
2 are plane subgraphs of Ĝ corresponding toG′

1

and G′
2 respectively. Suppose that Ĝ, Ĝ′

1 and Ĝ′
2 have threaded

circuit partitionsC,C1, andC2 respectively. Then |C| = |C1|+
|C2| − 1.

In contrast, “mirroring” about a separation pair [51] can
change the threaded circuits; as demonstrated in Fig. 11. How-
ever, we will now show that the cardinality of a threaded circuit
partition is a graph property, not an embedding property; that is,
changing the embedding does not change the number of threaded
circuits in a threaded circuit partition.

Theorem 4: Suppose that G is a 2-connected 4-regular planar
graph, and C and C ′ are threaded circuit partitions of two
topological embeddings of G. Then |C| = |C ′|.

Proof: For a 2-connected planar graph, all topological em-
beddings can be found by “pivoting” (re-ordering and “mir-
roring”) 3-connected components around separation pairs.2 We
show that such a pivoting does not change the cardinality of a
threaded circuit partition.

Suppose that vertices c and d form a separation pair that
separates G into two components, G1 and G2. We will show
that pivotingG2 neither creates new threaded circuits nor merges
existing threaded circuits and hence does not change the number
of threaded circuits.

First note that pivoting G1 at c and d does not change any
threaded circuit not incident on c or d; that is, threaded circuits
entirely within G1 or G2 are unaffected. As G1 is 4-regular
(except for c and d), by the handshake lemma either both c and
d have degree 2 in G1 or they both have odd degree. If c has
degree 3 in G1 it has a unique neighbor c′ that is not in G1; in
this case we consider the separation pair c′ and d instead. Thus
we may assume without loss of generality that c has degree 1 in
G1; the same argument holds for d. Therefore, either both c and
d have degree 2 in G1, or both c and d have degree 1 in G1.

Every threaded circuit that enters G1 must somehow exit in
order to form a valid circuit. If c and d have degree 2, selecting
one “entering” cut edge (that is, an edge in G2 incident to c or d)
leaves three possible edges it may use to “exit”G1; fixing an exit
edge forces the remaining two cut edges to be part of the same
threaded circuit. On the other hand, if the c and d have degree
1, there is only a single possible connection: the circuit entering
at c must exit at d. Consequently, considering both cases, one
can deduce that, since the graph is 4-regular and planar, there
are only four possible “interfaces” that G1 can present to G2;
examples are enumerated in Fig. 21. The names “crossover”,
“parallel”, “loopback”, and ” straight” reflect how G1 appears
to G2.

To complete the proof, note that pivoting each type of sub-
graph does not change the cardinality of the threaded circuit
partition, although it can change which of two paths connects
to which threaded circuit, and hence the number of edges in the
circuits. �

VIII. CelticGraph IMPLEMENTATION AS A Vanted

ADD-ON AND RENDERING

CelticGraph has been implemented as an add-on of
Vanted [38], a tool for interactive visualization and analysis

2This is a well-known “folklore” result; we have not been able to determine
the first proof of it. This result is used, for example, in [18].
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Fig. 22. Examples of Celtic knot renderings in different media including a 3D
printed version (second row from top). The knot bottom right has been inspired
by the central round part of the Belt Buckle Sutton Hoo in Fig. 3(b).

of networks. Fig. 1 shows an example workflow; the first step
is implemented as a Vanted add-on, the second is done by
Blender [7].
Vanted allows a user to load or create 4-regular graphs,

either by importing from files (e. g. a. gml file), by selecting from
examples, or by creating a new graph by hand. The individual
vertices of the graph are then mapped into the data structure of a
cross, containing position and the rotation and control points of

the to-be-generated Bézier curves. The graph is translated into a
knot (links) using the methods for optimal cross rotation and arm
length computation described in Section V. Vertex positions can
be interactively changed, either by interacting with the underly-
ing graph, or by interacting directly with the visualization of the
knot. Once a visualization satisfies the expectation of the user,
the Bézier curves can be exported for further use in Blender.

We implemented a Python script and a geometry node tree in
Blender which allows the import of information into Blender and
rendering the knot (links), either using a set of predefined media
or by user interaction; the script can also run as a batch process
with selected parameters and media. Fig. 22 shows examples of
Celtic knot renderings in different media such as in metal, in
stone, with additional decoration and so on; knots can be also
printed in 3D. More examples can be found in the gallery of
our web page http://celticknots.online which also provides the
Vanted add-on, Blender file and a short manual.

IX. CONCLUSION

This paper introduces CelticGraph, a framework for cre-
ating aesthetically pleasing pictures of 4-regular planar graphs
in the style of Celtic knots and links. We show how to create
these drawings and provide a construction mechanism to build
any 4-regular plane graph. Further,CelticGraph uses a novel
algorithm to represent edges as Bézier curves, aiming to show
each link as a smooth curve with limited curvature. As shown in
the gallery, CelticGraph and subsequent 3D rendering (with
Blender) or 3D printing provide aesthetically pleasing pictures
or objects of Celtic knots and links.

There are several directions the framework could be poten-
tially extended:
r CelticGraph could be extended to handle vertices of

degree 2 by adding dummy self-loops at each such vertex.
This would extend the classes of planar graphs covered
by the framework and enable us to include visualizations
of specific angle-shaped endpoints commonly occurring in
Celtic ornaments.

r The framework could be extended to support Celtic knot
input and manipulation via the Gauss code mentioned in
Section II-E3. This could provide another construction
mechanism for Celtic knots.

r CelticGraph is a stand-alone tool. It could be included
in an interactive web platform where users can create,
share, and discuss their Celtic knot designs. This could
foster a community of enthusiasts interested in Celtic art
and graph theory.

r The framework could be extended to enable the creation
of animated Celtic knots, where the knot design evolves
dynamically based on user input or data.

r We finally note that the observation in Theorem 4
might provide an extension to the simple linear-
time algorithm in Section IV that tests whether
a graph has a threaded Euler circuit (in any
embedding). Using a SPQR tree [51], one could
decompose the graph into pivotable components and
solve the following optimization problem: Given a
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2-connected 4-regular planar graph, find a topological
embedding in which the length of the longest threaded
circuit is maximized.

Each of these extensions may pave the way for additional
research in fields like the interplay between graphs and Celtic
knots. It is hoped that this paper has sparked sufficient interest
to attract more researchers to explore the link between graphs
and (Celtic) art.
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