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 A B S T R A C T

The simplified modified Camassa–Holm equation plays a pivotal role in modeling nonlinear wave dynamics 
across diverse fields, including optical fibers, biological transport, plasma physics, and shallow water flows. Its 
unique mathematical structure captures essential features of wave-breaking phenomena, peakon interactions, 
and dispersive effects that are crucial for understanding real-world wave behavior. Motivated by the need to 
predict extreme wave events and design efficient wave energy systems, this study investigates how external 
forces such as friction and wind influence wave dynamics. We explore rich dynamical transitions through 
a detailed bifurcation analysis. Our systematic investigation reveals critical thresholds in parameter space 
where small changes in forcing conditions lead to dramatic transformations in wave behavior. We identify key 
equilibrium states, nodes, foci, centres, and saddle points, that govern the system’s response, leading to the 
discovery of novel wave solutions, including kink-like waves, periodic structures, and breather-like solitons. 
These soliton shapes have potential applications in coastal protection, energy harvesting from waves, and 
signal modulation in nonlinear optical systems, highlighting their practical significance. These solutions are 
rigorously validated through numerical simulations and stability analysis, confirming their physical relevance 
across different parameter regimes. The solutions are derived in exact analytical forms using hyperbolic 
and trigonometric functions, revealing how parameter variations trigger qualitative shifts in wave patterns. 
Specifically, we demonstrate how the wind parameter 𝛼 controls wave amplification while the friction 
parameter 𝛽 governs energy dissipation, providing a complete picture of their competing effects on wave 
evolution. Our findings deepen the theoretical understanding of nonlinear waves while offering practical 
insights for coastal engineering, climate modeling, signal transmission, and wave energy systems. By explicitly 
linking solution families to potential engineering applications, this study provides a framework for designing 
devices that exploit specific soliton structures to achieve targeted wave control and energy efficiency. The 
methodology developed here can be readily extended to other nonlinear dispersive systems, opening new 
avenues for investigating wave-structure interactions in various physical contexts.
. Introduction

Recent research has focused extensively on the applications of non-
inear evolution equations (NLEEs) across various scientific disciplines. 
onlinear partial differential equations (NLPDEs) have become crucial 
ools in understanding phenomena in quantum mechanics, plasma 
hysics, electromagnetism, fluid dynamics, solid-state physics, optical 
ibers, and shallow water waves [1–5]. Finding analytical solutions 
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to NLEEs holds immense potential for comprehending the intricacies 
of natural phenomena. These solutions provide valuable information 
about system behavior, enabling researchers to understand how dif-
ferent parameters and factors interact within the system [6,7]. Addi-
tionally, analytical solutions can simplify complex systems, leading to 
approximations that aid in their design and optimization. Moreover, 
such solutions enhance our understanding of nonlinear systems and 
ttps://doi.org/10.1016/j.joes.2025.08.008
eceived 25 November 2024; Received in revised form 21 August 2025; Accepted 
vailable online 16 September 2025 
468-0133/© 2026 The Authors. Published by Elsevier B.V. on behalf of Shanghai Jia
 http://creativecommons.org/licenses/by-nc-nd/4.0/ ). 

Konstanzer Online-Publik
URL: http://nbn-resolving.de/urn:n
22 August 2025

o Tong University This is an open access article under the CC BY-NC-ND license 

ations-System (KOPS) 
bn:de:bsz:352-2-1xqpzubt8w6ds7

https://www.elsevier.com/locate/joes
https://www.elsevier.com/locate/joes
mailto:udoy@pust.ac.bd
https://doi.org/10.1016/j.joes.2025.08.008
https://doi.org/10.1016/j.joes.2025.08.008
http://crossmark.crossref.org/dialog/?doi=10.1016/j.joes.2025.08.008&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/


M.E. Islam et al. Journal of Ocean Engineering and Science 11 (2026) 1–12 
foster the development of innovative mathematical tools. While pow-
erful techniques like computer algebra systems (e.g., Matlab, Maple, 
Mathematica) have been employed to find accurate soliton solutions, 
it is important to acknowledge the limitations in precisely controlling 
all model equations. This requires careful application of control or 
intervention methods to obtain reliable results.

Analytical methods have also been effectively used to study nonlin-
ear wave phenomena. Recent works have reported cross-kink and soli-
tary wave solutions in nonlinear vibration and dispersive systems [8], 
as well as multiple rogue wave solutions for variable-coefficient Kado-
mtsev–Petviashvili equations [9]. Additionally, periodic wave solutions 
with stability analysis have been derived for the (3+1)-dimensional 
potential-YTSF equation arising in fluid mechanics [10], further ad-
vancing the understanding of wave dynamics.

To address these limitations, mathematicians and physicists have 
devised numerous novel methods, including the MSE method [11,12], 
the sine-cosine method [13], Hirota’s bilinear method [14–19], the 
tanh-function expansion method and its modifications [20,21], the 
new modified (𝐺′∕𝐺)-expansion scheme [22], the unified method [23], 
the Kudryashov method [24], the Exp-function method [25], the bi-
linear neural network method [26], the binary Darboux transfor-
mation [27], the extended homogeneous balance method [28], the 
generalized Riccati equation mapping approach [29], the exp(−𝜙(𝜂))-
expansion method [30], the transformed rational function method [31], 
the Lax pair technique [32], and many others [33–42].

Understanding the dynamics of wave patterns in inland and coastal 
waters is essential for predicting surface wave behavior. These natural 
processes can greatly affect coastal regions and maritime infrastructure, 
highlighting the need for thorough study within ocean engineering. 
In recent years, research in ocean engineering and science has made 
significant progress in this area. An important advancement is the 
development of the Camassa–Holm (CH) equation, introduced in 1993 
by Camassa and Holm [43]. Originally formulated to model shallow 
water waves, the CH equation is notable for its unique integrable 
bi-Hamiltonian structure. This foundational work has since inspired 
numerous extensions and adaptations [44–46], deepening our under-
standing of wave dynamics. Such developments provide essential tools 
for assessing and predicting wave behavior, ultimately enhancing ma-
rine infrastructure design, coastal management, and safety measures 
against wave-related risks.

Irshad et al. [47] extended the Camassa–Holm (CH) equation by 
proposing a simplified, modified version. This modification enhances 
the equation’s analytical tractability and numerical solvability, making 
it a valuable tool for studying wave propagation and fluid dynam-
ics. The Simplified Modified Camassa–Holm (SMCH) equation offers 
new avenues for exploring nonlinear wave phenomena and takes the 
following form [48]: 
𝑉𝑡 + 2𝛼𝑉𝑥 − 𝑉𝑥𝑥𝑡 + 𝛽𝑉 2𝑉𝑥 = 0, 𝛽 > 0. (1.1)

Here, 𝑉 (𝑥, 𝑡) denotes the wave profile (i.e., the fluid height) at a specific 
horizontal position 𝑥 and time 𝑡, with 𝛼 and 𝛽 serving as parameters that 
affect the wave dynamics.

The SMCH equation has been studied through several analyti-
cal techniques, including the exp-function method [47], He’s semi-
inverse method [49], the generalized (𝐺′∕𝐺)-expansion method [50], 
the improved (𝐺′∕𝐺)-expansion method [51], the exp(−𝜙(𝜂))-expansion 
method [52], and others [53,54]. A notable gap in the existing liter-
ature is the absence of research applying bifurcation analysis — an 
effective method for examining nonlinear partial differential equations 
(NLPDEs) — to investigate exact solutions of the SMCH equation. This 
study addresses this gap by employing a novel approach — bifurcation 
analysis — to explore the impact of free parameters on the wave profile 
within the SMCH model. Our investigation utilizes phase portrait anal-
ysis to determine the stability of equilibrium points within the system, 
specifically saddle and center points. This method provides a fresh 
perspective on how changes in essential parameters, like wave height 
2 
and friction, influence the properties of waves described by the SMCH 
equation. The results of this study lay the foundation for future research 
opportunities. By showcasing the potential of bifurcation analysis for 
the SMCH equation, this work opens the door to applying this technique 
to other mathematical models that represent real-world phenomena.

In contrast to earlier studies that mainly focused on idealized forms 
of the SMCH equation, our work incorporates friction and wind effects, 
thereby extending the model toward more realistic wave dynamics in 
natural environments such as wind-driven shallow water flows and 
dissipative coastal systems. While many previous studies have obtained 
soliton and solitary wave solutions of the SMCH equation and related 
nonlinear wave models using various analytical methods, they gener-
ally neglected the role of dissipation and external forcing, which are 
crucial in practical fluid systems. Moreover, despite the rich literature 
on exact solutions of nonlinear evolution equations, bifurcation analysis 
has rarely been applied to the SMCH framework. This study fills that 
gap by employing a bifurcation-based approach to explore how friction 
and wind effects influence equilibrium structures, stability, and soliton 
dynamics. Thus, the novelty of our work lies in both the enriched 
physical formulation of the SMCH model and the methodological in-
novation of applying bifurcation analysis, which together provide new 
insights into how external forcing and dissipation reshape nonlinear 
wave behavior.

The paper is structured as follows: Section 2 introduces the funda-
mentals of the SMCH model and the wave transformation technique 
used to simplify and analyze the system under study. Section 3 con-
ducts a phase portrait analysis of the SMCH model and presents phase 
portraits along with their physical interpretations. Section 4 focuses 
on the analysis of solitary and traveling waves in the SMCH model 
using the energy function. Section 5 compares our solutions with 
previously published results. Section 6 discusses the novelty of our 
findings and outlines potential future research directions for the SMCH 
model. Finally, Section 7 summarizes the main results and concludes 
the paper. 

2. The SMCH model

The SMCH equation, which governs the dynamics of longitudinal 
wave propagation in the medium, is expressed as follows [55]: 
𝑉𝑡 + 2𝛼𝑉𝑥 − 𝑉𝑥𝑥𝑡 + 𝛽𝑉 2𝑉𝑥 = 0. (2.1)

To investigate Eq.  (2.1), we implement the proposed method using the 
wave transformation as follows: 
𝑉 (𝑥, 𝑡) = 𝑉 (𝜉), 𝜉 = 𝑥 − 𝜔𝑡. (2.2)

Substituting Eq.  (2.2) into Eq.  (2.1) yields the nonlinear model: 
− 𝜔𝑉 ′ + 2𝛼𝑉 ′ + 𝜔𝑉 ′′′ + 𝛽𝑉 2𝑉 ′ = 0, (2.3)

and integrating equation (2.3), 

𝜔𝑉 − 2𝛼𝑉 − 𝜔𝑉 ′′ −
𝛽
3
𝑉 3 = 0. (2.4)

Here, the integration constant is assumed to be zero.

3. Phase portrait analysis of the SMCH model

Modifying system parameters can lead to significant changes in its 
behavior, including the creation or removal of fixed points and shifts 
in stability, known as bifurcations. These bifurcations represent points 
where the system undergoes fundamental changes in its dynamics. 
The specific parameter values at which these changes occur are called 
bifurcation points. Understanding bifurcations is essential for study-
ing system transitions as parameters vary. Additionally, analyzing the 
evolution of orbits in the phase plane offers valuable insights into the 
system’s dynamics, allowing for predictions about future behavior. This 
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Fig. 1. The phase diagram of the two-dimensional system (3.1) is generated using the parameter values 2𝛼 = 𝜔 with (𝛼 = 2, 𝛽 = 1, 𝜔 = 4). Fig.  1(a) displays the 
trajectories followed by the system, highlighting isoclines and nullclines. In Fig.  1(b), the solutions corresponding to these trajectories are depicted, represented 
in relation to the wave variable 𝜉. Fig.  1(c) showcases the Hamiltonian plot of Eq. (3.2).
section examines the relationship between the phase diagram and its 
solutions in the context of the SMCH equation.

To continue using the approach in Ref. [56,57], we can express 
Eq. (2.4) as a system of planar dynamics by selecting 𝑉 = 𝑋 and 
𝑉 ′ = 𝑌 , thus reformulating the equation as follows: 
{

𝑋′ = 𝑌 = 𝑓 (𝑋, 𝑌 )
𝑌 ′ = 𝑋 − 2𝛼

𝜔 𝑋 + 𝛽
3𝜔𝑋

3 = 𝑔(𝑋, 𝑌 ).
(3.1)

The Hamiltonian function for the planar Hamiltonian system given 
by Eq.  (3.1) is 

𝐻(𝑋, 𝑌 ) = 𝑌 2

2
+
( 𝛼
𝜔

− 1
2

)

𝑋2 −
𝛽

12𝜔
𝑋4. (3.2)

The system exhibits three equilibrium points, which are 𝐸∗
0 ∶ (𝑋∗, 𝑌 ∗ )

= (0, 0), 𝐸∗
1 ∶ (𝑋∗, 𝑌 ∗ ) =

(√

6𝛼−3𝜔
𝛽 , 0

)

 and 𝐸∗
2 ∶ (𝑋∗, 𝑌 ∗ ) =

(

−
√

6𝛼−3𝜔
𝛽 , 0

)

. The linearization of the system described by Eq.  (3.1) 
at the points 𝐸∗

𝑖 (𝑖 = 0, 1, 2) leads to the variational equation 𝛥𝑥′ = 𝐽𝛥𝑥, 
where 𝑥 = (𝑋, 𝑌 )𝑇 , 𝛥𝑥 = 𝑥 − 𝑥∗, and 𝐽 is the Jacobian matrix, which 
has the following form: 

𝐽 (𝑋, 𝑌 ) =
𝜕(𝑓, 𝑔)
𝜕(𝑋, 𝑌 )

=

(

𝜕𝑓
𝜕𝑋

𝜕𝑓
𝜕𝑌

𝜕𝑔 𝜕𝑔

)

=

(

0 1
1 − 2𝛼 + 𝛽 𝑋2 0

)

. (3.3)

𝜕𝑋 𝜕𝑌

|(𝑋∗ ,𝑌 ∗) 𝜔 𝜔

3 
The eigenvalues of 𝐽 are given by |𝐽 − 𝜆𝐼| = 0 which implies, 
𝜆2 − 𝑡𝑟(𝐽 )𝜆 + |𝐽 | = 0, (3.4)

where 𝑡𝑟(𝐽 ) = 0 and |𝐽 | = 2𝛼
𝜔 − 𝛽

𝜔𝑋
2 − 1.

Case 01. Stability at 𝑥∗ = (0, 0)𝑇 ∶ In this scenario, the charac-
teristic roots are 𝜆 = ±

√

𝐷
2 , where 𝐷 = 4

(

1 − 2𝛼
𝜔

)

= 4
(

𝜔−2𝛼
𝜔

)

. 
Here, the following cases arise:

(a) When 𝜔 = 2𝛼, 𝜔 ≠ 0 implies 𝐷 = 0. Here, the eigenvalues 
of the system have no imaginary parts and are equal to 
zero; therefore, the system is considered unstable. This 
scenario can be seen as a simple example of a complex 
eigenvalue with a zero component. The phase diagram 
of the two-dimensional system (3.1) is plotted with the 
parameter values 𝛼 = 2, 𝜔 = 4, 𝛽 = 1. Fig.  1(a) illustrates 
the paths followed by the system, showcasing isoclines 
and nullclines. In Fig.  1(b), the solutions corresponding 
to these trajectories are presented, expressed with respect 
to the wave variable 𝜉. Finally, Fig.  1(c) represents the 
Hamiltonian plot of (3.2).

(b) When 𝜔 − 2𝛼 < 0, 𝜔 ≠ 0 then the following cases arise:
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Fig. 2. The phase diagram of the two-dimensional system (3.1) is plotted using the parameter values where 𝜔−2𝛼 < 0 and 𝜔 < 0, specifically (𝛼 = 3, 𝛽 = 2, 𝜔 = −2). 
Fig.  2(a) showcases the trajectories followed by the system, highlighting isoclines and nullclines. In Fig.  2(b), the solutions corresponding to these trajectories 
are displayed, expressed in relation to the wave variable 𝜉. Additionally, Fig.  2(c) presents the Hamiltonian plot of Eq. (3.2).
i. When 𝜔 < 0, the eigenvalues

𝜆1 =
√

𝜔 − 2𝛼
𝜔

and 𝜆2 = −
√

𝜔 − 2𝛼
𝜔

are real and have opposite signs. This indicates that 
the equilibrium point 𝑥∗ = (0, 0)𝑇  behaves as an 
unstable saddle point, as illustrated in Figs.  2–3.

ii. If 𝜔 > 0, the eigenvalues

𝜆1 = 𝑖
√

1 − 2𝛼
𝜔

, 𝜆2 = −𝑖
√

1 − 2𝛼
𝜔

are purely imaginary and complex conjugates,
which means the equilibrium point 𝑥∗ = (0, 0)𝑇  is 
a stable center, as shown in Fig.  4.

(c) When 𝜔 − 2𝛼 > 0, 𝜔 ≠ 0 then the following cases arise as 
follows:

i. When 𝜔 < 0, the eigenvalues

𝜆1 = 𝑖
√

1 − 2𝛼
𝜔

and 𝜆2 = −𝑖
√

1 − 2𝛼
𝜔

are purely imaginary complex conjugates and have 
opposite signs. This implies that the equilibrium 
4 
point 𝑥∗ = (0, 0)𝑇  is a stable center, as shown in 
Fig.  5.

ii. For 𝜔 > 0, the eigenvalues

𝜆1 =
√

𝜔 − 2𝛼
𝜔

and 𝜆2 = −
√

𝜔 − 2𝛼
𝜔

are real and have opposite signs. This implies that 
the equilibrium point 𝑥∗ = (0, 0)𝑇  is an unstable 
saddle point, as demonstrated in Figs.  6 and 7.

Case 02. Stability at 𝑥∗ =
(√

6𝛼−3𝜔
𝛽 , 0

)𝑇
∶ for this case 𝛽 > 0

and the characteristic roots are 𝜆 = ±
√

2(2𝛼−𝜔)
𝜔 .

(a) If 𝜔 = 2𝛼 and 𝛽, 𝜔 ≠ 0 then it is similar to the case 01 (a)
(b) If 2𝛼 − 𝜔 > 0 then it represents case 01(b)
(c) If 2𝛼 − 𝜔 < 0 then it corresponds to the case 01(c)

Case 03.Stability at 𝑥∗ =
(

−
√

6𝛼−3𝜔
𝛽 , 0

)𝑇
: In this case, the 

characteristic roots are the same as those in Case 2. As a result, 
the nature of the eigenvalues is also identical to that of Case 1, 
since the behavior in Case 2 mirrors that of Case 1. Therefore, 
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Fig. 3. The phase diagram of the system (3.1) is plotted with the parameter values 𝜔 − 2𝛼 < 0, 𝜔 < 0 for (𝛼 = −1, 𝛽 = 2, 𝜔 = −3). Fig.  3(a) illustrates the paths 
followed by the system, showcasing isoclines and nullclines. In Fig.  3(b), the solutions corresponding to these trajectories are presented, expressed with regard 
to the wave variable 𝜉. Fig.  3(c) shows the Hamiltonian plot of Eq. (3.2).
the stability of the equilibrium point 𝑥∗ =
(

−
√

6𝛼−3𝜔
𝛽 , 0

)𝑇
 will 

not be discussed further here.

4. Analysis of solitary and traveling waves in the SMCH model

Let us consider a stochastic model with a continuous solution rep-
resented by 𝑉 (𝜉), where 𝜉 ∈ R. If the following condition is satisfied:

lim
𝜉→−∞

𝑉 (𝜉) = lim
𝜉→∞

𝑉 (𝜉),

then the solution 𝑉 (𝜉) corresponds to a solitary wave.
At the equilibrium points 𝐸𝑖 (where 𝑖 = 0, 1, 2), the energy levels are 

given by: 

ℎ𝐸0
= 𝐻(0, 0) = 0, (4.1)

ℎ𝐸1
= 𝐻

⎛

⎜

⎜

⎝

√

3(2𝛼 − 𝜔)
𝛽

, 0
⎞

⎟

⎟

⎠

=
3 (2 𝛼 − 𝜔)2

4 𝛽 𝜔
, (4.2)

ℎ𝐸2
= 𝐻

⎛

⎜

⎜

⎝

−

√

3(2𝛼 − 𝜔)
𝛽

, 0
⎞

⎟

⎟

⎠

=
3 (2 𝛼 − 𝜔)2

4 𝛽 𝜔
, (4.3)

respectively.
5 
Using Eqs. (3.1) and (4.1) with 𝑉 = 𝑋 and 𝑉 ′ = 𝑌 , we obtained 
solution functions for ℎ𝐸0

 as 

𝑉311 = ±

√

6

√

√

√

√𝛽

(

tan
(

𝜉
√

2 𝛼−𝜔
√

𝜔

)2
+ 1

)

(2 𝛼 − 𝜔)

𝛽
, (4.4)

where 𝜉 = 𝑥 − 𝜔𝑡.
Also, using Eqs. (3.1) and (4.2) or (4.3) with 𝑉 = 𝑋 and 𝑉 ′ = 𝑌 , 

we obtained solution functions for ℎ𝐸1
 or ℎ𝐸2

 as 

𝑉312 = ±

√

3 tanh
(

√

2 𝜉
√

2 𝛼−𝜔
2
√

𝜔

)

√

2 𝛼 − 𝜔
√

𝛽
, (4.5)

where 𝜉 = 𝑥 − 𝜔𝑡. 
Now, we discuss the physical interpretation of the solutions given 

by Eqs.  (4.4) and (4.5) as follows: The solution function (4.4) exhibits 
unequal periodic waves for different values of the parameters 𝜔, 𝛼, 
and 𝛽. Figs.  8(a)–8(c) illustrate the effect of the parameter 𝛼 when the 
velocity is very small, 𝜔 = 0.1. Increasing the velocity to 𝜔 = 0.5, 
Figs.  8(d)–8(f) show the influence of 𝛼. Furthermore, with velocity 
𝜔 = 0.9, the same solution demonstrates the wave behavior shown in 
Figs.  8(g)–8(i).

On the other hand, the soliton solution (4.5) represents kink-shaped 
solitons and symmetric waves for different values of the free parameters 
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Fig. 4. The phase diagram of the two-dimensional system (3.1) is plotted with the parameter values 𝜔 − 2𝛼⟨0, 𝜔⟩0 for (𝛼 = 3, 𝛽 = 2, 𝜔 = 2). Fig.  4(a) illustrates 
the paths followed by the system, showcasing isoclines and nullclines. In Fig.  4(b), the solutions corresponding to these trajectories are presented, expressed in 
terms of the wave variable 𝜉. Fig.  4(c) shows the Hamiltonian plot of Eq. (3.2).
𝜔, 𝛼, and 𝛽. The nature of the wave profile for the above-mentioned 
parameter values is illustrated in Figs.  9(a)–(i).

5. Comparison

Over the past decade, numerous researchers have investigated the 
SMCH equation using various techniques, yielding several distinct an-
alytic solutions. For example, the exp(−𝜙)-expansion method was em-
ployed by Ali et al. [52], the modified simple equation (MSE) method 
by Islam et al. [54], the new auxiliary equation (NAE) method by Islam 
et al. [58], and the improved Bernoulli sub-equation function (IBSEF) 
method by Mannaf et al. [48] have all produced multiple solutions for 
the SMCH equation.

We compare our solutions with those established by Mannaf et al.
[48]. Notably, in our previous work [48], we obtained only hyperbolic-
type solutions, whereas in the present study, both hyperbolic and 
trigonometric solutions are derived. Table  1 provides a comparison 
between our current solutions and the previous results.

6. Novel contributions and future scope

By applying the Improved Bernoulli Sub-Equation Function (IBSEF) 
method to the SMCH model, Mannaf et al. [48] previously derived 
a single class of classical hyperbolic solutions. In contrast, our study 
6 
has not only reproduced those results through various parameter com-
binations but has also yielded a wider range of solutions, including 
trigonometric, kink-shaped, and symmetric waveforms, with improved 
quality and resolution.

Whereas Mannaf et al. obtained kink, bright, and dark-type solitons 
using their specific technique, we achieved a more diverse family 
of solutions by leveraging the energy function. These include un-
equal periodic waves, kink-type solitons, and symmetric waveforms—
broadening the applicability and interpretability of the SMCH model in 
representing real-world wave dynamics.

A key novelty of this work lies in the incorporation of bifurcation 
analysis and phase portraits. This approach allows us to pinpoint criti-
cal transitions in system dynamics, marking a significant advancement 
not previously applied to the SMCH model. Our bifurcation-based ex-
ploration of the wind influence parameter (𝛼) and the friction damping 
parameter (𝛽) offers fresh insights into their roles in stabilizing or 
destabilizing wave profiles. Furthermore, the Hamiltonian structure is 
used to classify and predict stable versus unstable equilibria and to 
understand how these equilibria evolve over time.

This research highlights the strength of exact optical soliton so-
lutions and the role of energy-based analysis in unveiling complex 
nonlinear behaviors. Future work may extend this approach to include 
the variational wave method or examine the emergence of chaotic 
dynamics—both of which offer promising directions for deepening the-
oretical understanding and supporting practical applications in physics, 
engineering, and environmental sciences.
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Fig. 5. The phase portrait of the two-dimensional system (3.1) is plotted with the parameter values 𝜔 − 2𝛼 > 0, 𝜔 < 0 (𝛼 = −3, 𝛽 = 2, 𝜔 = −1). Fig.  5(a) illustrates 
the paths followed by the system, showcasing isoclines and nullclines. In Fig.  5(b), the solutions corresponding to these trajectories are presented, expressed in 
terms of the wave variable 𝜉. (c) Hamiltonian plot of Eq. (3.2). The phase portrait of the two-dimensional system (3.1) is plotted with the parameter values 
𝜔 − 2𝛼 > 0, 𝜔 < 0 for (𝛼 = −3, 𝛽 = 2, 𝜔 = −1). Fig.  5(a) illustrates the paths followed by the system, showcasing isoclines and nullclines. In Fig.  5(b), the solutions 
corresponding to these trajectories are presented, expressed in terms of the wave variable 𝜉. Fig.  5(c) shows the Hamiltonian plot of Eq. (3.2).
Table 1
Comparison of our results with previous results of Mannaf et al. in [48].
 Feature Attain solution of M.A. Mannaf et al.[48] Obtained solution in this work  
 Solution For 𝛼 = −1, 𝛽 = 1, 𝜎 = 1 we get the solution 

(3.10) as 𝑉112 (𝑥, 𝑡) = −2 tanh 𝜉
For 𝛼 = 2, 𝛽 = 3, 𝜔 = 3 we get the 
solution (4.5) as 𝑉312 = tanh 1

√

6
𝜉

 

 Soliton type Standard hyperbolic form Standard hyperbolic and Trigonometric 
form

 

 Soliton types Bright wave, Dark wave, King wave, etc kink waves, asymmetric periodic 
waves, and symmetric waves, etc
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Fig. 6. The phase portrait of the two-dimensional system (3.1) is plotted with the parameter values 𝜔−2𝛼 > 0, 𝜔 > 0 for (𝛼 = −3, 𝜔 = 2, 𝛽 = 2). Fig.  6(a) illustrates 
the paths followed by the system, showcasing isoclines and nullclines. In Fig.  6(b), the solutions corresponding to these trajectories are presented, expressed in 
terms of the wave variable 𝜉. Fig.  6(c) displays the Hamiltonian plot of Eq. (3.2).
In summary, the main contributions of this study are threefold: 
(i) the discovery of a broader family of exact solutions of the SMCH 
model, including trigonometric, kink-type, and symmetric solitons, be-
yond those reported in earlier works; (ii) the application of bifurcation 
analysis and phase portrait methods to the SMCH framework for the 
first time, providing new insights into the effects of friction and wind 
parameters on stability and wave dynamics; and (iii) the establishment 
of an energy-based approach that enhances the interpretability of soli-
ton behavior. Together, these contributions significantly advance the 
analytical understanding of the SMCH equation and open new avenues 
for applying nonlinear wave models to realistic physical systems. 

7. Conclusion

The SMCH equation has been widely employed to explore different 
types of water wave phenomena, including solitary waves, wave dis-
continuities, large-scale ocean disturbances, wind-driven surface waves, 
and other dynamic wave behaviors. Within this equation, the wind 
influence parameter 𝛼 and friction parameter 𝛽 play pivotal roles 
in determining wave behavior. Specifically, 𝛼 dictates the degree of 
nonlinearity, while 𝛽 governs dissipation. In practical scenarios, 𝛼
and 𝛽 serve as effective tools for modeling diverse wave phenomena. 
For example, 𝛼 can represent the influence of wind on water waves, 
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with stronger winds yielding higher waves. Conversely, 𝛽 captures the 
impact of friction on wave dynamics, with higher values of 𝛽 resulting 
in diminished wave heights due to increased frictional effects.

In this study, we elucidate how 𝛼 and 𝛽 correspond to real-world 
wave phenomena:

• Wind Influence indicated by 𝛼 in the SMCH Equation: Wind 
blowing over a water surface generates waves, with the wind’s 
strength directly impacting wave height. The SMCH equation 
incorporates the parameter 𝛼 to model this wind influence. Higher 
values of 𝛼 correspond to stronger wind, leading to the formation 
of larger waves within the model. By analyzing the obtained wave 
profile we can state that the model has allowed any value for 
the parameter 𝛼. Besides, the wave shape changes their nature 
such as stable and unstable waves depending on the value of the 
parameter where 𝛼 is negative, positive, or zero.

• Friction Damping Modeled by 𝛽 in the SMCH Equation: Water 
waves lose energy from friction as they propagate. This friction 
can arise from various factors, including interaction with the 
seabed and internal water viscosity. The SMCH equation incor-
porates the parameter 𝛽 to model this frictional effect. Higher 
values of 𝛽 represent greater friction, leading to the prediction 
of lower wave heights within the model. By checking the results 
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Fig. 7. The phase portrait of the two-dimensional system (3.1) is plotted with the parameter values 𝜔− 2𝛼 > 0, 𝜔 < 0 for (𝛼 = 1, 𝛽 = 2, 𝜔 = 3). Fig.  7(a) illustrates 
the paths followed by the system, showcasing isoclines and nullclines. In Fig.  7(b), the solutions corresponding to these trajectories are presented, expressed in 
terms of the wave variable 𝜉. Fig.  7(c) displays the Hamiltonian plot of Eq. (3.2).
discussion section we proposed that the parameter 𝛽 has also 
impact on the wave profile. For different values of 𝛽 and freezing 
the value of other parameters, the same solution represents the 
different impact on the stability and nature of the waves, those 
are discussed through the above figures in Section 3.

The SMCH equation plays a crucial role in addressing practical 
challenges related to wave dynamics. The SMCH equation enables the 
prediction and analysis of essential wave properties, including height, 
velocity, and direction. It also allows for the incorporation of variables 
like wind and friction into wave models, providing valuable insights 
applicable to diverse areas, including coastal infrastructure develop-
ment, renewable energy studies, marine science, and environmental 
protection. It is important to emphasize that, based on the findings of 
this study, other mathematical models can also contribute significantly 
to mitigating the impact of natural disasters on the environment.

In addition to solitary wave behavior, the diverse set of solu-
tions obtained in this study — such as kink-type waves and symmet-
ric/asymmetric periodic waves — demonstrates the potential of the
SMCH model to describe multi-wave propagation phenomena. These 
distinct wave profiles can coexist under specific parameter regimes, 
indicating the model’s ability to capture complex nonlinear interactions 
and the emergence of diverse wave structures.
9 
The derived wave solutions from the SMCH equation have direct 
and important practical implications. Periodic and kink-type solutions 
can accurately describe coastal and oceanic wave behaviors under 
various wind and friction conditions, assisting in the design and op-
timization of breakwaters, seawalls, and other coastal protection mea-
sures. The model’s predictive capability can be applied to early-warning 
systems for extreme wave events and storm surges, improving disas-
ter preparedness. In renewable energy, these solutions offer guidance 
for the placement and tuning of wave energy converters to maxi-
mize harvesting efficiency. Furthermore, by adjusting 𝛼 and 𝛽, the 
SMCH framework can simulate different climatic and environmental 
conditions, aiding in climate-change impact studies, environmental 
forecasting, and sustainable marine resource management. This explicit 
link between analytic solutions and actionable engineering or environ-
mental strategies bridges the gap between theoretical nonlinear wave 
analysis and real-world problem solving.

Despite these promising results, this study has some limitations. The 
analysis is restricted to the one-dimensional SMCH equation under ide-
alized conditions, neglecting effects such as variable water depth, mul-
tidimensional interactions, and stochastic environmental influences. 
Future work could extend the current framework to higher-dimensional 
models, include additional physical factors, and explore chaotic or 
turbulent wave regimes to better reflect real-world ocean dynamics.
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Fig. 8. The results present a visualization of the solution 𝑉311  in the form of three-dimensional plots, illustrating the influence of the velocity parameter 𝜔 (rows) 
and the shape parameter 𝛼 (columns) on the system response, with the scale parameter fixed at 𝛽 = 2. The rows correspond to 𝜔 = 0.1, 0.5, and 0.9, while the 
columns correspond to 𝛼 = 1, 2, and 3.
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Fig. 9. The results present a visualization of the solution 𝑉312  in the form of three-dimensional plots, illustrating the influence of the velocity parameter 𝜔 (rows) 
and the shape parameter 𝛼 (columns) on the system response, with the scale parameter fixed at 𝛽 = 2. The rows correspond to 𝜔 = 0.1, 0.5, and 0.9, while the 
columns correspond to 𝛼 = 0.1, 0.5, and 1.
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