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Tag der mündlichen Prüfung: 14. Februar 2003
1. Referent: Prof. Dr. Dorothea Wagner, Universität Konstanz
2. Referent: Prof. Dr. Ulrik Brandes, Universität Passau

Deutsche Zusammenfassung
Ein Graph ist eine abstrakte Repräsentation relationaler Daten auf einer
Menge von Individuen. Ein Schnitt in einem Graphen zerteilt die Menge der
Individuen in zwei nicht-leere Teilmengen. In dieser Arbeit werden Methoden
zur Visualisierung von Schnitten und Mengen von Schnitten eingeführt. Die
in einem Schnitt enthaltenen wichtigen Informationen sind
1. die Partition der Menge der Individuen und
2. die Relationen zwischen Individuen verschiedener Teilmengen.
Eine Zeichnung eines Schnittes sollte beides graphisch darstellen. Aus einer
Zeichnung einer ganzen Familie von Schnitten sollte außerdem genau hervorgehen, welche Schnitte tatsächlich gemeint sind und welche nicht.
Diese Arbeit konzentriert sich auf zwei spezielle Arten von Schnitten.
In Kapitel 3 werden zunächst Zeichenmethoden betrachtet, die ursprünglich
für Bipartitionen, d.h. für Schnitte für die es jeweils keine Relationen zwischen Individuen der selben Teilmenge der Individuenmenge gibt, entwickelt
wurden. Es wird ein Algorithmus beschrieben, der in linearer Zeit testet,
ob eine bestimmte Verallgemeinerung einer Bipartition eine kreuzungsfreie
Zeichnung auf drei parallelen Geraden erlaubt, so dass genau die Individuen
der einen Teilmenge des Schnittes auf die mittlere Gerade gezeichnet werden.
Im Rest der Arbeit liegt der Schwerpunkt auf Familien von sogenannten minimalen Schnitten, d.h. Schnitten deren beide Teilmengen so wenig
wie möglich miteinander verbunden sind. In Kapitel 4 wird eine allgemeine
Definition für eine Zeichnung einer Familie von Schnitten gegeben, die die
oben angedeuteten Anforderungen erfüllt. Unter Verwendung des Kaktus
der minimalen Schnitte – einem Graph-Modell, das die Struktur der minimalen Schnitte widerspiegelt – und einer Methode zur Zeichnung hierarchisch
geclusterter Graphen wird gezeigt, dass die Menge der minimalen Schnitte
immer eine Zeichnung erlaubt. Für planare Graphen wurde dieser Ansatz
implementiert.
Das Verfahren zum Zeichnen der minimalen Schnitte eines Graphen läßt
sich leider nicht auf die Menge der minimal und minimal+1 – ten Schnitte ani
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wenden. In Kapitel 6 wird gezeigt, dass zumindest die entsprechende Menge
der Partitionen der Individuenmenge in einer planaren Zeichnung des GraphModells der minimal und minimal+1 – ten Schnitte, des sogenannten 2-Level
Kaktus, visualisiert werden kann.
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Chapter 1
Introduction
A graph is an abstract representation of relational data on a set of individuals. Examples are railroad networks, telecommunication networks, social
networks, electrical circuits, or the Internet. Relations in a graph are called
edges and individuals are called vertices. A cut divides the set of vertices
into two non-empty parts. It contains the edges between the two parts.
Suppose you have a set of private houses and a set of electrical power
stations and there are only cables between houses and power stations. Then
the cut dividing the houses from the power stations contains all edges. A cut
with that property is called a bipartition.
A natural way of visualizing a bipartition is to draw the vertices of one
part on one line, the vertices of the other part on a parallel line, and all
edges as straight-line segments (see Fig. 1.1a). More flexible drawings on
three parallel lines, such that one part S is drawn on the middle line and the
other part is drawn on the two remaining lines (see Fig. 1.1b) were studied
by Fößmeier and Kaufmann (1997). We will refer to such drawings by LSLdrawings.

a)

b)

Figure 1.1: a) A drawing of a bipartition on two parallel lines. b) A planar
drawing of the same bipartition on three parallel lines.
1
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The size of a cut is the – possibly weighted – sum of edges between the
two parts. A cut of small size that divides the graph into two considerably
large parts is of special interest, for example, in the following application
areas.
Circuit Design. Assigning geometric coordinates to switching elements
and their connecting wires can be done by a divide and conquer approach.
Cut the circuit into two parts, find a layout for both parts separately, and
finally route the wires between the two parts.
Reliability of Networks. In the late fall of 2000, the SEA-ME-WE 3
submarine cable was damaged 70 km south of Singapore. Since over 95%
of international telecommunications traffic to and from Australia was routed
via 12 submarine cables, this had a considerable impact on Internet-traffic
to and from Australia.
Design of Traffic Networks. A traffic engineer who wants to increase the
flow rate in a traffic network by adding few new or by widening few existing
roads, has to know the bottlenecks of the network.
Military Operation. Small cuts can also be used for purposeful attacks.
During the cold war, the USA were interested in how to efficiently disconnect
the railway network of Eastern Europe. A report of Harris and Ross (1955)
on that topic contains a drawing of a minimum cut in this railway network
(see Fig. 1.2).
The main focus of this thesis is on drawing cuts of globally minimum and almost minimum size, i.e. on visualizing the connectivity structure of a graph.
While it is N P-complete (Hyafil and Rivest, 1973) to find a cut that is
minimum with the property that both parts are equally big, the set of globally minimum (Fleischer, 1999) and near minimum cuts (Vazirani and Yannakakis, 1992; Nagamochi et al., 1994) can be computed in polynomial time.
Some already existing methods for drawing graphs support visualizing
the connectivity structure of a graph. The goal of force-directed methods
(see e.g. Brandes, 2001, for an overview), for example, is to minimize the
length of edges. Thus, highly connected parts of a graph tend to be drawn
closer together. A similar goal is pursued by spectral methods (Hall, 1970),
i.e. choosing the coordinates of the vertices according to the coefficients of
eigen vectors to small eigen values of the Laplacian matrix. If a partition of

3

Figure 1.2: A drawing of a minimum cut in the railway network of Eastern
Europe was labeled by “The Bottleneck” in the report of Harris and Ross,
1955 (source: Schrijver, 2002).
the vertex set is already given, the remaining structure of the graph can be
visualized in the quotient graph. I.e., all vertices of one part of the partition
are drawn on the same point. This results in a smaller graph and might
make it easier to recognize some structure. Fig. 1.3 shows four drawings of
the same graph: a) a force-directed drawing, b) a spectral drawing, and c) a
drawing of the quotient graph of the partition induced by the seven K12 . But
none of the three drawings shows at first glance where the minimum cuts of
the graph are.
We introduce new methods for drawing cuts and sets of cuts. One approach is similar to the drawing of Harris and Ross (1955) in Fig. 1.2. It is
based on the following correspondence between cuts and simple closed curves
in the plane.
A simple closed curve divides the plane into two connected components. A minimum cut divides the set of vertices of a connected
graph into two connected subsets.

4
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a)

b)

c)

d)

Figure 1.3: Seven sparsely connected K12 . Where are the minimum cuts?
Thus our main approach for drawing families of cuts, is to visualize each
cut by a curve that separates corresponding parts of the vertex set. Our
precise definition for drawing sets of cuts is given in Sect. 4.1. Fig. 1.3d
shows a drawing of each minimum cut by a grey curve, which is either a
simple closed curve or a curve with end points in the outer face of the graph.
Feng et al. (1995) introduced the model of hierarchically clustered graphs.
In a drawing of a hierarchically clustered graph, a set of vertices of a graph is
represented by a region that is bounded by a simple closed curve. The set of
subsets of the vertex set that is represented simultaneously in this way has
to have tree structure. In terms of cuts, this means that we can represent a
set of pairwise non-crossing cuts as a hierarchically clustered graph. Graphs
having no crossing minimum cuts are, for example, maximal planar graphs
and chordal graphs.

5
The set of all minimum cuts of an arbitrary connected graph G with positive edge weights has almost tree-structure. Dinitz et al. (1976) discovered
that it can be modeled by a cactus, i.e., by a connected graph in which every
edge is contained in at most one cycle. Although the number of minimum
cuts in a graph can be in Θ(n2 ), the size of the cactus model is linear in
the number n of vertices of G. From the cactus model, the bipartitions of
the vertex set can easily be extracted, but it contains almost no information
about the edges of G. We want to utilize the cactus model to visualize both,
the bipartition of the vertex set and the edges connecting the two parts of
each minimum cut in one drawing of the graph.
In the last decade, not only the properties of cuts of minimum size but also
the number (Vazirani and Yannakakis, 1992; Nagamochi et al., 1994; Henzinger and Williamson, 1996) and structure (Benczúr, 1995) of near minimum
cuts were examined. Galil and Italiano (1993) and Dinitz (1993); Dinitz and
Westbrook (1998) developed graph models for all cuts of size 1 and 2 or 2
and 3, respectively. Based on these two models, Dinitz and Nutov (1995) introduced the so called 2-level cactus model – a data structure that represents
the minimum and minimum+1 cuts of a graph with connectivity λ ≥ 3 in a
compact way. The above models imply, in particular, fast incremental maintenance algorithms. The set of all minimum and minimum+1 cuts will in
general not allow a drawing according to our definition in Sect. 4.1. Instead
we will consider drawings of the 2-level cactus model itself.
Aesthetic criteria (see e.g. Di Battista et al., 1999, Sect. 2.1.2, for an
overview) in graph drawing depend on the application and the user. It is a
common belief, however, that crossings between edges reduce the readability
of drawings of graphs (see e.g. Purchase et al., 2001). This thesis will have a
special emphasis on planar drawings, i.e. drawings in which no edges cross.
The contribution of this thesis is as follows.
Chapter 2. We first provide basic graph notation. Then we will introduce
some models and results that we will use in this thesis: for example, a flow
model for bend-minimum orthogonal drawings, planar drawings of hierarchically clustered graphs, and the graph models for the set of all minimum and
the set of all minimum and minimum+1 cuts.
Chapter 3. We use parallel lines from two points of view. First, we consider the question, whether a cut admits a planar LSL-drawing. Fößmeier
and Kaufmann (1997) showed how to decide in linear time whether a bipartition has a planar LSL-drawing. We extend the linear-time algorithm to a
superclass of bipartitions.

6
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The second part of the chapter considers the special case in which the
cactus model of all minimum cuts is a path. We examine the approach of
visualizing the minimum cuts by vertical lines.
Chapter 4. We first give a general definition for drawings of families of
cuts by simple closed curves. We then focus on such families of cuts that can
be modeled by a cactus. We show that under an additional assumption on
the edges in the graph planar drawings of such families of cuts are related to
planar drawings of hierarchically clustered graphs. One of the main results
is:
The set of all minimum cuts of a connected (planar) graph has a
(planar) drawing.
Chapter 5. The choice of the root in the inclusion tree of the hierarchically
clustered graph used in Chapter 4 corresponds to choosing for every cut,
which part of the vertex set is contained in the simple region bounded by the
simple closed curve that represents the cut. Given a fixed planar drawing of
a graph, not every choice of the root is suitable for a planar drawing of its
set of all minimum cuts. We show how to test in linear time which roots are
suitable.
Intuitively, if we draw a cut into a graph that involves the outer face, like
in Fig. 1.3d or in the diagram of Harris and Ross (1955) indicated in Fig. 1.2,
we do not draw a simple cycle, but a simple curve with end points in the
outer face. The second part of this chapter considers unweighted graphs of
connectivity other than 4. We show how to decide in linear time whether
there exists an embedding such that all minimum cuts involve the outer face.
Chapter 6. For edge-connectivity higher than 5, we show that the 2-level
cactus model is planar even if it is extended by some auxiliary edges that visualize special minimum+1 cuts. The proof of planarity is based on properties
of the set of projection paths of auxiliary edges, that is the set of (shortest)
paths in the 2-level cactus between the end nodes of auxiliary edges. To
obtain planarity, we give a new sufficient planarity criterion, generalizing a
corollary to the criterion of MacLane (1937).
Parts of this thesis were developed in collaboration with Ulrik Brandes, Yefim
Dinitz, Christian Fieß, Thomas Schank, and Dorothea Wagner and are published in conference proceedings. The results on LSL- and LL-drawings
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in Chapter 3 are published in Cornelsen et al. (2002). Results on cactusclustered drawings that are more focused on the set of minimum cuts than
the results in Chapter 4 can be found in Brandes et al. (2001). Planarity
of the 2-level cactus (see Chapter 6) was proved in Cornelsen et al. (2001).
I’m very grateful to all my coauthors for having had the opportunity to work
with them.
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to Christian Fieß who implemented the algorithm for drawing the minimum
cuts of a planar graph. Last but not least, I wish to thank my former office
mate Annegret Liebers for her friendship and “psychological” support and
for reading parts of this thesis.
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Chapter 2
Preliminaries
In this chapter, we introduce both, basic graph notation and advanced concepts that we will use in the following chapters.

2.1

Basic Graph Notation

A graph G = (V, E) is an ordered pair of a finite set V (G) := V of vertices
and a subset E(G) := E ⊆ {{v, w}; v, w ∈ V, v 6= w} of the set of unordered
pairs of vertices. Elements of E are called edges. Two vertices v and w are
adjacent, if {v, w} ∈ E, a vertex v and an edge e are incident, if v ∈ e,
and two edges e and e0 are incident, if e ∩ e0 6= ∅. The incidence list of a
vertex v is a list of all edges that are incident to v. The degree degG (v) of a
vertex v is the number of edges that are incident to v. A complete graph
is a graph in which each vertex is adjacent to all other vertices. A complete
graph with n vertices is denoted by Kn .
A graph G0 = (V 0 , E 0 ) is a subgraph of G, if V 0 ⊆ V and E 0 ⊆ E. It is
a spanning subgraph, if V 0 = V . G0 results from G by splitting an edge
˙ e }1 and E 0 = (E \ {e}) ∪ {{v, ve }, {w, ve }}.
e = {v, w} of G, if V 0 = V ∪{v
G0 is a subdivision of G, if G0 results from G by recursively splitting a
series of edges. For two subsets S and T of V , let E(S, T ) := {{v, w}; v ∈
S and w ∈ T } be the set of edges between S and T and let E(S) := E(S, S).
By G(S) := (S, E(S)), we denote the subgraph of G that is induced by S.
We set G − V 0 := G(V \ V 0 ). For a subset E 0 ⊆ E, we denote by G − E 0
the subgraph (V, E \ E 0 ) of G. Graph G(E 0 ) := ({v ∈ V ; v ∈ e for an
e ∈ E 0 }, E 0 ) is the subgraph of G that is induced by E 0 .
A path of length ` is a graph P` with a vertex set V (P` ) = {v0 , . . . , v` }
of size ` + 1 and with edge set E(P` ) = {{v0 , v1 }, . . . , {v`−1 , v` }}. We also
1

˙ we denote the disjoint union of two sets A and B.
With A∪B

9
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refer to P` by the sequence P` : v0 , . . . , v` of distinct vertices. In some special
cases, we also call the set of vertices or edges of P` a path. P` is a subpath of
graph G if G contains P` as a subgraph. P` is a path between two vertices
s and t if s = v0 and t = v` . It is a path between two edges e1 and e2 ,
if e1 = {v0 , v1 } and e2 = {v`−1 , v` }. An edge {vi , vj }, 0 ≤ i, j ≤ ` of G is a
chord of subpath P` , if |i − j| > 1. P` is an induced path of G, if G does
not contain any chords of P , i.e. if E(V (P` )) = {{v0 , v1 }, . . . , {v`−1 , v` }}. A
cycle of length ` is a path of length ` − 1 with an additional edge between
the first and last vertex, i.e. a graph C` with a vertex set V (C` ) = {v1 , . . . , v` }
of size ` and a non-empty edge set E(C` ) = {{v1 , v2 }, . . . , {v`−1 , v` }, {v` , v1 }}
of ` distinct edges. Very often, we will also use lower case letters p and c to
denote paths and cycles, respectively.
The distance dG (v, w) between two vertices v and w is the length of
a shortest path in G between v and w. The eccentricity of a vertex v, is
defined as maxw∈G dG (v, w). The center of a graph is a vertex with minimum
eccentricity.
A cut is an unordered pair {S, S} where ∅ ( S ( V and S := V \ S.
Set S induces the cut {S, S}. Graph G is connected , if the set E(S, S) of
cut-edges of any cut {S, S} of G is non-empty. A connected component
is a maximal connected subgraph of G. If a set of cut-edges contains only
one edge, this edge is called a bridge. {S, S} is a minimal cut, if the set of
cut-edges of any other cut is not a proper subset of E(S, S). The definition
of minimal cuts immediately implies the following lemma.
Lemma 2.1.1
A cut {S, S} of a connected graph G is minimal if and only if both, G(S)
and G(S), are connected.
G is bipartite, if there exists a cut {S, S}, such that E = E(S, S). Cut
{S, S} is referred to as a bipartition of G. If each vertex in S is adjacent
to each vertex in S, graph G is a complete bipartite graph and will be
denoted by Km,n if |S| = m and |S| = n. A vertex v of a connected graph G
is a cut-vertex , if G − {v} is not connected.
A cut {S, S} separates two vertices s, t ∈ V , if (s ∈ S ⇔ t ∈
/ S). A cut
that is induced by S divides a subset T of V if none of the two sets S ∩ T
and S ∩ T is empty. Two cuts {S, S} and {T, T } are crossing , if none of
the four corner sets S ∩ T , S ∩ T , S ∩ T , and S ∩ T is empty. A cut that
is induced by a corner set is called a corner cut and the cut induced by
S4T := S \ T ∪ T \ S is the diagonal cut.
A graph G0 = (V 0 , E 0 ) results from G by shrinking a subset S of V , if
˙ S } and E 0 = (E \E(V, S))∪{{v, vS }; {v, s} ∈ E(S, S)}, that
V 0 = (V \S)∪{v
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is every edge in E(S, S) is replaced by an edge that is incident to vS . The
quotient graph G/∼ of G modulo an equivalence relation ∼ on the vertex
set is the graph that results from G by shrinking the equivalence classes of ∼.
A set C of cuts of G induces the equivalence relation ∼C defined by v ∼C w
for v, w ∈ V if and only if v and w are not separated by any cut in C. We
define the quotient graph G/C of G modulo C by setting G/C := G/∼C .
Note that for a cut in {S, S} ∈ C only subsets of S or S are shrunken to
construct G/C. Thus, the cuts in C can be interpreted as cuts of G/C.
Graph G together with a positive edge weight function ω : E → R+
is a weighted graph. We also consider graphs without explicitly given edge
weight function as weighted graphs by setting ω ≡ 1. A weighted graph is
integrally P
weighted , if ω(E) ⊂ N. For two subsets S and T of V , let
ω(S, T ) := e∈E(S,T ) ω(e) be the total weight of the edges between the two
subsets. Shrinking a subset S of the vertex set of a weighted
P graph results
also in a weighted graph. The weight of an edge {v, vS } is s∈S ω(v, s).
The weight of a cut {S, S} is ω(S, S). A k-cut is a cut of weight k.
The edge-connectivity λ(G) := min∅(S(V ω(S, S) of G is the minimum
weight of all cuts. A λ(G)-cut of G is called a minimum cut. Note that a
minimum cut is always minimal. With M(G) we denote the set of minimum
cuts of G.
A tree is a connected graph that does not contain any cycles. A vertex
of a tree that has degree one is called a leaf . All other vertices are called
inner vertices. A rooted tree (T, r) is a tree T with a specified vertex
r called root. The root of a rooted tree is not called a leaf. Vertex w is
a descendent of vertex v and v is an ancestor of w, respectively, if v
is contained in the unique path between w and the root r. (T 0 , v) is the
subtree of (T, r) rooted at v, if T 0 is the subtree of T that is induced by all
descendants of v.

2.2

Graph Drawing

The information contained in a graph can be visualized in several ways. A
very elementary representation of a graph G = (V, E) is the adjacency
matrix (aij )1≤i,j≤|V | defined by

ω({vi , vj }) (or ) if {vi , vj } ∈ E
aij =
0
(or ) else
according to a meaningful ordering v1 , . . . , v|V | of the vertex set. Visualizing a partition of the vertex set in the adjacency matrix is also known as
block modeling (see e.g. Batagelj, 1997). Other approaches for visualizing
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b)

c)

Figure 2.1: Three representations of the same tree: a) adjacency matrix b)
planar drawing c) inclusion representation
a graph are visibility representations or representations by intersecting obstacles. Definitions and algorithms for different kinds of representations can
be found in books about graph drawing such as Di Battista et al. (1999);
Kaufmann and Wagner (2001); Sugiyama (2002). Within this thesis, we will
only use the following two kinds of representations.

Points and Curves In general, a drawing of a graph is a mapping D into
the plane that maps vertices on points and edges on simple curves between
the drawings of their incident vertices. In a planar drawing , different
vertices are mapped on distinct points and the drawings of two different
edges may only intersect in common end points. In a grid drawing vertices
are mapped on points with integer coordinates and edges are mapped on a
finite sequence of line segments between points with integer coordinates. In
a straight-line drawing , edges are mapped on a line segment and in an
orthogonal drawing edges are mapped on a sequence of horizontal and
vertical line segments. Note that only graphs with maximum degree 4 allow
an orthogonal drawing. For general graphs quasi orthogonal drawings
extend this concept. Here for any vertex v of degree higher than 4 and any
edge e adjacent to v, the final line segment of D(e) with end point D(v) need
not to be horizontal or vertical.

Inclusion Representation For rooted trees, we will also consider inclusion representations. In an inclusion representation D, each vertex v is
represented as a simple closed region D(v) bounded by a simple closed curve
∂D(v) or as a point. The drawing D(w) of a descendant w of a vertex v
is completely contained inside region D(v). Drawings D(w) and D(v) are
disjoint if w is neither a descendant nor an ancestor of v. Note that by this
definition at most leaves can be represented as a point.

2.2. GRAPH DRAWING
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Flow Model of Planar Orthogonal Grid Drawings

In this section, we describe the model of Tamassia (1987) for constructing
planar orthogonal drawings. This model supports the objective of minimizing
the number of bends when a fixed embedding, i.e. a class of planar drawings,
is given.
A graph G = (V, E) is planar if it has a planar drawing. A planar
drawing of a graph divides the plane into connected regions called faces.
The unbounded region is called the outer face. All other faces are inner
faces. An edge e (vertex v) is incident to a face f – and f is incident to
e (v) – if e (v) is contained in the boundary of f . Two planar drawings D
and D0 of G are equivalent, if there exists a homeomorphism h : R2 → R2
such that D(x) = h(D0 (x)) for all x ∈ V ∪ E. A plane embedding of a
graph is an equivalence class of its planar drawings. If G is connected, a
plane embedding can be described by a cyclic ordering of the incidence list
of each vertex v in the order in which the incident edges of v occur around v
plus a specified outer face. We call an embedding planar , if no outer face is
specified, i.e. if equivalence modulo the sphere is considered. A drawing D is
embedding-preserving , if it is contained in a specified plane embedding.
A planar graph with a fixed plane embedding is called a plane graph. A
drawing of a plane graph is an embedding-preserving drawing.
Given a connected plane graph, Tamassia (1987) introduced a flow model
to compute an orthogonal grid drawing with the minimum number of bents.
A description of this model can also be found in Di Battista et al. (1999,
Chapter 5). Various extensions for plane graphs with maximum degree higher
than four were developed (e.g. Klau and Mutzel, 1998; Fößmeier and Kaufmann, 1996; Tamassia et al., 1988). We will refer to these approaches by
near orthogonal drawings. In the remainder of this section we briefly
describe the flow model.
Let G be a connected plane graph with vertex set V . Let F be the
set of faces of G and let fo be the outer face. The flow network N =
(V ∪ F, A, u, c, b) for the minimum bend orthogonal grid drawing problem
consists of the set V ∪ F of nodes, a multi set A of arcs, i.e. ordered
pairs of nodes, capacities u : A → R, costs c : A → R, and demands
b : V ∪ F → R. In detail it is defined as follows. The arc set contains two
kinds of arcs.
1. For every edge e of G, let f1 and f2 be the faces that are incident to e.
Then A contains the dual arcs (f1 , f2 )e and (f2 , f1 )e of e with
u((f1 , f2 )e ) = u((f2 , f1 )e ) = ∞ and c((f1 , f2 )e ) = c((f2 , f1 )e ) = 1.
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2. For every vertex v and every face f that is incident to v, the set A
contains the arc (v, f ) with
u((v, f )) = 3 and c((v, f )) = 0.

Let m(f ) be the number of edges that are incident to a face f – counting
bridges twice. The demand of the different types of nodes is defined as
follows.

m(f ) − 4 for f ∈ F \ {fo }
b(f ) =
m(f ) + 4 for f = fo
b(v) = degG (v) − 4 for v ∈ V
Using the fact that the sum of the angles in a polygon with n vertices equals
(2n − 4)90◦ , Tamassia (1987) proved that each flow in N , i.e. each function
φ : A → R that satisfies
0 ≤ φ(a) ≤ u(a) for a ∈ A and
X

(µ,ν)∈A

φ(µ, ν) −

X

φ(ν, µ) = b(ν) for ν ∈ V ∪ F

(ν,µ)∈A

corresponds to an orthogonal drawing with
X

c(a) · φ(a)

a∈A

bends. In particular, the angle of face f at a vertex v is (φ(v, f ) + 1)90◦ . The
amount of flow φ((f1 , f2 )e ) over an edge e of G correspond to the number
of bends on e with a 90◦ -angle in face f1 . Thus, deleting arc (f1 , f2 )e from
the
P flow network corresponds to forbidding such angles. Minimizing the cost
a∈A c(a) · φ(a) of the flow, minimizes the number of bends in the drawing.
Garg and Tamassia (1996) improved the running time of the algorithm as
follows.
Theorem 2.2.1 (Tamassia, 1987; Garg and Tamassia, 1996)
A bend-minimum planar orthogonal drawing of a plane graph with n vertices
√
and maximum degree 4 can be constructed in O(n7/4 log n) time.
Other approaches for orthogonal drawings with few bends are, for example,
described by Tamassia and Tollis (1989) or Biedl and Kant (1998).

2.2. GRAPH DRAWING

a)
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b)

Figure 2.2: a) A planarization of a K5 . The two crossing edges are replaced
by the dashed star. b) The extended dual for inserting an edge between the
two white vertices. Pairs of oppositely directed arcs are visualized by black
curves. A maximal planar subgraph of the K5 is indicated by grey edges.

2.2.2

Planarization

A strategy for drawing non-planar graphs is to apply an algorithm for drawing
planar graphs to a planarized version of the graph. We shortly sketch the
method of planarization here. A more detailed description can be found,
e.g., in Di Battista et al. (1999, p. 216). Let D be a drawing of a graph
G = (V, E), such that
• vertices are drawn on different points,
• edges intersect in only finitely many points, and
• a drawing of an edge only contains the drawing of a vertex as an end
point.
The planarization of G according to D is a graph GD that is constructed as
follows. Let V 0 be the set of points in which edges intersect. Then the vertex
set of GD is V ∪ V 0 . For each edge e = {v, w} in E, let v = v1 , v2 , . . . , v` = w
be the sequence of points in D(e) ∩ (V ∪ V 0 ) in the order they occur in the
drawing of e from v to w. Then GD contains the edges {v1 , v2 }, . . . , {v`−1 , v` }.
An example of a planarization of a K5 is shown in Figure 2.2.
Since it is N P-complete to find a drawing of a graph with the minimum
number of edge crossings (Garey and Johnson, 1983), a planarization of a
graph is heuristically computed by repeatedly adding edges. Let G = (V, E)
be a graph. Let H be a planar spanning subgraph of G. H is a maximal
planar subgraph, if for any edge e ∈ E \ E(H) the graph
H + e := (V, E(H) ∪ {e})
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is not planar. A maximal planar subgraph can be constructed in linear time
(Hsu, 1995; Djidjev, 1995). Let D be a planar drawing of H. Let F be the
set of faces of H in D and let E ∗ be the set of dual arcs of edges in E, as
defined in Sect. 2.2.1. Let e = {v, w} ∈ E \ E(H) be a new edge. The dual
of H according to D extended by v and w, is the tuple
He∗ := (F ∪ e, Ee∗ )
with
Ee∗ = E ∗ ∪ {(x, f ), (f, x); x ∈ e, f ∈ F, x incident to f }.
A drawing of H + e that extends D can be constructed by finding a path in
He∗ between v and w. After planarizing H + e according to that drawing, a
new edge of E \ E(H + e) can be inserted into H + e in the same way. Doing
this repeatedly, yields a planarization of G.

2.3

Planar Graphs

As defined in Section 2.2.1, a graph is planar if it has a drawing in which
two edges do not cross, but in common end points. Kuratowski (1930) characterized planar graphs in terms of forbidden subgraphs.
Theorem 2.3.1 (Planarity Criterion of Kuratowski, 1930)
A graph is planar if and only if it contains neither a subdivision of K3,3 nor
a subdivision of K5 as a subgraph.
Another planarity criterion is based on the cycle space of a graph: Let
E1 ∆E2 = E1 \ E2 ∪ E2 \ E1 be the ring sum of two sets E1 and E2 .
Let EG be the vector space on the subsets of the edge-set E of a graph G
over F2 under the ring sum operation ∆. The set of all cycles and unions
of edge-disjoint cycles is a subspace of the vector space EG and is called the
cycle space of G. A 2-basis of G is a basis of the cycle space of G, such
that every edge occurs in at most two elements of this basis.
Theorem 2.3.2 (Planarity Criterion of MacLane, 1937)
A graph is planar if and only if it has a 2-basis. Moreover, any 2-basis of
a 2-connected graph consists of all but one facial cycle of some of its planar
embeddings.
Based on Kuratowski’s planarity criterion, Thomassen (1980) gave a short
proof of MacLane’s planarity criterion.
A basis of the cycle space can be constructed from a spanning tree: Let
T be a spanning tree of a connected graph G. For an edge e = {v, w} in
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G − T , let pe denote the set of edges on the path in T between v and w;
called the projection path of e. Then, {{e} ∪ pe |e edge in G − T } is a basis
of the cycle space of G. Thus, there is the following immediate corollary of
MacLane’s Planarity Criterion.
Corollary 2.3.3
A graph G is planar if there is a spanning tree T of G such that every edge
in T is contained in at most two projection paths.
Let G = (V, E) be a planar graph with k connected components, n vertices, m edges and f faces. The following formula of Euler (1750) guarantees
that in fact f does not depend on the planar drawing of G.
Lemma 2.3.4 (Euler’s Formula)
f −m+n=1+k
From the fact that each face is bounded by at least three edges and each
edge is incident to at most two faces, Euler’s Formula yields m ≤ 3n − 6 for
n ≥ 3 and thus m ∈ O(n). Together with the Handshaking Lemma
X
degG (v) = 2m
(2.1)
v∈V

we can deduce the following formula for the numbers ni of vertices of degree i
for a graph with at least 3 vertices.
X
X
(6 − i)ni ≥ 12 +
(i − 6)ni
(2.2)
i≤5

i≥7

From this equation, it follows that every planar graph has a vertex of degree
at most five. Thus, the edge-connectivity of a planar unweighted graph is at
most 5. The smallest planar unweighted graph of edge-connectivity 5 is the
icosahedron graph shown in Fig. 2.3.

2.4

Hierarchically Clustered Graphs

Recall that a cut is a partition of the vertex set of a graph into two parts.
Partitions of the vertex set are also known as clustering. Feng et al. (1995)
introduced the hierarchically clustered graph model and characterized graphs
that have a planar drawing with respect to the clustering. In Chapter 4, we
show how to utilize hierarchically clustered graphs to obtain planar drawings
of certain families of cuts. In this section, we summarize those definitions
and results of Feng et al. (1995) and Eades et al. (1999) that we will use
later. A hierarchically clustered graph (G, T, r) consists of
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Figure 2.3: The icosahedron graph – the smallest planar graph with edgeconnectivity five.
• a graph G = (V, E),
• a tree T , and
• an inner vertex r of T such that
• the set of leaves of T is exactly V .
G is called the underlying graph and T the inclusion tree of (G, T, r).
To distinguish vertices of the inclusion tree from vertices in the underlying
graph, inner vertices of T are called nodes. Each node ν of T represents the
cluster Vr (ν) of leaves in the subtree of (T, r) rooted at ν. If the specified
root r is clear from the contents, it is omitted in the notation. An edge e of
G is said to be incident to a cluster V (ν), if |e ∩ V (ν)| = 1. A hierarchically
clustered graph (G, T, r) is connected , if each cluster induces a connected
subgraph of G. A c-planar drawing D of a hierarchically clustered graph
(G, T, r) consists of
1. a planar drawing of the underlying graph G and
2. an inclusion representation of the rooted tree (T, r) such that
3. for the boundary ∂D(ν) of the drawing D(ν) of a node ν of T and for
the drawing D(e) of an edge e of G it holds that

1, if e is incident to V (ν)
|D(e) ∩ ∂D(ν)| =
.
0, else
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a) G:

(T, r):

c) G:
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b)

(T, r):

Figure 2.4: a) A c-planar hierarchically clustered graph that is not connected. b) A c-planar drawing of the hierarchically clustered graph in b. c)
A connected hierarchically clustered graph that is not c-planar. The correspondence of vertices of G and leaves of T is indicated by colors.
Note that the vertices of G are the leaves of T and thus have the same
drawing. A hierarchically clustered graph is c-planar if it has a c-planar
drawing. A hierarchically clustered graph with planar underlying graph does
not have to be c-planar. An example is given in Fig.2.4. Feng et al. (1995)
characterized c-planar connected hierarchically clustered graphs as follows.
Theorem 2.4.1 (Feng et al., 1995)
A connected hierarchically clustered graph (G, T, r) is c-planar if and only if
there exists a c-planar embedding of G for (G, T, r), i.e. a plane embedding
of G such that for each node ν of T all vertices of V − V (ν) are in the outer
face of the drawing of G(V (ν)).
Feng et al. (1995) showed that if a c-planar embedding of the underlying
graph of a connected hierarchically clustered graph exists, it can be computed in quadratic time. Dahlhaus (1998) gave a linear time algorithm for
testing c-planarity of a connected hierarchically clustered graph. Using the
following lemma, a first algorithmic attempt of determining whether not
necessarily connected hierarchically clustered graphs are c-planar was done
by Gutwenger et al. (2002).
Lemma 2.4.2 (Feng et al., 1995)
A hierarchically clustered graph (H, T, r) is c-planar if and only if H is a
spanning subgraph of a graph G for which (G, T, r) is a c-planar connected
hierarchically clustered graph.
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In a c-planar OGRC-drawing of a hierarchically clustered graph, the
drawing of the underlying graph is an orthogonal grid drawing and for every
node ν of the inclusion tree the regions D(ν) are axis-parallel rectangles with
corners on points with integer coordinates.
Theorem 2.4.3 (Eades et al., 1999)
For a c-planar connected hierarchically clustered graph with n vertices of
degree at most 4, a c-planar OGRC-drawing with O(n2 ) area and with at
most 3 bends per edge can be constructed in O(n) time.

2.5

Models for Cuts

The set of all minimum cuts of a weighted graph has a structure that can be
represented as a cactus, i.e. as a tree of edges and cycles. In Chapter 4, we
show how to utilize such a structure to construct drawings of certain families
of cuts. In this section, we give formal definitions and results concerning the
representation of families of cuts in a graph model. A model for a set C of
cuts of a graph G is a triple (G, ϕ, F) such that
• G is a weighted graph and
• ϕ : V (G) −→ V (G) is a mapping such that
– C = ϕ−1 (F) := {{ϕ−1 (S), ϕ−1 (S)}; {S, S} ∈ F} and
– if ϕ(v) 6= ϕ(w) for two vertices v, w ∈ V , then there exists a cut
in C that separates v and w.
If F = M(G) is the set of minimum cuts of the model graph G, we will
abbreviate (G, ϕ, F) by (G, ϕ). The vertices of the model graph G are called
nodes. A node ν ∈ V (G) is called empty if ϕ−1 (ν) = ∅.

2.5.1

The Cactus Model of All Minimum Cuts

A cut is a crossing cut of a family C of cuts, if it crosses any cut in C. If
C contains no crossing cuts, C can be modeled by a tree. Dinitz et al. (1976)
showed that the set of minimum cuts of an arbitrary weighted connected
graph can be modeled by a cactus where cycles correspond to sets of crossing
cuts. More precisely:
Definition 2.5.1 (Cactus)
A cactus is a connected graph in which every edge belongs to at most one
cycle. An edge that belongs to no cycle is called a tree edge. An edge that
belongs to one cycle is called a cycle edge.
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Figure 2.5: a) A weighted connected graph and b) the cactus model of its
minimum cuts. In a), solid edges have weight 2 and dashed edges have weight
1. In b), ϕ is indicated by the labels of the nodes.
A weighted cactus is uniform, if all cycle edges have the same weight and
every tree edge has twice the weight of a cycle edge. A set C of cuts is
modeled by a cactus G if it has a cactus model (G, ϕ), i.e. if G is a
uniform cactus and there exists a mapping ϕ such that (G, ϕ) is a model
for C.
Theorem 2.5.2 (Dinitz et al., 1976)
The set of all minimum cuts of a weighted connected graph with n vertices
can be modeled by a cactus with O(n) nodes.
Figure 2.5 shows an example of a weighted graph and its cactus. Dinitz and
Nutov (1995) characterized all sets of cuts that can be modeled by a cactus.
Theorem 2.5.3
A set C of cuts of a graph with n vertices can be modeled by a cactus if and
only if for any two crossing cuts in C
• the four corner cuts are in C and
• the diagonal cut is not in C.
If a cactus model exists, there is always one with O(n) nodes.
Let (G, ϕ) be the cactus model of a set of cuts of a graph G. Note that there
is a bijection between the set of minimum cuts of the cactus G and the set
of tree edges and pairs of cycle edges belonging to the same cycle. Thus, we
can also say that a cut in G is modeled by a tree edge or by a pair of cycle
edges of G. The next definition is about relations between edges in G and
cycles in G.
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Definition 2.5.4
For a cycle c : ν1 , . . . , νk in G let Vi , i = 1, . . . , k, be the set of vertices in the
connected component of G − E(c) that contains νi , and let Vi := ϕ−1 (Vi ).
An edge {v, w} of G crosses cycle c if there are 1 ≤ i, j ≤ k such that
v ∈ Vi , w ∈ Vj , and i − j 6≡ ±1 mod k.
The cycle c of G corresponds to a cycle of G, if on one hand no edge of G
crosses c and on the other hand the graph that results form G by shrinking
V1 , . . . , Vk is a cycle, i.e. if
E(Vi , Vj ) 6= ∅

⇐⇒

|i − j| ≡ ±1 mod k.

A very useful property of the cactus of all minimum cuts is the following.
Lemma 2.5.5
If G is connected and G is the cactus of all minimum cuts of G, each cycle
of G corresponds to a cycle of G.
The original work (Dinitz et al., 1976) on the cactus model of all minimum
cuts was published in Russian. Descriptions of the model in English and
algorithms to compute it can be found, e.g., in Karzanov and Timofeev
(1986); Nagamochi and Kameda (1994); De Vitis (1997). Fleischer (1999)
showed that the cactus of all minimum cuts of a weighted connected graph
2
with n vertices and m edges can be constructed in O(mn log nm ) time. For an
unweighted graph with edge-connectivity λ, it can be computed in O(λn2 )
time (Nagamochi and Kameda, 1996). Using the linear-time shortest-path
algorithm of Henzinger et al. (1997) for max-flow computations, the cactus
of a weighted planar graph can be obtained in O(n2 ) time.

2.5.2

Models for the Minimum and Minimum+1 Cuts

Based on the cactus of all minimum cuts, models for the set of minimum and
minimal minimum+1 cuts where developed for integrally weighted graphs.
Note that for edge-connectivity λ > 1, the λ + 1-cuts are automatically minimal. In what follows, let G be a graph with integer edge weight function ω.
The prototypes for edge-connectivity λ = 1 and λ = 2 were considered by
Galil and Italiano (1993) and Dinitz (1993); Dinitz and Westbrook (1998),
respectively. Since it shows the basic construction ideas, we discuss the case
λ = 1 in more detail. In that case the cactus of all minimum cuts is a tree
and the bridges of weight 1 correspond to minimum cuts. Let B be the set of
bridges of graph G with weight 1. Each minimal 2-cut is a minimum cut of
a connected component of G − B with edge-connectivity 2. Thus, applying
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Figure 2.6: a) A graph G with two bridges b1 and b2 , connecting a K4 and
a C4 to a K23 . b) The tree of all minimum cuts of G. c) The local models
of all 2-cuts of the connected components of G − {b1 , b2 }. d) Local models
are implanted into the tree of all minimum cuts. Rectangular nodes are halo
nodes.
Theorem 2.5.2 to the connected components of G − B, the minimal 2-cuts
can be modeled by a collection of cacti. Now the tree of all minimum cuts
and the cacti of all minimal minimum+1 cuts shall be combined to a single
model.
To do this, we explain the notion of implanting a local model into a
tree. Let C be a set of pairwise non-crossing cuts of a graph G and let (T , ϕ)
be a tree-model of C. Let ν be a node of T . For an adjacent node ν 0 of ν,
let Vν (ν 0 ) be the set of those vertices of G that are mapped on the connected
component of T − ν containing ν 0 . A cut {S, S} is associated with ν, if it
divides none of the sets Vν (ν 0 ), {ν 0 , ν} ∈ E(T ).
Let Cν be a set of cuts of G that are associated with ν and let (Gν , ϕν , Fν )
be a model for Cν . Since all modeled cuts are associated with ν, such a model
is called local. It has the property that for any adjacent node ν 0 of ν there
exists a node µ of Gν with Vν (ν 0 ) ⊆ ϕ−1 (µ). Such a vertex µ is called a halo
node of Gν . A model for C ∪ Cν is constructed by extending (T , ϕ) as follows.
• The modeling graph G is constructed by replacing node ν in T by
graph Gν . An edge {ν 0 , ν} of T is replaced by a new edge {ν 0 , µ},
called the remainder of {ν 0 , ν} in G, where µ is the halo node of Gν
with Vν (ν 0 ) ⊆ ϕ−1 (µ).
• For each v ∈ ϕ−1 (ν), we set ϕ(v) := ϕν (v).
• The modeling cuts are the union of the natural extensions of the set
M(T ) of all minimum cuts of T and the set Fν to G.
In the above considered case of all 1- and minimal 2-cuts, C is the set of
all 1-cuts of G and Cν are the 2-cuts of G(ϕ−1 (ν)). Implanting all cacti of
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the minimal 2-cuts into the tree of all 1-cuts is illustrated in Fig. 2.6. The
resulting model is again a cactus. This can be summarized in the following
theorem.
Theorem 2.5.6 (Galil and Italiano, 1993)
The set of all 1- and minimal 2-cuts of an integrally weighted graph G can
be modeled by a cactus with O(|V (G)|) nodes.
Based on the two prototype models for edge-connectivity 1 and 2, Dinitz
and Nutov (1995) developed a compact model for the λ and (λ + 1)-cuts of
a graph G with edge-connectivity λ ≥ 3, called the 2-level cactus model. In
the following, we briefly sketch this model and summarize those properties
that we use to prove the planarity of the 2-level cactus.
In Dinitz and Nutov (1995), models for the set C of λ and (λ + 1)-cuts
are built in the following way. Set C is divided into
• the set of those λ-cuts not crossing any other λ-cut in C, called the set
of all basic cuts C bas ,
• the set of all remaining cuts in C that do not cross any cut in C bas ,
called the set of all local cuts C loc , and
• the set of all cuts that cross at least one of the cuts in C bas , called the
set of all global cuts C glb . (Note that in the prototype case λ = 1 the
set of global cuts was empty.)
C bas can be modeled by a tree T bas . See Fig. 2.7a,b for an illustration to the
construction of such a tree. Given any subset Celoc of the local cuts, it can be
partitioned into Cνloc , ν ∈ V (T loc ), such that
Cνloc is the set of cuts in Celoc that are associated with ν.

A model for C bas ∪ Celoc is built by implanting for every node ν ∈ N with
Cνloc 6= ∅ a model Gν for Cνloc into T bas . See Fig. 2.7c,d,e for illustration.
Finally, depending on whether λ is even or odd, the global cuts and the local
cuts in C loc \ Celoc are added in a suitable way.
Odd edge-connectivity. Every global cut is modeled by a 2-cut of T bas .
Moreover, for a 2-cut in T bas with the set {e1 , e2 } of cut-edges, let pe1 e2 be the
set of edges on the path between e1 and e2 in T bas . If {e1 , e2 } models a global
cut, then, any set {e01 , e02 } ⊂ pe1 e2 does also model a cut in C loc ∪ C glb (Dinitz
and Nutov, 1995, Lemma 5.1). The inclusion-maximal sets pe1 e2 , such that
{e1 , e2 } models a (λ + 1)-cut of G are called generating paths.
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Figure 2.7: a) A graph of even edge-connectivity λ = 4. The graph edges are
shown grey, parallel edges indicate an edge of weight 2. Continuous curves
indicate basic cuts and dashed curves indicate local cuts. The dotted curve
represents a global cut. b) Tree T bas and two local models – a cycle and
a tree plus halo nodes – that c) are implanted into T bas . White nodes are
empty nodes. The remainders of the edges in T bas are grey. d) Remainders
incident to empty nodes can be contracted at the end of the implantation
process. e) The opening of the white halo node in (d).
Lemma 2.5.7 (Dinitz and Nutov, 1997, Lemma 5.2)
Let e1 and e2 be two edges of a generating path. Let V1 , V2 and V 0 be the set
of vertices of G that are mapped on the connected components of G − {e1 , e2 }
such that V 0 induces the (λ + 1)-cut that is modeled by {e1 , e2 }. Then
ω(V1 , V2 ) =

λ−1
.
2

The properties mentioned in the previous lemma can be used to better understand the intersection of generating paths as described in the following
lemma (see Dinitz and Nutov, 1997, Lemma 5.4 and proof of Lemma 5.5).
Lemma 2.5.8
1. Any two generating paths have at most one edge in common.
2. Let λ > 3 and let {ν, µ} be an edge of T bas . The number of edges
{ν, µ0 }, µ 6= µ0 of T bas for which there exists a projection path containing
both, {ν, µ0 } and {ν, µ}, is at most two.
The cuts that are modeled by a 2-cut of T bas are called degenerate cuts.
For the local models, let Celoc be the set of non-degenerate local cuts plus
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the set of corner cuts of non-degenerate local cuts. These cuts are called
essential .
Lemma 2.5.9 (Dinitz and Nutov, 1995, Lemma 5.4)
Let C, C 0 be two crossing non-degenerate cuts. Then, the quotient graph
modulo {C, C 0 } is a simple cycle with uniform edge weights λ+1
.
2
For λ > 3 no degenerate cut in Celoc crosses another cut in Celoc , and thus,
by Theorem 2.5.3, a cactus is a suitable local model for each node ν with
Cνloc 6= ∅. For λ = 3, the local models can be described as a tree of edges,
cycles, and cubes. Implanting these local models into T bas results in a cactus
G, which will be called 2-level cactus.
To make the generating paths, and thus the 2-cuts of G modeling the
global cuts and degenerate local cuts, visible in a drawing of the 2-level
cactus G, let us extend G as follows. For each generating path p, consider the
corresponding sequence of edges in G and add an auxiliary edge ep connecting
the first and last end node of this sequence to G. We call the result extended
2-level cactus G + . The set of edges on the shortest path in G between the
two end nodes of ep is called the projection path of ep . Note, that it follows
from Lemma 6.2.1 Item 1 in Sect. 6.2 that the projection paths are unique.
Even edge-connectivity. Every local cut is modeled by a local model, i.e.
Celoc = C loc . For a node ν of T bas , the local model Gν is either a simple cycle
or it can be described as a tree Tν plus the halo nodes, where each halo node
is connected by two additional edges to Tν . In the latter case, the following
property holds. For a halo node µ, let pµ be the set of edges on the path
in Tν between the two end nodes of the two edges incident to µ, and let P
be the set of these paths. Lemma 5.6 in Dinitz and Nutov (1995) gives the
following properties of the paths in P .
Lemma 2.5.10
1. Two elements of P have at most one edge in common.
2. An edge of Tν is contained in at most two elements of P .
Let {S, S} be a global cut. Then, there is exactly one non-empty node ν of
T bas such that C divides ϕ−1 (ν). Moreover, E(S, S) contains one or two sets
of λ2 edges corresponding to an edge of a cycle that was implanted instead
of a node µ in the neighborhood of ν in T bas . To model these cuts, the halo
node of Gν that was implanted into edge {ν, µ} of T bas is opened , which
means the halo node is deleted and corresponding pairs of edges are merged.
See Fig. 2.7f for illustration.
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Suppose now that every edge in the tree Tν of a local model that is
contained in k elements of P has weight 3 − k and that the remainder of
every tree edge of T bas has weight 2. Then, the 2- and 3-cuts of the resulting
2-level cactus G model the λ- and (λ + 1)-cuts of G, respectively. This is the
2-level cactus model for the even case.
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Chapter 3
Line-Drawings
By definition, a cut {S, S} of a graph G is a partition of its vertex set V into
two non-empty parts S and S. In this chapter, we will refer to the vertices
in S and S as S-vertices and S-vertices, respectively. Motivated by drawing
bipartite graphs, a cut could be visualized as follows. All vertices of S are
drawn on one – say horizontal – line, all vertices of S on a parallel line, and all
edges as straight-line segments between their end-vertices. Such a drawing
will be denoted by LS-drawing .
If G is planar, a drawing without edge crossings would be desirable.
Harary and Schwenk (1972) and Eades et al. (1986) showed that a connected bipartite graph G with bipartition {S, S} has a planar LS-drawing if
and only if G is a caterpillar, i.e. a tree such that the set of all inner vertices
induces a path.
To obtain planar drawings of a larger class of bipartite graphs, Fößmeier
and Kaufmann (1997) examined LSL-drawings. Again, every edge is a
straight-line segment between its end-vertices and all vertices of S are drawn
on one horizontal line, but the vertices of S may be drawn on two parallel
lines – one above the S-vertices and one below. Fößmeier and Kaufmann
(1997) gave a linear-time algorithm to test whether a bipartite graph has a
planar LSL-drawing.
Planar drawings for non-bipartite partitioned graphs are considered by
Biedl (1998); Biedl et al. (1998). A complete characterization of graphs that
have a planar LS-drawing is given in Biedl (1998). Felsner et al. (2002)
dealt with line-drawings of unpartitioned graphs. They gave a linear time
algorithm that decides whether a tree has a planar straight line drawing on a
fixed number of lines. A fixed-parameter approach for the problem whether
an arbitrary graph has a straight-line drawing on a fixed number of lines with
a fixed maximum number of crossings was given by Dujmović et al. (2001).
In this chapter, we will show how to decide in linear time whether an
29
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arbitrary graph has a planar LL-drawing , i.e. a straight line drawing on
two parallel lines without edge crossings. The algorithm works even if the
end-vertices of some edges are constrained to be on different lines. We utilize
this result to obtain planar LSL-drawings for the following generalization of
bipartite graphs, also in linear time. We relax the condition of bipartitions
to cuts {S, S} with the only constraint that the neighbor of each vertex of S
with degree one is in S. Actually, even this restriction is only necessary in
very special cases, which are discussed in Section 3.1.2.
The description of the algorithm is organized as follows. In Section 3.1,
we reduce the problem of deciding whether a cut {S, S} has a planar LSLdrawing to the special case of S = ∅. To complete the test for planar LSLdrawings, we show in Section 3.2 how to decide whether an unpartitioned
graph has a planar drawing on two parallel lines.
Section 3.3 deals with LL-drawings from another point of view. Provided
the cactus of all minimum cuts of an integrally weighted graph G is a path,
is there a planar LL-drawing of the quotient graph G/M(G) such that the
partitions of the vertex set by minimum cuts correspond to the partitions
of the plane by vertical lines? For edge-connectivity λ ≤ 4, we answer this
question positive and show that it is not true in general for higher connectivities. For edge-connectivity λ ≤ 6 it turns out that the quotient graph
G/M(G) is at least planar, if the cactus of all minimum cuts is a path.

3.1

LSL-Drawings

Let {S, S} be a cut of a graph G = (V, E) such that every S-vertex of
degree one is adjacent to an S-vertex. The goal of this section is to decide
in linear time, whether there exists a planar LSL-drawing. To do this, we
use the following approach. First, we decompose the input graph such that
the S-vertices of each component induce a path. We then show that we can
substitute each of these components by a graph that contains only S-vertices,
but simulates the possible planar LSL-drawings of the component. Finally,
we test, whether the resulting graph has a planar LL-drawing.
Let n be the number of vertices of G. Since we want to test planarity, we
can reject every graph with more than 3n − 6 edges. So we can assume that
the number of edges is in O(n).

3.1.1

Decomposition

If G has a planar LSL-drawing, the connected components of G(S) have
to be paths. Therefore, the vertex set of a connected component of G(S)
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Figure 3.1: Decomposition of a graph into three S-path components. White
vertices are S-vertices, all other vertices are S-vertices. Rectangularly shaped
vertices are connection vertices. Dashed edges are not contained in any of
the three S-path components.
will be called an S-path of G. By P(S), we denote the set of S-paths.
P(S) can be determined in linear time. Next, we want to decompose G into
components. A subdivision S-path between two vertices v1 and vk is
a set {v2 , . . . , vk−1 } ⊆ S such that
• {vi , vi+1 } ∈ E for i = 1 . . . k − 1 and
• degG (vi ) = 2 for i = 2 . . . k − 1.
For an S-path P ∈ P(S), the S-path component GP is the graph induced
by the union of the following sets of vertices.
• set P
• set S P of all S-vertices that are incident to P
• all subdivision S-paths between two vertices of S P that are not subdivision S-paths between two vertices of S P 0 for any P 0 ∈ P(S) \ {P }
Similar to the subdivision paths, we also omit edges that would be contained
in several S-path components in any of these components. Figure 3.1 shows
a graph with three S-path components. A vertex of an S-path component
GP that is adjacent to a vertex of G−V (GP ) is called a connection vertex
of GP . Given an LSL-drawing of G, we call the first and last vertex of GP on
each of the three lines a terminal of GP . By the restriction on S-vertices
of degree one, the following lemma is immediate.
Lemma 3.1.1
Let P be an S-path of G.
1. All connection vertices of GP are in S P .
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2. In any planar LSL-drawing of G, every connection vertex of GP is a
terminal of GP .
3. If G has a planar LSL-drawing, GP has at most four connection vertices.

Let P, P 0 ∈ P(S) be distinct and v1 , v2 ∈ S P ∩ S P 0 be two connection vertices
of both GP and GP 0 . Then v1 and v2 are drawn on different lines in any planar
LSL-drawing. In this case, we add edge {v1 , v2 } to G. We will refer to such
an edge as a reminder edge.
Lemma 3.1.2
1. The sum of the sizes of all S-path components is in O(n).
2. There is a linear-time algorithm that either computes all S-path components and reminder edges or returns an S-path component that has
more than four connection vertices.
Proof:
1. By definition, each edge is contained in at most one S-path component.
The number of S-path components is at most |S| and each S-path
component is connected. Thus the sum of the number of vertices in all
S-path components is at most |E| + |S| ∈ O(n).
2. First, each subdivision S-path is substituted by a single edge between
its two end-vertices and all sets S P are computed. This can be done
in linear time, e.g. by depth first search. Then for each P ∈ P(S),
we examine the incident edges e of all v ∈ S P . If both end vertices
of e are contained in S P ∪ P , we add e to GP , if not, we classify v as
a connection vertex and stop the examination of this vertex v. This
guarantees that for each vertex, at most one edge that is not in GP
is touched. If the number of connection vertices of GP is greater than
4, we can return GP , else we add a ‘pre-reminder’ edge labeled GP
between all six pairs of connection vertices of GP to G.
In a final walk through the adjacency list of each connection vertex, we
can use the pre-reminder edges to determine the reminder edges and
those edges of G between connection vertices that have to be added to
an S-path component. Finally, subdivision vertices are reinserted into
the replacement edges.
2
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Substitution

In this section, we show how to substitute an S-path component GP by a
graph that contains only S-vertices, but simulates all possible planar LSLdrawings of GP in which the connection vertices are terminals. We say that
two terminals of GP are on the same side of GP in an LSL-drawing if they
are both first or both last vertices on their lines. They are on different
sides if one is a first and the other one a last vertex. Essentially, there are
six questions of interest:
#: How many connection vertices are contained in GP ?
η: Does the number of connection-vertices equal the number of S-vertices
of GP ?
τ : Does GP have a planar LS-drawing?
τv : For each connection vertex v of GP , is there a planar LSL-drawing of GP
that induces a planar LS-drawing of GP − v?
σvw : For each pair v, w of connection-vertices of GP , is there a planar LSLdrawing of GP , such that v and w are on the same side of GP ?
δvw : For each pair v, w of connection-vertices of GP , is there a planar LSLdrawing of GP , such that v and w are on different sides of GP ?
Note that τ implies τv and τv implies σvw and δvw for any pair v, w of connection vertices of GP . Thus, provided that there exists some planar LSLdrawing of GP , these six questions lead to the cases listed in Table 3.1. Note
that the listed substitutes contain different kind of edges. There is one case
with a parallel edge and one case with a dotted edge.
Let G0 be the graph constructed from G by substituting each S-path
component in the way described above. We say that an edge in an LLdrawing is vertical if the end vertices of e are drawn on different lines.
Lemma 3.1.3
1. The size of G0 is linear in the size of G.
2. G0 has a planar LL-drawing with every multiple edge and every reminder edge drawn vertically and no dotted edge having a parallel edge
if and only if G has a planar LSL-drawing.
Proof: Item 1 follows immediately from the fact that every S-path component contains at least one S-vertex and is replaced by at most 9 vertices.
It remains to show Item 2.
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Table 3.1: Substitutes for the S-path components. Cases that correspond
up to the names of the connection vertices are omitted. A + means that the
corresponding question is answered by yes. A ⊕ means that the answer to
this property is implied. No entry means that the according property is not
fulfilled.
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“⇐”: Suppose we have a planar LSL-drawing. By our general assumption
on S-vertices of degree one, for any two vertices v and w of GP all
vertices that are drawn between v and w do also belong to GP . Thus,
we can construct a planar LL-drawing of G0 by replacing each S-path
component GP by its substitute. Pairs of connection vertices, that are
contained in several S-path components are drawn on different lines in
a planar LSL-drawing of G anyway. Thus, all reminder and parallel
edges are drawn vertically.
“⇒”: If there exists a planar LL-drawing with the indicated properties, then
there also exists a planar LL-drawing with these properties, such that
for each substitute H of an S-path component GP on one hand the
connection-vertices of H are all terminals of H reflecting the drawing
of the connection-vertices in some planar LSL-drawing of GP and on
the other hand the convex hull of a substitute H contains no edge
that does not belong to H – except if it is incident to two connection
vertices that are drawn on the same side of H. (We enforced this by
the condition on the dotted, reminder, and multiple edges.) Thus, GP
can be reinserted into the drawing.
2
Note that the precondition on S-vertices of degree one was only needed for
“⇐”. Suppose it was not guaranteed. Then there might be also a subdivision
S-path Q between an S-vertex of degree one and a vertex v ∈ S P for an Spath P , which is drawn between v and another vertex w of GP . If v is only
contained in GP and subdivision S-paths between v and a S-vertex of degree
one, we can add Q to GP , but if v was also contained in other components,
v would be a connection vertex that is not necessarily a terminal and there
need not exist a suitable substitute any more. There is no problem, if there
are at least three subdivision paths between v and vertices of degree one,
since then at least one of them has to be drawn on the other line then v and
then any of them can be drawn there, thus neither has to be added to GP .
Lemma 3.1.4
For each component, the six questions that determine the substitute, can be
answered in time linear in the size of the component.
Proof: It is obvious how to decide Properties # and η. To decide properties
σvw and δvw , suppose, we have an S-path component GP with an S-path
P : s1 , . . . , sk . For technical reasons, we add vertices s0 and sk+1 , one at each
end, to P .

36

CHAPTER 3. LINE-DRAWINGS

Figure 3.2: Three reasons for changing a line: a) a chord, b) a change in the
order of adjacent S-vertices, and c) a connection vertex. d) A connection
vertex occupies a part of the S-path. The numbers indicate how many times
an edge or a vertex in the S-path is occupied.

Let W be the set of vertices of a connected component of GP (S). Suppose
first that we wouldn’t allow edges between S-vertices on different lines. In
this case G(W ) has to be a path and the vertices in W have to occur in the
same order as their adjacent vertices in P . Furthermore, let s` (sr ) be the
S-vertex with lowest (highest) index that is adjacent to W . Then we say
that the edges {si , si+1 }, i = `, . . . , r − 1 are occupied by G(W ). Finally, if
a vertex v in G(W ) is a connection vertex of GP then v has to be a terminal.
Thus, if s` is an S-vertex with the lowest (highest) index that is adjacent to
v, then the edges {si , si+1 }, i = 0, . . . , ` (or i = `, . . . , k + 1) are also occupied
by G(W ).
In general, if GP has a planar LSL-drawing, G(W ) might be a path with
at most two chords and the S-vertices adjacent to this path may change at
most twice between increasing and decreasing order. Thus, there are three
reasons for changing the line in W : a chord, a change in the order of the
adjacent S-vertices, or a connection vertex. Note also that such a change of
lines might occur in at most two connected components of GP (S). If there is
a line change between v1 and v2 in W , then similar to the case of connection
vertices above, G(W ) also occupies the edges between the adjacent S-vertices
of v1 and v2 and one end of the S-path P . Note that in case of a line change
some edges in G(P ) might be occupied twice.
We label every edge and every vertex in G(P ) with the number of times
it is occupied as indicated in Fig. 3.2, where the number of times a vertex
v ∈ P is occupied by G(W ) is defined as follows. v is occupied k times by
G(W ), if both adjacent edges in the S-path are occupied k-times by W and v
is not adjacent to an end vertex of W and k − 1 times if it is adjacent to such
an end vertex. It is also occupied k − 1-times if one adjacent edge is occupied
k-times and the other one k − 1 times. There exists a planar LSL-drawing
with the corresponding choice of the direction of the connection vertices, if
and only if
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1. in total, every edge in G(P ) is occupied at most twice and
2. each vertex v ∈ P that is adjacent to an end vertex of a connected
component of GP (S) is occupied at most once.
This test works in linear time, since we can reject the graph, as soon as an
edge gets a label higher than 2 and because there are at most four connection
vertices and at most two components that change lines for which different
orientations have to be checked. A similar approach can be used to answer
questions τ and τv .
2
In the next section we show how to test the conditions of Lemma 3.1.3,2,
which completes the algorithm for deciding whether a planar LSL-drawing
exists.

3.2

LL-Drawings

Given a graph G = (V, E) and a set of edges U ⊆ E, we show how to
decide in linear time whether there exists a planar LL-drawing of G with the
property that each edge in U is drawn vertically. The results in this section
are developed in collaboration with Thomas Schank and are also contained
in his thesis (Schank, 2001). We will first discuss trees and then the general
case. For an easier discussion, we assume that an LL-drawing is a drawing
on two horizontal lines.

3.2.1

LL-Drawings of Trees

Felsner et al. (2002) characterized trees that have a planar LL-drawing and
called them strip-drawable. We give a similar but slightly different characterization.
Lemma 3.2.1
A tree T has a planar LL-drawing, if and only if it contains a spine, i.e. a
path P such that T − P is a collection of paths.
Proof:
“⇒”: The unique path between a leftmost and a rightmost vertex of T in a
planar LL-drawing is a spine of T .
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Figure 3.3: LL-drawings of a tree. The spine is drawn black.
“⇐”: A planar LL-drawing can be achieved by placing the spine on one of
the lines and the path components in the order of their adjacency to
the spine on the other line.
2
As indicated in Felsner et al. (2002), the inclusion minimal spine Pmin can be
computed in linear time. If a vertex v is required to be an end vertex of a
spine, we only have to check if there is a path between v and an end vertex
of Pmin in T − Pmin . We will use this fact when we examine the general case.
Finally, the following lemma characterizes whether the edges in a set U ⊆ E
can be drawn vertically.
Lemma 3.2.2
An edge e can be drawn vertically if and only if there exists a spine S that
contains at least one end vertex of e.

3.2.2

LL-Drawings of General Graphs

For general connected graphs, the existence of a spine is still necessary for
the existence of a planar LL-drawing, but it is not necessarily sufficient. For
example, see the graph on the right, which by the way is the
smallest outer planar graph that has no planar LL-drawing.
To test whether a general graph has a planar LL-drawing, we
first split the graph into components like paths, trees and twoconnected components. We give necessary conditions and show
how to test them in linear time. Finally, by constructing a drawing, we
show that these necessary conditions are also sufficient. First, we make the
following observation.
Lemma 3.2.3
Every graph that has a planar LL-drawing is outer planar.
Proof: Since all vertices are placed on two horizontal lines, every vertex is
either a top most or a bottom most vertex and is thus incident to the outer
face.
2
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Figure 3.4: A graph with a planar LL-drawing. Connection vertices are solid.

Figure 3.5: Fans and a strict single line component, connection vertices are
solid.
Suppose now without loss of generality that G is a connected graph. A cutvertex of G is called a connection vertex , if it is contained in a cycle of G.
We denote the set of all connection vertices by Vc . The connection vertices
can be determined with depth first search in linear time.
A subgraph L of G is called a single line component, if it is maximal
with the property that L is an induced path and there exists a vertex v ∈ Vc
e = G(V (L) ∪ {v}), we
such that L is a connected component of G − v. By L
denote a single line component L including its incident connection vertex v.
e is a path we call it a strict single line component, otherwise we call
If L
it a fan.
Simply testing for all v ∈ Vc , whether the connected components of G(V \
{v}) are paths leads to a quadratic time algorithm for finding the single line
components. But we can use outer-planarity to do it in linear time. Note
that any single line component contains at most two connection vertices
(see Fig. 3.5 for illustration). Thus, we can find them, by storing the three
last visited connection vertices on a walk around the outer face and testing,
whether the vertices between the first and second occurrence of the same
connection vertex induce a path.
Let G0 be the subgraph that results from G by deleting all single line
components. The two-lined components of G are the components that
we get by splitting G0 at the connection vertices of G. Two-lined components
that do not contain a cycle will be called tree components. All other twolined components will be denoted by two-lined biconnected components.
Figure 3.6 illustrates the different components of the graph in Fig. 3.4.
We have now defined all components that we need to characterize those
graphs that have a planar LL-drawing. Note that a graph that contains no
two-lined biconnected component has a planar LL-drawing if and only if it
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Figure 3.6: Components of the graph in Fig. 3.4. There are two trees, two
two-lined biconnected components, two fans, and three strictly single lined
components.
contains a spine. Before we formulate the characterization for the general
case, consider the set L of all two-lined components. Let P be the graph
with vertex set L in which two two-lined components are adjacent if and
only if they share a connection vertex. Suppose a planar LL-drawing for G is
given. Then all two-lined biconnected components require at least two lines.
All tree components also require at least two lines or are connected to two
components that require two lines. Thus P has to be a path. We will refer to
this property by saying that the two-lined components induce a path.
Theorem 3.2.4
A connected graph G has a planar LL-drawing if and only if
1. G is outer planar,
2. the two-lined components induce a path,
3. each tree component T has a spine P such that the connection vertices
of T are end vertices of P , and
4. for each two-lined biconnected component B there is a drawing with the
following properties.
(a) Connection vertices are leftmost or rightmost vertices of B on
their line.
(b) At most one two-sided component is connected to each vertex of B.
(c) If a two-sided component or a fan is connected to a vertex of B,
then a vertex on the same side is at most connected to a path.
The necessity of these conditions follows from Section 3.2.1, Lemma 3.2.3,
and the observations mentioned above. To show that these conditions are
also sufficient, we sketch how to find a drawing of G in linear time.
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Drawing and Sufficient Conditions.
In this section we sketch how to construct in linear time a planar LL-drawing
if the conditions in Theorem 3.2.4 are fulfilled. We also mention which edges
can be drawn vertically. Since a linear order on the two-lined components is
given, we only have to show how to draw each component separately.
It was already shown in Section 3.2.1 how to find a spine and that a tree
with a spine has a planar LL-drawing. For drawing two-lined biconnected
components, first note that a biconnected graph has a unique outer planar
embedding. Starting with a connection vertex on any line, we add the others
in the order of their appearance around the outer face and switch lines only
if necessary, i.e. at a connection vertex or a chord. We do this procedure
for each direction around the outer face. Those cases in which lines are
switched at most twice, are the possible outer planar drawings of a two-lined
biconnected component, with respect to Theorem 3.2.4,4. Hence, if a drawing
exists, it can be found in linear time.
Vertical edges in two-lined biconnected components only yield another
e be a fan on a single line component L
condition for switching lines. Let L
e is connected to two two-lined components,
and a connection vertex v. If L
only edges between v and L can be vertical edges. Else,
also edges indicated by dotted lines in the Figure on the
right hand side can be drawn upright, but only one of
the edges e1 and e2 simultaneously.

3.3

Path-Model

In this section we consider the special case, where the cactus G = (V, E)
of all minimum cuts of an integrally weighted graph G = (V, E) is a path
ν0 , . . . , ν` . We call an edge {v, w} ∈ E a long edge over a node ν ∈ V, if
ϕ(v) and ϕ(w) are in different connected components of G − ν. Let λ be the
edge-connectivity of G.
Lemma 3.3.1
The total weight of long edges over a node of G is at most

λ−1
.
2

Proof: There is no long edge over ν0 or ν` . So let i ∈ {1, . . . , ` − 1}.
Let e1 , e2 ∈ E be the two edges that are incident to νi . Then all long edges
over νi contribute to the cut C1 modeled by e1 as well as to the cut C2
modeled by e2 . On the other hand, all edges that contribute to the cut
C = {ϕ−1 (νi ), ϕ−1 (νi )} also contribute either to C1 or to C2 and non of these
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a)

b)

Figure 3.7: a) A non-planar graph of edge-connectivity λ > 6. b) A planar
graph of edge-connectivity λ > 4 that has no planar drawing of the set of all
its minimum cuts by vertical lines. In both cases the cactus of all minimum
cuts is a path and the graphs are equal to their quotient graph modulo the
set of minimum cuts. An edge label x indicates a weight λ−x on a horizontal
edge.
edges is long over νi . Since C is not a minimum cut, we get for the total
weight ωi of long edges over νi
2λ = E(C1 ) + E(C2 ) = 2ωi + E(C) ≥ 2ωi + λ + 1,
and thus ωi ≤

λ−1
.
2

2

Corollary 3.3.2
The quotient graph G/M(G) of G modulo the set M(G) of all minimum cuts
of G is planar if λ ≤ 6.
Proof: We use Kuratowski’s Theorem. G/M(G) does not contain a subdivision of a K5 . Else let ν be the middle node among the 5 nodes in V that
correspond to the five vertices of the K5 . Then there are at least 2 × 2 = 4
long edges over ν. But 4 > λ−1
for λ ≤ 8.
2
G/M(G) does not contain a subdivision of a K3,3 . Else, let νi1 , . . . , νi6 ,
i1 ≤ . . . ≤ i6 be the nodes that correspond to the vertices of the K3,3 . We
call the two parts of the K3,3 black and white and suppose without loss of
generality that νi4 is a white node. Let b be the number of black nodes among
νi1 , . . . , νi3 . Then b ∈ {1, 2, 3} and hence there are
b(2 − (3 − b)) + (3 − b)(3 − b) ≥ 3
long edges over νi4 . But 3 >

λ−1
2

for λ ≤ 6.

2

An example of a graph G with edge-connectivity λ ≥ 7, such that the cactus
of its minimum cuts is a path, but the quotient graph G/M(G) is not planar
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Figure 3.8: A graph with edge-connectivity 3 that is drawn according to
Algorithm 1. Edge weights are indicated by multiple edges.
is indicated in Fig. 3.7a. A natural drawing of a planar graph for which the
set of all minium cuts can be modeled by a path would be a planar drawing,
such that every minimum cut corresponds to a vertical line. More formally,
a (planar) drawing D of a graph G is a (planar) drawing of a family C
of cuts of G by vertical lines if
• the drawings of edges are monotone in x-direction,
• for all cuts {S, S} ∈ C there exists a vertical line ` such that D(S) and
D(S) are in different connected regions of R2 \ ` and
• for all vertical lines {(x, y) ∈ R2 ; x = x0 } that do not contain the drawing of a vertex, it holds that the cut induced by {v ∈ V (G); Dx (v) <
x0 } is contained in C, where Dx (v) is the x-coordinate of the drawing
of v.
Of course, a family of cuts, has a drawing by vertical lines if and only if
it can be modeled by a path. But, unfortunately, even for λ = 5 there
are planar integrally weighted graphs such that the set of all minimum cuts
M(G) can be modeled by a path, but M(G) has no planar drawing by
vertical lines (see Fig. 3.7b). For lower edge-connectivity, however, and with
the conditions stated a the beginning of this section we have the following
corollary to Lemma 3.3.1.
Corollary 3.3.3
If λ ≤ 4 there exists a planar LL-drawing of the quotient graph G/M(G)
that is a drawing of M(G) by vertical lines.
Proof: Since λ ≤ 4, there is at most one long edge over each node. Thus,
Algorithm 1 yields the desired drawing of the quotient graph. This drawing
has the additional property that long edges are drawn as horizontal line
segments. See Fig. 3.8 for an example.
2
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Algorithm 1: LL-Drawing with Vertical Minimum Cuts.
begin
line = 0;
for i = 1 . . . ` do
draw νi on (i, line);
for all adjacent edges {νi , νk } of νi do
if k > i + 1 then
line ← 1 − line;
end

3.4

Conclusion

We showed how to decide in linear time, whether an arbitrary graph has a
planar drawing on two parallel lines, even if the input contains edges that
have to be drawn vertically. We applied this result to decide in linear time
whether a cut {S, S} with the property that every S-vertex of degree one
is adjacent to an S-vertex has a planar LSL-drawing. We discussed that
the restriction on the vertices of degree one is only needed in the following
sense: If v is a connection vertex of an S-path component, the number of
subdivision S-paths between v and vertices of degree one may not be one or
two.
For the goal of visualizing cuts, we can say that every cut {S, S} can be
visualized in an LSL-drawing, but not every cut {S, S} of a planar graph
has a planar LSL-drawing. Moreover, it is completely unclear how to extend
this method to visualizing several cuts in one drawing.
A first approach for visualizing a set of cuts C of a graph G in one drawing
was done for the case where C can be modeled by a path. In that case, we
required that G is drawn such that the partitions of the vertex set defined by
the cuts in C correspond to the partitions of the plane by vertical lines. But
even in the special case where G is planar and integrally weighted, planar
drawings of the set C = M(G) of all minimum cuts of G by vertical lines in
the quotient graph G/M(G) can only be guaranteed for edge-connectivity
λ ≤ 4.
In the next chapter we will thus introduce a more general definition of
drawings of families of cuts. We will allow both, a more general shape for
the edges and for the curves separating the parts of a cut.

Chapter 4
Cactus-Clustered Drawings
In the previous chapter, we defined drawings of families of cuts by vertical
lines. We mentioned that only families of cuts that can be modeled by a path
have a drawing by vertical lines. Moreover, the set of all minimum cuts of
a planar graph does not necessarily have a planar drawing by vertical lines
even if it can be modeled by a path. Thus, in this chapter we give a more
flexible definition for a drawing of a family of cuts of a graph. Our aim for
visualizing cuts is
1. visualizing the partition of the vertex set and
2. visualizing the cut edges.
The idea for achieving the first goal is based on the well-known fact that a
simple closed curve divides the plane into two connected components. On
the other hand, a cut divides the set of vertices of a graph into two subsets.
Thus, it is natural to visualize a cut in a drawing of a graph by a simple
closed curve separating the two subsets of the partition. The second aim
is pursued be requiring that only cut-edges may intersect the simple closed
curve visualizing the corresponding cut.
In a drawing of a hierarchically clustered graph – as introduced in Section 2.4 – a cluster is represented by a region that is bounded by a simple
closed curve only intersected by inter-cluster edges. This corresponds exactly
to our idea of visualizing the cut that is induced by the cluster. It means
that we can represent a set of pairwise non-crossing cuts, i.e. a set of cuts
that can be modeled by a tree, as a hierarchically clustered graph. It turns
out, however, that even in a more general case where a set C of cuts can be
modeled by a cactus, drawings of hierarchically clustered graphs can be used
to obtain a drawing of C.
In this chapter, we first give a general definition for (planar) drawings
of families of cuts. We then consider the special case of families of cuts
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C of a graph G that can by modeled by a cactus G such that no edge of
G crosses a cycle of G. We construct a hierarchically clustered graph from
the cactus model. We demonstrate that its c-planar drawings are related
to the planar drawings of C. We show that the set of all minimum cuts
of a weighted (planar) graph has a (planar) quasi-orthogonal drawing in
which every cut is drawn as an axis-parallel rectangle. We finally give a
complete characterization of those families of cuts that have a drawing with
axis-parallel rectangles.
Throughout this chapter, we assume that G = (V, E) is a graph with n
vertices.

4.1

Drawings of Families of Cuts

A drawing of a cut should visualize both the partition of the vertex set into
two parts and the edges with end-vertices in different parts. Let D be a
drawing
of G and
of G. By D(H) we denote the subset
S
S let H be a subgraph
2
e∈E(H) D(e) ∪
v∈V (H) D(v) of R . We define a drawing of a cut {S, S}
of G in a drawing D of G to be a simple closed curve γ, such that
• γ separates S and S, i.e. D(G(S)) and D(G(S)) are contained in
different connected regions of R2 \ γ, and
• |D(e) ∩ γ| = 1 for e ∈ E(S, S).
Let C be a set of cuts of a graph G. A (planar) drawing D of C consists of
1. a (planar) drawing DG of G and
2. a drawing D(C) in DG of each cut C ∈ C, such that
S
3. every simple closed curve γ ⊆ C∈C D(C) is a drawing of some cut of
C in DG .
We say that the drawing D of the set C of cuts of G extends the drawing
DG of G. An example of a drawing of a set of cuts of the cycle C4 : 1, 2, 3, 4
is given in Fig. 4.1a. We also explain the meaning of the third condition
with that example. Suppose, we wouldn’t require the third condition and
we only wanted to visualize the set C = {{{1, 2}, {3, 4}}, {{2, 3}, {1, 4}}}
of two crossing cuts. Let the two grey ellipses in Fig. 4.1a be 1 and 2 .
Then 1 and 2 are drawings for the two cuts in C. But 1 ∪ 2 contains
four more simple closed curves. These are drawings for the four corner cuts
of {{1, 2}, {3, 4}} and {{2, 3}, {1, 4}}, i.e. the four cuts induced by {1}, {2},
{3}, and {4}. Thus, set C cannot uniquely be reconstructed from its drawing.
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Figure 4.1: a) A planar drawing of the set {{{1}, {2, 3, 4}}, {{2}, {1, 3, 4}},
{{3}, {1, 2, 4}}, {{4}, {1, 2, 3}}, {{1, 2}, {3, 4}}, {{2, 3}, {1, 4}}} of all minimum cuts of a cycle C4 . Drawings of edges are black, while drawings of cuts
are grey. b) A planar drawing of the set {{{1}, {2, 3, 4}}, {{2}, {1, 3, 4}},
{{3}, {1, 2, 4}}, {{4}, {1, 2, 3}}} of all non-crossing minimum cuts of C4 ,
which is also a c-planar drawing D of the hierarchically clustered graph
(C4 , T (C4 ), r) defined in Sect. 4.2 – where r is chosen as the center of T (C4 ).
c) The planar auxiliary graph associated with D.
Unfortunately, requiring also Condition 3 implies that there exists no drawing
at all for C.
Similar to drawings of hierarchically clustered graphs, a (Q)OGRCdrawing – i.e. a (quasi) orthogonal grid rectangular cut drawing – of a
family of cuts C of a graph G is a drawing D of C such that DGSis a (quasi-)
orthogonal grid drawing of G and every simple closed curve in C∈C D(C) is
an axis-parallel rectangle with corners on integer grid points.
If a set C of cuts of G has a cactus model (G, ϕ), a (planar) drawing of
(G, C) is called a (planar) cactus-clustered drawing of (G, G, ϕ). We say
that (G, G, ϕ) is cc-planar , if it has a planar cactus-clustered drawing. We
start with the observation that every set of cuts that has a QOGRC-drawing
can be modeled by a cactus.
Lemma 4.1.1
A set of cuts has a QOGRC-drawing only if it has a cactus model.
Proof: We use Theorem 2.5.3. Let D be a QOGRC-drawing of a set C
of cuts. Suppose C contains two crossing cuts {S, S} and {T, T }. There are
basically the seven cases indicated in Fig. 4.2 for the drawings of two crossing cuts by axis-parallel rectangles. But in cases (a) – (f) there are simple
closed curves in D({S, S}) ∪ D({T, T }) that are not axis-parallel rectangles.
Thus, the only remaining case is (g). Let DS and DT be the rectangles
bounded by D({S, S}) and D({T, T }), respectively. Then also DS ∪ DT ,
DS \ DT , DT \ DS , and DS ∩ DT are bounded by a simple closed curve.
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Figure 4.2: The seven cases how two axis-parallel rectangles, that are drawings of two crossing cuts {S, S} and {T, T }, might intersect.
These curves are drawings for the four corner cuts of {S, S} and {T, T }.
On the other hand, suppose the diagonal cut C of {S, S} and {T, T } is
in C. Let DS4T be the rectangle bounded by D(C). Suppose without loss
of generality that D(S) ⊂ DS and D(T ) ⊂ DT . Then either DS4T contains S4T but not S ∩ T . Thus, DS4T ∩ DS ∩ DT is bounded by a simple
closed curve γ ⊂ D(C) ∪ D({S, S}) ∪ D({T, T }) but does not contain any
vertex. Hence γ is not the drawing of a cut which contradicts the definition
of drawings of sets of cuts. Or DS4T contains S4T but not S4T and hence
D(C) ∪ D({S, S}) ∪ D({T, T }) contains a simple closed curve that is not an
axis-parallel rectangle – contradicting the definition of QOGRC-drawings. 2
By the definition of drawings of cuts, and with the notation used in the previous proof, D(G(S ∪ T )) has to be contained inside DS ∪ DT and D(G(S ∩ T ))
may not intersect DS ∩ DT . This implies that E(S \ T, T \ S) is empty. This
observation motivates the following definition.
A set of cuts of G is called fair , if it can be modeled by a cactus G such
that no edge of G crosses a cycle of G. We will see that there is always a
QOGRC-drawing for a fair set of cuts. Moreover, the set of all minimum
cuts of any weighted connected planar graph even always allows a planar
QOGRC-drawing. Note, however, that the condition that no edge of G
crosses a cycle of G is not necessary for the existence of a QOGRC-drawing.
With the notation used above, there might still be edges in E(S ∩ T, S ∪ T ).
By discussing such edges in Section 4.4, we completely characterize families
of cuts that have a QOGRC-drawing.
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From Cactus Models to Inclusion Trees

Both the cactus model of a set of cuts of a graph and the inclusion tree of
a hierarchically clustered graph represent structural information of a graph.
Let (G, ϕ) be a linear sized cactus model of a set C of cuts of a graph G. Let
Cnc := {C ∈ C; C does not cross any cut in C}
be the set of non-crossing cuts of C. As an intermediate step toward a cactusclustered drawing, we transform the cactus model into an inclusion tree such
that a c-planar drawing of the corresponding hierarchically clustered graph
yields a planar drawing of the set Cnc .
1. For every cycle c : ν1 , . . . , νk in G, delete all edges in c and add a new
(empty) node νc and edges {νi , νc }, i = 1, . . . , k. Node νc is called the
cycle-replacement node of c.
2. For every vertex v of G, add a new node νv and an edge {ϕ(v), νv }.
3. Find a suitable root r.
We denote the tree constructed in Step 2 by T = T (G, ϕ). In the special case
where (G, ϕ) is the cactus of all minimum cuts we refer to T by T (G). Note
that (G, T , r) is now a hierarchically clustered graph. Also note that there
might be nodes of degree two in T , thus some clusters might be represented
twice in (G, T ), but the number of nodes in T is still in O(n): By Theorem 2.5.3, we have |V (G)| ∈ O(n). In Step 1, we add a new node for every
cycle in G and in Step 2, we add n new nodes. Thus |V (T )| is in O(n), as
well. Figure 4.3 shows the inclusion tree T (G) of the graph G from Fig. 2.5.
From the construction of T it follows immediately that
Cnc = {{V (ν), V (ν)}; ν 6= r is a node of T }.

(4.1)

Thus, if D is a c-planar drawing of (G, T , r) and D0 is defined by D0 (v) =
D(v), D0 (e) = D(e), and D0 ({V (ν), V (ν)}) = ∂D(ν) for vertices v ∈ V , edges
e ∈ E, and nodes ν 6= r of T then D0 is a planar drawing of (G, Cnc ).
Thus, for the existence of a planar drawing for Cnc , it is sufficient that
(G, T , r) is c-planar. In the following, we first state that c-planarity of
(G, T , r) does not depend on the choice of the root r.
For an easier discussion, we associate a plane auxiliary graph GD with
the c-planar drawing D of the hierarchically clustered graph (G, T , r). Let V 0
be the set of points, in which drawings of edges and boundaries of drawings
of clusters intersect. Then the vertex set of GD is V ∪ V 0 . The edge set of GD
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Figure 4.3: a) White nodes in the inclusion tree T (G) of the graph G in
Fig. 2.5 represent nodes that were added for a cycle in G. b) The corresponding cluster boundaries are drawn as dashed grey rectangles in the c-planar
OGRC-drawing of (G, T (G)). The drawing of the root is omitted.
contains two types of edges, remainders of graph edges and boundary
edges. For an edge e = {v, w}, let v1 , . . . , vk be the points in D(e)∩V 0 in the
order they occur in the drawing of e from v to w. Then GD contains edges
{v, v1 }, {v1 , v2 }, . . . , {vk , w} as remainders of e. Let ν 6= r be a node of T .
Let v1 , . . . , vk be the points in ∂D(ν) ∩ V 0 in the order they occur in ∂D(ν).
Then GD contains edges {v1 , v2 }, . . . , {vk−1 , vk }, {vk , v1 } as boundary edges.
The cycle v1 , . . . , vk of GD is called the boundary cycle of ν. (To avoid
loops and parallel edges, additional vertices of degree two may be inserted
into boundary cycles). We interpret the planar drawing D of (G, T , r) also
as a planar drawing of GD . An example of a thus defined auxiliary graph
is shown in Figure 4.1c. We will use such auxiliary graphs for constructing
planar cactus-clustered drawings in Sect. 4.3, as well.
Lemma 4.2.1
Let (G, T, r) be a c-planar hierarchically clustered graph and ν a node of T .
Then (G, T, ν) is c-planar.
Proof: Let Dr be a c-planar drawing of (G, T, r) and let Gr be the auxiliary
graph of Dr . By Lemma 2.4.2, we may assume that Gr is connected. Let E
be the planar embedding of Gr . Let P : ν = ν1 , ν2 , . . . , ν` = r be the path in
T between ν and r. Then

V \ Vr (νi−1 ) if µ = νi , i = 2, . . . , `
Vν (µ) =
Vr (µ)
if µ ∈
/ V (P )
for a node µ 6= ν of T . Thus in any drawing of Gr of the planar embedding
E and for any choice of the outer face, there is a boundary cycle cµ in Gr
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that separates Vν (µ) and V \ Vν (µ). More precisely, cµ is the boundary cycle
of µ if µ ∈
/ V (P ) or cµ is the boundary cycle of νi−1 if µ = νi , i = 2, . . . , `.
We show now that the outer face can be chosen such that Vν (µ) is always
contained in the simple region bounded by cµ .
Let c be the boundary cycle of ν. Let f be a face of Dr that is contained
in the simple region bounded by c, but incident to some edge in c. Let Dν be
a drawing of Gr of the planar embedding E with outer face f . Let µ1 , . . . , µk
be the adjacent nodes of ν, such that µ1 is on the path from ν to r in T .
Then for i = 2, . . . , k it holds that Vν (µi ) = Vr (µi ) is still inside the boundary
cycle of µi and that Vν (µ1 ) = V \ Vr (ν) is now inside the boundary cycle of
ν. Finally, for all nodes µ 6= ν of T , there exists an i ∈ {1, . . . , k} such that
V (µ) ⊆ V (µi ). Thus, Dν contains a c-planar drawing of (G, T, ν).
2
A characterization of connected hierarchically clustered graphs that have
a c-planar drawing (Feng et al., 1995) was mentioned in Theorem 2.4.1. Motivated by Lemma 2.1.1 we investigate c-planarity of hierarchically clustered
graphs for which not only all clusters but also their complements induce a
connected graph.
We say that a hierarchically clustered graph (G, T ) is completely connected if and only if for each inner node ν of T both, G(Vr (ν)) and G(Vr (ν)),
are connected.
Remark 4.2.2
Let (G, T, r) be a hierarchically clustered graph. The following statements are
equivalent.
1. (G, T, r) is completely connected.
2. (G, T, ν) is connected for every inner node ν of T .
3. (G, T, ν) is completely connected for every inner node ν of T .
If the root r of a hierarchically clustered graph (G, T, r) is not important –
e.g., if we are only interested whether (G, T, r) is c-planar or completely connected – we will omit the root in the notation of the hierarchically clustered
graph. I.e. we refer to (G, T, r) by (G, T ).
The following theorem gives a surprisingly easy characterization of cplanar completely connected hierarchically clustered graphs.
Theorem 4.2.3
Let (G, T ) be a completely connected hierarchically clustered graph. Then
(G, T ) is c-planar ⇐⇒ G is planar.
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Proof: Clearly, G has to be planar if (G, T ) is c-planar. For the other
direction, we show that for any plane embedding E of G the root r of T
can be chosen such that E fulfills the condition of Theorem 2.4.1 for the
hierarchically clustered graph (G, T, r). Thus (G, T ) is c-planar.
Let fo be the outer face in a planar drawing D of G. Let v ∈ V be a
vertex that is incident to fo . Let r be a node of T that is adjacent to v in T .
Let ν be any node of T . Suppose there exists a vertex w ∈ Vr (ν) that is not
drawn in the outer face of G(Vr (ν)). Since (G, T, r) is completely connected,
there exists a path from v to w in G(Vr (ν)). But since v and w are contained
in different faces of G(Vr (ν)), this contradicts the fact that D is a planar
drawing.
2
The proofs of Lemma 4.2.1 and Theorem 4.2.3 even showed that every planar
embedding E of G is a c-planar embedding for the completely connected hierarchically clustered graph (G, T ). Only the outer face of G has to be chosen
according to the root of T or vice versa. By Lemma 2.1.1, we immediately
have the following two corollaries.
Corollary 4.2.4
Let G be a connected weighted planar graph. Then (G, T (G)) is c-planar.
Corollary 4.2.5
The set of non-crossing minimum cuts of a planar connected weighted graph
has a planar drawing.
In the remainder of this and the next section, we will show the following
theorem that characterizes planar cactus-clustered drawings under the restriction that cycles of the cactus model correspond to cycles of the graph.
Theorem 4.2.6
Let (G, ϕ) be a cactus model for a set of cuts of G such that each cycle of G
corresponds to a cycle of G. Then
(G, G, ϕ) is cc-planar

⇐⇒

(G, T (G, ϕ)) is c-planar.

Note that (G, G, ϕ) need not to be cc-planar if only (G, T (G, ϕ)) is c-planar
but some cycle in G does not correspond to a cycle in G. An example is shown
in Fig. 4.4. Let e be a new edge that is incident to the two grey vertices of
G. In a cc-planar drawing of (G, G, ϕ) there would be a simple closed curve
separating the two grey vertices from the five black vertices. Hence G + e is
also planar. But G + e is a subdivision of K3,3 .
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(T , r):

Figure 4.4: A cactus G that models a set of fair cuts of the graph G. The
mapping ϕ is indicated by the color of the vertices and nodes, respectively.
The hierarchically clustered graph (G, T , r) constructed from G is connected
and c-planar, but (G, G, ϕ) is not cc-planar.
Lemma 2.1.1, Theorem 4.2.3, Theorem 4.2.6, and their proofs together
imply the following Corollary.
Corollary 4.2.7
Let C be a fair set of minimal cuts of a connected planar graph G. Then any
planar drawing of G can be extended to a planar drawing of C.
Proof:
Let G be a cactus model for C. It remains to show that each
cycle of G corresponds to a cycle of G. Let c : ν1 , . . . , νk be a cycle of G
and let V1 , . . . , Vk be the vertex sets that are mapped on the connected components of G − E(c) as defined in Def. 2.5.4. Since C is a fair set of cuts,
no edge of G crosses c. Thus, since G is connected, at most one of the
sets E(V1 , V2 ), . . . , E(Vk−1 , Vk ), E(Vk , V1 ) is empty. Suppose E(Vk−1 , Vk ) = ∅.
Then E(V1 ∪ Vk , V1 ∪ Vk ) = E(V1 , V2 ) ( E(V1 , V1 ) and hence the cut {V1 , V1 }
modeled by G is not minimal.
2
Theorem 2.5.2 and Lemma 2.5.5 imply that the preconditions in the previous
corollary are fulfilled for the set of all minimum cuts of a planar connected
weighted graph. Thus, we have the following corollary.
Corollary 4.2.8
Every planar drawing of a connected weighted graph can be extended to a
planar drawing of the set of all its minimum cuts.
It remains to show Theorem 4.2.6. So let (G, ϕ) be a cactus model for a set
C of cuts of G and let T = T (G, ϕ). Suppose first that there is a planar
cactus-clustered drawing D of (G, G, ϕ). We construct a c-planar drawing
D0 for (G, T ) by extending the drawing D of the underlying graph G, i.e.
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D0 (v) = D(v) and D0 (e) = D(e) for every vertex v ∈ V and every edge
e ∈ E.
S We construct the following set S. For every simple closed curve
γ ⊆ C∈C D(C) that S
is completely contained in the closure of a connected
2
component f of R \ C∈C D(C), the set S contains a simple closed curve
γ 0 ⊆ f such that
• γ and γ 0 separate the same vertex sets,
• γ and γ 0 intersect the same edges in the same order and the same
number of times, and
• γ 0 does not intersect any other curve in S.
By a consequence of the Schönflies Theorem (see e.g. Moise, 1977, p. 76), S
is well-defined. By the definition of drawings of a cut and by the construction
of S it follows that the drawing of an edge and a curve in S intersect in at
most one point. Thus, Property 3 of a c-planar drawing is fulfilled, if we
choose the cluster boundaries from S.
Lemma 4.2.9
{{S, S}; S and S are separated by a curve of S} equals the set Cnc of all
non-crossing cuts in C.
S
Proof: If S and
S
are
separated
by
a
curve
γ
⊆
C∈C D(C) but not by a
S
curve in S, then C∈C D(C) contains two paths – one lying completely inside
and one lying completely outside the simple region bounded by γ and each
having both end points on γ. These two paths together with non-crossing
S
connections of their end points on γ form a simple closed curve in C∈C D(C).
The corresponding cut crosses {S, S}. Hence {S, S} ∈
/ Cnc .
If, on the other hand, two cuts {S, S}, {T, T } ∈ C cross, no simple closed
curve that separatesSS from S can be contained in the closure of a connected
component of R2 \ C∈C D(C).
2
Let r be a node of T . By Equation 4.1 and Lemma 4.2.9, for every non-root
node ν of T there is a curve γr (ν) in S that separates Vr (ν) and Vr (ν). It
remains to show that the root r can be chosen such that for every node ν
of T the cluster Vr (ν) is the set of vertices that is contained in the simple
region bounded by γr (ν).
Let γ ∈ S be a simple closed curve that is not contained in the simple
closed region bounded by any other simple closed curve in S. Let r, µ be
two adjacent nodes of T such that Vr (µ) is the set of vertices of G that are
contained in the simple region bounded by γ (Since Vr (µ) = Vµ (r), such
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nodes exist). Now, for every node ν of T , the simple closed region bounded
by γr (ν) does not contain Vr (ν). Thus, it contains Vr (ν). It follows that the
curves in S together with a simple closed curve that bounds a simple region
containing the whole graph contain the cluster boundaries for a c-planar
drawing of (G, T , r).
Now, suppose that (G, T ) is c-planar. We want to construct a planar
cactus clustered drawing of (G, G, ϕ) via a c-planar drawing of (G, T ). In the
next section, we first introduce a method for drawing hierarchically clustered
c-planar graphs. We will then show how to extend this method to planar
cactus clustered drawings.

4.3
4.3.1

The Drawing
C-Planar Drawings

As mentioned in Sect. 2.4, Eades et al. (1999) introduced a method for drawing hierarchically clustered planar graphs orthogonally with rectangularly
shaped cluster boundaries. In this method, the undirected graph is made
directed and edges are allowed to cross cluster boundaries only at the top or
bottom of the boundary rectangle. It might therefore introduce unnecessary
bends into the drawing. We propose a different way of drawing a connected
c-planar graph (G, T ). We add edges and vertices to G such that the newly
constructed graph G0 remains planar and each cluster boundary corresponds
to a cycle in G0 . Now any embedding-preserving algorithm can be applied to
draw graph G0 and thus to obtain a c-planar drawing of (G, T ). In case G has
maximum degree 4, using the model of Tamassia (1987) with some additional
constraints on the flow, this leads to a c-planar OGRC-drawing with the minimum number of bends.This extension of Tamassia’s model to hierarchically
clustered graphs was independently described by Lütke-Hüttmann (1999)
and is now part of the AGD library (Mutzel et al., 1998). The approach
is easily extended to graphs with arbitrary degree by using near orthogonal
drawings (Tamassia et al., 1988; Fößmeier and Kaufmann, 1996; Klau and
Mutzel, 1998).
Let (G, T ) be a hierarchically clustered c-planar
graph and let h ∈ O(n) be the height of the inclusion
tree T . Let r be a root of T . By Lemma 2.4.2, we assume that (G, T, r) is connected. Let G0 be the auxiliary
graph associated with a c-planar drawing of (G, T ) as
described on page 49. If (G, T, r) is connected, G0 can
be constructed from a c-planar embedding of G as de-
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scribed below. Recall, that if (G, T ) is completely connected, every planar
embedding of G is suitable. Only the outer face has to be chosen according
to the root of T .
Proceeding from the leaves to the root of T , for every node ν of T let
e1 , . . . , ek be the edges incident to cluster V (ν) in their cyclic order around
V (ν), i.e. in the order they occur on the outer face of G(V (ν)). Let ek+1 = e1
and ei = {vi , wi }, i = 1, . . . , k + 1. For i = 1, . . . , k, we split edge ei , i.e. we
add a vertex vei to V (G) and replace edge ei by edges {vi , vei } and {wi , vei }.
Finally, we add the boundary edges {vei , vei+1 }.
Lemma 4.3.1
|V (G0 )| ∈ O(n · h) ⊆ O(n2 )
Proof: Let e = {u, v} ∈ E(G) and let k be the number of vertices on the
path in T between u and v. Then k − 3 ≤ 2h vertices are inserted into e.
Thus, |V (G0 )| ≤ n + 2|E(G)|h ∈ O(n · h).
2
Suppose G is a weighted graph of edge-connectivity λ and T = T (G). If all
edge weights are greater or equal one, it is also true, that |V (G0 )| ∈ O(λ · n):
Every cluster is incident to at most λ edges and the number of clusters is
in O(n). For unweighted planar graphs we have λ ≤ 5 and this implies
|V (G0 )| ∈ O(n).
But there are examples of integrally weighted planar graphs for which
|V (G0 )| ∈ θ(n2 ): Take two copies of a C n4 and connect corresponding vertices
by an edge. Replace one of the connection edges by a path P n2 +2 . Fig. 4.5
shows the case n = 20. Let the weight of the connection edges be one and
the weight of the edges of the P n2 +2 and the two C n4 be n/4. Then there are
n
+ 1 minimum cuts of weight n2 − 1. The set of cut-edges of a minimum
2
cut consists of all n4 − 1 connection edges and one path edge. Thus there are
( n2 + 1) n4 ∈ θ(n2 ) intersections between edges and boundary cycles.
Lemma 4.3.2
If (G, T, r) is a connected hierarchically clustered graph, G0 can be constructed
in O(|V (G0 )|) time.
Proof: Proceeding for each edge {u, v} ∈ E(G) along the path in T between u and v, splitting the edges can be done in O(|E(G)|+|added vertices|)
= O(|V (G0 )|). From the leave to the root of T , add the boundary edges along
the outer face of each cluster. Doing this, every edge can be touched at most
twice. Thus, inserting the boundary edges is in O(|E(G0 )|) = O(|V (G0 )|). 2

4.3. THE DRAWING

57

Figure 4.5: Black edges show a weighted graph. Solid edges have weight
5 and dashed edges have weight 1. Vertical grey lines indicate the minium
cuts.
In the flow network for an orthogonal or near orthogonal drawing of G0
introduced in Sect. 2.2.1, we restrict the flow over a boundary edge to be
zero, if it goes from outside the corresponding boundary cycle into it. More
precisely, let e be a boundary edge of a boundary cycle c. Let f1 and f2
be the two faces that are incident to e such that f1 is contained in the
simple region bounded by c. Then we delete (f2 , f1 )e from the arc set of the
flow network. This guarantees that the boundary cycles are rectangularly
shaped in any resulting orthogonal drawing. Theorem 2.4.3 guarantees that
there is a feasible flow for the restricted flow network. The result is a cplanar QOGRC-drawing. If the maximum degree of G is at most 4, we
obtained a c-planar OGRC-drawing that is bend-minimum with respect to
the fixed c-planar embedding of G. Moreover, all inserted vertices have degree
4 and remainders of graph edges alternate with boundary edges. Thus, the
corresponding original edges in G have no bends at cluster boundaries.
The restriction on the flow is necessary. Even in the case of unweighted
graphs with the root r chosen in such a way, that |V (ν)| ≤ |V (ν)| for all
nodes ν 6= r of T , there are examples of planar graphs G such that the bend
minimum solution for the clustered graph (G, T (G), r) without restriction
have non-rectangularly shaped cluster boundaries. See for example Fig. 4.6.
Lemma 4.3.3
Let (G, T, r) be a c-planar connected hierarchically clustered graph and let
the maximum degree of G be 4. A c-planar OGRC-drawing of (G, T, r) that
is bend-minimum with respect
√ to a fixed c-planar embedding of G can be
constructed in O((n · h)7/4 log n) time. The area requirement of the thus
constructed drawing is in O(n2 ).
Proof: There are O(n) clusters and each cluster boundary requires two
horizontal and two vertical lines.
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Figure 4.6: Drawings of the non-trivial minimum cuts of a) a weighted and
b) an unweighted graph without rectangularity restriction on the cluster
shape. Grey edges are boundary edges, thin edges have weight 1 and thick
edges have weight 6.
Those edges in G0 that are not boundary edges correspond to O(n) original edges in G. As the constructed drawing is bend-minimum, by Theorem 2.4.3, there are at most 3 · |E(G)| bends on those edges. Thus, the
remainders of graph edges require at most 4 · |E(G)| ∈ O(n) horizontal and
vertical lines.
Combining Theorem 2.2.1 and Lemma 4.3.1 yields the running time. 2
Figure 4.3 shows a bend-minimum c-planar OGRC-drawing of the hierarchically clustered graph (G, T (G)) where G is the plane graph in Fig. 2.5.

4.3.2

Planar Cactus-Clustered Drawings

In this section, we finish the proof of Theorem 4.2.6, i.e. we are back to the
case where (G, ϕ) is the cactus model of a set of cuts of G and T = T (G, ϕ).
Suppose now that each cycle in G corresponds to a cycle in G. We show
how we can transform the c-planar drawing of (G, T ) into a cactus-clustered
drawing of (G, G, ϕ). We achieve this, roughly speaking, by merging the
cluster boundaries corresponding to pairs of incident nodes on a cycle in the
cactus. In Step 1 on page 49, we replaced each cycle of the cactus by a star.
Thus, the information about the cyclic order of the edges in a cycle of G is
not preserved in T . However, this order can be reconstructed from a c-planar
drawing of (G, T , r) as follows.
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Let C : ν1 , . . . , νk be a cycle in G and let Vi be defined as in Definition 2.5.4. Note that for each i either Vi or Vi is a cluster of (G, T , r). More
precisely, let νc be the cycle-replacement node of c. If νi is a descendent of
νc then Vi = V (νi ). If νi is a ancestor of νc then Vi = V (νc ). In what follows,
suppose without loss of generality, that the root r of T is not node νc and that
νk is an ancestor of νc . To associate every node in T (G) with at most one cycle in G, we will associate νc with c instead of its ancestor νk and, for an easier
notation, we will denote νc also by νk . For convenience, we will refer to the
indices of nodes in c as if taken modulo k. Consider the sequences di of edges
in E(Vi , Vi ) in their cyclic order around V (νi ). Since no edge of G crosses a
cycle of G, we already know that E(Vi , Vi ) = E(Vi , Vi−1 ) ∪ E(Vi , Vi+1 ). The
next lemma guarantees that these two sets form intervals in di .
Lemma 4.3.4
The set of edges E(Vi , Vi ) ∩ E(Vi+1 , Vi+1 ) is consecutive in di and di+1 .
Proof: If not, let e1 , . . . , e` be a subsequence of
di such that e1 , e` ∈ E(Vi+1 , Vi+1 ), e2 , . . . , e`−1 ∈
/
E(Vi+1 , Vi+1 ). Let e ∈ E(Vi , Vi ) \ (E(Vi+1 , Vi+1 ) ∪
{e2 , . . . , e`−1 }) be another edge in di and let e = {v, w}
such that w ∈
/ Vi . For j = i, i + 1 let pj be a path on
the cluster boundary of Vj from e1 to e` . Let c0 be the
simple closed cycle that is induced by edge e1 , path
pi , edge e` and path pi+1 . Let V 0 ⊆ V (G) be the set of vertices that are
incident to e2 , . . . , e`−1 and that are not in Vi . Since no edge of G crosses a
cycle of G, w ∈ Vi−1 and V 0 ⊆ Vi−1 . But the drawing of c0 separates V 0 and
{w}. Thus, Vi−1 cannot be bounded by a simple closed curve that intersects
neither e1 nor e` nor the cluster boundary of νi or νi+1 .
Let vei be the vertex that was inserted into an edge e for the boundary
cycle of νi . It follows from the previous lemma that the boundary cycle of νi
−
is divided into the following four parts: two paths p+
i and pi that are induced
by the vertex sets {vei ; e ∈ E(Vi , Vi±1 )} and the two remaining edges. The
−
next lemma guarantees that paths p+
i and pi+1 are adjacent.
Lemma 4.3.5
If e ∈ E(Vi , Vi+1 ) then {vei , vei+1 } ∈ E(G0 ).
Proof: Suppose there was another vertex inserted into e between vei and
vei+1 for the cluster boundary of the cluster represented by a node ν. We
distinguish two cases. Either νi and νi+1 are both descendants of νc or one
of them, say νi+1 = νc . In the first case, V (ν) contains exactly one of Vi and
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a)

b)

c)

d)

Figure 4.7: Constructing a planar cactus-clustered drawing from a c-planar
drawing.
Vi+1 , say Vi . Thus ν is an ancestor of νi but not of νi+1 . In the second case,
it holds that νi is a descendent of ν and νc is an ancestor of ν. Both cases
are impossible, since νi is adjacent to νc .
2
Thus, we have the situation indicated in Fig. 4.7a: a path of adjacent clusters
V (ν1 ), . . . , V (νk−1 ) surrounded by the boundary cycle of νc . Now, for each
i = 1 . . . k and for each edge e ∈ E(Vi , Vi+1 ), we can merge vertices vei and
vei+1 without loosing planarity. The result is shown in Fig. 4.7b.
Note that we did not need the condition that each cycle of G corresponds
to a cycle of G to prove Lemma 4.3.4 and Lemma 4.3.5. But we need that
E(Vi , Vi+1 ) 6= ∅, i = 1, . . . , k here. Else the situation could be as indicated
in Fig. 4.7d. This means on one hand that the information about the cyclic
order in c is not preserved in (G, T ). On the other hand it might not be possible to perform the merging operation while maintaining the planar drawing
of the rest of G”.
−
Back to the assumed case, for each i = 1 . . . k, paths p+
i and pi+1 are united
into one path pi+1 . For i = 2, . . . , k − 1 we add two vertices to pi , one on each
end of pi . We will call these new vertices cycle-path end-vertices. We
replace an incidence of a remaining edge of the cluster boundaries of νi and
νi−1 to pi by the corresponding new cycle-path end-vertex of pi . Finally, the
remaining edges of the boundary cycle of νc are deleted. The result is shown
in Fig. 4.7c. The simple closed cycles contained in the
Sj thus modified cluster
boundaries of ν1 , . . . , νk separate exactly the sets `=i V` , 1 ≤ i ≤ j < k,
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from their complement. These are exactly the sets that are modeled by c
in G.
Let the graph in which the above described construction is done for every
cycle in G be G00 . As the number of cycles in G is in O(n), we add O(n)
vertices to G0 . Thus, |V (G00 )| ∈ O(|V (G0 )|) and G00 can be constructed in
O(|V (G0 )| time.
As in the previous subsection, we can now apply any embedding-preserving algorithm to draw graph G00 and thus to get a cactus-clustered drawing of (G, G, ϕ). To achieve a bend-minimum planar cactus-clustered OGRCdrawing, we can apply the flow model of Tamassia (1987) to G00 with similar
constraints on the flow as in the previous subsection. Again, we delete the
dual arc of a boundary edge that is directed from outside the corresponding
boundary cycle into it from the arc set of the flow network. The capacity of
the arc from a cycle-path end-vertex into a cluster is set to 0. This has the
effect that every simple cycle in G00 that consists of boundary-edges is drawn
as a rectangle.
Lemma 4.3.6
There is a feasible flow for the restricted flow network.
Proof: Let c be a cycle of G and let the notations be as above. We modify
an orthogonal drawing of G0 in such a way that
1. all edges of E(Vi , Vi+1 ) leave the rectangular cluster boundary of νi on
the same side and all edges of E(Vi , Vi−1 ) on the opposite side.
2. for an edge e ∈ E(Vi , Vi+1 ) edge {vei , vei+1 } is a straight line.
These two properties are achieved by pushing flow along cycles in the flow
network as indicated in Fig. 4.8. In the first step (Fig. 4.8a), the bends in the
boundary cycles are moved along the boundary cycles to the desired place.
Now, for each e ∈ E(Vi , Vi+1 ) the number of bends in {vei , vei+1 } is the same.
In the second step (Fig. 4.8b), these bends are all moved to the edges {vek , ve1 }.
Since the edges in E(Vk , V1 ) and E(Vk , Vk−1 ) leave the cluster boundary of νc
in opposite directions, in the end the edges {vek , ve1 } are also straight. Doing
this for every cycle, results in such a drawing that merging corresponding
cluster-sides automatically results in a – not necessarily bend-minimum –
planar cactus-clustered OGRC-drawing. This drawing corresponds to a flow
in the restricted flow network.
2
An example using the construction of a bend-minimum planar cactus-clustered OGRC-drawing is shown in Fig. 4.8d. Let N = |V (G0 )|. Recall that
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Figure 4.8: a)-c)Bends in an orthogonal drawing of G0 are moved along the
dashed cycles. d) A cactus-clustered drawing of the graph in Fig. 2.5
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N ∈ O(n · h) if h is the height of T . If (G, T ) is connected, the running time
of the algorithm is as follows:
• Constructing the inclusion tree T from the cactus is in O(n).
• Constructing G0 and G00 from (G, T ) is in O(N ).
√
• Constructing the orthogonal drawing of G00 is in O(N 7/4 log N ).
Thus, the running
time is dominated by the orthogonal drawing and is in
√
O((n · h)7/4 log n) time. Summarizing, we have shown the following lemma.
Lemma 4.3.7
Let (G, ϕ) be a cactus model of a set C of cuts of a graph G such that each
cycle of G corresponds to a cycle of G. Let (G, T (G, ϕ)) be c-planar. Then
1. C has a planar QOGRC-drawing.
2. Let r be a node of T (G, ϕ). If (G, T (G, ϕ), r) is connected and G
has maximum degree 4, a planar cactus-clustered OGRC-drawing D
of (G, G, ϕ) that is bend minimum with respect to
(a) a fixed c-planar embedding of G for (G, T (G, ϕ), r) and
(b) the property that for each node ν of T (G, ϕ) cluster Vr (ν) is contained in the simple closed region bounded by D({Vr (ν), Vr (ν)}
√
can be constructed in O((n · h)7/4 log n) time.
This completes especially the proof of Theorem 4.2.6. For the set of all
minimum cuts, Lemma 4.3.7 implies the following corollary.
Corollary 4.3.8
The set of all minimum cuts of a planar connected weighted graph has a
planar QOGRC-drawing.

4.3.3

General Cactus-Clustered Drawings

In this section, we extend the results on planar drawings of fair families to not
necessarily planar drawings. Similar to the method described by Di Battista
et al. (2002) for hierarchically clustered graphs, the idea for the construction
uses planarization techniques. Let (G, ϕ) be a cactus model for a fair family
of cuts of G.
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1. Let GP = (V, EP ) be a graph on the same set of vertices as G, such
that each cycle in G corresponds to a cycle in GP and (GP , T (G, ϕ)) is
c-planar.
2. Construct the auxiliary graph G00P for (GP , G, ϕ) as it is described in
Sect. 4.3.2.
3. Construct a planar graph G00 , by inserting the remaining edges of G
into G00P such that each edge crosses the boundary cycle of a cut at
most once.
4. Apply an algorithm for quasi-orthogonal drawings with the restrictions
indicated in Sect. 4.3.2 to G00 .
5. Delete the edges that do not correspond to original edges in G.

Remarks to Step 1 We show that a graph with the properties required in
Step 1 exists. In the next lemma, we first observe that each cycle of the cactus
corresponds to a cycle in the graph if only the corresponding hierarchically
clustered graph is completely connected. Note that the proof of this lemma
is similar to the proof of Corollary 4.2.7.
Lemma 4.3.9
Let (G, ϕ) be a cactus model for a fair set of cuts of a graph G and let
(G, T (G, ϕ)) be completely connected. Then each cycle of G corresponds to a
cycle in G.
Proof: Choose an arbitrary root of T (G, ϕ). Let ν be a cycle-replacement
node of T (G, ϕ) and let νi , . . . , νk be the descendants of ν that are adjacent
to ν such that νi , . . . , νk is a path in G. Since V (ν) is connected and no edge
of G crosses a cycle of G, non of the sets E(V (νi ), V (νi+1 )), i = 1, . . . , k − 1
is empty. Suppose now that one of the sets E(V (ν1 ), V \ V (ν)), E(V (νk ), V \
V (ν)) is empty. Then, using again the property that no edge of G crosses a
cycle of G, the subgraph G(V \ V (ν2 )) is not connected – contradicting that
(G, T (G, ϕ)) is completely connected.
2
The next lemma shows that there exists a planar graph G0 such that the
hierarchically clustered graph (G0 , T (G, ϕ)) is completely connected and such
that (G, ϕ) models a fair set of cuts of G0 .
Lemma 4.3.10
Let (G, ϕ) be a cactus model for a set of cuts of a graph with vertex set V .
Then there exists a planar graph G0 = (V, E 0 ) such that
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1. (G0 , T (G, ϕ)) is completely connected and
2. no edge of G0 crosses a cycle of G.
Proof: Let T := T (G, ϕ)) be the tree constructed from (G, ϕ). Let r be
a node of T that is adjacent to a leaf v. In a first step, we start with an
empty graph. Proceeding from bottom to top of the rooted tree (T , r), we
construct a graph G0 = (V, E0 ) such that for each node ν of T
1. for any descendant µ 6= ν of ν the subgraph G0 (V (µ)) is a path,
S
2. E0 = µ E(G0 (V (µ))), where we take the union over all nodes µ 6= r
of T , and
3. no edge of G0 crosses a cycle of G.
Let ν 6= r be a node of T and let ν1 , . . . , νk be the descendants of ν that
are adjacent to ν. If ν is a cycle-replacement node, suppose that we ordered
the νi such that ν1 , . . . , νk is a path in G. If νi is a leaf for some i, let
V (νi ) = {νi }. We assume that V (ν1 ), . . . , V (νk ) already induce paths in G0 .
Now, for
S each i = 1, . . . , k −1, let v1 ∈ V (νi ) be a vertex of degree one or zero
in G0 ( ij=1 V (νj )) and let v2 be a vertex of degree one or zero in G0 (V (νi+1 )).
Add {v1 , v2 } to G0 .
In a second step, for each node ν of T that is adjacent to r let v1 and v2
be the two vertices of degree one or let v1 = v2 be the vertex of degree zero
in G0 (V (ν)), respectively. Add edges {v, v1 } and {v, v2 } to G0 . Finally, for
all leaves w 6= v of T that are adjacent to r, add an edge {v, w} to G0 .
It is now easy to see that no edge of the thus constructed graph G0 crosses
a cycle of G and that the hierarchically clustered graph (G0 , T ) is completely
connected. G0 is a cactus and hence it is planar.
2
Let G0 = (V, E 0 ) be the graph from the previous lemma and let GP be a
maximal planar subgraph of (V, E ∪ E 0 ) such that G0 is a subgraph of GP .
Then GP is planar, (GP , T (G, ϕ)) is completely connected and no edge of GP
crosses a cycle of G. Hence, by Lemma 4.3.9 and Theorem 4.2.3, GP fulfills
the properties required in Step 1.
Note that it is not always possible to choose a spanning subgraph of G
with the properties that are required for GP in Step 1, even if (G, ϕ) is the
cactus model of all minimum cuts of an unweighted graph. For example let
G be constructed from a K3,3 by subdividing each edge by three vertices.
Then each subdivided edge of the K3,3 corresponds to a cycle of length 4 in
the cactus G of all minimum cuts. G consists of these 9 cycles intersecting
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at one common node. Suppose now, we delete an edge e from a subdivided
edge e0 of the K3,3 . Let c be the cycle of G that corresponds to e0 . Then c
does not correspond to a cycle in G − e. Hence H = G is the only subgraph
of G that has the property that each cycle of G corresponds to a cycle of H.
But G is not planar.
Remarks to Step 3 Suppose, we want to insert an edge {v, w}. To achieve
that the drawing of {v, w} does not cross a boundary cycle twice, we use a
restricted version of the extended dual. This method was first introduced
by Di Battista et al. (2002) for drawing non-planar hierarchically clustered
∗
graphs. Let E{v,w}
be the set of arcs in the dual of G00P extended by v and w,
as described in Sect. 2.2.2. Let v = ν1 , ν2 . . . , ν` = w be the path in T (G, ϕ)
between v and w. Let k ∈ {2, . . . , ` − 1} be such that νk−1 and νk+1 are
descendants of νk . For each boundary edge e of G00P ,
• if e is contained in the drawing γ of {V (νi ), V (νi )}, i = 2, . . . , k − 1,
delete the dual arc of e that is directed from the outside of γ to the
∗
inside of γ from E{v,w}
.
• if e is contained in the drawing γ of {V (νi ), V (νi )}, i = k + 1, . . . , ` − 1,
delete the dual arc of e that is directed from the inside of γ to the
∗
outside of γ from E{v,w}
.
• if e is contained in the drawing of a cut {V (ν), V (ν)} for a node ν 6=
νi , i = 2, . . . , k − 1, k + 1, . . . , ` − 1 of T (G, ϕ), delete both dual arcs of
∗
e from E{v,w}
.
The thus restricted dual (see Fig 4.9 for an illustration) guarantees that any
path from v to w crosses any boundary cycle at most once. On the other
hand, there is a path from v to w in the restricted dual if and only if either
νk is not a cycle-replacement node or νk is a cycle-replacement node and
νk−1 , νk+1 are adjacent in G. Hence, since no edge of G crosses a cycle of G,
there is a path from v to w.
The above described method yield cactus-clustered drawings of (G, G, ϕ)
not only if G is non-planar, but also if (G, T (G, ϕ)) is not c-planar. An
example for a drawing of a set that contains only one cut of a planar graph is
shown in Fig 4.10. Summarizing, we have shown the following theorem with
its corollary to the set of all minimum cuts of a weighted connected graph.
Theorem 4.3.11
Any fair set of cuts has a QOGRC-drawing.
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Figure 4.9: a) A non-planar graph G and a cactus model. Deleting the grey
edge yields a maximal planar subgraph. Solid thick black edges induce a
spanning path in every cluster S 6= V of (G, T (G, ϕ), r). All solid black
edges indicate the graph G0 constructed in the proof of Lemma 4.3.10. b)
Black edges show a connected component of the restricted extended dual for
adding the edge {5, 4} from 5 to 4. Bidirected edges are indicated by simple
curves without arrows. c) An OGRC-drawing of the family of cuts modeled
by (G, ϕ).

68

CHAPTER 4. CACTUS-CLUSTERED DRAWINGS

Figure 4.10: A non-planar drawing of the cut of the planar graph in Fig. 2.4c
that separates the white vertices from the black vertices.
Corollary 4.3.12
The set of all minimum cuts of a weighted connected graph has a QOGRCdrawing.
Note, however, that even though the proof of Theorem 4.3.11 is constructive,
the running time of the described algorithm is not very fast. Inserting a
remaining edge into G00P is linear in the size of the actual graph. But the
crossing number of a complete graph with n vertices is in θ(n4 ) (see e.g.
Ajtai et al. (1982); Leighton (1983) for a lower bound and Guy (1960) for
an upper bound). This means that even if there where no restrictions in the
extended dual the worst-case number of vertices in G00 is in Ω(n4 ). Thus, for
practical purposes, a faster algorithm would be preferable.

4.4

Characterizing QOGRC-Drawings

In this section, we give a complete characterization of those families of cuts
of a graph that a have a QOGRC-drawing.
Lemma 4.1.1 showed that only families of cuts that can be modeled by
a cactus can have a QOGRC-drawing. On the other hand, Theorem 4.3.11
showed that any fair set of cuts has a QOGRC-drawing. Thus, for a complete
characterization of those sets of cuts that have a QOGRC-drawing, it remains
to examine the effect of edges that cross a cycle of the cactus model. This
question is answered by the following theorem. Recall that for a cactus model
(G, ϕ) of a set of cuts, we constructed an inclusion tree T (G, ϕ) in which every
cycle c of G was replaced by a star centered at a cycle-replacement node νc .
Theorem 4.4.1
A family C of cuts of a graph G has a QOGRC-drawing if and only if
1. C has a cactus model (G, ϕ) and
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2. the root r of T (G, ϕ) can be chosen such that each edge that crosses a
cycle c is incident to a vertex in V \ Vr (νc ).
Proof: Suppose first that C has a QOGRC-drawing D. By Lemma 4.1.1,
C has a cactus model, say (G, ϕ). Let r be the root of T = T (G, ϕ) such
that for every node ν of T the drawing of Vr (ν) is contained in the simple
region bounded by D({Vr (ν), Vr (ν)}) (as constructed on page 54). Let c be
a cycle of G and let e be an edge of G that crosses c. Let ν1 , . . . , νk be
the descendents of νc such that ν1 , . . . , νk is a path in c. Suppose that e is
not incident to a vertex in V \ Vr (νc ). Then e ∈ E(Vr (νi ), Vr (νj )) for some
S
Sk
1 < i + 1 < j ≤ k. Let S = i+1
`=1 Vr (ν` ) and T =
`=i+1 Vr (ν` ). Then, on one
hand, e ∈ E(S \ T, T \ S). But on the other hand {S, S} and {T, T } are two
crossing cuts that are modeled by (G, ϕ) such that S and T are contained in
the simple closed region bounded by D({S, S}) and D({T, T }), respectively.
Hence, by the argumentation after Lemma 4.1.1, E(S \ T, T \ S) = ∅.
Suppose now that Items 1 and 2 in the theorem are fulfilled. We use
the method described in Section 4.3.3 to obtain a QOGRC-drawing for C.
Apply Step 1 to the graph obtained from G by deleting all edges that cross
a cycle of G. Let r be a node of T that fulfills the condition of Item 2.
As we will see in the proof of Lemma 4.4.3, we may assume that r is not a
cycle-replacement node. Use this root r for the construction of the auxiliary
graph in Step 2. Then the cycle crossing edges can be reinserted in Step 3. 2
Suppose now that (G, ϕ) is a cactus model for a set C of cuts of the graph G.
We give an algorithm that decides whether (G, G, ϕ) has a QOGRC-drawing.
Let T = T (G, ϕ) be the inclusion tree constructed from the cactus model.
To store the order of the nodes in a cycle of G, we associate a cyclic list
cycle(ν) of nodes with each node of T . If ν is a cycle-replacement node of
a cycle c of G then cycle(ν) is the list of adjacent nodes of ν in the order
in which they occur in c. Else cycle(ν) is the empty list.
Let c be a cycle of G and let e be an edge of G that crosses c. Let ν1 , ν2
be the two adjacent nodes of ν such that e ∈ E(Vνc (ν1 ), Vνc (ν2 )). We say
that e crosses c between ν1 and ν2 . Then the root of T for constructing a
QOGRC-drawing of (G, G, ϕ) has to be contained in the subtree of (T , νc )
rooted at ν1 or ν2 . Hence, if an edge of G crosses c between ν1 and ν2 and
another edge crosses c between µ1 and µ2 such that {ν1 , ν2 } ∩ {µ1 , µ2 } = ∅,
then (G, G, ϕ) can not have a QOGRC-drawing. This is when drawable in
Algorithm 2 is set to false. We use a boolean node and edge array mark to
store the information about the cycle-crossing edges. Let c be a cycle of G
and let ν be an adjacent node of νc . mark(ν) is set to true if and only if there
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is an edge that crosses c. mark{ν, νc } is true in the end of Algorithm 2 if
and only if mark(νc ) = true and each edge that crosses c crosses it between
ν and some other node. Thus, we have the following lemma.
Lemma 4.4.2
Let mark and drawable be the output of Algorithm 2 applied to (G, T )
and cycle. Then
1. (G, G, ϕ) does not have a QOGRC-drawing, if drawable is false.
2. If drawable is true then (G, G, ϕ) has a QOGRC-drawing if and
only if there exists a node r of T such that for each node ν of T
with mark(ν) = true there exists an adjacent node µ of ν with
mark{ν, µ} = true such that r is contained in the subtree of (T , ν)
rooted at µ.
Algorithm 2: Marking cycle-crossing edges in the inclusion tree
Input : hierarchically clustered graph (G, T ),
cyclic lists cycle(ν), ν node of T
(either empty or containing the adjacent nodes of ν)
Output: boolean node/edge array mark, initialized to false
boolean drawable, initialized to true
begin
foreach edge {v, w} of G do
let v, ν1 , . . . , νk , w be the path in T between v and w;
foreach i = 1, . . . , k do
if cycle(νi ) is not empty then
if νi−1 , νi+1 are not consecutive in cycle(νi ) then
if ¬mark(νi ) then
mark(νi ) ← true;
mark{νi , νi−1 } ← true;
mark{νi , νi+1 } ← true;
else
foreach adj. node ν ∈
/ {νi−1 , νi+1 } of νi do
mark{νi , ν} ← false;
if ¬(mark{νi , νi−1 } ∨ mark{νi , νi+1 }) then
drawable ← false;

end
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If drawable is true in the end of Algorithm 2, then at least one incident
edge of a marked node is marked. Hence, we can obtain the possible roots
for constructing a QOGRC-drawing of (G, G, ϕ) – possibly including some
cycle-replacement nodes – by deleting for all marked nodes ν the subtrees of
(T , ν) rooted at those adjacent nodes µ of ν for which {ν, µ} is not marked.
Using the bottom-up top-down framework (Algorithm 4 on page 79), this
can be done in linear time as described in Algorithm 3.
Algorithm 3: Finding the roots for a QOGRC-drawing.
Input : tree T ,
boolean node and edge array mark,
boolean drawable
Output: boolean node array rootable, initialized to true,
boolean drawable
post-order-action(node ν, node µ, edge e) begin
if (mark(µ) ∧ ¬mark{µ, ν}) ∨ ¬rootable(µ) ∨ ¬drawable
then
drawable ← drawable ∧ rootable(ν);
rootable(ν) ← false;
end
pre-order-action(node ν, node µ, edge e) begin
if mark(ν) ∧ ¬mark{µ, ν} then
drawable ← drawable ∧ rootable(µ);
rootable(µ) ← false;
if ¬drawable ∨ (¬rootable(ν) ∧ ¬(mark(µ) ∧ ¬mark{µ, ν}))
then
rootable(µ) ← false;
end
Now, let rootable and drawable be the output that we get after
applying first Algorithm 2 to (G, T ) and cycle and then Algorithm 3 to T
and the output of Algorithm 2.
Lemma 4.4.3
(G, G, ϕ) has a QOGRC-drawing if and only if drawable is true.
Proof: We assume that drawable was true after Algorithm 2. drawable
is set to false if and only if there exists a path ν1 , . . . , νk in T such that
mark(ν1 ) = mark(νk ) = true and mark{ν1 , ν2 } = mark{νk−1 , νk } =
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false. We show that this is equivalent to the fact that (G, G, ϕ) has no
QOGRC-drawing.
Suppose first that there exists such a path. Then each node of T is in
the subtree of (T , ν1 ) rooted at ν2 or in the subtree of (T , νk ) rooted at νk−1 .
But no node that is contained in one of these subtrees fulfills the condition
of Lemma 4.4.2(2).
Suppose now that there is no such path. (G, ϕ) models a fair set of cuts,
if no node of T is marked. So suppose there is at least one marked node in
T . Let {ν, µ} be an unmarked edge of T that is incident to a marked node
ν and let ν, µ with these properties be such that |Vµ (ν)| is minimum. Let
r be an adjacent node of ν such that {ν, r} is marked. Then r fulfills the
condition of Lemma 4.4.2(2). Besides, r is not a cycle-replacement node. 2
Further, let ν be a node of T that is not a cycle-replacement node. Then
rootable(ν) is true if and only if ν can be chosen as a root of T for constructing a QOGRC-drawing of C as described in Section 4.3.3. The running
time for testing whether (G, G, ϕ) has a QOGRC-drawing is dominated by
the running time of Algorithm 2 and is in O(mn), where m is the number of
edges of G.

4.5

Conclusion

We defined drawings for families of cuts. We showed that at most families
of cuts that are modeled by a cactus can have a QOGRC-drawing – i.e. a
drawing in which cuts are represented by rectangles and the graph by a quasiorthogonal drawing. We then considered the special case of fair families of
cuts, i.e. sets of cuts that have a cactus model such that no edge of the graph
crosses a cycle of the cactus.
We showed that drawings of fair families of cuts are related to c-planar
drawings of hierarchically clustered graphs. Motivated by the special structure of minimum cuts, we examined completely connected hierarchically clustered graphs. Very surprisingly, it turned out that they are c-planar if only
the underlying graph is planar. We used this result to show that any fair set
of minimal cuts of a planar graph has a planar QOGRC-drawing. For a fair
set of arbitrary cuts of an arbitrary graph, we could still show the existence
of a QOGRC-drawing. Finally, we completely characterized those families of
cuts that have a QOGRC-drawing.
Our results can be applied to the set of all minimum cuts of a weighted
connected graph. In Chapter 6, we will learn that also a certain subset of
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the set of all minimum and minimum+1 cuts admits a drawing. Another
prominent example that has a (planar) drawing is the set of minimum s-tcuts represented by the Gomory-Hu tree (Gomory and Hu, 1961) of a (planar)
connected weighted graph.
Note that a drawing for the set of all minimum cuts
could not be guaranteed if we’d also allow negative edge
weights. For example, let the dashed edge in the graph on
the right have weight -1 and the solid edges weight 1. In this
case the edge-connectivity λ is 1 and there is no drawing
for the set of minimum cuts.
The proof of the existence of QOGRC-drawings of fair families of cuts is
constructive. Unfortunately, however, the worst-case running time is not very
fast. Especially in the non-planar case, the worst-case number of vertices of
the auxiliary graph to which an algorithm for near orthogonal drawings is
applied is in Ω(n4 ).
A tight bound for the area requirement of a planar OGRC-drawings for
a fair family of cuts is open. Since in the worst case, the number of vertices
in the auxiliary graph is in θ(n2 ), an area requirement in O(n4 ) ∩ Ω(n2 ) is
obvious. But we do not have an example for which we can prove that the
area requirement of a most compact drawing is not in O(n2 ).
For c-planar hierarchically clustered graphs, also straight-line drawings
were considered (see Eades et al., 1998). Given a cactus-model (G, ϕ) of a
family of cuts of G such that (G, G, ϕ) is cc-planar, it would be interesting
to know, whether there exists a planar cactus-clustered drawing of (G, G, ϕ)
that consists of a straight-line drawing of G and still provides reasonable
shapes – e.g. convex curves or even rectangles – for the drawings of the cuts.
In Lemma 4.2.1, we proved that c-planarity does not depend on the specific choice of the root of the inclusion tree. The proof of Lemma 4.2.1 even
showed that the planar embedding of the underlying graph can be fixed and
only the outer face has to be chosen appropriately. In the next chapter, we
consider the opposite question.
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Chapter 5
Choosing a Suitable Root or
Outer Face
As observed in Chapter 4, there is always a planar drawing for a fair set of
minimal cuts of a connected planar graph. But the root of the constructed
inclusion tree and the outer face of the graph can not always be chosen
independently. In this chapter we examine on one hand more closely the
case given the outer face, which nodes of the inclusion tree can be chosen
as the root. On the other hand, we discuss also choices for outer faces.
More precisely, we examine whether an unweighted planar graph has a plane
embedding such that each minimum cut ‘touches’ the outer face.

5.1

The Root

In this section, we consider the following problem. Given a completely connected hierarchically clustered graph, which nodes can be chosen to be the
root of the inclusion tree such that a planar drawing of the underlying graph
can be extended to a c-planar drawing of the hierarchically clustered graph.
Let us describe the problem more formally. Let (G, T ) be a completely
connected hierarchically clustered graph. Let E be a plane embedding of
G = (V, E) with outer face fo . A node r of T is called rootable (with respect
to E), if E is a c-planar embedding for the hierarchically clustered graph
(G, T, r). In the proof of Theorem 4.2.3, we made the following observation.
Remark 5.1.1
A node of T is rootable, if it is adjacent to a vertex of G that is incident to
the outer face.
Hence, there exists at least one rootable node.
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Figure 5.1: a) A drawing of the set of all minimum cuts of a graph G. Dashed
edges have weight one and solid edges have weight two. b) The inclusion-tree
T (G) constructed from the cactus of all minimum cuts of G. The rootable
nodes are encircled. Vertices of G that are incident to the outer face are drawn
as quadrangles in the inclusion tree. The white node is a cycle-replacement
node.
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(T,r):

Figure 5.2: A hierarchically clustered graph for which Lemma 5.1.3 is not
true. Rootable nodes are again encircled.
The following remark follows immediately from the fact that the complement of a cluster Vr (ν) is contained in the outer face of the subgraph
G(Vr (ν)) in a c-planar drawing of (G, T, r).
Remark 5.1.2
Let r, ν be two nodes of T and let r be rootable. Then V \ Vr (ν) contains a
vertex that is incident to fo .
We use this observation to characterize which nodes among those nodes that
are adjacent to a rootable node are rootable themselves. Note that the following lemma is not true, if (G, T, r) is not connected. See Fig. 5.2 for an
example. We call a c-planar drawing of the hierarchically clustered graph
(G, T, r) compatible with the plane embedding E, if the planar drawing of
the underlying graph G is contained in E.
Lemma 5.1.3
Let r be a rootable node of T . A node ν of T that is adjacent to r is rootable
if and only if Vr (ν) contains a vertex that is incident to fo .
Proof:
“⇒”: If ν is rootable, Remark 5.1.2 implies that Vr (ν) = Vν (r) contains a
vertex that is incident to fo .
“⇐”: Suppose now, that Vr (ν) contains a vertex that is incident to fo . Let
Dr be a c-planar drawing of (G, T, r) that is compatible with E. Let
Gr be the auxiliary graph of Dr .
Let c be the boundary cycle of ν. Since Vr (ν) contains a vertex that
is incident to fo there is an edge e in c that is contained in fo . Since
(G, T ) is completely connected and ν is adjacent to the root r, it follows
that e is incident to the outer face of Dr :
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Else let f be the face of Dr that is incident to e, but not contained in
the simple region bounded by c. Let cf : v1 , . . . , v` be a cycle that is
contained in the boundary of f such that f is contained in the simple
region bounded by cf . Suppose cf contains boundary edges of node µ.
Let {vj , vj+1 } be the first and {vk−1 , vk } be the last such edge in cf .
Replace vj , . . . , vk in cf by a path from vj to vk in G(V (µ)). Since ν
is adjacent to the root r, the simple region bounded by the original cf
does not intersect the simple region bounded by the boundary cycle of
µ. Thus the modified cf is still a cycle that bounds a simple region
containing f . Proceeding like this, we can eliminate every boundary
edge in cf . Thus, f is contained in the simple region bounded by a
cycle of G, which contradicts the fact that e is contained in fo .
Now, let f be the inner face of Dr that is incident to e. A drawing
of Gr with outer face f can be obtained by redrawing e through the
outer face of Dr . This yields a c-planar drawing of (G, T, ν) that is
compatible with E.
2

A closer look to the proof of Lemma 5.1.3 yields an even stronger observation.
An adjacent node ν of a rootable node r is rootable if and only if not only
Vr (ν) but also Vr (ν) contains a vertex that is incident to the outer face. This
leads to the general characterization of rootable nodes.
Lemma 5.1.4
Let (G, T ) be a completely connected hierarchically clustered graph. A node
ν of T is rootable with respect to a fixed plane embedding of G if and only
if at least two connected components of T − ν contain vertices of G that are
incident to the outer face.
Proof:
“⇒”: Suppose node ν is rootable but has a neighbor µ such that all vertices
that are incident to the outer face are contained in Vν (µ). In this
case Vν (µ) contains all vertices of G. Since ν is a node, i.e. an inner
vertex of T , there would be leaves of T that are not vertices of G. This
contradicts the definition of inclusion trees.
“⇐”: Suppose now that at least two connected components of T − ν contain
vertices of G that are incident to the outer face, but that ν is not
rootable. Let r be a rootable node of T . Let νi be the first node on
the path r = ν1 , ν2 , . . . , ν` = ν that is not rootable. Note that Vr (ν) is
the set of leaves in one connected component of T − ν. Thus, by the
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precondition, Vr (ν) has to contain at least one vertex that is incident
to the outer face. Since Vr (ν) ⊆ Vr (νi ) = Vνi−1 (νi ), cluster Vνi−1 (νi )
also contains a vertex that is incident to the outer face. Thus, by
Lemma 5.1.3, νi is rootable, contradicting the choice of νi .
2
The previous lemma and its proof lead to the following corollary.
Corollary 5.1.5
The set of rootable nodes induce a subtree of T .
Using Remark 5.1.1 and Lemma 5.1.4, the rootable nodes can be found in
linear time by a bottom-up top-down approach starting from an arbitrary
node r of T . We use a generic framework (Algorithm 4) described by Brandes
(2002) to formulate the algorithm (Algorithm 5) for finding the rootable
nodes in detail.
Algorithm 4: Bottom-up top-down framework.
Input : tree T
Data : node array Pred
bottom-up(node ν) begin
foreach incident edge e = {ν, µ} of ν do
if µ 6= Pred(ν) then
Pred(µ) ← ν;
bottom-up(µ);
post-order-action(ν, µ, e);
end
top-down(node ν) begin
foreach incident edge e = {ν, µ} of ν do
if µ 6= Pred(ν) then
pre-order-action(ν, µ, e);
top-down(µ);
end
begin
choose a node r of T ;
Pred(r) ← r;
bottom up(r);
top down(r);
end
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Algorithm 5: Finding the rootable nodes.
Input : boolean node array outer-face
Output: boolean node array rootable initialized to false
Data : boolean node array one initialized to false
post-order-action(node ν, node µ, edge e) begin
if µ is a leaf and outer-face(µ) then
rootable(ν) ← true;
one(ν) ← true;
else
rootable(ν) ← rootable(ν) ∨ (one(ν) ∧ one(µ));
one(ν) ← one(ν) ∨ one(µ);
end
pre-order-action(node ν, node µ, edge e) begin
rootable(µ) ← rootable(µ) ∨ (one(µ) ∧ rootable(ν));
end
The idea of the algorithm is as follows. The node array Pred represents
the predecessor of each node or leaf in the rooted tree (T, r). The outer
face fo of G is represented by the boolean node array outer-face, i.e.
outer-face(v) is true if and only if v is a vertex of G – and hence a leaf of
T – that is incident to the outer face. In a first step the algorithm proceeds
from the leaves to the root r of T . It sets one(ν) to true if Vr (ν) contains
at least one vertex that is incident to fo . There are two cases in which
rootable(ν) is set to true: if ν is adjacent to a vertex of G that is incident
to fo or if ν has at least two children µ1 , µ2 in (T, r) such that Vr (µ1 ) as
well as Vr (µ2 ) contain vertices that are incident to fo . In a second step, the
algorithm proceeds from the root r to the leaves of T . It sets rootable(µ)
to true, if both, Vr (µ) and V \ Vr (µ), contain vertices that are incident to fo .
In the end, the rootable nodes are exactly the nodes for which rootable is
true.
Suppose now (G, ϕ) is a cactus model for a fair set C of minimal cuts of
G and that T = T (G, ϕ). For the construction of a planar cactus-clustered
drawing out of a c-planar drawing of (G, T, r) as described in Section 4.3.2, we
had to suppose that the root is not a cycle-replacement node. The following
observation shows that this assumption does not effect the rootable nodes
considerably.
Remark 5.1.6
The set of rootable nodes contains not only cycle-replacement nodes.
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Proof: By Lemma 5.1.4, a cycle-replacement node ν is rootable, if at least
two connected components of T − ν contain nodes that are incident to the
outer face of G. Let ν1 , ν2 be two nodes that are adjacent to ν and that are
contained in such components. Then ν1 and ν2 also fulfill the condition in
Lemma 5.1.4 and are thus rootable.
Since the nodes that are adjacent to cycle-replacement nodes are not
cycle-replacement nodes themselves, the statement of the remark follows. 2
There are several options for choosing a good root. E.g. choosing the root
r such that |Vr (ν)| ≤ |V |/2 for every node ν 6= r of T has the advantage that
the most balanced cut in C, i.e. the cut {S, S} ∈ C such that ||S| − |S|| is
minimal, is seen on the top level. Another possibility is to take the center of
the tree, i.e. to minimize the height.
In either case, the choice of a “good” root can easily be combined with
the restriction of rootable nodes. Let the imbalancedness of a node r of T
be defined by
imb(r) =

min

{ν,r}∈E(T )

| |Vr (ν)| − |V \ Vr (ν)| | .

Our objective is to find either a node with least imbalancedness or eccentricity among all rootable nodes. Let β(T ) be a node of T such that
|Vβ(T ) (ν)| ≤ |V |/2 for every node ν 6= r of T . First, observe that on a path
between β(T ) and a leaf of T the imbalancedness is non-decreasing.
Lemma 5.1.7
Let β(T ) = ν0 , ν1 . . . , ν` be a path of nodes in T . Then
imb(νi ) ≥ imb(νi−1 ) for i = 1, . . . , `.
Proof: Let {µ, νi }, µ 6= νi−1 be an edge of T . Then Vνi (µ) = Vβ(T ) (µ) ⊆
Vβ(T ) (νi ) = Vνi−1 (νi ) and hence
| |Vνi (µ)| − |V \ Vνi (µ)| | =
=
≥
=
=
=

| |V | − 2|Vβ(T ) (µ)| |
|V | − 2|Vβ(T ) (µ)|
|V | − 2|Vβ(T ) (νi )|
| |V | − 2|Vβ(T ) (νi )| |
| |V | − 2|Vνi−1 (νi )| |
| |Vνi (νi−1 )| − |V \ Vνi (νi−1 )| |

Thus, imb(νi ) = | |Vνi (νi−1 )|−|V \Vνi (νi−1 )| | = | |Vνi−1 (νi )|−|V \Vνi−1 (νi )| | ≥
imb(νi−1 ).
2
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Figure 5.3: Drawing minimal cuts that involve the outer face by simple curves
with end points in the outer face.
For the eccentricity the same property holds, i.e. on a path between the center
and a leaf of T the eccentricity is non-decreasing. Hence, a node with least
imbalancedness (or eccentricity) among all rootable nodes is the first rootable
node on the path between β(T ) (or the center of T ) and any rootable node
in T .
Both, β(T ) and the center of T can be computed in linear time using the
bottom-up top-down approach. Hence, in both cases a best rootable node
can be found in linear time.

5.2

The Outer Face

When drawing by hand such cuts into a graph that contain cut edges that
are incident to the outer face, we often don’t do this by a cycle, but by a
simple curve with both ends in the outer face. Such a drawing is indicated in
Fig. 5.3. Here each cut is either drawn by a simple closed curve or by a simple
curve between two points in the outer face. Since such drawings seem to be
very natural, it is interesting to explore whether a connected hierarchically
clustered graph has a c-planar embedding in which all clusters share a common face and if so, to find such an embedding. As a first step, we consider
in this thesis only inclusion trees that were constructed from the cactus of
all minimum cuts of an unweighted planar graph of edge-connectivity other
than 4.
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Let (G, T ) be a completely connected hierarchically clustered graph. We
say that a cluster S is incident to a face f in a planar embedding E of G,
if set E(S, S) contains an edge that is incident to f . Two clusters share
a face f of the embedding E, if they are both incident to f . Let r be a
node of T . A plane embedding E of G is called an outer embedding of
the hierarchically clustered graph (G, T, r), if on one hand, r is rootable with
respect to E and on the other hand all clusters share the outer face.
Before we consider the problem of deciding whether the special hierarchically clustered graphs mentioned above have an outer embedding, we first
observe that this property does not depend on the special choice of the root.
Lemma 5.2.1
If ν and µ are two nodes of T , then E is an outer embedding of (G, T, ν) if
and only if E is an outer embedding of (G, T, µ).
Proof: If E is an outer embedding of (G, T, ν), cluster Vν (µ) is incident
to the outer face. Thus, E(Vν (µ), Vν (µ)) contains an edge that is incident
to the outer face and hence both, Vν (µ) and Vν (µ), contain a vertex that is
incident to the outer face. Thus, two components of T − ν contain a vertex
that is incident to the outer face and hence, by Lemma 5.1.4, µ is rootable.
The cuts induced by the clusters remain the same and hence all clusters
are incident to the outer face. Thus, E is an outer embedding of (G, T, µ). 2
Thus, a plane embedding is an outer embedding of a completely connected
hierarchically clustered graph if and only if all clusters share the outer face.
If T has only two nodes r and ν, choosing any of the faces that is incident
to Vr (ν) as the outer face in any planar embedding of G yields an outer
embedding of (G, T, r). Thus, in what follows, we suppose that T has more
than two nodes. We fix a root r of T that is adjacent to at least two other
nodes of T . We call a cluster V (ν) minimal , if it contains no other cluster,
i.e. if the descendents of ν in (T, r) are all leaves.
Lemma 5.2.2
There exists an outer embedding of (G, T, r) if and only if there exists a planar
embedding of G in which the inclusion minimal clusters share a common face.
Proof: First note that by the precondition on the neighbors of r for any
cluster S 6= V there exists at least one cluster S 0 with S ∩ S 0 = ∅. Suppose
now that the minimal clusters share a common face, say f . Let ν be an
arbitrary node of T (G). Let V (ν 0 ) be a cluster that is disjoint to V (ν) and
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let V (µ) ⊆ V (ν) and V (µ0 ) ⊆ V (ν 0 ) be minimal clusters. By our assumption, µ and µ0 share a common face f . Thus, there exists a path p on the
boundary of f between V (µ) and V (µ0 ). Since V (ν) contains V (µ) but is
disjoint to V (µ0 ), set E(V (ν), V (ν)) contains an edge of any path between
V (µ) and V (µ0 ) and so it contains an edge of p. Thus V (ν) is incident to f . 2
Throughout the remainder of this section, let G be an unweighted planar
graph and let T = T (G) be the inclusion tree constructed from the cactus
of all minimum cuts of G. We say that G has an outer embedding if
(G, T (G), r) has an outer embedding.
Recall that, as a consequence of Euler’s Formula and the Handshaking
Lemma, the edge-connectivity of G is at most 5. For planar graphs with
edge-connectivity 5, a similar argument yields even more information about
the minimum cuts.
Lemma 5.2.3
The minimal clusters of (G, T (G), r) have size one, if G has edge-connectivity 5.
Proof: Let S be a minimal cluster of (G, T (G), r). Suppose n0 := |S| > 1.
Let n0i denote the number of vertices of degree i in G(S). Since G(S) is
planar, Equation 2.2 yields
X
X
(6 − i)n0i ≥
(i − 6)n0i + 12 ≥ 12
(5.1)
i≤5

i≥7

for n0 ≥ 3. If n0 = 2 then the connected graph G(S) contains two vertices of
degree 1 and hence it holds that
X
(6 − i)n0i = 10
(5.2)
i≤5

On the other hand, since G has edge-connectivity 5 and S is minimal, S does
not contain any vertex v with degG (v) ≤ 5. Thus any vertex v ∈ S with
degG(S) (v) ≤ 5 has to be incident to at least 6 − degG(S) (v) edges in E(S, S).
Thus we have
X
5 = |E(S, S)| ≥
(6 − i)n0i .
(5.3)
i≤5

Equations 5.1, 5.2 and 5.3 yield 5 ≥ 10 and thus a contradiction.

2

We now construct a new graph from G. First, we shrink every minimal
cluster S to a single vertex vS . We call the thus constructed graph Gshrunk .
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a)
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b)

c)

Figure 5.4: a) A planar unweighted graph G of edge-connectivity 4. A shaded
triangle denotes a icosahedron graph. b) Graph Gouter constructed from G.
c) G has no planar embedding such that the two cuts indicated by solid
closed curves in (a) share a common face.
Second, we add a new vertex vouter and for each minimal cluster S a new edge
{vS , vouter } to Gshrunk . For the thus constructed graph Gouter we can prove
the following lemma.
Lemma 5.2.4
An unweighted connected planar graph G of edge-connectivity other than 4
has an outer embedding if and only if Gouter is planar.
Proof:
“⇒”: Suppose, an outer embedding E is given. We now add vouter in the
outer face. Since E is an outer embedding, for each cluster S there is
an edge e that is incident to S and the outer face. Thus, S contains
a vertex that is incident to the outer face which can be connected to
vouter without violating planarity. By Theorem 2.4.1, all edges that are
incident to a cluster S are contained in the outer face of G(S). Thus
shrinking a cluster preserves planarity.
“⇐”: In a planar embedding E 0 of Gouter we take the face of Gshrunk , in which
vouter was embedded as the outer face. Finally, for each minimal cluster
S, we insert G(S) for vS .
The last step in this procedure works. By Lemma 5.2.3, there is nothing to do if G has edge-connectivity 5. By Corollary 4.2.4 and Theorem 2.4.1, G(S) can be embedded such that the vertices of S that are
incident to the edges in E(S, S) are incident to the outer face of G(S).
If G has edge-connectivity lower than 4, there are at most three edges
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in E(S, S) and thus the embedding E 0 does not prescribe a special order
on E(S, S).
Now, the minimal clusters share the outer face. Thus, by Lemma 5.2.2
all clusters share the outer face.
2

The above described construction immediately yield the following corollary.
Corollary 5.2.5
It can be tested in linear time, whether an unweighted graph of edge-connectivity other than 4 has an outer embedding.
Unfortunately, Lemma 5.2.4 is not true, if G has edge-connectivity 4. See
Fig. 5.4 for an example. As indicated in Fig. 5.4b, graph Gouter constructed
from graph G in Fig. 5.4a is planar, but G has no planar embedding such that
the two cuts indicated by solid closed curves in Fig. 5.4a share a common
face. Else it would be possible to add a vertex that is adjacent to a vertex of
each of the two parts inside the solid curves. But then the thus constructed
graph would contain a subdivision of a K3,3 . (The parts of the K3,3 are
indicated in Fig. 5.4c by squares on one side and rhombus on the other side.)
The reason for this is that the order of the adjacent edges to the cluster S
inside the dashed closed curve is different from the order of the corresponding
edges around vS in Gouter .

Chapter 6
Planarity of the 2-Level Cactus
The description of the 2-level cactus in Sect. 2.5.2 shows that in case of odd
edge-connectivity λ > 3 the set of all λ-cuts plus the set of all essential λ + 1
cuts of an integrally weighted graph G can be modeled by a cactus – the 2level cactus G. Moreover, Lemma 2.5.9 guarantees that no edge of G crosses
a cycle of G. Thus, the above described subset of the set of minimum and
minimum+1 cuts is fair and hence has a drawing. It has a planar drawing if
and only if G is planar.
But the whole set of all minimum and minimum + 1
cuts of an integrally weighted graph does not necessarily
have a drawing. For example, let the dashed edges in the
graph on the right have weight 1 and the solid edges weight
2. In this case λ = 2 and there is no drawing for the set
of cuts of weight 2 or 3. Instead, we want to examine whether the 2-level
cactus can be nicely visualized without edge crossings.
This chapter is organized as follows. In Sect. 6.1, we give a sufficient
planarity criterion in terms of projection paths over a spanning subtree of
a graph. Using this criterion, we show in Sect. 6.2, that in case of odd
edge-connectivity, the extended 2-level cactus is planar if λ > 5. Planarity
of the 2-level cactus for any even edge-connectivity λ ≥ 4 can directly be
concluded from Corollary 2.3.3, i.e., the corollary to MacLane’s planarity
criterion. Finally, in Sect. 6.3, we discuss some remarks on how we would
like the faces of a planar embedding.

6.1

Planarity of Trees With Additional Edges

Corollary 2.3.3 is a sufficient planarity criterion in terms of projection paths
over a spanning subtree of a graph. The following lemma gives a sufficient
87
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No K3,3
Case: v is not a node
Case: v is a node

Figure 6.1: Illustration of the proof of Lemma 6.1.1. Rectangularly shaped
vertices are nodes.
planarity criterion of the same type, but under somewhat weaker conditions.

Lemma 6.1.1
A graph G is planar if there is a spanning tree T of G such that for any edge
e = {v, w} in T , the number of projection paths that contain e and one more
edge in T incident to v is at most two.
˙
Proof: Let G = (V, B ∪S)
be a connected graph such that T = (V, B)
is a spanning tree of G that fulfills the condition of the lemma. We use
Kuratowski’s Theorem.

G does not contain a K5 : Suppose G contains a subdivision of a K5 as a
subgraph. We call the five vertices of this K5 nodes. Let T 0 be the smallest
subtree of T that contains all nodes of the K5 . Let v be a leaf of T 0 . Then, v
is a node. Let e = {v, w} be the edge incident to v in T 0 . At most one of the
four subdivision paths of the K5 that connect v to the other nodes can contain
vertex w. This situation is illustrated in Fig. 6.1 (left). Thus, there are at
least three subdivision paths that (i) connect the two connected components
T1 and T2 of T − {e} and that (ii) do not contain w. Such a subdivision
path contains at least one edge s ∈ S with one end vertex in T1 and one
end vertex in T2 . The projection path of s contains e and one more edge
incident to w. Hence, there are at least three projection paths containing e
and another edge incident to w. This contradicts the precondition.
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G does not contain a K3,3 : Suppose G contains a subdivision of a K3,3 .
We call the six vertices of this K3,3 nodes. We distinguish the two parts of
the K3,3 as white nodes and black nodes. Let T 0 be the smallest subtree of
T that contains all nodes of the K3,3 . Let v be a vertex that has maximum
degree in T 0 .
Let us first consider the case that degT 0 (v) ≥ 3 and v is not a node as
illustrated in Fig. 6.1 (middle). At most one subdivision path can contain v.
So, there is at least one connected component T10 of T 0 − {v} that contains
none of the end nodes of such a subdivision path. Let e be the edge that
connects T10 to v in T 0 . Each subdivision path incident to a node in T10 and
a node that is not in T10 must contain an edge from S whose projection path
contains e and another edge incident to v. If T10 contains b black nodes
and w white nodes, there are b(3 − w) + w(3 − b) such paths. Since we
have 1 ≤ b + w ≤ 4, there are at least 3 such paths. This contradicts the
precondition.
Now consider the case that degT 0 (v) ≥ 3 and v is a node – say a black
node as illustrated in Fig. 6.1 (right). Let T10 be a connected component
of T 0 − {v} that contains at least one black node. Let e be the edge that
connects T10 to v in T 0 . If T10 contains b black nodes and w white nodes, there
are b(3 − w) + w(3 − b − 1) subdivision paths between nodes in T10 and nodes
not in T10 + {v}. Since we have 1 ≤ b + w ≤ 3, there are at least 3 such paths
and thus at least 3 projection paths containing e and another edge incident
to v – a contradiction.
If degT 0 (v) = 2, tree T 0 is a path. Without loss of generality, we can
assume that v is the third node in the path. Then, we can use the same
argumentation as in the previous case.
2

6.2

Planarity of the 2-Level Cactus

Let G be a graph with integer edge weight function ω and edge-connectivity
λ. We examine for which edge-connectivity the (extended) 2-level cactus
introduced in Sect. 2.5.2 is planar.
Odd edge-connectivity. In Sect. 6.1, we have shown that a tree with
additional edges, such that the projection paths fulfill the properties of
Lemma 2.5.8 is planar. We cannot apply Item 2 of Lemma 2.5.8 for λ = 3
and, it turns out that in this case the extended 2-level cactus is not planar in
general. For example (see Fig. 6.2a,b), if we take G = K4 , then the extended
2-level cactus is K5 .
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a)

b)

c)

d)

Figure 6.2: Example of planar graphs of a) edge-connectivity 3 and c) edgeconnectivity 5, and their non-planar extended 2-level cacti b) and d). Edgeweights are indicated by multiple edges. ϕ is represented by the location
of the vertices and nodes. In the extended 2-level cacti, white nodes are
empty nodes, black edges are tree-edges, dashed edges represent the generating paths, and double edges are those of the implanted local model.
In case of λ ≥ 5, the tree T bas of all basic minimum and minimum+1 cuts
extended by the auxiliary edges is planar, by Lemma 2.5.8. However, when
λ = 5, implanting the local model might destroy planarity. An example is
shown in Fig. 6.2c,d. The extended 2-level cactus in Fig. 6.2d contains a
subdivision of a K5 with the 5 white nodes as nodes of the K5 .
To show that for λ ≥ 7, implanting the local models preserves planarity,
we will use the following trick. First, we will consider all cycles of the 2level cactus G and modify them in the extended 2-level cactus G + . Then, we
show that Lemma 6.1.1 can be applied to the thus modified extended 2-level
cactus. Second, we will restore the original extended 2-level cactus G + , and
show that planarity is preserved. Applying Lemma 2.5.9 and Lemma 2.5.7,
we can show the following lemma for the edges of a local model.
Lemma 6.2.1
1. A projection path contains at most one edge of each cycle.
2. Let λ ≥ 5. Each cycle-edge is contained in at most one projection path.
3. Let λ ≥ 7. Each tree-edge of an implanted local model is contained in
at most two projection paths.
Proof:
1. Let p be a projection path containing the edges {ν1 , ν2 }, . . . , {ν`−1 , ν` }
of a cycle c = ν1 , . . . , νk . Suppose p contains more than one edge of c.
By definition, p takes the shortest path on c. It follows that k > `. Let
V1 , V2 , V` , and Vk be the subsets of V that are mapped on the connected
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2.

Figure 6.3: Illustration of the proof of Lemma 6.2.1 Items 1 and 2.
components of G − {{ν1 , ν2 }, {ν`−1 , ν` }, {ν` , ν`+1 }, {νk , ν1 }} such that a
vertex of Vi is mapped on νi . See Fig. 6.3 for illustration.Then, the
two cuts that are induced by V1 ∪ V2 and by V2 ∪ V` , respectively, are
crossing (λ + 1)-cuts. By Lemma 2.5.9, there are no edges between V1
and V` . On the other hand, let e1 and er be the two edges of T bas such
that p is the set of edges of the path in G + between e1 and er . By
Lemma 2.5.7 applied to e1 and er , it holds that ω(V1 , V` ) ≥ λ−1
> 0, a
2
contradiction.
2. Let c be the set of edges of a cycle in a local model Gν and let {ν1 , ν2 }
be an edge in c. For i = 1, 2, let Ni be the set of nodes in the connected
component of G − c that contains νi , and let Vi be the subset of V that
is mapped on Ni . Suppose edge {ν1 , ν2 } is contained in at least two
projection paths p1 and p2 . Let eji , i, j = 1, 2, be the edge on pi with
end nodes in Nj that was incident to ν in T bas before implanting Gν .
By Lemma 2.5.8 Item 1, we know that e11 6= e12 or e21 6= e22 , so we may
assume e21 6= e22 . Let νp1 and νp2 be the end-nodes of p1 and p2 in N2 .
For i = 1, 2, let ei ∈ pi be the edge incident to νpi , and let Vp1 and Vp2
be the subsets of V2 that are mapped on the connected components of
G − {e1 , e2 } that contain νpi . See Fig. 6.3 for illustration. Then, by
Lemma 2.5.7 it holds that ω(V1 , Vpi ) ≥ λ−1
, i = 1, 2 and thus
2
ω(V1 , V2 ) ≥ ω(V1 , Vp1 ) + ω(V1 , Vp2 ) ≥ λ − 1.
On the other hand, by Lemma 2.5.9, ω(V1 , V2 ) =
the precondition that λ ≥ 5.

λ+1
,
2

contradicting

3. Let e be a tree-edge of a local model, and let  be the number of projection paths containing e. Let V1 and V2 be the sets that are mapped
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a) i.

ii.

b)

Figure 6.4: a) Modification of the cycles in the local model i. in case not
all and ii. in case all cycle edges are contained in a projection path, that is
indicated by a dashed curve. b) Illustration of the final proof of planarity in
the odd case.
on the connected components of G − e. With the same argumentation
as in Item 2, each projection path that contains e, contributes a set
of edges between V1 and V2 with a total weight of at least λ−1
. Since
2
λ−1
{V1 , V2 } is a (λ + 1)-cut,  must fulfill the inequality  · 2 ≤ λ + 1.
For λ ≥ 7, it follows  < 3.
2
Let us consider the following modifications on the cycles. Let c be a cycle.
If c contains edges that are not contained in a projection path, we choose
one of these edges and declare it to be an auxiliary edge. If each edge of c
is contained in a projection path, we replace c by a star. That means, we
delete all edges of c, add an additional node νc to G + and connect all nodes
of c to νc . See Fig. 6.4a for illustration. We call the so modified graph G 0 .
Let S be the set of auxiliary edges of G + . We denote by S 0 ⊇ S the set of all
auxiliary edges of G 0 and by T 0 the spanning tree of G 0 that is induced by the
edges that are not in S 0 . The only case that e is contained in the projection
path of an edge in S 0 \ S is if e is a cycle-edge of a local model. Thus, by the
above lemma and by Lemma 2.5.8, G 0 with its spanning tree T 0 fulfills the
condition of Lemma 6.1.1. Hence, G 0 is planar.
It remains to show that we can restore the deleted cycle-edges into G 0
without producing edge crossings. Let c be the set of edges of a cycle of G
that we have replaced by a star. Let {ν, µ} be an edge of c. We will show, that
in any planar embedding of G 0 , edges {ν, νc } and {µ, νc } are neighboring in
the cyclic order around νc . Suppose not: then ν and µ divide the adjacency
list of νc into two non-empty parts U and W . As the graph induced by
c − {ν, µ} is connected, there is an edge {σ, τ } in c with σ ∈ U and τ ∈ W .
Let p be the projection path that contains edge {ν, µ}. Let ep ∈ S be the
auxiliary edge that represents p and let p0 be the projection path of ep in G 0 .
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Similarly, let q be the projection path that contains edge {σ, τ }, let eq be the
corresponding edge in S and q 0 the corresponding path in G 0 . Then, on one
hand, the two cycles induced by the edge sets cp = p0 ∪ ep and cq = q 0 ∪ eq
are disjoint except νc : If not, the graph that is induced by cp ∪ cq has at least
four faces and thus, the graph induced by p0 ∪ q 0 , which is a subgraph of tree
T 0 , would contain a cycle. But on the other hand, there is an edge of cq in
the inner part of cp and an edge of cq in the outer part of cp , contradicting
the planarity of G 0 . See Fig. 6.4b for illustration.
Even edge-connectivity. The corollary to MacLane’s planarity criterion
shows that a tree with additional edges, such that the projection paths fulfill
the properties of Lemma 2.5.10 is planar. Thus, the local models are planar.
Because the local models are stuck together in a tree-structure, proceeding
from a leaf, we can open the halo nodes without losing planarity.
Connectivities One and Two. Finally, for completeness, we consider
the prototypes of the 2-level cactus. The cut model for the 1- and minimal 2cuts introduced by Galil and Italiano (1993)
is a cactus and thus, is planar. In the case
λ = 2, the cut model for all minimum and
minimum+1 cuts described by Dinitz (1993)
is constructed in a similar way as the 2-level
cactus in the even case. In general, it is not planar. An example is a K4
with every edge broken into two by a new vertex. This graph and its nonplanar 2-level cactus is shown on the right. We summarize this section in the
following theorem.
Theorem 6.2.2
For an integrally weighted connected graph with edge-connectivity λ = 1 or
with even edge-connectivity λ ≥ 4 the 2-level cactus is planar, for odd edgeconnectivity λ ≥ 7 the extended 2-level cactus is planar, and for all other
connectivities there are examples of non-planar (extended) 2-level cacti.

6.3

Remarks About the Faces

For an extended planar 2-level cactus (the odd case), it would be nice if:
(a) the auxiliary edges are all on the same (outer) face and
(b) each cycle that is generated by an auxiliary edge and its projection
path is the boundary of a face.
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a)

b)

Figure 6.5: a) A graph of odd edge-connectivity λ = 7 and its 2-level cactus
G. There is no planar embedding of G such that all dashed auxiliary edges
are incident to the same face. b) A graph of even edge-connectivity λ = 4
and its 2-level cactus G. All non-grey nodes belong to a single local model
Gν . There is no planar embedding of Gν such that its halo nodes (the white
nodes) are incident to the same face. In all cases, edge weights are indicated
by multiple edges. With an increasing number of vertices, both examples
can be extended to arbitrary odd or even edge-connectivity, respectively.

a)

b)

Figure 6.6: a) A graph of odd edge-connectivity λ > 3 and its 2-level cactus
G. Vertical edges have weight λ+1
, diagonal edges have weight λ−3
, and
2
2
horizontal edges have weight one each. There is no embedding of G with the
property that, for every cycle c that is generated by a dashed edge and its
projection path, there is a face f such that c is part of the boundary of f . b)
Splitting the edge that is contained in more than 2 generating paths achieves
this property.
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In this case, G is completely contained inside a planar drawing of G + , and
the projection path that corresponds to an auxiliary edge can be discovered
more easily. Moreover, the interior of each cycle of a local model will then
be empty. In the even case we wish that:
(a) the halo nodes of any local model Gν are all on the same (outer) face
of Gν .
In this case, the tree structure of T bas can be better recognized in a planar
drawing of G.
Unfortunately, there are examples (see Fig. 6.5 and Fig. 6.6a) that show
that the above mentioned properties of the (extended) planar 2-level cactus are not true in general. However, it follows from Mac Lane’s planarity
criterion that in the even case, Property (a) is true for the 2-connected components of the local models. In the odd case, by subdividing each edge of
T bas that is contained in more than two projection paths as illustrated in
Fig. 6.6b, the extended 2-level cactus G + can be modified in such a way that
the result is still a linear sized model for the minimum and minimum + 1 cuts
of G, but fulfills the conditions of Corollary 2.3.3 and hence, by MacLane’s
planarity criterion, has a planar embedding such that
(b’) for each auxiliary edge e, the cycle on the edge set e ∪ pe is a part of
the boundary of some face f .
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Chapter 7
Conclusion
We first showed how to test in linear time, whether a generalization of bipartitions has a planar LSL-drawing. We then considered drawings by vertical
lines for families of cuts that can be modeled by a path. Especially, we were
interested in the set M(G) of minimum cuts of an integrally weighted graph
G. We showed that a drawing of M(G) by vertical lines in a planar drawing
of the quotient graph modulo M(G) can only be guaranteed if λ ≤ 4.
We gave a general definition for drawing families of cuts that visualizes
both, the partitions of the vertex set and the sets of cut edges. We then
focused on the special case of fair sets of cuts, i.e. sets of cuts that have a
cactus model such that no edge of the graph crosses a cycle of the cactus.
Utilizing c-planar drawings of hierarchically clustered graphs, we constructed
an auxiliary graph to obtain a drawing for a fair set of cuts. The approach can
be used with any embedding-preserving algorithm, but has especially been
demonstrated to work for bend-minimum orthogonal drawings. We showed
that
• any fair set of cuts has a QOGRC-drawing and
• a fair set of minimal cuts of a planar graph has a planar QOGRCdrawing.
Finally, using the fact that
• only a set of cuts that can be modeled by a cactus has a QOGRCdrawing,
we completely characterized families of cuts that have a QOGRC-drawing.
Examples of fair sets of minimal cuts are, e.g., the set of all minimum
cuts of a weighted connected graph, the set of all minimum s-t-cuts that
are modeled by the Gomory-Hu tree, or a significant subset of the set of
97
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all minimum and minimum+1 cuts of a connected integrally weighted graph
with odd edge-connectivity.
We showed that in general the set of all minimum and minimum+1 cuts of
an integrally weighted graph does not have a drawing. Instead, we were able
to prove that the (extended) 2-level cactus of an integrally weighted graph
with edge-connectivity λ > 5 is planar. Thus, at least the corresponding
partitions of the vertex set can be visualized in a planar drawing of the
(extended) 2-level cactus.
Concerning drawings for fair families of cuts of a graph with maximum
degree 4, there are still some interesting questions.
1. What is a sharp asymptotic bound for the number of bends in a planar
OGRC-drawing?
2. What is a sharp asymptotic bound for the area requirement of a planar
OGRC-drawing?
3. How can the running time for constructing an OGRC-drawing be improved?
4. Suppose, we want a drawing of a set of cuts that includes a planar
straight-line drawing of the graph. What can be guaranteed for the
drawings of the cuts? Can they still be drawn as rectangles, or at least
as convex curves? And how can such drawings be constructed?
For drawings of non-crossing sets of cuts, answers to these questions can
be concluded from results on c-planar hierarchically clustered graphs. A cplanar OGRC-drawing can be computed in linear time. In the worst case
there are θ(n) bends in a bend-minimum c-planar OGRC-drawing and hence
the area requirement is in θ(n2 ) (Eades et al., 1999). A c-planar straightline drawing with convex cluster boundaries can be computed in linear time
(Eades et al., 1998). For drawings of general fair sets of cuts, the four questions are left open.
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Benczúr, A. A. (1995). A representation of cuts within 6/5 times the edge
connectivity with applications. In Proceedings of the 36th Annual Symposium on Foundations of Computer Science (FOCS ’95), pages 92–103.
IEEE Computer Society Press. 5
Biedl, T. C. (1998). Drawing planar partitions I: LL-drawings and LHdrawings. In Proceedings of the 14th Annual ACM Symposium on Computational Geometry (SCG ’98), pages 287–296. 29
Biedl, T. C. and Kant, G. (1998). A better heuristic for orthogonal graph
drawings. Computational Geometry, 9(3):159–180. 14
Biedl, T. C., Kaufmann, M., and Mutzel, P. (1998). Drawing planar partitions II: HH-drawings. In Hromkovic, J., editor, Graph Theoretic Concepts
in Computer Science, 24th International Workshop, (WG ’98), volume
1517 of Lecture Notes in Computer Science, pages 124–136. Springer. 29
Brandes, U. (2001). Drawing on physical anologies. In Kaufmann and Wagner
(2001), pages 71–86. 2
Brandes, U. (2002). Methoden der Netzwerkanalyse. Vorlesungsskript, Universität Konstanz, Fachberich Informatik und Informationswissenschaft.
79
Brandes, U., Cornelsen, S., and Wagner, D. (2001). How to draw the minimum cuts of a planar graph. In Marks (2001), pages 103–114. 7
99

100

BIBLIOGRAPHY

Cornelsen, S., Dinitz, Y., and Wagner, D. (2001). Planarity of the 2-level
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strict single line, 39
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two-lined, 39
two-lined biconnected, 39
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graph, 10
hierarchically clustered, 18
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corner
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graph-edge – cactus-cycle, 22
cut, 10
basic, 24
corner, 10
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cut-vertex, 10
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bipartite, 10
bipartition, 10
block modeling, 11
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drawable, 71
drawing
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near orthogonal, 13
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quasi orthogonal, 12
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terminal, 31
Theorem
of Kuratowski, 16
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extended, 26
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vertex, 9
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weight
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∪,
#, 33

G, graph, 9
G(E 0 ), 9
G∗ , dual, 16
G∗e , extended dual, 16
G + , extended 2-level cactus, 26
G − E 0, 9
G − V 0, 9
GD , auxiliary graph, 49
GD , planarization, 15
G/C, quotient graph, 11
G/∼ , quotient graph, 11
Gouter , 85
GP , 64
GP , S-path component, 31
(G, ϕ), 20
(G, ϕ, F), graph model, 20
G(S), 9
Gshrunk , 84
(G, T ), hier. clustered graph, 18, 51
(G, T, r), hier. clustered graph, 17
(Gν , ϕν , Fν ), local model, 23

β(T ), 81
C, set of cuts, 11
C bas , basic cuts, 24
C glb , global cuts, 24
C` , cycle, 10
C loc , local cuts, 24
Celoc , 24
Cνloc , 24
Cnc , set of non-crossing cuts, 49
Cν , 23
D, drawing, 12
degG (v), degree, 9
∂D(v), 12
δvw , 33
DG , 46
dG (v, w), distance, 10
D(H), 46

h, height, 55
H + e, 16

E, set of edges, 9
E, plane embedding, 75
E(G), set of edges, 9
EG , cycle space, 16
ep , auxiliary edge, 26
E(S), 9
E(S, T ), 9
η, 33

imb(r), imbalancedness, 81
Km,n complete bipartite graph, 10
Kn , complete graph, 9
e 39
L,
λ(G), edge connectivity, 11

(f1 , f2 )e , dual arc, 13
fo , outer face, 75

M(G) set of minimum cuts, 11
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N, naturals, 11
n, number of vertices, 46
N = (V ∪ F, A, u, c, b), flow network, 13
pe , projection path, 17
pe1 e2 , 24
ϕ−1 (F), 20
p+
i , 59
p−
i , 59
P` , path, 9
P(S), set of S-paths, 31

R, reals, 43
R+ , positive reals, 11
S, complement, 10
σvw , 33
S P , 31
{S, S}, cut, 10
S4T , 10
T , tree, 11
τ , 33
τv , 33
T bas , 24
T (G), 49
T (G, ϕ), 49
(T, r), rooted tree, 11
V , set of vertices, 9
V (G), set of vertices, 9
Vc , set of connection vertices, 39
νc , cycle-replacement node, 49
vei , 59
vouter , 85
Vr (ν), cluster, 18
vS , 84
Vν (ν 0 ), 23
ω : E → R+ , edge weight function,
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