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Transport in nanowires and colloidal systems as well as crystal growth are interesting research
areas, and by the support of NIC we have explored many interesting details by computer simulations. These simulations range from Brownian Dynamics (BD) over Molecular Dynamics (MD), to Monte Carlo (MC) simulations and rare event techniques, and to electronic and
phonon transport studies in metallic wires. Here we report on recent results.

1

Introduction

In the last years, our research on transport and structure formation in nanowires and
colloidal systems as well as on crystal growth has been supported by NIC in two projects
(CHMZ07 and TNCSCG) and has been done in the framework of the recently ended SFB
1214 with two projects (A4 and B4), the former SFBs 513, 767, TR6, and two DFGprojects on layer/lane formation in colloidal mixtures and in nanowire electromigration.
Several important results have been achieved for structural and transport properties of
nanowire systems1–12 , for structural and dynamical properties of colloidal systems14–26 ,
and for nucleation and crystal growth27 . Here we report on recent results obtained in the
projects CHMZ07 and TNCSCG. Details will be outlined in Sec. 2.

2
2.1

Scientific Work Accomplished and Results Obtained
Nanowires

In the last years, we have investigated the structural and transport properties of nanowires
by a combination of Molecular Dynamics-, Non-Equilibrium Greens Function-, TightBinding-, and Density Functional- methods, using the Landauer-Büttiker formalism1–12 .
Electronic conductance histograms have been computed for wires with Au particles1 ,
with Ag, Pt, Ni particles2 , and in Fe, Co, Ni systems3 . The thermopower of Ag, Au,
and Pt nanocontacts has been explored4 as well as the features of a current-driven
single-atom memory5 . At room temperature, shot noise variation has been studied in Au
atomic break junctions6 as well as the quantum thermopower of metallic contacts7 . The
orbital origin of the electrical conduction in ferromagnetic atomic-size contacts has been
investigated8 , and the quantised thermal transport in single-atom junctions9 . The thermal
conductance has been analysed further10 , as well as the electronic and phonic transport11
and electromigration phenomena12 .
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A) Stability, Electromigration, and Switching in Atomic Sized Contacts
The potential to construct electronic devices with functional building blocks of atomic size
is a major driving force of nanotechnology. In Ref. 12 we investigated the stability of gold,
copper, aluminium and lead, see Fig. 1, in direct comparison with experimental results. We
studied as well the contact evolution under electromigration. Extending our previous work
on the effect of current-induced forces on the onset of switching in metallic contacts12 , we
also approached the whole switching process. For this we used the unstable modes found
to connect locally stable atomic configurations (states of the switch)13 and investigated the
process in between with reaction path analysis. For this we repeatedly looked for new
stable configurations after moving the contacts along the runaway modes. This resulted in
a sampling of the phase space of stable contact configurations together with conductance
information in these states as well as a runaway voltage and direction of switching.
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Figure 1. Simulation results for the investigated systems. Shown in (a-f) are the transport and stability threshold
voltage results for an aluminium push contact. Subfigure (g) shows a simulated electromigration of a lead contact
exhibiting a switch in conductance. The last figure (h) shows statistics for the threshold voltages of simulated
copper contacts sorted into bins of different conductances, which has been compared with experimental data12 .
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B) Phononic Contribution to the Thermal Conductance in Nanostructures
Understanding and efficiently controlling heat transport through nanoscale devices is a major driving force of nanotechnology. Besides via electrons (being the major force in terms
of heat transport in metallic junctions), heat can also be transported via lattice vibrations,
i.e. the phonons, and (to some extent) radiative processes, i.e. photons. We therefore
extended our methods to include the phononic contribution to the thermal conductance in
atomic metallic junctions.
With a non-equilibrium molecular dynamics (NEMD) approach we were able to calculate the phononic thermal conductance of atomic-sized metallic junctions under stretching
alongside the electronic contribution computed via a tight-binding formalism to probe the
Wiedemann-Franz law on the atomistic scale with a high statistical significance11 .
We investigated the role of inelastic effects in the process of phononic thermal transport. We therefore calculated the thermal conductance in the phase-coherent regime using
the Landauer-Büttiker formalism33 . Since both the NEMD and the phase-coherent approach are using a classical Molecular Dynamics simulation we can directly compare those
two results. We did this comparison in a systematic study of atomistic gold chains varying
their lengths. In Fig. 2 the phononic thermal conductance as a function of temperature is
depicted for exemplarily chosen junction lengths. Also we show the absolute difference
between the coherent and incoherent calculation methods as a function of the chain length
in the bottom panel of Fig. 2.
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Figure 2. Phononic thermal conductance κph as a function of temperature. Compared are the results of the
NEMD (purple squares), our novel coherent method MD-LB (green circles) and a low-temperature approximation
MD-LB@4K (blue triangles). The results are presented for 5 different junction lengths exemplarily. In the bottom
panel the absolute difference between the three different transport descriptions are shown as a function of junction
length at 200 K33 .

Our results could show that incoherent effects like phonon-phonon scattering even appear at the atomistic scale of metallic junctions33 . Only for longer chains the transport can
be seen as fully phase coherent.
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2.2

Colloidal Systems

In the last years, we have investigated the structural and dynamical properties of colloidal systems by a combination of Monte Carlo-, Brownian Dynamics-, and Molecular Dynamics- simulations14–26 . We studied the layering reduction in colloidal systems
through microchannels in two dimensional14, 18 and three dimensional systems19 , phase
transitions in two dimensional colloids in external periodic fields15–17 , a non-monotonic
crossover from single-file to regular diffusion in micro-channels20 , and transport and diffusion properties of colloids in confinement and external fields21–23 , and with counterflow24 .
Recently, we investigated the single-file diffusion in a multilayered channel25 and the dynamic ordering of driven spherocylinders in a nonequilibrium suspension of small colloidal
spheres26 .
Dispersions of colloidal particles are the foundation of a significant percentage of materials and phenomena we witness constantly in our everyday life. Naturally, colloids are
actively researched in fields such as medicine, biology, technology and physics. From the
theoretical point of view, conventional Brownian Dynamics simulations are a simple yet
good approach to analyse simple colloid-based systems by approximating the corresponding Langevin-equations numerically. In our work, we employ this algorithm to analyse the
ordering phenomena and the formation of superstructures of colloidal model systems in
confined geometries.
In our many-body studies, the interaction of the particles are realised via simple pair
potentials like the Yukawa potential and the Weeks-Chandler-Andersen (WCA) potential45 .
To model the confinement in the particular systems, we use two distinct approaches: firstly,
a hard-core repulsion given by the numerical treatment of the Smoluchowski equation for
a single sphere in front of a wall46 or secondly, a soft-core repulsion based on the WCA
potential.
Originally, we focused our studies on spherical particles14–25 , but in recent years
we broadened our research to non-spherical particles like rod- and dumbbell-shaped
particles26, 28, 32, 49 . The following paragraphs will give a short overview of our current
projects in the research area of colloids.
A) Particles in a Linear Channel
Binary mixtures of spherical colloids with two different particle sizes were simulated in
a linear channel on a slope38 . The gravitational force leads to a difference in velocity of
the particle types which in turn can result in the formation of lanes. With a larger tilting
angle, the forces on the colloids increase, leading to a higher lane formation parameter Φ.
When plotting the Φ-value over the driving force (Fig. 3(a)) , a value of 0.5 corresponds
to an extrapolated critical force Fcrit which can describe the lane formation tendency of a
whole system. In Fig. 3(b) we can see that for low particle densities, Fcrit is stable over
the length of the periodic channel. For larger densities however, a clear increase can be
seen the longer the channel gets. (Additionally, for very long channels and high densities
we can see a jamming phase forming at lower forces.)
In Fig. 4(a) we can see that the channel width has almost no influence on the lane
formation properties of the system. Only in the very slim channels we can identify an influence which we assume to be occurring due of wall effects. In Fig. 4(a) we also analysed
the effect of the diameter ratio a of the two particle types. For a larger a the difference
in force gets larger as well, meaning lane formation occurs at lower Fsmall , the force on
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Figure 3. a) Order parameter Φlane over driving force F of the small colloids. The blue crosses represent
simulations at the given driving force and the orange line is a sigmoidal fit over the data points. b) Critical forces
Fcrit over the channel length for different densities.

the smaller particles. If we analyse this more closely by looking at the difference in forces
acting on the different particles, see Fig. 4(b), we can clearly see that there is barely any
influence of the diameter ratio on lane formation tendencies. There is one exception, however, being the smallest particle size difference with a diameter ratio of a = 1.4. Here, a
clear gap appears between those points and those of the larger particles.
In other studies, we investigated lane and band formation of oppositely driven colloidal
particles in two-dimensional ring geometries39 .

Figure 4. a) Critical force of the small particles Fsmall,crit over channel width for different diameter ratios a.
b) The same data but not the critical forces are plotted but rather the difference in force between the different
colloid types ∆Fcrit .

B) Diffusion of Anisotropic Colloids
Using bead-shell models and the HYDRO++ program37 which is based on the methods
described in Ref. 38, it is possible to calculate the microscopic single-particle diffusion
coefficients of complex anisotropic particles32 . Fig. 5 (left) depicts an example of a beadshell model for symmetric dumbbells used in Ref. 48.
In the calculations based on the bead-shell models, the surface of the colloids is represented by small spherical friction elements, which are called beads. These elements
interact with the surrounding liquid via Stokes friction and with each other via hydrodynamic interactions. The hydrodynamic interactions are approximated up to the third order
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Figure 5. Left: Bead-shell model of a symmetric dumbbell. The different colours are used to highlight the
transition between the two segments of the dumbbell48 . Right: Resulting diffusion coefficients of symmetric
dumbbells. The points are the data calculated with HYDRO++, the lines are the corresponding fits48 . For further
details see Ref. 32.

and no-slip boundary conditions are utilised. With this, we calculate the diffusion coefficients for different numbers and sizes of beads. Afterwards, we are able to extrapolate
to the limit of infinite beads with zero diameter using the values based on the different
shells. The calculations are repeated for different size parameters (for example the length
of rod-like particles) so that we are able to calculate empirical formulas for the diffusion
coefficients.
The points in Fig. 5 (right) depict the results of the calculations based on the bead-shell
models and the HYDRO++ program for symmetrical dumbbells with different aspect ratios
d
d
pd . The coefficients Dt,k
and Dt,⊥
model the diffusion parallel and perpendicular to the
orientation axis of the particle, and the constant Drd is the rotational diffusion coefficient.
The quantities with the index “s” are their corresponding counterparts for spheres. Using a
suitable fit, the calculated diffusion coefficients can be used to determine empirical formulas. The result of the fitting is depicted by the lines in Fig. 5 (right). A detailed discussion
of the resulting empiric formulas for dumbbells is given in Ref. 32.
Using the determined microscopic diffusion coefficients, it is possible to perform
Brownian dynamics simulations of multiple particles. In these simulations, it is possible to
determine dynamic properties like self-diffusion or long-time diffusion coefficients shaped
by particle interactions. For example, we recently studied these properties in monolayers
of rod-sphere mixtures in Ref. 32.
C) Structure Formation of Dumbbell-Shaped Colloids in Monolayers
In cooperation with the Wittemann group43 at the University of Konstanz, we study the
structure formation and the order of dumbbell-shaped colloids in monolayers generated
under geometrical confinement28 . In the experiments performed by the Wittemann group,
repulsive dumbbells with a width of approximately 170 nm and an aspect ratio of 1.55 are
compacted using the Langmuir-Blodgett method40, 47 . Using this technique, monolayers
with a high area fraction at the air/water interface are obtained. The structure and order in
these layers of colloids can be compared to two-dimensional Brownian dynamics simulations, afterwards.
In the corresponding simulations performed by us, the dumbbells are realised as rigid
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Figure 6. Comparison of experimental and numerical results regarding high density dumbbell monolayers. The
upper image shows experimental data of the Research Group of Alexander Wittemann, University Konstanz are
depicted. The lower image shows the results of our Brownian dynamics simulations. Corresponding Voronoi
tessellations are depicted next to the particular images. The orange coloured Voronoi cells indicate especially
ordered dumbbells. The curves on the right depict early results for the probability density of the Voronoi shape
factor p(ζ) for a given final area fraction φ of the monolayers. The experiments and the simulations show similar
qualitative progressions.

particles based on two overlapping spheres which can interact via a modified WCA potential28 . To model the Langmuir-Blodgett setup, soft wall boundary conditions with a
variable position are utilised. By reducing the distance between the walls, high density
dumbbell monolayers are created which can then be compared to the experimental layers.
Using Voronoi tessellations and quantities like the Voronoi shape factor42 (which
quantifies the nonsphericity of the particular Voronoi cells), we analyse the superstructure
of the monolayers under variation of the parameters of the Langmuir-Blodgett setup given
by the target surface pressure and the barrier speed. In the same way, the final area fraction
and the barrier speed is adjusted in the simulations. We find that higher target surface
pressures and lower barrier speeds lead to more ordered monolayers. The experiments and
the simulations are in good agreement, see Ref. 28 for a detailed discussion. An example
of early results for the shape factor probability density p(ζ) are depicted in Fig. 6.
D) Colloidal Rods with a Visual Perception
Active matter systems like self-propelled particles35 are an important and often discussed
topic in modern science. Using self-propelled particles as a minimum model, it is possible
to understand the fundamental dynamics of simple living organisms34 like bacteria. To understand more complex systems of living organisms, further effects and influences have to
be taken into account: In systems of living organisms, environmental stimuli like chemical
or optic signals modify the formations of groups and particle clusters41 . In our studies (see
Ref. 49) we introduce a simple model system of two-dimensional colloidal spherocylinders
which become self-propelled under visual stimuli triggered by their neighbouring particles.
With this minimum model of a colloid system with additional cognitive ability, we strive to
further the understanding of the formation and the dynamics of swarms or other collective
behaviour.
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The particles in our simulations interact via a Weeks-Chandler-Andersen potential. In
our model system, every particle is linked to a predefined field of view. A specific particle
moves according to active Brownian motion if there are enough other close particles inside
the corresponding field of view but diffuses normally otherwise. Fig. 7 (left side) shows
a schematic depiction of a particle with its cone of sight. In our most recent studies, we
use field of views with an infinite cone of sight radius rvmax → ∞ and a visual perception
function (based on Ref. 41) quantifying the visual stimulus.

Figure 7. Left: Sketch of a spherocylinder with its corresponding sight cone. Right: Average distance hri from
the centre of mass for different field of view angles α and particle lengths L. Only for specific parameters, hr(t)i
is constant and thus stable swarms are formed.

In our simulations, we place, for example, a small number of spherocylinders with an
infinite cone of sight characterised by an opening angle α in the centre of a large simulation
box. The length of this box is chosen large enough that the colloids are not able to reach
the boundaries of the simulation box during the simulations. By calculating the average
distance from the centre of mass hr(t)i, we analyse the stability of formed swarms for
different particle lengths L.
Fig. 7 (right side) depicts some resulting hr(t)i curves for different L and α. It can
be seen that only for specific parameter combinations, the average distance to the centre
of mass is constant and thus only for these parameters, stable swarms are formed. This
indicates that the length of the particle is crucial for the maximum field of view angle α for
which swarms are possible. A detailed discussion of this phenomena is given in Ref. 49.
2.3

Nucleation Phenomena and Crystal Growth

How do anisotropic particles grow? Where in the process of nucleation and growth does
anisotropy appear? Which factors steer the formation of certain shapes and morphologies?
In recent years exciting experimental studies have shed new light on the processes and
structures that occur during the early stages of mineralisation, and the traditional view that
had been dominated by classical nucleation theory and classical growth models was significantly expanded. New pathways and intermediates have been investigated27, 30 , for example (liquid-like, amorphous) prenucleation clusters and metastable amorphous precursors
that exist up to macroscopic length scales, requiring solid-solid phase transformations during mineralisation. In addition, interesting effects on the structure formation of nanocube
mesocrystals have been investigated by MD, in particular the effect of corner rounding31 .
In Ref. 27 we employed the well-tempered parallel-bias metadynamics algorithm to
study the stability of nanoparticles in a lattice gas for crystallisation from solution. The
model allows us to give a description for the transition from amorphous to crystalline

322

B

crystallization degree

1.0
0.8
E

0.6
0.4
0.2
0.0

D
C

1 2 3 4
coordination number

180
170
160
150
140
130
120
110
100
90

free energy

A

0
25
50
75
100
125
150
175
200

180.0
182.5
185.0
187.5
190.0
192.5
195.0

C

2.0

D

2.5

E

3.0

CD E
0

1
2
3
4
coordination number

5

Figure 8. Free energy surface of two-step nucleation (A,B), with example configurations (C-E). The solute particles form an amorphous (grey) cluster, which crystallises (blue) from the inside. [From Ref. 30 under Creative
Commons Attribution license]

nanoparticles by introducing parameters directly related to the surface tensions of the two
phases and also the differences of the entropy per particle in each phase. By examining the
parameter space, we find a critical cluster size of crystalline stability, whose temperature
and size dependencies follow the Gibbs-Thomson equation. An additional melting point
depression due to cluster surface fluctuations was observed, leading to a non-classical nucleation barrier of cluster growth. In Ref. 30 we analysed the impact of confinement on
two-step nucleation. The depletion effect prevents further growth of the amorphous state.
By crystallisation of the amorphous cluster additional binding energy get produced, which
then allows further growth. This effect should be also applicable to slow transport. In
Fig. 8 the free energy surface and example configurations are displayed.

3

Concluding Remarks

We have described a variety of computer simulation results for transport in nanowires
and colloidal system as well on crystal growth. The computer time granted by NIC was
essential to achieve these results.
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