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Summary

It has been observed both theoretically and experimentally that superconducting cor-
relations from a superconductor brought to the proximity of a normal metal can pene-
trate the latter, drastically modifying its electronic properties. This effect became known
as the proximity effect. At the same time, such observations led to the emergence of
the field of mesoscopic superconductivity. Besides its theoretical importance, mesoscopic
superconductivity has numerous technological applications, e.g., in metrology, quantum
calorimetry, and quantum computation, to mention just a few. In this Thesis, we address
several problems concerning heat and charge transport in superconductor-normal-metal
(SN) proximity systems. Some of those are closely related to the practical applications
mentioned earlier. Most of the results are obtained within the framework of quasiclassical
Green’s functions in and out of equilibrium. In Chapter 1, we provide a general overview of
the theory of conventional superconductivity and phenomena occurring in the vicinity of a
superconductor-normal-metal interface such as Andreev reflection, Andreev bound states,
and the proximity effect. Chapter 2 provides an introduction to quantum field-theoretical
methods in condensed matter physics. In Chapter 3, we extend the previously described
formalism to superconducting situations with a special focus on the quasiclassical theory
of superconductivity. The latter is especially advantageous in treatments of mesoscopic
(inhomogeneous) systems, and therefore extensively used throughout this Thesis. The
next three chapters discuss the results and represent, thus, the central part of this Thesis.

Motivated by recent experiments performed in superconductor-graphene-superconduc-
tor proximity systems, we provide in Chapter 4 a systematic theoretical analysis of the
local density of states (LDOS) in a clean normal-metal sheet sandwiched between two
superconducting leads. We show how the spectrum of Andreev bound states (appearing
inside the gap) shapes the phase-dependent LDOS in short and long junctions. We discuss
the circumstances under which a gap appears in the LDOS and when the continuum dis-
plays a significant phase-dependence. The presence of a magnetic flux leads to a complex
interference behavior, which is also reflected in the supercurrent-phase relation. Our find-
ings qualitatively agree with the experimental observation. In addition, we analyze the
Josephson effect. Finally, we establish a relation between the global density of states and
the supercurrent in a system of arbitrary length. In Chapter 5, we examine the inelastic
Cooper pair tunneling in diffusive superconductor-normal-metal-insulator-superconductor
heterostructures coupled to an infinite RC transmission line. Under certain circumstances,
the zero-bias anomaly, that appears in the current–voltage response of the system, scales
monotonically with the temperature making, hence, this system a good candidate for an
ultra-sensitive quantum thermometer. Our findings are in excellent agreement with the



experiments performed recently. Finally, we provide a simplified analytic formula that
qualitatively matches the experimental data in a wide range of temperatures and may
be used as a calibration tool for the thermometer. In Chapter 6, we investigate electron
cooling mediated by phonons in disordered systems with a special focus on mesoscopic
superconducting proximity structures. We obtain a rather general expression for the cool-
ing power perturbative in the electron-phonon coupling, but valid for arbitrary electronic
systems out of equilibrium. To illustrate our theory, we apply it to two experimentally
relevant geometries of a superconductor-normal-metal proximity contact. We find a sig-
nificantly suppressed cooling power at low temperatures related to the existence of a
minigap in the quasiparticle spectrum, which makes those structures highly promising
candidates for quantum calorimetry. Moreover, due to its generality, our theory can serve
as a benchmark for future experiments and as a tool for finding an optimal configuration
for designing a quantum thermal detector. Finally, in Chapter 7 we enclose our discussion
giving concluding remarks and perspectives.



Deutsche Zusammenfassung

Theoretisch als auch experimentell wurde gezeigt, dass Elektronenkorrelationen eines Su-
praleiters (S) sowohl ein in der nähe befindliches normalleitendes Metall (N) penetrieren
können, als auch dessen eigene elektronischen Eigenschaften weitreichend verändern zu
vermögen. Dieser Grenzflächeneffekt, auch als Proximity-Effekt bekannt, bildet einen
Schwerpunkt im Forschungsbereich der mesoskopischen Supraleitung. Neben ihrer the-
oretischen Bedeutung hat die mesoskopische Supraleitung zahlreiche technologische An-
wendungen in der Metrologie, der Quantenkalorimetrie und der Quantenberechnung, um
nur einige zu nennen. In dieser Arbeit befassen wir uns mit verschiedenen Problemen
des Wärme- und Ladungstransports in Supraleiter-Normalleiterstrukturen. Einige davon
stehen in engem Zusammenhang mit den zuvor erwähnten praktischen Anwendungen.
Die meisten der Ergebnisse lassen sich im Nichtgleichgewichtsformalismus quasiklassis-
cher Green’scher Funktionen beschreiben. Im ersten Kapitel geben wir einen allgemeinen
Überblick über die Theorie der konventionellen Supraleitung und über Phänomene, die
an einer Supraleiter-Normalleiter-Grenzfläche auftreten können, wie beispielsweise der
Andreev-Reflexion, gebundenen Andreevzuständen und dem Proximity-Effekt. Das zweite
Kapitel ist eine Einführung in quantenfeldtheoretische Methoden der kondensierten Ma-
terie. Im dritten Kapitel wird der zuvor beschriebene Formalismus auf die supraleitende
Situation erweitert, wobei ein besonderes Augenmerk auf deren quasiklassischer Behand-
lung liegt. Diese erweist sich bei der Behandlung mesoskopischer (inhomogener) Sys-
teme als besonders erfolgreich und wird daher im Weiteren ausgiebig verwendet. Die
Forschungsergebnisse werden in den drei darauffolgenden Kapiteln besprochen und bilden
den Hauptbestandteil dieser Arbeit.

Motiviert durch jüngste Experimente an Graphen-Supraleiterstrukturen, analysieren
wir im vierten Kapitel systematisch die lokale Zustandsdichte (LDOS) eines idealen Nor-
malleiters, der zwischen zwei supraleitenden Kontakten eingebunden ist. Insbesondere un-
tersuchen wir das Spektrum gebundener Andreevzustände (innerhalb der supraleitenden
Bandlücke) in Hinblick auf die phasenabhängige lokale Zustandsdichte in kurzen und lan-
gen Kontakten. Wir erforschen unter welchen Bedingungen eine Bandlücke in der lokalen
Zustandsdichte auftritt und wann das Kontinuum eine signifikante Phasenabhängigkeit
aufweist. Die Anwesenheit eines magnetischen Flusses führt zu einem komplexen Inter-
ferenzverhalten, das sich in der Phasenbeziehung des Suprastroms widerspiegelt. Unsere
Ergebnisse stimmen qualitativ mit der experimentellen Beobachtung überein. Darüber
hinaus analysieren wir den Josephsoneffekt. Schließlich stellen wir eine Beziehung zwis-
chen der globalen Zustandsdichte und dem Suprastrom in einem System beliebiger Länge
her. Das fünfte Kapitel dient der Untersuchung inelastischen Cooperpaartunnelns in dif-



fusiven SNIS-Heterostrukturen (I steht hier für Isolator) die an eine Verzögerungsleitung
koppeln. Unter bestimmten Umständen skaliert die Nullspannungsanomalie, die in der
Strom–Spannungsantwort des Systems auftritt, monoton mit der Temperatur, was dieses
System als hochempfindliches Quantenthermometer prädestiniert. Darüber hinaus stim-
men unsere Ergebnisse hervorragend mit kürzlich durchgeführten Experimenten überein.
Des Weiteren stellen wir eine vereinfachte analytische Formel auf, welche die experi-
mentellen Daten qualitativ in einem weiten Temperaturbereich beschreibt und sich zur
Kalibrierung des Thermometers eignet. Mit dem Fokus auf mesoskopischen supraleitenden
Heterostrukturen, untersuchen wir im darauffolgenden Kapitel phononeninduzierte Elek-
tronenkühlung in ungeordneten Systemen. Wir erhalten einen weitläufig allgemeingültigen
Ausdruck für die Kühlleistung, die in der Elektron–Phonon-Kopplung gestört ist, aber für
beliebige elektronische Systeme außerhalb des Gleichgewichts gilt. Wir illustrieren unsere
Theorie an zwei experimentell relevante Supraleiter-Normalleiter-Geometrien und finden,
dass sich die Kühlleistung bei tiefen Temperaturen merklich verringert. Das hängt mit der
Existenz einer kleinen Bandlücke im Quasiteilchenspektrum zusammen und macht diese
Geometrien somit interessant für die Quantenkalorimetrie. Aufgrund seiner allgemeinge-
haltenen Beschreibung eignet sich unser Modell als Referenz für künftige Experimente so
wie zur Entwicklung und Konfiguration quantenthermischer Detektoren. Abschließende
Bemerkungen und Perspektiven geben wir im letzten Kapitel.
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Chapter 1

Introduction to mesoscopic
superconductivity

This Chapter provides a brief overview of the microscopic theory of conventional supercon-
ductivity as well as the introduction to mesoscopic transport in superconducting proximity
structures. After a short introduction to the BCS theory, we pass to the Bogoliubov-de
Gennes (BdG) formalism suitable for treating spatially inhomogeneous systems such as
superconductor-normal-metal proximity contacts. Finally, we enclose Chapter by intro-
ducing important concepts of mesoscopic superconductivity such as Andreev reflection, the
proximity effect, the Andreev bound sates, and the Josephson effect occurring in so-called
weak links.

§1.1 Historical overview

Since its discovery more than a century ago the remarkable phenomenon of supercon-
ductivity has been attracting the attention of the scientific community. The discovery
of the vanishing of electrical conductivity of mercury (Hg) cooled below 4.2 K was made
by Heike Kamerlingh Onnes in 1911 at the University of Leiden [1]. This opened a vast
field of superconductivity. A few decades after, it became clear that a superconductor
is more than perfect conductivity. Namely, in 1933 Meissner and Ochsenfeld discovered
that a piece of superconducting material tends to expel an applied magnetic field from its
body [2], referring to the fact that the superconducting state of matter exhibits the ideal
diamagnetism. The first attempt for a theoretical explanation of superconductivity was
made by the London brothers already in 1935, and it was based on classical electrodynam-
ics [3]. The theory managed to phenomenologically explain the two main features of the
superconducting state but not to provide any microscopic mechanism of superconductivity
on the level of electrons. It became clear that a quantum description is necessary, as it was
shown by Ginzburg and Landau (GL) in 1950 [4]. They proposed a macroscopic theory
in which superconductivity is treated as s second-order phase transition with a complex
order parameter. Although phenomenological, this theory successfully explains the super-
conducting behavior near the superconducting-normal-state phase transition. Finally, a
full microscopic description was introduced by Bardeen, Cooper, and Schrieffer (BCS) in

1



2 §1.2. Microscopic BCS theory

1957 [5]. They claimed that even a weak attractive electron-electron interaction leads to
a new ground state of electrons in a piece of metal. This new ground state is a conden-
sate of electron pairs known as Cooper pairs. Shortly afterward, Bogoliubov diagonalized
the BCS pairing Hamiltonian by employing the self-consistent field method [6, 7], while
Gor’kov linked the BCS condensate to the GL order parameter [8, 9] showing that both
quantities are related to the pair amplitude.

First observation of the proximity effect was already made in 1933 [10]. It has been
observed that a piece of normal metal brought in good contact with a superconductor
acquires genuine superconducting properties. Physically speaking, the superconducting
pair amplitude leaks to the normal metal. First theoretical studies of such an effect were
reported by Cooper in 1961 [11] and de Gennes in 1964 [12]. In 1962 Josephson theo-
retically predicted the occurrence of a spontaneous current flow between superconductors
linked via an insulating barrier [13]. At a similar time, Andreev, investigating a charge
transfer through an NS interface, discovered that an incident electron from the normal
electrode can be absorbed as a Cooper pair in the superconductor while reflected as a
hole excitation. This process is known as Andreev reflection [14]. It became clear that
the proximity effect and Andreev processes are closely related both drastically modifying
the electronic properties of the normal metal. Numerous effects related to the proximity
effect and Andreev physics will be presented in this Thesis.

Although simple, the BCS theory of superconductivity works surprisingly well at low
temperatures. However, in 1986 Bednorz and Müller experimentally observed supercon-
ductivity of a LaBaCuO alloy at 30K [15]. This opened up a new chapter of high-Tc su-
perconductivity, which goes beyond the theory of conventional superconductors. Shortly
after, the critical temperature has risen to 93K in YBaCuO compounds at ambient pres-
sure [16]. Recently, room temperature superconductivity in a carbonaceous sulfur hydride
has been achieved, but at extremely high pressures [17]. Since high-Tc superconductivity
is beyond the scope of this Thesis, we shall not discuss it in detail.

§1.2 Microscopic BCS theory

The central role of the microscopic theory of superconductivity is played by Cooper pairs
which are superpositions of particle-hole excitations of the Fermi liquid. Furthermore, su-
perconductivity possesses the particle-hole symmetry making this concept very important.
In what follows, we shall introduce Landau theory of particles and holes that appear in a
Fermi liquid. After this, we shall address the fundamentals of the original BCS theory.

Landau Fermi-liquid theory

The theory of a Fermi liquid has been introduced by Landau in 1956 [18]. Due to its
big importance for understanding the particle-hole nature of superconductivity, we shall
briefly recall it in this subsection. For this purpose, let us start from a free Fermi gas
described by the well-known Hamiltonian

Ĥ0 =
∑
kα

εkĉ
†
kαĉkα, (1.1)
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Fig. 1.1: Normal Fermi sea. Panel (a): The filled Fermi sphere where all the states
with ε < EF are occupied. Panel (b): The schematic representation of the electron-hole
picture where the removal of an electron from the Fermi sea (e′′) can be effectively seen
as a hole excitation (h′′).

where εk = k2/2m is the standard parabolic dispersion relation withm being the electronic
mass and ĉ†kα (ĉkα) creates (destroys) an electron in the |kα〉 state with α being the spin
projection. Since we are interested in systems which can exchange particles with reservoirs,
we are supposed to work in the grand canonical ensemble, i.e.,

Ĥ0 → Ĥ0 − µN̂ =
∑
kα

ξkĉ
†
kαĉkα, (1.2)

where N̂ is the total particle number operator and ξk = k2/2m − µ with µ being the
chemical potential. Since this Thesis is devoted to quantum transport, from now on
whenever we write down the Hamiltonian of a many-body system the−µN̂ term is included
by default. As known, the ground state of free electrons is a filled Fermi sphere:

|ϕn〉 =
∏
|k|<kF

ĉ†k |φ0〉 , (1.3)

where |φ0〉 is the vacuum state with no electron present. Note that we omit the spin index
for compactness and since the eigenenergies do not depend on it. Physically, the filled
Fermi sea refers to the situation where all states with energy lower than the Fermi energy,
EF = k2

F /2m, are occupied. The corresponding ground state energy thus reads

En =
∑
|k|<kF

(εk − EF ), (1.4)

where µ = EF = k2
F /2m since we are at zero temperature. The filled Fermi sea is sketched

in Fig. 1.1(a).
Let us now investigate the energy cost of two elementary processes. First, let us suppose

adding an electron of energy εk′ to the filled Fermi sea [e′ in Fig. 1.1(a)]. Due to the Pauli
principle only available states are above the Fermi energy, and therefore εk′ > EF . The
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energetic cost for this process is

δE′ =
∑
|k|<kF

(εk − EF ) + (εk′ − EF )−
∑
|k|<kF

(εk − EF ) = εk′ − EF > 0. (1.5)

Now, let us now consider removing an electron of energy εk′′ from the Fermi sea and,
therefore, εk′′ < EF [e′′ in Fig. 1.1(a)]:

δE′′ =
∑
|k|<kF
k 6=k′′

(εk − EF )−
∑
|k|<kF

(εk − EF ) = −(εk′′ − EF ) = EF − εk′′ > 0. (1.6)

Interestingly, each process requires some energy investment. This provides a basis for the
electron-hole (Landau) formulation of Fermi-liquid theory. Namely, adding an electron of
momentum k′ and energy E′ > EF creates an excitation with momentum k′ and energy
εk′ = E′ − EF . On the other hand, removing an electron with momentum k′′ and energy
εk′′ = E′′ < EF creates a hole excitation with momentum−k′′ and energy E−k′′ = EF−E′′

[see Fig. 1.1(b)]. Thus, the excitation spectrum is given by

εk =

{
k2

2m − EF , k > kF ,

EF − k2

2m , k < kF ,
(1.7)

and it is indicated by the solid blue line in Fig. 1.1(b). The aim of Landau’s approach was
to describe an interacting Fermi gas with strong correlations due to the Pauli principle. It
turns out that the mentioned excitations are well defined only in the vicinity of the Fermi
surface, (k − kF )/kF � 1, where the dispersion relation can be linearized [19]

|εk| ≈ vF |k − kF |. (1.8)

Cooper instability

The central idea of the microscopic (BCS) theory of low-temperature superconductivity lies
in the fact that even a weak attractive electron-electron interaction leads to the formation
of pairs of electrons making the Fermi sea unstable. This concept has been proposed by
Cooper in 1956 and the mentioned pairs became known as Cooper pairs [20]. Without
going into details, we shall provide only the main idea. More details can be found in the
standard literature, e.g., Refs. [21,22].

Cooper considered the filled Fermi sea at zero temperature adding two electrons with
energies close to the Fermi level. The interaction with the Fermi sea is assumed to be
purely kinematic, i.e., only through the Pauli principle. On the other hand, the elec-
trons themselves are assumed to interact one another via a weak attractive interaction
approximated as

V =

{
−|g| for |ξk|, |ξl| < ωc � EF ,

0 otherwise,
(1.9)

where ξk = k2/2m − EF and ωc is the so-called cutoff (BCS) frequency. Throughout
this Thesis we shall use ωc = ωD with ωD being the Debye frequency (energy) since the
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weak attractive electron-electron interaction is mediated by phonons. Cooper showed that,
under these assumptions, the two electrons form a spin-singlet bound state of zero total
momentum

ψ0(r1 − r2) =

 ∑
|k|>kF

ck cosk · (r1 − r2)

( |↑〉 |↓〉 − |↓〉 |↑〉 ), (1.10)

with the energy
E ≈ 2EF − 2ωce

−2/λ = 2EF −∆. (1.11)

Here, λ = N0|g| is the BCS interaction constant with N0 = mkF /(2π
2~2) being the normal

(3D) density of states at the Fermi level. Physically speaking, this means that the Fermi
sea is unstable in the presence of an attractive interaction between electrons no matter how
weak it is. Also, it is important to emphasize that a Cooper pair is a pair in momentum
space. Size of it in real (coordinate) space can be estimated as [7]

ρ =
2√
3

vF
∆
∼ 0.1− 1 µm, (1.12)

which is much larger than typical distances between ions of a crystal lattice which are
of the order of Å. As we shall see in the subsequent sections, the size of a Cooper pair
is related to the so-called superconducting coherence length in the clean limit, which is a
relevant length scale in mesoscopic superconductivity.

The BCS pairing Hamiltonian

Motivated by the idea of Cooper instability, Bardeen, Cooper and Schrieffer (BCS) in 1957
proposed the so-called pairing or BCS Hamiltonian [5, 21]

ĤBCS =
∑
kα

ξkĉ
†
kαĉkα +

∑
kl

Vklĉ
†
k↑ĉ
†
−k↓ĉ−l↓ĉl↑, (1.13)

with the standard notation ξk = k2/2m − EF , whereas Vkl is the Fourier transformed
pairing interaction. It is worth mentioning that this is a model Hamiltonian containing
only the interacting term which is responsible for the superconducting state and omitting
many other terms which do not result in the formation of Cooper pairs (k ↑,−k ↓).
Originally, BCS diagonalized this Hamiltonian by employing the variational principle and
proposing the following ground state function:

|ψG〉 =
∏
k

(uk + vkĉ
†
k↑ĉ
†
−k↓) |φ0〉 , (1.14)

where |φ0〉 denotes the vacuum state with no particle present and vk/uk is the probability
amplitude for the pair (k ↑,−k ↓) to be occupied/unoccupied. Normalization condition
implies |uk|2+|uk|2 = 1, and the coefficients are determined from the variational principle:

δ 〈ψG|ĤBCS|ψG〉 ≡ 〈ψG|
∑
kα

ξkĉ
†
kαĉkα +

∑
kl

Vklĉ
†
k↑ĉ
†
−k↓ĉ−l↓ĉl↑|ψG〉 = 0. (1.15)
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By assuming the BCS approximation for the interaction,

Vkl =

{
−|g| for |ξk|, |ξl| < ωD,

0 otherwise,
(1.16)

and after performing some algebra, we arrive at the solutions for vk and uk, respectively,

v2
k =

1

2

(
1− ξk

εk

)
=

1

2

1− ξk√
∆2 + ξ2

k

 , (1.17)

u2
k =

1

2

(
1 +

ξk
εk

)
= 1− v2

k. (1.18)

Here, ∆ is the so-called order parameter or superconducting gap which, within the BCS
approximation, satisfies the following equation:

1

λ
=

ωD∫
0

dξ√
∆2 + ξ2

= sinh−1 ωD
∆

=⇒ ∆ =
ωD

sinh[1/λ]
≈ 2ωDe

−1/λ, (1.19)

where, as before, λ = N0|g|. The last step is justified in the case of weak coupling λ� 1.
It is worth mentioning that the order parameter depends on temperature and it diminishes
at the critical temperature. We shall discuss this feature more in detail in the framework
of the Gor’kov Green’s formalism in Section §3.1

Having obtained the solution of the BCS problem, we can calculate the difference
between energies of the normal and the BCS ground state convincing ourselves that,
indeed, a condensation process occurs. The condensation energy at zero temperature
reads [21,23]

∆U(0) = US(0)− UN (0) =

[
∆2

0

|g|
− 1

2
N0∆2

0

]
− ∆2

0

|g|
= −1

2
N0∆2

0, (1.20)

where ∆0 is the superconducting gap at T = 0.

Self-consistent field (Bogoliubov) method

The BCS method discussed above is an exact approach based on seeking for the ground
state. However, if we are interested in finite temperatures and/or quasiparticle spectrum
of a superconductor, there is a more sophisticated and modern method based on the
self-consistent field method which excludes the exact solution for the ground state. This
approach has been independently introduced by Bogoliubov [6] and Valatin [24] in 1958.
The basic idea is the following. As we have seen, the BCS pairing Hamiltonian leads to
the ground state which is a superposition of many-body states built from Cooper pairs
(k ↑,−k ↓). Due to the coherence, we can expect operators such as ĉ−k↓ĉk↑ to have
nonzero expectation values bk in the ground state. In addition, a huge number of particles
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makes the fluctuation around bk to be small, allowing us to formally write

ĉ−k↓ĉk↑ = bk + (ĉ−k↓ĉk↑ − bk). (1.21)

By inserting this back into the BCS pairing Hamiltonian (1.13), we arrive at the effective
Hamiltonian

Ĥeff =
∑
kα

ξkαĉ
†
kαĉkα +

∑
kl

Vkl(ĉ
†
k↑ĉ
†
−k↓bl + b∗kĉ−l↓ĉl↑ − b∗kbl), (1.22)

where we omit quadratic terms in ĉk’s and bk = 〈ĉ−k↓ĉk↑〉 is the self-consistency condition.
By defining the superconducting gap as follows:

∆k = −
∑
l

Vklbl = −
∑
l

Vkl 〈ĉ−l↓ĉl↑〉 , (1.23)

the effective Hamiltonian adopts the form

Ĥeff =
∑
kα

ξkαĉ
†
kαĉkα −

∑
k

(
∆kĉ

†
k↑ĉ
†
−k↓ + ∆∗kĉ−k↓ĉk↑ −∆kb

∗
k

)
. (1.24)

Eventually, this Hamiltonian has a quadratic form and can be diagonalized by the em-
ploying the Bogoliubov canonical transformation [6,21]. Since mesoscopic superconductiv-
ity mainly addresses spatially inhomogeneous systems such as superconducting proximity
heterostructures, we shall not do this here. Instead, we shall introduce a generalized
Bogoliubov method known as the Bogoliubov-de Gennes formalism suitable for treating
inhomogeneous mesoscopic systems.

§1.3 Bogoliubov-de Gennes (BdG) method

In this section we shall briefly introduce and discuss the Bogoliubov-de Gennes (BdG)
method. Although this Thesis is mainly devoted to quasiclassical quantum transport, the
BdG method is useful for introducing the main concepts of mesoscopic superconductivity
[see also Appendix A].

The effective BCS Hamiltonian in coordinate representation

Starting point for the BdG approach is the effective (mean-field) BCS pairing Hamiltonian
(1.24), which in the coordinate representation reads [7, 25]

Ĥeff =

∫
dr

[
ψ̂†α(r)Ĥe(r)ψ̂α(r) + ∆(r)ψ̂†↑(r)ψ̂†↓(r) + ∆∗(r)ψ̂↑(r)ψ̂↓(r) +

|∆(r)|2

|g|

]
.

(1.25)
Here, the summation runs over the repeated spin indices and Ĥe is the kinetic Hamiltonian
of an electron in an external electromagnetic field:

Ĥe(r) =
(
−i∇− e

c
A
)2

+ U(r)− µ, (1.26)
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with µ being the chemical potential, and

∆(r) = |g|
〈
ψ̂↑(r)ψ̂↓(r)

〉
(1.27)

is the so-called pairing potential (superconducting gap) with g < 0 being the BCS coupling
constant. According to Landau Fermi-liquid theory [see Section §1.2] we can represent the
electronic wave functions (field operators) as a linear combination of the particle-hole
states

ψ̂↑(r) =
∑
n

[
γ̂n↑un(r)− γ̂†n↓v

∗
n(r)

]
, (1.28a)

ψ̂↓(r) =
∑
n

[
γ̂n↓un(r) + γ̂†n↑v

∗
n(r)

]
, (1.28b)

and, correspondingly,

ψ̂†↑(r) =
∑
n

[
γ̂†n↑u

∗
n(r)− γ̂n↓vn(r)

]
, (1.29a)

ψ̂†↓(r) =
∑
n

[
γ̂†n↓u

∗
n(r) + γ̂n↑vn(r)

]
. (1.29b)

Here, γ̂†n↑ (γ̂n↓) creates (annihilates) a particle (hole) in the state n with the spin up
(down). The fermionic statistics must be conserved and, therefore, the newly introduced
operators satisfy the standard anticommutation relations

{γ̂nα, γ̂†mβ} = δαβδnm, (1.30a)

{γ̂nα, γ̂mβ} = {γ̂†nα, γ̂
†
mβ} = 0, (1.30b)

whereas the u and v amplitudes obey the following completeness conditions:∑
n

[
u∗n(r)un(r′) + v∗n(r′)vn(r)

]
= δ(r− r′), (1.31a)∑

n

[
u∗n(r)vn(r′)− u∗n(r′)vn(r)

]
= 0. (1.31b)

In the momentum representation, the former reads∫
dq

(2π)3

[
u∗q(r)uq(r′) + v∗q(r′)vq(r)

]
= δ(r− r′). (1.32)

Bogoliubov-de Gennes (BdG) equations

In order to derive the equations of motion for the u and v amplitudes, we demand the
effective BCS Hamiltonian (1.25) to be diagonal in the new γ̂nα and γ̂†nα operators, i.e.,

Ĥeff = Eg +
∑
nα

εnγ̂
†
nαγ̂nα, (1.33)
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where Eg is the ground state energy and εn is the energy of an excitation in the state n.
The diagonal form given above requires that u and v satisfy the coupled Bogoliubov-de
Gennes equations [7, 21,25]

Ĥeun(r) + ∆(r)vn(r) = εnun(r), (1.34a)

−Ĥ∗e vn(r) + ∆∗(r)un(r) = εnvn(r). (1.34b)

Rewritten in a matrix form, the equations above read(
Ĥe ∆(r)

∆∗(r) −Ĥ∗e

)(
un(r)

vn(r)

)
= εn

(
un(r)

vn(r)

)
. (1.35)

Consequently, the self-consistency condition for ∆ [see Eq. (1.27)] adopts the form

∆(r)

|g|
=
∑
n

[
1− 〈γ̂†n↑γ̂n↑〉 − 〈γ̂

†
n↓γ̂n↓〉

]
un(r)v∗n(r) =

∑
n

[1− 2nF (εn)]un(r)v∗n(r), (1.36)

where nF (εn) = [eβεn + 1]−1 is the Fermi-Dirac distribution function. The ∆∗ function is
obtained as a complex conjugate.

Having obtained the BdG amplitudes, we can express various physical observables,
e.g., the current density is given by

j(r) =
e

2m

∑
α

〈
ψ̂†α(r)

[(
−i∇− e

c
A
)
ψ̂α(r)

]
+
[(
i∇− e

c
A
)
ψ̂†α(r)

]
ψ̂α(r)

〉
=

=
e

m

∑
n

[
nF (εn)u∗n(r)

(
−i∇− e

c
A
)
un(r)+

+ [1− nF (εn)]vn(r)
(
−i∇− e

c
A
)
v∗n(r) + c.c.

]
, (1.37)

where e and m denote, respectively, the elementary charge and electron mass.

Bulk BCS state

Let us briefly illustrate the BdG theory by applying it to a bulk BCS state, where ∆ =

|∆|eiφ = const and in the absence of external fields. Thus, the BdG equations (1.35) have
the form (

−∇2

2m − µ ∆

∆∗ ∇2

2m + µ

)(
u(r)

v(r)

)
= ε

(
u(r)

v(r)

)
, (1.38)

where µ ≈ EF = k2
F /2m since we are at low temperatures. The solution can be sought in

the form (
u(r)

v(r)

)
=

(
uqe

iφ/2

vqe
−iφ/2

)
eiq·r, (1.39)
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q/kF

(b)

0
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Fig. 1.2: The BCS quasiparticle energy as a function of (a) energy ξq and (b) momentum
q of Landau particles (electrons). The main feature is the presence of a gap directly
determined by ∆. The blue dotted lines correspond to the normal state, ε = |ξq|.

arriving at the following system of linear algebraic equations:(
ξq |∆|
|∆| −ξq

)(
uq
vq

)
= εq

(
uq
vq

)
, (1.40)

where
ξq =

1

2m

[
q2 − k2

F

]
.

Equation (1.40) has a nontrivial solution under the condition

εq = ±
√
ξ2
q + |∆|2, (1.41)

whence the BdG amplitudes read

uq =
1√
2

(
1 +

ξq
εq

)1/2

, vq =
1√
2

(
1− ξq

εq

)1/2

, (1.42)

which are the solutions obtained in the original BCS theory [see Eqs. (1.17) and (1.18)].
Thus, the BCS superconducting state features quasiparticle excitations (also known as
bogoliubons) whose dispersion is given by Eq. (1.41) and graphically shown in Fig. 1.2.
Note that in accordance with Landau liquid theory we only keep the solution εq > 0. The
most prominent feature of the spectrum is the presence of a gap directly determined by
∆. Another important observation is that BCS quasiparticle states are the superpositions
of particle-hole states of Landau liquid as it can be clearly seen in Fig. 1.2(b). Note that
Landau particles are well-defined only in the vicinity of the Fermi surface [see Section §1.2].

It is worth mentioning that due to the smallness of the superconducting gap in con-
ventional superconductors, ∆ � EF , the Bogoliubov-de Gennes equations (1.34) can be
considerably simplified arriving at the so-called Andreev equations [see Appendix §A.1].
This is known as the quasiclassical approximation, as we shall show in Section §3.2.
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Fig. 1.3: Andreev reflection. Panel (a): An injected particle of spin ↑ and energy
ε � ∆ (e1), which cannot be transmitted into a superconducting lead, forms a Cooper
pair with another particle of the opposite spin and energy (e2) penetrating the NS
interface. Absence of the second particle is effectively seen as the reflection of a hole (h)
with the same energy, spin, and momentum as the injected particle, but the opposite
group velocity and charge schematically shown in panel (b).

§1.4 Mesoscopic superconductivity: Andreev reflection and
proximity effect

Andreev reflection

By investigating a charge transfer through an NS interface, Andreev discovered that an
incident electron from the normal electrode can be absorbed as a Cooper pair in the
superconductor while reflected as a hole excitation. This process became known as Andreev
reflection [14]. Detailed explanation based on the solution of Andreev equations can be
found in Appendix §A.2. Here, we shall provide a physical explanation of the effect based
on the Landau liquid theory [see Section §1.2] [26]. Hence, let us consider a particle of
charge e, momentum q1 = kF + δq, spin ↑, and excitation energy ε1 = vF · δq [see e1 in
Fig. 1.3(a)]. As we have shown earlier, in the subgap regime, ε < ∆, the particle cannot
be transmitted into a superconductor due to the superconducting gap in its spectrum.
To understand the Andreev reflection, let us consider pairing with another particle with
momentum q2 = −kF + δq′, spin ↓, and excitation energy ε2 = −vF · δq′ [see e2 in
Fig. 1.3(a)]. The group velocity of the injected particle is vg ≈ vF . By demanding the
energy conservation we have ε1 + ε2 = 0 =⇒ vF · (δq − δq′) = 0 =⇒ δq′ = δq.
This pairing leads to the formation of a Cooper pair which can be now absorbed in the
superconducting lead [see Fig. 1.3(b)]. The absence of the second particle is equivalent to
a hole excitation [see h in Fig. 1.3(a)] with charge −e, momentum −q2 = kF − δq, energy
−ε2 = ε1, group velocity −vg ≈ −vF and spin ↑ [see Fig. 1.3(b)]. Thus, the incoming
particle has been effectively reflected as a hole with the same energy, spin, and momentum
(under the assumption ε � ∆ the momentum can be considered the same), whereas the
charge and the group velocity are opposite. This process gives rise to an effective current
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Fig. 1.4: Proximity effect. Spatial dependence of the pair amplitude F near the
interface between a superconductor (x < 0) and a normal metal (x > 0).

through the interface, evF + (−e)(−vF ) = 2evF .

Proximity effect

When brought into good contact with a superconducting electrode (S) a normal metal (N)

can acquire genuine superconducting properties. This effect has been predicted for the first
by Cooper in 1961 [11] and de Gennes in 1964 [12]. Over the years, it became clear that this
effect is closely related to the process of Andreev reflection. Namely, Andreev reflections
allow superconducting correlations to penetrate the normal metal, thus modifying its
electronic properties [27]. On the other hand, this leads to reduced Cooper pair density
on the superconducting side of the contact. The quantity that measures this density is
the so-called pair amplitude

F (r) =
〈
ψ̂↑(r)ψ̂↓(r)

〉
, (1.43)

which is nonzero in the superconducting state, as shown before [see Section §1.3]. As we
shall show in Section §3.1, this function is related to the so-called anomalous component
of the Gor’kov Green’s matrix. Note that the superconducting gap or pair potential is of
the same form just multiplied by the coupling constant |g| [see Eq. (1.27)], and therefore
nonzero only on the superconducting side of the contact. However, the pair amplitude itself
can be nonzero even in the N region measuring the density of penetrated superconducting
correlations. Due to the coherence, these correlations can survive over length scales which
are much larger than typical distances between ions of a crystal lattice or the electron-
impurity mean free path [see Fig. 1.4]. In S region the characteristic length scale is known
as the superconducting coherence length ξS , and in the clean (` � ξS) and the diffusive
limit (`� ξS) it reads, respectively,

ξ0(T ) =
vS

∆(T )
, (1.44)

ξ(T ) =

√
DS

2∆(T )
, (1.45)



§1.5. Mesoscopic superconductivity: Andreev bound states 13

injected particle

reflected hole

𝑁

−𝑒

𝑆

2𝑒
Cooper pair

𝑆

−2𝑒
Cooper pair

−𝑒

𝑒

injected hole

reflected particle

−𝑒 −𝑒

𝑒

𝑒 𝑒

Δ 𝑒!"! Δ 𝑒!""

𝐿

Fig. 1.5: Multiple Andreev reflections. Schematic view of multiple Andreev re-
flections occurring in a clean normal metal of length L sandwiched between two BCS
superconductors. For simplicity, we assume the interfaces to be perfectly transparent.

where vS and DS = vS`/3 are the Fermi velocity and the diffusion coefficient of the
S material, respectively. Analogously, in N region we deal with the so-called thermal
coherence length ξN , which in the clean and diffusive limits yields, respectively,

ξn(T ) =
vN

2πT
, (1.46)

ξT (T ) =

√
DN

2πT
, (1.47)

with the corresponding notation for vN and DN .

§1.5 Mesoscopic superconductivity: Andreev bound states

Let us now consider a system comprising a normal metal coupled to two BCS super-
conducting leads depicted in Fig. 1.5. The superconductors are identical up to a super-
conducting phase. Based on the previous discussion, we can expect Andreev reflections
occurring at both SN interfaces. Namely, as we have already seen, an injected particle
with energy ε < ∆ from the left is Andreev reflected as a hole at the right SN interface.
The hole keeps propagating on the left (note that it has the opposite group velocity than
the injected particle) and can be Andreev reflected as an particle at the left SN interface.
This process is cyclically continuing. If the total acquired phase within a full cycle is a
multiple of 2π, the whole process results in the formation of so-called Andreev bound states
whose energy spectrum is determined from the following equation:

2Lε

vF
− 2 arccos

(
ε

|∆|

)
± ϕ = 2nπ, (1.48)

where ϕ = φ2−φ1 is the superconducting phase difference. The detailed derivation of this
relation is presented in Appendix §A.3. This famous result has been reported by Kulik
in Ref. [28] for the first time. Apparently, the solution of the equation above should be
found numerically, but in certain limits we can obtain analytic results. In the cases of
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Fig. 1.6: The Andreev bound states spectrum in as a function of superconducting phase
difference ϕ in the case of: (a) short-junction limit (b) long junction, L∆/vF = 10.0,
calculated from Eq. (1.49).

short (L∆/vF � 1) and long (L∆/vF � 1) junctions, we have, respectively,

εS(ϕ) = ±|∆| cos(ϕ/2), (1.49a)
2LεL(ϕ)

vF
= (2n+ 1)π ± ϕ, (1.49b)

as illustrated in Fig. 1.6. The red/blue line indicates the positive/negative branch of the
spectrum (with respect to the Fermi surface). Note that the spectrum has the particle-hole
symmetry. Without derivation, hereby we provide the Andreev bound state energy in the
short-junction limit with finite transparency D [29, 30]

EA(ϕ) = ∆

√
1−D sin2(ϕ/2). (1.50)

The same results we shall obtain in the framework of the quasiclassical Green’s function
theory in Chapter 4.

§1.6 Weak links: Josephson effect

One of the most remarkable phenomena of mesoscopic superconductivity is the appear-
ance of a spontaneous supercurrent flowing between two superconductors separated by an
insulating barrier (in literature known as SIS weak links). In 1962 Josephson theoretically
predicted an existence of such a zero-voltage supercurrent in the following form [13,31]:

I(ϕ) = Ic sinϕ, (1.51)

where ϕ is the difference in the phases of the superconducting electrodes and Ic is the
so-called critical current - the maximal supercurrent that can flow across the junction.
On the other hand, if the bias voltage V is applied to the junction the superconducting
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phase difference evolves as
dϕ

dt
= 2eV. (1.52)

These became known as the dc and ac Josephson effect. The phenomenological derivation
of Eqs. (1.51) and (1.52) is provided in Appendix §A.4.

Although original Josephson’s considerations were about SIS junctions, over the years
it became clear that the effect is more general and appears in a variety of mesoscopic het-
erosystems such as superconductor-normal-metal-superconductor (SNS), superconductor-
constriction-superconductor (ScS), or superconductor-ferromagnet-superconductor (SFS),
to mention just a few. Various weak links (Josephson junctions) remain one of the most
examined systems up to today due to their big importance in many areas of physics such as
quantum computing, quantum thermodynamics, metrology etc. Some of them will be in-
vestigated in this Thesis. In particular, in Chapter 4 we shall address in detail the Joseph-
son effect in clean low-dimensional SNS systems. Since this field is extremely vast, for more
details on the subject we refer the reader to the more specialized books [21,23,32,33] and
papers [34,35].





Chapter 2

Quantum field theory in condensed
matter physics

This Chapter is devoted to the powerful and widely used quantum field-theoretical method
in condensed matter physics. In this approach, the central role is played by the so-called
Green’s function. In contrast to standard perturbation theories, which are limited to a
few low orders, the Green’s function diagrammatic technique allows one to treat certain
processes in all orders. As we shall discuss in the subsequent sections, this strategy is
based on the identification of so-called self-energy functions that dominantly describe
certain processes. On the other hand, the price that has to be paid lies in the fact
that every particular class of the systems under consideration, and therefore described by
the corresponding Hamiltonian, require us to formulate a separate class of diagrammatic
rules. However, since the results in this Thesis are mainly obtained in the framework of
the quasiclassical theory presented in the subsequent chapter, here we shall not go into
details of diagrammatic technique providing only a general overview of the Green’s function
approach. In literature, this formalism is conveniently presented in several variants and
most of them will be used throughout this Thesis. Therefore, in this Chapter shall address
each of them as follows. First, we shall introduce various real-time Green’s functions
commonly utilized in the description of many-body systems at zero temperature. Then, we
shall introduce the imaginary-time or Matsubara Green’s functions developed for systems
at finite temperatures. Finally, we enclose Chapter by giving a brief overview of the
Keldysh Green’s formalism employed for treating systems out of equilibrium. Since the
quantum field theory in condensed matter is an extremely vast field for more details,
especially related to the diagrammatic technique, we refer the reader to the specialized
books [36–44] and articles [45–47].

§2.1 Introduction to Green’s function formalism

In this section we shall introduce real-time Green’s functions commonly used for treating
systems at zero temperature. After short introduction to quantum dynamics, we shall
immediately provide the definitions of certain Green’s functions and discuss their funda-
mental properties as well as the connection to physical observables.

17
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Brief introduction to quantum dynamics

Let us consider a system of interacting particles in an external time-dependent field de-
scribed by the following Hamiltonian:

Ĥ(t) = Ĥ + θ(t− t0)Ĥ ′(t), (2.1)

where Ĥ = Ĥ0 + Ĥint with Ĥ0 being the noninteracting part and Ĥint a time-independent
particle-particle interaction, whereas Ĥ ′(t) denotes a time-dependent external perturba-
tion. As mentioned in Section §1.2, the grand canonical ensemble is used so that Ĥ0

includes the term −µN̂ with N̂ being the total particle number operator and µ the chemi-
cal potential. The step function in Eq. (2.1) reflects the fact that the external perturbation
field is assumed to be adiabatically switched on at t = t0, which means that for t < t0
the system can be considered in thermal equilibrium at temperature T , and therefore
described by the density matrix

ρ̂H =
1

Z
e−βĤ , (2.2)

where Z = Tr
[
e−βĤ

]
denotes the grand canonical partition sum and β = 1/T .

After switching on the perturbation at t = t0, the system starts to evolve according to
the total Hamiltonian Ĥ(t), and our task is to calculate the expectation value of observable
Â at times t > t0:

〈ÂH(t)〉H =
1

Z
Tr
[
ρ̂HÂH(t)

]
, (2.3)

where
ÂH(t) = Û †(t, t0)ÂÛ(t, t0) (2.4)

is the Â observable written in the Heisenberg picture. The evolution operator Û(t, t0)

satisfies the Schrödinger equation

i
∂Û(t, t0)

∂t
= Ĥ(t)Û(t, t0), Û(t0, t0) = 1, (2.5)

with the formal solution

Û(t, t0) = T exp

−i
t∫

t0

Ĥ(t′)dt′

, (2.6)

where T denotes the time- (chronological) ordering. If the Hamiltonian does not explicitly
depend on time the relation above reduces to Û(t, t0) = e−iĤ(t−t0). As we can see from
Eq. (2.3), the fundamental task of nonequilibrium dynamics is to find the expectation value
of an observable which evolves in accordance to the total, time-dependent, Hamiltonian
Ĥ, whereas the trace is performed over the equilibrium states of the time-independent
counterpart, Ĥ. However, it turns out that this task is deeply nontrivial, and it is not
exactly solvable in general. Instead, many perturbative methods are developed. One of the
most efficient and powerful methods that is widely used in treatments of nonequilibrium
many-body systems is the Green’s function approach.
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Before we introduce different Green’s functions, let us calculate a correction to the
expectation value given in Eq. (2.3) linear in the perturbation field Ĥ ′. For this purpose,
let us consider a somewhat simpler Hamiltonian of noninteracting particles in an external
time-dependent field

Ĥ(t) = Ĥ0 + θ(t− t0)Ĥ ′(t). (2.7)

Similarly to Eq. (2.3), the expectation value of an observable Â is given by

〈Â(t)〉 = Tr
[
ρ̂0ÂH(t)

]
, (2.8)

where ρ0 = e−βĤ0/Z. However, since the expectation value must not depend on the
picture we can pass to the so-called interaction picture, where

〈Â(t)〉 =
1

Z
Tr
[
ρ̂0
H0

(t)ÂH0(t)
]

=
1

Z
Tr
[
Ŝ(t, t0)ρ̂0Ŝ

−1(t, t0)ÂH0(t)
]
. (2.9)

Here, Ŝ(t, t0) is the so-called S-matrix defined as follows:

Ŝ(t, t0) = T exp

−i
t∫

t0

Ĥ ′H0
(t′)dt′

, (2.10)

with Ĥ ′H0
(t) = eiĤ0tĤ ′e−iĤ0t being the interaction Hamiltonian in the interaction picture,

where operators evolve according to the free Hamiltonian Ĥ0. The evolution operator (2.6)
and the S-matrix (2.10) are related through Û(t, t0) = e−iĤ0(t−t0)Ŝ(t, t0). By expanding

Ŝ(t, t0) up to a linear order in the perturbation field, Ŝ(t, t0) ≈ 1 − i
t∫
t0

Ĥ ′H0
(t′)dt′, and

returning it into Eq. (2.9), we arrive at

〈Â(t)〉 = 〈Â〉0 − iθ(t− t0)

t∫
t0

dt′
〈

[ÂH0(t), Ĥ ′H0
(t′)]

〉
0
, (2.11)

where 〈. . .〉0 denotes an equilibrium average with respect to the free Hamiltonian Ĥ0

and [ , ] is a commutator. This relation represents the famous and very useful Kubo
formula [48, 49], which will be used for deriving the heat current between electrons and
phonons in Chapter 6 [see also Appendix §D.3].

Green’s function as a single-particle propagator

Let us now introduce the Green’s function. For illustration purpose, we shall discuss a
single-particle propagation in a quantum system described by stationary Hamiltonian Ĥ.
The time evolution of the quantum state ψ(r) from instant t′ to t > t′ is given by

ψ(r, t) = 〈r|ψ(t)〉 = 〈r| e−iĤ(t−t′) ∣∣ψ(t′)
〉

=

∫
dr′ 〈r| e−iĤ(t−t′) ∣∣r′〉 〈r′∣∣ψ(t′)

〉
=

=

∫
dr′G(rt, r′t′)ψ(r′, t′), (2.12)
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where G(rt, r′t′) is the propagator. With this, we have practically introduced the so-called
retarded Green’s function, GR, defined as follows:

iGR(x, x′) = θ(t− t′) 〈r| e−iĤ(t−t′) ∣∣r′〉 , (2.13)

where use the abbreviation x = (r, t). The term retarded reflects the fact that the state
at instant t is determined by an earlier time t′ and this is an implication of the causality
principle. Rewriting the formula above by employing the complete eigenbasis {|ν〉} of Ĥ,
we arrive at

iGR(x, x′) = θ(t− t′)
∑
ν

ϕν(r)ϕ∗ν(r′)e−iEν(t−t′), (2.14)

where ϕν(r) = 〈r|ν〉 and Ĥ |ν〉 = Eν |ν〉. Finally, in the energy domain the formula above
adopts the form 1

GR(r, r′; ε) =
∑
ν

ϕν(r)ϕ∗ν(r′)

ε− Eν + iη
=
∑
ν

ϕν(r)ϕ∗ν(r′)

[
P 1

ε− Eν
− iπδ(ε− Eν)

]
, (2.15)

where P stands for the Cauchy principal value of the integral and δ(x) is the Dirac delta
function. The second term in the bracket denotes the local density of states. Based on
this simple analysis, we notice that the retarded Green’s function contains the information
about the spectral properties of the system through its imaginary part.

Many-body Green’s functions

Since we are interested in many-body systems which are conveniently described by uti-
lizing the representation of second quantization, in what follows, we shall make use of
this formalism to introduce different Green’s function. The chronological (time-ordered)
Green’s function for a system of particles described by the Hamiltonian (2.1) is defined
as:

iGαβ(x, x′) =
〈
T ψ̂αH(x)ψ̂†βH(x′)

〉
H

=

=


〈
ψ̂αH(x)ψ̂†βH(x′)

〉
H
, t > t′,

∓
〈
ψ̂†βH(x′)ψ̂αH(x)

〉
H
, t′ > t,

(2.16)

where the upper (lower) sign corresponds to fermions (bosons), T denotes the time-
(chronological) ordering, x = (r, t), and ψ̂†αH(x) and ψ̂αH(x) are the field operators in

1The famous formula from complex calculus frequently used in quantum field theory:

lim
η→0+

∞∫
−∞

f(x)dx

x± iη = P
∞∫
−∞

f(x)dx

x
∓ iπf(0),

where P stands for the Cauchy principal value for a singularity at the finite number b ∈ (a, c) defined as
follows:

P
c∫
a

g(x)dx = lim
ε→0+

 b−ε∫
a

g(x)dx+

c∫
b+ε

g(x)dx

 .
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the Heisenberg picture with α denoting the spin index. As we shall show later, in the
Keldysh Green’s formalism [see Section §2.4] this function corresponds to the Gff(x, x′)

component 2. In what follows, the f and b symbols in the superscript denote the terms
forward and backward, respectively. This convention will become clear in Section §2.4.
Other Green’s functions are

iGfb
αβ(x, x′) = ∓

〈
ψ̂†βH(x′)ψ̂αH(x)

〉
H
, (2.17)

iGbf
αβ(x, x′) =

〈
ψ̂αH(x)ψ̂†βH(x′)

〉
H
, (2.18)

iGbb
αβ(x, x′) =

〈
T̃ ψ̂αH(x)ψ̂†βH(x′)

〉
H
, (2.19)

where T̃ denotes the anti-time- (antichronological) ordering. In addition, we shall define
three more Green’s functions

iGRαβ(x, x′) = θ(t− t′)
〈

[ψ̂αH(x), ψ̂†βH(x′)]±

〉
H
, (2.20)

iGAαβ(x, x′) = −θ(t′ − t)
〈

[ψ̂αH(x), ψ̂†βH(x′)]±

〉
H
, (2.21)

iGKαβ(x, x′) =
〈

[ψ̂αH(x), ψ̂†βH(x′)]∓

〉
H
, (2.22)

called retarded, advanced and Keldysh Green’s function, respectively. In the equations
above, [ , ]± denotes the (anti)commutator, whereas θ(x) stands for the Heaviside step
function. Note that for noninteracting particles, the GR(x, x′) function exactly coinci-
dences the propagator given in Eq. (2.13). It is obvious that the mentioned functions are
not fully independent and it can be easily shown that the following relations are fulfilled:

GRαβ(x, x′) = θ(t− t′)
[
Gbf
αβ(x, x′)−Gfb

αβ(x, x′)
]
, (2.23)

GAαβ(x, x′) = −θ(t′ − t)
[
Gbf
αβ(x, x′)−Gfb

αβ(x, x′)
]
, (2.24)

GKαβ(x, x′) = Gbf
αβ(x, x′) +Gfb

αβ(x, x′), (2.25)

Gff
αβ(x, x′) +Gbb

αβ(x, x′) = Gfb
αβ(x, x′) +Gbf

αβ(x, x′), (2.26)

and

lim
t→t′

[
Gfb
αβ(rt, r′t′)−Gbf

αβ(rt, r′t′)
]

= iδαβδ(r− r′), (2.27)

lim
t→t′

Gfb
αβ(rt, r′t′) =

1

2
lim
t→t′

GKαβ(rt, r′t′) +
i

2
δαβδ(r− r′), (2.28)

Gff
αβ(x, x′) = −[Gbb

βα(x′, x)]∗, (2.29)

Gfb
αβ(x, x′) = −[Gfb

βα(x′, x)]∗, (2.30)

Gbf
αβ(x, x′) = −[Gbf

βα(x′, x)]∗, (2.31)

GRαβ(x, x′) = [GAβα(x′, x)]∗. (2.32)

2In literature this function is denoted just as G(x, x′) [41] or G++(x, x′) [50].
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As already mentioned, the discussion so far has been valid both for fermions and bosons.
However, for compactness, from now on we shall focus only on fermions, since most of
the results in this Thesis are obtained for such systems [for details on bosonic Green’s
functions see Appendix D.1].

Stationary translation-invariant systems: Fourier domain

If we deal with stationary and spatially homogeneous systems, the Green’s functions de-
pend only on t − t′ and r − r′ coordinates allowing us to pass to the energy-momentum
(Fourier) domain as follows [see Appendix F]:

G(r− r′, t− t′) =

∞∫
−∞

dε

2π

∫
dp

(2π)3
G(p, ε)e−iε(t−t

′)+ip·(r−r′), (2.33)

where, for simplicity, we assume there is no spin-dependent scattering, and therefore the
α index is omitted. Under these assumptions, all Green’s functions can be transformed
accordingly. Some of relations listed in Eqs. (2.23)-(2.32) in the Fourier domain read

Gff(p, ε) = −[Gbb(p, ε)]∗, (2.34)

GR(p, ε) = [GA(p, ε)]∗, (2.35)

Re[Gfb(p, ε)] = Re[Gbf(p, ε)] = 0. (2.36)

It is worth emphasizing that the time-ordered Green’s function G(p, ε) [≡ Gff(p, ε)] con-
tains the information about the quasiparticle spectrum through its poles in the complex
plane, i.e., it is determined from the equation G−1(p, ε− µ) = 0 [36].

Analogously, the momentum representation of Green’s functions can be obtained by
changing the basis, i.e., [see Appendix F]

ψ̂(r) =
1√
V

∑
p

eip·rĉp, ψ̂†(r) =
1√
V

∑
p

e−ip·rĉ†p, (2.37)

where ĉp (ĉ†p) annihilates (creates) an electron of momentum p and V is the volume of
the system. By inserting this into the expression for the retarded Green’s function (2.20),
we arrive at

iGR(rt, r′t′) = θ(t− t′)V−1
∑
pp′

eip·r−ip
′·r′
〈
{ĉp(t), ĉ†p′(t

′)}
〉
H
. (2.38)

Translation invariance, necessary for the Fourier transform, requires us to set p = p′ ar-
riving at

iGR(rt, r′t′) = θ(t− t′)V−1
∑
p

eip·(r−r
′)
〈
{ĉp(t), ĉ†p(t′)}

〉
H
. (2.39)

By replacing the summation with the integration following the standard recipe,
∑

p →
V(2π)−3

∫
dp [see Appendix F], and performing the Fourier transform over the spatial
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coordinates, we obtain

iGR(p; t, t′) = θ(t− t′)
〈
{ĉp(t), ĉ†p(t′)}

〉
H
. (2.40)

Other Green’s functions can be expressed correspondingly.

Observables

The main task of statistical physics is to evaluate expectation values of physical observ-
ables. The Green’s function formalism provides an elegant and compact way for doing so.
For illustration, let us consider the charge and the current density operators which read,
respectively,

n̂(r) = e
∑
α

ψ̂†α(r)ψ̂α(r), (2.41)

ĵ(r) = − ie

2m

(
∇−∇′

)∑
α

ψ̂†α(r′)ψ̂α(r)|r′=r. (2.42)

Consequently, the statistical averages of those are given by

n(r, t) = e
∑
α

〈
ψ̂†αH(r, t)ψ̂αH(r, t)

〉
H

= −2sieG
fb(rt, rt) = −ieGK(rt, rt), (2.43)

j(r, t) = − ie

2m

(
∇−∇′

)∑
α

〈
ψ̂†αH(r′, t)ψ̂αH(r, t)

〉
H

∣∣∣∣
r′=r

=

= − e

m

(
∇−∇′

)
Gfb(rt, r′t)|r′=r = − e

2m

(
∇−∇′

)
GK(rt, r′t)|r′=r, (2.44)

where 2s accounts for the spin multiplicity. At zero temperature the full description
of the system under study is extracted from the G(x, x′) [Gff(x, x′)] function only, and
observables are conveniently expressed in terms of this component as follows:

n(r, t) = −2sie lim
t′→t+0

G(rt, rt′), (2.45)

j(r, t) = − e

m
lim

t′→t+0

(
∇−∇′

)
G(rt, r′t′)|r′=r. (2.46)

As we can see, the relations above, in general, depend on time. However, if we deal
with a stationary many-body system, these are time independent. An arbitrary physical
observable can be expressed in a corresponding manner.

Free Fermi gas

Now, let us illustrate the previously introduced theory on the case of a free electron gas
described by the well-known Hamiltonian

Ĥ0 =
∑
p

ξpĉ
†
pĉp, (2.47)
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where ξp = p2/2m − µ. The time dependence of the ĉp and ĉ†p is obtained within the
Heisenberg picture yielding ĉp(t) = ĉpe

−iξpt and ĉ†p(t) = ĉ†pe
iξpt. Inserting this back into

Eq. (2.40), we obtain the retarded Green’s function in the following form:

iG(0)R(p; t− t′) = θ(t− t′)e−iξp(t−t′). (2.48)

Note that the creation and annihilation operators obey the fermionic statistics, {ĉp, ĉ†p′} =

δpp′ . By passing to the frequency domain, we have

G(0)R(p, ε) =
1

ε− ξp + iη
, (2.49)

where η denotes a positive infinitesimal parameter that shifts down the poles of the re-
tarded Green’s from the real axis making it analytic in the upper half-plane of the complex
plane. As we shall see in the next subsection, this is a general property of GR(x, x′).

Since the free Hamiltonian is already diagonal, the occupation of electrons is given by
the Fermi-Dirac distribution, i.e., 〈ĉ†pĉp〉0 = nF (ξp) = [eβξp + 1]−1. Bearing this in mind,
we can express other noninteracting Green’s functions

G(0)ff(p, ε) = P 1

ε− ξp
+ i[2nF (ξp)− 1]πδ(ε− ξp), (2.50)

G(0)fb(p, ε) = inF (ξp)2πδ(ε− ξp), (2.51)

G(0)bf(p, ε) = −i[1− nF (ξp)]2πδ(ε− ξp), (2.52)

G(0)bb(p, ε) = −P 1

ε− ξp
+ i[2nF (ξp)− 1]πδ(ε− ξp), (2.53)

and

G(0)A(p, ε) =
1

ε− ξp − iη
, (2.54)

G(0)K(p, ε) = i[2nF (ξp)− 1]2πδ(ε− ξp). (2.55)

Apparently, the Gfb and Gbf functions (together with GK = Gfb +Gbf) contain the infor-
mation about the distribution of electrons, whereas GR/A displays the spectral properties
of the system. Note that the relations between the Green’s functions listed in Eqs. (2.34)-
(2.36) are satisfied. In addition, the so-called detailed balance relation is fulfilled:

G(0)K(p, ε) = [G(0)R(p, ε)−G(0)A(p, ε)] tanh
ε

2T
. (2.56)

As we shall show it in the subsequent subsection, this holds always in equilibrium.

Properties of Green’s functions in equilibrium

By employing the so-called Lehmann representation [see Appendix §B.1], the following
relation can be proven:

Gfb(p, ε) = −Gbf(p, ε)e−βε, (2.57)
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which in combination with Eqs. (2.23)-(2.25) leads to

GK(p, ε) =
[
GR(p, ε)−GA(p, ε)

]
tanh

ε

2T
. (2.58)

The imaginary part of the retarded Green’s function defines the so-called spectral
function

A(p, ε) = −2 ImGR(p, ε) = i[GR(p, ε)−GA(p, ε)]. (2.59)

The last step in the previous equation can be easily proven by employing the mentioned
representation. The spectral function plays an important role in many-body physics. For
instance, all Green’s functions in equilibrium can be expressed in terms of it:

iGbf(p, ε) = A(p, ε)[1− nF (ε)], (2.60)

−iGfb(p, ε) = A(p, ε)nF (ε), (2.61)

GR(p, ε) =

∞∫
−∞

dε′

2π

A(p, ε′)

ε− ε′ + iη
, (2.62)

GA(p, ε) =

∞∫
−∞

dε′

2π

A(p, ε′)

ε− ε′ − iη
. (2.63)

Apparently, the retarded/advanced Green’s function is analytic in the upper/lower half-
plane of the complex plane. Finally, the local density of states is related to the imaginary
part of GR [see Eq. (2.15)], and thus

N(r, ε) = − 1

π
Im[GR(r, r; ε)] =

1

2π

∫
dp

(2π)3
A(p, ε). (2.64)

§2.2 Perturbation theory at T = 0: The self-energy function

Since the perturbation (diagrammatic) theory is beyond the scope of this Thesis, hereby
we introduce it very briefly restricting ourselves to the case of zero temperature, where

〈. . .〉 → 〈. . .〉0 = 〈φ0|. . .|φ0〉 , (2.65)

with |φ0〉 being the ground state of the system under consideration. To formulate the
Green’s function theory at zero temperature, it is sufficient to consider only the time-
ordered Green’s function G(x, x′) [Gff(x, x′)].

In order to build up the perturbation theory, let us suppose that the interaction Ĥ int
H0

(t)

(represented in the interaction picture) is adiabatically switched on between t = −∞ and
a finite instant, and adiabatically switched off at t =∞. At the moment of switching on
the interaction, the system is in its initial state which is the ground state |φ0〉. Due to
the adiabaticity, the interaction cannot push the system into a state of different energy
and the final state have to be the same as the initial ground one, up to a phase factor:
|φ〉 = eiχ |φ0〉 [51]. Moreover, this enables us to assume that at t = −∞ all the pictures
are the same, and by recalling the connection between the Heisenberg and the interaction
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representation [see the text below Eq. (2.10)], we can write

ψ̂H(r, t) = Ŝ−1(t,−∞)ψ̂H0(r, t)Ŝ(t,−∞), (2.66a)

ψ̂†H(r, t) = Ŝ−1(t,−∞)ψ̂†H0
(r, t)Ŝ(t,−∞). (2.66b)

Now, by employing the definitions of the time-ordered Green’s function (2.16) and the
S-matrix (2.10), we arrive at

iG(x, x′) =
〈
Ŝ−1T [ψ̂H0(x)ψ̂†H0

(x′)Ŝ]
〉

0
. (2.67)

Under the assumption that the evolution does not change the state up to a phase factor,
Ŝ(∞,−∞) |φ0〉 = eiϕ |φ0〉, the formula above can be further simplified yielding

iG(x, x′) =

〈
T [ψ̂H0(x)ψ̂†H0

(x′)Ŝ]
〉

0

〈Ŝ〉0
. (2.68)

This equation is the cornerstone for building any perturbation theory since all the oper-
ators are expressed in terms of the noninteracting Hamiltonian, the ground state is non-
interacting, and therefore Wick’s theorem applies. All this together enable us to expand
the full Green’s function shown above in terms of the noninteracting Green’s function,
iG(0)(x, x′) = 〈T ψ̂H0(x)ψ̂†H0

(x′)〉0. For more details on how to build various Feynman
diagrams the reader is referred to specialized books, e.g., Refs. [32, 36].

Here, we shall more focus on the fact that the Green’s function approach is unique
enabling us to treat some processes in all orders of perturbation theory. This is an impli-
cation of an important feature: the coefficient that multiplies a diagram does not depend
on its order. In other words, if a diagram can be identified as a composition of two or more
blocks each of them can be calculated irrespective of the total diagram. Moreover, these
blocks can be combined in building new, more complicated, structures. One of those,
which plays a central role in this approach, is known as the self-energy function. This
function contains all irreducible diagrams, i.e., those which cannot be split up into two
parts by cutting one solid (fermionic) line. The self-energy function is diagrammatically
shown in Fig. 2.1(a), whereas the contribution to the full Green’s function is presented in
panel (b) of the same figure. Translated into the mathematical language, the latter reads

G(x, x′) = G(0)(x, x′) +

∫
dx1dx2G

(0)(x, x1)Σ(x1, x2)G(x2, x
′) = (2.69a)

= G(0)(x, x′) +

∫
dx1dx2G(x, x1)Σ(x1, x2)G(0)(x2, x

′), (2.69b)

and these are known as the left and right Dyson equation, respectively. The Dyson equa-
tion, in general, is not solvable since requires one to sum all irreducible diagrams in all
orders. However, the power of this approach lies in the fact that we can select a par-
ticular irreducible diagram that dominantly describe the process under study and sum
it in all orders. Under the assumption of translational invariance, the Dyson equation
can be written in the Fourier domain. Since Eq. (2.69) is a convolution in real space, in
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Fig. 2.1: Self-energy and the Dyson equation. Panel (a): Diagrammatic represen-
tation of the self-energy −iΣ(x1, x2). Panel (b): Diagrammatic representation the left
and right Dyson equation: the full Green’s function (double solid line) in terms of the
self-energy function (circle).

energy-momentum domain it becomes a simple product

G(p, ε) = G(0)(p, ε) +G(0)(p, ε)Σ(p, ε)G(p, ε), (2.70)

with the formal solution
G(p, ε) =

1

ε− ξp − Σ(p, ε)
. (2.71)

In the last expression we have recalled G(0)(p, ε) from Eq. (2.50) putting T → 0. Note that
the infinitesimal in the denominator is dropped out since the function is renormalized by
the self-energy itself. For instance, the self-energy function for electron-impurity scattering
in the first Born approximation reads [for derivation see Appendix §B.2]

Σimp(p, ε) ≈ −i sgn(ε)
1

2τpF
, (2.72)

with τpF being the elastic electron-impurity scattering time given by

1

τpF
= 2πN0nimp

〈∣∣u(pF − p′F )
∣∣2〉

p′F

, (2.73)

where 〈· · ·〉p′F denotes averaging over the directions of the Fermi momentum, N0 is the
normal density of states at the Fermi level, nimp is the impurity concentration, and u(p)

denotes the Fourier transform of the scattering potential. More details about the electron-
impurity scattering can be found in Ref. [39].

§2.3 Imaginary-time formalism

The previous section was devoted to the Green’s function method at zero temperature
formulated in terms of the real-time formalism. As it has been shown, the averages are
calculated with respect to the ground state that under the action of the S-matrix evolves
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to itself up to a phase factor. On the other hand, at finite temperatures we have to average
over all possible states weighted by the Gibbs-Boltzmann factor, which makes a situation
more complicated. Namely, under the action of the S-matrix an initial state (which in
general is not the ground state) does not necessarily converts into itself, but rather in a
superposition of various states with the same total energy. This practically means we are
not allowed to pass from Eq. (2.67) to Eq. (2.68) [36]. Mathematically speaking, the factor
of eβĤ appearing in the average sum cannot be included in the time-ordering since the
states evolve according to Û(t, t0) = e−iĤ(t−t0) which is a complex function [39]. In 1955
Matsubara proposed an elegant approach which successfully solved this problem [45]. This
formalism was further developed by Fradkin [52] and Martin and Schwinger [53]. Hence,
this section is devoted to the imaginary-time or Matsubara formalism.

Definition of the imaginary-time (Matsubara) Green’s function

The core of this approach is rather simple. Instead of the real-time, Matsubara proposed
the imaginary-time evolution, t→ −iτ . The field operators in the Heisenberg picture now
have the form [36]

ψ̂αM(r, τ) = eĤτ ψ̂α(r)e−Ĥτ , (2.74a)
ˆ̃
ψαM(r, τ) = eĤτ ψ̂†α(r)e−Ĥτ . (2.74b)

Note that ˆ̃
ψαM(r, τ) 6= ψ̂†αM(r, τ), since

[
eĤτ

]†
= eĤτ 6= e−Ĥτ . With the help of the

newly introduced notation, we can define the single particle imaginary-time or Matsubara
Green’s function as follows:

Gαβ(r, τ, r′, τ ′) = −
〈
Tτ ψ̂αM(r, τ)

ˆ̃
ψβM(r′, τ ′)

〉
H

=

=

−
〈
ψ̂αM(r, τ)

ˆ̃
ψβM(r′, τ ′)

〉
H
, τ > τ ′,

±
〈

ˆ̃
ψβM(r′, τ ′)ψ̂αM(r, τ)

〉
H
, τ ′ > τ,

(2.75)

where, as before, the upper (lower) sign stands for fermions (bosons). Now, let us list
some important properties of these functions. In what follows, we omit the spin indices
for simplicity. Let us assume τ > τ ′ and explicitly write Eq. (2.75):

G(r, r′; τ > τ ′) =− 1

Z
Tr
[
e−βĤeĤτ ψ̂(r)e−Ĥ(τ−τ ′) ˆ̃

ψ(r′)e−Ĥτ
′
]

=

=− 1

Z
Tr
[
e−βĤeĤ(τ−τ ′)ψ̂(r)e−Ĥ(τ−τ ′) ˆ̃

ψ(r′)
]

= (2.76)

= G(r, r′; τ − τ ′),

where we have employed the cyclic properties of the trace. Analogously, this can be proven
for the case of τ < τ ′, and from now on we can safely set τ ′ = 0. Another property is that
G(r, r′; τ) is defined on a finite τ -interval

− β = − 1

T
< τ <

1

T
= β. (2.77)
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Finally, the imaginary-time functions satisfy the following relation:

G(r, r′; τ) = ∓G(r, r′; τ + 1/T ), for τ < 0, (2.78)

which can be easily proven recalling Eq. (2.75) and utilizing the cyclic properties of the
trace

G(r, r′; τ < 0) =± 1

Z
Tr
[
e−βĤ

ˆ̃
ψ(r′)eĤτ ψ̂(r)e−Ĥτ

]
=

=± 1

Z
Tr
[

ˆ̃
ψ(r′)e−βĤeĤ(τ+β)ψ̂(r)e−Ĥ(τ+β)

]
= (2.79)

=± 1

Z
Tr
[
e−βĤeĤ(τ+β)ψ̂(r)e−Ĥ(τ+β) ˆ̃

ψ(r′)
]

=

=∓ G(r, r′; τ + 1/T ).

Fourier transform and the Matsubara frequencies

Since the Matsubara Green’s functions are defined on a finite τ -interval, the Fourier trans-
form is discrete, i.e.,

G(r, r′; τ) = T

∞∑
n=−∞

e−iωnτG(r, r′;ωn), (2.80)

G(r, r′;ωn) =
1

2

1/T∫
−1/T

dτeiωnτG(r, r′; τ), (2.81)

where ωn = nπT are the so-called Matsubara frequencies. Due to the specific properties
of the Matsubara Green’s functions discussed earlier [see Eq. (2.79)], the latter formula
can be further simplified

G(r, r′;ωn) =
1

2

1/T∫
0

dτeiωnτG(r, r′; τ) +
1

2

0∫
−1/T

dτeiωnτG(r, r′; τ) =

=
1

2

1/T∫
0

dτeiωnτG(r, r′; τ)∓ 1

2

0∫
−1/T

dτeiωnτG(r, r′; τ + 1/T ) = (2.82)

=
1

2

(
1∓ e−iωn/T

) 1/T∫
0

dτeiωnτG(r, r′; τ).

Hence, the Fourier components G(r, r′;ωn) are nonzero only for

ωn =

{
(2n+ 1)πT for fermions,

2nπT for bosons.
(2.83)
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These are known as fermionic and bosonic Matsubara frequencies, respectively, and they
have the clear physical meaning. Namely, it can be easily shown that bosonic and fermionic
Matsubara frequencies correspond to complex poles of the Fermi and the Bose distribution,
respectively. For compactness, from now on we shall restrict ourselves to fermionic systems
only as in the previous section.

Observables

Similarly to the case of the real-time formalism, the Matsubara Green’s functions can
be used for expressing thermal averages of various physical quantities. For instance, the
charge and current density read, respectively,

n(r) = 2se lim
τ→0+

G(r, r; τ), (2.84)

j(r) =
ie

m
lim
τ→0+

(∇−∇′)G(r, r′; τ)|r′=r. (2.85)

Connection to GR/A and analytic continuation

The Matsubara Green’s functions can be linked to the retarded/advanced real-time Green’s
function. To show this, let us write G(τ > 0) in momentum space

G(p, τ > 0) = −
〈
Tτ ĉp(τ)ĉ†p(0)

〉
H
. (2.86)

This function can be rewritten in the Lehmann representation arriving at

GR(p, ε) = G(p, iωn → ε+ iη), (2.87)

with η being an infinitesimal shift. This procedure is known as the analytic continuation
and, in general, it is not trivial. The details of it lie outside the scope of this Thesis and
more information on the topic can be found in literature, e.g., Ref. [38]. Similarly, it can
be shown that the advanced Green’s function is linked with G(p, ωn) through

GA(p, ε) = G(p, iωn → ε− iη), (2.88)

and, finally, we have

G(p, ωn) =

{
GR(p, iωn), ωn > 0,

GA(p, iωn), ωn < 0.
(2.89)

A detailed derivation of these relations can be found in Appendix §B.1.

Free electron gas

Analogously to the case of real-time Green’s functions, the imaginary-time formalism
allows us to treat a free electron gas analytically. For this purpose, we shall derive the
equation of motion by recalling the definition of Matsubara operators

ÂM(τ) = eĤτ Âe−Ĥτ . (2.90)
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Differentiation of ÂM with respect to τ gives the equation of motion in the Heisenberg
picture

dÂM
dτ

= [Ĥ, ÂM]. (2.91)

Now, by assuming the free Hamiltonian (omitting the spin indices),

Ĥ0 =

∫
drψ̂†(r)

(
−∇

2

2m
− µ

)
ψ̂(r), (2.92)

we can find the equation of motion for G(0)(r, r′; τ − τ ′) as follows:

− ∂G
(0)

∂τ
=
[
δ(τ − τ ′)

〈
{ ˆ̃
ψM(r′, τ ′), ψ̂M(r, τ)}

〉
0

+
〈
Tτ [∂τ ψ̂M(r, τ)]

ˆ̃
ψM(r′, τ ′)

〉
0

]
. (2.93)

Here, { , } denotes the anticommutator. By recalling that

∂ψ̂M(r, τ)

∂τ
= [Ĥ0, ψ̂M(r, τ)] =

(
∇2

2m
+ µ

)
ψ̂M(r, τ), (2.94)

and returning it into Eq. (2.93), we obtain the equation of motion in the following form:

G−1
0 (x)G(0)(x, x′) = δ(x− x′), (2.95)

where

G−1
0 (x) =

[
− ∂

∂τ
+
∇2

2m
+ µ

]
, (2.96)

with x = (r, τ) and δ(x − x′) = δ(τ − τ ′)δ(r− r′). Solving Eq. (2.95) in the Fourier
domain, we arrive at

G(0)(p, ωn) =
1

iωn − ξp
, (2.97)

where, as usual, ξp = p2/2m − µ. We see that by performing the analytic continuation
iωn → ε ± iη, we obtain the retarded/advanced Green’s function of the free electron gas
[see Eqs. (2.49) and (2.54)].

The self-energy and the Dyson equation

Similarly to the zero-temperature formalism [see Section §2.2], the perturbation theory is
well-developed at finite temperatures as well. We shall not go into details, and we refer
the reader to the standard literature, e.g., Refs. [32, 36, 39, 40]. Instead, we put emphasis
on the fact that the imaginary-time formalism, in a full analogy to the zero-temperature
theory, allows us to define the self-energy function Σ(x1, x2), built from all irreducible
diagrams. Expressed in terms of the self-energy function, the full Matsubara function
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satisfies the Dyson equation

G(x, x′) = G(0)(x, x′) +

∫
dx1dx2G(0)(x, x1)Σ(x1, x2)G(x2, x

′) = (2.98a)

= G(0)(x, x′) +

∫
dx1dx2G(x, x1)Σ(x1, x2)G(0)(x2, x

′), (2.98b)

where
∫
dxi =

∫
dri
∫ 1/T

0 dτi. Acting by G−1
0 [see Eq. (2.96)] on Eq. (2.98a) from the left

we arrive at the left-sided Dyson equation in the integro-differential from:(
− ∂

∂τ
+
∇2

2m
+ µ

)
G(x, x′) = δ(x− x′) + (Σ ◦ G)(x, x′), (2.99)

where ◦ assumes an integration over the internal variables. If we rewrite G−1
0 as

G−1
0 (x, x1) =

(
− ∂

∂τ
+
∇2

2m
+ µ

)
δ(x− x1), (2.100)

the left-sided Dyson equation adopts the following matrix form:

(G−1
0 − Σ) ◦ G = δ(x− x′). (2.101)

Analogously, the right-sided Dyson equation reads

G ◦ (G−1
0 − Σ) = δ(x− x′). (2.102)

§2.4 Contour ordering and the Keldysh Green’s formalism

Previous sections were devoted to the Green’s function method in equilibrium. However,
this does not exceed all the possibilities of this powerful method which can be extended
to nonequilibrium situations as well. In this section, we shall provide the fundamentals
of the so-called contour-ordered or Keldysh Green’s method, introduced by Kadanoff and
Baym [54] in 1962 and Keldysh in 1964 [46]. Since we restrict ourselves to the very basics
for more details on the topic we refer the reader to Refs. [37, 41,47,50].

Definition of contour-ordered Green’s functions

As discussed in Section §2.2, the central role of the perturbation theory for equilibrium
Green’s functions at T = 0 is played by Eq. (2.68), where we assume that at t = −∞ the
system starts from the initial state |φ0〉, evolving over time, and finally at t =∞ ends in
the same state (up to a phase factor) due to the symmetry. However, such an assumption
does not hold in the case of a nonequilibrium situation. Let us get some more details on
it by considering a time-dependent Hamiltonian [with the same notation as before; see
Eq. (2.1)]

Ĥ(t) = Ĥ + Ĥ ′(t). (2.103)
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Fig. 2.2: The Keldysh time contours. Time evolution can be decomposed into the
forward and the backward branch which are connected at t = +∞.

Consequently, the expectation value of an observable Â reads

〈Â〉 = I〈ψ|ÂH0(t′)|ψ〉I
I〈ψ|ψ〉I

, (2.104)

where we employed the interaction picture. Since the symmetry is broken the expectation
value in terms of the S-matrix can be written as

〈Â〉 =
〈φ0|Ŝ(−∞, t′)ÂH0(t′)Ŝ(t′,−∞)|φ0〉
〈φ0|Ŝ(−∞, t′)Ŝ(t′,−∞)|φ0〉

. (2.105)

A proper choice for the time ordering is represented by the Keldysh time contour c shown
in Fig. 2.2(a). The upper branch describes a propagation forward in time, i.e., from
t = −∞ to t = t′, whereas the lower one corresponds to the propagation backward in time,
i.e., from t = t′ to t = −∞. The c contour can be extended to t = +∞ and, therefore,
decomposed into two contributions cf and cb [see Fig. 2.2(b)] by means of

1 ≡ Ŝ(t′,+∞)Ŝ(+∞, t′), (2.106)

arriving at

〈Â〉 =
〈φ0|Ŝb(−∞,∞)Ŝf(∞, t′)ÂH0(t′)Ŝf(t

′,−∞)|φ0〉
〈φ0|Ŝb(−∞,∞)Ŝf(∞,−∞)|φ0〉

, (2.107)

if t′ lies in the forward branch or

〈Â〉 =
〈φ0|Ŝb(−∞, t′)ÂH0(t′)Ŝb(t′,∞)Ŝf(∞,−∞)|φ0〉

〈φ0|Ŝb(−∞,∞)Ŝf(∞,−∞)|φ0〉
, (2.108)

if t′ lies in the backward branch. This allows us to write the expectation value in a rather
compact form

〈Â〉 =
〈φ0|Tc[ÂH0(t)Ŝc(∞,−∞)]|φ0〉

〈φ0|Ŝc(∞,−∞)|φ0〉
, (2.109)

where Ŝc(∞,−∞) ≡ Ŝb(∞,−∞)Ŝf(∞,−∞) defines the time-evolution along Keldysh
contour and Tc denotes the so-called contour-time ordering.

The generalization to the Green’s functions is straight forward (for fermions):

iGc(x, x
′) =

〈
Tcψ̂H(x)ψ̂†H(x′)

〉
H

=


〈
ψ̂H(x)ψ̂†H(x′)

〉
, t >c t

′,

−
〈
ψ̂†H(x′)ψ̂H(x)

〉
, t′ >c t.

(2.110)
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Depending on the branch where the time arguments t and t′ lie on, we can identify four
possible combinations which correspond to the different Green’s functions already defined
in Eqs. (2.16)-(2.19). For instance, if both t and t′ lie in the upper branch we deal with
the forward-forward Green’s function with the standard time ordering T . Other functions
are defined correspondingly. At the same time, this explains our f − b notation used in
Section §2.1. The mentioned functions define the contour-ordered or Keldysh Green’s
matrix as follows:

Ğ(x, x′) =

(
Gff(x, x′) Gfb(x, x′)

Gbf(x, x′) Gbb(x, x′)

)
. (2.111)

which now can be expanded into a perturbation series [37,41].

Triangular form of the Keldysh Green’s matrix

As shown in Section §2.1, the components of the Keldysh Green’s matrix are not indepen-
dent [see Eq. (2.26)]. Without loss of generality, we can express it in terms of retarded,
advanced and Keldysh components [see Eqs. (2.20)-(2.22)], passing to so-called Keldysh
space. This is done by performing the Larkin-Ovchinnikov rotation [55]

Ǧ ≡ L̆τ̆3ĞL̆
† =

(
GR GK

0 GA

)
, (2.112)

where τ̆i are the Pauli matrices in Keldysh space and L̆ = (τ̆0 − iτ̆2)/
√

2. The newly
introduced functions satisfy the relations given in Eqs. (2.23)-(2.25). The latter form of
the Keldysh Green’s matrix is widely used in treatments of many-body systems out of
equilibrium including mesoscopic superconducting systems.

The Dyson equation

Analogously to the equilibrium cases described Sections §2.2 and §2.3, hereby, we can
define the Keldysh self-energy matrix based on the contour ordering procedure

Σ̆ =

(
Σff Σfb

Σbf Σbb

)
, (2.113)

where the components satisfy Σff + Σfb + Σbf + Σbb = 0 [37]. Analogously to the Keldysh
Green’s matrix, we can perform the Larkin-Ovchinnikov passing to Keldysh space as
follows:

Σ̌ ≡ L̆Σ̆τ̆3L̆
† =

(
ΣR ΣK

0 ΣA

)
, (2.114)

where

ΣR = Σff + Σfb = −(Σbb + Σbf), (2.115)

ΣA = Σff + Σbf = −(Σbb + Σfb), (2.116)

ΣK = Σff + Σbb = −(Σfb + Σbf). (2.117)
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The corresponding Dyson equation is given by

Ǧ(x, x′) = Ǧ(0)(x, x′) +

∫
dx1dx2Ǧ

(0)(x, x1)Σ̌(x1, x2)Ǧ(x2, x
′) =

= Ǧ(0)(x, x′) +

∫
dx1dx2Ǧ(x, x1)Σ̌(x1, x2)Ǧ(0)(x2, x

′). (2.118)

Consequently, the left- and right-sided Dyson equations in the integro-differential form
read, respectively,

(Ǧ−1
0 − Σ̌) ◦ Ǧ = 1̌2×2δ(x− x′), (2.119)

Ǧ ◦ (Ǧ−1
0 − Σ̌) = 1̌2×2δ(x− x′), (2.120)

where ◦ assumes the matrix multiplication and the integration over the internal space-time
coordinates and Ǧ−1

0 (x, x1) = (i∂t +∇2/2m+ µ)δ(x− x1).





Chapter 3

Quantum field theory of
superconductivity

In this Chapter, we shall generalize the previously described formalism to the BCS super-
conducting state and related structures (e.g., mesoscopic proximity systems). Since we
are mainly interested in systems in equilibrium, we shall exploit the imaginary-time tech-
nique [see Section §2.3]. First, we shall introduce the standard Gor’kov Green’s functions
defined in particle-hole or Gor’kov-Nambu space. Then, we shall apply the so-called quasi-
classical approximation introducing the corresponding Green’s functions governed by the
Eilenberger equation of motion. Next, we shall consider the diffusive (high impurity con-
centration) limit described by the Usadel equation. Finally, very briefly we shall introduce
the quasiclassical Keldysh Gor’kov formalism describing systems out of equilibrium.

§3.1 Green’s functions in Gor’kov-Nambu space

The following formalism was developed by Gor’kov in 1958 [56]. Since we aim at fi-
nite temperatures, we make use of the imaginary-time (Matsubara) formalism following
Refs. [38, 42] 1.

The BCS Hamiltonian

The starting point for defining the Gork’ov Green’s functions that describe the BCS su-
perconducting state is the BCS pairing Hamiltonian (1.13) written in the coordinate rep-
resentation

ĤBCS =

∫
dr

[
ψ̂†α(r)

(
−∇

2

2m
− µ

)
ψ̂α(r) +

g

2
ψ̂†β(r)ψ̂†α(r)ψ̂α(r)ψ̂β(r)

]
, (3.1)

where ψ̂†α(r) and ψ̂α(r) are the standard creation and annihilation field operators of an
electron of spin α at position r, g = −|g| is the BCS coupling constant, and the summation
runs over the repeated indices. As already mentioned in Section §1.2, this is a model
Hamiltonian omitting all interactions that do not result in the superconducting behavior.

1The Matsubara Green’s function is defined with the opposite sign in Ref. [42].

37
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In the following discussion for compactness we omit M of the Matsubara-Heisenberg
operators in the index and the imaginary-time Green’s function we denote simply by G
instead of G.

Gor’kov equations

The general Green’s function theory described in Chapter 2 can be straightforwardly ex-
tended to superconducting states by introducing the Matsubara field operators in Gor’kov-
Nambu or particle-hole space

Ψ̂(x) ≡

(
ψ̂↑(x)
ˆ̃
ψ↓(x)

)
, (3.2)

where the upper /lower component refers to particles/holes. Correspondingly, the adjoint
filed operator is given by

ˆ̃Ψ(x) ≡
(

ˆ̃
ψ↑(x) ψ̂↓(x)

)
, (3.3)

with the usual abbreviation, x = (r, τ). This defined, the equal-time (τ = τ ′) Gor’kov-
Nambu spinors obey the standard anticommutation relations{

Ψ̂(r)⊗, ˆ̃Ψ(r′)
}

= 1̂2×2δ(r− r′), (3.4){
Ψ̂(r)⊗, Ψ̂(r′)

}
=
{

ˆ̃Ψ(r)⊗, ˆ̃Ψ(r′)
}

= 0̂2×2, (3.5)

where ⊗ denotes the tensor (Kronecker) product and 1̂ and 0̂ are the identity and zero
matrices in Gor’kov-Nambu space, respectively. Having introduced the Gor’kov-Nambu
spinors, we can express the Green’s function in a rather compact form

Ĝ(x, x′) =

= −τ̂3

〈
Tτ Ψ̂(x)⊗ ˆ̃Ψ(x′)

〉
H

= −τ̂3

〈
Tτ

(
ψ̂↑(x)
ˆ̃
ψ↓(x)

)
⊗
(

ˆ̃
ψ↑(x

′) ψ̂↓(x
′)

)〉
H

=

=

−〈Tτ ψ̂↑(x)
ˆ̃
ψ↑(x

′)
〉
H
−
〈
Tτ ψ̂↑(x)ψ̂↓(x

′)
〉
H〈

Tτ ˆ̃
ψ↓(x)

ˆ̃
ψ↑(x

′)
〉
H

〈
Tτ ˆ̃
ψ↓(x)ψ̂↓(x

′)
〉
H

 =

(
G(x, x′) −F (x, x′)

F †(x, x′) Ḡ(x, x′)

)
. (3.6)

The latter matrix is also known as the Gor’kov Green’s matrix. Note that due to the
condensation of Cooper pairs the off-diagonal elements, F and F †, are nonzero, and these
are known as the anomalous or Gor’kov components (Green’s functions).

The Gor’kov Green’s matrix satisfies the following equation of motion:

Ĝ−1(x)Ĝ(x, x′) = 1̂2×2δ(x− x′), (3.7)

where Ĝ−1(x) is given by

Ĝ−1(x) = −τ̂3
∂

∂τ
+ Ĥ(r), (3.8)
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with τ̂3 = diag(1,−1) being the third Pauli matrix in Gor’kov-Nambu space and

Ĥ(r) =

(
∇2

2m + µ ∆(r)

−∆∗(r) ∇2

2m + µ

)
. (3.9)

This system of equations is known as Gor’kov equations and represents the system of
generalized Dyson equations for the BCS model, where

∆̂(r) =

(
0 ∆(r)

−∆∗(r) 0

)
(3.10)

is the BCS self-energy also known as the gap matrix. The pair potential ∆(r) is determined
self-consistently from the anomalous Green’s function

∆(x) = |g|F (x, x) = −gF (x, x) ; ∆∗(x) = |g|F †(x, x) = −gF †(x, x). (3.11)

The Gor’kov equations (3.7) can be rewritten in the corresponding form

Ĝ(x, x′)Ĝ
−1

(x′) = 1̂2×2δ(x− x′), (3.12)

where
Ĝ
−1

(x′) = τ̂3
∂

∂τ ′
+ Ĥ(r′), (3.13)

with Ĥ(r′) = Ĥ(r′). A systematic derivation of the Gor’kov equations is provided in
Appendix §C.1.

Fourier domain

The Gor’kov Green’s function can be represented in the frequency domain as follows:

Ĝ(r, r′; τ − τ ′) = T
∑
n

e−iωn(τ−τ ′)Ĝωn(r, r′), (3.14)

with ωn = (2n + 1)πT being the fermionic Matsubara frequencies. Inserting this into
Eqs. (3.7) and (3.12) gives the Gor’kov equations in frequency space

Ĝ−1
ωn (r)Ĝωn(r, r′) = 1̂2×2δ(r− r′), (3.15)

Ĝωn(r, r′)Ĝ
−1
ωn (r′) = 1̂2×2δ(r− r′), (3.16)

where

Ĝ−1
ωn (r) = iωnτ̂3 + Ĥ(r), (3.17)

Ĝ
−1
ωn (r′) = iωnτ̂3 + Ĥ(r′). (3.18)
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The corresponding self-consistency equation reads

∆(r)

|g|
= T

∑
n

Fωn(r, r) ;
∆∗(r)

|g|
= T

∑
n

F †ωn(r, r). (3.19)

By performing the analytic continuation, iωn → ε [for details see Section §2.3 and
Appendix §B.1], we can define the retarded and advanced Gor’kov Green’s functions that
satisfy the following equations:

Ĝ−1(r; ε)ĜR/A(r, r′; ε) = 1̂2×2δ(r− r′), (3.20)

ĜR/A(r, r′; ε)Ĝ
−1

(r′; ε) = 1̂2×2δ(r− r′), (3.21)

where Ĝ−1(r; ε) = ετ̂3 + Ĥ(r) and Ĝ
−1

(r′; ε) = ετ̂3 + Ĥ(r′).2 Accordingly, the self-
consistency equation (3.19) can be expressed as [for a proof see Appendix §C.2]:

∆(r)

|g|
= T

∑
n≥0

Fωn(r, r) + T
∑
n<0

Fωn(r, r) =

∞∫
−∞

dε

4πi

[
FR(r, r; ε)− FA(r, r; ε)

]
tanh

ε

2T
.

(3.22)
The momentum representation of the Gor’kov Green’s function is given by [see Ap-

pendix F]

Ĝ(r, r′) =

∫
dp

(2π)3

dk

(2π)3
Ĝ(p+,p−)eip+·r−ip−·r′ , (3.23)

where p± = p ± k/2. The particle-hole symmetry of the superconducting state reflects
itself through the following relations:

Gωn(p,p′) = Ḡ−ωn(−p,−p′), (3.24a)

GR/A(p,p′, ε) = ḠA/R(−p,−p′,−ε). (3.24b)

Finally, in momentum space the self-consistency condition adopts the form

∆(k)

|g|
= T

∑
n

∫
dp

(2π)3
Fωn(p+,p−). (3.25)

Bulk homogeneous BCS superconductor

To illustrate the Gor’kov Green’s theory, let us consider a bulk homogeneous BCS super-
conductor. Due to the translation invariance, the Fourier transform (3.23) becomes

Ĝ(0)
ωn (r, r′) =

∫
dp

(2π)3
Ĝ(0)
ωn (p)eip·(r−r

′). (3.26)

2In order to obtain the retarded/advanced function we need to add an infinitesimal which shifts down-
wards/upwards the poles from the real axis [see Sections §2.1 and §2.3].
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By returning this into Eq. (3.15), we obtain the following system of algebraic equations
(for G and F † components):

(iωn − ξp)G(0)
ωn (p) + ∆F (0)†

ωn (p) = 1, (3.27)

(iωn + ξp)F (0)†
ωn (p) + ∆∗G(0)

ωn (p) = 0, (3.28)

with the solution

G(0)
ωn (p) = − iωn + ξp

ω2
n + ξ2

p + |∆|2
; F (0)†

ωn (p) =
∆∗

ω2
n + ξ2

p + |∆|2
. (3.29)

Similarly, other two components read

Ḡ(0)
ωn (p) = − ξp − iωn

ω2
n + ξ2

p + |∆|2
; F (0)

ωn (p) =
∆

ω2
n + ξ2

p + |∆|2
. (3.30)

As usual, the retarded/advanced Gorkov Green’s functions are obtained by performing
the analytic continuation, ωn → −iε. Note that the electron-hole symmetry (3.24) holds
and the poles of the retarded function determine the spectrum of quasiparticle excitations

Ep =
√
ξ2
p + |∆|2 =

√(
p2

2m
− EF

)2

+ |∆|2, (3.31)

where we set µ ≈ EF at low temperatures. This is exactly the BCS result discussed in
Chapter 1 [see Eq. (1.41)]. Consequently, the BCS density of states reads [see Eq. (2.64)]

N(r, ε) = − 1

π

∫
dp

(2π)3
Im[G(0)R(p, ε)] = N0

|ε|√
ε2 − |∆|2

θ(ε2 − |∆|2), (3.32)

and it is shown in Fig. 3.1(a). Here, as usual, N0 is the normal density of states at the
Fermi level and θ(x) stands for the Heaviside step function.

Superconducting order parameter ∆

Having obtained the solution of the Gor’kov equations, we calculate the superconducting
order parameter (3.25) as

1 =
|g|T
∆

∑
n

∫
dp

(2π)3
F (0)
ωn (p) =

|g|T
(2π)3

∑
n

∫
dp

ω2
n + ξ2

p + ∆2
. (3.33)

Note that due to the translation-invariance of the system, ∆ is position-independent and
can be assumed real (φ = 0). By employing Eq. (3.22), the Matsubara sum in the equation
above can be readily evaluated arriving at

1 =
1

2

|g|
(2π)3

∫
dp√

ξ2
p + ∆2

tanh

√
ξ2
p + ∆2

2T
= λ

ωD∫
0

dξ√
ξ2 + ∆2

tanh

√
ξ2 + ∆2

2T
, (3.34)
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Fig. 3.1: Panel (a): The BCS density of states. Panel (b): The superconducting order
parameter ∆ as a function of temperature T . At the critical temperature, T = Tc,
superconductivity vanishes, ∆(Tc) = 0.

where λ = |g|N0 and ωD is the Debye frequency. In the last step, we have assumed that
the main contribution to the integral comes from the vicinity of the Fermi surface, i.e., we
have practically made use of the so-called quasiclassical approximation as we shall show
in the subsequent section. The previous equation implicitly determines the temperature
dependence of the superconducting order parameter ∆. At zero temperature, Eq. (3.34)
adopts the form

1 = λ

ωD∫
0

dξ√
ξ2 + ∆2

0

= λ sinh−1 ωD
∆0

, (3.35)

whence
∆0 =

ωD
sinh[1/λ]

≈ 2ωDe
−1/λ. (3.36)

On the other hand, at the critical temperature, T = Tc, ∆ vanishes and Eq. (3.34) becomes

1 = λ

ωD/2Tc∫
0

dx
tanhx

x
= λ log(AωD/Tc), (3.37)

where A = 2eγ/π ≈ 1.13 with γ being Euler’s constant, γ = 0.577 . . . . Finally, we have

Tc ≈ 1.13ωDe
−1/λ. (3.38)

Comparison with Eq. (3.36) gives the famous BCS ratio

∆0

Tc
=

2

1.13
= 1.764, (3.39)

which have been confirmed in numerous experiments. If we want to cover the entire
range of temperatures we are supposed to employ numerics for evaluating the integral in
Eq. (3.34). The ∆(T ) function is shown in Fig. 3.1(b). At low temperatures ∆ ≈ ∆0,
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Fig. 3.2: Electron-impurity scattering. Diagrammatic view of the Dyson equation
for the elastic electron-impurity scattering in the self-consistent Born approximation.

whereas near Tc it drops with a vertical tangent, approximately as ∆/∆0 ≈ 1.74
√

1− T/Tc.

Presence of impurities: superconducting alloys

The perturbation theory described previously in Chapter 2 can be straightforwardly gen-
eralized to the superconducting sate and Gor’kov Green’s functions. Analogously to
Eq. (2.98), the Dyson equation in the frequency-momentum domain reads

Ĝωn(p) = Ĝ(0)
ωn (p) + Ĝ(0)

ωn (p)Σ̂ωn(p)Ĝωn(p), (3.40)

where Ĝωn(p) is the full Gor’kov Green’s function and the self-energy, Σ̂, has the following
matrix form:

Σ̂ =

(
Σ1 −Σ2

Σ†2 Σ̄1.

)
(3.41)

Diagrammatically, the presence of impurities is shown in Fig. 3.2, where the self-energy is
calculated within the self-consistent Born approximation

Σ̂imp
ωn (p) = nimp

∫
dp′

(2π)3

∣∣u(p− p′)
∣∣2Ĝωn(p′). (3.42)

Here, u(p− p′) is the Fourier transform of the random potential u(r) and Ĝ is the full
Gor’kov Green’s function 3.
By assuming both p and p′ to be close to pF , the scattering amplitude depends on the
angle θ between them, |u(p− p′)|2 = |u(θ)|2. As shown earlier [see Section §2.2], we can
define the scattering mean free time as

1

τimp
= 2πN0nimp

〈∣∣u(p− p′)
∣∣2〉

p′F

= 2πN0nimp

∫
dΩp′F

4π
|u(θ)|2. (3.43)

If we assume the isotropic scattering so that |u(θ)|2 = const, the self-energy is independent
of the momentum direction and, therefore,

Σ̂imp
ωn = nimp|u|2

∫
dp′

(2π)3
Ĝωn(p′) =

1

2πN0τimp

∫
dp′

(2π)3
Ĝωn(p′). (3.44)

In the presence of impurities the Gor’kov equations (3.7) adopt the form(
Ĝ−1
ωn (r)− Σ̂imp

ωn

)
Ĝωn(r, r′) = 1̂2×2δ(r− r′), (3.45)

3Note that in Section §2.2 the self-energy is calculated in the first Born approximation which assumes
G→ G(0) [see Appendix §B.2].
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which is a superconducting analog to Eq. (2.101). It can be shown that the presence of
non-magnetic impurities do not affect the gap equation and the critical temperature of an
s-wave superconductor and this is known as the Anderson theorem [32,38,42].

Real-time Gor’kov Green’s functions

The Gor’kov-Nambu spinors can be employed for defining other, real-time, Green’s func-
tions in the superconducting state. For this purpose, let us start from the Gor’kov-Nambu
spinors in the real-time formulation. For compactness, we keep the same notation for
Ψ̂(x), whereas the adjoint spinor we simply denote as Ψ̂†(x). Note that now x = (r, t).
Real-time Gor’kov Green’s function are introduced in a full analogy with the standard
Green’s function formalism presented in Section §2.1. For instance, the forward-backward
Gor’kov Green’s function reads

Ĝfb(x, x′) = iτ̂3

〈
Ψ̂†(x′)⊗ Ψ̂(x)

〉
H

=

 i
〈
ψ̂†↑(x

′)ψ̂↑(x)
〉
H

i
〈
ψ̂↓(x

′)ψ̂↑(x)
〉
H

−i
〈
ψ̂†↑(x

′)ψ̂†↓(x)
〉
H
−i
〈
ψ̂↓(x

′)ψ̂†↓(x)
〉
H


=

(
Gfb(x, x′) −F fb(x, x′)

F fb†(x, x′) Ḡfb(x, x′)

)
. (3.46)

Other real-time Gor’kov Green’s functions are obtained correspondingly. If we are inter-
ested in nonequilibrium superconductivity, we are supposed to operate in Keldysh space

Ǧ =

(
ĜR ĜK

0 ĜA

)
, (3.47)

where each component itself is a 2× 2 matrix in Gor’kov-Nambu space. In the frequency
domain, the retarded and advanced functions are related through

ĜR(ε) = τ̂3[ĜA(ε)]†τ̂3, (3.48)

whereas in equilibrium the Keldysh component reads

ĜK(ε) = [ĜR(ε)− ĜA(ε)] tanh
ε

2T
. (3.49)

The latter represents a superconducting analog to Eq. (2.58).

Observables

Defined in terms of Gor’kov-Nambu spinors, the Gor’kov Green’s functions allow us ex-
pressing observables in a rather compact way. For instance, the charge density is given by
[for the normal state, see Eq. (2.43)]

n(r, t) = e
∑
α

〈
ψ̂†α(r, t)ψ̂α(r, t)

〉
H

= − ie
2

Tr ĜK(rt, rt). (3.50)
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Passing to the Fourier space, it yields

n(k) = − ie
2

∫
dε

2π

∫
dp

(2π)3
Tr ĜK(p+,p−; ε). (3.51)

In equilibrium, the formula above adopts the form [see Eq. (3.49)]

n(k) =− ie

2

∫
dp

(2π)3

∫
dε

2π
Tr
[
ĜR(p+,p−; ε)− ĜA(p+,p−; ε)

]
tanh

ε

2T
=

= eT
∑
n

∫
dp

(2π)3
Tr Ĝωn(p+,p−). (3.52)

Correspondingly, the current density reads [for the normal state, see Eq. (2.44)]

j(r, t) = − e

4m
(∇−∇′) Tr

[
τ̂3Ĝ

K(rt, r′t)
]∣∣∣∣

r=r′
, (3.53)

j(k) = − ie

4m

∫
dp

(2π)3

∞∫
−∞

dε

2π
(2p− k) Tr

[
τ̂3Ĝ

K(p+,p−; ε)
]
, (3.54)

where τ̂3 = diag(1,−1) is the third Pauli matrix in Gor’kov-Nambu space. In equilibrium,
the latter expression becomes

j(k) =− ie

4m

∫
dp

(2π)3

∞∫
−∞

dε

2π
(2p− k) Tr

{
τ̂3[ĜR(p+,p−; ε)− ĜA(p+,p−; ε)]

}
tanh

ε

2T

=
e

2m
T
∑
n

∫
dp

(2π)3
(2p− k) Tr

[
τ̂3Ĝωn(p+,p−)

]
. (3.55)

§3.2 Quasiclassical approximation: The Eilenberger equa-
tion

As mentioned in Chapter 1, although simple the BCS theory is very workable and success-
ful in the description of low-temperature superconductivity. The reason for this mainly
lies in the fact that the superconducting gap ∆ is considerably smaller than the Fermi
energy, ∆/EF ∼ 10−3. This condition is well-satisfied in all presently known conventional
superconductors. On the other hand, for high-Tc superconductors this ratio is not that
low, but it is still in the range 10−2− 10−1. Translated into the language of characteristic
length scales, this condition reads ∆0/EF � 1 ⇐⇒ λF /ξ0 � 1, where λF = 2π/kF
and ξ0 = vF /∆0 are the Fermi wavelength and the superconducting coherence length in
the clean limit, respectively. This condition is known as the quasiclassical condition and
serves as a cornerstone for the powerful quasiclassical theory that successfully describes
a variety of phenomena in the world of low-temperature superconductivity [42, 57–59].
The theory is especially advantageous in treating spatially inhomogeneous systems such
as superconducting proximity structures [35, 60]. Most of the results presented in this
Thesis are obtained in the framework of this theory and this section is devoted to it.
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In the subsequent subsections, we shall provide fundamentals of the quasiclassical the-
ory in equilibrium. Finally, in the last section we shall briefly discuss a generalization to
nonequilibrium situations.

The quasiclassical Green’s functions in equilibrium

As shown in previous section [see Eqs. (3.50) and (3.53)], definitions of various physical
quantities involve the Green’s functions with r→ r′, which in the momentum domain as-
sumes an integration over the whole space. The integrands contain the Green’s functions
multiplied by various powers of the quasiparticle momenta [see Eqs. (3.25), (3.52), and
(3.55)], where the fastest function is the Green’s function itself. In other words, super-
conducting Green’s functions are well-peaked at the Fermi surface [see Eqs. (3.29) and
(3.30)] and they strongly varies when ξp changes by amount δξp of the order of ∆. On the
other hand, due to the smallness of the superconducting gap the momentum itself remains
close to the Fermi surface, δp/pF ∼ ∆/EF � 1, allowing us to to make the replacement
p→ pF in all relevant integrals. Consequently, the Fermi surface for the normal state can
be parametrized as follows:

dp

(2π)3
= N0dξp

dΩp

4π
, (3.56)

where N0 is the normal density of states at the Fermi surface, dξp = vFdp, and dΩp is the
increment of the solid angle in momentum space. For simplicity, we assume the spheri-
cal Fermi surface. Bearing in mind that all physical quantities now contain the Green’s
function integrated over dξp and multiplied by various functions of the quasiparticle mo-
mentum directions, we can define the quasiclassical Green’s function in the following way:

ĝωn(pF ,k) ≡ i

π

∫
dξpĜωn(p+,p−) =

i

π

∮
dξpĜωn(p+,p−). (3.57)

Here, p± = pF ± k/2, whereas
∮

assumes only the contribution of poles near the Fermi
surface. Note that since the particle momentum lies on the Fermi surface, the quasiclassical
Green’s function depends only on the direction of it.

Now, let us clarify what the quasiclassical condition means in the language of relevant
length scales. For this purpose, let us recall that the Fourier transform for an spatially
inhomogeneous system can be performed as follows [see Appendix F]:

Ĝωn(r1, r2) =

∫
dp

(2π)3

dk

(2π)3
Ĝωn(p + k/2,p− k/2)eip·(r1−r2)+ik·(r1+r2)/2, (3.58)

where we decompose the spatial dependence into the center-of-mass, r = (r1 + r2)/2, and
the relative coordinate, x = r1− r2, component. By setting p→ pF and bearing in mind
that λF /ξ0 � 1, we notice that the Green’s function highly oscillates with variations of
the relative coordinate on the length scales of ξ0 [see Fig. 3.3]. Since these oscillations
have no importance for the superconducting properties, they can be integrated out by
imposing r1 → r2, which in momentum space assumes an integration over dξp. What
remains is the center-of-mass-coordinate dependence, which slowly varies on the scale of ξ0
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Fig. 3.3: Quasiclassical condition. The Green’s function’s spatial dependence decom-
posed in the slowly varying center-of-mass and the highly oscillating relative coordinate
component. Only the former is relevant for the superconducting properties.

characteristic for the superconducting state. This allows us to represent the quasiclassical
Green’s function (3.57) in the mixed or Wigner representation [see Appendix F]

ĝωn(pF , r) =

∫
dk

(2π)3
ĝωn(pF ,k)eik·r, (3.59)

where r is the center-of-mass coordinate. Finally, for the quasiclassical Gor’kov Green’s
matrix in the mixed representation we have

ĝωn(pF , r) =

(
gωn(pF , r) −fωn(pF , r)

f †ωn(pF , r) ḡωn(pF , r)

)
. (3.60)

Spectral properties and physical observables

The local density of states can be calculated from Eq. (2.64) arriving at

N(r, ε) =

∫
dp

(2π)3
Re

[
i

π
GR(p, r; ε)

]
= N0 Re

{〈
gR(pF , r; ε)

〉
pF

}
, (3.61)

where 〈. . .〉pF denotes the average over the directions of the Fermi momentum. If we are
interested in the local density of states for a given direction of the Fermi momentum the
expression above simply reduces to

N(pF , r, ε) = N0 Re[gR(pF , r; ε)], (3.62)

where the retarded quasiclassical Green’s function gR is obtained from gωn in the stan-
dard manner, ωn → −iε. The self-consistency equation for the superconducting gap [see



48 §3.2. Quasiclassical approximation: The Eilenberger equation

Eq. (3.19)] adopts the form

∆(r)

λ
=

T

N0

∑
n

∫
dp

(2π)3
Fωn(p, r) = −iπT

∑
n

〈fωn(pF , r)〉pF . (3.63)

In a full analogy to the Gor’kov formalism, various physical quantities can be evaluated
within the quasiclassical theory. For instance, the charge (3.52) and the current density
(3.55) become, respectively,

n(r) = eT
∑
n

∫
dp

(2π)3
Tr Ĝωn(p, r) = −ieN0πT

∑
n

Tr 〈ĝωn(pF , r)〉pF , (3.64)

j(r) = eT
∑
n

∫
dp

(2π)3
Tr
[
vF τ̂3Ĝωn(pF , r)

]
= −ieN0πT

∑
n

Tr 〈vF τ̂3ĝωn(pF , r)〉pF =

=− eN0

4

∞∫
−∞

dεTr
〈
vF τ̂3ĝ

R−A(pF , r; ε)
〉
pF

tanh
ε

2T
, (3.65)

where vF = pF /m is the Fermi velocity and ĝR−A = ĝR − ĝA is set for brevity. Given
in this form, the current density is a conserved quantity, ∇ · j = 0, if the self-consistency
condition is taken into account. The proof relies on the Eilenberger equation, which shall
be derived in the following subsection, and it is presented in Appendix §C.4

The Eilenberger equation of motion

In this subsection, we derive the equation of motion for quasiclassical Green’s functions
introduced above. As we shall show, this is nothing but the Dyson equation discussed
earlier [see Eq. (3.45)] but considerably simpler. Before we start, let us provide more
details on the Wigner (mixed) representation. Since we are in equilibrium, we can safely
assume that the Green’s function depends on the difference between imaginary times,
τ1 − τ2 = τ , and perform only the coordinate-momentum Wigner transformation, i.e.,

Ĝ(r1, r2; τ) =

∫
dp

(2π)3
Ĝ(p, r; τ)eip·x, (3.66)

or, equivalently, in Matsubara domain

Ĝωn(r1, r2) =

∫
dp

(2π)3
Ĝωn(p, r)eip·x. (3.67)

Here, r and x are the center-of-mass and the relative coordinate, respectively. Since we
have shown that the Dyson equation (3.45) operates with the ◦ convolution over internal
coordinates, it is of the crucial interest to understand how it transforms in the mixed
coordinates. As it is known, if a system is translation-invariant, the Fourier transform
turns a convolution into a simple product. On the other hand, spatially inhomogeneous
systems exhibit more complicated behavior. However, it is possible to treat a convolution
of functions in the mixed coordinates by the so-called gradient expansion symbolically
expressed as the following Taylor series (the proof of this relation can be found in the
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standard literature, e.g., Ref. [61]):

(Â ◦ B̂)ωn(p, r) = e−
i
2

(∂Ap ·∂Br −∂Ar ·∂Bp )Âωn(p, r)B̂ωn(p, r), (3.68)

where we use the abbreviation ∂Yz = ∂Y/∂z. The spatial derivatives expressed via the
newly introduced center-of-mass and relative coordinates read

∇2
r1 =

1

4
∇2

r +∇x∇r +∇2
x, (3.69)

∇2
r2 =

1

4
∇2

r −∇x∇r +∇2
x. (3.70)

These together with Eq. (3.68) will be used for deriving the equation of motion for the
quasiclassical Green’s functions.

For this purpose, let us rewrite, respectively, the left and right-sided Dyson equation
in Gor’kov-Nambu space

(Ĝ−1
ωn − ∆̂− Σ̂imp

ωn )(r1, r3) ◦ Ĝωn(r3, r2) = 1̂2×2δ(r1 − r2) (3.71)

Ĝωn(r1, r3) ◦ (Ĝ−1
ωn − ∆̂− Σ̂imp

ωn )(r3, r2) = 1̂2×2δ(r1 − r2), (3.72)

where

Ĝ−1
ωn (r1, r2) = δ(r1 − r2)

(
iωnτ̂3 +

∇2
r1

2m
+ µ

)
, (3.73)

∆̂(r1, r2) = δ(r1 − r2)∆̂(r1) = δ(r1 − r2)

(
0 −∆(r1)

∆∗(r1) 0

)
, (3.74)

Since experimentally relevant situations usually involve impurities, they are included via
the self-energy obtained within the self-consistent Born approximation (3.44), which in
the mixed coordinates adopts the form

Σ̂imp
ωn (|p|, r) =

1

2πτimp

〈∫
dξpĜωn(p, r)

〉
pF

, (3.75)

where τimp is the elastic electron-impurity scattering time. With this, we have all the
necessary ingredients for developing the quasiclassical theory. The left-right subtracted
Dyson equation reads [

Ĝ−1
ωn − ∆̂− Σ̂imp

ωn
◦, Ĝωn

]
= 0, (3.76)

where the kinetic part yields

[Ĝ−1
ωn
◦, Ĝωn ] = Ĝ−1

ωn (r1)Ĝωn(r1, r2)− Ĝωn(r1, r2)Ĝ−1
ωn (r2) =

= iωn[τ̂3, Ĝωn(r + x/2, r− x/2)] +
∇r∇x

m
Ĝωn(r + x/2, r− x/2).

(3.77)

By passing to the Wigner domain (3.67), we arrive at

[Ĝ−1
ωn
◦, Ĝωn ](p, r) = iωn[τ̂3, Ĝωn(p, r)] + iv ·∇rĜωn(p, r), (3.78)
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where v = p/m. Hence, rewritten in terms of the mixed coordinates, Eq. (3.76) reads

[iωnτ̂3 − ∆̂− Σ̂imp
ωn (p, r) ◦, Ĝωn(p, r)] + iv ·∇rĜωn(p, r) = 0. (3.79)

By far we have not made any approximation. Now by applying the gradient expansion
(3.68) to the lowest order, multiplying the whole equation by i/π, integrating over dξp
and setting p→ pF (v→ vF ), we arrive at[

ωnτ̂3 + i∆̂(r) + iσ̂imp
ωn (pF , r), ĝωn(pF , r)

]
+ vF ·∇rĝωn(pF , r) = 0, (3.80)

where σ̂imp
ωn is the impurity self-energy written in the quasiclassical approximation:

σ̂imp
ωn (pF , r) =

−i
2τimp

〈ĝωn(pF , r)〉pF . (3.81)

Equation (3.80) is known as the Eilenberger equation [57] and represents the equation of
motion for the quasiclassical Gor’kov Green’s functions.

Comment on notation

Due to different notations employed in the Green’s function description, we should say
some words about it. All the results in this Thesis are obtained within the notation
given in Ref. [60], which is the most symmetric parametrization for quasiclassical Green’s
functions. Namely, the gap matrix ∆̂ can be redefined in the following way:

i∆̂(r)→ ∆̂(r), (3.82)

which requires us to redefine the anomalous components, f(r) and f †(r), with opposite
signs. In addition, it can be shown that gωn + ḡωn ≡ 0 [42,60], which leads to the following
parametrization for the quasiclassical Gor’kov Green’s function 4:

ĝωn(vF , r) =

(
gωn(vF , r) fωn(vF , r)

f †ωn(vF , r) −gωn(vF , r)

)
, (3.83)

where the normalization condition ĝ2
ωn = τ̂0 =⇒ g2

ωn + fωnf
†
ωn = 1 is obeyed. The gap

matrix now has the form

∆̂(r) =

(
0 ∆(r)

∆∗(r) 0

)
, (3.84)

with the self-consistency equation given by

∆(r)

λ
= 2πT

ND(T )∑
n=0

〈fωn(r)〉vF , (3.85)

4Note that we replace the Fermi momentum pF by the Fermi velocity vF which does not affect the
theory since the quasiclassical functions depend only on the direction of the quasiparticle momenta, which
all lie on the Fermi surface.
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where ND(T ) = bωD/(2πT )c with ωD being the Debye energy and b. . . c denoting the
number rounding. Finally, the Eilenberger equation adopts the form

− vF ·∇rĝωn(vF , r) =

[
ωnτ̂3 + ∆̂(r) +

1

2τimp
〈ĝωn(vF , r)〉vF , ĝωn(vF , r)

]
. (3.86)

The corresponding equations for the retarded/advanced quasiclassical functions are ob-
tained by implementing the standard recipe, ωn → −iε.

In the derivation of the Eilenberger equation we have assumed the absence of an
external magnetic field. If the system under study involves such a field, it can be included
in a straightforward manner, i.e., by the minimal coupling, ∇̂→ ∇̂− ieA, with A being
the vector potential 5. It is worth adding that the Eilenberger equation is gauge invariant,
as shown in Appendix §C.3.

Bulk homogeneous BCS state

Applied to a bulk homogeneous BCS superconducting state, ∇ĝ = 0, the Eilenberger
equation has the form

[
ωnτ̂3 + ∆̂, ĝ(0)

ωn

]
=

[(
ωn ∆

∆∗ −ωn

)
, ĝ(0)
ωn

]
= 0. (3.87)

Apparently, the solution has the same matrix structure as the first term in the commutator:

ĝ(0)
ωn = A(ωnτ̂3 + ∆̂), (3.88)

where A is determined from the normalization condition, ĝ2
ωn = τ̂0, obtaining

ĝ(0)
ωn =

ωnτ̂3 + ∆̂√
ω2
n + |∆|2

=
1√

ω2
n + |∆|2

(
ωn ∆

∆∗ −ωn

)
. (3.89)

The retarded Green’s function, therefore, reads

ĝ(0)R(ε) =
1√

|∆|2 − ε2

(
−iε ∆

∆∗ iε

)
. (3.90)

Finally, the BCS density of states can be calculated by means of Eq. (3.62), arriving at

NBCS(ε) = N0 Re
[
g(0)R(ε)

]
= Re

[
−iε√
|∆|2 − ε2

]
=

|ε|√
ε2 − |∆|2

θ
(
ε2 − |∆|2

)
, (3.91)

which is the standard result originally obtained in the BCS theory and previously shown
in Eq. (3.32) [see also Fig. 3.1(a)].

5Note that the nabla as an operator, ∇̂, acts as ∇̂ĝ =
[
∇̂, ĝ

]
.
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§3.3 Diffusive limit: The Usadel equation

The Usadel equation

As we already mentioned, disordered systems are of the big relevance for experimental
considerations. Moreover, from the theoretical point of view, higher impurity concentra-
tions lead to a substantial simplification of the Eilenberger equation (3.86), as we shall
show in this section. As a starting point, let us consider a superconducting system in the
so-called diffusive limit. Translated into the languages of the relevant energy and length
scales, this limit assumes the following:

τ∆0 � 1 ⇐⇒ `� ξ0, (3.92)

where ` = vF τ is the elastic mean free path with τ being the electron-impurity scattering
time. Dealing with a strong scattering by impurities makes the Green’s function nearly
isotropic, and therefore it can be expanded up to a first-order correction linear in vF , i.e.,

ĝ = ĝ0 + n · ĝ, (3.93)

where ĝ0 is the isotropic part and n = vF /vF denotes the unit vector of the direction of
the Fermi velocity. Thus, the angular averaged function reads

〈ĝ〉n = ĝ0. (3.94)

Under the assumption |ĝ| � ĝ0, we can neglect quadratic terms in correction arriving at
the normalization condition

ĝ2
0 = τ̂0, {ĝ0, ĝ} = 0. (3.95)

By inserting Eq. (3.93) into the Eilenberger equation (3.86) and performing angular
averaging over the Fermi surface, we arrive at

− vF
3
∇ · ĝ =

[
ωnτ̂3 + ∆̂, ĝ0

]
. (3.96)

Now, by multiplying Eq. (3.86) with n and then performing angular averaging, we have

− vF∇ĝ0 =
[
ωnτ̂3 + ∆̂, ĝ

]
+

1

2τ
[ĝ0, ĝ] . (3.97)

Since the diffusive condition (3.92) is well-satisfied, we can neglect the first term on the
right-hand side and by imposing the normalization (3.95), we arrive at

ĝ = −`ĝ0∇ĝ0. (3.98)

Finally, by returning this into Eq. (3.96), we obtain the equation of motion for angular
averaged functions in the following form:

D∇(ĝ0∇ĝ0) =
[
ωnτ̂3 + ∆̂, ĝ0

]
, (3.99)
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where D = vF `/3 is the diffusion coefficient of the material. In the theory of quasiclassical
Green’s functions the relation above is known as the Usadel equation [62], and it is sim-
pler than the Eilenberger equation (3.86) especially for numerical implementations. This
equation will be extensively used throughout this Thesis.

The boundary conditions

As we have already stressed, the quasiclassical approach is very suitable for treating prox-
imity hybrid structures consisting of superconducting and non-superconducting layers.
Thus, it is very important to understand the behavior of the Green’s functions in the
vicinity of the interfaces between these regions. There are several approaches to this. A
derivation for the boundary conditions at the interface of an arbitrary transparency is
given in Ref. [63]. In general, one can find these boundary conditions complicated and
hard-to-implement since they are quadratic in the Green’s functions. However, in the dif-
fusive limit and for low transparencies of the interface, these can be considerably simplified
as shown in Ref. [64], and read 6

σ1ĝ01∇nĝ01 = σ2ĝ02∇nĝ02 =
G
2

[ĝ01, ĝ02] (3.100)

where ĝ01/2 denotes the quasiclassical Green’s function on the left/right side of the in-
terface, the n direction is perpendicular to it, σ1/2 = 2e2N0D1/2 is the normal-state
conductivity of the left/right region and G = GT /A (with GT = 1/RT ) is the conduc-
tance of the interface per unit area when both left and right electrodes are in the normal
state. These relations will be extensively used throughout this Thesis. Also, it is worth
mentioning that the entire range of transparencies is covered by the Nazarov’s boundary
conditions [65], whose low-transparency limit matches the relations above.

The order parameter and the current density

As we have shown in the previous section [see Eqs. (3.64) and (3.65)], the expressions
for observables involve the quasiclassical functions averaged over the directions of the
Fermi momentum (velocity). Since the diffusive limit operates with the angular averaged
functions, such expressions adopt even simpler forms. For instance, the self-consistency
condition (3.85) reads

∆(r)

λ
= 2πT

ND(T )∑
n=0

f0(r;ωn). (3.101)

Let us now show how the interaction constant λ, which is unknown in general, can be elim-
inated in favor of the critical temperature. For this purpose, we consider a homogeneous
BCS superconductor where the self-consistency gap equation is given by 7

∆

λ
= 2πT

ND(T )∑
n=0

∆√
ω2
n + ∆2

=⇒ 1

λ
= 2πT

ND(T )∑
n=0

1√
ω2
n + ∆2

. (3.102)

6In literature these relations are known as the Kupriyanov-Lukichev boundary conditions [35,60].
7Note that due to the Anderson theorem this solution is the same as the one of Eq. (3.89).
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Fig. 3.4: A diffusive SIS’ system. Schematic view of an SIS′ tunnel junction where two
BCS superconductors characterized by different complex superconducting gap functions
are coupled via a good tunnel contact of resistance RT .

At the critical temperature, T = Tc, the superconducting gap vanishes, i.e.,

1

λ
= 2πTc

ND(Tc)∑
n=0

1

ωn
= 2πT

ND(T )∑
n=0

1

ωn
−

ND(T )∑
n=ND(Tc)

1

n+ 1/2
≈ 2πT

ND(T )∑
n=0

1

ωn
+ ln

(
T

Tc

)
.

(3.103)
Returning this in the self-consistency equation, we get

∆(r) ln

(
T

Tc

)
= 2πT

ND(T )∑
n=0

[
f0(r;ωn)− ∆(r)

ωn

]
. (3.104)

The current density (3.65) in the diffusive systems has the following form:

j(r) = −2ieN0πTvF
3

∑
n≥0

Tr[τ̂3ĝ] =
σ

e
iπT

∑
n≥0

Tr[τ̂3ĝ0(r;ωn)∇ĝ0(r;ωn)], (3.105)

where, as before, σ = 2e2N0D is the normal-state conductivity of the material.

Tunneling current in diffusive SIS’ junctions

Equation (3.105) together with Kupriyanov-Lukichev boundary conditions (3.100) can be
used for deriving the tunneling current in diffusive SIS′ junctions sketched in Fig. 3.4 and
described in the corresponding caption. The current through the interface reads [65,66]

I =
σA
e
iπT

∑
n≥0

Tr[τ̂3ĝ0∂xĝ0]|x=0− =
iπT

2eRT

∑
n≥0

Tr
{
τ̂3[ĝ0(φ, ωn), ĝ′0(φ′, ωn)]

}
, (3.106)

where A denotes the cross section of the junction and RT is the resistance of the interface.
Since the gap is complex, the quasiclassical Green’s matrix can be parametrized as follows:

ĝ0(φ) =

(
g0 f0e

iφ

f0e
−iφ −g0

)
. (3.107)

Returning this in the current formula above, we end up with the following expression
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[55,67]:

I(ϕ) =
2πT

eRT
sinϕ

∑
n≥0

f0(ωn)f ′0(ωn), (3.108)

where ϕ = φ′−φ. If we deal with two identical bulk superconductors (up to a phase), the
current yields

I(ϕ) =
2πT

eRT
sinϕ

∑
n≥0

∆2

ω2
n + ∆2

=
π∆

2eRT
tanh

(
∆

2T

)
sinϕ, (3.109)

which is known as the Ambegaokar-Baratoff formula [68] and represents the microscopic
derivation of the original Josephson relation.

§3.4 Nonequilibrium superconductivity

The previously described theory can be straightforwardly extended to nonequilibrium
situations requiring us to work in the Keldysh space:

ǧ =

(
ĝR ĝK

0 ĝA

)
, (3.110)

where each component itself is a 2×2 matrix in Gor’kov-Nambu space. The matrix above
is subject to the constraint ǧ2 = 1̌4×4. The Usadel equation of motion in Keldysh ⊗
Gor’kov-Nambu space has the following form:

D∇(ǧ∇ǧ) =
[
−iετ̌3 + ∆̌, ǧ

]
, (3.111)

where

τ̌3 = τ̆0 ⊗ τ̂3 =

(
τ̂3 0

0 τ̂3

)
and ∆̌ = τ̆0 ⊗ ∆̂ =

(
∆̂ 0

0 ∆̂

)
, (3.112)

with τ̆i and τ̂i being the Pauli matrices in Keldysh and Gor’kov-Nambu space, respectively.
Rewritten in components, the Usadel equation reads

D∇
(
ĝ
R/A
0 ∇ĝR/A0

)
=
[
−iετ̂3 + ∆̂, ĝ

R/A
0

]
, (3.113)

D∇
(
ĝR0∇ĝK0 + ĝK0 ∇ĝA0

)
=
[
−iετ̂3 + ∆̂, ĝK0

]
. (3.114)

Note that the equations for the retarded and advanced components are given in closed
forms, which are the same as in equilibrium, whereas the situation with the Keldysh
component is more complicated. In the next subsection, we shall say a few words more
about the Keldysh component and its relation to the retarded and advanced one. In terms
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of Eq. (3.110), the self-consistency equation and the current density read, respectively,

∆(r)

λ
= − i

4

∞∫
−∞

dε[ĝK0 (r; ε)]12 = − i
4

∞∫
−∞

dεfK0 (r; ε), (3.115)

j(r) =
σ

8e

∞∫
−∞

dεTr
[
τ̂3(ǧ∇ǧ)K

]
=

σ

8e

∞∫
−∞

dεTr
[
τ̂3(ĝR0∇ĝK0 + ĝK0 ∇ĝA0 )

]
. (3.116)

Distribution matrix

As we have already stressed, the Keldysh component plays a crucial role in the theoretical
treatment of systems out of equilibrium. The normalization condition for the Keldysh-
Gor’kov matrix allows us to establish a connection between the Keldysh and the retarded
and advanced components. To do so, let us rewrite the normalization condition in com-
ponents

ĝRĝR = ĝAĝA = τ̂0, and ĝRĝK + ĝK ĝA = 0̂2×2. (3.117)

With the help of these, the Keldysh component can be parametrized as

ĝK = ĝRĥ− ĥĝA, (3.118)

where ĥ is known as the distribution matrix. The Keldysh Usadel equation for the distri-
bution matrix reads

D

[
∇2ĥ+

(
ĝR0∇ĝR0

)
∇ĥ−∇ĥ

(
ĝA0∇ĝA0

)
−∇

(
ĝR0 (∇ĥ)ĝA0

)]
−(

ĝR0 [∆̂, ĥ]− [∆̂, ĥ]ĝA0

)
− iε

(
ĝR0 [ĥ, τ̂3]− [ĥ, τ̂3]ĝA0

)
= 0.

(3.119)

This equation is rather complicated but linear in ĥ allowing us to assume it to be diagonal

ĥ =

(
1− 2nel 0

0 2nh − 1

)
, (3.120)

where nel/h is the distribution function of particles/holes in the system. If we deal with a
system in equilibrium, but whose reservoirs are kept at voltage VR, it is given by

ĥeq(ε) =

(
1− 2nF (ε) 0

0 2nF (−ε)− 1

)
=

(
tanh ε+eVR

2T 0

0 tanh ε−eVR
2T

)
. (3.121)

Conveniently, the distribution matrix is decomposed into even (longitudinal) and odd
(transverse) components with respect to the Fermi surface, ĥ = τ̂0hL + τ̂3hT , where hL =

nh − nel and hT = 1− nel − nh. In thermal equilibrium, these read

hL/T (ε) =
1

2

[
tanh

ε+ eVR
2T

± tanh
ε− eVR

2T

]
. (3.122)



Chapter 4

Spectral properties of clean 2D SNS
proximity heterostructures

Most of the results presented in the following Chapter have been already published in
Ref. [69].

Motivated by recent advances in the fabrication of Josephson junctions in which the
weak link is made of a low-dimensional non-superconducting material, we present here a
systematic theoretical study of the local density of states (LDOS) in a clean 2D normal
metal (N) coupled to two s-wave superconductors (S). To be precise, we employ the quasi-
classical theory of superconductivity in the clean limit, based on Eilenberger’s equations,
to investigate the phase-dependent LDOS as function of factors such as the length or the
width of the junction, a finite reflectivity, and a weak magnetic field. We show how the
spectrum of Andeeev bound states that appear inside the gap shape the phase-dependent
LDOS in short and long junctions. We discuss the circumstances when a gap appears in
the LDOS and when the continuum displays a significant phase-dependence. The presence
of a magnetic flux leads to a complex interference behavior, which is also reflected in the
supercurrent-phase relation. To have a deeper insight in the proximity effect occurring
in the N region, we calculate the Josephson current. Our results agree qualitatively with
recent experiments on graphene SNS junctions. Finally, we show how the LDOS is con-
nected to the supercurrent that can flow in these superconducting heterostructures and
present an analytical relation between these two basic quantities.

§4.1 Introduction

If a normal metal (N) is in good electrical contact with a superconductor (S), it can acquire
genuine superconducting properties. This phenomenon, which is known as proximity effect,
was first investigated in the 1960’s [12,70,71] and there has been a renewed interest in the
last decades due to the possibility to study this effect at much smaller length and energy
scales [27] and in novel low-dimensional materials. The proximity effect manifests itself
in a modification of the LDOS of the normal metal and it is mediated by the so-called
Andreev reflection [14]. In this process, an electron of energy ε < ∆, where ∆ is the
superconducting gap in S, inside the normal metal impinges in the SN interface and is

57
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reflected as a hole transferring a Cooper pair to the S electrode. When the normal metal
is sandwiched between two superconducting leads, multiple Andreev reflections can occur
at the SN interfaces leading to the formation of Andreev bound states (ABSs) inside the
gap region [28], as we have discussed in Section §1.5. These ABSs are, in turn, largely
responsible for the supercurrent that can flow through the SNS junction when there is a
finite superconducting phase difference between the superconducting leads [28].

In the last 50 years the Josephson effect in SNS weak links has been thoroughly inves-
tigated in numerous experiments in which the normal link ranged from standard normal
metals [21, 33, 72–74] to low-dimensional materials such as carbon nanotubes [75], semi-
conductor nanowires [76] or graphene [77], just to mention a few. However, experimental
studies exploring the LDOS in a normal metal in proximity to a superconductor are more
scarce and they have only been reported in recent years. The proximity-induced modifica-
tion of the LDOS has been spatially resolved with the help of local tunneling probes [78–80]
and by means of Scanning Tunneling Spectroscopy (STS) technique applied to mesoscopic
systems [81–85]. This method has been further refined to probe the proximity effect in
2D metals with high spatial and energy resolution [86–89]. These experiments have been
successfully explained with the help of the quasiclassical theory of superconductivity and
the so-called Usadel equations [62,90,91], which describes the proximity effect in the dirty
limit, i.e., when the elastic mean free path is much smaller than the superconducting co-
herence length in the normal region [see Section §3.3]. In another context, the local density
of states has been probed in ferromagnetic proximity systems in order to probe the pairing
symmetries. For instance, a zero-bias peak in the density of states relates to a mixed-spin
triplet pairing [92–95] or a triplet gap related to equal-spin Cooper pairing [96].

In the regime, known as the clean limit, the mean free path is larger than both the
junction and the coherence length, ` � ξ0, L. The LDOS is expected to display discrete
ABSs inside the gap [28, 29, 97–99]. To our knowledge, these discrete ABSs have only
been resolved with tunneling probes in SNS heterostructures based on normal quantum
dots, i.e., 0D systems, formed in carbon nanotubes [100], graphene [101] or semiconductor
nanowires [102]. A natural candidate to observe ABSs in a 2D clean metal is graphene.
In fact, the proximity superconductivity in graphene systems has been intensively investi-
gated since its early days [103–105] and has recently been reviewed in Ref. [106]. Remark-
ably, a two-dimensional interference pattern has been predicted in warped Fermi-surface
proximitized in two-dimensions [107] or in the presence of boundaries [108].

In a recent work Bretheau and coworkers [109] used a van der Waals heterostructure to
perform tunneling spectroscopy measurements of the proximity effect in superconductor-
graphene-superconductor junctions. By incorporating these heterojunctions in a supercon-
ducting loop, they were able to measure the phase-dependent DOS in the graphene region.
Due to the large width of the junction they reported a continuum of ABSs, which clearly
indicates that the junctions were not strictly in the one-dimensional limit, these experi-
ments demonstrated the feasibility to fabricate and investigate clean 2D SNS junctions.
Interestingly, the authors of that work also postulated a heuristic relation between the
supercurrent and the LDOS, which allowed them to establish an infer the current-phase
relation from their LDOS measurements.

The LDOS and the corresponding ABS spectrum in clean three-dimensional SNS junc-
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tions have been discussed earlier in the literature. The impact on the ABS spectrum of
nonperfect interfaces [110,111] and the possible pairing in the normal metal [112,113] by
employing a self-consistent treatment of the pair potential in quasi-one-dimensional SNS
junctions have been studied. The authors of Ref. [114] considered the proximity effect in
a S–two-dimensional electron gas–S junction in the short junction limit, while interference
phenomena in clean SN sandwiches have been investigated in Ref. [115]. However, a sys-
tematic theoretical analysis of the LDOS in junctions of arbitrary sizes and nonperfect
transparency with and without magnetic field has not be done so far.

In this Chapter, motivated by the experiments of Bretheau et al. [109], we present a
systematic study of the LDOS in clean 2D SNS junctions. We shall make use of the qua-
siclassical theory of superconductivity in the clean limit, which is based on the so-called
Eilenberger equations [57] [see Section §3.2], to study the impact on the phase-dependent
LDOS of parameters such as the junction length and width, the transmission of the sys-
tem, and the presence of a weak magnetic field. The use of the quasiclassical Green’s
function formalism allows us to determine not only the ABSs, but also the phase depen-
dence of continuum of states outside the gap region. Moreover, we revisit the relation
between LDOS and supercurrent proposed in Ref. [109] and show that the correct formula
should relate the supercurrent density to the global density of states, which leads to signif-
icant changes in the limit of relatively short junctions. In such systems the quasiclassical
treatment is equivalent to the Bogoliubov-de Gennes description [116].

The rest of Chapter is organized as follows. In Section §4.2, we provide a short descrip-
tion of the recent experiments on S-graphene-S systems reported in Ref. [109] and which
are the main motivation for the theoretical considerations presented in the subsequent
sections. In Section §4.3, we introduce the system under study and describe in detail the
quasiclassical Green’s function formalism that we employ to compute the LDOS in clean
2D SNS junctions. In particular, we discuss in different subsections how to compute the
LDOS in a fully transparent junction, how to account for the presence of a potential barrier
in the systems and how to describe the role of a finite width of the normal region and the
presence of a weak magnetic field. In addition, we calculate the corresponding Josephson
current. Section §4.4 is devoted to the description of the main results of this work. In
this section we illustrate the impact of different factors, such as the length, the barrier
transmission or the presence of a weak magnetic field, in the LDOS in the normal region
of a clean SNS junction. The supercurrent is shown as well, obtaining the known results in
certain limits. In Section §4.5, we present a discussion of the magnetic-field modulation of
the LDOS in close connection to the work of Ref. [109] and present an analytical relation
between LDOS and the supercurrent in fully transparent junctions. Finally, Section §4.6
contains a summary of the main results and conclusions of this Chapter.

§4.2 Motivation

As mentioned in the previous subsection, the theoretical study provided in this Chapter
is mainly motivated by the recent experiments on the tunneling spectroscopy of Andreev
states in graphene reported in Ref. [109]. The authors performed their experiments on a
Van der Waals heterostructure consisting of a 380 nm-long and 2 µm-wide monolayer
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Fig. 4.1: Device schematics. A monolayer graphene sandwiched between two alu-
minum superconducting leads. The superconducting phase difference is controlled by an
external magnetic flux through the loop. Figure is adapted from Ref. [109].

graphene sheet placed between two aluminum superconducting electrodes. The zero-
temperature superconducting gap of aluminum is ∆Al ≈ 180 µeV. Andreev physics is
probed by the 150 nm-wide graphite finger placed on top of graphene and the junction
is embedded in a superconducting loop with a magnetic field whose role is to control the
superconducting phase difference [see Fig. 4.1]. The information about the local density
of states at energy eV is extracted from the differential conductance, dI/dV . The carrier
density is effectively controlled by applying a finite gate voltage, Vg, and the Andreev
spectrum strongly depends on it. In our consideration, we shall not address this question,
assuming that we are far away from the charge neutrality point, i.e., graphene is treated
as a two dimensional normal metal.

The extracted local DOS as a function of the magnetic flux/superconducting phase
difference and the applied voltage V is shown in Fig. 4.2(a). The superconducting phase
difference relates the applied field via ϕ = A(B − B0)/Φ∗0 with A = 5.7 µm2 being the
loop area, B0 = 250 µT an offset magnetic field, and Φ∗0 = ~/(2e) the reduced magnetic
flux quantum. The DOS oscillates with the phase diminishing for higher magnetic fields.
Besides, the Andreev bound states exhibit a continuous spectrum.

The authors also discussed the supercurrent. For that purpose, they proposed a heuris-
tic formula for calculating the spectral current Js(E,ϕ) = (1/Φ∗0)

∫ E
0

∂N(ε,ϕ)
∂ϕ dε, where

N(ε, ϕ) denotes the local density of states. This relation we shall address in detail in
Section §4.5 showing its shortcomings and proposing the improved one. However, hav-
ing obtained the spectral current, the zero-temperature supercurrent is found by means of
I(ϕ) = −(1/2)

∫∞
−∞ sgn(−E)Js(E,ϕ)dE. Based on the local DOS presented in Fig. 4.2(a),

the authors implemented the previously described recipe and the resulting supercurrent is
shown in Fig. 4.2(b). Similarly to the local DOS itself, the supercurrent suppresses with
increasing magnetic fields.

The experimental data discussed above serves a main motivation for our work which
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(𝑎)

(𝑏)

Fig. 4.2: Interference pattern. Panel (a): The local density of states extracted
from the differential conductance at the gate voltage Vg = 2.4 V as a function of the
superconducting phase difference ϕ (magnetic flux). Panel (b): The corresponding su-
percurrent calculated from the local density of states (see text above). Figure is taken
from Ref. [109].

will be presented in the subsequent sections and where we shall find a qualitative agree-
ment. However, it is important to emphasize that we do not aim at explaining or reproduc-
ing the experimental data of Ref. [109]. In what follows, we shall provide a simplified but
analytic model which describes Andreev physics in clean two-dimensional normal metals
proximitized by two BCS superconducting leads. Although we do not take into account
any specific properties of graphene, assuming we are in the regime far away from the Dirac
point, our model can serve as a benchmark for future experiments on clean systems.

§4.3 System and Method

Our goal is to calculate the local DOS in a clean (no impurities) 2D normal metal sand-
wiched by two identical s-wave superconductors [see Fig. 4.3]. We assume the normal
region to have a length L and a width W . Eventually, we shall consider the role of in-
terface scattering by considering the presence of a potential barrier in the middle of the
normal metal characterized by a transmission coefficient D that takes values from 0 to 1.
In what follows, all the energy scales will be expressed in units of the zero temperature
superconducting energy gap of the electrodes, ∆0, and the lengths will be compared to
the superconducting coherence length (inside the normal metal), which in the clean limit
is given by ξ0 = ~vF /∆0, where vF is the magnitude of the Fermi velocity. Moreover, in
the following discussion we shall set ~ = 1 and kB = 1 in most calculations, but reinsert
them in selected final results.

In order to describe the electronic structure in this SNS heterostructure, we make use
of the quasiclassical theory of superconductivity, which in the clean case is based on the
Eilenberger equation of motion [57] [see also Section §3.2]. In thermal equilibrium, this
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Fig. 4.3: System under study. A clean 2D normal metal of length L and width W
(orange) is coupled to two s-wave superconducting electrodes (blue). The additional elec-
trode (violet) that appears on top of the normal region represents an eventual tunneling
probe that could be used to measure the local DOS in the normal metal.

equation adopts the form [see Eq. (3.86)] [60]

− vF ·∇ĝ(vF, r; ε) =
[
−iετ̂3 + ∆̂(r), ĝ(vF, r; ε)

]
, (4.1)

where ĝ is the quasiclassical Green’s function that contains the full information about the
equilibrium properties of the system. As already discussed in Section §3.2, this function
depends on the energy ε, the center-of-mass coordinate r, the Fermi velocity vF , and it
has the following matrix structure in Gor’kov-Nambu space:

ĝ =

(
g f

f † −g

)
. (4.2)

Moreover, τ̂3 = diag(1,−1) is the third Pauli matrix and ∆̂ is the gap matrix that contains
the information about the modulus and phase of the superconducting order parameter:

∆̂(r) = ∆(r)

(
0 eiφ(r)

e−iφ(r) 0

)
= ∆(r)τ̂φ(r). (4.3)

Let us also repeat that the Green’s function in Eq. (4.2) obeys the normalization condition
ĝ2 = τ̂0 ⇒ g2 + ff † = 1. On the other hand, in what follows, we shall make use of
two additional Pauli matrices: τ̂φ from the gap matrix [see Eq. (4.3)] and ˆ̄τφ = iτ̂φτ̂3 =

τ̂φ−π/2. The Pauli matrices introduced in this way obey the standard spin algebra [τ̂3, τ̂φ] =

2iˆ̄τφ and the cyclic permutations, the anticommutation relations {τ̂3, τ̂φ} = {τ̂3, ˆ̄τφ} =

{τ̂φ, ˆ̄τφ} = 0, and the normalization conditions τ̂2
3 = τ̂2

φ = ˆ̄τ2
φ = 1̂. From now on, our

technical task is to solve the Eilenberger equation (4.1), with the appropriate boundary
conditions (see below). Once this is done, the knowledge of the quasiclassical Green’s
function allows us to compute any equilibrium property of our system of interest. Thus,
for instance, the trajectory-resolved local DOS is given by [see Eq. (3.62)]

N(vF , r, ε) = N0 Re[gR(vF , r; ε)], (4.4)
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where the retarded component is obtained by introducing the shift ε → ε + iη with η

being the broadening (Dynes) parameter and N0 = m/π is the density of states per unit
area of a 2D normal metal at the Fermi level. The Eilenberger equation (4.1) contains
the directional derivative along the Fermi velocity, which makes this equation effectively
one dimensional. This implies that Eq. (4.4) gives us the resolved local DOS for a single
trajectory of certain length. In order to obtain the LDOS in 2D, we need to average
Eq. (4.4) over all possible trajectories [see Eq. (3.61)]:

N2D(r, ε) = 〈N(vF , r; ε)〉vF , (4.5)

where 〈· · · 〉vF stands for the average over the Fermi velocity directions.
Another property of interest is the supercurrent, i.e., the equilibrium current that can

flow through the heterostructure when there is a phase difference between the supercon-
ducting electrodes. The supercurrent density at a temperature T can be expressed in
terms of the quasiclassical Green’s functions as follows [see Eq. (3.65)]:

j(r) = −eN0

∞∫
−∞

dε
〈
vF Re

[
gR(vF , r; ε)

]〉
vF

tanh
ε

2T
, (4.6)

where e is the elementary charge. Notice that we have applied the symmetry from
Eq. (3.48).

A fully transparent junction

We first consider a fully transparent (no potential barriers) clean 2D SNS junction of
infinite width. We assume that the Fermi velocity is along x-direction, vF = vFex [see
Fig. 4.4]. Rewriting Eq. (4.1) using the Pauli matrix set {τ̂φ, ˆ̄τφ, τ̂3} allows us to obtain
the following set of particular solutions for a spatially inhomogeneous superconductor

ĝsh(φ) =
1

Ω
(−iετ̂3 + ∆τ̂φ), (4.7)

ĝs±(φ, x) =
1

2Ω
(∆τ̂3 + iετ̂φ ± iΩˆ̄τφ)e±2Ωx/vF = ĝ±(φ)e±2Ωx/vF . (4.8)

where Ω =
√

∆2 − ε2. Here, ĝsh(x) corresponds to a homogeneous solution, while ĝs±(x) are
spatially dependent ones. The general solution of Eq. (4.1) is a linear combination of these
and depends on the boundary conditions. For the normal metal we obtain correspondingly

ĝnh = τ̂3, (4.9)

ĝn±(x) = τ̂±e
±2iεx/vF , (4.10)

where we defined τ̂± = 1
2(τ̂1 ± iτ̂2).

We now solve the Eilenberger equation assuming that the order parameter follows a
step function: ∆(x) = ∆θ(|x| − L/2), i.e., there is no inverse proximity effect. For this
purpose, we make the following ansatz for a trajectory starting at x = −∞ in supercon-
ductor 1 with the phase −ϕ/2 going straight through the normal metal with a length L
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Fig. 4.4: Riccati coherent solutions. A clean 2D SNS junction with a barrier (red) of
transparency D in the middle of the normal metal of a length L and infinite width (or-
ange). The coherent functions γ1,2 and γ̃1,2 are solutions of the Riccati-like Eilenberger
equations, see Eqs. (4.20) and (4.21). The functions Γ1(2) (Γ̃1(2)) are stable solutions ob-
tained by integrating the transport equation towards the barrier. The fully transparent
case corresponds to D = 1.

and ending in x =∞ in superconductor 2 with the phase +ϕ/2:

ĝs (x < −L/2) = ĝsh(−ϕ/2) +B1ĝ+(−ϕ/2)e2Ωx/vF (4.11)

ĝs (x > L/2) = ĝsh(ϕ/2) +B2ĝ−(ϕ/2)e−2Ωx/vF (4.12)

ĝn (x) = Aĝnh +A−ĝ
n
−(x) +A+ĝ

n
+(x), (4.13)

where A,A±, B1,2 are unknown coefficients, which have to be determined with the help
of the boundary conditions at the interfaces. We assume that the Green’s function is a
continuous function throughout the system, which leads to the boundary conditions at
the two SN interfaces

ĝs(−L/2) = ĝn(−L/2),

ĝn(L/2) = ĝs(L/2).
(4.14)

Employing those and solving the problem in the opposite direction (ϕ/2 → −ϕ/2), we
arrive at the following solution for the Green’s function inside the normal metal:

gn(ϕ, σ, ε, θ) = A = −iε+
√

∆2 − ε2 tan[εL/vF cos θ + σϕ/2]√
∆2 − ε2 − ε tan[εL/vF cos θ + σϕ/2]

, (4.15)

where σ = ± denotes the direction of propagation (left of right), vF is the magnitude of
the Fermi velocity and θ is the angle between the incoming trajectory and the direction
perpendicular to the interface [see Fig. 4.4]. We note that gn(ϕ, σ, ε, θ) does not depend
on the position, i.e., it is constant throughout the normal metal. The LDOS can now be
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obtained from Eq. (4.4):

N(ϕ, σ, ε, θ = 0) = N0 Re[gn(ϕ, σ, ε+ iη, θ = 0)], (4.16)

which gives us the resolved LDOS for a single trajectory of length L. The LDOS in 2D
[see Eq. (4.5)] adopts in this case the form

N2D(ϕ, ε) =
∑
σ=±1

1

2π

∫ π/2

−π/2
N(ϕ, σ, ε, θ)dθ. (4.17)

Effect of a finite transparency

To investigate the role of a finite transparency through the heterostructure, we consider
now an SNS junction with a normal metal of length L and infinite width featuring a
potential barrier in the middle [x = 0; see Fig. 4.4]. The barrier is characterized by the
transmission coefficient D and the corresponding reflection coefficient is denoted by R

(R = 1−D). The angular dependence of D is taken from a delta-like potential and it is
given by [117]

D(θ) =
D0 cos2 θ

R0 +D0 cos2 θ
, (4.18)

where D0 is the transmission coefficient for θ = 0, i.e., for the trajectory perpendicular to
the interface and R0 = 1−D0.

In order to solve the problem analytically it is convenient to use the so-called Ric-
cati parametrization [see Appendix §C.5] in which the quasiclassical Green’s function is
parametrized in terms of two coherent functions as follows [60,117,118]:

ĝ(vF , r, ε) =
1

1 + γγ̃

(
1− γγ̃ 2γ

2γ̃ −1 + γγ̃

)
. (4.19)

With this parametrization the normalization condition ĝ2 = τ̂0 is automatically fulfilled,
and from the Eilenberger equation (4.1) one can show that the coherent functions γ and
γ̃ satisfy the following decoupled first-order differential equations [60,117,118]:

−vF ·∇γ(r) = −2iεγ(r) + ∆∗γ(r)2 −∆(r), (4.20)

vF ·∇γ̃(r) = −2iεγ̃(r) + ∆γ̃(r)2 −∆∗(r). (4.21)

We now follow Ref. [117] and define the coherent functions on the both sides of the
barrier γ1, γ̃1, γ2, γ̃2, which are the stable solutions for integration towards the interface.
The boundary conditions determine the solutions away from the interface denoted by
Γ1, Γ̃1,Γ2, Γ̃2 [see Fig. 4.4]:

Γ1,2 = R1,2γ1,2(0) +D1,2γ2,1(0), (4.22)

Γ̃1,2 = R̃1,2γ̃1,2(0) + D̃1,2γ̃2,1(0), (4.23)
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where R1, D1 and R̃1, D̃1 are given by, respectively,

R1 = R
1 + γ2γ̃2

1 +Rγ2γ̃2 +Dγ1γ̃2
, (4.24)

D1 = D
1 + γ̃2γ1

1 +Rγ2γ̃2 +Dγ1γ̃2
, (4.25)

R̃1 = R
1 + γ2γ̃2

1 +Rγ2γ̃2 +Dγ2γ̃1
, (4.26)

D̃1 = D
1 + γ2γ̃1

1 +Rγ2γ̃2 +Dγ2γ̃1
. (4.27)

The coefficients R2, D2 and R̃2, D̃2 are given by the analogous expressions. All the previous
expressions fulfill Rj +Dj = 1 and R̃j + D̃j = 1.

To show how to obtain the expression for the quasiclassical Green’s function, we con-
sider here the solutions for γ1 [see Fig. 4.4], which in a homogeneous superconductor (with
the superconducting phase φ = −ϕ/2) and a normal metal are, respectively,

γs1(ϕ, ε) =
∆e−iϕ/2√

∆2 − ε2 − iε
, (4.28)

γn1 (ϕ, ε, θ) = Ae2iεx/vF cos θ, (4.29)

where A is an unknown coefficient. By applying the boundary condition of Eq. (4.14) at
the left SN interface (x = −L/2), we obtain the solution in the normal metal as

γn1 (ϕ, σ, ε, θ) =
∆√

∆2 − ε2 − iε
e−iσϕ/2+iεL/vF cos θ. (4.30)

Note that, as before, σ = ±1 denotes the direction of propagation. By repeating the same
procedure for the other γ (γ̃) functions we obtain the full set of solutions in the normal
metal:

γ̃n1 (ϕ, σ, ε, θ) =
∆√

∆2 − ε2 − iε
eiσϕ/2+iεL/vF cos θ, (4.31)

γn2 (ϕ, σ, ε, θ) =
∆√

∆2 − ε2 − iε
eiσϕ/2+iεL/vF cos θ, (4.32)

γ̃n2 (ϕ, σ, ε, θ) =
∆√

∆2 − ε2 − iε
e−iσϕ/2+iεL/vF cos θ. (4.33)

Notice that since the LDOS does not depend on the position, we have omitted the spatial
arguments in the coherent functions in Eqs. (4.30)-(4.33).

Now, the g component of the incoming Green’s function [g1,in in Fig. 4.4] is obtained
from [117]

g1,in =
1− γn1 Γ̃n1
1 + γn1 Γ̃n1

, (4.34)

where Γ̃n1 is defined in Eq. (4.23). Analogously, one can define the outgoing Green’s
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function [g1,out in Fig. 4.4] arriving at the solutions

g1,in =
(1− γn1 γ̃n1 )(1 + γn2 γ̃

n
2 ) +D(γn2 + γn1 )(γ̃n1 − γ̃n2 )

(1 + γn1 γ̃
n
1 )(1 + γn2 γ̃

n
2 ) +D(γn2 − γn1 )(γ̃n1 − γ̃n2 )

, (4.35)

g1,out =
(1− γn1 γ̃n1 )(1 + γn2 γ̃

n
2 ) +D(γn1 − γn2 )(γ̃n1 + γ̃n2 )

(1 + γn1 γ̃
n
1 )(1 + γn2 γ̃

n
2 ) +D(γn2 − γn1 )(γ̃n1 − γ̃n2 )

. (4.36)

Finally, the total Green’s function in the normal metal is the average of the incoming and
the outgoing ones:

gn1 (ϕ, σ, ε, θ) =
1

2

[
g1,in(ϕ, σ, ε, θ) + g1,out(ϕ, σ, ε, θ)

]
. (4.37)

The single trajectory and the 2D LDOS are obtained by inserting Eq. (4.37) in Eqs. (4.4)
and (4.5), respectively.

Presence of a weak magnetic field and the effect of the finite width

We now want to describe the effect of the presence of a weak (perpendicular) magnetic
field and also consider the effect of having a finite widthW in the normal region. By weak
magnetic field we mean that one can neglect the orbital and Zeeman effects in the normal
region and the role of the field is simply to spatially modulate the superconducting phase
inside the electrodes. In other words, the magnetic field only enters via the gauge-invariant
superconducting phase difference that becomes [21]

ϕ(y) = ϕ0 + 2π

(
Φ

Φ0

)
y

W
, (4.38)

where ϕ0 is a constant value superconducting phase difference, Φ is the magnetic flux
enclosed in the normal region, Φ0 = h/(2e) is the flux quantum, and y is the transverse
coordinate [parallel to the SN interfaces; see Fig. 4.5].

We assume that in the normal region the quasiparticles are specularly reflected in
the interfaces between the normal metal and the vacuum. Moreover, for the sake of
simplicity, we consider only processes with one specular reflection. With this assumption,
the range for θ, the angle defining the quasiparticle trajectory, depends on the geometrical
parameters of the junction as follows: −θ0(h) < θ < θ0(h), where θ0(h) = arctan[2d(h)/L],
and d(h) = W − h for h ≤W/2 and d(h) = h for h > W/2 [see Fig. 4.5 for a definition of
h].

To avoid reflections inside the superconductors, we assume they are infinitely wide.
From Eq. (4.38) we can see that the superconducting phase difference depends on the y
position of the incoming and outgoing Green’s function at the SN interface (x = −L/2).
The averaged LDOS over all trajectories [see Eq. (4.5)] adopts the form

N2D(ϕ, ε) =
∑
σ=±1

1

2W

∫ W

0

dh

2θ0(h)

θ0(h)∫
−θ0(h)

N(ϕ, σ, ε, θ, h)dθ. (4.39)
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Fig. 4.5: Presence of a weak magnetic field. A clean 2D SNS junction in the
presence of a weak magnetic field perpendicular to it. The normal region contains a
potential with transparency D(θ) and it has a length L and a finite width W . The
quasiparticles are assumed to undergo specular reflection at the interface between the
normal metal and the vacuum. The superconducting phase difference is a linear function
of y due to the magnetic field [see Eq. (4.38)].

The Josephson current

One of the questions that we discuss below is the relation between the LDOS and the
Josephson current that flows across the junction. To establish such a relation, it is con-
venient to consider the case of a single trajectory at normal incidence. In this case, the
Josephson current [see Eq. (4.6)] can be expressed as

I(ϕ) = −eN0vFW

∞∫
−∞

Js(ϕ, ε, θ = 0) tanh
ε

2T
dε, (4.40)

where W is the width of the normal metal and Js(ϕ, ε, θ) = (1/2) Re[gn(ϕ, ε, 1, θ) −
gn(ϕ, ε,−1, θ)] is the spectral current. By inserting Eq. (4.15) in the formula above,
one obtains the single-trajectory spectral current

Js(ϕ, ε) =

= Im

{
1

2

∆2 sinϕ

(∆2 − 2ε2) cos(2εL/vF )− 2ε
√

∆2 − ε2 sin(2εL/vF ) + ∆2 cosϕ

}

= −Re

∑
σ=±

ε∫
0

(
vF√

∆2 − E2
+ L

)
∂gn(ϕ, σ,E, θ = 0)

∂ϕ
dE

 , (4.41)

where gn(ϕ, σ, ε, θ) is given by Eq. (4.15). At zero temperature tanh[ε/(2T )] → sgn(ε).
On the other hand, if we are interested in 2D Josephson current we employ the following
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formula:

I2D(ϕ) = −eN0vFW

∞∫
−∞

〈Js(ϕ, ε)〉θ tanh
ε

2T
dε, (4.42)

where

〈Js(ϕ, ε)〉θ =
1

π

π/2∫
−π/2

Js(ϕ, ε, θ)dθ. (4.43)

The latter can be easily generalized to the case of finite transparency just by replacing
gn with the solution from Eq. (4.37) in the spectral current Js. Note that by setting the
integration limits from −π/2 to π/2, we assume W � ξ0.

§4.4 Results

In this section, we shall make use of the formalism developed in the previously and sys-
tematically examine the role of different parameters in the LDOS of a clean SNS junction
such as the length, the width, the transmission barrier, and the presence of a weak external
magnetic field. In addition, we shall consider the current-phase relation as well.

Short-junction limit

In order to illustrate our model let us first consider the case of a short junction. By setting
L→ 0, Eq. (4.37) adopts the simple form

gshort(ε, ϕ) =
iε
√

∆2 − ε2
ε2 −∆2[1−D sin2(ϕ/2)]

. (4.44)

We immediately notice that ABSs are determined by the poles of the function above, i.e.,

E±A (ϕ) = ±∆

√
1−D sin2(ϕ/2), (4.45)

which is in accordance with the literature [29,30] [see also Eq. (1.50)]. The EA(ϕ) function
for various transparencies of the junction and zero temperature is illustrated in Fig. 4.6(a).
As it is obvious, a finite transparency of the junction opes a minigap at ϕ = π. This can
be clearly seen in the N(ϕ, ε) function obtained by inserting Eq. (4.44) into Eq. (4.4)
and shown in Fig. 4.6(b) for D = 0.75. In the subgap regime, ε < ∆, the LDOS can be
expressed analytically

N(ϕ, ε)

N0
=
π

2

√
D|sin(ϕ/2)|

[
δ(ε− E+

A ) + δ(ε− E−A )
]
. (4.46)

The single trajectory case

Let us now pass to the case of the trajectory-resolved LDOS in the absence of a magnetic
field. In Fig. 4.7 we present the LDOS inside the normal region for a single trajectory of
length L = 2.0ξ0 as a function of both the energy and the superconducting phase different
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Fig. 4.6: Panel (a): The Andreev bound state energy EA [see Eq. (4.45)] as a function of
superconducting phase difference ϕ for various transparencies D. Panel (b): The LDOS
as a function of energy ε and superconducting phase difference ϕ in a short junction of
transparency D = 0.75. The broadening parameter is η = 0.01∆0

for two values of the barrier transmission, D = 0.5 and D = 1.0. Let us recall that the
LDOS is constant throughout the normal metal. As expected, the main feature of the
LDOS is the presence of ABSs inside the gap that evolve with the phase difference. In
particular, we see the appearance of four different ABSs for this value of the trajectory
length. Notice that in the fully transparent case [see Fig. 4.7(b)] the ABS energy is
basically a linear function of the phase and, in particular, two states have zero energy
(i.e., they appear at the Fermi level) at ϕ = ±π. In contrast, at finite transparency [see
Fig. 4.7(a)] there is a gap between the ABSs, which we shall term Andreev gap, irrespective
of the value of the phase difference. In the case of perfect transparency, and with the help
of Eqs. (4.15) and (4.16), one can show that the energies of the ABSs for a single trajectory
are given by the solutions of the following well-known equation [28]:

2εL

vF
± ϕ− 2 arccos

( ε
∆

)
= 2πn, (4.47)

where n is an integer number, vF is the Fermi velocity, and ϕ is the superconducting phase
difference difference [see also Appendix §A.3]. For long trajectories (L � ξ0 = vF /∆0)
the previous equation reduces to (for energies much smaller than ∆)

2εL

vF
± ϕ = (2n+ 1)π. (4.48)

From this expression we see that in this long-junction limit the energy of the ABSs depends
linearly on the phase, something that it is already apparent in Fig. 4.7(b).

The 2D case

Let us turn now to the analysis of the angle-averaged LDOS in the normal metal for
junctions of infinite width and in the absence of an external magnetic field. In Fig. 4.8 we
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Fig. 4.7: The single-trajectory LDOS for an SNS junction as a function of energy ε and
superconducting phase difference ϕ for transparencies (a) D = 0.5 and (b) D = 1.0.
The length of the trajectory in both panels is L = 2.0ξ0 and the broadening parameter
is taken η = 0.01∆0.

present the LDOS inside the normal region for a junction of length L = 2.0ξ0 as a function
of both the energy and the phase difference. The two panels correspond to two different
values of the barrier transmission for normal incidence, D0 = 0.5 and D0 = 1.0. Let us
recall that we are using an angular dependence of the transmission coefficient given by
Eq. (4.18). As one can observe, this angle-averaged LDOS exhibits many of the features
of the single-trajectory case [see Fig. 4.7], the main difference being the larger DOS inside
the gap due to the contributions of trajectories of different lengths. In particular, we still
see that the role of the finite transparency is to induce a finite and hard Andreev gap for
any phase value, while such a gap vanishes in the case D0 = 1.0 for ϕ = ±π.

To understand the role of the junction length, we present in Fig. 4.9 the results for
the LDOS by varying the length from the short-junction case (L � ξ0) to the long-
junction limit (L� ξ0). As one can see, the number of the ABSs increases with increasing
junction length. In the short-junction limit [L → 0; see Fig. 4.9, panels (a) and (e)] the
LDOS exhibits the same behavior as in the single-trajectory case due to an absence of the
contributions of trajectories of various lengths. The Andreev spectrum of a junction with
the intermediate normal metal length [L = 1.0ξ0; see Figs. 4.9(b) and 4.9(f)] is similar
to the one shown before in Fig. 4.8. By increasing the junction length the Andreev gap
diminishes, [see Figs. 4.9(c) and 4.9(g) for L = 5ξ0] and the proximity effect tends to
disappear altogether for very long junctions [see Figs. 4.9(c) and 4.9(g) for L = 10ξ0].

Presence of a weak magnetic field and the effect of a finite width

In experimental setups, like that of Ref. [109], the superconducting phase difference is
controlled by incorporating the weak link into a superconducting loop and applying a
weak magnetic field. For this reason, we analyze in this section the role of the application
of a weak external magnetic field perpendicular to the SNS junction and study also the



72 §4.4. Results

ε /Δ
0

(a) D0	=	0.5

−2

−1

0

1

2

−1 −0.5 0 0.5 1
φ/π

0

0.5

1

1.5

2

2.5

3(b) D0	=	1.0

−1 −0.5 0 0.5 1

Fig. 4.8: Averaged LDOS of an SNS junction of length L = 2.0ξ0 as a function of
energy ε and superconducting phase difference ϕ for normal incidence transparencies (a)
D0 = 0.5 and (b) D0 = 1.0. The broadening parameter is η = 0.01∆0.

role of having a finite width. As explained in Section §4.3, by weak magnetic field we
mean that the only role of the external field is to modulate the superconducting phase
difference inside the electrodes and along the SN interfaces. This modulation leads to the
following expression for the gauge-invariant phase difference:

ϕ(y) = ϕ0 + 2π

(
Φ

Φ0

)
y

W
, (4.49)

where y is the transverse coordinate along the SN interfaces [see Fig. 4.5], ϕ0 is a constant,
Φ is the magnetic flux enclosed in the normal region, and Φ0 = h/(2e) is the magnetic
flux quantum.

Here, we focus on the case in which the magnetic field is only applied to the junction
and the constant part of the superconducting phase difference, ϕ0, can take an arbitrary
value. In the next section we shall consider the situation where the junction is incorporated
into a superconducting loop and ϕ0 is determined by the magnetic flux enclosed in the
loop. Making use of the formalism detailed in Section §4.3, we have computed the results
shown in Fig. 4.10 for the averaged LDOS as a function of energy and the magnetic flux
enclosed in the junction for different values of the length and width of the normal region
and the phase ϕ0. In particular, Figs. 4.10(a)-4.10(c) show the results for the case of a
junction with an intermediate length (L = 2.0ξ0) and the width W = 10.0ξ0. In this
case and for weak magnetic fields (Φ . 0.5Φ0), the features related to the ABSs are
smeared but they are still clearly visible. In the cases of ϕ0 = 0, π, the ABSs are visible
as peaks centered around the zero magnetic field, while in the case ϕ0 = π/2 the peaks
are shifted to Φ = Φ0/4. For stronger magnetic fields Φ > Φ0, and irrespective of the
value of ϕ0, the features related to the ABSs are strongly suppressed due to the destructive
interference between different quasiclassical trajectories that see effectively different values
of the phase difference. Notice also that all the structures are symmetric with respect to
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Fig. 4.9: The averaged LDOS in the normal region of an SNS junction as a function of
energy ε and the superconducting phase difference ϕ. The different panels correspond to
different values of the junction length, as indicated in the legends, and to two different
values of the barrier transparency: (a)-(d) D0 = 0.5 and (e)-(h) D0 = 1.0. The width is
considered to be infinite and the broadening parameter is η = 0.01∆0.

the Fermi energy (ε = 0), but the symmetry with respect to zero magnetic field does not
hold in the case of ϕ0 = π/2.

In Figs. 4.10(d)-4.10(f) we also show the results for an intermediate junction length
L = 2.0ξ0, but this time the junction is narrower with W = 2.0ξ0. Comparing the
results with those of the much wider junction shown in Fig. 4.10(a)-4.10(c), we see that
the width of the junction does not have a very strong impact. This can be explained
by with the help of Eq. (4.49). That formula tells us that the range phase ϕ(y) as a
function of y is independent of the width W and only depends on the magnetic flux:
ϕ ∈ [ϕ0, ϕ0 + 2πΦ/Φ0]. Hence, the phase pattern in Figs. 4.10(a)-4.10(c) and 4.10(d)-
4.10(f) are practically the same for the equal phase biases ϕ0. From the discussions above,
it is obvious that the largest contributions to the Andreev spectrum come from the shortest
trajectories. The main difference, therefore, appears in the slightly large Andreev gap for
W = 2.0ξ0 compared to the case W = 10.0ξ0 due to an absence of the contribution of
long trajectories.

To explore the role of the junction in the presence of a weak magnetic field, we present
the results for a junction of length L = 0.01ξ0 and widthW = 10ξ0 in Figs. 4.10(g)-4.10(i).
As in the previous cases, for weak fields (Φ . Φ0/2) the ABS peaks are smeared but still
visible, while for stronger magnetic fields they dissappear. The peaks for ϕ0 = 0, π are
located around zero field, while for ϕ0 = π/2 they are shifted to Φ = Φ0/4. The Andreev
gap is empty in this case because we only have contributions from short trajectories. In the
case of ϕ0 = 0 [see panel (g)] the Andreev peaks are shifted to the edge of the gap (ε ≈ ∆0).
For ϕ0 = π [see panel (i)] we observe only one ABS in each branch of the spectrum in
contrast to the case of L = 2.0ξ0 where we have two. The geometric symmetry of the
pattern is similar to the previous cases.
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Fig. 4.10: Averaged LDOS in fully transparent 2D SNS junctions as a function of energy
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The Josephson current: short-junction limit

In order to examine the supercurrent, let us first consider the Josephson effect in the case
of a short junction, L� ξ0. The spectral current is given by

J short
s (ϕ, ε) = − i

4

D∆2 sinϕ

ε2 −∆2[1−D sin2(ϕ/2)]
. (4.50)

By taking the real part (which only contributes to the current), we arrive at

Re[J short
s (ϕ, ε)] = −π

8

D∆2 sinϕ

ε

[
δ(ε− E+

A )− δ(ε− E−A )
]
. (4.51)
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Fig. 4.11: The short-junction spectral current J short as a function of energy ε for several
values of the superconducting phase difference ϕ and (a) D = 1.0, (b) D = 0.75.

Hereby, we notice two important properties of the spectral current in the short-junction
limit: (i) the Josephson current is entirely carried by the ABSs and (ii) it is an odd function
of energy since E+

A = −E−A . The former is not fulfilled in the case of a junction of finite
length, as we shall show in the next section. Fig. 4.11 shows the real part of J short

s (ε) for
several values of ϕ and (a) D = 1.0, (b) D = 0.75.

Having obtained the spectral current, we calculate the Josephson current (4.40), ar-
riving at

Ishort(ϕ) =
∆π

2eRN

sinϕ√
1−D sin2(ϕ/2)

tanh
∆
√

1−D sin2(ϕ/2)

2T
, (4.52)

where the normal resistance is defined as R−1
N = DWe2kF /(2π). This is a known result

[35, 119, 120]. In two limiting cases, a fully transparent (D = 1) and a tunnel junction
(D � 1), the formula above reduces, respectively,

ID=1(ϕ) =
∆π

eRN
sin(ϕ/2) tanh

∆ cos(ϕ/2)

2T
, (4.53)

ID�1(ϕ) =
∆π

2eRN
sin(ϕ) tanh

∆

2T
. (4.54)

The first relation is known as the Kulik-Omel’yanchuk [121] and the second one as the
Ambegaokar-Baratoff formula [68], and they are the same as in the the diffusive limit [see
Eq. (3.109)]. The zero temperature current-phase relation for various transparencies of the
junction is shown in Fig. 4.12. The solid black and violet lines correspond, respectively,
to the fully transparent and tunneling limits given in the formulas above.
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Fig. 4.12: The current-phase relation in a short SNS junction for various values of the
transparency D at zero temperature.

The Josephson current: single trajectory of a finite length

The spectral current for a single trajectory of length L and transparency D reads

js(ϕ, ε, L, θ = 0) =
iDe2iLε/vF sinϕ

2De2iLε/vF (cosϕ− 1) +
[

∆e2iLε/vF√
∆2−ε2−iε +

√
∆2−ε2−iε

∆

]2 . (4.55)

As we can see, the expression is quite complicated in comparison to the short-junction
limit discussed in the previous subsection, and therefore the Josephson current cannot be
treated analytically. However, the js(ϕ, ε) function for D = 0.75 and (a) L = 2.0ξ0, (b)
L = 5.0ξ0 is shown in Fig. 4.13(a) and 4.13(b), respectively. It is obvious that, unlikely to
the short-junction limit, the contribution from continuous part of the spectrum (ε > ∆)

is not negligible.
Having obtained the spectral current, we can calculate the Josephson current by

weighting it by tanh[ε/(2T )] and integrating over the energy, as given in Eq. (4.40). This
cannot be done analytically and we are supposed to employ numerics. The current-phase
relation in a fully transparent SNS junction for various lengths is illustrated in Fig. 4.13(c).
The effect is suppressed with increasing length which is in accordance with the general
theory of proximity effect. The same quantity for various transparencies and L = 2.0ξ0 is
shown in Fig. 4.13(d). As in the short-limit case, the critical current is suppressed with
decreasing transparency of the junction. Temperature is set to zero.

Josephson current: 2D junction

In order to end up with a 2D solution, we are supposed to perform averaging over all
possible trajectories following Eqs. (4.42) and (4.43). By introducing θ angle [see Fig. 4.4],
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Fig. 4.13: Panel (a): The spectral current js as a function of energy ε and supercon-
ducting phase difference ϕ in an SNS junction of transparency D = 0.75 and the length
L = 2.0ξ0. The same quantity for L = 5.0ξ is shown in panel (b). Panel (c): The
single-trajectory resolved current-phase relation in an SNS junction of various lengths
L and the full transparency, D = 1.0. Panel (d): The current-phase relation for various
transparencies of the junction and the length L = 2.0ξ0. The temperature is set to zero.
The broadening parameter in panels (a) and (b) is taken η = 0.01∆0.

the averaged spectral current reads [see Eq. (4.43)]

J2D
s (ϕ, ε, L) = 〈Js(ϕ, ε, L, θ)〉θ =

1

π

π/2∫
−π/2

Js(ϕ, ε, L, θ)dθ, (4.56)

where

Js(ϕ, ε, L, θ) =
iDe2iLε/vF cos θ sinϕ

2De2iLε/vF cos θ(cosϕ− 1) +
[

∆e2iLε/vF cos θ
√

∆2−ε2−iε +
√

∆2−ε2−iε
∆

]2 . (4.57)

The integral over θ has to be evaluated numerically and the resulting J2D
s (ϕ, ε) function



78 §4.4. Results

/Δ
0

ε

φ/π

(a)	L	=	2.0ξ0

−2

−1

0

1

2

−1 −0.5 0 0.5 1

−0.4

−0.2

0

0.2

0.4(b)	L	=	5.0ξ0

−1 −0.5 0 0.5 1

Fig. 4.14: The averaged spectral current as a function of energy ε and superconducting
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broadening parameter is η = 0.01∆0.

for the incident transparency D0 = 0.75 and the length (a) L = 2.0ξ0, (b) L = 5.0ξ0 is
illustrated in Fig. 4.14. The pattern has a similar shape as in the single-trajectory case [see
Figs. 4.13(a) and 4.13(b)]. Similarly to the case of the averaged (2D) LDOS, the many-
trajectory contribution manifests itself through the broadening of the peaks as well as the
continuous spectrum even in the subgap regime, ε < ∆ [see Fig. 4.8]. As before, having
obtained the spectral current (4.56), we can find the Josephson current by returning it into
Eq. (4.42). The zero-temperature current-phase relation in a two-dimensional junction
for various lengths L and the full transparency, D = 1.0, is shown in Fig. 4.15(a). As
expected, the critical current is getting suppressed on increasing lengths. The effect of
varying the junction transmission is visible in Fig. 4.15(b), where we plot the current-phase
relation for the junction length L = 2.0ξ0 and different incident transparencies D0. We
see that the current-phase relation exhibit many of the features of the single-trajectory
case [see Fig. 4.13(c) and 4.13(d)]. The effect is overall moderately suppressed due to the
contribution of trajectories of various lengths.

Finally, we investigate the role of temperature. The temperature dependence of the
superconducting gap is assumed to be [122]

∆(T ) = ∆0 tanh
(

1.74
√
Tc/T − 1

)
, (4.58)

where ∆0 is the superconducting gap at zero temperature and Tc is the critical temperature
of superconductors. The current-phase relation for various temperatures T , the junction
length L = 2.0ξ0, and the perfect transparency, D = 1, is shown in Fig. 4.15(c). The
same quantity for the incident transparency D0 = 0.75 and other parameters being the
same is shown in Fig. 4.15(d). In both cases, the critical current vanishes upon higher
temperatures.
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Fig. 4.15: The zero-temperature current-phase relation in a 2D SNS junction of (a) var-
ious lengths L and the full transparency, D = 1.0, (b) various incident transparencies
D0 and the length L = 2.0ξ0. Panel (c): The current-phase relation for various temper-
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§4.5 Discussion

LDOS of an SNS junction embedded in a superconducting loop

As mentioned above, the practical way to investigate the phase dependence of the LDOS
in a weak link is by incorporating it into a superconducting loop and applying an external
magnetic field. This is, for instance, what was done in Ref. [109] in which the authors
used graphene as a normal metal in the weak link. Inspired by this experiment, we now
consider a setup like the one shown in the inset of Fig. 4.16(a) where the SNS junction of
area AN is embedded in a superconducting loop of total area Aloop. We assume, like in the
experiments, that an external magnetic field is applied such that the total magnetic flux
enclosed in the whole loop is equal to Φloop. This flux determines now the constant part
of the phase difference, ϕ0, which is given by ϕ0 = 2πΦloop/Φ0. Thus, the gauge-invariant
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phase difference is modulated along the SN interfaces as

ϕloop(y) = 2π
Φloop

Φ0

(
1 +

AN

Aloop

y

W

)
, (4.59)

where we insist that Φ is the magnetic flux enclosed in the whole loop rather than the flux
enclosed in the junction.

To illustrate the magnetic flux modulation of the LDOS, we follow Ref. [109] and
assume that Aloop/AN = 7.5 and consider a normal metal of length L = 0.2ξ0 and width
W = 0.7ξ0. We show in Fig. 4.16(a) the modulation of the energy dependence of the
LDOS of this junction with the magnetic flux enclosed in the whole superconducting loop.
As expected, the modulation of the LDOS is progressively suppressed as the magnetic flux
increases, but it does it much more slowly than in the cases shown in Fig. 4.10 because
the flux enclosed in the normal region of the junction is much smaller than the total flux
enclosed in the loop (7.5 times smaller). Notice that in the first cycles one can clearly see a
hard Andreev gap (no DOS close to the Fermi energy) that only closes when the total flux
is close to a multiple of the flux quantum. For completeness, we show in Fig. 4.16(b) the
corresponding modulation of the supercurrent with the magnetic flux enclosed in the loop.
As one can see, the current is strongly nonsinusoidal and it decays as the magnetic flux
increases. The results presented here for the LDOS actually resemble those reported in
Ref. [109] for a S-graphene-S junction, especially for high gate voltages when the graphene
Fermi energy is away from the Dirac point [see Fig. 4.2]. The main differences are: (i) the
experimental results typically show a soft gap at low energies, contrary to the hard gap
that we obtain, and (ii) the modulation of the LDOS in our simulations decays with the
magnetic flux more rapidly than in the experiments. In any case, as already mentioned, we
insist that we do not aim here at reproducing or explaining the results of Ref. [109] since
our model does not incorporate any specific physics of graphene. Moreover, the authors of
that reference estimated a mean free path of ` ∼ 140 nm and a superconducting coherence
length of ξ0 ∼ 590 nm, while the junction length was about 380 nm. This means that those
experiments were likely in an intermediate situation between the clean and the diffusive
limit.

Relation between the density of states and the Josephson current

Now, we want to investigate the relation between the DOS and the dc Josephson current.
Let us recall that in a short Josephson junction (L� ξ0), the whole supercurrent is carried
by the ABSs [see Eqs. (4.50) and (4.51)]. In particular, for a single-channel point contact
of transparency D, the ABS energies are given by E±A (ϕ) = ±∆

√
1−D sin2(ϕ/2) [see

Eq. (4.45)]. These states carry opposite supercurrents [29,97,120]

I±(ϕ) =
2e

~
∂E±A
∂ϕ

, (4.60)

which are weighted by the occupation of the ABSs. Inspired by this expression, Bretheau
et al. [109] proposed the following heuristic formula that relates the Josephson current and
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Fig. 4.16: Interference pattern. Panel (a): Averaged LDOS in the normal region of
a clean SNS junction embedded in a superconducting loop, as schematically shown in
the right inset. The LDOS is shown as a function of the energy and the magnetic flux
through the entire loop of area Aloop. In this case the SNS junction is fully transparent,
the length is L = 0.2ξ0, the widthW = 0.7ξ0, and the broadening parameter η = 0.01∆0.
Panel (b): The corresponding Josephson current normalized by the critical current at
zero field.

the LDOS at zero temperature and for a junction of arbitrary length:

I(ϕ) = − W

2Φ∗0

∞∫
−∞

sgn(−ε)Js(ϕ, ε, L)dε, (4.61)

where Φ∗0 = ~/(2e) is the reduced magnetic flux quantum, W is the width of the normal
metal, and Js is the spectral current given by

Js(ϕ, ε, L) = L

ε∫
0

∂Nn(ϕ,E,L)

∂ϕ
dE, (4.62)

where L is the length of the normal metal andNn is the corresponding LDOS. This formula
gives exactly Eq. (4.60) whenever we deal with a DOS of the form

Nn(ϕ, ε) =
1

2

[
δ(ε− E+

A (ϕ)) + δ(ε− E−A (ϕ))
]
, (4.63)

which, however, is not always true. Actually, in Section §4.3 we have proven that Eq. (4.62)
is not correct for a single trajectory solution by comparing it to the analytical result for
a junction of perfect transparency [see Eq. (4.41)]. Here we propose a modified formula
based on the global DOS instead. This global DOS is defined as an integral of the LDOS
over the whole space, which for a single-trajectory case (1D) adopts the form

Ntotal =

∞∫
−∞

N(x)dx = Re

[ ∞∫
−∞

g(x)dx

]
, (4.64)
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Fig. 4.17: The zero-temperature current-phase relation for a single trajectory in a fully
transparent junction for various lengths. The solid lines correspond to the exact results
calculated from Eq. (4.40), while the dashed lines correspond to the heuristic formula
of Eq. (4.61) proposed in Ref. [109] (dashed lines). The broadening parameter is taken
η = 0.001∆0.

where N(x) is the LDOS along the system. By inserting the single-trajectory solution for
the Green’s function of Eq. (4.15) in the previous formula and comparing the result with
Eq. (4.41), one can show that the following formula is fulfilled:

Js(ϕ, ε, L) =−
ε∫

0

dE

∞∫
−∞

∂N(x, ϕ,E, L)

∂ϕ
dx =

=−
ε∫

0

∂Ntotal(ϕ,E,L)

∂ϕ
dE.

(4.65)

The minus sign is due to the function sgn( − ε) in Eq. (4.61). To illustrate the differ-
ence between this expression and the heuristic formula above, we present in Fig. 4.17 a
comparison between our result and the heuristic formula summarized in Eqs. (4.61) and
(4.62). This comparison is made for a single trajectory in a fully transparent junction
and we present results for junctions of different lengths. As one can see, there are clear
deviations between these two formulas and they only coincide in the limit of very long
junctions. Mathematically, this can be understood with the help of Eq. (4.41). In the
limit of sufficiently long junctions L � vF /

√
∆2 − ε2 and the exact formula reduces to

the heuristic one. In the opposite limit, i.e., for short trajectories, the disagreement be-
tween both results is quite apparent. Note that the normal-state resistance that appears
in Fig. 4.17 is defined as R−1

N = We2kF /(2π). In order to understand the difference on an
analytic level, we can have a look at the local density of states. From Eq. (4.15) we can
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write in the subgap range

gn(ϕ, ε) = −i cot [ϕ/2− γ̃(ε)] , (4.66)

where we defined the energy-dependent phase factor γ̃(ε) = 2εL/vF + arccos(ε/∆). The
Green’s function has poles for ϕ/2− γ̃(EAn) = nπ, where n = 0,±1,±2, . . .. We find the
local density of states

N(ϕ, ε)

N0
=
π

2

∑
n

δ[ε− EAn(ϕ)]

∆L/vF + 1/
√

1− E2
An(ϕ)/∆2

. (4.67)

The difference to the global density of states (only the δ-functions) is related to the leakage
of Andreev states into the superconductor, which strongly depends on the energy of the
bound state (and hence on the phase). The phase dependence is most striking in the short
junction limit. Here we obtain a single bound state at EA(ϕ) = ∆ cos(ϕ/2) and, therefore,

N(ϕ, ε)

N0
=
π

2
sin(ϕ/2)δ[ε− EA(ϕ)] . (4.68)

Obviously, the local density of states differs drastically from the simple δ-function and this
explains the deviations from the heuristic formula and the full result illustrated in Fig. 4.17.
As final remark on the heuristic formula, we note that we have checked numerically that
our relation (4.65) for junctions of finite transparency works correctly as well. In particular
in the limit of zero length, one obtains in factN(ϕ, ε)/N0 = (π/2)

√
D sin(ϕ/2)δ[ε−EA(ϕ)],

where EA(ϕ) = ∆
√

1−D sin2(ϕ/2) [see Eq. (4.46)]. Hence, one has to be careful, when
extracting the spectral supercurrent density and the current-phase relation from local
tunneling measurements.

§4.6 Conclusions

With the goal to help to interpret future experiments, we have presented in this Chapter
a comprehensive theoretical study of the LDOS in clean 2D SNS junctions. Making use
of the quasiclassical Green’s function formalism, we have calculated both the LDOS and
the Josephson current as functions of parameters such as the length and the width of the
junction, the transparency of the system, and we have studied the role of a weak magnetic
field.

First, we have shown how discrete ABSs become visible inside the gap for short junc-
tions. At finite reflectivity R a phase-independent minigap ∼

√
R∆ is present, but the

LDOS still reflects the energies of the Andreev bound states. The phase dependence above
the gap is rather weak and further decreased by a finite reflection.

Next, we have studied the effect of a finite length of the junction. A finite reflection
still leads to a minigap, but this diminishes for longer junction. Finally, the spectrum of
a long junction with the linear phase-dependent Andreev states is emerging.

The effect of a magnetic field leads to a rather complex behavior. Interfering trajec-
tories due to the finite flux lead to a vanishing phase-dependence of the density of states.
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This is in analogy to usual Fraunhofer suppression of the Josephson critical current for a
magnetic flux threading the junction. Generically, we observe that for ballistic transport,
the minigap closes at a phase-difference of π and reopens for a finite flux. At large fluxes
there is no gap anymore.

In addition, we have analyzed the Josephson current. In the short-junction limit we
have analytically reproduced the known results proving that the current is solely carried
by ABS. On the other hand, finite lengths and transparencies of the junction lead to a
significant suppression of the effect. Finally, introducing a 2D geometry suppresses the
Josephson effect due to contributions of trajectories of various lengths.

To make a connection to the experiment of Bretheau et al. [109], we have studied the
experimental setup, for which the phase difference is imposed by an additional loop and
a magnetic field leads to phase bias simultaneously to a flux threading the junction. As
a result we qualitatively reproduce the LDOS pattern, but find, surprisingly, a stronger
suppression with magnetic field compared to experiment. We attribute this to a possible
inhomogeneous current distribution in the experiment caused by local perturbations.

Finally, we have investigated the relation between the LDOS and the Josephson cur-
rent proposed in Ref. [109]. We have shown that, in general, it has to be modified because
the spectral weight of the bound states in the normal region strongly depends on phase.
We propose a new relation, which takes this effect into account and will have important
implications for future experiments. Unfortunately, the relation is less universal and re-
quires a more sophisticated modeling by theory. This is most likely even worse in the
presence of impurities.



Chapter 5

Optimized proximity thermometer
for ultrasensitive detection

Most of the results presented in this Chapter have been published in Ref. [123]. The
manuscript was mainly written by Bayan Karimi and Prof. Jukka Pekola from AALTO
University. My contribution was the full theoretical description of the device presented in
Sec. IV of the paper.

In what follows, we present a set of experiments to optimize the performance of a non-
invasive thermometer based on proximity superconductivity. Current through a standard
tunnel junction between an aluminum superconductor and a copper electrode is controlled
by the strength of the proximity induced to this normal metal, which in turn is determined
by the position of a direct superconducting contact from the tunnel junction. Several de-
vices with different distances are tested. We develop a theoretical model based on Usadel
equations and dynamic Coulomb blockade that reproduces the measured results and yields
a tool to calibrate the thermometer and to optimize it further in future experiments. We
also propose an analytic formula that reproduces the experimental data for a wide range
of temperatures.

§5.1 Introduction

Virtually any parameter depending on temperature T , preferably monotonically, can form
a basis for thermometry [124, 125]. Yet depending on the application, one needs to make
a choice of the system and technique based on several criteria, including sensitivity, noise,
power dissipation, physical size, and speed of response. Besides these criteria, one often
needs to consider whether the measured quantity can be obtained theoretically from a
well-known, preferably simple physical law without fitting parameters: if this is the case
the technique may qualify as "primary thermometry". However, most of the time, like
in the present work, this is not the case, and we deal with "secondary thermometry".
Measurement of the local temperature of nanostructures at very low temperatures (< 1

K) has been recently developed with several techniques [126–133]. Here we build on a
technique based on temperature-dependent proximity superconductivity yielding sensitive
thermometry with ultralow dissipation. The technique is particularly well adaptable to
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Fig. 5.1: Principle and basic characteristics of the thermometer. Left-hand
inset: schematic illustration of the thermometer tunnel junction. Here N, S, and I stand
for normal metal, superconductor, and insulating barrier, respectively. The main panel
shows the rf transmission S21 of the proximitized junction at various temperatures from
approximately 20 mK up to approximately 400 mK, at −140 dBm applied power. This
signal is directly related to the conductance of the junction. Right-hand inset: zero-bias
conductance (−S21) as a function of bath temperature taken from the data in the main
panel.

calorimetric detection of tiny heat currents as well as fast thermometry towards the lowest
temperatures in mesoscopic on-chip systems. The main goal of the present investigation is
to optimize the sensitivity (responsivity) of the sensor and to model its behavior using well-
established theoretical framework. The main results of the current work are (i) a order-
of-magnitude increased sensitivity of the device with respect to an earlier realization [128]
and (ii) a full theoretical account of its characteristics. The rest of Chapter is organized as
follows. In Section §5.2, we provide a description of the device under study. In Section §5.3,
we discuss the experimental data and showed how the thermometer can be optimized.
Section §5.4 contains a detailed theoretical description of the effect based on the P (E)

theory for an infinite RC transmission as an electromagnetic environment coupled to an
overlap SNIS junction. At the same time, this section represents the main part of this
Chapter. Then, in Section §5.5 we provide a discussion where we show a direct comparison
between the theory developed in the previous section and the experimental data finding
an excellent agreement. In addition, in Section §5.6 we theoretically discuss an Ohmic
EM environment and its possible utilization as a thermometer. Finally, in Section §5.7 we
give concluding remarks.
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§5.2 Description of the thermometer

The thermometer that we study is schematically shown in the left-hand inset of Fig. 5.1.
The normal lead of a standard normal-metal-insulator-superconductor (NIS) junction is
connected to another superconducting lead via direct metal-to-metal contact. This lead
induces the proximity effect to the N lead and permits a supercurrent via the tunnel
junction. The basic characterization of this thermometer is presented in Ref. [128].

This thermometer has been recently operated in a setup that allows one to monitor
temperature and its variations on microsecond time scales [134]. The main panel of Fig.
5.1 presents the dc bias voltage V dependent rf transmission S21 at the resonance of the LC
circuit loaded by the thermometer junction in parallel, measured at various temperatures.
(The rf setup to measure the S21 including the communication between room temperature
and milikelvin temperatures via attenuators, circulators, and cold amplifiers has been
described elsewhere [134,135]). In this case, the superconducting contact is at a distance
of L = 450 nm from the tunnel junction. For low conductance G = dI/dV of the junction,
G = γ(S0 − S21(ω0)), meaning that the variations of S21 are proportional to −G. Here
γ is a constant that depends on the parameters of the lumped LC circuit with ω0/2π

its resonance frequency and S0 is a constant offset that includes the attenuation and
amplification in the lines [128]. In the figure we thus observe the temperature-dependent
conductance of the thermometer junction. The favorable operation of the thermometer is
at V = 0, where the temperature dependence of S21 on T is strongest, and the self-heating
IV is minimal.

The right-hand inset of Fig. 5.1 depicts the temperature dependence of −S21 of this
junction measured at V = 0, using a very small excitation power (-140 dBm) for the
measurement. We see that −S21 presents an almost linear increase with decreasing tem-
perature well below 300 mK, thus providing a sensitive and noninvasive thermometer.
These characteristics are to be compared to the temperature-dependent dc conductance
results that will be presented below.

In the current work we limit ourselves to determining the conductance and current
voltage characteristics of the junction in a quasi-dc measurement. The samples are fabri-
cated on a commercially available silicon wafer onto which a 300-nm layer of silicon oxide
has been grown. In order to have stable tunnel junctions we use a 22 nm suspended ger-
manium hard mask. Moreover all the different kinds of samples are made on the same
chip in one fabrication process, meaning that this process for all of the them is equal and
the dominant difference between them is their geometry. We use electron-beam lithogra-
phy for writing the patterns on the chip and three-angle electron-beam evaporation of the
metal films. All samples have 35 nm copper as normal metal and 20 nm as both supercon-
ducting Al leads. The insulator in the tunnel junction is a thin layer of aluminum oxide
formed by letting pure oxygen into the chamber on top of one of the aluminum films. The
thermometers are made in a single vacuum cycle allowing fabrication of clean metallic
contacts without additional cleaning of the samples.
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Fig. 5.2: Scanning electron micrographs of three different samples. The normal
metal (orange) is coupled to three superconducting leads (blue): two (left and right) via
tunnel barriers (gray) and one via a direct contact. The distance L between the right-
hand junction with clean contact varies from 50 to 350 nm in 50-nm intervals (SEM
images of three of them are shown: L = 100 nm, L = 350 nm, and L = 250 nm from
top to bottom). The bottom panel shows a wider view of one of the three samples; all
of them have the same structure outside the actual thermometer details. We present in
this Chapter data on transport between the right-hand and middle contacts. Inset: The
I-V characteristics of the sample with L = 100 nm at different bath temperatures.

§5.3 Experimental results and optimization of the sensitivity

An important figure of merit of a sensor is its responsivity, which for this thermometer
reads R = |dS21/dT |. The apparent noise in a temperature measurement is then inversely
proportional to R as long as noise is not intrinsic originating from true temperature
fluctuations. Intuitively the responsivity is expected to increase when the proximity is
enhanced, by bringing the clean contact closer to the junction. Therefore we fabricate
several proximity junctions with nominally equal parameters, apart from the differing
distance L. Figure 5.2 shows scanning electron microscope (SEM) images of three samples
(L = 100 nm, 250 nm, and 350 nm). Along with the three SEM images, the figure shows in
the inset the measured I-V characteristics of the sample with L = 100 nm at different bath
temperatures (40-240 mK) which indicates the nonvanishing current in the small bias range
with maxima at ±20 µV, due to the induced proximity effect in the normal-metal island.
It is clear that the peak current Imax decreases due to the decrease of proximity effect with
increasing the bath temperature. We measure the conductance G of the junctions with
low-frequency (approximately 10 Hz) lock-in techniques applying typically an excitation
voltage approximately 1 µV ac . The simplified measurement setup is shown in the inset
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Fig. 5.3: Bias V dependence of the conductance G = dI/dV of the thermometers under
different experimental conditions. Panel (a): −G for various samples with L = 50 −
350 nm at temperature T = 40 mK. Panel (b): A similar plot as (a) but just for one
thermometer with L = 50 nm at various temperatures from T = 40 up to 400 mK.
Panel (c): As in panel (b) but now for a wider bias range demonstrating the onset of
quasiparticle current at V ' ±∆0/e = 200 µV besides the zero-bias anomalies. Inset:
simplified schematic of the measurement setup for the conductance G.

of Fig. 5.3(a). The measured conductance of the proximitized junction as a function of
applied voltage bias under different conditions is shown in Fig. 5.3. In Fig. 5.3(a) this
dependence is shown for different distances L = 50− 350 nm at 50-nm intervals and fixed
bath temperature T = 40 mK. A few reproducible features can be observed in the sub-gap
regime within V ∼ ±50 µV� ∆0/e, where ∆0 is the superconducting gap. The sharpest
one of them is our favorable feature at zero-bias voltage, i.e., "zero bias anomaly" (ZBA).
All these features get suppressed on increasing the distance L. Figure 5.3(b) demonstrates
the main feature, the temperature dependence of conductance for L = 50 nm, i.e., the
thermometer with the strongest ZBA feature. Sensitivity of zero-bias conductance down
to the lowest temperature is obvious. The overall change of the baseline and its bias
dependence are due to quasiparticle current arising at finite temperatures. Figure 5.3(c)
is a wider view of 5.3(b) that emphasizes conductance character due to quasiparticle
current at voltages around the superconducting gap, V ' ±200 µV. The standard BCS
coherence peaks at eV = ±∆0 of an NIS junction are now split due to the existence of
the minigap in the proximitized normal metal.

§5.4 Theoretical model

This section is devoted to a theoretical model which is close to the experimental setup
studied above. In what follows, we provide the theory that consist of two ingredients: (i) an
overlap superconductor-normal-metal-insulating-barrier-superconductor (SNIS) proximity
system in the diffusive limit, (ii) an electromagnetic environment coupled to the junction
and which influences the quantum tunneling through the barrier.

Overlap SNIS junction in the diffusive limit

Let us first discuss the SNIS junction with the geometry shown in Fig. 5.4(a) and de-
scribed in the corresponding caption. All metallic parts are assumed to be in the dif-
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Fig. 5.4: System under study. Panel (a): Schema of the overlap SNIS junction where
two superconductors S1 and S2 (blue) are set on top of a semi-infinite normal metal
wire (orange). S1N is a clean contact of length d1, while S2N is a tunnel contact of
length d2 and resistance RT . Thicknesses of the superconductors and the normal metal
are dS and dN , respectively. Panel (b): Representation of the phenomenological EM
environment of the circuit under study. Here the Josephson junction of capacitance
C and resistance RT is coupled to an infinite RC transmission line (see inset) of the
impedance Z(ω) =

√
R0/iωC0, where R0 and C0 are the resistance and the capacitance

per unit length of the line.

fusive limit, in which the elastic mean free path ` is much smaller than the supercon-
ducting coherence length ξ ∼

√
~D/2∆0, where D = vF `/3 is the diffusion coefficient

with vF being the Fermi velocity. In order to describe such a system, we make use of
the imaginary-time quasiclassical Green’s function formalism determined by the Usadel
equation of motion [60, 62, 79], already discussed in Section §3.3. In general, the system
depicted in Fig 5.4(a) requires us to consider 3D problem and, therefore, to deal with a
partial differential equation. However, if the total thickness of the superconductor and
the normal metal in the system is sufficiently small (dN + dS < ξ) the problem can be
considerably simplified. Namely, this enables us to neglect all the derivatives in the y
direction and average the Usadel equation [see Eq. (3.99)] over the width reducing it ef-
fectively to an one-dimensional problem described by the following ordinary differential
equation [60,136,137]:

~D
2

d2θn
dx2

= ωn sin θn(x)−∆(x) cos θn(x) , (5.1)

where we employ the theta representation for the quasiclassical Green’s matrix, ĝ0 =

τ̂3 cos θ + τ̂1 sin θ with θ being the so-called proximity angle [see Appendix §C.5]. The
other parameters are defined in the standard manner, i.e., D is the diffusion coefficient of
the material and ωn = (2n + 1)πkBT are the fermionic Matsubara frequencies with the
temperature T and n = 0,±1,±2, . . . . Due to the thinness of the junction, the spatial
dependence of the superconducting gap can be assumed as

∆(x) =

{
dS

dN+dS
∆, 0 < x < d1,

0, otherwise,
(5.2)

where ∆ is the bulk value of superconducting gap in S1. Thus, the piece of the normal-
metal wire (N) underneath the S1 superconductor effectively acts as a superconductor
with the reduced superconducting gap, ∆dS/(dS + dN ).



§5.4. Theoretical model 91

L/ξ

2e
R T
I c	
/Δ

0π d2/ξ	=	0.5
dN	/dS	=	1.0

T/Tc	=	0.01

d1/ξ	=	5.0
d1/ξ	=	2.0
d1/ξ	=	1.0
d1/ξ	=	0.5
d1/ξ	=	0.1

(a)	

0

0.1

0.2

0.3

0.4

0.5

0 1 2 3 4 5

2e
R T
I c	
/Δ
π

d1/ξ	=	2.0
d2/ξ	=	0.5
T/Tc	=	0.01

dN	/dS	=	0.1
dN	/dS	=	0.5
dN	/dS	=	1.0
dN	/dS	=	2.0
dN	/dS	=	5.0

(b)	

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0 1 2 3 4 5

dN/dS

L/ξ	=	1.0

0.1

0.2

0.3

0 1 2 3 4 5

Fig. 5.5: The critical current in an overlap SNIS junction as a function of distance
between superconducting electrodes for temperature T/Tc = 0.01, the length of the S2

lead d2/ξ = 0.5, and (a) various lengths of the S1 lead and dN/dS = 1.0, (b) various
ratios dN/dS and the length of the S1 lead d1/ξ = 2.0. The inset shows the critical
current as a function of the dN/dS ratio for L/ξ = 1.0.

To obtain a general solution of the problem, Eq. (5.1) has to be supplemented by the
appropriate boundary conditions at the ends of the normal metal wire θn(L1) = 0 and
∂xθn|x=d1+L+d2 = 0. The former is intuitively clear since L1 → −∞. On the other hand,
the latter condition is deduced from the current conservation at the free surface. Since
the system is composite we also assume the continuity of the proximity angle and current
throughout the system, i.e., θn(a− 0) = θn(a+ 0) and (∂θn/∂x)|x=a−0 = (∂θn/∂x)|x=a+0

for a = 0, d1 [see Fig. 5.4(a)]. Basically, these are nothing but the Kupriyanov-Lukichev
boundary conditions discussed in Section §3.3. [60,64]. With this, we have a full description
of the normal metal wire N proximitized by the S1 superconducting finger on top. On the
other hand, we are interested in the tunneling across the NS2 tunnel contact. Due to a
low transparency of the interface we can safely neglect the proximity effect related to S2.

Since the boundary condition problem described above is not that simple it should
be treated numerically. For that purpose, we employ the finite difference method where
Eq. (5.1) is rewritten as a system of nonlinear algebraic equations. Having obtained the
solution for θn(x), we can calculate the critical current through the the NS2 interface
depending on the anomalous component of the quasiclassical Gor’kov Green’s matrix as
follows [55,67] [see also Eq. (3.108)]:

Ic =
2πkBT

eRT

∑
n≥0

fS0 (ωn)f̄0(ωn), (5.3)

where RT is the resistance of the interface and T is the temperature. We note that the
low transparency of the interface leads to a current-phase relation of the well-known form,
I(ϕ) = Ic sinϕ. Here Ic is the critical current given above and ϕ is the superconducting
phase difference between S2 and N, which acquires the phase from S1 due to the proximity
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Fig. 5.6: The Ic(T ) function for various distances between superconductors in an over-
lap SNIS junction for the lengths of the S1 and S2 leads d1/ξ = 2.0 and d2/ξ = 0.5,
respectively, and dN/dS = 1.0.

effect. Since we neglect the inverse proximity effect, we assume the bulk solution for the
S2 lead

fS0 (ωn) =
∆(T )√

ω2
n + ∆(T )2

, (5.4)

where, as before, for the temperature dependence of the superconducting gap we take the
interpolation formula ∆(T ) = ∆0 tanh

(
1.74

√
Tc/T − 1

)
[122]. On the other hand, the

solution for the proximity angle in the normal metal wire, θn(x), is spatially dependent
which requires us to average it along the NS2 interface of finite length d2 [see Fig. 5.4(a)]
arriving at

f̄0(ωn) =
1

d2

∫ d1+L+d2

d1+L
sin θn(x)dx. (5.5)

To illustrate our model of an overlap SNIS junction, Fig 5.5(a) shows the critical current
through the NS2 interface [see Eq. (5.3)] as a function of the distance between supercon-
ductors for various lengths of the S1 lead, temperature T/Tc = 0.01, the length of S2 lead
d2/ξ = 0.5, and dN/dS = 1.0. As expected, the critical current diminishes with increasing
length of the junction. Apparently, the effect is getting suppressed with decreasing length
of the S1 electrode since the proximity effect is weaker. The effect of the ratio between the
thicknesses of the normal-metal wire and the S1 electrode is visible in Fig. 5.5(b) where
I(L) is plotted for d1/ξ = 2.0 and other parameters being the same as in Fig. 5.5(a).
Since dN/dS effectively controls the magnitude of the gap in the piece of the N wire un-
derneath the S1 lead [see Eq. (5.2)] the critical current directly depends on it [see inset in
Fig. 5.5(b)].

Since our main goal is a description of a proximity thermometer, a special emphasis
should be put on the temperature dependence of the critical current. In Fig. 5.6 we
present the Ic(T ) function for various lengths of the junction L, d1/ξ = 2.0, d2/ξ = 0.5,
and dN/dS = 1.0. As expected, the function is monotonously decreasing with temperature
and the critical current is getting suppressed in longer junctions.
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Fig. 5.7: The Ic(T ) function for the distance between superconductors L/ξ = 1.0, the
length of the S2 lead d2/ξ = 0.5, and (a) various lengths of the S1 lead and equal
thicknesses of N and S1, dN = dS , (b) various dN/dS ratios and the length of the S1

lead d1/ξ = 2.0.

To illustrate the role of other parameters of the junction, in Fig. 5.7(a) we present
the Ic(T ) function for various lengths of the S1 lead, the distance between S1 and S2

L/ξ = 1.0, and other parameters as in Fig. 5.6. The critical current is getting suppressed
with decreasing d1. The impact on the critical current of the ratio between the thicknesses
of N and S1 is visible in Fig. 5.7(b). The length of the S1 superconducting lead is d1/ξ = 2.0

and other parameters are the same as in Fig. 5.6. As before, the critical current strongly
depends on the dN/dS ratio.

EM environment: an infinite RC transmission line

In this subsection, we consider another ingredient of our theoretical approach, namely
the contribution from the EM environment. It is schematically represented by the phe-
nomenological circuit in Fig. 5.4(b) and described in the corresponding caption. Due to
the dynamical Coulomb blockade, the current is mediated by the tunneling of a Cooper
pair and described by the so-called P (E) function [138,139]

Is(V ) =
πeE2

J

~
[P (2eV )− P (−2eV )] . (5.6)

Here, EJ = ~Ic/(2e) is the Josephson energy of the junction directly determined by the
critical current discussed in the previous subsection. The P (E) function is the probability
for an electron to emit a photon to the environment and it is defined as

P (E) =
1

2π~

∞∫
−∞

dt exp

[
4J(t) +

i

~
Et

]
, (5.7)
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Fig. 5.8: The I-V characteristics for various lengths of the junction L, temperature
T/Tc = 0.02, and κ = 0.01. The other parameters of the junction are: d1/ξ = 1.0,
d2/ξ = 0.5, and dN/dS = 1.0. The charging energy is assumed to be EC/∆0 = 3.0.

where J(t) = 〈[ϕ(t) − ϕ(0)]ϕ(0)〉 is the equilibrium correlation function of the phase
ϕ(t) = (e/~)

∫ t
−∞ V (t′)dt′ of the voltage across the junction. This function depends on

the total impedance of the system, Zt(ω), as follows:

J(t) = 2

∞∫
0

dω

ω

Re[Zt(ω)]

RK

{
coth

~ω
2kBT

[cos(ωt)− 1]− i sin(ωt)

}
. (5.8)

Here RK = h/e2, the von Klitzing constant, denotes the resistance quantum and T is the
environmental temperature. The total impedance of the system reads

Zt(ω) =
1

iωC + Z−1(ω)
, (5.9)

where C is the capacitance of the junction and Z(ω) is the impedance of the EM environ-
ment.

In our model the EM environment is assumed to be an infinite RC transmission line
whose impedance is Z(ω) =

√
R0/iωC0, where R0 and C0 are the resistance and the

capacitance per unit length of the line, respectively [see Fig. 5.4(b)]. Since the impedance
of the RC transmission line depends on the ratio between R0 and C0, the appropriate
dimensionless parameter that characterizes the line is κ = R0C/(C0RK) [139, 140]. Here,
we restrict ourselves to the RC transmission line, which is the limiting case of a general
RCL transmission line when the inductance per unit length can be neglected [139]. This
can be justified by the fact that the characteristic frequency in the system, ωC = EC/~ ∼
1012 Hz, is smaller than the ratio R0/L0 ∼ 1013 Hz with R0 ∼ 10 Ω/µm. Here, L0 ∼ 10−6

H/m is the inductance per unit length of the line. For illustration, in Fig. 5.8 we present the
I-V characteristic calculated within the previously described formalism for a few lengths
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of the junction. The current is scaled in units of

I0 =
~C
e3

(
π∆0

2eRT

)2

. (5.10)

Analytic formula

In order to derive an analytic formula that describes the conductance of the thermometer,
we derive a simplified theory that captures the essential physics. Note that based on Eqs.
(5.6) and (5.7), the tunneling current reads

Is(V, T ) =
πeE2

J(T )

~
× i

π~

∞∫
−∞

dte4J(t) sin

(
2eV

~
t

)
. (5.11)

The first factor is solely determined by the supercurrent at the tunnel junction and depends
only on temperature. The second, P (E), contribution depends on the bias voltage leading
to the linear conductance in the form

G(T ) =
∂Is
∂V

∣∣∣∣
V=0

=
πeE2

J(T )

~
× P ′(T ), (5.12)

with the temperature-dependent factors EJ(T ) and P ′(T ) that we shall determine now
separately.

The supercurrent through the SIN junction can be found using the linear approxima-
tion of the Usadel equation. We assume a quasi-one-dimensional SNIS’ structure and find
the solution of the Usadel equation in the SN part. The SN system is coupled to a super-
conductor S’ via a tunnel contact of resistance RT and the Josephson energy yields [141]

EJ(T ) =
hkBT

2e2RT r

∞∑
n=0

∆(T )2
√

ETh
2ωn

[ω2
n + ∆(T )2] sinh

(√
2ωn
ETh

) , (5.13)

where e is the elementary charge, T is the temperature, ∆(T ) is the superconducting gap,
and ETh = ~D/L2 is the Thouless energy with D being the diffusion coefficient of the
material and L the length of the N wire. The SN interface itself is characterized by a
dimensionless parameter r � 1 [64, 141] taking into account a finite transparency of the
interface. We use the following boundary conditions:

rξ
∂f0(ωn)

∂x

∣∣∣∣
x=0

=− ∆(T )√
ω2
n + ∆(T )2

, (5.14)

∂f0(ωn)

∂x

∣∣∣∣
x=L

= 0, (5.15)

where f0(ωn) is the anomalous Green’s function of the proximitized normal metal. The
EJ(T ) function for a few values of the Thouless energy is shown in Fig. 5.9.

At higher temperatures and for longer junctions, where ETh < kBT , one can make use
of the single-frequency approximation keeping only the first term (n = 0) in the sum of
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Fig. 5.9: The Josephson energy EJ as a function of temperature T for several values of
the Thouless energy ETh determined from the solution of the linearized Usadel equation
[see Eq. (5.13)].

Eq. (5.13) arriving at

EJ(T ) ≈ hkBT

e2RT r

LT
L
e−L/ξT , (5.16)

where ξT =
√
~D/2πkBT is the thermal coherence length in the diffusive limit.

The second ingredient we need is the low-bias conductance due to the EM environment
coupled to the junction. Since we deal with an infinite RC transmission line of κ� 1 the
total impedance given in Eq. (5.9), whose real part is of interest for us [see Eq. (5.8)], can
be approximated as

Re[Zt(ω)]

RK
=

√
ω/2κωR

ω/2κωR + (ω/ωR +
√
ω/2κωR)2

≈ 1

2
√
ω/2κωR

, (5.17)

where ωR = EC/4π~. Inserting the latter formula in Eq. (5.8) and assuming higher
temperatures, coth[~ω/(2kBT )] ≈ 2kBT/~ω, we arrive at the approximate formula for the
phase-phase correlation function

J(t) ≈
∞∫

0

dω

ω

1√
ω/2κωR

{
2kBT

~ω
[cos(ωt)− 1]− i sin(ωt)

}
=

=−
√
κEC

[
4

3
kBT

(
|t|
~

)3/2

+ i sgn(t)

(
|t|
~

)1/2
]
. (5.18)

The Re[J(t)] function for various temperatures and κ = 0.01 is shown in Fig. 5.10(a). The
P ′ factor in the linear conductance (5.12) then becomes

P ′(T ) =
2ei

π~2

∞∫
−∞

te4J(t)dt . (5.19)
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given in Eq. (5.18) as a function of time for various temperatures and κ = 0.01. Panel
(b): The P ′(T ) function given in Eq. (5.20) for various values of the κ parameter.

The integral above can be approximately evaluated employing the steepest descent method
and we arrive at

P ′(T ) =
e

2
√

2πE2
C

(
1

κ

)1/4( EC
kBT

)7/4
1− 1

2

(
π

8
− 4

3
√

2

√
EC
kBT

κ

)2
 e− 4

3
√
2

√
EC
kBT

κ
.

(5.20)
Note the interesting observation that this expression has a characteristic temperature scale
given by κEC , which is substantially smaller than the charging energy EC = 2e2/C as
is relevant for the experimental situation we have in mind [see Fig. 5.10(b)]. Finally,
combining Eqs. (5.13) or (5.16) and (5.20) the conductance is given by Eq. (5.12).

§5.5 Analysis and discussion of the data

The measured I-V characteristics like the ones shown in Fig. 5.2 allow us to extract the
temperature and length dependences of different samples as shown in Fig. 5.11. Fig-
ure 5.11(a) demonstrates the T dependence for seven different samples. The main feature
of all these datasets is the increase of Imax towards lower T in accordance with the pre-
diction of the theory. Yet, one can observe the saturation of Imax both at high and low
T . At high T , this is because of the emergence of a thermal quasiparticle current. More
interestingly the current saturates below approximately 100 mK especially for samples
with short L, a feature to be discussed below. In Fig. 5.11(b) we extract Imax for different
samples at base T ' 40 mK. In Fig. 5.11(b) we also include the theoretically calculated
Imax, the maximum of Is, according to the theory presented in the previous section. As-
suming T = 40 mK in the calculation overestimates the Imax by factor of about 3 [brown
stars in Fig. 5.11(b)].

This is very natural bases of overheating of the proximitized normal-metal lead at
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Fig. 5.11: Panel (a): Temperature dependence of Imax for junctions with varying L.
Panel (b): Base temperature values of Imax. The pink dots are extracted from the
measurements in (a). Star symbols are from theory: the brown ones are calculated
at T = 40 mK, while the blue ones are those with actual overheated temperatures as
explained in the text. Dashed line Imax = 7.9 × 103L[nm]

−1.25 pA is a fit through
experimental data.

finite bias voltage of about Vmax = 20 µV, which is the position where the current is
maximized. Quantitatively, writing the heat balance equation ImaxVmax = ΣV(T 5 − T 5

0 ),
where Σ = 2× 109 W K−5 m−3 is the electron-phonon coupling constant of copper, V =

1 × 10−21 m3 is the volume of the copper island [142, 143] and T0 = 40 mK is the bath
(phonon) temperature allows us to determine the temperature for each thermometer at
this bias point. We obtain T = 125 − 215 mK for samples with L = 350 − 50 nm with
50-nm intervals, respectively. Repeating the calculation of Imax at these temperatures
for the corresponding samples, we obtain a much better agreement with the measured
values of Imax as shown by the blue star symbols in Fig. 5.11(b). The message of this
result and analysis is that it is very important to perform a true zero-bias measurement
to avoid overheating. Applying even a very small bias leads to severe self-heating of the
thermometer. The similar effect is visible in Fig. 5.12 where we show comparison between
experimentally measured [Fig. 5.12(a) is taken from the inset of Fig. 5.2] and theoretically
calculated I-V characteristics for various temperatures [see Fig. 5.12(b)]. Without taking
into account the overheating we observe that the theory gives 2-3 times larger peaks in
the subgap regime.

Figure 5.13 shows a comparison between measured (circles) and theoretically predicted
(solid lines) zero-bias conductance in the tunnel contact for various lengths of the junction.
We obtain an excellent match at low T. As mentioned earlier, due to the tunneling of
thermal quasiparticles into N, the thermometer eventually loses its sensitivity at about
300 mK and the back-bending feature appears in this crossover temperature range. The
measured zero-bias conductance in this figure shares a similar temperature dependence
with Imax in Fig. 5.11. There are important properties worth discussing in these data.
First, the overall responsivity R of the thermometer improves on decreasing the length
L by one order of magnitude when L shrinks from 350 to 50 nm. Second, unlike Imax in
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Fig. 5.12: Panel (a): Experimentally measured I-Vs for various temperatures in a sample
of length L = 100 nm [see inset in Fig. 5.2]. Panel (b): Theoretically calculated I-Vs
based on the P (E) approach [see Eq. (5.6)] for various temperatures. The overlap
SNIS junction is characterized by d1 = 56 nm, RT = 16 kΩ, the charging energy
EC = 3.5∆0 = 700 µeV, dS/(dN + dS) = 0.36, and d2 = 120 nm. The junction is
assumed to be coupled to an infinite RC transmission line characterized by κ = 0.0115
(see the text for the definition of κ).

Fig. 5.11 the responsivity is not lost even at base temperature; instead the dependence
remains more or less linear in T . It is important to mention that the zero-bias conductance
is not obtained for exactly V = 0. It shows the averaged slope of the I-V curves close
to zero-bias voltage (V ≈ 4 µV) in order to be close to the experimental procedure as G
is measured using the lock-in technique with a finite voltage amplitude in the microvolt
range.

We can also use the analytic expression (5.12) to describe the experiment. For that
we take ∆0 = 200 µeV as the energy gap of the superconductor at zero temperature,
EC = 3.5∆0 = 700 µeV as the charging energy of the junction, and ξ =

√
~D/2∆0 = 160

nm as the superconducting coherence length in the dirty limit. Since the overlap geometry
of the junction in the experiment is approximated by one-dimensional wire for the analytic
expression, we introduce an effective length of the junction d + L, where the offset d is
assumed to be of the order of the overlap regions. The other parameters are κ = 0.007,
r = 9.2, RT = 15 kΩ, and d = 0.8ξ = 130 nm. For illustration, we present the curves
calculated from the analytic formula for two different lengths of the junction, L = 50

nm and L = 100 nm [dashed lines in Fig. 5.13]. The value r = 9.2 corresponds roughly
to an average transparency of the SN interface of approximately 0.1. We observe that
the experimental data are well described by the analytic result, except at the lowest
temperature and for the shortest wire.

§5.6 Ohmic electromagnetic environment

As it became obvious, our theoretical model described in sections above is phenomenolog-
ical, i.e., we do not start from a specific tunneling Hamiltonian. Instead, we employ the
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Fig. 5.13: Comparison between measurements (circles) and numerical calculations (solid
lines) for zero-bias conductance as a function of temperature. For the theory of
junctions with various normal-metal lengths L, we assume d1 ∈ [46 nm, 63 nm] and
RT ∈ [15 kΩ, 16.1 kΩ], other parameters being the same as in Fig. 5.12. The dashed
lines correspond to the analytic formula based on Eqs. (5.12), (5.16) and (5.20) with
the following parameters: κ = 0.007, RT = 15 kΩ, r = 9.2, EC = 3.5∆0 = 700 µeV,
d = 0.8ξ = 130 nm.

phenomenological P (E) theory including an electromagnetic environment the junction is
coupled to. As shown in the previous section, by involving an infinite RC transmission line
as an environment, we have obtained an excellent agreement with the experimental data.
However, since our approach is phenomenological, it is worth discussing other EM envi-
ronments as well. Besides the theoretical importance, this can serve as an optimization
tool for future experiments.

Therefore, let us discuss a system consisting of an overlap SNIS junction, already
described in Section §5.4, coupled to an Ohmic EM environment of impedance Z(ω) =

R. The circuit of the system under study is schematically represented in the inset of
Fig. 5.14(a). The real part of the total impedance of the system reads

Re[Zt(ω)]

RK
=

1

RK

R

1 + (ωRC)2
=

ρ

1 + (ω/ωR)2
, (5.21)

where ρ = R/RK and

ωR =
1

RC
=

1

4πρ

EC
~
. (5.22)

Here, RK and C are, as before, the von Klitzing constant and the capacitance of the
junction, respectively. Note that the function has a Lorentzian shape and thus the high-
impedance case, R � RK , yields Zt(ω) → (π/C)δ(ω). The phase-phase correlation
function (5.8) in this case adopts the form

J(t) = 2

∞∫
0

dω

ω

ρ

1 + (ω/ωR)2

{
coth

~ω
2kBT

[cos(ωt)− 1]− i sin(ωt)

}
, (5.23)
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Fig. 5.14: Panel (a): The J(t) function for an Ohmic EM environment of resistance
R = 20 kΩ and various temperatures [see Eq. (5.23)]. Panel (b): The corresponding
P (E) function for various environmental resistances and temperature T/EC = 0.01.
Inset: A circuit of the system under study.

and it is shown in Fig. 5.14(a) for different temperatures and R = 20 kΩ. The function
is getting suppressed upon higher temperatures. Having obtained the J(t) function, we
calculate the P (E) function from Eq. (5.7) and Fig. 5.14(b) shows it for several values of
the Ohmic resistance R and the temperature is T/EC = 0.01. Note that for low resistances
the P (E) function explodes at low energies [see the solid black and the dashed red line in
Fig. 5.14(b)]. Reason for this is that the P (E) theory, as a perturbation theory, breaks
down for low resistances [139, 144]. Note that we do not have such an issue with an RC
transmission line whose impedance, Z(ω) ∼ 1/

√
ω, diverges for low frequencies [see the

text below Fig. 5.8].
Since we deal with the same overlap geometry of an SNIS junction as presented in

Section §5.4 [see Fig. 5.4(a)] with this we have all the necessary ingredients for calculating
the tunneling current from Eq. (5.6). The I-V characteristics for various lengths of the
junction L, the environmental resistance R = 15 kΩ, and the temperature T/Tc = 0.02

are shown in Fig. 5.15(a). Other parameters of the junction are d1/ξ = 1.0, d2/ξ = 0.5,
dN = dS and RT = 15 kΩ [see the inset in Fig. 5.15(a)]. Similarly, Fig. 5.15(b) shows the
I-V curves for various lengths of the junction and the environmental resistance R = 5 kΩ,
other parameters being the same as in Fig. 5.15(a). In both cases the peaks get suppressed
with increasing L, as one may expect.

However, as mentioned earlier, for us the most interesting feature is the tempera-
ture dependence of the low-bias anomaly. Fig. 5.15(c) shows the I-V curves for various
temperatures in a junction of length L/ξ = 1.0 coupled to an Ohmic environment of resis-
tance R = 15 kΩ and other parameters being the same as in panel (a). Correspondingly,
Fig. 5.15(d) shows the same characteristic for R = 5kΩ and other parameters being the
same as in panel (c). Apparently, the maximal current decreases monotonically with tem-
perature as visible in Fig. 5.16(a), where we plot the Imax(T ) function for various lengths
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Fig. 5.15: Panels (a) and (b): The I-V characteristics in overlap SNIS junctions of various
lengths coupled to an Ohmic environment of resistance (a) R = 15 kΩ and (b) R = 5 kΩ
at temperature T/Tc = 0.02. The charging energy is EC/∆0 = 0.2 and other parameters
of the junction [see the inset] are d1/ξ = 1.0, d2ξ = 0.5, dN = dS and RT = 15 kΩ.
Panels (c) and (d): The IVs in an junction of length L/ξ = 1.0 for various temperatures,
and the environmental resistance (c) R = 15 kΩ, (d) R = 5 kΩ. Other parameters are
the same as in panels (a) and (b).

of the junction L and the environmental resistance R = 5 kΩ, other parameters being the
same as in Fig. 5.15. The same holds for the zero-bias conductance [see Fig. 5.16(b)] which
makes the considered system a potential candidate for low-temperature thermometry.

§5.7 Conclusions

We find experimentally that the sensitivity of the SNIS thermometer operated at zero-bias
voltage can be enhanced dramatically by bringing the S contact to the very proximity of the
tunnel junction, this way increasing the current through it. Specifically, we demonstrate
that the zero-bias conductance measurement outperforms a standard I-V measurement by
avoiding self-heating at low temperatures. We develop a theoretical model based on prox-



§5.7. Conclusions 103

T/Tc

I m
ax
	/I
0

10-2

R	=	5	kΩ
L/ξ	=	0.5
L/ξ	=	1.0
L/ξ	=	2.0
L/ξ	=	3.0
L/ξ	=	4.0
L/ξ	=	5.0

(a)	

0

2.5

5

7.5

0.05 0.1 0.15 0.2 0.25

G
/G

0

R	=	5	kΩ

L/ξ	=	0.5
L/ξ	=	1.0
L/ξ	=	2.0
L/ξ	=	3.0
L/ξ	=	4.0
L/ξ	=	5.0

(b)	

10−3

0.01

0.1

1

0.05 0.1 0.15 0.2 0.25

Fig. 5.16: Panel (a): The maximal current as function of temperature for various lengths
of the junction L coupled to an Ohmic environment of resistance R = 5 kΩ. Panel
(b): The zero-bias conductance as a function of temperature for various lengths of the
junction and the environmental resistance R = 5 kΩ. Conductance is expressed in the
units of G0 = C/(2e)I0 with I0 being defined in Eq. (5.10). Other parameters are the
same as in Fig. 5.15.

imity superconductivity and dynamical Coulomb blockade, which captures quantitatively
the measured data in their validity range. With this optimization, we increase the respon-
sivity of this thermometer by about one order of magnitude compared to the initial realiza-
tion of the concept, and making it suitable for continuous detection of microwave quanta
in the gigahertz range [134, 145, 146]. Finally, employing the same theoretical approach
we have studied a device consisting of an overlap SNIS junction coupled to an Ohmic
electromagnetic environment. In certain regime, we have found this device a promising
candidate for quantum thermometry, i.e., the low-bias conductance scales monotonically
with temperature. Our findings can serve as an optimization tool for future experiments.





Chapter 6

Electron cooling by phonons in
mesoscopic superconducting systems

Most of the results presented in this Chapter have been published in Ref. [147]. In what
follows, we investigate the electron-phonon cooling power in disordered electronic systems
with a special focus on mesoscopic superconducting proximity structures. Employing
the quasiclassical Keldysh Green’s function method, we obtain a general expression for
the cooling power perturbative in the electron-phonon coupling, but valid for arbitrary
electronic systems out of equilibrium. We apply our theory to several disordered electronic
systems valid for an arbitrary relation between the thermal phonon wavelength and the
electronic mean free path due to impurity scattering. Besides recovering the known results
for bulk normal metals and BCS superconductors, we consider two experimentally relevant
geometries of superconductor-normal metal proximity contacts. Both structures feature
a significantly suppressed cooling power at low temperatures related to the existence of
a minigap in the quasiparticle spectrum. This improved isolation low cooling feature in
combination with the high tunability makes such structures highly promising candidates
for quantum calorimetry.

§6.1 Introduction

In experiments on quantum thermodynamics it is important to understand the ultimate
limits of thermal energy transfer in nanoscale systems. A prime candidate for ultra-low
temperature detectors of single heat quanta are so-called proximity thermometers, that
consist of normal metals in contact with a superconductor offering a great variability by
structuring [see Chapter 5]. An important limiting factor in heat control is the unavoidable
coupling of electronic systems out of equilibrium to the phonon bath. A general description
for proximity thermometers is still missing and we close that gap in this article.

At low temperatures the electron-phonon coupling plays an important role in descrip-
tion of heat removal from hot electrons [148]. Besides the theoretical importance, un-
derstanding this effect has a practical meaning in quantum calorimetry [134, 149, 150].
Particularly, fluctuations of the electron-phonon cooling power, related to the electron-
phonon thermal conductance by a Nyquist-like relation [134, 151], provide a fundamental
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limitation for the minimum portion of energy which can be detected by its electron heating
effect. From the theoretical point of view, the problem of electron cooling by phonons is
intimately related to that of ultrasound attenuation by electrons, since both problems are
concerned with energy exchange between electrons and phonons.

Numerous experiments on normal metals have shown that the power (typically, per
unit volume) transferred from hot electrons at temperature Te to cold phonons at Tph can
be written as Q(Te, Tph) = Q(Te) − Q(Tph), where Q(T ) ∝ T p. The well-known result
p = 5 for clean normal metals has been proven experimentally [142,152,153] in agreement
with theory [153, 154]. Electron scattering on impurities modifies the power p. Due to
the so-called Pippard ineffectiveness condition [155], disordered metals with fully screened
Coulomb interaction have a power p = 6 at low temperatures, so that the cooling power
is weaker than in the clean case [156–160], as has been verified experimentally [161, 162].
The crossover between the T 5 and T 6 behaviors occurs at a temperature when the thermal
phonon wavelength λph is of the order of the electronic mean free path ` due to the impurity
scattering.

The energy exchange between electrons and phonons has also been studied in bulk
BCS superconductors [157,163–166] and superconducting proximity structures [167]. The
presence of a gap in the quasiparticle spectrum leads to a significant suppression of the
cooling power at low temperatures and makes these systems advantageous for quantum
calorimetry applications. In Ref. [167], the authors studied the influence of the proxim-
ity effect on the cooling power by solving the kinetic equation with the electron-phonon
collision integral in the clean limit (i. e., `� λph).

In this Chapter, we calculate the energy current between electrons and phonons, kept
at temperatures Te and Tph, respectively, in superconducting proximity structures for
an arbitrary relation between ` and λph. We only assume ` (i) to be small compared
to the superconducting coherence length and to the typical size of the structure, and
(ii) to be large compared to the Fermi wavelength so that the proximity effect can be
described by the quasiclassical diffusive Usadel equation. Under these conditions, the
energy exchange between electrons and phonons is local on the scale `. As a result,
the spatial dependence of the cooling power is disentangled from its dependence on the
phonon momentum. Interestingly, the latter dependence is the same as for a normal
metal [155,156,163].

The Chapter is organized as follows. In Section §6.2, we first specify the electron-
phonon interaction in the co-moving frame of reference, and present a very general ex-
pression for the cooling power in terms of the electronic stress response function. This
expression is perturbative in the electron-phonon interaction, but valid for an arbitrary
out-of-equilibrium electronic system. Then we show how this stress response function can
be found in a proximitized superconducting structure using the quasiclassical Keldysh
Green’s formalism. The central result of this chapter is the cooling power expression
mentioned above. In Section §6.3, we illustrate this approach by applying it to several
electronic structures. Besides recovering the known results for a bulk normal metal and
a bulk BCS superconductor, we consider two geometries of mesoscopic superconductor-
normal metal proximity structures: a normal metal tunnel-coupled to a bulk supercon-
ductor and a bilayer of a normal metal in contact with a superconductor. We find a strong
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suppression of the cooling power at low temperatures that is related to the formation of
a minigap in the spectrum. Then in Section §6.4, we discuss temperature fluctuations
where, besides the thermal conductance, the central role is played by the heat capacity
function. Finally, in Section §6.5 we summarize our work and give concluding remarks.

§6.2 General framework

Electron-phonon interaction and cooling power

Since we are going to describe several structures with normal and superconducting parts,
we do not specify the electronic Hamiltonian here. We assume the electrons to be in the
diffusive limit because of impurity scattering, and the Coulomb interaction is assumed
to be very strong. The electrons are described by the usual fermionic field operators
ψ̂†(r) and ψ̂(r). We omit the spin indices for compactness (the spin multiplicity will
give an additional factor of 2 in the final result). Eventually, we shall only need the
electronic quasiclassical Keldysh Green’s functions, built from these electronic operators,
and satisfying the Eilenberger equation in the presence of impurities.

The acoustic phonons are described via the lattice displacement field û(r), giving the
displacement of an atom initially located at the point r. In the standard quantization
procedure for lattice vibrations, the displacement operator takes the following form:

û(r) =
∑
qλ

eqλ

√
1

2ρ0L3ωqλ

(
b̂qλ + b̂†−qλ

)
eiq·r, (6.1)

where b̂qλ (b̂†qλ) is the annihilation (creation) operator of a phonon with momentum q and
polarization characterized by a unit polarization vector eqλ, ωqλ is the phonon frequency
which in general depends on the momentum and polarization, ρ0 is the mass density of
the material and L3 is the sample volume. For the polarization λ = l, t1, t2 we assume
a decomposition in one longitudinal and two transverse modes in a standard manner:
the longitudinal eq,l = q/q, while two transverse vectors eq,t1, eq,t2 are chosen so that
eq,t1 · q = eq,t2 · q = 0 and eq,t1 · eq,t2 = 0. The dispersion relation is assumed to be
the usual relation for acoustic phonons, ωq,l = clq, ωq,t1 = ωq,t2 = ctq, where cl/t is the
longitudinal/transverse speed of sound in the material, respectively. For simplicity, we
assume an isotropic material where the two transverse modes have the same velocity, i.e.
ct1 = ct2 = ct. A general, anisotropic, case with ct1 6= ct2 can be easily implemented in our
model but we do not expect this to qualitatively affect the cooling power. Also, since we
restrict ourselves to low temperatures we can safely neglect optical phonons which, if exist
at all, have typical energies of the order of room temperature. The lattice Hamiltonian is

Ĥph =
∑
qλ

ωqλ b̂
†
qλb̂qλ. (6.2)

As discussed in Refs. [156,157,163–165], the electron-phonon interaction in disordered
systems is most conveniently described in a co-moving reference frame, i.e., attached to
the oscillating ions of the crystal lattice, since the impurities oscillate together with the
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lattice [see Appendix §D.1]. The electron-phonon interaction Hamiltonian is assumed to
have the form

Ĥe−ph =

∫
dr σ̂ij(r) ûij(r), (6.3)

where σ̂ij and ûij are the stress and strain tensors, respectively,

σ̂ij(r) =
1

4m

(
∂

∂ri
− ∂

∂r′i

)(
∂

∂rj
− ∂

∂r′j

)
ψ̂†(r) ψ̂(r′)

∣∣∣∣
r=r′

+
δij
3

p2
F

m
ψ̂†(r) ψ̂(r), (6.4)

ûij(r) =
1

2

(
∂ûi
∂rj

+
∂ûj
∂ri

)
, (6.5)

and the summation over the repeated Cartesian indices i, j = x, y, z is implied. The
Coulomb interaction is assumed to be very strong so that electronic charge density fluc-
tuations are completely suppressed. Formally this is described by dressing the electron-
phonon vertex by the Coulomb interaction in the random phase approximation [156,157,
164, 165] and results in the subtraction from the first term in σ̂ij(r) of its projection on
the electron density. Here, pF is the electron Fermi momentum defined via the average of
p2 over the Fermi surface, pF = (〈p2〉F )1/2, and m the free electron mass.

With the electron-phonon interaction at hand we can define the operator for the total
energy current flowing into the phonons due to the electron-phonon interaction in the
whole sample:

˙̂
Hph = i[Ĥe−ph, Ĥph] = i

∫
dr [ûij(r), Ĥph] σ̂ij(r). (6.6)

We are interested in the cooling power when the phonons are in thermal equilibrium at
temperature Tph. Since the energy current (6.6) is linear in the phonon operators, it has
zero average over any density matrix of the direct product form, ρ̂e ⊗ e−Ĥph/Tph , with an
arbitrary electronic density matrix ρ̂e. To obtain a non-zero value to leading order in the
electron-phonon coupling, one has to perturb such a phonon state to the first order in
Ĥe−ph. This amounts to calculating the linear response of dĤph/dt to the perturbation
Ĥe−ph, which can be done using the Kubo formula [see Eq. (6.7)]:

P =

〈
dĤph

dt

〉
= −i

t∫
−∞

dt′ 〈[ ˙̂
Hph(t), Ĥe−ph(t′)]〉0, (6.7)

where all the operators are represented in the interaction picture and the average is taken
over the noninteracting density matrix ρ̂e ⊗ e−Ĥph/Tph .

Since we are dealing with a non-equilibrium situation, it is natural to use the Keldysh
Green’s function formalism. Expanding the commutator in the Kubo formula and identi-
fying various Keldysh Green’s function components [46] [see Appendices §D.2 and §D.3],
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we end up with the following expression for the cooling power:

P =
1

4

∫
dr dr′

∞∫
−∞

dω

2π
ω

{
DK
ijkl(r, r

′;ω)
[
ΠR
klij(r

′, r;ω)−ΠA
klij(r

′, r;ω)
]
−

−
[
DR
ijkl(r, r

′;ω)−DA
ijkl(r, r

′;ω)
]

ΠK
klij(r

′, r;ω)

}
,

(6.8)

where ΠR,A,K
ijkl (r, r′;ω) and DR,A,K

ijkl (r, r′;ω) are the retarded, advanced and Keldysh com-
ponents of Green’s functions built from the bosonic operators (6.4) and (6.5), respectively.
For phonons in thermal equilibrium at temperature Tph, we have [see Appendix §D.2]

DK
ijkl(ω) =

[
DR
ijkl(ω)−DA

ijkl(ω)
]

coth
ω

2Tph
. (6.9)

Being mainly interested in various proximity structures, we can make further assumptions
about the spatial dependence. Assuming the phonons to be unaffected by the proximity
effect, we take them spatially homogeneous, Dijkl(r, r

′;ω) = Dijkl(r − r′;ω). On the
other hand, the situation for the electronic polarization operator, Πijkl(r, r

′;ω) can be
rather complicated, due to the proximity effect. Still, we assume the electrons to be in the
quasiclassical regime, so we pass to the Wigner (mixed) representation where the spatial
dependence of Πijkl(r, r

′;ω) is decomposed into the center of mass, R = (r + r′)/2, and
the relative coordinate component, x = r− r′. Fourier transform is, therefore, performed
in the following way [see Appendix F]:

Dijkl(r, r
′;ω) =

∫
dq

(2π)3
Dijkl(q, ω) eiq·(r−r

′), (6.10)

Πijkl

(
R +

x

2
,R− x

2
;ω
)

=

∫
dq

(2π)3
Πijkl(R,q;ω) eiq·x. (6.11)

In leading order of the quasiclassical approximation, the spatial convolution becomes a
simple product in the Wigner representation. Then the total cooling power can be written
as a volume integral, P =

∫
dRQ(R), where the position-dependent power per volume is

given by

Q(R) =

∫
dq

(2π)3

∞∫
−∞

dω

2π

ω

4

[
DR
ijkl(q, ω)−DA

ijkl(q, ω)
]
×

×
{[

ΠR
klij(R,q;ω)−ΠA

klij(R,q;ω)
]

coth
ω

2Tph
−ΠK

klij(R,q;ω)

}
.

(6.12)

This formula is very general and applicable to an arbitrary electronic system out of equilib-
rium. Combining Eqs. (6.5) and (6.1), we obtain the phonon spectral function explicitly:
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DR
ijkl(q, ω)−DA

ijkl(q, ω) =
∑
λ

T qλ
ij T

qλ
kl DR−A

λ (q, ω), (6.13a)

DR−A
λ (q, ω) = iπ

q

ρ0cλ
[δ(ω + cλq)− δ(ω − cλq)] , (6.13b)

T q,l
ij ≡

qiqj
q2

, T q,tκ
ij ≡

eq,tκi qj + eq,tκj qi

2q
(κ = 1, 2). (6.13c)

Electronic polarization operator

Electrons in the proximitized superconductor are described by the quasiclassical Green’s
function ǧ(t, t′; r,n) with n and r being, respectively, the unit vector which indicates the
direction of momentum and the center-of-mass coordinate [58, 60]. The Green’s function
has 2× 2 matrix structure in Keldysh space:

ǧ =

(
ĝR ĝK

ĝZ ĝA

)
, (6.14)

where each component is itself a 2 × 2 matrix in the Gor’kov-Nambu space [60]. The
Green’s function is subject to the constraint∫

ǧ(t, t′′; r,n) ǧ(t′′, t′; r,n) dt′′ = 1̌4×4 δ(t− t′), (6.15)

and satisfying the Eilenberger equation [57]:[
∂̌t ⊗ τ̂3 + ∆̌⊗ τ̂1 + iV̌ ⊗ τ̂0 +

〈ǧ〉n
2τ

, ǧ

]
+ vFn ·∇ǧ = 0, (6.16)

where τ̂i are the Pauli matrices in the Gor’kov-Nambu space, ⊗ is the direct (Kronecker)
product, and 〈. . .〉n, denotes the average over the directions n. The electron-impurity
scattering time τ and the Fermi velocity vF define the mean free path ` = vF τ . The
commutator in Eq. (6.16) includes the convolution over time. Thus, the time derivative ∂̌t,
the superconducting gap ∆̌, and the perturbation V̌ should be understood as integral
operators in the time variables with kernels δ′(t− t′), ∆̌(r) δ(t− t′), and V̌ (r, t,n) δ(t− t′),
respectively.

In Keldysh space, ∂̌t and ∆̌ are proportional to the 2 × 2 unit matrix. The same is
true for a classical perturbation V c, in which case the left-lower corner of the Green’s
function ĝZ = 0. However, the goal of this subsection is to evaluate the three components
(retarded, advanced, and Keldysh) of the electronic polarization operator, ΠR,A,K

ijkl (r, r′;ω),
needed in Eq. (6.12) for the cooling power. In a disordered superconductor, the calculation
of the polarization operator involves summation of ladder diagram series, which is rather
cumbersome [157]; in addition, here we are interested in a proximity system, lacking
translational invariance. A more convenient way, equivalent in the quasiclassical limit
pF ` � 1, is to calculate the response of the electronic stress σij to an applied external
classical strain uc

ij using the Eilenberger equation [168]. Indeed, the average stress tensor



§6.2. General framework 111

(6.4) in terms of the quasiclassical Keldysh-Green’s functions reads

σij(r, t) =
πN0

2

p2
F

m

〈
(ninj − δij/3) Tr ĝK(t, t; r,n)

〉
n
, (6.17)

where N0 is the normal density of states at the Fermi level per spin projection. If the
Green’s function is found to the first order in the perturbing stress, the result determines
the retarded component of the polarization operator, ΠR

ijkl, since the latter coincides with
the Kubo susceptibility (up to the sign). Due to certain symmetries [47] the advanced
component of the polarization operator, ΠA

ijkl, can be deduced from the retarded one. On
the other hand, if the goal is a description of nonequilibrium situations we are required
to calculate the Keldysh component, ΠK

ijkl, as well. This can be done by introducing the
quantum component uq

ij of the strain. Thus, we shall consider the perturbation V̌ with
the following structure:

V̌ (t, t′; r,n) = −
p2
F

m
(ninj − δij/3) δ(t− t′) e−iωt

(
uc
ij(r) uq

ij(r)

uq
ij(r) uc

ij(r)

)
, (6.18)

and calculate the response of ǧ to the first order in this perturbation from Eq. (6.16). The
three components of the electronic polarization operator can then be determined as [168]

ΠR
ij,kl(r, r

′;ω) = −πN0

2

p2
F

m

〈(
ninj −

δij
3

)
Tr

δĝK(t, t; r,n) eiωt

δucl
kl(r

′)

〉
n

, (6.19a)

ΠA
ij,kl(r, r

′;ω) = −πN0

2

p2
F

m

〈(
ninj −

δij
3

)
Tr

δ(ĝR + ĝA)(t, t; r,n) eiωt

δuq
kl(r

′)

〉
n

, (6.19b)

ΠK
ij,kl(r, r

′;ω) = −πN0

2

p2
F

m

〈(
ninj −

δij
3

)
Tr

δ(ĝK + ĝZ)(t, t; r,n) eiωt

δuq
kl(r

′)

〉
n

. (6.19c)

Note that in the presence of the quantum component uq
ij , the lower left corner of Eq. (6.14),

ĝZ 6= 0.
We assume to be in the dirty limit, ωτ � 1, ∆τ � 1, so the unperturbed solution (at

V̌ = 0) has the following angular structure [62]:

ǧ(t, t′; r,n) =

∫
dε

2π
e−iε(t−t

′)
[
ǧ0(r; ε)− vF τn · ǧ0(r; ε)∇ǧ0(r; ε) +O((`∇g0)2)

]
. (6.20)

The isotropic part ǧ0(r; ε) satisfies the Usadel equation [62] which should be solved in
each specific geometry of the proximitized system. In this subsection, we shall assume
that ǧ0(r; ε) is known. Constraint (6.15) for ǧ implies

ǧ0(r; ε) ǧ0(r; ε) = 1̌4×4 +O((`∇g0)2). (6.21)

Usually, in the dirty limit it is sufficient to work with the Usadel equation without invoking
the full Eilenberger equation (6.16) at all. It is the angular structure of the perturbation,
ninj − δij/3, proportional to the second spherical harmonics, that obliges us to work with
Eq. (6.16).

Let us first assume that the perturbation is a smooth function of space and time. The
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linear in V̌ correction, δǧ, to the leading order in τ∆, τ∂tV̌ , `∇V̌ , satisfies

[ǧ0, δǧ − 〈δǧ〉n] = −2iτ [V̌ , ǧ0], (6.22)

ǧ0 δǧ + δǧ ǧ0 = 0, (6.23)

obtained by linearizing Eqs. (6.16) and (6.15), respectively. Angular averaging gives
〈δǧ〉n = 0 because 〈V̌ 〉n = 0. Adding up (6.22) and (6.23), multiplying by ǧ0 on the
left, and using Eq. (6.21), we obtain the response, local in space on the scale `:

δǧ = iτ
(
V̌ − ǧ0V̌ ǧ0

)
[1 +O(τ∆, `∇)] . (6.24)

Let us now consider uij(r) ∝ eiqr−iωt assuming ωτ � 1, ∆τ � 1, but not q` � 1.
As just seen, the spatial scale of the nonlocality in the response is `, while ǧ0, found
from the Usadel equation, depends on r on a longer scale. Then, to find the response at
q ∼ 1/`, one can neglect the r dependence of ǧ0 and seek the correction δǧ in the form
δǧ(r,n) = δǧ(n) eiqr. The linearized Eilenberger equation becomes

[ǧ0, δǧ − 〈δǧ〉n] + 2i`(qn) δǧ = 2iτ [ǧ0, V̌ ], (6.25)

and the correction again satisfies Eq. (6.23). Multiplying it with 1 and (qn), averaging over
the angles, and using 〈V̌ 〉n = 0, 〈nV̌ 〉n = 0, we obtain 〈(qn) δǧ〉n = 0, 〈(qn)2δǧ〉n = 0.
Adding up Eq. (6.23) with its angular average subtracted, we obtain

ǧ0 δǧ + i`(qn) δǧ = ǧ0〈δǧ〉n + iτ ǧ0V̌ − iτ V̌ ǧ0, (6.26)

i`(qn)ǧ0 δǧ + δǧ = 〈δǧ〉n + iτ V̌ − iτ ǧ0V̌ ǧ0, (6.27)

where the second equation is obtained from the first by multiplying by ǧ0. This gives

δǧ = iτ
1− i`(qn)ǧ0

1 + `2(qn)2

(
〈δǧ〉n
iτ

+ V̌ − ǧ0V̌ ǧ0

)
, (6.28)

〈δǧ〉n
iτ

=

〈
`2(qn)2

1 + `2(qn)2

〉−1

n

〈
V̌ − ǧ0V̌ ǧ0

1 + `2(qn)2

〉
n

. (6.29)

Bearing in mind the structure of the strain-strain spectral function (6.13), it is convenient
to define three components of the polarization operator:

Πλ(q, ω) = T qλ
ij T

qλ
kl Πijkl(q, ω), λ = l, t1, t2, (6.30)

which can be found from Eq. (6.28) for the following perturbations:

V̌λ(t, t′; r,n) = δ(t− t′) eiqr−iωt Φλ(n)

(
uc
λ uq

λ

uq
λ uc

λ

)
, (6.31)

Φl(n) =
(qn)2

q2
− 1

3
, Φt1,t2(n) =

(qn)(et1,t2n)

q
. (6.32)



§6.2. General framework 113

As a result,

Π
R/A
λ (q, ω) =

2N0

(
p2
F

m

)2
Yλ(0) +

iτ

8
Yλ(q`)

∞∫
−∞

dε Tr
{
ĝ
R/A
0 (ε+) ĝK0 (ε−) + ĝK0 (ε+) ĝ

A/R
0 (ε−)

} ,
(6.33a)

ΠK
λ (q, ω) = 2N0

(
p2
F

m

)2
 iτ

8
Yλ(q`)

∞∫
−∞

dε Tr
{
ĝK0 (ε+) ĝK0 (ε−)− ĝR−A0 (ε+) ĝR−A0 (ε−)

} ,
(6.33b)

where λ = l, t1, t2, ε± = ε ± ω/2 and ĝR−A0 = ĝR0 − ĝA0 . The term with Yλ(0) is not
captured by the quasiclassical theory and is inserted by noting that the response at ω =

0 is determined by the Fermi sea, and thus is (i) insensitive both to disorder and to
superconductivity, and (ii) is local on the spatial scale of the Fermi wavelength, so it can
be evaluated for a clean Fermi gas at q = 0 [168]. The factors Yλ(q`) coming from angular
averages [see Appendix §D.4] are given by

Yl(ξ) = −ξ − (1 + ξ2/3) arctan ξ

3ξ2(ξ − arctan ξ)
, (6.34a)

Yt1,t2(ξ) =
ξ(1 + 2ξ2/3)− (1 + ξ2) arctan ξ

2ξ5
. (6.34b)

Remarkably, Eqs. (6.33) have a separable form: the dependence on q and λ is factorized
from the rest which contains the frequency and coordinate dependence and all information
about the superconductivity and the proximity effect. The q, λ dependence is entirely
contained in the factors Yλ(q`), and is the same as calculated for a normal metal [156].

Final expression for the cooling power

Having obtained the expressions (6.33) for the polarization operator, we can rewrite
Eq. (6.12) for the cooling power per unit volume as follows:

Q = 2N0

(
p2
F

m

)2(
iτ

8

)∑
λ

∫
dq

(2π)3

∫ ∞
−∞

dω

2π

ω

4
DR−A
λ (q, ω)Yλ(q`)F(R;ω). (6.35)

Here F(R;ω) denotes the factor

F =

∞∫
−∞

dεTr

{[
ĝR−A0 (ε+) coth

ω

2Tph
− ĝK0 (ε+)

]
ĝK0 (ε−)−

−
[
ĝK0 (ε+) coth

ω

2Tph
− ĝR−A0 (ε+)

]
ĝR−A0 (ε−)

}
, (6.36)
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whose frequency dependence comes from ε± = ε±ω/2 and the coordinate dependence from
that of the Green’s function ǧ0(R; ε±) whose spatial argument is omitted in Eq. (6.36) for
brevity. Since the q dependence of the electronic spectral function is solely contained in
Yλ(q`), the integration over q is straightforwardly performed by resolving the δ functions
in Eq. (6.13b), which yields

Q =
N0τ

8πρ0

(
p2
F

m

)2 ∞∫
0

dω

2π

∑
λ

ω4

c5
λ

Yλ(ω`/cλ)F(R;ω). (6.37)

This very general formula is the main result of this Chapter and it is applicable to variety of
electronic systems including superconducting proximity structures. If the electron-electron
relaxation is sufficiently fast we can assume the electrons to be in thermal equilibrium
at temperature Te [169] so that ĝK0 (ε) = ĝR−A0 (ε) tanh[ε/(2Te)], then Eq. (6.37) further
simplifies adopting the form

Q(Te, Tph) =
N0τ

8πρ0

(
p2
F

m

)2 ∞∫
0

dω

2π

∑
λ

ω4

c5
λ

Yλ(ω`/cλ)

(
coth

ω

2Te
− coth

ω

2Tph

)
I(R;ω),

(6.38)
where

I(R;ω) = 2

∞∫
−∞

dε [nF (ε−)− nF (ε+)] Tr
{
ĝR−A0 (R; ε+) ĝR−A0 (R; ε−)

}
, (6.39)

and nF (ε) = [exp(ε/Te) + 1]−1 is the Fermi distribution. The whole information about
the electronic properties of the system is contained in the function I(R;ω). Essentially,
our task from now on is to calculate it for various systems. Another important quantity
we are interested in is the thermal conductance per unit volume:

K(T ) =
∂Q(Te, T )

∂Te

∣∣∣∣
Te=T

. (6.40)

Eqs. (6.38) and (6.40) yield an expression for the thermal conductance of the same form
as Eq. (6.38), but with a replacement

coth
ω

2Te
− coth

ω

2Tph
→ ω

2T 2 sinh2[ω/(2T )]
. (6.41)

In the following section we shall make use of the developed formalism to calculate the
electron-phonon cooling power in various electronic systems.

§6.3 Application to specific structures

Bulk normal metal

In a bulk normal metal, the retarded and advanced component of ǧ are just ĝR/A = ±τ̂3,
so the function I(ω) from Eq. (6.39) simply reads I(ω) = 16ω. Plugging it into Eq. (6.38),
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Fig. 6.1: Electron-phonon thermal conductance per unit volume in a bulk normal metal
as a function of temperature T for ct/cl = 0.5. The dotted and dashed lines correspond
to the high- and low-T limits, respectively. The inset shows the same quantity as a
function of ct/cl for the temperature T/T∗ = 1.0.

we obtain the cooling power per unit volume in the form Q(Te)−Q(Tph) with Q(T ) given
by:

Q(T ) =
2N0τ

π2ρ0

(
p2
F

m

)2∑
λ

∞∫
0

dω
ω5

c5
λ

Yλ(ω`/cλ)

eω/T − 1
. (6.42)

Since the functions Yλ(ξ) [see Eq. (6.34)] are rather complicated, the integral should be
calculated numerically. Still, it simplifies in two limiting cases. At low temperatures,
T � cλ/`, we employ Eqs. (D.20a) and (D.20c) for Yλ(ξ), and arrive at the well-known
T 6 dependence [156,157],

Q(T ) =
32π4

945

N0ctτ

ρ0`6

(
p2
F

m

)2(
1 +

2

3

c5
t

c5
l

)
T 6

T 6
∗
, (6.43)

where the crossover temperature T∗ ≡ ct/`. At high temperatures, T � cλ/`, using
Eqs. (D.20b) and (D.20d) for Yλ(ξ), we end up with the following expression for the
cooling power:

Q(T ) =
N0ctτ

ρ0`6

(
p2
F

m

)2(
3 ζ(5)

3π

c4
t

c4
l

T 5

T 5
∗

+
4π2

45

T 4

T 4
∗

)
, (6.44)

where ζ(x) is the Riemann zeta function. In the clean limit, τ, `→∞ with `/τ = vF , the
second term ∝ T 4 vanishes, while the first one gives the standard Q(T ) ∝ T 5 result for
clean metals [153,154]. The thermal conductance per unit volume, K(T ) = dQ(T )/dT , is
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shown in Fig. 6.1. As can be seen from Eq. (6.42), K(T ) has a natural unit

K∗ =
2N0τ

π2ρ0`5

(
p2
F

m

)2

, (6.45)

so that K(T )/K∗ is a dimensionless function of two dimensionless parameters T/T∗ ≡
T`/ct and ct/cl (note that ct/cl < 1/

√
2 [170]). We numerically evaluate the integral in

Eq. (6.42) and plot K/K∗ as a function of T/T∗ for ct/cl = 0.5 in Fig. 6.1. The low- and
high-T limits are indicated by the dashed and dotted lines, respectively. Their validity
depends on ct/cl, but roughly speaking the two limits are reached for T/T∗ < 0.1 and
T/T∗ > 1. The inset shows the cooling power as a function of the ct/cl ratio at temperature
T/T∗ = 1.0. Estimation of the crossover temperature in copper with ` = 10 nm is
T∗ ≈ 1.8 K. The values taken for the longitudinal and transverse speed of sound are,
respectively, cl = 4.8 km/s and ct = 2.3 km/s.

Bulk BCS superconductor

In a superconductor, the retarded and advanced components of the quasiclassical Keldysh
Green’s function ĝR/A(ε) can be parameterized in terms of the normal, g, and the anoma-
lous, f, f †, Green’s functions (we omit the superscripts R,A for compactness) [see Sec-
tion §3.2]:

ĝ0(ε) =

(
g0(ε) f0(ε)

f †0(ε) −g0(ε)

)
, g2

0(ε) + f0(ε) f †0(ε) = 1. (6.46)

Assuming the superconducting gap to be real, ∆ = ∆∗, we also have f0 = f †0 . Substituting
the parametrization (6.46) into Eq. (6.39) and employing the relation ĝR0 = −τ̂3(ĝA0 )†τ̂3

[see Eq. (3.48)], we obtain

I(ω) = 16

∞∫
−∞

dε [nF (ε−, T )− nF (ε+, T )]×

×
[
Re gR0 (ε+) Re gR0 (ε−)− Im fR0 (ε+) Im fR0 (ε−)

]
. (6.47)

We note that this expression is rather general and will be applied to the bulk homoge-
neous superconductor immediately below, as well as to other proximity structures in the
following subsections. We also note that since the Green’s functions depend on the elec-
tronic temperature Te via the superconducting gap, the cooling power can no longer be
represented in the form Q(Te) − Q(Tph). In the following, we shall focus on the thermal
conductance per unit volume (6.40) which depends only on one temperature. It is given
by

K(T )

K∗
=

∞∫
0

ω5 I(ω) dω

64T 2 sinh2[ω/(2T )]

[
Yl(ω`/cl)

(cl/`)5
+ 2
Yt(ω`/ct)

(ct/`)5

]
. (6.48)

In a bulk homogeneous superconductor, the quasiclassical Green’s functions are given
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Fig. 6.2: (a) The I(ω) function of a bulk BCS superconductor for various temperatures.
At T = Tc the normal-state result I(ω) = 16ω is recovered. (b) Electron-phonon thermal
conductance per unit volume of a bulk superconductor as a function of temperature T
for ct/cl = 0.5 and several values of T∗/∆0. The dashed blue line corresponds to the
normal case with T∗/∆0 = 0.5 (whose only role in the normal state is to set the scale of
the horizontal axis). The dotted lines show the low-temperature asymptotics (6.53).

by [see Eq. (3.90)]

g0(ε) =
−iε√

∆2 − ε2
, f0(ε) = f †0(ε) =

∆√
∆2 − ε2

. (6.49)

As always, the retarded/advanced Green’s function is obtained by the substitution ε →
ε± iη. The broadening parameter η can be taken to be infinitesimal, or finite, describing
level broadening due to some relaxation processes [171,172]. As before, the temperature
dependence of the superconducting gap is assumed to be [122]

∆(T ) = ∆0 tanh
(

1.74
√
Tc/T − 1

)
, (6.50)

where ∆0 is the superconducting gap at zero temperature and Tc is the critical tempera-
ture.

Plugging the Green’s functions (6.49) into Eq. (6.47), we obtain I(ω) of a bulk BCS
superconductor,

I(ω) = 16

∞∫
−∞

dε [nF (ε−, T )− nF (ε+, T )]
θ(|ε+| −∆) θ(|ε−| −∆)√

ε2+ −∆2
√
ε2− −∆2

(
|ε+ε−| −∆2 sgnε+ε−

)
(6.51)

[θ(x) is the Heaviside step function], illustrated in Fig. 6.2(a) for different temperatures.
At T = Tc, the normal-state dependence I(ω) = 16ω is recovered. The main difference
between the normal and superconducting cases is the presence of a gap in I(ω) at ω < 2∆.
With increasing temperatures this gap shrinks, and it is not empty anymore due to thermal
quasiparticle population [see the blue line in Fig. 6.2(a) that corresponds to T/Tc = 0.8].
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At T � ∆,

I(0 < ω < 2∆) = 16

√
2πω∆T

ω + 2∆

(
1− e−ω/T

)
e−∆/T , (6.52a)

I(ω = 2∆ + 0+) = 16π∆. (6.52b)

The thermal conductance per unit volume K(T ), besides T/T∗ and cl/ct, now depends
on another dimensionless parameter T∗/∆0. For aluminum with the electronic mean free
path of ` = 10 nm, T∗/∆0 ≈ 1.1. The values for the longitudinal and transverse speed
of sound are taken cl = 6.4 km/s and ct = 3.0 km/s, respectively. Plugging Eq. (6.51)
into Eq. (6.48) and evaluating the integral numerically, we show K(T ) in Fig. 6.2(b)
for ct/cl = 0.5 and several values of T∗/∆0. Increase of T∗/∆0 almost does not change
the shape of the curves just shifting them along the vertical axis. At low temperatures,
the cooling power in a BCS superconductor is exponentially suppressed in comparison
to the normal state [see the dashed blue line in Fig. 6.2(b)] due to the presence of the
superconducting gap:

K(T � ∆)

K∗
=

693π

32
ζ

(
13

2

)(
1 +

2

3

c5
t

c5
l

)
T 5

T 5
∗
e−∆/T . (6.53)

This difference diminishes at higher temperatures, and finally at T = Tc the normal case
is recovered. The same results can be obtained from the nonlinear sigma model, whose
saddle point is the quasiclassical Green’s function ĝ [166].

Thin SIN contact

Let us now consider a simple SN proximity structure consisting of a small island of normal
metal coupled to a massive superconducting electrode via a weak tunnel contact. Then we
can neglect suppression of superconductivity by the inverse proximity effect in the super-
conductor, and focus on the proximity effect in the normal part. In the zero-dimensional
limit it can be described by the quantum circuit theory [65]. The quasiclassical Green’s
function of the normal metal ĝR/AN satisfies the zero-dimensional analog of the Usadel
equation [65,173,174] 1:

− iε
[
τ̂3, ĝ

R/A
N (ε)

]
+ Γ

[
ĝ
R/A
S (ε), ĝ

R/A
N (ε)

]
= 0, (6.54)

where ĝR/AS (ε) is the solution for a homogeneous BCS superconductor given in Eq. (6.49)
and the first commutator denotes the so-called leakage of coherence [see the inset in
Fig. 6.3]. Γ is half of the rate of electron escape from the island into the bulk electrode,
related to the tunnel contact conductance G via G = 4e2N0VΓ, where V is the island

1The zero-dimensional Usadel equation in Refs. [173,174] contains a term, nonlinear in ĝN . This term
can be neglected when the transmission T of each conduction channel in the contact is small compared
to unity. For an island of area A, thickness d, and volume V ∼ Ad, the number of conduction channels is
∼ p2FA, the tunnel conductance of the contact G ∼ p2FAT (e2/~), and the escape rate Γ ∼ p2FAT /(N0V).
The condition T � 1 translates into Γ � p2FA/(N0V) which is satisfied automatically when Γ � ETh,
the Thouless energy, ETh ∼ min{D/d2, vF /d} with D = vF `/3 being the diffusion coefficient. Indeed,
vF /d� p2F /N0 as soon as d� p−1

F .
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Fig. 6.3: The density of state N(ε) in a thin normal metal coupled to a massive su-
perconducting lead via a tunnel contact for several values of Γ/∆0, and temperature
T/Tc = 0.01. The Dynes broadening parameter is η/∆0 = 10−3. The inset shows a
schematic view of the structure.

volume, so that 1/(N0V) is the electronic orbital mean level spacing in the island. Γ must
be small compared to the island Thouless energy ETh, defined as the inverse time needed
for an electron to cross the island, in order for the island to be in the zero-dimensional
limit; at the same time, we need Γ � 1/(N0V) for the Coulomb blockade effects to be
negligible [175]. Equation (6.54) can also describe a planar structure when both V and G
are proportional to the contact area, while Γ is independent of the area; in this geometry
the normal layer thickness d should be larger than the mean free path but small enough
so that the time needed for an electron to travel the distance d is smaller than 1/Γ (see
the next subsection for more details).
The solution of Eq. (6.54) reads

ĝN (ε) =
aτ̂3 + bτ̂1√
a2 + b2

, (6.55)

a ≡ −iε
(

1 +
Γ√

∆2 − ε2

)
, b ≡ Γ∆√

∆2 − ε2
,

and the retarded and advanced functions are obtained by substituting ε → ε ± iη, as in
the previous subsection.

Since Eq. (6.55) has the same structure as for a bulk superconductor [see Eq. (6.49)],
we expect the presence of a minigap in the quasiparticle spectrum [79, 176]. This feature
is clearly seen in Fig. 6.3 that shows the density of states (DOS) per unit volume, N(ε) =

N0 Re[gRN (ε)] for the temperature T/Tc = 0.01 and several values of Γ/∆0, with a finite
Dynes broadening parameter η/∆0 = 10−3. The minigap is narrower than the bulk gap ∆

and for small Γ� ∆0 it is determined by Γ [see the black line in Fig. 6.3 that corresponds
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Fig. 6.4: I(ω) function in a thin normal metal coupled to a massive superconducting lead
for (a) different values of Γ/∆0, and temperature T/Tc = 0.01, (b) different temperatures
and Γ/∆0 = 0.2. The broadening parameter η/∆0 = 10−5.

to Γ/∆0 = 0.1].
I(ω) from Eq. (6.47) is plotted in Fig. 6.4(a) for the temperature T/Tc = 0.01 and

several values of Γ. Similarly to the bulk superconductor case, it has a gap determined by
the minigap in the island DOS, strongly dependent on Γ [see Fig. 6.4(a)]. For Γ� ∆0, the
gap is approximately 2Γ [the black line in Fig. 6.4(a)]. Since we are at low temperature,
the gap is empty. The same function for various temperatures and the Γ/∆0 = 0.2 is
shown in Fig. 6.4(b). Again like in the bulk case, the gap is getting filled towards the
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Fig. 6.5: Electron-phonon thermal conductance per unit volume as a function of temper-
ature T in a thin normal metal coupled to a massive superconducting lead for ct/cl = 0.5
and (a) different values of Γ/∆0 and T∗/∆0 = 1.0, (b) different values of T∗/∆0 and
Γ/∆0 = 0.2. The dashed violet and blue lines correspond to the cases of a bulk normal
metal and a bulk superconductor, respectively, at T∗/∆0 = 1.0 and 5.0 on panels (a)
and (b), respectively.
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Fig. 6.6: A diffusive SN bilayer. A schema of a thin SN bilayer consisting of a normal
metal (orange) of a thickness dN coupled to a superconductor (blue) of a thickness dS .
The nonideal SN interface is characterized by the electric conductance G per unit area,
whereas σN/S denotes the normal-state conductivity of the N/S layer material.

higher temperatures finally achieving the normal state at T = Tc.
Plugging this I(ω) into Eq. (6.48), one arrives at the thermal conductance K(T ) per

unit volume, shown in Fig. 6.5(a) for various values of Γ/∆0, T∗/∆0 = 1, and ct/cl = 0.5.
All curves lie between those for the bulk superconductor (the dashed blue line) and the
normal state (the dashed violet line) and K(T ) is suppressed towards larger Γ. This
clearly follows from the fact that the minigap in the DOS grows with Γ, always remaining
smaller then ∆0 [see Fig. 6.3]. With increasing temperatures all curves tend towards
the normal state which is recovered at T = Tc. For small Γ, e.g., Γ/∆0 = 0.1, the
minigap is very narrow and this case shows a similar behavior like the normal metal even
at low temperatures, T/Tc ∼ 0.07 [the black line in Fig. 6.5(b)]. On the other hand, for
Γ/∆0 = 1.0 the minigap is quite large (the blue line in Fig. 6.3), and the behavior of the
proximitized metal in this case is similar to the bulk superconductor [the orange line in
Fig. 6.5(a)].

To see the role of T∗/∆0, we plot K(T ) in Fig. 6.5(b) for various values of the α
parameter and Γ/∆0 = 0.2, ct/cl = 0.5. Similarly to the bulk superconductor, increase of
T∗/∆0 does not change the shape of the curves, but just shifts them downwards.

Thin SN bilayer

Finally, let us consider a thin SN bilayer in the dirty limit ∆0τ � 1, shown schematically in
Fig. 6.6 and described in the corresponding caption. The difference between this geometry
and the structure studied in the previous subsection is twofold: (i) both the normal metal
and the superconductor are thin, and (ii) the contact is not considered in the tunneling
limit, i.e. ,the interface conductance per unit area G is a measure of imperfection of the
SN interface which would be perfectly transparent in the ideal case with G → ∞. Both
these features lead to the inverse proximity effect in the superconductor that has now to
be treated on equal footing with the proximity effect in the normal layer.

The Green’s functions for this system were found in Ref. [91]. Assuming the system to
be homogeneous in the plane (x, y dimensions), we arrive at an one-dimensional problem
along the transverse (z) direction. Parametrizing the Green’s function ĝ by the proximity
angle θ such that ĝ0 = τ̂3 cos θ + τ̂1 sin θ [see Appendix §C.5], we can write the Usadel
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Fig. 6.7: Local DOS in the normal (solid lines) and superconducting (dotted lines) parts
of a thin SN bilayer for various G, the equal thicknesses of the layers dN = dS = 0.2 ξ,
and the temperature T/Tc = 0.01.

equation (3.99) in each of the two materials as [60,136,137]

D

2

d2θ

dz2
= −iε sin θ −∆ cos θ, (6.56)

where D = vF `/3 is the diffusion coefficient of the corresponding material, and ∆ is
superconducting gap that is nonzero only for z < 0. In principle ∆ has to be determined
self-consistently for a given geometry, which we neglect here for simplicity. Equation
(6.56) should be supplemented by the boundary conditions. At the SN interface, z = 0,
we have [64] [see Eq. (3.100)]

σS
dθ

dz

∣∣∣∣
z=0−

= σN
dθ

dz

∣∣∣∣
z=0+

= G sin[θ(0+)− θ(0−)], (6.57)

where σN/S = 2e2N0,N/SDN/S is the normal-state conductivity of the normal metal/superconductor.
At the free surfaces, z = −dS , z = dN [see Fig. 6.6], there is no current flow and the bound-
ary conditions are simply (dθ/dz)|z=−dS = (dθ/dz)|z=dN = 0.

Assuming the system to be thinner than the superconducting coherence length, dS +

dN � ξ ≡
√
D/∆0, we can seek the solution in the form

θ(z < 0) = θS +
θ′′S
2

(z + dS)2 + . . . , (6.58a)

θ(z > 0) = θN +
θ′′N
2

(z − dN )2 + . . . , (6.58b)

where the second term is small compared to the main one by a factor ∼ d2
S,N/ξ

2, and
subsequent terms are even smaller. Then boundary conditions (6.57) lead to the following
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Fig. 6.8: I(dN , ω) (solid lines) and I(−dS , ω) (dotted lines) (a) for different G and
T/Tc = 0.01, (b) for various temperatures and Gξ/σ = 0.1. Other parameters are the
same as in Fig. 6.7.

system of nonlinear equations:

G
4e2N0SdS

sin(θS − θN ) = iε sin θS + ∆ cos θS , (6.59a)

G
4e2N0NdN

sin(θS − θN ) = −iε sin θN . (6.59b)

The retarded and advanced solutions are obtained by shifting ε → ε ± iη. Note that
Eq. (6.59b) has exactly the same form as Eq. (6.54), with Γ given by the coefficient on the
left-hand side of Eq. (6.59b). When the coefficient on the left-hand side of Eq. (6.59a) is
small compared to ∆, that is (Gξ/σS)(ξ/dS) � 1, then θS is close to its bulk value, and
we recover the results of the previous subsection. When Γ� ∆, the relevant energy scale
in the normal metal is ε ∼ Γ, so the length scale controlling the expansion in Eq. (6.58b)
is
√
D/Γ, and the condition dN �

√
D/Γ is equivalent to Γ � ETh = D/d2

N . In the
opposite limit of a thick superconductor, dS � ξ, the correction to θS is small and the
results of the previous subsection are recovered when Gξ/σS � 1.

The local DOS per unit volume can be obtained as N(ε, z) = N0 Re[cos θRN (ε, z)] [in
fact, the z dependence is weak in the regime of the expansion (6.58)]. We take DN =

DS = D, σN = σS = σ, T = 0.01Tc, dN = dS = 0.2 ξ, and plot in Fig. 6.7 N(ε, dN )

(solid lines) and N(ε,−dS) (dotted lines) as a function of energy for various G. The main
feature as in all gapped systems is the minigap which is smaller than ∆0 and shrinking as G
decreases. The spectrum in both N and S layer is smeared, due the inverse proximity effect,
taken into account here and neglected in the previous subsection. More details on these
results can be found in Ref. [91]. Having found the Green’s functions, we calculate I(z, ω)

from Eq. (6.47). We plot I(dN , ω) (solid lines) and I(−dS , ω) (dotted lines) for different
transparencies [controlled by G] of the SN interface [Fig. 6.8(a)] and different temperatures
[Fig. 6.8(b)], other parameters being the same as in Fig. 6.7. As before, I(dN , ω) exhibits
a gap that strongly depends on G. The edge of the gap is not sharp due to the smeared
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Fig. 6.9: Electron-phonon thermal conductance per unit area (a) on the normal and
(b) superconducting side of a thin SN bilayer as a function of temperature T for various
G, ct/cl = 0.5, and T∗/∆0 = 1.0. The dashed blue and orange lines correspond to the
cases of a bulk normal metal and a bulk superconductor. Panel (c) shows K(T ) per unit
area on the normal (solid lines) and the superconducting side (dotted lines) of a thin SN
bilayer for various values of T∗/∆0, ct/cl = 0.5, and Gξ/σ = 0.1. Other parameters are
the same as in Fig. 6.7.

spectrum previously shown in Fig. 6.7. Increasing temperature leads to shrinking and
filling of the gap until T = Tc, where we arrive at the normal state in both layers. Plugging
I(z, ω) into Eq. (6.48), we obtain the electron-phonon thermal conductance K(T ) in the
normal metal and the superconductor per unit area of the structure. In Fig. 6.9(a) we plot
K(T ) on the normal side for various transparencies of the SN interface for ct/cl = 0.5,
T∗/∆0 = 1.0 and other parameters as in Fig 6.7. The minigap suppresses the cooling
power at low temperatures. With increasing G the effect is stronger since the minigap
is getting larger. In Fig. 6.9(b) we present K(T ) on the superconducting side for the
same parameters as in Fig. 6.9(a). As in all superconducting structures, at T = Tc, all
curves converge to the normal state one. Since the minigap is always smaller than ∆,
the low-temperature suppression of K(T ) is weaker than in the bulk superconductor case
[the dashed orange line in Fig. 6.9(a,b)] but, depending on G, much stronger than in the
normal case [the blue line in Fig. 6.9(a,b)]. Fig. 6.9(c) shows K(T ) on the normal (solid
lines) and the superconducting side (dotted lines) of a thin SN bilayer for various values of
T∗/∆0 and the conductance of the SN interface Gξ/σ = 0.1. As in the previous subsections
increasing T∗/∆0 just shifts the curves downwards. One notes that the effect is stronger
in the S region due to the inverse proximity effect visible in Fig. 6.7.

§6.4 Temperature fluctuations and heat capacity

Temperature noise spectrum

By assuming the electron-phonon relaxation being the main cooling channel, the heat
balance equation is given by

C∆T (t) = −Q∆t+ δQ(t), (6.60)

where C is the electronic heat capacity per unit volume of the material and δQ is the
fluctuation of the heat flux current (cooling power). By assuming ∆T = T + δT (t) with
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δT being the temperature fluctuation and by setting ∆t → 0, the heat balance equation
adopts the form

δQ(t) = CδṪ +KδT, (6.61)

where K is the thermal conductance already discussed in previous sections. By passing
to the frequency domain, the equation above reads

δQ(ω) = (K − iωC)δT (ω) =⇒ δT (ω) =
δQ(ω)

K − iωC
. (6.62)

The temperature noise spectrum,

ST (ω) =

∞∫
−∞

dω 〈δT (t)δT (0)〉 eiωt, (6.63)

can be evaluated with the help of Eq. (6.62) and the fluctuation-dissipation theorem,

〈δQ(t)δQ(0)〉 = 2T 2Kδ(t), (6.64)

arriving at [134]

ST (ω) =
2T 2

K

1

1 + ω2C2/K2
. (6.65)

The spectrum has Lorentzian cutoff at ω∗ = K/C. Apparently, the electronic heat ca-
pacity, alongside with the electron-phonon thermal conductance, plays a crucial role in
the description of temperature fluctuations. In subsequent subsections we shall study this
quantity for various mesoscopic systems.

Before this, let us first derive a general heat capacity formula. For this purpose, let us
start from the expression for entropy in many-body fermionic systems [21,177,178]

S(T ) = −4

∞∫
0

dεN(ε, T ) {nF (ε, T ) ln[nF (ε, T )] + [1− nF (ε, T )] ln[1− nF (ε, T )]} , (6.66)

where N(ε, T ) is the density of states per uni volume and nF (ε, T ) denotes, as before, the
Fermi-Dirac distribution function. The heat capacity function, by definition, reads

C = T
∂S

∂T
. (6.67)

By assuming that at low temperatures the density of states is temperature-independent
and by taking into account the formulas above, the heat capacity function adopts the form

C(T ) =
4

T

∞∫
0

dε
N(ε)ε2

4T cosh2[ε/(2T )]
. (6.68)

Now, this formula can be applied to a particular system of interest.
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Bulk normal metal and BCS superconductor

Let us first consider the simple case of a bulk normal metal whose density of sates is
constant and coincides the one at the Fermi surface, N(ε) = N0. The heat capacity at low
temperatures obeys the well-known linear T -dependence [179,180]:

CN (T ) =
4N0

T

∞∫
0

dε
ε2

4T cosh2[ε/(2T )]
= γ∗T, (6.69)

where γ∗ = 2π2N0/3.
On the other hand, the situation with a bulk BCS state is more complicated, but still

it can be treated analytically in the low-temperature limit. By starting from the BCS
density of states (at zero temperature) [see Eq. (3.32)],

NBCS(ε) = N0
|ε|√

ε2 −∆2
0

θ(ε2 −∆2
0), (6.70)

we end up with the following expression for the heat capacity :

CBCS =
4N0

T

∞∫
0

dε
ε2 + ∆2

0

4T cosh2[
√
ε2 + ∆2

0/(2T )]
≈ 4N0

T 2

∞∫
0

dε(ε2 + ∆2
0)e−
√
ε2+∆2

0/T ≈

≈ 4N0

T 2

∞∫
0

dε(ε2 + ∆2
0)e−∆0/T−ε2/(2T∆0)

(6.71)

where we have assumed low temperatures, cosh(x) ≈ 1/2 exp(x) and ε � ∆0 =⇒√
ε2 + ∆2

0 ≈ ∆2
0 + ε2/(2∆0). The integral above can be now easily evaluated arriving

at the known result [7, 14,36]

CBCS(T ) = 2N0∆0

√
2π

(
∆0

T

)3/2

e−∆0/T . (6.72)

Comparison to the analytic results for the low-temperature thermal conductance [see
Eqs. (6.43) and (6.53)] gives the T -dependence of Lorentzian cutoff frequency of the tem-
perature noise spectrum for a bulk normal and BCS state, respectively,

ω∗N ∼ T 4, (6.73)

ω∗BCS ∼ T 13/2. (6.74)

SN proximity structures

The heat capacity function for the normal-metal-superconductor proximity contacts stud-
ied in the previous section can be easily calculated by applying Eq. (6.69) to the mentioned
geometries. Due to its complexity, this can can be done only numerically. Having obtained
the density of states for a thin SIN tunnel contact [see Fig. 6.3], we calculate the heat ca-
pacity as a function of temperature as shown in Fig. 6.10. The different curves correspond
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Fig. 6.10: The heat capacity C as a function of temperature T in a thin normal metal N
connected to a bulk superconductor S [see inset in Fig. 6.3] for various transparencies of
the SN interface, Γ. The Solid black and violet line correspond, respectively, to a bulk
normal and a BCS state.

to different transparencies of the SN interface. The curves display a complex behavior
since the quasiparticle spectrum is much different from both a normal and a BCS state.
At low temperatures the heat capacity of a proximitized normal metal is between the BCS
and the normal heat capacity functions, as one may expect. On the other hand, at higher
temperatures it dominates the N case, due to the smallness of the minigap and delta peaks
in the quasiparticle spectrum [see Fig. 6.3].

Finally, let us pass to the case of a thin SN bilayer already sketched in Fig. 6.6 and
described by Eq. (6.59). Having obtained the density of states [see Fig. 6.7], we calculate
the heat capacity function shown in Fig. 6.11. Panel (a) shows the C(T ) function on the
normal side for various transparencies of the interface and other parameters being the
same as in Fig. 6.9. The junction exhibits a similar behavior as the one previously shown
in Fig. 6.10. Figure 6.11(b) shows the corresponding quantity on the superconducting side
of the junction for the same parameters as in panel (a).

§6.5 Conclusions

In this Chapter, we have presented a systematic study of electron cooling by phonons in
superconducting proximity structures. Using the quasiclassical approximation and per-
turbation theory in electron-phonon coupling, we obtained a rather general formula for
the cooling power and the thermal conductance, Eq. (6.37), that is applicable to an ar-
bitrary electronic system, even nonequilibrium. We focused on situations when electrons
and phonons are in equilibrium among themselves, but have different temperatures. In
the simple cases of a bulk normal metal and a bulk BCS superconductor we recovered the
previously known results.

Subsequently, we illustrated our theory on two simple geometries of a superconductor-
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Fig. 6.11: The heat capacity C as a function of temperature T in a thin SN bilayer for
various transparencies of the interface on (a) the normal and (b) the superconducting
side of the junction. Other parameters are the same as in Fig. 6.9. The solid black and
violet lines correspond to the bulk N and the BCS state, respectively.

normal metal contact. Due to the presence of a proximity minigap, these heterostructures
exhibit a strong suppression of the cooling power at low temperatures which makes them
suitable candidates for making quantum thermal detectors.

Finally, we have analyzed fluctuations of temperature determined by the thermal con-
ductance and the heat capacity functions. Due to complex quasiparticle spectrum, the
mentioned SN proximity structures display the complex behavior of the heat capacity
function. However, at low temperatures, which are the most relevant for our investiga-
tion, the heat capacity curves lie between a bulk BCS and an N state, as one would expect.
This brings us to the conclusion that our theory can serve as a tool for optimizing the
structure in order to improve the detector sensitivity, which could serve as a benchmark
for future experiments.



Chapter 7

Conclusion and outlook

In this Thesis, we have studied several phenomena concerning charge and heat trans-
port in superconducting mesoscopic circuits. Systems are treated in the framework of
the quantum field-theoretical method with a special focus on the quasiclassical theory
of superconductivity. After the introductory part given in Chapters 1-3, where we have
provided information about the basics concepts of mesoscopic superconductivity as well
as the theoretical tools needed for an appropriate description of mesoscopic systems, we
have presented the main results of this Thesis, divided into three parts.

The local density of states is a fundamental property that gives us an insight into the
proximity effect occurring in superconductor-normal-metal structures. In Chapter 4, we
have presented a comprehensive theoretical study of the spectral properties and the prox-
imity effect in clean low-dimensional superconductor-normal-metal-superconductor het-
erostructures. By solving the Eilenberger equation for the quasiclassical Green’s functions
at zero temperature, we have calculated both the local density of states and Josephson cur-
rent as functions of various parameters of the junction. By examining short junctions we
have found pronounced Andreev bound states. At finite reflectivity R a phase-independent
minigap ∼

√
R∆ appears. Longer junctions exhibit the linear phase-dependent Andreev

spectrum, whilst a finite reflection leads to a minigap which diminishes on increasing
lengths. By including a weak magnetic field perpendicular to the junction, we have ended
up with a rather complex pattern due to interfering trajectories that lead to a vanishing
phase-dependence of the density of states. At larger fluxes, there is no minigap anymore.
In addition, having obtained the solution of the Eilenberger equation we have calculated
the supercurrent in the system. For short junctions, we have recovered the known results
proving that the supercurrent is solely carried by the Andreev bound states. Longer junc-
tions as well as increasing reflectivity lead to a suppression of the Josephson effect. To
make a connection to experimentally relevant situations we have analyzed a junction em-
bedded into an additional loop with magnetic flux controlling the superconducting phase
difference. As a result, we have found surprisingly strong suppression of the LDOS pattern
with increasing magnetic fields. Finally, we have found a relation between the supercur-
rent and the global density of states of the system. However, some questions remain still
open. Since the clean limit is an idealization, a more realistic scenario should include
impurities with indeterminate concentrations. This requires one to fully numerically treat
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the Eilenberger equation. Also, the impact of stronger magnetic fields could be of strong
interest to both experimental and theoretical investigations.

In Chapter 5, we have both theoretically and experimentally examined a quantum
thermometer based on the zero-bias anomaly in diffusive superconductor-normal-metal-
insulator-superconductor junctions. Experimentally, it has been verified that such a struc-
ture can be utilized as a thermometer since its zero-bias-conductance peaks scale mono-
tonically with temperature. Furthermore, it has been found a strong enhancement of the
responsivity of the thermometer in comparison to previous investigations. From a theo-
retical point of view, a full description of the device involves two main ingredients. First,
by making use of the quasiclassical Green’s function theory at finite temperatures, we
have provided a full description of the proximity effect induced in the normal-metal wire.
Second, to comprehend the effect of Cooper pair tunneling occurring at low bias voltages,
we have employed the phenomenological P (E) theory related to the dynamical Coulomb
blockade. We have assumed that the junction is coupled to an electromagnetic environ-
ment modeled by an infinite RC transmission line. Combined, those two have provided us
with a full theoretical description that is in quantitative accordance with the experiments
presented in the same Chapter. In addition, we have provided a simplified view by making
several approximations and capturing essential physics, which in turn results in an ana-
lytic formula ensuring a qualitative description of the experimental data. Our findings can
have a strong impact on further experimental and theoretical investigations in the field of
highly sensitive quantum thermometry. Finally, we have considered the system consisting
of the previously described overlap SNIS junction and an Ohmic EM environment. Our
theoretical findings suggest that this device can be utilized as a quantum thermometer
which can be a subject of future experimental considerations. Further steps within this
topic may go the direction of further enhancement of the effect, e.g., by examining ad-
ditional EM environments (similarly to the Ohmic one we have done) and/or proposing
various geometries of the junction. Also, an investigation of nonequilibrium effects could
be of strong interest for both theory and experiment.

In Chapter 6, we have theoretically investigated the effect of electron cooling mediated
by phonons with a special focus on diffusive superconducting mesoscopic structures. The
electron-phonon vertex has a tensor form in the comoving frame of reference, i.e., the one
that oscillates simultaneously with lattice vibrations. By making use of the quasiclassical
Keldysh Green’s approach and perturbation theory in the electron-phonon coupling, we
have obtained rather general formulas for the cooling power and the thermal conductance.
Although perturbative, the resulting formulas apply to an arbitrary electronic system, even
out of equilibrium. For illustration purposes, we have focused on the situation where both
electrons and phonons are in equilibrium among themselves but at different temperatures.
First, we have tested our model by applying it to the cases of a bulk normal metal and
a superconductor recovering the previously known results. To further explore the theory,
we have applied it on two simple geometries of a superconductor-normal-metal proximity
contact finding a considerably suppressed cooling power at low temperatures. The reason
for this is the presence of a proximity minigap in the normal metal. From the practical
point of view, the reduced cooling power makes such structures suitable candidates for
making quantum thermal detectors. Another important quantity that determines tem-
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perature fluctuations in the system is the heat capacity function. Although it exhibits a
complex behavior at higher temperatures due to a complex density of states function, low
temperatures lead to a significantly suppressed effect. Bearing all this in mind, the results
presented in this Chapter demonstrate that our theory can serve as an optimization tool
in order to improve the detector sensitivity, which could serve as a benchmark for future
experiments. Further steps could involve treatments of various proximity structures to
achieve an optimal configuration that can be employed to construct a quantum thermal
detector.





Appendix A

§A.1 Andreev equations

In conventional BCS superconductors the superconducting coherence length ξ0 = vF /∆0,
as a relevant length scale, is much larger than the Fermi wavelength λF = 2π/kF [see
Section §3.2]. Practically this means that the superconducting properties can be assumed
to be local on distances of the order of λF . Assuming there are no potentials and/or
barriers that are nonlocal on this length scale, the BdG equations (1.34) can be significantly
simplified by seeking the solution in the following form:(

u(r)

v(r)

)
= eik·r

(
U(x)

V (x)

)
, (A.1)

where |k| = kF , whereas U(x) and V (x) are local over distances of the order of λF .
Inserting this ansatz in Eq. (1.34) and neglecting the second derivatives of U(x) and
V (x), we end up with

−ivF ·
(
∇− ie

c
A

)
U + ∆V = εU, (A.2)

ivF ·
(
∇+

ie

c
A

)
V + ∆∗U = εV. (A.3)

These first-order partial differential equations are known as the Andreev equations and
they are considerably simpler than the original BdG equations. The Andreev approxima-
tion is nothing but the quasiclassical approximation that follows from the smallness of the
superconducting gap in conventional superconductivity, ∆� EF [see Section §3.2].

§A.2 Andreev reflection

Let us consider a quasi one-dimensional NS contact sketched in Fig. A.1. The Fermi
velocity is assumed to be along the x-axis, vF = vFex and there are no external elec-
tromagnetic fields. For simplicity, the superconducting gap is assumed in the step form,
∆(x) = ∆θ(x), with θ(x) being the Heaviside step function. Under these assumptions
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𝑁 𝑆
𝑒

Fig. A.1: Andreev reflection. Schema of a quasi one-dimensional NS contact where an
injected particle (green) from the left can be transmitted into a superconductor and/or
retroreflected as a hole (red).

Eqs. (A.2) and (A.3) read, respectively,

−ivF
dU

dx
+ ∆V = εU, (A.4)

ivF
dV

dx
+ ∆∗U = εV, (A.5)

and in what follows we shall discuss their solutions in different regimes.
Let us first consider the normal metal (x < 0), characterized by ∆ = 0. The solution

simply reads (
U(x)

V (x)

)
N

=

(
1

0

)
eiλNx + rh

(
0

1

)
e−iλNx, (A.6)

where the first/second denotes term an injected particle/reflected hole on the left [see
Fig. A.1] and

λN =
ε

vF
. (A.7)

Note that solution does not depend on whether the quasiparticle energy is larger or
smaller than the superconducting gap, which is not the case in the S region as we shall
show immediately.

For this purpose, let us first examine the case of ε > |∆| with the solution in the S
region (x > 0) (

U(x)

V (x)

)
S

= te

(
u0e

iφ/2

v0e
−iφ/2

)
eiλSx, (A.8)

where u0 and v0 are the standard BCS amplitudes given in Eq. (1.42) and

λS =

√
ε2 − |∆|2
vF

. (A.9)

This solution corresponds to a transmitted particle [see Fig. A.1]. The unknown coefficients
rh and te are determined from the continuity of the function at the NS interface arriving
at

rh =
v0

u0
e−iφ , te =

1

u0
e−iφ/2. (A.10)
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Fig. A.2: The probability for Andreev reflection as a function of energy of the injected
particle.

As we can see, an injected particle can be retroreflected as a hole with a finite probability
amplitude rh, and this famous process is known as Andreev reflection [14]. Let us recall
that in the quasiclassical approximation all quantities are calculated with respect to the
Fermi level, i.e., the particle/hole momentum in the normal electrode is

q± = kF ± λN = kF ±
ε

vF
(A.11)

and they are almost equal since ε� EF =⇒ ε/vF � kF . But there is a crucial difference:
the group of these have the opposite directions

v±g =
∂ε

∂q±
= ±vF . (A.12)

So, this brings us to another peculiar property of the Andreev reflection: the reflected hole
has almost the same momentum as the injected particle, but with the opposite direction
of propagation. At the same time, this is the reason why the arrows referring to the
momentum direction in Fig. A.1 are parallel. It is worth mentioning that although small,
the phase difference between an incoming particle and a retroreflected hole leads to the
dephasing of superconducting correlations that penetrate the normal metal. In other
words, quantum coherence is lost over the length scales of vF /∆, which is exactly the
superconducting coherence length.

Now, let us consider a scattering process in the subgap regime, ε < |∆|. As mentioned
earlier, the solution in the N lead (x < 0) remains the same as in Eq. (A.6), but in the S

electrode (x > 0), we have (
U(x)

V (x)

)
S

= c

(
ũ0e

iφ/2

ṽ0e
−iφ/2

)
e−λ̃Sx, (A.13)
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where

λ̃S =

√
|∆|2 − ε2
vF

, (A.14)

and

ũ0 =
1√
2

(
1 + i

√
|∆|2 − ε2
ε

)1/2

, ṽ0 =
1√
2

(
1− i

√
|∆|2 − ε2
ε

)1/2

. (A.15)

Apparently, the solution in the superconductor is exponentially suppressed since there are
no available states in the superconductor for ε < ∆. The probability amplitude for the
Andreev reflection is given by

rh =
ṽ0

ũ0
e−iφ =

(
ε

|∆|
− i
√
|∆|2 − ε2
|∆|

)
e−iφ = eiχ ; χ = − arccos

( ε
∆

)
− φ. (A.16)

We immediately note that the probability for Andreev reflection is one, |rh|2 = 1, since
there is no transmission into the superconductor. An injected particle effectively experi-
ences a phase shift χ given above and being reflected as a hole. The |rh(ε)|2 function is
shown in Fig. A.2.

§A.3 Andreev bound states

Let us now consider a superconductor-normal-metal-superconductor (SNS) heterostruc-
ture shown in Fig. A.3 and described in the corresponding caption. The superconductors
are identical up to a superconducting phase. Since we deal with two NS interfaces, in the
subgap regime, ε < ∆, we can expect multiple Andreev reflections occurring at the two SN
interfaces. As already discussed in Section §1.5, we expect this to result in bound states
in the normal region. Let us show this explicitly by solving the Andreev equations (A.2)
and (A.3) for the given geometry.

Analogously to the situation described in the previous section, the solution in the
normal region reads(

U(x)

V (x)

)
N

= A

[(
1

0

)
eiλNx + rh

(
0

1

)
e−iλNx

]
, (A.17)

where λN = ε/vF and A is a normalization constant. Similarly, the solution in the right
superconducting electrode, [x > L/2; see Fig. A.3] is given by(

U(x)

V (x)

)
R

= cR

(
ũ0e

iφ2/2

ṽ0e
−iφ2/2

)
e−λ̃Sx, (A.18)

where

λ̃S =

√
|∆|2 − ε2
vF

, (A.19)

and ũ0 and ṽ0 take the same form as in Eq. (A.15). Correspondingly, the solution in the
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Fig. A.3: Andreev bound states. Schema of a clean SNS junction where a normal
metal of length L is sandwiched between two BCS superconductors. For simplicity, we
assume the interfaces to be perfectly transparent. Multiple Andreev reflections at the
interfaces lead to the formation of Andreev bound states in the N region.

left superconducting electrode, x < −L/2, has the form(
U(x)

V (x)

)
L

= cL

(
ṽ0e

iφ1/2

ũ0e
−iφ1/2

)
eλ̃Sx, (A.20)

with the same notation as before. By demanding the continuity of the solution throughout
the system, we arrive at the following equations:

rhe
−iλNL =

ṽ0

ũ0
e−iφ2 , (A.21a)

rhe
iλNL =

ũ0

ṽ0
e−iφ1 . (A.21b)

Eliminating rh from the system of equations above, we find

e2iλNL+i(φ1−φ2) =
ε+ i

√
|∆|2 − ε2

ε− i
√
|∆|2 − ε2

= e2iα, (A.22)

where α = arccos(ε/|∆|). Finally, the energy spectrum of Andreev bound states is deter-
mined from

e2i[εL/vF−α+(φ1−φ2)/2] = 1 =⇒ 2Lε

vF
− 2 arccos

(
ε

|∆|

)
+ (φ1 − φ2) = 2nπ. (A.23)

Let us briefly discuss the choice of the superconducting phases of the S leads. It is
convenient to use notation φ1/2 = ∓ϕ/2 so that φ2−φ1 = ϕ. Moreover, since the junction
is symmetric we are free to choose them in an opposite way, i.e., φ1 → φ2 (this is equivalent
to the situation of a particle propagating to the left), finally arriving at

2Lε

vF
− 2 arccos

(
ε

|∆|

)
± ϕ = 2nπ, (A.24)

which is exactly the formula from Eq. (1.48) given in the text in Section §1.5
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§A.4 Josephson effect in SIS junctions

Hereby, we shall provide a phenomenological derivation of original Josephson’s relation
given in Section §1.2, which is based on Feynman’s approach [181]. In the spirit of the
Ginzburg-Landau theory, let us supposed that two superconductors are fully described
by the macroscopic wave functions (order parameters) ψ1/2 =

√
n1/2e

iφ1/2 , where n1/2

and φ1/2 denote the Cooper pair density and the superconducting phase, respectively.
By bringing them into a contact, the wave functions get coupled satisfying the following
system of differential equations:

i
∂ψ1

∂t
= U1ψ1 +Kψ2 (A.25)

i
∂ψ2

∂t
= U2ψ2 +Kψ1 (A.26)

By assuming a good tunnel contact and a bias voltage applied to the junction, U1−U2 =

2eV , we arrive at

i
∂ψ1

∂t
= eV ψ1 +Kψ2 (A.27)

i
∂ψ2

∂t
= −eV ψ2 +Kψ1 (A.28)

Inserting the definitions for ψ1 and ψ2 macroscopic wave functions and splitting the real
and imaginary part bring us to the following system:

dn1

dt
= 2K

√
n1n2 sinϕ, (A.29a)

dn2

dt
= −2K

√
n1n2 sinϕ, (A.29b)

where ϕ = φ2 − φ1, and

dφ1

dt
= −K

√
n2

n1
cosϕ− eV, (A.30a)

dφ2

dt
= −K

√
n1

n2
cosϕ+ eV. (A.30b)

The current through the junction (from the left to the right side) is proportional to do
dn1/dt, and therefore we have

I(ϕ) = Ic sinϕ, (A.31)

where Ic = 4eK
√
n1n2. With this, we have proven the dc Josephson relation (1.51). On

the other hand, it is easy to see that, under the assumption n1 ≈ n2 (similar supercon-
ductors), the imaginary part leads to the ac Josephson relation:

dϕ

dt
=

d(φ2 − φ1)

dt
= 2eV. (A.32)



Appendix B

§B.1 Lehmann representation and connection between G and
GR/A

Let us consider a fermionic (electronic) system described by a time-independent Hamilto-
nian Ĥ with the corresponding eigenstates {|ν〉} as a complete basis set. Analogously to
GR(p; t, t′) shown in Eq. (2.40), the Gbf(p; t, t′) function in momentum space reads

iGbf(p; t, t′) =
〈
ĉp(t)ĉ†p(t′)

〉
H

=
1

Z

∑
ν

〈ν|e−βĤ ĉp(t)ĉ†p(t′)|ν〉 =

=
1

Z

∑
νν′

e−βEν
〈
ν
∣∣ĉp∣∣ν ′〉 〈ν ′∣∣ĉ†p∣∣ν〉 ei(Eν−Eν′ )(t−t′). (B.1)

In the frequency domain the function above has the form

iGbf(p, ε) =
2π

Z

∑
νν′

e−βEν
〈
ν
∣∣ĉp∣∣ν ′〉 〈ν ′∣∣ĉ†p∣∣ν〉 δ(Eν − Eν′ + ε). (B.2)

Similarly, for the Gfb(p, ε) function we have

iGfb(p, ε) = − 2π

Z

∑
νν′

e−βEν
〈
ν
∣∣ĉ†p∣∣ν ′〉 〈ν ′∣∣ĉp∣∣ν〉 δ(Eν − Eν′ − ε) =

= − 2π

Z

∑
νν′

e−βEν′
〈
ν ′
∣∣ĉ†p∣∣ν〉 〈ν∣∣ĉp∣∣ν ′〉 δ(Eν′ − Eν − ε) = (B.3)

= − 2π

Z

∑
νν′

e−β(Eν+ε)
〈
ν ′
∣∣ĉ†p∣∣ν〉 〈ν∣∣ĉp∣∣ν ′〉 δ(Eν′ − Eν − ε).

By comparing the last expression with Eq. (B.2), we arrive at the important relation
between these two

Gfb(p, ε) = −Gbf(p, ε)e−βε, (B.4)

which is Eq. (2.57) given in the main text in Section §2.1. Analogous procedure applied
to the retarded Green’s function GR(p, ε) yields

GR(p, ε) =
1

Z

∑
νν′

〈ν|ĉp|ν ′〉 〈ν ′|ĉ†p|ν〉
ε+ Eν − Eν′ + iη

(
e−βEν + e−βEν′

)
. (B.5)
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By taking the imaginary part, we have

2 ImGR(p, ε) =− 2π

Z

∑
νν′

〈
ν
∣∣ĉp∣∣ν ′〉 〈ν ′∣∣ĉ†p∣∣ν〉 (e−βEν + e−βEν′

)
δ(ε+ Eν − Eν′) =

=− 2π

Z

∑
νν′

〈
ν
∣∣ĉp∣∣ν ′〉 〈ν ′∣∣ĉ†p∣∣ν〉 e−βEν (1 + e−βε

)
δ(ε+ Eν − Eν′) =

=− i
(

1 + e−βε
)
Gbf(p, ε) = −i

[
Gbf(p, ε)−Gfb(p, ε)

]
. (B.6)

As mentioned in Section §2.1, the relation above defines the spectral function:

A(p, ε) = −2 ImGR(p, ε). (B.7)

Correspondingly, expressing the advanced Green’s function GA(p, ε) in the Lehmann rep-
resentation yields

A(p, ε) = i[GR(p, ε)−GA(p, ε)]. (B.8)

Finally, the entire discussion above can be summarized through several important and
rather general formulas:

iGbf(p, ε) = A(p, ε)[1− nF (ε)], (B.9)

−iGfb(p, ε) = A(p, ε)nF (ε), (B.10)

GR(p, ε) =

∞∫
−∞

dε′

2π

A(p, ε′)

ε− ε′ + iη
, (B.11)

GA(p, ε) =

∞∫
−∞

dε′

2π

A(p, ε′)

ε− ε′ − iη
, (B.12)

which are Eqs. (2.60)-(2.63) given in the main text in Section §2.1.
Analogously, the imaginary-time Green’s function in the momentum representation

G(p; τ) reads
G(p; τ) = −

〈
Tτ ĉp(τ)ĉ†p(0)

〉
H
. (B.13)

This definition will be utilized for obtaining the connection between the imaginary-time
and the retarded/advanced real-time Green’s function. For this purpose, let us write the
function above (for τ > 0) in the Lehmann representation

G(p; τ > 0) =− 1

Z
Tr
[
e−βĤeĤτ ĉpe

−Ĥτ ĉ†p

]
=

=− 1

Z

∑
νν′

e−βEν
〈
ν
∣∣ĉp∣∣ν ′〉 〈ν ′∣∣ĉ†p∣∣ν〉 e(Eν−Eν′ )τ . (B.14)



§B.2. First Born approximation for electron-impurity scattering 141

Passing to the Fourier domain by means of Eq. (2.82), we arrive at

G(p, ωn) =− 1

Z

1/T∫
0

dτeiωnτ
∑
νν′

e−βEν
〈
ν
∣∣ĉp∣∣ν ′〉 〈ν ′∣∣ĉ†p∣∣ν〉 e(Eν−Eν′ )τ =

=− 1

Z

∑
νν′

e−βEν
〈ν|ĉp|ν ′〉 〈ν ′|ĉ†p|ν〉
iωn + Eν − Eν′

(
e(iωn+Eν−Eν′ )/T − 1

)
=

=− 1

Z

∑
νν′

e−βEν
〈ν|ĉp|ν ′〉 〈ν ′|ĉ†p|ν〉
iωn + Eν − Eν′

(
−eβ(Eν−Eν′ ) − 1

)
=

=
1

Z

∑
νν′

〈ν|ĉp|ν ′〉 〈ν ′|ĉ†p|ν〉
iωn + Eν − Eν′

(
e−βEν + e−βEν′

)
. (B.15)

We immediately notice that the function above has the same form as the one for the
retarded Green’s function given in Eq. (B.5). The relation between them is established by

GR(p, ε) = G(p, iωn → ε+ iη). (B.16)

As already mentioned, this procedure is known as the analytic continuation. Correspond-
ingly, it can be proven that the advanced Green’s function is linked with G(p, ωn) through

GA(p, ε) = G(p, iωn → ε− iη). (B.17)

With this we have proven Eqs. (2.87) and (2.88) from Section §2.1.

§B.2 First Born approximation for electron-impurity scat-
tering

For illustration purpose, let us calculate Σ(p, ε) for an elastic electron-impurity scattering
in the first Born approximation diagrammatically shown in Fig B.1. Translated into the
mathematical language, the self-energy reads

Σ(p, ε) =
nimp

V
∑
p′

∣∣u(p− p′)
∣∣2G(0)(p′, ε) =

nimp

V
∑
p′

∣∣u(p− p′)
∣∣2 1

ε− ξp′ + i sgn(ε)η
=

=
1

V
∑
p′

nimp

∣∣u(p− p′)
∣∣2 [ ε− ξp′

(ε− ξp′)2 + η2
− iπ sgn(ε)δ(ε− ξp′)

]
, (B.18)

where nimp is the impurity density and u(p) is the Fourier transform of the scattering
potential which is a real function, and, therefore, u(−p) = u(p)∗. The main contribution
to the function above comes from the vicinity of the Fermi surface so that

∣∣ε− ξp′∣∣� EF .
Since (ε− ξp′)/[(ε− ξp′)2 + η2] is an odd function with η being small and |u(p− p′)| is a
slowly varying function near the Fermi surface, the real part of the self-energy is negligibly
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Fig. B.1: First Born approximation. The self-energy for the elastic electron-impurity
scattering in the first Born approximation. Note that the outer lines have the same
momentum which is due to the elasticity of the process.

small, Re Σ(p, ε) ≈ 0, and we arrive at

Σ(p, ε) = −iπ sgn(ε)
1

V
∑
p′

nimp

∣∣u(p− p′)
∣∣2δ(ε− ξp′). (B.19)

By passing from the sum over p′ to an integration [see Appendix F], we obtain

Σ(p, ε) = − iπ sgn(ε)nimp

∫
dξN(ξ)δ(ε− ξ)

∫
dΩp′

4π

∣∣u(p− p′)
∣∣2 ≈ (B.20)

≈ − iπ sgn(ε)N0nimp

〈∣∣u(pF − p′F )
∣∣2〉

p′F

= −i sgn(ε)
1

2τpF
, (B.21)

where N0 is the density of states at the Fermi level and 〈. . .〉pF denotes the average over
the directions of the Fermi momentum. The elastic electron-impurity scattering time τpF
is defined as

1

τpF
= 2πN0nimp

〈∣∣u(pF − p′F )
∣∣2〉

p′F

. (B.22)
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§C.1 Derivation of the Gor’kov equations

As already stressed in Section §3.1, the starting point for deriving the Gor’kov equations
is the BCS pairing Hamiltonian in the coordinate coordinate representation:

ĤBCS =

∫
dr

[
ψ̂†α(r)

(
−∇

2

2m
− µ

)
ψ̂α(r) +

g

2
ψ̂†β(r)ψ̂†α(r)ψ̂α(r)ψ̂β(r)

]
, (C.1)

where ψ̂†α(r) and ψ̂α(r) are the standard creation and annihilation field operators of an
electron of spin α at position r, g = −|g| is the BCS coupling constant, and summation
runs over the repeated indices.

Since we are interested in finite temperatures, we shall employ imaginary-time formal-
ism. In the following discussion for compactness we omitM of the Heisenberg operators in
the index and the Matsubara Green’s function we denote simply by G instead of G. Since
we are in the imaginary-time regime the equation of motion for the Heisenberg operators
is given by Eq. (2.91), and for the τ -evolution of the field operators we have

∂ψ̂α(x)

∂τ
=

(
∇2

2m
+ µ

)
ψ̂α(x)− g ˆ̃

ψγ(x)ψ̂γ(x)ψ̂α(x), (C.2a)

∂
ˆ̃
ψα(x)

∂τ
=−

(
∇2

2m
+ µ

)
ˆ̃
ψα(x) + g

ˆ̃
ψα(x)

ˆ̃
ψγ(x)ψ̂γ(x), (C.2b)

where, as usual, x = (r, τ). The τ -derivative of the Matsubara Green’s function, therefore,
reads

−
∂Gαβ(x, x′)

∂τ
= (C.3)

δαβδ(x− x′)−
(
∇2

2m
+ µ

)
Gαβ(x, x′)− g

〈
Tτ ˆ̃
ψγ(x)ψ̂γ(x)ψ̂α(x)

ˆ̃
ψβ(x′)

〉
H

The interesting part is an expansion by means of the Wick’s theorem of the four-operator
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average given by the last term:〈
Tτ ˆ̃
ψγ(x)ψ̂γ(x)ψ̂α(x)

ˆ̃
ψβ(x′)

〉
H

=−
〈
Tτ ψ̂γ(x)

ˆ̃
ψγ(x)

〉
H

〈
Tτ ψ̂α(x)

ˆ̃
ψβ(x′)

〉
H

+

+
〈
Tτ ψ̂α(x)

ˆ̃
ψγ(x)

〉
H

〈
Tτ ψ̂γ(x)

ˆ̃
ψβ(x′)

〉
H
− (C.4)

−
〈
Tτ ψ̂α(x)ψ̂γ(x)

〉
H

〈
Tτ ˆ̃
ψγ(x)

ˆ̃
ψβ(x′)

〉
H
.

To evaluate the two-operator averages above, we employ the BCS approximation: (i) all
interactions that do not result in the superconducting behavior are neglected and (ii) the
third line of the above equation does not disappear in the limit of a macroscopic volume,
V → ∞, due to the Cooper pair condensation effect. On the other hand, the first two
lines of Eq. (C.4) can be neglected since they are basically the self-energies leading to the
renormalization of the chemical potential µ of the order of the small parameter g.

Under these assumptions the equation of motion for the Green’s function (C.3) adopts
the form(
− ∂

∂τ
+
∇2

2m
+ µ

)
Gαβ(x, x′)− g

〈
Tτ ψ̂α(x)ψ̂γ(x)

〉
H

〈
Tτ ˆ̃
ψγ(x)

ˆ̃
ψβ(x′)

〉
H

= δαβδ(x− x′).

(C.5)
We define the two new functions called the anomalous of Gor’kov Green’s functions

F †αβ(x, x′) :=
〈
Tτ ˆ̃
ψα(x)

ˆ̃
ψβ(x′)

〉
H
, (C.6)

Fαβ(x, x′) :=
〈
Tτ ψ̂α(x)ψ̂β(x′)

〉
H
. (C.7)

In addition, we introduce the pairing potential [analogously to Eq. (1.27)]

∆αβ(x) = |g|Fαβ(x, x) = −gFαβ(x, x). (C.8)

By returning this to Eq. (C.5), we end up with the following equation:(
− ∂

∂τ
+
∇2

2m
+ µ

)
Gαβ(x, x′) + ∆αγ(x)F †γβ(x, x′) = δαβδ(x− x′). (C.9)

Due to the fermionic statistics the Gor’kov functions, Fαβ(x, x′) and F †αβ(x, x′), are odd
in transposition of the particle coordinates and spin indices, and they are conveniently
written as

Fαβ(x, x′) = iτ
(2)
αβ F (x, x′) ; F †αβ(x, x′) = −iτ (2)

αβ F
†(x, x′), (C.10)

with τ̂ (2) being the second Pauli matrix in spin space. Correspondingly, the pair potential
reads

∆αβ = iτ
(2)
αβ ∆(x) ; ∆†αβ = −iτ (2)

αβ ∆∗(x), (C.11)

which reflects the fact that the Cooper pairs are spin-singlets, and therefore ∆ is antisym-
metric in spin indices. Finally, if we assume the absence of spin-dependent interactions,
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the normal Green’s function can be written as

Gαβ(x, x′) = δαβG(x, x′). (C.12)

By taking the previous analysis into account, Eq. (C.9) adopts the form(
− ∂

∂τ
+
∇2

2m
+ µ

)
G(x, x′) + ∆(x)F †(x, x′) = δ(x− x′). (C.13)

Analogously, starting from Eq. (C.2b) we obtain the equation for F †(x, x′) in the following
form: (

− ∂

∂τ
− ∇

2

2m
− µ

)
F †(x, x′) + ∆∗(x)G(x, x′) = 0, (C.14)

whereas, the equation for F (x, x′) reads(
∂

∂τ
− ∇

2

2m
− µ

)
F (x, x′) + ∆(x)Ḡ(x, x′) = 0. (C.15)

We note the appearance of another function, Ḡ(x, x′), defined as

Ḡαβ(x, x′) :=
〈
Tτ ˆ̃
ψα(x)ψ̂β(x′)

〉
H

= δαβḠ(x, x′), (C.16)

and the corresponding equation reads(
∂

∂τ
+
∇2

2m
+ µ

)
Ḡ(x, x′) + ∆∗(x)F (x, x′) = δ(x− x′). (C.17)

It is easy to see that
Ḡ(x, x′) = G(x′, x), (C.18)

which follows from the particle-hole symmetry of the BCS theory. The system of four
equation given above, also known as the Gor’kov equations, can be written in the compact
matrix form as follows:

Ĝ−1(x)Ĝ(x, x′) = 1̂2×2δ(x− x′), (C.19)

where Ĝ and Ĝ−1 read, respectively,

Ĝ(x, x′) =

(
G(x, x′) −F (x, x′)

F †(x, x′) Ḡ(x, x′)

)
; Ĝ−1(x) = −τ̂3

∂

∂τ
+ Ĥ(r), (C.20)

with τ̂3 = diag(1,−1) being the third Pauli matrix and

Ĥ(r) =

(
∇2

2m + µ ∆(r)

−∆∗(r) ∇2

2m + µ

)
. (C.21)

Repeating the same procedure for the coordinate x′, we obtain

Ĝ(x, x′)Ĝ
−1

(x′) = 1̂2×2δ(x− x′), (C.22)
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Fig. C.1: Contour of integration over complex Matsubara frequencies. Function
FR(z) is analytic in the upper half-plane and the whole contribution to the integral comes
from poles of tanh[z/(2T )], which are the complex Matsubara frequencies iωn.

where
Ĝ
−1

(x′) = τ̂3
∂

∂τ ′
+ Ĥ(r′), (C.23)

with Ĥ(r′) = Ĥ(r′). With this we have derived the Gor’kov equations used in Section §3.1.

§C.2 Self-consistency condition for ∆

As mentioned in Section §3.1, the self-consistency condition (3.19) can be rewritten in
terms of the retarded and advanced Green’s functions as follows [see Eq. (3.22)]:

∆

|g|
= T

∑
n

Fωn ≡ T
∑
n≥0

Fωn + T
∑
n<0

Fωn =

∞∫
−∞

dε

4πi

[
FR(ε)− FA(ε)

]
tanh

ε

2T
. (C.24)

This relation is not obvious and, in what follows, we shall provide the proof. Let us consider
function f(z) = FR(z) tanh[z/(2T )] in the upper half-plane of the complex plane. As it is
known [see Section §2.1 and Appendix §B.1], the retarded Green’s function is analytic in
this region implying that all poles of f(z) come from tanh[z/(2T )] whose complex poles
coincide the Matsubara frequencies, zn = iωn = i(2n+ 1)πT [see Fig. C.1]. Therefore, the
Cauchy residue theorem tells us the following:

∮
cr

dzFR(z) tanh
z

2T
=

∞∫
−∞

dεF (ε) tanh
ε

2T
+

∫
ci

dzF (z) tanh
z

2T
=

= 2πi
∑
n≥0

Res
[
FR(zn) tanh

zn
2T

]
= 4πi

∑
n

FR(iωn) = (C.25)

= 4πi
∑
n≥0

Fωn .

In the last step we have employed Eq. (2.89). Hence, we have shown that the integral of
f(z) over the upper half-plane exactly matches the first sum in Eq. (3.22). On the other
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hand, the Gor’kov functions, F and F †, decrease as ∼ 1/ε2 so that the integral over ci [the
dashed red line in Fig. C.1] vanishes according to the Jordan’s lemma for R → ∞, and
thus only the integration over the real axis remains [the solid red line in Fig. C.1]. The
same can be shown for the advanced Gor’kov function over the lower half-plane (with an
additional minus sign since the integration goes in the clockwise direction). With this we
have proven the equality of Eq. (3.22).

§C.3 Gauge invariance of the Eilenberger equation

The Eilenberger equation [see Section §3.2] in the presence of a magnetic field described
by the vector potential A reads

− vF ·∇ĝ(r) =
[
ωnτ̂3 − ievF ·A(r)τ̂3 + ∆̂(r), ĝ(r)

]
. (C.26)

To examine the gauge invariance of the quasiclassical theory, let su introduce the gauge
field χ(r). As known from classical electrodynamics, the vector potential transforms as

A→ Ã = A +∇χ. (C.27)

It is easy to show that the Eilenberger equation remains invariant under the following
gauge transformation:

ĝ → g̃ = eieχτ̂3 ĝe−ieχτ̂3 , (C.28)

∆→ ∆̃ = ∆e2ieχ. (C.29)

Note that 2χ in the last relation refers to the two-particle nature (Cooper pair) of the
superconducting gap function. With this it has been proved the gauge invariance of the
quasiclassical theory.

§C.4 Current conservation law

Here we shall prove that the quasiclassical theory in its full formulation (including self-
consistency) conserves the current, ∇ · j = 0. For this purpose, let us first recall the
current density formula [see Eq. (3.65)]

j(r) = −ieN0πT
∑
n

Tr 〈vF τ̂3ĝωn(pF , r)〉vF , (C.30)

whence it follows

∇ · j = −ieN0πT
∑
n

Tr 〈τ̂3vF ·∇ĝωn(pF , r)〉vF = (C.31)

= ieN0πT
∑
n

Tr

〈
τ̂3

[
ωnτ̂3 + ∆̂ +

〈ĝωn〉vF
2τimp

, ĝωn

]〉
vF

= 2ieN0πT
∑
n

〈
∆f †ωn −∆∗fωn

〉
vF
.
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In the second line of the equation above we have employed the Eilenberger equation [see
Eq. (3.86)]. Now, by recalling the self-consistency condition [see Eq. (3.85)],

∆(r)

λ
= 2πT

∑
n

〈fωn(r)〉vF , (C.32)

we arrive at ∇ · j = 0. Therefore, the self-consistency condition conserves the current in
the quasiclassical theory. In a quasi-one-dimensional case the latter relation reduces to

dj

dx
= 0 =⇒ j = const. (C.33)

In other words, the current is a global quantity.

§C.5 Parametrization of the quasiclassical Green’s function

Throughout this Thesis we have utilized various parametrizations for quasiclassical Gor’kov
Green’s functions [see Chapters 4-6], which are allowed by the normalization condition
ĝ2 = τ̂0. In this appendix, we shall provide more details on this topic.

Riccati parametrization

By introducing the coherent functions, γ and γ̃, the quasiclassical Gor’kov Green’s matrix
can be written as [60,117,118]

ĝ(vF , r) =
1

1 + γγ̃

(
1− γγ̃ 2γ

2γ̃ −1 + γγ̃

)
, (C.34)

where the normalization condition is automatically obeyed. In this parametrization, the
Eilenberger equation reads

−vF ·∇γ = 2ω̃nγ + ∆̃∗γ2 − ∆̃, (C.35)

vF ·∇γ̃ = 2ω̃nγ̃ + ∆̃γ̃2 − ∆̃∗, (C.36)

where ω̃n = ωn + 〈g〉vF /(2τimp) and ∆̃n = ∆ + 〈f〉vF /(2τimp) with τimp being the elastic
mean free time. Apparently, the Eilenberger equation is given by two uncoupled numer-
ically stable equations of the Riccati type. They represent stable solutions along two
directions of integration. The solution in a bulk homogeneous BCS state reads

γn =
∆√

ω2
n + |∆|2 + ωn

and γ̃n =
∆∗√

ω2
n + |∆|2 + ωn

. (C.37)

This parametrization has been employed in the treatment of clean SNS junctions in Chap-
ter 4.
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Proximity-angle (θ-) parametrization

In the diffusive limit, where ĝ0 does not depend on the direction of vF , the quasiclassical
Gor’kov Green’s matrix can be parametrized as follows [60,136,137]:

ĝ0(r) =

(
cos θ(r) eiχ(r) sin θ(r)

e−iχ(r) sin θ(r) − cos θ(r),

)
(C.38)

where θ(r) is the so-called proximity angle and χ(r) is the superconducting phase and both
functions are real. The Usadel equation [see Eq. (3.99)] has the form

D

2
∇2θ =

[
ωn +

D

2
(∇χ)2 cos θ

]
sin θ − |∆| cos θ, (C.39)

∇(sin2 θ∇χ) = 0. (C.40)

Rewritten in terms of the newly introduced functions, the current density function [see
Eq. (3.105)], reads

j(r) =
2σ

e
iπT

∑
n≥0

sin2 θ(r)∇χ(r). (C.41)

Note that the Usadel equation (C.40) ensures the current conservation 1. The Kupriyanov-
Lukichev boundary conditions [see Eq. (3.100)] adopts the form

σ1∇nθ1 = G [cos(χ2 − χ1) cos θ1 sin θ2 − sin θ1 cos θ2] , (C.42a)

σ2∇nθ2 = G [cos θ1 sin θ2 − cos(χ2 − χ1) sin θ1 cos θ2] , (C.42b)

σ1 sin2 θ1∇nχ1 = σ2 sin2 θ2∇nχ2 = G sin(χ2 − χ1) sin θ1 cos θ2, (C.42c)

where the index 1/2 denotes the left/right side of the proximity contact, σ is the normal-
state conductivity of the material, n is the direction perpendicular to the interface, and
G is the conductance per unit area of the interface. Finally, in a bulk homogeneous BCS
superconductor the solution reads

θn = arctan

(
|∆|
ωn

)
and χ = φ. (C.43)

This parametrization has been employed for obtaining the results presented in Chapters 5
and 6. Note that the Usadel equations and the boundary conditions significantly simplify
if the superconducting phase is set to zero, χ = 0, as it has been done in the mentioned
Chapters. However, this cannot be done always, e.g., the case of a phase-biased junction
does not allow one to make such an assumption.

1Proximity structures require more careful treatment and it can be shown that the current is conserved
only if the self-consistency is taken into account. For more details check, e.g., Refs. [97,182,183].





Appendix D

§D.1 Comoving frame of reference (CFR)

As mentioned in Chapter 6, the tensor form of electron-phonon interaction [see Eq. (6.3)],
conveniently used for describing disordered systems, is obtained in the so-called comoving
frame of reference (CFR). This idea was proposed by Tsuneto in 1960 [163] and further
developed by Schmid [156].

Let us suppose we pass to the frame of reference attached to vibrations of a crystal
lattice. The electronic coordinates transform as follows:

r̃j = rj − uj(rj), (D.1)

where uj(rj) is a displacement of the j-th ion of the lattice. This leads to the transfor-
mation of wave functions, ψ(r) → ψ̃(r̃). By demanding the conservation of probability,
|ψ(r)|2dr = |ψ̃(r̃)|2dr̃, we arrive at

ψ(r) = ψ̃(r̃)

(
1− 1

2
div u

)
. (D.2)

By employing Eq. (D.1) to the linear order, we obtain the following unitary transformation
for the electronic wave function:

ψ̃ = eiSψ, (D.3)

where S = 1
2{p,u}. Apparently, in CFR the electron-phonon interaction (vertex) comes

from the kinetic part of the electronic Hamiltonian transformed by means of Eq. (D.3),
i.e.,

p2

2m
→ e−iS

p2

2m
eiS ≈ (1− iS)

p2

2m
(1 + iS) =

p2

2m
+

i

2m
[p2, S]. (D.4)

The latter term describes the electron-phonon interaction. Rewriting it in the second
quantization, we end up with Eq. (6.3).

§D.2 Bosonic (phonon) Keldysh Green’s functions

In Chapter 6, we have employed Keldysh Green’s formalism for bosonic (phonon) op-
erators. Supposing we deal with an arbitrary set of bosonic fields ϕα(t) (the index α

incorporating the spatial coordinates and all other indices), the various Green’s functions

151
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are given in Table. D.1.

Table D.1: The real-time Green’s functions for a bosonic system.

GF t > t′ t < t′

iDff
αβ(t, t′) 〈ϕα(t)ϕβ(t′)〉 〈ϕβ(t′)ϕα(t)〉

iDfb
αβ(t, t′) 〈ϕβ(t′)ϕα(t)〉 〈ϕβ(t′)ϕα(t)〉

iDbf
αβ(t, t′) 〈ϕα(t)ϕβ(t′)〉 〈ϕα(t)ϕβ(t′)〉

iDbb
αβ(t, t′) 〈ϕβ(t′)ϕα(t)〉 〈ϕα(t)ϕβ(t′)〉

iDR
αβ(t, t′) 〈ϕα(t)ϕβ(t′)− ϕβ(t′)ϕα(t)〉 0

iDA
αβ(t, t′) 0 〈ϕβ(t′)ϕα(t)− ϕα(t)ϕβ(t′)〉

iDK
αβ(t, t′) 〈ϕα(t)ϕβ(t′) + ϕβ(t′)ϕα(t)〉 〈ϕα(t)ϕβ(t′) + ϕβ(t′)ϕα(t)〉

Similarly to the case of fermionic fields, these are not independent and the following
relations are fulfilled:

DR
αβ(t, t′) = θ(t− t′)

[
Dbf
αβ(t, t′)−Dfb

αβ(t, t′)
]
, (D.5)

DA
αβ(t, t′) = θ(t′ − t)

[
Dfb
αβ(t, t′)−Dbf

αβ(t, t′)
]
, (D.6)

DK
αβ(t, t′) = Dfb

αβ(t, t′) +Dbf
αβ(t, t′), (D.7)

DR
αβ(t, t′) = DA

βα(t′, t). (D.8)

In equilibrium, the detailed balance relation holds in the following way:

DK
αβ(ω) =

[
DR
αβ(ω)−DA

αβ(ω)
]

coth
ω

2T
. (D.9)

§D.3 Heat current between electrons and phonons

As mentioned in Eq. (6.7), the cooling power is obtained by means of the Kubo formula

P =

〈
dĤph

dt

〉
= −i

t∫
−∞

dt′
〈[

˙̂
Hph(t), Ĥe−ph(t′)

]〉
0
, (D.10)

where

˙̂
Hph =

∑
ij

∫
drσ̂ij(r)v̂ij(r), (D.11)

Ĥe−ph =
∑
ij

∫
drσ̂ij(r)ûij(r), (D.12)

with v̂ij = −(∂ûij/∂t).
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Taking this into account and expanding Eq. (D.10), we have

P = −i
t∫

−∞

dt′
[〈
v̂ij(t)ûkl(t

′)
〉

0

〈
σ̂ij(t)σ̂kl(t

′)
〉

0
−
〈
ûkl(t

′)v̂ij(t)
〉

0

〈
σ̂kl(t

′)σ̂ij(t)
〉

0

]
. (D.13)

By identifying various bosonic Green’s function [see Table. D.1], we arrive at

P = i

∫
drdr′

t∫
−∞

dt′
[
D̃bf
ijkl(rt, r

′t′)Πbf
ijkl(rt, r

′t′)− D̃fb
ijkl(rt, r

′t′)Πfb
ijkl(rt, r

′t′)
]

=

=
i

2

∫
drdr′

∞∫
−∞

dt′
[
D̃K
ijkl(rt, r

′t′)ΠA
klij(r

′t′, rt) + D̃R
ijkl(rt, r

′t′)ΠK
klij(r

′t′, rt)
]
, (D.14)

where

iD̃bf(t, t′) =
〈
v̂ij(t)ûkl(t

′)
〉

0
, (D.15)

iΠbf(t, t′) =
〈
σ̂ij(t)σ̂kl(t

′)
〉

0
, (D.16)

and analogously for other Green’s functions. In the second line of Eq. (D.14) we have
employed Eqs. (D.5)-(D.8). Finally, recalling that v = −(∂u/∂t) and passing to the
Fourier domain, we end up with the following expression:

P =
1

4

∫
dr dr′

∞∫
−∞

dω

2π
ω

{
DK
ijkl(r, r

′;ω)
[
ΠR
klij(r

′, r;ω)−ΠA
klij(r

′, r;ω)
]
−

−
[
DR
ijkl(r, r

′;ω)−DA
ijkl(r, r

′;ω)
]

ΠK
klij(r

′, r;ω)

}
,

(D.17)

which is the heat current formula given in Eq. (6.8).

§D.4 Calculation of the Yλ(q`) factors

The Yλ(q`) factors [see Eq. (6.34)] coming from angular averages are given by

Yλ(q`) =

〈
Φλ(n)

1 + `2(qn)2

〉2

n

(
1−

〈
1

1 + `2(qn)2

〉
n

)−1

+

〈
Φ2
λ(n)

1 + `2(qn)2

〉
n

, (D.18)
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where 〈. . . 〉n denotes averaging over the directions of the Fermi velocity and Φλ(n) are
given in Eq. (6.32). Evaluation of the angular averages gives〈

1

1 + `2(qn)2

〉
n

=
arctan q`

q`
,〈

(qn)2/q2 − 1/3

1 + `2(qn)2

〉
n

=
q`− (1 + q2`2/3) arctan q`

q3`3
,〈

[(qn)2/q2 − 1/3]2

1 + `2(qn)2

〉
n

=
(1 + q2`2/3)2

(q`)5
arctan q`− 1 + q2`2/3

(q`)4
,〈

(etκn)(qn)/q

1 + `2(qn)2

〉
n

= 0,

so that

Yl(q`) = −q`− (1 + q2`2/3) arctan q`

3q2`2(q`− arctan q`)
, (D.19a)

Yt1,t2(q`) =

〈
(etκn)2(qn)2/q2

1 + `2(qn)2

〉
n

=
q`(1 + 2q2`2/3)− (1 + q2`2) arctan q`

2q5`5
. (D.19b)

Note that these integrals are the same for a normal metal and a superconductor, and
Yl(q`) are in agreement with Ref. [156]. The asymptotic behaviour is

Yl(q`→ 0) =
4

45
+O(q2`2), (D.20a)

Yl(q`→∞) =
π

18 q`
+O(q−2`−2), (D.20b)

Yt1,t2(q`→ 0) =
1

15
+O(q2`2), (D.20c)

Yt1,t2(q`→∞) =
1

3 q2`2
+O(q−3`−3). (D.20d)

These relations are used for calculating Eqs. (6.43) and (6.44).



Appendix E

A diffusive SNIS junction coupled to
an SINIS cooler

As shown in Chapter 5, normal Josephson junctions can be utilized as thermometers.
Moreover, certain configurations can serve as coolers for electrons [148, 184]. In order to
provide an example of quantum proximity cooler, let us consider a diffusive SNIS structure
[see Fig. E.1(a)] coupled to an SINIS heterostructure [see Fig. E.1(b)]. Here we deal with
a composite system where:

(i) A long (total length is much larger than the superconducting coherence length ξ)
normal-metal wire (N) is proximitized by a superconductor (S1) via clean contact
(ideal interface),

(ii) Another end of the wire is attached to two superconductors via good tunnel contacts
providing an effective nonequilibrium distribution function of electrons in the N

region (SINIS cooler),

(iii) The cooling effects are observed in the tunneling current across the NS2 interface
(SNIS thermometer; see Chapter 5).

To obtain a full description of the device, we shall treat these three ingredients separately,
and then we shall bring them together ending up with a formula for the tunneling current
in the thermometer.

clean contact

𝑵

𝑺𝟐

𝑺𝟏

(𝑎) SNIS junction

𝑺𝑳

(𝑏) SINIS cooler

𝐿
𝐴 𝑉!

𝑺𝑹

𝑅"

Fig. E.1: System under study. Sketch of the system under study where a diffusive
SNIS thermometer of a length L [panel (a)] is coupled to an SINIS cooler [panel (b)].
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Spectral properties of a semi-infinite SN contact in the diffusive limit

The spectral properties of a semi-infinite SN contact are studied in the framework of the
quasiclassical Green’s function approach in the diffusive limit [see Section §3.3]. Moreover,
if we neglect the self-consistency condition for the superconducting gap, a semi-infinite
geometry [see the inset in Fig. E.2(a)] allows us to treat the problem analytically following
Refs. [79, 136]. We solve the Usadel equation (3.99), which in the θ representation reads
[see Eq. (6.56) and Appendix §C.5]

D

2

d2θ

dx2
= −iε sin θ −∆ cos θ, (E.1)

where, as usual, D is the diffusion coefficient, which is, for simplicity, assumed to be the
same in both materials, and ∆ is the superconducting gap, which is nonzero only for
x < 0. Since the interface is perfectly transparent, the Kupriyanov-Lukichev boundary
conditions [see Eq. (3.100)] adopt the form

θ(x = 0−) = θ(x = 0+), (E.2)

σS
∂θ

∂x

∣∣
x=0−

= σN
∂θ

∂x

∣∣
x=0+

, (E.3)

where σS/N is the normal-state conductivity of the S/N region. The latter condition is
nothing but the current conservation through the interface. Other two boundary condi-
tions are

θ(x→ −∞) = θS(ε) = arctan

(
∆

−iε

)
, (E.4)

θ(x→∞) = 0. (E.5)

The former says that deeply in the superconductor the proximity angle reaches the super-
conducting bulk value, θS .

Taking this into account, we arrive at the solution

θ(x, ε) =


4 arctan

[
tan θ0

4 exp
(
−
√
−2iε/Dx

)]
, x ≥ 0,

θS + 4 arctan

[
tan θ0−θS

4 exp

(√
2
√

∆2 − ε2/Dx
)]

, x < 0,
(E.6)

where θ0 satisfies the following equation:

sin
θ0 − θS

2
= −γ

(
ε2

ε2 −∆2

)1/4

sin
θ0

2
, (E.7)

where γ = σN
√
DS/(σS

√
DN ) measures the mismatch in the normal conductivities of two

materials (note that we assume DS = DN ).
Having obtained the proximity angle, we can calculate the local DOS according to

the known recipe N(x, ε) = N0 Re[cos θ(x, ε)]. Note that in practical implementations we
should introduce the shift ε→ ε+ iη with η being the broadening (Dynes) parameter. The



157

/Δ0ε

N
/N

0

γ	=	1.0

x/ξ	=	0.1

x/ξ	=	0.5

x/ξ	=	1.0

x/ξ	=	2.0

x/ξ	=	5.0

(a)	

0

0.5

1

1.5

0 0.25 0.5 0.75 1 1.25 1.5

x/ξ	=	1.0

γ	=	0.

γ	=	0.5

γ	=	1.0

γ	=	2.0

γ	=	5.0

(b)	

0

0.5

1

1.5

2

0 0.25 0.5 0.75 1 1.25 1.5

𝑁𝑆

𝑥0

Fig. E.2: TheN(ε) function on the normal side of an SN junction for (a) various distances
from the interface x and γ = 1.0, (b) several values of the γ parameter at x/ξ = 1.0.
The broadening parameter is η/∆0 = 10−5. The inset shows a schema of the system
under study.

N(ε) function on the normal side of an SN contact at various distances from the interface
and γ = 1.0 is shown in Fig. E.2(a). The proximity effect diminishes on increasing x.
Analogously, Fig. E.2(b) shows the local density of states on the N side as a function of
energy for various values of the γ parameter at the distance x/ξ = 1.0. The ideal case is
obtained for γ = 1.0 [the green dotted line].

SINIS cooler and nonequilibrium distribution function

Second ingredient of our model is an SINIS junction which acts a quantum cooler [see
Fig. E.1(b)]. Physically speaking, it generates a nonequilibrium distribution of electrons
in the normal metal wire. Although in general this function should be obtain numerically
from the quantum kinetic equation, under the assumption of weak e-e relaxation we have
[185,186]

f(ε) =
n(εL)nF (εL, T ) + n(εR)nF (εR, T ) + αnF (ε, T )

n(εL) + n(εR) + α
, (E.8)

where εL/R = ε ± eVC/2 with VC being the cooling voltage, nF (ε, T ) = [eβε + 1]−1 is the
thermal distribution, and

n(ε) = Re

[
−iε√

∆2 − ε2

]
(E.9)

is the normalized BCS density of states, which is effectively broadened by means of ε →
ε + iη. The small parameter α phenomenologically describes the e-e relaxation. The
f(ε) function for various cooling voltages, the zero temperature, and α = 0 is shown
in Fig. E.3(a). The case of eVC = 2∆0 matches the equilibrium case. However, the
main feature is the inversion population which appears for eVC > 2∆ [see the solid violet
line in Fig. E.3(a)]. The effect of temperature is visible in Fig. E.3(b), where we plot
f(ε) for various temperatures and the cooling voltage eVC/∆0 = 0.5, other parameters
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Fig. E.3: Panel (a): The f(ε) distribution function for various values of the cooling
voltage VC at zero temperature and α = 0. Panel (b): The same function for various
temperatures of the superconducting electrodes, the cooling voltage eVC/∆0 = 0.5 and
α = 0. Panel (c): The same as in panel (b) just for eVC/∆0 = 2.5. The broadening
parameter is η/∆0 = 10−5.

being the same as in Fig. E.3(a). Analogously, Fig. E.3(c) shows the same quantity for
eVC/∆0 = 2.5, other parameters being the same as in Fig. E.3(b).

Expression for the tunneling current

Finally, in this subsection we shall derive a formula for the tunneling current through the
NS2 contact [see Fig. E.1(a)]. For this purpose, let us consider a general superconductor-
insulator-superconductor (S1IS2) case. If the junction has a low transparency, the Joseph-
son current is given by [65]

I(φ1, φ2) =
1

8e

∞∫
−∞

dεTr
[
τ̂3Î

K
]
, (E.10)

where ÎK is the Keldysh component of the matrix current given by

Ǐ =
GT
2

[ǧ1(φ1), ǧ2(φ2)] . (E.11)

Here, ǧ1/2 denotes the quasiclassical Keldysh Green’s function of the S1/2 electrode, GT =

1/RT is the conductance of the interface, and τ̂3 is the third Pauli matrix in Gor’kov-
Nambu space,

To expand the above expression, we employ the following parametrization for the
retarded/advanced component:

ĝR/A = gR/Aτ̂3 + fR/Aτ̂φ, (E.12)

where

τ̂φ =

(
0 eiφ

e−iφ 0

)
. (E.13)

The latter satisfies the following relations: {τ̂3, τ̂φ} = 0, [τ̂φ1 , τ̂φ2 ] = 2i sin(φ1 − φ2)τ̂3, and
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Tr(τ̂3τ̂φ) = 0. The Keldysh component can be parametrized by introducing a distribution
matrix [see Eq. (3.118)]

ĝK = ĝRĥ− ĥĝA. (E.14)

As already discussed in Section §3.4, it is convenient to decompose the distribution matrix
into a longitudinal and a transverse component: ĥ = τ̂0hL + τ̂3hT . Since the nonequilib-
rium distribution function, f(ε), discussed in the previous subsection has a longitudinal
(antisymmetric) component only, the equation for the Keldysh component considerably
simplifies, i.e,

ĝK = ĝRτ̂0hL − τ̂0ĝ
AhL = ĝR−AhL, (E.15)

where ĝR±A = ĝR ± ĝA and hL = 1− 2f(ε).
By returning Eqs. (E.12) and (E.15) in the expression for the Josephson current given

in Eq. (E.10), we arrive at

I(ϕ) =
−i

8eRT
sinϕ

∞∫
−∞

dε
[
fR+A

1 (ε)fR−A2 (ε)hL2(ε) + fR+A
2 (ε)fR−A1 (ε)hL1(ε)

]
, (E.16)

where ϕ = φ2 − φ1 and the index 1/2 refers to the S1/2 electrode. As expected the
current-phase relation is of a sinusoidal form, whereas the critical current is given by the
integral above. By taking into account the symmetry between the retarded and advanced
components [see Eq. (3.48)], the critical current can be expressed in a more compact form

Ic =
1

2eRT

∞∫
−∞

dε

{
Re
[
fR1 (ε)

]
Im
[
fR2 (ε)

]
hL2(ε) + Im

[
fR1 (ε)

]
Re
[
fR2 (ε)

]
hL1(ε)

}
. (E.17)

This expression is rather general. We only assume that the transparency low transparency
of the junction and the distribution function having only the longitudinal component.
Therefore, this formula can be applied to the system discussed in the previous subsections
since all the requirements are satisfied.

Tunneling current in an SNIS proximity system

As stressed in the previous subsection, the developed theory can be straight-forwardly
implemented in the description of our SNIS-SINIS hybrid system. Since we deal with a
good tunnel (NS2) contact, we assume thermal equilibrium and the bulk solution in the
superconducting lead S2, i.e.,

hL2(ε) = tanh
ε

2T
and fR2 (ε) =

∆√
∆2 − ε2

. (E.18)

Note that we assume both SNIS and SINIS systems having the same temperature T . On
the other hand, the normal metal wire is proximitized, and therefore

fR1 (ε) = sin θ(x, ε), (E.19)
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Fig. E.4: Panel (a) The critical current Ic as a function of length of the SNIS junction
L for various values of the cooling voltage VC , the zero temperature, γ = 1.0 and α = 0.
Panel (b): The critical current Ic as a function of temperature T for various cooling
voltages VC , the length of the junction L/ξ = 1.0, other parameters being the same as
in panel (a). The broadening parameter is η/∆0 = 10−5.

where θ is taken from Eq. (E.6), whereas hL2(ε) = 1−2f(ε) with f(ε) being the distribution
function induced by the SINIS cooler [see Eq. (E.8)]. The critical current as a function
of length of the junction [distance between S1 and S2; see Fig. E.1] for various values of
the cooling voltage VC ,the zero temperature, γ = 1.0, and α = 0 is shown in Fig. E.4(a).
For cooling voltages eVC < 2∆0 the critical current monotonically decreases with length.
The case of eVC = 2∆0 [the dash-dot-dotted blue line] coincides the equilibrium case,
eVC = 0 [the solid black line]. On the other hand, for higher cooling voltages, eVC > 2∆0,
and sufficiently long junctions 0 − π transitions occur [see the solid brown line which
corresponds to the cooling voltage eVC/∆0 = 3.0]. The effect of temperature is visible in
Fig. E.4(b), which shows the Ic(T ) function for various cooling voltages VC , the length of
the junction L/ξ = 1.0, and other parameters being the same as in panel (a). Apparently,
a finite cooling voltage leads to significant deviations from the equilibrium case [the solid
black line in Fig. E.4(b)]. For eVC/∆0 > 0.5 and sufficiently high temperatures 0 − π
transition occur [e.g., see the solid brown line which corresponds to the cooling voltage
eVC/∆0 = 3.0].

Since we are mainly interested in the cooling effects, the Ic(VC) function for various
lengths of the junction, γ = 1.0, α = 0.01, and T = 0 is illustrated in Fig. E.5(a). The
critical current is getting suppressed on increasing lengths of the junction, as one may
expect. In all cases, the function features a plateau for eVC ≤ 2∆0. As expected from
the previous consideration, for certain cooling voltages 0 − π transitions occur except in
the case of L/ξ = 5.0 [see the solid violet line in Fig. E.5(a)]. The same function for
T/Tc = 0.3 is plotted in Fig. 5.6(b). Other parameters are the same as in panel (a). In
all cases, the function reaches its maximum at eVC = 2∆0 which is a clear signature of
cooling.

The effect of temperature is shown in Fig. E.5(c), where we present the Ic(VC) function
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Fig. E.5: Panel (a) and (b): The critical current as a function of cooling voltage VC for
various lengths of the junction, γ = 1.0, α = 0.01, and (a) T = 0 and (b) T/Tc = 0.3.
Panel (c) and (d): The critical current as a function of cooling voltage VC for various
temperatures, the junction length L/ξ = 1.0, and (c) γ = 1.0, (d) γ = 3.0. Other
parameters are the same as in panels (a) and (b). The broadening parameter is η/∆0 =
10−5.

for various temperatures, the length of the junction L/ξ = 1.0, α = 0.01, and γ = 1.0.
The curves display the non-monotonic behavior and the critical current is suppressed
with increasing temperatures, as expected. The cooling effects are clearly visible for
eVC ≈ 2∆(T ), where the curves reach their maxima. As before, for the ∆(T ) dependence
we assume the interpolation formula ∆(T ) = ∆0 tanh

(
1.74

√
Tc/T − 1

)
. Figure E.5(d)

shows the Ic(VC) function for γ = 3.0 and other parameters being the same as Fig. E.5(c).
Apparently, the critical current, in this regime, strongly depends on the γ parameter. It is
further suppressed and the cooling peaks are more pronounced. Similarly to the previous
case, the strongest cooling is achieved for eVC ≈ 2∆(T ). As before, we observe 0 − π
transitions in all cases.





Appendix F

Notations

Physical constants:

e = |e| = 1.602× 10−19 C elementary charge
m = 9.109× 10−31 kg electron mass
kB = 1.381× 10−23 J/K = 0.0862 meV/K Boltzmann constant
~ = h/(2π) = 1.054× 10−34 Js reduced Plank’s constant
Φ0 = h/(2e) = 2.068× 10−15 Wb magnetic flux quantum
RK = h/e2 = 1/GQ = 25.8 kΩ von Klitzing constant

Throughout the text we set ~ = kB = 1 except in Chapter 5 where we have made a direct
comparison to the experiments.

Frequently used symbols:

A vector potential
A cross section of the junction
b̂†, b̂ phonon creation and annihilation operators
ĉ†, ĉ electron creation and annihilation operators
cl/t longitudinal/transverse speed of sound in the material
C capacitance of a tunnel junction
C electronic heat capacity
D = vF `/3 diffusion coefficient of a material
D̆(x, x′), Ď(x, x′) phonon Keldysh Green’s functions
EA(ϕ) Andreev bound state energy
EC = 2e2/C charging energy of a tunnel Josephson junction
EF Fermi energy
EJ = ~Ic/(2e) Josephson energy
ETh = ~D/L2 Thouless energy
eqλ phonon polarization vector (of the unit length)
g = −|g| BCS coupling constant
G = GT /A conductance per unit area of the SN interface
G(x, x′) imaginary-time (Matsubara) Green’s function
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Ğ(x, x′), Ǧ(x, x′) Keldysh Green’s functions (defined in Keldysh space)
Ĝ(x, x′) Gor’kov Green’s function (defined in Gor’kov-Nambu space)
Ǧ(x, x′) Keldysh Gor’kov function (defined in Keldysh ⊗ Gor’kov-Nambu space)
ĝ(vF , r; t, t′) quasiclassical Gor’kov Green’s function
ĝ0(r; t, t′) angular averaged quasiclassical Gor’kov Green’s function
ǧ(vF , r; t, t′) quasiclassical Keldysh Gor’kov function
ĥ distribution matrix
hL/T longitudinal/transverse component of the distribution matrix
Ĥ Hamiltonian of the system
ĤBCS BCS pairing Hamiltonian
Ĥeff effective (mean-field) BCS Hamiltonian
j(r) current density
Js(ε), js(ε) spectral current
I(ϕ) supercurrent (Josephson current)
Ic critical (maximal) current
Is tunneling current
K(T ) electron-phonon thermal conductance per unit volume/area

K∗ = 2N0τkB
π2ρ0`5

(
p2F
m

)2
electron-phonon coupling constant

k particle wave vector
kF Fermi wave vector
L length of the junction
L3,V volume of the system
` = vF τ electronic mean free path
N(r, ε) local density of states
N0 = mkF /(2π

2~2) normal density of states (per spin projection) at the Fermi level
n(r) charge density
nF (ε) = [eβε + 1]−1 Fermi-Dirac (thermal) distribution function
p,q particle momentum
pF Fermi momentum
P total electron-phonon cooling power
Q(R) position-dependent electron-phonon cooling power per unit volume/area
R Ohmic resistance
RT resistance of an SN interface
T temperature
Tc superconducting transition temperature
kBT∗ = ~ct/` electron-phonon crossover temperature
uk/q, vk/q BCS amplitudes
û(r) phonon displacement operator
ûij(r) phonon strain tensor
V voltage
VC cooling voltage
vF Fermi velocity
W width of the junction
Zt(ω) total impedance of the system



165

α spin index
β = (kBT )−1 Boltzmann factor (inverse temperature)
γ = σN

√
DS/(σS

√
DN ) mismatch parameter in the Kupriyanov-Lukichev

boundary conditions
γ∗ = 2π2N0k

2
B/3 electronic heat capacity coefficient for normal metals

γ(r), γ̃(r) Riccati coherent functions
γ̂†n, γ̂n Bogoliubov quasiparticle operators
∆,∆(T ) superconducting gap (pair potential, order parameter)

at temperature T
∆0 superconducting gap at zero temperature
∆̂ gap matrix in Gor’kov-Nambu space
∆̌ gap matrix in Keldysh ⊗ Gor’kov-Nambu space
ε particle energy/real-time energy
η broadening (Dynes) parameter
θn, θ(ε) proximity angle
κ = R0C/(C0RK) parameter of an infinite RC transmission line
λ = N0|g| BCS interaction constant
λF = 2π/kF Fermi wavelength
µ chemical potential
ξk = ~2k2/(2m)− µ electronic dispersion relation
ξ =

√
~D/2∆0 superconducting coherence length in the diffusive limit

(except in Chapter 6 where we set ξ =
√
D/∆0)

ξ0 = ~vF /∆0 superconducting coherence length in the clean limit
ξT =

√
~D/2πkBT thermal coherence length in the diffusive limit

Π̆(x, x′), Π̌(x, x′) electronic polarization operator
ρ0 mass density of the material
σ = 2e2N0D normal-state Drude conductivity of the material
σ̂ij(r) electronic stress tensor
τ, τimp elastic electron-impurity scattering time
τ̆i, τ̂i 2× 2 Pauli matrices in Keldysh and Gor’kov-Nambu space
τ̌i = τ̆0 ⊗ τ̌i 4× 4 Pauli matrices in Keldysh ⊗ Gor’kov-Nambu space
φ superconducting phase
ϕ = φ2 − φ1 superconducting phase difference across the junction
|ϕ0〉 fermionic (electronic) vacuum state
|ϕG〉 BCS ground state
Φ magnetic flux
ψ̂†(r), ψ̂(r) fermionic (electronic) field operators
ω real-time frequency
ω∗ Lorentzian cutoff frequency in the temperature noise spectrum
ωc, ωD BCS cutoff frequency, Debye frequency (energy)
ωn = (2n+ 1)πkBT fermionic Matsubara frequencies/energies
ωqλ phonon frequency
〈. . .〉vF /pF /n angular averaging over the Fermi surface
⊗ tensor (Kronecker) product
◦ convolution
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In stationary translation-invariant systems the Fourier transform is performed as follows:

ϕ(r, t) =

∫
dp

(2π)3

∫
dε

2π
ϕ(p, ε)e−iεt+ip·r, (F.1)

ϕ(p, ε) =

∫
dr

∫
dt ϕ(r, t)eiεt−ip·r. (F.2)

In spatially inhomogeneous systems the coordinate-momentum transformation reads

ϕ(r, r′; t) =

∫
dp

(2π)3

dk

(2π)3
ϕ(p+,p−; t)eip+·r−ip−·r′ =

=

∫
dp

(2π)3

dk

(2π)3
ϕ(p+,p−; t)eip·(r−r

′)+ik·(r+r′)/2, (F.3)

ϕ(p+,p−; t) =

∫
drdr′ ϕ(r, r′; t)e−ip+·r+ip−·r′ =

=

∫
drdr′ ϕ(r, r′; t)e−ip·(r−r

′)−ik·(r+r′)/2, (F.4)

where p± = p±k/2. Finally, a function can be written in the mixed (Wigner) space-time
representation

ϕ(r, r′; t, t′) =

∫
dp

(2π)3

∫
dε

2π
ϕ(R,p;T, ε)e−iετ+ip·x, (F.5)

ϕ(R,p;T, ε) =

∫
dx

∫
dt ϕ(r, r′; t, t′)eiετ−ip·x, (F.6)

where R/T and x/τ are the center-of-mass and the relative space/time coordinate, re-
spectively, i.e,

R =
r + r′

2
, x = r− r′, (F.7)

T =
t+ t′

2
, τ = t− t′. (F.8)

The relations between the single-particle coordinate and momentum eigenvectors are

〈r|p〉 =
1√
V
eip·r, (F.9)〈

r
∣∣r′〉 = δ(r− r′), (F.10)〈
p
∣∣p′〉 = (2π)3δ(p− p′), (F.11)∫

dr |r〉 〈r| =
∫

dp

(2π)3
|p〉 〈p| = 1, (F.12)

where we use the box normalization with V being the volume of the system. Based on the
relations above, we can establish the following transformation for the field operators:

ψ̂α(r) =
1√
V

∑
p

eip·rĉpα and ψ̂†α(r) =
1√
V

∑
p

e−ip·rĉ†pα, (F.13)
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where ĉ†pα (ĉpα) creates (destroys) an electron in the state |p, α〉 with the momentum p

and the spin projection α. The box normalization is obtained from the cyclic boundary
conditions:

eip·r = eip·r+ip·L =⇒ eip·L = 1 =⇒ p = (px, py, pz) =

(
2nxπ

Lx
,
2nyπ

Ly
,
2nzπ

Lz

)
, (F.14)

where ni ∈ Z and V = LxLyLz is the volume of the system. Consequently, the volume of
momentum space per allowed state is

∆p =
(2π)3

V
. (F.15)

If the number of states is large, the latter equation allows us to pass from a summation
to an integration over entire momentum space∑

p

ϕ(p) =
V

(2π)3

∑
p

ϕ(p)∆p→ V
(2π)3

∫
ϕ(p)dp. (F.16)

This relation has been extensively used throughout this Thesis. Finally, this can be
employed for defining the Fourier transform, which in the box normalization reads

ϕ(r) =
1

V
∑
p

ϕ(p)eip·r. (F.17)

By taking into account Eq. (F.16), it is obvious that the following holds:

ϕ(r) =
1

V
∑
p

ϕ(p)eip·r =

∫
dp

(2π)3
ϕ(p)eip·r, (F.18)

which is the standard (continuous) Fourier transform.





Bibliography

[1] H. K. Onnes, Leiden Comm. 120b, 122b, 124c (1911).

[2] W. Meissner and R. Ochsenfeld, Naturwissenschaften 21, 787 (1933).

[3] F. London and H. London, R. Soc. Lond. A 149, 71 (1935).

[4] V. L. Ginzburg and L. D. Landau, Zh. Eksp. Teor. Fiz. 20, 1064 (1950).

[5] J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 108, 1175 (1957).

[6] N. N. Bogoliubov, Sov. Phys. JETP 7, 41 (1958).

[7] P. G. de Gennes, Superconductivity of Metals and Alloys (Westview, US, 1966).

[8] L. P. Gor’kov, Sov. Phys. JETP 9, 1364 (1959).

[9] L. P. Gor’kov, Sov. Phys. JETP 10, 593 (1960).

[10] R. Holm and W. Meissner, Z. Physik 74, 736 (1932).

[11] L. N. Cooper, Phys. Rev. Lett. 6, 689 (1961).

[12] P. G. de Gennes, Rev. Mod. Phys. 36, 225 (1964).

[13] B. D. Josephson, Phys. Lett. 1, 251 (1962).

[14] A. F. Andreev, Sov. Phys. JETP 19, 1228 (1964).

[15] J. G. Bednorz and K. A. Müller, Z. Phys. B 64, 189 (1986).

[16] M. K. Wu, J. R. Ashburn, C. J. Torng, P. H. Hor, R. L. Meng, L. Gao, Z. J. Huang,
Y. Q. Wang, and C. W. Chu, Phys. Rev. Lett. 58, 908 (1987).

[17] E. Snider, N. Dasenbrock-Gammon, R. McBride, M. Debessai, H. Vindana, K. Ven-
catasamy, K. V. Lawler, A. Salamat, and R. P. Dias, Nature 586, 373 (2020).

[18] L. D. Landau, Sov. Phys. JETP 3, 920 (1956).

[19] S. M. Girvin and K. Yang, Modern Condensed Matter Physics (Cambridge University
Press, New York, 2019).

[20] L. N. Cooper, Phys. Rev. 104, 1189 (1956).

169



170 BIBLIOGRAPHY

[21] M. Tinkham, Introduction to Superconductivity (McGraw Hill, New York, 1996).

[22] J. R. Schrieffer, Theory of Superconductivity (Westview Press, US, 1983).

[23] V. V. Schmidt, The Physics of Superconductors: Introduction to Fundamentals and
Applications (Springer, Berlin, 1997).

[24] J. G. Valatin, Nuovo Cimento 7, 843 (1958).

[25] J.-X. Zhu, Bogoliubov-de Gennes Method and Its Applications (Springer, Berlin and
New York, 2016).

[26] M. Eschrig, Rep. Prog. Phys. 78, 104501 (2015).

[27] B. Pannetier and H. Courtois, J. Low Temp. Phys. 118, 599 (2000).

[28] I. O. Kulik, Sov. Phys. JETP 30, 944 (1970).

[29] C. W. J. Beenakker, Phys. Rev. Lett. 67, 3836 (1991).

[30] Y. V. Nazarov and Y. M. Blanter, Quantum Transport: Introduction to Nanoscience
(Cambridge University Press, New York, 2009).

[31] B. D. Josephson, Adv. Phys. 14, 419 (1965).

[32] A. A. Abrikosov, Fundamentals of the Theory of Metals (Elsevier Science Publishers
B.V., Amsterdam, 1988).

[33] A. Barone and G. Paterno, Physics and Applications of the Josephson Effect (Wiley,
New York, 1982).

[34] K. K. Likharev, Rev. Mod. Phys. 51, 101 (1979).

[35] A. A. Golubov, M. Y. Kupriyanov, and E. Il’ichev, Rev. Mod. Phys. 76, 411 (2004).

[36] L. D. Landau and E. M. Lifshitz, Statistical Physics, Part 2, Course of Theoretical
Physics, Vol. 9 (Pergamon Press, Oxford, 1980).

[37] L. D. Landau and E. M. Lifshitz, Physical Kinetics, Course of Theoretical Physics,
Vol. 10 (Pergamon Press, Oxford, 1980).

[38] A. A. Abrikosov, L. P. Gor’kov, and I. E. Dzyloshinski, Methods of Quantum Field
Theory in Statistical Physics (Pergamon Press, Oxford, 1965).

[39] H. Bruus and K. Flensberg, Many-Body Quantum theory in Condensed Matter
Physics (Oxford University Press, New York, 2007).

[40] A. L. Fetter and J. D. Walecka, Quantum Theory of Many-Particle Systems (Dover
Publications, New York, 2003).

[41] J. Rammer, Quantum Field Theory of Non-equilibrium States (Cambridge University
Press, New York, 2007).



BIBLIOGRAPHY 171

[42] N. V. Kopnin, Theory of Nonequilibrium Superconductivity (Clarendon, Oxford,
2001).

[43] G. D. Mahan, Many-Particle Physics, 3 ed. (Kluwer Academic/Plenum Publishers,
New York, 2000).

[44] G. Rickayzen, Green’s functions and Condensed Matter (Academic Press, London,
1980).

[45] T. Matsubara, Prog. Theor. Phys. 14, 351–378 (1955).

[46] L. V. Keldysh, Sov. Phys. JETP 20, 1018 (1965).

[47] J. Rammer and H. Smith, Rev. Mod. Phys. 58, 323 (1986).

[48] R. Kubo, J. Phys. Soc. Jpn. 12, 570 (1957).

[49] R. Kubo, M. Yokota, and S. Nakajima, J. Phys. Soc. Jpn. 12, 1203 (1957).

[50] J. C. Cuevas and E. Scheer, Molecular Electronics: An Introduction to Theory and
Experiment (World Scientific, Singapore, 2010).

[51] M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951).

[52] E. S. Fradkin, Sov. Phys. JETP 9, 912 (1959).

[53] P. C. Martin and J. Schwinger, Phys. Rev. 115, 1342 (1959).

[54] L. P. Kadanoff and G. Baym, Quantum statistical mechanics (W. A. Benjamin, Inc,
New York, 1962).

[55] A. I. Larkin, Y. N. Ovchinnikov, and M. Fcdorov, Sov. Phys. JETP 24, 452 (1967).

[56] L. P. Gor’kov, Sov. Phys. 7, 505 (1958).

[57] G. Eilenberger, Z. Phys. 214, 195 (1968).

[58] A. I. Larkin and Y. N. Ovchinnikov, Sov. Phys. JETP 28, 1200 (1969).

[59] G. Eliashberg, Sov. Phys. JETP 34, 668 (1972).

[60] W. Belzig, F. K. Wilhelm, C. Bruder, G. Schön, and A. D. Zaikin, Superlattices
Microstruct. 25, 1251 (1999).

[61] H. Haug and A.-P. Jauho, Quantum Kinetics in Transport and Optics of Semicon-
ductors, 2 ed. (Springer, Berlin, 2008).

[62] K. D. Usadel, Phys. Rev. Lett. 25, 507 (1970).

[63] A. V. Zaitsev, Sov. Phys. 59, 1015 (1984).

[64] M. Y. Kupriyanov and V. F. Lukichev, Sov. Phys. JETP 67, 1163 (1988).

[65] Y. V. Nazarov, Superlattices Microstruct. 25, 1221 (1999).



172 BIBLIOGRAPHY

[66] W. Belzig and Y. V. Nazarov, Phys. Rev. Lett. 87, 197006 (2001).

[67] N. R. Werthamer, Phys. Rev. 147, 255 (1966).

[68] V. Ambegaokar and A. Baratoff, Phys. Rev. Lett. 10, 486 (1963).

[69] D. Nikolić, J. C. Cuevas, and W. Belzig, Phys. Rev. Research 1, 033031 (2019).

[70] W. L. McMillan, Phys. Rev. 175, 537 (1968).

[71] G. Deutscher and P. G. de Gennes, Proximity effect, in Superconductivity, edited
by R. D. Parks, p. 1005, Marcel Dekker, New York, 1969.

[72] J. Clarke, Proc. R. Soc. A 308, 447 (1969).

[73] J. G. Shepherd, Proc. R. Soc. Lond. A 326, 421 (1972).

[74] P. Dubos, H. Courtois, B. Pannetier, F. K. Wilhelm, A. D. Zaikin, and G. Schön,
Phys. Rev. B 63, 064502 (2001).

[75] A. Y. Kasumov, R. Deblock, M. Kociak, B. Reulet, H. Bouchiat, I. I. Khodos, Y. B.
Gorbatov, V. T. Volkov, C. Journet, and M. Burghard, Science 284, 1508 (1999).

[76] Y.-J. Doh, J. A. van Dam, A. L. Roest, E. P. A. M. Bakkers, L. P. Kouwenhoven,
and S. D. Franceschi, Science 309, 272 (2005).

[77] H. B. Heersche, P. Jarillo-Herrero, J. B. Oostinga, L. M. K. Vandersypen, and A. F.
Morpurgo, Nature 446, 56 (2007).

[78] S. Guéron, H. Pothier, N. O. Birge, D. Esteve, and M. H. Devoret, Phys. Rev. Lett.
77, 3025 (1996).

[79] W. Belzig, C. Bruder, and G. Schön, Phys. Rev. B 54, 9443 (1996).

[80] M. Meschke, J. T. Peltonen, J. P. Pekola, and F. Giazotto, Phys. Rev. B 84, 214514
(2011).

[81] M. Vinet, C. Chapelier, and F. Lefloch, Phys. Rev. B 63, 165420 (2001).

[82] N. Moussy, H. Courtois, and B. Pannetier, Europhys. Lett. 55, 861 (2001).

[83] W. Escoffier, C. Chapelier, N. Hadacek, and J.-C. Villégier, Phys. Rev. Lett. 93,
217005 (2004).

[84] H. le Sueur, P. Joyez, H. Pothier, C. Urbina, and D. Esteve, Phys. Rev. Lett. 100,
197002 (2008).

[85] M. Wolz, C. Debuschewitz, W. Belzig, and E. Scheer, Phys. Rev. B 84, 104516
(2011).

[86] J. Kim, V. Chua, G. A. Fiete, H. Nam, A. H. MacDonald, and C.-K. Shih, Nat.
Phys. 8, 464 (2012).



BIBLIOGRAPHY 173

[87] L. Serrier-Garcia, J. C. Cuevas, T. Cren, C. Brun, V. Cherkez, F. Debontridder,
D. Fokin, F. S. Bergeret, and D. Roditchev, Phys. Rev. Lett. 110, 157003 (2013).

[88] V. Cherkez, J. Cuevas, C. Brun, T. Cren, G. Ménard, F. Debontridder, V. S. Stol-
yarov, and D. Roditchev, Phys. Rev. X 4, 011033 (2014).

[89] D. Roditchev, C. Brun, L. Serrier-Garcia, J. C. Cuevas, V. H. L. Bessa, M. V.
Milošević, F. Debontridder, V. Stolyarov, and T. Cren, Nat. Phys. 11, 332 (2015).

[90] A. A. Golubov and M. Y. Kupriyanov, J. Low Temp. Phys. 70, 83 (1988).

[91] Y. V. Fominov and M. V. Feigel’man, Phys. Rev. B 63, 094518 (2001).

[92] D. Huertas-Hernando, Y. V. Nazarov, and W. Belzig, Phys. Rev. Lett. 88, 047003
(2002).

[93] J. Linder, T. Yokoyama, A. Sudbø, and M. Eschrig, Phys. Rev. Lett. 102, 107008
(2009).

[94] J. Linder, A. Sudbø, T. Yokoyama, R. Grein, and M. Eschrig, Phys. Rev. B 81,
214504 (2010).

[95] A. D. Bernardo, S. Diesch, Y. Gu, J. Linder, G. Divitini, C. Ducati, E. Scheer,
M. Blamire, and J. W. A. Robinson, Nat. Commun. 6, 8053 (2015).

[96] S. Diesch, P. Machon, M. Wolz, C. Sürgers, D. Beckmann, W. Belzig, and E. Scheer,
Nat. Commun. 9, 5248 (2018).

[97] A. Furusaki and M. Tsukada, Solid State Commun. 78, 299 (1991).

[98] M. Blaauboer, R. T. W. Koperdraad, A. Lodder, and D. Lenstra, Phys. Rev. B 54,
4283 (1996).

[99] A. Shelankov and M. Ozana, Phys. Rev. B 61, 7077 (2000).

[100] J.-D. Pillet, C. H. L. Quay, P. Morfin, C. Bena, A. L. Yeyati, and P. Joyez, Nat.
Phys. 6, 965 (2010).

[101] T. Dirks, T. L. Hughes, S. Lal, B. Uchoa, Y.-F. Chen, C. Chialvo, P. M. Goldbart,
and N. Mason, Nat. Phys. 7, 386 (2011).

[102] W. Chang, V. E. Manucharyan, T. S. Jespersen, J. Nygård, and C. M. Marcus,
Phys. Rev. Lett. 110, 217005 (2013).

[103] M. Titov, A. Ossipov, and C. W. J. Beenakker, Phys. Rev. B 75, 045417 (2007).

[104] A. M. Black-Schaffer and S. Doniach, Phys. Rev. B 78, 024504 (2008).

[105] J. Linder, A. M. Black-Schaffer, T. Yokoyama, S. Doniach, and A. Sudbø, Phys.
Rev. B 80, 094522 (2009).

[106] G.-H. Lee and H.-J. Lee, Rep. Prog. Phys. 81, 056502 (2018).



174 BIBLIOGRAPHY

[107] V. P. Ostroukh, B. Baxevanis, A. R. Akhmerov, and C. W. J. Beenakker, Phys.
Rev. B 94, 094514 (2016).

[108] H. Meier, V. I. Fal’ko, and L. I. Glazman, Phys. Rev. B 93, 184506 (2016).

[109] L. Bretheau, J. I.-J. Wang, R. Pisoni, K. Watanabe, T. Taniguchi, and P. Jarillo-
Herrero, Nat. Phys. 13, 756 (2017).

[110] Y. Nagato, K. Nagai, and J. Hara, J. Low Temp. Phys. 93, 33 (1993).

[111] J. Hara, M. Ashida, and K. Nagai, Phys. Rev. B 47, 11263 (1993).

[112] Y. Nagato and K. Nagai, J. Phys. Soc. Jpn. 64, 1714 (1995).

[113] Y. Tanaka, H. Yamagami, and M. Tsukada, Solid State Commun. 79, 349 (1991).

[114] G. Wendin and V. S. Shumeiko, Superlattices Microstruct. 20, 569 (1996).

[115] W. J. Gallagher, Phys. Rev. B 22, 1233 (1980).

[116] M. Ozana, A. Shelankov, and J. Tobiska, Phys. Rev. B 66, 054508 (2002).

[117] M. Eschrig, Phys. Rev. B 61, 9061 (2000).

[118] N. Schopohl and K. Maki, Phys. Rev. B 52, 490 (1995).

[119] W. Haberkorn, H. Knauer, and J. Richter, Phys. Status Solidi A 47, K161 (1978).

[120] F. S. Bergeret, P. Virtanen, T. T. Heikkilä, and J. C. Cuevas, Phys. Rev. Lett. 105,
117001 (2010).

[121] I. O. Kulik and A. N. Omel’yanchuk, Sov. J. Low Temp. Phys. 3, 459 (1977).

[122] B. Mühlschlegel, Z. Phys. 155, 313 (1959).

[123] B. Karimi, D. Nikolić, T. Tuukkanen, J. T. Peltonen, W. Belzig, and J. P. Pekola,
Phys. Rev. Applied 13, 054001 (2020).

[124] O. V. Lounasma, Experimental principles and methods below 1 K (Academic press,
London, 1974).

[125] T. J. Quinn, Temperature (Academic press, NC. London, 1983).

[126] A. Mavalankar, S. J. Chorley, J. Griffiths, G. A. C. Jones, I. Farrer, D. A. Ritchie,
and C. G. Smith, Appl. Phys. Lett. 103, 133116 (2013).

[127] D. Maradan, L. Casparis, T.-M. Liu, D. E. F. Biesinger, C. P. Scheller, D. M.
Zumbühl, J. D. Zimmerman, and A. C. Gossard, J. Low Temp. Phys. 175, 784
(2014).

[128] B. Karimi and J. P. Pekola, Phys. Rev. Appl. 10, 054048 (2018).

[129] L. B. Wang, O.-P. Saira, and J. P. Pekola, Appl. Phys. Lett. 112, 013105 (2018).



BIBLIOGRAPHY 175

[130] M. Zgirski, M. Foltyn, A. Savin, K. Norowski, M. Meschke, and J. Pekola, Phys.
Rev. Appl. 10, 044068 (2018).

[131] M. Sarsby, N. Yurttagül, and A. Geresdi, Nat. Commun. 11, 1492 (2020).

[132] I. V. Borzenets, U. C. Coskun, H. T. Mebrahtu, Y. V. Bomze, A. I. Smirnov, and
G. Finkelstein, Phys. Rev. Lett. 111, 027001 (2013).

[133] X. Du, D. E. Prober, H. Vora, and C. B. Mckitterick, Graphene 2D Mater. 1, 1
(2014).

[134] B. Karimi, F. Brange, P. Samuelsson, and J. P. Pekola, Nat. Commun. 11, 367
(2020).

[135] K. L. Viisanen, S. Suomela, S. Gasparinetti, O.-P. Saira, J. Ankerhold, and J. P.
Pekola, New J. Phys. 17, 055014 (2015).

[136] A. D. Zaikin and G. F. Zharkov, Fiz. Nizk. Temp. 7, 375 (1981).

[137] T. H. Stoof and Y. V. Nazarov, Phys. Rev. B 53, 14496 (1996).

[138] D. Averin, Y. V. Nazarov, and A. A. Odintsov, Physica B 165-166, 945 (1990).

[139] G. L. Ingold and Y. V. Nazarov, Charge tunneling rates in ultrasmall junctions, in
Single Charge Tunneling: Coulomb Blockade Phenomena in Nanostructures, edited
by H. Grabert and M. H. Devoret, p. 21, Springer, US, 1992.

[140] Y. V. Nazarov, JETP Lett. 49, 126 (1989).

[141] J. C. Hammer, J. C. Cuevas, F. S. Bergeret, and W. Belzig, Phys. Rev. B 76, 064514
(2007).

[142] M. L. Roukes, M. R. Freeman, R. S. Germain, R. C. Richardson, and M. B. Ketchen,
Phys. Rev. Lett. 55, 422 (1985).

[143] L. B. Wang, O.-P. Saira, D. S. Golubev, and J. P. Pekola, Phys. Rev. Applied 12,
024051 (2019).

[144] H. Grabert, G.-L. Ingold, and B. Paul, Europhys. Lett. 44, 360 (1998).

[145] R. Kokkoniemi, J. Govenius, V. Vesterinen, R. E. Lake, A. M. Gunyhó, K. Y. Tan,
S. Simbierowicz, L. Grönberg, J. Lehtinen, M. Prunnila, J. Hassel, A. Lamminen,
O.-P. Saira, and M. Möttönen, Commun. Phys. 2, 124 (2019).

[146] G.-H. Lee, D. K. Efetov, W. Jung, L. Ranzani, E. D. Walsh, T. A. Ohki,
T. Taniguchi, K. Watanabe, P. Kim, D. Englund, and K. C. Fong, Nature 586,
42 (2020).

[147] D. Nikolić, D. M. Basko, and W. Belzig, Phys. Rev. B 102, 214514 (2020).

[148] F. Giazotto, T. T. Heikkilä, A. Luukanen, A. Savin, and J. P. Pekola, Rev. Mod.
Phys. 78, 217 (2006).



176 BIBLIOGRAPHY

[149] M. Eisaman, J. Fan, A. Migdall, and S. Polyakov, Rev. Sci. Instrum. 82, 071101
(2011).

[150] J. Pekola, P. Solinas, A. Shnirman, and D. V. Averin, New J. Phys. 15, 115006
(2013).

[151] J. Pekola and B. Karimi, J. Appl. Phys. 191, 373–379 (2018).

[152] V. Gantmakher, Rep. Prog. Phys. 37, 317 (1974).

[153] F. C. Wellstood, C. Urbina, and J. Clarke, Phys. Rev. B 49, 5942 (1994).

[154] P. J. Price, J. Appl. Phys. 53, 6863 (1982).

[155] A. Pippard, Philos. Mag. 46, 1104 (1955).

[156] A. Schmid, Z. Phys. 259, 421 (1973).

[157] M. Y. Reizer and A. Sergeyev, Sov. Phys. JETP 63, 616 (1986).

[158] M. Reizer and A. Sergeev, Sov. Phys. JETP 65, 1291 (1987).

[159] D. Belitz, Phys. Rev. B 36, 2513 (1987).

[160] V. I. Yudson and V. E. Kravtsov, Phys. Rev. B 67, 155310 (2003).

[161] M. E. Gershenson, D. Gong, T. Sato, B. S. Karasik, and A. Sergeev, App. Phys.
Lett. 79, 2049 (2001).

[162] A. Savin, J. Pekola, M. Prunnila, J. Ahopelto, and P. Kivinen, Physica Scripta
T114, 57 (2004).

[163] T. Tsuneto, Phys. Rev. 121, 402 (1960).

[164] A. V. Shtyk, M. V. Feigel’man, and V. E. Kravtsov, Phys. Rev. Lett. 111, 166603
(2013).

[165] A. V. Shtyk and M. V. Feigel’man, Phys. Rev. B 92, 195101 (2015).

[166] Y. Savich, L. Glazman, and A. Kamenev, Phys. Rev. B 96, 104510 (2017).

[167] T. T. Heikkilä and F. Giazotto, Phys. Rev. B 79, 094514 (2009).

[168] B. N. Narozhny, I. L. Aleiner, and B. L. Altshuler, Phys. Rev. B 60, 7213 (1999).

[169] H. Pothier, S. Guéron, N. O. Birge, D. Esteve, and M. H. Devoret, Phys. Rev. Lett.
79, 3490 (1997).

[170] L. D. Landau and E. M. Lifshitz, Theory of Elasticity, Course of Theoretical Physics,
Vol. 7 (Pergamon Press, Oxford, 1980).

[171] R. C. Dynes, V. Narayanamurti, , and J. P. Garno, Phys. Rev. Lett. 41, 1509 (1978).



BIBLIOGRAPHY 177

[172] R. C. Dynes, J. P. Garno, G. B. Hertel, and T. P. Orlando, Phys. Rev. Lett. 53,
2437 (1984).

[173] J. Börlin, W. Belzig, and C. Bruder, Phys. Rev. Lett. 88, 197001 (2002).

[174] J. P. Morten, A. Brataas, and W. Belzig, Phys. Rev. B 74, 214510 (2006).

[175] I. L. Aleiner, P. W. Brouwer, and L. I. Glazman, Phys. Rep. 358, 309 (2002).

[176] E. Scheer, W. Belzig, Y. Naveh, M. H. Devoret, D. Esteve, and C. Urbina, Phys.
Rev. Lett. 86, 284 (2001).

[177] H. Kusunose, Phys. Rev. B 70, 054509 (2004).

[178] H. Rabani, F. Taddei, O. Bourgeois, R. Fazio, and F. Giazotto, Phys. Rev. B 78,
012503 (2008).

[179] L. D. Landau and E. M. Lifshitz, Statistical Physics, Part 1, Course of Theoretical
Physics, Vol. 5 (Pergamon Press, Oxford, 1980).

[180] R. P. Feynman, Statistical Mechanics: A Set of Lectures (The Benjamin/Cummings
Publishing Company, Massachusetts, 1972).

[181] R. P. Feynman, R. B. Leighton, and M. Sands, The Feynman Lectures on Physics
3: Quantum Mechanics (Addison-Wesley, Reading, MA, 1965).

[182] F. Sols and J. Ferrer, Phys. Rev. B 49, 15913 (1994).

[183] A. S. Osin and Y. V. Fominov, Phys. Rev. B 104, 064514 (2021).

[184] T. T. Heikkilä, The Physics of Nanoelectronics (Oxford University Press, Oxford,
2013).

[185] D. R. Heslinga and T. M. Klapwijk, Phys. Rev. B 47, 5157 (1993).

[186] J. P. Pekola, T. T. Heikkilä, A. M. Savin, J. T. Flyktman, F. Giazotto, and F. W. J.
Hekking, Phys. Rev. Lett. 92, 056804 (2004).


	Acknowledgment
	Summary
	Deutsche Zusammenfassung
	Introduction to mesoscopic superconductivity
	Historical overview
	Microscopic BCS theory
	Bogoliubov-de Gennes (BdG) method
	Mesoscopic superconductivity: Andreev reflection and proximity effect
	Mesoscopic superconductivity: Andreev bound states
	Weak links: Josephson effect

	Quantum field theory in condensed matter physics
	Introduction to Green's function formalism
	Perturbation theory at T=0: The self-energy function
	Imaginary-time formalism
	Contour ordering and the Keldysh Green's formalism 

	Quantum field theory of superconductivity
	Green's functions in Gor'kov-Nambu space
	Quasiclassical approximation: The Eilenberger equation
	Diffusive limit: The Usadel equation
	Nonequilibrium superconductivity

	Spectral properties of clean 2D SNS proximity heterostructures
	Introduction
	Motivation
	System and Method
	Results
	Discussion
	Conclusions

	Optimized proximity thermometer for ultrasensitive detection
	Introduction
	Description of the thermometer
	Experimental results and optimization of the sensitivity
	Theoretical model
	Analysis and discussion of the data
	Ohmic electromagnetic environment
	Conclusions

	Electron cooling by phonons in mesoscopic superconducting systems
	Introduction
	General framework
	Application to specific structures
	Temperature fluctuations and heat capacity 
	Conclusions

	Conclusion and outlook
	Appendix 
	Andreev equations
	Andreev reflection
	Andreev bound states
	Josephson effect in SIS junctions

	Appendix 
	Lehmann representation and connection between G and GR/A
	First Born approximation for electron-impurity scattering

	Appendix 
	Derivation of the Gor'kov equations
	Self-consistency condition for 
	Gauge invariance of the Eilenberger equation
	Current conservation law
	Parametrization of the quasiclassical Green's function

	Appendix 
	Comoving frame of reference (CFR)
	Bosonic (phonon) Keldysh Green's functions
	Heat current between electrons and phonons
	Calculation of the Y(q) factors

	Appendix A diffusive SNIS junction coupled to an SINIS cooler
	Appendix Notations
	Bibliography



