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1. Introduction 

ABSTRACT 

Motivated by an example from neurobiology, we consider estimation in a spline regression 
model with long-range dependent errors that are generated by Gaussian subordination. 
Consistency and the asymptotic distribution are derived for general Hermite ranks. 
Simulations illustrate the asymptotic results and finite sample properties. The method is 
applied to optical measurements of calcium concentration in the antennal lobe of honey 
bees used in the study of olfactory patterns. 

We consider estimation in a spline regression model with strongly dependent errors. The problem of fitting piecewise 
polynomials when residuals exhibit long memory is motivated by an application in neurobiology: Galan et al. [26) analyzed 
the temporal evolution of glomerular activity patterns in the antennallobe of honey bees (also see [38,27)) which is a central 
part in the odor processing of insects. Coding of odors is believed to be related to spatiotemporal patterns represented 
as trajectories (in time) in a multidimensional space, where each dimension accounts for the activity of one glomerulus. 
Fig. l(a) shows the activity of a glomerulus of a honey bee, starting 0.2 s after an olfactory stimulus and measured for 
24 s at time intervals of 0.04 s. The response to the stimulus fades out fairly quickly. Afterward the process continues to 
fluctuate randomly at a lower lever, but possibly with a slowly changing mean. The transition between the two phases 
appears to be (and is expected to be) smooth. Splines provide a natural way of modeling this type of response function. 
The estimated curve in Fig. l(a) was obtained by quadratic spline regression with one unknown knot. The estimated knot 
can be interpreted as the approximate time when the effect of the stimulus ceases to be observable. The distribution of the 
residuals is close to normal (Fig. l(c)), but the periodogram exhibits a negative slope in log-log-coordinates which is an 
indication for long-range dependence (Fig. l(d)). The question therefore arises which effect long-range dependence has on 
parameter estimation in spline regression. In this paper the asymptotic distribution of parameter estimates will be derived 
for error processes obtained by Gaussian subordination. 

The occurrence of long memory and related fractal processes in neuroscience is well documented (see e.g. [45)). For other 
applications and statistical inference for long memory processes; see e.g. [1,23). A classical reference to splines in general is 
for instance [20), for splines in statistics; see e.g. [53,24,32). Diggle and Hutchinson [21) extend Wahba's [52) formulation 
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Fig. 1. Optical measurements of the calcium concentration in a glomerulus of the antennallobe ofa honey bee [26J starting 0.2 s after an olfactory stimulus. 
The fitted trend function was obtained by quadratic spline regression with one free knot 1). Also given are the regression residuals. a normal probability 
plot of the residuals and a log-log-plot of their periodogram together with a fitted spectral density. The dotted vertical line indicates the location of Ij. 

of spline smoothing to correlated errors (also see [40.54]). Multi-phase regression is discussed for instance in monographs 
by Csorgo and Horvath [16). Brodsky and Darkhovsky [14]. Chen and Gupta [15] and Seber and Wild [49]. In the case of Li.d. 
observations the least squares estimator is asymptotically normally distributed [29.25). For multivariate models; see [44.39]. 
If the knots are known. then the problem of fitting a spline boils down to linear regression. Results on the efficiency of 
least squares estimators in linear regression with strongly dependent residuals are given in Yajima [55.56]. Kiinsch et al. 
[43) and Dahlhaus [19] among others. For a review on nonparametric regression with correlated errors; see [47]. Kernel 
estimators in the long memory context are considered. e.g. in [33.48.17.18]. For local polynomial estimation; see [4-8]. 
Beran and Ghosh [9] and Gao and Anh [30) consider semiparametric regression models. Koul [41) and Koul and Baillie [42) 
extend results on M-estimation for long memory processes given in [2) to linear and nonlinear regression with random 
explanatory variables. Ivanov and Leonenko [35.36) derive asymptotic properties of least squares estimators in continuous 
time nonlinear regression. Ivanov and Leonenko [37) discuss estimation of the long memory parameter in a similar 
context. 

The results in [35,36) are not directly applicable to our situation, because our parameter space is unbounded and some 
of the regularity assumptions do not hold. It turns out however that the specific features of spline regression can be used to 
derive similar results. The paper is organized as follows: In Section 2, basic concepts are introduced briefly, the model and 
the least squares estimator are defined, and some elementary properties are mentioned. Consistency of the least squares 
estimator and its asymptotic distribution are derived in Section 3. It is shown that the asymptotic limit can be represented 
as a weighted average of a Hermite process of an appropriate order. In Section 4, the results are illustrated by simulations 
and the data example introduced above. Detailed proofs are given in the Appendix. 

2. Preliminaries and basic definitions 

2.1. The model 

We consider the model 

X(t)=fL(~)+~t (t=l, ... ,n) (1) 

with fL(S) denoting a spline function of degree p 2: 2. For simplicity of presentation, theoretical results will be given for the 
case of one unknown knot rJ. A generalization to multiple knots is straightforward. 

A spline function of order p and one free knot has the representation 

p+2 

fL(S) = L aJ;(s) (s E [0, 1]) (2) 
i=l 
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where a = (aI, ... , ap+2)' denotes unknown regression coefficients and the functions!l, ... ,Jp+2 are spIine basis functions 
defined as 

!J(s) = 1, h(s) = s, ... ,Jp+I(S) = sP, (3) 

The error process is assumed to be given by ~t = G(St) where St is a stationary Gaussian process with lE(St) = 0, Var(st) = 1 
and such that 

L(lt - sI) 
yet - s) = (ov(sr, ss) = --

It - si'" 
(4) 

where L is slowly varying at infinity [12] and 0' E (0, 1) denotes the long memory parameter. The function G : lR --+ lR is a 
Borel mapping such that lE[G(St)] = 0 and lE[G4 (St)] < 00. It then follows that G and G2 have an orthogonal representation 
in terms of Hermite polynomials (cf. [50,22,46]) given by 

and 

where 

00 C 
G(St) = L 2.Hk(st) 

k=m k! 

Hk(x) = (-l)kexp (~X2) !k [exp (- ~)], 
and m,j 2:: 1 denote the Hermite ranks of G and G2 -lE(G2), respectively. The covariance structure of ~t is given by 

00 C2 
(ov(~t, ~s) = L k~ yk(S - t). (5) 

k=m . 

In particular, assuming mO' < 1 andjO' < 1 we have 

Var (n-
I t G(St») = D(ym(n», Var (n-

I t G2
(St») = D(yj(n». 

Remark 1. In order to derive the asymptotic distribution, we essentially only need the condition Var (n- I L~=I G2(St») --+ 
o which still holds if jO' 2:: 1. Therefore, all the basic results remain the same, only the rates of convergence in some 
intermediate calculations change. In contrast, the results change significantly ifmO' > 1. In this case Var (n- I L~=I G(St») = 
D(n- I) and L~=I G(St) is asymptotically Gaussian. The limiting behavior is then in the realm of results by Breuer and 
Major [13]. 

2.2. Least squares estimation 

The parameter vector to be estimated is e = (a', 'f})' E e = lRP+2 x (0, 1). Note that r] =1= 0 and 1 in order to keep the 
model identifiable. A further identifiability condition is ap+2 =1= O. The least squares estimator of e is defined by 

L(i» = inf L(r) 
rE("! 

(6) 

where 

L(r) = t [X(t) - fl (~, r) r 
The following definitions will be needed. For given 1], set Wi,j = jj (*) (1 < < n; 1 ::s j ::s p + 2) and define the 

n x (p + 2) matrix 

Wn = Wn('f}) = (Wij)i=I, ... ,n;j=I, ... ,p+2. 

The columns ofWn will be denoted by Wj,n (j = 1, ... , P + 2). For each 'f}, there exists an N(T]) E N such that W~Wn is 
invertible for all n 2:: N('f}). The projection matrix on the column space ofWn('f}) may then be written as 

PWn = PWn (lJ) = Wn(W~Wn)-IW~. 
For parsimonious notation, we set fln(e) = [fl(t/n, e)]t=I, ... ,n, en = (~I' ... , ~n), 

n 

<Pn(81 , 82 ) = IIfln(81) - fln(e2)II~n = L [fl (t/n, 81) - fl (t/n, 82)f , 
t=1 
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and 

<P00(8j, 82 ) = 11 [{L(U, 81) - {L(U, 82)f duo 

Note that limn n-1 <Pn (Tj, T2) = <Poo (Tl, T2). Given a vector of observations X = [X(1), ... , X(n) I'. the least squares estimate 
of rJ is obtained by minimizing Ilx - PWn(ii) (X) 112 with respect to ~. Given ~. the estimate of a = (al • ... , ap+2)' is obtained 
by linear regression with design matrix Wo(~). The estimated mean function is then equal to 

PWn(i))(X) = PWn(f}) [JLn(8) + enl· 

Since rJ = 0 and 1 are excluded from e. and for Ij E [0, ~] U {1} the column space ofWo(lj) coincides with the space 
spanned by polynomials of degree P. we only need to consider Ij E (1ln, 1). Note also that the mapping ~ 1----+ PWn(ij)X is 
continuous and constant on the intervals (~, ~) and (n~ 1 

, 1) so that the least squares estimate of rJ (and a) exists. though it 
may not be unique. 

3. Limit theorems 

3.1. Consistency 

The following identifiability result is proved in the Appendix. 

Lemma 1. Let X(t) be given by (1). (2) and (4) with true parameter vector 8 = (a], ... , ap+2, rJ)' E e such that ap+2 =1= O. 
For an arbitrary Ll > 0 define the set K(Ll) by 

K(Ll) = {u E ~p+3: 8 + u E e, lIull 2: Ll}. 
Then there exists a 0 > 0 such that 

liminf( inf n-1<PnCe, e + U)) > O. 
n UEK(LI) 

We now can prove consistency: 

Theorem 1. Let m, j be the Hermite ranks of G and G2 - E [G2 ]. respectively. Suppose that ma < 1 and ja < 1, and define 
K = min(j, m). Then. under the assumptions of Lemma 1 we have for any Ll > O. 

lP (lie - e 112: Ll) = O(yK (n)). 

3.2. Asymptotic distribution 

In the following partial derivatives of JL with respect to ej will be denoted by /.I(j). Extending the matrix Wo to 

Mo = [fL(j) (tin) ]t=1 •...• n;j=1 •...• P+3 E ~nx(p+3) 

we have 

lim n-l(M~Mo)jk = t {L(j)(s, 8)fL(k)(S, t:i)ds. 
n->oo 10 

In analogy to Wo'Wo. the matrix M~Mo has full rank if n is large enough so that 

A = lim n(M~Mo)-l 
n 

is well defined. 
In a first step. y-9 (n)(e - e) is shown to be asymptotically equivalent to (M~Mo)-lMoen. 

Theorem 2. Under the assumptions of Theorem 1 we have for any Ll > 0, 

lP (y-9 (n) lie - e - (M~Mo)-lMoen 11 > Ll) = 0(1). 

The asymptotic distribution of e depends on the first term in the Hermite expansion of G only. 

(7) 



Theorem 3. Under the assumptions of Theorem 1 we have 

and 

where.ll. is defined above. Cm = lE [G(8)Hm(8)] is the mth Hermite coefficient of G. 

and 

Yn = (M~Mn)-lM~ Cm Hm(8), 
m! 

Hm(8) = (Hm(81), ... , Hm(8n»' 

E = c~ (1 1 
/-L(j) (t)/-L(k) (s) dtdS) . 

0, I tl"m m. 0 s - j.k=1, ... ,p+3 
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(8) 

(9) 

An immediate consequence ofTheorem 3 is that the asymptotic distribution of e is Gaussian if and only if m = 1, whereas 
for m > 1. the asymptotic distribution can be represented by a moving average of a Hermite process. 

Corollary 1. Under the assumptions of Theorem 1 and m = 1. we have 
1 A 

y-I (n)(8 - 8) --+d Z 

whereZ ~ N(O, .11. Eo.ll.). 

Corollary 2. Under the assumptions of Theorem 1 and m 2: 2 we have 
m A 

y-2 (n)(8 - 8) --+dZm 

where Zm is a non-Gaussian random variable defined by 

11 C(m) C(m) 
- --Jfm(t) d/-L(1)(t) + --Jfm(1)/-L(1)(1) 

o m! m! 

Zm =.11. 

11 C(m) C(m) 
- -,-Jfm(t) d/-L(p+3)(t) + -,-Jfm(1)/-L(p+3)(1) 

o m. m. 

with Jfm (t) denoting a Hermite process of order m. 

Corollaries 1 and 2 provide a complete. though complicated, description of the asymptotic distribution. Using a computer 
algebra system it is possible to obtain closed form formulas for the entries of the covariance matrix .11. Eo A. Consider. for 
instance, the variance of ij: Denote by PWnl.(l) the projection matrix on the subspace that is orthogonal to the columns of 

Wn 1. (i}). Since minimization of 

IIX - i'w.",(X) 11' ~ IIpw.,@ (e. + ~ ajw, .• (q) + aN'WPH .• (q») 11' 

with respect to i} is equivalent to minimizing 

I/Pwnl.@ C::2 + W P+2,n(ry») r ' 
ij depends on the parameters (al, ... , ap+2, (T2) via the ratio (T jap+2 only. From the formula for Eo we see that multiplying 
~ by a constant c changes the asymptotic variance of ij by the factor c2

• Hence, the asymptotic variance is of the form 

A C~ 
Varasym(ry) = --2-f «(1, ry) 

m! ap+2 

wheref is a nonlinear function of ry and (1. 
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Fig. 2. Asymptotic variance of ij and as for 1) = 0.5, as = 1 and Cl = 0.01. 

We used Maple 9.5 to derive closed form formulas for f(a, YJ) andg(a, YJ) with p = 3. From these formulas it can be seen 
that for a fixed value of a, the mapping YJ 1-+ f(a, YJ) is symmetric around YJ = 0.5. Moreover.! has a pole at YJ = o of the 
form 

1 1200(6 - 2a2 + 3a) 
f(a, 17) ~ -------

YJ4+a (S - a)(6 - a)(1 - a)4 

with (1 - ah = (k - a)(k - 1 - a) ... (1 - a). Similarly. the asymptotic variance of as is of the form C~/m!g(a, YJ). and 
is thus independent of a. Again. g is symmetric around 17 = 0.5 and has poles at the boundary of the form 

1 7056(S - 5a2 + 12a) 
g(a, YJ) ~ ---'-----

YJ6+a (S - a)(6 - a)(1 - a)4 

for YJ -+ O. Fig. 2 shows plots of g andf with m = 1, a = 0.5, Cl = 0.01 and as = 1. as a function of YJ. The detailed closed 
form formulas and the Maple code can be obtained from the authors upon request. 

Remark 2. For cubic and higher order splines an explicit rate can be obtained in Theorem 2. as in [36]. namely 

with K* = min 0, ~). The proof of this sharper result requires a second order approximation that is not applicable to 
quadratic splines (p = 2). 

4. Simulations 

In this section. the asymptotic results are illustrated by a simulation study. Two different mean functions I..LA and /..LB with 
at = (40,15,50,25, -1500) and YJ = 0.5 (for I..LA) and at = (40,15,50,25, -6000) and YJ = O.S (for /..LB) respectively 
considered. The error process ~i is generated by fractional Gaussian noise with long-range dependence parameter a E 

{0.4, O.S} and variance (]'2 E {16, 64}. Typical sample paths are shown in Figs. 3 and 4. 
To see how fast the standardized mean squared error converges to the asymptotic value. we start with a sample 

size of nl = 6000 and reduce the number of observations in steps of 5%. i.e. nk+l = [0.95nd with [xl denoting the 
integer part of x. The smallest sample size is nSl = 99. For each n. 1300 replications are simulated. Figs. 5 and 6 
show log-log-plots of the variance of h and as. respectively. The dashed line corresponds to the normalized asymptotic 
variance y(N)Varasym(h) and y(N)Varasym(as). respectively. Numerical results are given in Tables 1 and 2. Overall. the 
simulations illustrate consistency of the estimates and convergence of the standardized variance of h and as to the 
asymptotic value derived in Theorem 3. The results also show that convergence is slower for strong long memory (a = 0.4) 
and higher variance ((]'2 = 64). As predicted by Theorem 3 and the explicit formulas for the asymptotic variance (see 
Fig. 2). the simulated variances of h and as are much smaller when the knot 17 is placed in the middle (YJ = 0.5) 
(Figs. 7 and S). 

5. Data example 

We consider the series introduced in Section 1. The data were provided to us by Giovanni Galizia and Martin Strauch 
(Department of Biology. University of Konstanz) and are part of a long term project on olfactory coding in insects (see 
e.g. [3S.27.26]). The observations consist of optical measurements of calcium concentration in the antennallobe of a honey 
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Table 1 
Simulated mean, variance and skewness of 1). 

n Mean Variance Vsim Vsim/y(N) Vsim/[y (N)Vasyml Skewness Mean Variance Vsim VSim/y(N) Vsim /[ Y (N)Vasym] Skewness 

1] = 0.5, Cl = 0.8, a = 4, as = -1500 1] = 0.5. Cl = 0.8. a = 8, as = -1500 

99 0.499 0.002303 0.752 1.036 0.155 0.498 0,011746 3.834 1.320 -0.029 
512 0.502 0.000569 0.697 0.960 -0.102 0.502 0.002527 3.092 1.065 0.217 
997 0.500 0.000345 0.719 0.991 0.037 0.499 0.001424 2.972 1.023 -0.113 

2509 0.500 0.000171 0.746 1.027 -0.028 0.500 0.000619 2.704 0.931 -0.018 
3080 0.500 0.000153 0.787 1.085 0.009 0.500 0.000615 3.164 1.090 0.021 
4190 0.500 0.000111 0.732 1.008 0.002 0.500 0.000424 2.790 0.961 -0.003 
5144 0.500 9.786e-05 0.759 1.046 0.005 0.499 0.000360 2.790 0.961 -0.056 
6000 0.500 8.285e-05 0.727 1.002 -0.021 0.501 0.000354 3.109 1.071 -0.001 

= 0.5, Cl = 0.4, a = 4, as = -1500 = 0.5, Cl = 0.4, a = 8, as = -1500 

99 0.497 0.003845 0.0501 1.024 0.011 0.498 0.01737 0.226 1.156 0.015 
512 0.501 0.002077 0.0524 1.071 -0.013 0.496 0.00912 0.230 1.175 0.035 
997 0.500 0.001511 0.0498 1.017 0.020 0.499 0.00791 0.261 1.331 -0.093 

2509 0.500 0.001025 0.0489 0.998 0.026 0.500 0.00467 0.223 1.138 0.118 
3080 0.499 0.000918 0.0475 0.971 0.015 0.501 0.00409 0.212 1.081 0.110 
4190 0.501 0.000861 0.0504 1.030 -0.062 0.496 0.00381 0.223 1.140 -0.095 
5144 0.500 0.000764 0.0486 0.992 -0.102 0.499 0.00347 0.220 1.125 -0.033 
6000 0.500 0.000798 0.0539 1.101 -0.040 0.501 0.00316 0.214 1.090 -0.174 

rJ = 0.8, Cl = 0.8, a = 4, as = -6000 1] = 0.8. ex = 0.8. a = 8, as = -6000 

99 0.797 0.001325 0.433 1.113 -0.795 0.785 0.009858 3.218 2.070 -2.063 
512 0.800 0.000303 0.371 0.954 -0.113 0.796 0.001503 1.839 1.183 -0.817 
997 0.800 0.000196 0.408 1.051 -0.216 0.798 0.000794 1.657 1.066 -0.377 

2509 0.800 8.581e-05 0.375 0.964 -0.079 0.800 0.000367 1.601 1.030 -0.313 
3080 0.800 8.020e-05 0.413 1.062 -0.178 0.799 0.000314 1.616 1.040 -0.230 
4190 0.800 6.026e-05 0.397 1.021 -0.179 0.800 0.000246 1.620 1.042 -0.361 
5144 0.800 4.70ge-05 0.365 0.940 -0.111 0.800 0.000214 1.659 1.067 -0.218 
6000 0.800 4.59ge-05 0.404 1.038 -0.094 0.800 0.000193 1.695 1.090 -0.291 

1] = 0.8, ex = 0.4, a = 4, as = -6000 rJ = 0.8. ex = 0.4, a = 8, as = -6000 

99 0.792 0.002284 0,0298 1.302 -1.349 0.769 0.01754 0.229 2.499 -2.190 
512 0.796 0,001121 0.0283 1.237 -0.974 0.783 0.00783 0.198 2.160 -2.012 
997 0.797 0.000714 0.0235 1.029 -0.525 0.787 0.00630 0.208 2.270 -2.439 

2509 0.799 0.000513 0.0245 1.069 -0.387 0.793 0.00293 0.140 1.528 -1.727 
3080 0.799 0.000450 0.0233 1.018 -0.453 0.793 0,00303 0.157 1.714 -2.120 
4190 0.798 0.000408 0.0239 1.045 -0.454 0.796 0.00205 0.120 1.312 -1.211 
5144 0.800 0.000356 0.0226 0.988 -0.473 0.797 0.00182 0.116 1.263 -1.069 
6000 0.798 0.000351 0.0237 1.037 -0.283 0.795 0.00174 0.118 1.285 -0.880 

bee. The antennallobe is the primary olfactory structure of the bee brain. It has been demonstrated that stimuli (odors) lead 
to characteristic activity patterns across spherical functional units, the so-called glomeruli, which collect the converging 
axonal input from a uniform family of receptor cells. The exact characterization of these patterns is not fully understood 
and part of an ongoing research program. An important step in the modeling process consists of estimating the response 
function /1, for each individual glomerulus. 

Fig. l(a) shows a typical series, starting 0.2 s after the stimulus and measured for 24 s at time intervals of 0.04 s (i.e. 
n = 600). The fitted curve is obtained by quadratic spline regression with one free knot. The location of the estimated knot 
is indicated by a dotted vertical line. It may be interpreted as the approximate time where the effect of the stimulus ceases 
to be noticeable. The residuals appear to be normally distributed in good approximation (Fig. l(c)) so that we may assume 
m = 1. The log-Iog-periodogram in Fig. 1( d) shows a clear negative slope. Fitting fractional autoregressive processes [31,34 J 
by maximum likelihood together with model choice based on the BIC (see e.g. [3]) yields the autoregressive order p = 1. 
The estimated value of d together with a 95%-confidence interval is equal to 0.219 ± 0.177, and for the auto regressive 
parameter we have fPI = 0.481 ± 0.198. Fig. l(d) shows a good agreement between the fitted spectral density and the 
periodogram. The estimated regression coefficients are &1 = 947.3 ± 5.9, &2 = -623.5 ± 158.9, &3 = 2196.9 ± 928.3 and 
&4 = -2223.4 ± 923.5. Note in particular that Q4 is clearly different from zero with a p-value of2.35· 10-6, thus confirming 
the visual impression of a (smooth) change in the trend function. The estimate and 95%-confidence interval for 1] is equal to 
0.147 ± 0.030. In real time this correspond to 3.52 ± 0.71 s. Thus, adding the initial period of 0.2 s not included in our data, 
the effect of the stimulus is estimated to last for about 3.72 ± 0.71 s. 

6. Concluding remarks 

In this paper we considered spline regression with residuals exhibiting long-range dependence. The problem was 
motivated by a question from neurobiology where a structural change in the regression function together with a smooth 



Table 2 
Simulated mean, variance and skewness of (z,. 

n Mean Variance Vsim \fsim/y(N) Vsim/[y(N)Vasyml Skewness 

1) = 0.5, et = 0.8. a = 4, as = -1500 

99 -1558 32029 10455227 1.125 -0.359 
512 -1518 8449 10335842 1.112 0.045 
997 -1509 4528 9447317 1.017 -0.099 

2509 -1504 2014 8795468 0.947 0.02 
3080 -1503 1798 9255180 0.996 0.003 
4190 -1503 1438 9468399 1.019 0.020 
5144 -1504 1146 8892199 0.957 -0.075 
6000 -1501 1081 9482803 1.021 -0.041 

1) = 0.5. et = 0.4, a = 4, as -1500 

99 -1607 67620 881700 1.337 -0.801 
512 -1554 29972 756563 1.148 -0,168 
997 -1537 21692 715107 1.085 -0,109 

2509 -1526 13613 649316 0.985 -0.007 
3080 -1524 13418 694735 1.054 0.028 
4190 -1521 11545 676052 1.026 -0.021 
5144 -1522 10287 653926 0.992 0.079 
6000 -1515 10250 692969 1.051 0.039 

1) = 0.8, et = 0.8. a = 4, as = -6000 

99 -6784 11792276 3849389314 1.555 -2.709 
512 -6222 2128106 2603445507 1.052 -0.819 
997 -6156 1311885 2737296542 1.106 -0.582 

2509 -6064 572699 2501539158 1.011 -0.382 
3080 -6059 526958 2712206529 1.096 -0.396 
4190 -6028 391480 2577608740 1.042 -0.258 
5144 -6046 307060 2382402539 0.963 -0.289 
6000 -6047 294209 2581888324 1.043 -0.328 

1) = 0.8, et = 0.4. a = 4, as = -6000 

99 -6782 14121482 184131184 1.385 -1.961 
512 -6420 7286332 183922987 1.383 -1.789 
997 -6347 4600611 151662423 1.141 -1.295 

2509 -6249 3184762 151903155 1.143 -0,968 
3080 -6266 2861525 148156304 1.114 -0.869 
4190 -6172 2407519 140984920 1.06 -0.607 
5144 -6233 2146698 136463432 1.026 -0.533 
6000 -6127 2166628 146478766 1.102 -0,890 

Mean Variance Vsim Vsim/y(N) Vsim/r Y (N)Vasyml 

1) = 0.5. et = 0.8, a = 8, as -1500 

-2321 72195652 23567050490 634.075 
-1569 41203 50406411 1.356 
-1538 22145 46206401 1.243 
-1516 8713 38058186 1.024 
-1514 7399 38080936 1.025 
-1512 5570 36675250 0.987 
-1509 4734 36733482 0.988 
-1508 4039 35449080 0.954 

1) = 0.5, et = 0.4, a = 8. as = -1500 

-19337 325 265 371 462 424116249527£608367.254 
-1830 952124 24033684 9.114 
-1753 970002 31976809 12.126 
-1641 84812 4045243 1.534 
-1618 102163 5289513 2.006 
-1597 96487 5650302 2.143 
-1582 58105 3693685 1.401 
-1581 48709 3293045 1.249 

'7 = 0.8. et = 0,8, a = 8, as = -6000 

-35854 423050639425 138097731229069 13950.215 
-6962 18110572 22155800179 2.238 
-6441 6718153 14017676417 1.416 
-6307 2560854 11185760648 1.130 
-6170 2185482 11248477 157 1.136 
-6188 1661868 10942174482 1.105 
-6186 1429679 11 092527 358 1.121 
-6111 1243206 10910002939 1.102 

1) = 0.8, et = 0.4, a = 8, as = -6000 

-45863 642758339288 8380979966787 15760.494 
-9225 124150310 3133825821 5.893 
-8602 113 295 891 3734879852 7.023 
-7485 33286751 1587673463 2.986 
-7443 41830206 2165771515 4.073 
-7039 15868524 929264703 1.747 
-7140 15162270 963850325 1.813 
-6893 13702442 926378109 1.742 

Skewness 

-27.585 
-1.167 
-0.353 
-0.012 
-0.049 

0.038 
-0.002 

0.054 

-35.865 
-13.774 
-19.897 

-1.602 
-4.824 
-7.501 
-0.826 
-0.392 

-34.848 
-4.122 
-1.558 
-0.645 
-0.721 
-0.668 
-0.639 
-0.543 

-27.728 
-5.001 
-6.724 
-4.163 

-12.001 
-2.086 
-1.979 
-2.042 

W 
N 
N 
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Fig. 3. Observed sample paths with trend function 11A (ll = 0.5, as = -1500), et E lOA, 0,8) and <12 E (16, 64). 
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Fig. 6. Log-log-plots ofVar'im(i)) for the trend function IL8 (1] = 0,8, as = -6000), et E lOA, 0.8) and <12 E (16, 64), 

transition between the two phases is known to occur. As expected, (strong) long memory changes the rate of convergence 
of parameter estimates. A useful extension that will need to be looked at is the case of anti persistence, i.e. L Ye (k) = O. For 
instance, in the neurobiological experiment described above, not only long memory but also anti persistence can be observed 
for many of the glomeruli included in the study. 
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Appendix 

For simplicity of presentation. all proofs are first formulated for cubic splines. The proofs carry over directly to higher 
order splines without any change (except for replacing specific notations with p = 3 to general p). The modifications needed 
to adapt the proofs to quadratic splines (p = 2) are given in Appendix A.3. 

A.l. Proofs of Section 3.1 

The following lemma is taken from [28. page 9J. It is a direct consequence of a more general statement in [11 J. 

Lemma 2. Let A C Rk and BeRn be two compact sets. Let g(a, b) denote a real valued. continuous function defined on A x B. 
If v/ denotes a sequence of probability measures on A converging weakly to a probability measure v on A. then 

1 g(a, b) dv/Ca) --+ 1 g(a, b) dv(a) 

uniformly in b. 

Definition 1. Let I] E (0, 1). We define the matrices 

VI,n(I) = [Ct/nY-1 1(o,rl](t/n)]t=I, ... ,n;j=1, ... ,4 E R
nx4 

and 

V2,n(l]) = [(t/nY-1 1(ry,1](t/n)]t=1, ... ,n;j=1, ... ,4 E Rnx4. 

Let 0 < a < b :s 1 such that q = LbnJ - LanJ 2: 1. We define the matrix 

Un(a, b) = [Ot]-] -1 "-l J 1 lb J E Rnxq. t- ,. ... n,]- an + , ... , n 

Remark 3. Note that LanJ + 1 :s j :s LbnJ if and only if a < jjn :s b. 

Remark 4. The column spaces ofVI,n(l]) and VI,n(l]) are orthogonal. If a < b then the column spaces ofVI,n(a), VI,n(b) 
and Un(a, b) are orthogonal. 



Proof of Lemma 1. We will prove the lemma by contradiction. Assume that for some .1 > 0 

lim inf ( inf n-1 <Pn (0,0 + U») = O. 
n uEK(Ll) 

Then there exists a sequence (nkhEN such that 

( inf nk" l <Pnk (O,O+U»)::; _1_. 
UEK(Ll) 2 . k 

In addition, for each kEN there exists Uk E K (.1), such that 

/ 
inf n;:l<pnk (0,0 + u) - n;:l<pnk (0, 0 + Uk)/ ::; _1_. 

UEK(Ll) 2 . k 

The triangle inequality implies In;:l<Pnk (0, 0 + uk)1 ::; t, i.e. we can find a sequence COkhEN, Ok 

110 Okll 2 > .1 for all k and 

limn;:l<Pnk C8,8k) =0. 
k 
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Since 11k E (0, I), we may assume (by choosing a subsequence) that limk 11k = 1]00 E [0, 1]. Because I] E (0, I), we can find 
.1* ::; ~ such that [11- .1*, 11 + .1*) C (0,1). 

Case 1: 11100 - 1112 ::; .1*. In this case we may assume that the sequence (akhEN is bounded: If lIakll2 --+ 00 then 

nk"l 11 fLnk (Od 112 = nk"la~Wnk(17dWnk(l]k)ak 
2: lIakll2 Amin (n;:lWnk (11dWnk (I]d) --+ 00. 

Note that Amin (nk"lWnk (11k)'Wnk (11k») is bounded away from zero for large k, since 11k is bounded away from both 0 and 1. 
We conclude 

nk" l <p (8, 8k) = nk"l IIfLnk(O)f - 2 (fLnk(O), fLnk(8») + nk"l IIfLnk(8dll
2 

2: n;:l 11 fLnk (e) 112 + nk"l 11 fLnk (Ok) 11 (lIfLnk(Ok)II-lIfLnkCO)II) --+ 00, 

a contradiction to n;:l<p (0, Ok) --+ O. If ak is bounded, however, we may (by choosing a subsequence) assume that ak --+ aoo. 
Since 11100 - 1112 ::; .1 *, we have 11 aoo - a 112 2: .1 /2, i.e. we found a sequence C OkhEN such that limk Ok = 000 i= 0 and 
nk"1<PnkC8,8k) --+ 0.ByLemma2 

11 IfL (t, 8) - fL (t, ( 00 )12 dt = 0, 

a contradiction to 000 i= 8. 
Case 2: 11100 - 1112 > .1*. The properties of the orthogonal projection imply 

n;:l 11 fLnk (0) 112 - nk"l IlpWnk(ryk)/Jnk(O)f = nk"l IlfLkCO) - PWnkulklfLnkCO)f ::; n;:l<Pnk (0, Ok) --+ O. 

[f 1700 E (0, 1), Wnk C11k) has full rank for k large enough. [n this case 

PWnk(ryk)/Lnk = Wnk (17k)ak 

(10) 

where ak = (Wnk C11dWnk (11k)f
1 

Wnk Cl]dfLnk CO). Lemma 2 implies limkak = aoo where aoo denotes the regression 
coefficients of fL(s, 0) on the space Woo = span (SO, ... ,sP, (s 1700)~) within L2 ([0, 1)). Applying Lemma 2 once more 
shows that 

nk"l IIWnk(l]nk)akll2 ---* IIpwoofL C 0)1I~2([0'1])' 
a contradiction to (10). Assume now that 11nk --+ 1. Then 

Since 

n;:lIIPWn(1Ink)/Jn(0)f ::; n;:l IlpVl.n(rynk)fLn(O)f +n;:l IlpV2.nUlnk)fLn(0)f. 

2 nk 
n;:lllpV2,n(1Ink)/Jn(0)11 ::;n;:l L fL

2
(t/nk,0)--+0 

t= L rynknd 
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and 

Iirn;;-1 IIpV1,n(rynk)fLn(O)r = IIPvoofL(-,O)II~2(10'1]) 
where V"" = span (SO, ... , sP), we again obtain a contradiction to (10). Exchanging the roles ofVt ,n(1Jnk) and V2,n(/)nk) one 
can treat case 1]nk -+ O. 0 

Theorem 1 follows from the following Lemmas 3 and 4. 

Lemma 3. Let 17 be a fixed knot. Then 

IF (~(en, PWn(ry)en) > ,,1) = O(ym(n». (11 ) 

Proof of Lemma 3. Since PWn is a projection matrix on the five-dimensional vector space span(Wn), it can be written as 

PWn = ~DnAn 
with An = (akj;n) E jRnxn an orthogonal matrix and Dn E jRnxn a diagonal matrix with 

d .. _{l i=1, ... ,5 
11 - 0 i = 6, ... , n. 

Denoting by ak.;n the kth row of An, interpreted as a column vector, we have (Anenh = I:;=o akj;n~j = (ak;n, en) so that 

(12) 

Since lE [(ak.;n, en)] = 0, it is sufficient to show thatVar (n-i (ak;n, en)) = O(ym(n»: Let Ee = U'SU denote the covariance 

matrix of en and its corresponding spectral decomposition. Noting that IIUak.;n 11 = 1, we have 

( 
_1 ) 1, 1 1 

Var n 2 (ak"n, en) = -(Uak'n) S(Uak'n) ::: -Amax(S) = -Amax(Ee). . n' . n n 
(2 

Since y~(k) ~ ,::! ym(k), we can conclude 

n-l 

::: n-1 L ly~(k)1 = O(ym(n». 0 
k=-n+l 

A stronger result states that Eq. (11) holds uniformly in 1] E (0, 1): 

Lemma 4. Under the same assumptions as in Lemma 3 we have, 

(13) 

where K = min(j, m). 

Proof of Lemma 4. Without loss of generality we may assume Var(~i) = 1. For ,,1 > 0, we can choose a finite sequence 
(1]j)J!1 such that UJ!1 B(/V, ,,1/10) = [0, 1] where B(1Jj, ,,1/10) = Bj (j = 1,2, ... , M) denote closed ,,1/lO-balls around 1]j. 

Then 

It is thus sufficient to show convergence of Cj to zero. Without loss of generality, we may assume xl = inf {x : x E Bj } fj. Q 

and Yj = sup {Y : Y E Bj } fj. Q. 



Let PV1,n,(x; ),V2,n(Yjl denote the orthogonal projection on the space span (V1,n (xl)) Efl span (V2,nCYj)). Since 

span(Wn(~» C span (V1,n (xj)) Efl span (V2,nCYj») Efl span (Un (xj,Yj*)) 

for all ~ E Rj , we have 

JP' (sup ~ (en, PWn(ij)en) > .1) ::s JP' (~ (en, Pv (*) v (y*)en) > ~) + JP' (~ (en, Pu (* *)en) > .1). 
iiEBj n n l,n Xj , 2,n j 2 n n Xj Sj 2 

From 

1 + nL1/5 .1 
::s n Var(~l) ::s "4 

for sufficiently large n, we can conclude again by Chebyshev's inequality 
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Since the dimension of span (V1,n (x;)) Efl span (V2,ncyn) is always equal to 8 (for sufficiently large n), a modification of 
Lemma 3 implies 

JP' (~ (en, Pv (") v (y*)en) > ~) = O(yK (n». n l,n, Xj , 2,n j 2 

This concludes the proof. 0 

Proof of Theorem 1. By the definition of the LSE, we have 
n n n 2 

L ~t2 = L [~t + /L (t/n, e) - {i (t/n, e)f 2: L [~t + /L (t/n, e) - /L (t/n, e) ] 
t=l t=l t=l 

n 

= L~t2 + 1>n(e, e) + 2 L~t [/L(t/n, e) - /L (t/n, e) J, 
t=l t=l 

and hence 

1 tt, ~t [/LCt In, e) - /L (t In, e)] 
- < --------:-----
2- 1>nce,e) 

Let le - 0 I > .1. According to Lemma 1 there exists NLl E N such that 1>n ce. 0) 2: on for all n 2: N Ll and a suitable 0 > O. 
Therefore 

JP'(IOn - el 2: .1) ::s JP' (~ ::s ~ t, ~t [/L(t/n, 0) - /L (t/n, e) J) 
= JP' (~ ::s (en, PWn(fJ) (ILnce~ + en) - ItnCe»)) 

< JP' (~ < I(en, PWn(ry)en)I ) + JP' (~ < I(en , PWn(Ij)/LnCe»)I) + JP' (~ < I (en, /Ln(e)}l) . (14) 
- 6- n 6- n 6- n 

The first term in (14) vanishes according to Lemma 4. Moreover, since lE (n- 1 (en, /Ln C e»)) = 0 and 

(
(en, /Ln(e»)) 1 ~ 

Var n = n2 L Cov(~s, ~t)lt(t/n, e)/t(s/n, e) 
s,t=l 

1 n 

::s constz L ICov(~s, ~t)l, 
n s,t=l 
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the third term in (14) vanishes asymptotically. [n order to see that the second term converges to zero, [et Vk,n(i), k = 
1, ... , 5 denote an orthonormal basis of span(Wn(i)) (with Vl.n, ... , V4,n not depending on i)). Then 

1 1 4 1 
11 (en, PWn Ci))ftn(8)) = 11 L (en, PVj,n ftn (8)) + 11 (en, Pvk,s(iJlftn(8»). 

)=1 

The first term does not depend on i). Hence, by the same calculations as before, it converges to zero in probability. For the 
second term 

~ (en, pvk.s(i})ftn(8») = .In (en, Vk,S(i)) , .In (ftn(8), Vk,5(i)) 

with n-~ 1(/1n(8), Vk,S (i))1 ::'S n-~ 11 l1,n (8) 11 being uniformly bounded. Now 

In-1 (en, Vk,s(i))1 = n-~ IIpvk,sCry)en, 11 ::'S n-1 IIPwnCry)en, 11 

and so by Lemma 4 

JP'(n-1 1(en,Pvk,sCf})ftn(8»)1 > ,1) =O(yK(n». 

Finally, the exact order of JP'( I en - 8 I ::: ,1) follows from the upper bounds given here, applying the asymptotic formulas 

A.2. Proofs of Section 3.2 

The proofTheorem 2 requires some auxiliary results which we need to establish prior to the main proof. 

Lemma 5. Letf : [0, 1] x [0, 1] --7 lR+ bea continuousfunction and let y(t-s) = L(t -s)lt-sl-a denote an autocorrelation 
function. Then 

1 n (t S) 1111 lim y-m(n)2" L ym (t - s)f -, - = f(t, s)lt - si-am dt ds. 
n->oo n n n 0 0 

s,t=l 

(15) 

Proof of Lemma 5. [t is sufficient to show that 

I 
nam n ( t s ) 1 n ( t S) Its I-am I 

m 2 L ym(t -s)f -, - - 2" L f -, - - - - -+ 0, 
L (n)n 5,t=1 n n n 5,t=1,5,<t n n n n 

(16) 

Let 0 < 0 < l-am.Definethesequencesoffunctionson[O, lJ x [0,1]: 

n I L(t - s) 11 t - s 1
8 

gn(U, V):= L 1(t-1 ~](U)1(S-1 ~](v) - 1 -
t -1 -/. n' n n 'I! L(n) n 
,5- ,5r t 

n ( t S) Its ,-am-" 
fn(u, V):= L 1(t-1 ~](U)1(S-1 ~](v)f -, - - --

t,5=1,5,<t . n ' n n ' n n n n n 

Since y (n) = L(n)n-a the left side of (16) is equal to 

1

1 n [Lm(t-S) ] (t S)lt sI-ami 2" L m -1 f -, - - - - + 0(1) 
n s,t=1,5,<t L (n) n n n n 

1 n ~ (t S) 11 L(t - s)m 11 t si-am ::'S 2" L -, - m - 1 - - - + 0(1) 
n 5,t=1,5i't n n L(n) n n 

= 1111lfn (u,v)lgn(u,v)dVdu+o(1). 
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Since fol fol [fn(u, v)1 dv du converges to fol fol [feu, v)llu - VI-am- 6dv du, it is sufficient to show that gn(u, v) ~ 0 
uniformly in (u, v) E [0, 1] x [0, 1]. However, with x = (t - s)/n, we have 

I

_L(_t -_s) _ 111-t -_s 1
8 

= I L(nx) (nx)1i - Xli I = hn(x). 
L(n) n L(n)n8 (17) 

The function x t--+ L(x)xO is of regular variation. Moreover y (t - s) = L(t - s)lt sl-a:s 1 implies that L(x) is bounded in 
each interval (0, a] eR for all a> O. It then follows from Theorem 1.5.2 on page 22 in [12] that hn(x) converges uniformly 
to zero. 0 

Lemma 6. Let 11 u" < 8 where u = e - e. For all k = 1, ... , 6 there exists a vector rk.;n E R6 such that 
n 

L ~t [/L(k) (tin, fJ + u) - fJ.(k)(t/n, fJ)] = (rk.;n, u). 
t=l 

Proof of Lemma 6. The only interesting cases are k = 5 with /L(S) (t/n, a, I) = (tin -I)~ and k = 6 with /1(6) (tin, a, I) = 
-as3(t/n - 17)~' for k = 1, ... ,4 we have simply rk;n = O. 

For k = 5 and tin 2: I) + 8, we have 

/L(S) (tin, e + u) - /L(S) (tin, e) = -3u6(t/n _1)2 + 3u~(tln -I) - u~. 

For k = 5 and tin < I) + 8, we obtain by the mean value theorem 

/L(S) (t/n, e + u) - /L(S) (tin, 0) = -3(t/n -I) - U6(t»~U6 

where IU6(t) I :s IU61. Hence rSi;n = 0 for all i = 1, ... ,Sand 

n 

rS6;n = -3 L ~t [(tin _1)2 - u6(tln - I) + u~] - 3 L ~t(tln - I) - U6(t»~. 
t=n(8+'I) tEnB('I,O) 

For k = 6 and tin> I) + 8, we have 

/L(6) (t/n, 0 + u) - /L(6) (tin, 0) = -(as + us)3(tln - (I) + U6»2 + as3(t/n _1)2 

= -3 Us (tin - I) - U6)2 - 3 as [(tin - I) - U6)2 - (tin - 1)2] 

= -3 Us [(tin - 1)2 - 2 u6(tln - I) + u~] - 3 as [-2 u6(tln - I) + u~]. 
Ift/n < I) + 8 then 

/L(6)(tln, e + u) - /L(6) (tin, e) = -3us (tin -I) - U6): - 3as [(tin -1) - U6)~ - (tin -1)~] 

= -3 Us (t/n -1) - U6): + 6aSu6(t/n - I) - u~(t»+ 

where lu6(t) I :s IU61· Hence r6i;n = 0 for all i = 1, ... , 4 and 

r6S;n = -3 L ~t [(tin - 1)2 - 2 u6(tln - I) + u~] - 3 L ~t (tin - 1) - U6):, 
to':n(Hry) ~ EB(rl,O) 

r66;n = -3 as L ~t [U6 
to':n(Hry) 

2(tln-1)]+ 6as L ~t(tln-1)-u~(t»+. 0 
~EB(ry,o) 

Lemma 7. Define the matrix Rn := [rkl;n]k=1,,,,,6;1=1,,,.,6 E R
6x6

. Then 

JP> (n- 1 IIRnIl > .1) = O(yK(n» 

where K = min(i, m) and 11 Rn 11 = JAmax and Amax is the largest eigenvalue of ~Rn. 

Proof of Lemma 7. Let .1 > 0 be fixed. It sufficies to show that 

JP>(n-1Irij;nl > 2.1) = o (yK(n» 

for i,j = 5,6. Let K := 3· max(2, 21asl) and let Uo := {" U" < 8} for 8 < 1 such that1 + Var (~t) < 16f2
2
K2' For 0 < " < 3~ 

define the sets 

Ak:=(n-ll L ~t(tln-1)kl<")' k=0,1,2 
t>n(ry+8) 
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and define Vo := {2 r(n + 1 )8r 1 
LtEnB(1),8) St2 :s Var(St) + 1 }, If we assume that W E Ao n A1 n A2 n Vo n Uo, we obtain 

i.e. 

n-1 I rij;n (w) I :s n-1 max (1, IU6(W)I) K t I L Stew) (t/n - I])kl + n-
1
K L 1 L St2(w) 

k=O t;::n(Hl) ~EB(l),8) ~EB(1).8) 

:s 3Ks + n-1K2f(n + 1)81 JVar(St) + 1 

r(n + 1)81 Ll 
< Ll + - < 2Ll for n large, 

n8 2 

Ao n A1 n A2 n Vo n Uo C {n-1Irij;nl :s 2Ll} 

for n large. By Lemma 5 and Chebyshev's inequality, we have JP'(Af) = O(ym(n» for k = 0, ... ,2. Theorem 1 implies 
JP'(ug) = O(yK (n» and again by Chebyshev's inequality JP'(vg) = O(yj (n». Now, for any Ll > 0 we can choose s > 0 and 
8 E (0, 1) such that and so 

JP' (n-1 Irij;nl > 2Ll) = O(yK(n». 0 

Lemma 8. There exists a constant depending only on a and I] such that 

JP'(llull > Cn-11IM~enll) = O(yK(n» 

where K = min(j, m). 

Proof of Lemma 8. We obtain u by minimizing L(r), i.e. VL(e + u) = O. Hence 

a A ~[ A] A o = -L(e + u) = 2 L..- Xt - f.1(t/n, 8 + u) f.1(k) (t/n, e + u) 
aek t=l 

n n 

= 2 L Stf.1(k) (t/n, e + fi) + 2 L f.1(k) (t/n, e + u) [f.1(t/n, 8) - f.1(t/n, e + fi)] 
t=l t=l 

n n n 

= 2 LStf.1(k)(t/n, e) + 2 LSt [f.1(k) (t/n, e + u) - f.1(k) (t/n, e)] - 2 Lf.1(k)(t/n, e + u)Vf.1(t/n, e + u(t»'u, 
t=l t=l t=l 

i.e. 

(18) 

whereMn := (f.1(k) (t/n, e + U»)t,k' Mn := (f.1(k) (t/n, e + u(t»)t,k.Since ~M~Mn has full rank,n-1[M~Mn -Rn+(M~Mn

M~Mn)] is invertible with 11 [n-1M~Mn - n-1Rn + n-1 (M~Mn - M~Mn) r111 :s C, if both n-111RnIl and n-1I1M~Mn -

M~Mn 11 are sufficiently small, say for instance less than Ll *. In this case 

Ilfill :s n- 1 11 Mnen 11 C 

and so 

Applying Lemmas 7 and 9 concludes the proof. 0 

Lemma 9. 

where K = min(j, m). 

Proof of Lemma 9. It is sufficient to show that 

JP' (n-
1 [M~Mn - M~Mn ]j;k > Ll*) = O(yK (n» Vj, k = 1, ... ,6. 



However, for any compact K C Rfi , the gradient "VofJ,(-, -) : [0, 1] x K -+ Rfi is uniformly continuous. Hence 

JP' (n- 1 [M~Mn - M~Mn ]j;k > ,1*) :::: JP' (lIull > 8*) = O(yK (n)). 0 

Proof of Theorem 2. Define the event 

Bo:= {llull > (n-11IM~enll}. 

By Eq. (18) 

JP' (y-1¥ (n) lu - (M~Mn)-lM~en I > 2,1) :::: JP' (y-1¥ (n) 11 (M~Mn)-lll IIRn1l1lu11 > ,1) 
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+ JP' (y-1¥ (n) 1I (M~Mn)-lll IIM~Mn - M~Mnllllull > ,1) = 171 + 172, 

However 

171 :::: JP'(Bo) +JP'({y-1¥(n) II(M~Mn)-lIII1Rnllllull > ,1} nB~) 
:::: JP' (Bo) + JP' (( 11 (n-1M~Mn)-111 n-111RnIl y-1¥ (n) n-1 IIM~en 11 > ,1) . 

By Lemma 5 (y 1¥ (n)n-1 L~=l fJ,Ck) (t In, e)~t) = Op(1), i.e. 
nE!\! 

y 1¥ (n)n-1 IIM~en 11 = Op(1). 

By Lemma 7 n-111Rnll = op(1) and so 171 = 0(1). We can estimate 172 in the same way, if we apply Lemma 9 instead of 
Lemma 7. 0 

Proof of Theorem 3. Let En denote the covariance matrix of en. Then 

(ov (y-1¥ (n)(M~Mn)-lM~en) = y-m(n)n(M~Mn)-l :2 M~EMnn(M~Mn)-l 
-men) 

= .11(1 + O(l»~M~EnMnA(1 + 0(1)). 
n 

Expanding the middle expression yields 

y-m(n) y-m(n) n 

--2 - (M~EMn)jk = --2 - L fJ,U)(t/n)CJt,sfJ,Ck)(s/n) 
n n s,t=l 

y-m(n) n 00 (l I 

= -n-2 - L L i!y (s - t)IICk) (s/n)fJ,U) (t/n) 
s,t=ll=m 

y-m(n) (~ n m 
= --2 -, L y (S - t)fJ,Ck) (s/n)fJ,U) (t/n) 

n m' S,t=l 

00 y-m(n) n (2 

+ L -n-2 - L fyl(S - t)fJ,Ck) (s/n)fJ,(j) (t/n) 
l=m+1 s,t=l 

= SjT +Sj~' 
By Lemma 5 

( 2 (-m() n ) . m m· Y n '" m h:(1Sjk = ,h:(1 --2 - ~ Y (S - t)fICk) (s/n)fJ,(j) (t/n) 
m. n s.t=l 

= (~ t fJ,(j)(t)fICk)(S) dtds. 
m! 10 Is - tl"'m 

For estimating the term Sj~' we note that for all E: > ° there is a ne > ° such that I y (n) I < E: for all n > ne' Hence 

00 y-m(n) n (2 

Sj1 = L -n-2 - L fyl(S - t)fJ,Ck)(s/n)fJ,U)(t/n) 
l=m+1 s,t=l,ls-tl>ne 
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= An +Rn. 

An upper bound for the first term is given by 

For the second term, note that nE is fixed, 

and 

Then 

nUll 
nE Iim LJLu) (-) n-1 

--+ nE JL(j)(t)dt, 
n->oo u=l n 0 

00 (2 

K= L ~ <00. 
l=m+1 I! 

y-m(n) n min(n,u+n,) 1 
Rn :s --K L L JLu) (ujn)JL(k) (vjn)-

n u=l v=max(l,u-n,) n 

y-m(n) n (U) 1 :s ---K . 2nE L JLU) - n-. 
n u=l n 

Since a > m-1 we have nym(n) --+ 0 so that Rn = 0(1). Thus Sj~ converges to zero which proves (9). Furthermore 

lE(y-'¥ (n)(M~Mn)-lM~en) = 0, 

y-m(n)Cov ((M~Mn)-lM~en - Yn) = Sj~ --+ 0, 

from which (8) follows directly. 0 

Proof of Corollary 2. Define Sn(s) := I:~:~ ~n. By construction, Sn (s) is a stochastic process with piecewise constant sample 
paths and jumps at s = tjn with size ~t. Hence, we can write 

Applying integration by parts leads to 

Theorem 5.6 in [51] states that 
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where "===}" denotes weak convergence in the space D([O, 1]) endowed with the Skorohod topology. Lemmas 10 and 11 
below imply that the functional 

h(k) : D([O, 1]) ---+ R:J r---+ - f J(s)dfI(k)(S) + fI(k) (1)J(1) 

is continuous. Hence, by the continuous mapping theorem 

Lemma 10. IJ In ---+ J within D([O, 1]), thenJn(l) --* J(1). 

Proof of Lemma 10. Follows from the discussion in [10, page 121]. 0 

Lemma 11. The mapping m(k) : J r---+ fol J(s) dfI(k)(S) is continuous. 

(19) 

Proof of Lemma 11. LetJn -+ J in D([O, 1]). There exists a sequence (An)nEN of monotonous, continuous bijective functions 
on [0, 1] such that An -+ id uniformly and In 0 An -+ J uniformly, c.f. [10, page 111]. Since S H- fI(k) (s) is absolutely 
continuous, we obtain 

Im(k)(J) - m(k)(Jn) I = 111 (J(t) - In(t)) :tIL(k)(t) dtl 
::s 111 (J(t) - J(A;;l (t))) :t fI(k)(t) dtl + 111 (J (A;;l (t» - In(t)) :t fI(k) (t) dtl 
=A+B, 

becauseJ E D([O, 1]),J is bounded and has only countable but many discontinuities; see [10, page 110]. Since 

sup IA;;l(x) -xl = sup IA;;l(An(x» - An (x) I = sup Ix- An(x)l-+ 0, 
XE[O.lJ XE[O.lJ XE[O,lJ 

A;;l converges uniformly to the identity function as well. We can thus apply Lebesgue's theorem and conclude that A -+ O. 
Furthermore, we obtain the upper bound 

B ::s 11 :t fI(k) 111 IIJ 0 A;; 
1 - In 1100 = 11 :t fI(k) 11 jX~~:'y (A;; 

1 
(x» - In(x) I 

= II~fI(k)11 sup If(x) - In (An (x» I -+ 0. 0 at 1 XE[O,lJ 

A. 3. Modifications Jor quadratic splines 

The proofs given above carry over to quadratic splines, with the following modifications. The regression function is given 
by 

fI(S, e) = al + a2 s + a3 52 + a4(s - I])~. 

In particular, the derivatives with respect to a4 and 17 are equal to 

fI(4)(S, e + u) = (s - I] - us)~ 

and 

{L(S)(S, e + u) = 2(a4 + U4)(S - I] - us)+ 

respectively. Lemma 6 is replaced by 

Lemma 6b. For all k = 1, ... , 5 there exists a vector rk.;n E R6 such that 

n 

L ~t [fI(k) (t/n, e + it) - fI(k)(t/n, e)] = (rk.;n, it). 
t=l 
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Proof of Lemma 6b. The case k = 1, ... , 3 is again clear. The case k = 4 is similar to the case k = 5 for the cubic spline. It 
remains to proof the case k = 5 for the quadratic spline. The result can be obtained explicitly as follows: 

n 

L l;t [2(a4 + u4)(tln - TJ - us)+ - 2a4(tln - TJ)+] 
t=l 

n n 

= 2 L l;t [u4(tln - TJ - us)+] + L l;t [2a4 (tIn - TJ - us)+ - (tin - TJ)+)] 
t=l t=l 

= 2U4 [ L l;t(tln - 17) + L l;tus L l;t(tln - TJ - US)+] 
t/n?:.ryH t/n?:.I)+8 tEnB('7,8) 

A [~ ~ (tln-TJ-us)+-(tln-17)+] + 2USa4 L.t l;t + L.t --'------c:A------

t/n?:.ryH tEnB('7,ii) Us 

= (rS<n, u) 

with 

and 

[ L L (tin - TJ - us)+ - (tin - TJ)+] 
rs S'n = 2a4 Ct + 1;t A • , , <; , U 

t /n?:.ry+8 tEnB('7,8) 5 

o 

The proof of Lemma 7 given above for cubic splines applies almost without changes to the quadratic case: We need to 
show that 

lP'(n-1Irs,j;nl:::: ,1) = O(yK(n» 

for j = 4, 5. Now, if t E nB(TJ, 8) and U ::: 8 then [(tin - TJ - us)+ - (tin - TJ)+ ] Ius and (tin - TJ - us)+ are bounded, so 
that the same arguments as in the case of cubic splines can be applied. 
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