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Abstract

We present a real-space imaging study of homogeneous and heterogeneous crystal nucleation
and growth in colloidal suspensions of slightly charged and polydisperse particles.
Heterogeneous crystallization is observed close to curved surfaces with radii of curvature, R,
in the range from 4 to 40 particle diameters, d. Close to a curved surface, we find crystal
nucleation and growth to be suppressed for R < 10d. For R 2 15d, fast crystal growth is
observed similar to that on a flat wall (R = c0). We use the purely topological method of
shortest path rings to determine the orientation of the crystal on the length scale of the nearest
neighbor distance. Crystal nuclei forming close to a curved surface are oriented analogous to
crystal growth on a flat wall with hexagonal planes parallel to the wall. While the smallest
nuclei appear to be unaffected by the surface, larger nuclei are found to be suppressed for radii
of curvature R < 10d. The critical nucleus size in the vicinity of a curved surface is found to

be about the same as for homogeneous nucleation.

1. Introduction

Crystal nucleation has been studied for more than 100 years
and is of importance for the fundamental understanding
of phase transitions, material properties and manufacturing.
Nevertheless, there are still important open questions
regarding the process of crystal nucleation. Crystal nucleation
is a first-order phase transition and, therefore, there is no
general theory, and the nature of the transition depends on the
studied material. Furthermore, the properties of microscopic
and mesoscopic crystal nuclei forming due to structural
fluctuations in a supercooled fluid are not well known.
There is evidence that small crystal nuclei may not have
the same structure [1] and surface tension [2] as the bulk
crystal. However, classical nucleation theory assumes that
these nuclei can be described using the properties of the
bulk crystal [3]. As a consequence, experimental as well
as theoretical progress in the understanding of small crystal

nuclei is needed. It is well accepted that crystal nucleation is
governed by the free energy barrier

AGhom = Vet A — ApnV (1

giving the free energy change due to the formation of a
crystal nucleus with surface area A and volume V. y¢ is the
surface tension between the crystal and the fluid, Au is the
chemical potential difference of the metastable fluid and the
crystal phase, and n is the particle number density in the
crystal. The dependence of yr and Ap on the size, shape,
and structure of the crystal nucleus is, however, not known
in detail. Furthermore, AG can be increased or decreased
in the presence of impurities or boundaries of the system,
depending on the values of the surface tension of the crystal,
Yes» and the fluid, yr, on the imposed surface. When AG is
comparable to or becomes lower than AGyen, the impurity
can act as a seed for crystal nucleation and heterogeneous
nucleation takes place on the seed, which can be much faster
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than homogeneous nucleation in the bulk of a supercooled
fluid. The free energy barrier for heterogeneous nucleation is
given by

AGhet = Vet Act + (Ves — Vi) Acs — AunV +1tL. (2)

T is the line tension of the contact line defined by the
co-occurrence of seed, fluid, and crystal, and L is the length
of this line. Computer simulations of hard spheres next to a
flat, hard wall (of infinite radius of curvature) show that a
small free energy barrier exists for crystal nucleation on the
wall [4]. This barrier is mainly given by the line tension ,
and hexagonal planes of hard spheres are found to be close
to spontaneously wetting the wall. On the other hand, seed
particles with radii of curvature from two to five times the hard
sphere diameter are found to hinder the formation of crystal
nuclei. As a consequence, there must be a transition from a
high to a low barrier in AG with increasing radius of curvature
of the seed particles. Moreover, computer simulations suggest
that seed particles in an optimal size range promote the
formation of critical crystal nuclei that can overcome the
barrier in AG and detach from the seed particle to become
large crystal grains [5]. In this way, seed particles may
function as ‘catalysts’ for crystal nucleation.

The properties of microscopically small crystals in a fluid
are hard to study in atomic or molecular systems, as their
size is ~1 nm and they evolve in a timescale shorter than
1 us. Colloidal particles are ~103 times larger and typical
timescales are beyond seconds to minutes, which makes them
experimentally much more accessible. Therefore, colloidal
suspensions have become an important test bed to study
crystal nucleation with single particle resolution and in the
timescale of the formation of crystal nuclei [2, 6, 7]. In
particular, modern laser scanning confocal microscopy has
become an important tool for the study of local structures such
as crystal nuclei in colloidal suspensions [8, 9].

2. Experimental details

We study both homogeneous and heterogeneous crystal
nucleation as well as crystal growth in suspensions
of poly(methyl methacrylate) (PMMA) spheres [10, 11],
which are labeled with fluorescein to make them visible
with fluorescence microscopy. Their average diameter is
d = 1.9 £ 0.05 um and the polydispersity is 0.067 £ 0.005
as determined from dynamic light scattering with CONTIN
analysis [12]. The spheres are suspended in a mixture
of cyclo-heptylbromide and decahydronaphthalene, which
nearly matches the density and the refractive index of
the particles and, therefore, allows for observations of the
particles as deep as 100 um from the sample surface.

The radial pair-distribution functions (see supporting
material available at stacks.iop.org/JPhysCM/25/375105/
mmedia) determined for fluid samples with volume fractions
¢ = 0.036 and 0.049 are compatible with a hard-sphere
Yukawa interaction [13, 14] with a screening length of
330 + 20 nm and a contact value of 42 £ 5kg7T, where
kT is the thermal energy. This implies a surface charge
~380 e of the particles, where e is the elementary charge.

At ¢ = 0.134, a comparison yields the same screening
length, but a higher contact value of 127 & 5kg7T is found.
This significant change with ¢ indicates the importance of
many-body forces in the studied suspensions, as expected
from [14] reporting on a similar colloidal system. The
effect of many-body forces becomes apparent at higher
volume fractions. Therefore, a contact value of 42 + 3kgT
gives the strength of the interaction, but many-body forces
are not negligible at ¢ = 0.05. We observe freezing at
¢r = 0.16 = 0.01 and fluid—crystal coexistence up to the
melting point at ¢, = 0.20 £ 0.02. This agrees well with
the phase behavior reported for hard-sphere Yukawa particles
in [13], where the freezing line for a contact value of 39 kgT
and a screening length of 330 nm is found at ¢ = 0.18.

Samples with a thickness of 0.5 mm are prepared in
glass cells with a microscopy cover glass on one side. For
the study of homogeneous nucleation, crystal growth on the
cell walls is suppressed with a rough and irregular coating.
This is done by sticking polydisperse PMMA particles with
a mean diameter of 6.5 um onto the walls by heating
them up to 130°C, slightly above the glass temperature
of PMMA. Heterogeneous nucleation is probed near glass
spheres with radii from 10 up to 70 pm, which are located at
the bottom of the cells due to sedimentation. Suspensions are
imaged on a Zeiss Axiovert 200 inverted microscope with a
Yokogawa Nipkow disk scanner, an oil-immersion objective
with numerical aperture 1.45, and a field of view of up to
87 x 66 um?. The microscope objective is mounted on a
piezo scanner, allowing the focal plane to be moved in the
range 0-90 um from the cover slip. Typically, stacks of about
120 images are taken with steps of 200 nm from image to
image for the observation of about 10* particles in 3d. Crystal
nucleation and growth are followed by taking many image
stacks for up to 70 h. The time step between image stacks
is chosen between 20 s and 20 min, depending on the desired
time resolution.

The image stacks allow a determination of the
coordinates for all visible particles in 3d. This is done with
a sub-pixel resolution of ~20 nm according to the method of
Crocker and Grier [15]. Uneven illumination in the images
is corrected, and a real-space bandpass filter suppresses pixel
noise and enhances the visibility of the features with the
size of the particles. Local brightness maxima are chosen as
potential particle positions, and the final particle coordinates
are obtained from a brightness-weighted centroid fit [15].

For the detection of small crystal nuclei in fluid
surroundings, the arrangement of particles needs to be
analyzed on a local scale. Local bond order parameters based
on the spherical harmonic functions Yj,, are, therefore, used
to obtain a quantitative measure of the arrangement of the
neighbors for each particle. Bond order parameters with / = 4
and 6 have been introduced for the characterization of local
order in glasses [16] and they have been used previously to
identify small crystal nuclei [1, 17, 2, 18]. The local bond
order parameter with [ = 6 for particle « is given by

N(x)

gem(a) = Yom (;'otﬂ)’ 3
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Figure 1. Fraction of crystal-like particles as a function of the time

after shear-melting at = 0 for two measurements of homogeneous
crystallization at ¢ = 0.29.

where 74 gives the direction from particle o to one of
its N(«) nearest neighbors, which are defined by a cut-off
distance chosen such that on average 12 nearest neighbors are
obtained, as expected for the crystal observed in the system
studied. As the arrangement of neighbors is the same for
each particle in a perfect crystal, the gg,, are expected to be
similar for all particles in a crystal nucleus; this contrasts
with a fluid surrounding, where the arrangement of neighbors
varies quickly from particle to particle. If the inner product of

the normalized G = qom/+/ D nd6mde,, of two neighboring

particles o and B exceeds a threshold of 0.5, they are counted
as particles connected by a crystal-like bond>:

6
> Gem(@)3g, (B) > 0.5. “

m=—6

We call particles with a crystal-like arrangement of neighbors
crystal-like particles. These are identified by searching for
particles with eight or more crystal-like bonds to their next
neighbors. Crystal nuclei can be found by identifying clusters
of crystal-like particles that are connected by crystal-like
bonds.

To keep track of crystal nuclei over time, the nuclei
identified in consecutive snapshots are compared based on
their spatial overlap and their averaged bond order parameters

| Nao

NGO ; Gom(@, 1), (5)

Q6m(i’ t) =

where i denotes the nucleus containing N (i, 1) particles at time
t. The averaged bond order parameters are compared using the
scalar product ¢ (i, 1;j,t + 1) = Zm(%m(i, 1) azm(i, t+ 1),
analogous to equation (4). The spatial overlap, coverlap, 1S
defined as the number of particles having a ‘neighbor’ in the
other nucleus within a distance of d, = 2.5 um divided by the

3 Bonds between neighboring particles are based on a given distance
criterion only and are not related to chemical bonds.

averaged nucleus size:
2
NG, )+ NG, t+1)
N(@,0) N(j,t+1)

X Y > OWn— Itk 1) —r(lt+ D)),

k=1 I=1

Coverlap =

(6)

where ® is the Heaviside function. Finally, the sum of the
two criteria has to fulfil the condition that coyerlap + ¢4 > 1
and Coverlap > 0.3 to accept two nuclei as predecessor and
successor. In case several nuclei at time ¢ + 1 fulfil this
criterion, the nucleus with the highest covertap + ¢4 s selected
as the successor. For tracks that start or end because no
successor or predecessor can be assigned, nuclei giving a sum
Coverlap + Cq¢ < 1 or being assigned to another nucleus are
counted as possible successors or predecessors.

3. Results and discussion
3.1. Crystal-like particles

To gain insight into the nucleation and growth phase using
confocal microscopy, we have taken measurements quickly
after shear-melting the sample and focused on the early
times when critical nuclei form. As the formation of a
critical nucleus that continues to grow is a rare event,
our measurements only allow for a rough estimate of the
critical size. However, the formation of precritical nuclei that
approach the critical size are found in all measurements and
crystal growth into the observed area from the outside is
common. The number of crystal-like particles as a function of
time is shown in figure 1 for two examples of homogeneous
crystal growth. The formation of precritical crystal nuclei
is found to start quickly, but crystal growth is slow and
is still ongoing after ~70 h. An induction time for crystal
nucleation is expected [19], however the polydispersity of
the particles further slows down the nucleation process.
From computer simulations of hard spheres [20], it is well
known that crystallization does not occur in suspensions
with polydispersity =>0.12, while the differences from a
monodisperse system are small for polydispersities <0.05.
Furthermore, the polydispersity in the crystal is found to
be always below 0.057. A demixing of small and large
particles has to take place in the suspensions studied here,
because the polydispersity is ~0.067. In agreement with this,
we observe a slow crystallization process: the formation of
precritical nuclei is found to start quickly within ~10 min,
but it takes ~10 days until the equilibrium phase behavior
of crystal coexisting with fluid or complete crystallization is
reached. Furthermore, we observe incomplete crystallization
even at ¢ > ¢n, as expected for the polydispersity of the
studied suspensions. This agrees with previous observations
that bidisperse or polydisperse hard spheres do not crystallize
at all or do so more slowly than in the monodisperse
case [20-22]. A slow crystallization process is also observed
close to the glass transition and for the devitrification of glassy
samples [23]. This may play a role for the most concentrated
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Figure 2. Fraction of crystal-like particles as a function of the distance, z, from (A) a flat and (B) a rough surface. The fractions are shown
for (4) 20 min and (e) 20 h after shear-melting the sample. The average height of the rough surface is at a distance of ~—2 pum. The

volume fractions are (A) ¢ = 0.25 and (B) ¢ = 0.29.

samples studied in this work. In the following we concentrate
on the early stage of nucleation and growth within ~48 h after
shear-melting the sample.

3.1.1. Flat and rough surfaces. To quantify the influence of
a surface or a particle as a seed for crystallization, we count
the crystal-like particles as a function of the distance from
the seed. The cases of a flat and a rough surface are studied
for comparison. The flat surface enhances the fraction of
crystal-like particles near the surface, as shown in figure 2(A),
since there is no or a very small free energy barrier and the
crystal grows spontaneously on the surface. The condition for
this spontaneous crystal formation is yg — Yes > Vef, Which
appears to be fulfilled in the studied colloidal system for
an infinite radius of curvature, R = oco. The rough surface
suppresses crystal nucleation close to the surface, and the
number of crystal-like particles near the surface is therefore
diminished, as shown in figure 2(B). The rough coating of the
wall is obtained with polydisperse PMMA spheres with an
average diameter ~3.5d. The suppression of crystal growth
close to the rough wall shows that the free energy barrier close
to the wall is at least as high as in the bulk. This suppression
of crystal growth on the wall of the sample cell provides an
optimized environment for the study of nucleation and growth
in the bulk or on seed particles in the suspension, which can
be much slower than the growth on a flat surface. As shown
in figure 3, the roughness also suppresses the layering of the
particles that is usually observed next to a wall [24]. This
layering also reflects the spontaneous crystallization next to
a flat wall and the reduced influence of a curved wall.

3.1.2. Curved surfaces.  Six examples of curved surfaces
with different radii of curvature are shown in figure 4. The
percentage of crystal-like particles near the surface is reduced
for radii of curvature R < 10d, is about the same as in the
bulk for 10d < R < 13d and becomes larger than in the bulk
for R 2 15d. Therefore, the radius of curvature has a clear
effect on crystal nucleation and growth. Our observations
suggest that the free energy barrier is reduced for radii of
curvature R 2 15d. The curved surface appears to strongly

affect the formation of crystal-like structures within a distance
~5d =~ 10 pum, which roughly corresponds to the range with
layered particle structure (see figure 3).

3.2. Crystal orientation

Crystallization of hard and slightly charged spheres on a flat
surface is known to take place spontaneously with hexagonal
crystal layers forming parallel to the surface, as there is
no nucleation barrier. However, surfaces with a radius of
curvature R ~ 5d are found to hinder crystal nucleation.
As a consequence, there is a transition from hindrance to
spontaneous crystal growth when the radius of curvature is
increased. This suggests that curved surfaces influence the
orientation of the crystal that forms close-by. Bulk crystal
in our system is found to be built of hexagonal layers
with a stacking corresponding to a face centered cubic (fcc)
and hexagonal close packed (hcp) crystal as reported in the
literature [25, 26, 2, 14, 27, 13]. The normal vector for these
hexagonal planes can be used to quantify the orientation of the
crystal. As illustrated in figure 5, the (0, 0, 1)-plane is the only
hexagonal plane in the hcp crystal lattice, while the (1, 1, 1)-,
1,1,-1)-, (1,—-1,1)-, and (—1, 1, 1)-planes are the four
equivalent hexagonal planes in the fcc lattice. As no large
scale hexagonal planes exist in small crystal nuclei, it is useful
to look for hexagonal planes defined by a single particle and
its nearest neighbors. The ‘rings’ of six particles highlighted
in figure 5 can be used for this purpose and can be identified
using the method of shortest path rings that analyzes a set of
particle positions and the bonds between them on the basis
of purely topological criteria [28-30]. We apply this method
to the nearest neighbors of a central particle and the bonds
between them, ignoring the central particle and its bonds.
A shortest path ring is a ring of particles with the property
that there is no shorter path from one ring particle to another
than the path along the ring; here, all the bonds between
all particles are considered to find a shortcut. The length of
the path is measured by counting the number of bonds that
are passed. In the fcc lattice, each particle has four shortest
path rings of six particles (6-rings), and these correspond to
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Figure 3. Measured particle densities normalized by the average density as a function of the distance from a flat wall (A), a rough wall (B),
and curved surfaces with radii of curvature R = 18.3 um (C) and 29.8 um (D). The density is given for ~2 h (blue) and ~48 h (red) after
shear-melting. The volume fractions are ¢ = 0.24 (A), ¢ = 0.29 (B), (C), and ¢ = 0.31 (D).

hexagonal planes of the lattice. As for fcc, each particle in
the hcp lattice has four 6-rings. However, just one belongs
to a hexagonal plane and the other three are buckled and
not related to hexagonal planes (figure 5(B)). These buckled
6-rings can be sorted out using topological information only:
For each 6-ring, the particles not belonging to the 6-ring
(among the nearest neighbors of the studied particle) are
grouped in clusters according to their bonds. There are two
groups of three particles for a 6-ring corresponding to a
hexagonal plane, while a group with two and a group with
four particles are found for the buckled rings, as shown in
figure 5(B). For the detection of hexagonal planes, the shortest
path ring method can also be applied to particles with 11
or 13 instead of the expected 12 nearest neighbors. The
treatment of these exceptions is important for measurements
of small crystal nuclei without a well-defined crystal structure.
In these cases, 6-rings characterizing hexagonal planes are
found using additional criteria, as outlined in the appendix.
6-rings belonging to particles with less than 11 or more
than 13 nearest neighbors are not taken into account, as
they correspond to strongly disturbed crystal structures. In
the following, buckled 6-rings are disregarded and only
6-rings belonging to potential hexagonal planes are taken into
account. A plane is fit to each 6-ring to obtain its orientation
and that of a corresponding hexagonal plane.

3.2.1. Flat and rough surfaces. As expected, a flat wall
given by the cover glass of the sample cell results in a

strong orientation of the 6-rings close to it. This is shown
in figure 6(A) by the strong peak of the distribution of
orientations, p(6)/sin(9), at the tilting angle 8 = 0° for all
measured distances in the range 0-25 um from the surface.
This reflects the growth of hexagonal planes on a flat surface
immediately after shear-melting. 6 is defined as the angle
between the direction normal to the flat surface and the
direction normal to the plane of the 6-ring. The histograms
shown are normalized by sin(f), as the number of possible
orientations at a tilting angle 6 is proportional to sin(6)
in analogy to the area of a ring on a sphere at a fixed
angle 6 from the pole. The normalization is chosen such
that a fully random distribution of orientations corresponds
to p(8)/sin(@) = 1. For a fcc crystal, there are additional
6-rings belonging to the three other hexagonal planes, and
they show up at a tilting angle 8 =~ 70.5°. A broad peak
is indeed observed at 6 =~ 70° for the distances 0-20 um;
however it appears not to be symmetric around 70° but to
be skewed towards smaller 8. A broadening is expected due
to fluctuations of the particle positions, and the peak is more
pronounced at smaller 6, because the normalization by sin(6)
emphasizes orientations at small angles. In fully crystallized
samples, the number of 6-rings at 6 ~ 70° is found to be
roughly three times larger than that at & = 0°, as expected
for a fcc crystal. For distances 20-25 pum (magenta points
in figure 6(A)), 6-rings with an orientation 6 = 60° are
detected during early times for this particular measurement;
these belong to precritical crystal nuclei that do not grow.
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Figure 4. Fraction of crystal-like particles as a function of the distance from the center of the curved surface for the radii of curvature
(A)R=12.4 um, (B) 15.3 um, (C) 18.3 um, (D) 25.5 um, (E) 29.8 pum, and (F) 62.5 pum. The radii of curvature are indicated by the black
vertical lines. The volume fractions are (A) ¢ = 0.27, (B), (C) ¢ = 0.29, (D) ¢ = 0.28, (E) ¢ = 0.31, and (F) ¢ = 0.24. The symbols show
the fraction obtained 20 min (+) and 20 h (e) after shear-melting the sample.

The crystal oriented parallel to the flat surface is found to
keep growing until the observed volume is filled with oriented
crystal. On the other hand, the rough surface described above
suppresses crystallization on the wall and the orientation of
6-rings of crystal-like particles is found to be random, as
shown in figure 6(B). All curves for the distances 0-25 um
fluctuate around p(0)/sin(f) = 1, the value expected for
completely random orientations; variations with 6 are due
to precritical crystal nuclei appearing for some time during
the measurement. This shows that surfaces with a radius
of curvature R ~ 4d strongly suppress crystallization, which
was also found from simulations of hard spheres [5, 31].
The insets of figure 6 show the number of crystal-like
particles, N. (red), and of the corresponding 6-rings, Ng
(black). We find N; < Ng; the number of observed 6-rings is
lower than expected from a 50:50 mixture of particles with
local fcc and hep structure with four and one 6-rings per

particle, respectively. This reflects the low order in precritical
crystal nuclei.

3.2.2. Curved surfaces.  As suggested by the case of a flat
surface, we determine whether crystal particles appearing in
the vicinity of a curved surface have 6-rings oriented parallel
to the surface. The tilting angle 6 is now measured between
the normal vector of the 6-ring and the surface normal, and
the 6-histograms for six radii of curvature, R, between 12
and 70 um are shown in figure 7. The crystal-like particles
with distances from 0 to 10 um from the surface have 6-rings
oriented parallel to the curved surface for all investigated radii
of curvature. For the shell between 0 and 5 um (red dots), the
orientation is very strong, as shown by the peak at & = 0°, and
a broad peak around 6 = 70° shows that many crystal-like
particles have a fcc-like surrounding. As apparent from the
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respectively.

A 1.5x10°
12}
o —
£
S 1.0x10°f 1 1
— S
N 5
| 3 sox10'f
= £ L — ]
= 2
) °
4 1 2 3 4 5

Bt 5x10°
r 12}
& ax10° _|_|_|_
- - 5 -
5 310 | t—— ]
8 2x10°
| g 1x10% = ]
c
0

\
N SR AWy

e S e
0 20 60 80

40
0[°]

Figure 6. Probabilities for the 6-ring orientation versus tilting angle 6 for (A) a flat and (B) a rough surface. The probability distribution is
shown for several distances from the surface: (red, shell 1) 0-5 um, (green, shell 2) 5-10 wm, (blue, shell 3) 10-15 um, (yellow, shell 4)
15-20 pm, (magenta, shell 5) 20-25 um. The horizontal lines at p(6)/ sin(f) = 1 give the value for a random distribution. The insets show
the number of (black) 6-rings and (red) crystal-like particles found in each measurement for the different-distance shells.

shell between 5 and 10 um (green dots), the orientation of
the 6-rings gets more pronounced for larger radii of curvature.
The order in the shells between 10 and 25 um is found to
increase for radii of curvature R > 25.5 um; the peaks at
6 ~ 0° and 70° get more pronounced with increasing R. This

orientation over a longer range and the reduced suppression of
crystal-like particles close to the surface (figure 4(D)) suggest
that the transition from hindered crystallization to accelerated
heterogeneous crystal nucleation and growth analogous to that
on a flat surface occurs close to R = 13d ~ 25 um.
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Figure 7. Probabilities for the 6-ring orientation versus tilting angle 6 for the radii of curvature (A) 12.4 um, (B) 15.3 um, (C) 18.3 pum,
(D) 25.5 pum, (E) 29.8 um, and (F) 62.5 um. The probability distribution is shown for several distances from the surface: (red, shell 1)
0-5 pum, (green, shell 2) 5-10 pm, (blue, shell 3) 10-15 wm, (yellow, shell 4) 15-20 um, (magenta, shell 5) 20-25 pwm. The horizontal
lines at p(0)/sin(0) = 1 give the value for a random distribution. The insets show the number of (black) 6-rings and (red) crystal-like
particles found in each measurement for the different-distance shells. The volume fractions for the measurements shown are the same as

those given in figure 4.

3.3. Precritical crystal nuclei

The conclusion given above is corroborated by an analysis
of precritical nuclei close to the curved surfaces. As the free
energy penalty for such nuclei increases with their area and
volume (equation (1)), very small nuclei appear much more
often than larger ones. We have determined the number of
nuclei containing M < 15 and M > 15 particles as a function
of the distance from curved surfaces, as shown in figure 8. M is
the number of particles in a nucleus. The number of observed
nuclei, Ny, is normalized by the total number of particles, Np,
at the same distance to account for the variation of the volumes
of the shells with distance. The number of nuclei with M > 15
particles (x) is found to be strongly suppressed for radii of
curvature R < 10d and distances <3d = 5.7 um from the
surface. Very small nuclei with M < 15 (e) are always at a
level comparable to that in the bulk. However for R > 13d,
nuclei of all sizes are at least as numerous close to the surface
as far from it, as expected for the transition to accelerated

nucleation for larger R. For R &~ 13d, crystal growth on the
surface appears to become as fast as crystallization in the bulk.
This shows that the nucleation barrier becomes lower than in
the bulk for R 2 13d.

The critical nucleus size is determined from the observed
probabilities for growth and shrinkage of nuclei as a function
of nucleus size. This is based on tracking the nuclei over
time depending on their spatial overlap and their average
gs vector, as outlined in section 2. Each nucleus is marked
as growing, shrinking, or keeping its size by comparison
with its immediate successor at the following time step of
the measurement. A size histogram is then generated for all
nuclei, and for all N; nuclei in a size range [M; — AM; /2, M;+
AM;/2], the probability for growth (shrinkage) is simply
obtained by dividing the number of growing (shrinking) nuclei
by N;. The bin sizes, AM;, for the number of particles in
the nuclei are varied with the average size, M;, such that
the considered size range contains >300 nuclei. Figure 9
shows the size dependence of the probabilities obtained for a
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Figure 9. Probabilities for shrinkage, p_ (+), growth, p; (x), and
constant size, p— (x), of crystal nuclei at ¢ = 0.29 as a function of
nucleus size, M, given by the number of particles in the nucleus.
Each data point corresponds to an average over >300 nuclei
observed during a measurement.

measurement at ¢ = 0.29. An estimate of the critical size, M*,
is obtained from the size at which the probabilities for growth
and shrinkage cross or are equal. We find M* = 800 £ 200
at ¢ = 0.2 and M* = 150 £ 70 at ¢ = 0.29. Within the
accuracy of the experiments, no decrease of M* close to the
curved surfaces is found compared to the bulk. The observed
suppression of crystal growth near surfaces with R < 10 d,
however, suggests that M* becomes much larger in this range
of R.

According to classical nucleation theory (CNT) a
decrease of M* is expected for heterogeneous nucleation. For
heterogeneous nucleation on a flat surface, M* is reduced by

the factor f(6) = [2 — 3 cos() + cos(9)] /4, where 6 is the

contact angle of the crystal on the seed. AGS\JT is reduced by
the same factor with respect to AG&E [32]:
AGENT = AGENT £(6). 7

Therefore, the shape of the barrier and the radius of a spherical
critical nucleus, r*, is the same for homogeneous nucleation
and heterogeneous nucleation on a flat wall. The change of
the critical volume is given by f(8), which varies between zero
and one with . For heterogeneous nucleation on a curved seed
surface, the calculation of AG%\JT is much more complicated,

but a result for the barrier height AGﬁeCtNT can be given [33]:

AGHNT = AGENT £ (0, %) ®)
1 { 1—mx 3
f@,0)==11+ ( )
2 g
3
e 2_3(x—m>+(x—m>
g g
+3mx? <x—_m — 1> } ©)]
g
1
g= (1 +x2—2mx>2 (10)

where m = cos(@) and x = R/r* with the radius of the critical
nucleus given by r* = 2y.¢/ (nc Ap), the same value as for
homogeneous nucleation with n. the particle number density
in the crystalline state. As for the flat seed, f(0, x) varies
between zero and one for contact angles 6 < 180°, and



consequently, AGﬁeCtNT < AGﬁS:T; crystal nucleation on a
curved seed surface is expected to be as fast or faster than
in the bulk according to CNT.

The observation of fast crystallization on a flat surface
and the tendency of the crystal to wet curved surfaces with
R 2 15d shows that 6 is expected to be close to 0° in
our colloidal system, certainly 6 < 180°. For our system,
CNT predicts a reduced barrier for heterogeneous nucleation
compared to the homogeneous case. Therefore, the strong
suppression of crystal growth close to the seed surface
observed for R < 10d goes beyond CNT and is most probably
due to an incompatibility of the crystal structure and a strongly
curved surface, an effect that is not taken into account by
CNT. This implies that y.s; and 6 depend on R. We expect
Yes to increase for R < 10d and 6 to become undefined, as
cos(0) = (ks — Ves)/ Vet [32] decreases and becomes < — 1
for R ~ 7d.

A direct measurement of 6 would give valuable
information about the barrier for heterogeneous nucleation.
However, the very irregular shapes and rough surfaces of the
observed nuclei do not allow an estimate of 8 from direct
observation of the crystal surface touching the seed surface.
For this reason, the contact angle is not observed directly, but
we expect it to depend on R, as mentioned above.

To compare our results with other work, we make a rough
estimate of the nucleation rate density, J, using the volume,
V=175x 1014 m3, imaged in the measurements and the
time, 7* ~ (1£0.3) x 10° s, it takes for a nucleus of critical size
to appear at ¢ = 0.2. We obtain the estimate J = 1/(V 1*) =
(12 £05) x 10 m™3 s7! = (2.0 £ 0.8) x 1077 Dod ™5,
where Dp ~ 1.5 x 107 m? s7! is the free diffusion
constant of the particles. This value for J is at least one
order of magnitude larger than that obtained in a simulation
study of weakly charged Yukawa spheres with contact value
B = 20kgT and «d = 5 [34]. Nucleation rate densities
of charged particles with a Yukawa-like interaction have
also been determined in other experimental work [35, 36].
An increased nucleation rate close to curved surfaces, as
suggested in [5] for hard spheres, is neither ruled out nor
confirmed by our measurements. An increased number of
crystal-like particles is found in some measurements with
6d < R < 7d at a distance ~8d from the surface, while other
measurements do not show a peak at this distance. Also,
we do not obtain any information about the line tension
7 (equation (2)) from our data. T may be too small to
be measured. In fact, it is known to be small for hard
spheres [31].

4. Conclusions

Our study of the heterogeneous and homogeneous crystal
nucleation and growth of charged PMMA spheres shows that
curved surfaces with a radius of curvature R < 104 hinder
crystallization close to the surface, where d is the particle
diameter. The number of crystal-like particles is reduced
within a distance ~5d from the surface; this distance roughly
corresponds to the relaxation length of the supercooled fluid.
The number of precritical crystal nuclei is found to be

influenced within the same distance range ~5d: the number
of precritical nuclei consisting of M > 15 particles is reduced,
while the number of smaller nuclei is found to be of the
same order as for homogeneous nucleation irrespective of
the radius of curvature. This suggests that very small nuclei
with a typical size smaller than the radius of curvature are
not affected by the curved surface, while larger nuclei are
suppressed, because they stretch out over a larger surface and
are affected by the curvature. This effect implies an increase of
¥es With decreasing R and goes beyond CNT, which assumes
the surface tensions and the contact angle, 6, to be fixed
parameters of the involved materials. No direct measurement
of 6 could be obtained, as the contact between crystal and seed
is not well defined in our measurements. However, 6 is found
to be close to 0° on a flat wall and on seeds with curvatures
R 2 15d, while the observed suppression of crystal growth for
curvatures R < 10d suggests that 6 is not defined, as cos6 <
—1. Precritical crystal nuclei are oriented to the curved surface
for all studied R, even for R < 10d, as hexagonal planes
locally start to form parallel to the surface, as expected from
the layering of the fluid near to the seed surface.
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Appendix

Crystals of hard spheres or slightly charged spheres grow
as random hexagonal close packed (rhcp) crystals, which
are defined by hexagonal particle planes stacked randomly
according to the face centered cubic (fcc) or the hexagonal
close packed (hcp) structure. This rhep structure forms as
the free energy difference between fcc and hep is small and
the ground state structure, fcc in the case of hard spheres, is
reached only after very long times [37-39]. As the crystal
nucleates and grows, the crystalline structure is not well
defined at the crystal—fluid interface, and the orientation of the
hexagonal planes is not obvious in crystal nuclei of precritical
and critical size. Shortest path rings provide a way to identify
hexagonal arrangements of particles and to determine their
orientation from measured particle positions using topological
criteria only. For each particle, shortest path rings of six
particles (6-rings) are identified among the nearest neighbors,
as explained in section 3.2 and in [28-30]. As disturbed
crystal structures are not the exception but the usual case for
measurements of small crystal nuclei, the criteria listed below
are applied in addition to those given in section 3.2 to find that
shortest path 6-rings are related to hexagonal particle planes.
The 6-rings around a central particle with 11, 12, or 13 nearest
neighbors are determined. The rules listed apply to the nearest
neighbors and the bonds among them.

e The 6-ring separates the remaining nearest neighbors.
These remaining particles form clusters according to their



bonds. There must be two clusters. There is a 2-particle and
a 3-particle cluster in the case of 11 nearest neighbors, two
3-particle clusters for 12 nearest neighbors, and a 3-particle
and a 4-particle cluster for 13 nearest neighbors.

As the method becomes uncertain for highly distorted
structures, a 6-ring is disregarded if more than one of the
following deviations from a regular fcc or hep surrounding
occurs:

e There is a particle of the 6-ring that has no bond connecting
it to a particle outside the 6-ring.

e In the case of 11 nearest neighbors, two neighboring
particles within the 6-ring are allowed not to have bonds
to one group of particles outside the 6-ring. If there are
more missing bonds from the 6-ring to the particle groups
outside the 6-ring, this is counted as a deviation.

e There is a particle outside the 6-ring that has no bond to a
particle in the 6-ring.

e There is at least one particle outside the 6-ring that has only
one bond to its group of particles outside the 6-ring. For
11 nearest neighbors, this criterion does not apply for the
2-particle group next to the 6-ring.

In addition to the mentioned cases with 11, 12, and 13 nearest
neighbors, a special case with nine nearest neighbors is taken
into account, which corresponds to a fcc or hep particle sitting
on a surface, such that three nearest neighbors are missing.

e A particle with nine nearest neighbors, a 6-ring, only one
group of three particles not belonging to the 6-ring, and
none of the deviations listed above is taken into account in
the search for particle planes with hexagonal order.
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