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Global Attractors for Nonlinear Beam Equations

Reinhard Racke and Chanyu Shang

Abstract

This paper is concerned with the dynamics for nonlinear one-dimensional beam
equations. We consider a nonlinear beam equation with viscosity or with a lower
order damping term instead of the viscosity, and we establish the existence of global

attractors for both systems.
Keyword: beam equations; global attractor; infinite-dimensional dynamics

MSC 2000: 35G25; 35B41

1 Introduction

In this paper we investigate the existence of global attractors for the nonlinear one-
dimensional beam equations arising from the study of mechanical movements of shape
memory alloys of constant mass density p (assumed to be normalized to unity, i.e., p = 1).
We consider the equations either with viscosity, or without viscosity but with a lower order
damping term, respectively. For both cases, our general aim, roughly stated, is to show
that the equations possess global attractors in the corresponding complete metric spaces.

Let Q = (0,1), and, for any ¢ > 0, £, = Q x (0,¢). For the system with viscosity, the

nonlinear partial differential equation we are studying is

U — VUggt — f(uz>z + Rummzr =4g (11)

with u, f, g being the displacement, stess, density of distributed loads, respectively, and

subject to the boundary conditions
U ’x:O,lZ Uz |2=0,1— 0 (12)

and the initial conditions

U |i—0= U, Ut |t=0= U (1.3)



And for the system without viscosity, the equation we are studying is

U + puy — f(Ug)e + Rgper = g (1.4)

subject to the same boundary conditions (1.2) and initial conditions (1.3).

To study the thermomechanics of shape memory alloys in one space dimension, Falk
[3], [4] has proposed a Ginzburg-Landau theory, using the strain ¢ = u, as order parameter
and assuming that the Helmholtz free energy density F is a potential of Ginzburg-Landau
form, i.e.,

F = F(ug, Uy, 0) (1.5)

where 0 is the absolute temperature. Here the beam equations studied in our paper can
be taken as the special case of [3], [4] for which with positive constant temperature. The
simplest form for the free energy density F, that accounts quite well for the experimentally

behavior and takes couple stresses into account, is

R
where
Fi(ug) = 18— 228 D32 (1.7)

with positive constants «; and R.

The stress f = f(u;) in (1.1) or (1.4) is given by
fug) = Fi(uy) = aqu’ — au® — azu, (1.8)

and v, p are positive constants.

The physical meaning of the boundary conditions is that both ends of the rod are
hinged, respectively. For simplicity, we assume that g = 0, i.e., no external force in the
systems.

Before stating and proving our results, let us first recall some related results in the
literature.

Ball [1] proved the existence of weak solutions to the nonlinear beam equation

0*u o*u ! 0%u
—— ta——[B+rK [ u(&t)dE] == =0
i oG e [ el
subject to clamped or hinged boundary conditions. Later, Ball [2] proved the stability

of an extensile beam equation as time tends to infinity. Eden and Milani [5| proved the
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existence of a compact attractor, and also an exponential attractor to the equations of
the type

Sy + Uy + aA*u = (H/ | Vu |? =8)Au + f. (1.9)
They also proved in the special case where dami)ing is large, i.e., € is small, the exponential
attractor contains the global attractor.

For the non-isothermal case, i.e., the coupled partial differential equations, which
consist of a nonlinear beam equation with respect to the displacement u and a second
order parabolic equation with respect to the temperature. Shang [12| proved the existence
of a global attractor to the one-dimensional thermoviscoelastic system arising from the
study of phase transitions in shape memory alloys with hinged boundary conditions in
closed subspaces. Motivated by [12]|, equation (1.1) in our paper can be taken as the
special case of [12] with constant temperature, but here we can proved the existence of
a global attractor in the whole sobolev space H. For the same model as in [12], but with
stress free boundary conditions at least at one end of the rod, Sprekels and Zheng [9]
got the existence of a global attractor for the Ginzburg-Landau form for shape memory
alloys. We can see that Shang [12], Sprekels and Zheng [9] studied the systems whose
free energy density F was a potential of Ginzburg-Landau form, i.e., R > 0. For the case
R =0, v > 0, Racke and Zheng [8] obtained the global existence and asymptotic behavior
of the solution to the nonlinear thermoviscoelastic system with stress-free conditions at
least at one end of the rod. For the system with clamped boundary conditions, Chen and
Hoffmann [7] proved the global existence and uniqueness of the smooth solution. Shen,
Zheng and Zhu [10] obtained the global existence and asymptotic behavior of the weak
solution, and they established a new approach to derive a priori estimates on the L°°-
norm of the strain u independent of the length of time. Recently, Qin, Liu and Song [11]
obtained the existence of a global attractor for the same system as in [10].

In this paper, we consider problems (1.1)—(1.3) and (1.4)—(1.3). By deriving delicate
uniform a priori estimates independent of T and the initial data for both cases, we obtain
the results on the existence of global attractors.

First, we study the problem (1.1)-(1.3). Let
H = {(u,u) € H*x H? :u |l2=01= Ugy |z=01= 0}
Our main result in this case reads as follows.

Theorem 1.1. Suppose ug € H*, uy € H? are given functions that satisfy the compati-
bility conditions ug |z—0.1= Uozz |z=01= 0. Then for the problem (1.1)-(1.8) the following
results hold.



(i) The problem admits a unique global solution (u,u;) satisfying
w € C([0, +o0); HY) 1 CL([0, +00); H2) 1 L3([0, +00); HY):

uy € O([0, +00); H?) N L*([0, +00); H?).

(i) The orbits starting from H will reenter itself after finite time, and stay there

forever. Moreover, it possesses in H a global attractor A which is compact.
Second, for the problem (1.4)—(1.3), our result is the following.

Theorem 1.2. Suppose ug € H*, uy € H? are given functions that satisfy the compati-
bility conditions ug |z—0.1= Uozz |z=01= 0. Then for the problem (1.4)-(1.8) the following
results hold.

(i) The problem admits a unique global solution (u,u;) satisfying
u e C([0,+o00); H') N C*([0, +00); H?) N L*([0, +-00); H®);

uy € O([0, +00); H?) N LA([0, +00); H?).

(ii) For >0, we define the space

11 R
Hy = {(u,u) € H. / (5 + G, + Folus))de < 6)
0

Then the orbits starting from Hg will reenter itself after finite time, and stay there forever.

Moreover, it possesses in Hg a global attractor Ag which is compact.

In what follows, we explain some mathematical difficulties that appeared in this paper.

First, in the course of deriving the existence of an absorbing set in H or Hpg, the
estimates obtained in the proof of global existence are not sufficient, and we should derive
uniform estimates of || u ||g4, || u¢ || g2 independent of the initial data and t. It turns out
more delicate estimates are needed due to the higher degree of nonlinearity inherent in
the system and to the higher order derivative arising for R > 0.

Second, we recall the results obtained in Eden and Milani [5], which followed a pro-
cedure similar to that of Hale [14], but replacing the role of the Lyapunov functions with
different types of energy norms. Using the method of a-contractions, [5] proved the ex-
istence of a compact, finite fractal dimensional invariant set toward which all solutions
converged exponentially in time. However, the existence of global attractor, i.e., the
boundedness of the attractor in the corresponding norm, could only be obtained when

the damping is large, i.e., € is small in (1.9). Different from [5], in order to establish
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the existence of a global attractor, we shall apply the Theorem 6.4.1 in the book by
Zheng [16]. The crucial step is to show the existence of an absorbing set and the uniform
compactness of the orbits starting from any bounded set. In a similar manner to [16], we
can obtain the existence of bounded, invariant absorbing set B, or B3 for both cases. But
in the proof of uniformly compactness, we can see that the problem (1.4)—(1.3), i.e., the
system without viscosity, it seems to be totally different in comparison with the problem
(1.1)-(1.3). The uniform compactness of the solution to the problem (1.4)-(1.3) can not
be derived directly like the problem (1.1)-(1.3), due to the term pu, in (1.4) is not as
good as —Viug, in (1.1). In order to overcome this difficulty, we should rather consider
the dynamics in closed subspaces defined by the parameter 3, i.e., Hg in our paper. We
shall show that the constraint in the definition of Hg is invariant under S(t). We shall
prove that the orbit starting form Hg will reenter itself after a finite time and stay there
forever.

This paper is organized as follows. In section 2 we prove the existence of a global
attractor for the problem (1.1)—(1.3) in the sobolev space H. In section 3 we prove the
existence of a global attractor for the problem (1.4)—(1.3) in the closed subspace Hg.

The notation in this paper will be as follow : LP, W™P 1 < p < oo, m € N,
H' = W2 and H} = W, respectively, denote the usual Lebesgue and Sobolev space
on (0,1). We use the abbreviation || - [[:=|| - ||z2, and C*(I,B), k € Ny, denote the
space of k-times continuously differentiable functions from I € R into a Banach space
B. The space LP(I,B), 1 < p < oo, are defined analogously. Finally, 0, or subscript t
and likewise, 0, or a subscript x, denote the partial derivations with respect to t and x,

respectively.

2 The Existence of A Global Attractor for the System
with Viscosity

We consider the initial boundary value problem (1.1)—(1.3). In this section, we shall prove
the existence of a global attractor for this system in the whole sobolev space H.

We first establish a local existence and uniqueness result for this problem.

Lemma 2.1. Under the same assumption as in Theorem 1.1, there existst* > 0 depending
only on || uo ||, || w1 [|#2(), such that problem (1.1)-(1.8) admils a unique solution

(u,us) in Q x [0,t*] such that

we C(0, £ Y N CH(0, 7] 1) 1 L*([0, £ ),

3



uy € C([0,t]; H*) N L*([0, t*]; H?).

Proof. We use the contraction mapping theorem to prove the local existence and unique-
ness. Since the proof is essentially the same as in Shang [12], we can omit the details

here. O

In the following we prove Theorem 1.1.

Proof of (i) in Theorem 1.1 In order to prove the global existence, we have to
establish a priori estimates for || w || g4, || s ||g2. In fact, we can derive uniform a priori
estimates independent of t, which is crucial for the proof of uniform compactness of the
orbits. In this proof, the letter C denotes a universal positive constant that may depend

on the norm of the initial data, but not on t.

Lemma 2.2. For anyt > 0, the following estimates hold.
[u IS C, | e SO, | g I2=< C, (2.1)

t 1 t t
/ / W2 dzdr < C, / | |2 dr < C. / | up |2 dr < C. (2.2)
0 0 0 0

Proof. Multiplying (1.1) with u; and integrating with respect to x and t yields

1 R [ 1 t 1
—/ uidr + —/ u? dr + / Fi(ug)dz + V/ / uZ,drdr < C. (2.3)
2 Jo 2 Jo 0 0 Jo

Here F|(x) = f(z), and applying Young’s inequality, we have
Fi(u,) > Cul — C. (2.4)

Combining (2.3) with (2.4), we obtain the estimates (2.1). (2.2) can be derived form (2.1)
and the boundary conditions (1.2) immediately. The proof is complete. ]

Lemma 2.3. For anyt > 0, the following estimates hold.

t t
L € C, | tawt < C, / o |2 dr < C, / et [2dr <€, (2.5)
0 0

Proof. We differentiate (1.1) with respect to ¢, multiply the resultant by u, and integrate

with respect to x over €2 to obtain

1d [, 'y ! Rd ',
5%/0 Uttdx+1//0 uxttda:—l—/o f(“x)t'uxttdl"‘l’ia i u. . dx = 0. (2.6)

Since
1 L, 1
/ fug)s - uggedr < 5/ uittd:l?—l—C/ | f/(ug gy |* do
0 0 0
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v
5 Il o I +C 1l e [ (2.7)
Using (2.2) and integrating (2.6) with respect to t yields
t
[ [ O || o | < C / [ tate |[* dr < C. (2.8)
0

Then we differentiate (1.1) with respect to ¢, multiply the resultant by —u,,¢, and integrate

with respect to x over €2 to obtain

vd d 1 1 1 1
—— um dx — / Upt * UggrdT — / u?, dr + R/ u?, dr — / fug) - Uggppedr =0
2 dt t dt tt t , ; t ; t ¢

(2.9)
Using the estimates we obtain in (2.8), we have
/1 f(u)i - Uggaedr < —/ u?,dr + C’/ )e |* dt
0
< 5 | oot ||* dz + C. (2.10)
Combing (2.9) with (2.10), we finally have
/t | toae [|* dT < C. (2.11)
0
The proof is complete.
[

Having established uniform a priori estimates, the global existence and uniqueness
follows from the continuation argument. In what follows, we will prove the compactness
of the orbit for t > 0 in H* x H?. For the time being, we assume that the initial data
are so smooth that the solution will have enough smoothness to carry out the following
argument. If the initial data just belong to H* x H?, we can approximate them by smooth

functions and then pass to the limit.
Lemma 2.4. For any p > 0, the triple (u,u;) is bounded in C([pu, +00); H®> x H?).

Proof. First, we differentiate (1.1) with respect to ¢, multiply the resultant by —u,,, and

integrate with respect to x over €2 to obtain
da [ R 1
Multiplying (2.12) by t, we obtain

d

dt(tR | et HQ At || st H )+ Ut || Uen ”2 (R || varat HQ A || gt H2)+Ct | f (ta)at H2 .

(2.13)



Since
t t
L P = [ 7 s P 4 1 )tz [P
0 0
Using Nirenberg’s inequality, we have
1 1
H Uzt HS C H Uzt H5 : || Ugt H5
and Young’s inequality,

| Ut H2S C || Ugawt || - || vet |< + [ Ugaar HQ o || tar H2 .

Combining with the estimates in Lemma 2.3 yields

t
/ | s |2 dr < C.
0

Similarly, since

t t t
/nwwmwms/n%w;wmmwmsc/n%w@m
0 0 0

and

| ot 20 < C |ttt [|2 - || 2t [|2<

| Q

| Uezat H2 +§ | et H2 .
Thus,
¢
/ |ty |2 dr < C.
0
Finally, we obtain

AwawﬂPmSC.

Thus we can get from (2.13)
R[] wsgat H2 + || Ut ||2§ Ct™'+C

with C' = C(|| uo ||+, || u1 ||g2). The proof is complete.

(2.14)

O

From this Lemma the compactness of the orbit in H* x H? follows. In what follows,

we shall prove (ii) of Theorem 1.1, i.e., the existence of a global attractor in H.

Proof of (ii) in Theorem 1.1 In order to prove the existence of a global attractor,

we shall apply Theorem I.1.1 in the book by Temam [14]|, which Shen and Zheng [6]

rephrased as follows.



Theorem 2.1. Suppose that

(a) the mapping S(t), t > 0 defined by the solution to problem (1.1)-(1.3) is a nonlinear
continuous semigroup from H into itself and is uniformly compact for t large;

(b) there exists a bounded set B in H such that B is absorbing in H.

Then the w-limit set of B is a global attractor which is compact and attracts the bounded

sets of H.

Concerning (a), we have proved in Theorem 1.1 (i) the global existence of the solution.
It is clear from the proof that the family of operators S(t), ¢ > 0 defined by the solution
are continuous operators from H to H and they enjoy the usual semigroup properties. The
uniform compactness of the orbit has been proved in Lemma 2.4. Hence, what remains is
to verify the condition (b). In the following, the letters C, C; denote positive constants
independent of the initial data and the time t.

Let By = {(u,u;) € H, || u|gs< C1, || ug ||g2< o} where Cy, Cs are also positive
constants independent of the initial data and t, which will be specified later. Then we

have

Lemma 2.5. By is an absorbing set in H, i.e., for any bounded set B in H, there exists

some time ty = to(B) > 0, such that when t > t3(B), S(t)B C By.

Proof. Multiplying (1.1) with v and integrating with respect to x yields

d 1 1 vd 1 1 1
— | uwudr — / v+ —— [ uldr+ / fug) - uyde + R/ ul dr=0. (2.15)

Using Young’s inequality, we obtain
fug) -up > Cul - C.

Multiplying (1.1) with u; and integrating with respect to x yields

1d Rd (! d [ '
5@ 2d +§d_ Uimdl"f‘a ; Fl(ux)dx+y/0 uitdl‘:o, (2.16)

here
Fi(u,) > Cul - C.

Using Poincare’s inequality and the boundary condition (1.2), we have
[ e (|2 <I| e (| oo <I| ot [| 22 (2.17)

Now, we multiply (2.15) by 5 and add the resultant to (2.16) to obtain

d
%(g/ uuﬁ——/udm—l— / dx+—/u dx+/ugdx)

9



1
V/ de—l-—/ u?, dr + — /uitdeC. (2.18)

If we define

! 1
El(t)::g/o uut—l——/ud:v—l— / dx—i——/u dx+/udx
1
EQ()—;/ 6d:c+—/u dx + = /uitda:.

Using Poincare’s inequality and the boundary conditions again, we have

and

Ey(t) ~ll w3 + | e 122

and
Ei(t) < CEs(t).
Thus, we have
dE,(t)
dt

+ C1E(t) < Oy,

then it leads to
C.
E\(t) < B (0)e Ot + =2,
G
We can see from (2.19) that for any initial data starting from any bounded set B of H,

there exists t1(B), such that when t > t,(B),

(2.19)

Ey(t) < 251 2 (2.20)
In what follows, we consider the solution in [t;(B), +00). From (2.20), we have
e [I*< %Of | e [|2< 27(“12 for any t>t,(B) (2.21)
and
| e [IF2<) e [1332< (252)"” (2.22)

Differentiating (1.1) with respect to ¢, multiplying the resultant by wu, and integrating

with respect to x over €2 to obtain

1ad [* 1 Rd
55/0 u?tdI—f-V/O u?dr + — 5 a0 umtdx— / fug) - Ugpeda. (2.23)

Differentiating (1.1) with respect to ¢, multiplying the resultant by —u,,;, and integrating

with respect to x over €) to obtain

U d 1 1 1 1
5% umdm —/0 utt-umtd:ﬁ—/o uittd:v—l—R/o uimtd:v:/o f(ug) i Ugzaedr. (2.24)

10



In the following, we estimate the right-hand side of (2.23), (2.24) respectively.

1 1 1

/ flug)e - ugpdr < Z/ uittd:n + C/ f(ux)fdx.

0 0 0
Observe that

1 1 1 1

flug)?de = fug) -ug Pde <C | Wdul,de+C [ u2dx.
t x xt xt
0 0 0 0

By virtue of the previous estimates,

1
2C
/ Uptipydr <l g [[Fooll war [I72< (—012)4 I tat N7,
0

and

2 4
| ”%23 C || vezat HzZ | ||z2§ O || Uazat H%Q +Cs || u H%Q
with 0 being a positive constant. Thus,
1
| e <6 | e I3 4C | e
0

Similarly, we have

1
/ Fltt2)s - tnard < 6 || tgase |22 +C5 | e 22
0

Multiplying (2.24) by n and adding the resultant to (2.23) yields

d,1 [ R wvn (! !
—(—/ u2dx+(——|——)/ u?, dm—n/ Upt * UpgrdT)
a2 J, " 2 "2/ f, o

1

1
=) [ oot Ry [ s <t | i ||
0 0

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

We can choose 7,  small enough to make sure the positivity of the coefficients on the

left-hand of (2.30). Then we obtain

d 1 1 1 1
E(/o uftdm —I—/0 ufmd:v) + 03(/0 uittd:ﬁ —I—/0 uimtda:) < C4.

Combining with (2.18), we finally have

d 1 1 1 1 1 1 1
d_(/ uuydx +/ uZd —|—/ urdx —|—/ u?, dx —|—/ uldx +/ uy dx —l—/
t"Jo 0 0 0 0 0 0

1 1 1 1 1
+C5(/ uldz +/ u?, dx —|—/ u?,dv +/ u?, dx —I—/ u?,dr) < Cs.
0 0 0 0 0

If we define

1 1 1 1 1 1 1
Es(t) ::/ uutd:t~|—/ uidas—i—/ ufdx%—/ uixd$+/ uﬁd:r%—/ uftda:+/
0 0 0 0 0 0 0

11

uixtdx)

(2.31)

u? dx

xxt



and

1 1 1 1 1
Ey(t) := / uldzr + / u? dv + / u? dx + / u?,dr + / u?, . dz,
0 0 0 0 0

then using Poincare’s inequality and the boundary condition 1.2, we have
Es(t) ~[l w3 + [l ue 172

Es(t) < CE4(t).

Similarly as in the estimates of F(t), we have

dE3(t
;t( ) + CrE3(t) < Cs, for any t > 1:(B) (2.32)
which immediately leads to
C
Fs(t) < E5(0)e ¢ + 58, for any t > t(B). (2.33)
7

For the initial data starting from the bounded set B mentioned above, there exists to(B) >

t1(B), such that when t > t5(B), we have

2C,
Bs(t) < ==, (2.34)

Cr
From (2.34), we can see that if we choose C} = Cy = % in the definition of By, the
existence of absorbing set By follows. The proof is complete. O

3 The Existence of A Global Attractor for the System

without Viscosity

We consider the initial boundary value problem (1.4)—(1.3). In this section, we shall prove
the existence of a global attractor for this system in the closed subspace Hp.

Here we define Hg as

1
1 R
Hyi= {(ww) € H, | (Gt + Fu, + Fifu,))do < 9}
0
We establish the local existence and uniqueness results in a similar way to section 2.

Lemma 3.1. Under the same assumption as in Theorem 1.2. There exists t* > 0 de-
pending only on || uo ||ga0), || w1 ||a2), such that problem (1.4)-(1.8) admits a unique

solution (u,u;) in Q x [0,t*] such that
we C([0,t"]; HY) N CH([0,¢7]; H*) N L*([0,°]; H),

uy € C([0,t7]; H*) n LA([0, t*]; H?).

12



Proof of (i) in Theorem 1.2. We can only obtain a priori estimates depending on
T. In what follows, the letter C7 denotes a positive constant which may depend on the

initial data and the time T.
Lemma 3.2. For any t € [0,T], the following estimates hold.
t
[u [|< Cr, | e [|< O,y |t [|2e< Cr, / I ||* d7 < Cr. (3.1)
0
Proof. Multiplying (1.4) by u; and integrating with respect to x yields
d 1 by
—(— uldx + — | Wi dv+ | F(uy)dz)+p | ulde=0. (3.2)
dt "2 0
From (3.2), the estimates of (3.1) follow immediately. O
Lemma 3.3. For any t € [0,T], the following estimates hold.
| use [|< O, || thaae [|[< Cr (3.3)

Proof. We differentiate (1.4) with respect to ¢, multiply the resultant by uy, and integrate

with respect to x over €2 to obtain

1

1d/ ! Rd
—— | u dx—l—,u/ uldx + fux Ugpedr + — umdx—O (3.4)
2 dt i o bt 2 dt ¢
Since
1 uo ! 1
/ fug) e - updz < 5/ udx + C'#/ | f(ug)a | de, (3.5)
0 0 0
and
1 1 1
/ | Flun)at P dr = / | F (gt 2 d + / | f ottt P
0 0 0
< O g ? +C | thgat |12
< O || g I +C (3.6)
here

e 1< Ol gt 12 +C | e |17

Applying Gronwall’s inequality, we can obtain
|| Uty ||§ Cr, || Uzt ||§ Cr.

The proof is complete. O
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Combing Lemma 3.2 with equation (1.4), we can obtain the boundedness of || u || g4,
|| us || 2, then the global existence and uniqueness follows.

Proof of (ii) in Theorem 1.2. First, we prove the existence of an absorbing set in
Hpg. In the following, letter C and C; denote positive constants depending only on S.

Let Bs = {(u,u;) € Hg, || w||m< Oy, || u ||g2< Oy} where C, Cy are positive
constants that may depend on 3, but not on the initial data and t, and they will be

specified later. Then we have

Lemma 3.4. B is an absorbing set in Hg, i.e., for any bounded set B in Hg, there exists
some time t = to(B) > 0, such that when t > to(B), S(t)B C Bg.

Proof. From now on, we assume that the initial data (ug,u1) € B C Hp.

First, we multiply (1.4) by u; and integrate with respect to x to obtain

5 [t d [ [(Fgan v [dae=0. e)

then we have
/ dx—l——/ u? dm—l—/ F(u,)dx
< —/ u%dm%——/ D2u(2)+/ F(Duy)dx
2 Jo 2 Jo 0

5 (3.8)

DO |

IN

From (3.8) we can see that S(t) maps (u,u;) from Hgz into itself and stay there forever.

Moreover, we obtain
[ [ C, |t IS O, | g 1< C (3.9)

and

t t
/ s |2 dr < C. / L ™2 dr < C, ¥n >0 (3.10)
0 0

Second, we differentiate (1.4) with respect to ¢, multiply the resultant by wu,, and integrate

with respect to x over €2 to obtain

1d 1 R d 1
5%/ uttdx—l-u/ uttdx—i—/ f(ug)s - Ugudr + — 5 7t umtdx—o (3.11)

Here

1 1 1 1
/ fug)s - ugpdr = / 5a1uiuxtuxttdx — / 3a2uiuxtuxttd1’ — / Q3Ugpilzpdr. (3.12)
0 0 0 0
In what follows, we estimate the right-hand side of (3.12).

14



Since

1 1 1
1,d
/ 5O U U gy Uy AT = —(—/ Sajutu xtd.:z:—/ 200 uu?,dr) (3.13)
; 2\ dt ;
and from the estimates in (3.9), we have

|/u$ xtdx|<C’/ \uzt\ dx.

Using Nirenberg’s inequality yields
7 5
ot 25 < C Nl taae Il 72 < Il e 1720 [ vt 172 +Cs || ue |72

with ¢ being a positive constant again.

In a similar manner we have

1 1 1

1. d

/ 30Ul Uty dr = —(—/ 3a2uxuitdx—/ 6aguul,dr)
0 2dt Jo 0

and
1 1
[ watide 1€ [ P o <6t [ +C w2
0 0

Therefore, we infer from (3.11) and the above estimates that

d 1 !
E(ﬁ/o uftdx—l—g/ U d +—/ u, xtd:c—ﬁ i uiuitdx——/ u?,dx)

1
b [ e <8 e B +Cs [ 13 (3.14)
0

Finally, we differentiate (1.4) with respect to ¢, multiply the resultant by u;, and integrate
with respect to x over €2 to obtain
d 1

d I 1 1 1
— ututtd:c +£ urdr + R/ u?,dr — / uzdx + / f(ug)s - ugedr = 0. (3.15)
dt 2 di ; ; ;

1 1
| / Flu)s - wmdr | = | / F(ug) -y |
0 0
C || et |2

Here

IN

< 0|l tgat 72 +Cs Il ue 122 -

Now we multiply (3.15) by & and add the result to (3.14) to obtain

d 1 [! R 3
a(i/o ur dx + 2/ us ., d —|—— Upu xtd:c—ﬂ i uiuitdq:——/ u?,dx

1
—I—H/ ututtdx+u/ da:)+u—/ uttd:v—l——/ u?,,dv
2 Jo 2 Jo 4 Jo

15



<0 || waat [I* +Cs [ e |1 - (3.16)

Choosing ¢ small enough, we finally have

d 1 ! R ! 5041 ! 30(2 ! (6% !
%(5/0 uftdm—l—E/O mtdm—i-T Ut itda:——/ wiul,de — == 2/, u?,dx
pof! pof! p?
+§/ Uy dx + 5/ uidz) + Z/ uldr + —/ u?,dr < C. (3.17)
0 0
If we define
1! R [ 5 3
Ei(t):= = [ uidx+ —/ u?,dr + — uiuitdx . uiuitdx - —/ u?,dx
2 /o 2 Jo 2 Jo 2 Jo
1 2 ol
+H / ututtd:v + Iu— U?dl’
2 Jo 4 Jo

and

1 1
R
Ey(t) == g/ ul,dz + MT/ uZ,,dx.
0 0

Combing the estimates obtained in (3.9), (3.10) with the equation (1.4), we get

Exr(t) ~l w3 + 1 ue 17,

and
E\(t) < CEy(t).
Therefore
dE;(t
1) + C1E(t) < Oy,
dt
then it immediately leads to
—C1t 02
Ei(t) < E1(0)e™ " + o (3.18)
1

It is clearly that here C, C5 are positive constants depending only on 3. Then we have
for any initial data starting from any bounded set B of Hg, there exists some time ¢y(B),

such that when ¢t > ¢y(B),
20,

=
The existence of an absorbing set follows. The proof is complete.

Ey(t) < (3.19)

O

Next, we focus on proving the uniform compactness of the orbits. For this we have to
estimate higher-order derivatives. From now on we assume that the initial data belong to
a bounded set B contained in Hz and we use C, C to denote positive constants depending

on B and f, i.e., || ug ||#4, || w1 |52 and .

16



Lemma 3.5. There ezxists some time t; = t1(B) > 0, such that (u,u;) is bounded in

C([t1,+OO),H5 X HS)

Proof. First, we differentiate (1.4) with respect to ¢, multiply the resultant by —u,, and

integrate with respect to x over €2 to obtain

d 'R 1 ! 1
pr (—uimt + 2uztt)dx + g / u,,dw +/ f(ug)wt - Upgedr = 0.
0 0

Multiplying (3.20) by t yields

d, 1 R pt [t
<WMW+WMM>—/%M
dt 2 2 2 J,

R 1
< 5 Nt 1P 4 Wtz [P 8 [ F(02)o - o
0

(3.20)

(3.21)

Next, we differentiate (1.4) with respect to ¢, multiply the resultant by —u,,; and integrate

with respect to x over €) to obtain

,ud 1 ) d 1 1 1 ) 1
= — uxtdx—ﬁ i Ust * Uggedr + R i u?,,.dr — i U dr + i f(tg)at - Uggrdz = 0

Observe that if we integrate (3.17) with respect t, we arrive at

t t
|| Ut ”S 07 || Uzt HS C7 / || Uyt H2 dT S Ca / || Uzt ”2 dT S O
0 0

with C = C(]| uo || g4, || w1 ||z2). From (3.10), we also have

t
/ || w ||2 dr < C.
0

Using Nirenberg’s inequality and equation (1.4), we have
t
J N P dr <€ taren [1£C, e < C:
0

Then we integrate (3.22) with respect to t to arrive at

(3.22)

(3.23)

(3.24)

1
/ [E—s dT—l—/ / f(ug) gt - UggedxdT + 2/ u dx—g/ u?, |i—o dx
0

:/ Uttumtd$—/ Ut Uzt |i=0 d$+/ [ || dr.
0 0

Combing the estimates obtained in Lemma 3.4. and (3.23), we have

t 1
/ / f(ux)xt : uxxtdIdT
0 Jo

17

(3.25)



4 2
5041% — 30au? — az)u?, drdr

// (2001 U Ui Uy — GO U Uy Uy ) Uy A AT
<cf

| Ut ||* d7 + C < C. (3.26)

Thus, it follows from (3.25)

t t
/mewmgc/umﬁwm+a (3.27)
0 0
Similarly, we also have
t t
/Hmﬁwmgo/n%mwm+o (3.28)
0 0
In the follows, we estimate the last term of the right-hand side of (3.21).
Since
f(g)ar = 200003 Uy Upe + DO ULULL — 3OQUR ULzt — BODUL Ui Ugy — O3Usgt. (3.29)
Here

¢ t ol
| / / 200 u’ gl )z UggedzdT | < 5/ || et H2 dr + C'(;/ / (uiumtum)idl’dT
0 o Jo

/ / ul Ut U ) 7 dde = / / 3uxumu$t +u UptUppr + U umumt) dxdr

Thus, we have

IN

g//@@+@wmmga (3.30)
0 0

t ol ¢
| / / (2001 U3 Uy Uy ) g + UgrdadT |< 5/ | Ut || dT + Cs
0o Jo 0

In a similar manner to (3.30), we have

t 1 t
\ / / (60U Uzt Uy )y + UpppdxdT |< (5/ | st ||* dT + Cs. (3.31)
0 0 0
And
1 1
/ (51U Uat) o - UpredT = — / (50U Ut + UgsrdT
0 0
1. d

= =5

1 1
5 %/0 5o upu mdx—/o 200 uu? dr) (3.32)

18



By Nirenberg’s inequality and Young’s inequality, we find that

t 1 t 1
| / / 200 ubu?  drdr |< C’/ / | Ugr |* dadT (3.33)
0 Jo 0 Jo

and
| ot 1129 C | thaaot 2 - || ot I (3.34)
Vttaot s < C | timast 122 - | thaet 152
< 5 ttapat 22 +C |t 15 - (3.35)
Thus,

t 1 t
// gy [P dxdTgé/ | a2 d + C. (3.36)
0 0 0

Similarly, we have

1 1
2 2
— / (Baouitgyt) s - Ugpdr = / (BaguiUyyt) * Uggred
0 0

~—~

_ L4 13 2w d 16 5 d 7
= 5(@ i agui g, dr — i agugu, dr),  (3.37)

and - .
| / / basu®, dudr |< 6 / I ttasat | dr + Cs. (3.39)
0 0 0

Finally, we deduce

t 1 ¢ t
/ / f(Ue) pat - Upgdadr < 5/ | e || dT + 5/ | Uagar ||* dT + Cs. (3.39)
0o Jo 0 0

with ég = é(l| Uo HH4, || Uy HH2,5>
Now we integrate (3.21) with respect t to obtain

1 R !
¢t 2 5 s 45 [ e |2

1 [t R [t . ~
2 Jo 2 Jo 0
(3.40)

Combing (3.40) with (3.27), (3.28) for any ¢t > 1 and choosing 0 < p small enough yields

1 R I R [
5 H Uqtt H2 +§ H Ugrrt HQS 5/ H Uqrtt H2 dT"— 5/ H Ugrrt H2 dr -+ Ct. (341)
0 0

Using Gronwall’s inequality yields

1 R
5 1t 17 45 || e [P< Ct - € (3.42)
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Let t = 1 in (3.42) to obtain

1 R
5 1ttt imall* +55 1] o |e=alP< Ce (3.43)

with €' = C([ uo ||, || w1 [[12)-

Integrating (3.21) again with respect t in [1,+00), combing the the resultant with
(3.27), (3.28) and (3.39), we derive that there exists ¢; > 1 large enough in (3.21), such
that, when ¢ > ¢; the terms on the right-hand side of (3.21), i.e.,

2 et 17 A+ £ [ thawat 12 d7 4 0t [} || thaaat I + || e ||* d7 can be absorbed by
L [1 7| g ||? d7 4 C. Then, we get

1 R !
5t | e |2 +t5t [k ‘l'%/ T || tors | dr < C+Ce+Ct, for any t >t (3.44)
1

with C = C(|| o || g4, || w1 ||z2)-
Integrating (3.44) with respect to t yields

1

R C
5 | o ||* +

3 [RT— 5 +C, for any t>1t (3.45)

Combing (3.45) with equation (1.4), we conclude our argument. The proof is complete.

O

From the last lemma the compactness of the orbit in H* x H? follows.
In a similar manner to Section 2, applying the Theorem by Temann again, which can

be rephrased as follows, we deduce the results of Theorem 1.2. (ii).

Theorem 3.1. Suppose that

(a) the mapping S(t), t > 0 defined by the solution to problems (1.4)-(1.3) is a non-
linear continuous semigroup from H into itself;

(b) the operators S(t) are uniformly compact for t large, i.e., for every bounded set B
contained in Hg , there exists t; which may depend on B such that Uy, S(t)B is relatively
compact wn H;

(¢) the orbit starting from any bounded set of Hg will reenter in Hg after a finite time,
which depends only on this bounded set, and stay there forever; there exists a bounded set
Bg in Hg such that Bg is absorbing in Hpg.

Then the w-limit set of Bg, Ag is a global attractor which is compact and attracts the
bounded sets of Hg.

Therefore, the proof of Theorem 1.2. (ii) is complete.
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