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Abstract
Studies on the nature of light have often played pivotal roles in the development of physics. The particle nature of light served as benchmark for the
foundation of quantum physics and its derived branches, while its referentialindependent speed in the vacuum, as seen through wave equations, led to
the merge of space and time and culminated in the foundation of general
relativity and cosmology. In spite of that, many light-based measurement
techniques still rely heavily on a classical description of light, as has been
for many years the case for electrooptic sampling. Luckily, this scenario
has been changed in the course of the last few years, with both experimental and theoretical works highlighting the advantages and hidden properties
that a quantum and/or relativistic description of light can unveil. Specifically, the electrooptic sampling of a broadband section of the electric-field
vacuum opened an entirely new window of possibilities, and the works presented here aim at filling a small portion of the gap opened by this simple,
yet remarkable, technological leap.
As a starting point, I study the spectral properties of quantum radiation
of ultrashort duration. In particular, I introduce a continuous multimode
squeezing operator for the description of subcycle pulses of entangled photons generated by a coherent-pulse driving in a thin nonlinear crystal with
second-order susceptibility. The spectra of these ultrabroadband squeezed
states can be found perturbatively in the strength of the driving electric-field
pulse. These can be related, for suitable choices of the driving pulses, to
the spectra that one should hypothetically observe in an Unruh-Davies experiment, in which an observer (more precisely a particle detector) moving
with constant proper acceleration in the Minkowski vacuum during a finite
(life)time detects a thermal distribution of (virtual) particles. On the other
hand, when describing the corresponding behavior of the normally ordered
electric-field variance in the time domain, a connection to experiments in
which such states have been generated and detected can be traced. This
variance builds up as the electric field (or correspondingly its state) evolves
via propagation through the nonlinear crystal, and it can be shown that the
1

world lines followed by the field modes when propagating are indeed curved,
as is usually the case for the Unruh-DeWitt detectors used to study the
Unruh-Davies effect.
Alongside the study of the states generated in a nonlinear crystal, I also
investigate what influence these states have on the electrooptic measurements
that rely on the same effective nonlinear interaction. When electrooptically
sampling the electric-field vacuum, the evolution of the electric field leads to
a change in the initially sampled vacuum state. This change piles up backaction contributions that remain in superposition with the vacuum state after
the measurement. When the superposition coefficients of the back-action
contributions are small, the electrooptic-signal variance is dominated by the
shot noise, with a small vacuum-related contribution on top. As the sampling
regime shifts towards stronger probe-pulse intensities, the state superposition
undergoes a change, which can be traced back to the signal variance and the
clear change in its behavior, with a steep departure from the shot noise.
This approach is then further extended to model another setup in which two
probes, time-shifted relative to each other, are impinged on the nonlinear
crystal to probe the vacuum. This approach allows for the evasion of shot
noise and produces a way richer variety of back-action contributions that are
then investigated.

2

Zusammenfassung
Untersuchungen der Natur des Lichts haben oft eine zentrale Rolle in
der Entwicklung der Physik gespielt. Die Teilchennatur des Lichts diente
als Fixpunkt für das Verständnis der fundamentalen Prinzipien/Konzepte
der Quantenphysik und der daraus hervorgegangenen Zweige der Physik,
während die vom Bezugssystem unabhängige Lichtgeschwindigkeit in Vakuum, die zuerst durch die Beschreibung mithilfe von Wellengleichungen erkannt
wurde, zur Verschmelzung der Auffassung von Raum und Zeit führte und
in der Begründung der Theorie der allgemeinen Relativität und der Kosmologie kulminierte. Trotzdem stützen sich viele lichtbasierte Messtechniken noch immer stark auf die klassische Beschreibung von Licht, so wie
dies auch für viele Jahren bei der elektrooptischen Abtastung (electrooptic
sampling) der Fall war. Glücklicherweise hat sich dies im Verlauf der letzten
Jahre geändert, da sowohl experimentelle als auch theoretische Forschungsarbeiten die Vorteile und verborgenen Eigenschaften, die durch eine quantenund/oder relativistische Beschreibung von Licht ermöglicht wird, hervorheben. Im Besonderen hat die Methode der elektrooptischen Abtastung eines
breiten Frequenzbandes des Vakuumzustands des elektrischen Felds eine Reihe völlig neuer Möglichkeiten eröffnet. Die hier präsentierte Arbeit zielt darauf ab, einen kleinen Bereich des Spektrums der Möglichkeiten, die sich
durch diesen einfachen aber bemerkenswerten Technologiesprung eröffnet
haben, zu ergründen.
Als Ausgangspunkt untersuche ich die spektralen Eigenschaften von Quantenstrahlung ultrakurzer Dauer. Insbesondere führe ich einen kontinuierlichen Multimode-Quetsch-Operator zur Beschreibung von Subzyklus-Pulsen
bestehend aus verschränkten Photonen, die durch Antreiben eines dünnen
nichtlinearen Kristalls, charakterisiert durch eine Suszeptibilität zweiter Ordnung, mit einem kohärenten Puls erzeugt werden, ein. Die Spektren dieser
gequetschten Ultrabreitband-Zustände können mithilfe von Störungstheorie
bestimmt werden, wobei die Störung durch die Stärke des elektrischen Feldpulses des Antriebs bestimmt ist. Bei geeigneter Wahl der Antriebspulse
können diese Spektren mit denen, die hypothetisch in einem Unruh-Davies
3

Experiment gefunden würden, bei dem ein Beobachter (genauer ein Teilchendetektor) im Minkwoski-Vakuum eine konstante Eigenbeschleunigung erfährt
und für die Dauer einer endlichen (Lebens-)Zeit die thermische Verteilung
von (virtuellen) Teilchen misst, in Verbindung gebracht werden. Andererseits lässt sich bei der Beschreibung des entsprechenden Verhaltens der normal geordneten elektrischen Feldvarianz im Zeitbereich eine Verbindung zu
Experimenten herstellen, in denen solche Zustände erzeugt und nachgewiesen
wurden. Die Varianz entsteht durch die Veränderung des elektrischen Felds
(oder des entsprechenden Zustands) während der Propagation durch den
nichtlinearen Kristall. Es kann gezeigt werden, dass die Weltlinien, denen
die Feldmoden bei der Propagation folgen, tatsächlich gekrümmt sind, so
wie es normalerweise bei Unruh-DeWitt-Detektoren der Fall ist, die zur Untersuchung des Unruh-Davies-Effekts verwendet werden.
Neben der Untersuchung der in einem nichtlinearen Kristall erzeugten
Zustände untersuche ich auch, welchen Einfluss diese Zustände auf elektrooptische Messungen haben, die auf derselben effektiven nichtlinearen Wechselwirkung beruhen. Beim elektrooptischen Abtasten des Vakuumzustands
des elektrischen Feld führt die Entwicklung des elektrischen Felds zu einer
Überlagerung des ursprünglichen Vakuumzustands mit Rückwirkungsbeiträgen, die auch nach der Messung erhalten bleibt. Wenn die Überlagerungskoeffizienten der Rückwirkungsbeiträge klein sind, wird die elektrooptische Signalvarianz von Schrotrauschen dominiert und um einem kleinen vom Vakuum
hervorgerufenen Beitrag ergänzt. Mit der Verschiebung des Abtastregimes
hin zu stärkeren Tastpulsintensitäten erfährt die Zustandsüberlagerung eine
Veränderung, die auf die deutliche Änderung des Verhaltens der Signalvarianz, charakterisiert durch eine Starke Abweichung von Schrotrauschen,
zurückzuführen ist. Dieser Ansatz wird dann weiter erweitert, um einen weitere Messmethode zur Untersuchung des Vakuums zu beschreiben, bei der zwei
Testpuls, die relativ zueinander zeitverschoben sind, auf den nichtlinearen
Kristall einwirken. Dieser Ansatz ermöglicht die Vermeidung von Schrotrauschen und erzeugt eine viel größere Vielfalt von Rückwirkungsbeiträgen,
die in dieser Arbeit genau untersucht werden.
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Chapter 1
Introduction
Roughly a century ago, Max Planck would present his seminal work on
energetically quantized charge vibrations1 and the so-resulting spectrum of
blackbody radiation, defying the most fundamental ideas on which contemporary physics was based [1–3]. Despite Planck’s lack of faith in the physicality
of his own idea, the concept of quantization (a previously purely mathematical artifact introduced by Boltzmann [4, p. 183]) was fully embraced by
Albert Einstein, who extended it to light itself, allowing for a very simple,
yet rather beautiful, explanation of the photoelectric effect in terms of the
quantized packages of light, the photons [5]. This discovery paved the way
to the proposal of a quantum model for the atom by Niels Bohr and Arnold
Sommerfeld [6, 7], marking the dawn of the physics of light-matter interactions. These studies belong to a much broader branch of physics, spawned
through the works of many renowned scientist [8–12]: the quantum physics.
The quantization of the electromagnetic field was one of the earlier challenges in the quantum formulation of physics and served as a key component
in the development of a fully renormalizable and special-relativistic quantum
theory of fields that explained the behavior of elementary particles. Ironically, however, not much attention was paid to the quantum properties of
light itself at the time, with the electromagnetic field serving only as one of
the ingredients in the description of scattering processes [10]. It was only
after the advent of the laser and its applications in the second half of the
20th century that interest in quantum states of light appeared. Not only
new quantum effects involving light had been discovered [13–21], but also
measurement techniques had been developed or updated to exploit or detect
quantumness in light [22–27].
Concomitant with the development of quantum optics as a field, advances
1

At the time, simply fictitious resonators.
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in laser technology led to the achievement of laser pulses with durations in
the picosecond, femtosecond and even attosecond time scales [28–33]. The
usually high intensities characteristic of such pulses are known to trigger nonlinear interactions in various materials, a phenomenon that lies at the heart
of nonlinear optics [34–39]. Although the original intent of such ultrashortpulse technologies was to access the ultrashort behavior of quantum matter through light-matter interactions [40–45], recent interest in the quantum
properties of these pulses has led to a series of very important publications
with outreaching implications [46–53].
One remarkable application of the quantum properties of ultrashort light
was the measurement of zero-point fluctuations in the low-frequency (midinfrared) range of the electric field [46]. This measurement makes use of an
effective nonlinear field self-interaction taking place within an optically active material. The nonlinearity couples two different frequency ranges of the
field through photon-exchange processes. In terms of classical optics, this
coupling leads to a change in the ellipticity of the electric-field pulse known
as probe, what can be measured through ellipsometry [54]. The classical theory, however, predicts no quantum coupling of the probe to modes belonging
to frequency ranges at which the electric field is zero2 . It is only through
a quantum description of the electric field that the nature of this coupling
can be understood: the zero-field modes are not empty due to the fluctuating nature of quantum fields, and even when the expectation values of these
fields in a given state (e.g. the vacuum) are zero, their variances will often
differ from zero in order to fulfil Heisenberg’s uncertainty principle [8, 9]. To
better understand these quantum features of light and the subtleties of the
measurements of electric-field fluctuations over entire frequency ranges, the
following discussion will introduce several prescriptions for the quantization
of the electromagnetic field and the original description of how the field fluctuations could be accessed though a measurement rooted in the generation
and study of ultrashort and subcycle pulses [46, 54, 55].
2

The build-up of electric-field amplitude at these zero-field frequencies, however, is
predicted by the classical theory, as can be seen in well known examples of up- and downconversion.
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1.1

Quantization of the electromagnetic field

Classical electrodynamics is generally described by a set of four (Maxwell’s)
equations3 :
∇ · E = −1
0 ρ,

(1.1)

∇ × E = −Ḃ ,
∇ · B = 0,

(1.2)
(1.3)

∇ × B = µ0 j + µ0 0 Ė .

(1.4)

Here and through the remainder of this work, E and B represents the electric
and magnetic fields, respectively, ρ and j are the charge and current densities
(both zero for the free-field theory), while 0 and µ0 are constants known as
the vacuum permittivity and permeability, with the speed of light in vacuum
√
being c0 = 1/ 0 µ0 [the arguments of the functions, xµ = (c0 t, x)T , will be
omitted whenever possible]. These equations can be solved by the introduction of the scalar potential, V , and the vector potential, A, defined through
the relations E = −Ȧ − ∇V and B = ∇ × A.
Equations (1.1)-(1.4) can be written in a compact form with the aid
of the Faraday tensor, Fµν = ∂µ Aν − ∂ν Aµ , in which Aµ denotes the µth
T
component the (four)vector potential (c−1
(fourpotential for short)
0 V, A)
−1
4
T
and ∂µ corresponds to (c0 ∂t , ∇) . When representing vector components,
Greek indices run from 0 to 3 (zero standing for time), being raised and
lowered by contraction with the tensors g µν and gµν , respectively, both of
which are diagonal with signature (+, −, −, −) in Minkowski spacetime [56,
pp. 3-5]. Analogously, Latin indices in vector components assume values
1, 2 or 3 whenever their set of values is not explicitly stated. Defining j µ
as the components (c0 ρ, j)T , equations (1.1) and (1.3) can be recast in the
form ∂µ F µν = µ0 j ν . The remaining two equations can be resumed into
∂µ (?F µν ) = 0, in which ?F µν = −(1/2)µναβ Fαβ is the dual to Fµν . It is easy
to see that the Faraday tensor is invariant with respect to transformations
of the kind Aµ → Aµ + ∂µ α, in which α is an arbitrary scalar function of
the spacetime coordinates, xµ , with α → 0 at spatial infinities; this is called
gauge invariance/symmetry. As a result, the theory has, in principle, an
infinite number of symmetries, one for each α(x).
The Lagrangian density describing the free electromagnetic field is given
f˙ = ∂t f = ∂f /∂t.
Sometimes the partial derivative of f with respect to xµ will simply be denoted as
≡ ∂µ f .

3
4

f,µ
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by
Lγ = −

1 µν
F Fµν .
4µ0

(1.5)

The contraction of co- and contravariant indices in equation (1.5) ensures that
the Lagrangian density is Lorentz invariant, as well as gauge invariant due to
its construction solely in terms of Fµν . Variation of the action corresponding
to equation (1.5) plus the interaction term Lγ,e = −j µ Aµ with respect to Aµ
gives the equation of motion ∂µ F µν = µ0 j ν [i.e., the Maxwell equations (1.1)
and (1.3)]. Equations (1.2) and (1.4), on the other hand, arise naturally as
the Bianchi identity for the Faraday tensor, ∂λ Fµν + ∂µ Fνλ + ∂ν Fλµ = 0. It
is worth noting, however, that only the fourportential truly transforms as
a vector field under Lorentz boosts, while both electric and magnetic fields
get intermixed by such transformations; for this reason, a quantum theory
of electromagnetism relies on A as the fundamental field to be quantized,
rather than the measurable fields E or B.
Quantization of the (free) vector potential faces certain complications
due to both the gauge freedom hidden in equation (1.5) and the presence
of two nonphysical field components in Aµ . The additional freedom present
in the theory due to the gauge function α can be fixed by selection of a
suitable constraint, called gauge fixing (or simply gauge). Two of the most
broadly used gauges are the Lorenz gauge, ∂µ Aµ = 0, and the Coulomb
gauge, ∂i Ai = ∇ · A = 0 (and A0 = 0 for a free field). While the Lorenz
gauge preserves Lorentz covariance, the Coulomb gauge breaks this invariance by constraining vector and scalar components of the fourvector potential
separately [57, pp. 77-82]. In the Coulomb gauge, however, the components
of the 3-dimensional vector A satisfy a single constraint, leaving behind only
2 degrees of freedom, which can be identified with the 2 polarization states
of the photon. In the remainder of this section, we shall proceed with the
quantization of the free vector potential in two different ways, namely the
canonical quantization in the Coulomb gauge and in the Lorenz gauge, and
then proceed to considerations of the influence of matter on the quantization
prescriptions.

1.1.1

Free-field quantization in the Coulomb gauge

In the Coulomb gauge, the classical Maxwell equations (1.2) and (1.4),
when written in terms of the scalar and vector potentials, give


1 2
µ
2
A = ∂µ ∂ A = 2 ∂t − ∇ A = µ0 j⊥ .
(1.6)
c0

12

R
The transverse current density5 , j⊥ (t, x) = dx0 δ ⊥ (x−x0 )·j(t, x0 ) = j(t, x)−
0 ∇V̇ (t, x), is defined such that ∇ · j⊥ = 0 (i.e., it is perpendicular to the
wave vector); this definition requires the introduction of the rank-2 transverse
delta distribution, δ ⊥ (x − x0 ) = δ(x − x0 ) − δ k (x − x0 ) = δ(x − x0 ) + ∇x ⊗
∇x (4π|x − x0 |)−1 , in which δ = 1δ and 1 is the identity6 . The equation of
motion (1.6) can be obtained from the total action (including the light-charge
interaction described by Lγ,e ) in a natural way, without explicit imposition
of the Coulomb gauge, by considering only variations of the action7 with
respect to vector potentials belonging to the subspace of transverse vector
functions g⊥ , ∇ · g⊥ = 0 [58, pp. 20-21]; these variations are represented by
the symbol δ̄:
Z
= 0.
(1.7)
δ̄ d4 x (Lγ + Lγ,e ) = 0 −→ A − µ0 j⊥
∇·A=0

In the absence of charges, general solutions to equation (1.6) can be constructed with the aid of the ansatz (with f an arbitrary, well behaved function)
Z
d3 k
µ
f (k)eeikµ x
(1.8)
A(x) =
3
(2π)
and its complex conjugate, both defined so that e · k = 0 (gauge constraint),
therefore implying that there are two mutually perpendicular polarization
vectors eσ such that eλ · eσ = δλσ . Furthermore, the canonical conjugate of
the vector potential in the Coulomb gauge is given by
R 4
δ̄ c−1
d x Lγ
0
= 0 Ȧ = −0 E ,
(1.9)
Π=
δ̄ Ȧ
which allows one to derive the Hamiltonian density of the (free) electromagnetic field as:

0 2
E + c0 2 B2 .
Hγ = Π · Ȧ − L =
(1.10)
2
When promoting the free transverse vector potential and its conjugate,
the free electric field, into operators, the Poisson brackets should be accurately modified to account for the transverse character of the fields [58, p.
5

Here and through the remainder of this work, the underline (e.g., X) will denote a
tensor or tensor-like quantity.
6
Derivation of the final given formula for j⊥ from the transverse delta distribution
requires use of the continuity relation: ρ̇ + ∇ · j = 0.
7 4
d x = c0 dt d3 x = c0 dt dx dy dz.
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21], namely


∂ i∂ j
ij
{A (x), Π (x )} = −0 {A (x), E (x )} = δ − 2 δ(x − x0 ) ,
∇
i
j
0
{A (x), A (x )} = 0 ,
i

0

j

i

j

0

{Πi (x), Πj (x0 )} = 0 ,

[Âi (x), Âj (x0 )] = 0 ,
j

(1.12)
(1.13)

leading to (equal-time) commutators of the form


∂ i∂ j
i
j
0
i
j
0
ij
[Â (x), Π̂ (x )] = −0 [Â (x), Ê (x )] = i~ δ − 2 δ(x − x0 ) ,
∇
i

(1.11)

(1.14)
(1.15)

0

[Π̂ (x), Π̂ (x )] = 0 .

(1.16)

R
In equations (1.11) and (1.14), ∇−2 with (∇−2 f )(r) = − d3 x0 f (x0 )/(4π|x −
x0 |) is the inverse (i.e., the Green’s function) of the Laplacian operator:
∇2 (∇−2 f )(x) = f (x). It is easy to see that application of either ∇x or
∇x0 to the operators in the commutator (1.14) nullify its outcome, as expected from the Coulomb gauge constraint (∇ · Â = 0) or from the Maxwell
equation (1.1) for the free electromagnetic field (∇ · Π̂ = 0), respectively.
One last useful commutator can be obtained in the Coulomb gauge by considering the relation ∇ × δ(x) = ∇ × δ ⊥ (x) and the (totally antisymmetric)
Levi-Civita symbol ijk :
[Ê i (x), B̂ j (x0 )] = −ijk

i~
∂k δ(x − x0 ) .
0

(1.17)

In the Heisenberg picture, the evolutions of the vector potential and its
conjugate are described by

and

1
˙
Âi (x) = [Âi (x), Ĥ] = Π̂i (x) ,
0

(1.18)

1
˙
Π̂i (x) = [Π̂i (x), Ĥ] = ∇2 Âi (x) ,
µ0

(1.19)

with Ĥ being the Hamiltonian operator obtained from equation (1.10) by
considering E → Ê and B → B̂. Taking the time derivative of equation
(1.18) and applying (1.19), one obtains the quantum version of equation
(1.6) (for j⊥ = 0):
Â = 0 .
(1.20)
14

Equation (1.20) can be solved by separation of variables, keeping, for each
mode within a set {ζ}, a solely time-dependent operator component of the
field and a space-dependent amplitude8 weighted by a complex coefficient cζ :
1 X
Â(t, x) = √
cζ Aζ (x)q̂(t)
0 ζ
and, analogously,
Π̂(t, x) =

√ X
0
cζ Aζ (x)p̂† (t) .

(1.21)

(1.22)

ζ

This allows one to decompose the field equation into a Helmholtz equation
for the amplitude, c20 ∇2 Aζ + ωζ2 Aζ = 0, and a harmonic-oscillator equation
of motion for the mode operator, q̂¨ζ + ωζ2 q̂ζ = 0, both of which are related by
the (single) frequency ωζ for the mode ζ. Considering amplitudes that fall to
zero at spatial
the Helmholtz equation implies9 the orthonormality
R 3 infinities,
∗ ∗
condition d x [cζ Aζ (x)] · [cυ Aυ (x)] = δζυ , with our choice of normalization
P
leading to the completeness relation ζ |cζ |2 Aζ (x)⊗A∗ζ (x0 ) = δ ⊥ (x−x0 ). By
making use of the Hermiticity of the field operators and the mode-amplitude
orthonormality condition, the (equal-time) commutators (1.14)-(1.16) translate into [q̂ζ (t), p̂υ (t)] = i~δζυ , [p̂ζ (t), p̂υ (t)] = [q̂ζ (t), q̂υ (t)] = 0. In terms of the
operators p̂ζ and q̂ζ , the Hamiltonian is simply the sum over an infinite set of
P
(uncoupled) harmonic-oscillator Hamiltonians: Ĥ = (1/2) ζ (p̂ζ p̂†ζ +ωζ2 q̂ζ q̂ζ† ).
When dealing with quantized harmonic oscillators, it is customary to
make use of ladder
p (or annihilation and creation) operators. Adopting the
convention cζ = 2ωζ 0 /~, these operators can be defined in terms of field
operators as [58, pp. 24-25]
r
Z

↔

ic0 0
ωζ
3
∗
âζ (k) =
d x Aζ (t, x) · ∂0 Â(t, x) =
q̂ζ + iωζ−1 p̂†ζ , (1.23)
~
2~
and
â†ζ (k)

−ic0 0
=
~

Z

↔

d x Aζ (t, x) · ∂0 Â∗ (t, x) =
3

8

r


ωζ †
q̂ζ − iωζ−1 p̂ζ , (1.24)
2~

When discussing fields, I will use the word amplitude to refer to the mode-dependent
functions that accompany the mode operators, even when such functions carry a phase.
Mode operator, on the other hand, means not only the phase-space position and momentum, q̂ and p̂, but also the annihilation and creation operators to be derived.
9
The relation follows from subtraction of Aυ · [c20 ∇2 Aζ + ωζ2 Aζ ] from Aζ · [c20 ∇2 Aυ +
2
ωυ Aυ ].
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↔

−iωζ t
where f ∂0 g = c−1
Aζ (x), and equation (1.18)
0 (f ∂t g − g∂t f ), Aζ (t, x) = e
10
has been used for the right-sided derivative . The Hermiticity of the field
operators and the orthonormality of their mode amplitudes allow for inversion
of equations (1.23) and (1.24) through sum and subtraction, yielding
s
(
)
XZ
~
3
∗ ∗ ∗
∗
†
q̂ζ =
âζ +
d x cζ cυ Aζ (x) · Aν (x)âν
(1.25)
2ωζ
υ

and
r
p̂ζ =

(
Z
)
X
~ωζ
â†ζ −
d3 x cζ cυ Aζ (x) · Aν (x)âν
.
2
υ

(1.26)

Insertion of equations (1.25) and (1.26) into the field operators decomposed
in terms of p̂ζ and q̂ζ (i.e., expressions (1.21) and (1.22)) gives the well known
quantum fields in terms of annihilation and creation operators:
X

Â(t, x) =
Aζ (x)âζ (t) + A∗ζ (x)â†ζ (t) ,
(1.27)
ζ

Π̂(t, x) = −0 i

X

Aζ (x)âζ (t) − A∗ζ (x)â†ζ (t) .

(1.28)

ζ

The amplitudes Aζ are, in general, vector functions with functional forms
depending on the definition of modes adopted. In the most common case,
when fields are described in terms of plane waves, the two polarization degrees
of freedom imposed by the Coulomb gauge must be accounted for on top of
the single-frequency mode labelling. For modes defined as sets of a frequency
ωi and a polarization σ within a finite volume V (with periodic boundary conditions), the mode amplitudes can be found through
the discretized
version
p
P
3
of ansatz (1.8) for t = 0 — i.e., f (k) = (2π)
i δ(k − ki ) ~/(20 c0 |ki |V ).
This renders a description of the field in terms of (discrete) travelling plane
waves:
s
X
~
Â(t, x) =
ei,σ eiki ·x âi,σ (t) + H.c. ,
(1.29)
20 c0 |ki |V
i,σ
r
X ~0 c0 |ki |
Π̂(t, x) = −i
ei,σ eiki ·x âi,σ (t) + H.c. .
(1.30)
2V
i,σ
10

Note that, in general, p̂ζ and q̂ζ can be non-Hermitian, therefore the conjugation has
been explicitly included in these equations.
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For a free field propagating in free space (i.e., within an infinite volume),
the creation and annihilation operators have to be rescaled by a factor proportional to the square root of total volume:
âi,σ (t)
âσ (t, k) = lim p
.
V →∞
(∆k)3

(1.31)

Notice that, since ∆ki = 2πL−1
i , the continuous-frequency annihilation and
creation operators are not anymore dimensionless, what can be seen from
11
their equal-time commutation
, [âσ (t, k), â†γ (t, k0 )] = δσγ δ (3) (k−k0 ).
R
P relations
−1
→ dk in the limit V → ∞, one can derive:
Considering that 2πV
s
XZ
~
Â(t, x) =
d3 k
eσ (k)eik·x âσ (t, k) + H.c. ,
(1.32)
3
20 c0 |k|(2π)
σ
s
XZ
~0 c0 |k|
e (k)eik·x âσ (t, k) + H.c. .
(1.33)
d3 k
Π̂(t, x) = −i
3 σ
2(2π)
σ
The description of fields in terms of three-dimensional plane waves, as
presented in equations (1.32) and (1.33), is sometimes more complete than
needed for the consideration of quasi-one-dimensional phenomena. This is,
for example, the case when only plane waves (freely) propagating along one
given direction, the so-called travelling waves, are considered. A field decomposition in terms of travelling waves requires application of a different limit when taking equation (1.29) to the mode continuum, since the
anisotropy brought about by the choice of one preferred propagation direction singles out only modes related to that specific chosen wave vector, while
the field is considered to be independent from transversal coordinates within
the quantization volume V = AL (with L → ∞). Taking ∆ω = c0 ∆k =
ωi+1 − ωi = 2πc0 /L along thePpropagation direction
of the travelling
R waves,
P
−1
−1
the limit
case
L
→
∞,
with
=
(2πc
)
L
∆ω
→
(2πc
)
L
dω and
0
0
i
i
√
âi,σ (t)/ ∆ω → âσ (t, ω), leads to
r
XZ
~ω
Â(t, x) =
dω
eσ (kω )eikω ·x âσ (t, ω) + H.c.
(1.34)
4πc

A
0
0
σ
and
Ê(t, x) = i

XZ
σ

r
dω

~ω
eσ (kω )eikω ·x âσ (t, ω) + H.c. ,
4πc0 0 A

11

(1.35)

In quantum field theory, the continuous-momentum annihilation and creation operators are defined such that [âσ (t, k), â†γ (t, k0 )] = (2π)3 δσγ δ (3) (k − k0 ) instead.
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with equal-time commutation relations for the mode operators given by
[âσ (t, ω), â†γ (t, ω 0 )] = δσγ δ(ω − ω 0 ) .

1.1.2

(1.36)

Free-field quantization in the Lorenz gauge

A second, very popular choice of gauge is the Lorenz one. Canonical
quantization of the electromagnetic field under this choice of gauge follows
the Gupta-Bleuler formalism [59, 60], according to which the gauge is implemented in a slightly different way, with the gauge-fixing term being introduced directly into the Lagrangian density: i.e.,
L(α)
γ = −

1 µν
1
F Fµν −
(∂µ Aµ )2 .
4µ0
αµ0

(1.37)

The quantization of the theory is independent of the parameter α, which,
rather confusingly, is also referred to as a “gauge”: α = 1 for the Feynman
gauge, while α → 0 for the Landau gauge. The Lagrangian density (1.37)
gives the following conjugate field:
R 4 (α)
δ c−1
d x Lγ
1
0
µ
= −F 0µ − g 0µ (∂ν Aν ) .
(1.38)
Π =
α
δ Ȧµ
Promotion of the fourvector potential and its conjugate to operators leads to
the (equal-time) commutation relations
[Âµ (r), Π̂ν (r0 )] = i~g µν δ(r − r0 ) ,

(1.39)

[Âµ (r), Âν (r0 )] = 0 ,

(1.40)

[Π̂µ (r), Π̂ν (r0 )] = 0 .

(1.41)

Following the same prescription previously used for the Coulomb gauge,
the field operator and its conjugate can be expanded in plane-wave modes as
s
3 Z
X
~
Âµ (t, r) =
eµλ (k)eik·r âλ (t, k) + H.c. ,
(1.42)
d3 k
3
20 c0 |k|(2π)
λ=0
Π̂µ (t, r) = i

3 Z
X
λ=0

s
dk

~0 c0 |k| µ
e (k)eik·r âλ (t, k) + H.c. .
2(2π)3 λ

(1.43)

In the Lorenz gauge, there is a total of four polarization fourvectors instead
of the two (physical) polarization vectors found in the Coulomb gauge. These
18

polarization fourvectors satisfy the orthonormality condition12 eµλ (eσ )µ = gλσ ,
which is equivalent to gλσ eλµ eνσ = gµν . Finally, the commutation relations
for creation and annihilation operators in the Lorenz gauge are given by
[âλ (t, k), â†σ (t, k0 )] = −gλσ δ (3) (k − k0 ); from this commutator it is possible to
see that states with time-like-polarized photons can have negative norm, a
clearly unphysical result that has to be be dealt with. The Gupta-Bleuler
formalism circumvents this problem by splitting the Hilbert space of the
electromagnetic-field states into a physical and an unphysical subspace. The
physical states |Ψi fulfil the (Gupta-Bleuler) condition
∂ µ Â(+)
µ |Ψi = 0
for
Â(+)
µ =

3 Z
X
λ=0

(1.44)

s
d3 k

~
eµλ (k)eik·r âλ (t, k) .
3
20 c0 |k|(2π)

(1.45)

This guarantees that the operator ∂µ Âµ has vanishing matrix elements between physical states.
If one assumes that the index λ = 3 corresponds to longitudinal polarization, a decomposition of the field states of the form |Ψi = |ΨT i|Φi,
with |ΨT i being a state containing only photons transversally polarized (i.e.,
λ = 1, 2), while |Φi contains both timewise- and longitudinally-polarized
photons, leads to the following reinterpretation of the Gupta-Bleuler condition13 : kµ [eµ0 â0 (k) + eµ3 â3 (k)]|Φi = [k 0 â0 (k) − k 3 â3 (k)]|Φi ≡ k 0 âφ (k)|Φi = 0
(therefore âφ = â0 −â3 ). Because [âφ , â†φ ] = 0, the states |Φi containing paired
timewise and longitudinal excitations have zero norm, and the only state of
nonzero (positive) norm is the vacuum state |Φ0 i, such that âφ (k)|Φ0 i = 0 ∀ k
(such that |Φn i = (â†φ )n |Φ0 i spans a Fock basis); this reduces the original Hilbert space to a positive semi-definite subspace. The zero-norm states
|Φn i (n ≥ 1) are considered to be gauge-equivalent to |Φ0 i; one can show that
the expectation values of all gauge-invariant operators evaluated on physical
states |Ψi are independent of the specific superposition of states |Φn i, and
thus only |ΨT i, the state of the transversally-polarized photons, has physical
significance.
Besides the canonical quantizations in the Coulomb and Lorenz gauges,
there is yet another very popular quantization scheme for the free electromagnetic field, the covariant quantization in terms of path integrals [61, pp.
30-79]. This approach, however, will not be explored in this work.
12

When dealing with polarization fourvectors, µ and ν are usually considered as vector
components, while σ and λ are polarization labels.
13
Remember that k 3 = |k| = k 0 for light, with the wave (four)vector being k µ =
−1
(c0 ω, k)T .
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1.1.3

Field quantization in the presence of charges: the
minimal coupling

Although studies in quantum electrodynamics and quantum optics often start with the quantization of the free vector potential, most phenomena physicists are interested in require consideration of interactions. The
standard description of quantum electrodynamics usually considers both
fermionic and electromagnetic fields together, with the total Lagrangian density being a sum of the Lagrangian (1.5) [or (1.37)] and the Dirac Lagrangian
properly modified to account for a gauge-invariant coupling between these
fields. The simultaneous quantization of these interacting fields, however,
turns out to be a rather problematic task, and for this reason the usual
approach when dealing with scattering matrices resorts to free-field quantization, with interactions being accounted for perturbatively. Still, there are
cases in which the number of fermions is too large for their interactions with
the electromagnetic field to be easily tractable perturbatively, and therefore
alternative quantization schemes to account for an effective presence of the
fermions is preferred. In the remainder of this section a few such quantization
schemes will be briefly reviewed.
In the semi-classical limit, fermions with non-relativistic speeds can be
described as point particles with masses mc and positions xc . The distributionPof their charges qc in space is described by the charge density
ρ(x) = c qc δ(x − xc ) and P
the collective movements of these charges lead
to a current density j(x) = c qc ẋδ(x − xc ). The semi-classical (c-number)
Lagrangian describing both fermions and light is then14
Z

1X
1
2
(mc ẋ2c )
d3 x 0 [Ȧ(x) + ∇V (x)]2 − µ−1
+
Lsc =
0 [∇ × A(x)]
2
2 c
Z
+ d3 x [j(x) · A(x) − ρ(x)V (x)] .
(1.46)
Variations of the Lagrangian (1.46) with respect to A, V and r give the
following equations of motion:

∇ × ∇ × A + c−2
(1.47)
0 Ä = µ0 j − 0 ∇V̇ ,


− 0 ∇2 V + ∇ · Ȧ = ρ ,
14

(1.48)

In classical field theory, which accounts for special relativity, the fermions are described
by the Dirac Lagrangian. Here, the description of fermions is instead based on a Newtonian
approach, with electrons being portrayed as point-like particles. Here, “semi-classical”
means not fully based on classical field theory.
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mc ẍc = −qc ∇V (xc ) + Ȧ(xc ) + qc ẋc × ∇ × A (xc ) .

(1.49)

In the Coulomb gauge, equation (1.46) takes the simplified form
Z

1
1X
2
Lscc =
(mc ẋ2c )
d3 x 0 Ȧ2 (x) − µ−1
[∇
×
A(x)]
+
0
2
2 c
Z
1
(1.50)
+ d3 x [j(x) · A(x) − ρ(x)V (x)] ,
2
and equation (1.47) reduces to (1.6), while the scalar potential
a
R becomes
−1 −2
1
3
function
of
the
charge
distribution:
V
=
−
∇
ρ.
Note
that
d
xρ(x)V
(x) =
0
2
R 3
0
2
d x[∇V (x)] is the Coulomb energy and ∇V corresponds to the longitu2
dinal component of the electric field. Variation of the action obtained from
(1.50) gives equation (1.9) (with Π̂ = −0 Ê⊥ ) and15
pc =

∂ Lscc
= mc ẋc + qc A(xc )
∂ ẋc

(1.51)

as canonical conjugates to the vector potential and the positions of the
charges,
respectively.
The Hamiltonian can be obtained through Hscc =
R 3
P
p
·
ẋ
+
d
xΠ
·
Ȧ
− Lscc and reads
c
i c
Z
X 1 

2
1
2
−1
2
d3 x −1
+
pc − qc A(xc )
Hscc =
0 Π (x) + µ0 [∇ × A(x)]
2
2mc
c
Z
1
+
d3 x ρ(x)V (x) .
(1.52)
2
Promotion of the fields and particle coordinates to operators follows in a
straightforward way [58, pp. 31-32], by imposing the (free-field) commutation
relation (1.14) and
[x̂ic , p̂jd ] = i~δ ij δcd .
(1.53)
Note that the light-matter interaction is now contained in the canonical momenta of the charged particles; this is the so-called minimal coupling. Since
in the minimal-coupling regime the electromagnetic field is quantized as a
free field in the Coulomb gauge, only the purely electromagnetic part of the
Hamiltonian, Hγ , will behave as a series of quantum harmonic oscillators.
15
The indices c and d label the particles, while i and j represent the x1 , x2 or x3
coordinate.
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1.1.4

Field quantization in the presence of charges: the
multipolar coupling

The description of the light-matter coupling in terms of charges responding to vector-potential-induced momentum shifts is not always the most suitable to perform calculations. In some cases, the responses of a charge distribution to electric and magnetic fields16 , the so-called polarization (P) and
magnetization (M), respectively, are more suitable quantities to work with.
The corresponding approach is known as multipolar coupling and its mathematical formulation can be obtained from the minimal-coupling Lagrangian
by a series of steps that shall be briefly discussed in what follows.
The polarization can be defined through ∇ · P = −ρ + ρ̃, with
P ρ̃ =
qC δ(x − xC ) being the charge density of the total charge, qC =
c qc , of
17
the set of charged particles clustered around the point xC . Using equation
(1.1), it is easy to show that the displacement vector, D = 0 E+P, is defined
so that it represents the field sourced by the localized total charge: ∇·D = ρ̃.
The definition of polarization and the continuity equation allow one to show
that ∇ · [j − j̃ − Ṗ] = 0, with j̃ = qC ẋC δ(x − xC ); the solution of this equation
defines the magnetization: ∇ × M = j − j̃ − Ṗ. For a neutral system (qC = 0)
with ẋC = 0, the equations defining polarization and magnetization have,
respectively, the following solutions:
X Z 1
P=
qc ds(xc − xC )δ[x − xC − s(xc − xC )] ,
(1.54)
c

0

X Z 1
M=
qc dss(xc − xC ) × ẋc δ[x − xC − s(xc − xC )] .
c

(1.55)

0

It is known that insertion of a term of the form dF/dt into the Lagrangian,
F being a function of the canonical coordinates (but not of their conjugates),
leads to no change in the equations of motion (or field equations)
R of3 the
system. One can consider, for example, the functional F [A, t] = − d xP ·
A [62, pp. 253-258], which, once added to the Lagrangian (1.50), leads to
the following interaction term:
Z
Z

dF
0
3
= − d3 x P · Ȧ − M · [∇ × A] .
(1.56)
Lint = d x j · A +
dt
Equations (1.54) and (1.55), once inserted in (1.56), allow for expansions of
both transverse electric field and magnetic flux density around xC as either
16

Although the magnetic field, H, is defined in terms of the magnetic flux density, B,
as H = µ−1
0 B − M, I shall often refer to both fields simply as magnetic field.
17
The specific choice of xC is not important for this calculation.
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Taylor series or series of spherical harmonics to provide a description in
terms of n-pole moments, therefore justifying the terminology “multipolar
coupling”.
The new interaction term in the Lagrangian leads to a different conjugate
field for the vector potential,
R
δ̄ dt L0sc
0
Π =
= 0 Ȧ − P⊥ = −0 E⊥ − P⊥ = −D⊥ ,
(1.57)
δ̄ Ȧ
as well as different momenta for charged particles,
Z 1
∂ L0scc
0
= mc ẋc − qc dss(xc − xC ) × B[xC + s(xc − xC )] . (1.58)
pc =
∂ ẋc
0
The multipolar-coupling Hamiltonian then takes the form
Z
Z
 −1
1
1
0
⊥ 2
−1
2
3
Hscc =
d x 0 [Π(x) + P ] + µ0 [∇ × A(x)] +
d3 x ρ(x)V (x)
2
2
2
Z 1
X 1 
+
pc − qc dss(xc − xC ) × B[xC + s(xc − xC )] . (1.59)
2m
c
0
c
Quantization of the theory now follows the usual prescription with the imposition of the following commutation relations (omitted commutators being
zero):


∂ i∂ j
i
0j 0
i
0⊥ j 0
ij
[Â (r), Π̂ (r )] = −[Â (r), (D̂ ) (r )] = i~ δ − 2 δ(r − r0 ) , (1.60)
∇
[x̂ic , p̂jd ] = i~δ ij δcd .

(1.61)
√ P
The field operators can be expanded as Â(t, r) = (1/ 0 ) ζ cζ Aζ (r)q̂ 0 (t)
√ P
and Π̂0 (t, r) = 0 ζ cζ Aζ (r)p̂0† (t), leading to relations similar to the ones
previously derived for the free-field quantization in the Coulomb gauge.
The infinite set of uncoupled harmonic oscillators in this case, however,
0
is
terms of the transverse displacement-field operator, Ĥho
=
 −1 in
R 3defined
P
†
−1
0
2
2
d x 0 Π̂ (x) + µ0 [∇ × Â(x)] =
ζ ~ωζ (âζ âζ + 1/2), meaning that
the annihilation and creation operators in this case have a polaritonic character rather than a purely electromagnetic one.
Although the conjugate field of choice is the transverse displacement in
the multipolar gauge, it must be emphasized that the choice of a field other
than the electric field is compensated by the change in both the momenta
of the charged particles and of the interaction terms in the Hamiltonian.
Conversion between the minimal-coupling and multipolar-coupling quantum
Hamiltonians can be achieved with the aid of the unitary Rtransformation
caused by the Power-Zienau operator [63, 64], Û = exp{i~−1 d3 xP̂ · Â}.
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1.1.5

Effective field quantization in a medium

Both previously introduced approaches to deal with the light-matter coupling rely on individual parameters of the charged particles to allow for a
complete description of the systems. It is often more practical, however, to
describe the matter degrees of freedom in terms of its macroscopic properties
and phenomenological response to light. One such case is the treatment of
macroscopic dielectrics. The displacement field in the presence of a dielectric is described by the expression ∇ · D = 0; from the definition of D, one
can expect that the electric field and the electric polarization are linearly
related in some way, and this is indeed the case as can be shown from either
causality-based or empirical arguments [65, pp. 52-58]:
Z ∞
dτ (1)
χ (τ, x) · E(t − τ, x) + PN (t, x)
(1.62)
P(t, x) = 0
0 2π
(PN is the noise polarization arising from absorption [66], while χ(1) is the
linear susceptibility of the medium). The Fourier transform of the displacement vector obtained from this expression
R ∞ allows one to define the medium
(relative) permittivity as (ω, x) = 1 + 0 dτ χ(1) (x, τ )eiωτ . The permittivity is, in general, a complex function of frequency with real and imaginary
parts related by the Kramers-Kronig relations; these real and imaginary parts
correspond respectively to dispersion and absorption.
If one considers a limited frequency band ∆ω on which the permittivity is
isotropic, real and independent of frequency, (x, ω) = ∗ (x, ω) = 1(x) ∀ ω ∈
[ω0 , ω0 + ∆ω], the electric field can be defined within this frequency range as
Z

ω0 +∆ω

E(t, x) =

dωe−iωt E(ω, x) + c.c. ,

(1.63)

ω0

and the displacement gets the form D = 0 E (the noise polarization is absent
since there is no absorption in the frequency range of interest). The presence
of a non-unity relative permittivity modifies the Lagrangian (1.46) so that
the vacuum permittivity 0 appears as 0  instead; i.e.,
Z

1 X 0 02
1
2
()
Lsc =
d3 x 0 (x)[Ȧ(x) + ∇V (x)]2 − µ−1
+
(mc ẋc )
0 [∇ × A(x)]
2
2 c
Z
+ d3 x [j0 (x) · A(x) − ρ0 (x)V (x)]
(1.64)
(for the sake of completeness, non polarization-related charges that can serve
as sources to the displacement vector have been included in this Lagrangian
24

and are represented by primed quantities, but shall be omitted in the quantization of the effectively free field). Alongside the Lagrangian, equations
(1.47) and (1.48) in the generalized Coulomb gauge ∇ · (A) = 0 also get
modified to


(1.65)
∇ × ∇ × A + 2 Ä = µ0 j0 − 0 ∇V̇
c0
and18




ρ0 = −0 ∇ · ∇V + Ȧ ≈ −0 ∇ · ∇V .

(1.66)

Special care must be taken when integrating over volume in this gauge19 ,
since the measure for integrals of the purely electromagnetic terms becomes
(x)d3 x, and variations should accordingly be restricted to the space of functions g()⊥ that fulfil the gauge condition ∇ · g()⊥ =R0 [68] {taking into account that δ̄ () g()⊥ (x)/δ̄ () g()⊥ (x0 ) = δ ()⊥ (x−x0 ) and (x0 )d3 x0 δ ()⊥ (x−x0 )·
R
A(x0 ) = A()⊥ (x) [69]}. The conjugate field is therefore Π = δ̄ () dtL/δ̄ () Ȧ =
0 Ȧ, which allows the Hamiltonian
to Rbe found from the Lagrangian (1.64)
P
through the formula H = c pc · ṙc + (x)d3 x Π(x) · Ȧ(x) − L.
Promotion of the fields to operators in this approach requires the imposition of the following equal-time commutation relation20 :
[Â(x), Π̂(x0 )] = i~δ ()⊥ (x − x0 ) .

(1.67)

Both field operators are solutions of equation (1.65) in the absence of source
terms (i.e., j0 = 0 and ρ0 = 0). One can expand the quantized vector potential and its conjugate in terms of q̂ζ00 and p̂00ζ operatorsR as previously done,
but instead considering the orthonormality condition
(x)d3 x [c∗ζ A∗ζ (x)] ·
P
2
∗
0
[cζ Aυ (x)] = δζυ and the completeness relation
ζ |cζ | Aζ (x) ⊗ Aζ (x ) =
then read Aζ (x) =
δ ()⊥ (x − x0 ). The resulting (discrete-)mode amplitudes
p
√
~/(2ωζ 0 V )eζ exp(ikζ ·x) with ωζ = c0 |kζ |/ , and their continuous counterparts in the limit V → ∞ give
s
XZ
~
Â(t, x) =
d3 k
e (k)eik·x âσ (t, k) + H.c. .
1/2 (2π)3 σ
c0 |k|
2
c
|k|
0 0
ω0 < √ <ω0 +∆ω
σ
(1.68)
18

Since we consider  to be constant over the studied frequency range, its time dependence can be neglected when time scales are larger than ∼ 1/∆ω and therefore ∇·(Ȧ) ≈ 0.
A more general choice of gauge, without the need for an approximation for the neglection
of the ∇ · (Ȧ) term in equation (1.66), can be found in the description of reference [67]
based on classical electromagnetism.
19
Note that equations (1.65) and (1.66) have been derived from the action before introduction of the (modified) gauge, therefore the integration measure and variation applied
on the action were the usual ones.
20
Alongside the trivial relations [Â(x), Â(x0 )] = [Π̂(x), Π̂(x0 )] = 0.
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One case of major interest within this approach is the decomposition of the
electric√field in terms of travelling-wave modes; since ∆ω = ωζ+1 − ωζ =
2πc0 /( L), the limit case L → ∞ leads to
r
X Z ω0 +∆ω
~ω
Ê(t, x) = i
dω
eσ (kω )eikω ·x âσ (t, ω) + H.c. , (1.69)
1/2
4πc0 0  A
ω0
σ
p
with (x) = n(x) being the (real) refractive index. It is worth noting
that the polarization vectors in equations (1.68) and (1.69) do not necessarily correspond to transversal waves: since the permittivity varies with
position, transversal and mutually perpendicular polarization vectors fixed
at one point can change such properties as coordinates change within the
dielectric, so that only for homogeneous media a complete field description
in terms of plane waves is possible21 . Interpolation of the electric field (1.69)
over several small adjacent frequency bands allows for consideration of the
case when (x, ω) is a slowly varying function of frequency, effectively extending the integration domain of equation (1.69) to all frequencies at which there
is no absorption. This last result can also be attained by considering the time
derivative of the normally ordered energy density of the electromagnetic field
in the presence of a dielectric,
"
#
(+)
(+)
(−)
(−)
∂
B̂
∂
D̂
∂
D̂
1
∂
B̂
∂: Ŵ :
B̂(−) ·
= Ê⊥(−) ·
+
· Ê⊥(+) +
+
· B̂(+) ,
∂t
∂t
∂t
µ0
∂t
∂t
and requiring that it is consistent with the description of the Hamiltonian
operator in terms of a set of uncoupled quantum harmonic oscillators [70,
pp. 389-393]. Lastly, equation (1.69) can also be obtained through a rather
different quantization approach as the limit case of zero imaginary refractiveindex component in a Green-function based description of fields sourced by
the quantized polarization noise [71–73].

1.1.6

Effective paraxial field quantization in a medium

The description of quantum fields propagating unidirectionally in a dispersive medium (or simply free space) can be extended beyond the travellingwave mode decomposition. In classical optics, consideration of focused laser
21

In fact, reference [69] has shown that one can force a field decomposition in terms of
plane waves within the dielectric, but as a result the annihilation and creation operators
will be given as Bogoliubov transformations of the real-photon operators found in equation
(1.68) (i.e., the forced plane-wave decomposition describes some sort of effective or virtual
particles rather than real photons).
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radiation often leads to a description of the electromagnetic field in terms
of the so-called paraxial approximation [74]. For this approximation to be
implemented, it is assumed that the vector potential (and therefore also
the electric and magnetic fields) propagates through a given axis (e.g. x3 )
while retaining some amplitude and phase dependence on the coordinates
transverse to the propagation direction [x⊥ = (x1 , x2 )T ]; the paraxial approximation then enforces this anisotropy of the optical system by neglecting terms that depend on the ratio of transversal wave-vector components
[k⊥ = (k 1 , k 2 )T ] to the longitudinal one (k 3 ). The terms to be neglected
appear explicitly in the expression for the field operator once it has been
properly decomposed in a suitable set of modes. One starts by introducing
the trivial identity22 [75]
Z

3

∞

0

eiκ(x −x /n)
dκ iκ(x3 −x0 /n) δ[κ − f (k)] = 1
e

0

into equation (1.68) (or into its corresponding electric field) with an explicit
time-dependent phase from the free-field evolution Rand a slowly varying re3
0
∞
fractive index, what allows to rewrite it as Â(t, x) = 0 dκeiκ(x −x /n) Âκ (t, x).
Enforcing fulfilment of the paraxial wave equation [2iκ∂3 + ∂22 + ∂12 ]Âκ = 0
by
the function f = [k 3 +
p the field operator in this modified form determines
2
2
2
(k 3 )2 + 2k⊥
]/2 and therewith δ[κ − f (k)] = δ[k 3 − (κ − k⊥
/2κ)](1 + k⊥
/2κ).
√
3
Integration over k casts the field operator in the form (with Υ = |k⊥ |/ 2κ)
Â(t, x) =

XZ

"
2

dκd k⊥

σ

× eiκ(x

3 −x0 /n)+ik

⊥ ·x⊥ −iκΥ

#1/2
√
~(κ 1 + Υ4 )(1 + Υ2 )2
√
eσ [k⊥ , κ(1 − Υ2 )]
3
1/2
4
2(2π) 0  c0 κ 1 + Υ

2 x3 −iκ(

√
1+Υ4 −1)x0 /n

âσ [k⊥ , κ(1 − Υ2 )] + H.c. , (1.70)

√
in which |k| = κ 1 + Υ4 . The paraxial approximation consists in assuming
that Υ  1, what allows one to neglect all Υ contributions in equation (1.70)
with exception of the quadratic phase factor:
Â(t, x) =

XZ

2



~
3
2(2π) 0 1/2 (κ)c0 κ

dκd x⊥
σ
iκ(x3 −x0 /n)+ik⊥ ·x⊥ −iκΥ2 x3

×e

1/2
eσ (k⊥ , κ)

âσ (k⊥ , κ) + H.c. .

22

(1.71)

Although the present derivation is based on reference [75], an alternative paraxialquantization approach can be found in reference [76].
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Considering the closure relation for Laguerre-Gaussian modes,
s
!l 
√

2p!
1
2x
2x2⊥
⊥
3
l
LGl,p (x⊥ , x ; κ) =
Lp
π(l + p)! w(x3 ) w(x3 )
w2 (x3 )
×e

−

2
x2
⊥ +ilφ+i κx⊥ +iΦ(x3 )
w2 (x3 )
2R(x3 )

,

and their Fourier transforms (at x3 = 0),
Z
−2
LG l,p (k⊥ ) =(2π)
d2 x⊥ eik⊥ ·x⊥ LGl,p (x⊥ , 0; κ)
s

l  2 2 
w02 p!
w0 k⊥ − w02 k⊥2 +ilφ−i π (2p+l)
w 0 k⊥
l
2
√
=
L
e 2
,
p
(2π)3 (l + p)!
2
2

(1.72)

(1.73)

one has [75]
ik⊥ ·x⊥ −iκΥ2 x3

e

Z

0

0 ik⊥ ·x⊥ −iκΥ
d2 k⊥
e

2 x3

δ (2) (k⊥ − k0⊥ )
"
#
Z
X
0 ik0⊥ ·x⊥ −iκΥ2 x3
= d2 k⊥
e
(2π)2
LG l,p (k0⊥ )LG ∗l,p (k⊥ )
=

l≥−p,p≥0
2

X

= (2π)2

X

=

(2π)
LG ∗l,p (k⊥ )
l≥−p,p≥0

Z

0 ik0⊥ ·x⊥ −iκΥ2 x3
d2 k⊥
e
LG l,p (k0⊥ )

LG ∗l,p (k⊥ )LGl,p (x⊥ , x3 ; κ) .



(1.74)

l≥−p,p≥0

The functions w, R and Φ in equation (1.72) are the cross-section radius
of the mode profile [with w(0) = w0 ], its radius of curvature and the Gouy
phase [77, 78]; their physical meanings will be further explained in subsection
(1.2.2). The Laguerre-Gaussian modes fulfil the following identities [79, p.
100][80, 81]:
X
LG∗l,p (x⊥ , x3 ; κ)LGl,p (x0⊥ , x3 ; κ) = δ (2) (x⊥ − x0⊥ ) ,
(1.75)
l≥−p,p≥0

Z

d2 x⊥ LG∗l,p (x⊥ , x3 ; κ)LGl0 ,p0 (x⊥ , x3 ; κ) = δll0 δpp0 ,
X
LG l,p (k0⊥ )LG ∗l,p (k⊥ ) = (2π)−2 δ (2) (k⊥ − k0⊥ ) ,

(1.76)
(1.77)

l≥−p,p≥0

Z

d2 k⊥ LG l,p (k0⊥ )LG ∗l,p (k⊥ ) = (2π)−2 δll0 δpp0 .
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(1.78)

Introducing relation (1.74) into equation (1.71) with properly chosen (e.g.,
circularly polarized) k⊥ -independent polarization vectors allows one to define
a new set of annihilation and creation operators, namely
Z
âσlp (κ) = (2π) d2 k⊥ LG ∗l,p (k⊥ )âσ (k⊥ , κ)
(1.79)
with [âσlp (κ), â†σ0 l0 p0 (κ0 )] = δσσ0 δpp0 δll0 δ(κ − κ0 ). With this, the field operator
can finally be cast in the form Â(t, x) = Â(+) (t, x) + Â(+)† (t, x), with
s
XZ
~
3
0
eσ eiκ(x −x /n) LGl,p (x⊥ , x3 ; κ)âσlp (κ) .
Â(+) (t, x) =
dκ
1/2
4π0  (κ)c0 κ
σ,l,p
(1.80)
which describes the field as a combination of modes with well defined orbital and spin angular momenta along the propagation direction, labelled
by the quantum numbers l and σ. In equation (1.80), κ assumes the role of
(one-dimensional) wave vector, and a vector-potential description in terms of
continuous-frequency modes can be achieved by considering dκ ≈ (nω /c0 )dω
(for
p a slowly-varying frequency-dependent refractive index nω ) and âσlp (t, κ) =
c0 /n âσlp (t, ω); the corresponding expression for the paraxially-quantized
electric field reads:
r
XZ
~ω
3
0
(+)
dω
Ê (t, x) = i
eσ eiω(x −x /n) LGl,p (x⊥ , x3 ; ω)âσlp (ω) .
4π0 nω c0
σ,l,p
(1.81)

1.2

Nonlinear effects in classical and quantum optics

As mentioned in the beginning of this introduction, nonlinearities in optically active media play a central role in the present work. In this section,
we shall discuss the basics on classical nonlinear optics and its connections
to the previous section.
Nonlinear optical phenomena arise as a response of materials to applied
electromagnetic fields depending on higher powers of these fields. This response is usually described as additional contributions to the (linear) polarization, P = P(1) , such that the total polarization within the material

29

reads
PT (t, x) =

X

P

(n)

"Z
= PN (t, x) + 0
0

n
∞

ZZ
+
0

∞

dτ (1)
χ (τ, x) · E(t − τ, x)
2π

#
dτ dτ 0 (2)
0
0
χ (τ, τ , x)  E(t − τ, x)E(t − τ , x) + . . . . (1.82)
2π 2π

In equation (1.82), the symbol  stands for contraction of tensor components
(2)
between the rank-3 (second-order) susceptibility tensor χijk and the electric
field vectors with indices j and k, respectively. Similar terms with higher
order [rank-(n + 1)] susceptibilities, χ(n) , are also present and generate polarization contributions depending on n-powers of the electric field, but have not
been explicitly included on the rightmost side of equation (1.82) for brevity.
To avoid violations of causality (because the response of the medium cannot
depend on field configurations at times posterior to the moment of interaction), it is assumed that these susceptibilities are identically zero whenever
any of their time arguments (τ, τ 0 , . . .) becomes negative.
In noncentrosymmetric materials (i.e., materials possessing no inversion
centers throughout their volumes) the lowest order nonlinearity to kick in
with increasing applied electric field is the second-order polarization, P (2) .
In general, even-order polarization contributions can only occur within noncentrosymmetric materials, since otherwise the inversion symmetry, when applied to both electric field and nonlinear polarization, renders P(n) = −P(n)
(n even)23 . Centrosymmetric materials, on the other hand, have as lowest
nonlinear contribution the polarization term P(3) . The optical responses of
materials through P(2) and P(3) , respectively, are known as Pockels (or electrooptic) and Kerr effects. We shall focus on the case of noncentrosymmetric
materials through the remainder of this work.

1.2.1

Properties of χ(2)

The second-order susceptibility, χ(2) , has a few properties worth exploring before going any further into the description of nonlinear processes. Its
Fourier transform, χ(2) ({ω}), whose argument is the set {ωm |m ∈ N} of all
frequencies at which the electric fields and the polarization are considered,
should fulfil the equality [χ(2) ({−ωm })]∗ = χ(2) ({ωm }) in order to guarantee that the polarization P(2) is real [65, p. 34]; as a limit case, in a lossless
medium χ(2) ∈ (R3 )⊗3 (i.e., all its entries are real). On top of that, since there
23

More precisely, since P(n) ∼ En (n even), taking E → −E and P(n) → −P(n) through
inversion results in −P(n) ∼ En .
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is no preferred order of contraction of the electric fields with the indices of
the susceptibility tensor, the latter should possess the intrinsic permutation
(2)
(2)
symmetry χijk ({ωm }) = χikj (Pjk {ωm }) (here Pjk stands for permutation of
the two frequency arguments pertaining to the electric fields contracted at j
and k) [65, pp. 34-36]; once again, this property can be further extended in
a lossless medium to a full permutation symmetry involving any of the indices (and corresponding frequency arguments) of the susceptibility tensor.
Considering the fact that the frequency dependence of the susceptibility is
strongly suppressed when its frequency arguments are all much below the socalled resonance frequencies of the material, the full permutation symmetry
of lossless media can be relaxed to lift the restriction on simultaneous permutation of indices and arguments; this full index-permutation symmetry is
an additional property of the susceptibility of lossless media driven in the
far-from-resonance regime and its usefulness granted it a name of its own:
the Kleinman’s symmetry.
When dealing with calculations, it is customary to make use of an alternative convention for the second-order susceptibility of lossless, far-fromresonance and homogeneous (i.e., with no x dependence) materials. By co(2)
alescing the two contractable indices
of χijk , j and k, into a single index
P
according to l(j, k) = jδjk + | m (m + 3)mjk |, one is able to recast the
(2)
second-order susceptibility in the form dil = χijk /2. This simplification al(2)

lows to represent the rank-3 array of 27 components, χijk , as a 3 × 6 matrix,
dil . Kleinman’s symmetry further restricts the range of indices by enforcing
the equalities d12 = d26 , d14 = d25 = d36 , d23 = d34 and d13 = d35 . If one
considers the vector [Ex (ω)Ex (ω 0 ), Ey (ω)Ey (ω 0 ), Ez (ω)Ez (ω 0 ), Ey (ω)Ez (ω 0 ) +
Ez (ω)Ey (ω 0 ), Ex (ω)Ez (ω 0 ) + Ez (ω)Ex (ω 0 ), Ex (ω)Ey (ω 0 ) + Ey (ω)Ex (ω 0 )]T , the
polarization is simply obtained from the product of the matrix of d coefficients with this 6-dimensional vector of electric-field components. It must
be noted that crystal symmetries lead to additional simplification of the matrix d by enforcing dependence relations between certain dil coefficients; the
general forms of these matrices for several crystal classes are shown in figure
1.1.
In regimes of significant frequency dependence, it is often advantageous
to make use of the (easily measurable) absorption spectra of frequencydependent susceptibilities (i.e., their imaginary parts) to find their corresponding frequency-dependent dispersive contributions (the real parts). This
is possible due to the causality-enforced reciprocity between real and imaginary parts of the susceptibility known as Kramers-Kronig relations. More
generally, the Kramers-Kronig relations connect the real and imaginary parts
of complex functions that are analytic in the upper half-plane of their (com31

Figure 1.1: (Caption next page)
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Figure 1.1: (a) Schematic represetation of the d matrices for different point
groups (in the Hermann–Mauguin notation). The 3 × 6 grids represent the
matrices, with each square site corresponding to the matrix element of same
position. Empty sites stand for zero matrix components, while sites filled
with squares have nonzero elements. Black and red squares represent terms
that are always nonzero and that become zero when Kleinman’s symmetry is
present, respectively. When connected by red lines, completely filled squares
differ from the borderline-only squares of same color by a sign swap (e.g., if
a filled black square representing the element dil = 10−10 m/V is connected
by a red line to a white square of black borders, the latter represents an
element di0 l0 = −10−10 m/V). Through small red dots, the red lines connect
squares of same absolute value, with solid lines meaning permanent connections, while dotted lines stand for connections valid only under Kleinman’s
symmetry. The three colors for the grids depict the degrees of anisotropy:
biaxial, uniaxial and isotropic crystals have, respectively, green, purple and
blue grids.
plex) arguments. Susceptibilities, when written as functions of complex frequencies, can be shown to be analytic in the upper half-plane of frequencies, a result that becomes clear when writing them as Fourier transforms
of their (square-integrable) time-dependent forms including the Kernel element exp{−τ Imω}. The Kramers-Kronig relations can be summarized by
the formula
Z
1 ∞ 0 χ(n) (ω, ω1 , . . . , ω 0 , . . .)
(n)
dω
,
(1.83)
χ (ω, ω1 , . . . , ωl , . . .) = p.v.
iπ −∞
ω 0 − ωl
which can be proved by applying the residue theorem [65, pp.58-61]. In the
above formula, p.v. stands for Cauchy principal value and it is assumed
that all frequency arguments on the left-hand side are positive and distinct.
Explicitly writing the susceptibility in terms of real and imaginary parts
splits equation (1.83) into a pair of relations:
Z
1 ∞ 0 Imχ(n) (ω, ω1 , . . . , ω 0 , . . .)
(n)
Reχ (ω, ω1 , . . . , ωl , . . .) = p.v.
dω
, (1.84)
π −∞
ω 0 − ωl
Z
1 ∞ 0 Reχ(n) (ω, ω1 , . . . , ω 0 , . . .)
(n)
dω
. (1.85)
Imχ (ω, ω1 , . . . , ωl , . . .) = −p.v.
π −∞
ω 0 − ωl
Equations (1.84) and (1.85) show that the real and imaginary parts of the
susceptibility are Hilbert transforms of each other [82, p. 153]. The validity of
the Kramers-Kronig relations is always guaranteed for linear susceptibilities,
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but not for nonlinear ones, either due to the presence linearly-dependent
frequency arguments or to some specific properties of the media.

1.2.2

Interpretation of the paraxial approach for nonlinear media

Having gone through the main properties of the second-order susceptibility, it is now time to describe how the nonlinear response of noncentrosymmetric media to an applied electric field can generate additional contributions
to the latter. The inclusion of the second-order polarization in equation (1.62)
leads to the appearance of an additional term with cubic dependence on the
vector potential in the Lagrangian (1.64); this term can be approximately described, within the scope of an effective model for the electromagnetic field
within a medium with dispersionless nonlinear susceptibility24 , by the additional contribution25 Lnl = 0 χ(2)  [Ȧ + ∇V ][Ȧ + ∇V ][Ȧ + ∇V ]/3, such that
equation (1.65) in the absence of free charges takes the form (after application
of a time derivative)
∇×∇×E+


Ë = −µ0 P̈(2) .
c20

(1.86)

Equation (1.86) shows how the nonlinear polarization sources the electric
field within the medium of permittivity . Two special cases of processes
in which the second-order polarization plays a major role are sum-frequency
and difference-frequency generation; in these processes, two field modes of
frequencies ω1 and ω2 compose the nonlinear polarization, which sources the
generation of electric-field components of frequencies |ω1 ± ω2 |. Differencefrequency generation can be used, for example, to enhance a field at the
frequency ω1 (termed seed) with the aid of another field at frequency ω1 +ω2 .
In experiments, laser-generated electric fields are usually focused, reaching a minimal section area within a slab of nonlinear dielectric [74]. This
geometrical feature can be accounted for in the wave-equation description of
the nonlinear process by adopting a few approximations, namely the slowlyvarying amplitude approximation [65, pp. 69-74] and the paraxial approximation. The slowly-varying amplitude approximation consists in assuming
that the amplitudes of the fields are given by functions of the spatial coordinates
with a slow variation along
R
R the propagation direction: E(t, x) =
dωE(x, ω)exp[−i(k0 x0 + k3 x3 )] = dωE(x, ω)exp[−iω(t − nω z/c0 )], with
a similar expression for the nonlinear polarization, and |d2 E(x)/d2 z| 
24
25

In this case, χ(2) (τ, τ 0 ) = (2π)2 χ(2) δ(τ )δ(τ 0 ) in equation (1.82).
This term, in general, also changes the scalar potential.
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|k(dE(x)/dz)|. Both assumptions together, in addition to neglection of the
∇(∇·E) term coming from the double curl26 , allow to rewrite equation (1.86)
in the paraxial form


∂
2
∇⊥ + 2ik
E(x, ω) = −µ0 ω 2 P(2) (x, ω) .
(1.87)
∂z
The slowly-varying-amplitude decomposition of
polarization
R the0 nonlinear
(2)
(2)
0
gives, for a homogeneous medium, P (x, ω) = dω χ (ω , ω −ω 0 )E(x, ω 0 )
E(x, ω − ω 0 )exp{i[ω 0 nω0 + (ω − ω 0 )nω−ω0 − ωnω ]z/c0 }. If the spectra of the
field modes are restricted to a frequency band in which there is no dispersion or absorption, χ(2) (ω 0 , ω − ω 0 ) = χ(2) can be taken out of the integral.
Although in subsection 1.1.6 equation (1.81) has already been presented as
a solution to the paraxial wave equation in the absence of sources (i.e., for a
zero nonlinear susceptibility), a scalar solution to the paraxial equation allows for a simplified understanding of the general features of both vector and
scalar fields that obey sourced equations of the form (1.87) [74]. Considering
the similarity of the homogeneous version of equation (1.87) to the timedependent Schrödinger equation for a free particle moving in bidimensional
space, the solution will be denoted ψ and can be interpreted, for example, as
one of the vector components of the field:


x2⊥
kx2⊥
w0
exp − 2
+i
+ iΦ(z) .
(1.88)
ψ(x⊥ , z) = ψ0
w(z)
w (z)
2R(z)
p
In equation (1.88), w(z) = w0 1 + ζ 2 [with ζ = 2z(kw02 )−1 ] is the crosssection radius of the field (i.e., the radius at which its amplitude distribution
reaches 1/e of its value at x⊥ = 0), which has a minimal value at the center
of the medium, z = 0, and R(z) = z(1 + ζ −2 ) is the radius of curvature of
the wavefront that has a spatially varying phase given by Φ(z) = − tan−1 (ζ).
Equation (1.88) represents the fundamental mode of a set of solutions to
the paraxial equation (1.87)27 . Consideration of solutions corresponding to
higher modes can be performed both in Cartesian coordinates (for a system
with rectangular geometry) or cylindrical coordinates, leading respectively
to sets of Hermite-Gaussian modes, with straight nodal lines, or LaguerreGaussian modes, with circular nodal lines (measurements of such mode patterns can be found, for example, in references [74] and [83]). The resulting
field profile characteristic of the fundamental mode is shown in figure 1.2.
26

For a homogeneous medium and in the absence of free charges, ∇ · E = −∇ · Ȧ = 0
is guaranteed by the Coulomb gauge.
27
Interestingly, from the perspective of a free particle evolving in time z in the bidimen-
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Figure 1.2: Schematic representation of the main geometrical features of
the fundamental mode that solves the paraxial equation (1.87). The beam
propagates along the solid black arrow with an initial intensity profile given
by the solid red line. The gray solid lines depict the change in the intensity
profile for a fixed absolute value of the transversal coordinate x⊥ as the mode
travels along the z coordinate, reaching the configuration of narrowest radial
intensity distribution at z = 0. The radius of curvature of the wavefront
(dotted purple line) at a certain point z < 0 is represented by a purple
arrow. The change of the waist with z is given by the dotted green line.
Note that the intensity profiles have different units when compared to the
remaining features of the figure, but have been included altogether for the
sake of illustration.
In the presence of a nonlinear susceptibility, the two main changes to
solution (1.88), apart from the frequency shift arising from up- or downconversion, are the rescaling of the cross-section radius and the appearance
of a phase-matching function; the latter results from the integration of the
polarization phase factor over the propagation direction z. Using the identity
i tan−1 ζ = 21 ln[(1 + iζ)/(1 − iζ)], one can recast equation (1.88) as


x2⊥
ψ0
ψin (x⊥ , z) =
exp − 2
.
(1.89)
1 + iζ
w0 (1 + iζ)
It is possible to describe the field generated by a harmonic-generation process
(i.e., sum frequency involving q contributions of same frequency ω) driven by
ψin with the ansatz solution


ψq (z)
qx2⊥
ψout (x⊥ , z) =
exp − 2
.
(1.90)
1 + iζ
w0 (1 + iζ)
sional space of coordinates x⊥ , this solution implies that a particle completely delocalized
at time z → −∞ becomes maximally localized at z = 0, only to become once again
maximally delocalized at z → ∞.
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which converts the paraxial equation (1.87) (with ω → ωq = qω and k →
kq = qωnqω /c0 ) into
∂ψq (z)
iqω (q) q ei∆kz
=
χ ψ0
,
∂z
2nqω c0
(1 + iζ)q−1

(1.91)

in which ∆k = qk − kq . Integration of equation (1.91) over z renders
χ(q) ψ0q Jq (∆k; zi , z), with the phase-matching function Jq being
ψq (z) = 2niqω
q c0
given by [65, pp. 116-122]
Z zf
0
ei∆kz
0
dz
Jq (∆k; zi , zf ) =
.
(1.92)
[1 + iζ(z 0 )]q−1
zi
Since the harmonic solution (1.90) depends on the same parameter ζ that
characterizes the driving field ψin , the relation kq wq2 = kw02 between the wave
vectors and minimal cross-section radii of input and output fields, respec√
tively, holds and shows that for the output field wq ≈ w0 / q. In the paraxial
approximation it is assumed that |∂w(z)/∂z|  1 [or 4(kw0 )−1 − 1  ζ −2 ],
leading to two limit cases for z ∈ [zi , zf ]: |z|  kw02 for kw0  1 [in which
case w ≈ w0 |ζ| and |∂w(z)/∂z| ≈ 2(kw0 )−1 ], or |z|  kw02 for kw0 . 1 (so
that w ≈ w0 and |∂w(z)/∂z| ≈ 0). In the plane-wave limit, |z|  kw02 ,
Jq (∆k; −L/2, L/2) ≈ L sinc(∆kL/2) for the solution taken at the end of a
crystal of length L; this result reveals that dispersion due to the refractive
index can damp the intensity of nonlinearly generated light through the mismatch ∆k between the total input and output wave vectors. If ∆k = 0, the
system is said to have perfect phase matching.
An alternative and more formal description of the vector-field solutions
of the paraxial equation has already been presented in subsection 1.1.6 in
connection with the paraxial-quantization approach and will therefore not
be discussed any further in this section.

1.2.3

Refractive-index modulation through the electrooptic effect

The nonlinear polarization can lead to an electric-field-dependent modulation of the refractive index of the medium, a phenomenon known as electrooptic effect. This effect can be more clearly understood with the aid of an
eikonal approximation. We consider, for simplicity, a lossless, dispersionless
and homogeneous medium with a single nonzero tensorial component of the
nonlinear susceptibility and a fixed-polarization plane-wave field (w0 → ∞)
satisfying the equation



1 
n2 2
2
∂z − 2 ∂t E(z, t) = µ0 ∂t2 P (2) (z, t) = 2 ∂t2 2χ(2) Ein (z, t)E(z, t) . (1.93)
c0
c0
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In equation (1.93), Ein is a driving or pump field that triggers the nonlinear process and the preceding factor of 2 in the polarization accounts
for the permutation between the two distinguishable fields. According to
the eikonal approximation, the generated electric field can be written as
E(x, t) = C(z, t)eiφ(z,t) , with a phase φ that changes faster than the amplitude function C both in space and time. The eikonal approximation defines
k(z, t) = ∂z φ(z, t) and ω(z, t) = −∂t φ(z, t), so that equation (1.93) can be
decomposed into contributions having
of k and/or ω (i.e.,
P Pa given power
(l,m) l m
the wave equation takes the form n l,m δl+m,n c
k ω = 0); since these
terms vary with different powers n of k and/or ω, one can assume that each
such contribution with a fixed n value approximately vanishes independently.
In the absence of a nonlinear polarization, the contribution for n = 2 is just
the usual dispersion relation k 2 − n2 ω 2 /c20 = 0, but the nonlinearity changes
this relation into

 2
n
2χ(2) Ein 2
2
ω (z, t) ≈ 0 ,
(1.94)
k (z, t) − 2 +
c0
c20
which corresponds to a refractive index n(z, t) ≈ n + n−1 χ(2) Ein (z, t) when
n  n−1 χ(2) Ein (z, t). Although higher powers of the input electric field can
also contribute to the refractive-index change in a medium, the description in
this work will be restricted to the linear case, also known as Pockels effect [65,
pp. 512-523].
This concept can be extended to anisotropic media, in which the refractive
index can take different values for different directions of the electric-field
vector, a phenomenon known as birefringence. In general, the nonlinear
polarization can induce birefringence in the medium even if its unperturbed
refractive index is isotropic. Historically, the description of this effect is based
on the electric-field contribution
to the energy density of electromagnetic
P
radiation, U = D·E/2 = 0 ij ij Di Dj /2. By employing a suitable rotation
of the displacement vectors, it is possible to diagonalize the matrix ij so
2
2
that this energy density takes the form U = 0 [−1
−1
x0 x0 (Dx0 ) +
y 0 y 0 (Dy 0 ) +
p
−1
−1
2
02
02
02
0
0 (2U )−1 Dx0
+ −1
−1
z 0 z 0 Z , with X =
z 0 z 0 (Dz 0 ) ]/2, or 1 = x0 x0 X + y 0 y 0 Y
and similar expressions holding for Y and Z. The renormalized form of the
diagonalized energy density is nothing other than the equation of an ellipsoid
with coefficients given by the diagonalized-permittivity entries, the so-called
index ellipsoid. By rotating the vectors back to their original configuration,
the index ellipsoid takes the form:
 
 
 
 
 
 
1
1
1
1
1
1
2
2
2
X +
Y +
Z +
YZ+
XZ +
XY = 1 .
2
2
2
2
2
n 11
n 22
n 33
n 23
n 13
n2 12
(1.95)
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By considering a wave vector centered at the origin of the index ellipsoid, one
can construct an ellipsis from the intersection of the ellipsoid with the plane
perpendicular to the given wave vector; the semimajor and semiminor axes of
this ellipsis determine the values of the refractive index along these respective
directions. If one now considers the refractive-index modulation described
by equation (1.94), the coefficients of the index ellipsoid get modified to
(2)

−3
−4
k
k
∆n0−2
ij ≈ −2nij ∆nij ≈ −2nij χijk Ein = rijk Ein ,

(1.96)

k
in which several electric-field components Ein
can contribute and therefore
(2)
summation over the index k is implicitly considered. The rijk = −2n−4
ij χijk
are called electrooptic coefficients and are usually written as 6 × 3 matrices
T
with elements rlk = −4n−4
l (d )lk ; they quantify the rate of change of the
index ellipsoid when an input electric field is impinged on the medium.
The electrooptic effect is widely used for a variety of purposes in experiments. One such application is phase modulation, which shall be briefly
described in what follows. The discussion will be based on a generic uniaxial crystal, a crystal with a refractive-index anisotropy that singles out one
(extraordinary) direction having a higher or lower refractive index than its
(ordinary) perpendicular directions. If the extraordinary axis is labelled Z,
−2 2
2
−2 2
the index ellipsoid reads 1 = n−2
o X + no Y + ne Z , with ne and no being
the refractive indices along extraordinary and ordinary axes, respectively.
Application of a pump field on the medium changes this ellipsoid as previously shown. For a material of point group 42m, for example, and an input
electric field polarized along the Z direction, the ellipsoid changes into

X2 Y 2 Z2
+ 2 + 2 + 2r63 Ez XY = 1 .
(1.97)
n2o
no
ne
√
√
By changing coordinates according to X 0 = (X − Y )/ 2, Y 0 = (X + Y )/ 2
and Z 0 = Z, the ellipsoid is recast in the form




02
1
1
X 02 Y 02 Z 02
02
02 Z
+
r
E
X
+
−
r
E
Y
+
=
+
+
= 1 , (1.98)
36 z
36 z
n2o
n2o
n2e
n2− n2+ n2e
with n± = n2o ± n3o r36 Ez /2, revealing that the uniaxial character of the
medium has been shifted towards total anisotropy through Pockels effect.
Since the X 0 and Y 0 components of the electric field will experience different
phase shifts, n± ωL/c0 , when propagating through a distance L within the
medium, the state of polarization (or equivalently the polarization ellipticity)
of the light leaving a phase modulator will generally be different from that
of the incident light. Such ellipticity changes can be measured with the aid
of an ellipsometry scheme [see figure 1.3(b)].
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Figure 1.3: (a) Geometrical arrangement of the nonlinear crystal (NX). The
input field is polarized along ez and propagates with wave vector kω = kω ek .
The tensor components of χ(2) are such that only (vacuum) fields polarized
along ex and ey can mix with the input field, generating new quantum-field
components along es and the longitudinal direction ek (a nonpropagating
component). (b) Scheme of an electrooptic measurement with ellipsometry
included: the input probe field Ep changes its ellipticity in the crystal due
to the nonlinearly generated es -polarized field component, resulting in the
field E0p ; a quarter-wave plate (λ/4) shifts the phase of the ea component of
the output field by π/2, resulting in the new field E00 that has its E00z and E00s
components spatially split by a Wollaston prism (WP) before independent
detection with photon counters.

1.2.4

Electrooptic sampling of quantum states

Having gone through the fundamentals of both quantum and nonlinear
optics, we are ready to bridge these fields into what shall be referred to
throughout this work as nonlinear quantum optics. In this sense, the remainder of this work will be focused on the many facets of the electrooptic effect
involving quantum fields, often in connection to novel nonlinear-quantumoptical experiments.
Through the remainder of this section, the electric field will be considered
in the effective dielectric-mediated paraxial quantization [equation (1.81)].
Because the permittivity of the medium is considered isotropic, homogeneous and lossless for the range of frequencies of interest, a field decomposition in terms of paraxial modes with constant (linear) polarization vectors,
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eσ , is appropriate. If the quantized electric
P field is expressed in terms of
its polarization components (i.e., Ê =
σ Êσ eσ ), a coherent σ-polarized
pulse Ep,σ eσ (σ = s, z) can be properly described by an equally σ-polarized
†
displacement operator28 D̂p,σ , such that D̂p,σ
ÊD̂p,σ = Ê + Ep,σ eσ or, equiv†
alently, Ep,σ eσ = hD̂p,σ ÊD̂p,σ i for the vacuum state29 |{0}Ω iσ . As a result,
one can separate the purely quantum contribution to the electric
P field from
its coherent one by splitting the field operator into Ep =
σ Ep,σ eσ and
†
δ Ê = D̂p,σ ÊD̂p,σ − Ep .
We start by considering an electrooptic detection with a zinc-blende-type
material (face centered, point group 43m), as sketched in figure 1.3. A nearinfrared (NIR) broadband coherent electric-field pulse, Ep = Ep ez , propagates along the crystallographic [110] axis (or simply ek ) of the nonlinear
medium having a wave vector k = kek . Since the only nonzero elements of the
(2)
nonlinear susceptibility are the di,i+3 ones, or equivalently χijk = χ(2) |ijk |,
the field Ep can only drive nonlinear-polarization components perpendicular
to ez , none of which can depend on (Ep )2 due to the geometrical constraints
imposed by the susceptibility. This raises the question about what other
field, if any, could contribute to the nonlinear polarization: the answer to
this question lays in one of the most fundamental predictions of quantum
mechanics, the zero-point fluctuations. It has been previously shown that the
quatization of the electric field leads to a Hamiltonian operator describing
an infinite set of quantum harmonic oscillators, each of which has a ground
state of no occupancy and yet characterized by a zero-point motion; this behavior is also present for the electromagnetic field, with vector-potential and
electric-field amplitude fluctuations characterizing the state of zero photon
occupancy, the electromagnetic vacuum. Although the vacuum contributions are often negligible to both experiments and theory, their existence
means that the electromagnetic vacuum is the only other source of electricfield fluctuations that can drive the nonlinear polarization in the considered
electrooptic scheme, namely
P̂x(2) (t, xk ) = 20 χ(2)
xyz δ Êy (t, xk )Ep,z (t, xk ) ,

(1.99)

P̂y(2) (t, xk ) = 20 χ(2)
yzx Ep,z (t, xk )δ Êx (t, xk ) ,

(1.100)

28

In the so-called vacuum picture [84, pp. 71-72], which will be used in parts of this
work, the quantum state (including the initial state of the system) is permanently set
to the vacuum state, which remains unchanged. All operations necessary to achieve the
desired initial state from the vacuum, as well as the evolution, are instead applied on the
field, in a similar fashion to what is done in the Heisenberg picture.
29
For a continuous set of N
modes parametrized by ζ, I shall use the notation |{0}ω i to
represent the state lim∆ζ→0 m |0im∆ζ .
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with P̂x = P̂ · ex , P̂y = P̂ · ey and xk = x · ek for the Cartesian basis vectors
ex , ey and ek . The nonlinear susceptibility will be considered independent
from frequencies30 and will be denoted as χ(2) = 2d, with no explicit indices.
The transversal component of the total nonlinear polarization is contained
√ in
(2)
(2)
(2)
the (110) crystallographic plane and is given by P̂√
2=
=
(
P̂
−
P̂
)e
/
y
x
s
⊥
−4dδ Ês (t, xk )Ep,z (t, xk )es , with es = (ey − ex )/ 2, while its longitudinal
polarization component is confined to the interior of the medium and does
not lead to considerable measurable effects. The field Ep is considered to
be sufficiently intense so that no accountable depletion takes place and the
noise polarization can be neglected.
Considering that both Ê and Ep are solution of the homogeneous paraxial
equation [i.e., they are both described by (1.81)], the newly generated field
(2)
(2)
operator Ês in the presence of the source P⊥ is given by the following
approximate solution to the inhomogeneous paraxial equation31 [with x0 =
(x0k , xs , xz )T = (x0k , xT⊥ )T ]:
Z xk Z ∞
(2)
0
Ês (ω, x) =
dx0k dΩ δ Ês (Ω, x)Ep (ω − Ω, x)ζω,Ω
(x0k ) .
(1.101)
xk,0

−∞

0
(x0k )
In equation (1.101), the derivative phase-matching function reads ζω,Ω
−1
0
= −idω(2c0 nω ) exp[ixk (kΩ + kω−Ω − kω )]. For the generated field at the
end of a crystal of minute thickness L centered at xk = 0, one can further
simplify this solution by assuming that x0k = 0 for all the convoluted fields
considered in equation (1.101), while the phase matching is described by
R L/2
0
(x0k ) = −idωL(2c0 n)−1 sinc[LΩ(2c0 )−1 (nΩ − ng )], with
ζω,Ω = −L/2 dx0k ζω,Ω
n and ng being the refractive index and the group refractive index at the
central NIR frequency ωc , respectively32 . Note that equation (1.101) involves
a frequency convolution of two electric-field profiles comprised of (mostly)
non-overlapping frequency modes, therefore the symbol Ω has been chosen
to represent the much lower, mid-infrared (MIR) frequency range over which
30

All susceptibilities may be assumed dispersionless when the frequencies are far from
the electronic and optical-phonon resonances of the medium.
31
Because the paraxial equation contains the second-order differential operator ∇2⊥ ,
(2)
the given expression for Ês only solves the inhomogeneous paraxial equation up to a
remaining factor dependent on (∇⊥ Ê) · (∇⊥ Ep ) ∼ w0−2 ÊEp , which is assumed to be
negligible for the cross-section radii of interest. For a better comparison, the term 2ikω ∂z
(2)
in the paraxial equation, when applied to ζω,Ω to recover the source term P⊥ , scales as
−2
kω ∆k = kω (kΩ + kω−Ω − kω ) ≈ nc0 ω(nΩ − ng )Ω, so that the form (1.101) is justified
2
when w0−2  n2 c−2
0 ω(nΩ − ng )Ω. From the plane-wave limit case L  kω w0 , it is clear
−1
−1
that if L ∼ c0 (nΩ − ng )Ω the approximation is valid.
32
This phase-matching function assumes that ω  Ω, so that the wave vector kω−Ω can
be Taylor expanded around ω.
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the vacuum contributions to the quantum field are considered. Finally, the
field component (1.101) should be added to the (quasi-)undepleted input
fields Ep and δ Êz ez in accordance with the vacuum-picture approach.
As previously discussed, this newly generated field component corresponds to a change in the polarization state of the total electric field. To
analyse such change, the output field goes through an ellipsometry stage
composed of a quarter-wave plate and a Wollaston prism
√ [figure 1.3(b)]. The
quarter-wave plate shifts the phase of the (ez − es )/ 2 component of the
output field by π/2. The Wollaston prism then spatially separates the Es
and Ez components of the field, which can consequently be independently
measured with photon counters. The difference between the photon numbers
measured from the two components of the output electric field Ê00 ,
Z
N̂s/z = 4πc0 n0

Z

2

∞

d x⊥

dω

00†
00
(x⊥ , ω)
Ês/z
(x⊥ , ω)Ês/z

,

(1.102)

~ω

0

defines an electrooptic signal, which for the case of quantum-field detection
is also an operator, namely
Ŝ = N̂s − N̂z ≈ Ŝ (1) + Ŝsn .

(1.103)

The signal operator is composed of a shot-noise signal
Z
Ŝsn = 4πc0 n0

∞

Z

2

d x⊥

dω
0

iEp∗ (x⊥ , ω)δ Ês (x⊥ , ω) + H.c.
~ω

(1.104)

and a MIR-related, vacuum-noise signal
Ŝ

(1)

Z
= 4πc0 n0

2

Z

d x⊥

∞

dω
0

iEp∗ (x⊥ , ω)Ê (2) (x⊥ , ω) + H.c.
.
~ω

(1.105)

Integration over x⊥ gives the overlap between the crystal-centered LaguerreGaussian profiles (equation (1.72) with x3 = 0) of the fields in the integrands of equations (1.104) and (1.105). From equation (1.76) it is possible to see that, if the probe pulse is assumed to be in the fundamental
mode, n = l = 0, with a profile waist w0 , only the fundamental modes
of δ Ês and Ê (2) will contribute to their corresponding signals, and perfect
√
overlap will happen if their waists are set to w00 = w0 and w00 = w0 / 2,
respectively. The measured noise in the (broadband) vacuum state |{0}ω i,
2
hŜsn
i = hN̂s + N̂z i = N , is related to the quantum fluctuations in the photoncounting process itself (N is the average number of photons in each probe
pulse). On the other hand, the noise h(Ŝ (1) )2 i comes from the ellipticity
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change induced on Ep by the vacuum-driven nonlinear polarization and can
therefore be used as an estimation of the zero-point electric-field fluctuations
in the vacuum state |{0}Ω i. It is well known, however, that the quantum
electric field possesses infinite variance, as can be seen from its description
in terms of an infinite number of harmonic oscillators covering the set of
all possible frequencies; this complication is bypassed by the natural constraint imposed on the measured frequency range by the spectrum of Ep itself, leading to the measurement of the field variance only over the frequency
band selected
probe-dependent
R ∞ response2 function. Defining
R ∞ by a certain
2
|α
(ω)|
and
κ[α
(ω)]
=
dω|αp (ω)| , the response funcβ[αp (ω)] = 0 dω
p
p
ω
0
dLω −1
tion is given by R(Ω) = i( 2c0 n ) ζω,Ω F (Ω), with F (Ω) = 21 [f+∗ (Ω) + f− (Ω)]
R∞
and f± (Ω) = 0 dωαp∗ (ω)αp (ω ± Ω)/κ. The electrooptic signal-variance then
gives [55]
Z
∞

h(Ŝ

(1) 2

dΩ Ω (n/nΩ )|R(Ω)|2 ,

2

) i = N ηS

(1.106)

0

in which ηS = (2Lωp d)2 ~(π 2 0 c30 n3 w02 )−1 and ωp = κ/β is the average detected frequency.
Equation (1.106) describes a contribution to the total signal variance
that depends on the MIR modes of the quantum electric field, as can be
seen from the explicit Ω dependence. The reason for the presence of such
noise, from a mathematical point of view, is the commutation relation between annihilation and creation operators, which results in a non-negligible
contribution from the â(Ω)â† (Ω) term when taking the square of the signal
operator. The noise (1.106) sits on top of the well known shot noise and
can be distinguished from the latter by scrutinization of the data obtained in
high-precision electrooptic measurements [46]. It is worth mentioning that
the |R(Ω)|2 in equation (1.106) carries an implicit dependence on the duration of the probe pulse, with shorter probes having broader response functions
and vice-versa, so that the shorter the pulse employed in the measurements,
the higher the signal variance [up to the point at which the phase matching caps the frequency window covered by the integral in (1.106)]; for this
reason, ultrashort pulses in the few-femtosecond scale have been used in the
measurements performed in reference [46].
Such achievement has paved the way to the study of new phenomena
related to the quantum nature of light and accessible through such nonlinear, subcycle and correlation-based measurement scheme. The works to be
presented in the next chapters follow the lead of the pioneering research in
quantum nonlinear optics and further widen the range of exciting features of
light that quantum electrooptic measurements can uncover.
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Chapter 2
Spectra of ultrabroadband
squeezed-vacuum pulses from a
fundamental-physics point of
view
2.1

Motivation

In quantum optics and quantum information, parametric down-conversion
in nonlinear crystals has been extensively used in the generation of pairs of
monochromatic, entangled photons [85, 86]. The so-obtained squeezed states
of light have found applications in a vast range of areas, such as gravitational
wave detection [87, 88], quantum communication systems [89–91] and precision measurements [92, 93]. One remarkable feature of these quantum states
is the lower variance of a given phase-space quadrature (a quantum-optical
analogue of a canonical variable) relative to a coherent state (including the
vacuum), at the expense of increased variance in the conjugate quadrature,
so that Heisenberg’s uncertainty principle is fulfilled. This feature is tightly
related to the well known correlation properties of these states.
In recent years, theoretical and experimental efforts have been made to
describe and generate multimode, continuous squeezed states [94–99]; in spite
of the experimental achievements in this regard [96, 99], research on the field
is still mostly limited to squeezed states with relatively narrow spectra. New
developments in ultra-stable, few-cycle laser sources and advanced detection
techniques have paved the way for the generation of few-cycle pulses of midinfrared (MIR) squeezed light and the electrooptic detection of their photoncounting statistics with subcycle temporal resolution [46, 47, 55].
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From the perspective of the Pockels effect, the subcycle features in the
noise patterns of the nonlinearly generated quantum states can be seen as a
consequence of the spatio-temporal modulation of the refractive index of the
crystal induced by the driving pulse [47]. The refractive-index modulation
simulates the scenario in which the electric field occupies a spacetime described by a time-dependent metric, which leads to photon creation as seen
by an observer [100]. This perspective also shares features with the UnruhDavies effect [101, 102], according to which an observer in a non-inertial
reference frame, moving with constant acceleration in the vacuum of an inertial reference frame, should detect thermal radiation. This phenomenon is
closely related to the Hawking radiation believed to be emitted at the horizon
of black holes [103].
The direct observation of particle creation in quantum relativistic scenarios is at the present time infeasible, and for this reason optical analogues were
proposed [104–109] as a means of studying the physics behind such effects.
However, little attention has been paid to the effects of the unavoidably finite
(and often short) duration of the effective acceleration experienced by either
the light or the detector in the suggested experiments, which might be very
important for the optical counterparts of the relativistic systems of interest.
In this chapter, I introduce a squeezing operator capable of describing
the multimode states generated in a thin slab of nonlinear medium with χ(2)
nonlinearity and driven by a coherent ultrashort pulse. The experimental
setup is schematically shown in figure 2.1(a). Due to the minute thickness of
the crystal, phase matching is considered perfect. Perturbative calculation of
the time-dependent variance of the electric field operator links this work with
related experimental results on subcycle-resolved sampling of the electricfield statistics of quantum-optical states [46, 47, 55]. Finally, through the
study of the spectral properties of the ultrabroadband squeezed pulses, I
elucidate the connections with the Unruh-Davies effect. The limited duration
of the refractive-index perturbation in the nonlinear medium dictates the
exponential decay of the detected sectral photon density at high frequencies,
a result that can be related to the so-called diamond temperature [110, 111]
derived for the Unruh-Davies effect when the observer follows an accelerated
trajectory during a finite time interval. In the present study, however, it is
the observed incoming mode of the electromagnetic field that experiences an
effective spacetime curvature (i.e., acceleration) within a certain spacetime
zone, as illustrated in figure 2.1(b) for a plane-wave mode that simultaneously
enters the crystal with the peak of the driving coherent pulse.
The results presented in this chapter have been published in [48, T. L.
M. Guedes et al., Phys. Rev. Lett. 122, 053604]. Changes were made
to the structure, text, and notations for the sake of consistency, and a few
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driving field
+ quantum
radiation

NX

driving field

Figure 2.1: (a) General sketch of the proposed experimental setup. The classical driving field propagates through a χ(2) nonlinear crystal (NX) of small
thickness L and unperturbed refractive index n, generating ultrabroadband
squeezed quantum light. The outgoing light is registered by the detector D.
(b) World line of a plane wave mode of the quantum electric field within the
NX with refractive index modulated by a half-cycle pulse. The trajectory
(blue) is given by equation (2.39) with C1 = 0, α/n2 = 0.49 and nζ = 12.
The dotted purple straight line indicates the trajectory of light in the absence of nonlinear effects. After the acceleration has mostly ceased, the world
line approaches the dotted green line parallel to the purple one. The process of acceleration is confined to a diamond-like spacetime zone (light red
parallelogram) of dimensions defined by the duration of the driving transient.
new equations have been included here. All the derivations presented in
subsections 2.2, 2.3 and 2.4 were made by myself, while the discussion in
section 2.5 was formulated by Andrey S. Moskalenko and me.

2.2

Squeezing operator

Using the convention â(−Ω) = â† (Ω) (ω ∈ R) to connect creation and
annihilation operators for positive and negative frequencies [112], the following ansatz for the form of the (continuous) multimode squeezing opera-
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tor [95, 113] can be introduced:
 h
i
1 ∗
†
†
ξ
â(Ω1 )â(Ω2 ) − ξΩ1 ,Ω2 â (Ω1 )â (Ω2 ) .
Ŝ[ξ] = exp
2 Ω1 ,Ω2

(2.1)

Starting from equation (2.1) and throughout the remainder of this chapter,
a generalized Einstein’s convention is adopted, according to which product
terms are integrated from −∞ to ∞ over all continuous variables with reoccurring positive integer indices (e.g., Ω1 and Ω2 in equation (2.1)). Unitarity
of this squeezing operator requires the frequency-dependent squeezing parameter ξΩ,Ω0 to satisfy ξΩ,Ω0 = ξΩ0 ,Ω , so that Ŝ † [ξ] = Ŝ[−ξ] and consequently
Ŝ[ξ]† Ŝ[ξ] = 1. Rewriting equation (2.1) solely in terms of positive frequencies results in four terms in the integrand of the exponent; at lowest order
in perturbation theory, two of these contributions correspond to parametric
down-conversion (generating or annihilating two photons), while the remaining two correspond to frequency-conversion, with no change in the photon
number.
In order to calculate expectation values of operators for the states generated by the operator (2.1), it is useful to first understand how â(Ω) and
â† (Ω) transform under Ŝ. One can do so by introducing an auxiliary operator Ĝ[z̃; ξ] = Ŝ z̃ [ξ] for z̃ ∈ [0, 1], which commutes with Ŝ[ξ], and then
defining â(z̃; Ω) = Ĝ† [z̃; ξ]â(Ω)Ĝ[z̃; ξ], so that â(0; Ω) = â(Ω) and â(1; Ω) =
â0 (Ω) = Ŝ † [ξ]â(Ω)Ŝ[ξ]. Note that, for any Ω, Ω0 ∈ R, [â(z̃; Ω), â(z̃; Ω0 )] =
δ(Ω + Ω0 )[sign(Ω) − sign(Ω0 )]/2 instead of the usual continuous-frequency
commutation relation (1.36). Differentiating â(z̃; Ω) with respect to z̃ leads
to
∂â(z̃;Ω)
∂ z̃

ΞΩ,Ω0

= ΞΩ,Ω1 â(z̃; Ω1 ),

= −sign(Ω) ξΩ,−Ω0 − ξΩ∗ 0 ,−Ω .

(2.2)

This integro-differential operator equation can be solved perturbatively in Ξ,
resulting in the Bogoliubov transformation


â(z̃; Ω) = δ(Ω − Ω1 ) + z̃ΞΩ,Ω1


z̃ 2
+ ΞΩ,Ω1 ΞΩ1 ,Ω0 + . . . â(Ω1 ) .
2!

(2.3)

Note that the (unitary) transformation (2.3) assures that â(z̃; −Ω) = â† (z̃; Ω).

2.3

Spectra

The squeezing process relies on the build-up of electric-field excitations
within the crystal; it is therefore expected that the squeezing parameter in
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equation (2.3), ΞΩ,Ω0 , depends on the coherent pulse that drives the process.
Through the remainder of this chapter, the electric field will be considered
in the effective dielectric-mediated “free”-field quantization [equation (1.69)].
Because the medium permittivity is considered homogeneous, isotropic and
lossless for the range of frequencies of interest (the MIR), a field decomposition in terms of plane-wave modes propagating in the crystal along a suitably
chosen xk axis with constant polarization vectors, eσ , is appropriate [see figure 2.1(a)]. The geometrical features of the interaction process will not be
directly addressed here, and I shall instead proceed with an effective description of the interaction between two polarization components of the field. Due
to the χ(2) interaction, a coherent MIR driving pulse of sufficiently large amplitude EMIR = hÊMIR i modulates the quantum contribution δ Ê = Ê − EMIR
to the field according to
ideff Ω ∗
∂δ Ê(xk ; Ω)
=
E (xk ; Ω1 − Ω)δ Ê(xk ; Ω1 ) ,
∂xk
nc0 MIR

(2.4)

with deff being the effective nonlinear coefficient of the medium.
In order to recast equation (2.4) in the desired
q form, one should consider

xk → z̃ = xk /L and use δ Ê(xk ; Ω) = i sign(Ω) 4π~|Ω|
â(xk ; Ω) [the Fourier
0 c0 nA
transform of equation (1.69) extended for Ω ∈ (−∞, ∞)]. If EMIR (xk ; Ω)
does not change appreciably as a function of xk , comparison of the result
with equation (2.2) gives
p
(2.5)
ΞΩ,Ω0 = iC sign(Ω0 ) |ΩΩ0 |EMIR (Ω − Ω0 ),
where C = deff L/(nc0 ). Similar expressions have been used to describe independent frequency-conversion and parametric-down-conversion processes involving light pulses with a well-defined central frequency and phase-matching
conditions leading to spatially distinguished signal and idler pulses [97, 114].
In contrast, equations (2.1) and (2.5) do not rely on the assumption of a
bandwidth much smaller than the central frequency and all generated photons propagate along the same direction, the xk axis.
Using the expressions for the transformed creation and annihilation operators defined by equations (2.3) and (2.5), the expectation value of the
operator â† (Ω)â(Ω0 ) for the states |{ξ}Ω i = Ŝ[ξ]|{0}Ω i resulting after the
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squeezing process can be written (up to second order in deff ) as
h{ξ}Ω |â† (Ω)â(Ω0 )|{ξ}Ω i = θ(−Ω)θ(−Ω0 )δ(Ω − Ω0 )
− iCΘ− (−Ω, −Ω0 )EMIR (Ω0 −Ω)
Z ∞
C2
∗
0
−
(Ω+ Ω̃)EMIR (Ω̃+Ω0 )
Θ+ (−Ω, −Ω ) dΩ̃Ω̃EMIR
2
−∞
Z ∞
p
∗
(Ω+ Ω̃)EMIR (Ω̃+Ω0 ), (2.6)
+ C 2 |ΩΩ0 | dΩ̃Ω̃EMIR
0

p
where Θ± (Ω, Ω0 ) = |ΩΩ0 | [θ(Ω)sign(Ω) ± θ(Ω0 )sign(Ω0 )] and θ(Ω) denotes
the Heaviside step function. The spectral photon density, ρ(Ω), is defined
from equation (2.6) by setting Ω = Ω0 > 0.
In order to circumvent the problem of the diverging spectral photon
density in the case of continuous-wave driving (i.e., EMIR (τ ) = E0 e−iΩ0 τ +
E0∗ eiΩ0 τ , with τ = t − nxk /c0 being the retarded time), one can use a different set of creation and annihilation operators [58, pp. 187-191] for a finite
observation time ∆t. For µ ∈ Z+ one defines
s
Z
20 nc0 A ∆t
dtδ Ê (+) (xk , t) exp(iΩµ τ ) ,
(2.7)
âµ = −i
~Ωµ ∆t 0
R∞
with Ωµ = 2πµ/∆t, δ Ê (+) (xk , t) = 0 dΩδ Ê(xk ; Ω) exp(−iΩτ ) and ∆t =
N T [T is the period of EMIR (τ )]. The larger the number N of periods observed, the higher the frequency resolution. The photon number in mode µ
reads


Z Ω0

2
2 πN
2
2 ∆t
hn̂µ i = C |E0 |
dΩΩ (Ω0 − Ω)sinc
Ωµ − Ω
(2.8)
2πΩµ 0
Ω0
for Ω ∈ (0, Ω0 ). Dividing hn̂µ i by ∆t∆Ω (∆Ω = Ω0 /N ), one obtains the
time-averaged spectral photon flux density measured over the time interval
∆t, hφ̂µ i. In the limit of N → ∞, this expression is exactly the function
multiplying the delta function in equation (2.6) for continuous-wave driving
when Ω0 → Ω. The limit-case spectral photon flux density (the average
distribution of generated photons in the frequency domain per unit of time
and frequency, after observation of infinitely many cycles), including terms

50

up to the fourth order in α = dE0 , reads:
C2
|E0 |2 Ω(Ω0 − Ω)θ(Ω0 − Ω)
2π
C4
+
|E0 |4 θ(2Ω0 − Ω)ω(2Ω0 − Ω)(Ω0 − Ω)2
4(2π)
C4
|E0 |4 θ(Ω0 − Ω)Ω(3Ω3 − 6Ω0 Ω2 + 5Ω20 Ω − 2Ω30 ) .
+
3(2π)
(2.9)

φ(Ω) ≡ hφ̂(Ω)i =

The spectral photon flux density, φ(Ω), is shown in figure 2.2(a). It is
possible to see that parametric down-conversion is maximally probable near
the degeneracy point (Ω ≈ Ω0 /2), while output at the drive frequency Ω0
is absent. Additionally, higher order contributions show that the photons
generated by parametric down-conversion can be up-converted to 3Ω0 /2 by
mixing with pump photons.
Next, I consider two cases of the pulsed driving. Firstly, let us examine
an ideal half-cycle pulse of light with temporal profile EMIR (τ ) = E0 sech(Γτ )
) [115]; in this case, the spectral
and Fourier transform EMIR (Ω) = E2Γ0 sech( πΩ
2Γ
photon density, ρ(Ω) = h{ξ}Ω |ρ̂(Ω)|{ξ}Ω i = h{ξ}Ω |â† (Ω)â(Ω)|{ξ}Ω i, for the
state |{ξ}Ω i = Ŝ[ξ]|0i, reads
ρ(Ω) =



C 2 E02
− πΩ
Γ
Ω
ln
1
+
e
.
π2

(2.10)

For an ideal single-cycle pulse of form EMIR (τ ) = −E0 Γτ sech(Γτ ), which
0
sech( πΩ
)tanh( πΩ
) in the frequency domain,
corresponds to EMIR (Ω) = πE
4iΓ
2Γ
2Γ
one finds
 
 1
 πΩ 
C 2 E02
2
− πΩ
ρ(Ω) =
Ω ln 1 + e Γ + sech
.
(2.11)
12
2
2Γ
Both equations (2.10) and (2.11) show that at high frequencies ρ(Ω) falls off
as exp(−πΩ/Γ); i.e., its exponential decay is determined by the duration of
the driving field Γ−1 [see figure 2.2(b)]. This decay behavior will be shown
to play an important role in section 2.6.

2.4

Electric-field variance

Another insight into the properties of generated quantum state is provided
by its normally-ordered electric-field variance, V (τ ) = h{ξ}Ω |:[δ Ê(τ )]2 :|{ξ}Ω i.
Here : Ô: denotes normal ordering for an operator Ô.

51

Figure 2.2: (a) Normalized spectral photon flux density in the case of
continuous-wave driving (ρ0 = C 2 |E0 |2 Γ/π 2 , Γ = Ω0 for a continuous wave).
Contributions up to second (blue) and fourth order (red) in α = deff E0 have
been included. The value of the factor π 4 ρ0 Ω0 /4 governing the smallness of
the α4 term with respect to the α2 term is 0.02. The dotted curve shows
the average spectral photon flux density for a measurement over a finite time
interval ∆t = N T with N = 50, where T = 2π/Ω0 is the period of the driving field. (b) Normalized spectral photon density for half-cycle (dotted blue)
and single-cycle (solid blue) driving in the leading (α2 ) order. The exponential behavior of the spectra can be better analysed in a logarithmic plot,
presented for the half-cycle case in the inset (same high-frequency behavior
as for the single-cycle case). The spectral photon density is shown in blue,
while the asymptotic dashed straight green line represents a fit of the form
Ae−π(Ω/Γ) .
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Let us introduce a continuous, frequency-dependent quadrature operator
x̂(Ω, φ) for the electric-field operator1
r
Z ∞
~Ω
dΩ
δ Ê(t, z) =
x̂(Ω, φ),
(2.12)
4πc0 nA
0
where x̂(Ω, φ) = â(Ω)eiφ(ω,t,xk ) + â† (Ω)e−iφ(Ω,t,xk ) and φ(Ω, t, xk ) = −Ω(t −
nxk /c0 ) + π/2. Equation (2.12) allows one to connect the normally ordered variance of x̂(Ω, φ) to the time-dependent, normally ordered variance
of the electric field operator. From equation (2.12) it is possible to see that
the normally ordered electric-field variance depends, in general, on the values of h: x̂(Ω):i and h: x̂(Ω)x̂(Ω0 ):i. For the state |{ξ}Ω i, however, one has
h{ξ}Ω |x̂(Ω)|{ξ}Ω i = h{0}Ω |Ŝ † x̂(Ω)Ŝ|{0}Ω i whereas Ŝ † x̂(Ω)Ŝ is linear in both
â(Ω) and â† (Ω), resulting in a zero expectation value, which also applies for
h:δ Ê(τ ):i . The other expectation value reads
0

h{ξ}Ω |: x̂(Ω)x̂(Ω0 ):|{ξ}Ω i = h{ξ}Ω |â† (Ω)â(Ω0 )|{ξ}Ω ie−i(φ−φ )
0

+ h{ξ}Ω |â† (Ω0 )â(Ω)|{ξ}Ω iei(φ−φ )
0

+ h{ξ}Ω |â(Ω)â(Ω0 )|{ξ}Ω iei(φ+φ )
0

+ h{ξ}Ω |â† (Ω)â† (Ω0 )|{ξ}Ω ie−i(φ+φ ) .

(2.13)

The four terms in (2.13) can be calculated by transforming the creation
and annihilation operators according to equation (2.3) and taking the vacuum
expectation value, as given by equation (2.6). The normally ordered variance
thus reads
h{ξ}Ω |:[δ Ê(τ )]2 :|{ξ}Ω i = h{ξ}Ω |:[δ Ê(τ )]2 :|{ξ}Ω i(1) + h{ξ}Ω |:[δ Ê(τ )]2 :|{ξ}Ω i(2)
= V (1) (τ ) + V (2) (τ ),

(2.14)

where the first-order contribution in the squeezing strength r = |α|ζ/n (α =
deff E0 , ζ = ΓL/c0 ) is
Z ∞


~C
0
(1)
dΩdΩ0 |ωω 0 |Im EMIR (Ω + Ω0 )e−i(Ω+Ω )τ
V (τ ) =
2πc0 A 0
~C
∂ 3 EMIR (τ )
,
(2.15)
=
24πc0 nA
∂τ 3
while the second-order one reads
h{ξ}Ω |:[δ Ê(τ )]2 :|{ξ}Ω i(2) (τ ) = V (2) (τ ) =
1

X (2)
~C 2
V (τ ),
2π0 c0 nA i=1,2,3 i

(2.16)

Usually the eiπ/2 phase factor is factored out of x̂ to allow for a mapping of the electric
field into the conjugate quadrature, p̂.
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with
∞

Z ∞
Z ∞

 ∗
0
0
0
dΩ dΩ |ΩΩ | dΩ00 |Ω00 |Re EMIR
(Ω + Ω00 )EMIR (Ω00 + Ω0 )ei(Ω−Ω )τ ,

Z

(2)
V1

=
0

(2)

V2

(2)
V3

=

1
2

0

Z
0

0

(2.17)
Z ∞
∞ Z ∞


0
∗
dΩ dΩ0 |ΩΩ0 | dΩ00 Ω00 Re EMIR (Ω+Ω00 )EMIR
(Ω00 −Ω0 )e−i(Ω+Ω )τ ,
0

−∞

(2.18)
Z ∞
Z ∞ Z ∞


0
= − dΩ dΩ0 |ΩΩ0 | dΩ00 |Ω00 |Re EMIR (Ω−Ω00 )EMIR (Ω00 +Ω0 )e−i(Ω+Ω )τ .
0

0

0

(2.19)
The variance profiles calculated at the end of the crystal for the three
studied shapes of EMIR are shown in figure 2.3 for driving field strengths
0 |Γ
γ = deff L|E
such that the perturbation approach is still valid but the impact
nc0
of the second order contribution becomes visible.
The dynamics of the normally-ordered variance is accessible via quantum
electrooptic sampling [46, 47, 55] when the time resolution and sensitivity
are high enough [49]. It is worth noting that both the electric-field variance
and the spectral photon density are interrelated via the shape (and especially
the duration) of EMIR .

2.5

Analogue gravity and world lines of light

The quantum properties of the generated light are determined by the
effectively curved spacetime that the light modes experience while travelling
through the nonlinear medium dressed by the input driving pulse. The metric
tensor of such spacetime can be extracted from the dispersion relation for
the propagating quantum electric field [116, 117], following the approach
presented in subsection 1.2.3. For the sake of completeness, the derivation
will be briefly reproduced and expanded upon in the present section with the
notation adopted to the current chapter.
In terms of space and time coordinates, the wave equation for the propagation of the electric-field operator within a crystal with refractive index
modulated by the MIR coherent pulse EMIR is given by

1 ∂2 
∂ 2 δ Ê(xk , t) n2 ∂ 2 δ Ê(xk , t)
deff EMIR (xk , t)δ Ê(xk , t) .
−
=
2
2
2
2
2
∂xk
c0
∂t
c0 ∂t

(2.20)

One obtains equation (2.4) from (2.20) by introducing the Fourier transforms
of the fields and implementing the slowly varying amplitude approximation
for the field operator. Considering that h{0}Ω |δ Ê|{0}Ω i = 0, it is plausible
54

0.09
0.06
0.03
0.00
-0.03
-0.06

1
0
-1

0.30

1

0.15
0.00

0

-0.15
-0.30

-1

4.5

2

3.0
1

1.5
0.0

0

-1.5
-4

-2

0

2

4

-1

Figure 2.3: Dynamics of the normally ordered variance, V (τ ), of the emitted
quantum electric field for (a) continuous-wave, (b) half-cycle and (c) singlecycle driving (dotted green). Contributions up to the first [V (1) (τ ), blue] and
the second [V (1) (τ )+V (2) (τ ), red] order in the squeezing strength r are shown.
The normally ordered variance is normalized by V0 = ~Γ2 /(24π0 c0 nA), while
time is normalized by Γ (Γ = ω0 for continuous-wave driving). r = 0.07 for
(a), 0.21 for (b) and 1.54 for (c).
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to assume that the operator character of δ Ê is entirely contained in its amplitude, since a phase operator could lead to h{0}Ω |δ Ê|{0}Ω i =
6 0 depending
on the relative ordering between it and the amplitude operator [118]; one
therefore uses the eikonal approximation [119, pp.570-583] in the form
δ Ê(xk , t) = Â(xk , t)eiφ(xk ,t) ,

(2.21)

where the phase φ changes in space and time much faster than Â. Following
the eikonal approximation, one defines the wave vector and angular frequency
fields by
k(xk , t) ≡ ∂xk φ(xk , t)

Ω(xk , t) ≡ −∂t φ(xk , t).

and

(2.22)

Inserting equation (2.21) into (2.20) and considering that terms that scale
as different powers of k (and/or Ω) should vanish independently [119], we get
from the term scaling as k 2 the following dispersion relation:
 2

n
deff EMIR (xk , t) 2
2
k (xk , t) − 2 +
Ω (xk , t) = 0 .
(2.23)
c0
c20
Relation (2.23) gives an analogue of the classical Hamiltonian, H ∝ Ω(k, xk , t),
from which the Hamilton equations can be defined considering k to be independent of xk . From equations (2.21) and (2.20) the term scaling as k
gives


∂ Â(xk , t) Ω ∂ Â(xk , t)
deff Ω2 ∂EMIR (xk , t)
dÂ(xk , t)
=
+
Â. (2.24)
=−
dτ 0
∂t
k ∂xk
c20 k
∂t
In expression (2.24), d/dτ 0 is the derivative with respect to the proper time
(d/dτ 0 ≡ uα ∂α , with uα being the “fourvelocity”, here with two components
only). Equation (2.24) shows that the amplitude operator propagates along
a world line with group velocity vg ≈ Ω/k.
Considering the similarity between relation (2.23) and the light-cone
equation g µν Kµ Kν = 0 [with Kµ = (Ω/c0 , −k)T ], one can find the metric
tensor [120]
µ ν
g µν = η µν + c−2
(2.25)
0 u u h(xk , t) ,
where
h(xk , t) = −1 + n2 + deff EMIR (xk , t) ,
η µν = diag(1, −1) and uµ = δ0µ c0 . Differentiation of the dispersion relation
with respect to (∂0 , ∂1 ) = (c−1
0 ∂t , ∂xk ) yields
µν
∂λ (g µν Kµ Kν ) = g,λ
Kµ Kν + 2g µν Kµ,λ Kν = 0 ,
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(2.26)

µν···ζ
≡ ∂λ xµν···ζ .
where x,λ
From the definition of the Christoffel symbol,

1
Γγβµ = g αγ (gαβ,µ + gαµ,β − gβµ,α ) ,
2

(2.27)

insertion the inverse of the metric given by
gµν = ηµν − c−2
0 uµ uν

h
1+h

(2.28)

leads to the result:
Γγβµ


1
= 2
− uγ uβ ∂µ h − uγ uµ ∂β h + uβ uµ η γα ∂α h
2c0 (1 + h)2


γ
−1
+ hu − uβ ∂µ h − uµ ∂β h + c0 uβ uµ ∂0 h .

(2.29)

From equations (2.27) and (2.29) the well-known symmetry Γγβµ = Γγµβ is
explicit.
By definition, the covariant derivative of the metric reads2
µν
µν
g;λ
≡ g,λ
+ Γµαλ g αν + Γναλ g µα = 0,

(2.30)

which can be rearranged as


µν
g,λ
= − Γµαλ g αν + Γναλ g µα .

(2.31)

With the aid of equation (2.31) and relation Kµ,ν = Kν,µ (because Kµ =
−∂µ φ), it can be shown that equation (2.26) can be rewritten as K µ Kλ;µ = 0.
λ
Furthermore, the metric derivative (2.31) guarantees that g µν Kλ;µ = K;µ
,
λ
λ
ν λ
λ
µ
with K;µ = K,µ + K Γνµ being the covariant derivative of K . Since K =
λ
g µν Kν = −g µν ∂ν φ ∝ dxµ /dτ 0 = uµ [117], the relations K µ K;µ
= 0 give the
3
null geodesic equations
µ
β
d 2 xα
α dx dx
+
Γ
= 0,
µβ
d(τ 0 )2
dτ 0 dτ 0

the components of which can be explicitly written as:


 dx0 2
d2 x0
1
1
dx0 dx1
+
− ∂0 h
− ∂1 h 0 0 = 0 ,
d(τ 0 )2 1 + h
2
dτ 0
dτ dτ
2

(2.32)

(2.33)

Here and in what follows, the semicolon before an index denotes the covariant derivative with respect to the variable represented by the index.
3
In order to facilitate index manipulations, xk will be kept as x1 in this subsection, so
that x1 = −xk .
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 dx0 2
d2 x1
1
−
∂
h
= 0.
1
d(τ 0 )2 2(1 + h)2
dτ 0

(2.34)

In the simple case of absent driving pulse, h = n2 − 1, equations (2.33)
and (2.34) give straight lines of the form x1 = Ax0 +B, with A and B defined
by the initial conditions (which of course should assure that A will give the
correct speed of light within the medium).


For a half-cycle driving, h = n2 − 1 + deff E0 sech cΓ0 (x0 − nx1 ) ≡ n2 − 1 +
αsech[ζ(x0L − nx1L )] (with xµL = xµ /L). The geodesic equations read:
 d 2 x0

L
0 = n2 + αsech[ζ(x0L − nx1L )]
+
d(τ 0 )2
αζsech[ζ(x0L

−

nx1L )]tanh[ζ(x0L

−

  0

1 dxL 2
dx0L dx1L
−n 0 0 ,
2 dτ 0
dτ dτ
(2.35)

nx1L )]


2 d2 x1
L
0 = 2 n2 + αsech[ζ(x0L − nx1L )]
d(τ 0 )2
 dx0 2
L
.
− αζnsech[ζ(x0L − nx1L )]tanh[ζ(x0L − nx1L )]
dτ 0

(2.36)

Knowing that the affine parameter τ 0 parametrizes the world line in the
x0 -x1 space [i.e., (1+1) spacetime] the following ansatz can be introduced:
x1L (τ 0 ) = f (x0L (τ 0 )). This reduces equations (2.35) and (2.36) to:
df
n
− 2
= 0,
0
dxL n + αsech[ζ(x0L − nf )]
n

(2.37)

df  1
df  dx0L 2
d2 x0L
0
0
+
αζsech[ζ(x
−
nf
)]tanh[ζ(x
−
nf
)]
−
n
= 0.
L
L
d(τ 0 )2
dx0L 2
dx0L
dτ 0
(2.38)
The implicit solution of equation (2.37) is
αx1L −

n
sinh[ζ(x0L − nx1L )] = C 0 ,
ζ

(2.39)

in which C 0 is a constant. Equation (2.39) gives the approximate world lines
of the quantum modes within the nonlinear crystal. For the initial condition
x1L (0) = 0, x0L = l, one gets C 0 = − nζ sinh(ζl). From expression (2.39) we see
that in the limit α → 0 (no refractive index modulation), the solutions are
straight lines of the form nx1L = x0L −l (i.e., a ray of constant speed c0 /n). For
ζ → 0 (constant refractive index modulation), one gets (n + α/n)x1l = x0L − l,
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once again straight lines, but with a different speed, as expected. Equation
(2.39) can be rewritten as
x0L (x1L ) = nx1L + ζ −1 sinh−1 [αζx1L /n + sinh(ζl)] ,

(2.40)

which gives time as a function of the space coordinate, better reflecting the
time-like character of these trajectories. The exact same function has been
attained by treating the evolution of the electric-field operator in equation
(2.20) with the method of characteristics within the slowly-varying amplitude
approximation [49], what means that the characteristic lines leading to the
electric-field variance profiles seen in section 2.4 are also the world lines for
the modes of the respective field, which, in turn, are also the light rays from
geometrical optics.
Proceeding in a similar way
driving pulse, with h =

 Γ for0 the 1single-cycle
2
2
0
1
n −1+deff E0 [Γ(x −nx )]sech c0 (x −nx ) = n −1+αζ(x0L −nx1L )sech[ζ(x0L −
nx1L )], Equation (2.37) gives:
α

i
h ζ
x1 n
+ Chi
(x0 − nx1 ) = C 00 .
L
ζ
L

(2.41)

Both equation (2.41) and equation (2.37) have the same limiting cases as
previously discussed. The constants C 0 and C 00 in these equations define
the distance of a propagating mode wavefront relative to the center of the
driving pulse at the entrance of the crystal. α = deff E0 gives the strength
of the nonlinear perturbation, ζ = ΓL/c0 determines the spatial extension
of the curvature (i.e., acceleration) relative to the length of the crystal and
Chi(x) is the hyperbolic cosine integral function [121, p. 886]. The world
lines for several values of C 0 and C 00 are shown in figure 2.4 alongside with a
projection of the normalized driving pulses. The acceleration of the modes is
roughly confined to regions of spacetime with “soft boundaries”. Moreover,
the density of world lines projected along a line perpendicular to the light
rays t − nxk /c0 = τ = const determines the effective change in the time
flow and thereby is connected with the temporal profiles of the detected
variance [49], as can be comprehended through comparison between figures
2.3(a,b) and 2.4(a,b). The evolution of the modes in the spacetime curved
due to a spatio-temporally varying refractive index leads to the observation
of emitted radiation. It is thus insightful to discuss these results in relation
to one of the most well-known examples of the creation of particles from the
vacuum through acceleration: the Unruh-Davies effect.
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Figure 2.4: World lines of the modes of quantum light propagating through
the NX for half-cycle (a) and single-cycle (b) driving. Each world line (blue)
is defined by its initial condition, which is given by a certain event at the
boundary of the crystal and correspondingly by the amplitude of the driving
field (green) at this event. Here α/n2 = 0.49 and nζ = 12 .

2.6

Unruh-Davies radiation and the diamond
temperature

According to Planck’s law, the spectral photon density of thermal radiation is dominated by exp(− k~ω
) at large frequencies, with a decay depenBT
dent on the temperature T (kB is Boltzmann’s constant). The Unruh-Davies
effect [101, 102] predicts that for the quantum particles detected in the reference frame of a uniformly accelerated observer, moving in the vacuum of
an inertial observer (i.e., Minkowski vacuum), the spectral photon density
obeys Planck’s law with a temperature given by TU = ~a/(2πkB c0 ) (a is the
acceleration measured in the accelerated observer’s reference frame).
In the context of an optical analogue of the Unruh-Davies effect, the
detector remains at rest, while the electric-field modes follow an accelerated
trajectory within a nonlinear material with space- and time-varying refractive
index. If the medium is a crystal with χ(2) nonlinearity, the refractive index
can be modulated by a MIR coherent driving [13] pulse through the Pockels
effect. One question, however, has yet to be answered: what is the proper
acceleration associated with the optical modes? One can look, for example,
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at the world lines given by equation (2.40), from which the fourvelocity uµ =
dxµ /dτ0 can be directly derived with the aid of the chain rule [i.e., d/dτ0 =
(dx0 /dτ0 )d/dx0 ]:

T
dx1
dx0
µ
1, 0
.
(2.42)
u =
dτ0
dx
Since, by definition, u2 = gµν uµ uν = c20 , it can be shown that


dx0
dτ 0

2 "


g00 −

dx1
dx0

2 #

c20

=


→

dx1
dτ 0

"





= c0 g00

dx0
dx1

#−1/2

2

−1

.
(2.43)

Analogously, the fouracceleration aµ = duµ /dτ0 can be found as
d2 x1
a =
dτ02
µ



T  1 2  2 0 T
dx
dx0
dx
,1
+
,0 .
1
dx
dτ0
d(x1 )2

(2.44)

Because du2 /dτ0 = 2uµ aµ = 0, one finds d2 x1 /dτ02 to be
d2 x1
= −c−2
0 g00
dτ02



dx1
dτ0

4

d2 x0 dx0
,
d(x1 )2 dx1

(2.45)

so that
"
2

µ ν

a = gµν a a =
≈

c40 g00

g00



dx0
dx1

2

#−3 
−1

d 2 x0
d(x1 )2

[αζx1L /n + sinh(ζl)]2
α4 Γ2 c20
.
n5 (1 − n)3 {[αζx1L /n + sinh(ζl)]2 + 1}3

2
(2.46)
(2.47)

Notice the functional equivalence between equation (2.47) and the derivative
of the pulse shape EMIR (Ω) = E0 sech[ζ(x0L − nx1L )] with x0L given by4 (2.40):
dEMIR
−E0 (αζ/n)sinh{sinh−1 [αζx1L /n + sinh(ζl)]}
p
=
dx1L
cosh2 {sinh−1 [αζx1L /n + sinh(ζl)]} [αζx1L /n + sinh(ζl)]2 + 1
−E0 (αζ/n)[αζx1L /n + sinh(ζl)]
=
.
(2.48)
{[αζx1L /n + sinh(ζl)]2 + 1}3/2
To lowest order in EMIR , therefore, the acceleration |a| of the light modes
within the crystal depends on the time (or space) derivative of the modulating
field, as suggested in reference [105] for the case of continuous-wave light
propagating in an optical fiber with a pulse-driven Kerr-effect-modulated
4

Note that sinh−1 (x) = ln(x +

√

x2 + 1).
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refractive index. From equations (2.10) and (2.11), however, it is possible to
see that the exponential decay in ρ (to lowest perturbative order) depends
only on its duration Γ−1 . The following discussion shall therefore explain this
apparently contradictory result and the regimes in which such unexpected
behavior can be expected.
The validity of restricting the calculations of the spectral photon density
to second order terms can be verified by analysing the structure of higher
order terms in ρ(ω) (ω > 0):
Z ∞
2
ρ(ω) = C dω 0 ωω 0 |E(ω + ω 0 )|2

 Z0 ∞ Z ∞
00
0
0 00
∗
00
0
∗
00
0
0
3
− C Re i dω dω sign(ω )|ωω ω |E (ω + ω )E(ω + ω )E (ω − ω )
 −∞
Z ∞ 0 Z ∞
1
+ C 4 Re
dω 0 dω 00 dω 000 sign(ω 0 ω 00 )|ωω 0 ω 00 ω 000 |E ∗ (ω + ω 000 )E(ω + ω 0 )
3
−∞
0

Z
Z
1 4 ∞ 0 00 ∞ 000
∗
0
00
00
000
× E (ω − ω )E(ω + ω ) + C
dω dω dω sign(ω 0 ω 00 )|ωω 0 ω 00 ω 000 |
4
−∞
0
× E ∗ (ω + ω 0 )E(ω 0 − ω 000 )E(ω + ω 00 )E ∗ (ω 00 − ω 000 ) + · · · .
(2.49)
Let us consider an ultrashort driving pulse of a single-cycle or subsycle shape
and duration T = 1/Γ0 . After normalizing frequencies by Γ0 and Fourier
components of the electric field by E0 /Γ0 in equation (2.49), it becomes clear
from the structure of expansion that a perturbative description of ρ holds
only if the condition
|CE0 |Γ0  1
(2.50)
is fulfilled.
Assuming that equation (2.50) is valid, the goal is to analyze the spectral
photon density at ω  Γ0 . If one poses the question about whether inclusion
solely of the lowest order term (∝ C 2 ) of the expansion captures the correct
high-frequency behavior of the spectral photon density, it turns out that the
answer depends on the shape of the driving pulse. A clear indication that the
lowest order term is not always sufficient for a proper description of the highfrequency ρ is provided immediately by the results for the case of continuouswave driving [see equation (2.9) and figure 2.2(a)]. The contribution of the
C 2 term is limited in the frequency domain by the driving frequency ω0 .
The frequency conversion processes leading to C 2n terms (n > 1) extend the
frequency range of the spectral photon flux density to nω0 . Thus, however
small C might be, in the case of the continuous-wave driving it is necessary to
include the terms of sufficiently large order if high frequencies are considered.
The resulting values of the density decay rapidly with the frequency increase
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but these small values are dominated by the contributions of increasingly
higher order.
The Fourier transforms of the considered pulses E(ω) have spectra predominantly distributed over the range −Γ0 < ω < Γ0 , with rapidly decaying
contributions outside of this frequency band. Considering the contributions
of C 2n terms to the high-frequency tail of the spectral photon density, ρ(ω),
there are two competing effects which have to be taken into account: (i) the
decay behavior of E(ω) with ω and (ii) the increase in the boundary value
(n)
ωmax of the domain of slow decay of ρ(ω) that can be achieved when the
frequencies ωi of each E(ωi ) (i = 1, . . . , n) in the integrand E(ω1 ) . . . E(ωn )
run over the interval (−Γ0 , Γ0 ). Following the reasoning behind effect (ii), one
(n)
can see that there are always terms of the order C 2n such that ωmax ≈ nΓ0
(e.g., for n consecutive up-conversion steps); contributions from these terms
in general do not decay rapidly as frequency runs through values in the
range ω ∈ (0, nΓ0 )5 . Relative to C 2n terms, the contributions of following
order, C 2(n+1) , further extend the frequency coverage of the former by Γ0 ,
ωmax → (n + 1)Γ0 , but scales down in amplitude by a factor (|CE0 |Γ0 )2 .
Effect (ii), therefore, is strongly dependent on the interplay between the extension in frequency range and the damping due to the increasingly higher
powers of the perturbation parameter considered.
The decay due to (ii) is roughly independent of the pulse shape and is
given by ∼ exp(−ω/γ), where the inverse decay constant γ can be estimated
as γ ≈ ln[1/(|CE0 |Γ0 )] Γ0 /2. Note that, in the considered regime, the value
of the logarithm is positive. In contrast, the character of the decay due to
(i) is determined by the pulse shape. When E(ω) decays as exp(−ω/Γ0 ),
the lowest order C 2 term falls as exp(−2ω/Γ0 ) for ω  Γ0 . The inverse
decay constant Γ0 /2 is lower than γ when equation (2.50) is fulfilled. For
this reason, it is sufficient to include only the C 2 term for the study of the
high-frequency tail of the photon density. The situation is different, however,
if E(ω) vanishes super-exponentially with increasing frequency. For example,
pulses with Gaussian profiles in the time domain retain the Gaussian shape
also in the frequency domain and decay as exp(−ω 2 /Γ02 ). For them, the
effect (ii) would always dominate at high enough frequencies and higher-order
contributions must be included for an appropriate description of the spectral
photon density. One can still expect a decay close to exponential, with the
inverse decay constant ∼ γ. Notice that if |CE0 |Γ0 is not too small, which
is anyway required in order to avoid having too few photons for detection,
γ does not deviate considerably from Γ0 and remains mainly determined by
5
Without loss of generality, the odd-order C 2n+1 terms can be excluded from the current
discussion since their contribution to ρ(ω) is also limited by ωmax ≈ nΓ0 .
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the pulse duration. It turns out that, for the specific choice of pulses with
exponential decay, effect (i) surpasses (ii), justifying the consideration of the
lowest perturbative contribution to ρ.
Turning back to the quantum field theory in curved spacetime, Martinetti
and Rovelli [110] considered the case of an observer with finite lifetime T
uniformly accelerated in the vacuum of an inertial observer. In this case,
the Minkowski vacuum is observed as a thermal state with time-dependent
temperature
p
√

1+ε2 − 1+ε2 t̃2 , ε = 2TU /TD ,
T = TU ε
(2.51)
where t̃ = 2t/T ∈ (−1, 1) is the normalized lab time and TD = 2~/(πkB T ).
Since the observer’s trajectory lies within a spacetime diamond determined
by T , TD is termed the diamond’s temperature. For sufficiently large lifetime or acceleration, ε  1 and T (t̃ = 0) coincides with the Unruh-Davies
temperature, TU . In the opposite situation, ε  1 and T (t̃ ≈ 0) ≈ TD , given
directly by the lifetime of the accelerated observer. This result was reinforced through analysis of a two-level detector model with a properly scaled
Hamiltonian, which for a finite measurement time reveals that the detected
temperature should be TD [111].
Analysis of the spectral photon density in terms of quantities involved
in equation (2.51) implies that ε has to be small, since 1/Γ0 , L and E0 ∼ a
are all limited to moderately small values due to equation (2.50). If one
assumes that the spectra of the outgoing quantum states of light should decay
), the temperature results to be related to the spatiotemporal
as exp(− k~ω
BT
extension of the refractive-index modulation caused by EMIR ; this result can
be seen in equations (2.10) and (2.11) through the decay dependence on Γ.
This can also be seen qualitatively in figure 2.1(b) and figure 2.4, where
curved world lines are confined to “softly bounded” spacetime zones. The
same does not happen in the case of a CW driving field, since the respective
electric field has no defined time duration. The fact that only the minimal
value of equation (2.51), TD , shows up in the exponential decay of ρ is most
probably associated with the much weaker driving-field intensities at the
“soft edges” of the diamond, at which T should diverge, but EMIR → 0,
leaving the t̃ ≈ 0 contribution at the maximum of EMIR (corresponding to
the middle of the observer’s lifetime) as the dominant factor for the highfrequency tail of the emitted photon spectra. Although from the world lines
these “soft edges” seem to depart considerably from the size defined by c0 /Γ,
in the photons reference frame the refractive index modulation is always
limited by the extension of EMIR and the temperature, as given by the Tolman
relation [100, p. 116], reads Tphoton = (g00 )−1/2 T ≈ n−2 T .
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2.7

Conclusions.

In this chapter, I presented a generalized squeezing operator to describe
ultrabroadband squeezed pulses generated in thin χ(2) nonlinear crystals by
MIR coherent driving fields. The spectral properties of these squeezed states
for three different shapes of the driving field are analyzed and connected to
the time-dependent, normally ordered variance of the electric field operator.
Finally, the finite duration of the driving MIR pulses is taken into account
and related to the diamond’s temperature in an Unruh-Davies-like effect with
a finite lifetime for the observer.
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Chapter 3
Back action from cascaded
contributions in electrooptic
measurements of the
electromagnetic vacuum
3.1

Motivation

As a direct consequence of the process of quantization, bringing Poisson
brackets into (anti)commutators [122], uncertainty relations for noncommuting operators result. These uncertainties are not mere mathematical artifacts of the theory, and in fact play a crucial role in any experiment aiming
at the measurement of quantum properties (observables) of a system: noncommuting observables cannot be simultaneously determined with arbitrarily high precision, since the product of their uncertainties has a lower bound
imposed by nature itself [8, 9, 123].
When performing a quantum measurement, the interaction between the
measured system and the measurement device typically leads to a perturbation in the initial state of the system. Even if the product of related uncertainties is kept at a minimum, improving the accuracy with which a given observable is measured inevitably increases the fluctuations in its (non-commuting)
canonically conjugate variable, a clear demonstration of how measurements
affect quantum systems. This kind of influence of the measurement device on
a quantum system is called quantum back action [124, pp. 50-63]. Often, the
back action is undesired, but in some cases, e.g., for the purpose of quantum
error correction [125] or measurement-based quantum computation [126], it
underlies the functionality of quantum information processing schemes.
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When a given system reaches its lowest possible energy content, the
ground state, residual nonzero variances in measurements of non-commuting
observables are still present, a feature known as zero-point fluctuations. In
recent years, several remarkable experiments have been carried out aiming
at probing the zero-point fluctuations of a plethora of quantum systems, in
particular single-mode mesoscopic mechanical resonators [127] or multi-mode
electromagnetic radiation [46, 47, 128].
Both theory and experiments [129, 130] point towards the inevitable presence of back action when quantum-mechanical resonators are probed by light
in optical cavities. While the light affects the resonator through radiation
pressure (or analogously through Stokes and anti-Stokes processes), the resonator imprints its phase-space signature on the photons in the cavity (or
correspondingly shifts the resonance frequency of the cavity) [131]. This back
action, however, can be avoided by coupling the vibrational modes of two oscillators through photons in the cavity, allowing the back-action contributions
from the two modes to cancel each other [132].
Related arguments based on mode coupling through back action have
been invoked to explain the results of electrooptic measurements of correlations in the vacuum state of the electromagnetic field [50]. The potential
effect of back action in such experiments, however, might considerably diverge
from those seen in optomechanical cavities [133, 134], since the characteristic
nonlinearity of the electrooptic interaction effectively couples optical modes
to themselves and between each other within an infinite and continuous set
of modes.
In this chapter, I shall discuss the back action in two novel experiments involving the electrooptic sampling of the electromagnetic vacuum
state [47, 50]. For a single-channel experiment [46], the interplay between
shot noise and back action plays a crucial role in determining the optimal
range of parameters for an electrooptic sampling of the quantum vacuum.
The situation changes considerably when a second channel is included in the
setup [50], allowing for evasion of the base shot noise. I will then present
the working regimes most suitable to avoid a back-action predominance in
the post-measurement mid-infrared state and explain the subtle role that
population of this measured vacuum plays in the data presented in reference
[50].
The results presented in this chapter have been already prepared for submission as of the time of preparation of this thesis. The derivation of the
main signal contribution presented both in subsection 1.2.4 and section 3.2,
as well as the elements leading to its equation, have been devised by Andrey S. Moskalenko. All the remaining derivations were made by myself.
Numerical calculations were performed by me and I. Vakulchyk.
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Figure 3.1: Illustration of the state evolution under the nonlinear interaction. The states include z and s polarizations (in-plane and out-of-plane panels) and two frequency bands, mid-infrared (MIR) and near-infrared (NIR)
(left and right panels), with the z-polarized NIR coherent probe represented
as a blue pool of photons. Red (green) contours represent annihilation (creation) of photons (golden spheres) and the arrows show the directions of the
energy transfers. The diagram on the left shows the lowest-order perturbation of the initial state, with s-polarized MIR and NIR photons being created
through annihilation of a probe photon. The gray arrows show the four possibilities for the second-order state evolution. The first and second diagrams
on the right (from top to bottom) show the second-order processes that lead
to no back action in the MIR, since the photons created by the first-order
process are reannihilated. The last two diagrams on the right show the remaining second-order processes, which cause additional back action in the
MIR via generation of more photons.
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3.2

Single-channel measurements

As a starting point, let us consider a single-channel setup as sketched in
figure 1.3. An incoming, ultrashort probe pulse copropagates with a lowfrequency set of modes (MIR) of the electric field along the [110] axis of
a zinc-blende-type nonlinear crystal. The wave vector kω = kω ek of the
probe pulse is perpendicular to the z axis of the crystal, which in turn is
parallel to the probe electric field Ep = Ep ez . Since the probe pulse is in
a coherent state, one can write its field operator as Êp (r, t) = Ep (r, t)ez +
δ Ê(r, t), with δ Ê(r, t) describing the zero-point quantum fluctuations, as
described in subsection 1.2.4. The second-order polarization arising in the
crystal from the mixing between the probe and whichever s-polarized (with
(m)
es = ez × ek ) m-order quantum-field contribution Ês present in the crystal
(2)
(m)
is given by P̂m (r, t) = −0 dÊs (r, t)Ep (r, t)es , in which 0 is the vacuum
permittivity and d = −n4 r41 is the effective susceptibility of the crystal
(n being the refractive index at the central probe frequency and r41 the
electrooptic coefficient of the medium).
We divide the frequency domain into two segments, the MIR, represented
by Ω, and the NIR, represented by ω, both of which can be expressed by
Λ ∈ {Ω, ω}.
operator is given in its paraxial form [75, 135]
R electric-field
P The
iΛ(nΛ rk /c0 −t)
Êσlp (r, Λ), where
Ê(r, t) = σlp dΛeσ e
s
~|Λ|
LGlp (r⊥ , ∆rk ; Λ)âσlp (Λ),
(3.1)
Êσlp (r, Λ) = isign(Λ)
4π0 nΛ c0
with amplitude distributions along the (transversal) plane of r⊥ = rz ez +rs es
vectors located at rk = r · ek given by the Laguerre-Gaussian (LG) modes
LGlp (r⊥ , ∆rk = rk − L/2; Λ). The operator âσlp (Λ) = â†σlp (−Λ) [48, 75] annihilates a photon with frequency Λ, polarization σ = s, z, and azimuthal
and radial indices l and p, respectively, which label the LG modes. Here, c0
and nΛ are the speed of light and the frequency-dependent refractive index of
the nonlinear crystal, respectively. We assume a nonlinear crystal extended
from rk = 0 to rk = L, so that the narrowest amplitude distribution for the
LG modes occurs at the center of the crystal, rz = L/2, where the waist
of the mode profiles reaches its minimal value w0 . For the probe amplitude
Ep , âσlp (ω) → ασlp (ω), and I assume its transversal profile
to be in the funp
damental mode, given by g00 (r⊥ ) ≡ LG00 (r⊥ , 0; ω) = 2/π w0−1 exp(−r⊥2 /w02 )
and, accordingly, αp (ω) ≡ αz00 (ω). For the remainder of this chapter, due to
the minuteness of the nonlinear crystal, all contributions to the electric field
are considered at rk = L/2: Êσlp ({rk = L/2, r⊥ }, Λ) ≡ Êσlp (r⊥ , Λ). Furthermore, for brevity, the indices l and p will be omitted whenever possible.
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The nonlinear polarization acts as a source for the generation of multimode squeezed [48, 49, 53] electric-field components with polarization perpendicular to the probe. Neglecting the depletion of the probe pulse, the
NIR output field of interest, Ê 0 , is given by the input probe field plus the
perturbative solutions to the wave equation sourced by each of the cascaded
(2)
Pm (ω),
Z ∞
(m+1)
Ê
(r⊥, ω) = dΩ Ês(m) (r⊥, Ω)Ep (r⊥ , ω−Ω)ζω,Ω es ,
(3.2)
−∞
(1)

where Ês (Ω) = δ Ês (Ω) represents the vacuum electric field in the MIR and
(n)
Ês (Ω) for n > 1 reads
Z ∞
(m)
∗
Ê s (r⊥, Ω) = dω Ês(m−1) (r⊥, ω)Ep∗ (r⊥ , ω−Ω)ζ−Ω,Ω
.
(3.3)
−∞

As can be seen from equation (3.3), the cascaded-field generation requires
(m−1)
Ês
(ω) as given by equation (3.2) to describe the higher order MIR con(1)
tributions [in the same way as equation (3.2) requires (3.3)], with Ês (ω) =
δ Ês (ω) being the vacuum NIR electric
is determined
h field. Phase
i matching
h
i
LΩ
LΩ
by the function ζ±Λ,Ω = ∓id 2cLΛ
sinc
(n
−
n
)
exp
i
(n
−
n
)
. Here
g
g
Ω
Ω
2c0
2c0
0n
ng = c0 ∂kω /∂ω is the group refractive index at the central probe frequency.
The total generated field in each of the frequency ranges is then ∆Ê0 (Λ) =
P
(m)
(Λ), and accordingly Ê0 (ω) = Ep (ω) + δ Ê(ω) + ∆Ê0 (ω) for the anm Ê
alyzed NIR.
The detection part of the setup consists of an ellipsometer including two
balanced photocounters that record the statistics of the photon numbers
N̂s and N̂z for the s- and z-polarization components of the output NIR
field, as shown in figure 1.3(b) and described in subsection 1.2.4. For the
evaluation of the quantum signal, Ŝ = N̂s − N̂z , we may neglect quadratic or
higher-order terms in δ Ê. δ Ês (Λ) is given by equation (3.1) with transverse
mode functions glp0 (r⊥ ) ≡ LGlp (r⊥ , 0; Λ). The total signal can be split into
electrooptic (Ŝeo ) and base-shot-noise (Ŝsn ) contributions, Ŝ = Ŝeo + Ŝsn . In
aPperturbative approach, the contributions to the electrooptic signal, Ŝeo =
∞
(j)
j=1 Ŝ , are given by
Z ∞ s
√

Ω  (j)
dΩ
âs00 (Ω)R(Ω) − H.c. ,
(3.4)
Ŝ (j) = −i BA(j+1)
nΩ
0
R
(j)
j+1
0
in which A(j+1) = d2 r⊥ g00
(r⊥ )g00
(r⊥ ) and âs00 is the Bogoliubov-transformed (outgoing) annihilation operator, given by a series of nested convolutions of incoming annihilation and creation operators, âslp and â†slp ,
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with functions covering either MIR or NIR frequencies depending on the
value of j, in a way similar to equation (2.3). In equation (3.4), B =
(d2 L2 N 2 ωp2 }) (4π0 c30 n2 ) and ωp = κ/β is the average detected frequency,
R∞
R∞
2
with β = 0 dω
|α
(ω)|
and
κ
=
dω|αp (ω)|2 . I have introduced the exp
ω
0
pectation value of the photon number per probe pulse N = hN̂s + N̂z i =
4πc0 n0
β and the gating function R(Ω) = iζω,Ω F (Ω)/(d 2cLω
) with F (Ω) =
}
0n
R∞
1 ∗
∗
[f (Ω) + f− (Ω)], and f± (Ω) = 0 dωαp (ω)αp (ω ± Ω)/κ. The base shot
2 +
noise contribution is given by
Z ∞
√
αp∗ (ω)âs00 (ω) + H.c.
(0)
√
.
(3.5)
Ŝsn ≡ Ŝ = 4πc0 n0
dω
~ω
0
For a non-displaced quantum state like the vacuum, hŜeo i = 0 ∀ j ∈ N.
The squared signals, however, are non-zero and should therefore contribute
to the variance of the signal measurements. The shot noise is collected solely
over the frequency range in which the photodetectors are sensitive (i.e., the
near-infrared), therefore its respective operator should commute with any
â(Ω)-dependent signals. Through unfolding of the Bogoliubov transforma(j)
tions for âs00 (Ω), it is possible to see that, depending on j, the signals are
functionals of either âs00 (ω) or âs00 (Ω), leading to crossterm contributions to
the variance in the form hŜ (j) Ŝ (j+2) i, hŜ (j) Ŝ (j+4) i, and so on, as well as their
conjugates. If one P
decomposes thePtotal signal into terms depending solely
on â(Ω) and â(ω), odd j Ŝ (j) and even j Ŝ (j) , these two contributions would
be effectively related via a two-mode squeezing involving one (nonmonochromatic) mode from each frequency range, MIR and NIR [53]. For this reason,
the noise registered in the NIR is larger than the base level determined by
2
hŜsn
i = N.
The main contribution of the electric-field fluctuations of the MIR vacuum
to the electrooptic signal gives [55] [with ηS = (n3 Lωp r41 /c0 )2 ~(4π 2 0 c0 nw02 )−1 ]
2 R ∞

} 0 dΩ Ω (n/nΩ )|R(Ω)|2
(1) 2
2
3 Lωp
r
,
(3.6)
h(Ŝ ) i = N n
c0 41
4π 2 0 c0 nw02
(j)

as already discussed in subsection 1.2.4. The possibility that back action
might play a role in this measurement, however, must also be considered, as
pointed out in reference [50]. The respective analysis is presented below.
Complementary to equation (3.6), the crossterm between Ŝ (2) [Ê (3) (ω)]
and Ŝsn [δ Ês (ω)],
Z ∞

2N 2
Lω 
(2)
h{Ŝ , Ŝsn }i = − √ ηS dΩ Ω (n/nΩ ) iζω,Ω f− (Ω)R∗ (Ω)/(d
) , (3.7)
2c0 n
3
−∞
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does not contribute to the variance within the range of validity of our approximations. Ê (3) (ω) is the field component generated when probe mixing
takes the NIR vacuum field to the MIR and this new MIR component mixes
once again with the probe to produce a√second-order NIR contribution.
The
√
area-overlap factor for Ŝ (2) (w00 = w0 / 3) gives A(3) = (2/ 3π 2 )/w02 . For
the chosen probe profile, f− (Ω) = F (Ω) within the range of MIR frequencies selected by the phase matching, making the integrand an even function
of Ω so that the right-hand side of equation (3.7) vanishes. This term has
not been accounted for in references [50–52, 55], but its contribution can
be neglected when time-ordering effects are not pronounced. Interestingly,
both hŜ (2) Ŝ (0) + Ŝ (0) Ŝ (2) i and hŜ (1) Ŝ (1) i share contributions from the 1st- and
second-order perturbations in the initial sampled state from a state-evolution
perspective, some of which retain the MIR section of the vacuum unchanged,
while others correspond to populated MIR [see figure 3.1]. The latter are
comprised by a myriad of states in superposition with the sampled vacuum,
and are the dominating back action as long as their N -dependent coefficients
are much smaller than the coefficient of the initial state. As N increases,
back action states with coefficients growing even faster with N , such as the
ones giving signals with j > 2, dominate the quantum superposition of states,
with the original vacuum state being suppressed by this back action.
Before delving into the fourth-order contributions to the signal variance, it
is worth introducing some building-block functions that will be used through
the remainder of this chapter:


iLΩ
LΩ
1
(n −n )
(±)
(nΩ − ng ) e 2c0 Ω g
Ri (Ω, X, τ ) = sinc
2
2c0
R∞
(±)
dωαp∗ (ω)αp (ω − Ω)Ki (ω, X, τ )
−∞
R
,
(3.8)
×
∞ 0
dω |αp (ω 0 )|2
0
R∞
(±)
Wi (Ω, Ω0 , X, τ )

=

(±)

dωωαp∗ (ω − Ω)Ki (ω, X, τ )αp (ω − Ω0 )
R∞
,
0 |α (ω 0 )|2
dω
p
0

−∞

(3.9)

and
(±,±0 )

Gij

3/2

(Ω, Ω0 , X, Y, τ ) =

dLωp
2c0 n

!−2
(±)

(±0 )

ζω∗p ,Ω ζωp ,Ω0 Ri (Ω, X, τ )Wj

(±)
The functions Ki can have different shapes depending
(±)
(±)
index i, namely K0 (ω, X, τ ) = θ(±ω), K1 (ω, X, τ ) =

72

(Ω, Ω0 , Y, τ ) .

(3.10)
on the choice of the
cos[τ (ω + X)]θ(±ω)

(±)

and K2 (ω, X, τ ) = sin[τ (ω + X)]θ(±ω). In the trivial i = 0 case, we have
X (±)
R(Ω) ≡
R0 (Ω)
s=±



iLΩ
LΩ
(n −n )
(nΩ − ng ) e 2c0 Ω g (1 − |Ω|/∆ω)θ(1 − |Ω|/∆ω) .
= sinc
2c0
(3.11)
There are three fourth-order processes contributing to the signal variance.
One of them is just the square of the signal associated with the previously
mentioned Ê (3) (ω) contribution (i.e., lowest-order shot-noise enhancement).
The corresponding expression is given by
Z
Z ∞
N3 2 X ∞
(t,+)
(2) 2
dΩ dΩ0 (ΩΩ0 )R∗ (Ω0 )G00 (Ω, Ω0 , 0, 0, 0) . (3.12)
η
h(Ŝ ) i =
3 S t=± −∞ −∞
The second term of same perturbative order results from the mixing between
the vacuum signal, Ŝ (1) [δ Ê(Ω)], and the signal Ŝ (3) [Ê (3) (Ω)], giving
Z ∞
Z
n
−N 3 2 X ∞
(t,s)
(3)
(1)
h{Ŝ , Ŝ }i = √ ηS
dΩ dΩ0 (ΩΩ0 )R∗ (Ω0 )G00 (Ω, Ω0 , 0, 0, 0)
.
0
n
2
Ω
0
−∞
t,s=±
(3.13)
p
3
(3)
0
(4)
3
The spatial integral for Ŝ (w0 = w0 /2) gives A = 2/π /w0 . The last
contribution comes from the crossterm
√ 2 2between0 the shot
√ noise and the signal
(4)
(5)
(5)
Ŝ [Ê (ω)]. With A = 4/( 5π w0 ) for w = w0 / 5, this term gives a
vanishing variance contribution
for our choice
probe profile, similarly to
P of (t)
P
(t)
0
equation (3.7) [because t W0 (Ω, Ω ) = − t W0 (−Ω, −Ω0 )]:
Z
Z ∞
N3 2 X ∞
(+)∗
(t,s)
(4)
√
h{Ŝeo , Ŝsn }i =
ηS
dΩ dΩ0 (ΩΩ0 )R0 (Ω0 , 0, 0)G00 (Ω, Ω0 , 0, 0, 0) .
5 t,s=± −∞ −∞
(3.14)
Figure 3.2 shows several aspects of the behaviour of the signal as a function of the number of photons in the probe pulse. For the sake of comparison, plots corresponding to the experimental parameters of references
[55] (set 1, left) and [50] (set 2, right) are provided. For the probe pulses
(set1)
(set2)
I assume ωp /(2π) = 247 THz and ωp /(2π) = 375 THz, and spec(set1)
(set2)
tral bandwidths of ∆ωp /(2π) = 150 THz and ∆ωp /(2π) = 2.77 THz
with rectangular spectral shape and flat phase. The considered beam-waist
(set1)
(set2)
radii are w0
= 3 µm and w0
= 125 µm. For the nonlinear crys(set1)
(set2)
tal, L
= 7 µm and L
= 3 mm, r41 = 3.9 pm/V, n(set1) = 2.76,
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Figure 3.2: (a), (b) Ratio ∆S/N (with the rms signal ∆S = hŜ 2 i )
in dependence of N . The solid blue lines represent the total rms signal
per photon, the dotted black lines represent the shot-noise contribution, the
dashed red lines show the main electrooptic rms signal and the green [purple]
(2)
(1) (3)
(3) (1)
dot-dashed lines account for h[Ŝeo ]2 i [hŜeo Ŝeo + Ŝeo Ŝeo i]. (c), (d) Increase
of (∆S − ∆Ssn )/∆Ssn with N . The solid blue lines contain fourth-order
contributions, while the dotted blue lines account solely for second-order
effects. Left (right) plots correspond to parameter set 1 (set 2).
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(set1)

(set2)

n(set2) = 2.85, ng
= 2.9, ng
= 3.18 and nΩ changes only slightly
whithin the relevant THz frequency ranges according to [136]
v "
#
u
2 − (5.3)2
u
(6.2)
(set1)
(3.15)
nΩ
= Ret6.7 1 +
e 2 − 0.09i|Ω|
e
(5.3)2 − Ω
and [50]
 6
 4
5
e
e
e
nΩ = −0.0164 Ω + 0.1478 Ω − 0.5185 Ω
 2
3
e − 0.7782 Ω
e + 0.3283 Ω
e + 3.0657
+ 0.8974 Ω

(3.16)

e = Ω/(2π×1012 THz)]. On top of that, an additional damping function
[with Ω
is included in the gating function for the second set to account for absorption.
The absorption profile is given by [50]

 8
 6 
e
e
Abs(Ω) = exp −0.000618 Ω − 0.0000879 Ω
.
(3.17)
For the first set of parameters, the refractive index is considered in the MIR
range up to 150 THz. Since an absorption peak is found at around 5 THz,
a cutoff is applied for frequencies below 18 THz when calculations involving
these parameters are considered. The corresponding gating function is shown
in figure 3.3. Consideration of the second set of parameters requires the us-

(set1)

Figure 3.3: (Cyan) gating function |R(Ω)|2 Ω/ωp
for the first set of parameters considered (scaled up by 15). (Dotted gray) Corresponding phasematching function |ζω,Ω |/(d 2cLω
).
0n
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age of a different refractive-index profile due to the extra low frequency band
selected by the gating function, which slightly overlaps with the absorption
peak of the medium, therefore justifying the usage of equation (3.17). Fortunately, the contributions from absorption are minimal, so that the validity
of the paraxial quantization is not compromised. This also justifies the neglection of absorption when treating the two-channel experiment, in order
to decrease computational cost. The resulting phase matching (including
absorption) is shown in figure 3.4.

(set2)

Figure 3.4: (Cyan) gating function |R(Ω)|2 Abs(Ω)Ω/ωp
for the second set
of parameters considered (scaled up by 1500). (Dotted gray) Corresponding
).
phase-matching function |ζω,Ω |/(d 2cLω
0n
The total root-mean-square (rms) signal per probe photon as a function
of N is shown in figures 3.2 (a) and (c). Notice the considerable deviation
from both the shot noise and the main electrooptic contribution for photon
numbers larger than ∼ 1011 , with minima at N = 1.6 × 1011 for set 1 [figure
3.2(a)] and N = 6.4 × 1011 for set 2 [figure 3.2(b)], roughly when h[Ŝ (1) ]2 i ∼
h[Ŝsn ]2 i. In the absence of back action in the MIR, only a small fraction of
the rms of Ŝeo would remain and for a certain range of N values the leading
contribution would be expected to be due to (the remnants of) h[Ŝ (1) ]2 i.
Contrary to former expectations that equation (3.6) would dominate the
total rms signal for large N [55], the back action shows us that unboundedly
increasing the intensity of the probe pulse has a detrimental effect rather
than a beneficial one, since both the base shot noise and main electrooptic
signals are rapidly overtaken by the cascaded effects. If the values of N at the
minima of the solid blue curves in figures 3.2(a) and (b) are denoted by Nmin ,
a reliable sampling of quantum states can then be realized for N  Nmin .
Figures 3.2 (c) and (d) show the (normalized) detected rms signal on
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top of the base shot noise contribution. Departure from zero allows for a
clear visualization of the electrooptic contributions, with the onset of the
fourth-order terms observed as divergence between the solid and the dashed
blue lines in each figure. Comparing figures 3.2 (a), (c) and (b), (d) it is
possible to see that for both sets of parameters the onset should happen at
approximately the same probe photon number, but the percentual increase in
the contributions from fourth-order terms is considerably more pronounced
for set 1 at large N values, even though the quasi-cancellation of the fourthorder terms allows for a considerably slower variation of ∆S/N over a wide
range of N around its minimum Nmin .
The threshold for the regime dominated by back action is illustrated in
figure 3.5 in dependence of the beam waist radius w0 . In figures 3.5(a) and
(b), one can see how the minimum of the total rms signal per photon (at the
minimizing N value, Nmin ) depends on w0 [normalized by L(set1) and L(set2) ,
respectively]. For comparison, we also show the dependences of the shot noise
and main (j = 1) rms signals per photon on w0 at N = Nmin . One can see
that ∆S/N (Nmin , L/w0 ) increases linearly with L/w0 with a slope larger than
the ones for the shot-noise and the main electrooptic contributions, which
also grow linearly. One can therefore expect that increasing the length-towaist ratio makes the detection of the vacuum signal more difficult. This
result is reinforced by figures 3.5 (c) and (d), which show how Nmin itself
varies in dependence of w0 . Not only the total-signal rms grows faster than
the main-signal rms as the waist decreases, but also the threshold happens
at a lower probe photon content.

3.3

Two-channel measurement

For a two-channel setup, the probe field undergoes a beam-splitting operation before any of the aforementioned processes take place. The beam
splitter mixes the coherent probe of amplitude αp and its quantum fluctuations (described by â) with the vacuum noise (âfree ) accessing the classically
free port of the device. The resulting transformation of the incoming probe
is given by equations (3.18) and (3.19):
(out)

(in)

(in)

(ω) = T (ω)â1 (ω) + R0 (ω)â2 (ω)


= T (ω)αp (ω) + T (ω)â(ω) + R0 (ω)âfree (ω) = T (ω)αp (ω) + âp,ch1 (ω) ,
(3.18)

â1
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Figure 3.5: (a), (b) Minimum of ∆Ŝ/N as a function of w0 (normalized by L).
The solid blue line shows the total ∆Ŝ/N value, the dotted black and dashed
red lines represent the shot-noise and the main electrooptic contributions,
respectively. (c), (d) The N values that minimize ∆Ŝ/N as a function of w0 .
Left and right plots correspond to set 1 and set 2, respectively.
(out)

(in)

(in)

(ω) = R(ω)â1 (ω) + T 0 (ω)â2 (ω)


= R(ω)αp (ω) + R(ω)â(ω) + T 0 (ω)âfree (ω) = R(ω)αp (ω) + âp,ch2 (ω) .
(3.19)

â2

It is worth mentioning that this transformation applies for all frequencies, including the MIR frequency range, in which αp (ω) = 0. The new annihilation
operators, âp,ch1 and âp,ch2 , are associated with the two channels employed in
this experiment. One interesting feature of the output modes is the commutativity of their quantum components: [âp,ch1 , â†p,ch2 ] = T R∗ + R0 T 0∗ = 0 under
the assumption of a dissipationless beam splitter. As a result, the product of
two signals, each of which is a functional of beam-splitter creation and annihilation output operators originating from a different channel, has vanishing
expectation value. A less pronounced but also important feature is the phase
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introduced by the beam splitter on the reflected modes. For simplicity and
also for the sake of agreement with the particular experiment addressed, the
following calculations
will be conducted
for an ideal 50:50 beam splitter with
√
√
0
0
T = T = 1/ 2 and R = R = i/ 2.
It is assumed that the central wave vectors of the beams in the two
channels deviate only slightly from each other, kch1 · kch2 ≈ |k|ch1 |k|ch2 (here
and in what follows, the subscripts ch1 and ch2 shall describe quantities
related to the fields in channels 1 and 2 respectively). Both channels meet
at the nonlinear crystal in a crossing, yet quasi-parallel, configuration, so
that cross-section and propagation-length mismatch can be neglected at the
focus of the beams. This allows for consideration of effectively coplanar beam
waists in the nonlinear crystal, as well as nearly collinear phase matching for
the wave-mixing processes, therefore ensuring that the treatment of fields in
terms of the paraxial decomposition is still well justified. In order to avoid
considerable deviations of output wave vectors from either kch1 or kch2 , only
the second set of parameters will be considered. Due to the limited beam
waist, mixing between fields from different channels during the ellipsometry
step is avoided.
To account for the relative time delay between modes from different channels, the channel-two modes will be considered time-shifted by τ relative to
the channel-one modes. This effectively introduces a factor e−iΛτ on the
positive-frequency components of the channel-two mode amplitudes when
working in frequency domain. Wave mixing will involve modes from both
channels, so that τ -dependent phases (with suitable frequency arguments)
can appear at any steps when applying equations (3.2) and (3.3). In other
words, the (time-dependent) signal operators are given by equations similar
to (3.4), in which the cascaded contributions (3.2) and (3.3) (for m ≥ 2) are
now composed of convolutions with either Ep,ch2 (ω)e−i(ωτ +π/2) or Ep,ch1 (ω).
(j)
(j)
Ellipsometry conducted with either of these fields then leads to Ŝch1 or Ŝch2 ,
respectively. There are, however, constraints on the possibilities of combination of phase factors in the convolutions of field operators with time-shifted
probes, based on the actual spatial distribution of output wave vectors: since
kΩ is too small in magnitude to significantly affect the direction of kω,ch1/2
(i.e., kω,ch1/2 ±kΩ ≈ kω±Ω,ch1/2 for either channel), the channel outputs should
be such that the sum of wave vectors involved in the nested
P convolutions
aligns with the input wave vector of one of the channels:
i ki ≈ kch1/2 .
This leads to a set of effective selection rules:
 convolution of two field contributions from the same channel (e.g.,
by consecutive application of equations (3.2) and (3.3) with the same
probe) does not contribute to the final wave vector, since such a same79

channel convolution involves two wave vectors that are opposite to each
other;
 for field operators that are functionals of the NIR annihilation and
creation operators, contributions to the expectation value of a product
of two signal operators will not vanish only when both multiplied signals
depend on annihilation/creation operators from the same channel —
the output in one of the channels should carry NIR annihilation and
creation operators from the other channel or, equivalently, the sum of
(m)
wave vectors corresponding to a given Ês,ch2/1 (ω) should take the input
vector kch1/2 of δ Ês,ch1/2 (ω) to the output kch2/1 ;
 only odd total numbers of τ -dependent phase factors distributed be(m)
(m0 )
tween the nested convolutions in both Ês,ch1 (ω) and Ês,ch2 (ω) lead to
cross-signals with oscillations at MIR frequencies — from a total of q
(m)
phase factors in the cross-signal, q − 1 factors coming from Ês,ch1 (ω)
(m0 )

and Ês,ch2 (ω) together will carry phases of the form i(ω −Ω)τ , while the
probe participating in the channel-two ellipsometry will carry a phase
iωτ .
Ellipsometry takes place independently for each channel, with the channelone (-two) output being superposed with Ep,ch1 (Ep,ch2 ). The respective
signals from the two channels, Ŝch1 and Ŝch2 , are then multiplied before readout, rendering a time-dependent signal variance with the properties of a
1
h0|{Ŝch2 (t + τ ), Ŝch1 (t + τ )}|0i = C1 g(τ ) with
correlation function: G(τ ) = 2C
C = (n3 Lωp r41 N/c0 )2 [50]. Because [âch1 (ω), â†ch2 (ω 0 )] = 0, the expectation
(0)
(0)
value of the (cross)term between Ŝch1 and Ŝch2 in G(τ ) (the two-channel
equivalent of the base shot noise) vanishes. This commutation relation is
what allows the measurement of the product of signals from different channels to have its base shot-noise contribution reduced to negligible values over
a large enough averaging sample, at least as long as shot-noise enhancement
does not become appreciable. Upon multiplication of the signals from the
two channels, each signal-variance component treated in the previous section will split into a plethora of time-dependent components, many of which
oscillate with frequencies in the bandwidth of the probe and will not be considered in this work since these high-frequency oscillations are neither easily
accessible nor of interest in the discussed experiment. With the purpose of
comparison, the beam-splitter output probes will be considered to have the
same intensity as the probes used in the single-channel calculations.
Once the first beam meets the nonlinear crystal, its interactions with the
MIR vacuum will generate the back-action contributions as discussed above.
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The delayed probe pulse will then reach the crystal with a time delay τ
and interact not only with the MIR vacuum, but also with the back-action
contributions generated by the passage of the first probe.
Upon application of the introduced selection rules, it is possible to reduce
the total of 48 contributions to the (auto)correlation function (up to fourth
order) to the few equations presented below. Starting by the description of
the mainly-contributing second-order term, the squared MIR vacuum signal
gives:
Z ∞
1 (1) (1)
2
(1) (1)
2
hŜch1 Ŝch2 + Ŝch2 Ŝch1 i(τ ) = N ηS dΩ Ω (n/nΩ ) R(Ω) cos(Ωτ ) . (3.20)
2
−∞
Its time dependence comes from the delay in one of the channels, introducing
an e−i(ω−Ω)τ phase factor on the (channel-two) field that mixes with the MIR
vacuum in equation (3.2) and a e−iωτ on the probe that takes part in the
(channel-two) ellipsometry, resulting in the overall Ωτ dependence. The other
contribution of second order reads:
1
2N 2
(2)
(0)
(0)
(2)
h{Ŝch1 , Ŝch2 } + {Ŝch1 , Ŝch2 }i(τ ) = − √ ηS
2
3

Z ∞
 Lω 
∗
× dΩ Ω (n/nΩ ) iζω,Ω f− (Ω)R (Ω) cos(Ωτ )/ d
.
2c0 n
−∞

(3.21)

This lowest-order cross-talk contribution results when the NIR electric-field
fluctuations in one channel are down-converted to the MIR and then upconverted to the NIR at another channel. Under our approximations, this
contribution vanishes.
On top of the cross-signal contributions (3.20) and (3.21), there are still
contributions of higher perturbative orders. The next-order terms depend
on N 3 , and eventually overcome the N 2 terms as the probe-pulse intensity is
increased. For the fourth-order contribution related to E (3) (ω), the following
(2)
(2)
(a)
(b)
(c)
relation holds: 21 h{Ŝch1 , Ŝch2 }i = V{2,2} (τ ) + V{2,2} (τ ) + V{2,2} (τ ). The function
(a)

V{2,2} results from two equivalent processes: one in which the output of wave
vector kch2 −k0ch2 +k00ch2 is multiplied with the output corresponding to kch2 −
k0ch2 + k00ch1 and another in which the ch1 and ch2 subscripts are swapped1 .
(b)
Analogously, the function V{2,2} originates from the product of field operators
(c)

with wave vectors kch1 − k0ch2 + k00ch2 and kch1 − k0ch1 + k00ch2 , while V{2,2} results
In the schematic wave-vector description kch2 − k0ch2 + k00ch1 , the unprimed vector kch2
represents the wave vector of the NIR operator δ Êch2 (ω), while the primed and doubly
primed vectors stand for the wave vectors of the probe pulses participating in the first and
second convolutions, respectively, that generate the output field contribution.
1

81

from the product of field components with wave vectors kch2 − k0ch2 + k00ch1
and kch2 − k0ch1 + k00ch1 . The corresponding equations are:
Z
Z ∞
N3 2 X ∞
(a)
(s)∗
V{2,2} (τ ) =
ηS
dΩ dΩ0 (ΩΩ0 )R0 (Ω0 , 0, 0)
3
−∞
t,s=± −∞
(t,+)

× G00 (Ω, Ω0 , 0, 0, 0)[cos(Ωτ ) + cos(Ω0 τ )] ,
(b)
V{2,2} (τ )

(3.22)

Z ∞
Z
N3 2 X ∞
(s)∗
(+,+)
=
ηS
dΩ dΩ0 (ΩΩ0 )[R0 (Ω0 , 0, 0)G11 (Ω, Ω0 , Ω0 , 0, τ )
3
−∞
s=± −∞
(s)∗

(+,+)

+ R0 (Ω0 , 0, 0)G22

(Ω, Ω0 , Ω0 , 0, τ )] ,

(3.23)

and
(c)
V{2,2} (τ )

Z
Z ∞
N3 2 X ∞
(+)∗
(s,+)
ηS
dΩ dΩ0 (ΩΩ0 )[R1 (Ω0 , Ω, τ )G01 (Ω, Ω0 , 0, 0, τ )
=
3
−∞
s=± −∞
(+)∗

+ R2

(s,+)

(Ω0 , Ω, τ )G02 (Ω, Ω0 , 0, 0, τ )] .

(3.24)

The behavior of each of the above contributions in dependence on the time
delay τ is illustrated in figure 3.6.
The mixing between the main signal, Ŝ (1) [δ Ê(Ω)], and Ŝ (3) [Ê (3) (Ω)] in
(3)
(1)
(1)
(3)
(a)
this two-channel setup gives 21 h{Ŝch1 , Ŝch2 } + {Ŝch1 , Ŝch2 }i(τ ) = V{1,3} (τ ) +
(b)

(a)

V{1,3} (τ ). The function V{1,3} results from four equivalent processes: one
in which the output of wave vector kΩ + k0ch1 − k00ch1 + k000
ch1 is multiplied
0
with the output of vector kΩ + kch2 , another in which the output of wave
0
vector kΩ + k0ch2 − k00ch2 + k000
ch1 is multiplied with the output with kΩ + kch2 ,
and the other two processes correspond to swapped indices. The function
(b)
V{1,3} originates from the product of field contributions with wave vectors
0
kΩ + k0ch1 − k00ch2 + k000
ch2 and kΩ + kch2 and the corresponding index-swapped
counterpart. Their equations read:
Z ∞ Z ∞
−N 3 2 X
(u)∗
(a)
dΩ dΩ0 (ΩΩ0 )R0 (Ω0 , 0, 0)
V{1,3} (τ ) = √ ηS
2
0
t,s,u=± −∞
n
(t,s)
× G00 (Ω, Ω0 , 0, 0, 0)[cos(Ωτ ) + cos(Ω0 τ )]
,
(3.25)
nΩ0
and
(b)
V{1,3} (τ )

Z
Z ∞
−N 3 2 X ∞
(s)∗
(t,t)
dΩ dΩ0 (ΩΩ0 )[R0 (Ω0 , 0, 0)G11 (Ω, Ω0 , Ω0 , 0, τ )
= √ ηS
2
0
t,s=± −∞
n
(s)∗
(t,t)
+ R0 (Ω0 , 0, τ )G22 (Ω, Ω0 , Ω0 , 0, τ )]
.
(3.26)
nΩ0
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(a)

Figure 3.6: Top left: V{2,2} (τ )/N 3 .

(b)

Top right: V{2,2} (τ )/N 3 .

Bottom:

(c)
V{2,2} (τ )/N 3 .

(a)

(b)

The behaviors of V{1,3} (τ ) and V{1,3} (τ ) can be seen in figure 3.7.
The last contribution, from the crossterm between the shot-noise signal
(4)
(0)
(0)
(4)
(a)
and Ŝ (4) [Ê (5) (ω)], has the form 21 h{Ŝch1 , Ŝch2 } + {Ŝch1 , Ŝch2 }i(τ ) = V{0,4} (τ ) +
(b)

(c)

(a)

V{0,4} (τ )+V{0,4} (τ ). As in the previous case, V{0,4} results from four equivalent
00
processes: one in which the output of wave vector kch2 −k0ch2 +k00ch2 −k000
ch2 +kch1
is multiplied with the shot-noise output of vector kch2 , another in which the
00
kch2 − k0ch2 + k00ch1 − k000
ch1 + kch1 contribution combines with the same shotnoise term, and the processes with ch1 and ch2 labels swapped. The function
(b)
V{0,4} originates from the product of field contributions with wave vectors
(c)

00
kch2 − k0ch2 + k00ch1 − k000
ch2 + kch2 and kch2 , while V{0,4} results from the product
00
of contributions with wave vectors kch2 − k0ch1 + k00ch1 − k000
ch2 + kch1 and kch2

83

(b)

(a)

Figure 3.7: Left: V{1,3} (τ )/N 3 . Right: V{1,3} (τ )/N 3 .
(and corresponding swapped indices). The equations are:
Z ∞
Z
N3 2 X ∞
(a)
(+)∗
V{0,4} (τ ) = √ ηS
dΩ dΩ0 (ΩΩ0 )R0 (Ω0 , 0, 0)
5 t,s=± −∞ −∞
(t,s)

G00 (Ω, Ω0 , 0, 0, 0)[cos(Ωτ ) + cos(Ω0 τ )] ,
(b)
V{0,4} (τ )

N3 X
= √ ηS2
5 t=±
(+)∗

+ R0

Z

(3.27)

∞

Z ∞
(+)∗
(t,t)
dΩ dΩ0 (ΩΩ0 )[R0 (Ω0 , 0, 0)G11 (Ω, Ω0 , Ω0 , 0, τ )

−∞

−∞
(t,t)

(Ω0 , 0, 0)G22 (Ω, Ω0 , Ω0 , 0, τ )] ,

(3.28)

and
(c)
V{0,4} (τ )

Z
Z ∞
N3 2 X ∞
(+)∗
(t,+)
= √ ηS
dΩ dΩ0 (ΩΩ0 )[R1 (Ω0 , Ω, τ )G01 (Ω, Ω0 , 0, 0, τ )
5 t=± −∞ −∞
(+)∗

+ R2

(t,+)

(Ω0 , Ω, τ )G02 (Ω, Ω0 , 0, 0, τ )] .

(a)

(3.29)

(b)

Because both V{0,4} (τ ) and V{0,4} (τ ) turn out to vanish on the grounds of
(c)

symmetry, V{0,4} (τ ) is the only nonvanishing term in this series; its profile is
shown in figure 3.8.
Figure 3.9 shows g(τ ) with all terms up to fourth order. The main con(2) (2)
tribution, with variance dependent on Êch1 Êch2 , is given by equation (3.6)
with an additional delay dependence of the form cos(Ωτ ) in the integrand,
coming from the time-delayed channel. This behavior is also seen in the measured data in reference [50] up to differences related to the spectral shape
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(a)

(c)

(b)

Figure 3.8: V{0,4} (τ )/N 3 profile. The functions V{0,4} (τ ) and V{0,4} (τ ) give no
contribution.
chosen for the probe. Contributions from higher order terms are minor up
to N ∼ 1011 . At such probe intensities, these terms have the same order
of magnitude as the second-order terms. For N ∼ 108 , as utilized in the
experiments [47, 50, 128], higher-order contributions to G(τ ) are negligible.
There is a minute difference between Nmin and the corresponding N at which
the back action starts to dominate in the two-channel measurement, and it
(m)
is related to the splitting of each single-channel contribution Ês into 2m−1
terms when two pulses are present. The characteristic time scale of G(τ )
has a duration similar to that of the probe pulses, since only when the two
probes share interactions with the same propagating MIR modes (i.e., when
there is some overlap between their interaction time windows) the multiplied
signal will not vanish. The oscillations of G(τ ) happen with a time scale
approximately inverse to the average probed MIR (angular) frequency and
reflect the interference between the two probes that drive the interaction.
Analogously, if the two beams reach the nonlinear crystal with some displacement between the centers of their waists, making G a function of this
displacement, the decay length should be of the same magnitude as the beam
waists for similar reasons [50].
The main (autocorrelation) term in G(τ ) provides through the WienerKhinchin theorem information about the spectrally resolved gating function
[i.e., G(Ω) ∝ Ω|R(Ω)|2 /nΩ ] [52, 137, 138]. While Ω|R(Ω)|2 reflects the sampled range of frequencies, the gating function can incorporate, as a consequence of dispersion (via 1/nΩ ), nonlinear-polarization effects of quantum
character through Pockels effect [48, 139], similarly to how a beam splitter
carries vacuum fluctuations from its free port. Once again, from a stateevolution perspective, the lowest order contribution to G(τ ) includes inter85

Figure 3.9: Total second- (red) and fourth-order (green) contributions to
g(τ ) for N = 1. The green curve has been upscaled by 1011 . The red curve
depends on N 2 , while the green one depends on N 3 .
channel probe-probe correlations mediated by MIR states, populated or not.

3.4

χ(3) contribution

An aspect that might arise when accounting for cascaded nonlinear processes is the contribution of four-wave-mixing. The polarization that generates such fields is proportional to the susceptibility χ(3) and to the combination of fields Ep2 (t)δ Ê(t). Under the assumption of Kleinman symmetry,
there are six χ(3) components that can generate measurable field components:
(3)
(3)
(3)
(3)
(3)
(3)
χxxzz = χyyzz , χxzxz = χyzyz and χxzzx = χyzzy . In fact, for a probe pulse
propagating through a ZnTe crystal in the [110] direction and polarized along
the [001] axis, the (third-order) nonlinear-polarization components generating measurable electric-field contributions are
(3)
(3)
2
P̂x(3) (t) = 0 (χ(3)
xxzz + χxzxz + χxzzx )Ep (t)δ Êx (t)

(3.30)

(3)
(3)
2
P̂y(3) (t) = 0 (χ(3)
yyzz + χyzyz + χyzzy )Ep (t)δ Êy (t) .

(3.31)

and
In terms of the basis spanned by ez , es and ek , this polarization has a longitudinal ek component, which does not generate outgoing fields, and a es
component
(3)
(3)
2
P̂s(3) (t) = 0 (χ(3)
xxzz + χxzxz + χxzzx )Ep (t)δ Ês (t) ,
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(3.32)

(3)

(3)

(3)

with δ Ês = √12 (δ Êy − δ Êx ). For brevity, I denote X = χxxzz + χxzxz + χxzzx .
The spectral decomposition of this expression gives
Z ∞
irk
ω 0 n +(ω−ω 0 )nω−ω0 −ωnω ]
(3)
dω 0 I(ω − ω 0 )δ Ês (ω 0 )e c0 [ ω0
, (3.33)
P̂s (ω) = 0 X
−∞

in which
Z
I(Ω) =

∞

irk

dωEp∗ (ω − Ω)Ep (ω)e c0

[ωnω −(ω−Ω)nω−Ω −ΩnΩ ]

.

(3.34)

−∞

This polarization gives the approximated solution to the paraxial equation:
Z
XLω ∞ 0 00 ∗ 0
χ(3)
dω dω Ep (ω + ω 00 − ω)Ep (ω 0 )δ Ês (ω 00 )
Ês (ω) =
2nc0 −∞


L
00
0
00
0
× sinc
[ω nω00 − (ω + ω − ω)nω0 +ω00 −ω − ωnω + ω nω0 ] .
(3.35)
2c0

When all the 3 frequencies in Eq. (3.35) are in the NIR, sinc 2cL0 [ω 00 nω00 −
(ω 0 +ω 00 −ω)nω0 +ω00 −ω −ωnω +ω 0 nω0 ] ≈ 1. This allows one to write the signal
operator resulting after the ellipsometry step as (note that even though the
spatial argument of the electric field has been omitted, the effect of the beam
waist is accounted for in the value of A(3) used for the signal operator)
Z ∞ √ r
Z
√
4 0 XLκi ∞
n
χ(3)
F (ω 0 − ω)αp∗ (ω)â(ω 0 ) + H.c. .
Ŝ
= 2√
dω 0 ω 0
dω
0
n
w0 3π~c0 n 0
ω
−∞
(3.36)
Eq. (3.36) does not give any contributions at 2nd order, since its crossterm
with Ŝ (0) vanishes. At 4th order, only the square of Eq. (3.36) contributes
and gives

2 
2 Z ∞ Z ∞ Z ∞
4N 3 Lωp
~
n 0
χ(3) 2
h[Ŝ ] i =
X
dω
dω 0
dω 00
ω
2
2
3
nc0
4π 0 c0 nw0
nω 0
0
0
0
αp∗ (ω)αp (ω 00 )
0
∗
0
00
.
(3.37)
× F (ω − ω)F (ω − ω )
β
Precise values of the relevant tensor components of χ(3) cannot be found
reliably in the literature. Indirect χ(3) measurements based on the refractiveindex modulation through Kerr effect lead to a wide span of reported values [140–143]. The large fluctuations in the found values for linear combinations of χ(3) tensor components can be traced back to the sampled frequency
ranges, with measurements near the 2-photon-absorption frequency (when
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the sum of the frequencies of two photons matches the band gap of the nonlinear crystal) leading to resonantly enhanced values of the 3rd-order nonlinear susceptibility. At such frequencies, undesired effects like crystal heating
(through generation of electron-hole pairs) and probe depletion might take
place. For ZnTe, used in reference [50], the band gap corresponds to a frequency of ∆ω ≈ 550THz, while for AgGaS2 , used in reference [46], the value
is ∆ω ≈ 660THz. Adopting the χ(3) value extracted from reference [142]
and assuming all tensor components in X to be the same, one arrives at
(3)
(3)
h[Ŝ χ ]2 i ∼ 10−21 N 3 for the 1st set of parameters. h[Ŝ χ ]2 i might be as
large as (or possibly larger than) the signal-variance contributions originating from cascaded χ(2) processes (depending on the choice of nonlinear crystal
and probe frequency range). The contribution described by Eq. (3.37), however, relates to a process of nature similar to self-phase modulation and therefore affects solely the electric-field fluctuations in the probe pulse (shot-noise
enhancement). These χ(3) contributions have no connections to the sampled
MIR vacuum and can be suppressed in a measurement (e.g., by investigating
and avoiding the presence of self-phase modulation in the spectrum of the
probe pulse).

3.5

Conclusion

In summary, the presented results show that in single-channel electrooptic measurements of the electromagnetic vacuum there is a suitable range
of probe-field intensities (depending on certain setup parameters) to minimize the contributions from generated MIR photons to the signal variance:
N much smaller (larger) than Nmin inevitably results in increased shot-noise
(back-action) contributions. The back action is inherent to the electrooptic measurement and therefore only an effectively back-action-free regime
(generating back-action states with very small superposition coefficients) is
achievable. Furthermore, the base shot noise can be evaded by the use of
two channels, and the back action starts to suppress the measured MIR
vacuum for N several orders of magnitude above the experimentally used
values. Some further back-action evasion might be achieved by usage of a
proper post-selection scheme after the nonlinear crystal, and future works
might explore the possibilities spanned by this approach.
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Chapter 4
An alternative view on the
back-action problem: the
polariton-polariton interation
4.1

Motivation

Although most of the interest in and applications of light are related
to the wave and/or particle behavior of photons, the electromagnetic field,
even when devoid of its excitations, can manifest its existence by means
of its fluctuations. One of the most remarkable physical implications of
the presence of electromagnetic vacuum fluctuations is given by the Casimir
effect [144–146]. The mere presence of macroscopic interfaces, such as the
boundaries of conducting metals and dielectrics, alters the expectation value
of the electromagnetic-field energy in its ground state; this change is due
to the deformation of the energy levels of the electromagnetic field in the
vicinity of interfaces, in such a way that the electromagnetic energy density
of the vacuum becomes rather different from its reference value far away from
any such boundaries.
The presence of interfaces also plays a major role in the description of
light propagation [147]. With the advent of surface optics and optical cavities, the behavior of light at interfaces of the most varied kinds became the
focus of a of a number of important works, and the resulting description
of electric and magnetic fields in terms of Green’s functions and interfacerelated/-constrained sources opened a new chapter in the history of classical
optics [148–150]. The Green’s function approach allowed for the extension of
the electromagnetic-field quantization prescription, describing instead quantized polariton fields at the vicinity of (often dispersing and absorbing) ma-
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terials [71, 72]. Although such quantization has mostly been used for the
treatment of dispersion forces at a variety of interfaces [151, 152], the approach has already shown its potential to solve a larger range of problems,
as in the recent polariton-based description of correlation-like cross-signal
measurements in two-channel electrooptic sampling of vacuum [51, 52].
In this chapter, I extend the nonlinear-Hamiltonian derivation of reference [153] and engineer polariton-based multimode quantum states that
potentially allow for a rather complete description of the nonlinear interaction that electrooptic sampling is based on. This description accounts for
absoption, dispersion, and the geometrical structure of the nonlinear crystal
and therefore also includes surface effects. A picture of the net polaritongeneration process in terms of state evolution is provided in order to complete
the electric-field approach developed in chapter 3.
The results presented in this chapter have not been published as of the
time of writing of this thesis. Due to their preliminary character, the possibility of publication shall be evaluated after completion of the work. The
derivations presented in subsections 4.2 and 4.3 represent an extension of the
results in references [148, 149, 153]. The remaining derivations and calculations were performed by me.

4.2

The influence of sources and boundaries
on fields: the Green’s function description

Our starting point is once again the Maxwell’s equations (1.1)-(1.4). For
a nonmagnetic and homogeneous dielectric of complex relative permittivity (ω), equations (1.2) and (1.3) hold unaltered, while the remaining two
equations are modified to (1.65) and (1.66), in which both j and ρ are zero,
but should be kept in mind for the sake of posterior discussions. Combining
equations (1.2), (1.65) and (1.66) together, one finds


 ∂2
2
(4.1)
∇ + 2 2 F=0
c0 ∂t
or, for the Fourier transforms of the fields,


ω 2
2
∇ + 2 F(ω) = 0 ,
c0

(4.2)

with F = E, B. The solutions to the last equation should be of the form
F(ω, x) = F(+) (ω, x) + F(−) (ω, x), with F(+) (ω, x) = F0 eiν·x , |ν|2 = n2 ω 2 /c20
and F(−) (ω, x) = [F(+) (ω, x)]∗ .
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I consider an arbitrary system of Cartesian coordinates with axes ei (i =
1, 2, 3), and additionally to that a vector κ on the plane x3 = 0, so that,
as a first step, waves are described as moving to or from this plane, with
evanescent waves fading as one moves away from x3 = 0. Each given κ
is related to two possible wave vectors, one moving towards larger positive
values of x3 (denoted with a subscript +) and another one moving in the
direction
negative x3 (denoted with a −): ν ± = κ ± ue3 , with
p of decreasing
2
u = n2 ω 2 c−2
0 − κ and Im{u} ≥ 0 for the evanescent waves to fall off as
x3 → ±∞.
An alternative system of coordinates can be introduced by considering
the vectors e3 , κ̂ = κ/κ and s = κ̂ × e3 . The unit dyadic associated with
these coordinates reads I = e3 ⊗ e3 + κ̂ ⊗ κ̂ + s ⊗ s.
Yet a third set of coordinates can be implement through the vectors s,
ν̂ ± = ν −1 ν ± and p± = Rs (π/2)ν̂ ± , where Rs (θ) is the (active) rotation
matrix around the axis s and ν = |ν ± |. The resulting unit dyadics are
I ± = ν̂ ± ⊗ ν̂ ± + p± ⊗ p± + s ⊗ s. I shall use all three sets of coordinates in
the remainder of this section.
If E± represents the field propagating along ν̂ ± , equation (1.65) tells us
that E± ⊥ ν̂ ± , therefore the electric field can be decomposed as
(+)

E± = (Ep± p± + Es± s)eiν ± ·x .

(4.3)

Once E± is specified, B± can be found with the aid of equation (1.2):
(+)

B± =

n
(Ep± s − Es± p± )eiν ± ·x .
c0

(4.4)

If one now allows for the presence of noise polarization in the system,
equation (1.66) is now sourced by ρ = −∇ · PN , while (1.65) is sourced by
j = ṖN . If this polarization noise is spatially confined to a layer of the
dielectric located at x3 = x 3 , one can assume that it has the following form:
(+)

PN = Px δ(x3 − x 3 )eiκ·x .
(+)

(4.5)

(+)

It is clear that, for x3 6= x 3 , E± and B± should satisfy the homogeneous
Maxwell’s equations. One therefore needs a particular solution to the sourced
equations. Let us study the following ansätze for the total fields
(+)

3

(+)

3

(+)

3

E(+) = E+ e−iux θ(x3 − x 3 ) + E− eiux θ(x 3 − x3 ) + Ex eiκ·x δ(x3 − x 3 ) ,
(4.6)
(+)

3

B(+) = B+ e−iux θ(x3 − x 3 ) + B− eiux θ(x 3 − x3 ) + Bx eiκ·x δ(x3 − x 3 ) .
(4.7)
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Insertion of these ansätze into equation (1.2) gives the following set of relations
(±)

(±)

(4.8)

(±)

(±)

(4.9)

Ep+ + Ep− ± iνu−1 (κE(±)
· e3 − ωB(±)
· s) = 0 ,
x
x
Es+ − Es− ∓ iωB(±)
· κ̂ = 0 ,
x
· s = 0,
· κ̂ = E(±)
E(±)
x
x

(4.10)

B(±)
· e3 = 0 .
x

(4.11)

Furthermore, inserting the ansätze into the sourced version of equation (1.65)
gives the additional constraints
µ0 ω 2 (±)
Px · s = 0 ,
u
µ0 ωc0 (±)
(±)
(±)
Ep+ − Ep− ± i
P · κ̂ = 0 ,
n x

 (±)
E + µ0 P(±)
· e3 = 0 ,
x
c20 x
(±)

(±)

Es+ + Es− ∓ i

B(±) = 0 .

(4.12)
(4.13)
(4.14)
(4.15)

Joining equations (4.8)-(4.15), the electric-field components can be determined as
(±)
Es+

=

(±)
Es−

=

Es(±)

iµ0 ω 2 (±)
=±
Px · s ,
2u

iµ0 ω 2 (±)
Px · p+ ,
2u
iµ0 ω 2 (±)
(±)
Px · p− ,
Ep− = ±
2u
E(±)
· e3 = −(0 )−1 P(±)
· e3 .
x
x
(±)

Ep+ = ±

(4.16)
(4.17)
(4.18)
(4.19)

The components of the magnetic field can be found from the components
(4.17)-(4.19).
For a noise-polarization profile of arbitrary functional form and spatial
distribution, a decomposition in terms of localized layers of polarization (4.5)
can be used (κ⊥ and x⊥ being bidimensional vectors on the surface x3 = 0):
Z 2
Z
d κ⊥
0
PN =
dx 3 δ(x3 − x 3 )P0x (κ⊥ ; x 3 )eiκ⊥ ·x⊥ .
(4.20)
(2π)2
As such, the previously obtained expression should be integrated over κ⊥
and x 3 to account for the effects of a more general noise polarization:
Z 2
Z
d κ⊥
(+)
E (x) =
dx 3 eiκ⊥ ·x⊥ Gg (κ⊥ ; x3 − x 3 ) · P0(+)
(κ⊥ ; x 3 ) , (4.21)
x
(2π)2
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with the Green’s function [148, 149]
Gg (κ⊥ ; x3 − x 3 ) =

iµ0 ω 2
3
3
(s ⊗ s + p+ ⊗ p+ )eiu(x −x ) θ(x3 − x 3 )
2u

iµ0 ω 2
3
3
(s ⊗ s + p− ⊗ p− )e−iu(x −x ) θ(x 3 − x3 ) − (0 )−1 e3 ⊗ e3 δ(x3 − x 3 ) .
2u
(4.22)

+

Equation (4.21) describes the electric field in the presence of a noise polarization in the dielectric material. By making use of the κ⊥ -x⊥ Fourier
transforms of the polarization and Green’s function, one can recast equation (4.21) in the usual form, with the electric field given as a (fully) spatial
convolution between the polarization and the Green’s function.
Although the previously obtained expressions satisfactorily describe the
fields in a dielectric with noise polarization, the actual physical extension of
this medium has yet to be addressed. For this reason, we ought to find the
Fresnel coefficients and transfer matrices for the case of a transition between
two media, labelled m and M . I assume that the flat boundary between the
media is placed at x3 = 0 and momentarily ignore the effects of the noise
polarization. Considering both media together, the electric-field components
in each of them are given by1
iν m+ ·x
E(+)
+ (Em,p− pm− + Em,s− s)eiν m− ·x ,
m = (Em,p+ pm+ + Em,s+ s)e
(4.23)
(+)

EM = (EM,p+ pM + + EM,s+ s)eiν M + ·x + (EM,p− pM − + EM,s− s)eiν M − ·x .
(4.24)
The vectors pM/m,± and ν M/m,± depend on the refractive indices nM/m and
thus are, in general, different for the two media. For m ∈ {M, m}, I define
the intermedia vector
3

3

em,p/s (x3 ) = (Em,p+/s+ eium x , Em,p−/s− e−ium x )T

(4.25)

so that the field components at x3 = 0+ in the medium m can be found from
the field components at x3 = 0− in medium M as
(p/s)

em,p/s (0+ ) = M mM eM,p/s (0− ) .

(4.26)

The transfer matrix M mM has yet to be found. At the interface x3 = 0,
(±)
(±)
(±)
(±)
one has Em × e3 = EM × e3 and Bm × e3 = BM × e3 (Maxwell’s saltus
1

To allow for consideration of initial conditions in which waves are coming from ±∞,
the s+ and s− terms are kept independently.
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condition), leading to
um νM (Em,p+ − Em,p− ) = uM νm (EM,p+ − EM,p− ) ,
Em,s+ + Em,s− = EM,s+ + EM,s− .

(4.27)
(4.28)

On the grounds of energy conservation, it has been assumed that sm (0+ ) =
sM (0− ) and κm (0+ ) = κM (0− ). From equation (4.4) one then finds
nm um νM (Em,p+ − Em,p− ) = nM uM νm (EM,p+ − EM,p− ) ,
nm (Em,s+ + Em,s− ) = nM (EM,s+ + EM,s− ) .

(4.29)
(4.30)

From the relations (4.27) and (4.29) it is possible to show that the transfer
matrix for the s-polarized field components reads

−1 


uM −um 
1
2um
1 r(s)
(s)
(s) −1
uM +um
M mM =
= (t )
, (4.31)
uM −um
1
r(s) 1
um + uM
uM +um
while relations (4.28) and (4.30) allow one to find


−1
1
2um nm nM
(p)

M mM =
2 −u n2
u
n
2
m M
M m
um nM + uM n2m
um n2M +uM n2m


1 r(p)
(p) −1
= (t )
.
r(p) 1



um n2M −uM n2m
um n2M +uM n2m 

1

(4.32)

Propagation of fields through one and the same medium can also be described
(∆x3 = x03 − x3 )em,p/s (x3 )
by a transfer matrix, so that em,p/s (x03 ) = M (p/s)
m
with
 iu ∆x3

e m
0
(p/s)
3
M m (∆x ) =
.
(4.33)
3
0
e−ium ∆x
Combining all these transfer matrices together, it is possible to derive the
total transfer matrix for the propagation of a field originally at x3 = 0− in
medium M through a dielectric slab of material D with boundaries at x3 = 0
and x3 = L, which then leads to propagation in medium m (at x3 = L+ ) as
described by the following equation:
(p/s)

(p/s)

em,p/s (L+ ) = M mD M D

(p/s)

(L)M DM eM,p/s (0− ) = M(p/s) eM,p/s (0− ) . (4.34)

The total transfer matrix is given by
(s/p)

M(p/s) =

(p/s)
(TmM )−1

(p/s)

(p/s)

(p/s)

TmM TM m − RmM RM m
(p/s)
−RM m
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(p/s)

RmM
1

!
,

(4.35)

with

(p/s) (p/s)

(p/s)
Tmm

=

tmD tDm eiuD L

(4.36)

(p/s) (p/s)

1 − rDm rDM e2iuD L

and

(p/s) (p/s) (p/s)

(p/s)
Rmm

=

(p/s)
rmD

+

tmD rDm tDm e2iuD L

(4.37)

(p/s) (p/s)

1 − rDm rDM e2iuD L

for m being the complementary element for a given choice of m ∈ {m, M }.
When handling these quantities, one should bear in mind that the relations
(p/s) (p/s)
(p/s) (p/s)
(p/s)
(p/s)
tmD tDm − rmD rDm = 1 and rmD = −rDm hold. Taylor expanding the
denominator in equations (4.36) and (4.37) allows one to see that it accounts
for a series of double reflections at the inner walls of the dielectric slab (with
a corresponding propagation distance 2L between them).
One can simultaneously consider both the presence of noise polarization
and the propagation of the electromagnetic field from medium M to medium
m going through an intermediary slab of dielectric D. For a layer of polarization of the form (4.5) located at x3 = x 3 within D, the fields in the vicinity
of this layer are related via [148]
eD,p/s (x 3+ ) = eD,p/s (x 3− ) + v(p/s)
with
v(p)

iµ0 ω 2
=
2uD



p+ · Px
−p− · Px

(p)


=

v+
(p)
−v−

(4.38)
!
(4.39)

and p± → s for v(s) . One thus has
h
i
(p/s)
(p/s)
(L − x 3 ) v(p/s) + M D (x 3 )M DM eM,p/s (0− ) ,
(4.40)
h
i
(p/s)
(p/s)
(p/s)
(p/s)
−
3
(p/s)
3
eM,p/s (0 ) = M M D M D (−x ) − v
+ M D (x − L)M Dm em,p/s (L+ ) .
(4.41)
If one only accounts for the field generated by the polarization noise, em,p/s (L+ )
[eM,p/s (0− )] contains only the upper [lower] component:
(p/s)

(p/s)

em,p/s (L+ ) = M mD M D

+

em,p/s (L ) =



(p/s)

Em+ eium L
0



−

, eM,p/s (0 ) =



0
(p/s)

EM −


.

(4.42)

Introducing the vectors (4.42) into equation (4.40) or (4.41) renders
(p/s)

(p/s)
Em+

=

tDm e−ium L
(p/s) (p/s)

1 − rDm rDM e2iuD L



(p/s) iuD (L−x 3 )
(p/s) (p/s) iuD (L+x 3 )
v+ e
+ v− rDM e
(4.43)
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and
(p/s)

(p/s)
EM −

=

tDM eium L
(p/s) (p/s)

1 − rDm rDM e2iuD L



(p/s) (p/s) iuD (L−x 3 )
(p/s) −iuD (L−x 3 )
.
v+ rDm e
+ v− e

(4.44)
If a general noise polarization is constructed as a collective of layered polarizations within the dielectric D, like in equation (4.20), the vector components
(p/s)
v± become functions of x 3 and equations (4.43) and (4.44) have to be integrated over x 3 . Analogously, if multimode fields are considered, (4.43) and
(4.44) have to be integrated over frequencies.
While the components of the polarization-generated electric field are given
by (4.43) and (4.44), its components inside the dielectric slab have a rather
different form. The polarization-generated field components that get trapped
within the slab due to reflections at its inner walls can be separated in two
contributions, one directly generated by the polarization (denoted by the subscript Dg and another one that results from scattering at the walls (denoted
by Dsc), so that for x3 ∈ (0, L) [149]
(p/s)

(s/p)

(p/s)

(p/s)

3

EDsc+ (x3 ) = rDM [EDg− (0) + EDsc− (0)]eiuD x + c.c.

(4.45)

and
(p/s)

(s/p)

(p/s)

(p/s)

EDsc− (x3 ) = rDm [EDg+ (L) + EDsc+ (L)]e−iuD (x
(p/s)

(p/s)

3 −L)

+ c.c. ,

(4.46)

where EDsc+ (x3 ) [EDsc− (x3 )] is the p/s-polarized field component scattered
from the lower [upper] wall of the slab and propagating towards the positive
[negative] direction. Since the generated field component is known [equation
2
(4.21)], the p-polarized scattered contribution is given by (W = iµ2u0 ωD )


3
W rDM eiuD x
(p)
(p) iuD (2L−x 3 )
3
iuD x 3
EDsc+ (x ) =
p− · Px e
+ p+ · Px rDm e
(p) (p)
1 − rDm rDM e2iuD L
(4.47)
and


3
W rDm e−iuD x
(p) iuD (2L+x 3 )
(p)
iuD (2L−x 3 )
3
p− · Px rDM e
+ p+ · Px e
,
EDsc− (x ) =
(p) (p)
1 − rDm rDM e2iuD L
(4.48)
with similar expressions for the s polarization. The scattered component of
the electric field can be described in terms of a separate Green’s function
Gsc , which for the case of a multilayer polarization noise gives
Z 2 Z L
d κ⊥
(+)
Esc (x) =
dx 3 eiκ⊥ ·x⊥ Gsc (κ⊥ ; x3 − x 3 ) · P0(+)
(κ⊥ ; x 3 ) , (4.49)
x
(2π)2 0
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with
3

Gsc (κ⊥ ; x − x ) =
+




W

3
3
rDm rDM eiuD (x +2L−x
(p) (p) 2iu L
1 − rDm rDM e D
3
3
3
3
3
3 
rDM eiuD (x +x ) + rDm eiuD (2L−x −x ) + rDm rDM eiuD (x +2L−x ) s

3

iuD (x3 +2L−x 3 )

+ rDm rDM e

p+ ⊗ p+ e

iuD (x 3 +2L−x3 )

p− ⊗ p− + rDm eiuD (2L−x

iuD (x 3 +x3 )
+ rDM e
p+ ⊗ p− .
+ rDm rDM e

4.3

⊗s

iu(x3 −x 3 )
3 −x3 )

p− ⊗ p+
(4.50)

Derivation of the effective nonlinear Hamiltonian

I introduce here a quantized noise-polarization field which describes the
Langevin noise associated with absorption2 [71]:
r
~0
PN (x, ω, t) = i
Im{(x, ω)}f̂ (x, ω, t) .
(4.51)
π
The electric-field operator can be constructed from equation (4.51) by using a suitable Green’s function that encodes the geometry of the medium.
The vector operator f̂ (x, ω, t) describes the polaritonic excitations associated with the electric field in the presence of a dielectric (dressing effect),
and possesses a wavelet-like time-frequency dependence in the Heisenberg
picture. It is possible to show that the Hamiltonian for the effectively free
electric field is given by
Z
Z
3
Ĥpol = d x dω~ω f̂ † (x, ω) · f̂ (x, ω) .
(4.52)
For a dimer immersed in the electric field, one gets an atomic/molecular
and an interaction Hamiltonian,
X
ĤA =
~ωi |iihi|
(4.53)
i
2

The quantization in terms of noise polarization is consistent with the fluctuationdissipation theorem.
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and
Ĥed = −d̂ · Ê(xA )
r
Z
Z
X
~0
ω2
3
Im{(x, ω)}G(xA , x; ω) · f̂ (x, ω, t)
= −i
hi|d̂|ji|iihi| d x dω 2

c
π
0
0
ij
+ H.c. ,

(4.54)

respectively. Ĥed can be derived from the multipolar coupling approach (subsection 1.1.4) after applying the dipole approximation at the position of the
dimer, xA . This results in an effective coupling between the elctric field and
the dipole of the dimer, d̂, whose matrix elements are given by hi|d̂|ji for
the dimer states |ii of energy ~ωi .
To allow for an easier handling of the following expressions, the inner
products will be denoted in terms of index contractions, with Greek letters
denoting the indices that have to be contracted according to Einstein’s notation (but no relativistic connotation to the indices here). According to this
notation, the polaritonic commutation relations give [fˆµ (x, ω, t), fˆν† (x0 , ω 0 , t)]
= δµν δ(x − x0 )δ(ω − ω 0 ). Defining |iihj| = σ̂ij , so that [σ̂ij (t), σ̂kl (t)] =
δjk σ̂il (t) − δli σ̂kj (t), the Heisenberg equations for the evolution of the operators f̂ (x, ω, t) and σ̂ij (t) read
˙
i~fˆµ† (x, ω, t) = −[Ĥpol + Ĥed , fˆµ† (x, ω, t)]
X
†
= −~ω fˆµ (x, ω, t) + ~
σ̂ij (t)yµ,ij (xA , x; ω)

(4.55)

ij

and
i~σ̂˙ ij (t) = −[ĤA + Ĥed , σ̂˙ ij (t)]
Z
n
XZ
3
= −~∆ωij σ̂ij (t) + ~
d x dω σ̂ik (t)yµ,jk (xA , x; ω)
k
∗
− σ̂kj (t)yµ,ki (xA , x; ω)]fˆµ (x, ω, t) + [σ̂ik (t)yµ,jk
(xA , x; ω)
o

∗
− σ̂kj (t)yµ,ki
(xA , x; ω) fˆµ† (x, ω, t) ,
(4.56)
3
respectively
q . In these equations, ∆ωij = ωi − ωj and yµ,ij (xA , x; ω) =
2
Gαµ (xA , x; ω). The implicit solution of equation (4.56)
hi|dˆα |ji ωc2 Im{(x,ω)}
π~0
0

3

In this section, I factor out from the Green’s functions a factor

match equation (1.86) for P

(2)

→ P̂N .
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ω2
c20 0

in order to better

reads
σ̂ij (t) =σ̂ij (0)e

i∆ωij t

−i

XZ
k

t
0

Z

dt

3

Z

0

d x dωei∆ωij (t−t )

n
σ̂ik (t0 )yµ,jk (xA , x; ω)

0

∗
− σ̂kj (t0 )yµ,ki (xA , x; ω)]fˆµ (x, ω, t0 ) + [σ̂ik (t0 )yµ,jk
(xA , x; ω)
o

∗
(xA , x; ω) fˆµ† (x, ω, t0 ) .
− σ̂kj (t0 )yµ,ki

(4.57)

Equation (4.57) can be introduced into itself to account for effects of increasing order [153]. Since we are interested in three-wave-mixing processes, we
need to use this iteration approach until we get two polariton operators on
the right-hand side of (4.57). This iterated solution can then be inserted into
equation (4.55) to give

X
†
˙†
ˆ
ˆ
yµ,ij (xA , x; ω) σ̂ij (0)ei∆ωij t
fµ (x, ω, t) = iω f µ (x, ω, t) −
ij

−i

XZ
k

−i

Z

Z

0

dt0 d3 x0 dω 0 ei∆ωij (t−t )

nh

0

σ̂ik (0)ei∆ωik t

0

XZ
l

t

t0
00

dt

Z

3 00

dx

Z

0
00
dω 00 ei∆ωik (t −t ) {σ̂il (t00 )[yα,kl (xA , x00 ; ω 00 )fˆα (x00 , ω 00 , t00 )

0

∗
+ yα,kl
(xA , x00 ; ω 00 )fˆα† (x00 , ω 00 , t00 )] − σ̂lk (t00 )[yα,li (xA , x00 ; ω 00 )fˆα (x00 , ω 00 , t00 )
ih
∗
+ yα,li
(xA , x00 ; ω 00 )fˆα† (x00 , ω 00 , t00 )]} yν,jk (xA , x0 ; ω 0 )fˆν (x0 , ω 0 , t0 )
i h
0
∗
0
0 ˆ†
0
0 0
+ yν,jk (xA , x ; ω )fν (x , ω , t ) − σ̂kj (0)ei∆ωkj t
Z
XZ t0 Z
0
00
00
3 00
−i
dt d x dω 00 ei∆ωkj (t −t ) {σ̂kl (t00 )[yα,jl (xA , x00 ; ω 00 )fˆα (x00 , ω 00 , t00 )
l

0

∗
+ yα,jl
(xA , x00 ; ω 00 )fˆα† (x00 , ω 00 , t00 )] − σ̂lj (t00 )[yα,lk (xA , x00 ; ω 00 )fˆα (x00 , ω 00 , t00 )
ih
∗
00
00 ˆ†
00
00 00
+ yα,lk (xA , x ; ω )fα (x , ω , t )]} yν,ki (xA , x0 ; ω 0 )fˆν (x0 , ω 0 , t0 )
io
∗
0
0 ˆ†
0
0 0
+ yν,ki (xA , x ; ω )fν (x , ω , t )
.
(4.58)

One must keep in mind that the dimer transition frequency does not
exactly correspond to ωi − ωj due to the backreaction of the field on the
dimer. As a result, the bare transition frequencies become complex quantities with Langevin linewidth Γij and a level shift δωij such that ∆ωij →
ωi − ωj + δωij + Γij [153]. It is assumed that the radiation considered is
off-resonant with respect to the dimer transition frequencies, so that σ̂ij can
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be neglected whenever i 6= j. Furthermore, terms related to static dimer
states like σ̂ii (0) can also be dropped, since they bring no dynamical contributions (the corresponding energy levels are undriven by the background
electric field). The remaining dimer-state projectors are considered to evolve
predominantly as dictated by free dimer Hamiltonian ĤA [as can be seen
from equation (4.57), corrections to free evolution are always of higher order], with no phase factor due to ∆ωii = 0, and can effectively be replaced by
their quasi-static expectation values hσ̂ii (t00 )i ≈ σ̃ii . Going back to equation
(4.58), one can solve it by Fourier transforming the polaritonic operators
relative to time:
Z
ˆ
e) ,
(4.59)
f µ (x, ω, t) = de
ω e−ieωt fˆµ (x, ω, ω
Z
†
†
fˆµ (x, ω, t) = de
ω eieωt fˆµ (x, ω, ω
e) .
(4.60)
After an index change of the form i → j → k → i to convert the (σ̃kk − σ̃jj )dependent terms into (σ̃ii − σ̃kk )-dependent ones, integration over time on the
(Fourier-transformed) right-hand side of equation (4.58) can be performed to
give
Z
Z
†
−ie
ω t ˆ†
e)
e ) = de
ω ωe−ieωt fˆµ (x, ω, ω
de
ωω
ee
f µ (x, ω, ω

ZZ
ZZ
XZ Z
0
3 0 3 00
0
00
de
ω de
ω
d xd x
dω dω (σ̃ii − σ̃kk ) yα,ki (xA , x00 ; ω 00 )
−
ijk
0

n
h
× yν,jk (xA , x0 ; ω 0 )yµ,ij (xA , x; ω)ei∆ωij t
0

e−i(∆ωij +eω+eω )t − 1
(∆ωik + ω
e )(∆ωij + ω
e+ω
e0)

i
ei(∆ωjk −eω )t − 1
+
+ yν,ij (xA , x0 ; ω 0 )yµ,jk (xA , x; ω)ei∆ωjk t
0
(∆ωik + ω
e )(∆ωjk − ω
e)
0
io
h
−i(∆ωjk +e
ω +e
ω 0 )t
ei(∆ωij −eω )t − 1
e
−1
×
+
(∆ωik + ω
e )(∆ωjk + ω
e+ω
e 0 ) (∆ωik + ω
e )(∆ωij − ω
e0)
∗
× fˆα (x00 , ω 00 , ω
e )fˆν (x0 , ω 0 , ω
e 0 ) + yα,ki
(xA , x00 ; ω 00 )
0
h
n
e−i(∆ωij −eω+eω )t − 1
0
0
i∆ωij t
× yν,jk (xA , x ; ω )yµ,ij (xA , x; ω)e
(∆ωik − ω
e )(∆ωij − ω
e+ω
e0)
0
i
ei(∆ωjk −eω )t − 1
+
+ yν,ij (xA , x0 ; ω 0 )yµ,jk (xA , x; ω)ei∆ωjk t
(∆ωik − ω
e )(∆ωjk − ω
e0)
0
0
h
io
e−i(∆ωjk −eω+eω )t − 1
ei(∆ωij −eω )t − 1
×
+
(∆ωik − ω
e )(∆ωjk − ω
e+ω
e 0 ) (∆ωik − ω
e )(∆ωij − ω
e0)
†
× fˆα (x00 , ω 00 , ω
e )fˆν (x0 , ω 0 , ω
e 0 ) + yα,ki (xA , x00 ; ω 00 )
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0

n
h
∗
× yν,jk
(xA , x0 ; ω 0 )yµ,ij (xA , x; ω)ei∆ωij t
0

e−i(∆ωij +eω−eω )t − 1
(∆ωik + ω
e )(∆ωij + ω
e−ω
e0)

i
ei(∆ωjk +eω )t − 1
∗
(xA , x0 ; ω 0 )yµ,jk (xA , x; ω)ei∆ωjk t
+ yν,ij
+
(∆ωik + ω
e )(∆ωjk + ω
e0)
0
0
h
io
e−i(∆ωjk +eω−eω )t − 1
ei(∆ωij +eω )t − 1
×
+
(∆ωik + ω
e )(∆ωjk + ω
e−ω
e 0 ) (∆ωik + ω
e )(∆ωij + ω
e0)

†
∗
× fˆα (x00 , ω 00 , ω
e )fˆν (x0 , ω 0 , ω
e 0 ) + yα,ki
(xA , x00 ; ω 00 )
0
n
h
e−i(∆ωij −eω−eω )t − 1
∗
× yν,jk
(xA , x0 ; ω 0 )yµ,ij (xA , x; ω)ei∆ωij t
(∆ωik − ω
e )(∆ωij − ω
e−ω
e0)
0
i
ei(∆ωjk +eω )t − 1
∗
(xA , x0 ; ω 0 )yµ,jk (xA , x; ω)ei∆ωjk t
+
+ yν,ij
(∆ωik − ω
e )(∆ωjk + ω
e0)
0
0
h
io
e−i(∆ωjk −eω−eω )t − 1
ei(∆ωij +eω )t − 1
×
+
(∆ωik − ω
e )(∆ωjk − ω
e−ω
e 0 ) (∆ωik − ω
e )(∆ωij + ω
e0)

†
†
e0) .
(4.61)
e )fˆν (x0 , ω 0 , ω
fˆα (x00 , ω 00 , ω

The Fourier frequencies ω
e and ω
e 0 represent the inverse of the characteristic
time scales of change of fˆµ† and fˆµ ; these time scales should be of higher
order of magnitude than any of the average dimer transition times, which
are related to (∆ωij )−1 . This means that any exponential term containing
∆ωij oscillates too fast compared to the characteristic evolution times of
the polaritonic annihilation and creation operators. One can therefore keep
solely the terms oscillating with frequencies ω
e±ω
e 0 on the right-hand side of
equation (4.61), in accordance with the rotating-wave approximation. Before
applying the inverse Fourier transform to equation (4.61), it is necessary to
Fourier transform also the frequency-dependent fractions in it; one such term
reads
Dik,ij (e
ω, ω
e 0 ) = [(∆ωik + ω
e )(∆ωij + ω
e+ω
e 0 )]−1 .
(4.62)
All other similar terms can be obtained from (4.62) by swapping indices
and/or taking ω
e → −e
ω, ω
e 0 → −e
ω 0 . The Fourier transform of (4.62) gives

1
00
0
00 
Dik,ij (t0 , t00 ) = − ei∆ωij t ei∆ωik (t −t ) sign(t0 − t00 ) + sign(Γik )
4

× sign(t00 ) + sign(Γkj ) .
(4.63)
For sign(Γkj ) > 0, Dik,ij (t0 , t00 ) vanishes whenever t00 < 0 or t0 < t00 , and
therefore its domain can be taken as t0 , t00 ≥ 0. The function (4.63) allows
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one to recast equation (4.61) in the form
†
˙
fˆµ† (x, ω, t) = iω fˆµ (x, ω, t)

ZZ
ZZ
XZ Z
0 00
3 0 3 00
0
00
−
dt dt
d xd x
dω dω (σ̃ii − σ̃kk ) yα,ki (xA , x00 ; ω 00 )
ijk

h
× yν,jk (xA , x0 ; ω 0 )yµ,ij (xA , x; ω)Dik,ij (t0 , t00 ) + yν,ij (xA , x0 ; ω 0 )yµ,jk (xA , x; ω)
i
∗
× Dik,jk (t0 , t00 ) fˆα (x00 , ω 00 , ω
e )fˆν (x0 , ω 0 , ω
e 0 ) + yα,ki
(xA , x00 ; ω 00 )
h
× yν,jk (xA , x0 ; ω 0 )yµ,ij (xA , x; ω)Dik,ij (t0 , t00 ) + yν,ij (xA , x0 ; ω 0 )yµ,jk (xA , x; ω)
i †
× Dik,jk (t0 , t00 )] fˆα (x00 , ω 00 , ω
e )fˆν (x0 , ω 0 , ω
e 0 ) + yα,ki (xA , x00 ; ω 00 )
h
∗
∗
× yν,jk
(xA , x0 ; ω 0 )yµ,ij (xA , x; ω)Dik,ij (t0 , t00 ) + yν,ij
(xA , x0 ; ω 0 )yµ,jk (xA , x; ω)
i
†
∗
e )fˆν (x0 , ω 0 , ω
e 0 ) + yα,ki
× Dik,jk (t0 , t00 )] fˆα (x00 , ω 00 , ω
(xA , x00 ; ω 00 )
h
∗
∗
× yν,jk
(xA , x0 ; ω 0 )yµ,ij (xA , x; ω)Dik,ij (t0 , t00 ) + yν,ij
(xA , x0 ; ω 0 )yµ,jk (xA , x; ω)

i †
†
0
0
0
00
00
0 00
e) .
(4.64)
e )fˆν (x , ω , ω
× Dik,jk (t , t )] fˆα (x , ω , ω
The evolution equation (4.64) is generated by the effective Hamiltonian
ZZ
dt0 dt00 X (2)
χ Êα (xA , t)Êµ (xA , t − t0 )Êν (xA , t − t00 ) , (4.65)
Ĥeff (t) = 0
2π 2π A αµν
in which the summation over A (and consequently over xA ) encompasses
all possible dimers, if an ensemble of them is present. The time-dependent
susceptibility (also referred as response function), is given by
h
1 X
(2)
0 00
ˆ
χαµν (t , t ) = − 2
(σ̃ii − σ̃kk )hk|dµ |ii hj|dˆν |kihi|dˆα |jiDik,ij (t0 , t00 )
0 ~ ijk
i
− hi|dˆν |jihj|dˆα |kiDik,jk (t0 , t00 ) .
(4.66)
Although the time integrals in equation (4.65) run from −∞ to +∞, the
properties of the susceptibility (4.66), inherited from (4.63), guarantee that
only for t0 , t00 > 0 the Hamiltonian is nonvanishing, therefore enforcing causality. Although it might seem like the Hamiltonian (4.65) violates energy conservation, the corresponding action (its time integral), together with timeordering, enforce energy conservation at every perturbative step when evolving a state or operator.
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4.4

State evolution: the simple picture

The quantum states participating in the electrooptic sampling involve
two polarizations and frequencies running continuously from zero to (virtually) infinity. The treatment of a multimode problem can be partially
circumvented by the use of nonmonochromatic modes covering the NIR and
the MIR frequency ranges, leading to an effective description of the probedriven interaction as a two-mode squeezing between the s-polarized MIR and
NIR modes [53]. In the subcycle sampling regime, the corresponding nonmonochromatic mode operators show some unusual properties that can be
related to the presence of virtual particles. As an example, the MIR annihilation operator does not completely annihilate the vacuum state |{0}Ω,s i
defined over the continuous (s-polarized) set of MIR frequencies. For the
sake of simplicity, I shall ignore these properties in this section and assume
to be working outside of the subcycle regime. This corresponds to the choice
of 3 frequencies only in the Hamiltonian (4.65), so that for the point group
43m (and the geometry shown in figure 1.3) the state evolution can then
be treated in terms of a simplified effective 3-mode interaction, with corresponding operators âMIR , âNIR and âp for the s-polarized MIR, s-polarized
NIR and z-polarized NIR (probe), respectively. If transition frequencies in
the nonlinear crystal are assumed to be much larger than any of the field
(t0 , t00 ) ∝ δ(t0 )δ(t00 ) is valid.
frequencies of interest, the approximation χ(2)
αµν
One can then enforce energy conservation on the Hamiltonian (neglecting
time-ordering effects) and exclude up-conversion to frequencies above the
NIR R(as well as the inverse process), in such a way that the simplified action
Ŝ = dtĤeff |∆ωij →∞ at the vicinity of a single dimer4 becomes
Ŝ ≈ Aâ†MIR â†NIR âp + A∗ âMIR âNIR â†p + CâMIR â†NIR âp + C ∗ â†MIR âNIR â†p (4.67)
and the unitary evolution operator reads
n
o
Û ≈ exp Aâ†MIR â†NIR âp − A∗ âMIR âNIR â†p + CâMIR â†NIR âp − C ∗ â†MIR âNIR â†p ,
(4.68)
with A = −iA and C = −iC.
For the electrooptic sampling, I consider the input state |α, 0, 0i, where
the first, second and third entries stand for the probe, MIR and NIR modes,
respectively. The probe is initially in the coherent state of amplitude5 α
4

It is assumed that the photons/polaritons are considered at such distances in which
the Green’s function can be approximately proportional to the identity.
5
To distinguish from the continuous case, the discrete-mode amplitude α will have no
subscript p.
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generated by a corresponding displacement operator, while both the MIR
and NIR modes are in their vacuum states. Through Taylor expansion, the
first-order correction to the initial state generated by equation (4.68) is given
by
|out1 i = lnÛ |α, 0, 0i = Aα|α, 1, 1i ,
(4.69)
while the second-order one reads

1
1 2
|out2 i = ln Û |α, 0, 0i = A2 α2 |α, 2, 2i − |A|2 αâ†p |α, 0, 0i
2
2

1
1
2
∗
†
√
√
+
ACα |α, 0, 2i −
AC αâp |α, 2, 0i .
2
2

(4.70)

The conjunction of quarter-wave plate, Wollaston prism and photon detection
leads to the signal operator

Ŝ = i â†p âNIR − â†NIR âp ,
(4.71)
which can be applied on (4.69) and (4.70) to give


√
|sig1 i = Ŝ|out1 i = iAα â†p |α, 1, 0i − 2α|α, 1, 2i ,

(4.72)

and
h√
√
|sig2 i = Ŝ|out2 i =i 2A2 α2 â†p |α, 2, 1i − 3A2 α3 |α, 2, 3i
1
+ |A|2 α(â†p α + 1)|α, 0, 1i + ACα2 â†p |α, 0, 1i
2
r
i
3
1
3
∗
†
−
ACα |α, 0, 3i + √ AC α(âp α + 1)|α, 2, 1i .
2
2
(4.73)
Together with
|sig0 i = Ŝ|α, 0, 0i = −iα|α, 0, 1i ,

(4.74)

which gives the (shot-noise) contribution hsig0 |sig0 i = |α|2 , and hŜi = 0, the
expectation value for the signal variance up to the second order is given by
hŜ 2 i = hsig0 |sig0 i + hsig1 |sig1 i + hsig0 |sig2 i + hsig2 |sig0 i, with
hsig1 |sig1 i = |A|2 |α|2 (1 + 3|α|2 )

(4.75)

and
hsig0 |sig2 i + hsig2 |sig0 i = −|A|2 |α|2 − (|A|2 + AC + A∗ C ∗ )|α|4 .
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(4.76)

In other words, the total signal variance has the form
hŜ 2 i = |α|2 + (2|A|2 − AC − A∗ C ∗ )|α|4

(4.77)

where the electrooptic term depends on |α|4 ∝ N 2 . Note that |out1 i (which
has the same MIR state as |sig1 i) contains a MIR photon, while |out2 i contains contributions from states both with and without MIR photons, but
only the latter contribute to the signal at second order.
One can try to reconnect this state-evolution approach to the Heisenbergpicture calculations presented in 3. It is trivial to show that hsig1 |sig1 i and
hsig0 |sig2 i + hsig2 |sig0 i are related to both hα, 0, 0|[Ŝ (1) ]2 |α, 0, 0i = h[Ŝ (1) ]2 i
[the superscript (1) here denotes first-order operator evolution] and hŜ (2) Ŝ (0) i+
hŜ (0) Ŝ (2) i, since
h[Ŝ (1) ]2 i = h[Ŝ, lnÛ ]2 i = −hlnÛ Ŝ 2 lnÛ i + h[lnÛ Ŝ]2 i − hŜln2 Û Ŝi + h[ŜlnÛ ]2 i
(4.78)
and
1
1
hŜ (2) Ŝ (0) i + hŜ (0) Ŝ (2) i = h[[Ŝ, lnÛ ], lnÛ ]Ŝi + hŜ[[Ŝ, lnÛ ], lnÛ ]i
2
2
1 2 2
1 2 2
= hln Û Ŝ i + hŜ ln Û i − h[lnÛ Ŝ]2 i + hŜln2 Û Ŝi − h[ŜlnÛ ]2 i .
2
2

(4.79)

When combining equations (4.78) and (4.79), the terms that do not lead to
either hsig1 |sig1 i or hsig0 |sig2 i + hsig2 |sig0 i mutually cancel. Note that lnÛ
is anti-Hermitian, so that hout1 | = −hα, 0, 0|lnÛ and therefore h[Ŝ (1) ]2 i +
hŜ (2) Ŝ (0) i + hŜ (0) Ŝ (2) i = hsig1 |sig1 i + hsig0 |sig2 i + hsig2 |sig0 i. The terms that
mutually cancel, however, are still present in the evolved signals (4.78) and
(4.79), and result in signal variances for Ŝ (1) and Ŝ (2) that carry contributions
from both |sig1 i and |sig2 i.
Explicit evolution of the signal operator (4.71) results in
Ŝ (1) = −i[n̂p − n̂NIR ][(A − C ∗ )â†MIR − (A∗ − C)âMIR ]

(4.80)

and
i
Ŝ (2) = (|A|2 − |C|2 )[n̂p − n̂NIR ][â†p âNIR − â†NIR âp ]
2
− i[Aâ†MIR â†NIR âp + A∗ âMIR âNIR â†p + CâMIR â†NIR âp + C ∗ â†MIR âNIR â†p ]
× [(A − C ∗ )â†MIR − (A∗ − C)âMIR ] .

(4.81)

It is worth mentioning that, by considering only linear terms in the unperturbed quantum fields δ Ê in chapter 3, I am basically keeping only the terms
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proportional to n̂p in the above equations. These are the terms that give the
|α|4 contributions to the signal variances.
Using equation (4.81), one can calculate
n
Ŝ (0) Ŝ (2) + Ŝ (2) Ŝ (0) = −(|A|2 − |C|2 ) n̂p (n̂NIR + 1) − n̂NIR (n̂p + 1)
− (â†p )2 â2NIR + (â†NIR )2 â2p [n̂p − n̂NIR ][−n̂p (n̂NIR + 1) − n̂NIR (n̂p + 1)
o n
+ (â†p )2 â2NIR − (â†NIR )2 â2p ] + 2[Aâ†MIR â†NIR âp + A∗ âMIR âNIR â†p
+ CâMIR â†NIR âp + C ∗ â†MIR âNIR â†p ](â†p âNIR − â†NIR âp ) + (n̂p − n̂NIR )
o
∗ †
∗
× [(A + C )âMIR + (A + C)âMIR ] [(A − C ∗ )â†MIR − (A∗ − C)âMIR ] , (4.82)
which leads to
hŜ (2) Ŝ (0) i + hŜ (0) Ŝ (2) i = −(|A|2 + |C|2 − AC − A∗ C ∗ )|α|2 + (|A|2 − |C|2 )|α|4 .
(4.83)
Similarly,
h[Ŝ (1) ]2 i = (|A|2 + |C|2 − AC − A∗ C ∗ )(|α|2 + |α|4 ) .

(4.84)

It is clear that the above equations are linear combinations of (4.75) and
(4.76), emphasizing the fact that both hŜ (2) Ŝ (0) i + hŜ (0) Ŝ (2) i and h[Ŝ (1) ]2 i
contain contributions from MIR populated states.
For a two-channel setup, similar calculations can be performed by using
the initial state |αch1 , αch2 , 0MIR , 0ch1 , 0ch2 i. The signal operator splits into two
operators: Ŝch1 = i(â†p,ch1 âNIR,ch1 − â†NIR,ch1 âp,ch1 ) and Ŝch2 = i(â†p,ch2 âNIR,ch2 −
â†NIR,ch2 âp,ch2 ). Analogously, in the evolution operator one must consider
Aâp â†NIR → Ach1 âp,ch1 â†NIR,ch1 + Ach2 âp,ch2 â†NIR,ch2 , with similar relations for
the other terms. This can be clearly seen, e.g., for the first-order state
|out01 i = Ach1 αch1 |αch1 , αch2 , 1, 1, 0i + Ach2 αch2 |αch1 , αch2 , 1, 0, 1i ,

(4.85)

which can generate the two signal contributions
|sig01,ch1 i = iAch1 αch1 â†p,ch1 |αch1 , αch2 , 1, 0, 0i
√
2
|αch1 , αch2 , 1, 2, 0i − iAch2 αch1 αch2 |αch1 , αch2 , 1, 1, 1i , (4.86)
− i 2Ach1 αch1
and
|sig01,ch2 i = iAch2 αch2 â†p,ch2 |αch1 , αch2 , 1, 0, 0i
√
2
− i 2Ach2 αch2
|αch1 , αch2 , 1, 0, 2i − iAch1 αch1 αch2 |αch1 , αch2 , 1, 1, 1i . (4.87)
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The cross-signal variance then reads
hsig01,ch1 |sig01,ch2 i + hsig01,ch2 |sig01,ch1 i = 2(A∗ch1 Ach2 + Ach1 A∗ch2 )|αch1 αch2 |2 .
(4.88)
The other second-order term gives
hsig00,ch1 |sig02,ch2 i + hsig02,ch2 |sig00,ch1 i + hsig02,ch1 |sig00,ch2 i + hsig00,ch2 |sig02,ch1 i =
∗
∗
)|αch1 αch2 |2 .
+ A∗ch2 Cch1
− (Ach1 Cch2 + Ach2 Cch1 + A∗ch1 Cch2

(4.89)

Note that these results are different from the corresponding ones for a single
channel.
Since the calculations in this section serve a merely illustrative purpose,
I shall refrain from going to fourth order here. It is worth noting, however,
that these results are expected from the complete calculations shown in 3 in
the limit of a gating function proportional to a Dirac delta distribution.

4.5

State evolution: a refined view

For the analysis of an electrooptic process, one can consider a multimode
input state of the form |{0}Ω,s i|{0}ω,s i|{αp }ω,z i, with indices z and s indicating polarization degrees of freedom and |{αp }ω,z i standing for the probe
state. Since the geometrical arrangement of the nonlinear crystal can position its axes at a configuration different from the reference frame adopted,
the following rotation matrices have to be applied on the electric-field vector
components:




cos θ 0 − sin θ
cos θ − sin θ 0
1
0  and Rk0 (φ) =  sin θ cos θ 0 . (4.90)
Rs (θ) =  0
sin θ 0 cos θ
0
0
1
In the matrices (4.90), primed axes are related to the post-rotation reference
frame: it the first rotation [described by Rs (θ)] is taken around the s axis,
the second rotation [Rk0 (φ)] is taken around the new k axis, denoted k 0 . The
electric field then takes the form:
00

Ê = Rk0 (−φ)Rs (−θ)Ê .

(4.91)

Once the field in the crystal reference frame is known, one can apply
the evolution operator on the input state. In the Interaction picture, the
polaritonic annihilation and creation operators, fˆµ (x, ω, t) and fˆµ† (x, ω, t),
simply evolve according to the free Hamiltonian (4.52):
fˆµ (x, ω, t) = fˆµ (x, ω)e−iωt and fˆµ† (x, ω, t) = fˆµ† (x, ω)eiωt .
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(4.92)

The Interaction-picture state |iniI = |{0}Ω,s iI |{0}ω,s iI |{αp }ω,z iI evolves acR
cording to the operator ÛI = T exp(−i~−1 dtĤed ), in which the Hamiltonian
(4.65) with operators (4.92) has been used and T stands for time ordering.
Up to second order, the state evolution gives
Z
Z
Z 00
4πi0 ∞ dt t dt0 t dt00 X (2)
ÛI |iniI = |iniI −
χµαν (t − t0 , t − t00 )
~
−∞ 2π −∞ 2π −∞ 2π A
ZZZ
h
ih
0
iω1 t
−iω1 t
00(−)
00(+)
×
dω1 dω2 dω3 Êµ (x, ω1 )e
+ Êµ (x, ω1 )e
Êα00(+) (x, ω2 )e−iω2 t
ih
i
00(−)
iω2 t0
00(+)
−iω3 t00
00(−)
iω3 t00
+ Êα (x, ω2 )e
Êν (x, ω3 )e
+ Êν (x, ω3 )e
|iniI
Z
Z
Z
Z
Z
Z
0
00
0
64π20 ∞ dt t dτ τ dt0 t dt00 t dτ 0 τ dτ 00
−
~2
−∞ 2π −∞ 2π −∞ 2π −∞ 2π −∞ 2π −∞ 2π
X
(2)
0
00
0
00
×
χ(2)
µαν (t − t , t − t )χβγδ (τ − τ , τ − τ )
A,B

ZZZZZZ

h
×
dω1 dω2 dω3 dω4 dω5 dω6 Êµ00(+) (x, ω1 )e−iω1 t
ih
i
00(+)
00(−)
00(−)
iω1 t
−iω2 τ
iω2 τ
+ Êµ (x, ω1 )e
Êβ (x, ω2 )e
+ Êβ (x, ω2 )e
h
ih
0
0
00
× Êα00(+) (x, ω3 )e−iω3 t + Êα00(−) (x, ω3 )eiω3 t Êν00(+) (x, ω4 )e−iω4 t
ih
i
00
0
0
+ Êν00(−) (x, ω4 )eiω4 t Êγ00(+) (x, ω5 )e−iω5 τ + Êγ00(−) (x, ω5 )eiω5 τ
h
i
00(+)
00(−)
−iω6 τ 00
iω6 τ 00
× Êδ (x, ω6 )e
+ Êδ (x, ω6 )e
|iniI .

(4.93)

From the time integrals in equation (4.93), it is possible to see that,
when retardation effects are accounted for in the nonlinear susceptibility,
time ordering enforces energy conservation at each perturbation order, with
the second-order term involving energy conservation for the entirety of six
polaritons participating in the process. This feature has not been accounted
for in chapter 3, and its inclusion in the theory might lead to corrections to
the formerly obtained results.
For the setup shown in figure 1.3, the rotation matrices (4.90) should
be applied with φ = 3π/4 and θ = π/2, resulting in Êz00 = √12 (Ês − Êk ),
Ês00 =

√1 (Êk − Ês )
2

and Êk00 = −Êz . Note that, since the susceptibility for this
(2)

case can be written as χijk = χ(2) |ijk |, the fields will always combine in such
a way that one probe amplitude (z component) is present. The polariton
approach, however, does not exclude the longitudinal excitations, and their
presence might contribute to the overall polariton-generation process, possibly even leading to additional back-action contributions. The presence of
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these longitudinal polaritons considerably increases the possibilities of states
to which the input state can evolve at second order. A complete mapping of
these states and their signal-variance contributions in an electrooptic measurement (accounting for the slab geometry of the crystal) is currently under
development.

4.6

Conclusion

Although the results presented in this chapter are of preliminary character, the derived effective Hamiltonian for the 3-wave mixing already leads to
qualitatively valuable results in the simplified limit case of a 3-mode interaction. For the cases of a one-(two-)channel measurement, the discrete-mode
expectation value of the total electrooptic signal variances (cross-signal) can
be shown to depend on |α|4 ∝ N 2 (|αch1 αch1 |2 ∝ N 2 ) at second order in
perturbation theory. This result is in agreement with the more refined model
presented in chapter 3. The time-delay dependence can also be reproduced
in the simplified discrete-mode model. The availability of the Green’s functions for the propagation of fields through (and their generation within) a
nonlinear-crystal slab have also been derived and might provide a more sophisticated description of the process of electrooptic sampling, accounting for
scattering, transmission and reflection effects at the interfaces of the crystal, as well as dispersion and absorption within it. The state evolution can
then be performed without neglection of time ordering, what might affect
the energy balance of the outcome state. The next step of this project is
the complete description of the state evolution in a way similar to the one
presented in section 4.4, but accounting for the multimode character of the
radiation and for all the mentioned effects.
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Chapter 5
Final remarks
This thesis comprises some of my major contributions to the description
of electrooptic sampling and generation of quantum fields.
Chapter 2 extends the common description of squeezed states by including terms in its exponent that depend on one annihilation and one creation
operator. Such frequency-conversion contributions become more expressive
as the broadband (or subcycle) character of the driving pulse increases. In
fact, these terms play a major role in the description of virtual-field excitations that lead to the Unruh-Davies effect, as we showed in reference [53].
The ultrabroadband squeezed states, when generated through single-cycle
or half-cycle driving, are characterized by spectral photon densities of exponential high-frequency behavior, as expected for the detection of photons
in a thermal distribution. We show that this result can be understood as
a consequence of the propagation of the electric-field modes through curved
world lines, accumulating (Unruh-Davies-like) photons in the process, and
further evidence to this picture is given by us in reference [49]. The spectral photon densities are deternined by the characteristic time scales of the
driving pulses, and a connection could be found to the Unruh-Davies effect
when the observer has a finite lifetime [110]. Furthermore, it is shown that
the temporal behavior of the electric-field variance qualitatively matches the
measured data in reference [47], revealing that optical-based measurements
of effects originally predicted in quantum field theory in curved space can
become a resourceful testing ground for the simulation of cosmological phenomena presently beyond reach.
When discussing the electrooptic measurements that led to the detection
of vacuum-related additional noise [46, 55], the previously neglected effect of
cascaded generation and its implications in terms of quantum back action
have been accounted for in the results of chapter 3. It is shown that even the
(perturbative) lowest-order signal-variance contribution on top of the shot
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noise results from processes that can generate photons in the indirectly sampled vacuum, highlighting its unavoidable back-action nature. The lowestorder back action, however, can still be considered effectively absent as long
as the probe intensities are sufficiently small. When intense enough probes
are used in the electrooptic sampling of a quantum state, the high-order
back-action states start to dominate and this is reflected in the characteristic
change of behavior of the root-man-square signal per probe photon. Moreover, a slightly different electrooptic setup for the measurement of zero-point
electric-field fluctuations is investigated [50]; this approach makes use of two
probe pulses instead, each belonging to one channel. The results can be expressed as a function of the time delay between the two probes and show that
the base-level shot noise can be avoided when a cross-channel signal autocorrelation is measured. The calculations address the splitting of the cascaded
field contributions into a plethora of components with very different phase
modulations, many of which do not contribute to the measurement outcome.
The calculations are complemented by the yet to be completed polaritonstate approach presented in chapter 4.
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Chapter 6
Author contributions
The works presented in this thesis were both extracted from publication
in which I was the first authors. I have made all the calculations myself,
wrote the works and actively participated in the formulation of the ideas.
The results presented in chapter 2 have been published in [48, T. L.
M. Guedes et al., Phys. Rev. Lett. 122, 053604]. Changes were made
to the structure, text, and notations for the sake of consistency, and a few
new equations have been included here. All the derivations presented in
subsections 2.2, 2.3 and 2.4 were made by myself, while the discussion in
section 2.5 was formulated by Andrey S. Moskalenko and me.
In chapter 3, The results presented have already been prepared for submission as of the time of preparation of this thesis. The derivation of the
main signal contribution presented both in subsection 1.2.4 and section 3.2,
as well as the elements leading to its equation, have been devised by Andrey S. Moskalenko. All the remaining derivations were made by myself.
Numerical calculations were performed by me and I. Vakulchyk.
The results presented in chapter 4 have not been published as of the time
of writing of this thesis. Due to their preliminary character, the possibility of
publication shall be evaluated after completion of the work. The derivations
presented in subsections 4.2 and 4.3 represent my own take on and summarization of the results in references [148, 149, 153]. The remaining derivations
and calculations were performed by me.

112

Bibliography
[1] M. Planck, Annalen der Physik 2, 202 (1900).
[2] M. Planck, Verhandlungen der Deutschen Physikalischen Gesellschaft
2, 237 (1900).
[3] M. Planck, Annalen der Physik 306, 719 (1900).
[4] J. Evans and A. S. Thorndike, Quantum mechanics at the crossroads:
New perspectives from history, philosophy and physics (Springer Science & Business Media, 2006).
[5] A. Einstein, Annalen der Physik 322, 132 (1905).
[6] N. H. D. Bohr, The London, Edinburgh, and Dublin Philosophical
Magazine and Journal of Science 26, 1 (1913).
[7] A. Sommerfeld, Annalen der Physik 356, 1 (1916).
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[79] G. Szegö, Orthogonal polynomials, Vol. 23 (American Mathematical
Society, 1939).
[80] A. Wünsche, Journal of Computational and Applied Mathematics 133,
665 (2001), 5th Int. Symp. on Orthogonal Polynomials, Special Functions and t heir Applications.
[81] A. Wünsche, arXiv preprint arXiv:1603.07657 (2016).
[82] L. Debnath, Nonlinear partial differential equations for scientists and
engineers (Springer Science & Business Media, 2011).
[83] T. H. Lu, Y. C. Lin, Y. F. Chen, and K. F. Huang, Applied Physics
B 103, 991 (2011).
[84] P. Knight and L. Allen, Concepts of Quantum Optics (Pergamon Press,
Oxford, 1983).
[85] L.-A. Wu, H. J. Kimble, J. L. Hall, and H. Wu, Phys. Rev. Lett. 57,
2520 (1986).
117

[86] P. G. Kwiat, K. Mattle, H. Weinfurter, A. Zeilinger, A. V. Sergienko,
and Y. Shih, Phys. Rev. Lett. 75, 4337 (1995).
[87] C. M. Caves, Phys. Rev. D 23, 1693 (1981).
[88] J. Aasi et al., Nat. Photonics 7, 613 (2013).
[89] M. Hillery, Phys. Rev. A 61, 022309 (2000).
[90] J. L. O’Brien, A. Furusawa, and J. Vučković, Nat. Photonics 3, 687
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[142] B. Monoszlai, P. S. Nugraha, G. Tóth, G. Polónyi, L. Pálfalvi, L. Nasi,
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J. A. Fülöp, Opt. Express 28, 12352 (2020).
[143] M. Sheik-Bahae, D. J. Hagan, and E. W. Van Stryland, Phys. Rev.
Lett. 65, 96 (1990).
[144] H. B. Casimir and D. Polder, Phys. Rev. 73, 360 (1948).
[145] H. B. Casimir, in Proc. Kon. Ned. Akad. Wet., Vol. 51 (1948) p. 793.
[146] S. K. Lamoreaux, Phys. Rev. Lett. 78, 5 (1997).
[147] A. I. Lvovsky, Encyclopedia of Optical Engineering 27, 1 (2013).
[148] J. E. Sipe, J. Opt. Soc. Am. B 4, 481 (1987).
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