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Zusammenfassung
Magnetische Materialien haben eine Vielzahl von technologischen Anwendungen und sind
aus der heutigen Gesellschaft nicht mehr wegzudenken. Während zunächst vor allem Permanentmagnete, die sich durch eine spontane Magnetisierung und makroskopisch starke
von ihnen erzeugte Felder auszeichnen, verwendet wurden, kam im letzten Jahrhundert
ein weiteres bedeutendes Anwendungsgebiet dazu, die magnetische Datenspeicherung. Hier
werden Informationen in binärer Form in einer Folge von unterschiedlich magnetisierten, aber
in sich homogen ausgerichteten Domänen gespeichert. Diese Art der Datenspeicherung bildet
die Grundlage für eine Reihe von Speichermedien, darunter Magnetbänder, Disketten und
Festplattenlaufwerke, wobei heute vor allem letztere zum Einsatz kommen [1]. Die dabei
maximal erreichbaren Speicherdichten sind jedoch letztlich durch das superparamagnetische
Trilemma begrenzt [2, 3]. Aus diesem Grund wird schon seit einiger Zeit an alternativen
Methoden zur magnetischen Datenspeicherung geforscht. Eine vielversprechende Option
basiert auf der Verwendung von topologischen Spintexturen, die innerhalb der magnetischen
Ordnung verschoben werden und damit als Träger von Information fungieren können. Als
topologisch bezeichnet man diese Art der Spintexturen deshalb, weil sie magnetische Solitonen
darstellen, die nicht kontinuierlich in den homogenen Grundzustand transformiert werden
können. Da sie deswegen im Allgemeinen durch eine erhöhte Stabilität gekennzeichnet sind,
bezeichnet man sie auch als topologisch geschützt.
Die vorliegende Arbeit beschäftigt sich mit einer Klasse von topologischen Spintexturen,
nämlich mit magnetischen Skyrmionen. Diese bezeichnen zweidimensionale, wirbelartige
Formationen in der magnetischen Ordnung, deren Magnetisierung mindestens einmal in alle
Raumrichtungen zeigt. Wie oft die Magnetisierung in alle Raumrichtungen zeigt, gibt die
topologische Ladung des Skyrmions an. Daraus ergibt sich für Skyrmionen eine von null verschiedene topologische Ladung, im Gegensatz zum homogenen Grundzustand. Experimentell
wurden magnetische Skyrmionen erstmals 2009 in MnSi nachgewiesen [4]. In den darauffolgenden Jahren wurde auch gezeigt, dass diese sich wie Quasiteilchen durch das magnetische
System in Folge von äußeren Einflüssen wie elektrischen Strömen [5], thermischen Fluktuationen [6] oder Temperaturgradienten [7] bewegen. Auf Basis dieser Erkenntnisse wurde eine
Vielzahl von Konzepten zur Anwendung von Skyrmionen in Rechen- und Speichermedien
vorgeschlagen, darunter der Racetrack-Speicher [8] oder ein auf Brownscher Bewegung von
Skyrmionen basierender probabilistischer Rechner [9].
All diese angedachten Anwendungen erfordern ein tiefgreifendes Verständnis der Statik
und Dynamik topologischer Spintexturen. Die vorliegende theoretische Arbeit leistet einen
Beitrag zu diesen Bemühungen, indem sie die stochastische und deterministische Dynamik
von isolierten magnetischen Skyrmionen mittels atomistischer Spindynamiksimulationen
eingehend untersucht. Diesen Simulationen liegt ein erweitertes Heisenberg Modell zugrunde,
in welchem die Magnetisierung durch lokalisierte atomare magnetische Momente, die sich
aus den ungepaarten Spins der Atome ergeben und die auf einem Gitter angeordnet sind,
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beschrieben wird. Die Basis dieses Modells bilden mittels ab-initio Methoden berechnete
Parameter [10], welche die Wechselwirkung zwischen den magnetischen Momenten in einer
Monolage von Eisenatomen beschreiben, die sich auf einer Palladiumoberfläche und unter einer
mit Iridium dotierten Platinschicht befinden. Aufgrund der Konkurrenz zwischen ferro- und
antiferromagnetischen Wechselwirkungen sowie der Dzyaloshinskii-Moriya Wechselwirkung
[11, 12] können in diesem Material Skyrmionen mit verschiedenen topologischen Ladungen
auftreten und auch eine skyrmionenähnliche, jedoch topologisch triviale lokalisierte Spintextur,
das sogenannte Schimärenskyrmion [13]. Deshalb eignet sich dieses Material besonders für die
Untersuchung des Einflusses der topologischen Ladung auf die Bewegung von Skyrmionen.
Die Dynamik der atomaren magnetischen Momente, und damit auch die Dynamik der
Skyrmionen, wird im Rahmen dieser Arbeit mithilfe der stochastischen Landau-LifshitzGilbert-Gleichung [14] und deren Erweiterungen zur Beschreibung strominduzierter Effekte
berechnet. Aufgrund ihrer großen Komplexität werden diese Berechnungen numerisch mittels
einer auf Grafikkarten basierenden und vom Autor dieser Arbeit entwickelten Implementierung des Heun-Algorithmus durchgeführt. Die Simulationsergebnisse werden mit analytischen
Berechnungen im Rahmen eines kollektiven Koordinatenansatzes verglichen, der auf der Vorarbeit von Thiele basiert [15], um ein tieferes Verständnis der beteiligten Prozesse zu gewinnen
und einen Zusammenhang zwischen der Dynamik und den grundlegenden topologischen
Eigenschaften der Spintexturen herzustellen.
Im ersten Teilprojekt dieser Arbeit (Kapitel 5) wird die Brownsche Bewegung, d.h. die
stochastische Bewegung aufgrund von thermischen Fluktuationen im Gleichgewicht, von
Skyrmionen untersucht. Dieses Projekt wurde in Zusammenarbeit mit der experimentellen
Gruppe von Mathias Kläui an der Universität Mainz im Rahmen des SPP 2137 Skyrmionics:
Topological Spin Phenomena in Real-Space for Applications, finanziert durch die Deutsche
Forschungsgemeinschaft, durchgeführt. Es wird gezeigt, dass eine von null verschiedene topologische Ladung zu einer ballistischen Zyklotronbewegung führt, die sich in einem oszillierenden
Verhalten des mittleren Verschiebungsquadrates auf kurzen Zeitskalen manifestiert. Auf längeren Zeitskalen steigt das mittlere Verschiebungsquadrat linear in der Zeit an, was für normale
Diffusion (im Gegensatz zu super- oder subdiffusivem Verhalten) charakteristisch ist. Die
Steigung ist dabei direkt proportional zum Diffusionskoeffizienten. Wie die in diesem Kapitel
präsentieren Ergebnisse belegen, hängt dieser Diffusionkoeffizient von Skyrmionen auf etwas
überraschende Weise von der Reibung ab: während üblicherweise der Diffusionskoeffizient
umgekehrt proportional zur Reibung ist, nimmt er bei Skyrmionen mit kleiner werdender
Reibung ab. Durch Vergleich mit Ergebnissen für das topologisch triviale Schimärenskyrmion
wird deutlich gemacht, dass dieses Verhalten eine Folge der topologischen Eigenschaften
der Skyrmionen ist. Darüber hinaus wird in diesem Kapitel enthüllt, dass Spintexturen
mit gebrochener Rotationssymmetrie anisotrope Diffusion zeigen können, d.h. schnellere
oder langsamere Diffusionsbewegung entlang verschiedener Raumrichtungen, und dass ihre
Orientierung ebenfalls einer Brownschen Bewegung unterliegt. Die Kopplung zwischen der
Brownschen Bewegung der Position und der Orientierung führt dabei zu einem Übergang von
anisotropem diffusiven Verhalten auf kurzen Zeitskalen zu isotroper Diffusion auf längeren
Zeitskalen. Außerdem wird in diesem Kapitel durch die Simulation der Brownschen Bewegung
bei hohen Temperaturen und niedrigen Werten des Gilbertschen Dämpfungsparameters gezeigt, dass sich aus der Wechselwirkung mit den Magnonen im System ein zusätzlicher Beitrag
zur Reibung des Skyrmions ergibt. Dieser neue Reibungsterm muss auch im Rahmen des

kollektiven Koordinatenansatzes berücksichtigt werden. Im letzten Abschnitt dieses Kapitels
wird die Skyrmionendiffusion in speziellen Geometrien untersucht. Interessanterweise stellt
sich dabei heraus, dass die Diffusion in engen Drähten (entlang der Richtung des Drahtes) im
Vergleich zur freien Diffusion um Größenordnungen erhöht ist.
Das nächste Teilprojekt dieser Arbeit widmet sich der strominduzierten Bewegung von
Skyrmionen. Die Wechselwirkung mit elektrischen Strömen kann im Rahmen von klassischen
atomistischen Spindynamiksimulationen durch zwei unterschiedlichen Modelle beschrieben
werden: einerseits durch sogenannte Spin-Übertrag-Drehmomente und andererseits durch
Spin-Orbit-Drehmomente. In Kapitel 6 wird zunächst die durch Spin-Übertrag-Drehmomente
hervorgerufene Bewegung untersucht. Dabei wird gezeigt, dass eine von null verschiedene
topologische Ladung von Skyrmionen zu einer endlichen Geschwindigkeit orthogonal zur
Stromrichtung führt. In Analogie zum konventionellen Hall Effekt wird dieses Phänomen
Skyrmionen Hall Effekt genannt [16]. Dieser Effekt lässt sich durch den Skyrmionen Hall
Winkel quantifizieren, dessen Vorzeichen vom Vorzeichen der topologischen Ladung abhängt.
Darüber hinaus wird demonstriert, dass die Bewegung von Skyrmionen mit gebrochener
Rotationssymmetrie von ihrer Orientierung in Bezug auf die Stromrichtung beeinflusst wird.
Die Dynamik von Skyrmionen, die durch Spin-Orbit-Drehmomente angetrieben werden, wird
im zweiten Abschnitt dieses Kapitels analysiert. Dabei stellt sich heraus, durch analytische
Berechnungen im Rahmen eines kollektiven Koordinatenansatzes, dass die Kräfte auf die
Skyrmionen, die durch diese Drehmomente hervorgerufen werden, mithilfe eines Tensors
bestimmt werden können. Dieser Tensor hat im Allgemeinen sechs unabhängige Einträgen, die
von der Spintextur abhängen. Erfüllt diese Spintextur jedoch gewisse Symmetrien, vereinfacht
sich dieser Tensor maßgeblich. Dies wird im weiteren Verlauf des Kapitels unter anderem
dazu verwendet, zu erklären, warum nur bestimmte Arten von Skyrmionen bei senkrechter
Spinpolarisation des Elektronenstroms bewegt werden können. Unter der Annahme, dass
die Elektronen waagrecht polarisiert sind, kann ebenfalls ein Skyrmionen Hall Winkel definiert werden. Die Simulationsergebnisse zeigen, dass dieser Winkel endlich ist und von der
topologischen Ladung der Spintexturen abhängt. Bei näherer Betrachtung stellt sich heraus,
dass sich das Skyrmion mit einer topologischer Ladung von minus eins in einem bestimmten Parameterbereich trochoidal bewegt, d.h. entlang einer Kreisbahn mit sich konstant
verschiebendem Mittelpunkt. Dies lässt sich mithilfe der von der analytischen Rechnung
vorhergesagten Helizitätsabhängigkeit der Bewegung erklären. Abschließend wird in diesem
Kapitel noch aufgedeckt, dass der Skyrmionen Hall Winkel von der Temperatur beeinflusst
wird und dass die magnoneninduzierte Reibung, die bereits für die Brownsche Bewegung
eingeführt wurde, auch hier im kollektiven Koordinatenansatz inkludiert werden muss, um
quantitative Übereinstimmung mit den Simulationen zu erreichen.
Das letzte Teilprojekt dieser Arbeit (Kapitel 7) befasst sich mit der Dynamik von Skyrmionen unter dem Einfluss von Spinwellenströmen. Im ersten Abschnitt dieses Kapitels werden
die Skyrmionen durch einen Strom von monochromatischen Spinwellen angetrieben, die durch
Oszillationen der Spins entlang einer Kante des Systems mit konstanter Frequenz angeregt
werden. Es zeigt sich, dass wenn diese Spinwellen auf Skyrmionen treffen, sie vorzugsweise
in positive oder negative Richtung, je nach topologischer Ladung des Skyrmions, gestreut
werden. Außerdem belegen die Simulationsergebnisse, dass die Streurate maximal ist, wenn
die Wellenlänge der Spinwelle in etwa dem Skyrmionenradius entspricht. Durch den Vergleich
zwischen Simulationsdaten und analytischen Berechnungen im Rahmen eines kollektiven

Koordinatenansatzes in Kombination mit linearer Spinwellentheorie, wird aufgezeigt, dass der
Transfer von Impuls, im Gegensatz zu Drehimpuls, von den Spinwellen zu den Skyrmionen zu
einer Bewegung in Richtung der Quelle der Spinwellen (bei endlicher topologischer Ladung)
oder von der Quelle weg (wenn die topologische Ladung null ist) führt, begleitet von einer
endlichen Geschwindigkeit senkrecht zur Ausbreitungsrichtung der Spinwellen. Der zweite
Abschnitt dieses Kapitels behandelt die Thermophorese von Skyrmionen, d.h. ihre Bewegung
in einem Temperaturgradienten. Dabei wird zuerst durch eine Analyse der Nichtgleichgewichtsmagnetisierung demonstriert, dass ein linearer Temperaturgradient infolge des magnonischen
Spin Seebeck Effekts [17] einen thermischen Spinwellenstrom hervorruft. Anschließend wird
durch Vergleich mit der von monochromatischen Spinwellen hervorgerufenen Dynamik aufgezeigt, dass dieser thermische Spinwellenstrom zu einer recht überraschenden Bewegung der
unterschiedlichen Skyrmionen führt: während das topologisch triviale Schimärenskyrmion
in Richtung kaltes Ende strebt, bewegen sich die Skyrmionen mit endlichen topologischen
Ladungen zum heißen Ende hin. Darüber hinaus bewegen sich alle Skyrmionen auch senkrecht
zur Richtung des Temperaturgradienten, wobei das Vorzeichen der entsprechenden Geschwindigkeit von der topologischen Ladung abhängt. In Analogie zum klassischen Nernst Effekt
wird dafür die Bezeichnung Skyrmionen Nernst Effekt eingeführt. Abschließend wird in diesem
Kapitel noch enthüllt, dass die durch den thermischen Spinwellenstrom induzierte Thermophorese unabhängig von der Temperatur, der Stärke des Temperaturgradienten und dem
Gilbertschen Dämpfungsparameter im Vergleich mit der üblichen Brownschen Thermophorese,
die eine Bewegung ins Kalte hervorruft, dominiert.
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Chapter 1.
Introduction
1.1. Motivation
Whether it is their first use in a compass a millennium ago, which quickly became an
indispensable tool on the high seas, or their use in modern data storage devices, without
which the digital revolution would probably be a long time coming: magnetic materials are
ubiquitous and shape today’s society. Mankind’s first documented contact with magnetism
dates back to classical antiquity. Lucretius, for example, in his work de rerum natura, reports
on a law of nature that manifests itself in an iron-attracting stone called magnet, named after
the Greek region of Magnesia where these stones were first found [18]. A crucial condition for
the discovery of magnetism was a traceable and durable interaction on a macroscopic scale.
Magnetic materials characterized by these properties are called permanent magnets and for
centuries were the only technologically applicable form of magnetism. In order to maximize
the field created by them and therefore their usability, a homogeneous magnetization is desired.
Thus, the elementary magnetic moments in the material, which make up the magnetization
at the microscopic level, should be collinearly aligned, forming a ferromagnetic state (see Fig.
1.1a).
A paradigm shift in the field of magnetic materials took place when the concept of magnetic
data storage was proposed in 1888 [19]. There, the formation of magnetic domains is crucial:
by using patterns of regions with different magnetization in a magnetizable material, data
storage in the form of a non-volatile memory can be achieved. The first implementation of
this concept was realized ten years later by Poulsen [20] and was based on wire recording1 .
The potential of magnetic recording was quickly recognized, leading to the development of a
variety of magnetic data storage devices over the course of the following century, including
magnetic tapes or floppy discs [22]. Today, magnetic data storage is predominantly based
on hard disc drives, which were invented by IBM in 1956 [23]. Although the advancement
rate of the areal data storage density followed approximately Moore’s law (doubling every
two years) in the subsequent decades [1], it is ultimately limited by the superparamagnetic
trilemma [2, 3].
One possible way to circumvent this looming limit is by making use of topological spin
textures, such as domain walls or skyrmions (see Figs. 1.1b and 1.1c), which serve as particlelike carriers of information bits. These spin textures are topological defects (or topological
1

Poulsen first publicly demonstrated his device at the 1900 World’s Fair in Paris, where he recorded the
voice of Emperor Franz Joseph I of Austria, which is now believed to be the oldest surviving magnetic audio
recording [21].
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Figure 1.1.: Collinear magnetic order and topological spin textures. (a) Homogeneous (ferromagnetic)
state, (b) domain wall and (c) magnetic skyrmion. Arrows indicate the direction of the elementary
magnetic moments.

solitons) hosted in magnetic systems that cannot be unwound without violating the continuity
of the magnetization, similar to knots in a rope, giving rise to a significantly enhanced
stability, commonly referred to as topological stability. The observation that domain walls
can be moved using the spin torques associated with spin polarized currents [24] lead to the
proposal of the racetrack memory [25]. The interest in magnetic skyrmions was fueled by
the first observation of a skyrmion lattice in the bulk magnet MnSi [4] and the discovery
that they can be displaced by currents that are considerably lower than those needed for
moving domain walls [5]. This growing interest lead to the proposal of various next-generation
computing and memory devices based on skyrmions [26], including a racetrack-type memory
[8] and stochastic computing devices making use of Brownian motion of skyrmions [6].
All these envisaged applications require a profound and deep understanding of the statics
and dynamics of topological spin textures, which have been the subject of numerous theoretical
and experimental investigations. However, many aspects are not fully understood yet. This
thesis contributes to these efforts by investigating in-depth the stochastic and deterministic
dynamics of isolated magnetic skyrmions. Using classical atomistic spin dynamics simulations
based on an extended Heisenberg model and the stochastic Landau-Lifshitz-Gilbert equation,
their thermal, current-induced and spin-wave-driven dynamics are studied. The simulation
results are compared with analytical calculations within a collective coordinate approach to
gain a deeper understanding of the processes involved and to establish a link between the
observed dynamics and fundamental topological properties of the spin textures.

1.2. Outline of thesis
In chapter 2, a brief introduction to the field of topological spin textures is given. Starting
from basic concepts of topology, homotopy and winding numbers are introduced to classify the
mutual deformability of geometrical objects. Subsequently, these concepts are applied to the
field of magnetism to analyze topologically nontrivial, localized spin textures in one dimension
(domain walls) and in two dimensions (skyrmions). In the last part of this chapter, the
zoology of skyrmions and the corresponding terminology are discussed, and a brief historical
outline of the field of skyrmions is given.
Chapter 3 consists of two parts. First, the theoretical background for atomistic spin
dynamics simulations that were performed as part of this thesis is given. These simulations
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are based on the extended Heisenberg model and the stochastic Landau-Lifshitz-Gilbert
equation, which are discussed in detail. In the second part of this chapter, the framework
of the collective coordinate approach is presented. This approach is used to derive effective
equations of motion for topological spin textures, which are used in this work to establish a
link between the dynamics and topology of spin textures and to gain a deeper understanding
of the observed phenomena and the processes involved.
In chapter 4, the main aspects of skyrmion formation in (Pt0.95 /Ir0.05 )/Fe/Pd(111), which
is the system investigated within this thesis, are summarized. To begin with, the basics of
the atomistic spin model used to describe this system are presented and the frustration of
the Heisenberg exchange and the Dzyaloshinskii-Moriya interaction (DMI) are analyzed in
detail. Then, the topological properties of the skyrmions that can form in this system and
their characteristic features are discussed.
Chapter 5 is dedicated to the Brownian motion of skyrmions with different topological
charges and consists of two parts. In the first part, the dynamics are studied by means of a
collective coordinate approach. This way, analytical formulae describing the mean squared
displacements and the diffusion coefficients are derived, which are compared with atomistic
spin dynamics simulations in the second part of the chapter. In doing so, the profound impact
of the topology and the shape of skyrmions on the diffusive motion is demonstrated. In
addition, it is revealed that a so-far-neglected contribution to the Brownian motion due to a
coupling to the magnon heat bath dominates for finite temperatures and typical values of the
Gilbert damping parameter.
In chapter 6, the current-induced motion of skyrmions with different topological charges is
studied by means of a collective coordinate approach and atomistic spin dynamics simulations.
In the first part, the dynamics induced by spin-transfer torques are investigated and the
topology- and shape-dependence of the skyrmion Hall effect are shown. The second part
is dedicated to spin-orbit-torque-driven motion of skyrmions. It is revealed that there is a
complex connection between the effective spin polarization of the itinerant electrons and
the direction of motion of the skyrmions. Furthermore, current-induced motion at finite
temperatures is investigated and the crucial role of the aforementioned coupling to the magnon
heat bath is demonstrated.
Chapter 7 is dedicated to the dynamics of skyrmions driven by monochromatic and thermal
spin wave currents. First, the scattering of monochromatic spin waves at different types of
skyrmions is investigated and, based on a collective coordinate approach, momentum-transfer
is identified as the dominant contribution to the effective driving force exerted on skyrmions.
Subsequently, this knowledge is used to explain the observed dynamics of skyrmions within a
temperature gradient: depending on the spin wave scattering and its topological properties,
spin textures are either driven towards the cold or hot end of the system, together with a
positive or negative transverse velocity.
Finally, chapter 8 provides a short summary of the most important results and an outlook
on possible future investigations that build on the findings of this thesis.
The appendix contains a summary of the implementation of the atomistic spin dynamics
simulation, the coupling coefficients used to model (Pt0.95 /Ir0.05 )/Fe/Pd(111), the methods
for calculating the position and the orientation of skyrmions in the simulations and the
calculation of the effective rotational diffusion coefficient.
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Chapter 2.
Fundamentals of Topological Spin Textures
Topological spin textures are defects (or solitons) hosted in magnetic systems, which cannot
decay or be unwound to the ground state by smooth deformations. A simple, yet universal
classification of these spin textures can be obtained by using concepts of topology, i.e. the
study of properties of geometric objects that are preserved under continuous deformations.
Specifically, the mathematical theory of homotopy provides a topological invariant, the
winding number or topological charge, which allows for a unified description of the mutual
deformability of arbitrary spin textures.
In this chapter, a brief overview of the topological concepts of homotopy and winding
numbers and their implications for the stability of spin textures is given (for a detailed
introduction to these topics, see for example Refs. [27, 28]). Subsequently, the fundamentals
of magnetic skyrmions and the corresponding terminology are summarized. Finally, a brief
historical outline of the field of skyrmions is given.

2.1. Homotopy and winding numbers
The concept of homotopy can most readily be understood by considering loops. Let f be a
continuous map from I = [0, 1] to the topological space X, I → X, which is assumed to start
at f (0) = x0 and end at f (1) = x1 . If x0 = x1 , such a map is called a loop at base point
x0 , otherwise it is referred to as path. Later it will be used that I is homeomorphic to the
1-sphere S1 , and henceforth f can be equivalently defined as a map S1 → X.
Homotopy is introduced in an effort to classify different loops according to an equivalence
relation, which is their mutual deformability. Formally it can be introduced as follows. Let
f, g : I → X be two loops at base point x0 . If there exists a continuous map F : I × I → X
such that
F (a, 0) = f (a) and F (a, 1) = g(a)

∀a∈I

F (0, b) = F (1, b) = x0

∀ b ∈ I,

(2.1)

then f and g are said to be homotopic or topologically equivalent. This is illustrated for X = R2
in Fig. 2.1a. If a loop f can be contracted to a point it is equivalent to the identity loop 1
and referred to as null-homotopic or topologically trivial (see Fig. 2.1b). These deformations
are not always possible as is demonstrated for the non-simply connected space X = R2 \{0}
in Fig. 2.1c and Fig. 2.1d. The loop g is not equivalent to the identity loop and hence is
said to be topologically nontrivial. As there is no continuous path for the transformation
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from g to f , they belong to different equivalence classes: due to the fact that homotopy is an
equivalence relation, the set of loops in the topological space X can be divided into disjoint
equivalence classes called homotopy classes. The homotopy class of a loop f is denoted by
[f ]. In terms of homotopy classes, a null-homotopic loop can be denoted by [f ] = [1] and
topological equivalence between two loops f, g by [f ] = [g]. As will be discussed in detail
below, a homotopy class [f ] can be classified by a topological invariant, the winding number or
topological charge. In the simple case f : I → R2 \{0}, the winding number can be introduced
in an ad-hoc way as the difference in numbers of times a loop wraps around the origin in
clockwise and counterclockwise direction. This number yields a very simple classification of
the equivalence of loops: two loops can only be continuously transformed into each other if
their winding numbers are the same.
The path composition of the two loops f, g with the same base point x0 forms a new loop
f ◦ g, which is obtained by first traversing the loop f and subsequently the loop g, see Fig.
2.1e. As such, it defines a group structure on the set of homotopy classes of loops based
at x0 ∈ X. The resulting group is called fundamental group or first homotopy group of X
at base point x0 and is usually denoted by π1 (X, x0 ). The corresponding group operation
of two homotopy classes is induced by the path composition and can formally be written
as [f ] ◦ [g] = [f ◦ g]. For the topological spaces X relevant here, this group operation is
commutative and thus the corresponding homotopy groups are abelian1 . This can be used
to construct the free fundamental group, i.e. the fundamental group of homotopy classes
of loops without a fixed base points. For two abelian fundamental groups defined at two
different base points x0 and x̃0 , an isomorphism can be constructed via the paths h and h−1 ,
cf. Fig. 2.1f. Therefore, in the abelian case, all fundamental groups of loops are isomorphic,
irrespective of their base points, and henceforth isomorphic to an abstract free fundamental
group, denoted by π1 (X). This way, a universal and base-point-independent classification of
loops is established via π1 (X). As a manifestation of the Hopf theorem (see below), the free
fundamental group of loops in the non-simply connected space X = R2 \{0} is isomorphic to
the group of integers with addition, π1 (X) ∼
= {Z, +}, that is, its group operation is equivalent,
in a group theoretical sense, to the addition of the winding numbers. Hence, if f, g are
members of two homotopy classes (they can be from the same class) characterized by winding
numbers W1 , W2 ∈ Z, then their path composition f ◦ g is a member of the homotopy class
with winding number W1 + W2 .
So far, homotopy has been discussed here only using the simple example of loops. In the
field of topological spin textures, the relevant mappings are smooth self-maps S that assign
every point on the n-sphere to another point on the n-sphere, S : Sn → Sn . Formally, the
winding number W ∈ Z of such a self-map can be defined as
W(S) =

oriented area of S(Sn )
,
area of Sn

(2.2)

which counts how many times S wraps the n-sphere, taking its orientation into account [29].
In analogy to the loops, winding numbers can be used to distinguish between topologically
trivial (W = 0) and nontrivial maps (W 6= 0). Relatedly, they can be used to classify the
mutual deformability of two self-maps, according to the Hopf Theorem, which states that two
1

In general, homotopy groups are not necessarily abelian. Consider the fundamental groups of a plane
with two points removed, X = R2 \{x1 , x2 }, or the figure eight.
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Figure 2.1.: Homotopy groups of loops. (a) Two loops f, g are homotopic (topologically equivalent) if
they can be continuously transformed into each other as indicated by the dotted curves. Accordingly,
the homotopy class of the loop f is equal to that of the loop g. (b) If a loop f can be contracted
to a point it is equivalent to the identity loop 1 and referred to as null-homotopic (topologically
trivial). Therefore, the homotopy class of the loop f is equal to that of the identity. (c) In the
non-simply connected space X = R2 \{0}, indicated by the black dot, there exist loops g that cannot
be contracted to the identity and hence belong to a different homotopy class. (d) In the non-simply
connected space X = R2 \{0}, there exist loops f, g that are topologically inequivalent. (e) Path
composition of two loops f, g with the same base point x0 forms a new loop f ◦ g, which is obtained
by first traversing the loop f and subsequently the loop g. (f) In the abelian case, all fundamental
groups of loops are isomorphic, irrespective of their base points, π1 (X, x0 ) ∼
= π1 (X, x̃0 )∀x0 , x̃0 .

smooth self-maps on the n-sphere are topologically equivalent if and only if their degree (the
winding number) is the same [30]. In addition, the winding numbers establish an isomorphism
of the n-th homotopy group of the n-sphere to the integers with addition, πn (Sn ) ∼
= {Z, +}.
Note that, as far as homotopy is concerned, the case n = 1 corresponds to the loops in
X = R2 \{0} discussed above. The cases n ∈ {1, 2} are the most relevant for topological spin
textures, as they are connected to the formation of domain walls and skyrmions, and are
discussed in detail in the following sections.

2.2. Winding numbers in magnetism
The application of topological concepts to magnetism can be motivated as follows. Since
the orientation of the elementary magnetic moments within a sample can be arbitrarily
complicated, the calculation of energy barriers preventing the transition between different
states can be very cumbersome. Topology provides a universal framework for the classification
of spin textures and their mutual (smooth) deformability based on their winding numbers.
Irrespective of the details of the interactions within the sample, this framework can be used
to explain the increased stability of some spin textures, which are referred to as topological
spin textures within this thesis, over others.
In the classical continuum theory of magnetism, the magnetization is expressed as a
smooth vector field S(r), subsequently referred to as spin configuration, that describes the
local orientation of a continuous distribution of elementary magnetic moments. As such, the
magnetization constitutes a mapping S : Rd → Sn that assigns an element of the parameter
space S ∈ Sn , n 6 2 to every element of the (flat) configuration space r ∈ Rd , d 6 3. The
possible dimensions of the parameter space n ∈ {0, 1, 2} can be interpreted as Ising model,
XY -model and Heisenberg model, respectively. In general, d 6= n: e.g., a three-dimensional
Heisenberg model has d = 3 and n = 2 or a two-dimensional Ising model has d = 2 and n = 0.
In order to classify the spin textures described by S(r) based on the concepts of topology
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Figure 2.2.: Illustration of a spin configuration S : R1 → S1 containing a 2π domain wall with winding
number W = 1 and its stereographic projection. The color code represents the vertical component
of the spins.

introduced in the previous section, it is useful to calculate the winding number. However, the
winding number (2.2) is defined for self-maps on the n-sphere, Sn → Sn . In order to calculate
the winding number for a spin configuration it is henceforth necessary to first transform
the configuration space to a sphere. This can be achieved by means of the stereographic
projection, which defines a smooth and bijective mapping (except for the projection point,
which is mapped to ±∞) between the sphere and the flat space. This is illustrated for a
n = d = 1 spin configuration in Fig. 2.2 containing a 2π domain wall2 . On a topological
level, the stereographic projection demonstrates that the d-sphere is homoeomorphic to the
one-point-compactified d-dimensional flat space. In addition, since the winding numbers are
defined for self-maps, only spin configurations where n = d can be classified with regards
to their mutual deformability according to the Hopf theorem. For the 2π domain wall
shown in Fig. 2.2, this means that it can only be regarded as topologically nontrivial if the
magnetization is restricted to the plane (XY -model). Heisenberg spins could simply rotate
out-of-plane and escape via the third dimension [31]. For n = d = 1, spin configurations, such
as the 2π domain wall shown in Fig. 2.2, can be expressed in continuous polar coordinates
via S(x) = (cos Φ(x), sin Φ(x), 0)T . The explicit form of Eq. (2.2) for calculating the winding
number for n = d = 1 henceforth reads [28]
1
W(S) =
2π

Z ∞ 
−∞

S

x ∂S

y

∂x

−S

y ∂S

x

∂x

1
dx =
2π

Z ∞
∂Φ
−∞

∂x

dx =

1
∆Φ = N ∈ Z.
2π

(2.3)

In the above expression it was used that, taking into account that for localized spin textures
the magnetization at both ends is the same, the difference ∆Φ = Φ(∞) − Φ(−∞) can only be
an integer multiplied by 2π, ∆Φ = 2πN . Evaluation of Eq. (2.3) for the 2π domain wall in
Fig. 2.2 yields a nonzero winding number of W = 1, verifying that it is indeed a topologically
nontrivial spin texture (within the XY -model).
Based on this winding number, the topological properties of any localized spin texture
with n = d = 1 can be analyzed. An excerpt of the plethora of possible spin configurations is
illustrated in Fig. 2.3 in parameter space. Configurations with the same winding number
are homotopic (topologically equivalent) and can be transformed into each other by smooth
deformations. The first configuration represents the topologically trivial ferromagnetic state.
Albeit having a non-homogeneous magnetization, the second configuration in Fig. 2.3 is also
2

A 2π domain wall is a topological defect where the magnetization undergoes a rotation by 2π. As such, it
connects two homogeneous magnetic domains with equal orientation.
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topologically trivial since it consists of two π domain walls with opposite sense of rotation
(clockwise and counterclockwise) such that the total winding number is zero. In a particle
picture, these two π domain walls can be interpreted as each others antiparticles that can
annihilate. The other three spin configurations in Fig. 2.3 represent topological spin textures.
The third and fourth spin textures are 2π domain walls with clockwise and counterclockwise
sense of rotation, respectively. Note that the sign of the winding number is just a matter of the
convention used in Eq. (2.3). The last spin configuration in Fig. 2.3 represents a 4π domain
wall with a winding number of W = 2. Taking into account that the group of equivalence
classes of topological spin textures is isomorphic to the group of integers with addition, the
total winding number of a spin configuration hosting multiple individual topological spin
textures can easily be calculated: e.g, a system of two 2π domain walls either has W = 0 if
they have opposite sense of rotation or W = ±2 if they have the same. Consequently, the 4π
domain wall is homotopic to two domain walls with the same sense of rotation.

Figure 2.3.: Graphical representation of one-dimensional spin textures with various winding numbers
as labeled projected onto the 1-sphere. The color code represents the vertical component of the
spins.

In a similar manner, winding numbers can be used to classify spin textures with n = d = 2.
Since these spin textures include skyrmions, which are the focus of this thesis, the entire
following section 2.3 is dedicated to this case.
Hereinafter, the concept of topological stability or topological protection of spin textures
shall be discussed in more detail instead. As stated in the introduction to this section, the
goal of introducing concepts of homotopy and winding numbers to the field of magnetism
is to analyze the stability of spin textures against deformations solely based on geometrical
properties. Spin textures that cannot be unwound by smooth deformations are characterized
by a nonzero winding number and are said to be topologically protected. In the classical
continuum theory of magnetism [32], as in the closely related prototypical soliton-hosting
non-linear sigma model [33], the energy barrier associated with topological protection is
infinite. Of course, this does not apply in real magnetic materials for several reasons [34].
Firstly, the continuum model used for the topological considerations is only an approximation,
since the elementary magnetic moments are discrete. Secondly, the size of a sample is always
finite and its edges break the smoothness condition for the magnetization; consequently,
topological spin textures may simply be driven out of the sample. Thirdly, energy barriers
restricting the spin configuration to a subspace (S 1 /S 2 for Ising-/XY -model) are always finite
(cf. escape via the third dimension of a 2π domain wall). Nevertheless, the classification of
defects using topological concepts is a versatile and convenient method to explain the stability
of topological spin textures, that stems from a typically much higher (but not infinite) energy
barrier as compared to their topologically trivial counterparts (see also Sec. 4.2.3).
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2.3. Magnetic skyrmions
Magnetic skyrmions3 are the two-dimensional analogue to the 2π domain walls presented in
the previous section. As such, they are topological spin textures described by configurations
of Heisenberg spins where the configuration space is a plane, S : R2 → S2 .
The topological character of two prototypical examples of skyrmions is visualized in Fig.
2.4. The (flat) topological spin texture on the left is called Bloch-type skyrmion and the
one on the right Néel-type skyrmion. Note that the upwards pointing (blue) spins extend
to infinity and form a ferromagnetic background, within which the skyrmions are hosted.
Using stereographic projections, the compactified spin configurations of Bloch- and Néel-type
skyrmions are transformed to the so-called combed hedgehog and hedgehog, respectively, which
are topologically nontrivial mappings S : S2 → S2 . Henceforth, the skyrmions directly inherit
the topological properties of the hedgehogs. Since the latter span the whole sphere they can
be characterized using concepts of homotopy and the winding numbers introduced above.
In the field of skyrmions, the winding number is commonly referred to as topological charge
Q ∈ Z and can be calculated via the corresponding explicit form of Eq. (2.2) for n = d = 2
that reads
Z
1
Q=−
S · (∂x S × ∂y S) d2 r.
(2.4)
4π R2
Note that the sign of the topological charge is not uniquely defined and is a matter of
convention [16]. Within this thesis, the above sign convention is used, so that the skyrmions
depicted in Fig. 2.4 have Q = 1. The integrand in Eq. (2.4) is the topological charge density
ρtop = −1/(4π)S · (∂x S × ∂y S), which can be used to locate the skyrmion within the system
and to characterize its shape (for details, see Appendix C and Sec. 4.2.2).

Figure 2.4.: Graphical representation of Bloch- (left) and Néel-type skyrmions (right) in configuration
space and their stereographic projections, the combed hedgehog and the hedgehog. Both skyrmions
have a topological charge of Q = 1 as their spin configurations wrap the unit sphere once.

3

Since this thesis deals exclusively with skyrmions in magnetic systems, the term magnetic is usually
omitted.
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In order to calculate the topological charge of skyrmions it is convenient to assume a
circular shape. This particular choice allows for a simple analytical evaluation of Eq. (2.4),
while the result still holds for any skyrmion that can be smoothly transformed to the circular
skyrmion (due to their topological equivalence). Next, the two-dimensional configuration
space is parameterized in polar coordinates r = r(cos ϕ, sin ϕ)T and the spin configuration is
expressed in spherical coordinates Θ(r) and Φ(r),




cos Φ(r) sin Θ(r)


S(r) =  sin Φ(r) sin Θ(r)  .
cos Θ(r)

(2.5)

Due to the circular shape of the skyrmion, the out-of-plane spin component only depends on
the distance from the skyrmion center and thus it can be assumed that Θ(r) = Θ(r) and
Φ(r) = Φ(ϕ), the latter in the form
Φ(ϕ) = mϕ + ψ.

(2.6)

The variable m ∈ Z is referred to as vorticity and ψ is the helicity of the skyrmion. The
expression for the topological charge (2.4) then simplifies to
2π
1 ∞
dϕ sin Θ(r)∂r Θ(r)∂ϕ Φ(ϕ)
Q=−
dr
4π 0
0
i∞ h
i2π
1 h
=
cos Θ(r)
Φ(ϕ)
4π
0
0
∆S z ∆Φ
=
2 2π

Z

Z

(2.7)

where it was used that S z (r) = cos Θ(r) and the abbreviations ∆S z = S z (∞) − S z (0) and
∆Φ = Φ(2π) − Φ(0) were introduced. Within this thesis, the ferromagnetic background is
assumed to be in positive z-direction and hence ∆S z = 2. Note that reversing the background
would only lead to a sign change in the topological charge. Together with Eq. (2.6), the
formula for the topological charge further reduces to a very compact expression,
Q = m ∈ Z,

(2.8)

with m being the vorticity as introduced above. This way, the topological charge of a
circular skyrmion traces back to the one-dimensional winding number (2.3) of the domain wall
delimiting the skyrmion. The skyrmions depicted in Fig. 2.4 are delimited by a 2π domain
wall and hence have m = 1. Skyrmions with other topological charges can be constructed by
replacing the angular dependence of Φ(ϕ) by any other nontrivial dependence.
The topological charge can be used to analyze the topological properties of any twodimensional spin configuration, as illustrated for some prototypical spin textures in Fig.
2.5. Panel (a) depicts the topologically trivial ferromagnetic ground state. Albeit having a
non-homogeneous spin configuration, the spin texture shown in panel (b) is also topologically
trivial, due to the trivial angular dependence Φ(ϕ) ≡ 0, and can be continuously transformed
to the ground state. Panels (c)-(f) depict skyrmions with vorticity m = 1 and different
helicities ψ. Note that the latter has no impact on the topological charge. The skyrmions
with ψ = 0 (c) and ψ = π (e) are the aforementioned Néel-type skyrmions and the ones
with ψ = π2 (d) and ψ = 3π
2 (f) are Bloch-type skyrmions. The skyrmion shown in panel (g)
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has vorticity m = −1, i.e. an opposite sense of rotation of the domain wall delimiting the
skyrmion, and, as a consequence, a topological charge of Q = −1. Due to the fact that it can
annihilate skyrmions with positive vorticity, because their combined topological charge is zero,
it has become common in literature to refer to skyrmions with m = −1 as antiskyrmions [35].
Note that since the sign of the topological charge is merely a matter of the convention used
in Eq. (2.4) and the orientation of the ferromagnetic background, it does not unambiguously
define antiskyrmions. However, if the ferromagnetic background is fixed to be in positive
z-direction, as is done throughout this thesis except for Fig. 2.5i, then the vorticity and
topological charge are the same, see Eq. (2.8), and hence the antiskyrmions, and all other
types of skyrmions, are unambiguously defined by their topological charge. The topological
spin texture shown in panel (h) has a vorticity of m = 2, and thus a topological charge of
Q = 2. As such, it is topologically equivalent to a spin configuration with two individual
skyrmions with Q = 1, due to the isomorphism between the group of homotopy classes of
spin configurations and the integers with addition (cf. Sec. 2.1). Note that while the spin
configurations of skyrmions with Q = 1 are invariant under rotations, hence leaving their
helicity unchanged, the skyrmions with Q = −1 and Q = 2 have broken rotational symmetry,
giving rise to a coupling between the helicity and the orientation of the spin configuration4 .
Finally, when changing the direction of the background magnetization, the topological charge
changes sign, while the vorticity remains unaltered, see panel (h). It shall be emphasized
again at this point, that the skyrmions depicted in Fig. 2.5 are prototypical skyrmions with
idealized, circular shape. As will be discussed later in this thesis, skyrmions in real systems
can be strongly distorted (cf. Sec. 4.2.2).
So far, topological concepts have been used here in effort to classify the stability of
topological spin textures. One of the features that makes the field of skyrmions so fascinating
is that the topological properties also have an impact on their dynamics [16]. The finite
topological charge gives rise to a peculiar effective equation of motion (details of this equation
of motion and its derivation are summarized in Sec. 3.2.3) and to a variety of intriguing
phenomena that are investigated in-depth within this thesis in chapters 5-7.

2.4. A brief history of magnetic skyrmions
This chapter will be concluded with a short historical outline of the field of magnetic skyrmions.
Originally, the concept of skyrmions was not introduced in the field of magnetism, but in
the framework of baryonic field theories. This was done by Skyrme in 1961 in an effort to
explain the stability of neutrons and protons in the atomic nucleus based on topological
protection [36–38]. However, after the existence of quarks was proposed only three years
later [39, 40], these ideas were discarded in the field of nuclear physics. Nonetheless, in the
following decades, a steadily growing number of localized and topologically nontrivial objects,
grouped under the name skyrmions, have appeared in many areas of physics, ranging from
liquid crystals [41] over optics [42] to Bose-Einstein condensates [43].
The emergence of magnetic skyrmions was first predicted theoretically by Bogdanov and
Yablonskii [44] for systems with parity-breaking DMI [11, 12] (for details on the DMI, see Sec.
4

The coupling between helicity and orientation for skyrmions with Q 6= 1 is used later in this thesis in Sec.
3.2.3 to derive an effective equation of motion for the rotational dynamics.
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Figure 2.5.: Zoology of characteristic two-dimensional spin textures in configuration space with
topological charge (winding number) as indicated. (a) Homogeneous (ferromagnetic) state. (b)
Topologically trivial localized spin texture with m = 0. (c)-(f) Skyrmions with m = 1 and
ψ ∈ {0, π2 , π, 3π
2 }. (g) Antiskyrmion with m = −1. (h) Skyrmion with m = 2 delimited by a 4π
domain wall. (i) Skyrmion with m = 1 and opposite background magnetization.

3.1.1). The interest in magnetic skyrmions surged after the experimental observation of a
skyrmion lattice in the bulk magnet MnSi by Mühlbauer et al. in 2009 [4]. Subsequently,
skyrmions were detected in a plethora of magnetic materials. Since the listing of these
materials and the properties of the skyrmions hosted by them would go beyond the scope
of this brief introduction, the inclined reader is referred to Ref. [45] for details. Hereinafter,
only a few seminal contributions to this field, which are particularly relevant to the thesis
at hand, are presented. While initial studies primarily focused on bulk system with broken
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inversion symmetry, which is a prerequisite for the DMI to occur, the attention then shifted
to thin films, where skyrmion lattices were found in a larger region of the phase diagram
[46], and to multi- and monolayer structures, where it was shown that individual isolated
skyrmions can be created using an STM tip [47]. The advantage of using magnetic multior monolayers is that their inversion symmetry is naturally broken at the interfaces, giving
rise to a strong DMI. This way, the thermal stability of skyrmions could be increased further,
which ultimately lead to the first observation of isolated skyrmions at room temperature
[48]. In addition, it was shown by theoretical studies that other mechanisms besides DMI can
stabilize skyrmions and antiskyrmions [49], such as exchange frustration [50] or four-spin
interactions [51], and that they can even give rise to the simultaneous stability of skyrmions
with different topological charges [13, 52]. Subsequent experimental investigations on isolated
skyrmions in multilayer systems at room temperature revealed quasi-particle-like dynamics
by demonstrating their current-driven motion [53] and Brownian motion [6]. Rather recently,
unidirectional motion of isolated skyrmion induced by a temperature gradient was reported
in metallic [54] and insulating systems [7]. More thorough discussions of the current status of
research on Brownian, current-driven, and temperature-gradient-induced motion of skyrmions
can be found in the introductions to the respective chapters 5, 6 and 7 of this thesis.
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Chapter 3.
Modelling Dynamics of Magnetic
Materials and Topological Spin Textures
There exist many different models that describe the dynamics of magnetic materials. Each of
these approaches involves a different level of sophistication and is applicable to different timeand length scales. They range from finite element methods [55] that allow for the description
of the magnetization dynamics in macroscopic systems to time-dependent density functional
theory [56], where spin dynamics are treated within a quantum mechanical first-principles
approach. In this thesis, magnetization dynamics are studied using an atomistic spin model
[57]. The reason for this is that this model is widely accepted as a suitable framework for
describing nanometer-scale topological spin textures and their thermal and current-driven
dynamics. In addition, the dynamics of these spin textures are also investigated using a
collective coordinate approach, which is well established in soliton physics.

3.1. Atomistic spin models
A spin is a purely quantum mechanical quantity and can be viewed as an intrinsic form
of angular momentum. Within quantum mechanics, the dynamics of spin- 12 particles1 are
described via the Dirac equation [59] or, in the non-relativistic limit, via the Pauli equation
[60]. Unfortunately, even for small clusters consisting of only a few atoms and simulation
times of barely 100 fs, calculating the quantum mechanical time evolution requires enormous
computing resources at the present day [61]. Within the framework of atomistic spin models,
each atom i is instead assigned a single spin operator Ŝi that corresponds to a localized
elementary magnetic moment, which stems from unpaired electron spins and is situated at
the respective lattice site ri . For this thesis, the classical limit of such an atomistic spin model
is considered. In the classical limit, the spin operators are replaced by normalized vectors
Si = µi /µs , where µs is the atomic magnetic moment. This approach has proven to be able
to provide a sufficiently accurate description of the full quantum mechanical calculation [62]
and of experimental observations [63]. The major advantage of classical atomistic spin models
lies in the accurate calculation of collective magnetic properties at elevated temperatures and
its ability to simulate large systems consisting of up to millions of atoms [64].

1

Free particles with arbitrary integer or half-integer spin can be described via the Bargmann-Wigner
equations [58].
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3.1.1. Extended Heisenberg Hamiltonian
Based on the Heitler-London model, which describes the formation of valence bonds between
dissociated atoms [65], Werner Heisenberg suggested in 1928 that the exchange between
electron spins required for ferromagnetic ordering is a result of the overlap of their atomic
orbitals [66]. As such, he only considered nearest-neighbor exchange in the Hamiltonian and
his model was initially deemed to provide an accurate description only of insulating magnets.
This is opposite to metallic systems such as Fe, Co or Ni, where electrons have itinerant
character and which appear to be more appropriately described using a band model, e.g.
within the framework of the Stoner model [67]. Nonetheless, it was shown by Liechtenstein
et al. [68, 69] that the itinerant electron system can be effectively mapped onto the Heisenberg
model by using small rotations of two arbitrary spins with respect to the ground state.
In recent years a large zoo of different interactions, ranging from simple on-site anisotropies
to exotic multi-spin interactions, were added to the original Heisenberg model [63]. All these
contributions can be summarized under the term extended Heisenberg model. Within this
thesis, not all of these interactions are considered and the Hamiltonian used here in its most
general form reads
H=

X
X
1X T
µs Si · B(ri ).
ST
Si Jij Sj +
i Ki Si −
2 i6=j
i
i

(3.1)

The two-spin interactions modeled by the first term in the above expression are short-ranged
and it is therefore sufficient to take into account only the first few neighboring shells, typically
up to a few Ångström. The exchange coupling tensors Jij can be expressed by 3 × 3 matrices
and include contributions from simple (isotropic) Heisenberg exchange, the antisymmetric DMI
and the two-site anisotropy, the details of which can be found below. From the symmetry of
the two-spin interaction term follows that the exchange coupling tensors must fulfill JijT = Jji .
The second term in Eq. (3.1) describes on-site anisotropies and the third term is the Zeeman
term, which favors an alignment of the spins with an external magnetic field B = µ0 H.
Albeit present, long range magnetic dipole-dipole interactions are neglected here, due to their
limited importance for the thin film systems considered within this thesis.
In the original isotropic Heisenberg model two-spin interactions are modeled via scalar
exchange constants Jij and the corresponding Hamiltonian reads
HH =

1X
Jij Si · Sj .
2 i6=j

(3.2)

The comparison with the extended Heisenberg Hamiltonian (3.1) reveals that the tensorial
exchange couplings are connected with the scalar exchange constants via Jij = 13 TrJij .
The sign of the exchange constant indicates the preferred mutual orientation of Si and
Sj . In the sign convention used here, Jij < 0 describes ferromagnetic coupling and favors
parallel alignment of spins. Jij > 0 describes antiferromagnetic coupling and usually implies
antiparallel orientation of neighboring spins, however, more complex spin textures can arise
in the case of geometric frustration [70]. If interactions with several shells of neighbors
are considered, the competition between ferromagnetic and antiferromagnetic couplings to
different neighbors can also give rise to exchange frustration (cf. Sec. 4.1.1). Since the isotropic
Heisenberg exchange is the dominating energy scale in the extended Heisenberg Hamiltonian,
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it determines the critical temperature of the system Tc , below which long-range magnetic
ordering is possible.
If geometric or exchange frustration are absent, the isotropic Heisenberg model can only
give rise to states with parallel or antiparallel alignment of the spins. Hence it is unable to
explain the observation of weak ferromagnetism in multiple antiferromagnetic crystals such as
α−Fe2 O3 , MnCO3 and CoCO3 . To overcome this dilemma, first Dzyaloshinskii [11] and later
Moriya [12] introduced an antisymmetric exchange interaction that gives rise to a canting
between neighboring spins, which is the basis of weak ferromagnetism. Because of their
contributions to the field, this antisymmetric exchange interaction is commonly referred to as
Dzyaloshinskii-Moriya interaction (DMI). The corresponding Hamiltonian can be written in
terms of so-called Dzyaloshinskii-Moriya (DM) vectors Dij via

HDMI =

1X
Dij · (Si × Sj ).
2 i6=j

(3.3)

By comparison with Eq. (3.1) it follows that the DMI corresponds to the antisymmetric
part of the tensorial exchange couplings and that the DM vectors can be calculated via
α = 1 εαβγ J βγ , with α, β, γ ∈ {1, 2, 3} and ε
Dij
ijk being the Levi-Civita symbol. Two
ij
2
conditions must be met for DMI to occur: first, spin-orbit coupling is required [12] and second,
inversion symmetry must be broken in the lattice or at the interface of magnetic films, such
that antisymmetric exchange is not forbidden by symmetry. For thin film systems, which
are the focus of this thesis, interfacial DMI arises due to superexchange [71] between two
neighboring spins Si and Sj via a third atom with large spin-orbit coupling [72]. At the
interface between a thin ferromagnetic layer and a heavy metal layer with large spin-orbit
coupling, this mechanism gives rise to a DMI where the corresponding DM vectors lie within
the ferromagnetic layer, i.e. the perpendicular component vanishes [8]. This is a manifestation
of the Moriya rules, which allow for a determination of the orientation of the DM vectors solely
based on symmetry considerations [12]. Apart from the explanation of weak ferromagnetism,
the DMI is fundamental to the occurrence of skyrmions since it is a chiral interaction that
renders a certain handedness of magnetic textures energetically favorable [44].
If only scalar Heisenberg exchange and DMI are considered, the energy of a state with
uniform order parameter (ferro-, antiferro- or ferrimagnetic state) does not depend on the
direction the spins are pointing in. This rotational symmetry is broken by spin-orbit coupling
in the form of magneto-crystalline anisotropy (MCA). The MCA relates the spin degrees of
freedom to the electronic orbitals and henceforth to the principal axes of the crystal lattice.
In the simplest case, it can be described via an on-site term, i.e. the second term in the
extended Heisenberg Hamiltonian (3.1). This term describes the energy gain or loss if spins
are oriented along certain axes, which are then referred to as easy or hard axes, respectively.
An additional contribution to the MCA is modeled via the traceless, symmetric part of the
exchange coupling tensors Jij . Since it stems from a mutual interaction between neighboring
spins, this contribution is termed two-site (or two-ion) anisotropy. Higher order contributions
like cubic or in-plane anisotropies are not considered within this thesis.
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3.1.2. Stochastic Landau-Lifshitz-Gilbert equation
In the previous subsection the atomistic spin Hamiltonian was introduced, which describes
the magnetic properties of the classical spin ensemble in equilibrium. In order to calculate
the dynamics of the spins in non-equilibrium, an equation of motion for each individual spin
is additionally required.
Already back in 1935, Landau and Lifshitz proposed a phenomenological description of
the dynamics of classical spin vectors,
∂ Si
γ
eff
= − Si × Heff
i − λLL Si × (Si × Hi ).
∂t
µs

(3.4)

Paying tribute to this seminal contribution to the field this equation was later termed LandauLifshitz equation (LL) [73]. The first term in this equation describes the precession of a
normalized magnetic moment Si around an effective field Heff
i that is calculated from the
extended Heisenberg Hamiltonian (3.1) via
Heff
i =−

∂H
.
∂Si

(3.5)

The timescale of this precessional motion is determined by the gyromagnetic ratio γ = gµB /~
with g, µB and ~ being the Landé-factor of the atomistic spin, the Bohr magneton and
the reduced Planck constant. Within this thesis, it is assumed that g ≈ 2, resulting in
γ = 176 GHz/T, which is a good approximation for the classical ferromagnets Fe, Co and Ni,
since there the magnetic moments stem mostly from spin moments [74]. The second term
in the LL (3.4) describes a relaxation of the magnetic moment towards the effective field
giving rise to damping via the transfer of energy and angular momentum. The timescale of
the relaxation process depends on the phenomenological damping parameter λLL . It turned
out, however, that in the limit of large λLL the dynamics described by the LL become, to
say the least, questionable, since the damping leads to an acceleration of the spin dynamics.
In an effort to overcome this dilemma, Gilbert later proposed an alternative expression for
the damping term [75, 76] that is consistent with what is expected for larger damping2 . The
resulting equation is nowadays known as Landau-Lifshitz-Gilbert equation (LLG) and reads
∂ Si
γ
∂ Si
= − Si × Heff
.
i + αSi ×
∂t
µs
∂t

(3.6)

The rate of dissipation of energy and angular momentum via the new term depends on the
dimensionless parameter α, which is usually referred to as Gilbert damping parameter, with
typical values of 10−4 to 10−1 . Even though LL and LLG might look rather different at first
glance, transforming the latter to an explicit equation by applying it once to itself yields


∂ Si
γ
eff
eff
=−
S
×
H
+
αS
×
H
,
i
i
i
i
∂t
(1 + α2 )µs

(3.7)

which reveals that both equations are equivalent for γ/µs → γ/(1 + α2 )µs and λLL →
γα/(1 + α2 )µs . The term proposed by Gilbert merely leads to renormalization of the
2

Note that the original work of Gilbert [75] was only published as an abstract to the 1955 MMM conference
proceedings. The full report, however, was never published [77]. A summary of his work was published by
Gilbert himself in 2004 [76].
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timescales of spin dynamics. Since the damping terms in LL and LLG have been lacking a rigid
derivation from first principles as both were introduced phenomenologically, there has been
some debate over which of them is more properly suited to describe magnetization dynamics,
see e.g. Refs. [77, 78]. Rather recently, however, Mondal et al. settled this discussion by
demonstrating that the LLG can be derived directly from the relativistic Dirac-Kohn-Sham
equation [79].
The stochastic Landau-Lifshitz-Gilbert equation (SLLG) was first proposed by Brown in
1963 in an effort to describe thermal fluctuations of single-domain particles [14]. There, an
additional stochastic contribution ζ i is added to the effective field Heff
i ,


∂ Si
γ
eff
Si × (Heff
=−
i + ζ i ) + αSi × (Hi + ζ i ) .
2
∂t
(1 + α )µs

(3.8)

Typically the stochastic field ζ i is assumed to be Gaussian white noise [80], obeying
hζiα (t)i = 0 and hζiα (t)ζjβ (t0 )i = 2αkB T µs δαβ δij δ(t − t0 )/γ.

(3.9)

The SLLG can be viewed as a Langevin-type equation [81] and the variance of the noise is
chosen such that the fluctuation-dissipation theorem [82] is fulfilled. As such, kB T is the
temperature of the heat bath, to which the spin system is connected via the Gilbert damping
parameter α. The constituents of this heat bath are the electronic and phononic degrees
of freedom whose impact on the spin dynamics are effectively treated via the dissipation
term and the stochastic field. Obviously, this effective Langevin treatment of electrons and
phonons is a rough approximation, since the details of energy and angular momentum transfer
to and from the spin system are not taken into account. In recent years, some steps in
the direction of a realistic modelling of the processes involved in the transfer of energy and
angular momentum to the phonons have been taken [83–85]. Many aspects, however, still
call for further investigation.
The interactions of atomic magnetic moments with spin-polarized currents can be modeled
by adding additional torques to the RHS of the LLG (or SLLG). These torques can be divided
into two classes, the spin-transfer torques and the spin-orbit torques, and are discussed in
detail in chapter 6. Within this thesis, the LLG and SLLG supplemented with these additional
torques are solved numerically using a graphics processing unit (GPU)-based implementation
of Heun’s method. The details of this algorithm and the implementation can be found in
Appendix A.

3.2. Collective coordinate approach
Within the framework of classical atomistic spin models, the dynamics of a magnetic system
are described by the time evolution of 2N degrees of freedom of the localized magnetic
moments. In general, an analytic solution is impossible and, for larger system sizes, even
the numerical calculation can be cumbersome. However, when describing the dynamics of
topological spin textures, such as domain walls or skyrmions, the motion of individual spins is
not of interest. This can be exploited via the collective coordinate approach, where a small set
of variables is introduced that shall capture all the relevant features of the dynamics of a given
topological spin texture. The choice of variables depends on the specifics of the spin texture
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and the type of dynamics being considered. This significantly reduces the complexity as
compared to the atomistic spin models and can provide additional insight into the properties
of the dynamics as it allows for analytical calculations. However, it may happen that relevant
degrees of freedom are lost in the process and that the effective description by means of the
chosen collective coordinates fails, see Sec. 5.2.3.
Hereinafter, a general method for deriving effective equations of motion governing a chosen
set of collective coordinates of an arbitrary topological spin texture from the Landau-LifshitzGilbert equation is presented. Then, this method is applied to skyrmions yielding the famous
Thiele equation [15] and its extensions.

3.2.1. Lagrangian formulation of micromagnetism
Starting point for the collective coordinate approach is a field theory formulation of the
dynamics of magnetic systems. As such, the individual spins Si (t) are replaced by a continuous vector field S(r, t), as introduced already in chapter 2 for the topological analysis
of spin textures, which is only valid in the long wavelength limit, i.e. as long as the characteristic length scales of the spin texture are large compared to the atomic structure. This
continuum approximation to the atomistic model is called micromagnetic model, or simply
micromagnetism [32], and is widely used for the description of ferromagnetic systems of up
to micrometer size, which is not accessible with atomistic models.
In terms of a Lagrangian field theory, the basis of micromagnetism is the following
Langrangian, here given in spherical coordinates Θ(r, t) and Φ(r, t) (cf. Sec. 2.3) in n
dimensions, that reads
Z

L=

L dn r = −

Z

M
∂Φ
cos Θ
+ ε(Θ, Φ) dn r
γ
∂t

(3.10)

with M = µs /an . The first term is the dynamical contribution to the Langrangian (as
such, it can be interpreted as the kinetic energy) and was originally proposed by Gilbert
[75, 76]. The static part ε(Θ, Φ) is the micromagnetic energy density. Since its details
are not relevant here, the inclined reader is referred to, for example, Ref. [32], where an
in-depth discussion of its contributions can be found. The action S is defined as the time
integral of the Lagrangian. Its extremal value may be found by solving the variational EulerLagrange equations, ∂µ [∂L/∂(∂µ χ)] − ∂L/∂χ = 0, where χ ∈ {Θ, Φ} denotes the variables
and ∂µ ∈ {∂t , ∂x , . . . } corresponds to temporal and spatial partial derivatives, yielding the
undamped micromagnetic LL in spherical coordinates (e.g., see Ref. [86]). Damping can be
taken into account on the level of the Lagrangian formalism by including a Rayleigh-type
dissipation functional R [75, 76] that reads
Z

R=

αM
Rd r=
2γ
n

Z 

∂Θ
∂t

2

∂Φ
+ sin Θ
∂t
2



2

dn r,

(3.11)

with α being the Gilbert damping parameter. The Euler-Lagrange equations with this type
of dissipation become ∂µ [∂L/∂(∂µ χ)] − ∂L/∂χ + ∂R/∂(∂t χ) = 0 and correspond to the LLG
in continuous spherical coordinates [86].
The micromagnetic Lagrangian (3.10) and the dissipation functional (3.11) as presented
here are written in terms of spherical coordinates. Equivalently, they can also be expressed in terms of the continuous spin field. This is rather straightforward for the static
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contribution to the Lagrangian density (e.g., see Ref. [32]) and the dissipation functional
R = αM/(2γ)(∂S/∂t)2 . On the contrary, this is not trivial for the dynamic part of the
Lagrangian density, because this term has to be consistent with the conservation of the length
of the spin field, i.e. it has to guarantee that |S(r, t)| ≡ 1. In other words, the two scalar fields
used for the spherical coordinates cannot simply be replaced by a three-dimensional vector
field, because the three components of the vector field are not independent. However, it is
possible to write the dynamic part of the Lagrangian density in terms of only two of these
components, disregarding the third one. The Euler-Lagrange equations for the two remaining
spin-component fields yield two equations of motion, which are equivalent to the LLG upon
eliminating one of the spin components using the conservation of length. An alternative way
of expressing the dynamical part of the Lagrangian in terms of the full spin field can be found
in Refs. [87, 88],
M
Ldyn = − A(S) · ∂t S,
(3.12)
γ
where A(S) is a gauge field that has the property εijk ∂Aj /∂Si = Sk , with εijk being the
Levi-Civita symbol. Note that the gauge field would change under the transformation
Ai (S) → Ai (S) + ∂f (S)/∂Si , and the Lagrangian would pick up an extra term. This extra
term, however, can be written as a total time derivative of a scalar function and hence be
discarded. As such, A(S) can be viewed as analogous to the magnetic vector potential of
electrodynamics. It gives rise to a Lorentz-force-type contribution to the Euler-Lagrange
equation, where the “magnetic field” associated with the gauge field is the spin field itself3 .
This way, it can be proven straightforwardly using Eq. (3.12) that the Euler-Lagrange
equations yield the LLG for the three spin components as given in Eq. (3.6).

3.2.2. Collective coordinate approach for topological spin
textures
As stated in the introduction to this section, the collective coordinate approach can be
used to achieve a drastic reduction in the complexity of the problem at hand. In the
context of field theories this approach reduces the originally infinite-dimensional problem to
a finite-dimensional system of coupled ordinary differential equations.
Generally, the collective coordinate approach can be formulated as follows. Let L[φ, ∂µ φ] =
L[φ, ∂µ φ] dn r be the a soliton-bearing Lagrangian in n dimensions for an N -dimensional
vector field φ(r, t). In addition, let q(t) be a set of M independent variables. If the
vector field and its time evolution are assumed to be fully described by this set of variables,
φ(r, t) → φ(r; q(t)), then the q(t) are the collective coordinates for the dynamics of φ.
Inserting φ(r; q(t)) into the Lagrangian given above, the latter transforms from a functional
of the vector field to a finite-dimensional function of the collective coordinates, i.e. L[φ, ∂µ φ] →
L(q(t), ∂t q(t)). Note that here square brackets are used to denote a functional whereas round
brackets are used for functions. Evaluating the Euler-Lagrange equations for the collective
coordinates, ∂t [∂L/∂(∂t qi )] − ∂L/∂qi = 0, yields a set of M coupled differential equations.
R

3

The interaction with a magnetic field B can be included in the Lagrangian of a classical, non-relativistic
particle via LL = qA · ṙ, where q is the electric charge of the particle and Bi = εijk ∂Ak /∂rj . This term,
combined with the Euler-Lagrange equation, gives rise to the Lorentz force FL = q ṙ × B. By replacing r → S
and B → S it follows immediately that Eq. (3.12) gives rise to the term S × ∂t S.
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They can be solved to calculate q(t) and, upon reinsertion, one ultimately obtains the
time evolution of the vector field φ. It is important to note that the collective coordinate
approach is a perturbative approach. As such, it can only yield an approximation to the
exact calculation of the time evolution of the vector field, apart from the limit M → ∞.
Nonetheless, it has become a crucial technique for the description of solitons [89], especially
if the focus lies on the motion of the soliton itself.
Describing the dynamics of topological spin textures using collective coordinates is well
established in literature. The pioneering work for this was done by Döring (although he did
not interpret his results in terms of topological spin textures), who developed an effective
description of domain wall dynamics [90]. In the field of two-dimensional spin textures, a
collective coordinate approach was first introduced by Thiele [15], which led to the derivation
of the famous equation that nowadays bears his name and will be discussed in detail in the
next subsection. Both Döring and Thiele started from the LLG and not the Lagrangian when
deriving the effective equations of motion. Although the description using the LLG and the
Lagrangian are equivalent, the latter is deemed preferable here because it allows for a more
straightforward calculation of the equations of motion for collective coordinates, following
the framework introduced in the preceding paragraph.
Hereinafter, the techniques for deriving an effective description of the dynamics of any
topological spin texture using an arbitrary set of collective coordinates from the micromagnetic
Lagrangian and dissipation functional as presented in Sec. 3.2.1 are summarized. By making
the ansatz that the continuous spherical coordinates are described by a set of M collective
coordinates, i.e. Θ(r, t) → Θ(r; q(t)) and Φ(r, t) → Φ(r; q(t)), the Lagrangian (3.10) and the
dissipation functional (3.11) become
L(q, q̇) =
R(q, q̇) =

M
X

− V (q)

(3.13)

q˙i q˙j Dij (q)

(3.14)

Ai (q)q˙i
i=1
M
M X
X
α
2

i=1 j=1

with q̇ = ∂t q. The vector potential A(q), the scalar potential V (q) and the dissipation
tensor Dij (q) can be calculated via
M
Ai (q) = −
γ
Z

V (q) =
Dij (q) =

Z

cos Θ

∂Φ n
d r
∂qi

ε(Θ, Φ) dn r

M
γ

Z

∂Θ ∂Θ
∂Φ ∂Φ n
+ sin2 Θ
d r,
∂qi ∂qj
∂qi ∂qj

(3.15)
(3.16)
(3.17)

where the spatial and collective-coordinate dependence of Θ(r; q(t)) and φ(r; q(t)) was omitted
for the sake of readability. Note that the dissipation tensor is symmetric. The equations of
motion for the collective coordinates can be calculated via the Euler-Lagrange equation. For
the i-th collective coordinate, they yield
M
X
j=1
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gij (q)q˙j + α

M
X
j=1

Dij (q)q˙j = Fi (q).

(3.18)

3.2. Collective coordinate approach
Here, Fi (q) = −∂V (q)/∂qi is the generalized force and gij (q) = ∂Ai (q)/∂qj − ∂Aj (q)/∂qi
is an antisymmetric tensor, which will be referred to as generalized gyrocoupling tensor
hereinafter. Note that for M = 3, the multiplication with the generalized gyrocoupling
tensor can be rewritten as a cross product with the “magnetic field” Gk = εklm ∂Al (q)/∂qm .
Therefore it can be interpreted as a Lorentz-force corresponding to the vector potential A(q)
(cf. Sec. 3.2.1).
Eq. (3.18) describes M -dimensional, dissipative motion of a massless particle being subject
to a conservative force and the generalized gyrocoupling. The fact that this motion is
massless, i.e. a term that is second order in temporal derivatives is absent, and the emergence
of the generalized gyrocoupling are directly linked to the properties of the dynamic part of
the micromagnetic Lagrangian (3.10). This means that the dynamics of topological spin
textures are inherently massless. The effective mass of these textures is merely a result of
the elimination of one of the collective coordinates. In doing so, the equation of motion
is transformed from a first order to a second order differential equation. This can be best
understood using a simple example, e.g. the famous Döring mass [90] of a ferromagnetic
domain wall in a biaxial system. In what follows, only the most important aspects are
sketched and an in-depth discussion of this can be found in Ref. [91]. The dynamics of a
domain wall can be conveniently described using the domain wall position x and angle ψ. In
harmonic approximation of the potential induced by the biaxial symmetry and neglecting all
other forces, the equations of motion for these collective coordinates read d1 ψ̇ − g ẋ + kψ = 0
and d2 ẋ + g ψ̇ = 0. Calculating the temporal derivative of the former equation and using
the fact that the latter relates the first order derivatives, and, equivalently, the second order
derivatives, the dependence on ψ can be eliminated completely. Consequently, the dynamics
can be expressed solely in terms of x via (d1 d2 + g 2 )ẍ/k + d2 ẋ = 0. The prefactor of the
ẍ-term corresponds to the Döring mass. There are two points worth noting here. First, the
elimination of individual collective coordinates can only be done if the off-diagonal entries
in the generalized gyrocoupling tensor, which connects the two variables that are to be
merged into a single equation (g in the above example), are finite. The second point is
that in general such an elimination of individual collective coordinates cannot be done in an
exact manner [91]. Whenever possible, a full treatment of the collective coordinates is hence
preferable. Without going into details, it shall be stated here that in a similar fashion the
inertial dynamics of the antiferromagnetic order parameter is a result of the elimination of
the second system variable, which is the total magnetization [92].

3.2.3. Effective equation of motion for skyrmions
Due to their two-dimensional nature, the minimal set of collective coordinates to describe the
dynamics of skyrmions consists of two elements, i.e. the two spatial coordinates defining their
position, denoted by the vector R. Following the ideas outlined by Thiele [15], a convenient
ansatz for the dependence on R is the assumption of rigid body motion. As such, the shape
of the skyrmion remains unchanged throughout the motion and the continuous spherical
coordinates can be expressed as Θ(r; q(t)) = Θ(r − R(t)) and Φ(r; q(t)) = Φ(r − R(t)).
Inserting this ansatz into Eq. (3.18) and using that ∂χ(r − R(t))/∂R = −∂χ(r − R(t))/∂r
with χ ∈ {Θ, Φ} yields the Thiele equation,
G × V + αDV = F,

(3.19)
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with the skyrmion velocity V = Ṙ. The first term on the LHS of Eq. (3.19) is the so-called
gyrocoupling term, with
M
G = − 4πQe⊥
(3.20)
γ
being the gyrocoupling vector, that gives rise to circular motion. In the above expression
Q is the topological charge (2.4) of the skyrmion and e⊥ is a vector perpendicular to the
plane, within which the skyrmion moves. By expressing the gyrocoupling term using a crossproduct, the Thiele equation is extended to three dimensions. However, the required third
equation describing the out-of-plane component of the velocity is identically zero. To keep
the Thiele equation two-dimensional, the gyrocoupling term could be expressed in terms of
P
P
P
an antisymmetric 2 × 2-matrix g via 3ν=1 3κ=1 εµκν Gκ Vν = 2ν=1 gµν Vν . The gyrocoupling
term in Eq. (3.19) is one of the key aspects of this thesis, because it provides a link between
the topological properties of a spin texture, i.e. its topological charge, and its dynamics.
Throughout this thesis, it is shown at various instances that this term is responsible for many
of the intriguing phenomena that can be observed for skyrmion dynamics. Note that the
gyrocoupling is a topological invariant, because it solely depends on some constants and the
topological charge. Therefore, it is independent of the details of the spin texture and does
not change if the spin texture is deformed continuously.
The second term on the LHS of Eq. (3.19) describes dynamic friction. Since this term is
proportional to the Gilbert damping parameter, it describes friction due to dissipation of
energy to the electronic and phononic bath (cf. Sec. 3.1.2). In addition, the dynamic friction
depends on the dissipation tensor D, whose entries are given by
Dµν

M
=
γ

Z

∂µ S · ∂ν S d2 r,

(3.21)

with µ, ν being Cartesian coordinates. In contrast to the gyrocoupling, the dissipation tensor
is not a topological invariant and depends on the details of the spin texture. Since D is a
tensor, friction can be different along different directions of the skyrmion, if the rotational
symmetry of the spin configuration is broken. This way, the motion of the skyrmion may
depend on its orientation. If this dependence on the orientation is not of interest, it can be
R
neglected by assuming a scalar friction coefficient D = M/(2γ) (∂x S)2 + (∂y S)2 d2 r instead4 .
Note that for a rotationally symmetric spin texture the dissipation tensor is proportional to
unity and the replacement with a scalar friction is exact.
The force on the RHS of the Thiele equation (3.19) is given by F = −∂V /∂R. As such,
it describes conservative forces due to a spatial variation of the configuration energy of the
skyrmion. This implies that translational symmetry must be broken for these forces to occur,
either by intrinsic means (inhomogeneities within the system) or by external ones (e.g. a
spatially varying magnetic field).
Various extensions to the Thiele equation are known in the literature. Which of these
extensions are considered usually depends on the type of dynamics being studied and the
degrees of freedom that are considered relevant. Some of the extensions that are important
within this thesis are presented in what follows. The first extension concerns the number of
4

Within this thesis both the dissipation tensor as well as the scalar friction coefficient are denoted by D.
In order to avoid any ambiguity it is always clarified at the beginning of each section, where either scalar or
tensorial friction coefficients are used, which one of them is considered.
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collective coordinates. Apart from the position R, there are further degrees of freedom that
may be also be considered. If rotational motion is to be taken into account, one has to introduce
the orientation of the skyrmion as an additional degree of freedom. This can be done by
elevating the skyrmion helicity ψ to a dynamical variable via Φ(r−R(t)) → Φ(r−R(t))+ψ(t)
[93] and using the fact that the helicity can be connected to the orientation angle θ(t) via
ψ(t) = (1 − Q)θ(t) [13]. Calculating the equations of motion for this new set of collective
coordinates q = (R, θ) via Eq. (3.18) yields the following equation for θ,
αDθ θ̇ = Fθ ,

(3.22)

with the rotational dissipation coefficient
Dθ = (1 − Q)

2M

γ

Z

1 − Sz2 d2 r.

(3.23)

The generalized force acting on the rotation angle is given by Fθ = −∂V /∂θ. The equation
describing the translational motion (3.19) is unchanged, save for the fact that the dissipation
tensor becomes θ-dependent. Eq. (3.22) is used in chapter 5 to describe the rotational
Brownian dynamics of antiskyrmions.
A different and widely used approach to extending the Thiele equation is by supplementing
it with a mass term (e.g. Ref. [94]). The massive Thiele equation takes the form
M V̇ + G × V + αDV = F

(3.24)

with M being the mass of the skyrmion. For a general spin texture, the mass is a tensorial
quantity and inertial dynamics depend on the direction. Within this thesis, it is assumed that
M is a scalar quantity, for simplicity. As discussed in Sec. 3.2.2, the emergence of a finite
mass for a ferromagnetic spin texture is related to the elimination of one or more additional
degrees of freedom that are coupled to the translational motion via a nonzero component
of the generalized gyrocoupling tensor. Hence, in order to derive a massive Thiele equation
in a rigorous manner, one has to first identify the relevant additional collective coordinates
(most likely some internal degree of freedom related to the deformation of the skyrmion) and
then derive the corresponding equations of motion, the elimination of which gives rise to the
mass term. Such a rigorous derivation is lacking at this stage and therefore the mass term is
introduced here in an ad-hoc approach. As such, there is no explicit formula to calculate M
and it has to be obtained by comparison with simulations (see Sec. 5.2.1).
The last extensions to the Thiele equation that are discussed here are related to extensions
to the LLG itself. Thermal fluctuations are taken into account on the level of spin dynamics
via the framework of the SLLG (see Sec. 3.1.2); the interactions with spin-polarized currents
can be modeled by adding additional torques to the LLG. Both of these extensions to the
LLG give rise to additional forces acting on the skyrmion, that are added to the RHS of the
Thiele equation (3.19). The derivation of these thermal and current-induced forces for general
skyrmionic spin textures and an in-depth discussion of their implications is part of this thesis
and can be found in chapter 5 and chapter 6.
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Chapter 4.
Skyrmions in (Pt0.95/Ir0.05)/Fe/Pd(111)
Many of the intriguing features that are observed for skyrmions are directly linked to
their topological properties. The goal of this thesis is to analyze in detail the impact of
topology on stochastic and deterministic dynamics of isolated skyrmions. To avoid other
material-specific influences, it is convenient to choose a system where isolated skyrmions with
different topological charges can be found and even coexist at the same field strengths and
temperatures. Several thin film systems allow for the simultaneous stabilization of skyrmions
and antiskyrmions, although the microscopic mechanisms can be different: while exchange
frustration plays a key role in the emergence of this phenomenon in Pd(fcc)/Fe/Ir(111) [52],
the anisotropy of interfacial DMI is responsible in Fe/Fe/W(110) [95]. Within this thesis,
the system of choice consists of an Fe monolayer on a Pd(111) surface with a Pt0.95 /Ir0.05
alloy overlayer [10], in what follows simply denoted by (Pt0.95 /Ir0.05 )/Fe/Pd(111). It has
been shown by Rózsa et al. that in this system the frustration of the isotropic exchange
interaction together with DMI is responsible for the formation of isolated skyrmions with
various topological charges [13]. In addition, they reported the occurrence of a topologically
trivial localized spin texture of comparable size. Apart from its topological properties this
spin texture is very similar to skyrmions with finite topological charges and therefore serves
as a reference spin texture in order to directly demonstrate the impact of topology on the
dynamics. Statics and dynamics of skyrmions in (Pt0.95 /Ir0.05 )/Fe/Pd(111) have been studied
in multiple theoretical studies, several of which include contributions of the author of this
thesis [10, 13, 96, P2, P4, P5, P8, P9, P15]. Experimental investigations of this system,
however, have not been reported so far.
In this chapter, the main aspects of skyrmion formation in (Pt0.95 /Ir0.05 )/Fe/Pd(111) are
summarized. First, the parametrization of the spin model used to describe the system is
presented and the frustration of the Heisenberg exchange and the DMI vectors are analyzed
in detail. Then, the topological properties of the skyrmions that can occur in this system are
discussed. At the end, the orientation of the skyrmions with respect to the lattice and their
thermal stability are discussed briefly. In doing so, the findings of several earlier investigations
are summarized and supplemented by further results and discussion by the author of this
thesis.
Parts of this chapter have been published in:
L. Rózsa, M. Weißenhofer, and U. Nowak. „Spin waves in skyrmionic structures with various
topological charges“. Journal of Physics: Condensed Matter 33.5 (Feb. 2020), p. 054001. doi:
10.1088/1361-648x/abc404
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D. Schick, M. Weißenhofer, L. Rózsa, and U. Nowak. „Skyrmions as quasiparticles: Free
energy and entropy“. Phys. Rev. B 103 (21 June 2021), p. 214417. doi: 10.1103/PhysRevB.
103.214417

4.1. Parametrization of the spin model
Within this thesis, the magnetic properties of (Pt0.95 /Ir0.05 )/Fe/Pd(111) are described using
an extended Heisenberg Hamiltonian (cf. Sec. 3.1.1). The parameters for this Hamiltonian
were determined from ab initio calculations in Ref. [10] and a detailed discussion of the
magnetic and structural properties of this system can be found therein. Here, only the most
important aspects are summarized.
The lattice structure of (Pt0.95 /Ir0.05 )/Fe/Pd(111) is shown in Fig. 4.1. As stated above,
it is composed of an Fe monolayer with a Pt0.95 /Ir0.05 alloy overlayer on top of an fcc(111)
surface of bulk Pd. The individual layers of Pd as well as the Fe monolayer and the
Pt0.95 /Ir0.05 alloy overlayer form triangular lattices, as indicated by the hexagons in Fig.
4.1, with a lattice constant of a = 2.751 Å. This value can be obtained by multiplying the
experimentally determined fcc lattice constant of bulk Pd aPd = 3.891 Å [97] with a factor
√
of 1/ 2. The magnetic properties were determined in Ref. [10] by combining the screened
Korringa-Kohn-Rostoker method [98, 99] with the relativistic generalization [100] of the
method of infinitesimal rotations [69]. The Pt0.95 /Ir0.05 alloy overlayer was described within
the coherent potential approximation [101]. Within this approximation, the C3v symmetry of
the system, that is lost when partially replacing Pt with Ir in the overlayer, is restored again.
The spin magnetic moment of Fe was calculated as µs = 3.3µB , which is considerably larger
than the induced moments of 0.4µB , 0.3µB and 0.4µB for the top-layer Pd atoms, the Pt and
Ir, respectively. Hence, magnetization dynamics are dominated by the magnetic moments in
the Fe layer and it was concluded by the authors of Ref. [10], that magnetization dynamics
within the substrate and the overlayer are negligible. The effective extended Heisenberg
Hamiltonian for (Pt0.95 /Ir0.05 )/Fe/Pd(111) considering only the Fe magnetic moments reads
H=

X
X
1 X T
Si Jij Sj +
Siz dz Siz −
µs Si · B.
2 i6=j,Fe
i,Fe
i,Fe

(4.1)

The exchange coupling tensors Jij modelling isotropic Heisenberg exchange, DMI and twosite anisotropy are listed in Ref. [6] and Appendix B. They include interactions up to a
distance of 8a between the spins, which results in a total number of 240 different exchange
matrices. A detailed analysis of the isotropic Heisenberg exchange and the DMI can be found
in the following subsections 4.1.1 and 4.1.2. The on-site anisotropy only has a contribution
perpendicular to the layer (without loss of generality it is assumed that the Fe layer is in
the x-y-plane) with a value of dz = 9.688 × 10−3 mRy. Note that in the sign convention used
here, a positive perpendicular on-site anisotropy energetically favors an in-plane orientation
of the spins. By taking into account the contribution of the two-site anisotropy, however, the
total anisotropy energy is negative1 , thus rendering an out-of-plane orientation of the spins
1

The total anisotropy energy is the energy difference per spin between a collinear out-of-plane and in-plane
k
⊥
orientation of the spins. For (Pt0.95 /Ir0.05 )/Fe/Pd(111) it is calculated as (Ecoll
− Ecoll )/N = −0.0588 mRy
[13].
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Figure 4.1.: Lattice structure of (Pt0.95 /Ir0.05 )/Fe/Pd(111). Bulk Pd is cut along the fcc(111) plane
and a bilayer composed of Fe and a Pt0.95 /Ir0.05 alloy is placed on top. Ir and Pt atoms are
shown in yellow and blue, respectively. The individual layers form hexagonal lattice structures, as
indicated by the colored hexagons.

preferable. Albeit present in the system, magnetic dipole-dipole interactions are neglected
since their contribution to the Hamiltonian was found to be barely visible for the system
sizes simulated within this thesis.

4.1.1. Heisenberg exchange
The scalar Heisenberg exchange is the isotropic part of the tensorial exchange coupling and
can be obtained via Jij = 13 TrJij . For the exchange coupling tensors used here to model
the system this yields 240 values for the isotropic coupling, which can be reduced to 26
nonequivalent values by virtue of symmetry: within the coherent potential approximation
(Pt0.95 /Ir0.05 )/Fe/Pd(111) has a C3v symmetry, i.e. it is invariant under rotations by 2π/3
and has three mirror planes vertical to the surface, and, as stated in Sec. 3.1.1, the tensorial
exchange coupling must fulfill Jij = JjiT , due to the symmetry of the Hamiltonian. The
Jij are shown in the left panel of Fig. 4.2 as a function of distance between the Fe atoms.
Note that in the sign convention used in Eq. (4.1), Jij < 0 describes ferromagnetic coupling
between the spins, whereas Jij > 0 corresponds to antiferromagnetic coupling. It can be
observed that the isotropic exchange is frustrated, i.e. it shows an oscillatory behavior:
while the coupling to the first-nearest neighbors is ferromagnetic, it is antiferromagnetic
for the second- and third-nearest neighbors and again ferromagnetic for the fourth- and
fifth-nearest neighbors. The oscillatory behavior is also visualized in the right panel of Fig.
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Figure 4.2.: Isotropic (Heisenberg) exchange in (Pt0.95 /Ir0.05 )/Fe/Pd(111). Left: Isotropic exchange
Jij as a function of distance dij between the Fe atoms. Negative and positive values correspond to
ferromagnetic and antiferromagnetic coupling, respectively. Right: Visualization of the isotropic
exchange up to fifth-nearest neighbors around the grey reference spin. Parallel/antiparallel
orientation of the colored spins represents ferromagnetic/antiferromagnetic coupling. The color
coding of the neighboring spins indicates the distance to the reference spin and their size visualizes
the respective coupling strength.

4.2. Although the ferromagnetic coupling to the nearest neighbors is by far the largest, the
system cannot be described correctly by neglecting the other contributions and considering
only an effective ferromagnetic nearest-neighbor coupling. In Ref. [50] it was demonstrated
for a model Hamiltonian with frustrated Heisenberg exchange that the competition between
ferromagnetic and antiferromagnetic couplings result in a spin spiral ground state, which
transforms into a skyrmion lattice at finite temperatures and finite magnetic field values. In
a similar manner, exchange frustration is partially responsible (in combination with the DMI)
for the fact that the magnetic ground state of (Pt0.95 /Ir0.05 )/Fe/Pd(111) is a spin spiral state
and gives rise to the occurrence of isolated skyrmions with various topological charges at
finite fields [13].
In Ref. [10] it was also calculated that the increasing Ir concentration in the overlayer
leads to a decrease of the ferromagnetic nearest-neighbor coupling, while barely affecting the
antiferromagnetic coupling to the second- and third-nearest neighbors, thereby increasing the
frustration of the Heisenberg exchange. This way, the partial replacement of Pt with Ir is
responsible for the ground state: while it is a spin spiral for Pt0.95 /Ir0.05 alloy overlayer, the
ground state is ferromagnetic when a pure Pt overlayer is put on top of Fe/Pd(111).

4.1.2. Dzyaloshinskii-Moriya interaction
The antisymmetric part of the tensorial exchange coupling represents the DMI. Typically, this
P
interaction is written as HDMI = 12 i6=j Dij · (Si × Sj ) where the Dij are the DM vectors.
α = 1 εαβγ J βγ ,
By comparison with (4.1) it follows that these vectors can be obtained via Dij
ij
2
see also Sec. 3.1.1.
In contrast to the scalar Heisenberg exchange, the DM vectors describing the interaction
with the n-th-nearest neighbors are not equal for all neighbors with given n. This is because
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Figure 4.3.: Dzyaloshinskii-Moriya interaction in (Pt0.95 /Ir0.05 )/Fe/Pd(111). Left: Out-of-plane
k
component |D⊥
ij | and in-plane component |Dij | of the DM vectors as a function of distance dij
between the Fe atoms Right: Visualization of the DM vectors up to fifth-nearest neighbors. Arrows
correspond to the DM vectors describing the interaction of the central spin, located at the grey
sphere, with the neighboring spins, that are located at the positions of the arrows. The spins are
not shown here, for the sake of visibility. The color coding of the DM vectors indicates the distance
to the reference spin and their size visualizes the respective interaction strength.

the prerequisite Jij = JjiT implies that opposite DM vectors are antiparallel. Moreover, due to
the C3v symmetry of the system, the DM vectors describing the interactions with two different
neighbors, whose positions can be transformed into each other via a rotation of ±2π/3 around
an axis perpendicular to the surface, differ by a rotation by ±2π/3. Hence, while the DM
vectors for the n-th-nearest neighbors are different, the absolute values of the out-of-plane
k
component |D⊥
ij | and the in-plane component |Dij | are equal. This is demonstrated in Fig.
k

4.3. In the left panel, |D⊥
ij | and|Dij | are displayed as a function of distance dij between
the Fe atoms. Note that a finite out-of-plane component is only excluded by symmetry for
certain pairs of atoms, e.g. the second-nearest neighbors, for an fcc(111) surface [102]. The
orientation of the DM vectors up to the fifth-nearest neighbors is visualized in the right panel
of Fig. 4.3. Starting from the center and going outwards along the direction of a lattice vector,
the in-plane components of the DM vectors have alternating sign. This means, that they
alternately favor the formation of right- or left-handed cycloidal spin spirals. In this sense, the
DMI in (Pt0.95 /Ir0.05 )/Fe/Pd(111) is frustrated, similar to the Heisenberg exchange. Overall,
the formation of spin spirals with right-handed cycloidal sense is energetically preferred [10].
Due to the discrete lattice structure, the DMI energy of a spin spiral state also depends on its
orientation [10, 13]: spin spirals with a wave vector along the [11̄0] direction (towards the
nearest neighbors) are slightly favored over the [21̄1̄] direction (towards the second-nearest
neighbor).

4.2. Formation and stability of skyrmions
Even though isolated skyrmions also exist as metastable excitations of the collinear ground
state in the two-dimensional Heisenberg model [103], an additional interaction term is required
for the stabilization of their radius. Several candidates for such an interaction have been

31

Chapter 4. Skyrmions in (Pt0.95 /Ir0.05 )/Fe/Pd(111)
identified so far. The most prominent example is the DMI [104], but there are others, as for
example exchange frustration [50] or four-spin interactions [51]. The system investigated
within this thesis, (Pt0.95 /Ir0.05 )/Fe/Pd(111), ticks two of the boxes: the interaction between
the Fe atoms is characterized by both a frustration of the isotropic exchange and by DMI.

energy (mRy)
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It was demonstrated in Ref. [10] that, due to the combination of these two interactions,
the ground state of (Pt0.95 /Ir0.05 )/Fe/Pd(111) in the absence of an external magnetic field is
a right-handed cycloidal spin spiral state. Since the overall magnetization of a spin spiral
state vanishes, its configuration energy is barely affected by an applied magnetic field. The
energy of a collinear state, on the other hand, scales linearly with the field strength due
to the Zeeman term in the Hamiltonian. Upon applying a field larger than Bs ≈ 0.21 T
perpendicularly to the surface, the ground state transforms into a collinear field-polarized
state [13]. In contrast to e.g. Pd/Fe/Ir(111), where the formation of a skyrmion lattice is
energetically favored at intermediate field values [105], a skyrmion lattice never represents the
ground state in (Pt0.95 /Ir0.05 )/Fe/Pd(111), at least at zero temperature2 . This is summarized
in the left panel of Fig. 4.4, where the zero-temperature energy per spin of the spin spiral state,
the collinear field-polarized state and the skyrmion lattice are displayed. As temperature is
increased, the zero-field ground state changes from the spin spiral state to the paramagnetic
phase at Tc ≈ 50 K. This is indicated by the singular behavior of the static magnetic
susceptibility (cf. right panel of Fig. 4.4) which is calculated via χ = (hM2 i − hMi2 )/(kB T )
P
with M = 1/N i Si and which is a suitable quantity for identifying transition points between
different magnetic phases [106]. Based on earlier studies [105, 107], it can be assumed that
the critical temperature changes only slightly when the field is increased to Bs . The collinear,
field-polarized regime is part of the paramagnetic phase because there is a smooth transition
in the physical variables with increasing temperature [P8].
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Figure 4.4.: Phase diagram of (Pt0.95 /Ir0.05 )/Fe/Pd(111). Left: Energy per spin of spin spiral (SS)
state, skyrmion lattice (SkL) and field-polarized (FP) state versus perpendicular magnetic field
B⊥ at zero temperature. Bs denotes the transition field from the spin spiral to the field-polarized
ground state. Right: Static magnetic susceptibility versus temperature at B⊥ = 0. Tc is the
transition temperature from the spin spiral state to the paramagnetic (PM) phase. Figure adapted
from Ref. [P8].
2

This is not the case, however, at finite temperatures. Above the critical temperature and below the
completely disordered paramagnetic phase, the system is in the so-called fluctuation-disordered regime [105],
where the formation of skyrmions with short lifetime is favored over the collinear state. Some aspects of the
fluctuation-disordered state are discussed in Sec. 4.2.3 and an in-depth investigation can be found in Ref. [P8].
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4.2.1. Spin configurations and topological charges
If the value of the magnetic field applied perpendicularly to the surface exceeds Bs ≈ 0.21 T,
the spin spiral ground state is transformed to the collinear, field-polarized state. Isolated
skyrmions can then occur as excitations of this field-polarized state. Despite the fact that
below Tc they are only metastable spin textures, i.e. they are higher in energy than the
collinear state, the finite topological charge gives rise to a relatively long lifetime. This is
because there exists no continuous path for their annihilation process and therefore the energy
barrier for the annihilation is larger as compared to topologically trivial localized textures
(see e.g. Ref. [108] and chapter 2). A detailed discussion of the lifetime of skyrmions in
(Pt0.95 /Ir0.05 )/Fe/Pd(111) can be found in Sec. 4.2.3). Hereinafter, only the zero temperature
spin configurations of skyrmions and their respective topological properties are discussed.
It was demonstrated in Ref. [13] that skyrmions with topological charges ranging from
Q = −2 to Q = 3 exist in (Pt0.95 /Ir0.05 )/Fe/Pd(111). In addition, a subsequent investigation
[P4] revealed the occurrence of skyrmions with Q = −3 in the same system. The respective
spin configurations for these skyrmions are shown in Fig. 4.5. As discussed in Sec. 2.3, the
topological charge of skyrmions can be determined by evaluating the winding number of the
domain wall delimiting the skyrmion. Due to the color coding in Fig. 4.5, one can get the
absolute value of the topological charge by simply counting the number of, for example, the
purple or the turquoise regions within the spin configuration. The simultaneous existence of
isolated skyrmions with various topological charges is a peculiarity of this system and is a
result of the frustrated Heisenberg exchange. This was demonstrated in Ref. [13], where it
was revealed, that they even exist in the absence of DMI.

Figure 4.5.: Spin configurations of skyrmions with different topological charges as labeled. The value
for the perpendicular magnetic field is B⊥ = 2.35 T for the Q = 3 skyrmion and B⊥ = 0.5 T for
the other types of skyrmions. The colors indicate the directions of the spins, illustrated on the
right edge of the figure.
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Another peculiarity of (Pt0.95 /Ir0.05 )/Fe/Pd(111) is the occurrence of a skyrmion-sized but
topologically trivial localized spin texture, see Fig. 4.6. Albeit having zero topological charge,
this spin texture was still termed chimera skyrmion 3 because it is composed of one half of
a skyrmion and one half of an antiskyrmion [13]. Hence, when the term skyrmions is used
in the following this peculiar type of spin texture is included. Since the chimera skyrmion
is topologically equivalent to the ground state it can be destroyed more easily as compared
to skyrmions with finite topological charge, but its annihilation barrier is nonetheless large
enough such that its dynamics can be investigated as long as temperatures or the external
drive are low. In contrast to the skyrmions with finite topological charge it vanishes in the
absence of DMI. Apart from its topological properties its spin configuration is very similar to
skyrmions with finite topological charges and henceforth it serves as a reference spin texture
in order to directly demonstrate the impact of topology on the dynamics.

Figure 4.6: Spin configuration of the
chimera skyrmion with zero topological charge. The colors indicate the directions of the spins,
illustrated on the right edge of
the figure. B⊥ = 0.5 T.

4.2.2. Asymmetry of skyrmions and their preferred
orientations
When inspecting the spin configurations depicted in Fig. 4.5 it becomes clear that in general
the skyrmions in (Pt0.95 /Ir0.05 )/Fe/Pd(111) do not have circular shape, in contrast to the
prototypical skyrmions discussed in Sec. 2.3. Note that the term shape is used here to describe
only the angular dependence of the perpendicular spin components. Hence, if a skyrmion
has asymmetric (or non-circular) shape, it means that its perpendicular spin configuration
is not rotationally symmetric. In contrast to this, the in-plane spin configuration for Q =
6 1
skyrmions is not rotationally symmetric even if the skyrmion has circular shape. In this
subsection it is discussed that the origin of the non-circular shape lies within the DMI and that
this non-circularity can have important implications for the symmetry of skyrmion dynamics
and their orientation with respect to the lattice.
As mentioned in the previous subsection, all skyrmions in (Pt0.95 /Ir0.05 )/Fe/Pd(111)
except for the chimera skyrmion are stable even in the absence of DMI. In addition to
this, it was also found in Ref. [13] that all skyrmions retain a circular shape if DMI is
neglected. Henceforth, the DMI can be identified as responsible for the asymmetric shape
of the respective spin configurations. This can be traced back to the effect of the DMI on
cycloidal spin spirals. Since it favors right-handed rotation, the DMI leads to a deformation
of left-handed spin spirals and a broadening of compact formations such as skyrmions with
left-handed segments or stripe domains [13]. For the Q = 1 skyrmion, any cross section
3
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through the center of the spin texture is right-handed and hence affected by the DMI to a
quantitatively similar extent. There are only some small deviations, as the DMI is slightly
different along different crystallographic directions, which, however, can be neglected. The
handedness of the antiskyrmion is angular dependent: the cross section through the center
in the [21̄1̄] direction is left-handed whereas the perpendicular cross section is right-handed.
This results in an elongation of the antiskyrmion along the [21̄1̄] direction as compared to the
perpendicular direction [P2]. In a similar fashion, the non-circular shape of the skyrmions
with other topological charges can be explained by a maximization of the segments with
right-handed rotation due to the DMI. An exception to this is the Q = −2 skyrmion. There,
two spins that are opposite with respect to the center are parallel to each other and therefore,
the corresponding cross section containing these two spins and the center of the skyrmion
consists of both left- and right-handed segments. Since this is true for all cross sections of
the Q = −2 skyrmion, the deformation of its spin configuration is rotationally symmetric,
preserving its circular shape.
The shape of the skyrmions can most readily be characterized by introducing a tensor
Σ whose elements, in analogy to the gyration tensor for a continuous distribution [109], are
R
given by Σµν = (1/Q) (rµ − Rµ )(rν − Rν )ρtop d2 r with µ, ν being Cartesian coordinates,
R
ρtop being the topological charge density as introduced in Sec. 2.3 and R = (1/Q) rρtop d2 r
being the center of the topological charge density profile. Since Σ is real and symmetric, it
can be diagonalized with the real eigenvalues ε1 and ε2 , which are the square of the length of
the major and minor axis of an ellipse approximating the profile of the topological charge
density. The non-circularity of the skyrmion can be quantified using the aspect ratio of this
p
ellipse, which is given by σ = ε1 /ε2 . Without loss of generality it is assumed that ε1 > ε2
and therefore σ > 1. In the case of σ = 1, the spin texture has circular shape. The aspect
ratios of the skyrmions depicted in Figs. 4.5 and 4.6 are listed in Tab. 4.1. Note that no value
is given for the chimera skyrmion since the formula for Σ cannot be used to calculate its
shape because it has vanishing topological charge. The eigenvectors corresponding to ε1 and
ε2 point along the principal axes of the ellipse approximating the topological charge density.
This can be used to calculate the orientation of the skyrmion with respect to the lattice (for
details see Appendix C).
The fact that some of the skyrmions have a non-circular shape obviously raises the
question whether this asymmetry in shape is reflected in an anisotropy of the dynamics, i.e.
different dynamics along different directions. The interplay between shape of some particle or
object and its dynamics has been investigated in various fields ranging from microscopic (e.g.
ellipsoidal or rod-like colloids) up to macroscopic length scales (e.g. fluid- and aerodynamics).
The dynamics of skyrmions are well-described by the Thiele equation G × V + αDV = F (for
details, see Sec. 3.2.3). Since the gyrocoupling G is simply the topological charge multiplied
with some constants, it is also a topological invariant and therefore not affected by the shape.
This is different for the dissipation tensor D and the force F. Both depend on the details of
the spin configurations. By definition, the dissipation tensor is symmetric and real and can
thus be diagonalized with real eigenvalues Da and Db . These eigenvalues describe the friction
of skyrmion motion along some symmetry axis of the skyrmion and perpendicular to it. If
Da 6= Db , the skyrmion is henceforth expected to show anisotropic dynamics. The eigenvalues
of the dissipation tensors obtained for the skyrmions depicted in Figs. 4.5 and 4.6 are listed
in Tab. 4.1. Based on these values, a strong anisotropy of the friction is only expected for

35

Chapter 4. Skyrmions in (Pt0.95 /Ir0.05 )/Fe/Pd(111)
skyrmions with Q = −1 and Q = 0. Surprisingly, the skyrmions with Q ∈ {3, 2, −3} only
have slightly different eigenvalues of the dissipation tensor, albeit having an elongated shape.
This leads to the conclusion, that the asymmetry of the skyrmion shape does not necessarily
reflect its dynamic properties. The details of the skyrmion spin configuration also have an
impact on the properties of the force F. This is discussed in detail for Brownian motion in
Sec. 5.1.1 and for current-driven motion in Sec. 6.1.1 and Sec. 6.2.1.
Asymmetric spin textures possess an additional degree of freedom, their orientation. It
was found in Ref. [13] that the energy of the skyrmion is not invariant under rotations as
instead the DMI gives rise to preferred orientations of the skyrmions with respect to the
underlying atomic lattice. The orientation can by quantified by introducing an orientation
angle θ that is defined here as the angle between the [11̄0] crystallographic direction and
a characteristic cross section of the respective skyrmion spin configurations, illustrated in
Fig. 4.7. Note that the Q = 1 skyrmion is not shown as its spin configuration is rotationally
invariant and hence an orientation angle cannot be defined. Due to the C3v symmetry of the
system, shifting the orientation angle by 2π/3 leads to an equivalent configuration. These
preferred orientations are again closely related to the handedness of the cross section through
the skyrmions and the underlying atomic structure. As the DMI favors the formation of
right-handed cycloidal spin spirals with wave vector in the direction of the nearest neighbors
over the second-nearest neighbors, the preferred orientations of the skyrmions are either
towards the nearest or second-nearest neighbors.
Q
3
2
1
0
−1
−2
−3

σ
1.70
1.22
1.00
1.57
1.01
1.40

Da a2 γ/µs
40.70
41.26
20.42
28.34
19.79
29.35
45.04

Db a2 γ/µs
42.16
40.69
20.41
15.73
13.93
29.33
42.91

Dθ γ/µs
522.84
222.78
0.00
248.92
892.29
2423.06

Table 4.1.: Aspect ratio σ, dissipation tensor eigenvalues Da and Db and rotational dissipation
coefficients Dθ calculated for the skyrmions depicted in Figs. 4.5 and 4.6. The value for the
perpendicular magnetic field is B⊥ = 2.35 T for the Q = 3 skyrmion and B⊥ = 0.5 T for the other
types of skyrmions.

For a detailed discussion of the preferred orientations of the respective skyrmions, the
inclined reader is referred to Ref. [13]. In the following, the focus is instead on the implications
of the orientational degree of freedom on the dynamics of skyrmions. Since the translational
dynamics, i.e. the time evolution of the position, can depend on the orientation for spin
textures where the rotational symmetry is broken, studying dynamics of skyrmions with Q 6= 1
requires a simultaneous treatment of translational and rotational motion. The equation of
motion for the orientation angle reads αDθ θ̇ = Fθ (for details, see Sec. 3.2.3). The rotational
dissipation coefficients Dθ calculated from Eq. (3.23) for the skyrmions depicted in Figs. 4.5
and 4.6 are listed in Tab. 4.1. Note that the formula for Dθ cannot be applied for the chimera
skyrmion because it relies on a direct relation between the helicity and the orientation, which
does not hold for this type of skyrmion. Besides, it is important to note that Fθ was derived
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within the micromagnetic approach, thereby neglecting possible lattice effects. Specifically, it
does not include the preferred orientations, which can be accounted for by supplementing
an additional force −∂U/∂θ, where U is the orientation-dependent potential. This potential
depends on the details of the coupling parameters and thus an analytical description is
cumbersome. It can be approximated, however, as demonstrated in Ref. [93] and in Sec. 5.2.2,
by a simple cosine function.

Figure 4.7.: Preferred orientations with respect to the underlying atomic lattice of skyrmions with
different topological charges as labeled. The value for the perpendicular magnetic field is B⊥ =
2.35 T for the Q = 3 skyrmion and B⊥ = 0.5 T for the other types of skyrmions. The colors
indicate the directions of the spins, illustrated on the right edge of the figure.

4.2.3. Metastability at finite temperatures
As stated in the introduction to this section, the critical temperature in
(Pt0.95 /Ir0.05 )/Fe/Pd(111) for the transition to the paramagnetic phase is approximately 50 K in the absence of an applied field. Surprisingly, a recent study on the thermal
stability of skyrmions in this system [P8], where results from a Bachelor thesis, which was
co-supervised by the author of the thesis at hand, were published, found that the range
where skyrmions exist exceeds to temperatures much higher than the critical temperature.
This regime was termed fluctuation-disordered regime [105] and is characterized by frequent
changes in the overall topological charge by creation and annihilation of skyrmions due to
thermal fluctuations. For certain values of the perpendicular magnetic field, there even
exists a temperature range, where the formation of Q = 1 skyrmion is favored over the
topologically trivial state. However, since the skyrmions in the fluctuation-disordered regime
have very short lifetimes (the average time span between their creation and annihilation)
their dynamics in this regime cannot be reliably calculated.
Hence, the more relevant regime for the study of skyrmion dynamics is below the critical
temperature. Due to their quasi-particle nature, the lifetime of skyrmions in this regime
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is finite as well. In order to investigate the finite-temperature dynamics of skyrmions, it is
henceforth crucial to determine their respective lifetimes as a function of temperature. The
lifetime can be obtained from simulations in various ways. Here, the setup is as follows.
Initially, N0 skyrmions are placed in the system and over time this number goes down since
the energy barrier that prevents their annihilation is overcome by thermal fluctuations. The
time evolution of the skyrmion number can be well approximated by an exponential decay
via N (t) = N0 exp(−t/τ ), where τ is the lifetime. By fitting this expression to the data
for various temperatures, the temperature dependence of the lifetime of skyrmions with
Q ∈ {0, −1, −2} was obtained and is depicted as an Arrhenius plot in Fig. 4.8. The lifetimes
can be well approximated by an Arrhenius law τ (T ) = τ0 exp(∆E/kB T ), with τ0 being the
inverse of the attempt frequency and ∆E being the energy barrier preventing the annihilation.
By fitting this Arrhenius law to the data, the energy barriers are obtained as ∆E/kB ≈ 523 K
and ∆E/kB ≈ 447 K for the skyrmions with Q = −1 and Q = −2, respectively, and as
∆E/kB ≈ 8 K for the topologically trivial chimera skyrmion. The fact that the energy barriers
and, as a consequence, the lifetimes of the topologically nontrivial skyrmions are orders of
magnitude higher than the ones obtained for the chimera skyrmion is a manifestation of
the topological stability (for details, see Sec. 2.2 ). The finite-temperature dynamics of the
chimera skyrmion can nonetheless be examined up to temperatures where the lifetime exceeds
the timescale of the simulation (typically between 1 ns and 5 ns). Note that Fig. 4.8 does
not hold data for the skyrmions with Q ∈ {3, 2, 1} and −3. For the Q = 1 skyrmion, this
is because their lifetime exceeds the timescales accessible in simulations below the critical
temperature. In Ref. [P8] the energy barrier preventing its annihilation was obtained from
simulations in the fluctuation-disordered regime as ∆E/kB ≈ 1008 K for B⊥ = 0.5 T. The
annihilation barrier for the skyrmions Q ∈ {3, 2, −3} was not calculated either, because they
were found to quickly decay even at temperatures of 1 K. However, rather than annihilating,
they tend to elongate to stripe domains or to decompose to skyrmions with lower absolute
value of the topological charge, while keeping the overall topological charge constant: e.g. the
skyrmion with Q = 2 quickly decomposes into two skyrmions with Q = 1.
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Figure 4.8.: Calculated lifetimes of skyrmions with finite topological charges as labeled (left) and the
topologically trivial chimera skyrmion (right) as a function of temperature at α = 1.0. The dotted
lines correspond to fits of an Arrhenius law to the data yielding the energy barriers as labeled.
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4.3. Concluding remarks
In this chapter, the magnetic properties of the system chosen for the simulation of skyrmion
dynamics within this thesis, (Pt0.95 /Ir0.05 )/Fe/Pd(111), were discussed in detail and their
relation to the main aspects of skyrmion formation in this system were summarized.
First, the parametrization of the extended Heisenberg Hamiltonian was presented. It
was shown that (Pt0.95 /Ir0.05 )/Fe/Pd(111) is characterized by a frustration of the isotropic
Heisenberg exchange and by a strong DMI, both of which can give rise to the formation of
isolated skyrmions as metastable excitations. One particularity of this system is that the
possible topological charges of these skyrmions range from Q = −3 to 3 and that, in addition,
a topologically trivial spin texture referred to as chimera skyrmion can occur. Since the latter
can be used as a reference spin texture to directly investigate the impact of the topological
charge, (Pt0.95 /Ir0.05 )/Fe/Pd(111) was deemed a convenient system for studying the dynamics
of skyrmions. Furthermore, it was revealed in this chapter, that the spin configurations of
some of the skyrmions are deformed, which may give rise to anisotropic friction and leads to
preferred orientations of the skyrmions with respect to the underlying atomic lattice. At the
end, the topology dependence of the thermal stability of these skyrmions was investigated
and it was demonstrated that skyrmions with finite topological charge have greatly increased
lifetimes as compared to the chimera skyrmion.
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Chapter 5.
Brownian Motion of Skyrmions and their
Diffusion Coefficients
Initially, studies on skyrmion dynamics focused on deterministic motion driven by spin-transfer
torques [5, 110] or spin-orbit torques [53, 111, 112] and neglected stochastic, thermal effects.
Recently, however, thermally induced skyrmion motion gained growing interest because of
its possible application for novel, unconventional computing approaches such as stochastic
computing [6, 9], where skyrmion Brownian motion is used to decorrelate input signals, or
token-based Brownian computing [113], where skyrmions serve as signal carriers, the so-called
tokens, that perform the computation via a stochastic Brownian search.
Experimental evidence of thermally-induced skyrmion motion has first been reported in
Refs. [53, 114]. The first estimate of the skyrmion diffusion coefficient was given in Ref. [6].
There, the authors studied Brownian motion of skyrmions in specially tailored low-pinning
Ta/Co20 Fe60 B20 /Ta/MgO/Ta multilayer stacks using magneto-optical Kerr effect microscopy.
In addition they demonstrated that skyrmion diffusion can be used in a signal reshuffling
device, which is crucial for their possible application to stochastic computing. Subsequent
studies on skyrmion diffusion have demonstrated that it can be effectively controlled by
external means, such as voltage application [115] or in-plane fields [P7], and that the nontrivial
topology of skyrmions gives rise to circular ballistic motion [116]. The impact of geometrical
boundaries on their Brownian motion has been investigated experimentally in studies of
skyrmions subjected to triangular or circular confinement [117] and of skyrmions in wires
or Y-shaped junctions [113]. Theoretically, skyrmion diffusion has been investigated in a
few prior studies within the framework of a collective coordinate approach and by numerical
calculations based on an atomistic spin models [94, 118, 119]. These studies only investigated
the diffusive motion of the Q = 1 skyrmion in continuous films and mostly focused on the
influence of damping, while the influences of different topological charges, the shape of the
skyrmions and the system boundaries have been neglected so far.
In this chapter, these not yet studied features are investigated in-depth by studying
thermally induced motion of ferromagnetic skyrmions with various topological charges in
(Pt0.95 /Ir0.05 )/Fe/Pd(111) by means of a collective coordinate approach in Sec. 5.1 and
atomistic spin dynamics simulations in Sec. 5.2. The aim of this study is to reveal in detail
the impact of the topological properties and the shape of skyrmions on their Brownian
motion and the diffusion coefficients, both in continuous films as well as in constricted
geometries. The work presented in this chapter was performed within a collaboration with
the experimental group of Mathias Kläui at the University of Mainz under the SPP 2137

41

Chapter 5. Brownian Motion of Skyrmions and their Diffusion Coefficients
Skyrmionics: Topological Spin Phenomena in Real-Space for Applications funded by the
Deutsche Forschungsgemeinschaft (DFG).
Parts of this chapter have been published in:
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5.1. Analytical derivations based on a collective
coordinate approach
In the framework of a collective coordinate approach (see Sec. 3.2 for details), skyrmion
dynamics are described via a set of only few collective coordinates. The effective equation of
motion governing their translational dynamics reads
M V̇ + G × V + αDV = F,

(3.24 revisited)

where M is the scalar skyrmion mass, G is the gyrocoupling vector that is oriented perpendicular to the plane within which the skyrmion moves and αD describes friction with D being
the dissipation tensor. Skyrmions with broken rotational symmetry possess an additional
degree of freedom, their orientation, whose dynamics are governed by
αDθ θ̇ = Fθ .

(3.22 revisited)

By supplementing the RHS of Eq. (3.24) and Eq. (3.22) with stochastic effective forces Fth
and Fθth , they become Langevin-type stochastic differential equations (SDEs) [81]. These
stochastic forces result from thermal fluctuations that are present at finite temperatures and
cause skyrmions to exhibit translational and rotational Brownian motion.

5.1.1. Effective stochastic forces
Within the framework of the stochastic Landau-Lifshitz-Gilbert equation (3.8), the coupling
to a heat bath via the phenomenological Gilbert damping parameter α gives rise to thermal
fluctuations in the spin system, which are treated via the stochastic field ζ. In what follows,
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the stochastic forces acting on the skyrmions resulting from these fluctuations are derived
within the collective coordinate approach, where a rigid spin texture is assumed. The
derivations follow Refs. [118, 120].
By definition, the force is equal to the negative partial derivative of the energy with respect
to position and orientation of the spin texture. The stochastic contribution to the energy can
R
formally be expressed via a Zeeman-like term, which is given by V th = M ζ(r, t) · S(r, t) d2 r
within the micromagnetic approach. From this expression the stochastic force follows as
Fλth (t) = −M∂λ

Z



ζβ (r, t)Sβ (r, t) d2 r = −M

Z

ζβ (r, t)∂λ Sβ (r, t) d2 r




(5.1)

with λ ∈ {X, Y, θ}. Note that Einstein summation convention1 is used in the equation above
and in what follows. The above expression is a generalization of the formula for the stochastic
forces acting on skyrmions derived in Ref. [118], since it also includes the forces acting on θ.
It can be shown easily that the mean value of these stochastic force vanishes,
hFλth (t)i = −M
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as the skyrmion texture is assumed to be rigid within the collective coordinate approach, and
thus independent of the stochastic field, and by using the properties of the stochastic field.
Similarly, the force autocorrelation functions can be calculated via
hFλth (t)Fλth0 (t0 )i = M2
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(5.3)

where the autocorrelation of the stochastic field within the framework of micromagnetism2 was
used. It depends on the equilibrium spin configuration of the skyrmion and is uncorrelated
in time. The correlation between translational forces and angular forces vanish and, by
comparison with the expressions for the dissipation tensor (3.21) and the rotational dissipation
coefficient (3.23), the non-vanishing autocorrelations become
hFµth (t)Fνth (t0 )i = 2kB T αDµν δ(t − t0 )

(5.4)

hFθth (t)Fθth (t0 )i = 2kB T αDθ δ(t − t0 )

(5.5)

with µ, ν being the Cartesian components. The strength of the fluctuations of the force
is proportional to the dissipation times kB T . This is a manifestation of the fluctuationdissipation theorem [82], which states that the fluctuations of a particle at rest have the same
origin as the dissipative frictional force for a particle in motion. Since the αD-type friction is
a result of the dissipation of energy from the spin systems to the non-magnetic heat bath,
the corresponding stochastic forces exerted on the skyrmion are also of non-magnetic origin.
1

When an index variable appears twice in a single expression, it implies summation over all values of the
P3
index, i.e. aβ bβ = α=1 aβ bβ .
2
Within the micromagnetic approach the autocorrelation of the stochastic field has to be adapted as
compared to the atomistic spin models and reads hζβ (r, t)ζτ (r0 , t0 )i = 2αkB T δβτ δ(r − r0 )δ(t − t0 )/(Mγ).
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Finite temperatures also lead to a thermal occupation of magnons in the system that can
scatter off the skyrmion, hence exerting an additional (magnonic) stochastic force. This is
demonstrated based on simulations in Sec. 5.2.3 and the necessary extensions to the effective
equation of motion are discussed therein.

5.1.2. Cyclotronic ballistic motion and diffusion coefficients
By supplementing Eq. (3.24) with the effective stochastic forces as derived in the previous
subsection 5.1.1, it becomes a general Langevin-type SDE,
M V̇ + G × V + αDV = Fth ,

(5.6)

with the additional gyrocoupling term that is responsible for the intriguing features of
skyrmion dynamics. In the following, its impact on the Brownian motion of skyrmions and
their diffusion coefficients is derived. The quantitative agreement of the formulae obtained
this way (specifically Eqs. (5.10),(5.12) and (5.13)) with simulation results is demonstrated
in Sec. 5.2.1.
Hereinafter, the rotational degree of freedom is neglected and the skyrmion is assumed
to be rotationally symmetric leading to Dµν = Dδµν and consequently hFµth (t)Fνth (t0 )i =
2kB T αDδµν δ(t − t0 ). Eq. (5.6) is a first order SDE and can be rewritten as V̇ = −M −1 ΩV +
M −1 Fth . Formally, the solution of this equation is given by V(t) = exp(−Ωt/M )V(0) +
Rt
th
0
0
0 exp(−Ω(t − t )/M )F /M dt [121]. The matrix exponential becomes, by using the decomposition Ω = αD1 − iσ2 G, where i is the imaginary unit and σ2 is the second Pauli matrix3 ,
and the Baker-Campbell-Hausdorff formula4 ,
e

Ω
t
−M

=e

G
− αD
1t i M
σ2 t
M

e

=e

− αD
t
M

cos(Gt/M ) sin(Gt/M )
− sin(Gt/M ) cos(Gt/M )

!

{z

}

|

R(Gt/M )

(5.7)

where R(Gt/M ) is the rotation matrix. With the above expression the explicit formal solution
of Eq. (5.6) is obtained as
αD

V(t) = e− M t R(Gt/M )V(0) +

Z t
0

αD

e− M

(t−t0 )

R(G(t − t0 )/M )Fth /M dt0 .

(5.8)

The first, deterministic term is the solution of Eq. (5.6) in the absence of thermal fluctuations
and describes damped gyromotion. The second term is the cumulative stochastic contribution
to the skyrmion dynamics and is zero on average. Therefore the expectation value hV(t)i is
solely given by the deterministic term. The second moments are given by
hV(t)VT (t)i =

αD
kB T
kB T
1 + e−2 M t R(Gt/M ) hV(0)VT (0)i R(−Gt/M ) −
1 .
M
M





(5.9)

The first term is the equilibrium value limt→∞ hV(t)VT (t)i = 1kB T /M , in agreement with
the equipartition theorem. The second term is zero if the system is in equilibrium at t = 0; if
0 1
0 −i
1
0
, σ2 =
and σ3 =
.
1 0
i
0
0 −1
4
If [A, [A, B]] = [B, [B, A]] = 0 with [. . . ] being the commutator, the Baker-Campbell-Hausdorff formula
reads eA+B = eA eB e−[A,B]/2 , see Ref. [122].
3
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The three Pauli matrices are given by σ1 =













5.1. Analytical derivations based on a collective coordinate approach
the system is initially not in equilibrium it guarantees convergence to the equilibrium value.
In the following, thermal equilibrium at all times is assumed and the second moments of the
velocity are constant. In order to make the gyromotion of skyrmions visible also in thermal
equilibrium one has to consider their velocity autocorrelation function (VACF),
hV(t) · V(0)i = 2

kB T − αD t
e M cos(Gt/M ),
M

(5.10)

which is the average projection of V(t) onto the initial velocity V(0).
From Eq. (5.8) an expression for the displacement of the skyrmion can be calculated via
time integration5 yielding

M (αD1 + iGσ2 ) 
− αD
t
M R(Gt/M ) V(0)
1
−
e
(αD)2 + G2
Z

M (αD1 + iGσ2 ) t 
− αD
(t−t0 )
0
M
+
1
−
e
R(G(t
−
t
)/M
)
Fth /M dt0 .
(αD)2 + G2
0

∆R(t) =

(5.11)

The first term is deterministic and describes the trajectory resulting from the damped
gyromotion of the velocity. The second term is the cumulative stochastic contribution to
the skyrmion displacement and zero on average. The second moments, the mean squared
displacements (MSDs), are obtained as
h∆R(t)∆RT (t)i = 2kB T

αD
1 t+
(αD)2 + G2



2
2
M G − (αD)
+
αD



αD



αD

1 − e− M t cos(Gt/M ) − 2αDGe− M t sin(Gt/M )
(αD)2 + G2

!

.
(5.12)

There are two contributions to the mean squared displacements. The second term in the
large brackets in Eq. (5.12) depends on the mass and is a result of the cyclotronic ballistic
motion. As this term is, apart from a constant contribution, exponentially decaying, the
behavior of the mean squared displacements in the long term limit is dominated by the first
term, which is linear in t. This way, the diffusion coefficients for skyrmions can be identified
via D = limt→∞ h∆R(t)∆RT (t)i /(2t) yielding
D = kB T

αD
1.
(αD)2 + G2

(5.13)

Since the above result for the diffusion coefficients is independent of the mass it can also be
derived in the overdamped limit of Eq. (5.6), i.e. when the mass-term M V̇ is neglected, as
done in Refs. [118, 119]. The complex ballistic motion described by Eq. (5.12) is, however,
absent in the overdamped limit and was so far neglected. Note that Eq. (5.13) only holds for
rotationally symmetric skyrmions, since the dissipation tensor is treated as a scalar, and has
to be extended for skyrmions with broken rotational symmetry, see Sec. 5.1.3. For vanishing
gyrocoupling G, Eq. (5.13) reduces to the Einstein-Smoluchowski-relation [123, 124], which
states that the diffusive motion of simple Brownian particles is inversely proportional to
friction, and the dependence of the diffusion coefficient on the Gilbert damping parameter
changes drastically. This is another manifestation of the fact that the topology-dependent
gyrocoupling term is responsible for the intriguing features of skyrmion dynamics.
5

∆R(t) = R(t) − R(0) =

Rt
0

V(t0 ) dt0 .
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5.1.3. Transition from anisotropic to isotropic dynamics
If a spin texture has broken rotational symmetry, it is natural to assume that this asymmetry
in shape may be reflected in anisotropic dynamics, i.e. different dynamics along different
directions. In the collective coordinate approach anisotropic dynamics are accounted for by a
tensorial friction with, in general, unequal terms in the diagonal of the dissipation tensor
D. Since the dissipation tensor depends on the orientation of the skyrmion, its translational
dynamics are coupled to the rotational dynamics. At finite temperatures, Brownian motion
in the translational and in the rotational degrees of freedom are expected. This means that if
a skyrmion is initially oriented along a certain axis, over time, memory of this orientation
is lost. Thus, instead of treating the translational dynamics at a fixed orientation, one has
to take into account the probability density function for a skyrmion being oriented along
some axis, which changes over time. As a consequence, skyrmion diffusion, that is (possibly)
anisotropic in the short term limit, can become isotropic in the long term limit, i.e. in thermal
equilibrium6 .
In what follows, the time-dependent diffusion coefficients that describe this anisotropic-toisotropic transition are derived, starting from coupled Langevin-type SDEs for the translational
and orientational degrees of freedom,
G × V + αD(θ)V = Fth
∂U
= Fθth ,
αDθ θ̇ +
∂θ

(5.14)
(5.15)

where the Fθ was split into a deterministic contribution arising from the orientation-dependent
potential U (θ) (see Sec. 4.2.2) and a stochastic contribution. Since the focus in this subsection
is on the diffusive regime, ballistic motion is neglected hereinafter by discarding the mass
term M V̇ in Eq. (5.14). The orientation angle θ is here defined as the angle between the
current orientation and the orientation for which the dissipation tensor is diagonal. Since the
dissipation tensor is symmetric and the entries are real, it can be diagonalized by rotation
matrices7 . Inversely, the dissipation tensor for a skyrmion with any θ can be expressed in
terms of its eigenvalues Da and Db and rotation matrices as D(θ) = R(θ)diag(Da , Db )R(−θ)
yielding
!
Da + Db
Da − Db cos 2θ
sin 2θ
D(θ) =
1+
.
(5.16)
2
2
sin 2θ − cos 2θ
|

{z

M(θ)

}

The dissipation tensor has an isotropic contribution (proportional to the unity matrix 1) and
an anisotropic contribution. The factor 2 in the cosine and sine functions in M(θ) means that
the frictional force exerted on the skyrmion is the same for backwards and forwards motion
along some axis. While the translational Brownian motion depend on θ, the Brownian motion
of θ is independent of the translational dynamics (Eq. (5.14) depends on θ whereas Eq. (5.15)
6

Whether or not diffusive motion becomes isotropic in the long term limit depends on the symmetry of the
orientation-dependent potential. As shown in this subsection, this is the case for the orientation-dependent
potentials for skyrmions in (Pt0.95 /Ir0.05 )/Fe/Pd(111).
7
Let A ∈ Rn×n be a matrix that can be diagonalized using an invertible matrix S ∈ Rn×n via D = S −1 AS
with D = diag(. . . ). Transposing this formula leaves the LHS unchanged, since DT = D. The RHS becomes
S T AT (S −1 )T = S T A(S −1 )T , because A is symmetric. One can identify, that S T = S −1 and hence, S is an
orthogonal matrix.
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does not depend on R or V). Therefore, one can first treat the rotational dynamics and
then use the obtained results for the calculation of the translational dynamics, as done in the
following.
The Fokker-Planck equation corresponding to Eq. (5.15) is the Smoluchowski equation
[125],
!


∂
U/(kB T )
−U/(kB T ) ∂
e
p(θ, t) ,
ṗ(θ, t) = Dθ
e
(5.17)
∂θ
∂θ
where p(θ, t) is the probability density function that gives the probability that a skyrmion has
orientation θ at time t and where the free diffusion coefficient Dθ = kB T /αDθ was introduced.
It can be straightforwardly calculated from Eq. (5.17) that the Boltzmann-distribution,
p(θ, t) ∼ exp(−U (θ)/kB T ), is a stationary (equilibrium) solution of the Smoluchowski equation. Conversely, the orientation-dependent potential can be estimated from simulation data
in equilibrium via U = kB T ln p(θ, t). It is assumed that initially the skyrmion is oriented
along a preferred axis, i.e. a minimum of U (θ). Hence, the initial probability density is given
by the Dirac delta function, p(θ, t = 0) = δ(θ). As this function as well as the potential
are symmetric at θ = 0, the probability density function can be expanded in a cosine basis
P
as p(θ, t) = ∞
m=0 cm (t) cos mθ, with c0 (0) = 1/(2π) and cm (0) = 1/π in order to fulfill the
initial condition. Note that since the probability density function must be normalized at
all times8 it follows that c0 (t) ≡ 1/(2π). Taking into account the symmetry of the system
and the respective spin configurations, a cosine shape of the potential is assumed that
reads U (θ) = ∆U/2(1 − cos zθ) with z = 3 for skyrmions with Q ∈ {0, 2} and z = 6 for
Q ∈ {−2, −1, 3} (see Sec. 4.2.2 for details). The numerical calculation of the time evolution of
the coefficients cn (t) for this type of potential via Eq. (5.17) is shown in Appendix D. Below
it is shown that the anisotropic-to-isotropic transition only depends on the time evolution of
c2 (t), which is given by
c2 (t) ≈ exp(−4Dθ∗ t)/π
(5.18)
where Dθ∗ is the effective rotational diffusion coefficient. It is connected to the free diffusion
coefficient via Dθ∗ = Dθ K, where K 6 1 is a correction factor, which depends on the external
potential and effectively reduces the diffusive motion because of an increased dwell time
in the minima of the periodic potential. In Appendix D it is demonstrated that K follows
approximately the Lifson-Jackson formula [126], which describes diffusive motion in the
presence of a periodic potential.
Having calculated the rotational dynamics one can now proceed to treat the translational
dynamics. The solution of Eq. (5.14) for a given angle θ can be obtained via a simple matrix
inversion:
1
Da + Db
Da − Db
V(t) = 2
α
1−α
M(θ) + iGσ2 Fth .
2
α Da Db + G
2
2




(5.19)

Due to the absence of deterministic forces and the neglect of the skyrmion mass, there is no
deterministic contribution to V(t) and it is solely governed by the stochastic force at time t.
Hence, the velocity is zero on average and its second moments are given by
hV(t)V(t0 )T i = 2kB T
8

R 2π
0

αδ(t − t0 )
Da + Db
Da − Db
1−
M(θ(t))
2
α Da Db + G2
2
2




(5.20)

p(θ, t) dθ = 1 ∀ t.
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where it is used that hFth (t)(Fth (t0 ))T i = 2αkB T D(θ)δ(t − t0 ). Now, the rotational Brownian
motion is taken into account by treating θ as a stochastic variable that is governed by the
probability density function p(θ, t). In order to consider all possible orientations at a given
time t, one has to calculate the expectation value. The only quantity in Eq. (5.20) that
depends on the orientation is M(θ, t). Its expectation value can be calculating using the
R
expansion of p(θ, t) in a cosine base yielding 02π M(θ)p(θ, t) dθ = πc2 (t)M(0) where the
orthogonality relations for trigonometric functions was used9 . Substituting the expectation
value to Eq. (5.20) and performing the time integrations yields
h∆R(t)∆RT (t)i = 2tkB T

∗

α
Da + Db
Da − Db 1 − e−4Dθ t
1
−
M(0)
α2 Da Db + G2
2
2
4Dθ∗ t




(5.21)

where the effective rotational diffusion coefficient Dθ∗ was introduced by using Eq. (5.18)
R
and it was used that 0t exp(−4Dθ∗ t0 ) dt0 = (1 − exp(−4Dθ∗ t))/(4Dθ∗ t). Eq. (5.21) describes
diffusive motion with a time-dependent diffusion coefficient that can be identified as
∗

α
Da + Db
Da − Db 1 − e−4Dθ t
1
−
M(0) .
α2 Da Db + G2
2
2
4Dθ∗ t


D(t) = kB T



(5.22)

For Da = Db , the above expression reduces to the formula obtained for rotationally symmetric
skyrmions (5.13). The first term in the large brackets in Eq. (5.22) is the time-independent
isotropic contribution and the second term is an exponentially decaying anisotropic contribution that scales with the difference between Da and Db . The timescale of this decay is
proportional to the inverse of the effective rotational diffusion coefficient, i.e. τ ∗ = 1/(Dθ∗ ).
E.g. for t = 2.5τ ∗ the anisotropic contribution drops to 10 % of its initial value. τ ∗ separates
the diffusive motion into two regimes: the short term limit, where the skyrmion is still in its
initial orientation and diffusion is anisotropic, and the long term limit, where memory of this
orientation is lost and diffusion is isotropic:






α
D(t) = kB T 2
α Da Db + G2 




!

Db 0
,
0 Da
Da + Db
1,
2

for t  τ ∗

(5.23)

for t  τ ∗ .

(5.24)

Note that while the diffusive motion along a given axis changes over time, the total diffusion
coefficient, which is calculated via the trace of D(t) in Eq. (5.22), remains constant. The
above expression differs from existing work on skyrmion diffusion [118, 119] since it also
predicts anisotropic diffusion.

5.1.4. Constricted geometries
In recent works, the use of stochastic skyrmion dynamics for unconventional computing
approaches, such as stochastic computing [9] or token-based Brownian computing [113], was
suggested. Both approaches require that the skyrmions are guided along a certain path and
9

The entries of M(θ) are given by cos(2θ) and
the cosine function can
R 2πsin(2θ). The expectation
R 2π
P∞ value for
be calculated using orthogonality relations via 0 cos(2θ)p(θ, t) dθ = m=0 cm (t) 0 cos(2θ) cos(mθ) dθ =
P∞
c (t)πδ2m = πc2 (t). In a similar manner, the expectation value for the sine function is found to vanish:
R 2πm=0 m
R 2π
P∞
sin(2θ)p(θ, t) dθ = m=0 cm (t) 0 sin(2θ) cos(mθ) dθ = 0.
0
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thus their Brownian motion is constricted to specific areas. This constriction can be either
due to edges of the magnet itself or via suitable engineering of the magnetic system. In a
recent experimental study on skyrmions in a multilayer stack [113], it was demonstrated
that a skyrmion Brownian circuit can be implemented by deposition of a patterned SiO2
capping, creating inaccessible regions for the skyrmions. In order to realize these types of
skyrmion-based stochastic computing devices, it is therefore crucial to understand skyrmion
motion in constricted geometries. On the level of the collective coordinate approach, the
presence of geometrical boundaries leads to an additional force acting on the skyrmion10
G × V + αDV = Fth + Fedge (R).

(5.25)

In general, this force is expected to be repelling such that the skyrmion is bound to move
within the accessible area [127, 128]. In magnets with a strong frustration of the Heisenberg
exchange, the presence of spin states formed at the edges leads to an oscillating force in the
vicinity of the boundaries giving rise to complex current-induced dynamics [129].
For most geometries and skyrmion-edge-interactions, a solution for Eq. (5.25) can only be
found numerically. In the following, two cases, which allow for an analytical solution, are
presented: a skyrmion in a straight wire and on a disk, both subjected to forces that follow
Hooke’s law11 . Within that approximation, the forces are linear in the position and hence
Eq. (5.25) becomes a linear, first order SDE that can be solved using stochastic calculus.
Note that assuming that the edge-repulsion scales linear with the displacement means that
the skyrmion cannot leave the system because the potential associated with this force is
unbounded. This is, of course, not the case as it was shown in simulations [127] that at large
current densities the skyrmion can overcome the potential barrier at the edges, resulting in
an annihilation of the skyrmion. The Hookean approximation applied in the following is
merely a first order approximation to the actual edge-repulsion that only holds when forces
that push the skyrmion towards the boundary are low. For Brownian motion, this is certainly
the case as long as temperatures are low.
In a straight wire, the skyrmion is allowed to move freely along the wire, while perpendicular
motion is constricted. In the following and without loss of generality, the wire is assumed to
be extended along the x-axis and centered at y = 0. In linear approximation, the repelling
force from the edges is given by Fedge = (0, −κY )T with the spring constant κ. In matrix
notation, Eq. (5.25) then reads
!

!

αD −G
0 0
V+
R=
G αD
0 κ

Fxth
.
Fyth
!

(5.26)

The above equation has the same structure as the equation of motion for free, massive
skyrmion dynamics (5.6) (linear, first-order SDE) and can be solved in a similar manner.
First, Eq. (5.26) is rewritten as V = −ΩR + σFth with Ω and σ being 2 × 2 matrices that
read
!
!
κ
1
0 G
αD G
Ω=
and σ =
.
(5.27)
(αD)2 + G2 0 αD
(αD)2 + G2 −G αD
10

Note that here the focus is again at the diffusive dynamics and therefore the mass is neglected.
Hooke’s law reads F = k∆l, which states that the force needed to compress or extend a spring scales
linearly with the change in length of the spring.
11
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Following Ref. [121], the solution to Eq. (5.26) is given by
−Ωt

R(t) = e

Z t

R(0) +

0

e−Ω(t−t ) σFth (t0 ) dt0
0

(5.28)

and the mean value and the second moments can be calculated as
hR(t)i = e−Ωt hR(0)i

(5.29)

hR(t)R(t)T i = e−Ωt hR(0)i e−Ωt hR(0)i


*Z

+

0

t

−Ω(t−t0 )

e

th

0

T
Z t

0

σF (t ) dt

0

−Ω(t−t00 )

e

th

!T +
00

00

σF (t ) dt

(5.30)

Hereinafter, it is assumed that the skyrmion is initially located in the center of the wire,
i.e. Y (0) = 0. Furthermore, since the wire is extended along the x-axis it can be assumed
without loss of generality that X(0) = 0. Consequently hR(0)i = 0 and many terms in the
above expressions vanish. Using the rules for matrix exponentials, it can be calculated that

1

e−Ωt = 
0

G
αD



−κ

e

αD
t
(αD)2 +G2

−κ

e

αD
t
(αD)2 +G2



−1 

(5.31)



Inserting the above expression into the formula for the second moments and using stochastic
calculus then yields the mean squared displacements as


αD
kB T
G2
−κ
t 2
1 − 2 − e (αD)2 +G2
h∆X (t)i = 2
t+
αD
2αDκ
2

h∆Y 2 (t)i =




αD
kB T 
−2κ
t
(αD)2 +G2
1−e
.
κ

!

(5.32)
(5.33)

They describe a transition from free, two-dimensional Brownian motion with the usual
diffusion coefficient (5.13) at short timescales12 , i.e. as long as the skyrmion does not feel the
influence of the edge-repulsion, to an effectively one-dimensional Brownian motion along the
wire with a greatly increased diffusion coefficient that reads
Dwire =

kB T
.
αD

(5.34)

The ratio between this modified diffusion coefficient and the one for free diffusion (5.13) is
given by Dwire /D = 1 + (G/αD)2 , which implies a drastic increase with decreasing α. Note
that Eq. (5.34) can also be derived by treating skyrmion Brownian motion as effectively
one-dimensional, where the only degree of freedom is the position along the wire13 . Diffusive
motion perpendicular to the wire is hindered by the edge-repulsion, leading to a convergence
of the mean squared displacement to the equilibrium value kB T /κ, see Eq. (5.33). This
equilibrium value can be straightforwardly calculated from the equipartition theorem, which
states that in equilibrium, the average potential energy in a quadratic potential is given
12

This can be shown by Taylor series expansion up to first order of Equations (5.32) and (5.33) around
t = 0.
13
By assuming that motion perpendicular to the wire is negligible, the equation of motion (5.26) reduces to
the basic Langevin equation αDV = F th , for which the diffusion coefficient is simply given by kB T /(αD).
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by kB T /2 [130]. Since the potential energy corresponding to the Hookean force along the
y-axis is quadratic, it follows that in equilibrium κ hY 2 ieq /2 = kB T /2, and consequently
hY 2 ieq = kB T /κ.
Note that Eq. (5.26) is mathematically equivalent to the equation of motion for the
dynamics of a ferromagnetic domain wall in a biaxial system in harmonic approximation [91].
Henceforth, the diffusive motion of a skyrmion in a wire and a biaxial ferromagnetic domain
wall are expected to exhibit very similar features. This was also investigated by the author of
this thesis in a recent study and will be demonstrated in an upcoming publication [P14].
The Brownian motion of a skyrmion on a disk is restricted in any direction, since the
skyrmion cannot leave the system. In linear approximation, the edge-repulsion on a disk can
be modeled by introducing a force that reads Fedge = −κR. Eq. (5.25) then becomes
G × V + αDV + κR = Fth .

(5.35)

This equation has the same structure as the massive Langevin-type equation in the absence
of geometrical boundaries (5.6) and can be solved in an analogous manner, see Sec. 5.1.2. A
similar calculation as therein yields
κGt
R(0)
(αD)2 + G2


Z t
αD
0
Gκ(t − t0 ) αD1 + iGσ2 th 0
−κ
2 +G2 (t−t )
(αD)
R −
F dt .
+
e
(αD)2 + G2 (αD)2 + G2
0
−κ

∆R(t) = e

αD
t
(αD)2 +G2





R −

(5.36)

The first, deterministic term describes an inwards spiraling motion, i.e. the skyrmion moves
closer to the center of the disc as it revolves around it. The second term is the cumulative
stochastic contribution to the skyrmion motion and is zero on average. Assuming that the
skyrmion starts at the equilibrium position, i.e. R(0) = 0, the mean squared displacements
are obtained as
h∆R(t)∆RT (t)i =


αD
kB T 
−2κ
t
(αD)2 +G2
1 1−e
.
κ

(5.37)

The above formula describes the same convergence of the mean squared displacement to the
equilibrium value kB T /κ as obtained for the diffusion perpendicular to the direction of the
wire (5.33). Note that due to the rotational symmetry of the disk, the behavior of the mean
squared displacement should be the same along any axis. This is accounted for in Eq. (5.37)
by the proportionality to the unity matrix.
It shall be emphasized at this point that all the results obtained here for skyrmion
Brownian motion in constricted geometries reduce to the results for (massless) free skyrmion
diffusion in the limit of vanishing spring constants κ.

5.2. Atomistic spin dynamics simulations
All the theoretical predictions for the diffusive motion of skyrmions presented in the previous
Sec. 5.1 rely on a collective coordinate approach. Within this approach, the complexity
of the problem of calculating skyrmion dynamics is greatly reduced, as the microscopic
degrees of freedom of the atomistic spin model are replaced by a small number of collective
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coordinates, and an analytical calculation of the mean squared displacements and diffusion
coefficients becomes possible. Therefore, the validity of these analytical results is best tested
by performing numerical simulations within said atomistic spin model by solving the stochastic
Landau-Lifshitz-Gilbert equation, see Sec. 3.1.2.
The simulation results presented in what follows are for the diffusive motion of skyrmions
with various topological charges in (Pt0.95 /Ir0.05 )/Fe/Pd(111) (details of this system are
summarized in chapter 4), but there is no reason to believe that they are exclusive to this
specific system. It is demonstrated in the following that there is close agreement between the
numerical results and the theoretical predictions derived in Sec. 5.1. The parameters in the
effective equations of motion used for the theoretical predictions are fully determined by the
equilibrium skyrmion spin configuration. This means that Brownian motion of skyrmions
within two different materials, which hold skyrmions with the same spin configuration, is
expected to be equal. Hence, the numerical results presented in what follows can be transferred
to other skyrmion-hosting materials.
The simulations were performed by solving the stochastic Landau-Lifshitz-Gilbert equation
(3.8) using a GPU-based implementation of Heun’s method, see Appendix A. The general
setup of the simulation procedure was that skyrmions were initially placed in the system
by aligning the spins in such a way that they form the relaxed, zero-temperature skyrmion
spin configuration with the desired topological properties. When studying the Brownian
motion in constricted geometries, open boundary conditions were applied to the system. In
all other cases periodic boundary conditions were used. The fluctuations in their positions
were monitored by repeated determination of the position of their core magnetization, which
points opposite to the collinear background, at fixed time intervals; details of this tracking
algorithm can be found in Appendix C. This way, the simulated trajectory of a single
skyrmion was obtained as the position of the skyrmion at discrete timesteps tn , i.e. R(tn ).
From a large set of trajectories14 obtained by this procedure, the quantities that characterize
skyrmion Brownian motion (such as the velocity autocorrelation functions, the mean squared
displacements and the diffusion coefficients) were extracted.
Exemplary trajectories and mean squared displacements obtained from simulations are
depicted in Fig. 5.1: the left panel shows the x-component of the stochastic displacement
∆R(tn ) = R(tn ) − R(0) over time. The mean displacement can be calculated via h∆R(tn )i =
P
1/N N
i=1 ∆R i (tn ) and vanishes, irrespective of tn , if the number of trajectories N is large
enough. The mean squared displacements can be obtained numerically by calculating
P
2
h∆R2 (tn )i = 1/N N
i=1 ∆R i (tn ) and is shown in the right panel of Fig. 5.1. It is, in general,
monotonically increasing with time, which means that on average the distance of the skyrmion
from its initial position increases as it undergoes Brownian motion. Furthermore, at higher
temperatures the strength of the stochastic forces is increased, which leads to a higher mean
squared displacement at a given time.

14

The maximum number of trajectories that were used to calculate a single mean squared displacement
was 75 881. The corresponding mean squared displacement was used to study the anisotropic-to-isotropic
transition in Sec. 5.2.2.
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Figure 5.1.: Exemplary trajectories and mean squared displacements for Brownian motion of skyrmions.
Left: Exemplary displacements ∆X(tn ) = X(tn ) − X(0) of skyrmions with Q = 1 that undergo
Brownian motion. Data was obtained from simulations at T = 15 K and α = 1.0 Right: Mean
squared displacements calculated from simulation data for various values of T and α = 0.1.

5.2.1. Impact of topology on mean squared displacements
and diffusion coefficients
Many of the intriguing features of skyrmion dynamics have their origin in the finite topological
charge [16]. The derivations based on the collective coordinate approach in Sec. 5.1 have
shown that this is also the case for skyrmion Brownian motion, as the finite Q leads to
the gyrocoupling term, setting apart the stochastic equation of motion for skyrmions (5.6)
from a simple Langevin equation. This is the reason why (Pt0.95 /Ir0.05 )/Fe/Pd(111) is an
ideal system to study the impact of the topology on the dynamics of skyrmions: in this
system, skyrmions with various finite Q as well as the topologically trivial chimera skyrmion
can coexist and their dynamics can be directly compared. While they are of similar size,
the only features that really set them apart are their topological properties. This allows
for a precise determination of the impact of the topology on their dynamics in general15 ,
and, as demonstrated in the following, on the Brownian motion and their diffusive behavior.
Although skyrmions with topological charges ranging from −3 to 3 exist as metastable
excitations in (Pt0.95 /Ir0.05 )/Fe/Pd(111), the following discussion is restricted to skyrmions
with Q ∈ {1, −1, −2} and the chimera skyrmion, all of which are depicted in Fig. 5.2.
First of all, the impact of a finite topological charge on the ballistic motion is discussed.
In general, ballistic motion stems from a finite mass and a finite initial velocity. In the
framework of Brownian dynamics, it influences the short time behavior of the mean squared
displacements and the velocity autocorrelation function, but is negligible in the long term
limit, where the motion is purely diffusive, i.e. follows h∆X 2 i = 2Dt. The left panel of Fig. 5.3
shows the simulated mean squared displacements of skyrmions with Q = 1 for different values
of the Gilbert damping parameter. In the ballistic regime, the MSDs exhibit an oscillating
behavior, which vanishes as time progresses with the result that the MSDs become linear in
time. The timescale of the decay of the oscillations is found to be increasing with decreasing
15

The impact of topology on other types of motion is also discussed within this thesis: on current-driven
motion in chapter 6 and on spin-wave-driven motion in chapter 7.
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Figure 5.2:
Spin
configurations
of
skyrmions with topological charges (a)
Q = −2, (b) Q = −1 (antiskyrmion),
(c) Q = 0 (chimera skyrmion) and (d)
Q = 1. The colors indicate the orientation of the spin vectors as illustrated on
the right side of the figure. The gray
lines indicate the symmetry axis of the
spin configurations. Figure taken from
Ref. [P5].

α. These oscillations are present in a similar fashion in the VACF of skyrmions with Q = 1,
as shown in the right panel of Fig. 5.3. The VACF oscillates over time around zero with
decaying amplitude and vanishes in the long term limit. A positive value of the VACF at a
given time means that the skyrmion has a velocity component in the same direction as the
initial velocity. Conversely, a negative value indicates that the skyrmion moves opposite to
the initial velocity. Hence, the simulation data depicted in the right panel of Fig. 5.3 can
be interpreted in the following way: a skyrmion that initially moves in a certain direction
with velocity V(0), on average moves into the opposite direction after half of the oscillation
period. After a full period, it again moves in the same direction as the initial velocity, but
with a decreased absolute value. Thus, the velocities describe an inwards spiraling motion,
i.e. they converge to zero while revolving around it.
This interpretation is supported by the analytical calculations within the collective
coordinate approach in Sec. 5.1.2. Assuming a finite skyrmion mass and a scalar friction it
was derived that the mean squared displacements and velocity autocorrelation function read
h∆R(t)∆RT (t)i = 2kB T


M
+
αD

αD
1 t+
(αD)2 + G2
G2 − (αD)2



αD



αD

1 − e− M t cos(Gt/M ) − 2αDGe− M t sin(Gt/M )

!

(αD)2 + G2
(5.12 revisited)

hV(t) · V(0)i = 2

kB T − αD t
e M cos(Gt/M )
M

(5.10 revisited)

where the topological charge enters via the gyrocoupling G. The above expressions are
evaluated using the numerically obtained parameters given in Tab. 4.1 and a skyrmion mass
of M γa2 /µs = 0.223 ns, which was obtained by a fit to the data, and compared with the
simulation results in Fig. 5.3. Note that α = 0.02 is assumed and that the MSD is shifted
upwards by 0.0175 nm2 for the sake of visibility. The theoretical predictions compare fairly
well even yielding close quantitative agreement with the simulation results, both for the MSDs
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Figure 5.3.: Mean squared displacement (left) and velocity autocorrelation function (right) of skyrmions
with Q = 1 obtained from simulations at T = 3 K with values of α as labeled. The grey dotted
lines correspond to the theoretical predictions based on Eq. (5.12), shifted upwards by 0.0175 nm2
for the sake of visibility, and Eq. (5.10) evaluated at α = 0.02.

as well as the VACF. The circular ballistic motion reported here has been demonstrated in a
recent experimental work on isolated Néel-type skyrmions in a Ta/CoFeB/TaOx multilayer
stack [116], where it was termed topology-dependent Brownian gyromotion.
In Fig. 5.4 (left panel) it is demonstrated that the behavior of the MSD changes drastically
if the topological charge is zero. There, the simulated MSDs obtained for the skyrmions
with finite Q and the chimera skyrmion, see Fig. 5.2, are shown. While the behavior is
(qualitatively) similar for skyrmions with finite Q (small, decaying oscillations), the chimera
skyrmion shows no trace of these oscillations and has a prolonged non-linear behavior resulting
in a greatly increased slope (note that the MSD for the chimera skyrmion is scaled by a
factor of 1/100, for the sake of visibility). However, this does not mean that the timescale
where the chimera skyrmion shows ballistic motion is prolonged as compared to the other
skyrmionic spin textures: from Eq. (5.12) it follows that this timescale is given by M/(αD).
The values for D are comparable for all the spin textures investigated here, see Tab. 4.1. Also
the masses have very similar values, which is demonstrated in Fig. 5.4 (right panel), where
the Gaussian-shaped velocity probability densities obtained from simulations at T = 1 K are
shown. Since the width of the probability densities relates directly to the mass16 , it can be
concluded that the masses for the skyrmionic spin textures with Q ∈ {−1, 0, 1} are very close
in value. The mass of the skyrmion with Q = 2 is roughly a factor of two larger. Therefore,
the timescales on which they show ballistic motion are expected to be rather similar for all
skyrmions investigated here. The main difference is that the ballistic motion of the chimera
skyrmion is linear (due to the absence of the G × V term in the equation of motion) and
contributes to the MSD17 , whereas the oscillations due to the circular ballistic motion of
skyrmions with finite Q barely contribute to the MSD.
16

In Sec. 5.1 it is shown that in equilibrium hV 2 i = kB T /M .
In the framework of the collective coordinate approach, the MSD of chimera skyrmions can be calculated
by inserting G = 0 in Eq. (5.12) yielding
17

αD
kB T
M
h∆R(t)∆R (t)i = 2
1 t−
1 − e− M t
αD
αD

T





!
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Figure 5.4.: Left: Mean squared displacement of skyrmions with finite topological charges as labeled
obtained from the simulations at T = 3 K, and of the chimera skyrmion with Q = 0 from simulations
at T = 1 K. The latter was scaled by a factor of 1/100, for the sake of visibility. Right: Velocity
probability density function for skyrmions with topological charges as labeled at T = 1 K. They
have Gaussian shape and the variances are given by kB T /M . α = 0.01 in both panels.

Fig. 5.4 (left panel) also indicates that the presence of the circular ballistic motion as
a result of the finite topological charge has a major impact on the slope of the MSD, and
consequently on the diffusion coefficient. This is demonstrated in more detail in Fig. 5.5,
which shows the diffusion coefficients for skyrmions with various Q obtained from simulation
data for different values of α. Note that here anisotropic motion is neglected and the diffusion
coefficients were calculated using the relation limt→∞ h∆R2 (t)i /(4t) = D. Diffusive motion
of the topologically trivial chimera skyrmions is greatly increased over the diffusive motion of
skyrmions with finite Q. E.g., for α = 0.01 the diffusion coefficient is more than three orders
of magnitude larger. Also the dependence of the diffusion coefficient on the Gilbert damping
parameter is found to be different: while it is inversely proportional to α for the chimera
skyrmion, it starts linear with α and then saturates around α = 1.0 for the skyrmions with
finite Q. The dotted lines in Fig. 5.5 correspond to the theoretical predictions based on the
collective coordinate approach,
D = kB T

αD
,
(αD)2 + G2

(5.13 revisited)

evaluated using the parameters in Tab. 4.1. They are in close quantitative agreement with the
simulation results and provide an explanation for the peculiar α dependence. If the topological
charge is zero, so is the gyrocoupling G, and hence Eq. (5.13) becomes D = kB T /(αD), i.e.
the diffusion coefficient scales inversely with friction, as is the case for a simple Brownian
particle [81]. At finite G and at low α, the (αD)2 term can be neglected and Eq. (5.13)
becomes D ≈ kB T αD/G2 , i.e. diffusion is scales linear with friction. This peculiar behavior
was termed diffusion suppression by G in Ref. [119] and demonstrated numerically in Ref.
[118]. Eq. (5.13) also explains why the simulation results for the diffusion coefficients for
skyrmions with Q = ±1 are very close. The small deviations are due to the slightly different
dissipation tensors, see Tab. 4.1. With a higher absolute topological charge, the skyrmion
The above formula coincides with the MSD for a massive Brownian particle that follows the simple Langevinequation [81].
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Figure 5.5: Diffusion coefficients obtained from simulation data at
T = 1 K versus Gilbert damping parameter for skyrmions with
topological charges as labeled.
The dotted lines correspond to Eq.
(5.13) evaluated using the parameters in Tab. 4.1. Figure adapted
from Ref. [P5].
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with Q = −2 is found to experience increased diffusion suppression as compared to the
other skyrmions. In spite of the diffusion suppression by G, skyrmion diffusion is in no way
negligible: it can be estimated from Eq. (5.13) that it takes a skyrmion with Q = ±1 on
average only 10−5 s to 10−6 s to move over the length of one skyrmion diameter at T = 10 K
and with α = 0.01, which is a typical value for the Gilbert damping parameter.

5.2.2. Anisotropic diffusion and transition times
The calculations based on the collective coordinate approach in Sec. 5.1.3 have shown that
anisotropic diffusion can be expected for spin textures where the eigenvalues of the dissipation
tensor are unequal. Of the spin textures considered here, this is the case for the chimera
skyrmion and the antiskyrmion, see Tab. 4.1. Even though the Q = −2 skyrmion has a
broken rotational symmetry, the eigenvalues of the dissipation tensor are equal, and the
diffusive motion is hence expected to be isotropic, which was verified in simulations. In what
follows, the anisotropy of the diffusive motion of chimera skyrmions and antiskyrmions is
demonstrated. Furthermore, it is shown that by breaking the rotational symmetry of the
Q = 1 skyrmion via an in-plane magnetic field, anisotropic diffusion can be induced, with
faster motion parallel to the field axis and slower motion perpendicular to it. Lastly, the
transition from anisotropic to isotropic diffusive motion as a result of rotational Brownian
motion is demonstrated for the antiskyrmion.
When calculating the anisotropic diffusion coefficients from simulation data, one has to
bear in mind that at finite temperatures the orientation of a skyrmion changes over time due
to rotational Brownian motion, and so do the axes with faster/slower diffusive motion. One
possibility to overcome this issue is by calculating the mean squared displacements in the
orientation-dependent body frame of the skyrmion, as done for example for the Brownian
motion of ellipsoidal colloids dispersed in water in Ref. [131]. There, the displacements
in the fixed lab frame are decomposed into a component along the axis with the higher
friction coefficient and a component along the perpendicular axis in order to calculate the
displacements in the body frame. In contrast to the MSDs in the lab frame, the resulting MSDs
in the body frame do not show a transition from anisotropic-to-isotropic transition. Another
option to calculate the anistropic diffusion coefficients is by using the fact, that the rotational
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diffusion is temperature dependent and subject to an orientation-dependent potential, see
Sec. 4.2.2. If temperatures are low enough, the rotational pinning cannot be overcome in the
timescale of the simulations18 and the orientation angle stays in the vicinity of the equilibrium
value. Therefore, the MSDs in the body and lab frame barely differ and the anisotropic
diffusion coefficients can be calculated within the lab frame. The diffusion coefficients along
the axes with faster/slower diffusive motion Da and Db , which were obtained by using the
latter option from simulations at T = 1 K, of the chimera skyrmion and the antiskyrmion are
shown in Fig. 5.6. For chimera skyrmions and antiskyrmions oriented as shown in Fig. 5.2,
Da is the diffusion coefficient along the y-axis and Db the one along the x-axis. It can be
observed that both types of skyrmions show anisotropic diffusion irrespective of the Gilbert
damping parameter with a diffusion anisotropy Da /Db of roughly 1.4 for the antiskyrmion
and 1.6 for the chimera skyrmion. The α dependence of the anisotropic diffusion coefficients is
analogous to the isotropic diffusion coefficient shown in Fig. 5.5. The dotted lines correspond
to the theoretical predictions based on the collective coordinate approach,
Da
Db

!

α
= kB T 2
α Da Db + G2

!

Db
,
Da

(5.23 revisited)

Figure 5.6: Diffusion coefficients
along the axis with faster (Da )
and slower (Db ) diffusive motion
for the chimera skyrmion and
the antiskyrmion obtained from
simulations at T = 1 K. The
dotted lines correspond to
Eq. (5.23) evaluated using the
parameters in Tab. 4.1. Figure
adapted from Ref. [P5].
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evaluated using the parameters in Tab. 4.1. They compare fairly well throughout, further
solidifying the finding that the anisotropy of the dynamics is a result of the different eigenvalues
of the dissipation tensor.
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In a collaborative investigation of skyrmion dynamics in a CoFeB-based thin film metalmultilayer system, it was demonstrated experimentally that the otherwise rotationally symmetric Q = 1 skyrmion can be distorted by applying a magnetic in-plane field, leading
to anisotropic diffusion with faster motion along the field axis [P7]. The author of this
thesis was involved in this study by performing supporting micromagnetic simulations using
MuMax3 [132] in order to determine the equilibrium skyrmion spin configuration at different in-plane field strengths, from which the dissipation tensor and ultimately the diffusion
coefficients were calculated using Eq. (5.23)19 . Using atomistic spin dynamics simulations,
a similar field-induced diffusion anisotropy can be demonstrated for skyrmions with Q = 1
in (Pt0.95 /Ir0.05 )/Fe/Pd(111), as shown in Fig. 5.7. Applying a magnetic in-plane field tilts
18

The results presented in this subsection were obtained from simulations of up to 2 ns.
Note that no dynamic simulations of Brownian motion were carried out there, as they were considered to
be numerically too demanding.
19
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the background spins and leads to a distortion of the skyrmion texture, thereby breaking its
rotational symmetry. At the same time, the ratio between the diffusion coefficients along
the field direction (Da ) and perpendicular to it (Db ) gradually increases from 1, without any
in-plane field, to around 1.12 at Bk = 4 T. In agreement with the experiments in Ref. [P7],
diffusive motion is faster in the along the direction of the magnetic in-plane field. The dotted
line in Fig. 5.7 corresponds to the theoretical prediction based on Eq. (5.23) evaluated by
calculating the dissipation tensor for the equilibrium skyrmion configurations at different
values of the applied in-plane field. It yields quantitative agreement with the simulation
results.

Figure 5.7.: Left: Diffusion anisotropy Da /Db of the Q = 1 skyrmion versus strength of magnetic inplane field obtained from simulations (symbols) at T = 1 K and α = 0.1 and theoretical predictions
(blue dotted line) based on Eq. (5.23) and calculating the dissipation tensor for the equilibrium
skyrmion configurations for different values of the applied in-plane field. Error bars indicate the
standard error of the mean value. Right: Equilibrium spin configurations of a Q = 1 skyrmion
at Bk = 0 T and Bk = 4 T. The colors indicate the directions of the spin vectors. The magnetic
in-plane field is applied in vertical direction. Figure adapted from Ref. [P6].

Let us now reconsider the anisotropic diffusion of chimera skyrmions and antiskyrmions
in the absence of a magnetic in-plane field. If temperatures are high enough such that the
skyrmions can overcome the rotational pinning barriers, one certainly expects deviations
from the short time anisotropic dynamics, ultimately leading to isotropic diffusion in the
long-term limit, as discussed within the framework of a collective coordinate approach in
Sec. 5.1.3. The timescale of this transition is governed by the rotational dynamics of the
skyrmions, which is described by the orientation angle θ. Note that the following discussion
is limited to the antiskyrmion. This is because it turned out that the orientational pinning
barrier of the chimera skyrmion is higher than the energy barrier for its annihilation, and
thus the timescale on which the anisotropic-to-isotropic transition occurs is larger than the
typical lifetime of the chimera skyrmion.
Fig. 5.8a shows an exemplary Brownian trajectory of the angle θ that was obtained from
simulations20 . Starting from the initial orientation, θ moves in a stochastic fashion with
several abrupt jumps back and forth from values around 0 to values around −π/3. Moreover,
20

The orientation was obtained by calculating the eigenvectors of the Σ tensor. Details of this procedure
can be found in Appendix C.
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it appears to be avoiding the region around −π/6. The reason for this is the orientation
dependent potential U (θ) that is present in (Pt0.95 /Ir0.05 )/Fe/Pd(111), as discussed in Sec.
4.2.2. The orientation dependent potential can be estimated from the simulation data
by using the fact that, in equilibrium, the probability density for the orientation follows
p(θ) ∼ exp(−U (θ)/(kB T )). Fig. 5.8b demonstrates the time evolution of the probability
density: initially, the skyrmion has a fixed orientation with θ = 0 (the corresponding
probability density is the Dirac delta function) and after some time t0 > 0, the probability
density broadens a little bit, but the chance that the skyrmion has overcome the potential
barrier is vanishing. As time progresses, the skyrmion can overcome the barrier leading to a
finite probability to find it in the vicinity of ±π/3 and ultimately the probability converges
to the equilibrium value. One can then calculate the orientation dependent potential via
U (θ) = kB T ln p(θ), see Fig. 5.8c. For the antiskyrmion, it can be well approximated by
U (θ) = ∆U/2(1 − cos(6θ)) (dotted line) with the potential barrier ∆U/kB ≈ 9 K. The average
time that the antiskyrmion stays within one potential well, here denoted as switching time
τsw , is depicted in Fig. 5.8d and is found to be decreasing with temperature. The dotted line
corresponds to the theoretical prediction based on the Lifson-Jackson formula [126] evaluated
for a cosine potential21 .
Finally, the transition from anisotropic diffusion of the antiskyrmion in the short term
limit to isotropic motion in the long term limit is demonstrated in Fig. 5.9. The left panel
shows the MSDs in the lab frame (red) for antiskyrmions that are initially oriented as shown
in Fig. 5.2b, and the ratio of the slopes of the MSDs22 (blue). At short timescales, the MSDs
follow the red dotted lines, which correspond to the theoretical predictions for the anisotropic
diffusion in the absence of rotational motion, 2Da t and 2Db t, that are calculated using Eq.
(5.23). It is clearly visible that after some time, the simulated MSDs bend toward each
other and away from their initial slopes, and ultimately become parallel. This transition is
demonstrated in a more quantitative way by the slope ratio in the same figure23 . The slope
ratio starts at around 1.4 and converges to 1 after roughly 1.5 ns. It is in close agreement
with the theoretical prediction based on the collective coordinate approach, see Sec. 5.1.3.
From Eq. (5.21), the slope ratio can be calculated as
1+
∂t MSDa
=
∂t MSDb
1−

Da −Db −4Dθ∗ t
Da +Db e
.
Da −Db −4Dθ∗ t
Da +Db e

(5.38)

21

The Lifson-Jackson formula [126] describes diffusive motion in the presence of a periodic potential and
can be used to calculate the effective rotational diffusion coefficient via
Dθ∗ =

R 2π

kB T
1
αDθ he−βU (θ) i heβU (θ) i

where h. . .i = 1/2π 0 (. . . ) dθ. For ∆U/2(1 − cos(6θ)), it yields Dθ∗ ∼ T /(I0 (β∆U/2))2 , with In (x) being the
modified Bessel functions of the first kind and β = 1/(kB T ). Since the effective rotational diffusion coefficient
is inverse to the switching time, it can be concluded that τsw = τ0 (I0 (β∆U/2))2 /T . This function is shown as
the dotted line in Fig. 5.8d, where τ0 was obtained by a fit to the simulation data.
22
The ratio of the slopes of the MSDs is a suitable quantity to distinguish between isotropic and anisotropic
dynamics and results to 1 for isotropic diffusion. Another possibility to quantify the anisotropy of the diffusive
motion would be to calculate the ratio of the MSDs, which, however, only converges to 1 in the limit t → ∞,
even though the MSDs curves are parallel, indicating that diffusion along both axes is equal.
23
In an effort to smooth out the numerically calculated derivatives of the MSDs, the slopes were calculated
by performing linear fits to the data within intervals starting every 0.02 ns with a fixed length of 0.1 ns.

60

(a)

0
− π6
− π3
0.0

0.5

1.0
1.5
time t (ns)

U/kB (K)

10
8

(c)

6
4
2
0
−π/3

0
−π/6
π/6
orientation θ

(b)

π/3

t0
10t0
102 t0
103 t0

0.2
0.1
0.0

2.0

−π/3
switching time τsw (ns)

orientation θ

π
6

probability density p

5.2. Atomistic spin dynamics simulations

0
orientation θ

π/3

0.5
0.4

(d)

0.3
0.2
0.1
0.0

4

6
8
temperature T (K)

10

Figure 5.8.: Rotational Brownian motion of the antiskyrmion. (a) Exemplary Brownian trajectory of
the orientation angle θ. (b) Rotational probability density function at different points in time. (c)
Orientation-dependent potential obtained from simulations (symbols) via U (θ) = kB T ln p(θ) in
comparison with predicted cosine behavior (dotted line). T = 3 K and α = 0.1 in (a)-(c). (d) Mean
switching time from one potential well to another versus temperature obtained from simulations
at α = 0.1 (symbols). The dotted line corresponds to the prediction based on the Lifson-Jackson
formula. Figure adapted from Ref. [P5].

The blue dotted line in Fig. 5.9 (left panel) is a fit of the above expression to the data, where
the effective rotational diffusion coefficient Dθ∗ is used as a fit parameter and Da and Db are
taken from Tab. 4.1.
By repeating this procedure for the MSDs obtained from simulations at different values
of α, one can calculate the α dependence of Dθ∗ , see Fig. 5.9 (right panel). The dotted
line corresponds to the theoretical prediction for the effective rotational diffusion coefficient,
which is obtained by solving the Smoluchowski equation for the antiskyrmion at T = 3 K
and reads Dθ∗ = 0.28kB T /(αDθ ), see Appendix D. While quantitative agreement can be
found for α > 0.4, there are large deviations of the simulation results from the theoretically
expected inverse proportionality for low α: Dθ∗ has a maximum at α = 0.2 and drops quickly
for α → 0. This behavior is very similar to the superparamagnetic switching process [133]
and can be understood by comparing the simulation results for Dθ∗ with the escape rates
for a general Kramers escape problem [134]. There, one usually distinguishes two regimes:
one with very low damping, where the motion is assumed to be almost purely ballistic and
one with very high damping, where ballistic motion is negligible. While for the latter an
inverse relation between the escape rate from a potential well with friction is predicted, the
former is characterized by a linear dependence of the escape rate on friction [134]. As already
stated by Kramers, these limiting behaviors imply a turnover that connects the two regimes.
This is qualitatively very similar to the simulation results in Fig. 5.9 (right panel). Since the
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existence of such a turnover requires a finite mass, this leads to the conclusion that a mass
term is missing in the Langevin equation for the orientation. Eq. (5.15) can be henceforth
be understood as the high-damping approximation to the correct equation of motion and
thus only yields the correct results in the high α regime, where ballistic motion is negligible.
In order to treat the full dynamics correctly, one has to solve the Fokker-Planck equation
corresponding to the massive Langevin equation in an external potential, which is not the
Smoluchowski equation but the Klein-Kramers equation [135].
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Figure 5.9.: Transition from anisotropic to isotropic diffusion of the antiskyrmion. Left: MSDs (red solid
lines) and the ratio of the slopes of the MSDs (blue symbols) for an antiskyrmion that is initially
oriented as in Fig. 5.2, obtained from simulations at T = 3 K and with α = 0.1. The red dotted
lines correspond to theoretical predictions for the anisotropic diffusion in the absence of rotational
motion, 2Da t and 2Db t, that are calculated using Eq. (5.23) and the blue dotted line corresponds to
Eq. (5.38) with Dθ∗ = 0.7 rad2 /ns obtained by a fit to the data. Right: Effective rotational diffusion
coefficient Dθ∗ versus α at T = 3 K. The dotted line corresponds to the theoretical prediction for
Dθ∗ (see main text). Figure adapted from Ref. [P5].

5.2.3. Brownian motion induced by magnon heat bath
The numerical results on skyrmion Brownian motion presented so far in this thesis were
obtained at relatively low temperatures and high values of the Gilbert damping parameter.
In this regime, friction and the stochastic forces are dominated by the interactions with
non-magnetic degrees of freedom (electrons and phonons), the cumulative impact of which
is described by the phenomenological Gilbert damping parameter in the stochastic LandauLifshitz-Gilbert equation (3.8) on the level of atomistic spin dynamics and via the αD-term on
the level of the collective coordinate approach, specifically the Thiele equation (3.19). In this
subsection it is demonstrated that the so-far-neglected coupling to the magnon heat bath can
even exceed their non-magnetic counterpart by orders of magnitude for finite temperatures and
values of the Gilbert damping parameter typical for thin films and multilayers. Hereinafter,
a heuristic discussion of the interplay between magnons and skyrmion dynamics is given
and an effective equation of motion taking into account the coupling to the magnon heat
bath is proposed. Then, the validity of the proposed equation of motion is demonstrated
by comparison with simulation results and estimates for the values of the magnon-coupling
parameter are given.
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Figure 5.10.: Sketch of the transformation of a spin model to an effective rigid body description via
the collective coordinate approach. In the spin model, the system is connected to the non-magnetic
(electronic and phononic) heat bath via the Gilbert damping parameter α, which results in the
αD-term in Thiele’s equation. Finite temperatures give rise to a thermal occupation of magnon
modes in the spin model, whose impact has to taken into account by an additional ηT -term in the
effective rigid body description. Figure adapted from Ref. [P9].

Finite temperatures lead to the occupation of magnon modes, i.e. the low-lying collective
excitations of the spin system [136], which propagate through the system. Since the skyrmion
creates a finite scattering potential for the magnons (see Refs. [88, 137] and chapter 7 of this
thesis), there is a coupling between the skyrmion motion and the magnons in the system.
Hence, energy can be transferred from the skyrmion to the magnons, giving rise to damping,
and the other way around via a fluctuating force acting on the skyrmion. This way, the
thermally occupied magnons serve as an additional heat bath for the dynamics of the skyrmion
(see Fig. 5.10). The simplest way to include this heat bath in the effective equation of motion
is be replacing the αD-term by an effective friction Γ via
G × V + (αD + ηT ) V = Fth ,
|

{z
Γ

(5.39)

}

where the stochastic force obeys hFth i = 0 and hFµth (t)Fνth (t0 )i = 2kB T Γδµν δ(t − t0 ), in
accordance with the fluctuation-dissipation theorem [82]. The coupling to the magnon heat
bath is modeled via the ηT -term. For simplicity, it is assumed here that this magnon-coupling
term implies isotropic friction and consequently η is a scalar quantity. Linearity in T is
concluded from the fact that in classical atomistic spin models the magnon occupation
is proportional to temperature [138]. Note that the scaling with temperature would be
different if the magnons were treated within quantum mechanics [139]. In addition, since
the occupation of magnon modes is an equilibrium property, it can be concluded that η is
independent of α. While the dissipation tensor can be derived from a Lagrangian approach
and an analytic expression exists, η is introduced as a phenomenological parameter and has
to be obtained from simulation data, which will be done in the following by comparison with
simulation results on skyrmion Brownian motion.
In Sec. 5.1.2, a formula for the diffusion coefficient of skyrmions coupled to a non-magnetic
heat bath is derived. In an analogous manner, the diffusion coefficient of skyrmions that are
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also coupled to the magnonic heat bath as expressed in Eq. (5.39) follows as
Dmc = kB T

Γ2

Γ
.
+ G2

(5.40)

Figure 5.11: Effective friction Γ (see main
text) obtained from simulation data
for skyrmion diffusion versus T for
skyrmions with topological charges as labeled and with α = 0.001. The dashed
lines are linear fits via Γ = αD + ηT ,
with D taken from Tab. 4.1 and η as
fitting parameter. Figure adapted from
Ref. [P9].

effective friction Γ (µs /γa2 )

From the above expression it can be calculated that the effective skyrmion friction24 is given
p
by Γ = kB T /(2Dmc ) − (kB T /(2Dmc ))2 − G2 . Using this formula, the effective frictional
force exerted on the skyrmion can be estimated from simulation results. It is plotted
versus temperature in Fig. 5.11 for skyrmions with Q ∈ {−2, −1, 1} and at a fixed value
of the Gilbert damping parameter of α = 0.001. Clearly, a strong, linear dependence of
the effective force on temperature can be observed, confirming the assumed temperature
dependence of the magnon-induced friction. The temperature-independent offset corresponds
to the non-magnetic contribution to the friction and is almost negligibly small. The slope
is found to be topology-dependent: while is quite similar for skyrmions with Q = ±1, it is
approximately two times larger for the Q = −2 skyrmion. The dotted lines are linear fits via
Γ = αD + ηT to the data, with D taken from Tab. 4.1 and η as fitting parameter, yielding
η(Q = ±1) ≈ 0.022µs /(γa2 K) and η(Q = −2) ≈ 0.053µs /(γa2 K).
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The value for η obtained in this way can now be used to compare the theoretical prediction
for the diffusion coefficient (5.40) with simulation results over a wide range of values of α
and temperatures. This is shown in Fig. 5.12 for the skyrmion with Q = 1, where the
dashed line corresponds to Eq. (5.40) and the dotted line is the theoretical prediction for
the diffusion coefficient in the absence of coupling to the magnon heat bath (5.13). Fig. 5.12
holds several interesting features: first of all, it demonstrates that including the coupling
to the magnon heat bath is absolutely necessary to correctly predict the behavior at low
α and high temperatures. E.g., for α = 10−2 , which is a value for the Gilbert damping
parameter that is typical for thin films [140], Eq. (5.13), which neglects the coupling to the
magnon heat bath, predicts a diffusion coefficient that is one order of magnitude lower than
the one obtained from simulations. Using the value of η obtained above, Eq. (5.40), on the
other hand, compares fairly well with simulation data irrespective of α. Moreover, it can
be observed that in the limit of low α, the diffusion coefficients converge to a constant that
24

The sign in front of the square root depends on G: in order to calculate the effective friction from
Eq.
(5.40),
one has to solve a quadratic equation, which yields the two solutions Γ± = kB T /(2Dmc ) ±
p
(kB T /(2Dmc ))2 − G2 . Γ+ is the correct expression for Γ > G and Γ− has to be used for Γ < G. Hence, for
skyrmions with finite Q, only the latter one yields the correct effective friction.
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diffusion coefficient D (nm2 /ns)

scales quadratic with temperature. This is because in the limit of low friction, Eq. (5.40) can
be approximated via
αD + ηT
Dmc ≈ kB T
(5.41)
G2
and thus consists of a term that is linear both in α and temperature and a term that is
independent of α and scales quadratic with T . Diffusive motion even remains finite in the limit
α = 0. A vanishing Gilbert damping parameter implies a decoupling of the spin system from
the heat bath and energy conservation. In terms of the atomistic spin dynamics simulations,
α = 0 means that the relaxation term and the stochastic contribution to the effective field in
the stochastic Landau-Lifshitz-Gilbert equation (3.8) vanish25 . Stochastic skyrmion dynamics
in the form of Brownian motion, however, persist. This can solely explained by the existence
of an additional heat bath, the magnons, that is coupled to the skyrmion motion.
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Figure 5.12: Diffusion coefficients
of Q = 1 skyrmions obtained
from simulation data. The
dotted lines are the theoretical
predictions without magnoninduced friction (5.13) and
the dashed lines are the predictions including magnoninduced friction (5.40. The
formulas were evaluated using
the parameters in Tab. 4.1
and η = 0.022µs /(γa2 K). Figure taken from Ref. [P9].

The results presented here yield important insight in the nature of magnon-induced friction
for skyrmions as well as localized spin textures in general. In general, a friction force is said to
be Markovian, if it is local in time, i.e. it can be written as F(t) = −γ Ṙ(t). Non-Markovian
R
friction is formulated as F(t) = − 0t γ(t − t0 )Ṙ(t0 ) dt0 and includes memory effects. While
the dependence of the magnon-induced friction on temperature and whether its Markovian
or not still remains debated in literature [139, 141–144], the simulation results shown here
demonstrate the validity of Eq. (5.39), where the magnon-induced friction is assumed to be
local in time and linear in temperature. The impact of the magnon heat bath on skyrmion
dynamics is further investigated in Sec. 6.2.3, where the current-driven motion via spin-orbit
torques at finite temperatures is studied.

5.2.4. Skyrmion diffusion in a wire
In order to use skyrmion Brownian motion as signal carriers in novel, unconventional computing approaches such as probabilistic computing [9] or token-based Brownian computing
[113], it is crucial that skyrmions are guided along certain paths and thus their Brownian
motion is constricted to specific areas. Due to the stochastic nature of Brownian motion,
25

The simulations at finite temperatures and α = 0 were performed by equilibrating the system at finite α
at different temperatures and then setting α to zero.
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they inevitably come into contact with the edges of these areas. Numerical simulations have
revealed that current-driven skyrmion dynamics in the vicinity of these edges differ drastically
from the free dynamics, i.e. the dynamics in the absence of edges, see Refs. [129, 145]. In
the following, it is demonstrated that the presence of edges also has a profound impact on
the Brownian motion by performing atomistic spin dynamics simulations of skyrmions with
Q = 1 in wires with varying diameters.
Wires can be modeled in atomistic spin dynamics simulations by assuming open boundary
conditions and a high length-to-width ratio of the system. Here, the number of spins along
the wire is fixed to 256 and the number of spins perpendicular to the long axis varies from 16
to 48. To put that into perspective, the skyrmion diameter is roughly 14 lattice constants
and hence the diameter of the wire d is scaled from being approximately the same size as
the skyrmion to being about three times as large26 . In what follows, and without loss of
generality, it is assumed that the wire is extended along the x-axis and the cross section is
along the y-axis.
The simulation setup is shown in Fig. 5.13 (top panel). At the edges, the orientation
of the spins deviates from the collinear out-of-plane orientation within the center of the
wire. The spin-components along a cross section of the wire are shown in Fig. 5.13 (bottom
panels). The spins at the edges rotate mainly in the yz-plane and tilt towards the center
of the wire. While the contributions to the effective field originating from the DMI with
neighboring spins usually cancel if all spins are aligned collinearly, missing neighbors lead
to a finite DMI-induced effective field, which leads to a tilt [146]. The plane in which the
spins tilt depends on the details of the DMI present in the system. For symmetry reasons,
the DMI-vectors in thin films are mainly within the film and hence favor a rotation with a
fixed, Néel-type chirality. The tiny magnetization in x-direction indicates that there is also a
small component of the DMI-vectors perpendicular to the film. Note that the mz component
is not symmetric with respect to the center of the wire, see Fig. 5.13 (bottom panels). This
is because the xz-plane is not a mirror plane in (Pt0.95 /Ir0.05 )/Fe/Pd(111).
Brownian motion of skyrmions that are constricted to a wire is found to be fundamentally
different from free Brownian motion, see Fig. 5.14. There, the MSD along the wire, h∆X 2 i,
the MSD perpendicular to the wire, h∆Y 2 i and the edge-induced potential obtained from
simulations of skyrmion Brownian motion in a wire with a diameter of d = 5.24 nm are
depicted. Initially, the MSDs follow the prediction for the massless, free diffusion (see Sec.
5.1.2) because the skyrmion is still close to the center of the wire, and thus, the minimum of
the potential. Once the wire edges start impacting the dynamics, the behavior of the MSDs
change drastically. While h∆X 2 i is greatly increased as compared to the free case, h∆Y 2 i
converges to a finite value. The edge-induced potential can be obtained from simulation
data by using the fact that in equilibrium, the probability density function is related to the
potential via U = kB T ln p(Y ), see Fig. 5.14 (right panel). It can be well approximated by a
parabola via U/kB = κY 2 /2 with κ = 320 K/nm2 (dotted line). It is demonstrated in Sec.
5.1.4 within the framework of a collective coordinate approach, that the MSDs for a skyrmion

26

Note that (Pt0.95 /Ir0.05 )/Fe/Pd(111) has a hexagonal structure with a lattice constant of 0.2751 nm. The
diameter of the wire d thus varies between roughly 4 nm and 11.5 nm.
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Figure 5.13.: Top: Relaxed, zero-temperature spin configuration of a skyrmion in a wire with 48
spins in the direction perpendicular to the long axis. The colors indicate the directions of the spin
vectors. Due to the DMI, the spins at the edges tilt inwards towards the center of the wire. Bottom:
Magnetization components along the cross section in the absence of skyrmions.

in a wire with a parabolic potential are given by


αD
kB T
G2
−κ
t 2
h∆X 2 (t)i = 2
t+
1 − 2 − e (αD)2 +G2
αD
2αDκ


h∆Y 2 (t)i =


αD
kB T 
−2κ
t
(αD)2 +G2
.
1−e
κ

!

(5.32 revisited)
(5.33 revisited)

The above expressions are shown as dotted lines in Fig. 5.14 (left/central panel) and yield
excellent quantitative agreement. Note that in order to evaluate these theoretical predictions,
the same value of κ as obtained by fitting to the potential was used. This way, consistency and
validity of theory in Sec. 5.1.4 is demonstrated. It shall be emphasized at this point that the
existence of such a transition from slow to fast Brownian motion in a wire is directly linked
to the topological charge. If the topological charge of a spin texture is zero, the gyrocoupling
is absent and the diffusion coefficient follows D = kB T /(αD), irrespective of whether the spin
texture is freely diffusing or in a wire. Freely diffusing skyrmions, for which the topological
charge is finite, are subject to diffusion suppression by G and their diffusion coefficient follows
Dfree = kB T αD/((αD)2 + G2 ). Due to the presence of an external potential along one axis,
however, the diffusion suppression by G is itself suppressed and the skyrmion diffuses in the
long term limit as if its topological charge was zero.
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Figure 5.14.: Mean squared displacements along the wire (left) and perpendicular to the wire (center)
and edge-induced potential (right) obtained from simulations with α = 0.01, T = 1 K and
d = 5.24 nm. The grey dotted lines indicate the MSDs for massless, free diffusion. The colored dotted
lines are the theoretical predictions for the MSDs in a wire (5.32) and (5.33) and U/kB = κY 2 /2
evaluated using the parameters in Tab. 4.1 and κ = 320 K/nm2 .

Figure 5.15: Diffusion coefficients for
skyrmion Brownian motion in a wire
with d = 3.81 nm in comparison with
free diffusion coefficients (see Sec.
5.2.1) versus Gilbert damping parameter at T = 1 K. The dotted lines
correspond to the theoretical predictions Dfree = kB T αD/((αD)2 + G2 )
and Dwire = kB T /αD, respectively,
evaluated using the parameters in
Tab. 4.1.
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The absence of diffusion suppression by G for skyrmion diffusion in a wire is also demonstrated in Fig. 5.15. There, the numerically obtained diffusion coefficients for skyrmion
Brownian motion along the wire with d = 3.81 nm are compared with the theoretical predictions based on
kB T
(5.34 revisited)
Dwire =
αD
and the numerical and theoretical results for free diffusion, see Sec. 5.2.1. In agreement with
Eq. (5.34), the diffusion coefficient along the wire scales inversely with the Gilbert damping
parameter α and is greatly increased as compared to the diffusion coefficient for free diffusion.
E.g., it is more than three orders of magnitude larger for α = 0.01. Note that the simulation
results in Fig. 5.15 were obtained for a very thin wire, which is only slightly larger than
the skyrmion diameter (approximately 3.3 nm). This is because the simulation time has to
be much longer than the timescale for the transition from slow to fast diffusion in order to
extract the diffusion coefficients from the simulation data.
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This transition time depends on the wire diameter and, in general, is found to be lower
for narrower wires, see Fig. 5.16. Fig. 5.16a shows the MSDs along the wire for different wire
diameters as labeled compared to the theoretical predictions 2Dfree t and 2Dwire t and their
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√
geometrical mean 2t Dfree Dwire . All the MSDs show a transition from slow to fast diffusive
motion on a timescale that depends on the diameter. In order to study this transition in more
detail, a transition time τ is introduced as the point in time where the MSD surpasses the
geometrical mean. This way, the transition time can be obtained for various wire diameters,
see Fig. 5.16b. While for very narrow wires τ depends only weakly on the diameter, it
increases exponentially above a threshold of about 5 nm. The dashed line is an exponential
fit via τ (d) = τ0 exp(d/d0 ) to the data points above 5 nm that yields τ0 = 0.34 ps and
d0 = 1.068 nm. The edge-induced potential obtained from simulation data for various wire
diameters is shown in Fig. 5.16c. If the diameter gets larger, deviations from the parabolic
shape can be observed27 . This is not surprising, as one can certainly expect a finite range
of the skyrmion-edge interaction and thus a range in the center of the wire exists, where
the potential is constant. Moreover, it can be observed that the skyrmion-edge interactions
are not purely repulsive as the potential has minima close to the edges. These minima were
termed edge channels in Ref. [129] and can guide skyrmion motion along the edges. As the
barrier for leaving these edge channels in the direction of the center of the wire is rather
small (less than 2 K), however, it can be easily overcome by thermal fluctuations.
The analytical calculations in Sec. 5.1.4 that lead to the derivations of Eqs. (5.32) and
(5.33) rely on treating the potential in harmonic approximation, i.e. by assuming a Hookean
force. As discussed in the previous paragraph and shown in Fig. 5.16c, the skyrmionedge interactions become more complex in wires with larger diameters. Hence, one would
certainly expect deviations from the theoretical predictions in this case. Specifically, it can
be expected that the transition time becomes temperature dependent. From Eqs. (5.32)
and (5.33) it can be deduced that for a harmonic potential the transition time is given by
τ ∼ ((αD)2 + G2 )/(καD), which is temperature independent. However, if the wire diameter
is large enough, the potential becomes flat in the center and the skyrmion is only affected
by the boundaries in close vicinity to the edges. Increasing temperatures means that the
skyrmions can reach the boundaries more quickly and therefore the timescale on which h∆Y 2 i
saturates, which relates directly to the transition time, gets decreased. The questions whether
or not the transition from slow to fast skyrmion diffusion along the wire is a general feature,
i.e. it occurs at some point irrespective of the wire diameter, and whether the fast diffusive
motion is always characterized by the diffusion coefficient as given in Eq. (5.34) remain
unanswered at this point. The reason for this is twofold: firstly, because the transition time
scales exponentially with the diameter and thus quickly exceeds the timescales, which are
accessible within the simulations, and secondly, because the calculation of the MSDs within
the collective coordinate approach cannot be performed analytically for a general potential.

5.3. Concluding remarks
In this chapter, the Brownian motion of skyrmions in (Pt0.95 /Ir0.05 )/Fe/Pd(111) was investigated theoretically using atomistic spin dynamics simulations and analytical calculations
27

Note that the probability distribution, from which the potential for d = 11.44 nm shown in Fig. 5.16c
is obtained, is not fully converged to the equilibrium value because the timescale for the equilibration goes
beyond what is numerically feasible. This is most likely the explanation for the modulations of the potential
with Y in the vicinity of the center and the slight asymmetry of the potential.
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Figure 5.16.: Dependence of skyrmion Brownian motion on wire thickness. (a) MSD along the wire for
free
various wire diameters as labeled. The grey dotted lines correspond to the two limiting
√ case 2D t
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and 2D
t, respectively, and the green dotted line is their geometrical mean 2t D D
. (b)
Transition time from slow to fast diffusive dynamics versus wire diameter. The transition time is
defined here as the point in time where the MSD surpasses the geometrical mean. The green dashed
line corresponds to an exponential fit via τ (d) = τ0 exp(d/d0 ) to the data points above 5 nm yielding
τ0 = 0.34 ps and d0 = 1.068 nm. T = 1 K and α = 0.1 in (a) and (b). (c) Edge-induced potential
for various wire diameters obtained from simulations at α = 1.0 and T = 5 K for d = 11.44 nm
and T = 1 K for the rest. The simulations for the larger diameter were performed at a higher
temperature in order to speed up the relaxation to equilibrium.

70

5.3. Concluding remarks
within the framework of a collective coordinate approach. It was demonstrated that a variety
of intriguing features emerge from the finite topological charge of skyrmions via the gyrocoupling. It leads to circular ballistic motion, a phenomena that was termed topology-dependent
Brownian gyromotion in literature, which causes an oscillatory behavior of the mean squared
displacement on short timescales. On longer timescales, the mean squared displacement is
linear in time, as is characteristic for normal diffusion, with a diffusion coefficient that has
a peculiar dependence on friction. While usually the diffusion coefficient of a particle is
inversely proportional to friction, the situation is opposite for skyrmions with finite topological
charge. It becomes small when friction is lowered, a behavior that is referred to as diffusion
suppression by G. By comparison with results for the topologically trivial chimera skyrmion
it was revealed that this is indeed linked to the topological properties of the skyrmions.
Furthermore it was shown, that localized spin textures with broken rotational symmetry may
exhibit anisotropic diffusion, i.e. faster or slower diffusive motion along different directions,
and that their orientation also undergoes Brownian motion. The coupling between Brownian
motion of translational degrees of freedom and the orientation gives rise to a transition from
anisotropic diffusion at short timescales to isotropic diffusion in the long term limit. By
studying the Brownian motion at high temperatures and low Gilbert damping, the necessity
to include magnon-induced friction in the collective coordinate approach in order to correctly
describe the simulation results was demonstrated. Lastly, skyrmion diffusion in constricted
geometries was investigated and found to be greatly increased in narrow wires as compared
to what is obtained for free diffusion.
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Chapter 6.
Current-Driven Dynamics and Skyrmion
Hall Effect
The interplay between spin-polarized currents and the dynamics of localized magnetic moments
is responsible for various spin-dependent phenomena in magnetic materials, most noticeably
the giant magnetoresistance effect, for the discovery of which the Nobel Prize in Physics was
awarded to Fert and Grünberg in 2007 [147, 148]. The current-driven mechanisms for the
manipulation of magnetization can be roughly divided into two classes: spin-transfer torques
and spin-orbit torques.
In non-magnetic samples the spins of electrons that carry the charge current are randomly
oriented. Therefore, the spins usually do not play a role in the behavior of the system.
In a ferromagnet, however, the itinerant electrons become (partially) spin-polarized. Due
to a coupling between the localized magnetic moments and the spins of the conduction
electrons, the magnetization dynamics have an impact on the current flow and, inversely, the
itinerant electrons influence the orientation of the magnetization, giving rise to the so-called
spin-transfer torques (STTs). The concept of STTs emerged in the 1970s with the prediction
by Berger that domain walls can be moved via a spin-polarized current [24, 149], which was
later demonstrated experimentally [150]. Widespread interest in the study of spin-transfer
torques began in 1996 with the prediction by Slonczewski [151] and Berger [152] that a
perpendicular current can be used to reorient the magnetization in one of the layers of a
metallic multilayer stack. Magnetization reversal caused by STTs was observed experimentally
a few years later [153]. Within the framework of atomistic spin dynamics simulations, their
impact on multilayer systems is modeled by supplementing the LLG with additional terms
that depend on whether the spin-polarized electrons move perpendicular to the system [154]
(commonly referred to as current perpendicular-to-plane (CPP) geometry) or within the system
[155] (current in-plane (CIP) geometry).
More recently, another class of mechanisms for the manipulation of magnetization by
spin-polarized currents has emerged. They are based on spin torques originating from spinorbit coupling, namely the spin-Hall effect [156] and the Rashba spin-orbit coupling [157].
In order to underline their connection to spin-orbit interactions, these torques are called
spin-orbit torques (SOTs). Experimentally these torques were first observed in ferromagnets
lacking inversion symmetry [158, 159]. Later it was demonstrated that they can be used to
switch out-of-plane [160, 161] and in-plane oriented [161] ferromagnetic layers. Within the
framework of atomistic spin dynamics simulations, SOTs are modeled by an extension to the
LLG that is very similar to the STTs in the CPP geometry [162].
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Shortly after the first detection of magnetic skyrmions in 2009 [4], their current-induced
motion via STTs [5, 110] and SOTs [53, 111, 112] was observed by various experimental studies.
They revealed a motion of skyrmions in the direction of the current, accompanied by a finite
velocity perpendicular to the current direction. This intriguing behavior was termed skyrmion
Hall effect, in analogy to the conventional Hall effect [163], and can be traced back to the
topological properties of the skyrmion. The experimental findings are in agreement with
accompanying theoretical work based on the LLG and a collective coordinate approach via
an extended Thiele equation, see for example Refs. [8, 164–166]. Current-induced skyrmion
motion has attracted a lot of attention as it holds promise for the application in various
proposed next-generation computing and memory devices [26]. Most notably in a racetrack
memory [8, 25], where it is crucial to be able to efficiently move skyrmions. Further suggestions
include logic-gates based on a reversible conversion between skyrmions and domain walls
[167, 168] or skyrmion-based transistors [169].
In what follows, the current-induced motion of ferromagnetic skyrmions with various
topological charges is studied by means of a collective coordinate approach and atomistic spin
dynamics simulations. The results for the STT-driven motion can be found in Sec. 6.1 and
the findings for the SOT-driven motion are presented in Sec. 6.2. The aim is to investigate
in detail the impact of the topological properties and the shape of the spin textures on
the current-driven dynamics and the skyrmion Hall effect. The results presented in the
following are for the dynamics of skyrmions in (Pt0.95 /Ir0.05 )/Fe/Pd(111) (details of this
system are summarized in chapter 4), but they are not exclusive to this specific system. It is
demonstrated that there is close agreement between the numerical results and the theoretical
predictions, which only depend on the equilibrium skyrmion spin configuration. Therefore,
the current-induced dynamics of skyrmion within two different magnetic materials, which
hold skyrmions with the same spin configuration, are expected to be equal. Hence, the
following findings can be transferred to other skyrmion-hosting materials.
Parts of this chapter have been published in:
M. Weißenhofer and U. Nowak. „Orientation-dependent current-induced motion of skyrmions
with various topologies“. Phys. Rev. B 99 (22 June 2019), p. 224430. doi: 10.1103/
PhysRevB.99.224430
M. Weißenhofer, L. Rózsa, and U. Nowak. „Skyrmion Dynamics at Finite Temperatures:
Beyond Thiele’s Equation“. Phys. Rev. Lett. 127 (4 July 2021), p. 047203. doi: 10.1103/
PhysRevLett.127.047203

6.1. Spin-transfer torque driven motion
In this section, the impact of the spin-transfer torques associated with an in-plane spinpolarized current (CIP geometry) on the dynamics of localized spin textures is investigated.
Although itinerant electrons cannot be unambiguously separated from the localized electrons,
it has proven convenient to treat their dynamics separately and to model their mutual
dependence via an s-d Hamiltonian, Hsd ∼ S · s, where S and s are the spins of localized and
itinerant electrons [151, 152]. It was calculated in Ref. [155] that for a CIP geometry in the
presence of a spatially and temporally varying magnetization the s-d model gives rise to four
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distinct spin torques on the magnetization dynamics. In the framework of micromagnetics,
the modified Landau-Lifshitz-Gilbert equation with the CIP-STT terms1 reads
∂S
∂S
= −γ 0 (S × Heff ) + α0 S ×
− (u · ∇)S + βS × (u · ∇)S
∂t
∂t

(6.1)

where the spin drift velocity u is a vector pointing in the direction of the electron motion2 and
β is the so-called non-adiabaticity parameter. The STT terms originating from a temporal
variation of the magnetization solely lead to a rescaling of the gyromagnetic ratio and the
Gilbert damping parameter via γ 0 = γ/(1 + . . . ) and γ 0 α0 = γ(α + . . . ). The modification of
the parameters through this mechanism is rather small and usually neglected in simulations
[155]. The main contribution of the STTs on the magnetization dynamics stems from the third
and fourth term in Eq. (6.1), which depend on the spatial variation of the magnetization.
The third term was originally proposed in Ref. [170] and is usually referred to as adiabatic
STT. This is because it can be derived by assuming that the spins of itinerant electrons
instantly relax to their equilibrium value and hence are always aligned parallel to the localized
moments. If itinerant electrons pass through areas with spatially varying magnetization, e.g.,
a domain wall or a skyrmion, their spins rotate and thus angular momentum is transferred to
the localized moments, resulting in a torque. The fourth term in Eq. (6.1) represents the
deviations from this adiabatic process and is known as the non-adiabatic STT. It is related
to the spatial mistracking between the local magnetization and the spins of the conduction
electrons [155]. Although the non-adiabatic torque is much smaller than the adiabatic torque
(β  1), it cannot be discarded. For example, it was shown in Refs. [155, 171] that the
terminal velocity of a domain wall driven by the STTs is independent of the adiabatic torque
and is rather controlled by β.
Eq. (6.1) is well established as a method to describe the impact of spin-polarized currents
on magnetization dynamics. Especially in the framework of micromagnetics it is widely
used and it is implemented in state-of-the-art simulation programs such as MuMax3 [132] or
GPMagnet [172]. The LLG with STT terms within the atomistic framework can be obtained
from Eq. (6.1) by replacing the continuous magnetization S(r, t) with discrete spins Si (t). It
now reads, in explicit form,
(1 + α2 )



γ
∂ Si
eff
= − Si × Heff
− (1 + αβ)(u · ∇)Si + (β − α)Si × (u · ∇)Si .
i + αSi × Hi
∂t
µs
(6.2)

Here, the small modifications of α and γ due to temporal variations of the spins are neglected.
In the explicit form, the additional torque terms arising from the interactions with the
itinerant electrons cannot be strictly separated into adiabatic and non-adiabatic as now both
depend on β. Instead, it can be seen that the case α = β is special as the last term in Eq.
(6.2) vanishes and that this term has different signs depending on the values of β and α. This
sign change will reappear below, where it is responsible for the change in sign of the skyrmion
Hall angle.
1

Since all results presented within Sec. 6.1 are obtained for the CIP geometry, the corresponding torques
will be simply referred to as STTs in what follows. Note that the STTs for the CPP geometry are different
from the ones for the CIP geometry not discussed here. As they are analogous to the SOTs, their impact on
skyrmion dynamics can be found in Sec. 6.2.
2
In Ref. [155], the spin drift velocity was derived as u = −P µB /(eM(1 + β 2 ))je where e is the electron
charge, je is the current density and P is the polarization rate.
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Note that the gradient along the current direction in Eq. (6.2) is not well defined in
discrete systems and thus has to be replaced by finite differences. These are evaluated using
the five-point method if u is parallel to a lattice vector and via interpolation and three-point
differentiation for any other current direction, see Appendix A for details.

6.1.1. Analytical calculation of skyrmion velocities via a
collective coordinate approach
In the following, first an effective equation of motion for skyrmions driven by the STTs is
derived using a collective coordinate approach. The derivation is very similar to what is
described in Sec. 3.2 and hence only the crucial steps are discussed in detail. Secondly, this
equation of motion is used to predict the STT-driven dynamics and the topological origin of
the skyrmion Hall effect is revealed.
The Lagrangian L and dissipation functional R (cf. Sec. 3.2.1) describing magnetization
dynamics under the impact of the STTs, in continuous spherical coordinates (2.5), are given
by
L=−

Z

αM
R=
2γ

M
∂
cos Θ
+ u · ∇ Φ + ε(Θ, Φ) d2 r
γ
∂t


Z





 !2

∂
β
+ u·∇ Θ
∂t α



2

+ sin Θ

(6.3)
 !2

∂
β
+ u·∇ Φ
∂t α

d2 r.

(6.4)

By calculating the Euler-Lagrange equation for Θ and Φ it can straightforwardly be shown
that the above expressions are consistent with Eq. (6.1). Elevating the skyrmion position
to a collective coordinate and assuming a rigid spin texture as presented in Sec. 3.2.3,
Θ(r, t) = Θ(r − R(t)) and Φ(r, t) = Φ(r − R(t)), the temporal derivatives are given by
Θ̇ = −V · ∇Θ and Φ̇ = −V · ∇Φ. Hence, the expressions in the square brackets in Eqs. (6.3)
and (6.4) become [(u − V) · ∇] and [(βu/α − V) · ∇], respectively. Since the dynamic (first)
term in the Lagrangian gives rise to the gyrocoupling and the dissipation functional yields
the dissipation tensor (for details, see Sec. 3.2.3), the effective equation of motion including
STTs immediately follows as G × (V − u) + αD(V − βu/α) = 0. By reordering this equation,
the effective STT-induced force FSTT can be made explicit:
G × V + αDV = G × u + βDu .
|

{z

FSTT

(6.5)

}

The above equation describes skyrmion motion driven by a spin-polarized current in the
direction of u with a non-adiabaticity parameter β. It can also be derived directly from Eq.
(6.1), as shown in Ref. [171]. The Lagrangian approach presented here, however, is more
versatile as it allows for a simple extension by including additional degrees of freedom. For
example, by elevating the helicity ψ to a collective coordinate via Φ(r, t) = Φ0 (r−R(t))+ψ(t),
one can straightforwardly show that the equation of motion for the orientation θ(t) =
ψ(t)/(1 − Q), Eq. (3.22), remains unaltered by the STTs. Hence, rotational dynamics are
neglected in what follows, as well as possible inertia effects.
Now, Eq. (6.5) will be used to calculate the skyrmion velocities for an arbitrary skyrmion
orientation and (in-plane) direction of the current. This is a generalization of earlier work,
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which only considered rotationally symmetric skyrmions [165]. For this purpose, the dissipation
tensor D is again expressed via its eigenvalues Da and Db and the orientation angle θ (cf. Sec.
5.1.3):
!
Da + Db
Da − Db cos 2θ
sin 2θ
D(θ) =
1+
.
(5.16 revisited)
2
2
sin 2θ − cos 2θ
|

{z

}

M(θ)

By introducing D̄ = (Da + Db )/2 and ∆D = (Da − Db )/2 and replacing the cross product
with the gyrocoupling vector using the second Pauli matrix σ2 , Eq. (6.5) becomes








α(D̄1 + ∆DM(θ)) − iσ2 G V = β(D̄1 + ∆DM(θ)) − iσ2 G u.

(6.6)

Inversion of the matrix on the LHS yields


1
α
D̄1
−
∆DM(θ)
+ iσ2 G
V= 2
α Da Db + G2

!



!



β D̄1 + ∆DM(θ) − iσ2 G u
!





1
2
D̄1
+
∆DM(θ)
1
+
G(β
−
α)iσ
u.
αβD
D
+
G
= 2
2
a
b
α Da Db + G2

(6.7)

The above expression calculates the velocity of skyrmions driven by a current with a spin drift
velocity u = u(cos ϕ, sin ϕ)T via the STTs in the lab frame. In order to investigate the velocities
for varying current directions, it is convenient to calculate the velocities in the direction of
the current, Vk = V · (cos ϕ, sin ϕ)T , and perpendicular to it, V⊥ = V · (− sin ϕ, cos ϕ)T . They
read
Da − Db
u
αβDa Db + G2 +
G(β − α) sin(2[θ − ϕ])
2
2
α Da Db + G
2


uG(α − β)
Da + Db Da − Db
V⊥ = 2
+
cos(2[θ − ϕ]) .
α Da Db + G2
2
2


Vk =



(6.8)
(6.9)

There are several aspects to discuss here. Most importantly, the velocity perpendicular
to the current is finite for localized spin textures with finite topological charge, since G is
proportional to Q. This remarkable feature has been termed skyrmion Hall effect [16], in
analogy to the conventional Hall effect where electrons moving across an electrical conductor
gain transverse momentum in an applied magnetic field, giving rise to the so-called Hall
voltage [163]. The skyrmion Hall effect is usually quantified via the skyrmion Hall angle
that is defined as Ω = tan−1 (V⊥ /Vk ). Eqs. (6.8) and (6.9) also predict a dependence of the
velocities parallel/perpendicular the current on the angle between the orientation and the
current direction for skyrmions for which Da 6= Db . This gives rise to a variation of the
skyrmion Hall angle with ϕ.
Moreover, it is clearly visible that β = α is a special case. There, the velocity perpendicular
to the current vanishes and the velocity parallel to the current coincides with u. This result
can be understood by recalling the explicit form of the LLG with STT terms: for α = β, the
last term in Eq. (6.2) vanishes and the remaining current-induced torque can be interpreted
as a convective derivative [173]. By performing a Galilean transformation to the local frame
moving with velocity u, this convective derivative vanishes and the standard LLG is reobtained.
Hence, the skyrmion is at rest and its velocity vanishes in this reference frame. Consequently,
the skyrmion velocity is simply given by u in the lab frame.
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If the skyrmion shows isotropic dynamics, i.e. if Da = Db = D, the dependence on the
skyrmion orientation and the current direction in Eqs. (6.8) and (6.9) vanishes. The velocities
parallel/perpendicular to the current and the skyrmion Hall angle are then given by
u
(αβD2 + G2 )
+ G2
u
G(α − β)D
V⊥ = 2 2
α D + G2
G(α − β)D
Ω=
,
αβD2 + G2
Vk =

α2 D2

(6.10)
(6.11)
(6.12)

which coincides with was obtained in earlier works, e.g. [165].

6.1.2. Dependence of the skyrmion Hall effect on topology
and orientation demonstrated by simulations
In the previous subsection 6.1.1, the current-induced motion of skyrmions driven by spintransfer torques was discussed based on a collective coordinate approach. There, the complexity of the dynamics is greatly reduced by neglecting the motion of individual spins as
instead the skyrmion position is considered to be the only degree of freedom by assuming
rigid body motion. Whether or not this is a valid approximation for the STT-driven motion
will be investigated in what follows. For this purpose, numerical results obtained from atomistic spin dynamics simulations based on to the modified Landau-Lifshitz-Gilbert equation
supplemented with spin-transfer torques are compared with the analytical predictions for
the velocities parallel/perpendicular to the current, Vk and V⊥ , and the skyrmion Hall angle
Ω = tan−1 (V⊥ /Vk ) as given by Eqs. (6.8) and (6.9).
The simulations were performed by solving Eq. (6.2) using a GPU-based implementation
of Heun’s method, see Appendix A. Initially, skyrmions were placed in the system by aligning
the spins in such a way that they form the relaxed skyrmion spin configuration in the
absence of STT terms with the desired topological properties. Their motion was monitored
by repeated determination of the position of their core magnetization, which points opposite
to the collinear background, at fixed time intervals; details of this tracking algorithm can
be found in Appendix C. This way, the simulated trajectory of a single skyrmion can be
obtained as the position of the skyrmion at discrete timesteps tn minus the initial position,
i.e. ∆R = R(tn ) − R(0). In contrast to Brownian motion, the current-driven motion is a
deterministic process, and thus a single trajectory for a given set of parameters (α, β, u, ϕ, Q)
is sufficient. Exemplary trajectories for skyrmions with Q = ±1 obtained from simulations
are depicted in Fig. 6.1. The absence of an acceleration phase in the simulations justifies
the fact that a mass term was neglected in the calculations in Sec. 6.1.1. The velocities
parallel/perpendicular to the current were obtained by performing a linear fit of ∆Rk = Vk t
and ∆R⊥ = V⊥ t to the data.
Fig. 6.2 shows the velocities parallel/perpendicular to the current for skyrmions with
Q ∈ {±1, ±2, ±3} obtained from simulations with various α and for fixed β = 0.1 and
u = 19.6 m/s. The skyrmions are oriented as depicted in Fig. 6.4b and the current flows
in x-direction, i.e. ϕ = 0. Fig. 6.2 is the most important result within this subsection and
holds a lot of information. To begin with, the analytical predictions (dashed lines) based
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Figure 6.1: Exemplary trajectories for
skyrmions with Q = ±1 driven by an
electric current via the STTs obtained
from simulations with α = 0.01, β = 0.1
and u ≈ 19.6 m/s. ∆Rk is the displacement in the direction of the current and
∆R⊥ is the displacement perpendicular
to it. At the timescale of this figure, no
inertia effects are visible.

on Eqs. (6.8) and (6.9) evaluated using the parameters in Tab. 4.1 are in close quantitative
agreement with the simulation results. This is true irrespective of the type of skyrmion
and α. The velocities parallel to the current Vk are very similar for all types of skyrmions.
Specifically, they are all found to be close to u for α . 0.1. This is in agreement with Eq.
(6.8): for α, β  1, all terms except for the G2 are negligible and Vk is approximately given
by u. For α & β, the other terms become relevant and Vk drops to approximately half of
u or even less at α = 1.0. Note that in this high α regime, differences in Vk between the
various skyrmion types are visible. E.g., while the slowest of the skyrmions considered here,
the Q = 2 skyrmion, moves at around 6 m/s in the direction of the current at α = 0.1, the
Q = ±3 skyrmions move at roughly 10 m/s. Larger differences between the various types of
skyrmions can be observed for the motion transverse to the current. Most strikingly, the
sign of V⊥ depends on the topological charge, in agreement with Eq. (6.8). This is another
manifestation of the fact that the finite topological charge, via the gyrocoupling, gives rise to
the intriguing features found in skyrmion dynamics. At α = β, the velocity perpendicular to
the current switches its sign. This could be exploited in experiments, since measuring the
sign of the skyrmion Hall angle allows conclusions to be drawn about whether β is smaller or
larger than α.
The dependence of V⊥ on Q and the difference between α and β also has an impact on the
dynamics of chimera skyrmions, which are summarized in Fig. 6.3. Depending on
whether α is larger or smaller than β and the direction of the current, the chimera skyrmion
either shrinks and annihilates or elongates and forms a stripe domain. This can be understood
by the fact the chimera skyrmion is one half of a normal skyrmion (blue shaded area) and
one half of an antiskyrmion (red shaded area). In Fig. 6.3a, for example, the electrons are
incoming from the left and α > β. From Fig. 6.2 it follows that in this case the skyrmion
with Q = 1 has a negative transverse velocity and the antiskyrmion has a positive transverse
velocity, while Vk is positive and very similar for both types of skyrmions. So the red and blue
shaded regions are driven in the direction of the red and blue arrow, respectively. This leads
to a motion in the direction of the current, but also to an elongation if the transversal forces
are strong enough to overcome the energy barrier associated with the separation of the two
opposing ends. Similarly, if β < α (Fig. 6.3b) the velocity components perpendicular to the
current switch signs and the transversal forces lead to a shrinking of the chimera skyrmion.
Again, if these transversal forces are strong enough to overcome a certain energy barrier, they
lead to an annihilation of the chimera skyrmion. If the current switches sign, the situation
STT-driven
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Figure 6.2.: Dependence of the velocities parallel Vk and perpendicular V⊥ to the current on α for
various types of skyrmions as labeled driven by the STTs. The symbols correspond to simulation
results and the dashed lines are the theoretical predictions based on Eqs. (6.8) and (6.9) evaluated
using the parameters in Tab. 4.1. The out-of-plane magnetic field B⊥ is 0.5 T for skyrmions with
Q ∈ {−1, −2, −3, 1}, 0.3 T for the skyrmion with Q = 2 and 2.35 T for the skyrmion with Q = 3.
β = 0.1 and u ≈ 19.6 m/s.

is the opposite (Fig. 6.3c and Fig. 6.3d). Then the chimera skyrmion shrinks if α > β and
elongates if α < β. This behavior is similar to what is reported in Ref. [53]. There, they
demonstrated that a current leads to a shrinking or elongation of trivial Q = 0 magnetic
bubbles that are stabilized by a magnetic in-plane field. In contrast to what is reported here
for the chimera skyrmion, this elongation/shrinking is in the direction of the current and
not transverse to it. This is due to the fact that although the chimera skyrmion and the
Q = 0 magnetic bubbles in Ref. [53] are topologically equivalent, the details of their spin
configurations are different. The in-plane magnetization of the Q = 0 magnetic bubbles in
Ref. [53] is unidirectional, similar to the texture shown in Fig. 2.5b, whereas the chimera
skyrmion studied here is delimited by a domain wall consisting of one region with clockwise
and one region with counterclockwise rotation.
Next, the orientation-dependence of the STT-driven motion will be discussed. Eqs. (6.8)
and (6.9) predict that localized spin textures with anisotropic dissipation tensor, i.e. where
Da 6= Db , move with different velocities depending on the mutual orientation of the skyrmion
and the current. Hence, the skyrmion Hall angle should vary when varying the current
direction while keeping the orientation of the skyrmions fixed. This is demonstrated in Fig.
6.4. Panel (a) shows the simulation results (symbols) in comparison with the theoretical
predictions (dashed lines) evaluated using the parameters in Tab. 4.1 for the skyrmion Hall
angle Ω as a function of the current angle ϕ. The skyrmions and the current are oriented as
shown in (b), so ϕ = 0 corresponds to a current in x-direction and ϕ = π/2 to a current in
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Figure 6.3: Sketch of STT-driven
motion of the chimera
skyrmion.
The black arrows indicate the direction
of the current and the
red/blue arrows indicate
the directions of motion
of the red/blue regions,
i.e. the regions where the
chimera skyrmion resembles
an antiskyrmion/skyrmion.
Depending on the direction
of the electron current and
on α and β, the chimera
skyrmion either shrinks and
annihilates - (b) and (c) - or
elongates and forms a stripe
domain - (a) and (d).

y-direction. In general, the theoretical predictions compare well with the simulation results,
only for the Q = 2 skyrmion small deviations can be seen. They occur because this spin
texture is easily deformed by an applied current and since the velocities depend on the spin
configuration (via the dissipation tensor D), this alters the resulting skyrmion Hall angle.
The variation of Ω with ϕ is largest for the skyrmions with Q = 2 and Q = −1. In particular
for the antiskyrmion the absolute value of Ω drops by approximately one third if the current
is applied in y-direction as compared to the x-direction. It shall be emphasized at this point
that this variation with the current direction cannot change the sign of the perpendicular
velocity, see Eq. (6.9), but it might change the sign of the parallel velocity, see Eq. (6.8). So
in principle, the skyrmion Hall angle could switch its sign depending on the current direction.
However, this would require a spin texture for which the larger one of Da and Db is much
larger than the other and also than G. Hence, this texture would have to be very large (since
Da/b increase with size while G does not) and highly elongated. This is certainly not the
case for the skyrmions investigated here.
In Ref. [13] it was argued that the DMI is responsible for the non-circular shape of
skyrmions with Q 6= 1 in (Pt0.95 /Ir0.05 )/Fe/Pd(111), see also Sec. 4.2.2. Since this noncircularity is responsible for the anisotropic dynamics, it can be concluded that the DMI
causes the variation of the skyrmion Hall angle with the current direction. In order to test this
hypothesis, simulations of the STT-driven motion with varying DMI strength were performed.
This can be achieved by splitting the exchange matrices in Eq. (4.1) in a symmetric part
and an antisymmetric part (which represents the DMI) and scaling the antisymmetric part:
Jij → (Jij + Jji )/2 + λ(Jij − Jji )/2 with λ ∈ [0, 1]. Note that since the skyrmions in
(Pt0.95 /Ir0.05 )/Fe/Pd(111) are stabilized by the frustrated Heisenberg exchange they still exist
as metastable excitations even in the absence of DMI [13]. Fig. 6.5 shows the skyrmion Hall
angle for the antiskyrmion versus ϕ for different strengths of the DMI. While the orientation
dependence almost vanishes in its absence, a gradual increase of DMI leads to an stronger
variation of Ω with ϕ, which indicates that the skyrmion becomes increasingly deformed. This
tendency can again be well explained within a collective coordinate approach: the dashed lines

81

Chapter 6. Current-Driven Dynamics and Skyrmion Hall Effect

Figure 6.4.: Orientation dependence of the skyrmion Hall angle. (a) Skyrmion Hall angle Ω =
tan−1 (V⊥ /Vk ) versus current angle ϕ for various types of skyrmions driven by the STTs oriented
as depicted in (b). Note that the labels for (a) can be found in (b). The symbols correspond to
simulation results and the dashed lines are the theoretical predictions based on Eqs. (6.8) and (6.9)
evaluated using the parameters in Tab. 4.1 α = 0.01, β = 0.1 and u ≈ 19.6 m/s. (b) Simulation
setup: the skyrmions are oriented as shown and ϕ is the angle between the current (blue arrow)
and the x-axis. The out-of-plane magnetic field B⊥ is 2.35 T for the skyrmion with Q = 3, 0.3 T
for the skyrmion with Q = 2 and 0.5 T for the others.

Figure 6.5: Skyrmion Hall angle Ω
for the antiskyrmion versus current angle ϕ for different strengths
of the DMI. The symbols correspond to simulation results and
the dashed lines are the theoretical predictions based on Eqs. (6.8)
and (6.9). α = 0.1, β = 0.3 and
u ≈ 19.6 m/s.

skyrmion Hall angle Ω/π

in Fig. 6.5 correspond to the theoretical predictions based on Eqs. (6.8) and (6.9) evaluated
by calculating the dissipation tensor D for the relaxed antiskyrmion spin configurations at
corresponding DMI strengths. The finite variation of Ω with ϕ in the absence of DMI is either
caused by the two-site anisotropy (the traceless contribution to the symmetric part of the
exchange matrices), which might also break the rotational symmetry, or by the hexagonal
lattice structure (which is not invariant under rotations by π/2). However, since this effect is
tiny either way, no further research was conducted in this direction.

−0.07

Q = −1

−0.08

DMI-strength

0%
25 %
50 %

−0.09
0.0

0.2

75 %
100 %

0.4
0.6
current angle ϕ/π

0.8

1.0

In a recent experimental work it was demonstrated that the otherwise isotropic Brownian
dynamics of Q = 1 skyrmions can be made anisotropic by applying an additional in-plane
magnetic field that breaks the rotational symmetry [P7]. This behavior can be observed in
atomistic spin dynamics simulations of skyrmion Brownian motion as well, see Sec. 5.2.2. It
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skyrmion Hall angle Ω/π

is therefore obvious to assume that an in-plane magnetic field can also be used to induce
anisotropic STT-driven dynamics. This was first suggested based on a collective coordinate
approach [174] and is demonstrated by simulations in Fig. 6.6. There, the skyrmion Hall
angle of skyrmions with Q = 1 is shown versus ϕ for different strengths of the in-plane
magnetic field, which is applied in y-direction. For an increasing in-plane field the spin profile
becomes increasingly distorted (cf. Fig. 5.7) which indeed leads to a variation of the skyrmion
Hall angle with ϕ. Depending on ϕ, this effect either leads to an increase or decrease of the
skyrmion Hall angle. The simulation results are in close quantitative agreement with the
theoretical predictions (dashed lines) based on Eqs. (6.8) and (6.9) evaluated by calculating
the dissipation tensor D for the relaxed spin configurations at corresponding in-plane field
strengths.
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Figure 6.6: Skyrmion Hall angle Ω
for the Q = 1 skyrmion versus current angle ϕ for different
strengths of the in-plane magnetic field. The symbols correspond to simulation results and
the dashed lines are the theoretical predictions based on Eqs. (6.8)
and (6.9). The in-plane magnetic
field is applied in y-direction, i.e.
it is parallel to the current for
ϕ = π/2. α = 0.1, β = 0.3 and
u ≈ 19.6 m/s. Figure adapted
from Ref. [P2].

6.2. Spin-orbit torque driven motion
In this section, the impact of SOTs on the dynamics of localized spin textures is investigated
based on atomistic spin dynamics simulations and a collective coordinate approach. Within
the framework of atomistic spin dynamics simulations this is modeled by supplementing the
LLG with the two additional SOT terms. These torques are orthogonal to the spin and the
LLG with SOTs in its most general form reads [175]
∂ Si
γ
∂ Si
= − Si × Heff
+ βf Si × P + βd Si × (Si × P).
i + αSi ×
∂t
µs
∂t

(6.13)

Since the first SOT term (proportional to βf ) is simply a precession term around the unit vector
P, the so-called effective spin polarization, it is commonly referred to as field-like torque.
The second SOT term (proportional to βd ) leads to a relaxation of the spin to the direction
of the polarization and is hence known as damping-like torque. This kind of damping-like
torque was first proposed by Slonczewski for the description of the spin-transfer in a CPP
geometry and is thus frequently also referred to as Slonczewski torque [151]. Note that in the
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explicit form of the LLG, the distinction between field-like and damping-like contributions is
not directly visible as both additional SOT terms depend on βf and βd 3 .
A prototypical system where these types of torques occur is a bilayer that consists of a
ferromagnetic and a non-magnetic layer. If an in-plane charge current is injected into the
non-magnetic layer, spin-orbit coupling effects within the bulk of the non-magnetic layer
as well as at the bilayer interface generate torques in the ferromagnet [176]. There is still
debate about the microscopic origins of the SOTs. The two main contributions have been
identified as the spin Hall effect and the interface Rashba-Edelstein effect [175], see Fig. 6.7.
The spin Hall effect (a) occurs due to an asymmetric scattering of the conduction electrons
depending on the direction of their spin as a result of bulk spin-orbit coupling [177–179].
Therefore, a charge current in the non-magnetic layer injects a pure spin current transverse
to the applied current. This spin current is absorbed in the ferromagnetic layer and transfers
angular momentum to the ferromagnet, giving rise to a torque that is similar to the STT in
the CPP geometry and predominantly damping-like [180].
The second contribution to the SOTs is a result of the Rashba-Edelstein effect [157, 181].
If inversion symmetry is broken, e.g. at an interface, an electric field E is generated along
the direction of the symmetry breaking. This gives rise to Rashba spin-orbit coupling and
a polarization of the spins at the interface and a nonequilibrium effective magnetic field
acting on the ferromagnetic layer emerges [182, 183], see Fig. 6.7b. Thus, the SOTs generated
by the Rashba-Edelstein effect are predominantly field-like. Numerical results [184] show,
however, that both mechanisms (spin Hall and Rashba-Edelstein effect) contribute to both
SOT terms. Hence, the contributions of the two mechanisms cannot be simply disentangled
by a decomposition into field-like and damping-like torque. Irrespective of their microscopic
origin, SOTs allow for an efficient manipulation of the magnetization dynamics [158, 159]
and can be used for the switching of magnetic layers within a multilayer structure [160, 161].
It was demonstrated that, unlike the STTs, the SOTs also allow for switching in magnetic
insulators [185] and antiferromagnets [186].
Although the key mechanisms that are responsible for the emergence of SOTs are well
understood qualitatively, an accurate quantitative prediction is still missing [175]. The
respective strengths of field- and damping-like torques depend on the amount of disorder in
the system where in general, the field-like torque tends to dominate over the damping-like
torque in the absence of disorder and vice versa in strongly disordered systems [187, 188].
Therefore, the development of accurate ab initio quantum transport methods that adopt a
realistic model of scattering from disorder as well as phonons and magnons is required. In the
following, βf and βd are treated simply as variable simulation parameters, that are chosen
within a reasonable range (see, for example, Ref. [93]).

3

The explicit form of the LLG with SOT terms reads
(1 + α2 )

∂ Si
γ
eff
= − Si × Heff
+ (βf − αβd )Si × P + (αβf + βd )Si × (Si × P)
i + αSi × Hi
∂t
µs





(6.14)

In this form, both SOT terms depend on βf and βd and a decomposition into field-like and damping-like torque
is not possible.
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Figure 6.7.: Illustration of the two main spin-charge conversion mechanisms at the interface between a
non-magnetic (NM) and a ferromagnetic (FM) layer. (a) Spin Hall effect: bulk spin-orbit coupling
gives rise to an asymmetric scattering of the incident electrons generating a transverse spin current.
(b) Rashba-Edelstein effect: the interface breaks inversion symmetry and an electric field E is
generated along the direction of the symmetry breaking, which gives rise to interfacial (Rashba)
spin-orbit coupling and a polarization of the spins at the interface.

6.2.1. Analytical derivations based on a collective coordinate
approach
In the following, first an effective equation of motion for skyrmions driven by the SOTs is
derived within a continuum theory using a collective coordinate approach. Secondly, this
equation of motion is used to predict the SOT-driven dynamics of skyrmions with various
topological charges and formulae describing the skyrmion Hall effect are derived.
The Lagrangian L and dissipation functional R describing magnetization dynamics under
the impact of the SOTs are obtained by supplementing the Lagrangian and dissipation
functional corresponding to the LLG by two additional terms,
βf M
S · P d2 r
γ
Z
βd M
=
Ṡ · (S × P) d2 r,
γ

LSOT = −
RSOT

Z

(6.15)
(6.16)

that yield the continuum version of the SOTs in Eq. (6.13) upon calculating the EulerLagrange equations with respect to S. The field-like SOT is an additional contribution to the
static Lagrangian and the damping-like SOT, living up to its name, enters in the dissipation
functional. The forces entering the equation of motion for skyrmions (3.19) that stem from
these SOT terms can be calculated via a collective coordinate approach, as laid out in Sec.
3.2. Thereby, the skyrmion position is elevated to a collective coordinate and a rigid spin
texture is assumed [15], i.e. S(r, t) = S(r − R(t)). The temporal derivative is then given
by Ṡ = −V · ∇S. The forces are obtained by applying these assumptions to Eqs. (6.15)
and (6.16) and calculating the Euler-Lagrange equations with respect to the R and V. The
force originating from the field-like SOT, which is calculated via ∂LSOT /∂R, is zero because
LSOT is invariant under translations. Hence, the field-like SOT does not contribute directly
to the skyrmion dynamics. An indirect contribution via a static deformation of the skyrmion
configuration, however, is still possible. The force originating from the damping-like SOT is
calculated via −∂RSOT /∂V and is, in general, nonzero. The effective equation of motion for
skyrmions driven by the SOTs reads
G × V + αDV = |{z}
BP .

(6.17)

FSOT
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B is a 2 × 3-dimensional tensor, which projects from the three-dimensional spin-space onto
the two-dimensional plane within which the skyrmion moves. The entries of this tensor are
given by
Bµk =

βd M
γ

Z

εijk ∂µ [Si ]Sj d2 r,

(6.18)

with i, j, k ∈ {x, y, z} and µ ∈ {x, y}, and can be evaluated for arbitrary spin textures. In
general, the B-tensor has six independent entries, several of which, however, vanish if the
spin configuration possesses certain symmetries. If the spin configuration is mirror symmetric
with respect to at least two independent axis, the Bµz are zero4 . As a consequence, these spin
textures cannot be displaced if P is aligned perpendicular to the plane. If a spin configuration
is mirror symmetric with respect to the x- or y-axis (or both), then Bxx and Byy are zero5 .
Under the assumption that the spin texture has a circular shape (for details, see Sec. 2.3), i.e.
the out-of-plane spin component only depends on the distance from the skyrmion center, it
can be expressed in spherical variables via Θ(r) = Θ(r) and Φ(r) = Φ(ϕ) where (r, ϕ) are the
polar coordinates. If it is further assumed that Φ(ϕ) = mϕ + ψ, with m being the vorticity
and ψ the helicity, the B-tensor for m = ±1 can be calculated as
βd M
B=
π
γ
|

Z ∞
0

!

∂Θ
sin ψ
− cos ψ 0
sin Θ cos Θ + r
dr
.
∂r
m cos ψ m sin ψ 0


{z

f SOT

(6.19)

}

For any m 6= ±1 this B-tensor vanishes. Although m = ±1 implies that the skyrmion has
Q = ±1, it does not mean in reverse that skyrmions with Q =
6 ±1 cannot be displaced by
the SOTs. If the circular symmetry is broken, assuming Φ(r, ϕ) = mϕ + ψ is not valid and
thus the spin texture can still have finite B-tensor entries. This is the case for the Q = −2
skyrmion in (Pt0.95 /Ir0.05 )/Fe/Pd(111), see Sec. 6.2.2 for details.
By assuming that the perpendicular component of the polarization is zero and expressing
it in polar-coordinates, P = (cos χ, sin χ, 0)T , the effective force acting on a skyrmion with
circular shape and m = ±1 is given by FSOT = f SOT (sin(ψ − χ), m cos(ψ − χ), 0)T . This
coincides with what was derived in Ref. [93]. The strength of the SOT-induced force is
determined by f SOT and its direction depends both on the orientation of P as well as the
helicity of the skyrmion. Inserting this expression for the force into Eq. (6.17), the velocity for
a skyrmion driven by the SOTs can be obtained by a simple matrix inversion. It is convenient
to calculate the velocities in the direction of the polarization, Vk = V · (cos χ, sin χ)T , and
4

A spin configuration is mirror symmetric with respect to the x-axis if Rit is invariant under the simultaneous
transformations y → −y and Sy → −Sy . Since the integrand in Bxz ∼ ∂x [Sx ]Sy − ∂x [Sy ]Sx d2 r is an odd
function of y it vanishes for a spin texture that possesses such a symmetry and therefore FxSOT = 0 if P is along
the z-axis (perpendicular to the plane). Let now (x, y) and (x0 , y 0 ) be two different coordinate systems, which
differ only by a rotation around the z-axis by the angle ϕ ∈
/ {0, π}, and let the spin configuration be mirror
symmetric with respect to the two axes x and x0 . As a consequence, FxSOT = 0 and FxSOT
= 0. At the same time,
0
the forces in the two coordinate systems are connected via a rotation, i.e. FxSOT cos ϕ + FySOT sin ϕ = FxSOT
.
0
Consequently, it follows that FySOT sin ϕ = 0, which is only fulfilled if FySOT = 0 since ϕ ∈
/ {0, π}. That is why
the force vanishes in the (x, y)R coordinate system and thus also in every other coordinate system.
5
The integrand in Bxx ∼ ∂x [Sy ]Sz − ∂x [Sz ]Sy d2 r is an odd function with respect to x and y. Hence,
this entry of the B-tensor has to vanish for a spin texture
that possesses a mirror symmetry with respect to
R
the x- or y-axis. Similarly, Byy , which is given by ∂y [Sz ]Sx − ∂y [Sx ]Sz d2 r, is also an odd function with
respect to x and y and therefore is also zero in this case.
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perpendicular to it, V⊥ = V · (− sin χ, cos χ)T . For circular skyrmions with m = ±1 they read
Vk =

V⊥ =

f SOT

·


αD sin ψ + G cos ψ,

for m = 1

(αD)2 + G2 αD sin(ψ − 2χ) − G cos(ψ − 2χ), for m = −1
f SOT

·


αD cos ψ − G sin ψ,

for m = 1

(αD)2 + G2 −αD cos(ψ − 2χ) − G sin(ψ − 2χ), for m = −1

(6.20)

(6.21)

and the skyrmion Hall angle Ω = tan−1 (Vk /V⊥ ) follows as



tan−1 αD sin ψ+G cos ψ ,
αD cos ψ−G sin ψ


Ω=
tan−1 αD sin(ψ−2χ)−G cos(ψ−2χ) ,
−αD cos(ψ−2χ)−G sin(ψ−2χ)

for m = 1
(6.22)

for m = −1.

Note that here the definition of the skyrmion Hall angle is different from the definition for the
STT-driven motion6 . This is because here Vk and V⊥ are defined as parallel and perpendicular
to the spin polarization of the current. The skyrmion Hall angle, however, is usually defined
with respect to the current such that it is analogous to the classical Hall effect. In order
to overcome this issue, one usually assumes that the polarization P is perpendicular to the
injected current, as done for example in Ref. [112]. Hence, V⊥ as defined here is parallel
to the current and Vk is perpendicular to the current and the skyrmion Hall angle is given
by Ω = tan−1 (Vk /V⊥ ). Two aspects of Eqs. (6.20)-(6.22) are striking. First, the direction
of motion depends on the helicity ψ in both cases. For a fixed polarization direction the
skyrmions can move in any direction depending on their helicity. This is in contrast to the
STT-driven motion where the skyrmions move in a fixed direction for a given current direction,
irrespective of the helicity, see Sec. 6.1.1. Second, the velocities parallel and perpendicular to
the polarization (and hence also the skyrmion Hall angle) depend explicitly on χ for m = −1.
This result is closely related to the helicity-dependence of the velocities and can be explained
in a simple fashion: a clockwise rotation of the polarization by some angle is equivalent to
a counterclockwise rotation of the skyrmion by the same amount, hence the minus sign in
the cosine and sine functions above. The factor two follows from the fact a m = −1 spin
texture is invariant under rotations by π and therefore the helicity has to increase by 2π.
Note that at this point the helicity is considered to be a fixed, time-independent quantity. If
it is also elevated to a dynamical variable, the SOT-driven dynamics become more complex as
the direction of motion depends on the helicity. This interplay between helicity and velocity
gives rise to deflected and trochoidal motion, as demonstrated in Ref. [93] and in Sec. 6.2.2.
Now, the restriction to skyrmions with a circular shape will be omitted, but it is assumed
that there is still a mirror symmetry with respect to at least two different axes, one of them
being the x-axis. As argued above, the B-tensor for these skyrmions only has a finite Bxy
and Byx component. Furthermore, the dissipation tensor becomes diagonal in this case,
i.e. D = diag(Dxx , Dyy ), for reasons of symmetry. The SOT-driven velocity for an in-plane
effective spin polarization then follows from Eq. (6.17) as

V=

1
α2 Dxx Dyy + G2

αDyy
G
−G αDxx

!

0 Bxy
Byx
0





cos χ
0 

 sin χ 
0
0
!

(6.23)

6

For the STT-driven motion, the skyrmion Hall angle is defined as Ω = tan−1 (V⊥ /Vk ), with Vk and V⊥
being the velocities parallel and perpendicular to the direction of the current.
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and the velocities parallel and perpendicular to the polarization are obtained as
G(Byx − Bxy ) + G(Byx + Bxy ) cos 2χ + α(Dyy Bxy + Dxx Byx ) sin 2χ
(6.24)
2(α2 Dxx Dyy + G2 )
α(Dxx Byx − Dyy Bxy ) + α(Dxx Byx + Dyy Bxy ) cos 2χ − G(Byx + Bxy ) sin 2χ
V⊥ =
. (6.25)
2(α2 Dxx Dyy + G2 )
Vk =

An expression for the skyrmion Hall angle can be obtained via Ω = tan−1 (Vk /V⊥ ), but as it
is rather lengthy and not very comprehensible it is not given explicitly here.
Under the assumption that −Bxy = Byx := b, as is the case for Q = 1 and Q = −2
skyrmions in (Pt0.95 /Ir0.05 )/Fe/Pd(111) (see Tab. 6.1), the in-plane-components of the Btensor become antisymmetric and SOT-induced force can be rewritten using a cross product
as FSOT = be⊥ × Pk . If it is also assumed that the skyrmion has isotropic friction, i.e.
Dxx = Dyy = D, the velocities and the skyrmion Hall angle are calculated as
Vk =

Gb
,
2
α D2 + G2

V⊥ =

αDb
2
α D2 + G2

and Ω = tan−1

 G 

αD

.

(6.26)

This simple expression for the skyrmion Hall angle was first derived in Ref. [166] and coincides
with Eq. (6.22) for m = 1 and ψ = 0. It can also be obtained from Eqs. (6.24) and (6.25)
under said assumptions for the dissipation and B-tensor.

6.2.2. Topology dependence of the induced motion revealed
by simulations
In the previous subsection 6.2.1, the SOT-induced motion of skyrmions was discussed based
on a collective coordinate approach to the modified Landau-Lifshitz-Gilbert equation (6.13).
There, the complexity of the magnetization dynamics is greatly reduced by assuming rigid body
motion and thereby only treating the skyrmion position as a dynamical variable. Whether
or not this is a valid approximation for the SOT-driven motion will be investigated in what
follows. In order to do so, numerical results for the SOT-driven motion of skyrmions obtained
from atomistic spin dynamics simulations are compared with the analytical predictions for
the velocities and the skyrmion Hall angle as given in Sec. 6.2.1. It is demonstrated that
the collective coordinate approach involving only the skyrmion position works very well in
general, but breaks down for the antiskyrmion at high SOT strengths, in agreement with what
was reported in Ref. [93]
The simulations were performed by solving Eq. (6.14) using a GPU-based implementation
of Heun’s method, see Appendix A. Initially, skyrmions were placed in the system by aligning
the spins in such a way that they form the relaxed skyrmion spin configuration in the
absence of SOT terms with the desired topological properties. Their motion was monitored
by repeated determination of the position of their core magnetization, which points opposite
to the collinear background, at fixed time intervals; details of this tracking algorithm can
be found in Appendix C. This way, the simulated trajectory of a single skyrmion can be
obtained as the position of the skyrmion at discrete timesteps tn minus the initial position,
i.e. ∆R = R(tn ) − R(0). As the current-driven motion at T = 0 is a deterministic process,
a single trajectory for a given set of parameters (α, βf , βd , P, Q) is sufficient. Exemplary
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Figure 6.8: Exemplary trajectories for
skyrmions with Q = ±1 driven via the
SOTs obtained from simulations with
α = 0.01 and βf = βd = 12.5 GHz.
∆Rk is the displacement in the direction of the effective spin polarization P
and ∆R⊥ is the displacement perpendicular to it. At the timescale of this
figure, inertia effects are negligible.

trajectories for skyrmions with Q = ±1 obtained from simulations are depicted in Fig. 6.8.
Since only minor traces of an acceleration phase are to be found (in the form of small initial
oscillations), the absence of a mass term in the calculations in Sec. 6.2.1 is justified. The
velocities parallel/perpendicular to the effective spin polarization were obtained by performing
a linear fit of ∆Rk = Vk t and ∆R⊥ = V⊥ t to the data.

Figure 6.9: Spin configurations
of skyrmions with topological charges as labeled. The
colors indicate the orientation of the spin vectors as
illustrated on the left side of
the figure. The gray lines indicate the symmetry axes of
the spin configurations. Figure adapted from Ref. [P5].

Q

# mirror symmetries

−2
−1
0
1
2
3

3
2
1
∞
1
2

Bxx

3.1

Bxy
9.4
33.5
58.3
48.5
88.3
40.9

Bxz

−21.2
−20.7

Byx
−9.4
24.1
−8.7
−48.5
−97.8
−35.9

Byy

Byz

−3.9

−4.4

Table 6.1.: Relevant B-tensor elements (larger than 1) in units of βd µs /(γa) calculated for skyrmions
with spin configurations as shown in Fig. 6.9.
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Figure 6.10: SOT-induced velocity versus α of
a chimera skyrmion oriented as shown in
Fig. 6.9 for a perpendicular effective spin
polarization. The symbols correspond to
simulation results and the dashed line is the
theoretical prediction Vx = Bxz /(αDxx ).
βf = 0 and βd = 1.25 GHz.

velocity Vx (m/s)

In order to evaluate the theoretical predictions one needs the dissipation tensor elements
(given in Tab. 4.1) and the B-tensor, whose entries can be calculated using Eq. (6.18). For
skyrmions with various Q in (Pt0.95 /Ir0.05 )/Fe/Pd(111) oriented as shown in Fig. 6.9 they are
listed in Tab. 6.1. In agreement with the symmetry considerations in the previous subsection,
many of the B-tensor elements vanish. Being mirror symmetric with respect to only a single
axis, the Q = 2 skyrmion7 and the chimera skyrmion (with Q = 0) have a finite Bµz and
can be displaced by a perpendicular effective spin polarization. Fig. 6.10 shows the velocity
in x-direction (the y-component is negligible) versus α for a chimera skyrmion oriented as
shown in Fig. 6.9 driven by a perpendicular P. The velocity scales inversely with the Gilbert
damping parameter and has a negative sign. The dashed line corresponds to the theoretical
prediction that straightforwardly follows from Eq. (6.17) by using G = 0 as Vx = Bxz /(αDxx ).

chimera skyrmion

−101

−100

−10−1

10−2

10−1
damping α

100

For the skyrmions with Q ∈ {−2, −1, 1}, the only nonzero entries are Bxy and Byx
because they are mirror symmetric with respect to two or more axes8 . Hence, the velocities
parallel/perpendicular to the effective spin polarization are expected to follow Eqs. (6.24)
and (6.25). In Fig. 6.11 it is demonstrated that this is indeed the case. Even though
small quantitative deviations are to be found for the Q = −1 and Q = −2 skyrmions, the
theoretical predictions (dashed lines) depict the same behavior as the simulation results
(symbols). There is a transfer of velocity from parallel to P to perpendicular to P when α
is increased. Moreover, the sign of V⊥ depends on Q, giving rise to a topology-dependent
skyrmion Hall angle. For lower values of α, V⊥ goes to zero and the skyrmion Hall angle
vanishes. In general, the Q = −2 skyrmion moves much slower than the other two types of
skyrmions, in agreement with their lower B-tensor components. This is because it is of almost
circular shape (cf. Fig. 6.9) and has vorticity m = −2: in the previous subsection it was
demonstrated that the B-tensor vanishes for a circular spin texture with m 6= 1. The presence
of finite B-tensor components indicates that there are small deviations from a circular shape.
Note that since Bxy = −Bxy for the Q = −2 and Q = 1 skyrmions, their dynamics
are described by Eq. (6.26), which indicates that the velocities and the skyrmion Hall
angle are independent of the (in-plane) direction of the effective spin polarization. This is,
however, not the case for the antiskyrmion, see Fig. 6.12. The left panel shows the velocities
parallel/perpendicular to the polarization, the middle panel shows the total velocity and the
7

The skyrmion with Q = 2 is the only one with a nonzero Bxx or Byy component, since its mirror axis
coincides with neither x- nor y-axis.
8
This is also true for the Q = 3 skyrmion. Simulation results for this type of skyrmion, however, are not
available because it is easily destroyed by the SOTs and it is thus neglected in the following discussion.
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Figure 6.11.: Damping dependence of the SOT-induced velocities parallel Vk and perpendicular V⊥
to P = ex for skyrmions with topological charges as labeled and oriented as shown in Fig. 6.9.
The symbols correspond to simulation results and the dashed lines are the theoretical predictions
based on Eqs. (6.24) and (6.25) evaluated using the parameters in Tabs. 4.1 and 6.1. βf = 0 and
βd = 12.5 GHz.

right panel the skyrmion Hall angle versus the polarization angle χ. All these quantities are
periodic with period π because the antiskyrmion is invariant under rotations by π and hence
only the results for χ ∈ [0, π] are shown. The dashed lines again correspond to theoretical
predictions based on Eqs. (6.24) and (6.25) evaluated using the parameters in Tabs. 4.1 and
6.1. The antiskyrmion exhibits a peculiar behavior: depending on χ, the skyrmion Hall angle
can take any value. For χ = 0, the skyrmion Hall angle has a value close to π/2, indicating
that the antiskyrmion moves parallel to the polarization and perpendicular to the current.
If the polarization direction is shifted by some angle ∆χ, the direction of motion shifts by
approximately 2∆χ. The dependence of Ω on χ is not perfectly linear because there are some
small variations due to the non-circular shape of the antiskyrmion. The variation of the total
velocity with χ is a result of the fact that while V⊥ has a sinusoidal shape, Vk is a cosine
function with a constant, negative shift.
At high SOTs the dynamics of antiskyrmions change drastically, see Fig. 6.13. The left
panel shows the average velocity for increasing βd = βf for skyrmions with Q ∈ {−2, −1, 1}.
For Q = 1 skyrmions, the average velocity increases linearly with the SOTs, in consistence
with the theory in Sec. 6.2.1 (dashed line). This is also the case for Q = −2 skyrmion, up to a
certain threshold at which the SOTs overcome the energy barrier that prevents a splitting into
two antiskyrmions. In contrast to that, the average velocity of antiskyrmions does not increase
monotonically with the strength of the SOTs. A linear regime, in quantitative agreement
with the theory curve, can be observed up to a threshold, where the velocity suddenly drops
significantly. In this second regime the average velocity scales non-linearly with the SOTs up
to the threshold for annihilation. The discontinuity in the velocity curve is a result of the
qualitative change in the antiskyrmion dynamics above this threshold. The right panel of
Fig. 6.13 shows the calculated trajectories for two values of βd = βf as labeled. For the lower
of the two values, linear motion of the antiskyrmion can be found. At the higher value, the
antiskyrmion undergoes trochoidal motion, which comprises an orbiting motion around a
constant displacement along a line. Trochoidal motion of antiskyrmions was first described
in Ref. [93] and a thorough theoretical explanation for this peculiar type of motion can be
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Figure 6.12.: Orientation dependence of SOT-induced dynamics of antiskyrmions oriented as shown
in Fig. 6.9 with velocities parallel Vk and perpendicular V⊥ to P = (cos χ, sin χ, 0)T (left), total
q
velocity Vk2 + V⊥2 (center) and Skyrmion Hall angle Ω = tan−1 (Vk /V⊥ ) (right) versus χ. The
symbols correspond to simulation results and the dashed lines are the theoretical predictions based
on Eqs. (6.24) and (6.25) evaluated using the parameters in Tabs. 4.1 and 6.1. α = 0.01, βf = 0
and βd = 12.5 GHz.

found therein. Here, only the key aspects of how this behavior emerges are summarized. As
demonstrated in Sec. 6.2.1, specifically Eq. (6.22), the direction of motion for a skyrmion with
m = −1, i.e. a circular antiskyrmion, depends on the helicity ψ. By elevating the helicity to a
dynamical variable, an equation of motion for it can be derived using a Lagrangian approach
(cf. Sec. 3.2). For an in-plane effective spin polarization it follows as
βd M
αDψ ψ̇ = −
γ
|

Z

(Sx Sz cos χ + Sy Sz sin χ) d2 r −
{z

∂RSOT /∂ ψ̇

∂ Uψ
∂ψ

(6.27)

}

with Dψ = M/γ (1 − Sz2 ) d2 r. Uψ is a helicity-dependent potential that consists of two
contributions: one is periodic in ψ with period 2π and originates from the field-like SOT and
the other one has period 2π/3 and stems from the underlying hexagonal lattice structure9 .
The first term on the RHS is a constant force that depends on the orientation of P and the
antiskyrmion spin configuration. If the antiskyrmion has a circular shape, this force vanishes
because the integrand is linear in Sx and Sy , respectively10 . However, if the antiskyrmion is
deformed from this circular shape, either through intrinsic properties (such as the exchange
or anisotropies) or via the SOTs, a finite force acting on the helicity can emerge11 . As long as
this force is weak, it is balanced by the restoring forces due to the potential Uψ . As the SOT
is increased, trochoidal motion emerges when this force is larger than the maximum value of
the restoring force, which leads to a periodic rotation of the helicity. Since the direction of
the antiskyrmion velocity depends on the helicity, this gives rise to the orbiting motion of the
antiskyrmion. The finite average velocity stems from an asymmetry of the potential Uψ and
R

9

As discussed in Sec. 4.2.2, skyrmions with Q 6= 1 are subject to an orientation-dependent potential that
gives rise to preferred orientations with respect to the lattice. For the antiskyrmion, the helicity is directly
connected to the orientation angle θ via θ = ψ/(1 − Q).
10
This can be straightforwardly shown by writing the antiskyrmion spin configuration in spherical coordinates
via S = (cos Φ sin Θ, sin Φ sin Θ, cos Θ)T with Θ = Θ(r) and Φ = −ϕ + ψ and evaluating the integral in Eq.
(6.27) in polar coordinates (r, ϕ).
11
If the deformation is SOT-induced, the force is second order in the SOT strength.
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Figure 6.13.: Dependence of skyrmion dynamics on the strength of spin-orbit torques. Left: Variation
of average velocity of skyrmions with Q ∈ {−2, −1, 1} with SOTs. The symbols correspond to
simulation results and the dashed lines are the theoretical predictions based on Eqs. (6.24) and
(6.25) evaluated using the parameters in Tabs. 4.1 and 6.1. The vertical dotted line marks the
transition from linear antiskyrmion motion to trochoidal motion. Right: Exemplary antiskyrmion
trajectories with values of βd = βf as labeled. Arrows indicate the direction of propagation. α = 1.0
and P = ex in both panels.

the fact that the absolute value of the velocity of the antiskyrmion also depends on ψ. The
latter can be concluded from the observation that the absolute value of the velocity depends
on χ if the helicity is fixed (cf. middle panel of Fig. 6.12).

6.2.3. Skyrmion Hall angle at finite temperatures
For obvious reasons, it is desirable that possible next-generation computing and memory
devices involving skyrmions function at room temperature. Since many of these applications
rely on moving skyrmions via electric currents, it is crucial to investigate the SOT-driven
dynamics at finite temperatures. This topic can be investigated within the framework of
atomistic spin dynamics simulations by supplementing the SOTs, see Eq. (6.13), to the
stochastic Landau-Lifshitz-Gilbert equation equation (3.8), which then reads in implicit
form12
γ
∂ Si
∂ Si
= − Si × (Heff
+ βf Si × P + βd Si × (Si × P).
i + ζ i ) + αSi ×
∂t
µs
∂t

(6.29)

In what follows, the above equation is used to simulate the SOT-induced motion of skyrmions
with Q = 1 (simply referred to as skyrmions in the following) at elevated temperatures.
At finite temperatures, skyrmions undergo Brownian motion. This was demonstrated
experimentally [6] and numerically [119] in previous works and also within this thesis, see
chapter 5. Brownian motion is a stochastic motion that is characterized by a vanishing
12

The stochastic Landau-Lifshitz-Gilbert equation equation including SOTs in explicit form reads

(1 + α2 )

γ
∂ Si
eff
= − Si × (Heff
i + ζ i ) + αSi × (Hi + ζ i ) + (βf − αβd )Si × P + (αβf + βd )Si × (Si × P). (6.28)
∂t
µs
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mean displacement and a mean squared displacement that grows linearly with time. The
SOT-driven motion on the other hand is a deterministic motion. Hence, in order to study the
SOT-induced dynamics of skyrmions at finite temperatures, the stochastic contribution to the
dynamics has to be eliminated. This can be achieved by performing multiple simulations
with given parameters to obtain a set of trajectories ∆Rn (t) = Rn (t) − Rn (0) and then
P
calculating the average of these trajectories h∆R(t)i = 1/N N
n ∆R n (t), see Fig. 6.14.

Figure 6.14: Exemplary trajectories (colored) and their average (black) for
skyrmions driven by the SOTs at finite temperatures in the time interval
[0, 1.5 ns]. α = 0.1, βf = 0, βd =
12.5 GHz and T = 3 K.
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The average velocities parallel/perpendicular to the effective spin polarization are then
calculated via a linear fit of h∆Rk i = hVk i t and h∆R⊥ i = hV⊥ i t to the data. From
the average velocities, the average skyrmion Hall angle can be obtained by calculating
hΩi = tan−1 hVk i / hV⊥ i. Fig. 6.15 shows the variation of hΩi with α for various values of
T up to 24 K. The symbols correspond to simulation results. For the sake of visibility the
skyrmion Hall angle is shifted by π/2. It can be observed, that the value of the hΩi increases
strongly with temperature. For example, the shifted average skyrmion Hall angle is increased
by more than one order of magnitude for T = 24 K as compared to the zero temperature value
at α = 10−3 . This temperature dependence is not captured by the analytical calculations in
Sec. 6.2.1. The reason for this is that there the magnon-induced friction, which was already
proven to be highly relevant for the Brownian motion of skyrmions in Sec. 5.2.3, is neglected.
If this additional term is included, the effective equation of motion of skyrmions driven by
the SOTs at finite temperatures reads
G × V + (αD + ηT )V = FSOT + Fth .

(6.30)

If a circular skyrmion shape is assumed (as is the case for the Q = 1 skyrmion), the friction
coefficients D and η are scalar quantities and the SOT-induced force can be rewritten as
FSOT = be⊥ ×Pk . By calculating the thermal average, the stochastic force Fth drops out. The
average velocities parallel/perpendicular to the effective spin polarization and the skyrmion
Hall angle can then be obtained by a simple matrix inversion yielding

hVk i =

Gb
,
(αD + ηT )2 + G2

hV⊥ i =

(αD + ηT )b
,
(αD + ηT )2 + G2

and

hΩi = tan−1




G
,
αD + ηT
(6.31)

which reduces to the expressions in Eq. (6.26) for η = 0. The above formula for hΩi, shifted
by π/2 is shown in Fig. 6.15 as dashed lines and yields good quantitative agreement with the
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Skyrmion Hall angle (hΩi + π/2)/π

simulation results, irrespective of α and T . The value of the magnon-induced friction used to
evaluate the theoretical prediction is the same as the one obtained for the Brownian motion
in Sec. 5.2.3. This demonstrates that this additional friction term is indeed a general feature
of finite-temperature dynamics of skyrmions and does not depend on the driving mechanism
[P9].
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100

Figure 6.15: Average skyrmion
Hall angle hΩi, shifted by
π/2, versus α for various
value of T . Symbols correspond to simulation results
and dashed lines are theoretical predictions based on
Eq. (6.31) evaluated using the
parameters in Tab. 4.1 and
η = 0.022µs /(γa2 K). Figure
adapted from Ref. [P9].

A recent experimental study [189] on bubble-type skyrmions in Pt/CoFeB/MgO multilayer
stack reported a negligible temperature dependence of the skyrmion Hall angle, which is in contrast to the findings above. This might be attributed to the fact, that the skyrmions studied in
Ref. [189] have a much larger diameter (∼ 180 nm) than the ones in (Pt0.95 /Ir0.05 )/Fe/Pd(111)
and thus have a considerably enhanced dissipation tensor13 . If the magnon-induced friction
scales weaker than linearly with the diameter, it would become negligible for skyrmions above
a certain size (depending on α). Unfortunately, skyrmions with this radius are not accessible
within the numerical simulations performed here. The skyrmion diameter can only be varied
between 2 and 4.5 nm via the external field. Within this accessible range, no significant
change of η can be observed, while D is found to be increasing with size. Therefore, the
scaling behavior of η is not yet determined. In conclusion, the findings presented here suggest
that magnon-induced friction is expected to be particularly relevant in the technologically
and fundamentally desirable regime of ultrasmall skyrmions at room temperature.

6.3. Concluding remarks
In this chapter, the current-induced motion of skyrmions in (Pt0.95 /Ir0.05 )/Fe/Pd(111) driven
by spin-transfer torques and spin-orbit torques was investigated theoretically using atomistic
spin dynamics simulations and analytical calculations within the framework of a collective
coordinate approach.
13

For large, bubble-type skyrmions the dissipation tensor scales linearly with the radius. This is because
they consist of a narrow domain wall around a uniformly magnetized core. Since only the wall contributes
to the dissipation tensor and since its length scales linearly with the radius, the dissipation tensor is also
expected to scale linearly with the diameter. This canbe demonstrated analytically by assuming a circular
skyrmion spin configuration with Sz = tanh (r − R)/∆ , where R and ∆ are the skyrmion radius and domain
wall width, respectively. In the limit R  ∆, the dissipation tensor is given by D ≈ M2πR/(∆γ)1.
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For the STT-driven motion, it was demonstrated that a finite topological charge of
skyrmions gives rise to a finite transverse velocity, following the so-called skyrmion Hall effect.
The skyrmion Hall effect is characterized by the skyrmion Hall angle, whose sign was found
to depend on the sign of the topological charge. Furthermore it was shown, that the response
of localized spin textures with non-circular shape depends on their orientation with respect
to the direction of the incident electrons, giving rise to an orientation dependence of the
skyrmion Hall angle.
The skyrmion dynamics induced by SOTs are a bit more complex. This is because the
corresponding effective force depends on a tensor with, in general, six independent entries that
depend on the skyrmion spin configuration. Several of these entries vanish if the localized spin
texture possesses certain symmetries. That is why for example only the chimera and Q = 2
skyrmion can be moved by a perpendicular effective spin polarization. If the direction of the
effective spin polarization is in-plane, one can also define a skyrmion Hall angle with respect
to this direction. This angle again was found to be finite and depending on the topological
charge. For the antiskyrmion, this angle turned out to be also helicity-dependent. If the
SOTs are increased above a certain threshold, this helicity-dependence gives rise to trochoidal
motion. Lastly, it was demonstrated that the skyrmion Hall angle depends on temperature
and that magnon-induced friction has to be included in the analytical calculations in order
to yield agreement with the simulations.
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Chapter 7.
Skyrmions Driven by Spin Waves
Despite their common origin as excitations of the uniform field-polarized state, skyrmions
and spin waves are nevertheless characterized by different properties. A skyrmion is a largeamplitude excitation of finite size and has a very long lifetime, as a result of its nontrivial
topology. Hence, a skyrmion can be regarded as a quasi-particle embedded in the spin field.
A spin wave, on the other hand, is an extended, low-energy excitation of the spin field. In
contrast to the skyrmion, it can easily be destroyed and created, since it is topologically
trivial. The interaction between these two unlike siblings is an important issue for several
reasons. First of all, it combines aspects of the fields of magnonics [190] and skyrmionics [191],
both of which hold a large variety of ideas for possible future applications and have attracted
considerable interest in recent years. Moreover, it is highly relevant for the understanding
of the finite-temperature behavior of skyrmions. The interplay with thermally excited spin
waves contributes to the damping of skyrmionic motion and to skyrmion Brownian motion,
see Ref. [P9] and Sec. 5.2.3, and induces unidirectional motion of skyrmions towards the hot
end in temperature gradients [192], which will be discussed in detail later in this chapter.
By looking at it in the general context of solitons and their environment, the interactions
between skyrmions and spin waves are also of fundamental interest and the findings could
possibly be transferred to other topics such as superfluids [193] or Bose-Einstein condensates
[194] where similar coupling effects have been investigated.
The quantum-mechanical analogue to the classical spin wave is called a magnon and
was first introduced by Bloch [136] in order to explain the temperature dependence of the
spontaneous magnetization. The usage of the terms spin wave and magnon is not always
consistent in literature: spin waves are frequently referred to as magnons despite being treated
in a classical framework, such as for example via the Landau-Lifshitz-Gilbert equation (3.6).
Hereinafter, solely the term spin wave is used, to avoid any ambiguity1 .
This chapter focuses on the unidirectional motion of skyrmions induced by spin waves and
is separated into two sections. In Sec. 7.1, the impact of monochromatic spin wave currents
on skyrmion dynamics is discussed. The results presented within this section yield insight
into the elementary processes involved in the scattering between spin waves and skyrmions
and demonstrate that topology plays a key role in the observed motion of skyrmions. Then,
in the subsequent Sec. 7.2, this knowledge is used to explain the dynamics of skyrmions
induced by thermal spin wave currents within a temperature gradient.
Parts of this chapter have been published in:
1

The term magnon is only used when referring to effects whose names are established this way in literature,
e.g. magnonic spin Seebeck effect or topological magnon Hall effect.
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M. Weißenhofer and U. Nowak. „Topology dependence of skyrmion Seebeck and skyrmion
Nernst effect“. Scientific Reports 12.1 (Apr. 2022), p. 6801. doi: 10.1038/s41598-02210550-z

7.1. Monochromatic spin waves
The term monochromatic comes from the ancient Greek word µoν óχρωµoς and translates to
having one color. Scientifically speaking, it is used to state that light or any other radiation
consists of only a single wavelength. Lasers, for example, typically produce monochromatic
light, in contrast to sunlight, which is, as demonstrated by the emergence of rainbows, an
example for polychromatic light. The interaction between monochromatic spin waves and
localized spin textures has been investigated in various theoretical studies. Multiple works
came to the conclusion that due to the transfer of angular momentum, ferromagnetic domain
walls are pushed in the direction opposite to the propagation direction of spin waves [195–197].
For antiferromagnetic domain walls, the direction of motion depends on the polarization of
the spin waves: if the polarization is linear, the domain wall is attracted towards the source,
whereas a circular polarization leads to motion away from the source [198, 199]. The situation
is even more complex in ferrimagnets [200]. Depending on whether the temperature is higher
or lower than the angular momentum compensation temperature, ferrimagnetic domain walls
are pulled towards or pushed away from the source of the monochromatic spin waves. In
addition to this, this behavior switches if the domain wall is driven far beyond the Walker
breakdown. Similar to ferromagnetic domain walls, it was shown that monochromatic spin
waves induce a motion of ferromagnetic skyrmions towards the source, which is accompanied
by a finite transverse velocity as a result of the topology [88, 137]. In contrast to this,
skyrmions in antiferromagnetic systems were observed to move away from the source [201].
In this section, skyrmion dynamics induced by monochromatic spin waves in
(Pt0.95 /Ir0.05 )/Fe/Pd(111) are investigated. The focus is mainly on the dependence of
the dynamics on the topological charge of the skyrmions and the results will be used to
deepen existing knowledge, thereby unambiguously identifying linear (instead of angular)
momentum transfer as the dominant mechanism. It is organized as follows. To begin with,
general features of monochromatic spin waves are summarized and their dispersion relation
in (Pt0.95 /Ir0.05 )/Fe/Pd(111) is calculated. The subsequent discussion of spin-wave-skyrmion
scattering is separated into two parts: first, the focus is solely on the impact on the spin
wave and second, the induced skyrmion motion is investigated.

7.1.1. Excitation of monochromatic spin waves
In order to excite monochromatic spin waves within atomistic spin dynamics simulations, the
magnetic moments along one edge of the system perform a uniform rotation with defined
frequency ω and amplitude a. The time evolution of this forced excitation is given by
S0,x (t) = a cos ωt and S0,y (t) = a sin ωt and S0,z (t) =

p

1 − a2 .

(7.1)

Due to the presence of exchange interactions, this precession excites neighboring magnetic
moments. If ω corresponds to an allowed frequency of the system, a spin wave propagates
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perpendicular to the edge with forced precession. This spin wave can be characterized via a
wave vector k, which points in the direction of the propagation and whose absolute value is
connected to the wavelength λ via |k| = 2π/λ. To avoid non-linear effects, which lead to a
decay of spin waves to different modes, the amplitude of the forced oscillations should be
small. Here, an amplitude of a = 0.025 is chosen.
The excitation of a spin wave is illustrated exemplarily in Fig. 7.1 (left). It holds a
snapshot of the spin components perpendicular to the equilibrium direction, Sx and Sy , along
the direction perpendicular to the edge with forced precession (located at x = 0) at some
time τ obtained from simulations (symbols). The dotted lines correspond to plane waves
with Sx (x) = a cos(kx − ωτ ) and Sy (x) = a sin(kx − ωτ ) and serve as a guide to the eye. Due
to the finite Gilbert damping, a small decay with distance is visible for the simulation data.
The relation between the rate of spatial change, the wave vector k, and temporal change,
the frequency ω, of a spin wave is called dispersion relation. In a ferromagnet where the
primitive cell consists of only one spin, the frequency can be written as a single-valued function
of the wave vector via ω = ω(k). In systems with N spins in the primitive cell, the frequency
is a N -valued function of the wave vector, commonly written as ωn (k), with n ∈ [1, N ]. There,
the dispersion relation comprises N so-called branches. Note that N = 2 in the case of a
system with two sublattices as well as an antiferromagnet with a single sublattice. Spin wave
dispersion relations are usually calculated within the framework of linear spin-wave theory
(LSWT). LSWT was first introduced by Bloch in 1930 [136] to describe the low-temperature
behavior of ferromagnets and its first success was the derivation of the famous Bloch T 3/2
law 2 . It relies on a linearization of the LLG around some reference equilibrium state. Here,
this reference state is a collinear alignment of the spins along the out-of-plane direction.
Henceforth, Sz ≈ 1 and terms that are second order in Sx and Sy are neglected. If only
nearest-neighbor Heisenberg exchange, uniaxial anisotropy and a perpendicular external
magnetic field are considered, the linearized LLG reads (see for example Ref. [202])








−2dz Si,y − µs B⊥ Si,y − J j (Si,y − Sj,y )
Ṡi,x
P
γ 



 2dz Si,x + µs B⊥ Si,x + J j (Si,x − Sj,x )
Ṡi,y  =
µs
0
Ṡi,z
P

(7.2)

where dz is the (perpendicular) uniaxial anisotropy, J is the exchange constant and the
summation is restricted to nearest neighbors. The coupled linear differential equations above
can be decoupled by introducing a new set of variables, S±,i (t) = Si,x (t) ± iSi,y (t), for which
the dynamics are given by

X
γ
Ṡ±,i = ±i
2dz S±,i + µs B⊥ S±,i + J
(S±,i − S±,j ) .
(7.3)
µs
j
Next, the Fourier transformation of the above expression is calculated. The Fourier transformation and the inverse of the Fourier transformation of S±,i are given by
1 X ±ik·Ri
S±,k = √
e
S±,i
N i
1 X ∓ik·Ri
S±,i = √
e
S±,k .
N k

(7.4)
(7.5)

2

The Bloch T 3/2 law states that the saturation magnetization of a ferromagnet at low temperatures is
given by M(T ) = M(0)[1 − (T /Tc )3/2 ] with Tc being the critical temperature.
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Inserting the inverse Fourier transformation into Eq. (7.3) yields, after some calculation, the
time evolution of the Fourier components,


X
γ
= ±i
2dz + µs B⊥ + J z −
e±ik·(Ri −Rj ) S±,k ,
µs
R −R


Ṡ±,k



i

(7.6)

j

with z being the number of nearest neighbors. For a hexagonal lattice the primitive cell is
spanned by two vectors a1 and a2 that enclose the angle π/3 and have equal length a. The
6 nearest neighbors are located at ±a1 , ±a2 and ±(a1 − a2 ). Therefore, the exponential
functions in the summation over the nearest neighbors can be replaced by cosine functions by
using the fact that exp(ik · r) + exp(−ik · r) = 2 cos(k · r). Assuming the time dependence
Ṡ±,k (t) = Ṡ±,k (0) exp(±iωt), the dispersion relation for a hexagonal system follows as


γ
ω=
2dz + µs B⊥ + 2J 3 − cos(k · a1 ) − cos(k · a2 ) − cos(k · [a1 − a2 ]) .
µs




(7.7)

The first two terms are independent of the wave vector and lead to a frequency gap,
i.e. a minimal frequency ωmin = γ/µs (2dz + µs B⊥ ), commonly referred to as ferromagnetic
resonance frequency [203], below which spin waves only exist as evanescent waves. The third
term was first derived by Bloch [136] and is quadratic in k in lowest order. This means that,
unlike photons or phonons (where the dispersion relation is linear in k in lowest order), the
group velocity vg = ∂ω/∂k of spin waves vanishes for small wave vectors for ferromagnets.
Note that due to the periodicity of the lattice, spin waves are completely characterized by
their behavior for wave vectors in the first Brillouin zone of the reciprocal lattice [204].
For a system with complex interactions going beyond the nearest neighbors (or if the
reference state is non-collinear) the calculation of the dispersion relation becomes cumbersome
and one usually relies on numerical computations (see for example Ref. [205]). Fig. 7.1
(right) depicts the dispersion relation of spin waves in (Pt0.95 /Ir0.05 )/Fe/Pd(111). The
symbols correspond to simulation results where the wave vector was obtained from Fourier
transformations of the spin waves excited by forced oscillations. The dotted line was calculated
by Levente Rózsa using LSWT including a complete treatment of all interactions [206]. The
dashed line is Eq. (7.7) where dz = 0.0588 mRy was used, as calculated in Ref. [13], and the
P
nearest-neighbor coupling was approximated via J = 1/6 j TrJij /3, where the summation
is not restricted to nearest neighbors but goes over the whole lattice. The shown results
indicate a good agreement between the full LSWT calculations and the atomistic spin dynamics
simulations. The approximation based on Eq. (7.7) differs considerably, indicating that the
simple model including only nearest-neighbor Heisenberg exchange is insufficient to describe
spin waves in the system under consideration.

7.1.2. Topology dependence of skew and rainbow scattering
If a wave encounters an obstacle, it gets scattered. That is, its motion is forced to deviate
from the motion in the absence of the obstacle. This scattering gives rise to a wide range
of intriguing physical processes, for instance to the formation of a rainbow as a result of
sunlight being refracted at water droplets. In the following, it will be demonstrated, that the
scattering of monochromatic spin waves at skyrmions is equally intriguing and that it holds a
variety of features, such as rainbow scattering and skew scattering.
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Figure 7.1.: Left: Propagation of a monochromatic spin wave excited at x = 0 with ω = 7.14 THz.
The symbols are the spin components Sx and Sy versus distance from the spin wave source at some
time τ obtained from simulations with α = 0.01. The dotted lines are Sx (x) = a cos(kx − ωτ ),
Sy (x) = a sin(kx − ωτ ) with k = 2π/λ and serve as a guide to the eye (λ was obtained by fitting).
Right: Dispersion relation of spin waves in (Pt0.95 /Ir0.05 )/Fe/Pd(111). The spin wave frequency
ω is depicted versus the absolute value of the wave vector k for a spin wave propagating in the
direction of a basis vector of the lattice. Numerical results are shown as symbols, LSWT-nn is
P
Eq. (7.7) evaluated using dz = 0.0588 mRy and J = 1/6 j TrJij /3 and LSWT-full correspond to
results obtained by Levente Rózsa via a complete treatment of all interactions [206].

In order to investigate a scattering process, it is useful to introduce the differential cross
section ∂σ/∂χ. Generally, the differential cross section is the probability that an incoming
particle is scattered to a certain direction. In the context of spin wave scattering in two
dimensions, it is a measure of the amplitude of the spin wave traveling in the direction
of the scattering angle χ, which is the angle between the wave vector k of the incident
spin wave and the position relative to the skyrmion position R. Using the transformation
S± (r, t) = Sx (r, t) ± iSy (r, t) as above, the incoming (clock-wise) spin wave far away from
the core of the localized spin texture can be written as
in
S+
(r, t) = Aei(k·r−ωt) ,

(7.8)

where A is the spin wave amplitude and the frequency ω is related to the wave vector k via the
dispersion relation3 . Note that a finite damping leads to a decay of the spin wave that could
be accounted for by a spatially dependent A. Here, it is assumed that the damping is low
and that thus A is constant. If the mass of a skyrmion is much larger than the mass of a spin
wave, no energy is transferred to the skyrmion during the scattering process. The absolute
value of the wave vector is hence unchanged and the outgoing scattering wave function far

3

LSWT relies on a linearization of the LLG around some reference equilibrium state. Usually, one is
interested in the spin waves in the uniform, collinear state. Then, a spin wave can be expressed everywhere
via Eq. (7.8). In non-collinear systems, e.g. if skyrmions are present in the otherwise collinear state, the spin
wave in the vicinity of the skyrmion can be described by switching to a local coordinate system where the
z axis is in the equilibrium direction [88, 205]. Far away from the skyrmion core, the equilibrium direction
coincides with the z direction and the spin wave is described by Eq. (7.8).
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away from the skyrmion core can be written as [88]
out
S+
(r, t)

!

= Ae

−iωt

e

ik·r

eikρ
+ f (χ) √ ,
ρ

(7.9)

with ρ = |r − R| and χ = tan−1 ((y − Y )/(x − X)) being polar coordinates. It consists of the
unaltered incoming plane wave and a spherical wave that is proportional to the scattering
amplitude f (χ). The scattering amplitude and the differential cross section are connected
via the relation ∂σ/∂χ = |f (χ)|2 . A comparison between Eq. (7.8) and Eq. (7.9) yields
(Sxout (ρ, χ) − Sxin (ρ, χ))2 + (Syout (ρ, χ) − Syin (ρ, χ))2
∂σ
.
(χ) = ρ
∂χ
(Sxin (ρ, χ))2 + (Syin (ρ, χ))2

(7.10)

Note that in two dimensions the differential cross section has the unit of length4 . Using Eq.
(7.10), the differential cross section can be expressed solely in terms of the spin components.
This can be used in the investigation of the scattering of spin waves at skyrmions via atomistic
spin dynamics simulations: when simulating the scattering between skyrmions and spin waves,
which yields Sout , a duplicate simulation in the absence of the skyrmion is performed, where
the incident spin wave is unaltered and Sin can be obtained. By means of Eq. (7.10), the
differential cross section at each lattice site can be calculated. Selecting all values of the
∂σ/∂χ within an annulus around the center of the skyrmion yields the differential cross
section as a function of the scattering angle.
This procedure is demonstrated in Fig. 7.2 and Fig. 7.3. Both figures hold simulation
results for the differential cross sections of skyrmions with topological charges as labeled. Fig.
7.2 depicts ∂σ/∂χ as a function of spatial coordinates obtained by evaluating Eq. (7.10) at
each lattice site. The spin wave is generated left of the skyrmions via forced of oscillations
of the spins at x = 159a with frequency ω = 85.6 THz and travels towards the right with a
wave vector k = (k, 0)T with k = 2.54/a. Note that a cutoff value was introduced to the
color coding as all lattice sites for which ∂σ/∂χ > 3.2 nm have the same color. This was
done for the sake of visibility, since Eq. (7.10) results in very high values for the differential
cross section in the vicinity of the skyrmion core because there the deviations between the
simulations with and without a skyrmion are the largest. These values, however, can be
ignored because there the description of the incoming and outgoing spin waves via Eq. (7.8)
and Eq. (7.9) does not hold anyway. The interesting features can be found further away
from the skyrmion core. All skyrmions show forward scattering, i.e. scattering in positive x
direction. In addition to forward scattering, the spin wave gets partially deflected to positive
and/or negative χ (skew scattering), depending on the topological charge of the skyrmion.
For skyrmions with finite Q, the spin wave is predominantly deflected to negative χ if Q = 1,
and to positive χ if Q ∈ {−1, −2}. In analogy to the topological Hall effect [207], where
electrons acquire a transverse velocity in a spatially varying magnetization such as for example
skyrmions [208], this phenomenon was termed topological magnon Hall effect [114]. A spin
wave scattering off the topologically trivial chimera skyrmion gets scattered to positive and
negative χ. This can be ascribed to the fact that the chimera skyrmion consists of one region
with positive topological charge and one region with negative topological charge: from a
comparison with the scattering off skyrmions with Q = ±1, it can be concluded that these
regions give rise to the scattering to positive and negative χ, respectively (cf. Sec. 6.1.2).
4
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Figure 7.2: Differential cross
sections as a function of
spatial coordinates x, y of
skyrmions with topological
charges as labeled obtained
from simulation data via Eq.
(7.10). The spin wave is generated left of the skyrmions
via forced oscillations of the
spins at x = 159a with frequency ω = 85.6 THz and
travels towards the right
with k = 2.54/a. The
Gilbert damping parameter
has a value of α = 0.01.
Figure adapted from Ref.
[P15].

The spin wave scattering is investigated in more detail in Fig. 7.3. There, the differential
cross sections of skyrmions with topological charges as labeled are shown as a function of
the scattering angle and for different driving frequencies. For each type of skyrmion and
irrespective of ω, skew scattering results in an asymmetry of ∂σ/∂χ with respect to forward
scattering. Furthermore, all differential cross sections consist of multiple peaks, whose heights
are found to be considerably lower at higher frequencies and whose positions change only
slightly with frequency. Both the skew scattering and the occurrence of multiple peaks in the
differential cross section are characteristic features of rainbow scattering [88].
The total amount of spin wave amplitude being scattered of the skyrmions is given by
the total cross section σ, which is a measure of how much the incoming spin wave is affected
by the presence of the skyrmion. It can be obtained from the differential cross section by
R
integrating over the solid angle. In two dimensions, it is given by σ = 02π dχ (∂σ/∂χ) and
has the unit of length. Fig. 7.4 depicts the total cross sections of skyrmions with topological
charges as labeled for different wave vectors. The behavior of σ is very similar for all types of
skyrmions. They all have a peak between k = 0.12/(a/2π) and k = 0.15/(a/2π). Note that
the wave length of spin waves in this range is between 6.7a and 8.3a, which is comparable
to the radius of the skyrmions. So the results demonstrate that the spin wave scattering is
maximal when the wavelength is similar to the radius of the skyrmion. If the wavelength is
smaller, i.e. if k is larger, the total cross section declines to zero. That is, the spin wave is
unaltered when passing through the skyrmion.

7.1.3. Effective momentum-transfer force and skyrmion
velocities
In the previous subsection 7.1.2, the scattering of spin waves at skyrmions was discussed
with a focus solely on the impact on the spin waves. Following Newton’s third law, however,
a change in the spin wave dynamics induces a motion of the skyrmions. In the following,
the impact of monochromatic spin waves on the dynamics of the skyrmions is discussed. It
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Figure 7.3.: Differential cross sections as a function of the scattering angle χ of skyrmions with
topological charges as labeled obtained from simulation data for α = 0.01. The shown data
corresponds to the values of the differential cross section at all lattice sites that are between 39a
and 41a away from the skyrmion core.

is revealed that the skyrmions are displaced in a peculiar manner and that features of this
spin-wave-induced motion are closely linked to the topological charge of the skyrmions and
the topological magnon Hall effect. For this purpose, LSWT in combination with Thiele’s
equation (3.19) is employed and is compared to results obtained from atomistic spin dynamics
simulations.
First, an analytical expression for the effective momentum-transfer force that is exerted
on the skyrmion is derived. In order to do so, a quantum mechanical description of spin
waves is used. In quantum mechanics, the momentum can be calculated using the momentum
operator p̂ = (~/i)∇, with ~ being the reduced Planck constant. The total momentum of the
incoming and outgoing spin waves (cf. Eq. (7.8) and Eq. (7.9)) can be calculated as quantum
mechanical expectation values and read

pout
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with eρ = (cos χ, sin χ)T and where rapidly fluctuating contributions proportional to exp(±ik·
r) exp(∓ikρ) are neglected as they average to zero. Both expressions calculate the total
momentum of a spin wave extended over the whole system. Note that the two-dimensional
optical theorem [209] was used in the derivation of Eq. (7.12). In the quantum mechanical
description one usually treats the spin waves as discrete excitations, the so-called magnons,
R
and the quantity |A|2 d2 r is replaced by the discrete magnon occupation number n, such
that the momentum of a spin wave is simply given by p = n~k. Since ultimately a classical
expression for the effective momentum-transfer force is desired, the classical spin wave
amplitude is kept in what follows. By the virtue of momentum conservation, the change in
momentum between the incoming and outgoing spin wave is transferred to the skyrmion [137].
Without loss of generality, the wave vector of the spin wave is assumed to be in x-direction,
i.e. k = (k, 0)T . The total momentum transferred to the skyrmion then reads
∆P

tot

in

=p −p

out

2

= |A| ~k

Z 2π

Z ∞
0

dρ



dχ

0

!

1 − cos χ ∂σ
+ O(ρ−1/2 )
− sin χ ∂χ



(7.13)

where it was used that |f (χ)|2 = ∂σ/∂χ. This is the total momentum transferred to the
skyrmion for a spin wave that is infinitely extended, since the radial integration goes from
zero to infinity. The effective force, associated with this momentum transfer, can be obtained
by evaluation of the flow of momentum through a circle of radius R around the core of the
skyrmion. Since in the absence of damping the flow of momentum through such a circle does
not depend on R, it is convenient to go to large radii because then the terms with O(ρ−1/2 )
in the above expression can be neglected. Within the time interval ∆t, only the part of the
spin wave that is at most v∆t (with v = ∂ω/∂k being the group velocity) away from this
circle contributes to the flow of momentum. So the momentum transfer within the time
interval ∆t for a continuous incident spin wave is given by
2

∆P ≈ |A| ~k

Z 2π

Z R

dρ
R−v∆t

0



dχ

!

1 − cos χ ∂σ
= |A|2 ~kv∆t
− sin χ ∂χ


Z 2π
0



dχ

!

1 − cos χ ∂σ
.
− sin χ ∂χ
(7.14)


Finally, the effective momentum-transfer force exerted on the skyrmion follows as
∆P
∂ω
F = lim
= |A|2 ~k
∆t→0 ∆t
∂k

Z 2π
0



dχ

!

∂ω
1 − cos χ ∂σ
= |A|2 ~k
∂k
− sin χ ∂χ


σk
σ⊥

!

(7.15)
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where the longitudinal cross section σk and the perpendicular cross section σ⊥ were introduced.
The longitudinal cross section (sometimes known as the momentum-transfer cross section)
appears frequently in three dimensional scattering processes and can be used to calculate
the average momentum transfer to an azimuthally symmetric target [210]. The effective
momentum-transfer force is determined by angular integrals over the differential cross section,
weighted by 1 − cos χ and sin χ. This indicates that no momentum is transferred for forward
scattering of the spin wave. Furthermore, the component of F perpendicular to the wave
vector is only finite for skew scattering, i.e. if the differential cross section is asymmetric with
respect to χ. It shall also be emphasized that the dependence of the effective momentumtransfer force on k is threefold: first, there is the explicit dependence via the spin wave
momentum ~k, second, there is the dependence via the group velocity ∂ω/∂k, and last there
is the highly nontrivial k-dependence of the differential cross section. If a quadratic dispersion
relation is assumed, i.e. ω ∼ k 2 , the group velocity is linear in k and the above formula (7.15)
coincides with what was derived based on a Lagrangian approach in an earlier study [88].
Since the spin wave dispersion relation and the differential cross sections are known, see Sec.
7.1.2, Eq. (7.15) can be used to calculate the effective force exerted on the skyrmion. Note
that in order to compare these forces with what is obtained in the classical atomistic spin
dynamics simulations, ~ has to be replaced by µs /γ [202].
As a next step, the skyrmion dynamics induced by the effective momentum-transfer force
are calculated. For this purpose, the force given by Eq. (7.15) is supplemented to the Thiele
equation (3.19), yielding
!

2 µs

∂ω
G × V + αDV = |A|
k
γ ∂k

σk
.
σ⊥

(7.16)

Here, possibly anisotropic dynamics are neglected as the skyrmions are assumed to be
rotationally symmetric and hence Dµν = Dδµν . In the derivation of the force on the RHS of
Eq. (7.16), the wave vector of the incident spin wave is assumed to be in x-direction. So the
velocity parallel and perpendicular to k can be obtained by a simple matrix inversion. They
read
!
!
µs ∂ω
|A|2
Vk
αDσk + Gσ⊥
= k
.
(7.17)
γ ∂k (αD)2 + G2 −Gσk + αDσ⊥
V⊥
The dynamics described by this formula are summarized in Fig. 7.5: an incoming spin wave
is scattered at the core of the skyrmion and transfers the momentum pin − pout . This gives
rise to the effective momentum-transfer force F. For a nanoscale spin texture with finite
Q, the second term (dissipation) in Eq. (7.16) is usually much smaller than the first term
(gyrocoupling) and thus the force is approximately perpendicular to the velocity. Depending
on the sign of the topological charge, the direction of the velocity is obtained by either a
clockwise or counterclockwise rotation by π/2. For the chimera skyrmion the gyrocoupling is
zero and the force is henceforth parallel to the velocity. It is useful to define a deflection angle θ,
which describes how much the direction of the skyrmion motion is rotated in counterclockwise
direction from the direction of the wave vector, cf. Fig. 7.5, and which reads
 

σk

−1


 ≈ − tan
,
σ
−Gσ
+
αDσ
⊥
⊥
k
 
θ = tan−1
αDσk + Gσ⊥ 

= tan−1 σσ⊥ ,
k
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for αD  G
(7.18)
for G = 0

7.1. Monochromatic spin waves
Figure 7.5: Illustration of the scattering of a spin
wave at a skyrmion. The spin wave is emitted
to the left of the skyrmion with momentum
pin and, after, being scattered, leaves the system with pout . This change in momentum
gives rise to the effective momentum-transfer
force F , that leads to a motion of the skyrmion
with velocity V. The direction of motion can
be characterized by the deflection angle θ.
Note that the arrows only show the directions
but not the respective absolute values of the
quantities. Figure adapted from Ref. [P15].

v

where the upper case approximately holds for skyrmions with finite topological charge since
typically α  1 and D ∼ G and the lower case is always true for the topologically trivial
chimera skyrmion.
Now, the theoretical formulae (7.17) and (7.18) are compared with simulation results
for the dynamics of skyrmions driven by monochromatic spin waves. Since the differential
cross sections of the skyrmions and the dispersion relation for the system under consideration
cannot be determined analytically, they are extracted from simulation data. This may raise
the question, in how far the semi-analytic approach described above is beneficial in the
understanding of the dynamics of skyrmions driven by monochromatic spin waves. The
answer to this question lies within the physics that were used to derive Eqs. (7.17) and
(7.18): the derivation of the effective momentum-transfer force relies on the assumption
that the amount of energy that is transferred to the skyrmion is very small, such that the
absolute value of the wave vector does not change, and that the change in momentum of the
spin wave is fully transferred to the skyrmion. Moreover, it is assumed that the effective
momentum-transfer force can be simply supplemented to the Thiele equation. To sum up,
if the results of the semi-analytic approach compare favorably with the simulation results
for the skyrmion dynamics, it can be concluded that these assumptions are justified and the
main mechanisms that give rise to this phenomenon can be identified.
From the differential cross sections, see Fig. 7.3, the longitudinal and perpendicular cross
sections can be determined by integration over the scattering angle χ,
Z 2π

σk =

0

∂σ
(1 − cos χ)
dχ and σ⊥ =
∂χ

Z 2π
0

(− sin χ)

∂σ
dχ,
∂χ

(7.19)

and they are shown in Fig. 7.6. Their overall behavior is quite similar to the total cross
section, see Fig. 7.4. They have a peak in range where the wavelength of the spin wave
is roughly the skyrmion radius and then decline to zero for increasing wave vector. The
longitudinal and perpendicular cross sections of each type of skyrmion have comparable
values, except for the chimera skyrmion, where the perpendicular cross sections is significantly
lower. This can be understood from the fact that the weighing factors in the above formulae
have different symmetries. While the factor (1 − cos χ) is even with respect to χ, the factor
(− sin χ) is odd. Besides, they are both zero at χ = 0. This means that the longitudinal
cross section comprises the even contributions to the differential cross section at finite χ
and that the perpendicular cross section comprises the odd contributions. A single peak in
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the differential cross section at finite χ has equal even and odd contributions and therefore
contributes similarly to σk and σ⊥ . The differential cross sections for skyrmions with finite Q
can be viewed as multiple peaks at either positive or negative χ, depending on the sign of Q,
and therefore σk and σ⊥ are comparable. The only slight difference arises from the different
scaling of the weighing factors5 . This, however, is not the case for the chimera skyrmion, as
for this type of skyrmion the differential cross section is roughly an even function. The slight
asymmetry between the peaks at positive and negative scattering angles still gives rise to a
finite, but small, perpendicular cross section.
The longitudinal and perpendicular cross sections, together with the dispersion relation,
are now used to evaluate Eq. (7.17) and compare these semi-analytic predictions for the
velocities of skyrmions driven by spin waves with the numerical results, see Fig. 7.7. The
symbols correspond to the simulations results and the dotted lines are the theoretical
predictions. Reasonable agreement can be found for skyrmions with finite Q, whereas the
theoretical predictions greatly overestimate the velocities for the chimera skyrmion, due to
their considerably faster dynamics: when driven by monochromatic spin waves, the chimera
skyrmion quickly moves away from their source, since for them the longitudinal velocity is
positive. Due to a finite damping, which is not accounted for in the theoretical prediction,
the spin wave amplitude becomes considerably lower than in the region close to the source
and therefore the effective momentum-transfer force on the chimera skyrmion decreases,
ultimately leading to an overestimation of the velocities by the theoretical prediction.
There are several intriguing aspects to discuss in Fig. 7.7. To start with, all velocities have
a peak that is shifted from the maximum of the cross sections towards higher k values. This
is because the force also depends on the momentum of the spin wave and on its group velocity,
both of which are, in the range considered here, increasing with k. The quick decrease
of the cross sections with higher k, see Fig. 7.6, dominates at some point and then the
velocities decline to zero and the skyrmions become unaffected by the spin waves. The most
striking observation in Fig. 7.7 is the topology dependence of the signs of the longitudinal and
5
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The leading order in a Taylor expansion of (1 − cos χ) is quadratic whereas for (− sin χ) it is linear in χ.
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perpendicular velocities. While the skyrmions with finite Q all have a negative Vk , therefore
moving towards the source of the spin waves and opposite to the wave vector, the chimera
skyrmion moves away from the source. Moreover, the sign of the V⊥ is positive for the Q = 1
skyrmion and the chimera skyrmion and negative for the Q = −1 and Q = −2 skyrmions.
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Figure 7.7.: Velocities of skyrmions with topological charges as labeled driven by monochromatic
spin waves. The symbols correspond to simulation results and the dashed lines are the theoretical
predictions based on the evaluation of Eq. (7.17) using the simulated dispersion relation and
differential cross sections.

This peculiar feature of the spin wave-driven dynamics of skyrmions is also illustrated
in Fig. 7.8 where the deflection angle θ = tan−1 (V⊥ /Vk ) is shown. The simulation results
(symbols) are in good quantitative agreement with the theoretical predictions (dotted lines)
and emphasize that the skyrmions move in completely different directions, depending on
whether they have zero, positive or negative topological charge. The dependence of the
direction of motion on the topological charge can be explained based on Fig. 7.5. For the
Q = 1 skyrmion the situation is the same as in the sketch, the topological magnon Hall
effect leads to a deflection of the spin wave in clockwise direction, which gives rise to a
force that points to the top right. Since the gyrocoupling term in Eq. (7.16) dominates
over the damping term for small values of the Gilbert damping parameter (here, α = 0.01),
it follows that V ≈ −(G × F)/G2 . Recalling that the gyrocoupling vector is given by
G = −4πQµs /(γa2 )e⊥ , the direction of the velocity of a skyrmion with Q = 1 is henceforth
obtained by a counterclockwise rotation by π/2. For the skyrmions with Q = −1 and Q = −2
the situation is similar. There, the spin wave is deflected in counterclockwise direction and the
effective momentum-transfer force points to the bottom right. Having a negative topological
charge, their gyrocoupling vector points in the same direction as e⊥ and the direction of
their velocities is thus obtained by a clockwise rotation by π/2. The dynamics of the chimera
skyrmion are different. Since its topological charge is zero, the gyrocoupling term in Eq.
(7.16) is absent and the velocity is simply given by V = F/(αD), i.e. it moves in the same
direction as the force and its velocity is much faster since usually α  1. The two scattering
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Figure 7.8: Deflection angle θ
of skyrmions with topological charges as labeled driven
by monochromatic spin waves.
The symbols correspond to simulation results and the dashed
lines are the theoretical predictions based on the evaluation of
Eq. (7.18) using the simulated
differential cross sections. Figure adapted from Ref. [P15].
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peaks of the chimera skyrmion, which can be traced back to it being partly a Q = 1 and
Q = −1 skyrmion, add up such that the force is roughly in the same direction as the wave
vector. Therefore the chimera skyrmion moves, in contrast to the other types of skyrmions,
away from the spin wave source. The fact that it acquires a small perpendicular velocity is a
result of the slight asymmetry in its differential cross section.

7.2. Thermal spin wave currents
In thermal equilibrium, the excitation of spin waves due to finite-temperature fluctuations is
equally distributed over the whole system. Hence, the overall effective spin wave current is
zero. However, if the system is heated at one end, a non-equilibrium situation is created. In
the emerging non-homogeneous temperature profile, more spin waves are created in the hot
regions than in the cold ones, henceforth giving rise to an effective spin wave current, which
will be referred to as thermal spin wave current in what follows. Since its origin lies within
the locally unequal thermal distribution of spin waves, this thermal spin wave current is by
nature polychromatic. In analogy to the classical Seebeck effect [211], which describes the
emergence of an electric field as a result of a temperature gradient, this phenomenon was
termed magnonic spin Seebeck effect [17].
Microscopically, the classical Seebeck effect occurs due to a higher concentration of
electrons above the Fermi level in the hot regions than in cold regions. In order to lower
the total energy, electrons migrate towards the colder regions, thereby transporting charge
and generating electric voltage. In metallic magnets, these migrating electrons have different
scattering rates depending on whether they are spin-up or spin-down and the emergent current
thus becomes (partially) spin polarized and transports both charge and spin. Consequently,
this phenomenon was termed spin Seebeck effect [212]. Later on it was discovered that the
spin Seebeck effect is not limited to metallic systems but can also occur in semiconductors
[213] and even insulators [17]. In insulators, the emergent spin current is solely carried by
spin waves and was therefore termed magnonic spin Seebeck effect [214]. Subsequently, this
effect has also been demonstrated in antiferromagnetic [215] and ferrimagnetic [216] systems.
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Several studies have investigated the contribution of a thermal spin wave current emerging
from the magnonic spin Seebeck effect to the dynamics of localized spin textures in temperature gradients. Theoretical and experimental investigations revealed that domain walls in
ferromagnetic systems are always driven towards the hot end of the system [217–221]. Domain
walls in antiferromagnets and ferrimagnets show much richer dynamics and there the underlying mechanisms are still debated [200, 222–225]. Simulations on skyrmion thermophoresis,
i.e. the motion in a temperature gradient, in insulating ferromagnets have revealed that
they move towards the hot end of the system, together with a finite transverse velocity [192,
226]. It was demonstrated that the behavior can be related to the magnonic spin Seebeck
effect and the finite topological charge of the skyrmions [220, 227]. Experimentally, skyrmion
motion induced by thermal gradients was first observed for skyrmion lattices [114] and later
for isolated skyrmions in metallic [54] and insulating systems [7]: while in metallic systems,
skyrmions were found to accumulate at the cold end (due to a combination of repulsive forces
between skyrmions, electronic torques and magnonic torques), they are driven towards the
hot end in insulating systems, in agreement with theoretical predictions.
In this section, the motion of skyrmions in (Pt0.95 /Ir0.05 )/Fe/Pd(111) in temperature
gradients is investigated (details of this system are summarized in chapter 4). The focus
is mainly on the dependence of the dynamics on the topological charge of the skyrmions
and the results are explained using the findings for the motion induced by monochromatic
spin waves presented in Sec. 7.1. It is organized as follows. To begin with, the emergence of
a thermal spin wave current in a temperature gradient due to the magnonic spin Seebeck
effect is demonstrated. Then, skyrmion thermophoresis is investigated in detail and the
topology-dependence of the transverse velocity is revealed. Finally, the competition between
spin-wave-induced and Brownian thermophoresis of skyrmions with finite topological charges
is investigated.

7.2.1. Excitation of spin wave currents in linear temperature
gradients
The magnonic spin Seebeck effect is a non-equilibrium effect that can be simulated within the
framework of atomistic spin dynamics simulations by assuming a local temperature profile
[217]. As discussed in Sec. 3.1.2, this local temperature corresponds to the temperatures
of the phononic and electronic subsystems, which are assumed to be constant over time by
neglecting the feedback of the spin subsystem to the other two subsystems. Note that the
temperature of the spin subsystem converges to the local temperature only in equilibrium
situations [228]. In order to create a non-equilibrium situation, here, a local temperature
profile T (r) of the form

T (r) = T (x) =




T1 ,


for
∂T

T1 + ∂x (x − x1 ),



T + ∂ T (x − x ),
1
2
1
∂x

x 6 x1

for x1 < x 6 x2

(7.20)

for x2 < x

where ∂T /∂x = const. is assumed. This temperature profile describes a system coupled to two
heat baths with different temperatures at the edges creating a linear temperature gradient in
between. Such a situation is illustrated in Fig. 7.9a. Here, for the sake of visibility of the spin
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wave current, a large temperature gradient that extends only over a small regime is assumed.
Subsequently, the emergence of a spin wave current in this configuration is demonstrated via
numerical simulations of the SLLG.
At the start of the simulation, the spins are aligned parallel to the easy axis in z-direction.
After an initial relaxation, they reach a steady state where their average is time independent.
The magnetization m(x) is then calculated as the average over time and over y of the
z-component of the spins. Fig. 7.9b shows the numerical results for m(x) (solid line) and
demonstrates that a non-homogeneous temperature profile gives rise to a spatial dependence of
the magnetization. Similar to T (x) there are two regions at the edges where the magnetization
attains a constant value. These two regions are connected via a transition regime, which,
unlike T (x), does not have any kinks but instead is blurred out. The simulated magnetization
is compared with the local values of the equilibrium magnetization m0 (x) (dotted line),
which are obtained by evaluating the equilibrium magnetization m(T ) at the respective local
temperature6 . While they are in quantitative agreement at the edges of the system, significant
deviations can be observed in the vicinity of the temperature gradient.
The deviation of the magnetization from its equilibrium value, ∆m(x) = m(x) − m0 (x),
is the so-called magnon or spin accumulation and is a sign of the emergence of a spin wave
current [228]. For the local temperature profile assumed here, it is antisymmetric with respect
to center of the gradient and vanishes at the edges, see Fig. 7.9c. It is important to note
that the segment where a nonzero spin accumulation can be observed is larger than the
segment with finite temperature gradient, indicating that also the spins in the vicinity of
the temperature gradient are affected. Even though the details of the relation between the
emergence of a finite spin accumulation and a spin wave current are complicated (see e.g.
Ref. [202]), its basics can be explained in a simple picture, which will be summarized in what
follows: since a spin wave decreases the average magnetization it effectively carries a magnetic
moment that is antiparallel to the equilibrium magnetization. The higher the temperature,
the more spin waves are excited and consequently the lower the average magnetization. If
two regions with different temperatures are connected, more spin waves are excited in the hot
regime, than in the cold regime. This gives rise to a net current of spin waves towards the
cold regime that results in an increase of the number of spin waves in the cold regime and, as
a consequence, in a lowered average magnetization and a negative spin accumulation. In the
hot regime, the situation is the opposite: due to the depopulation of spin waves via the net
flow to the cold regime, the average magnetization is larger than in equilibrium, yielding a
positive spin accumulation.
The spin accumulation is only an indirect measure for the spin wave current. As a next step,
the spin wave current created by a spatially varying temperature profile is calculated directly
from simulation data. In general, the spin wave current is described via the 3 × 3 matrix j,
where both the propagation direction and the spins are described by three dimensions [229].
Following Ref. [202], the elements of the matrix j are calculated via
jνµ (r) =
6

D



S(r, t) × S(r + aeν , t) · eµ

E

(7.21)

For low temperatures, the normalized magnetization in (Pt0.95 /Ir0.05 )/Fe/Pd(111) with an applied
magnetic field of B⊥ = 0.5 T follows m0 (T ) ≈ 1 − ξT with ξ = 4 × 10−3 K−1 . This was obtained by assuming
a spatially independent temperature profile and calculating the average of the magnetization over the whole
system for different values of T .
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Figure 7.9: Excitation of a spin wave
current by a spatially varying temperature profile. (a) Temperature profile of the phononic and
electronic heat bath. Two regions with different temperatures
are connected by a linear temperature gradient with ∂T /∂x =
0.182 K/nm. (b) Average magnetization m(x) = hSz (x)i and local
equilibrium magnetization m0 (x)
(see text). (c) Spin accumulation
∆m(x) = m(x) − m0 (x) versus
x. (d) Components of the spin
wave current jνµ traveling in the xdirection calculated via Eq. (7.21).
The Gilbert damping parameter
has a value of α = 0.01 and the perpendicular external magnetic field
is set to B⊥ = 0.5 T in (b)-(d).

where ν ∈ {x, y, z} describes the propagation direction of the spin wave current and µ
represents the component of the magnetization transported by the spin wave current. For
symmetry reasons, only the jxµ components of the spin wave current can be finite in the
configuration under investigation. They are depicted in Fig. 7.9d. The only nonzero component
of the spin wave current is jxz , indicating that on average no magnetic moment perpendicular
to the equilibrium axis is transferred. It attains its maximum value at the center of the
linear temperature gradient and also reaches into the constant temperature regions. The
decay of jxz in the constant temperature regions depends on the lifetime of spin waves and
therefore on the Gilbert damping parameter [202]. Since the spin wave current is related
to the magnon accumulation, it follows that the magnetization also depends on the Gilbert
damping parameter. This further emphasizes the fact that the magnonic spin Seebeck effect
as a result of a spatially varying temperature profile is a non-equilibrium effect, because in
equilibrium the magnetization does not depend on damping.

7.2.2. Skyrmion thermophoresis and Nernst effect
Thermophoresis (also thermodiffusion, thermomigration or Ludwig-Soret effect [230, 231])
describes the motion of particles as a result of a temperature gradient. Typically particles
move from the hot towards the cold region as a result of the temperature dependence of
Brownian motion: the stochastic motion due to the fluctuating thermal forces is faster in
the hot region than in the cold region and therefore the dwell time in the cold region is
prolonged over the hot region. As a consequence, particles usually tend to accumulate at
the cold end of the system. Atomistic spin dynamics simulations on skyrmion dynamics in
temperature gradients, however, revealed that skyrmions propagate in the opposite direction
towards the hot region [192, 226]. Besides, it was found that skyrmions acquire a finite
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velocity perpendicular to the direction of the temperature gradient. In analogy to the classical
and spin Nernst effect [232, 233], the transversal motion of electrical and spin currents in
temperature gradients, this phenomenon will be referred to as skyrmion Nernst effect [P15]
in what follows.
In Refs. [192, 226, 227] it was demonstrated that the surprising skyrmion dynamics in a
temperature gradient, both the motion towards the hot regime and the transversal velocity, are
a result of the interplay between the skyrmion and a thermal spin wave current induced by the
magnonic spin Seebeck effect. Hereinafter, the topology dependence of temperature-gradientdriven dynamics of skyrmions in (Pt0.95 /Ir0.05 )/Fe/Pd(111) is revealed using atomistic spin
dynamics simulations. The findings presented subsequently demonstrate the shortcomings
of existing theory based on formulating the effective temperature-gradient-induced force as
an STT-type force (cf. Sec. 6.1 and Refs. [192, 197, 220, 226, 227]). Instead, the results
can be fully understood based on the findings for the dynamics of skyrmions driven by
monochromatic spin waves presented in Sec. 7.1 and the magnonic spin Seebeck effect.
The simulation setup is as follows. Initially, a skyrmion is placed in a uniform, perfectly
polarized background. The temperature profile is assumed to be as given by Eq. (7.20),
with two regions with different constant temperatures at the ends of the system. The cold
region has base temperature T1 and the hot region is connected to the cold region via a linear
temperature gradient. Unless stated otherwise, T1 is set to zero and the temperature gradient
has a fixed value of ∂T /∂x = 0.036 K/nm. Note that the spatial extension of the linear
temperature gradient is much larger than what is shown in Fig. 7.9a, such that the skyrmions
do not reach the regions with constant temperature at the timescale of the simulation. As
time progresses, the skyrmions start to drift away from their initial position. Due to finite
temperatures, the motion is not deterministic and an average over multiple trajectories
(between eight and 50) is performed. Fig. 7.10 depicts the averaged trajectories of skyrmions
with different topological charges in a temperature profile as shown and is the key finding
of this subsection. Depending on the topological charge, thermophoresis for skyrmions is
completely different. Skyrmions with finite topological charge are driven towards the hot
region, whereas the topologically trivial chimera skyrmion drifts towards the cold region.
Besides, skyrmions also undergo a motion transverse to the direction of the temperature
gradient where the skyrmions with Q ∈ {−1, −2} have a positive transverse velocity, in
contrast to skyrmions with Q ∈ {0, 1}, which have a negative transverse velocity. At the
scale of this figure the trajectories for skyrmions with finite Q are perfectly linear whereas
the chimera initially undergoes non-linear motion. The reason for this is twofold: first, the
chimera skyrmion is more easily deformed by the spin wave current as compared to the other
types of skyrmions, giving rise to inertia effects, and second, they move much faster, such
that the period, in which the motion depicted in Fig. 7.10 takes place, is nearly one order
of magnitude shorter than for the other types of skyrmions. In analogy to the classical and
spin Nernst effect [232, 233] as well as the skyrmion Hall effect (see Ref. [16] or chapter 6),
the dynamics of skyrmions in a temperature gradient can be summarized under the term
skyrmion Nernst effect: being subject to a spatially varying temperature, skyrmions move
towards the hot or cold regions, depending on Q; either way, they acquire a finite transverse
velocity.
The general features of the skyrmion Nernst effect do not depend on the value of the
Gilbert damping parameter. This is demonstrated in Fig. 7.11, where the velocities parallel
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Figure 7.10: Topology dependence of
skyrmion thermophoresis in a linear temperature gradient with
∂T /∂x = 0.036 K/nm. Top: Temperature profile in the vicinity
of the initial skyrmion position.
Bottom: Averaged trajectories of
skyrmions with topological charges
as labeled obtained for α = 0.01.
Arrows indicate the respective directions of motion and the colored background indicates the spatially varying temperature. Figure
adapted from Ref. [P15].

and perpendicular to the temperature gradient are displayed7 . The velocities scale inversely
with the Gilbert damping parameter, irrespective of Q, but keep their respective signs. While
the skyrmions with finite Q move at comparable velocities, the chimera skyrmion moves
nearly one order of magnitude faster. This is similar to what was observed for the dynamics
of skyrmions driven by monochromatic spin waves (cf. Fig. 7.7).
As stated in the introduction to this subsection, existing theory is incapable of
correctly describing the observed topology-dependence of the dynamics of skyrmions in
(Pt0.95 /Ir0.05 )/Fe/Pd(111). Specifically, it lacks an explanation why the topologically trivial
chimera skyrmion, unlike the other types of skyrmions, moves towards the cold regime and
also why it has a finite perpendicular velocity. Earlier theoretical approaches [192, 197, 220,
226, 227] rely on effectively treating the temperature gradient as a thermal spin wave current
induced by the magnonic spin Seebeck effect. By separation between the fast (spin wave)
and slow (skyrmion) dynamics and thermal averaging over the fast dynamics, an effective
equation for the slow magnetization dynamics is derived from the SLLG, which is still of
LLG-type but supplemented with an additional term, referred to as thermomagnonic torque.
This thermomagnonic torque has the same structure as the current-induced STT in the
CIP configuration (see Sec. 6.1) and consists of an adiabatic and a non-adiabatic “β-type”
torque. Instead of the electrical current, it depends on the spin wave current, which is
proportional to the temperature gradient. As demonstrated in Sec. 6.1.1, the Thiele equation
with STT-induced forces (6.5) takes the following form, G × (V − u) + D(αV − βu) = 0,
where u is the spin drift velocity that points in the direction in which the electrons move. In
the case of the thermomagnonic torque, u is opposite to the spin wave current (see, for
example, Ref. [227]). The skyrmion velocity in the direction of u follows from the extended
Thiele equation as Vk = u(αβD2 + G2 )/(α2 D2 + G2 ). For skyrmions with finite topological
charge the G2 -term is dominating both in the nominator and denominator and therefore the
7

Note that the sign convention of the velocity parallel to the temperature gradient is opposite to what is
usually used in the study of thermophoresis effects: thermophoresis is referred to as positive if particles move
from the hot to the cold region and negative if the motion is in opposite direction. Here, the velocities are
defined with respect to the direction of increasing temperature: for a temperature gradient in x-direction as
shown in Fig. 7.10, the velocities parallel and perpendicular are given by Vk = V · ex and V⊥ = V · ey .
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for a linear temperature gradient
with ∂T /∂x = 0.036 K/nm. The
temperature gradient is in the xdirection, i.e. ∇T k ex , and the
velocities parallel and perpendicular to the temperature gradient
are given by Vk = V · ex and
V⊥ = V · ey . Figure adapted from
Ref. [P15].
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universal current-velocity relation Vk ≈ u [165] is obtained. The velocity of the chimera
skyrmion, on the other hand, is given by Vk = uβ/α8 . Recalling that the chimera skyrmion
moves in the opposite (longitudinal) direction as compared to the other types of skyrmions,
it follows that β must be negative, such that the description of the magnetization dynamics
in a temperature gradient via the LLG with an additional STT-like thermomagnonic torque
is valid. Unfortunately, preceding works either neglected the non-adiabatic STT term and
provided no value for β at all [192], added this term heuristically and obtained a positive
value by fitting to numerical results obtained for the skyrmion with Q = 1 [226], or derived it
via an analytical approach yielding β ≈ 1.5α [227] or β = α/2 × dimension [220]. Either way,
they disagree with the results presented here. Besides, even if β was negative, they would
still all wrongfully predict a vanishing perpendicular velocity for the chimera skyrmion.
One possible explanation for this dilemma is discussed in Ref. [220]. There, the authors
state that in the derivation of the thermomagnonic torque they have implicitly assumed
that the thermal wavelength of spin waves is much shorter than the characteristic length
scale of the localized spin texture. However, as shown in Sec. 7.1.2, specifically Fig. 7.4, the
scattering of spin waves at skyrmions is maximal if the wavelength is comparable to the
skyrmion radius (see also Refs. [137, 226]). This raises doubts as to whether the assumption
of short wavelengths is justified at all. Moreover, the thermomagnonic torque as derived in
these preceding works depends on a spin wave current whose spatial component is assumed
to be unchanged when passing through a skyrmion. Only the magnetization carried by the
spin wave current can change and hence, only angular momentum can be transferred to
the skyrmion. A possible contribution to skyrmion dynamics via linear momentum transfer
involves a change in the spatial components of the incident spin wave current and is henceforth
neglected in the thermomagnonic torque. However, it is shown in Sec. 7.1.3 that the dynamics
of skyrmions driven by monochromatic spin waves can be explained by solely assuming linear
momentum transfer, thus hinting at a negligible contribution of angular momentum transfer.
8
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The same relation between velocity and current is obtained for domain walls [171].

7.2. Thermal spin wave currents
Under the assumption that the dominant contribution is the interaction with a thermal spin
wave current that is induced by the magnonic spin Seebeck effect (up to what extent other
contributions might play a role is discussed in the following subsection 7.2.3), the dynamics
of skyrmions in a temperature gradient should therefore be explainable by an approach solely
based on linear momentum transfer. This goal will be pursued in the following.
In order to quantitatively describe the impact of a thermal spin wave current on the
dynamics of skyrmions based on linear momentum transfer, multiple ingredients are needed,
several of which were already presented in Sec. 7.1.3. First, one needs the effective momentumtransfer force induced by a spin wave with given wave vector, which can be calculated via
Eq. (7.15). This force depends on the dispersion relation and the differential cross section,
both of which can only be obtained numerically for the system at hand. Second, the thermal
occupation nk of the spin waves is needed. In the framework of quantum mechanics it follows
the Bose-Einstein statistics nk = 1/(exp(~ωk /kB T ) − 1), which reduces to nk = kB T /~ωk
in the classical limit. Last, the propagation length, i.e. the characteristic length scale at
which a spin wave is damped, is required. Altogether, these ingredients yield an effective
temperature-gradient-induced force that depends only on the temperature profile, similar to
what is laid out in Ref. [200]. Here, only a qualitative comparison between the simulation
results and monochromatic spin wave scattering is made.
For this purpose, a skyrmion Nernst angle is introduced, that is defined as the angle
between the direction of motion of the skyrmion and the direction of the temperature gradient.
It can be expressed in terms of the velocities parallel and perpendicular to the temperature
gradient as Φ = tan−1 (V⊥ /Vk ). In the right panel of Fig. 7.12 it is shown for skyrmions
with different topological charges as a function of the strength of the temperature gradient.
Although a slight decrease of the skyrmion Nernst angle in absolute value can be observed,
the overall dependence on ∂T /∂x is weak. For the chimera skyrmion only a single data
point is shown, because at higher strengths of the temperature gradient it gets destroyed.
Depending on the direction of the temperature gradient and its orientation, it either shrinks
and annihilates or elongates and forms a stripe domain. This behavior is analogous to the
STT-driven motion of the chimera skyrmion, which is discussed in Sec. 6.1.2. The left panel of
Fig. 7.12 holds results for the skyrmion Nernst angle for skyrmions driven by monochromatic
spin waves9 . The symbols are the simulation results and the dotted line is the theoretical
prediction based on linear momentum conservation (for details, see Sec. 7.1.3). Clearly, they
are in the same range as the skyrmion Nernst angles for the temperature-gradient-driven
motion for all types of skyrmions. This leads to the conclusion that the mechanism that
dominates the dynamics induced by monochromatic spin waves, namely linear momentum
transfer, is also responsible for the peculiar dynamics of skyrmions in temperature gradients.
Consequently, it follows that the contribution of angular momentum transfer, on which
preceding investigations rely [192, 197, 220, 226, 227], is negligible. The situation, however,
could be drastically different if the characteristic length scale of the skyrmion is much larger
than the wavelength of the thermally excited spin waves. The scattering of spin waves at
9

Note that in order to be consistent with the definition of the skyrmion Nernst angle for temperaturegradient-driven dynamics, the skyrmion Nernst angle for skyrmions driven by monochromatic spin waves has
to be defined as the angle between the skyrmion velocity and the direction opposite to the wave vector. This
is because the magnonic spin Seebeck effect induces a thermal spin wave current that propagates from the hot
to the cold region. Thus, the skyrmion Nernst angle in the left panel of Fig. 7.12 is shifted by π as compared
to the deflection angle in Fig. 7.8.
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Figure 7.12: Left: Skyrmion
Nernst angle versus wave
vector obtained from simulations of skyrmion dynamics driven by monochromatic
spin waves (symbols) and
semi-analytic theory based
on linear momentum transfer (dotted lines), see Sec.
7.1 for details.
Right:
Skyrmion Nernst angle versus strength of temperature
gradient. α = 0.01 for both
panels. Figure adapted from
Ref. [P15].
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very large, bubble-type skyrmions resembles more the scattering at a domain wall, because
bubble-type skyrmions consist of a large uniformly magnetized core that is enclosed by a
domain wall. For the motion of domain walls in temperature gradients, it is well established
that the main contribution is angular momentum transfer [196, 200, 217], as long as the
width of the domain wall is large as compared to the wavelength of the spin waves and
spin wave reflection at the domain wall is negligible [234, 235]. In conclusion, although the
results at hand provide sufficient evidence to infer that linear momentum transfer dominates
over angular momentum transfer for small skyrmions, this is not necessarily true for larger
skyrmions and should be explored further in future investigations.

7.2.3. Competition between Brownian motion and magnonic
spin Seebeck effect
In the previous subsection 7.2.2 it was demonstrated that skyrmion thermophoresis, the
dynamics of skyrmions induced by a spatially varying temperature, is dominated by linear
momentum transfer of a thermal spin wave current induced by the magnonic spin Seebeck
effect. The interaction with the spin wave current gives rise to a motion of skyrmions with
finite topological charge towards the hot end. This is in contrast to the thermophoresis
of simple Brownian particles, which, due to the temperature dependence of the diffusion
coefficient, tend to accumulate at the cold end [230, 231]. It is well established both through
theoretical investigations [94, 119, 118, P5, P7, P9], see also chapter 5, and experiments [6,
115, P7, 116], that skyrmions show Brownian motion. Hence, it can be expected that there is
also a Brownian contribution to skyrmion thermophoresis that counteracts the contribution
by the magnonic spin Seebeck effect. This naturally raises the questions, as to why the
Brownian contribution is negligible in the results presented in the previous subsection and
whether or not there is a parameter range (in T , ∂T /∂x and α) where it becomes relevant.
In what follows, an answer to these questions is sought for via analytical calculations and
accompanying spin simulations. First, the relevant parameters that impact the competition
between Brownian and spin-wave-current-induced thermophoresis are identified based on
the Smoluchowski equation [125] and LSWT. Atomistic spin dynamics simulations are then
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performed, confirming the analytical results and showing that Brownian thermophoresis is
indeed negligible throughout.
The Smoluchowski equation describes the time evolution of the probability density function
p(r, t), i.e. the probability that a particle is at the position r at time t, under the influence of
drift and diffusion. In the absence of drift and in two dimensions, it reads
2 X
2

X
∂
∂2 
Dµν (r)p(r, t) ,
p(r, t) =
∂t
∂rµ ∂rν
µ=1 ν=1

(7.22)

Dµν (r) being the spatially-dependent diffusion tensor. In the case of skyrmions with isotropic
dynamics the diffusion tensor is diagonal and the diagonal elements are given by the diffusion
coefficient D = kB T αD/(α2 D2 + G2 ), see Sec. 5.1 and Ref. [119]. Possibly anisotropic
dynamics due to a distortion of the skyrmion shape as well as contributions to the friction
through coupling to the magnon heat bath are neglected at this point as they do not
qualitatively impact the following results. If a spatially varying temperature profile is
assumed, the skyrmion diffusion coefficient becomes r dependent, i.e. D → D(r) = T (r)D0 ,
where the abbreviation D0 = kB αD/(α2 D2 + G2 ) is introduced. For a linear temperature
gradient along the x-direction, the Smoluchowski equation then reads
∂
∂ T (x) ∂
∂2
∂2
p(r, t) = D0 2
+ T (x)
+
∂t
∂x ∂x
∂x2 ∂y 2






p(r, t).

(7.23)

The second term on the RHS is a spatially dependent diffusion term that only leads to a
broadening of the probability density function and can hence be neglected at this stage10 .
The first term gives rise to a steady displacement of the probability density function. By
assuming rigid motion with constant velocity, i.e. p(r, t) = p(r − V B t), this velocity follows as
V B = −2kB

∂T
αD
,
2
∂x α D2 + G2

(7.24)

confirming that indeed the Brownian contribution to skyrmion thermophoresis would lead to
a motion towards the cold regime. Eq. (7.24) states that this contribution scales linearly with
the strength of the temperature gradient and that it has the same dependence on the Gilbert
damping parameter as the diffusion coefficient for skyrmions: for finite topological charges, it
scales linearly with α for low α and is maximal for α = G/D ∼ 1; if Q = 0, it scales inversely
with α.
The Brownian contribution to skyrmion thermophoresis is counteracted by the magnonic
spin Seebeck effect, which gives rise to a force on the skyrmion by generating a spin wave
current that travels towards the cold end of the system. Within the framework of classical
LSWT [200], it can be shown that a thermal spin wave current scales linearly with the
temperature gradient and is independent of the base temperature11 . Besides, a finite Gilbert
damping leads to an absorption of spin waves giving rise to an inverse proportionality of the
10

This is actually not completely correct. Since the broadening is larger at the hot end than at the cold
end, this term leads to a slow drift of the expected value of the position towards the hot end. However, this
contribution is negligible in comparison with the first term.
11
This is not the case within quantum mechanics, because there the thermal occupation of spin waves
follows the Bose-Einstein statistics, rather than Rayleigh-Jeans statistics [192].

119

Chapter 7. Skyrmions Driven by Spin Waves

4
velocities (m/s)

Figure 7.13: Dependence of the velocities of
Q = 1 skyrmions on the value of the
temperature gradient at two different
base temperatures as labeled and with
α = 0.01. The temperature gradient is
in the x-direction, i.e. ∇T k ex , and the
velocities parallel and perpendicular to
the temperature gradient are given by
Vk = V · ex and V⊥ = V · ey . The dashed
lines are linear fits to the data and serve
as a guide to the eye.
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spin wave current with α [202]. Since the velocity induced by the magnonic spin Seebeck
effect V m scales directly with spin wave current, it can henceforth be concluded that
Vm ∼

∂T 1
.
∂x α

(7.25)

Same as the Brownian contribution (7.24), V m depends on the strength of the temperature
gradient and on the Gilbert damping parameter. As the scaling with ∂T /∂x is the same
for both velocities, however, the only relevant parameter in the competition between the
two is α. For the chimera skyrmion both V B and V m scale inversely with α and therefore
have the same overall scaling with the external parameters T , ∂T /∂x and α. As it has been
demonstrated that the contribution via the magnonic spin Seebeck effect dominates at one set
of parameters (cf. Fig. 7.12), it can be concluded that this is true in general. Besides, both
V B and V m drive the chimera skyrmion towards the cold end and a shift in the importance
of either one of the two contributions would not drastically change the dynamics. Henceforth,
the following discussion of the simulation results and comparison with Eqs. (7.24) and (7.25)
is restricted to skyrmions with finite topological charge. In addition to this, since the results
are qualitatively the same for all types of skyrmions with finite Q, they are only discussed
using the example of the Q = 1 skyrmion.
First, the impact of the base temperature and strength of the temperature gradient
on skyrmion thermophoresis are discussed. Fig. 7.13 displays the velocities parallel and
perpendicular to the temperature gradient obtained from numerical simulations at α = 0.01
and two different base temperatures of T = 3 K and T = 30 K. The velocities scale linearly
with ∂T /∂x, which is visualized by linear fits that serve as guide to the eye (dashed lines).
In agreement with Eqs. (7.24) and (7.25), the base temperature is found to be of negligible
significance: both Vk and V⊥ only change by a little when increasing the base temperature by
a factor of ten. What is especially important here, is that no sign change of the velocities,
which would indicate a shift in relevance from the spin-wave-induced to the Brownian
contribution, can be observed, thereby verifying the conclusions drawn above. Henceforth,
the only parameter that might still give rise to thermophoresis being dominated by Brownian
motion is the Gilbert damping parameter.
This is, however, refuted in Fig. 7.14. The left panel shows the Vk and V⊥ as a function of
α. Note that here error bars indicating the standard error are shown because the velocities
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Figure 7.14.: Dependence of the thermophoresis of Q = 1 skyrmions on α for T = 3 K and ∂T /∂x =
0.036 K/nm. Left: Velocities versus Gilbert damping parameter. The temperature gradient is in
the x-direction, i.e. ∇T k ex , and the velocities parallel and perpendicular to the temperature
gradient are given by Vk = V · ex and V⊥ = V · ey . Error bars indicate the standard error. Right:
Skyrmion Nernst angle versus Gilbert damping parameter. The dotted line corresponds to the
prediction based on the Thiele equation and assuming a constant force (see text). Error bars
indicate the standard error.

become very small in the limit α → 1. For α > 0.8, the velocity parallel to the temperature
gradient barely differs from zero so the skyrmion shows significant motion neither towards the
hot nor the cold end. Instead it moves perpendicularly to the temperature gradient, because
V⊥ remains finite. This could mislead one into thinking that the Brownian contribution to
skyrmion thermophoresis counteracts the contribution of the magnonic spin Seebeck effect,
which is, however, not the case. The motion perpendicular to the direction is merely a result
of change in respective weights of the dissipative term and the gyrocoupling term in the
Thiele equation G × V + αDV = F and not due to the change in the direction of the effective
force exerted on the skyrmion. This is demonstrated in the right panel of Fig. 7.14 where the
simulations results for the skyrmion Nernst angle (symbols) are shown as a function of α.
The dotted line shows the α dependence of the skyrmion Nernst angle as predicted by the
Thiele equation assuming a constant (α independent) force12 and is in close agreement with
the simulation results.
To sum up, the Brownian contribution to skyrmion thermophoresis is negligible as
compared to the contribution via the magnonic spin Seebeck effect irrespective of base
temperature, temperature gradient and Gilbert damping parameter. Skyrmions with finite
topological charge are always driven towards the hot end, except in the limit of very high
values of the Gilbert damping parameter, where the increased dissipation gives rise to motion
perpendicular to the temperature gradient.

12

The force used here is chosen as such that its direction coincides with the effective momentum transfer
force obtained for spin waves with k = 1.17/a and at α = 0.01. This force is chosen because it yields good
quantitative agreement with the skyrmions Nernst angle at α = 0.01, see Fig. 7.12. The absolute value of the
force does not matter for the skyrmion Nernst angle because it depends on the ratio between the velocity
perpendicular and parallel to the temperature gradient.
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7.3. Concluding remarks
In this chapter, the dynamics of skyrmions in (Pt0.95 /Ir0.05 )/Fe/Pd(111) driven by monochromatic and thermal spin wave currents were investigated theoretically using atomistic spin
dynamics simulations and analytical calculations within the framework of linear spin-wave
theory and a collective coordinate approach. The emergence of a variety of intriguing features
connected to the topological properties of skyrmions was demonstrated.
In the first section of this chapter, skyrmion dynamics driven by a current of monochromatic
spin waves, which were excited by enforcing oscillations with constant frequency of the spins
along one edge of the system, were studied. By Fourier transformation, the corresponding
wave vector was obtained and the dispersion relation was constructed, and agreement with
predictions based on linear spin-wave theory was demonstrated. It was shown that upon
being scattered at skyrmions, the spin waves are preferably deflected to either positive or
negative scattering angles, depending on the topological charge of the skyrmion, following
the topological magnon Hall effect. Furthermore, the data presented in this chapter revealed
that the scattering is maximal when the wavelength of the spin wave is comparable to the
skyrmion radius. By comparison between simulation data and theoretical calculations based
on linear spin-wave theory and a detailed analysis of the differential cross section, it was
demonstrated that linear momentum transfer from the spin waves to the skyrmions gives rise
to motion towards the source of the spin waves (if the topological charge is finite) or away
from the source (if the topological charge is zero), together with a finite velocity transverse
to the propagation direction of the spin waves.
In the second section of this chapter, skyrmion thermophoresis, i.e. the dynamics of
skyrmions in a temperature gradient, was studied. As a first step, it was shown via an
analysis of the non-equilibrium magnetization that a linear temperature gradient gives rise
to a thermal spin wave current, following the magnonic spin Seebeck effect. Then it was
demonstrated by comparison with the results for skyrmion dynamics driven by monochromatic
spin waves, that this thermal spin wave current gives rise to an intriguing phenomenon:
while the topologically trivial chimera skyrmion moves towards the cold end, the skyrmions
with finite topological charges move towards the hot end; either way, they acquire a finite
transverse velocity that depends on the topological charge. This phenomenon was termed
skyrmion Nernst effect, in analogy to the classical and spin Nernst effect. Lastly, it was shown
that the thermophoresis induced by a thermal spin wave current dominates over the usual
Brownian thermophoresis irrespective of temperature, strength of the temperature gradient
and Gilbert damping parameter.
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Chapter 8.
Summary of Results and Outlook
In this thesis, stochastic and deterministic dynamics of isolated ferromagnetic skyrmions
were investigated. Using classical atomistic spin dynamics simulations based on an extended
Heisenberg model and the stochastic Landau-Lifshitz-Gilbert equation, their thermal, currentinduced and spin-wave-driven dynamics were studied. The simulation results were compared
to analytical calculations within a collective coordinate approach to gain a deeper understanding of the processes involved and to establish a link between the observed dynamics and
fundamental properties of the spin textures, such as their topological charge or their shape.
The simulations were based on a model Hamiltonian for (Pt0.95 /Ir0.05 )/Fe/Pd(111) that
was derived by Rózsa et al. [10] using ab initio methods. Due to the frustrated nature of
the Heisenberg exchange and the strong Dzyaloshinskii-Moriya interaction in this system,
skyrmions with various topological charges ranging from −3 to 3 can emerge and even coexist
at the same values of external field or temperature [P4]. In addition, a chimera skyrmion,
which is topologically trivial but nonetheless of similar shape and size as compared to the
skyrmions with finite topological charge, can emerge as well. (Pt0.95 /Ir0.05 )/Fe/Pd(111)
therefore allows for a direct comparison of the properties of different topological and trivial
localized spin textures and offers the possibility to demonstrate the crucial influence of
topology on their dynamics.
In chapter 5, the Brownian motion, i.e. the stochastic motion due to thermal fluctuations,
of skyrmions was investigated. This work was performed within a collaboration with the
experimental group of Mathias Kläui at the University of Mainz under the SPP 2137
Skyrmionics: Topological Spin Phenomena in Real-Space for Applications funded by the DFG.
It was demonstrated that the finite topological charge leads to circular ballistic motion, a
phenomena that was termed topology-dependent Brownian gyromotion in literature, which
causes an oscillatory behavior of the mean squared displacement on short timescales. On
longer timescales, the mean squared displacement is linear in time, as is characteristic for
normal diffusion, with a diffusion coefficient that has an unusual dependence on friction.
While typically the diffusion coefficient of a particle is inversely proportional to friction, the
situation is opposite for skyrmions with finite topological charge: it becomes small when
friction is lowered. This behavior has been termed diffusion suppression by G in literature.
By comparison with results for the topologically trivial chimera skyrmion, the diffusion
coefficient of which exhibits the usual inverse proportionality to friction, it was revealed
that this is indeed linked to the topological properties of the skyrmions [P5]. In addition
it was shown in this chapter, that localized spin textures with broken rotational symmetry
may exhibit anisotropic diffusion [P7], i.e. faster or slower diffusive motion along different
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directions, and that their orientation also undergoes Brownian motion. The coupling between
Brownian motion of the translational degrees of freedom and the orientation gives rise to a
transition from anisotropic diffusion at short timescales to isotropic diffusion in the long term
limit [P5]. By studying the Brownian motion at high temperatures and low values of the
Gilbert damping parameter, the necessity to include magnon-induced friction in the collective
coordinate approach in order to correctly describe the simulation results was demonstrated
[P9]. Finally, skyrmion diffusion in constricted geometries was investigated and found to be
strongly enhanced in narrow wires as compared to what is obtained for free diffusion.
Chapter 6 was dedicated to the current-induced motion of skyrmions and split into two
parts. First, the STT-driven motion was investigated. It was demonstrated that a finite
topological charge of skyrmions gives rise to a finite transverse velocity, following the skyrmion
Hall effect. The skyrmion Hall effect is characterized by the skyrmion Hall angle, whose sign
was found to depend on the sign of the topological charge. Moreoever it was shown, that the
response of localized spin textures with non-circular shape depends on their orientation with
respect to the direction of the incident electrons, giving rise to an orientation dependence
of the skyrmion Hall angle [P2]. The dynamics of skyrmions driven by SOTs were found
to be a bit more complex. The analytical calculations based on the collective coordinate
approach revealed that the SOT-induced effective force can be calculated using a tensor with,
in general, six independent entries that depend on the skyrmion spin configuration. Several
of these entries vanish if the localized spin texture possesses certain symmetries. That is
why, for example, only the chimera and Q = 2 skyrmion can be moved by a perpendicular
effective spin polarization. If the direction of the effective spin polarization is in-plane, one
can also define a skyrmion Hall angle with respect to this direction. This angle again was
found to be finite and depending on the topological charge. For the antiskyrmion, this angle
turned out to be also helicity-dependent. If the SOTs are increased above a certain threshold,
this helicity-dependence gives rise to trochoidal motion. Lastly, it was demonstrated that
the skyrmion Hall angle depends on temperature and that magnon-induced friction, which
was introduced already for the Brownian motion in chapter 5, also has to be included in the
collective coordinate approach in order to yield agreement with the simulations [P9].
In chapter 7, the dynamics of skyrmions driven by monochromatic and thermal spin wave
currents were investigated and the emergence of a variety of intriguing features connected
to the topological properties of skyrmions was demonstrated. In the first section of this
chapter, skyrmion dynamics driven by a current of monochromatic spin waves, which were
excited by enforcing oscillations with constant frequency of the spins along one edge of the
system, were studied. It was shown that upon being scattered at skyrmions, the spin waves
are preferably deflected to either positive or negative scattering angles, depending on the
topological charge of the skyrmion, following the topological magnon Hall effect. Furthermore,
the data presented in this chapter reveal that the scattering is maximal when the wavelength
of the spin wave is comparable to the skyrmion radius. By comparison between simulation
data and theoretical calculations (based on a collective coordinate approach, linear spin-wave
theory and a detailed analysis of the differential cross section), it was demonstrated that
in this scattering process mostly linear momentum, in contrast to angular momentum, is
transferred from the spin waves to the skyrmions. Together with the topological properties
of the skyrmion, the effective force associated with this momentum transfer gives rise to
motion towards the source of the spin waves (if the topological charge is finite) or away from
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the source (if the topological charge is zero), accompanied by a finite velocity transverse
to the propagation direction of the spin waves [P15]. In the second section of this chapter,
skyrmion thermophoresis, i.e. the dynamics of skyrmions in a temperature gradient, was
studied. As a first step, it was shown via an analysis of the non-equilibrium magnetization
that a linear temperature gradient gives rise to a thermal spin wave current, following the
magnonic spin Seebeck effect. Then it was demonstrated by comparison with the results
for skyrmion dynamics driven by monochromatic spin waves, that this thermal spin wave
current is responsible for a peculiar phenomenon: while the topologically trivial chimera
skyrmion moves towards the cold end, the skyrmions with finite topological charges move
towards the hot end; either way, they acquire a finite transverse velocity that depends on the
topological charge. This phenomenon was termed skyrmion Nernst effect [P15], in analogy to
the classical and spin Nernst effect. Lastly, it was shown that the thermophoresis induced by
a thermal spin wave current dominates over the usual Brownian thermophoresis irrespective
of temperature, strength of the temperature gradient and Gilbert damping parameter.
Based on the results of this thesis, numerous possibilities for future investigations open up.
Many of the theoretical results presented here have not yet been demonstrated in experiments.
In particular, an experimental comparison of the dynamics of topologically trivial and
nontrivial spin textures could reveal the link between dynamics and topology, for example
through the drastic quantitative change in the diffusion coefficient or the opposite directions
of motion in the presence of a temperature gradient. Moreover, an analysis of the temperature
dependence of the experimentally measured skyrmion Hall angle or diffusion coefficients could
give an estimate of the magnon-induced friction parameter, which has not been considered in
experiments to date. Anisotropic dynamics have only been reported for the Brownian motion
of skyrmions deformed by in-plane fields [P7], while experimental demonstrations of e.g. the
peculiar transition from anisotropic to isotropic diffusion of antiskyrmions or the orientation
dependence of the Skyrmion Hall angle are lacking at this stage.
As far as theory is concerned, there are various directions for future research. For example,
the analytical description within a collective coordinate approach could be extended by taking
into account additional variables, such as the skyrmion radius or bound modes [P4], which
might lead to a better understanding of the emergence of the effective mass. Moreover,
a rigorous analytical calculation of the heuristically introduced magnon-induced friction
parameter could shed more light on the effect of the magnon heat bath on skyrmion dynamics.
Another area for theoretical research is related to the dynamics of skyrmions in the presence
of edges, pinning sites or even other skyrmions. While the former two are especially relevant
for applications [113], the latter is more of fundamental interest, due to possibility of studying
lattice formation in two-dimensional systems [236], where a Kosterlitz-Thouless transition
[237] might occur.
In addition, future research could be dedicated to the stochastic and deterministic dynamics
of other topological spin textures. In this work, only ferromagnetic skyrmions have been
studied. However, the framework established here, as well as many aspects of the results, can
be transferred to other magnetic solitons, such as domain walls or the recently discovered
hopfion [238]. E.g., the investigation of the diffusion of skyrmions inspired the author of this
thesis to also study the Brownian motion of domain walls in uni- and biaxial ferromagnets
[P14]. In addition, the question of the extent to which the dynamics of topological spin
textures in antiferro- or ferrimagnets differ from those in ferromagnets should be examined
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in detail. It is well known that spin dynamics in antiferromagnets are inherently different
[92], which has been shown to give rise to a fundamentally different role of topology in the
dynamics of antiferromagnetic skyrmions [239]. Recently, the author of this thesis contributed
to a collaborative work with experimental colleagues at the University of Mainz on the
diffusion of skyrmions in synthetic antiferromagnets consisting of two ferromagnetic layers
that are antiferromagnetically coupled [P11]. There, it was revealed by both, simulations
and experimental measurements, that the impact of the topological charge on the Brownian
motion of skyrmions changes with the compensation of the saturation magnetizations of the
respective layers.

126

Appendix
A. GPU-based implementation of atomistic spin
dynamics simulations
In modern high-performance computing, parallelization is a crucial approach to reduce
computation times to a practical level. Graphics processing units (GPUs) have proven to be
very useful in this field, as they are specifically designed for the concurrent execution of a
number of equal instructions with different data sets [240]. This type of parallelization is
very efficient for finite difference methods where the solution of a partial differential equation
requires very similar operations on each grid cell. For example, a significant speedup due to
GPU-acceleration has been reported for the micromagnetic simulation program MuMax3 [132].
Although atomistic spin models are different from micromagnetism from a mathematical
point of view, the algorithms for the numerical integration are analogous. As such, a GPUbased implementation is also very promising for atomistic spin dynamics [64]. Hence, a
substantial part of this thesis was the development of a highly parallelized code for atomistic
spin dynamics simulations using GPUs and the NVIDIA compute unified device architecture
(CUDA) [240]. It is designed as such that only the initialization and the output steps are
performed on the central processing unit (CPU) while all simulation steps are carried out on
the GPU. This way, data transfer between CPU and GPU is kept to a minimum, in order to
maximize efficiency.
The numerical integration of the LLG with its extensions, the thermal torques in the SLLG
and the torques resulting from spin-polarized currents, is performed via an implementation of
Heun’s method, which is a well-established method in the field of atomistic spin dynamics [57].
Heun’s method is a two-step method with fixed step size representing an explicit second-order
Runge-Kutta method [241] and is used to solve initial value problems,
∂ x(t)
= f (t, x(t)) with x(0) = x0 .
∂t

(A.1)

The first step of this method is to calculate a first-order prediction using the Euler method.
Then this predicted value is used as input for an implicit trapezoidal method, which refines
the initial approximation. As such, Heun’s method belongs to the class of predictor-corrector
methods. In summary, it can be formulated as
x̃i+1 = xi + ∆tf (ti , xi )

∆t 
f (ti , xi ) + f (ti+1 , x̃i+1 ) ,
xi+1 = xi +
2

(A.2)
(A.3)

where ∆t is the step size and ti = i∆t. This method can be straightforwardly extended to 3N
dimensions and applied to atomistic spin dynamics. In doing so, it is necessary to compute
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the effective field for each spin at every step. For the Hamiltonian used within this thesis
(3.1), the effective field is calculated via
Heff
i =−

X
∂H
=−
Jij Sj − 2KSi + µs B(ri ).
∂Si
j

(A.4)

The second and third term on the RHS stem from the on-site anisotropy and the Zeeman
energy and can easily be evaluated because they are local terms, i.e. they only depend on
the external magnetic field and the spin at the i-th position. The calculation of the first
term resulting from interactions with neighboring spins can become cumbersome when the
number of interacting partners to be considered becomes large. If each of N spins interacts
with every other spin (as is the case if for example dipole-dipole interaction is considered),
the time needed to compute the effective field at each site via direct evaluation scales with
N 2 . Alternatively, the convolution theorem can be used [241]. By calculating the Fourier
transform of both the spins and the exchange matrices, the first term in Eq. (A.4) transforms
to a term that is local in reciprocal space. A subsequent inverse Fourier transform yields the
corresponding contribution to the effective field. By making use of fast Fourier transform
(FFT) algorithms [241], the scaling of the computation time with the number of spins drops
down to N log N . Although the number of interaction partners in (Pt0.95 /Ir0.05 )/Fe/Pd(111)
is limited to 240 (see Sec. 4.1), this FFT-based approach is still used within this thesis. There
are several reasons for this. First of all, it is nonetheless comparable in speed to direct
evaluation for this number of interaction partners. Second, it is well-suited for GPU-based
implementation using CUDA because only the FFT algorithms, for which highly optimized
routines exist in the NVIDIA cuFFT library [242], are non-local. The rest of the steps in
Heun’s method are local arithmetic operations and can hence be easily parallelized. An
additional advantage of using an FFT-based calculation of the effective field is that it allows
for a very simple implementation of periodic and open boundary conditions. By using Fourier
transforms, it is intrinsically assumed that the spin system is periodic, and therefore periodic
boundary conditions are the default mode of this method. Open boundary conditions can
be achieved by making use of zero-padding. In doing so, zero vectors are added at the end
of the system (in each spatial direction), which create a buffer between the first and the
last spin1 such that they do not interact due to the finite range of the exchange interactions.
However, the FFT-based approach as presented here has some limitations. One is that it fails
if higher-order spin interactions [243, 244] are included in the Hamiltonian. In addition, it
is not easily applicable for systems with multiple magnetic sublattices. Since both is not
the case in the Hamiltonian for (Pt0.95 /Ir0.05 )/Fe/Pd(111) used in this thesis, the FFT-based
method to calculate the effective fields is a viable option.
In the SLLG, the effective field is supplemented with a fluctuating field ζ i , where each
component is Gaussian distributed, in order to model thermal fluctuations. Here, the
algorithm of choice is the Philox-4x32-10 pseudorandom number generator of the NVIDIA
cuRAND library [245], due to its reliability and efficiency [246]. This algorithm generates
Gaussian-distributed numbers with zero mean and a standard deviation of 1. Subsequently,
these numbers are scaled such that they follow Eq. (3.9).
Including current-induced torques in the LLG (or SLLG) simulations is straightforward.
Both the SOT and STT are local terms and can simply be added during the predictor and
1
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A. GPU-based implementation of atomistic spin dynamics simulations
Figure A.1: Sketch of the numerical calculation of the derivative along the
direction of the current u (blue arrow) on a hexagonal lattice. E.g.,
0
for ϕ ∈ (0, π/3) it is given by f0,0
=
(w1 (f (0, 1)−f (0, −1))+w2 (f (1, 0)−
f (−1, 0)))/(2aξ) + O(a2 ). ξ, w1
and w2 can be obtained by simple trigonometric calculations. The
derivative for any other ϕ can be obtained in a similar manner.

corrector steps. The only subtlety concerns the STTs, as they require the evaluation of the
magnetization gradient along the direction of the current (cf. Sec. 6.1). Strictly speaking,
this gradient is not well defined in the atomistic model and thus has to be replaced by
finite differences. If the current direction is parallel to a lattice vector, this gradient is
evaluated using the five-point method2 . For any other direction, interpolation and three-point
differentiation are used as illustrated in Fig. A.1.
In order to summarize this section, the most relevant aspects of the GPU-based simulation
program for atomistic spin dynamics implemented and used within this thesis are depicted in
a flowchart in Fig. A.2.

2

The five-point method [241] for calculating the first derivative of a function f of a real variable at a point
x is given by
−f (x + 2a) + 8f (x + a) − 8f (x − a) + f (x − 2a)
f 0 (x) = −
+ O(a4 ).
12a
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Figure A.2.: Flowchart summarizing the GPU-based simulation program for atomistic spin dynamics.
Following the initialization steps that are performed on the CPU, the data is transferred to the
GPU. Then N1 iterations of Heun’s method consisting of predictor and corrector step are carried
on the GPU. Subsequently, the data is transferred to the CPU for the output steps. This scheme
is repeated N2 times, such that in total N1 × N2 iterations of Heun’s method are carried out.
This nested loop structure is used to minimize data transfer between CPU and GPU. Note that fˆ
represents the Fourier transform and f˜ is used to denote the quantities used in the corrector step.
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B. Coupling coefficients for
(Pt0.95/Ir0.05)/Fe/Pd(111)
The effective extended Heisenberg Hamiltonian for (Pt0.95 /Ir0.05 )/Fe/Pd(111) considering
only the Fe magnetic moments reads
H=

X
X
1 X T
Si Jij Sj +
Siz dz Siz −
µs Si · B.
2 i6=j,Fe
i,Fe
i,Fe

(4.1 revisited)

The uniaxial, on-site anisotropy has a value of dz = 9.688 × 10−3 mRy [6]. The exchange
coupling tensors Jij were calculated in Ref. [10] for neighbors within a radius of 8a resulting
in a total number of 240 pairs. Certain neighbor pairs are equivalent by symmetry and
hence the corresponding exchange coupling tensors can be transformed into each other by
using elements of the C3v symmetry group and due to the translational invariance of the
lattice, which requires that JijT = Jji . As a consequence, all inequivalent pairs can be found
within a circle sector of π/6 enclosed by the nearest neighbor and second-nearest neighbor
directions from the reference lattice site, yielding a total of 26 inequivalent neighbors. The
corresponding equivalent neighbors in the other circle sectors can be obtained by symmetry
operations. The exchange coupling tensors are listed in Tab. B.1.
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xij
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xx
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xz
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7.00 1.73 7.21 12 −9.036e−4 −2.233e−4 −1.514e−3 −1.330e−4 −4.402e−4

9.191e−6

1.258e−3 −3.082e−4 −1.234e−3

7.50 0.87 7.55 12 −8.444e−4

5.182e−4 −2.346e−4 −8.188e−4 −1.479e−3

4.988e−4

2.121e−6 −6.884e−4 −9.343e−4
7.523e−4 −3.374e−4 −3.880e−4

7.00 3.46 7.81 12 −1.969e−4

9.351e−5 −4.940e−4 −3.816e−4 −3.329e−4

2.013e−4

7.50 2.60 7.94 12

9.130e−4

1.823e−4

7.536e−4

6.905e−4 −3.099e−4 −7.046e−4

1.127e−3

8.00 0.00 8.00

6.346e−4 −4.391e−4 −9.564e−6

1.293e−3

1.209e−4

5.021e−4

6

3.791e−4 −5.303e−5
4.391e−4

9.566e−6

1.209e−4

Table B.1.: Exchange coupling tensors in units of mRy for the inequivalent neighbors of site i. The xij ,
yij and dij are the components and the length of the vectors connecting the reference lattice site
with its neighbors. M is the multiplicity of an inequivalent neighbor, i.e. the number of neighbors
with equivalent exchange coupling.
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C. Numerical calculation of skyrmion position and
orientation
Investigating the dynamics of skyrmions requires the computation of its position. While this is
trivial within the framework of Thiele’s equation and its extensions, since there the skyrmion
is treated as a point particle, it is not that straightforward in the atomistic spin dynamics
simulations. The main problem is that the skyrmion is an extended object consisting of
multiple spins. Naturally, the skyrmion position is defined as the center of the skyrmion,
R
rρ d2 r
R= R
,
2

ρd r

(C.1)

with ρ = ρ(S(r)) being the skyrmion density. However, this raises the fundamental question
of what this density is or, in other words, where the skyrmion begins and where it ends.
There are mainly two ways to answer these questions, either by viewing the skyrmion
primarily as a topological spin texture or as an antiparallel domain in a collinear background.
If the former is preferred, then the density of choice is the topological charge density
ρtop = −1/(4π)S · (∂x S × ∂y S). This way, the integral in the denominator in Eq. (C.1) is
given by the topological charge of the skyrmion. As a consequence, this method of computing
the skyrmion position is not applicable for topologically trivial spin textures, such as the
chimera skyrmion studied within this thesis. Another problem with this method is that it
is not well-suited for the calculation of the position at finite temperatures. This is because
thermal fluctuations in the collinear background far away from the skyrmion give rise to a
large noise of the topological charge density.
Hence, one best relies on a method that focuses only on the magnetization reversal in
the vicinity of the skyrmion core [119]. As such, only spins with Sz < −0.15 are taken into
account1 . In an effort to further decrease the noise, the spins are then weighted by a quartic
function via ρmag = Θ(−Sz − 0.15)(Sz − 0.4)4 , with Θ(. . . ) being the Heaviside function.
Although the specific values used in this expression seem a bit arbitrary, this method of
calculating the position has proven to be reliable both for the thermal and the current-induced
dynamics of skyrmions. Thus, it was used throughout this thesis.
In order to investigate the rotational dynamics of skyrmions using atomistic spin models,
one has to numerically compute their orientation from the spin configuration. This can most
readily be achieved by introducing a tensor Σ whose elements, in analogy to the gyration
tensor for a continuous distribution [109], are given by
R

Σµν =

(rµ − Rµ )(rν − Rν )ρ d2 r
R
ρ d2 r

(C.2)

with µ, ν being Cartesian coordinates and R being the skyrmion position calculated via
Eq. (C.1). By definition, Σ is real and symmetric and henceforth it can be diagonalized
with the real eigenvalues ε1 and ε2 . These eigenvalues can be interpreted as the square of
the length of the major and minor axis of an ellipse approximating the profile of ρ. The
non-circularity of the skyrmion can be quantified using the aspect ratio of this ellipse, which
1

At zero temperatures, the magnetization of the collinear background has Sz = 1 because the external
fields are restricted to positive values within this thesis.
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is given by σ = ε1 /ε2 . The Σ tensor can also be used to quantify the orientation of a
spin configuration. The eigenvectors E1 and E2 corresponding to ε1 and ε2 are orthogonal
(since Σ is symmetric) and point along the major and minor axes of the ellipse approximating
the skyrmion density. Thus, the orientation of the skyrmion with respect to the lattice is
determined by the direction of E1 (or E2 ) and the orientation angle θ can be calculated as
the angle between E1 and some arbitrary but fixed reference vector2 . Again, there are two
possible choices for the skyrmion density that is used to calculate the Σ tensor. In Sec. 4.2.2
the Σ tensor of the topological charge density is used to characterize the equilibrium shape
of the different types of skyrmions in (Pt0.95 /Ir0.05 )/Fe/Pd(111). Similar to the position,
however, this method becomes unreliable if strong thermal fluctuations are present. Therefore,
the orientation angle at finite temperatures is calculated via the eigenvectors of the Σ tensor
corresponding to ρmag as given above.

2

Note that for the derivation of the effective equation of motion for the orientation as a collective coordinate
in Sec. 3.2.3, it is used that ψ(t) = (1 − Q)θ(t), with ψ(t) being the helicity. Henceforth, there might be
constant offset between the numerically calculated orientation angle and the one defined as collective coordinate.
This is irrelevant, however, since this constant offset does not impact the dynamics.
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D. Calculation of effective rotational diffusion
coefficient
While the Q = 1 skyrmions in (Pt0.95 /Ir0.05 )/Fe/Pd(111) are symmetric under rotations
around their core, skyrmions with Q 6= 1 have broken rotational symmetry, cf. Fig. 4.5.
Consequently, they possess an additional degree of freedom, their orientation. The dynamics of
this orientation are captured by introducing an orientation angle θ between some characteristic
cross section within the spin texture and some arbitrary axis. At finite-temperatures, θ
undergoes thermal fluctuations and exhibits Brownian motion, which is governed by the
effective rotational diffusion coefficient Dθ∗ that is introduced in Sec. 5.1.3. In this section, a
summary of the calculation of Dθ∗ following Ref. [P5] is presented.
At finite temperatures, the dynamics of the orientation angle θ are described by a massless
Langevin equation with external potential,
αDθ θ̇ +

∂U
= Fθth .
∂θ

(5.15 revisited)

The LHS of this equation is derived in Sec. 3.2 and the properties of the stochastic force on
the RHS are discussed in Sec. 5.1. The Fokker-Planck equation corresponding to Eq. (5.15) is
the Smoluchowski equation [125], which reads


∂t p(θ, t) = Dθ ∂θ e

−βU

βU

∂θ e





p(θ, t)

(5.17 revisited)

where β = 1/(kB T ), p(θ, t) is the probability density function that gives the probability that
a skyrmion has orientation θ at time t and the free diffusion coefficient Dθ = kB T /αDθ
was introduced. It can be straightforwardly calculated that the Boltzmann-distribution,
p(θ) ∼ exp(−βU (θ)), is a stationary (equilibrium) solution of the Smoluchowski equation.
Conversely, the orientation-dependent potential can be estimated from simulation data in
equilibrium via U (θ) = kB T ln p(θ). In what follows, the potential is approximated by a
cosine as U (θ) = ∆U/2(1 − cos zθ) where for symmetry reasons z = 3 for skyrmions with
Q ∈ {0, 2} and z = 6 for Q ∈ {−2, −1, 3}. The validity of this assumption is demonstrated
for antiskyrmions in Fig. D.1. As skyrmions with Q = 1 are rotationally symmetric, this
potential is absent for them. Note that the strength of the potential ∆U depends on the type
of skyrmions.
Inserting the explicit form of U (θ) into the Smoluchowski equation yields
∂t p(θ, t) = Dθ ∂θ2 + 2Ũ sin(zθ)∂θ + 2z Ũ cos(zθ) p(θ, t)




(D.1)

where a dimensionless potential strength Ũ = βM ∆U/4 was introduced. It is assumed that
initially the skyrmions are oriented along a preferred axis, i.e. a minimum of U (θ). Hence,
the initial probability density is given by the Dirac delta function, p(θ, t = 0) = δ(θ). As this
function as well as the potential are symmetric at θ = 0, the probability density function
P
can be expanded in a cosine basis as p(θ, t) = ∞
m=0 cm (t) cos mθ, with c0 (0) = 1/(2π) and
cm (0) = 1/π in order to fulfill the initial condition. Note that since the probability density
function must be normalized at all times1 it follows that c0 (t) ≡ 1/(2π). Inserting the cosine
1

R 2π
0

p(θ, t) dθ = 1 ∀ t.
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10
Q = −1

8
U/kB (K)

Figure D.1: Orientation-dependent potential
U (θ) = kB T ln p(θ, t) for antiskyrmions calculated from simulation data obtained at T = 5 K.
The dotted line corresponds to the theoretical
approximation U (θ) = ∆U/2(1 − cos(6θ)) with
∆U/kB = 9 K. Figure adapted from Ref. [P5].
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ansatz for p(θ, t) into Eq. (D.1) leads to
∞ 
X

ċm (t) + m2 Dθ cm (t) cos(mθ) + cm (t)Dθ Ũ (m − z) cos((m − z)θ)




m=0



−(m + z) cos((m + z)θ) = 0.

(D.2)

Multiplying with cos nθ and integration over θ yields, by using the orthogonality relation
for cosine functions2 a set of coupled linear differential equations for the coefficients cn (t).
They can be summarized as
ċn + Dθ n2 cn + Dθ Ũ n(cn+z − (1 + δnz )c|n−z| ) = 0

(D.3)

where δnz is the Kronecker delta and n ∈ {0, 1, 2, . . . }. In matrix notation for z = 3 they read
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(D.4)

..

and similarly for z = 6. An exact calculation of all the coefficients cn (t) would require an
exact diagonalization of the above matrix (without the first column and row). Unfortunately,
this is impossible as the size of the matrix is infinite. However, an approximate solution can be
found by considering the ratio of the matrix elements with increasing n: the diagonal elements
scale with n2 whereas the off-diagonal elements depend linearly on n. Hence, the relative
coupling strength between different coefficients decreases with 1/n and can be neglected
above a certain nmax . In other words, for n larger than nmax the corresponding eigenvalue λn
2
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cos(nθ) cos(mθ) dθ = πδnm for n, m > 0.

D. Calculation of effective rotational diffusion coefficient
is well approximated by n2 Dθ . Thus the problem is effectively reduced to the diagonalization
of a nmax × nmax matrix, which can be done numerically. Moreover, it is shown in Sec. 5.1.3
that in order to calculate Dθ∗ one only needs the time evolution of c2 (t) since this is the only
coefficient that contributes to the anisotropic-to-isotropic transition. Formally, c2 (t) can be
expressed as
c2 (t) =

∞
X
(n)

nX
max

n=0

n=0

d2 exp(−λn t) ≈

(n)

d2 exp(−λn t) ,

(D.5)

(n)

where d2 is the corresponding element of the n-th eigenvector and λn is the n-th eigenvalue
of the matrix on the RHS of Eq. (D.4). Since the probability density function converges
to the Boltzmann-distribution in equilibrium3 it follows that cn (t → ∞) = 0, ∀ n/z 6∈ N0 .
Physically speaking, this means that solely a potential with z ∈ {1, 2} can lead to anisotropic
diffusion at all times. Since z ∈ {3, 6} for the skyrmions in (Pt0.95 /Ir0.05 )/Fe/Pd(111) they
are all expected to show isotropic diffusive motion in the long term limit. The timescale
at which c2 (t) decays is governed by the smallest eigenvalue λmin in Eq. (D.5), which can
be rewritten by introducing the effective diffusion coefficient via λmin = 4Dθ∗ . Formally,
the effective rotational diffusion coefficient can be related to the free rotational diffusion
coefficient via
Dθ∗ = Dθ K[βU ]
(D.6)
where K[βU ] is a correction factor, which depends on the potential. In the absence of a
potential, the damping constant for c2 (t) straightforwardly follows as λmin = 4Dθ , and
consequently K = 1 for vanishing potential. Altogether, the time evolution of the coefficient
that governs the transition from anisotropic to isotropic diffusive motion can be approximated
via
1
∗
c2 (t) ≈ e−4Dθ t .
(D.7)
π
The above result is used in Sec. 5.1.3 to calculate the time-dependent diffusion coefficients
for anisotropic skyrmions.
The correction factor K in Eq. (D.6) is obtained by numerical diagonalization of the
nmax × nmax matrix as discussed above. It is shown in Fig. D.2 for z = 6 and monotonically
decreases to zero with increasing Ũ , thus reducing the effective diffusive motion. It follows
approximately the Lifson-Jackson formula [126]
KLJ =

1
he−βU (θ) i heβU (θ) i

(D.8)

where h. . .i = 1/2π 02π (. . . ) dθ. The Lifson-Jackson describes effective diffusive motion as
long as the energy barrier between two minima, ∆U , is not too high4 . For the specific potential
considered here the Lifson-Jackson formula yields KLJ = (I0 (β∆U/2))−2 , irrespective of the z,
where In (x) are the modified Bessel functions of the first kind. From Fig. D.1 it can be seen
that the energy barrier for the antiskyrmion is roughly ∆U/kB = 9 K. Hence, at T = 3 K,
the correction factor is estimated to be approximately K ≈ 0.28.
R

3

In the long term limit the probability
R 2πdensity function converges to p(θ, t) ∼ exp(−β∆U/2(1 − cos zθ)).
Projection onto the cosine eigenbasis via 0 exp(−β∆U/2(1 − cos zθ)) cos(nθ) dθ only yields a non-vanishing
value for n/z ∈ N0 .
4
For high energy barriers K follows an Arrhenius law K ∼ exp(−β∆U ) [247].
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Figure D.2: Correction factor K for z = 6 as a
function of the reduced potential strength Ũ
obtained from numerical diagonalization of the
matrix in Eq. (D.4) with nmax = 58. The dotted
line corresponds to the Lifson-Jackson formula
(D.8). The inset shows the relative change in K
when increasing nmax for Ũ = 2. Figure adapted
from Ref. [P5].
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The inset of Fig. D.2 shows the dependence of K on nmax demonstrating quick convergence
with increasing nmax . Therefore, the assumption that the off-diagonal elements for n > 50 in
the matrix in Eq. (D.4) are negligible in the calculation of c2 (t) is justified.
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