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Abstract
In this thesis we consider different multiobjective optimization problems constrained by elliptic
PDEs. For such problems the computational effort can be challenging due to (1) the presence
of many objectives and the uncountableness of the Pareto set and due to (2) the presence of
PDE constraints, which make the objective function evaluation expensive. To overcome these
two challenges, we use two reduction techniques, which are (i) Hierarchical Multiobjective Optimization, which aims at a efficient description of the Pareto set, and (ii) Reduced Order
Modelling (ROM) techniques, to speed up the PDE solves. To be precise, we are using the Reduced Basis (RB) method as a tool for reduced order modelling in combination with hierarchical
variants of Continuation methods (CM) and Weighted sum methods (WSM) for the multiobjective optimization. Those variants aim at computing the boundary of the Pareto (critical)
set by considering subsets of the objective functions and are based on a theoretical description
of the hierarchical structure of the Pareto (critical) set. This has the advantage that objective
components can be neglected for the computation of certain Pareto critical points and that the
Pareto (critical) set is described completely by a smaller amount of points needed. In the case
of a strictly convex, quadratic, coercive objective we proof that the Pareto set is completely
described as the convex hull of the minimizers of the components and we apply this fact to a
special class of abstract multiobjective optimal control problems. Further, we consider how the
inexactness due to the RB approximation in the objective translates into an error in the Pareto
(critical) set. The hierarchical CM and the RB method are applied to a non-convex multiobjective parameter optimization problem and the RB method in combination with the WSM is
applied to a non-smooth multiobjective parameter-optimization problem with l1 -regularization.
Numerical tests confirm the benefit from the hierarchical optimization and the reduced basis
approach.

Zusammenfassung
In dieser Arbeit werden verschiedene multikriterielle Optimierungsprobleme mit elliptischen
PDEs als Nebenbedingung betrachtet. Für solche Probleme kann der rechnerische Aufwand
herausfordernd sein, da einerseits (1) viele Zielfunktionale präsent sind und die Paretomenge
eine überabzählbare Menge ist und da andererseits (2) mit den PDE Nebenbedingung umgegangen werden muss, welche die Zielfunktionsauswertungen aufwändig machen. Um diese beiden
Probleme zu bewältigen, werden zwei Reduktionstechniken verwendet. Zum einen verweden
wir (i) Hierarchische Multikriterielle Optimierung, die darauf abzielt die Paretomenge möglichst
effizient zu beschreiben und zum anderen wird (ii) Modellreduktion verwendet, um die Lösung
der PDE zu beschleunigen. Um genauer zu sein, werden Reduzierte Basis (RB) Methoden
für die Modellreduktion in Kombination mit hierarchischen Varianten der Continuation Methode (CM) und der gewichteten Summenmethode (WSM) für die multikriterielle Optimierung
verwendet. Diese Varianten zielen darauf ab den Rand der (kritischen) Paretomenge zu berechnen, indem Teilmengen der Zielfunktionskomponenten betrachtet werden und basieren auf einer
theoretischen Beschreibung der hierarchischen Struktur der kritischen Paretomenge. Das hat
den Vorteil, dass Zielfunktionskomponenten nicht betrachtet werden müssen, um bestimmte
Pareto (kritische) Punkte zu berechnen und dass die Paretomenge durch eine kleinere Anzahl
an Punkten vollständig beschrieben werden kann. Für den Fall einer strikt konvexen, koerziven
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und quadratischen Zielfunktion ist die Paretomenge beschrieben durch die konvexe Hülle der
Minimierer der einzelnen Zielfunktionskomponenten, was wir auf eine Klasse von abstrakten,
multikriteriellen Optimalsteuerungsproblemen anwenden werden. Weiter untersuchen wir, wie
sich die Inexaktheit der RB-Approximation in der Zielfunktion auf die (kritische) Paretomenge
auswirkt. Die hierarchische Continuation Methode und die RB Methode werden auf ein nichtkonvexes, multikriterielles Parameteroptimierungsproblem angewendet und die Wichtungsmethode in Kombination mit RB auf eine nicht-glattes, multikriterielles Parameteroptimierungsproblem mit l1 -Regularisierung. Die numerische Experimente verdeutlichen die Verbesserung der
Rechenzeit durch die hierarchische Optimierung und die RB Modellreduktion.
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1 Introduction
In this thesis we present techniques for the efficient solution of multiobjective optimization problems (MOPs) constrained by partial differential equations (PDEs). Why should one be interested
in the solution of such problems?
PDEs are modeling dynamical processes in various fields of research such as physics, engineering, economics, medicine and many more. As a result, one is highly interested in the solution
thereof. Unfortunately, in most cases it is not possible to obtain an explicit solution formula,
which is why one focusses on the numerical approximation of the PDE’s solution. Therefore, discretization techniques (such as the Finite Element (FE) or the Finite Difference (FD) method)
are needed to create a finite- but high-dimensional approximation of the PDE, which is posed
in infinite dimensional vector spaces. The numerical solution of the resulting high-dimensional
system is a computationally expensive task on its own.
In many applications one is not only interested in modeling the system described by the PDE,
but also in influencing or controlling the system’s solution by an input in a way, such that a
desired goal is met optimally. For example, one can be interested in optimizing several parameters modeling physical constants or source terms in the PDE model. In this way optimization
comes into play and one ends up with an optimization problem constrained by the underlying
PDE. For the corresponding optimization algorithms, the solution of the PDE needs to be evaluated repeatedly for many different inputs, which results in high computation times due to the
high-dimensionality of the PDE discretization.
Moreover, in most real-world applications not only one goal is of interest, but there are many
goals, that should be all optimal. In general these goals are conflicting (e.g. maximizing the
quality of a product, while minimizing the production cost at the same time), so that it is not
possible to obtain a single, isolated optimal solution, but instead an uncountable set of optimal
compromises, the so-called Pareto set. This leads to the notion of Multiobjective Optimization (MOO) and correspondingly in presence of PDE constraints to multiobjective optimization problems constrained by PDEs. From a mathematical point of view, it is desirable to
present a good survey of all optimal compromises to the decision maker, which then chooses the
application-dependent optimal compromise out of the survey. Therefore, one is interested to
obtain a good discretization of the Pareto set. In constrast to single objective PDE constraint
optimization, here many optimal points need to be computed, which means many function evaluations and therefore many high-dimensional PDE solves are needed. As a result, the already
big computational effort from single objective PDE constrained optimization grows again in the
multiobjective case. Since we want to obtain a discretization of the set of optimal compromises
as fast as possible (e.g. in real-time scenarios), we are interested in reducing the computation
time to a minimum.
All in all, we have the following two computational challenges:
(1) There are many conflicting objective functions present and the solution of an MOP consists
of an uncountable set.
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(2) PDE constraints are present and make every function evaluation expensive.
For these two challenges we want to apply two reduction techniques to reduce the computational
effort needed. These are:
(i) An efficient description of the Pareto set by the minimum of points needed. This is related
to so-called Hierarchical Multiobjective Optimization (see [17, 25]).
(ii) Reduced Order Modelling (ROM) to create a surrogate model for the PDE, which can be
evaluated rapidly.
Concerning (i), one needs to tune the solver of the multiobjective optimization problem. A
solver for a multiobjective optimization problem consists in many cases (including those in this
thesis) of two parts: 1. an inner solver for the scalar-valued subproblems for the computation
of each optimal compromise and 2. an outer strategy to navigate from one optimal compromise
to the next optimal compromise in the uncountable set. This means one can improve the multiobjective solver by improving the scalar-valued optimization algorithm used as the inner solver.
This is part of single-valued optimization and will not be considered explicitly in this thesis.
However, we are interested in improving the outer strategy, that selects which compromises
need to be considered to get a good survey of the uncountable set of compromises. This can be
interpreted as a model reduction intrinsic to Multiobjective Optimization.To achieve this, we
will look at theoretical properties of the set of optimal compromises or supersets thereof and
aim at describing this set as efficiently as possible, i.e. using only a small amount of points to
describe the set completely, which results in less functions evaluations needed. In special cases
this is achieved by a description of its boundary or even better as the convex hull of a few corner
points. Closely related to this is the question about the hierarchical structure of the set of optimal compromises and how this set is connected to subsets of the components of the objective
function (see [17, 25]). Based on this description we set up a hierarchical multiobjective optimization method, that needs only to consider a subset of the objective functions for computing
a certain part of the boundary, in the case that there are more objective functions present than
parameters to be optimized. Since we consider only a subset of the functions this leads also to a
cheaper function evaluation, which is part of point (ii). In total we end up with less points that
need to be computed, while the computation thereof is cheaper. Another advantage is that the
subproblems are completely independent and we can exploit the special (for example strictly
convex) structure of the subproblem by using specialized solvers.
(ii) relates to the numerical approximation of the underlying PDE constraint.A prominent
way for reduced order modelling for (single- and multiobjective) optimization constrained by
parametrized, elliptic PDEs is the Reduced Basis method (see [19, 33]), which we will use
in this thesis. ROM-techniques exploit the structure of the underliyng PDE and replace the
high-dimensional full-order model of a PDE by a low-dimensional approximation. The lowdimensional system can be evaluated rapidly, which speeds up the computation significantly,
but at the same time one needs to ensure a certified error control to maintain the important
properties of the system described by the PDE. Further, it will be investigated how the error in
the PDE translates to the Pareto set.
Based on the realization of these two points we will design algorithms to compute efficiently
the set (or a superset) of all optimal compromises or the boundary thereof for different PDEconstrained Multiobjective Optimization Problems. These algorithms will be variants of Homotopy or Continuation Methods (see [20,35]) or the well-known WSM (see [26]). For the treatment
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of PDE constrained multiobjective optimization problems using model order reduction, we refer
for example to [5, 6, 29] and references therein.

1.1 Outline
This thesis is organized as follows.
• In Chapter 2 we will introduce everything about multiobjective optimization, we need in
this thesis. We formalize the (weak) (strong) Pareto optimality concept and investigate the
structure of the set of optimal compromises, the (weak) (strong) Pareto set, in detail and
provide first-order optimality conditions, which lead to the notion of the Pareto critical set,
the set of all first-order candidates. Further, we will focus on describing the hierarchical
structure of those sets in relation to removing components of the objective function and
how so-called the (weak) (strong) Pareto (critical) sets of subproblems are related to the
whole problem. Further, we describe the geometry of the (boundary of the) Pareto set
in the strict convex setting in detail and explain what changes in the non-convex setting.
In both cases, the boundary of the Pareto set can be classified in terms of Pareto sets of
subproblems, where certain objective components are neglected. Further, we investigate
how errors in the objective function affect the set of optimal compromises, which leads to
so-called inexact Pareto (critical) sets.
• In Chapter 3 we introduce CMs for the solution of non-convex multiobjective optimization problems and propose different variants thereof based on the theoretical results from
Chapter 2. We introduce variants for equality- and box constraints and variants which
focus on computing the boundary of the set of all optimal compromises by considering
subset of the objectives. We also deal with inexact continuation methods that take into
account the errors in the objective function. This error can stem for example from the
reduced-order modelling or the inexact solution of the involved PDEs.
• In Chapter 4 we will consider three PDE constrained multiobjective optimization problems.
First, we will show that for quadratic, coercive and strict convex, vector-valued functionals
mapping from a Hilbert space, the set of optimal compromises is given as the convex
hull of the minimizers of each component. A second example consists of a non-convex
multiobjective parameter optimization problem constrained by an elliptic PDE, which will
be solved using the different continuation approaches presented in Chapter 3. As a third
example we consider an l1 -regularized multiobjective parameter optimization problem.
We obtain optimality conditions in terms of subdifferentials and describe how to solve the
WSM-subproblems using a Semismooth Newton method.
• In Chapter 5 we introduce the RB method for parametrized PDEs and for the PDEconstrained parameter optimization problems presented in Chapter 4. We present aposteriori error estimates for the state variable, the adjoint variable and the gradient
of the objective function. Based on that Greedy algorithms for the construction of the
reduced basis are developed.
• In Chapter 6 we present three examples for each of the three PDE-constrained problems
from Chapter 4. These results underline the numerical benefit from both the hierarchical
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multiobjective optimization methods and the RB method.
• In Chapter 7 we conclude the findings in this thesis and give an outlook on how to proceed
in further directions.
• In the Appendix A we present some basic results from functional analysis, non-smooth
analysis and some concepts about submanifolds in finite dimensions.

4

2 Multiobjective Optimization
In many applications there are not only one but several goals of interest, which should be optimal
in a certain way under given restrictions. If those goals are not conflicting, one can represent
all goals in one single objective and ends up with a single objective optimization problem. In
general, however, those goals are conflicting and one is interested in finding an optimal balance
or an optimal compromise between all goals. This leads to the concept of Multiobjective Optimization (MOO), which consists in finding the set of all optimal compromises.
This chapter is structured as follows. In Section 2.1, we formalize what we mean by a Multiobjective Optimization Problem (MOP). In Section 2.2, we introduce the concept of Pareto
Optimality, the set of all optimal compromises, the Pareto set, and discuss first properties and
existence results. First-order optimality conditions, so called KKT conditions, for an optimal
compromise are formulated in Section 2.3, and we define the Pareto critical set, the set of all
first-order candidates. In Sections 2.4 and 2.5 we introduce conditions under which the set of
KKT points is a manifold and under which conditions we can decompose the Pareto critical set
or its boundary into subsets, which are Pareto critical sets of MOPs consisting of subsets of the
components of the objective function. Inexact Pareto sets are introduced in Section 2.6 and a
first solution approach, WSM, is presented in Section 2.7.

2.1 The Problem Setting
The ingredients of a general, finite-dimensional MOP are the following. For k, n, m, p ∈ N with
k ≥ 2 and m ≤ n, we are given the vector-valued cost function or multiobjective cost function
J : Rn → Rk , the equality constraints e : Rn → Rm and the inequality constraints g : Rn → Rp ,
such that the MOP reads as


J1 (x)


..
minn J(x) = 

.
x∈R
(MOP)
Jk (x)
s.t. e(x) = 0, g(x) ≤ 0.
We call Rn the parameter space and Rk the objective space. Defining the feasible or admissible
set Xad := {x ∈ Rn | e(x) = 0, g(x) ≤ 0}, an equivalent formulation of (MOP) is given as
min J(x) = [J1 (x), ..., Jk (x)]T .

x∈Xad

Next, we will deal with question how we can interpret the ”min” in (MOP).

2.2 Pareto Optimality and Existence
The main difference between scalar- and multiobjective optimization consists in the fact that
there is no natural total order in the k-dimensional objective space without an a-priori prior-
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ization of the components. Therefore, we first discuss how we can compare elements in the
objective space Rk . Based on that, we can define how we understand the ”min” in (MOP) and
what we understand as a solution to (MOP). In this thesis we consider the following ordering
relation on the objective space as it was done for example in [16].
2.1 Definition (Product ordering on Rk ).
For y, ỹ ∈ Rk we define the product ordering relation ≤ via
y ≤ ỹ :⇐⇒ yi ≤ ỹi (∀i = 1, . . . , k).
We define the relations <, ≥, > in the same manner.
The relations ≤, ≥ are no total orderings on Rk , since for example we cannot compare the
unit vectors. However, they are at least partial orderings:
2.2 Lemma.
The ordering relation ≤ is a partial odering on Rk , which means it holds
(i) ∀y ∈ Rk : y ≤ y (Reflexivity),
(ii) ∀y, ỹ ∈ Rk : (y ≤ ỹ) ∧ (ỹ ≤ y) ⇒ (y = ỹ) (Antisymmetry),
(iii) ∀y, ỹ, ȳ ∈ Rk : (y ≤ ỹ) ∧ (ỹ ≤ ȳ) ⇒ (y ≤ ȳ) (Transitivity).
Proof. This follows directly from Definition 2.1.
Of course other (partial or total) ordering relations in Rk can be considered (see e.g. [16]),
which can be chosen dependent on the application, if there is a-priori knowledge of the priorization of a certain component of the cost function available. Since we do not know if there is
such a priorization or if the objectives are conflicting or not, we have to use only the partial
ordering defined above. As a result there will be elements in the objective space that cannot be
compared to each other, such that they form compromises. In multiobjective optimization we
are interested in the set of all optimal compromises, which will be defined in the following.
2.3 Definition (Pareto optimality [28]). (i) The point x̄ ∈ Xad is called Pareto optimal and
J(x̄) efficient for (MOP) if there exists a δ > 0, such that there is no x ∈ Bδ (x̄) ∩ Xad with
J(x) 6= J(x̄) ∧ J(x) ≤ J(x̄).

(2.2.1)

The point x̄ ∈ Xad is called globally Pareto optimal and J(x̄) globally efficient if we can
choose δ = ∞.
(ii) The point x̄ ∈ Xad is called weakly Pareto optimal and J(x̄) weakly efficient for (MOP)
if there exists a δ > 0, such that there is no x ∈ Bδ (x̄) ∩ Xad with
J(x) < J(x̄).

(2.2.2)

The point x̄ ∈ Xad is called weakly globally Pareto optimal and J(x̄) globally weakly
efficient if we can choose δ = ∞.
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(iii) The point x̄ ∈ Xad is called strongly Pareto optimal and J(x̄) strongly efficient for (MOP)
if there exists a δ > 0, such that there is no x ∈ (Bδ (x̄) ∩ Xad ) \ {x̄} with
J(x) ≤ J(x̄).

(2.2.3)

The point x̄ ∈ Xad is called strongly globally Pareto optimal and J(x̄) globally strongly
efficient, if we can choose δ = ∞.
(iv) We define the Pareto set PS as
PS := {x ∈ Xad | x is Pareto optimal} ⊂ Xad ,
the weak Pareto set PS,w as
PS,w := {x ∈ Xad | x is weakly Pareto optimal} ⊂ Xad
and the strong Pareto set PS,s as
PS,s := {x ∈ Xad | x is strongly Pareto optimal} ⊂ Xad .
The set of all efficient points, is called the Pareto front PF , i.e.,
PF := J(PS ) ⊂ J(Xad )
and the set of all weakly efficient points is called the weak Pareto front PF,w , i.e.
PF,w := J(PS,w ) ⊂ J(Xad )
and similarly the strong Pareto front is defined as
PF,s := J(PS,s ) ⊂ J(Xad ).
2.4 Remark. We adapt the notation from [6] and write PS,(w) if we want to make a statement
on both PS and PS,w . Similarly we write PS,(w,s) if a statement holds for all three sets. The
same notation is used for PF,(w) and PF,(w,s) . Further, note that in the definition of the Pareto
optimality (2.2.1) is equivalent to (Ji (x) ≤ Ji (x̄) for all i ∈ {1, ..., k}) ∧ (Jj (x) < Jj (x̄) for at
least one j ∈ {1, ..., k}).
The Pareto set PS is the solution of (MOP). In contrast to scalar-valued optimization the
solution is in general an uncountable set. The property (2.2.1) is called the non-dominance
property and the Pareto set consists of all non-dominated points. For a Pareto optimum, there
exists no feasible points (in a neighborhood), which really improve the value of one objective
without a trade-off in at least one other objective. Further, weak (strong) Pareto optimality is
just the productwise extension of the scalar notion of (strict) optimality. Pareto optimality is a
generalization of the optimality concept for scalar optimization in the following sense: for k = 1,
both (2.2.1) and (2.2.2) reduce to the fact that x̄ ∈ Xad is a (local) minimizer for the scalarvalued costfunction J and (2.2.3) reduces to the fact that x̄ ∈ Xad is a strict (local) minimizer.
It follows PS,s ⊂ PS ⊂ PS,w from the definition. In Lemma 2.6 we will show that equality holds
if all objectives are strictly convex.
Next, we will discuss the following question about the relation between minimizers of scalarvalued components of the cost function and Pareto optimal points for the cost function. We
have the following sufficient condition about the existence of Pareto optimal points.
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2.5 Lemma (Existence of Pareto optima).
Every strict (global) minimizer of a component of the cost function is a (global) strong Pareto
optimal point for (MOP), i.e., PS,(w,s) 6= ∅. Every (global) minimizer of a component of the cost
function is at least weakly (globally) Pareto optimal.
Proof. Let x̄ ∈ Xad be the strict minimizer of Ji for a fixed i ∈ {1, ..., k}. Then there exists a
δ > 0 such that there is no x ∈ Xad ∩ Bδ (x̄) with Ji (x) ≤ Ji (x̄). This implies directly that there
is no x ∈ Xad ∩ Bδ (x̄) with J(x) ≤ J(x̄), which implies that x̄ ∈ PS,s .
Now let x̄ ∈ Xad be only a minimizer of Ji . Then there exists a δ > 0 such that there is no
x ∈ Xad ∩ Bδ (x̄) with Ji (x) < Ji (x̄), which implies directly the weakly Pareto optimality of x̄.
The proof for the global case follows from setting δ = ∞.
Note that this is a condition only on a single component of the objective. More general
existence results are given for example in [18, Section 2.4]. Next, we give some results about
convex MOPs.
2.6 Lemma (Properties of convex MOPs).
Let J and Xad be convex.
(i) Every Pareto optimal point is globally Pareto optimal.
(ii) If Xad is additionally compact, then PS,(w) and PF,(w) are connected.
(iii) If J is strictly convex, then it holds PS = PS,(w,s) .
Proof.
(i) Let x̄ ∈ Xad be Pareto optimal. Then there exists a δ > 0 such that there is no x ∈
Xad ∩ Bδ (x̄) with J(x) ≤ J(x̄) and J(x) 6= J(x̄). Assume that there is an x̃ ∈ Xad such
that J(x̃) ≤ J(x̄) and J(x̃) 6= J(x̄). For λ ∈ (0, 1), define xλ = λx̃ + (1 − λ)x̄ ∈ Xad . Using
the convexity of J and the Pareto optimality of x̄, it follows now
J(xλ ) ≤ λJ(x̃) + (1 − λ)J(x̄) ≤ J(x̄)
and

J(xλ ) 6= J(x̄).

Since xλ → x̄ as λ & 0, we can choose λ ∈ (0, 1) sufficiently small that xλ ∈ Bδ (x̄). For
this choice of λ we obtain a contradiction to the (local) Pareto optimality of x̄.
(ii) We refer to [16, Theorem 3.40, 3.41].
(iii) We refer to [4, Lemma 2.4], where it was shown PS,w ⊂ PS by contraposition. With the
same arguments it follows PS,w ⊂ PS,s , which proves the claim. We will repeat the proof
here. Assume x ∈
/ PS,s . Then there exists an x̄ ∈ Xad with J(x̄) ≤ J(x). For a similar
xλ ∈ Xad as above and λ ∈ (0, 1), we infer from the strict convexity
J(xλ ) < λJ(x̄) + (1 − λ)J(x) ≤ J(x),
which implies x ∈
/ PS,w .
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Note both the similarities and differences to scalar-valued optimization. In general the Pareto
set is non-convex even for convex problems. In contrast to this, in scalar optimization the set
of minima is convex for convex problems (see [41, Theorem 3.7]). However, the Pareto front is
convex for convex problems (see [2, Lemma 3.19]).

2.3 Optimality Conditions and the Pareto Critical Set
If the cost functions and constraints are sufficiently smooth, then we can necessarily characterize
Pareto optimal points by the derivatives of the cost function and the constraints. Therefore, we
make the following assumption.
2.7 Assumption. We assume J, e, g ∈ C 1 in this section.
Similar to the Karush-Kuhn-Tucker (KKT) conditions for scalar-valued optimization we have
the KKT conditions for multiobjective optimization. As in the scalar case, we need an additional
assumption on the Pareto optimum to formulate those conditions.
2.8 Definition (Linear independency constraint qualification).
We say that a weak Pareto optimal point x̄ ∈ Xad satisfies the linear independency constraint qualification (LICQ) or is a regular point for the constraint functions e and g, if
∇ei (x̄), ∇gj (x̄) are linearly independent for i ∈ {1, . . . , m} and all active indices j ∈ Ax̄ :=
{j ∈ {1, ..., p} | gj (x̄) = 0}.
Under this additonal condition, we can state the KKT conditions for multiobjective optimization.
2.9 Theorem (KKT conditions [23]).
Let x̄ ∈ Xad be a weakly Pareto optimal point, which satisfies the constraint qualification from
Definition 2.8.Then there exist ᾱ ∈ Rk , λ̄ ∈ Rm and β̄ ∈ Rp with
J 0 (x̄)T ᾱ + e0 (x̄)T λ̄ + g 0 (x̄)T β̄ = 0,

(2.3.4a)

e(x̄) = 0,

(2.3.4b)

g(x̄) ≤ 0,

(2.3.4c)

β̄ g(x̄) = 0,

(2.3.4d)

T

ᾱ ∈ ∆k ,

(2.3.4e)

β̄ ≥ 0,

(2.3.4f)

k
where we defined ∆k := {α ∈ Rk≥0 :
i=1 αi = 1}.
If J and Xad are convex, the existence of multipliers satisfiying (2.3.4) are also sufficient for
x̄ to be a globally weakly Pareto optimal point. Moreover if it additionally holds ᾱ > 0 or J is
strictly convex, then x̄ is globally Pareto optimal.

P

Proof. A proof can be found in [23] or [26, Theorem 3.1.5]. Additionally, in this version ᾱ
is normalized by |ᾱ|1 > 0. For the sufficient conditions, the globality of the (weakly) Pareto
optimal points comes from Lemma 2.6.
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Before we will interpret this theorem, we will introduce some definitions.
2.10 Definition (KKT points and Pareto critical points). (i) We call (2.3.4) KKT conditions.
If z̄ = (x̄, λ̄, ᾱ, β̄) ∈ Rn+m+k+p satisfies the KKT conditions, then x̄ is called Pareto critical with corresponding weight vector ᾱ and Lagrange multipliers λ̄, β̄ and z̄ is called a
KKT point.
(ii) Further, we define the Pareto critical set P as
P := {x ∈ Xad | x is Pareto critical} ⊂ Xad .

(2.3.5)

(iii) We define the KKT function F : Rn+m+k+p → Rn+m+2 as




F(x, λ, α, β) := 



J 0 (x)T α + e0 (x)T λ + g 0 (x)T β
e(x)
β T g(x)
k
P
i=1

αi − 1





.



(2.3.6)

A first step towards determining the Pareto set PS can be computing all first-order candidates,
i.e., the Pareto critical set P. We will interpret Theorem 2.9 in the following remark and point
out the connection to scalar-valued optimization.
2.11 Remark. (i) This is a generalization of the KKT conditions for scalar optimization,
since for k = 1, it holds ᾱ = 1, because ∆1 = {1} and therefore J 0 (x̄)T ᾱ = ∇J(x̄). If
k ≥ 2, then Theorem 2.9 says, there exists a convex combination coefficient ᾱ, such that
the corresponding convex combination of the objectives is stationary at x̄. This builds a
bridge to scalar optimization. We define the scalar-valued function for x ∈ Xad as
gᾱ (x) := J(x)T ᾱ =

k
X

ᾱi Ji (x).

(2.3.7)

i=1

Then we have
∇gᾱ (x̄) = J 0 (x̄)T ᾱ =

k
X

ᾱi ∇Ji (x̄),

i=1

which means the Pareto optimal point x̄ fullfills the scalar KKT conditions for the scalar
optimization problem
min gᾱ (x).
(WSM(α))
x∈Xad

Hence x̄ is Pareto critical for (MPOP) with corresponding weight vector ᾱ if and only if x̄
is stationary for the problem (WSM(α)). Further, we have to remark that this connection
is only of first-order. Not only minimizers, but also saddle points and maximizers of gᾱ
are Pareto critical.
(ii) For a Pareto optimal point x̄, the corresponding weight vector ᾱ does not have to be unique
in general (see Theorem 2.12 for sufficient conditions for a uniqueness of ᾱ). However,
for a fixed ᾱ, the Lagrange multipliers λ̄ and β̄ are unique, which can be seen from the
connection to the scalar function gᾱ .
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(iii) The condition β̄ T g(x̄) = 0 is called the complementarity condition. If a component j
of the inquality constraint is inactive at a Pareto critical point x̄, i.e., gj (x̄) < 0, then
the complementarity condition implies that the corresponding Lagrange mutliplier fullfils
βj = 0, because of βj ≥ 0. If we know which indices are inactive at x̄, we can transform
the upper problem into an equality constrained problem. Necessary for this constraint
qualification is that m + |Ax̄ | ≤ n.
(vi) Stationary points (under the same constraints) of one component of the cost functions
are Pareto critical. This follows from setting ᾱi = δij for all i ∈ {1, ..., k} and j is the
component, which is stationary. This observation is a special case of Lemma 2.22, which
states that all Pareto critical points of subproblems are also Pareto critical for the whole
problem.
(vii) Using the KKT function, we can express the KKT conditions compactly: z̄ = (x̄, λ̄, ᾱ, β̄) ∈
Rn+m+k+p is a KKT point, if it is a solution of the following underdetermined system
F(z̄) = 0 ∈ Rn+m+2 , ᾱ, β̄ ≥ 0, g(x̄) ≤ 0.
(viii) By Theorem 2.9 it holds necessarily PS,s ⊂ PS ⊂ PS,w ⊂ P. If J and Xad are convex,
then it holds PS,w = P. Even for convex problems there is a gap between sufficient and
necessary first-order optimality conditions. If in addition J is strictly convex then we have
PS,(w,s) = P.
An extension of the KKT conditions to vector-valued cost functionals mapping from a real,
separable Hilbert space is presented for unconstrained problems in Theorem 4.6.
In the next theorem we investigate the properties of the weight vector ᾱ based on the first-order
conditions. Let x̄ be Pareto optimal with the LICQ and let ᾱ be the corresponding weight
vector. By Theorem A.10, the set N := {x ∈ Bδ (x̄) | e(x) = 0, gj (x) = 0 ∀j ∈ Ax̄ } is an
n − m − |Ax̄ |- dimensional submanifold. Let φ : T ⊂ Rn−m−|Ax̄ | → V ⊂ N be a differentiable,
bijective, local parametrization of N (which exists according to Theorem A.10) with φ(t̄) = x̄,
where T and V are open neighborhoods of t̄ and x̄ respectively. By defining the reduced cost
ˆ = (J ◦ φ)(t) for t ∈ T , we transform the problem locally into an unconstrained
function J(t)
problem. We have the following properties.
2.12 Theorem (Properties of the weight vector).

(i) It holds ᾱ ∈ Im(Jˆ0 (t̄))⊥ , i.e.,

Jˆ0 (t̄)T ᾱ = 0.

(2.3.8)

(ii) It holds rk(Jˆ0 (t̄)) < k. If it holds rk(Jˆ0 (t̄)) = k − 1, then ᾱ is uniquely determined by
(2.3.8).
(iii) Let ȳ = J(x̄) be globally efficient with rk(Jˆ0 (t̄)) = k − 1. Further, assume that there is
an open neighborhood U (ȳ), such that M := J(Xad ) ∩ U (ȳ) is a bordered k-dimensional
manifold (according to the definition in [20]). Then it holds ȳ ∈ ∂M , where ∂M is the
(k − 1)-dimensional border manifold of M .
(iv) In the situation of (iii) it holds Tȳ ∂M = Im(Jˆ0 (t̄)) and α ∈ (Tȳ ∂M )⊥ .
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Proof. For a proof of (i), (iii) and (iv), we refer to [20, Theorem 4.4 and Theorem 4.5]. Also
(ii) was mentioned there, but we will proof it here. Formula (2.3.8) states that ᾱ ∈ ker(Jˆ0 (t̄)⊥ ),
which means dim (ker(Jˆ0 (t̄)⊥ )) ≥ 1. Hence we have by the rank-nullity theorem
dim (Im(Jˆ0 (t̄))) = k − dim (ker(Jˆ0 (t̄)⊥ )) ≤ k − 1.
If equality holds, then it follows dim(ker(Jˆ0 (t̄)⊥ )) = 1. Since the condition |α|1 = 1 holds, ᾱ is
uniquely determined.
Formula (2.3.8) says that at a Pareto optimal point, the gradients of Jˆ have to be linearly
dependent. Further, (ii) gives a sufficient condition for the corresponding weight vector to be
unique. The condition rk(Jˆ0 (t̄)) = k − 1 will be referred to as rank condition on Jˆ for the
uniqueness of ᾱ later on.
We have investigated the connection between vector and scalar optimization for the first-order
conditions. However this connection is lost when looking at the second-order conditions. In [20]
it was shown that in fact also saddlepoints of convex combinations of the objectives can be
Pareto optimal. For second-order necessary and sufficient conditions we refer to [42].
In the following sections we will investigate the structure of the set of KKT points and the
hierarchical structure of the sets PS and P. Therefore, we need to distuingish between Pareto
critical points, for which at least one component of the weight vector is zero or for which all
components of the weight vector are strictly positive, which leads to the following definition:
2.13 Definition (P0 and Pint ).
We define the sets
P0 := {x ∈ P | ∀α ∈ ∆k≥0 with (2.3.4) : ∃i ∈ {1, ..., k} with αi = 0}
and Pint := P \ P0 .
If the assumptions on the differentiability of the objective function is relaxed to local Lipschitz continuity, we still have the following KKT conditions in the non-differentiable case. Let
∂C Ji (x) ⊂ Rn denote the generalized differential according to Clarke at a point x ∈ Xad for the
component Ji (see Definition A.6).
2.14 Theorem (Non-Differentiable KKT Conditions).
In the situation of the general MOP (MOP), let e ≡ 0 and J, g be locally Lipschitzian. Let
x̄ ∈ Xad be weakly Pareto optimal with the Cottle constraint qualification at x̄ ∈ Xad , which
means that it holds either g(x̄) < 0 or 0 ∈
/ conv({∂C gj (x̄) | gj (x̄) = 0}). Then there exist
k
p
multipliers ᾱ ∈ R and β̄ ∈ R with
k
X
i=1

ᾱi ∂C Ji (x̄) +

p
X

β̄j ∂C gj (x̄) 3 0,

(2.3.9a)

g(x̄) ≤ 0,

(2.3.9b)

β̄ g(x̄) = 0,

(2.3.9c)

j=1
T

ᾱ ∈ ∆k ,

(2.3.9d)

β̄ ≥ 0.

(2.3.9e)

If J and Xad are convex and ᾱ > 0, the existence of multipliers with the conditions (2.3.4) are
also sufficient for x̄ to be a globally Pareto optimal point.
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Proof. A proof can be found in [26, Theorem 3.2.9 and Therorem 3.2.11]. Additionally in this
version ᾱ is normalized by |ᾱ|1 > 0. For the sufficient condition, the globality of the Pareto
optimal point comes from Lemma 2.6.
We define the Pareto critical set and all the corresponding quantities for locally Lipschitz
functions analogously to the continuously differentiable case.

2.4 The KKT Manifold
In this section we will deal with the question, under which conditions the set of KKT points is
a differentiable submanifold of the Rn+m+k (see Theorem A.10) and therefore admits nice properties such as the description via differentiable, bijective parametrizations and the existence of a
tangent space. The theorems presented here build the foundation of Continuation or Homotopy
Methods for the treatment of MOPs. We follow [20] and [17] in this section.
We will only consider equality constrained problems, since in this case the KKT system is a
system of equalities (and not inequalities) and can be expressed as the zero level set of the KKT
function. For such zero level sets we have sufficient conditions to be a manifold and a nice
description of its tangent space. Therefore, we make the following assumption.
2.15 Assumption. We will assume J, e ∈ C 2 and g ≡ 0 in this section and the LICQ for all
x ∈ Xad .
The assumption g ≡ 0 is not that restrictive. If one knows that constraints are inactive we can
neglect them in KKT conditions and transform the problem (at least locally) into an equality
constrained problem. For example, in the case of box constraints we can restrict ourselves to
the interior of the box (see Section 3.2.1). In this way we end up with a problem that consists
only of equality constraints and the KKT function simplifies for z = (x, λ, α) ∈ Rn+m+k to
J 0 (x)T α + e0 (x)T λ


e(x)






F(z) := 

k
P



i=1

αi − 1

(2.4.10)

,


Its derivative is given by
∇2x Lα (z) e0 (x)T

0
0m×m
F (z) =  e0 (x)
01×n
01×m


where we defined ∇2x Lα (z) :=
expressed as

Pk

i=1 αi ∇

2 J (x)
i

J 0 (x)T

0m×k  ∈ R(n+m+1)×(n+m+k) ,
11×k


+

2
i=1 λi ∇ ei (x).

Pm

(2.4.11)

The KKT conditons can be

F(z) = 0, α ≥ 0.

(2.4.12)

Now we define the KKT manifold as follows.
2.16 Definition (The KKT manifold and the weak rank condition).
We define the KKT manifold as
M := {z ∈ Rn+m × Rk>0 | z solves (2.4.12)} = (F|Rn+m ×Rk )−1 (0).
>0
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Further, we say that z ∈ M satisfies the weak rank condition, if it holds
rk(F 0 (z)) = n + m + 1.

(2.4.13)

The KKT function F satisfies the weak rank condition, if the above condition is satisfied for all
points z ∈ M.
2.17 Remark. The KKT manifold M ⊂ Rn+m+k and the Pareto set P ⊂ Rn are the objects
of interest for continuation methods. Defining the projection from the KKT space into the
parameter space as projx : Rn+m+k → Rn , (x, λ, α) 7→ x, both objects are coupled through the
relation
projx (M) = Pint ⊂ P.
On a theoretical level, we can work with this manifold nicely, while from a numerical point
of view α > 0 is not a restriction. Note that we need to restrict α > 0 to obtain openness and
therefore a manifold without boundaries (see [20] and the proof of Theorem A.10).
2.18 Theorem (Foundation of continuation methods for (MOP)). (i) Let the weak rank condition be fulfilled. Then M is a (k − 1)-dimensional C 2 - submanifold of the Rn+m+k and
Tz M = ker(F 0 (z)) for z ∈ M.
(ii) Let the weak rank condition be satisfied only at the point z ∈ M. Then there exists an open
neighborhood U (z) of z, such that M ∩ U (z) is a (k − 1)-dimensional C 2 - submanifold of
Rn+m+k and Tz M = ker(F 0 (z)) for z ∈ M ∩ U (z).
(iii) Let N := {z ∈ M | rk(F 0 (z)) < n + m + 1} be the set of all points, where the weak rank
condition is not fulfilled. Then M \ N is a (k − 1)-dimensional C 2 - submanifold of the
Rn+m+k and Tz (M \ N ) = ker(F 0 (z)) for z ∈ M \ N .
Proof. (i) and (ii) have been proven in [20] and follow also directly from Theorem A.10. We
refer to [17] for a proof of (iii).
Note the analogy of the rank condition and the LICQ for the equality constraint e. Under
the assumption on the rank condition for every point in M, Theorem 2.18 (i) states that M is
globally a differentiable submanifold, while (ii) states that we have this property at least locally
around any point satisfying the rank condition. Last, (iii) states that if we remove all the points,
which do not satisfy the rank condition, we again end up with an C 2 -differentiable manifold.
Therefore, we assume from now on that the rank condition holds for all points in M. This
means that we have nice properties of the set M such as local connectedness and we can speak
about tangent and curvature information of the set M, which will be useful for our numerical
algorithms.
Next, we will investigate under which conditions the rank condition is fulfilled.
2.19 Theorem (Sufficient criteria for the weak rank condition).
Let z̄ = (x̄, λ̄, ᾱ) ∈ M be given with the constraint qualification from Definition 2.8. Further
assume that x̄ is either a local minimizer of gᾱ , which satifies the sufficient optimality conditions
of second order, i.e. ∇2x Lᾱ (x̄, λ̄) is positive definite on ker(e0 (x̄)), or a saddle point of gα , such
that ∇2x Lᾱ (x̄, λ̄) is regular and indefinite on ker(e0 (x̄)).
Then the weak rank condition is satisfied at z ∈ M, i.e., F 0 (z̄) has full rank m + n + 1.
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Proof. This is proven in [20].
In fact, the weak rank condition is fulfilled also at points which satisfy the second-order
sufficients conditions for a maximum. In [20] it was investigated what happens to the eigenvalues
of ∇2x Lα (x̄, λ̄) during a transition from a minimum to a saddle-point of gα . This is important,
since we want the continuation method to work even in between both regions.
All those theorems only hold in the KKT space, as was remarked in [17, Example 3.8]: there is
a counterexample given where the rank condition is fulfilled and M is a manifold, but Pint =
projx (M) and therefore P is not. This leads to the question about the structure of the sets P
and PS,(w) and the connection to the manifold M, which will be discussed in the next section.

2.5 Hierachical Structure of Pareto (Critical) Sets
In this section we will investigate the heirarchical structure and the geometry of the (weak,
strong) Pareto (critical) set for unconstrained MOPs as it was done in [17]. We are interested
in a description of the MOP in terms of its subproblems and investigate how these subproblems
are related to the boundary of the Pareto (critical) set. The main result of this section will be
if there are more objectives k ∈ N than dimensions in the parameter space n ∈ N, the Pareto
(critical) set is completely described by its boundary and a superset of this boundary can be
determined by computing all Pareto critical sets of the subsets of components of the objective
function with size n. This means we can compute parts of the boundary by neglecting certain
objective functions. The boundary and also the Pareto critical set can be therefore characterized
by a smaller amount of boundary points, which is the foundation of hierarchical continuation
methods.
2.20 Assumption. We assume J ∈ C 2 and g ≡ e ≡ 0 in this section.
The KKT function is then given for (x, α) ∈ Rn+k by


J 0 (x)T α

 k
F(x, α) =  P

i=1

αi − 1



n+1
.
∈R

(2.5.14)

First, we define what we mean by subproblems of a MOP.
2.21 Definition (Subproblems for (MOP)).
For a nonempty subset I ⊂ {1, ..., k}, we set J I : Rn → R|I| , x 7→ J I (x) := (Ji (x))i∈I and define
the corresponding multiobjective optimization subproblem by
min J I (x).

x∈Xad

(M OP I )

All definitions we made for (MOP) are also defined for (M OP I ) and are denoted with a superscript I. For example we denote the Pareto set, the Pareto critical set and the corresponding
I := ∅ and P I := ∅ and for |I| = 1 we
KKT function as PSI , P I and F I . For I = ∅ we set Pint
0
I := ∅ and P I := P I .
set Pint
0
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The goal of hierarchical multiobjective optimization can be formulated as follows: find the
smallest collection of subsets I ⊂ Pot({1, ..., k}), such that for I ∈ I the Pareto (critical) sets
I
P(S)
of the corresponding subproblems (M OP I ) completely describe the Pareto (critical) set
P(S) of (M OP ). The Pareto (critical) set from 2.26 can be described as a convex hull and later
in this chapter we will obtain criteria for computing the boundary of the Pareto (critical) set.
But first, as a natural question one can ask how the (weak) (strong) Pareto (critical) set of a
subproblem is connected to the (weak) (strong) Pareto (critical) set of the whole problem. The
following lemma states that the Pareto critical set of a subproblem is a subset of the Pareto
critical set of the whole problem. Because of the partial ordering, this does in general not hold
for the Pareto set. We refer to [37, p. 179] for a counterexample. The Pareto set of a subproblem
is only a subset of the weak Pareto set of the whole problem, but the strong Pareto set of a
subproblem is a subset of the Pareto set of the whole problem.
2.22 Lemma ((Weak) (strong) Pareto (critical) points of subproblems).
For two sets K ⊂ I ⊂ {1, ..., k} we have:
(i) P K ⊂ P I ⊂ P,
K ⊂ PI
(ii) PSK ⊂ PS,w
S,w ⊂ PS,w ,
K ⊂ P I ⊂ P I and P K ⊂ P I ⊂ P .
(iii) PS,s
S
S,s
S
S,s
S,s

Proof.
(i) This was proven in [17, Lemma 4.1], but we will repeat the proof here. Let x ∈ P K . Then
there exists αK ∈ ∆|K| with (J K )0 (x)T αK = 0. Define αI ∈ R|I| via αiI = αiK for i ∈ K
and αiI = 0 otherwise, then it follows αI ∈ ∆|I| and (J I )0 (x)T αI = 0, which means x ∈ P I .
The second inclusion follows analogously.
(ii) This was proven in [6, Lemma 1.3.3]. The first inclusion follows per definition. For the
I . This implies there
second inclusion we argue by contraposition. Assume that x̄ ∈
/ PS,w
exists an x̃ in a neighborhood of x̄ with Ji (x̃) < Ji (x̄) for all i ∈ I ⊃ K, which implies
K . The third inclusion follows with the same argument.
directly that x̄ ∈
/ PS,w
(iii) For the first inclusion of the first statement we argue by contraposition. Assume that
I . This implies there exists a x̃ in an neighborhood of x̄ with J (x̃) ≤ J (x̄) for
x̄ ∈
/ PS,s
i
i
K . The second inclusion of the first
all i ∈ I ⊃ K, which implies directly that x̄ ∈
/ PS,s
statement follows per definition. The first inclusion of the second statement has already
been shown. The second inclusion of the second statement follows from the first statement
by choosing I = {1, ..., k}.

2.23 Remark (Extension to constrained or non-smooth problems). Lemma 2.22 holds also for
general inequality and equality constrained problems (for (i) this follows from using the corresponding KKT conditions, while for (ii) and (iii) we have to modify the proof to corresponding
neighborhoods of x̄ which lie now in Xad ). Further, the statements (ii), (iii) hold also for nondifferentiable problems, since no regularity of the function is taken into account. For (i) we have
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to assume local Lipschitz properties of the objective and the constraints and use the non-smooth
KKT conditions from Theorem 2.14.
In the following we will see that we can decompose the Pareto critical set into the union of
Pareto critical sets of subproblems for which the weight vector is unique. In Theorem 2.12 (ii)
we have seen that if the rank of the Jacobian fulfills rk(J 0 (x)) = k −1 at a Pareto optimum x, the
corresponding weight vector is unique. If this rank condition is violated at a Pareto optimum x
we can neglect components of the objective until the rank condition is satisfied for the resulting
subproblem, i.e., until there is a unique weight vector for x for this corresponding subproblem:
2.24 Theorem (Decomposition into suproblems with the rank condition for J I ). (i) For all
x ∈ P there exists a subset I ⊂ {1, ..., k} and a corresponding subproblem (M OP I ), such
that it holds x ∈ P I and
rk(J 0 (x)) = rk(J I0 (x)) = |I| − 1.
Furthermore, there exists I ⊂ Pot({1, ..., k}) with
P=

[

PI

I∈I

and max |I| =
I∈I

max rk(J 0 (x))
x∈P

+ 1 ≤ min{n, k} + 1.

(ii) For the same I as above we have
P0 ⊂

[

P0I .

I∈I

Proof. Both statements are proven in [17, Lemma 4.3]. The upper bound on the maximal size
of |I| is trivial, since it holds rk(M ) ≤ min{n, k} for any general matrix M ∈ Rk×n .
The above result states that the complete Pareto set is already contained in the union of every
subproblem of size maxx∈P rk(J 0 (x)) + 1. In practice this is not very useful, since one would
need to know the Pareto critical set to compute this quantity. Therefore one is interested to
give upper bounds for the rank of the Jacobian on the Pareto critical set. If k > n or better
k  n, then we obtain the trivial upper bound min{n, k} + 1 = n + 1. Hence if we have a lot
more objective functions to minimize than parameters in the parameter space, this is already
a useful tool to reduce the computational cost. The next problem is that Theorem 2.24 does
k
not provide any information on how to choose these subsets, so one needs to consider all n+1
possible subsets.
In the case k > n, the Pareto set is completely described by its boundary and one can only
compute the boundary instead of the whole Pareto set. We can characterize the boundary of
the Pareto critical set by subproblems of the MOP. As a first result in this direction, we consider
the special case k = n − 1, where the boundary of the Pareto set is given as the union of the
Pareto sets of the k subproblems of size k − 1.
2.25 Lemma (Boundary decomposition for k − 1 = n).
Let k − 1 = n and assume that for all x ∈ P there exists exactly one KKT multiplier α ∈ ∆k ,
then it holds
[
∂P = P0 =
PI.
I∈Pot({1,...,k})
|I|=k−1
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Proof. The first equality is proven in [17, Lemma 3.19] in the following way: it holds ∂P = P \P o
and P0 = P \ Pint per definition. Then it is shown there that P = P and using the assumption
on the rank and the dimension of the problem they could prove P o = Pint , from which one can
conclude ∂P = P0 .
Let us turn to the second equality. For x ∈ P0 , let α ∈ ∆k be a corresponding KKT-multiplier.
Because of the definition of P0 there exists an index j ∈ {1, ..., k} with αj = 0. Hence, we can
remove the corresponding objective function in the KKT-condition:
k
X

αi ∇Ji (x) =

i=1

k
X

αi ∇Ji (x) = 0,

i=1
i6=j

which means that x is Pareto critical for J I with KKT multiplier αI = (αi )i∈I ∈ Rk−1 for
I = {1, ..., k} \ {j}.
On the other hand if x ∈ P I for some I ⊂ {1, ..., k} with |I| = k − 1 and with KKT multiplier
αI ∈ Rk−1 , then it follows from Theorem 2.22 (i) that x ∈ P with KKT multiplier α ∈ Rk ,
which is the extension of αI by a zero at the right position. Since we assumed α to be unique,
this implies x ∈ P0 .
The assumption on the uniqueness of the weight vector is satisfied by Theorem 2.12 (ii) in the
case of the rank condition rk(J 0 (x)) = k − 1 for all x ∈ P. In the following we will investigate
the geometry of the Pareto critical set and its boundary in more detail.

2.5.1 The Strictly Convex Case
If all objectives are strictly convex and smooth, then we can describe the geometry of the (weak,
strong) Pareto (critical) set very precisely. Note that in this case, it follows from Lemma 2.6 and
Theorem 2.9 PS,(w,s) = PS = P, i.e., there is no gap between (weak) (strong) Pareto optimality
and Pareto criticality and that all Pareto optima are global Pareto optima. We start with an
example.
2.26 Example (Decomposition in the strictly convex, quadratic case). Given desired values
xid ∈ Rn for i ∈ {1, ..., k} and a symmetric, positive definite matrix Q ∈ Rn×n , we consider the
following MOP
 1
1 2 
2 kQx − xd k2


..
min J(x) = 
(2.5.15)
.
.
x∈Rn

1
2 kQx

− xkd k22

All objectives are strictly convex and the unique minimizers of the objectives are given by
x̄i = Q−1 xid . Lemma 2.5 implies that Q−1 xid ∈ PS for i ∈ {1, ..., k}. Since the Pareto critical set
and the Pareto set conicide, the KKT conditions give us the chance to compute the Pareto set
analytically. Let x ∈ Rn be Pareto optimal, then there exists a KKT multiplier α ∈ ∆k , such
that the following KKT condition holds
k
X
i=1
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αi ∇Ji (x) =

k
X
i=1

αi (Qx − xid ) = 0.
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After rearranging the terms and using the condition
x=

k
X

Pk

i=1 αi

= 1, we end up with

αi Q−1 xid .

(2.5.16)

i=1

Hence, the Pareto set is the convex hull of the strict minimizers of the single components, i.e.,
P = conv(x̄1 , ..., x̄k ). Furthermore, we obtain a differentiable mapping φ : ∆k → PS with
P
φ(α) = ki=1 αi x̄i . We will come back to this example in a Hilbert space setting in Section 4.1.
Note that if we remove one of the upper cost functions, we neglect the corresponding minimizer
in the convex combination in (2.5.16).
Let us focus on the hierarchical structure in more detail. Therefore, we make the following
concrete choice of (2.5.15):





min J(x) = 

x∈R2

− (1, 1)T k22
1
T 2
2 kx − (−1, 1) k2
1
T 2
2 kx − (−1, −1) k2
1
T
2
2 kx − (1, −1) k2
1
2 kx




.


(2.5.17)

Its Pareto set is depicted in Figure (1b) and consists by the previous arguments of the convex
hull of x̄1 = (1, 1), x̄2 = (−1, 1), x̄3 = (−1, −1) and x̄4 = (1, −1). We want to understand
the hierarchical structure of the problem. Therefore, we first focus on the subproblem J I for
I = {1, 2, 3}. The corresponding Pareto set is depicted in Figure (1a) and consists of the
convex hull of x̄1 , x̄2 and x̄3 . We can also apply Theorem 2.25 to the subproblem (since it holds
|I| = n + 1) and indeed we see in Figure (1a) that the boundary of the Pareto set is exactly
the union of the subproblems, where exactly one objective is neglected, which is exactly P0I .
Also the boundary of every subproblem of size 2 is given as the Pareto sets of the problems,
where exactly two functions are neglected, which are only the single objective minimizers x̄i . In
this case we obtain a perfect hierarchical structure. Note that the Pareto set has the dimension
min{k − 1, n}. Further, we observe that in this case every point of the Pareto critical set is
the unique convex combination of the three cornerpoints x̄1 , x̄2 and x̄3 , i.e., the corresponding
weight vector is unique and the Pareto set is an 2-simplex in R2 . This uniqueness is lost if we
add the fourth cost function J4 as we see in Figure (1c), since then the Pareto set is a union of at
most 4 n-simplices. Further, we also observe that Theorem 2.25 does not hold anymore, because
of k = 4 > 3 = n + 1. Indeed, we see that the subproblems of size n = 2 contain more than the
boundary of the Pareto critical set. The subproblems I = {2, 4} and I = {1, 3} are unnecessary
subproblems, i.e., subproblems which do not contribute to the shape of the boundary, but lie in
the interior of the Pareto set. Further, in Figure 1d we see an application of Theorem 2.24, i.e.,
the Pareto set is given as the union of two subproblems of size n + 1 = 3.
We want prove in a more general setting what we observed in the last example.
2.27 Theorem (Hierachical structure for strictly convex problems).
Let J be smooth and strictly convex and Xad be convex and open.
(i) For k ≤ n, the Pareto set PS (which is identical to the Pareto critical set P) is a curved
k−1-simplex, i.e., is diffeomorphic to a k−1-simplex, i.e., the convex hull of k points in Rn .
Each vertex of the curved simplex corresponds to one of the optima of the k components
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(a) The perfect hierarchical structure for the
suproblem I = {1, 2, 3}. There are no unnecessary subproblems.

(b) The Pareto set of (2.5.17) as the convex hull
of the minimizers x̄i .

(c) The Pareto sets PSI of the necessary and unnecessary subproblems of size |I| = n = 2.

(d) The Pareto set of (2.5.17) as the union of the
Pareto sets of two subproblems of size n + 1 =
3.

Figure 1: The Pareto set PS of (2.5.17) and all corresponding subproblems.
of the objective. Every m − 1-facet of the curved simplex is a curved m − 1-simplex and
corresponds to the Pareto set PSI of the subproblem
(M OP I ) for a subset I ⊂ {1, ..., k} of
k
m functions, i.e., |I| = m and there are m of those subsets/subsimplices. The Pareto set
has the dimension k − 1.
k
(ii) For k > n, the Pareto set PS is a curved convex polytop, i.e., it is the union of at most n+1
curved n-simplices, which are connected through their repective boundary n − 1-simplices.
Every curved n-simplex corresponds to to the solution of a subproblem with n + 1 objective
functions and is diffeomorphic to an n-simplex. The Pareto set has the dimension n.



(iii) If J is additionally spherically symmetric or has the qudratic form as in (2.5.15), then
the Pareto set PS is exactly a k − 1-simplex for k ≤ n or the connected union of at
k
most n+1
n-simplices for k > n. Moreover, in both cases the Pareto set is convex with
PS = conv{x̄1 , ..., x̄k }, where x̄i is the minimizer of the ith-component of the objective
function.
Proof.
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(i) The claim was presented in this form in [25, Proposition 2] and is proven in [36].
(ii) By Theorem 2.24 (i) there exists a subset I ⊂ Pot({1, ..., k}) with
P=

[

PI.

I∈I

and max |I| = max rk(J 0 (x)) + 1 ≤ min{n, k} + 1 = n + 1, where we used the assumption
I∈I

x∈P

k > n. Since all objectives are strictly convex, Theorem 2.9 states that PS = P and
PSI = P I for all I ∈ I. Combining this we obtain
PS =

[

[

PSI ∪

I∈I
|I|=n+1

PSI .

I∈I
|I|≤n

If we unite on both sides with the remaining subproblems of the size n, the left-hand side
does not change because of Lemma 2.22 (i) and we obtain
PS =

[

PSI ∪

I∈I
|I|=n+1

[
I∈Pot({1,...,k})
|I|≤n

PSI .

(2.5.18)

For I ∈ Pot({1, ..., k}) with |I| ≤ n, we can apply the result from (i) to (M OP I ) and
obtain that PSI is a curved |I| − 1-simplex, whose facets correspond to curved simplices of
lower dimension.
For I ∈ I with |I| = n + 1 Theorem 2.24 states that rk(J I0 (x)) = |I| − 1 = n. Hence we
are in the situation of Lemma 2.25 and it holds
∂PSI =

[

PSK ,

K⊂I
|K|=|I|−1

where |K| = |I| − 1 = n. Hence, according to (i) PSK is again an curved n − 1-simplex.
Since the boundary of PSI is the union of n − 1-simplices, which are connected through
its vertices, it is itself a curved n-simplex. Thus, in (2.5.18) we are uniting over curved
m − 1-simplices for m ≤ n, which are contained in each other because
of the hierachical
k 
structure from (i). Hence, in this case PS is the union of at most n+1 different connected
k 
curved n-simplices, since there are n+1
ways of choosing subproblems of the size n + 1
from {1, ..., k}.
(iii) The claim for spherically symmetric functions was stated in this form in [25, Remark 3].
For the strictly convex, quadratic function the claim was proven in Example 2.26.

We remark the dimension of the Pareto set in the following corollary.
2.28 Corollary (The dimension of the Pareto set).
The dimension of PS is min{k − 1, n}.
Proof. Theorem 2.27 (i) states that for k ≤ n, PS has dimension k − 1, while (ii) states for
k > n, PS has dimension n, which prooves the claim.
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From Theorem 2.27 we can can deduce different efficient ways of computing the Pareto critical
set. If J fulfills the assumptions of Theorem 2.27 (iii), then we do not need multiobjective
optimization techniques, since it suffices to compute the k unique minimizers of the k objectives
via single objective optimization and then build the convex hull thereof to obtain the complete
Pareto critical set. If J is only strictly convex, a first cheap approximation of the Pareto set can
be given as the convex hull of the single objective minimzers. Further, we have still the following
result about the boundary of the Pareto set.
2.29 Corollary (Boundary decomposition in the strictly convex case).
Let J be smooth and strictly convex and Xad be convex and compact.
(i) For k = n + 1 it holds
∂PS = P0 =

k
[

PSi ,

i=1

where for i ∈ {1, ..., k}, PSi are the k curved (k − 1)-boundary-simplices of the Pareto set
PS , given as the Pareto sets of the k subproblems, where only one objective function is
neglected.
(ii) For k > n + 1 we have
∂PS ⊂

[
I∈Pot({1,...,k})
|I|=n

PSI .

Proof.
(i) Since J is strictly convex and smooth, the scalar function gα is strictly convex for all
α ∈ ∆k and attains a unique minimizer on the compact, convex set Xad . Since it holds
also k = n + 1, for every Pareto optimum, the corresponding weight vector is always
unique, since for k = n + 1 there exists exactly one convex combination of a point in Rn
by its k = n +
1 corner points. The claim follows from PS = P and Lemma 2.25, since
k 
there are k−1 = k subsets I of size k − 1 of the set {1, ..., k}.
(ii) The claim follows from Theorem 2.24 by using m ≤ n.

From (ii) we deduce that there are subproblems which are not necessary for the description
of the boundary, i.e., subproblems that are only inside of the Pareto set. (see Example 2.26
and Figure 1c) The question is now how to identify those subproblems and neglect them in the
computation, since more and more objectives mean more and more unnecessary subproblems.
The following remark investigates how the Pareto set of strictly convex (and spherically symmetric) subproblems are related to the Pareto set of a general, non-convex subproblem and how
we can use this efficiently in an algorithmic setting.
2.30 Remark (Strictly convex subproblems in non-convex problems). Let k  n, Xad be
compact and convex and J be non-convex and suppose there exists a subset I ⊂ {1, ..., k}, such
I ⊂ P by Lemma
that the subfunction J I is strictly convex. Then we have immediately P I = PS,s
S
2.22 (iii). Now suppose also |I| ≥ n and J I to have additionally the form as in Theorem 2.27
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I
(iii). Then it holds conv(x̄1 , ..., x̄|I| ) = P I = PS,s
⊂ PS , where x̄i denotes the minimizer of
I
the i-th component of J . Hence, if we decompose the whole problem into subproblems of size
s ≤ n, the Pareto set of all subproblems K ⊂ I of J I of size s ≤ |I| consist of the convex hull of
(x̄i )i∈K . Those subsets of the Pareto set are therefore nearly for free, i.e., computable via scalar
optimization.

For results about convex problems we refer to [25].

2.5.2 The Non-Convex Case
In this section we are interested in obtaining similar statements about the boundary of the
Pareto set as for the convex setting before. In general however, the Pareto set differs from the
Pareto critical set, which is why we are focussing only on the Pareto critical set here. Further,
also the definition of the topological boundary will be relaxed, which leads to the definition of
the ”edge” of the Pareo critical set. For this edge, similar results as in the convex setting can
proven under the assumption on a stronger rank condition (see Definition 2.31).
In the strictly convex setting we had a good description of the (weak, strong) Pareto (critical)
set. In the non-convex setting the situation can be much more complicated and it will in general
not be possible to obtain a nice geometric description of the Pareto set as in the convex case.
For example, when it comes to non-convexity in scalar optimization, we might have to deal with
many local, non-global minima and stationary points which are saddlepoints or even maximizers
can occur. In multiobjective optimization those non-optimal critical points are also part of the
Pareto critical set, but not of the Pareto set, so there is really a gap between both sets. Further,
because of the non-convexity the Pareto critical set can be disconnected and the Pareto front
might be non-convex (see the test problem in Section 6.2 ).
In [14] it was shown for an open and dense class of smooth objective functions, that the Pareto
critical set P is a stratified set of dimension k − 1 for k ≤ n or a stratified set of dimension n for
k > n, which means that the Pareto critical set is the union of submanifolds with boundaries
and corners, which behave in a nice manner and the Pareto set has dimension min{k − 1, n}.
This means, even in the non-convex case, the Pareto set and the Pareto critical set have some
structure to work with. Generally speaking they are manifolds with boundaries and corners.
The problem is that this structure is hard to gather which is why one is interested to work with
the weakest assumption possible. We follow now [17] and sketch what was done to generalize
the result from the convex case.
The first ingredient for the generalization of the convex case is to only consider non-convexities
satisfying the strong rank condition, which is defined as follows.
2.31 Definition (The strong rank condition).
The KKT function F fulfills the strong rank condition if it holds
rk

X
n



αi ∇2 Ji (x) = n

(2.5.19)

∀(x, α) ∈ M.

i=1

In the same manner we say that a point (x, α) ∈ M fulfills the strong rank condition, if the
above condition holds only at the corresponding point.
2.32 Remark. Note that this is really a condition on F, since ni=1 αi ∇2 Ji (x) is the first
(n × n)-submatrix of F 0 (see (2.4.11) for the unconstrained case). As a result the strong rank
condition implies the weak rank condition (2.4.13).
P
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The strong rank condition is the weakening of the positive definiteness in the strictly convex
setting and says that the strict convex combination of the hessians has to be invertible at Pareto
critical points with strict positive weight vectors (since we restricted α > 0 in the definition of
M). If all components are convex and at least one component is strictly convex, the strong rank
condition is fulfilled, because of the positive (semi-)definiteness. If the strong rank condition is
violated at a point, we can remove the point from the manifold and obtain again a manifold
similar as it was done in Theorem 2.18 (iii) for the weak rank condition.
Under the strong rank condition one can show the following relation between the tangent vector
space of the manifold M and the tangent cone of Pint . Especially (i) (which holds also under
the weak rank condition) will be important for us in order to define a continuation method only
in the parameter space based on tangent information. For the definition of the tangent cone
and the tangent space we refer to Definition A.12 and Definition A.9.
2.33 Theorem (Relation between the tangent space of M and P). (i) Under the assumption
on the weak rank condition it holds projx (T(x,α) M) ⊂ Tan(Pint , x) ∀(x, α) ∈ M.
(ii) Under the assumption on the strong rank condition it holds Tan(Pint , x) = Tan(P, x)
∀x ∈ Pint and Pint = P .
(iii) Under the assumption on the strong rank condition and if we additionally assume that
J ∈ C 3 and x ∈ Pint with rk(J 0 (x)) = k − 1, there exists a KKT multiplier α ∈ ∆k for x
and Tan(Pint , x) ⊂ projx (T(x,α) M).
Proof. We refer to [17] for a proof.
The second ingredient in [17] for the generalization of the strictly convex case is the definition
of the edge of the Pareto critical set, which is a relaxation of the topological boundary.
2.34 Definition (The edge of the Pareto critical set).
We define the edge of the Pareto critical set as
PE := {x ∈ P | Tan(Pint , x) 6= −Tan(Pint , x)},

(2.5.20)

which means x ∈ PE if and only if there is v ∈ Tan(Pint , x) with −v ∈
/ Tan(Pint , x).
We have the following relation to the topological boundary.
2.35 Lemma (Relation between PE and ∂P).
Under the assumption on the strong rank condition and if we assume P ◦ ⊂ Pint , we have
PE ⊂ ∂P.
Proof. Let x ∈ PE . Then it holds x ∈ P. Assume x ∈ P ◦ ⊂ Pint . Then it holds by Theorem
2.33 (ii) and by Definition A.12, since x is an inner point of P, Tan(Pint , x) = Tan(P, x) =
Rn = −Tan(P, x) = −Tan(Pint , x), which is a contradiction to x ∈ PE . Therefore, we must
have x ∈ ∂P.
Further, one can show that every weight vector of an element of the edge of the Pareto
critical set has at least one component which is zero. This component can be neglected in the
computation of this point of the edge.
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2.36 Theorem (Relation between PE and P0 ).
Under the assumption on the strong rank condition and if rk(J 0 (x)) = k − 1 for all x ∈ Pint , it
holds
PE ⊂ P0 .
Proof. We refer to [17, Corollary 3.18].
Decomposing the MOP into the subproblems as in Theorem 2.24 that satisfy the rank condition of the jacobian J 0 for the uniqueness of the weight vector, we can apply the upper result
iteratively on every subproblem. This gives us the following result, which is indeed a generalization of the boundary decomposition in the convex case.
2.37 Theorem (Hierachical boundary decomposition in the non-convex case).
Under the assumption on the strong rank condition and J ∈ C 3 , we have the following result:
(i) It holds
PE ⊂

[

PI,

I∈Pot({1,...,k})
|I|=m

where m := max rk(J 0 (x)) is assumed to be greater than zero.
x∈P

(ii) Especially in the case k > n we have
PE ⊂

[

PI.

I∈Pot({1,...,k})
|I|=n

Proof. (i) is proven in [17, Corollary 4.6], while (ii) follows from (i) by m ≤ n for k > n.

2.6 Inexact Pareto Critical Sets
We follow [3] in this section and deal with the question what happens to the Pareto critical set
of unconstrained MOPs if we only have an approximation J r : Rn → Rk of the cost function at
hand that satisfies the following error estimate.
2.38 Assumption. We will assume J, J r ∈ C 2 and g ≡ e ≡ 0 in this section and that there
exist error bounds ε ∈ Rk≥0 with
sup k∇Ji (x) − ∇Jir (x)k ≤ εi , ∀i ∈ {1, ..., k},

x∈Rn

(2.6.21)

where k · k is the Euclidian norm on Rn .
The first question is which conditio Pareto critical points of J evaluated at the derivative of
the inexact cost function J r satisfy.
2.39 Theorem (Inexact KKT conditions).
Let x̄ ∈ Rn be Pareto optimal for J with KKT mulitplier ᾱ ∈ ∆k . Then we have
k(J r )0 (x̄)T ᾱk ≤ ᾱT ε ≤ kεk∞

(2.6.22)
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Proof. This was proven in [3, Lemma 2.6], but we will repeat the proof here. Using the KKT
condition for x̄ and the error bounds (2.6.21), it follows
k
X

k(J r )0 (x̄)T ᾱk =k (J r )0 (x̄)T − J 0 (x̄)T ᾱk =


≤

k
X

k∇Ji (µ) − ∇Jir (µ)kᾱi ≤

i=1

i=1
k
X

∇Ji (µ) − ∇Jir (µ) ᾱi


εi ᾱi ≤ kεk∞ .

i=1

This Theorem also holds for equality and inequality constrained problems. Based on this
result we define the inexact Pareto critical set P2r , which is defined as the set of points x for
which at least one multiplier α exists, which fulfills (2.6.22).
2.40 Definition (The inexact Pareto critical set).
We define the Boundary KKT function ϕ : Rn → R as
ϕ(x) := min kJ r0 (x)T αk2 − (αT ε)2



α∈∆k

and the inexact Pareto critical set as








P2r := x ∈ Rn | min kJ r0 (x)T αk2 − (αT ε)2 ≤ 0 = ϕ ≤ 0 .


α∈∆k

(2.6.23)

We collect first properties of this set.
2.41 Remark. (i) The boundary KKT function is well-defined, since ∆k is compact and we
assumed J r to be C 1 .
(ii) It holds P ⊂ P2r and P r ⊂ P2r , where P r is the exact Pareto critical set of the inexact
objective J r .
(iii) P2r is the tightest superset of P under the assumption of the error bounds (2.6.21) as was
shown in [3, Lemma 2.8].
Further, we have the following topological properties of P2r .
2.42 Lemma (Topological properties of P2r ).
Let


A := x ∈ R | min kJ (x) αk − (α ε)
n

r0

T

α∈∆k

2

T

2







<0 = ϕ<0 .

(2.6.24)

Then
(i) P2r is closed and A ⊂ P2r .
(ii) A is open.
Proof. This has been proven in [3, Lemma 2.9].
In the last section we have seen that for the case k > n, the Pareto set can be described
completely by its boundary. This holds also for the inexact Pareto critical set even in the case
k ≤ n. Due to the error, the inexact Pareto critical set has the same dimension as the parameter
space, even for k ≤ n. Therefore, it can be described much more efficiently by its boundary.
This fact will be used to define the Inexact (Boundary) Continuation Method in Chapter 3.
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2.7 The Weighted Sum Method (WSM)
Now we will focus on the numerical solution of MOPs. The Pareto set and the Pareto critical are
in general an uncountable set, so one is interested in finding a good, homogenous discretization,
which covers every part of the corresponding set.
In the literature there are different solution approaches to multiobjective optimization such as
Scalarization Methods (see [16], [26]), Evolutionary Algorithms (see [12]), Set-oriented Methods
(see [13]) and Homotopy or Continuation Methods (see [20], [35]), which will be discussed in
Chapter 3.
Here we will present the simplest scalarization method, namely the Weighted-Sum Method
(WSM). The motivation for the WSM comes from the KKT condition and the connection to the
scalar function gα . The idea is to choose a weight vector α ∈ ∆k as a scalarization parameter
and then minimize the weighted sum of the objectives gα , i.e. to solve the problem (WSM(α)).
Therefore, the cost of the method is cheap, since it basically consists of the solution of one
scalar optimization problem per weight vector α. An algorithm is depicted in 1. The iterative
optimization method for solving (WSM(α)) can be warm started by choosing the solution of the
previously used weight vector. Since this method is based on Theorem 2.9 and the connection
Algorithm 1 Weighted Sum Method (WSM)
1:
2:
3:
4:
5:

e of ∆ .
Choose a discretization ∆
k
k
e
for α ∈ ∆k do
Solve (WSM(α)) for xα .
end for
e }.
Output: {xα | α ∈ ∆
k

to scalar-valued optimization, which does not hold for second-order conditions, the WSM is
suitable only for convex problems. In [26, Part II, Chapter 3] the following results were shown.
The solution to (WSM(α)) is weakly Pareto optimal. If the solution is unique or α > 0, then
the solution is Pareto optimal. For strictly convex problems each weight vector α ∈ ∆k defines
a unique Pareto optimal point. For convex problems the uniqueness is lost in general. In nonconvex problems the WSM fails to compute the concave parts and for strictly concave problems
we can only compute the single minimizer of the objective components. Another problem of the
WSM is that the homogenity of the discretization cannot be controlled. A uniform discretization
of the set ∆k leads to a non-uniform discretization of the Pareto set in general. Therefore, one
is forced to discretize very finely to obtain a good global picture of the Pareto set. For more
details we refer to [26].
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Optimization
In this chapter we will introduce Continuation Methods for computing the Pareto critical set of
non-convex, nonlinear MOPs (see [20], [35]). We will consider problems with equality and/or
box constraints:


J1 (x)


..
(Box-MOP)
min J(x) = 
 s.t. e(x) = 0,
.
x∈Pad

Jk (x)

where we set Pad = [xa , xb ] ⊂ Rn for xa ≤ xb .
This chapter is organized as follows: We start by giving a small overview of continuation methods
in the first section and present how they have evolved for the treatment of MOPs. In Section 3.2
we present the exact Continuation Method (CM) for the approximation of the Pareto critical
set P and the Hierachical Continuation Method (HCM) for the approximation of a superset of
its edge PE . We then turn to inexact methods in Section 3.3 based on the description of the
inexact Pareto critical set. In Section 3.4 we give some theoretical results about the uniform
spread and the convergence of those methods and explain how those methods can be initialized
and globalized.

3.1 Overview of Continuation Methods
Continuation methods can be used to compute implicitly defined manifolds, such as solution sets
of underdetermined systems of equations given by a sufficiently regular function. In our case
the manifold of interest is the KKT manifold M, which is described as the solution manifold or
the zero level set of the KKT function F. Continuation methods are local search algorithms:
starting from a point z0 ∈ M on the KKT manifold, we explore its neighborhood and compute
new KKT points in this neighborhood. In that manner, we iteratively compute the whole
manifold or at least the connected component of M, which contains z0 . Often this is realized
using a predictor-corrector procedure. This procedure consists of two steps:
i
1. The Predictor step: we obtain candidates zpre
for i = 1, ..., Npre , which are well-distributed
and both near to M and z0 ∈ M.
i , we try to find a new point
2. The Corrector step: for all i = 1, ...., Npre : starting from zpre
z̄ i = (x̄i , λ̄i , ᾱi ) that satisfies F(z̄ i ) = 0, ᾱi > 0, x̄i ∈ Pad by some iterative optimization
method, which means z̄ i ∈ M.

An important continuation algorithm for the treatment of MOPs was introduced by Hillermeier
in [20]. This continuation algorithm is based on the differential topological description of M
using special local parametrizations, that are obtained in terms of the tangent space. On a
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theoretical level, this method can deal with an arbitrary number of objectives, but in practice
the point-oriented method of Hillermeier is not capable of representing the solution set in an
efficient manner. This problem was solved by the authors in [35]. Instead of the point-oriented
approach by Hillermeier, they proposed a set-oriented approach by using hypercubes (boxes)
as a data structure to approximate the manifold M. Using this data structure, it is possible
to get a global picture of the computed set, and it has the advantage to check, which part has
already been computed. Further, this ensures a homogeneous discretization of the manifold M
by controlling the size of the boxes. The problem with this approach is, that it can be very costly
in terms of memory, to store all those boxes, if the number of dimensions in the parameter space
n, the number of objectives k and the number of equality constraints m are large. Therefore an
improvement of the method for unconstrained MOPs was proposed in [3], where the continuation
takes place in the extended manifold M, while the boxes are stored only in the parameter space.
Additionally this box structure enables us the possibility to extend the continuation method to
box constraints. In the last years, continuation methods have been further developed. For
example in [8], a variant has been introduced for bicriterial l1 -regularized problems, which takes
the non-smoothness of the problem into account. In [29] the idea of continuation was abstrahized
to the continuation of whole Pareto critical sets of parametrized MOPs.
It has to be said, that continuation methods based on the box structure are well-suited for
problems with a low parameter space dimension n and a larger objective space dimension k, i.e.,
k > n or better k  n.

3.2 Exact Methods
In this section we will introduce the exact Continuation Method as presented in [3]. First, we
will explain the method for equality constraints and then extend the method to box constraints.

3.2.1 The Continuation Method (CM)
We are in the situation of Section 2.4 and we consider the following equality-constrained MOP
J1 (x)


..
min J(x) = 
 s.t. e(x) = 0.
.
x∈Rn
Jk (x)




(Eq-MOP)

We make the following assumption on the KKT function F(z) (see (2.4.10)).
3.1 Assumption. We assume J, e to be C 2 -functions and the weak rank condition, i.e., we
assume rk(F 0 (z)) = n + m + 1 for all z ∈ M.
Hence, by Theorem 2.18 the set M is a (k − 1)- dimensional C 2 -submanifold of Rn+m+k ,
described as the zero level set of the KKT function F. The object of interest, the set P, can be
described via M via projx (M) = Pint . Due to the assumption, the tangent space Tz M exists in
every point z ∈ M and is given by Lemma A.11 as Tz M = ker(F 0 (z)) = im(F 0 (z)T )⊥ . This gives
the chance to compute an orthonormal basis of Tz M by QR decomposition of F 0 (z)T . To see this,
let Q = [Q1 , Q2 ] ∈ R(n+m+k)×(n+m+k) be an orthogonal matrix with Q1 ∈ R(n+m+k)×(n+m+1)
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and Q2 ∈ R(n+m+k)×(k−1) and let R1 ∈ R(n+m+1)×(n+m+1) be an upper triangular matrix with
"
0

F (z) = QR = [Q1 , Q2 ]
T

R1
0

#

.

This gives us the possibility to check the weak rank condition numerically at z, since F 0 (z)T has
full rank if and only if R1 has full rank n + m + 1, which is the case if every diagonal element is
non-zero. Further, we obtain from the QR decomposition and Lemma A.11
im(Q1 ) = im(F 0 (z)T ) = span{∇F1 (z), ..., ∇Fn+m+1 (z)} = Tz M⊥ .
Hence, the span of the columns of Q1 is an orthonormal basis of Tz M⊥ and the span of the
colums of Q2 form an orthonormal basis of Tz M.
Therefore, the first key idea of the algorithm is to work with the nice manifold structure M
in the extended KKT variable space Rn+m+k , since there it is possible to compute the tangent
space efficiently, while the box structure is only located in the parameter space Rn to save
memory. This is possible since by Theorem 2.33 (i), it holds under Assumption 3.1 projx (Tz M) ⊂
Tan(Pint , x), where projx (z) = x. Therefore, we can compute the tangent space of a given point
z ∈ M and its projection gives us the tangent cone of the corresponding Pareto critival point x
in the parameter space. This gives us the possibility of finding predictors consisting of first-order
candidates near x. The second key idea is that each computed point x ∈ P is asscociated with
a box B ⊂ Rn . This box is stored and we never search again in this box B for another Pareto
critical point. In this manner we cover successively the set Pint and avoid checking an already
covered part of the set M again.
Let us focus on the box structure for a moment. Given a box radius r > 0, we divide the
parameter space Rn into hypercubes or boxes B of the same size. We collect all those boxes B
in the box collection B(r), defined as
B(r) := {[−r, r]n + 2ri | i ∈ Zn }.
We only consider the case, where a point x ∈ Rn is contained in a single box, i.e., it is not
located on the boundary of a box, but in its interior. This is numerically achievable later on by
slightly diminishing the box radius in the predictor step and hence in praxis not a restriction (as
it was remarked in [3, Remark 2.5]). Hence, for every x ∈ Rn there exists exactly one box that
contains x and we will denote this box by B(x, r). Note the difference in the notation to the
ball Br (x) of radius r around x. Our goal is to compute the box covering BP (r) of the Pareto
critical set P, i.e.,
BP (r) := {B ∈ B(r) | P ∩ B 6= ∅}.
Next, we define the set of neighboring boxes of a box B as
N (B) := {B̃ ∈ B(r) | B̃ ∩ B 6= ∅}.
The box structure can be stored efficiently using a binary tree and therefore the memory requirements grow only linearly in the dimension n of the parameter space (see [35]).
Given a queue Q ⊂ M of already computed points and let z̄ = (x̄, λ̄, ᾱ) ∈ Q, i.e. x̄ ∈ Pint , one
iteration of the CM consists of the following predictor-corrector procedure:
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1. The Predictor step: We consider the box B̄ = B(x̄, r) ⊂ Rn around x̄. Based on the regularity of the cost functions and the constraint functions we can think of two possible predictors.
Depending on the chosen predictor we call the method CM or CM-Triv (and briefly CM(-Triv)).
(i) The Tangent Predictor: If the KKT function F is continuously differentiable, we can compute an orthonormal basis of the tangent space Tz̄ M as was stated above. The projection
onto its first n components gives us the tangent cone of Pint . In a predictor step all
neighbouring boxes, which have not been considered before and with non-empty intersection with this tangent cone are marked as predictor boxes. The (tangent) predictor box
collection is therefore given as
Bpred (B̄) = {B 0 ∈ N (B̄) | B 0 ∩ (x̄ + projx (Tz̄ )M) 6= ∅} \ Bcon ,

(3.2.1)

where Bcon are the already considered boxes. For an schematic view in a simple setting
we refer to Figure 2.
(ii) The Trivial Predictor: Even if the there is no tangent space available (if for example
the cost function is non-differentiable), we could choose a trivial predictor, i.e. mark all
neighbor boxes as predictor boxes and explore in every direction of the parameter space
Rn . Therefore we choose the (trivial) predictor box collection as
Bpred (B̄) = {B 0 ∈ N (B̄) | B 0 ∩ (x̄ + Rn ) 6= ∅} \ Bcon = N (B̄) \ Bcon .
2. The Corrector step:
z = (x, λ, α) ∈ M ⊂
system

(3.2.2)

In every predictor box B ∈ Bpred (B̄), we try to find a new point
which is charaterized as the solution of the underdetermined

Rn+m+k ,

J 0 (x)T α + e0 (x)T λ


e(x)






F(z) = 


k
P

i=1

αi − 1

 = 0 ∈ Rn+m+1 , x ∈ B, α ∈ (0, 1]k .


(3.2.3)

We have different options to find a solution for the underdetermined system (3.2.3). For example
we can solve the problem
2
1
min
F(x, λ, α) .
(BoxProb(B))
x∈B, α∈[0,1]k 2
2
λ∈Rm

If the function value of a solution z ∈ M to this problem is zero (or below a certain acceptance
threshold ηthresh > 0), then the solution satisfies (3.2.3) and therefore we add B to the box
collection of succesfull boxes B, to the list of already considered boxes Bcon and we add the
solution z to the queue Q. If a solver fails in computing a solution or if the function value of
a solution is higher than the acceptance threshold, we only add B to Bcon . Finally, we delete
the point z̄, where the predictor-corrector procedure started from Q. Note that we would need
to assemble the third derivatives of J, if want to solve (BoxProb(B)) using a projected Newton
method, which is why Quasi-Newton methods such as the projected L-BFGS algorithm are
better suited in this case.
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Algorithm 2 Continuation Method (CM(-Triv)) for (Eq-MOP)
Require: Initial list {z1 , ..., zp } ⊂ M, box radius r > 0 and threshhold ηthresh > 0.
1: Initialize Q = {z1 , ..., zp } and B = {B(x1 ), ..., B(xp )}.
2: while Q 6= ∅ do
3:
Choose z̄ = (x̄, λ̄, ᾱ) ∈ Q and update Q = Q \ {z̄}.
4:
if kF 0 (z̄)k2 is small or TrivialPredictor = 1 then
5:
Set T = Rn .
6:
else
7:
Compute Tz̄ M = ker(F 0 (z̄)) and set T = projx (Tz̄ M).
8:
end if
Predictor step:
9:
Select the predictor boxes Bpred (B̄) = {B 0 ∈ N (B(z̄, r)) | B 0 ∩ (x̄ + T ) 6= ∅} \ Bcon .
Corrector step:
10:
for B ∈ Bpred do
11:
Solve (BoxProb(B)) for z (using for example a projected L-BFGS algorithm).
12:
if kF(z)k2 ≤ ηthresh then
13:
Update Q = Q ∪ {z}, B = B ∪ {B}.
14:
end if
15:
Update Bcon = Bcon ∪ {B}.
16:
end for
17: end while

(a) Current point from the queue (b) Projection of the linearized
and associated box.
manifold at the current point.

(c) All neighbor boxes.

(d) Boxes chosen by the tangent
predictor.

Figure 2: The predictor step using tangent information of the Continuation method (set µ̄ = x̄).
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3.2 Remark. The assumption on the regularity of the functions J, e can be weakened to C 1 , since
in general it suffices to have a continuous function F (see [35, Remark 1 (c)]). However, the
price one has to pay for that is that one cannot use the tangent predictor, but has to search in all
directions of the search space. Also for the corrector step any derivative-free norm minimization
method can be used in this case.
Extension to Box Constraints
Box constraints can be naturally integrated in the procedure described above. The continuation method walks iteratively through the manifold M and at each point we know if the box
constraints are active or inactive. A KKT point z̄ = (x̄, ᾱ, λ̄, β̄) ∈ Rn+k+m+2n for (Box-MOP)
satisfies the following system for β̄ = (β̄1 , β̄2 )
J 0 (x̄)T ᾱ + e0 (x̄)T λ̄ − β̄1 + β̄2 = 0,
e(x̄) = 0,
β̄1T (xa − x̄)
β̄2T (x̄ − xb )

= 0,
= 0,

(3.2.4)

x̄ ∈ Pad ,
ᾱ ∈ ∆k ,
β̄1 , β̄2 ≥ 0.
Let F̃ : Rn+k+m+2n → Rn+m+3 be the KKT function of this system according to the definition
in (2.3.6). We are looking at the box collection
BPad (r) := {B ∈ B(r) | B ∩ Pad 6= ∅}
and have to modify the predictor and corrector steps as follows.
1. Extension of the Predictor step: We are at the iterate z̄ ∈ M and let B̄ be the box around
x̄. First, we ignore the box constraints and mark all predictor boxes using only the equality
constrained tangent information of F̃. In a second step we check all those marked predictor
boxes B 0 if their box center c(B 0 ) ∈ Rn is inside the outer box Pad . If it is not, then we neglect
the box and simply do not search there for new points. Hence, the predictor box collection is
given in this case as
B̃pred (B̄) = {B 0 ∈ Bpred | c(B 0 ) ∈ Pad }.
Note that even for boundary points z ∈ ∂M, the tangent space is well-defined under the assumptions of Theorem 2.12 (iv).
2. Extension of the Corrector step: Given a predictor box B ∈ Bepred (B̄), we want to find a
solution z = (x, α, λ, β) ∈ Rn+k+m+2n to the following system
F̃(z) = 0 ∈ Rn+m+3 , x ∈ B, α ∈ (0, 1]k , β ≥ 0.

(3.2.5)

We have to distinguish the case if the box B is contained in the interior of Pad or if this box
intersects with the boundary of Pad :
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◦ : In this case we know a-priori that if we compute a Pareto optimal point in
1. B ⊂ Pad
this box, all inquality constraints have to be inactive and therefore the corresponding
multipliers β are zero. Hence we can take the same box problem as for the equality
constrained case, e.g (BoxProb(B)).

2. B ∩ ∂Pad 6= ∅: If the box B intersects with the boundary of the outer box Pad , there is a
chance that some inequality constraints are active and the corresponding multiplier β is
non-zero. Hence, we have to modify the subproblem as follows:
min

x∈B∩Pad , α∈[0,1]k
λ∈Rm , β∈R2n
≥0

2
1
F̃(x, λ, α, β) ,
2
2

^
(BoxProb(B))

where it holds
2

2

2

= J 0 (x)T α + e0 (x)T λ

F(x, λ, α, β)

2

2

2

+

+ e(x)

k
X

2

αi − 1

i=1

2

2

+ β1T (xa − x) + β2T (x − xb ) .
2

2

This system can again be solved using a projected L-BFGS algorithm. Note that not all
inequality indices can be active if the box B differs from the outer box Pad . Therefore we
could directly set some components of β to zero.
A pseudocode of the whole procedure can be found in Algorithm 3.
3.3 Remark (General inequality constraints). General inequality constraints pose a problem
in the predictor step since then the KKT system consists also of inequalities, which makes the
description of the tangent space through the QR decomposition invalid. A theoretical problem
consists also in proofing the manifold structure of M in this case and therefore the existence of
the tangent space. General inequality constraints are therefore treated by active-set-strategies or
they could be transformed into box constraints using slack variables. Another possibility would
be to use only the trivial predictor and solve the subproblems using constrained optimization
methods.

3.2.2 The Hierarchical Continuation Method (HCM)
In Section 2.5 we had sufficient criteria for the hierarchical decomposition of the Pareto critical
set into Pareto critical sets of subsets of the components of a certain size. Based on this result,
we set up a Hierarchical Continuation Method (HCM) for the treatment of box constrained
MOPs in the case k > n. Therefore, we make use of the following assumption.
3.4 Assumption. We assume J ∈ C 3 and e ≡ 0, k > n, i.e., we are looking at the following
problem


J1 (x)


min J(x) =  ...  .
x∈Pad

Jk (x)

Further, we assume the strong rank condition (2.5.19) in this section.
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Algorithm 3 Continuation Method (CM(-Triv)) for (Box-MOP)
Require: Initial list {z1 , ..., zp } with (3.2.4), box radius r > 0 and threshhold ηthresh > 0.
1: Initialize Q = {z1 , ..., zp }, B = {B(x1 ), ..., B(xp )} and Bcon = B.
2: while Q 6= ∅ do
3:
Choose z̄ ∈ Q and update Q = Q \ {z̄}.
4:
if kF̃ 0 (z̄)k2 is small or TrivialPredictor = 1 then
5:
Set T = Rn .
6:
else
7:
Compute Tz̄ M = ker(F̃ 0 (z̄)) and set T = projx (Tz̄ M).
8:
end if
Predictor step:
9:
Set B̃pred (B̄) = {B 0 ∈ N (B(x̄, r)) | c(B 0 ) ∈ Pad , B 0 ∩ (x̄ + T ) 6= ∅} \ Bcon .
Corrector step:
10:
for B ∈ B̃pred do
◦ then
11:
if B ⊂ Pad
12:
Solve (BoxProb(B)) for (x, α, λ) and set z = (x, α, λ, 0, 0).
13:
else
g
14:
Solve (BoxProb(B))
for z.
15:
end if
16:
if kF̃(z)k2 ≤ ηthresh then
17:
Update Q = Q ∪ {z}, B = B ∪ {B}.
18:
end if
19:
Update Bcon = Bcon ∪ {B}.
20:
end for
21: end while
22: Output: box collection B.
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Under these assumptions it holds by Theorem 2.37 (ii)
PE ⊂

[

PI.

I∈Pot({1,...,k})
|I|=n

Hence, if we compute all the nk subproblems of size n using the CM(-Triv), we obtain a superset
of PE . An advantage of the method is that less boxes are needed to represent the set P,
which means that less boxproblems need to be solved, which results in a smaller computational

effort. Let I ⊂ Pot({1, ..., k}) be the family of all subsets of {1, ..., k} of size n with |I| = nk .
For I ∈ I we denote the manifold of the KKT function F I as MI . Another advantage is
that the functions F I of the subproblems are cheaper to assemble than the whole function F.
This is especially the case if the evaluation of the objective involves the solution of a PDE. A
pseudocode for the algorithm HCM(-Triv) is given in Algorithm 4. Note that this algorithm has
the general structure of a hierarchical algorithm, i.e., one could solve the subproblems (M OP I )
using different (specialized) solvers for the corresponding suboproblems, that exploit the special
structure thereof. Another advantage is that the solution of the subproblems are independent
of each other and can therefore be done in parallel. By uniting over all computed Pareto sets
P I one obtains a superset of PE . Building the domains which are bordered by PE and Pad one
needs to check in one point of the domain, if this point is Pareto critical or not to verify if the
whole domain is part of the set P. Note that the subproblems can be of other size than n, for


Algorithm 4 Hierarchical Continuation Method (HCM(-Triv))
Require: Initial queues QI ⊂ MI for I ∈ I.
1: for I ∈ I do
2:
Solve (M OP I ) for P I with CM(-Triv) (Algorithm 3) initialized by QI .
3: end for
4: Unite all sets P I to obtain a superset of PE .
example m := maxx∈P rk(J 0 (x)) (see Theorem 2.37). To improve the efficiency of the method,
one would need a strategy to neglect unnecessary subproblems, i.e., subproblems, which do not
contribute to the shape of PE , but lie in the interior of P.
3.5 Remark. We have the following pros and cons of the method:
Pros:

• The method computes only a superset of the boundary of the Pareto set, which means
we need fewer boxes and therefore fewer, but well-distributed Pareto optima to describe
the Pareto set completely.
• The hierarchical approach decouples the subproblems completely and makes them independent. We can therefore exploit the structure of the subproblems and use special
solvers (not necessarily continuation methods) for the corresponding subproblems. For
example this is done in Section 6.2 by using the strictly convex structure in a subproblem of a non-convex problem. Furthermore, this is done in Section 6.3.2, where one
can exploits the structure of a smooth subproblem of a non-smooth MOP. Further,
since the subproblems are independent we can solve them in parallel. In relation to
a PDE constrained problem this is also interesting, since neglecting k − n functions
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result in a cheaper evaluation of the corresponding subproblem function. All in all,
we result in a description of the Pareto set with fewer points, while at the same time
those points are cheaper computable since only a subset of the objectives are need to
be considered.
Cons:

• The hierarchical structure only holds in the case k > n, since the quantity m :=
maxx∈P rk(J 0 (x)) is not available in practice.
• The superset of the boundary may contain a lot more than the boundary. There will be
unnecessary subproblems and their number grows with a growing number of objectives.
• The theoretical results on which the hierarchical decomposition relies, is only available
for box-constrained problems.

3.3 Inexact Methods
In the following chapters we will tackle PDE-constrained MOPs using Reduced Order Modeling
techniques, which induces an error in the cost function. In Section 2.6 we investigated how the
error translates to the Pareto critical set, resulting in the definition of the inexact Pareto critical
set. We will turn now to methods for the computation of the inexact Pareto set P2r . In the
setting of Section 2.6 we suppose Assumption 2.38 for J and J r .

3.3.1 The Inexact Boundary Continuation Method (IBCM)
Here we present the Inexact Boundary Continuation Method (IBCM) which was proposed in [3]
under the name ”Strategy 2”. It aims to approximate the boundary ∂P2r of the inexact Pareto
critical set. The IBCM is based on the description of the set P2r = {ϕ ≤ 0} by the Boundary
KKT function ϕ (see Definition 2.40). We recall its structure here, for x ∈ Rn we have
ϕ(x) = min kJ r0 (x)T αk2 − (αT ε)2 ,


α∈∆k

where ε ∈ Rk>0 is the error bound from (2.6.22). Using the Boundary KKT function one can
describe the boundary as follows.
3.6 Lemma (Foundation of the Boundary Continuation method).
It holds ∂P2r ⊂ ϕ−1 (0).
Proof. Let x ∈ ∂P2r . Then it holds x ∈ P2r , since P2r is closed by Lemma 2.42 (i). Because of
(2.6.23) this is equivalent to ϕ(x) < 0 or ϕ(x) = 0. Let us assume ϕ(x) < 0. This is equivalent
to x ∈ A (recall the definition of A in (2.6.24)). But A is an open subset of P2r by Lemma 2.42
(ii), which means that x is an inner point of P2r , which is a contradiction. Therefore, we have
x ∈ ϕ−1 (0).
Hence, we can compute a superset of ∂P2r by using a continuation approach to compute the
implicitly defined set ϕ−1 (0) ⊂ Rn . From a theoretical point of view this poses a problem, since
for a continuation approach we need to show that (1) ϕ is continously differentiable and that
(2) ϕ−1 (0) is (at least locally) a manifold. (1) has been answered in [3]:
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3.7 Theorem.
Let x̄ ∈ ϕ−1 (0), such that the problem
min kJ r0 (x̄)T αk2 − (αT ε)2

(3.3.6)



α∈∆k

has a unique solution ᾱ ∈ ∆k with ᾱ > 0. Further, assume that (3.3.6) is uniquely solvable
in a neighborhood of x̄. Then there is an open neighborhood X ⊂ Rn of x̄ such that ϕ|X is
continuously differentiable.
Proof. We refer to [3, Theorem 2.10].
For (2) one would have to check the weak rank condition for ϕ0 (x) for x ∈ ϕ−1 (0). In theory
this poses a problem, but in practice we can validate that numerically. Hence we we modify the
predictor and corrector step as follows. Let x̄ ∈ ϕ−1 (0) be a given point.
1. The inexact Predictor step: Compute ϕ0 (x̄) via a finite difference approximation. If ϕ0 (x)
is small, then use the trivial predictor, i.e.,consider all neighboring boxes and set T = Rn . If
not, then ϕ−1 (0) is locally around x̄ a manifold and we can compute the tangent space and set
T = Tx̄ (ϕ−1 (0)) = ker(ϕ0 (x̄)) ⊂ Rn . In this case we choose the predictor box collection as
Bpred (B(x̄, r)) = {B 0 ∈ N (B(x̄, r)) | c(B 0 ) ∈ Pad , B 0 ∩ (x̄ + T ) 6= ∅} \ Bcon .
1. The inexact Corrector step: For every corrector box B ∈ Bpred (B(x̄, r)) we want to find
an x ∈ B ∩ ϕ−1 (0). Hence, we use the following box problem
min

x∈B∩Pad

1
ϕ(x)2 .
2

(∂εBoxProb(B))

If the optimization is succesfull we update the box lists in the same manner as for the previous
continuation algorithms.
A pseudocode is given in Algorithm 5. Note that the whole continuation only takes place in the
parameter space.
3.8 Remark (About the box problem and instability). (i) The problem (∂εBoxProb(B)) is
way harder to solve compared to the box problems of the exact methods. On the one hand
this is due to the structure of ϕ, since for its evaluation we need to solve a quadratic
problem. On the other hand, if it holds εi =  > 0, it follows ϕ(x) = −2 for all x ∈ P r ,
i.e., ϕ is constant on the Pareto critical set of J r . If one uses local descent algorithms, the
solver may fail. Therefore, one needs to restart the solver multiple times using different
initial guesses. This is very costly if the box B does not contain any point to validate.
(ii) It is important to note that the description of the boundary only holds because of the
inexactness, i.e., only because of ε > 0. What happens for ε & 0, i.e., if J r → J? Formally
the set P2r converges to the set {x ∈ Rn | minα∈∆K kJ 0 (x)T αk2 = 0} = P = ϕ−1 (0). Hence
the IBCM tends for smaller and smaller epsilon to an expensive continuation method for
the set P. Expensive in the sense, that the subproblems are more costly to solve than the
ones for the CM. As a result one should always use error bounds sufficiently large, even
in the case one has the exact functions at hand. Therefore the IBCM is a pure inexact
method.
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Algorithm 5 Inexact Boundary Continuation Method (IBCM(-Triv))
Require: Initial list {x1 , ..., xp } ⊂ ∂P2r , box radius r > 0 and threshhold ηthresh > 0.
1: Initialize Q = {x1 , ..., xp } and B = {B(x1 ), ..., B(xp )}.
2: while Q 6= ∅ do
3:
Choose x̄ ∈ Q and update Q = Q \ {x̄}.
4:
if kϕ0 (x̄)k2 is small or TrivialPredictor = 1 then
5:
Set T = Rn .
6:
else
7:
Compute T = Tx̄ ϕ−1 (0) = ker(ϕ0 (x̄)).
8:
end if
Predictor step:
9:
Set Bpred (B̄) = {B 0 ∈ N (B(x̄, r)) | c(B 0 ) ∈ Pad , B 0 ∩ (x̄ + T ) 6= ∅} \ Bcon .
Corrector step:
10:
for B ∈ Bpred do
11:
Solve (∂εBoxProb(B)) for x.
12:
if kϕ(x))k2 ≤ ηthresh then
13:
Update Q = Q ∪ {x}, B = B ∪ {B}.
14:
end if
15:
Update Bcon = Bcon ∪ {B}.
16:
end for
17: end while
(iii) We have the following pros and cons of the method:
Pros:

• The method computes only the edge/boundary of the inexact Pareto set, which
means we need fewer boxes and therefore fewer, but well-distributed Pareto optima
to describe the Pareto set completely.

Cons:

• The box problems are hard and costly to solve.
• The method is pure inexact, it may have stability problems if the error bounds
are almost zero.
• The derivatives of ϕ are only available via a finite difference approximation.

3.3.2 The Hierarchical Inexact Continuation Method (HICM)
The Hierarchical Inexact Continuation Method computes the inexact Pareto sets P2r,I of subsets
I of {1, ..., k}. First, we decompose the problem into subproblems and then we use an inexact
continuation method to compute the corresponding inexact Pareto sets. In this section let
Assumption 3.4 hold, which means we assume the strong rank condition and consider only box
constrained problems for k > n. We have by Theorem 2.37 (ii) and Remark 2.41 (ii)
PE ⊂

[

PI ⊂

I∈Pot({1,...,k})
|I|=n

Hence, we focus on computing the sets P2r,I .

40

[
I∈Pot({1,...,k})
|I|=n

P2r,I .

3.4 Convergence and Initialization
1. The Predictor step: The trivial predictor is always well-defined. For the tangent predictor,
we can use the tangent information coming from F r . Note that by doing this we assume that
the approximation ∇2 J r also is a sufficiently good approximation of the hessian ∇2 J.
2. The Corrector step: For every corrector box B ∈ Bpred (B(x̄, r)), we want to find an
x ∈ B ∩ P2r,I , that means we search for x ∈ Rn with
min

kJ r,I0 (x)T αk2 − (αT ε)2 ≤ 0.


x∈B∩Pad , α∈∆k

Therefore, we consider the boxproblem
min

x∈B∩Pad , α∈∆k

kJ r,I0 (x)T αk22 − (αT ε)2 .

(εBoxProb(B))

If the function value corresponding to this subproblem is smaller than zero, we can stop the
optimization. Using this two modifications we obtain an algorithm similar to Algorithm 4.
Similarly we can modify the boxproblem for boxes intersecting with the boundary of Pad as it
was down in Section 3.2.1.

3.4 Convergence and Initialization
Initialization and coupling with other methods It is important to mention that the presented
methods are of local nature only. If we start in a given point, we can only compute new solutions,
which are located in the same connected component (of P, M or P2r ), that contains the point.
Hence there is a need for globalization, which means we need to find at least one initial point in
every connected component. This can be achieved for example by coupling the method with any
other (global) multiobjective optimization algorithm (e.g. the subdivision algorithm in [13]) for
initialization. In Algorithm 6 another potential way for the global initialization of the CM(-Triv)
is given, which was presented in [3] . Note that the idea of this algorithm can be transferred to all
other continuation methods. One could also think in this manner of a ”multi-radii” continuation
method, i.e., start with a very big radius to obtain a coarse picture of the set P and the restart
it multiple times with a smaller and smaller radius using the previously obtained discretization
to fill the gaps and identify unconnected regions if there are any.
Convergence and uniform spread From a theoretical point of view, convergence of the box
collection of Continuation Method to the desired box collection BP follows from the definition
of the algorithm, under the assumption that the method is initialized globally. Further, two
Pareto critical points x1 , x2 in two neighbor boxes B1 , B2 fulfill the estimate
kx1 − x2 k2 ≤

√

nr,

√
where nr is the main diagonal of an n-dimensional hypercube with radius r in the parameter
space. Lipschitz properties of the objective transfer these results directly into the objective
space.
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Algorithm 6 Global Initialization
Require: Outer Box Pad , outer radius R > 0, threshold ηthresh > 0.
1: Initialize Q = ∅.
2: for B ∈ BPad (R) do
◦ then
3:
if B ⊂ Pad
4:
Solve (BoxProb(B)) for (x, α, λ), set z = (x, α, λ, 0, 0) and let ρ be the function
5:
value.
6:
else
g
7:
Solve (BoxProb(B))
for z and let ρ be the corresponding function value.
8:
end if
9:
if ρ ≤ ηthresh then
10:
Update Q = Q ∪ {z}.
11:
end if
12: end for
13: Output: initial queue Q.
g
Solution of the boxproblems All the presented boxproblems ((BoxProb(B)), (BoxProb(B)),
(εBoxProb(B)), (∂εBoxProb(B))) take on the following form for the KKT variable z ∈ RN with
the to the problem corresponding dimension N ∈ N:

1
min GBox (z) := kF(z)k22 ,
z∈Zad
2

(GenBox)

where Zad = [za , zb ] for certain za ≤ zb ∈ RN . Since the function F contains the first derivative
of the objective J, we avoid using optimization methods, that need the second derivative of F
and therefore the third derivative of J. It is better to use therefore projected Quasi-Newton-type
methods like projected L-BFGS or SQP-BFGS algorithms to solve (GenBox). The derivative of
GBox is given as
∇GBox (z) = F 0 (z)T F(z).
In the unconstrained case (2.5.14) we obtain


 k
P





i=1

∇GBox (z) = 

∇2 Ji (µ)αi

J 0 (x)J 0 (x)T α +





k
P
i=1

J 0 (x)T α

αi − 1 · 1k×1


which means we do not have to assemble the second derivatives
but only compute the action thereof in the direction h = J 0 (x)T α.

Pk
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,


i=1 ∇

2 J (µ)α
i
i

(3.4.7)

as a matrix,

4 Multiobjective PDE Constrained
Optimization
In this chapter we consider MOPs constrained by PDEs. All problems we consider can be
formulated in the following framework, with which we work in the remainder of this chapter:
Let U, V, H be separable R-Hilbert spaces with V ,→ H ,→ V 0 . We call U the control space and
V the state space. Let J : V ×U → Rk be the multiobjective cost functional and E : V ×U → V 0
be a PDE constraint, the so-called state equation, which couples the state variable y ∈ V with
the control variable u ∈ U . Further, the set of feasible controls is a closed, convex and bounded
subset Uad ⊂ U . Then the general PDE-constrained MOP reads as
min

(y,u)∈V ×U

J (y, u)

(PDEMOP)

s.t.
E(y, u) = 0 ∈ V 0 , u ∈ Uad .

(StatePDE)

In many applications some cost functionals Ji are so called tracking-type cost functionals. Given
a desired state ydi ∈ H and a desired control uid ∈ U , they have the following form
Ji (y, u) =

σy
σu
kCy − ydi k2H +
ku − uid k2U ,
2
2

where C ∈ L(V, H) is the observation operator and σy , σu ≥ 0 with σy + σu > 0.
If for every given control u ∈ Uad , the state equation (StatePDE) is uniquely solvable, we can
define the corresponding solution operator S.
4.1 Definition (The solution operator S).
Under the assumption that the PDE constraint is uniquely solvable, we define the solution operator S : Uad → V as S(u) = y if and only if E(y, u) = 0.
As a result one can eliminate the state variable in (PDEMOP) by defining the essential
costfunction.
4.2 Definition (The essential optimization problem).
We define the essential cost function J : Uad → Rk via
J(u) := J (S(u), u)

(4.0.1)

and the essential optimization problem becomes
min J(u).

u∈Uad

^
(PDEMOP)
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g
Note that in this case both problems (PDEMOP)
and (PDEMOP) are equivalent. This
reduction of the optimization to the control variable can be done for many PDE constrained
problems, including the three examples we are looking at in this chapter.
In the case of a finite dimensional control space U = Rn , the problem is often called PDEconstrained parameter optimization problem and one writes Pad ≡ Uad and µ ≡ u ∈ Pad is
referred to as a parameter instead of a control.

4.1 A Strictly Convex Linear-Quadratic Multiobjective Optimal
Control Problem
In this section we extend the results from Example 2.26 to Hilbert spaces and show that for a
special class of abstract, strictly convex optimal control problems, the corresponding Pareto set
is given as the convex hull of the minimizer of the single objectives.

4.1.1 The Linear-Quadratic Optimal Control Problem
In the situation of the general (PDEMOP) let yd1 , ..., ydk ∈ H be given desired states. Further, let
σ > 0 and C ∈ L(V, H) be the observation operator. For a quadratic, multiobjective, trackingtype cost functional J and a linear constraint E, we consider the following problem
min

(y,u)∈V ×U

 1
σ
1 2
2 
2 kCy − yd kH + 2 kukU


..
J (y, u) = 

.
1
2 kCy

s.t.

−

ydk k2H

+

(LQ-MOCP)

σ
2
2 kukU

E(y, u) = 0 ∈ V 0 , u ∈ Uad .

We assume that we can eliminate the state variable in the upper problem:
4.3 Assumption. We suppose that for every given control u ∈ U , the linear PDE constraint E
admits a unique solution y = y(u) ∈ V .
We define the solution operator S ∈ L(U, V ) (according to Definition 4.1) with S(u) = y for a
given control u ∈ U if and only if it holds E(y, u) = 0. Setting G = C ◦ S ∈ L(U, H) and defining
the essential cost functional according to (4.0.1), the essential problem becomes
 1
σ
1 2
2 
2 kGu − yd kH + 2 kukU


..
min J(u) = 
.
.

u∈Uad

1
2 kGu

\
(LQ-MOCP)

− ydk k2H + σ2 kuk2U

d
Since the problems (LQ-MOCP)
and (LQ-MOCP) are equivalent, we can restrict ourselves to
the essential case. The essential cost functional has the following properties.

4.4 Lemma (Properties of the essential cost functional).
Ji is a coercive, strict convex, quadratic functional with
1
Ji (u) = h(Q + σIU )u, uiU − hq1i , uiU + q2i
2

∀u ∈ U, i ∈ {1, ..., k},

where we defined Q := G ∗ G ∈ L(U ), q1i := G ∗ ydi ∈ U and q2i := 12 hydi , ydi , iH ∈ R.
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4.1 A Strictly Convex Linear-Quadratic Multiobjective Optimal Control Problem
Proof. The quadratic structure follows by a simple calculation, which is shown in [41, Lemma
21.4]. The strict convexity follows from the coercivity of Q + σIU , since we assumed σ > 0 and
Q is non-negative per construction:
h(Q + σIU )u, uiU ≥ hσIU u, uiU = σkuk2U .

As a result the Pareto set is non-empty.
4.5 Corollary (Existence of the Pareto set).
It holds P = PS,(s,w) 6= ∅.
Proof. By Theorem A.4 every component Ji admits a strict, unique minimizer in Uad , which
is strongly Pareto optimal by Lemma 2.5. Since the problem is strict convex it holds P =
PS,(s,w) .

4.1.2 The Pareto Set as a Convex Hull
We have the following KKT conditions for unconstrained problems Uad = U in the Hilbert space
U.
4.6 Theorem (KKT conditions in Hilbert space).
Let ū ∈ U be an unconstrained, weak local Pareto optimum of J. Then there exists ᾱ ∈ ∆k with
k
X

ᾱi ∇Ji (ū) = 0.

i=1

If J is convex, the existence of such multiplier ᾱ is sufficient for ū to be a globally weakly Pareto
optimal point. Moreover if it additionally holds ᾱ > 0 or J is strictly convex, then the upper
condition is sufficient for ū to be globally Pareto optimal.
Proof. This Theorem was proven in [7, Theorem 3.8]. Additionally, in this version all multipliers
are normalized by |α|1 > 0.
From this KKT condition and the strictly convex, quadratic structure of J, we get a generalization of Example 2.26 in Hilbert spaces.
4.7 Corollary.
Let ūi ∈ U denote the unconstrained minimizer of Ji . Then the Pareto set of (LQ-MOCP) is
given as
PS = conv{ū1 , ..., ūk } ∩ Uad .
Proof. Ji is strictly convex, weakly lower-semicontinuous and coercive, which means that there
exists a unique minimizer ūi ∈ U . This minimizer is characterized by the sufficient optimality
condition of first order:
Ji0 (ūi ) = 0 ∈ U 0 .
Let ∇Ji (ūi ) ∈ U the Rietz representative of Ji0 (ūi ). Because of the quadratic structure of Ji in
(4.1.2), we obtain that
∇J(ūi ) = (Q + σIU )ūi − q1i = 0 ∈ U.
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Using the unconstrained sufficient first-order optimality condition from Theorem 4.6, we obtain
k
X



ᾱi (Q + σIU )ū −

q1i



= 0,

(4.1.3)

i=1

for an unconstrained Pareto optimum ū ∈ U . Due to
(Q + σIU )ū =

Pk

k
X

i=1 ᾱi

= 1, (4.1.3) is equivalent to

ᾱi q1i .

i=1

Further, Q + σIU defines a strictly coercive and continuous bilinear form on U . By the LaxMilgram lemma (see [15, Lemma 25.6]) Q + σIU is invertible, so that we can write
ū =

k
X

ᾱi (Q + σIU )−1 q1i =

i=1

k
X

ᾱi ūi .

i=1

Hence, the unconstrained Pareto set is given as the convex hull of the ūi . If we intersect this set
with the admissible set Uad , we obtain the Pareto set of (LQ-MOCP).
4.8 Remark. Corollary 4.7 only makes use of the quadratic structure with strictly coercive Hessian of the functional J, which means that this result holds for any arbitrary strictly convex and
strictly coercive functionals mapping from a Hilbert space U into the multidimensional objective
space, provided we use the same quadratic operator in every component (see (4.1.2)).
For the special optimal control problem here, this strictly coercive and quadratic structure relies
heavily on the properties of J given in (LQ-MOCP) and the assumption σ > 0, because the argumentation needs the existence of unconstrained minimizers. As an application of this abstract
problem one could think of a strictly convex multiobjective control problem of a linear parabolic
or a linear elliptic PDE by choosing the corresponding Hilbertspaces U, V and H. If σ = 0
and G injective, we obtain also strict convexity of J, which means at most one unconstrained
minimizer exists. Unfortunately, the existence of the unconstrained minimizer is not ensured,
since for σ = 0, the objective is in general not coercive anymore (see Theorem A.4).
For a numerical example we refer to Section 6.1.

4.2 A Non-Convex Multiobjective Parameter Optimization Problem
We will turn to towards non-convex multiobjective parameter optimization problems (MPOPs)
constrained by elliptic PDEs. In the situation of the general multiobjective optimal control
problem (PDEMOP) let therefore be U = Rn and we write Pad ≡ Uad , µ ≡ u ∈ Rn . The
observation operator is given as C := IV,H , the canonical embedding of V into H, which will be
neglected in the following. Further, let the constraint E : V × Rn → V 0 be given as
E(y, µ) := a(y, ·; µ) − f (·; µ) ∈ V 0 ,
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(4.2.4)

4.2 A Non-Convex Multiobjective Parameter Optimization Problem
where a : V × V × Rn → R is a µ-dependent bilinear form and f (·; µ) ∈ V 0 is a µ-dependent
functional. Given desired states yd1 , ..., ydk−1 ∈ H we are considering the problem


1
2

2
H

y − yd1
..
.









min
J (y, µ) = 

 1 y − y k−1 2 
(y,µ)∈V ×Pad

 2
d
H

(MPOP)

a(y, ϕ; µ) = f (ϕ; µ) ∀ϕ ∈ V.

(PDE(µ))

2
1
2 kµkRn

s.t.

We want to transform the upper problem into the finite-dimensional form of (Box-MOP) to be
able to apply a continuation method for its solution. The first step will be therefore to construct
the solution operator S.

4.2.1 The State Equation
We will now concretize the abstract formulation of the state equation. For a dimension d ∈ N,
we are given a bounded domain Ω ⊂ Rd and a disjoint decomposition into n0 ∈ N subdomains,
.
i.e., Ω = ∪Ωi . Setting n = n0 + 2 and u ∈ Rn , we consider the following linear PDE for the state
y

i
hP 0
n
µ
χ
∇y
+ µn−1 b · ∇y + µn y = f˜ in Ω,
−∇ ·
i=1 i Ωi
(StateEq)
∇y · η = 0 on ∂Ω,
where η is the outward normal of the domain. We will transform the state equation into the
variational form of (PDE(µ)) for the choice V = H 1 (Ω) and H = L2 (Ω). We make the following
assumption on the PDE and the parameter µ.
4.9 Assumption. (i) Ω ⊂ Rn is a bounded Lipschitz domain, f˜ ∈ H (or f˜ ∈ V 0 ) and
b ∈ L∞ (Ω, Rd ) with ∇ · b ∈ L∞ (Ω) .
(ii) The parameter µ ∈ Rn should satisfy µi > 0 for all i ∈ {1, ..., n} \ {µn−1 }. Moreover,we
suppose one of the following two hypotheses:
(a) We suppose
µn−1
ess inf µn −
∇·b >0
Ω
2


and



µn−1 ess inf b · η ≥ 0.


∂Ω

(b) We assume that b satisfies

(4.2.5)

∇ · b = 0, b · η = 0.

We collect all those parameters in the set Peq = Peq (b) and assume that it is open.
4.10 Remark. Note that under Assumption 4.9 (ii) (b), the set has the structure Peq =
0
(0, ∞)n × R × (0, ∞).
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Taking the inner product in L2 (Ω) with a test function ϕ ∈ H 1 (Ω) on both sides of (StateEq),
integrating by parts and using the homogeneous Neumann boundary condition, we obtain
0

n
X
i=1

Z

µi
Ω

Z

χΩi ∇y · ∇ϕ dx + µn−1

b · ∇y ϕ dx + µn


Ω

Z
Ω

yϕ dx =

Z

f˜ϕ dx.

Ω

(4.2.6)

We define the (bi)linear forms
ai (φ, ϕ) :=

Z

an−1 (φ, ϕ) :=

Z

an (φ, ϕ) :=
f (ϕ) :=

∇φ · ∇ϕ dx,

Ωi

i = 1, ..., n − 2,



b · ∇φ ϕ dx,

ZΩ

φϕ dx,
ZΩ

f˜ϕ dx,

Ω

and the parameter-dependent bilinear form
a(φ, ϕ; µ) :=

n
X

µi ai (φ, ϕ).

(4.2.7)

i=1

We can finally write (StateEq) in the form (PDE(µ)):
a(y, ϕ; µ) = f (ϕ) ∀ϕ ∈ V.
Now we can define what we understand as a weak solution of the state equation.
4.11 Definition (Weak solution).
Given a parameter µ ∈ Rn , we call y = y(µ) ∈ V a weak solution of the state equation (StateEq)
if it satisfies (4.2.6) for all ϕ ∈ V .
Existence and uniqueness of a weak solution is an application of the Lax-Milgram lemma.
4.12 Theorem (Existence and uniqueness).
Let Assumption 4.9 be satisfied. For every parameter µ ∈ Peq there exists a unique weak solution
y = y(µ) ∈ V of the state equation (StateEq), that satisfies
ky(µ)kV ≤

1
kf kV 0
γ(µ)

(4.2.8)

with the coercivity constant γ(µ) :=
min µ1 , ..., µn0 , ess inf Ω µn − µn−1
> 0, if Assumption
2 ∇·b

0
:=
4.9 (ii) (a) holds or γ(µ)
min µ1 , ..., µn , µn , } > 0, if Assumption 4.9 (ii) (b) holds. Moreover, the continuity constant of the bilinear form ai is given as ci = 1 for i ∈ {1, ..., n} \ {n − 1}
and for an−1 as cn−1 = kbkL∞ (Ω) .




Proof. We want to invoke the Lax-Milgram lemma. Therefore, we need to show that the bilinear
form a is continuous and strictly coercive for every parameter µ ∈ Peq and f ∈ V 0 . The latter
follows directly from the definition of f , the linearity of the integral and the Cauchy-Schwarz
inequality.
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We show now that a is continuous for a fixed µ ∈ Peq . Therefore choose φ, ϕ ∈ V and estimate
as
n
|a(φ, ϕ; µ)| ≤ kµk∞

X

|ai (φ, ϕ)|.

i=1

For the diffusive bilinear forms ai (i = 1, ..., n0 ), we obtain continuity with constant one using
the triangle inequality for the integral, the decomposition property of Ω, the Cauchy-Schwarz
inequality and the fact that H 1 (Ω) ,→ L2 (Ω). The bilinear form an is also continuous with
constant one and for the bilinear form an−1 we estimate using the triangle, the Hölder and the
Cauchy-Schwarz inequality as
|an−1 (φ, ϕ)| ≤ kbkL∞ (Ω) kφkV ) kϕkV .
All in all we obtain continuity with the constant c(µ) := kµk∞ max{1, kbkL∞ (Ω) }.
We turn now to the strict coercivity. First, we estimate as
0

a(φ, φ; µ) =

n
X

Z

µi
Ωi

i=1

k∇φk2Rd

dx + µn−1

Z
Ω

b · ∇φ φ dx + µn


≥ min{µ1 , ..., µn0 }k∇φk2L2 (Ω,Rd ) + µn−1

Z
Ω

Z

φ2 dx

Ω

b · ∇φ φ dx + µn


Z

φ2 dx

Ω

Since ∇ · b ∈ L∞ (Ω), we can apply Green’s formula for the divergence operator (see [15]) and
estimate downwards using (4.2.5) as
Z

µn−1
b · ∇(φ2 ) dx
b · ∇φ φ dx =
2
ΩZ
Z


µn−1
µn−1
∇ · b φ2 dx +
b · η φ2 dx
= −
2 ZΩ
2
∂Ω
 2
µn−1
≥ −
∇ · b φ dx,
2
Ω
Z



µn−1
Ω

(4.2.9)

Note that the term in (4.2.9) vanishes if Assumption 4.9 (ii) (b) holds, which means the term
can be neglected in the following in this case. If Assumption 4.9 (ii) (a) is satisfied, we obtain
a(φ, φ; µ) ≥ min{µ1 , ..., µ

n0

}k∇φk2L2 (Ω,Rd )

µn−1
−
2

Z

Z
 2
∇ · b φ dx + µn φ2 dx
Ω
Ω



≥ min{µ1 , ..., µn0 }k∇φk2L2 (Ω,Rd ) + ess inf µn −
Ω

≥

µn−1
∇ · b kφk2H
2

γ(µ)kφk2V .

For the proof of the a-priori estimate let y be the solution for µ ∈ Peq . We obtain
γ(µ)kyk2V ≤ a(y, y; µ) = f (y) ≤ kf kV 0 kykV .
Dividing by γ(µ)kykV gives the result for y 6= 0, while the case y = 0 is trivial.
Since the state equation is well-posed on Peq , we can define the solution operator according
to Definition 4.1. Note that the solution operator is not linear, since the coupling of y and µ in
the state equation is bilinear, even though the PDE is linear in y for a fixed µ. In the following
we will investigate the derivatives of the bilinearform a and the solution operator S w.r.t. the
parameter µ.
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4.13 Lemma (Derivatives of a).
For fixed φ, ϕ ∈ V , we consider the function a(φ, ϕ; ·) : Peq → R, µ → a(φ, ϕ; µ). The derivative
at µ ∈ Peq in a direction h ∈ Rn is given as
∂µ a(φ, ϕ; µ)h = a(φ, ϕ; h),
where it holds

(4.2.10)

a1 (φ, ϕ)


..
n
∂µ a(φ, ϕ; µ) = 
∈R .
.
an (φ, ϕ)




Further, for the hessian we have
∂µ2 a(φ, ϕ; µ) = 0 ∈ Rn×n .
Proof. This follows directly from the definition of the bilinearform in (4.2.7) and the linear
µ-dependency.
4.14 Lemma (Derivatives of S).
The solution operator S : Peq → V is twice continuously Frechet differentiable. At a point
µ ∈ Peq and for a direction h1 ∈ Rn , the derivative yh1 := S 0 (µ)h1 ∈ V is given as the solution
of the linearized state equation
a(yh1 , ϕ; µ) = −a(S(µ), ϕ; h1 )

(4.2.11)

∀ϕ ∈ V.

Given a second direction h2 ∈ Rn , the second Frechet derivative at µ in direction h1 , h2 is given
as yh1 ,h2 := S 00 (µ)(h1 , h2 ) ∈ V
a(yh1 ,h2 , ϕ; µ) = −a(S 0 (µ)h1 , ϕ; h2 ) − a(S 0 (µ)h2 , ϕ; h1 )

∀ϕ ∈ V.

(4.2.12)

Proof. Let the operator E : V × Peq → V 0 be given as in (4.2.4). Then E is twice continuously
differentiable as a bilinear function and it holds E(S(µ), µ) = 0 for all µ ∈ Peq . Further, it holds
Ey (y, µ)ỹ = a(ỹ, ·; µ) ∈ V 0 for y, ỹ ∈ V . Hence, with the same arguments as in Theorem 4.12
it follows that Ey (y, µ) ∈ L(V, V 0 ) has a bounded inverse. By applying the implicit function
theorem (Theorem A.2), we can differentiate the equation E(S(µ), µ) = 0 in µ to obtain
S 0 (µ) = −Ey (S(µ)), µ)−1 Eµ (S(µ), µ) ∈ L(Rn , V ) ∀µ ∈ Peq ,
which is equivalent in direction h1 ∈ Rn to
Ey (S(µ)), µ)S 0 (µ)h1 = −Eµ (S(µ), µ)h1 ,

(4.2.13)

which is equivalent to (4.2.11) by using (4.2.10). Differentiating once more in direction h2 , we
obtain
Eyy (S(µ), µ)(yh1 , yh2 ) + Ey (S(µ), µ)S 00 (µ)(h1 , h2 ) + Eyµ (S(µ), µ)(yh1 , h2) =
−Eyµ (S(µ), µ)(h1 , yh2 ) − Eµµ (S(µ), µ)(h1, h2),
which simplifies to
Ey (S(µ), µ)S 00 (µ)(h1 , h2 ) = −Eyµ (S(µ), µ)(yh1 , h2) − Eyµ (S(µ), µ)(h1 , yh2 ),
because the terms Eyy and Eµµ vanish. The last statement is equivalent to (4.2.12) using (4.2.10).
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4.2.2 The Non-Convex Multiobjective Parameter Optimization Problem
Given desired states yd1 , ..., ydk−1 ∈ L2 (Ω), we are considering the problem


1
2

y − yd1
..
.

2
L2 (Ω)




min
J (y, µ) = 
2
 1
(y,µ)∈V ×Pad

y − ydk−1 2
 2
L (Ω)
2
1
2 kµkRn

s.t.

n
X

µi ai (y, ϕ) = f (ϕ)










∀ϕ ∈ V,

(MPOP)

(PDE(µ))

i=1

with the quantities a and f defined in the previous section. The problem is in general nonconvex, because of the bilinear coupling of µ and y. We make the following assumption on the
admissible parameter set.
4.15 Assumption. For µa , µb ∈ Rn with µa ≤ µb we assume Pad = [µa , µb ] ⊂ Peq .
Because of the assumption, the solution operator exists on the whole admissible set Pad , and
we can eliminate the state variable to obtain the essential problem according to Definition 4.2:
min J(µ),

\
(MPOP)

µ∈Pad

d
where J : Pad → Rk , J(µ) := J (S(µ), µ). Both problems (MPOP)
and (MPOP) are equivalent
d
and there exist Pareto optimal points for (MPOP).

4.16 Theorem (Existence of the Pareto set).
d
The Pareto set PS,(s,w) of (MPOP)
is non-empty. Moreover, there exists a global Pareto optimum.
Proof. Since Jk is strict convex and continuous, it admits a strict unique minimizer on the
compact set Pad and the result follows by Lemma 2.5.
Next, we will characterize the solutions in terms of optimality conditions.

4.2.3 The KKT System
d
In this section we want to obtain KKT conditions for (MPOP)
and investigate the strucuture of
the involved derivatives, which we need for the application of the continuation method. Therefore
we introduce the adjoint equation.

4.17 Definition (The adjoint problem).
For i ∈ {1, ..., k −1}, the adjoint variable pi ∈ V is defined as the solution of the adjoint equation
a(ϕ, pi ; µ) = hS(µ) − ydi , ϕiH

∀ϕ ∈ V.

(AdjEqi (µ))

Under Assumption 4.9, the adjoint problem is also well-posed by the Lax-Milgram lemma and
we can introduce the adjoint solution operator.
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4.18 Definition (The adjoint solution operator).
For i ∈ {1, ..., k − 1} we define Ai : Peq → V via Ai (µ) = pi , where pi is the unique solution of
(AdjEqi (µ)) for µ ∈ Pad .
Further, we need the derivative of the adjoint solution operator.
4.19 Lemma (Derivatives of A).
For µ ∈ Pad and h ∈ Rn the derivative pi,h := A0i (µ)h ∈ V is given as the solution of the
linearized adjoint equation
a(ϕ, pi,h ; µ) = −a(ϕ, Ai (µ); h) + hS 0 (µ)h, ϕiH

∀ϕ ∈ V.

(4.2.14)

Proof. Similar to the proof of Lemma 4.14, we define the operator Y : V ×ad → V 0 via Y(pi , µ) =
a(·, pi ; µ) − hS(µ) − ydi , ·iH . With the same arguments it follows using the implicit function
theorem
Ypi (Ai (µ), µ)A0i (µ)h = −Yµ (Ai (µ), µ)h,
which is equivalent to the claim using (4.2.10).
Using the adjoint solution operator we can express the derivatives of J as follows.
4.20 Lemma (Derivatives of J).
The cost function J is twice continuously differentiable. Given µ ∈ Pad and a direction h ∈ Rn ,
we obtain for i ∈ {1, ..., k − 1}
a1 (S(µ), Ai (µ))


..
∇Ji (µ) = −∂µ a(S(µ), Ai (µ); µ) = − 
.
.
an (S(µ), Ai (µ))

(4.2.15)

∇2 Ji (µ)h = −∂µ a(S 0 (µ)h, Ai (µ); µ) − ∂µ a(S(µ), A0i (µ)h; µ).

(4.2.16)

∇Jk (µ) = µ, ∇2 Jk (µ) = In .

(4.2.17)



and
Further, we have



Proof. Using the chain rule, the derivative of Ji for i ∈ {1, ..., k − 1} in direction h1 ∈ Rn is
given as
Ji0 (µ)h1 =∂y Ji (S(µ), µ) S 0 (µ)h1 + ∂µ Ji (S(µ), µ)h1


=∂y Ji (S(µ), µ) Ey (S(µ)), µ)−1 Eµ (S(µ), µ)h1 ,


where we used (4.2.13) and ∂µ Ji = 0 for i ∈ {1, ..., k − 1}. We can further write
Ji0 (µ)h1 = − Eµ (S(µ), µ)∗ Ey (S(µ)), µ)−∗ ∂y Ji (S(µ), µ) h1


|

{z

=Ai (µ)

}

= − Eµ (S(µ), µ)∗ Ai (µ)h1 = h−∂µ a(S(µ), Ai (µ)), h1 i,
since Ey (S(µ)), µ)∗ Ai (µ) = ∂y Ji (S(µ), µ) is equivalent to (AdjEqi (µ)). Differentiating once
more, in a second direction h2 ∈ Rn , we obtain using the product rule


Ji00 (µ)(h1 , h2 ) = h∇2 Ji (µ)h1 , h2 i = h∂µ a(S 0 (µ)h1 , Ai (µ); µ) − ∂µ a(S(µ; µ), A0i (µ)h1 ; µ), h2 i.
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We obtain the following KKT conditions.
d
4.21 Corollary (KKT conditions for (MPOP)).
d
For a weak Pareto optimum µ̄ ∈ Pad for (MPOP),
that additionally satisfies the LICQ constraint
qualification, there exist ᾱ ∈ ∆k and β̄1 , β̄2 ∈ Rn≥0 , that satisfy the following system

−

k−1
X

ᾱi ∂µ a(S(µ̄), Ai (µ̄); µ̄) + ᾱk µ̄ − β̄1 + β̄2 = 0,

i=1

β̄1T (µa − µ̄) = 0,
β̄2T (µ̄ − µb ) = 0.

4.2.4 Application of the Continuation Method
d
The reduced problem (MPOP)
fits into the framework of (Box-MOP). In this section we invesd
tigate if the continuation method is applicable on (MPOP)
and we present algorithms on how
to efficiently assemble all involved quantities.
For the continuation method we will consider the problem restricted to the inner of the box Pad .
◦ × Rk as
The KKT function for the unconstrained problem is given for z = (µ, α) ∈ Pad


J 0 (x)T α

 k
F(z) =  P

i=1

αi − 1





(4.2.18)

with the derivative


F 0 (z) = 


k
P
i=1



∇2 Ji (µ)αi
01×n

J 0 (µ)T
11×k


(n+1×n+k)
.
∈R

(4.2.19)

Note that one has to investgate under which conditions the weak or strong rank condition on
d
F is satisfied, i.e., under which conditions the set of KKT points for (MPOP)
is a manifold and
the Pareto critical set can be decomposed into corresponding subproblems. We will not do this
theoretically, but for the test problem in Section 6.2 the strong rank conditon is numerically
always satisfied. For the predictor step, we need to compute the QR-Decomposition of F 0 (z).
The assembly of this derivative is depicted in Algorithm 7.
For the solution of the general box problem (GenBox), we need to assemble the function
GBox (z) = 21 kF(z)k2 and its derivative. It is possible to assemble the gradient ∇GBox (z)
without explicitly building the Hessians ∇2 Ji (µ). The procedure is depicted in Algorithm 8. In
the same manner we can assemble the functions for all the other box problems.
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Algorithm 7 Assembly of F 0 (z)
◦ × Rk .
Require: z ∈ Pad
1: Solve the state equation (PDE(µ)) for S(µ).
2: for i = 1, ..., k − 1 do
3:
Solve the i-th adjoint equation (AdjEqi (µ)) for Ai (µ).
4: end for
5: Assemble J 0 (µ)T = [∇J1 (µ)|...|∇Jk (µ)] ∈ Rn×k according to (4.2.15) and (4.2.17).
6: for j = 1, ..., n do
7:
Solve the linearized state equation (4.2.11) for S 0 (µ)ej , where ej is the j-th unit vector.
8:
for i = 1, ..., k − 1 do
9:
Solve the linearized adjoint equation (4.2.14) for A0i (µ)ej .
10:
end for
11: end for

12:
13:

Assemble the weighted-sum of the hessians
Assemble F 0 (z) according to (4.2.19).

k
P

i=1

∇2 Ji (µ)αi using (4.2.16) and (4.2.17).

Algorithm 8 Assembly of GBox (z) and ∇GBox (z)
◦ × Rk .
Require: z ∈ Pad
1: Solve the state equation (PDE(µ)) for S(µ).
2: for i = 1, ..., k − 1 do
3:
Solve the i-th adjoint equation (AdjEqi (µ)) for Ai (µ).
4: end for
5: Assemble J 0 (µ)T = [∇J1 (µ)|...|∇Jk (µ)] ∈ Rn×k according to (4.2.15) and (4.2.17).
6: Assemble J 0 (x)T α, F(z) via (4.2.18) and GBox (z) = 12 kF(z)k2 .
Pk
0
7: Set h =
i=1 ∇Ji (µ)αi and solve the linearized state equation (4.2.11) for S (µ)h.
8: for i = 1, ..., k − 1 do
9:
Solve the linearized adjoint equation (4.2.14) for A0i (µ)h.
10: end for

Pk
2
11: Assemble
i=1 ∇ Ji (µ)αi h according to (4.2.16) and (4.2.17).
12: Assemble ∇GBox (z) via (3.4.7).
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4.3 A Semilinear Multiobjective Parameter Optimization Problem
with l1 -Cost
In this section we consider MPOPs with a combined l1 -l2 -regularization term constrained by a
semilinear, elliptic PDE. The additional l1 -term makes the cost function non-differentiable, but
enforces the sparsity of the optimal parameter, which gives rise to easily interpretable results.

4.3.1 The Multiobjective l1 -Parameter Optimization Problem
In the situation of the general multiobjective optimal control problem (PDEMOP) let U = Rn
and Pad = [µa , µb ] ∈ Rn for µa ≤ µb . Further, let Ω ⊂ Rd be a bounded domain and choose
H = L2 (Ω) and V = H01 (Ω). Let the observation operator C := IV,H be the canonical embedding
of V into H, which will be neglected in the following and let B ∈ L(Pad , H). Given two
regularization parameters ν1 , ν2 > 0 and desired states yd1 , ..., ydk−1 ∈ H, we consider the following
problem:


1
1 2
y
−
y
d H
2


..




.
(l1 -MPOP)
min
J (y, µ) = 


 1 y − y k−1 2
(y,µ)∈V ×Pad

 2
d
H
2
ν2
ν1 µ 1 + 2 µ 2
s.t.

Ay + N (y) = f + Bµ in V 0 .

(SPDE(µ))

We make the following assumptions on the given problem.
4.22 Assumption.
(i) Ω ⊂ Rd for d ∈ {2, 3} is a bounded Lipschitz domain and f ∈ H. Further, we assume
µa < 0 < µb .
(ii) The operator B ∈ L(Pad , H) has the form
Bµ =

n
X

χΩi µi ,

i=1

for µ ∈ Pad and {Ωi }ni=1 being a disjoint decomposition of Ω.
(iii) A is a linear, elliptic differential operator such that
(a) The operator A has the form
Ay = −

d
X

∂xj (aij ∂xi y) + a0 y,

i,j=1

with a0 , aij ∈ L∞ (Ω), a0 ≥ 0 and aij = aji .
(b) There exists C > 0 with
d
X

aij (x)ξi ξj ≥ C|ξ|2

∀ξ ∈ Rd and for a.a. x in Ω.

i,j=1
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(iv) The nonlinearity N ∈ C 2 (R) is monotonically increasing and N 00 is locally Lipschitz. We
do not distuingish in the notation between the nonlinearity N : R → R and the corresponding Nemytskii operator mapping in between functions paces.
Note that in the case of positive or negative box constraints (0 ≤ µa ≤ µb or 0 ≥ µb ≥ µa ) the
is only a linear function, which is why we assumed that µa < 0 < µb . Under the above
assumption, the PDE-constraint is uniquely solvable and the corresponding solution operator
exists.
l1 -term

4.23 Theorem (The solution operator S ). (i) For every µ ∈ Peq := Rn , there exists a
unique solution y ∈ V ∩ L∞ (Ω) of the state equation (SPDE(µ)) and the corresponding
solution operator S : Rn → V, S(µ) = y is well-defined.
(ii) S is twice continuously differentiable. For a point µ ∈ Rn and a direction h1 ∈ Rn the
derivative yh1 = S 0 (µ)h1 ∈ V is the unique solution of the linear PDE




A+N 0 (S(µ) yh1

=

Bh1

in V 0

(4.3.20)

Given another direction h2 ∈ Rn , the second derivative yh1 ,h2 = S 00 (µ)(h1 , h2 ) ∈ V is the
unique solution of the linear PDE




A+N 0 (S(µ)) yh1 ,h2

=

−N 00 (S(µ))yh1 yh2

in V 0 ,

(4.3.21)

where yh2 = S 0 (µ)h2 .
Proof.
(i) This follows from the results in [39, Section 4].
(ii) We define the operator E : V ∩ L∞ (Ω) × Rn → V 0 , (y, µ) 7→ a(y, ·) + hN (y) − f − Bµ, ·iH ,
where a denotes the bilinear form associated to the elliptic operator A. Because of Assumption 4.22, we obtain using Lemma A.3 that E is twice continuously Fréchet differentiable. (i) states E(S(µ), µ) = 0 for all µ ∈ Rn and further we have Ey (S(µ), µ)ỹ =
a(ỹ, ·) + hN 0 (S(µ))ỹ, ·iH for ỹ ∈ V ∩ L∞ (Ω). With the monotonicity of N it follows using Lax-Milgram Ey (y, µ)−1 ∈ L(V 0 , V ) and we can apply the implicit function theorem.
Therefore S is twice continuously Fréchet differentiable with
S 0 (µ) = −Ey (S(µ), µ)−1 Eµ (S(µ), µ) ∈ L(Rn , V ), ∀µ ∈ Rn .

(4.3.22)

Hence for h1 ∈ Rn we can compute yh1 = S 0 (µ)h1 via
Ey (S(µ), µ)yh1 = −Eu (S(u), u)h1 ,
which is equivalent to (4.3.20). Differentiating the last equation in another direction
h2 ∈ Rn we obtain
Eyy (S(µ), µ)(S 0 (µ)h1 , S 0 (µ)h2 ) + Ey (S(µ), µ)S 00 (µ)(h1 , h2 ) + Eyµ (S(µ), µ)(S 0 (µ)h1 , h2 ) =
−Eµy (S(µ), µ)(h1 , S 0 (µ)h2 ) − Eµµ (S(µ), µ)(h1 , h2 ),
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which simplifies to
Ey (S(µ), µ)S 00 (µ)(h1 , h2 ) = −Eyy (S(µ), µ)(S 0 (µ)h1 , S 0 (µ)h2 ),

(4.3.23)

because the mixed derivatives vanish and Eµµ = 0. Computing explicitly the derivatives in
the last formula gives us (4.3.21). Since for a fixed µ, the differential operator A+N 0 (S(µ))
defines a strict coercive and continuous bilinear form, since N is monotone increasing.
Therefore the equations (4.3.20) and (4.3.21) are uniquely solvable by Lax-Milgram.

We obtain the essential problem according to Definition 4.2
\
(l1 -MPOP)

min J(µ),

µ∈Pad

where J : Pad → Rk , J(µ) := J (S(µ), µ). Further, the Pareto set is non-empty.
4.24 Lemma (Existence of the Pareto set).
d
The Pareto set P of (l1 -MPOP)
is non-empty. Moreover, there exists a global Pareto optimum.
Proof. Since Jk admits the strict global minimizer 0 ∈ Pad , the result follows by Lemma 2.5.

4.3.2 The KKT System
A problem in deriving optimality conditions consists in differentiating the l1 -term, since it is
not differentiable in the classical sense. Therefore we use Clarke’s generalized differential for
the l1 -norm in the last component Jk . Since the l1 -norm is convex and locally lipschitz, the
associated generalized differential ∂C (kµk1 ) ⊂ Rn is non-empty for µ ∈ Rn according to Lemma
A.7 (i). We have the following result about its structure.
4.25 Lemma (Subdifferential of k · k1 ).
For µ ∈ Rn we have
n

∂C (kµk1 ) = λ ∈ Rn

o

λi = 1 if µi > 0, λi = −1 if µi < 0, λi ∈ [−1, 1] if ui = 0 .

(4.3.24)

Proof. The statement comes from [8] and follows also from the characterization of the subdifferential of piecewise differentiable functions in [40, Proposition 2.25].
The first k − 1 objectives are differentiable in the classical sense and for their derivatives we
need the adjoint equation.
4.26 Theorem (Derivatives of Ji ).
For i ∈ {1, ..., k − 1}, Ji : Rn → R is twice continuously differentiable. For µ ∈ Rn we have
∇Ji (µ) = B ∗ Ai (µ) ∈ Rn .

(4.3.25)

where the i-th adjoint state Ai (µ) = pi ∈ V is defined as the unique solution of the linear PDE




A+N 0 (S(µ)) pi

=

S(µ) − ydi

in V 0 .

(4.3.26)
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Given a direction h ∈ Rn , the second derivative is given by
∇2 Ji (µ)h = B ∗ A0i (µ)h.

(4.3.27)

where the linearized adjoint state pi,h = A0i (µ)h ∈ V is the unique solution of the linear PDE




A+N 0 (S(µ)) pi,h

=

S 0 (µ)h(1 − N 00 (S(µ))Ai (µ))

in V 0 .

(4.3.28)

Proof. We have Ji (µ) := 12 S(µ) − ydi k2H and therefore twice differentiability of Ji as the composition of the square of the norm and S. Let E be as in the proof of Theorem 4.23. We
have Eµ (S(µ), µ) ∈ L(Rn , V 0 ), Ey (S(µ), µ)−1 ∈ L(V 0 , V ) and hence Eµ (S(µ), µ)∗ ∈ L(V, Rn ),
∗
Ey (S(µ), µ)−1 = Ey (S(µ), µ)∗ −1 ∈ L(V 0 , V ). Using the chain rule it holds
Ji0 (µ)h =∂y Ji (S(µ), µ)S 0 (µ)h
= − ∂y Ji (S(µ), µ)Ey (S(µ), µ)−1 Eµ (S(µ), µ)h




= − Eµ (S(µ), µ)∗ Ey (S(µ), µ)∗ −1 ∂y Ji (S(µ), µ) h
{z

|

=:pi =Ai (µ)



}



= − Eµ (S(µ), µ)∗ Ai (µ) h
=hB ∗ Ai (µ), hi2 ,
where we have set Ey (S(µ), µ)∗ pi = ∂y Ji (S(µ), µ) in V 0 , which is equivalent to (4.3.26).
In the following we leave out the arguments and write Ji := Ji (S(µ), µ). Differentiating once
more in a direction h̃ ∈ Rn it holds
0

Ji00 (µ)(h, h̃) = ∂y Ji S 0 (µ)h h̃
=h∂y Ji , S 00 (µ)(h, h̃)i + h∂yµ Ji S 0 (µ)h, h̃i+
h∂yy Ji S 0 (µ)h, S 0 (µ)h̃i
=h∂y Ji , S 00 (µ)(h, h̃)i + h∂yy Ji S 0 (µ)h, S 0 (µ)h̃i,
since the mixed derivative ∂yµ Ji vanish. In the following we write yh = S 0 (µ)h for simplicity.
Using the representation (4.3.22), (4.3.23) for S 0 (µ)h, S 00 (µ)(h, h̃) for the remaining terms, it
follows
h∂y Ji , S 00 (µ)(h, h̃)i + h∂yy Ji yh , S 0 (µ)h̃i
=h∂y Ji , −Ey−1 Eyy yh (−Ey−1 Eµ )h̃i + h∂yy Ji yh , −Ey−1 Eµ h̃i
∗
=h−Eµ∗ Ey∗ −1 yh Eyy
(−Ey∗ )−1 ∂y Ji , h̃i + h−Eµ∗ Ey∗ −1 ∂yy Ji yh , h̃i
∗
=h−Eµ∗ Ey∗ −1 − yh Eyy
Ey∗ −1 ∂y Ji +∂yy Ji yh , h̃i



|

{z

=pi

}

∗
=h−Eµ∗ Ey∗ −1 − yh Eyy
pi + ∂yy Ji zv1 , h̃i



|

=hpi,h , h̃i
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=:pi,h =A0i (µ)

}
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∗ p + ∂ J y in V 0 , which is equivalent to (4.3.28). All
and we defined pi,h via Ey∗ pi,h = −yh Eyy
i
yy i h
in all we get
Ji00 (u)(h, h̃) = hpi,h , h̃i2 .

The unique solvability of the adjoint and the linearized adjoint equation follows, since for a fixed
µ, the differential operator A + N 0 (S(µ)) defines a strictly coercive and continuous bilinear form,
since N is monotone increasing.
Using those results, we obtain the following KKT system.
4.27 Theorem (The KKT System for (l1 -MPOP)).
Let µ̄ ∈ Pad be Pareto optimal for (l1 -MPOP) with the Cottle constraint qualification (see
Theorem 2.14). Then there exist ᾱ ∈ ∆k , β¯1 , β¯2 ∈ Rn≥0 and a subgradient λ̄ ∈ ∂C (kµ̄k1 ) that
satisfy
k−1
X

ᾱi B ∗ Ai (µ̄) + ᾱk (ν2 µ̄ + ν1 λ̄) − β̄1 + β̄2 = 0,

(4.3.29a)

β̄1T (µa − µ̄) = 0,

(4.3.29b)

β̄2T (µ̄ − µb ) = 0.

(4.3.29c)

i=1

Proof. First, we set g(µ̄) = (µa − µ̄, µ̄ − µb )T ∈ R2n for µ̄ ∈ Pad . Now we are in the situation of
T
Theorem 2.14 and obtain the existence of multipliers ᾱ ∈ ∆k and β̄ ∈ R2n
≥0 with β̄ g(µ̄) = 0 and
0∈

k
X
i=1

ᾱi ∂C Ji (µ̄) +

2n
X

β̄j ∂C gj (µ̄).

j=1

Since g, Ji (i ∈ {1, ..., k − 1}) are continuously differentiable, we obtain using Lemma A.7 (iv)
∂C gj (µ̄) = {∇gj (µ̄)} and ∂C Ji (µ̄) = {∇Ji (µ̄)} for i ∈ {1, ..., k − 1}. Further, (4.3.24) and
Lemma A.7 (vii), and (vi) state ∂C Jk (µ̄) = ν2 {µ̄} + ν1 ∂C (kµ̄k1 ). This implies the existence of a
λ̄ ∈ ∂C (kµ̄k1 ) with
k−1
X
i=1

ᾱi ∇Ji (µ̄) + ᾱk ν1 λ̄ −

2n
X

β̄j ∇gj (µ̄) = 0.

j=1

Using now the structure of ∇gj and ∇Ji , we obtain
k−1
X

ᾱi B ∗ Ai (µ̄) + ᾱk (ν2 µ̄ + ν1 λ̄) − β̄1 + β̄2 = 0,

i=1

where we set β̄ = (β̄1 , β̄2 )T ∈ R2n , which is (4.3.29a) since, while β T g(µ̄) = 0 is equivalent to
(4.3.29b), (4.3.29c).
In the following theorem we describe the subgradient in more detail. The following theorem
is an extension of [9, Theorem 3.1] to multiobjective parameter optimization. Note that all the
projections in the following are understand pointwise.
4.28 Theorem (Representation of λ̄ and µ̄).
In the situation of Theorem 4.27 let the weight vector additionally satisfy ᾱk ∈ (0, 1].
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(i) It holds
 k−1

X
1
ᾱi B ∗ Ai (µ̄) + ᾱk ν1 λ̄ ∈ Rn .
ᾱk ν2 i=1



µ̄ = proj[µa ,µb ] −
k−1
P

(ii) ∀j ∈ {1, ..., n} : µ̄j = 0 ⇔

i=1





(4.3.30)

≤ ᾱk ν1 .

ᾱi B ∗ Ai (µ̄)

j

(iii) The projection formula holds:


λ̄ = proj[−1,1] −


X
1 k−1
ᾱi B ∗ Ai (µ̄) ∈ Rn .
ᾱk ν1 i=1

(4.3.31)

(iv) λ̄ ∈ ∂C (kµ̄k1 ) is unique.
Proof.
(i) For the fixed ᾱ, the equivalence of (4.3.30) and the existence of multipliers β̄1 , β̄2 ∈ Rn≥0
with (4.3.29) is standard in scalar-valued optimization theory.
(ii) Fix j ∈ {1, ...., n}. On the one hand we have using µa < 0 < µb :
k−1
X

(i)

µ̄j = 0 ⇒





ᾱi B ∗ Ai (µ̄)

k−1
X

+ᾱk ν1 λ̄j = 0 ⇒
j

i=1





ᾱi B ∗ Ai (µ̄)

= ν1 ᾱk |λ̄j |

(4.3.24)

≤

j

i=1

Conversely, we argue by contraposition
µ̄j > 0

(4.3.24)

⇔

k−1
X

(i)

λ̄j = 1 ⇔



∗

ᾱi B Ai (µ̄)



k−1
X

⇔



+ ᾱk ν1 ≤ −ᾱk ν2 µ̄j < 0

j

i=1



∗

ᾱi B Ai (µ̄)

< −ᾱk ν1
j

i=1

and with similar arguments we obtain
k−1
P

µ̄j < 0 ⇔

i=1





ᾱi B ∗ Ai (µ̄)

> ᾱk ν1 .
j

(iii) We have for j ∈ {1, ...., n}
k−1
X



∗



ᾱi B Ai (µ̄)

> ᾱk ν1

(ii)

⇒

⇒

i=1



∗

ᾱi B Ai (µ̄)



< −ᾱk ν1

(ii)

⇒

λ̄j = −1

⇒

λ̄j = proj[−1,1]

µ̄j > 0



(4.3.24)

⇒

 
X 
1 k−1
∗
ᾱi B Ai (µ̄)
,
−
ᾱk ν1 i=1
j

λ̄j = 1

j

⇒

60

(4.3.24)

j

i=1

k−1
X

µ̄j < 0

λ̄j = proj[−1,1]



 
X 
1 k−1
∗
−
ᾱi B Ai (µ̄)
,
ᾱk ν1 i=1
j

ᾱk ν1 .
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k−1
X



∗

ᾱi B Ai (µ̄)



≤ ᾱk ν1

(ii)

µ̄j = 0

⇒

(4.3.24)

⇒

k−1
X

j

i=1



∗

ᾱi B Ai (µ̄)

i=1

λ̄j = proj[−1,1]

⇒





+ ᾱk ν1 λ̄j = 0

j

 
X 
1 k−1
∗
−
ᾱi B Ai (µ̄)
,
ᾱk ν1 i=1
j

where we have used in the last statement that it holds µa < 0 < µb .
(iv) The uniqueness of λ̄ follows directly from (iii) since B ∗ Ai (µ̄) is unique for the given µ̄.

4.29 Remark (Sparsity of Pareto optima). Theorem 4.28 (ii) gives the property of the sparsity
of the Pareto optimum µ̄ as a condition on the convex combination of the adjoint states and the
l1 -regularization parameter ν1 .
Note thate the assumption ᾱk ∈ (0, 1] states, that there has to be influence of the non-smooth
part of the cost function, while in the case ᾱk = 0, the problem is smooth. Under this assumption
we can replace the subgradient element λ̄ in (4.3.29a) using the projection formula (4.3.31) to
obtain the following corollary.
4.30 Corollary (The projected optimality system).
Let µ̄ ∈ Pad be Pareto optimal for (l1 -MPOP) with the Cottle constraint qualification (see
Theorem 2.14) and assume that the corresponding weight vector ᾱ ∈ ∆k satisfies ᾱk ∈ (0, 1].
Then µ̄ satisfies
µ̄ = proj[µa ,µb ]





 k−1
X
X
1
1 k−1
∗
∗
−
ᾱi B Ai (µ̄) + ᾱk ν1 proj[−1,1] −
ᾱi B Ai (µ̄)
,
ᾱk ν2 i=1
ᾱk ν1 i=1

which is equivalent to
 k−1
X
i=1

∗

ᾱi B Ai (µ̄) + ᾱk ν2 µ̄ + ᾱk ν1 proj[−1,1]





X
1 k−1
∗
−
ᾱi B Ai (µ̄) , µ − µ̄
≥ 0 ∀µ ∈ Pad .
ᾱk ν1 i=1
Rn
(4.3.32)

4.3.3 Application of the Weighted-Sum Method
We make the following assumption for the remainder of this chapter.
4.31 Assumption. We assume the semilinearity to be zero, i.e., N ≡ 0.
Under this assumption the structure of the problem (l1 -MPOP) gets very clear:
4.32 Remark (Properties of the l1 -Problem for N ≡ 0). Under this assumption, the constraint
is a linear PDE. In this case the solution operator can be written as a linear operator and we
obtain a strictly convex, but non-smooth problem. This is important because the WSM is wellsuited only for convex problems and a linear PDE constraint will be important for the model order
reduction in the next chapter. Because of the strict convexity and continuity, every component
Ji admits an unique minimizer µ̄i on the compact set Pad . Moreover, for every α ∈ ∆k the
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weighted-sum gα is strictly convex and therefore attains an unique minimizer µ ∈ Pad . Further,
we conclude from Lemma 2.6 and the sufficient, non-smooth KKT conditions in Theorem 2.14
I
that it holds P I = PSI = PS,(s,w)
for every subset I ⊂ {1, ..., k}. This also implies, that the
optimality condition (4.3.32) is a sufficient condition. Using Lemma 2.22 we obtain a hierarchical
structure PSI ⊂ PSK ⊂ PS for all subsets I ⊂ K ⊂ {1, ..., k}. On the contrary, we cannot directly
apply the results of the decomposition of the boundary as in Theorem 2.27 and Corollary 2.29,
since those statements are based on the regularity of the costfunction. Note that we could apply
those results to all the smooth subproblems of (l1 -MPOP). However, we will see in the numerical
experiments in Section 6.3.2, that this decomposition holds.
In the last subsection we have seen that the unique subgradient in the optimality conditions of
the non-smooth problem can be described as the projection of the adjoint states. This description
of the subgradient element is only valid for a given Pareto optimum with corresponding KKT
multiplier α ∈ Rk satisfying αk > 0, which we will assume from now on. The corresponding
P
weighted-sum gα (µ) = ki=1 αJi (µ) is continuously differentiable with the gradient given as
∇gα (µ) =

k−1
X

αi ∇Ji (µ) + αk ν2 µ + αk ν1 proj[−1,1]

i=1




X
1 k−1
αi ∇Ji (µ) .
−
αk ν1 i=1

(4.3.33)

This means in a weighted-sum approach (see Algorithm 1), we can solve the corresponding WSM
suproblem for example via a projected gradient method, where for a given iterate µl ∈ Pad the
update is given via
µl+1 = proj[µa ,µb ] (µl − tl ∇gα (µl )),
where tl ∈ (0, 1] is a given stepsize. However, since the projection is a piecewise differentiable
function, we can define a projected semismooth Newton method for the solution of the WSM
subproblem
minn gα (µ).
(WSM(α))
µ∈R

First, we will follow a different approach and replace the projection with a smooth approximation
Pε . This can be done by using the identity proj[−1,1] (x) = 12 (|x + 1| − |x − 1|) for x ∈ R and
p
approximating the absolute value terms as |x ± 1| ≈ (x ± 1)2 + ε for ε ≥ 0, which gives us the
smooth approximation Pε : R → R
Pε (x) :=

q

1 q
(x + 1)2 + ε − (x − 1)2 + ε .
2

(4.3.34)

The derivative of this approximation is
1
x+1
x−1
p
=
−p
.
2
2
(x + 1) + ε
(x − 1)2 + ε
!

Pε0 (x)

(4.3.35)

Both functions are depicted in Figure 3 and we observe the following properties of Pε and Pε0 :
4.33 Lemma (Properties of Pε and Pε0 ).
Let Pε be as in (4.3.34), then
(i) for every ε > 0, Pε ∈ C ∞ (R, [−1, 1]) with lim Pε (x) = ±1 and Pε is strictly monotonix→±∞

cally increasing. Additionally, Pε (x) → proj[−1,1] (x) as ε & 0 for x ∈ R;
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Figure 3: Pε and Pε0 for ε = 1, ε = 0.1 and ε = 0.
√
(ii) for all x in R, the derivative satisfies Pε0 (x) ∈ (0, 1/ 1 + ε]. Moreover, for ε & 0

Pε0 (x)

→

P00 (x)

:=




1

1/2



0

for |x| < 1,
for |x| = 1,
for |x| > 1.

(4.3.36)

Proof. A proof can be found in [10, Lemma 5].
Replacing the projection with its approximation, we define the regularized gradient ∇gαε for
ε > 0 as


k−1
X
X
1 k−1
αi B ∗ Ai (µ) + αk ν2 µ + αk ν1 Pε −
αi B ∗ Ai (µ) .
∇gαε (µ) :=
αk ν1 i=1
i=1
Note that because of the projection of the adjoint states it is not straight forward to integrate
and to obtain a corresponding approximation gαε of gα as a function of µ. Formally replacing
the gradient with its smooth regularization, we obtain the regularized optimality condition


∇gαε (µ̄), µ − µ̄



≥ 0 ∀µ ∈ Pad ,

(4.3.37)

Rn

which can be solved by a smooth projected Newton method for ε > 0. The hessian in a direction
h ∈ Rn is given as
∇2 gαε (µ)h =

k−1
X

αi B ∗ A0i (µ)h + αk ν2 h − Gε (µ)

i=1

k−1
X

αi B ∗ A0i (µ)h

i=1



=αk ν2 h + In×n − Gε (µ)

 k−1
X

αi B ∗ A0i (µ)h,

(4.3.38)

i=1

where we defined


Gε (µ) := diag

Pε0



 
X
X


1 k−1
1 k−1
∗
0
∗
−
αi B Ai (µ)
αi B Ai (µ)
∈ Rn×n .
, ..., Pε −
αk ν1 i=1
α
ν
1
k
1
n
i=1
(4.3.39)

63

4 Multiobjective PDE Constrained Optimization
We will quickly sketch the projected Newton approach for solving (4.3.37) and refer to [22]
or [38, Chapter 3.2] for details. Given an iterate µl ∈ R, we define the corresponding inactive
and active sets as
A(µl ) := {i ∈ {1, ..., n} | µli = (µa )i or µli = (µb )i },
I(µl ) := {1, ..., n} \ A(µl ).
The projected hessian is given as
(

(HPε (µl ))ij

:=

δij
(∇2 gαε (µl ))ij

for i ∈ A(µl ) or j ∈ A(µl ),
else.

The search direction dl ∈ Rn is computed as the solution of
HPε (µl )dl = −∇gαε (µl ),
and we update via

µl+1 = proj[µa ,µb ] (µl − tl dl ),

where tl ∈ (0, 1] is a given stepsize.
For convergence behaviour of the corresponding solution µε as ε & 0 in a slight different setting
and more details on the regularization we refer to [10]. We will point out the connection to
semismooth Newton methods in the following, which indicates the behaviour of the method for
ε & 0.
4.34 Lemma (Semismoothness and subdifferentials of proj[−1,1] ). (i) The function proj[−1,1] :
R → R is semismooth of first order (according to [40, Definition 2.5]) and its subdifferential
according to Clarke is given for x ∈ R as
Λ(x) := ∂C (proj[−1,1] (x)) =
n

λ∈R

o

λ = 1 if |x| < 1, λ = 0 if |x| > 1, λ ∈ [0, 1] if |x| = 1 .

Further, it holds P00 (x) ∈ Λ(x) for all x ∈ R.
(ii) The function proj[−1,1] : Rn → Rn is semismooth of first order and its subdifferential
according to Clarke is given for µ ∈ Rn as
∂C (proj[−1,1] (µ)) =
n

o

G(µ) ∈ Rn×n G(µ) = diag(λ1 (µ1 ), ..., λn (µn )), λi (µi ) ∈ Λ(µi ) ∀i ∈ {1, ..., n} .

Further, we have lim Gε (µ) ∈ ∂C (proj[−1,1]
ε&0

−

1
αk ν1

Pk−1
i=1

αi B ∗ Ai (µ)



for µ ∈ Pad .

Proof.
(i) proj[−1,1] : R → R is a piecewise C ∞ - function and therefore semismooth of first oder
according to [40, Proposition 2.26]. The structure of the set ∂C (proj[−1,1] (x)) follows
from the characterization of the subdifferential of piecewise differentiable functions in [40,
Proposition 2.25]. Further, P00 (x) ∈ Λ(x) for all x ∈ R follows from the Definition of P0 in
(4.3.36).
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(ii) The semismoothness of the components follows from (i) and using [40, Proposition 2.17]
this is sufficient for the semismoothness of the pointwise projection proj[−1,1] : Rn →
Rn . The structure of the set ∂C (proj[−1,1] (µ)) follows from the characterization of the
subdifferential of piecewise differentiable functions in [40, Proposition 2.25] and (i). The
last statement follows from (4.3.36), the definition of the function Gε in (4.3.39) and the
definition of ∂C (proj[−1,1] µ ).

As a result, ∇gα (µ) is semismooth as the composition of a semismooth function with continuously differentiable functions and the semismooth Newton method is well-defined for the
solution of (4.3.32) and coverges locally q-quadratically (see [40, Proposition 2.18]). The regularized Newton method for solving the regularized system (4.3.37) is a method in between the
smooth and semismooth Newton method. For a small regularization parameter ε this method
can be therefore interpreted as a semismooth Newton method.
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Reduced Basis (RB) methods (see [19,33]) are model order reduction (MOR) techniques for a fast
and reliable solution of parametrized PDEs. In simulation processes involving PDEs, standard
discretization techniques (such as Finite Element or Finite Difference methods) result in sparse,
but high-dimensional systems, so-called full-order models (FOM), whose solutions take a long
time. In a multi-query scenario such as a PDE constrained parameter optimization (for example
d
d
the problems (l1 -MPOP)
and (MPOP)),
we need the solution to many different parameters for
the assembly of the essential cost function and its derivatives. These solutions are often not
distributed arbitrarily in the infinite-dimensional solution space, but are located in a lowerdimensional subspace. The RB method tries to find an approximation of this low-dimensional
subspace, which can be used to create a low-dimensional approximation of the PDE, a so-called
reduced order model (ROM). This can be used to speed up the computation time significantly,
while at the same time one needs to ensure that the error between the ROM and the FOM is
lower than a desired tolerance. The classical RB procedure consist of two phases. In an offline
phase, the ROM is created out of a few well-chosen solutions to the FOM, so-called snapshots.
After the reduced basis is built, we are ready to solve rapidly in the so-called online phase. In
this manner the ROM does not replace the FOM, but can be build on top of the FOM, which
is in our case obtained by a Finite Element approximation.
First, we discuss abstract linear, coercive, elliptic parameter-dependent PDEs in Section 5.1.
Based on that, we present in Section 5.2 an approach to obtain an inexact approximation J r
of the essential cost function of the PDE constrained multiobjective optimization problem from
Section 4.2.2, that can be both evaluated rapidly and satisfies the error bounds (2.6.21) in the
definition of the inexact Pareto critical set. We will follow [6] and [19] in this chapter.

5.1 The Reduced Basis Method for the State Equation
Both state equations from Section 4.3 are special cases of the following form (provided the
semilinearity in Section is chosen as N ≡ 0). Let V be a real, separable Hilbert space and Peq
the parameter domain from Section 4.2 or Section 4.3 respectively. For every µ ∈ Peq let a(·, ·; µ)
be a coercive and continuous bilinearform on V and f (·; µ) ∈ V 0 . For µ ∈ Peq we are interested
in the solution of the parameter-dependent variational state equation
a(y(µ), ϕ; µ) = f (ϕ; µ) ∀ϕ ∈ V.

(PDE(µ))

5.1 Remark. In the non-convex example from Section 4.2, the paremetrized bilinear form and
the parameter independent right-hand side were given in as
a(φ, ϕ; µ) :=

n
X
i=1

µi ai (φ, ϕ),

f (ϕ) :=

Z

f˜ϕ dx,

Ω
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i.e., a and f possess affine decompositions. If the semilinearity is chosen as N ≡ 0, the state
equation of the l1 -MPOP from Section 4.3 takes the above form. The bilinear form is given as
the bilinear form associated with the operator A in Assumption 4.22 independent of µ and the
µ-dependent source term is given as
f (ϕ; µ) :=

Z
Ω

(f˜ + Bµ)ϕ dx.

In Section 4.2 and Section 4.3, we prooved that the state equation (PDE(µ)) is uniquely solvable for all µ ∈ Peq and the solution operator S : Peq → V is well-defined. We are interested in
finding a low-dimensional subspace V r ⊂ V , which approximates the set of solutions S(Peq ) ⊂ V
sufficiently well. In practice one chooses the space V r = span(ỹ1 , ..., ỹr ), as the linear combination of orthonormalized, selected solutions of (PDE(µ)), so called snapshots ỹi = S(µi ). The
selection process is done by the Greedy Algorithm 9 based on an error control procedure, which
we will explained later on. Let us assume we are given a reduced space V r generated by the
reduced basis Ψr .
The reduced space is closed as a finite-dimensional subspace of the Hilbert space V and hence a
Hilbert space itself. The corresponding ROM for (PDE(µ)) can be obtained in this case directly
by a Galerkin projection onto the subspace V r : for µ ∈ Peq we are interested in the solution of
the problem
a(y r (µ), ϕ; µ) = f (ϕ; µ) ∀ϕ ∈ V r .
(PDEr (µ))
Existence, uniqueness and continuous dependence on the data of a ROM solution y r (µ) directly
follows by the Lax-Milgram lemma as for (PDE(µ)).
5.2 Lemma (The RB state equation).
For every parameter µ ∈ Peq there exists a unique weak solution y r = y r (µ) ∈ V r of the RB
state equation (PDEr (µ)) that satisfies
ky r (µ)kV ≤

1
kf (·; µ)kV 0 ,
γ(µ)

where γ(µ) > 0 is the coercivity constant of a(·, ·; µ).
Hence, we can define the RB solution operator:
5.3 Definition (The RB solution operator).
We define the RB solution operator S r : Peq → V r via S r (µ) := y r (µ), where y r (µ) is the
solution of (PDEr (µ)).
Having introduced the solution operator we are interested in the error of the RB approximation. A cheap error control is important in the generation of the reduced basis to ensure both
efficiency and accuracy. Given a RB subspace V r and µ ∈ Peq we quantify the strong RB error
as
∆sst (V r , µ) := kS(µ) − S r (µ)kV .
The evaluation of this quantity involves the solution of the full-order model, i.e., the solution of
a high-dimensional system, stemming from the evaluation of the solution operator S discretized
by e.g. Finite Elements and the solution of the low-dimensional RB system. Therefore, one is
interested in avoiding the solution of the high-dimensional system and upper bound the strong
error sharply by a quantity, that is cheaper available. This leads to the idea of weak a-posteriori
error estimators.
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5.4 Lemma (Weak a-posteriori error for the state).
Let µ ∈ Peq and define the corresponding state residual as
resst (ϕ; µ) := f (ϕ; µ) − a(S r (u), ϕ; µ).
Then it holds for µ ∈ Pad
r
∆sst (V r , µ) ≤ ∆w
st (V , µ) :=

kresst (·; µ)kV 0
.
γ(µ)

Proof. Using the coercivity we obtain
γ(µ)kS(µ) − S r (µ)k2V ≤ a(S(µ) − S r (µ), S(µ) − S r (µ); µ)
= resst (S(µ) − S r (µ); µ)
≤ kresst (·; µ)kV 0 kS(µ) − S r (µ)kV .
The result follows now from dividing by γ(µ)kS(µ) − S r (µ)kV 6= 0, whereas the case kS(µ) −
S r (µ)kV = 0 is trivial.
Using the error erstimators we can efficiently construct the reduced basis, which is done by the
Greedy algorithm in the offline-phase. We choose a finite training parameter grid Ptrain ∈ Peq
and minimize iteratively the chosen (weak or strong) a-posteriori error indicator on this grid,
by adding in each iteration the snapshot corresponding to that parameter out of Ptrain with
the biggest value of the error indicator into the reduced basis. For numerical stability the
snapshots are orthonormalized in each step of the algorithm. There are two variants of the
greedy procedure dependning on the choice of the weak or strong error indicator:
(i) The strong Greedy algorithm: before the greedy procedure we evaluate the solution operator on all training parameters in Ptrain and save the resulting snapshots. In every step of
the greedy algorithm only the RB states have to be computed and we evaluate the strong
error indicator ∆sst . For large parameter sets, this can lead to an huge computational cost
before the greedy even starts, since we need to evaluate the FOM for all parameters in
Ptrain .
(ii) The weak Greedy algorithm: in every iteration we use the weak error estimator, that can
be evaluated efficiently, since the cost of its evaluation depends only on the RB space.
However, the weak error estimators have to be sharp, otherwise the greedy procedure
overestimates the error and we obtain a bigger dimension of V r than needed. In contrast
to the strong greedy, we can allow big training sets Ptrain , which means the Greedy can
choose the best out of many parameters.
(s,w)

The complete procedure is depicted in Algorithm 9, where we write ∆st (V r , µ) to indicate
that both the strong or the weak error estimator are possible. After the generation of the
reduced basis, the RB discretization can be assembled in our case out of the FE discretization
by Galerkin projection. Finally, in the online phase we are ready to solve for unseen parameters
in a rapid way. For a convergence analysis and further theoretical results about the greedy
algorithm we refer to [19] and [33], for instance.
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Algorithm 9 Greedy algorithm for (PDE(µ))
Require: Finite training set Ptrain , tolerance ε.
S(µ )
1: Choose µ1 ∈ Ptrain , compute ỹ1 = kS(µ 1)k and initialize Ψ1 = [ỹ1 ], V 1 = span(ỹ1 ) and
1 V
r = 1.
(s,w)
2: while maxµ∈Ptrain ∆st (V r , µ) < ε do
(s,w)
3:
Get µr+1 ∈ arg maxµ∈Ptrain ∆st (V r , µ).
4:
Compute snapshot yr+1 = S(ur+1 ).
5:
Compute Gram-Schmidt orthonormalization ỹr+1 of yr+1 against Ψr .
6:
Update Ψr+1 = [Ψr |ỹr+1 ], V r+1 = V r ⊕ span(ỹr+1 ) and r = r + 1.
7: end while
8: Return: reduced space V r , reduced basis Ψr .

5.2 The Reduced Basis Method for the Multiobjective Parameter
Optimization Problem
In the framework of the multiobjective PDE constrained optimization problems, we need to
ensure also a sufficiently good approximation of the gradient of the reduced cost functions and
of the adjoint variable. Therefore, one is forced to include also error indicators including those
elements into the greedy procedure. The errors/inexactness in the RB approximation of the
PDE transfer to the cost function, its derivatives and also to the KKT conditions and result
in an inexactness in the Pareto critical set. The goal of the RB approximation in this section,
is not a good, low-dimensional approximation of the whole set of solutions of the PDE, but
more to ensure a cheap, but sufficient accurate function evaluation along the optimization path.
In this setting also so-called adaptive greedy algorithms have been developed, which avoid the
classical offline-online decomposition, but instead build iteratively the reduced basis with the
ongoing optimization (see [30]). Related to that Trust-Region strategies have been developed in
combination with the RB model (see [21]).
We are in the situation of Section 4.2 and Section 4.3. Given a reduced space V r and the
corresponding RB solution operator S r , we obtain the essential RB cost function J r simply by
replacing S with S r .
5.5 Definition (Essential RB cost function).
For µ ∈ Pad define J r (µ) := J (S r (µ), µ) and the essential RB MPOP becomes
r

min J r (µ).

^ )
(MPOP

µ∈Pad

With the same arguments as in Section 4.2 and Section 4.3, we obtain the differentiability of
and J r . For the actual computation of their derivatives we need the RB adjoint equation,
which is also uniquely solvable.
Sr

5.6 Definition (RB adjoint problem).
For i ∈ {1, ..., k − 1}, we call the equation
a(ϕ, pri ; µ) = hS r (µ) − ydi , ϕiH

∀ϕ ∈ V r ,

(AdjEqr (µ))

the RB adjoint equation and its unique solution the RB adjoint state. Further, we define the
RB adjoint solution operator Ari : Pad → V via Ari (µ) = pri .
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5.2 The Reduced Basis Method for the Multiobjective Parameter Optimization Problem
The RB adjoint solution operator has the same properties as the adjoint solution operator in
Section 4.2 and Section 4.3 correspondingly. The strong error in the adjoint equation can be
quantified by
∆sadj,i (V r , µ) := kAi (µ) − Ari (µ)kV .
As before, we are interested in sharp and inexpensive upper bounds, independent of the full-order
adjoint solution operator.
5.7 Lemma (Weak a-posteriori error for the adjoint equation).
Let µ ∈ Peq and define the corresponding adjoint residual for i ∈ {1, ..., k − 1} as
resadj,i (ϕ; µ) := hS r (µ) − ydi , ϕiH − a(ϕ, Ari (µ); µ).
Then it holds
r
∆sadj,i (V r , µ) ≤ ∆w
adj,i (V , µ) :=

r
kresadj,i (·; µ)kV 0 + ∆w
st (V , µ)
.
γ(µ)

Proof. Using the coercivity we obtain
γ(µ)kAi (µ) − Ari (µ)k2V ≤ a(Ai (µ) − Ari (µ), Ai (µ) − Ari (µ); µ)
= hS(µ) − S r (µ), Ai (µ) − Ari (µ)iV + resadj,i (Ai (µ) − Ari (µ); µ)




≤ kS(µ) − S r (µ)kV + kresadj,i (·; µ)kV 0 kAi (µ) − Ari (µ)kV


≤

r
∆w
st (V , µ)



+ kresadj,i (·; µ)kV 0 kAi (µ) − Ari (µ)kV .

The result follows now from dividing by γ(µ)kAi (µ) − Ari (µ)kV 6= 0, whereas the case kAi (µ) −
Ari (µ)kV = 0 is trivial.
Based on this result we set up a strong or weak greedy algorithm for both the adjoint and
state variable in Algorithm 10.
Algorithm 10 Greedy algorithm for the state and adjoint states
Require: Finite training set Ptrain , tolerance ε.
1: Choose µ1 ∈ Ptrain and i ∈ {1, ...k − 1}, compute S(µ1 ), Ai (µ1 ), orthonormalize to obtain
ỹ1 , p̃i1 and initialize Ψ1 = [ỹ1 , p̃i1 ], V 1 = span(Ψ1 ) and r = 1.
 (s,w)
(s,w)
2: while maxµ∈Ptrain maxi∈{1,...,k−1} max ∆st (V r , µ), ∆adj,i (V r , µ) < ε do
3:
4:
5:
6:
7:

 (s,w)

(s,w)

Get (µr+1 , i) ∈ arg maxµ∈Ptrain maxi∈{1,...,k−1} max ∆st (V r , µ), ∆adj,i (V r , µ) .
Compute snapshots yr+1 = S(µr+1 ) and pir+1 = Ai (µr+1 ).
Update V r+1 = span(V r ∪{yr+1 , pir+1 })), compute Ψr+1 by orthonormalization, r = r+1.
end while
Return: reduced space V r , reduced basis Ψr .
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5.2.1 A-Posteriori Error Estimates for the Non-Convex MPOP
Now, we are interested in obtaining a-posteriori error estimates for the gradients of the cost
functions for the non-convex MPOP from Section 4.2. The gradients of the RB cost functions
have the following form:
5.8 Remark (Derivatives of J r for the non-convex MPOP). For the RB cost function J r of the
non-convex MPOP from Section 4.2, we have for i ∈ {1, ..., k − 1} and µ ∈ Pad
∇Jir (µ) = −∂µ a(S r (µ), Ari (µ)).
and for i = k

∇Jkr (µ) = ∇Jk (µ) = µ.

For computing the inexact Pareto critical sets we need to ensure the errorbounds (2.6.21) for
the RB cost function J r and some given error tolerance ε ∈ Rk≥0 . Therefore, we define the strong
error in the gradients for i ∈ {1, ..., k} as
∆s∇Ji (V r , µ) := k∇Ji (µ) − ∇Jir (µ)k.

(5.2.1)

The error condition (2.6.21) on J r reads then as
max ∆s∇Ji (V r , µ) ≤ εi , ∀i ∈ {1, ..., k},

µ∈Pad

(5.2.2)

and can be realized by a greedy algorithm. Note that it holds always ∆s∇Jk ≡ 0. To be able
to follow also a weak greedy strategy, we introduce the following weak error estimator for the
gradients.
5.9 Lemma (Weak a-posteriori error for the gradient of the non-convex MPOP).
For the costfunction Jir from Section 4.2 and i ∈ {1, ..., k − 1}, we have for µ ∈ Pad
r
∆s∇Ji (V r , µ) ≤ ∆w
∇Ji (V , µ)

with
r
∆w
∇Ji (V , µ)

v
uX


u n
r
w
w
w
r
r
r
r
r
:= t
cj ∆w
st (V , µ)kAi (µ)kV + ∆st (V , µ)∆adj,i (V , µ) + ∆adj,i (V , µ)kS (µ)kV ,
j=1

where cj are the continuity constants of the bilinearforms aj from Theorem 4.12.
Proof. This was proven in [3].
Based on that, we set up the corresponding greedy algorithm 11, where again both the adjoints
and the states are added into the reduced basis, depending on the error in the gradient.

5.3 Numerical Models
In this section we discuss how the RB discretization can obtained in praxis out of the FE
discretization. Therefore, we first focus on the full-order FE model.
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Algorithm 11 Greedy algorithm for the inexact cost function J r of the non-convex MPOP
Require: Finite training set Ptrain , tolerance ε.
1: Choose µ1 ∈ Ptrain and i ∈ {1, ...k − 1}, compute S(µ1 ), Ai (µ1 ), orthonormalize to obtain
ỹ1 , p̃i1 and initialize Ψ1 = [ỹ1 , p̃i1 ], V 1 = span(Ψ1 ) and r = 1.
(s,w)
2: while maxµ∈Ptrain maxi∈{1,...,k−1} ∆∇J (V r , µ) < ε do
i
3:
4:
5:
6:
7:

(s,w)

Get (µr+1 , i) ∈ arg maxµ∈Ptrain maxi∈{1,...,k−1} ∆∇Ji (V r , µ).
Compute snapshots yr+1 = S(µr+1 ) and pir+1 = Ai (µr+1 ).
Update V r+1 = span(V r ∪{yr+1 , pir+1 })), compute Ψr+1 by orthonormalization, r = r+1.
end while
Return: reduced space V r , reduced basis Ψr .

FE-Model We choose NF E ∈ N degrees of freedom and consider the ansatz space of piecewise
linear Finite Elements spanned by the nodal basis as V h = span(ϕ1 , ..., ϕNF E ) ⊂ V . We make
P FE FE
F E = (y F E )NF E ∈ RNF E . The
the ansatz y h = N
j
j=1 yj ϕj for the state with coefficients y
j=1
Galerkin projection of the state equation onto V h reads as
a(y h , ϕi ; µ) = f (ϕi ; µ) ∀i = 1, ..., NF E .
Inserting the ansatz for y h , we obtain by linearity the following system for the coefficients y F E
AF E (µ)y F E = f F E (µ) ∈ RNF E ,
where we defined

(5.3.3)

(AF E (µ))ij := a(ϕj , ϕi ; µ), (f F E (µ))i = f (ϕi ; µ).

5.10 Remark. For the state equation in the non-convex example from Section 4.2, we obtain
the system
n
X

µi AFi E y F E = f F E .

i=1

where the matrices

AFi E

represent the FE-matrices of the bilinearforms ai for i = 1, ..., n:
(AFi E )l,m = ai (ϕm , ϕl ),

∀l, m = 1, ..., N F E .

If the semilinearity is chosen as N ≡ 0, we obtain for the l1 -MPOP from Section 4.3
AF E y F E = f F E + B F E µ,
where we set

(B F E )ij = hχΩj , ϕi iH ,

i = 1, ..., NF E , j = 1, ..., n.

In the same manner we obtain the discretization of the adjoint equation for i = 1, ..., k − 1 as
AF E (µ)

T F E
pi = M F E (y F E − ydF E,i ),

where ydF E,i ∈ RNF E are the nodal basis coefficients of ydh,i ∈ V F E , which can be obtained out
of ydi ∈ H by interpolation. Further, M F E ∈ RNF E ×NF E is the mass matrix with
MijF E = hϕj , ϕi iH .
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For example the discretization JiF E of the essential costfunction from Section 4.2, is then given
by
1
JiF E (µ) = (y F E (µ) − ydF E,i )T M F E (y F E (µ) − ydF E,i ),
2
F
E
F
E
N
F
E
where y
= y (µ) ∈ R
is the solution of (5.3.3). Similarly one obtains a discretization of
the derivatives of Ji .
RB-Model Now assume that the reduced basis matrix is given by Ψ = [ψ1F E |...|ψrF E ] ∈ RNF E ×r ,
which consists out of the orthonormal nodal basis coefficient snapshots ψiF E ∈ RNF E generated
by the greedy algorithm. The RB ansatz space is given as V r = span(ψ1 , ..., ψNRB ) ⊂ V h , where
P FE FE
ψj = N
)j ϕl ∈ V h for j = 1, ..., NRB and NRB  NF E . For the RB state we make the
l=1 (ψ
PlNRB RB
r
ansatz y = j=1 yj ψj , where y RB ∈ RNRB is the RB coefficient vector. We obtain
N
RB
X

yjRB a(ψj , ψi ; µ) = f (ψi ; µ) ∀i = 1, ..., NRB .

j=1

Using the representation of the FE snapshots ψj as linear combinations of the FE basis elements
P FE
PNF E F E
as ψj = N
l=1 Ψlj ϕl =
l=1 (ψl )j ϕl for j = 1, ..., NRB , we obtain
N
RB
X

yjRB

j=1

N
FE N
FE
X
X

Ψlj Ψmi a(ϕl , ϕm ; µ) =

l=1 m=1

N
FE
X

Ψmi f (ϕm ; µ)

∀i = 1, ..., NRB ,

m=1

which is equivalent to the NRB -dimensional discrete RB system
ARB (µ)y RB = f RB (µ) ∈ RNRB ,
where we defined

ARB (µ) := ΨT AF E (µ)Ψ, f RB (µ) := ΨT f F E (µ).

5.11 Remark. For the state equation in the non-convex example from Section 4.2, we obtain
the system
n
X

RB
µi ARB
= f RB ,
i y

i=1

while for the

l1 -MPOP

from Section 4.3, we obtain in the case N ≡ 0
ARB y RB = f RB + B RB µ,

where we set

B RB = ΨT B ∈ RNRB ×n .

Similar the RB discrete adjoint equation is given for i = 1, ..., k − 1 as
T RB
pi = M RB y RB − ydRB,i ,

ARB (µ)

where we set ydRB,i = ΨT M ydF E,i and M RB = ΨT M F E Ψ. Further, the RB discretization JiRB
of the essential costfunction from Section 4.2, is then given by
1
1
JiRB (µ) = y RB (µ)T M RB y RB (µ) − y RB (µ)T ydRB,i + (ydF E,i )T M F E ydF E,i ,
2
2
where the laster term is evalueated only once and stored. Similarly we obtain the corresponding
derivatives.
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6 Numerical Experiments
We will consider three examples for each of the three PDE constrained MOPs presented in
Chapter 4. The numerical tests were performed on a MacBook Pro, 2.3 GHz Quad-Core Intel
Core i7. The codes were written in Python 3.8.5 and for the discretization of the PDEs the open
source Finite Element software FEniCS (see [1]) was used.

6.1 The Pareto Set of a Strictly Convex Optimal Control Problem as
a Convex Hull
As an illustration of the theoretical considerations of Section 4.1, we consider the bicriterial
control of a linear elliptic PDE. Let Ω = B1 (0) \ B0.5 (0) ⊂ R2 be the unit ball without the inner
ball of radius 0.5. We consider the following version of (LQ-MOCP):

min

(y,u)∈H 1 (Ω)×L2 (Ω)

J (y, u) =

" 1
#
1
1 2
2
2 ky − yd kL2 (Ω) + 2 kukL2 (Ω)
1
2 ky

− yd2 k2L2 (Ω) + 21 kuk2L2 (Ω)

(TP1)

s.t.
−∆y + y
∇y · η

=
=

f +u
0

in Ω,
on ∂Ω,

where for x ∈ Ω we define f (x) = x21 + x22 + 1, yd1 = S(ũ) for ũ ≡ 1 ∈ L2 (Ω) and yd2 = χ[0,0.5] .
This problem satisfies all the assumptions of Section 4.1. Hence we have P = conv(ū1 , ū2 ), for
the unique minimizer ūi of the components Ji . We demonstrate this numerically and solve the
problem by building the convex hull of ūi and using the WSM as a reference. The Pareto front
and the elapsed time are depicted in Figure 4. We observe that it really suffices to consider
only convex combinations of the minimizers of the objectives to get the whole Pareto front.
As a result the computation time is significantly lower for the convex hull strategy, than the
computation time using the WSM, since for the first only k = 2 solves of a scalar OCP are
needed to obtain an arbitrary fine approximation of the Pareto front/set and for the latter one
scalar OCP solve per chosen weight α is needed. For the discretization of the problem piecewise
linear finite elements with 500 degrees of freedom were chosen.
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(a)

Algorithm
WSM
Convex Hull

Time [s]
277
5

(b)

Figure 4: The Pareto front computed with the WSM and using convex combinations of the
unique minimizers of the objectives (a) and the elapsed time in seconds (b).

6.2 RB-Based Non-Convex Multiobjective Parameter Optimization
of an Elliptic PDE
Here we test and compare the continuation algorithms from Chapter 3 on an example of the
non-convex, PDE constrained MPOP from Section 4.2.
Goals of the Test. We want to compare the following different exact and inexact continuation
methods:
1. FE-CM(-Triv): the exact continuation method using the FE discretization with tangent
predictor (or trivial predictor).
2. FE-HCM(-Triv): the hierarchical exact continuation method using the FE discretization
with tangent predictor (or trivial predictor).
3. RB-IBCM(-Triv): the inexact boundary continuation method using the RB discretization
with tangent predictor (or trivial predictor).
4. RB-HICM(-Triv): the hierarchical inexact continuation method using the RB discretization with tangent predictor (or trivial predictor).
In the numerical test we focus on the following questions:
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• Can we really compute a superset of the boundary of the Pareto critical set using the
hierarchical continuation approach?
• How big is the gain in terms of considered boxes and computational time from the hierarchical continuation approach?
• What is the influence of the choice of the predictor on the performance of the method?
• Can the inexact methods approximate the exact Pareto set sufficiently good?
• What is the influence of the error bounds on the performance and on the result of the
inexact method?
• Which method performs best with respet to overall computation time, number of considered boxes, number of PDE solves and a sufficient quality of approximation?
The Problem. We consider a slight variation of the non-convex test problem that was presented
in [3]. In the situation of Section 4.2.1, let Ω ⊂ R2 be the unit square and let the parameter
dimension be n = 2. We make the following choices on the data of the PDE (StateEq):
• We choose n0 = 1, i.e., there is only one diffusion parameter µ1 on the whole domain Ω.
• The reaction parameter is fixed as µ3 = 0.5.
• The advection field b is given as the solution of a stationary Navier-Stokes equation on
Ω, which is divergence free, i.e. ∇ · b = 0 and satisfies b · η = 0. This means b satisfies
Assumption 4.9 (ii) (b).
• We choose the right-hand-side as f (x) = 10 4i=1 ci χΩi (x). Here {Ωi }4i=1 is a disjoint
decomposition of the unit square in four subdomains of the same size, numerated in clockwise order starting from the subdomain in the left bottom. The constants are chosen as
c1 = 2.76, c2 = −0.96, c3 = 0.51 and c4 = −1.66.
P

We are optimizing only the diffusion parameter µ1 and the advection parameter µ2 , which are
constrained to the box Pad = [µa , µb ] with
µa = [0.5, −1]T and µb = [3, 1]T .
In the setting of Section 4.2 we are considering the following multiobjective parameter optimization problem
 1

1 2
2 S(µ) − yd L2 (Ω)




min J(µ) = 

µ∈Pad



1
2
1
2

S(µ) − yd2
S(µ) − yd3
1
2
1
2

µ−
µ−

µ1d
µ2d

2
L2 (Ω)
2
L2 (Ω)
2
R2
2
R2





,




(TP2)
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where S is the solution operator to (StateEq) and the desired states and the desired parameters
are given as
yd1 = S(0.7, 0.8),
yd2 = S(2, 0.5),
yd3 = S(3, −0.5),
µ1d = [0, 0]T ∈
/ Pad ,
µ2d = [1.5, −1]T ∈ Pad .
Since there are more objectives (k = 5) than dimensions in the parameter space (n = 2), it
suffices under the assumption on the strong rank condition to consider all nk = 10 subproblems
M OP I of size |I| = 2 to compute a superset of the edge of the Pareto critical set by Theorem
2.37. As we will see this is also a superset of the boundary of the Pareto critical set. We
immediately observe that the objectives J4 and J5 are strictly convex and quadratic with the
unconstrained, unique minimzers µ1d and µ2d . As was noted in Remark 2.30 and Corollary 4.7,
{4,5}
the Pareto set of the subproblem J {4,5} is therefore given as PS
= conv(µ1d , µ2d ) ∩ Pad and is a
subset of the Pareto set of the whole non-convex problem, i.e., conv(µ1d , µ2d ) ∩ Pad ⊂ PS ⊂ P. In
a hierarchical continuation approach, we can exploit this fact efficiently in contrast to the full
continuation methods.
Algorithm configuration. We choose the box radius r = 0.0105 and the threshold value for
the acceptance of a solution of a box problem as a Pareto critical point as ηthresh = 1e − 9.
The subproblems are solved for the exact continuation methods using the L-BFGS algorithm
from SciPy and for the inexact methods using the SLSQP algorithm from SciPy. For the
inexact continuation algorithms and the strong greedy algorithm we use the errorbound ε =
[0.002, 0.001, 0.001, 0.001, 0.002]T , since for this errorbound an acceptable approximation was
obtained by all inexact continuation algorithms. For the discretization of the PDE we use
piecewise linear finite elements with 714 deegres of freedom. For the hierachical continuation
methods we consider all subproblems of size n = 2. The reduced basis was created by the greedy
algorithm based on the strong error estimate for the gradients in Algorithm 11 using a training
set Ptrain ⊂ Pad of 100 parameter points. The strong greedy terminated after about 10 seconds
with a basis size of 14 elements.
Results of the Exact Methods and the Hierachical Structure. The complete Pareto critical
set and the Pareto critical sets to all subproblems of size 2, 3 and 4 are depicted in Figure 5.
We observe that the solution to the subproblems of size 2 really are a superset of the boundary
of the Pareto critical set of the whole problem. This matches with the fact that the strong
(and therefore also the weak) rank condition is fulfilled at every computed point, which means
that M is indeed a manifold and we can hierachically decompose the Pareto critical set into
its subproblems of size n. One also observes in Figure 5 (b) that there are still unnecessary
subproblems of size 2, which only are located in the interior of the set P and do not contribute
to the boundary information. This is for example the case for the suproblems I = {1, 4} (green
line), I = {2, 4} (brown line) and I = {2, 5} (pink line). Further, one can see the non-convexity
of the problem in the disconnectedness of the Pareto critical set. Also, the Pareto critical sets P I
are disconnected themselves, see for example I = {1, 5} (red line). Further, we observe that for
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(a)

(b)

(c)

(d)

Figure 5: (a) The Pareto critical set P for (TP2) and local minimizer x̄i ≡ µ̄i of the single
components Ji for i ∈ {1, ..., 5}. (b) The Pareto critical sets P I of all subproblems
with |I| = n = 2. (c) The Pareto critical sets of all subproblems of size |I| = 3 (see
also Figure 8 for a better overview, since the sets are overlapping). (d) The Pareto
critical sets of all subproblems of size |I| = 4 (see also Figure 6 for a better overview,
since the sets are overlapping).

{4,5}

the strictly convex subproblem I = {4, 5} we really have PS
= conv(µ1d , µ2d ) ∩ Pad (lightblue
line). Further, in Figure 8 the Pareto critical sets of all subproblems of size 3 are depicted,
which contain a lot more than the boundary. In fact, their union is the whole Pareto critical
set. As a conclusion one can say: it does not suffice to compute all 5 subproblems of size |I| = 1
to obtain a complete decription of the Pareto critical set. However, its boundary is included in
all 10 subproblems of size |I| = 2 and the complete set is included in all 10 subproblems of size
|I| = 3 (the same holds for all subproblems of size |I| = 4). Note that the Pareto set P I of the
subproblem I = {1, 2, 3, 4} is exactly the Pareto set of the problem, that was considered in [3]
(see Figure 6 (a)).
The image of the Pareto critical set of all subproblems with size 2 is depicted in Figure 7.
Here we see that indeed not all computed points are Pareto optimal, but also suboptimal.
The hierachical decomposition helps here in visualizing and classifying the computed boundary
points. For example for the subproblem I = {1, 2} (Figure 7 (a)), the image of the set P I consist
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of three arcs. From this one can see now which points are Pareto optimal and which have to be
saddle points or Pareto maximal. For example the first arc in Figure 7 (a) dominates a part of
the second arc and the second arc dominates the whole third arc. Indeed, the third arc could
therefore consists of Pareto maximal saddlepoints. Further, one can see the non-convexity of the
problem also in the disconnectedness of the images of the Pareto critical sets: see for example
the disconnectedness of J(P I ) for the subproblems I = {1, 4}, I = {1, 5} in Figure 7 (c), (d) and
compare the disconnctedness of the corresponding Pareto critical sets in Figure 5 (b). Further,
the images of the Pareto critical sets of the subroblems are in many cases convex (see. Figure
7 (e), (f), (g), (h), (j)). Especially in Figure 7 (j), one can see the strict convexity also in the
Pareto front of the strictly convex, quadratic subproblem I = {4, 5}. Similar behavior can be
observed by looking at the images of the Pareto critical sets of the subproblems of size 3 in
Figure 9.

(a) I = {1, 2, 3, 4}

(b) I = {1, 2, 3, 5}

(c) I = {1, 2, 4, 5}

(d) I = {1, 3, 4, 5}

(e) I = {2, 3, 4, 5}

Figure 6: The Pareto critical sets P I for all subproblems of size |I| = 4 for (TP2).
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(a) I = {1, 2}

(b) I = {1, 3}

(c) I = {1, 4}

(d) I = {1, 5}

(e) I = {2, 3}

(f) I = {2, 4}

(g) I = {2, 5}

(h) I = {3, 4}

(i) I = {3, 5}

(j) I = {4, 5}

Figure 7: The image of the Pareto critical sets P I for all subproblems of size |I| = n = 2 for
(TP2).
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(a) I = {1, 2, 3}

(b) I = {1, 2, 4}

(c) I = {1, 2, 5}

(d) I = {1, 3, 4}

(e) I = {1, 3, 5}

(f) I = {1, 4, 5}

(g) I = {2, 3, 4}

(h) I = {2, 4, 5}

(i) I = {2, 3, 5}

(j) I = {3, 4, 5}

Figure 8: The Pareto critical sets P I for all subproblems of size |I| = 3 for (TP2).
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(a) I = {1, 2, 3}

(b) I = {1, 2, 4}

(c) I = {1, 2, 5}

(d) I = {1, 3, 4}

(e) I = {1, 3, 5}

(f) I = {1, 4, 5}

(g) I = {2, 3, 4}

(h) I = {2, 4, 5}

(i) I = {2, 3, 5}

(j) I = {3, 4, 5}

Figure 9: The image of the Pareto critical sets, i.e., J(P I ) for all subproblems of size |I| = 3 for
(TP2).
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Performance of the Exact Methods with the FE-Discretization. A comparison of the performance of the algorithms is depicted in Table 6.1. The hierarchical methods (FE-HCM-(Triv))
are performing significantly better than the full continuation methods in every aspect. Because
of the good hierarchical description of the boundary, there are significantly less considered boxes,
boxproblems and less PDE solves needed to describe the Pareto critical set. Using the hierarchical aproach, the number of considered boxes is reduced by about 75% and the number of PDE
solves is reduced by about 90%, which results in a reduction of the computation time by 85%
in contrast to the full continuation approaches. Of course these results are dependent on the
chosen radius. Further, one sees from Table 6.1 that the methods using the tangent predictor are
more efficient than the methods using the trivial predictor, even though one needs to explicitly
calculate the hessians for every objective function and perform an QR-decomposition to obtain
the tangent predictor.
Algorithm
FE-CM-Triv
FE-CM
FE-HCM-Triv
FE-HCM

Time [s]

# Boxes

# PDE solves

# Box problems

4921
3847
680
623

4965
4960
1154
1158

1816558
1811061
125820
127374

5380
5388
1715
1717

Table 6.1: Comparison of the exact algorithms for the FE-model for (TP2).

Performance of the Inexact Methods with the RB-Discretization. A comparison of run-times
and basis sizes for the strong greedy algorithm is given in Table 6.2. In [3] it was shown that
the weak error estimators for the gradients for this problem are not sharp, which results in a
bigger reduced basis. Therefore, we use the strong greedy algorithm for the basis generation.
Now we compare the performance of the inexact continuation algorithms using the RB-model.
For the chosen error ε = [0.002, 0.001, 0.001, 0.001, 0.002]T we obtain a basis size of 14 functions.
A comparison of the performance of the inexact algorithms is given in Table 6.3. Note that
we include the time the strong greedy algorithm needs to construct the reduced basis in the
time of the inexact methods. We can see in Table 6.3 that the computation time of the RBIBCM and the RB-HICM attains a reduction of about 95% compared to the computational
time of the full continuation method FE-CM. Further, also the number of PD Esolves is reduced
significantly. Here one can also see the gain of the tangent predictor. Especially the inexact
boundary continuation method with trivial predictor (RB-IBCM-Triv) performs bad, so for the
boundary continuation method, we really need the tangent predictor. This is due to the fact
that the subproblems for the boundary continuation method are hard to solve, which is why
one restarts the solver after a fail with another initial guess. Hence, if we do not use a tangent
predictor, we select all neighbouring boxes including those boxes, where the algorithm cannot
find anything and restarts the solver many times, which leads to many unnecessary function
evaluations. One should also note that the RB-IBCM performs best in terms of number of
boxes considered, since it really approximates only the boundary. The RB-HICM considers
more boxes, since we also consider the unnecessary subproblems which are not part of the
boundary. However, in this case the RB-HICM performs best in terms of computation time,
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which can of course change if there are more and more unnecessary subproblems. Further, this
method is also more stable since it works for smaller errorbounds, which is not the case for the
RB-IBCM as we will see in the next paragraph.
kεk∞

# Basis functions

Time [s]

1e − 1
1e − 2
1e − 3
1e − 4
1e − 5
1e − 6
1e − 7

10
14
16
18
22
26
35

10.07
10.18
10.35
10.97
10.72
11.00
11.65

Table 6.2: Runtime and generated basis size of the strong greedy algorithm for different error
sizes for a fixed training set Ptrain with 100 parameters.
Algorithm
FE-CM
RB-IBCM
RB-IBCM-Triv
RB-HICM
RB-HICM-Triv

Time [s]

# Boxes

# PDE solves

# Box problems

3847
37
1300
24
55

4960
452
1458
1120
3159

1811061
165884
8788753
145860
575478

5388
1674
6626
487
7599

Table 6.3: Comparison of the inexact algorithms for the RB-model.
Influence of the size of the error bounds on the sets ∂P2r and P2r,I . The influence of different
error bounds on the approximation of the Pareto critical set is depicted in Figure 10. Let us
recall the difference between both methods. Then IBCM computes the boundary ∂P2r of the
inexact Pareto critical set of the whole problem, while the HICM first decomposes the problem
into its subproblems and then approximates the inexact Pareto sets of these subproblems, i.e.,
it computes P2r,I for the corresponding I. These are two fundamentally different approaches,
which can be seen in Figure 10. For the biggest error bound ε1 , we can see that the set ∂P2r is
connected and a poor approximation of the actual boundary of the Pareto critical set (Figure 10
(a)). However, for the hierarchical inexact continuation method one can still see the structure of
the subproblems (Figure 10 (b)). For the bounds ε1 and ε2 one looses the topological information
on the connectedness of the Pareto critical set (Figure 10 (e),(g)). If we reduce the error to ε4 ,
one can see that the set ∂P2r is now disconnected and indeed not a bad approximation of the
Pareto critical set. The same holds for the sets P2r,I , which are already a good approximation
of the boundary of the Pareto critical set. However, if we decrease the errorbound to ε5 (Figure
10 (i)), the IBCM gets instable, since for this (and all smaller) ε, the inexactness is to small
to0 describe the boundary of the ineaxt Pareto critical set (see Remark 3.8 (i)). Therefore this
method degenerates into a method that computes also the inner of Pareto critical set. This is
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not the case for the HICM, where for small errorbounds one obtains still a good approximation
of the boundary of the Pareto critical set (Figure 10 (j)), which means the HICM works also for
small errorbounds.
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(a) ε1 = [0.1, 0.1, 0.1, 0.1, 0.1]T

(c) ε2
[0.1, 0.01, 0.01, 0.01, 0.02]T

(b) ε1 = [0.1, 0.1, 0.1, 0.1, 0.1]T

=

(d) ε2
=
[0.1, 0.01, 0.01, 0.01, 0.02]T

(e) ε3 =
(f) ε3 =
[0.002, 0.0003, 0.002, 0.003, 0.001]T
[0.002, 0.0003, 0.002, 0.003, 0.001]T

(g) ε4 =
[0.0001, 0.002, 0.001, 0.001, 0.001]T

(h) ε4 =
[0.0001, 0.002, 0.001, 0.001, 0.001]T

(i) ε5 =
(j) ε =5
[0.0001, 0.0002, 0.0001, 0.0001, 0.0001]T [0.0001, 0.0002, 0.0001, 0.0001, 0.0001]T

Figure 10: Influence of the error bound εi ∈ R5 (i ∈ {1, ..., 5}) for (TP2) on (the boundary of)
the inexact Pareto critical set of the whole problem ∂P2r (left column), computed by
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the RB-IBCM, and on the inexact Pareto critical sets of the subproblems P2r,I for all
|I| = 2 (right column), computed by the RB-HICM-Triv.
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6.3 RB-Based Multiobjective Parameter Optimization of an Elliptic
PDE with l1 -Cost
6.3.1 Comparison of the RB and FE Model
In this section we want to solve the l1 -regularized problem using the RB approximation and
compare the resulting speed-up in contrast to the FE discretization.
The Problem. We choose the admissible parameter set as
Pad = [−2, 2]2 ⊂ R2
and consider the following bicriterial version of (l1 -MPOP) :
"

min J(µ) =

µ∈Pad

1
2 kS(µ)

− yd k2L2 (Ω)
ν1 kµk1 + ν22 kµk22

#

,

(TP3)

where S(µ) = y solves
−∆y + 0.2y
∇y · η

=
=

f + χΩ1 µ1 + χΩ2 µ2
0

in Ω,
on ∂Ω.

(6.3.1)

We make the following data choices:
• The domain Ω is chosen as the unit square Ω = (0, 1)2 ⊂ R2 and the subdomains are given
as Ω1 = (0, 0.5] × (0, 1), Ω2 = (0.5, 1) × (0, 1).
• The regularization parameters are chosen as ν1 = 0.5 and ν2 = 1e − 6, which means the
l1 -term dominates in this case.
• The source term is given as f (x) = −x21 − x22 − 1 for x = (x1 , x2 )T ∈ Ω.
• The desired state is given as yd (x) = 10 sin(2x1 ) sin(x2 ) exp(x1 ) for x = (x1 , x2 )T ∈ Ω.
According to Remark 4.32 this is a strictly convex but non-smooth problem.
Algorithm Configuration. The test problem (TP3) is solved using the WSM with the Newton method from Section 4.3.3 as an inner solver for a regularization parameter ε = 1e − 13.
This means basically that we use a semismooth Newton method for the solution of the WSM
subproblems. We choose in total 800 weights α ∈ ∆2 . Further, the tolerances for the inner
Newton solver are set to 1e − 11 and the maximum number of iterations is chosen as 100. The
cost function is discretized via piecewise linear finite elements of 2601 degrees of freedom. For
the RB discretization the reduced basis is generated using the weak greedy algorithm presented
in Algorithm 10 with a training set Ptrain of 400 parameter points and a maximum error of
1e − 10. The weak greedy algorithm terminates in 20 seconds, yielding a reduced basis with 9
basis functions.
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Results for (TP3). The computed Pareto set and Pareto front are depicted in Figure 11. We
can solve the non-smooth problem with both the FE and RB discretization. Note that the
distribution of the computed points is different, while the shape of the Pareto set/front is the
same. For the FE model the computed points are clustering, while for the RB model we get a
better spread. A comparison of the performance is depicted in Table 6.4. Again, we observe
that the reduced order model gives a significant speed-up. On the other hand, we observe that
the total number of inner Newton iterations increases for the RB-discretization, which might be
due to the fact that for the FE discretization the computed points are clustering and therefore
Newton converges directly if warm started with the previous computed iterate. For the FE
discretization we obtain in average 2 semismooth Newton iterations per weight α, while for the
RB discretization we end up with an average of 4 semismooth Newton iterations. Note that the
whole Pareto set for this example lies in the positive part of the box-constraints, which means
that the non-smoothness is not necessarily active during the optimization. Further, it needs to
be remarked that the distribution of the WSM strongly depends on the scaling of the objectives,
which depends on the parameters ν1 and ν2 .
Algorithm

Time [s]

# Newton iterations

FE-WSM
RB-WSM

220
8(+30)

1633
3131

Table 6.4: Comparison of the performance of the FE and RB model. The time needed for
building the reduced basis is in brackets.
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(a) J(PS ) FE-Model

(b) PS FE-Model

(c) J(PS ) RB-Model

(d) PS RB-Model

Figure 11: Pareto set PS and Pareto front J(PS ) for the FE and RB model of the l1 -MPOP.

6.3.2 Non-Smooth Hierarchical Multiobjective Optimization
We want to focus on the hierarchical structure of (the boundary of) the Pareto set of the l1 MPOP and investigate what happens if the Pareto set crosses from the positive to the negative
part of the admissible parameter set.
The Problem. For µ̄1 , µ̄2 ∈ Pad , we consider the following test problem
 1

2
2 kS(µ) − S(µ̄1 )kL2 (Ω)


min J(µ) =  12 kS(µ) − S(µ̄2 )k2L2 (Ω)  ,
2

µ∈[−2,2]

ν1 kµk1 +

(TP4)

ν2
2
2 kµk2

where S is the solution operator to the linear PDE (6.3.1). The regularization parameters are
chosen as ν1 = 0.5 and ν2 = 1e − 2. All other parameters are chosen as in the previous section.
Note that in this case the unique minimizers of the single objectives are given as µ̄1 , µ̄2 and
µ̄3 = 0 ∈ Pad .
This problem is strictly convex, but non-smooth which means we cannot directly apply the
results about the hierarchical structure of the boundary of the Pareto set from Section (see
Remark 4.32). However, we will see that the problem admits a hierarchical structure, even
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though it is non-smooth.
We will solve (TP4) using a threecriterial WSM and a hierarchical WSM method, that solves all
three subproblems J I of size |I| = 2. We will see that the union of the corresponding Pareto sets
of the subproblems PSI yields the boundary of the full pareto set PS . It is remarkable that the
hierarchical approach exploits the special structure of the subproblems: for the two non-smooth
subproblems |I| = {1, 3} and |I| = {1, 2}, we use the WSM with the inner semismooth Newton
solver presented in Section 4.3.3. On the contrary, the subproblem |I| = {1, 2} is a completely
smooth subproblem. Additionally it is of the strictly convex and quadratic form of the problems
{1,2}
presented in Section 4.1 , which means the Pareto set is directly given as PS
= conv(µ̄1 , µ̄2 ).
Therefore the hierarchical WSM approach only needs to consider the two suproblems |I| = {1, 3}
and |I| = {1, 2}. This results in a speed-up.
Algorithm Configuration. We use the same set up as in the last subsection and the same
reduced basis. Additionally for the threecriterial WSM we use in total 5050 different weights
α ∈ ∆3 . For the hierarchical WSM approach, we solve the problem using 800 weights α ∈ ∆2 as
in the previous subsection. In total this yields 1600 weights α ∈ ∆2 for the hierarchical WSM
approach.
The Subproblem J {1,3} for different choices of µ̄1 . Before we turn to the hierarchical structure
we will we look at the subproblem J {1,3} and try to understand the behaviour of the WSM in
dependence of the minimizer µ̄1 . Therefore we place µ̄1 in every quadrant of the box constraints
Pad = [−2, 2]2 and apply the WSM on the problem. The corresponding behaviour of the WSM
is depicted in Figure 12, where the four rows of the pictures are corresponding to the four values
µ̄1 = (−0.5, −0.1) ∈ R2≤0 , µ̄1 = (0.5, 0.1) ∈ R2≥0 and µ̄1 = (−0.5, 0.1) ∈ R2 , µ̄1 = (0.5, −0.1) ∈
R2 . For the first two choices of µ̄1 , which are completely positive or negative, the WSM works
seamlessly and approximates the full Pareto set, which connects the minimizers µ̄1 with µ̄3 = 0
(see Figure 12 (a), (b), (c) (d)). Note that in this case the Pareto set is located either on the
positive or negative part of the box Pad . However, if we set one component of µ̄1 positive and the
other negative (or vice versa), the WSM stops approximating the Pareto set at the point, where
the Pareto set crosses the horizontal axis (see Figure 12) (e),(g)). As a result the WSM does not
connect both minimizers µ̄1 and µ̄3 . However, because of the strict convexity it holds µ̄1 ∈ PS
and further the Pareto set PS has to be connected by Remark 4.32. This implies that there has
to be a numerical issue with the WSM in this case. We indentify the problem by looking at
{1,3}
the corresponding Pareto fronts and the shape of the set J {1,3} (PS ) for these choices of µ̄1
in Figure 12 (f), (h). In these cases, the stagnation of the WSM is due to the fact that the set
{1,3}
J {1,3} (PS ) suddenly gets very steep, which means even for different weight vectors we select
the previous computed Pareto optimum again. We see also that the missing points are indeed
nearly dominated by the computed parts of the Pareto front, i.e., they behave approximately
like weak Pareto optima.
Hierarchical Optimization for (TP4) for different choices of µ̄1 , µ̄2 . We consider the hierarchical structure of (TP4). Results for different combinations of µ̄1 , µ̄2 are depicted in Figure
13. In Figure 13 (a), (b), the Pareto set of (TP4) and the Pareto set of all three subproblems
of size two are shown for the choice µ̄1 , µ̄2 ≥ 0. In this case we obtain a perfect hierarchical
structure and the boundary of the Pareto set is given exactly as the union of the Pareto critical
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sets of the subproblems, where one objective function is neglected. This is not surprising since
for this choice of positive µ̄1 , µ̄2 ≥ 0 the whole Pareto set is located in the positive part of the
box constraints which makes the l1 -norm a linear function on the Pareto set and the problem
becomes smooth.
Next, we place µ̄1 = (0.5, 0.1) and µ̄2 = (−0.5, −0.1) point symmetrical to each other in the
positive/negative part of the admissible set Pad . In this case the Pareto set crosses 0 ∈ R2 and
again we observe a perfect hierarchical structure in Figure 13 (c), (d).
Lastly, we remove the point symmetry and choose µ̄1 = (0.5, 0.1) and µ̄2 = (−0.1, −0.5). The
results are depicted in Figure 13 (e), (f). We observe that the union of the Pareto sets of the
subproblems differs from the boundary of the Pareto set approximated by the threecriterial
WSM. The threecriterial WSM does not compute the part located in the lower right part of the
horizontal and vertical axis. As seen in the previous tests in Figure 12 (g), the WSM may fail
approximating parts of the Pareto set in those regions, since the set J(Pad ) may be very steep
there. In contrast to that, the special solver for the corresponding part of the boundary, given as
the Pareto set of the subproblem J {1,2} , does not rely on the geometry of the set J(Pad ), since it
consists in building the convex hull of the minimizers µ̄1 and µ̄2 . Therefore we can approximate
this part of the boundary of the Pareto set. Another possibility is of course that this part of the
set is indeed not Pareto optimal, which would imply that the hierarchical decomposition of the
boundary of the Pareto critical sets does not hold. However, the previous observation in Figure
12 (e), (g) indicates that this may be an issue of the WSM and that the boundary decomposition
works even in this case.
For a performance comparison, we refer to Table 6.5, where the gain from both the RB-method
and the hierarchical optimization gets clear. Of course these results depend on the number of
chosen weights. It should be noted again that the Pareto optima computed with the FE model
are clustering around the minimizers µ̄i .
Algorithm

Time [s]

# inner Newton iterations

FE-WSM
RB-WSM
Hierarchcial RB-WSM

977
53(+20)
16(+20)

5032
11684
4820

Table 6.5: Comparison of the performance of the methods for (TP4) for the choice µ̄1 = (0.5, 0.1),
µ̄2 = (−0.5 − 0.1). The time for building the reduced basis for the RB model is in
brackets.
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{1,3}

(a) J {1,3} (PS

) for µ̄1 = (−0.5, −0.1).

{1,3}

(c) J {1,3} (PS

{1,3}

(b) PS

{1,3}

for µ̄1 = (0.5, 0.1).

{1,3}

for µ̄1 = (−0.5, 0.1).

{1,3}

for µ̄1 = (0.5, −0.1).

) for µ̄1 = (0.5, 0.1).

(d) PS

{1,3}

) for µ̄1 = (−0.5, 0.1).

(f) PS

{1,3}

) for µ̄1 = (0.5, −0.1).

(h) PS

(e) J {1,3} (PS

(g) J {1,3} (PS

{1,3}

for µ̄1 = (−0.5, −0.1).

Figure 12: The Pareto set PS
and the Pareto front for J {1,3} and several choices of µ̄1 . In
the first two pictures of the last two rows ((e) and (g)), we see that the WSM has
problems crossing the horizontal axis (grey line), i.e. crossing the line where the
non-smoothness is active. In (f) and (h) we see that this is due to the fact that the
{1,3}
set J {1,3} (PS ) gets very steep at the image of theses cross points.
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(a) PS for µ̄1 = (0.5, 0.2), µ̄2 = (0.2, 0.5).

(b) The Pareto sets for all subproblems for µ̄1 =
(0.5, 0.2), µ̄2 = (0.2, 0.5).

(c) PS for µ̄1 = (0.5, 0.1), µ̄2 = (−0.5, −0.1).

(d) The Pareto sets for all 3 subproblems of size
2 for or µ̄1 = (0.5, 0.1), µ̄2 = (−0.5, −0.1).

(e) PS for µ̄1 = (0.5, 0.1), µ̄2 = (−0.1, −0.5).

(f) The Pareto sets for all 3 subproblems of size 2
for or µ̄1 = (0.5, 0.1), µ̄2 = (−0.1, −0.5).

Figure 13: The approximate Pareto set PS and the Pareto sets PSI and Pareto fronts J I (PSI ) for
every subproblem of size |I| = 2 for (TP4) and several choices of µ̄1 , µ̄2 .
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In this thesis we investigated theoretical results of the Pareto (critical) set and applied those
findings on designing efficient algorithms for the solution of PDE constrained multiobjective
optimization problems. The solution to those problems is numerically challenging due to (1)
the presence of many objectives and the uncountableness and dimension of the Pareto set and
(2) due to the presence of PDE constraints.(2) is overcome by model-order reduction, while (1)
is adressed using a decomposition of the MPOP into subproblems of a certain size. The union
of their Pareto critical set builds a superset of the boundary in the case that more objectives
are present than parameters to be optimized. The proposed hierarchical approach consists of
solving these subproblems and has three advantages:
1. We need less points in total to describe the Pareto (critical) set. This was done in both
the numerical experiments in Section 6.2 and Section 6.3.
2. Those points are cheaper available since only a subset of the objectives needs to be considered. This was also done in both the numerical experiments in Section 6.2 and Section
6.3.
3. The subproblems are independent of each other, which gives the possibility to exploit the
special structure of the subproblem by using specialized solvers. For example this was
done in Section 6.2 by using the strict convex structure of a subproblem of a non-convex
problem. Furthermore, this was done in Section 6.3.2, where one can exploit the structure
of a smooth, strict convex subproblem of a non-smooth MOP and solves the corresponding
subproblem by building the convex hull of the single minimizers. Also this gives rise to a
potential parallelization.
However, the approach has some drawbacks (especially for high-dimensional parameter spaces).
On the one hand, one would need a routine to efficiently compute the Pareto set out of the
intersection of the different parts, i.e. glue together the different components. On the other
hand it would be interesting to obtain a way to indetify and neglect unnecessary subproblems.
The hierarchical approach builds on properties of the Pareto (critical) set from Chapter 2. We
discussed the relation of (weak) (strong) Pareto (critical) sets of subproblems of the MPOP.
Further, we showed that the dimension of the Pareto set is min{k − 1, n}, which means that the
Pareto set is described completely by its boundary in the case k > n. In that case, we characterized the boundary of the Pareto critical set or supersets thereof by the MOP’s subproblems.
Especially for strict convex problems we had a precise geometric description. Based on these
results we introduced Continuation methods as solvers for non-convex MOPs. We formulated
different variants for different types of constraints and explained how the arising box problems
can be solved. We proposed also inexact methods, which can deal with the error in the objective
introduced by the reduced order modelling in the PDE. We applied the hierarchical approach
on a non-convex parameter optimization problem, which is solved by Continuation methods in
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combination with the RB method. Further, we tackled the l1 -MPOP by a hierarchical WSM
approach, where the subproblems are solved using a variant of the semismooth Newton method.
Future Research on efficient algorithms for PDE constrained MOPs should be focussing on both
the model order reduction and on the efficient description of the Pareto (critical) set/front by the
smallest amount of points possible. From a theoretical point of view it would be desirable to investigate how the hierarchical structure of the boundary of the Pareto set behaves in the general
constrained and non-smooth problems. The numerical experiment for the l1 -MPOP indicates
that a decomposition of the boundary into parts given as the solution of suproblems holds even
in this case. For the hierarchical solution approaches it would be interesting to obtain a strategy
to identify unnecessary subproblems and neglect them in the computation. This could be done in
combining the hierarchical approach with the inexact boundary continuation approach presented
in Section 3.3.1, which computes only the boundary. Further, it would be interesting to include
objective reduction techniques to a-priori identify objective components with minor influence
on the Pareto set as it was done in [34]. For the model order reduction approach, it would be
interesting to include adaptive greedy methods, also in relation to the Trust-Region framework
presented in [21]. From a numerical point of view it is certainly of interest to investigate the
gain of parallelizing the solution to the different hierarchical subproblems.
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A Appendix
A.1 Functional Analysis
A.1 Definition (Frechet derivative).
Let X, Y be Banach spaces and U ⊂ X open. f : U → Y is called Frechet differentiable at
x ∈ U , if there exists Ax ∈ L(X, Y ) with
kf (x + h) − f (x) − Ax (h)kY = o(khkX ) for khkX → 0
and we define the Frechet derivative of f at x as f 0 (x) = Ax . We call f Frechet differentiable on
U , if it satisfies this property for all x ∈ U . Further, we call f continuously Frechet differentiable,
if the mapping f 0 : U → L(X, Y ), x → f 0 (x) is continuous.
A.2 Theorem (Implicit function theorem).
Let X, Y, Z be Banach spaces, U ⊂ X × Y open and f : U → Z. Further, let (x0 , y0 ) ∈ U and
∂y f exists in U , f and ∂y f are continuous in (x0 , y0 ) and ∂y f (x0 , y0 ) is a homeomorphism.
Then there exists a neighborhood U1 (x0 ) ⊂ X and a unique implicit function g : U1 (x0 ) → Y
with g(x0 ) = y0 and f (x, g(x)) = 0 for all x ∈ U1 (x0 ). Further, g is continuous in x0 .
If f is additionally Frechet differentiable in (x0 , y0 ), then g is Frechet differentiable in (x0 , y0 )
with
g 0 (x0 ) = (∂y f (x0 , y0 ))−1 ∂x f (x0 , y0 ).
(A.1.1)
Proof. A proof is given in [31, Theorem 5.3, Corollary 5.4].
A.3 Lemma (Frechet derivatives of Nemytskii operators).
For all N ∈ C 2 (R) with N 00 locally Lipschitz, the associated operator N : L∞ (Ω) → L∞ (Ω),
y → N (y) is twice continuous Frechet differentiable with N 0 (y)y1 = N 0 (y)y1 and N 00 (y)(y1 , y2 ) =
N 00 (y)y1 y2 . For r ∈ [1, ∞], ||yi ||L∞ (Ω) ≤ M > 0, there exists a L(M ) > 0 with
||N (y1 ) − N (y2 )||Lr (Ω) ≤ L(M )||y1 − y2 ||Lr (Ω) .

(A.1.2)

Proof. This was proven in [39, Theorem 4.22, Theorem 4.11].
A.4 Theorem (Existence and uniqueness of solutions to linear-quadratic optimal control problems).
Let U, H be Hilbert spaces and let Uad ⊂ U a non-emtpy, closed, convex and bounded subset.
Further, let σ ≥ 0, yd ∈ H and mapping G ∈ L(U, H) be given. Then there exists an optimal
control ū ∈ Uad solving the problem
σ
1
min J(u) := kGu − yd k2H + kuk2U .
u∈Uad
2
2
If G is injective, then J is strictly convex. If σ > 0, then J is strictly convex and its second
Frechet derivative is strictly coercive. In both cases the minimizer ū ∈ Uad is unique. In the case
σ > 0, the existence of a minimizer ū is ensured also for Uad = U .
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Proof. This was proven in [39, Theorem 2.14].

A.2 Non-Smooth Analysis
For a function f : V ⊂ Rn → Rk let Df denote the set of all points, where f is differentiable.
According to Rademacher’s theorem this set has measure zero, if the the function is locally
lipschitz. Therefore the following definition makes sense.
A.5 Definition (Subifferentials in finite dimensions).
Let V ⊂ Rn open and f : V → Rk lipschitz continuous at x ∈ V .
(i) We define the Bouligand-subdifferential as
∂B f (x) = {M ∈ Rk×n | ∃(xm ) ⊂ Df with xm → x, f 0 (xm ) → M }.
(ii) We define the Clarke-subdifferential as
∂B f (x) = conv(∂B f (x)).
For functions from general Banachspaces mapping to R, we can define Clarke’s subdifferential
as was done in [11].
A.6 Definition (Clarke’s subdifferential in banachspaces).
Let X be a Banach space and f : Y ⊂ X → R locally Lipschitz at x ∈ Y .
(i) The generalized directional derivative of f at x is given by
f (y + tv) − f (y)
.
t
t&0,y→x

f ◦ (x; v) = lim sup

(ii) Clarke’s subdifferential or Clarke’s generalized differential ∂f (x) of f at x is defined as
0

∂C f (x) = {λ ∈ X : f ◦ (x; v) ≥ λ(v) ∀v ∈ X}.
A.7 Lemma (Properties of Clarkes’s subdifferential).
Let X be a Banach space, f, g : Y ⊂ X → R and x ∈ Y . We have the following properties:
0

(i) ∂C f (x) is a non-empty, convex subset of X , if f is locally Lipschitz at x.
(ii) For every v ∈ X it holds f ◦ (x; v) = max{λ(v) : λ ∈ ∂C f (x)}, if f is locally Lipschitz at
x.
(iii) When f is locally Lipschitz at x and convex on Y , then ∂C f (x) coincides with the subdifferential of convex analysis, i.e.,
∂C f (x) = {λ ∈ X
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0

: f (y) − f (x) ≥ λ(y − x) ∀y ∈ Y }.

A.3 Submanifolds in Finite Dimensions
(iv) If f is continuous Frechet differentiable at x, then f is locally Lipschitz at x and it holds
∂C f (x) = {f 0 (x)}.
(v) If f is locally Lipschitz at x and attains a local minimum at x, then it holds 0 ∈ ∂C f (x).
(vi) If f is continuously Frechet differentiable and g is convex and locally Lipschitz at x, it
holds
∂C ((f + g)(x)) = ∂C f (x) + ∂C g(x).
(vii) If f is locally Lipschitz at x and α ∈ R, it holds
∂C (αf (x)) = α∂C f (x).
Proof. All these statements (or more general versions of these statements) have been proven
in [11, Chapter 2].

A.3 Submanifolds in Finite Dimensions
Here we will introduce the concept of a submanifold in finite dimensions. For the definition of
abstract manifolds we refer to [24] or to [20]. Let r, N, K ∈ N, U ⊂ RN +K open and f : U → RN
r-times continuously differentiable throughout this section.
A.8 Definition (Regular points).
We call x ∈ U a regular value of f , if f 0 (x) ∈ RN ×N +K has full rank N + K, i.e., f 0 (x) is
surjective. Equivalently this means that the gradients {∇fi (x)}N
i=1 are linearly independent in
RN +K .
A.9 Definition (Tangent space Tx M ).
Let M ⊂ RN +K be a K-dimensional-differentiable submanifold of RN +K defined as the zero
manifold of the function f as in the theorem above. Then for every x ∈ M we can define the
corresponding tangent space Tx M = {y 0 (t)| y : [−a, a] → M differentiable with y(t) = x, a ∈
R, t ∈ [−a, a]}.
The tangent space Tx M is a K-dimensional subspace of the RN +K .
A.10 Theorem (Zero level sets as submanifolds).
Let M = {x ∈ U | f (x) = 0} ⊂ RN +K be non-empty and let all x ∈ U be regular values of f .
Then M is a K-dimensional C r -submanifold of RN +K (according to the definition in [24]).
This means especially that there exists for every point x ∈ M a differentiable homeomorphism
φ : T ⊂ RK → V ⊂ M , where T is open and V is an open neighbourhood of x. φ is called local
chart of M or local parametrization of M . Its arguments are referred to as chart parameters.
Further,the tangent space Tx M is well-defined for all x ∈ M . A basis of Tx M is given by
∂φ
{ ∂t
(t0 )}k−1
i=1 where φ is a local chart of M with φ(t0 ) = x.
i
Proof. This is a direct consequence of the Regular Level Set Theorem for smooth manifolds
without boundaries (see [24, Corollary 5.14]). The second statement follows directly from the
definiton of a manifold.
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A Appendix
A.11 Lemma (Characterization of the tangent space at regular points).
Let x ∈ M be a regular point of the submanifold M . Then it holds
Tx M = span{∇f1 (x), ..., ∇fm+n+1 (x)}⊥ = im(f 0 (x)T )⊥ = ker(f 0 (x)).

(A.3.3)

Proof. A proof can be found in [41, Chapter 2, Theorem 10.4].
If we do not have a manifold structure, a weaker definition of the tangent space is the following.
A.12 Definition (Tangent cone Tan(M, x)).
Let M ⊂ RN +K and x ∈ M . We define the tangent cone of M at x ∈ M as


Tan(M, x) := u ∈ RN +K | ∃(xi )i∈N ⊂ M \ {x} : xi → x and

xi − x
u
∪ {0}. (A.3.4)
→
kxi − xk
kuk


For x ∈ RN +K \ M it holds Tan(M, x) = {0}, while for x ∈ M ◦ it holds Tan(M, x) = RN +K
(see [32]).
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