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Abstract—In this paper we study mixed-order (Douglis–Nirenberg) boundary value prob-
lems that depend on a real parameter but are not elliptic with parameter in the sense of
Agmon–Agranovich–Vishik. Using the method of the Newton polygon, we prove a priori es-
timates for the solutions of such problems in the corresponding Sobolev spaces. For the related
singularly perturbed problem, the boundary layer structure of the solutions is described. As
an application of the a priori estimate, we obtain new estimates for the transmission problem
studied by Faierman [7].

1. INTRODUCTION

The aim of this paper is to study mixed-order systems of partial differential operators with block
structure of the form

(1.1) A(x,D, λ) =
(
A11(x,D) A12(x,D)
A21(x,D) A22(x,D)− λI

)
depending on the real parameter λ and acting on a compact manifold M with boundary ∂M . We
assume that system (1.1) admits a Douglis–Nirenberg structure. In what follows, it is supplied
with general boundary conditions. Note that the operator (1.1) can be regarded as a mixture
of a parameter-independent Douglis–Nirenberg system and a λ-dependent system. If the matrix
A11(x,D) were replaced by A11(x,D)−λI, we would obtain the parameter-dependent mixed-order
system treated in [4, 12, 13] and other papers.

There are several reasons to study the (nonstandard) operator matrix (1.1). First of all, this
study is related to the investigation of the resolvent of a Douglis–Nirenberg system on a manifold
with boundary. In general, it is impossible to assign a parameter-dependent quasi-homogeneous
principal symbol to such a system. For instance, for the 2× 2 Douglis–Nirenberg system

(1.2)
(
A11(x,D)− λ A12(x,D)
A21(x,D) A22(x,D)− λ

)
with ordA11 > ordA22, there is no definite “weight” for the parameter λ. Therefore, we cannot
apply the theory of parameter ellipticity developed by Agmon [1] and Agranovich–Vishik [3]. The
aim of the study of boundary value problems for system (1.2) is to prove the unique solvability and
to obtain uniform estimates (with respect to λ) for the solution for large λ. For scalar equations and
for systems of constant order, the corresponding results follow from the Agmon–Agranovich–Vishik
theory. For general mixed-order systems, this problem seems to be still open (see [4, 12, 13] for
partial results).

To address this problem in its full generality, one can use the concept of Newton polygon, which
proves to be very fruitful both in the theory of parameter-dependent Douglis–Nirenberg systems
on closed manifolds and in the theory of singularly perturbed operator pencils (see, e.g., [4, 5, 6]).
The main idea of the approach based on the notion of Newton polygon is to assign various weights
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to the parameter λ and to obtain, for each weight, a quasi-homogeneous symbol of the operator.
If in (1.2) we assign to λ the weight ordA22, then the quasi-homogeneous symbol with respect to
this weight becomes (

A11(x, ξ) A12(x, ξ)
A21(x, ξ) A22(x, ξ)− λ

)
,

which is exactly the principal quasi-homogeneous symbol of (1.1). For each weight of the parame-
ter, we obtain an operator with quasi-homogeneous principal symbol. Thus, we face the following
question: Under what conditions can we prove uniform estimates for the solutions of (1.1)?

Another reason to study operators of the form (1.1) lies in the close connection between the
parameter-dependent operator (1.1) and singularly perturbed boundary value problems (cf. [8,
14, 16]). Let us consider the equation A(x,D, λ)u = 0 with A given by (1.1) and endow it with
appropriate boundary conditions. By setting λ = ε−1 and multiplying the second block row in (1.1)
by ε, we obtain the system

(1.3)
A11(x,D)u1 +A22(x,D)u2 = 0 ,

ε
(
A21(x,D)u1 +A22(x,D)u2

)
− u2 = 0 .

The problem is to find conditions on the boundary operators under which estimates for the solution
can be uniform with respect to ε as ε→ 0. Moreover, it is desirable to find an asymptotic expansion
in ε for the solution and to construct solutions of boundary-layer type. Since equations (1.3) are
only a reformulation of the equation A(x,D, λ)u = 0, it follows that the results concerning (1.1)
immediately imply results on singularly perturbed boundary value problems of the form (1.3).

Finally, we can mention the question of spectral asymptotics for boundary value problems and
transmission problems with indefinite weight functions (see [2] and the references therein). For the
case in which the weight function vanishes identically in some subdomain, the model transmission
problem that arises was recently studied by Faierman [7]. One of the main goals is again to obtain
uniform estimates for the solutions of the transmission problem because this finally leads to the
spectral asymptotics [2].

Summing up, we can see that, in all these applications, the question is to find conditions (in
particular, on the boundary operators) ensuring uniform estimates (with respect to the parameter)
for the solutions of the corresponding problems. Moreover, it is desirable that these conditions be
similar to the classical conditions (parameter-independent or parameter-dependent in the sense of
Agmon–Agranovich–Vishik) of Shapiro–Lopatinskii type. As in the theory of parameter ellipticity,
the estimates must work in appropriate parameter-dependent Sobolev spaces, and hence the ad-
ditional question of introducing spaces suitable for operators of the form (1.1) arises. To be more
exact, we endow the standard Sobolev space with a parameter-dependent norm adjusted to our
problems. Here the main difficulty is in the definition of the boundary Sobolev spaces (boundary
parameter-dependent norms).

The first result in this direction is given in the paper [6], which treats scalar operator pencils
such that their dependence on the parameter λ is polynomial and the leading term with respect to λ
contains an operator of positive order. (Note that, roughly speaking, the determinant of the symbol
of system (1.1) is of this form.) The case of systems of the form (1.1) is more complicated than
that of scalar pencils with polynomial dependence on λ because, in our case, a solution consists of
several components belonging to different parameter-dependent Sobolev spaces and connected by
boundary conditions and by the operator A(x,D, λ).

The present paper solves the above problem for system (1.1) by defining the notion of weak
parameter-ellipticity and by proving an a priori estimate for the corresponding weakly parameter-
elliptic boundary value problems (with general boundary conditions). The notion of weak parameter
ellipticity and the norms in the a priori estimates are defined in terms of the Newton polygon
corresponding to the boundary value problem, continuing the program originating from [4–6]. It
seems that the approach based on the notion of Newton polygon provides an appropriate tool to
study and understand nonstandard boundary value problems, including those of the form (1.1).

The paper is organized as follows. In Section 2 we formulate the precise assumptions on the struc-
ture of the operator (1.1) and of the boundary operators and define the notion of weak parameter-
ellipticity for related boundary value problems. In Section 3 we prove the basic ODE estimate for
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the so-called fundamental system of solutions of the corresponding model problem in the half-space.
These estimates are rewritten in terms of the Newton polygon in Section 4, where the basic defini-
tions for Sobolev spaces associated with the Newton polygon can also be found. The ODE estimates
form a substantial step in the proof of a priori estimates presented in Section 5. In Section 6 we
apply these results to transmission problems, and in Section 7 we discuss the formal asymptotic
solution for related singularly perturbed problems.

2. NEWTON POLYGON AND WEAKLY

PARAMETER-ELLIPTIC BOUNDARY VALUE PROBLEMS

As in the introduction, let A(x,D, λ) = (aij(x,D))i,j=1,...N be an N ×N operator matrix acting
on a compact manifold M with boundary ∂M . We assume that this operator has Douglis–Nirenberg
structure, i.e., there are nonnegative integers sj and tj , j = 1, . . . , N , such that

(2.1) ord aij(x,D) ≤ si + tj (i, j = 1, . . . , N) .

The operator aij(x,D) is assumed to be of the form

aij(x,D) =
∑

|α|≤si+tj

aijα(x)Dα

with infinitely smooth scalar coefficients. The principal symbol of aij(x,D) is defined as

a
(0)
ij (x, ξ) =

∑
|α|=si+tj

aijα(x)ξα .

Note that a(0)
ij = 0 if the order of aij is less than si + tj . Here and in the following, we use the

standard multi-index notation

Dα = (−i)|α|( ∂

∂x1
)α1 · · · ( ∂

∂xn
)αn , ξα = ξα1

1 · . . . · ξαn
n .

We assume that there exist numbers N1 and N2 with N1 +N2 = N for which

(2.2) s1 + t1 = s2 + t2 = · · · = sN1 + tN1 = 2µ , sN1+1 + tN1+1 = · · · = sN + tN = 2m− 2µ,

with integers m > µ > 0. Accordingly, we represent the operator matrix A(x,D, λ) in the form

A(x,D, λ) =
(
A11(x,D) A12(x,D)
A21(x,D) A22(x,D)− λIN2

)
,

where

A11 = (aij(x,D))i,j=1,...,N1 , A12 = (aij(x,D))i=1,...,N1, j=N1+1,...,N ,

A21 = (aij(x,D))i=N1+1,...,N, j=1,...,N1 , A22 = (aij(x,D))i,j=N1+1,...,N .

Here IN2 stands for the N2 ×N2 identity matrix. The principal symbol of the operator A(x,D, λ)
is given by

A(0)(x, ξ, λ) :=

(
A

(0)
11 (x, ξ) A

(0)
12 (x, ξ)

A
(0)
21 (x, ξ) A

(0)
22 (x, ξ)− λIN2

)

where A(0)
ij stand for the principal symbols of Aij , respectively. In what follows, to make expressions

homogeneous, we replace λ by q2m−2µ. For brevity we write A(x,D, q) instead of A(x,D, q2m−2µ).
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Assume that

(2.3) B(x,D) =
(
bij(x,D)

)
i=1,...,N1µ+N2(m−µ)

j=1,...,N

is a matrix of boundary operators of the form

bij(x,D)u =
( ∑
|β|≤mi+tj

bijβ(x)Dβu
)∣∣∣

∂M

of order ≤ mi + tj with coefficients bijβ ∈ C∞(M). Here the mi are integers. We also assume that

(2.4) m1 ≤ m2 ≤ · · · ≤ mN1µ < mN1µ+1 ≤ · · · ≤ mN1µ+N2(m−µ) .

In the following, denote the number of boundary conditions by

(2.5) R := N1µ+N2(m− µ) .

We also use the abbreviations

(2.6) R1 := N1µ, R2 := N2(m− µ) .

The aim of this paper is to find a priori estimates for the solutions

u =

u1
...
uN


of the boundary value problem

(2.7) A(x,D, q)u = f =

 f1
...
fN

 , B(x,D)u = g =

g1...
gR

 .

Assume that this boundary value problem satisfies an ellipticity condition, the so-called weak
parameter ellipticity. We first introduce this notion for the operator A.

Definition 2.1. A symbol A(x0, ξ, q) is said to be weakly parameter elliptic (with parameter
q ∈ [0,∞)) at a point x0 ∈M if the inequality

(2.8) |detA(0)(x0, ξ, q)| ≥ C |ξ|2R1 (q + |ξ|)2R2 (ξ ∈ Rn , q ∈ [0,∞))

holds with some constant C that does not depend on ξ and q. An operator A(x,D, q) and its symbol
are said to be weakly parameter elliptic in M if (2.8) holds for every x0 ∈M . A similar definition
is related to operators acting on Rn.

Remark 2.2. a) If A is weakly parameter elliptic in M , then we may assume that the constant
C in (2.8) does not depend on x0 as well (by the continuity and compactness).

b) The right-hand side of (2.8) is closely related to the so-called Newton polygon corresponding
to the symbol detA(x0, ξ, q). This polygon is defined as the convex hull of the set {(0, 0), (0, 2R2),
(2R1, 2R2), (2R1 +2R2, 0)} (cf. Figure 1). The points (2R1, 2R2) and (2R1 +2R2, 0) of this polygon
correspond to the expressions |ξ|2R1q2R2 and |ξ|2R1+2R2 . The sum of these two terms is equivalent
to the right-hand side of (2.8). We discuss this point of view below in Section 4.
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Fig. 1. The Newton polygon N(2R1,2R2).

c) Write
P (x, ξ, q) := detA(0)(x, ξ, q) .

For a chosen x, this is a polynomial in (ξ, q) of order 2R = 2µN1 + 2(m− µ)N2 = 2R1 + 2R2 that
is of order 2R2 with respect to q. We can rewrite this polynomial in the form

P (x, ξ, q) = P2R(x, ξ) + q P2R−1(x, ξ) + · · ·+ q2R2 P2R1(x, ξ),

where Pj are polynomials in ξ of order j. It follows from the definition of the determinant that

P2R(x, ξ) = detA(0)(x, ξ, 0), P2R1(x, ξ) = (−1)N2 detA(0)
11 (x, ξ) .

Lemma 3.2 of [5] leads to the following equivalent conditions for the weak parameter ellipticity.

Lemma 2.3. An operator A is weakly parameter elliptic in M if and only if the following
conditions hold :

(i) For any x0 ∈M , the matrix operator A(x,D, 0) is elliptic in the sense of Douglis-Nirenberg.
(ii) For any x0 ∈M , the matrix operator A11(x,D) is elliptic in the sense of Douglis-Nirenberg.
(iii) detA(0)(x0, ξ, q) 6= 0 for all x0 ∈M , ξ ∈ Rn \ {0}, and q ∈ (0,∞).

If A is weakly parameter elliptic and if a point x0 ∈ ∂M is chosen, then we can rewrite A
in local coordinates corresponding to x0, i.e., we choose a coordinate system in a neighborhood
of x0 such that, locally, ∂M is given by the equation xn = 0 and M is given by the inequality
xn > 0. We write x = (x′, xn) for the variables and (ξ′, τ) for the dual variables. Due to 2.3 (iii),
the polynomial detA(0)(x0, ξ′, τ, q) has no real roots τ for ξ′ = (ξ1, . . . , ξn−1) 6= 0. Hence, if n > 2,
then the polynomial has exactly R roots in C+ := {z ∈ C : Im z > 0} with R introduced in (2.5).
For n = 2, this condition is our additional assumption in what follows. In the local coordinates
corresponding to x0 ∈ ∂M we set (cf. [4])

(2.9) Q(x0, τ) := τ−2R1 detA(0)(x0, 0, τ, 1) (τ ∈ R) .

As was mentioned in the introduction, the boundary value problem (2.7) can equivalently be
formulated as a singularly perturbed boundary value problem. The above polynomial Q can seem
to be somewhat unusual in the elliptic theory, but it is a basic notion in the singular perturbation
theory. The condition of the next definition first appeared in the paper of Vishik–Lyusternik [16]
on singular perturbations under the title of the condition of regular degeneration. We stress that
this is an example showing how useful it is to change the point of view between large parameter
problems and singular perturbations. Note that, according to (2.8), the polynomial (2.9) has no
real roots, and its roots belong to C+ and C−.
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Definition 2.4. We say that A(x, ξ′, τ, q) satisfies the Vishik–Lyusternik condition if, for each
x0 ∈ ∂M , the polynomial Q(x0, τ) has exactly R2 roots in C+.

Remark 2.5. For the important special case in which N = 2 and N1 = N2 = 1, the condition
of Definition 2.4 is satisfied automatically if A is weakly parameter elliptic. Indeed, in this case,
A

(0)
ij (x0, 0, τ) is a (scalar) homogeneous polynomial in τ of degree si + tj . Thus, we can write

A
(0)
ij (x0, 0, τ) = aijτ

si+tj with aij ∈ C. Due to the weak parameter ellipticity, we have

detA(0)(x0, 0, τ, 1) 6= 0 for all τ ∈ R \ {0} .

Therefore, Q(x0, τ) = (a11a22 − a12a21)τ2R2 − a11 has exactly R2 roots in C+ and no real roots.
Now let us formulate an analog of the standard Shapiro–Lopatinskii condition for the boundary

value problem (1.1), (2.3) in which we have a more delicate dependence on the parameter than
in the classical case of the Agmon–Agranovich–Vishik theory (for results on the parameter elliptic
Douglis–Nirenberg systems, see also [15]). To this end, we consider x0 ∈ ∂M and introduce the
corresponding local reference system. According to the block form of the matrix A, we write

v(t) =
(
v(1)(t)
v(2)(t)

)
,

where v(1) consists of the first N1 components of the vector v and v(2) consists of the other N2
components. We respectively write

B(x,D) =
(
B11(x,D) B12(x,D)
B21(x,D) B22(x,D)

)
,

where Bij are matrix differential operators of sizes R1 × N1, R1 × N2, R2 × N1, and R2 × N2,
respectively. We also set

B1(x,D) :=
(
B11(x,D) , B12(x,D)

)
, B2(x,D) :=

(
B21(x,D) , B22(x,D)

)
.

Definition 2.6. The boundary value problem (A,B) of the form (1.1), (2.3) is said to be weakly
parameter elliptic (with parameter in [0,∞)) if the following conditions are satisfied.

(i) A(x,D, q) is weakly parameter elliptic in M .
(ii) For any x0 ∈ ∂M , ξ′ ∈ Rn−1 \ {0}, q ∈ [0,∞), and g = (g1, . . . , gR) ∈ CR, the problem

A(0)(x0, ξ′, Dt, q)
(
w(1)(t)
w(2)(t)

)
=
(

0
0

)
(t > 0) ,(2.10)

B(0)(x0, ξ′, Dt)
(
w(1)(t)
w(2)(t)

) ∣∣∣∣∣
t=0

= g ,(2.11)

w(i)(t) → 0 as t→∞ (i = 1, 2),

where Dt = −i∂/∂t, has a unique solution.
(iii) For any x0 ∈ ∂M , ξ′ ∈ Rn−1 \ {0}, and h(1) ∈ CR1 , the problem

A
(0)
11 (x0, ξ′, Dt)w(1)(t) = 0 (t > 0) ,(2.12)

B
(0)
11 (x0, ξ′, Dt)w(1)(t)

∣∣∣
t=0

= h(1) ,(2.13)

w(1)(t) → 0 as t→∞,
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has a unique solution.
(iv) For any x0 ∈ ∂M and any vector h(2) ∈ CR2 , the problem

A(0)(x0, 0, Dt, 1)
(
v(1)(t)
v(2)(t)

)
=
(

0
0

)
(t > 0) ,(2.14)

B
(0)
2 (x0, 0, Dt)

(
v(1)(t)
v(2)(t)

) ∣∣∣∣∣
t=0

= h(2),(2.15)

v(i)(t) → 0 as t→∞ (i = 1, 2),

has a unique solution.

Remark 2.7. a) Condition (iii) in Definition 2.6 is the ordinary Shapiro–Lopatinskii condition
for the Douglis–Nirenberg system A11(x,D) with boundary operators given by B11(x,D). Similarly,
setting q = 0 in 2.6 (ii), we obtain the ordinary (parameter-independent) Shapiro–Lopatinskii
condition for the entire system (A(x,D, 0), B(x,D)).

b) For ξ′ = 0, condition 2.6 (ii) fails in general (even for positive q). Thus, our definition
substantially differs from the Agmon–Agranovich–Vishik definition of ellipticity with parameter.

Due to the homogeneity, it suffices to consider (ii) on the hemisphere {(ξ′, q) ∈ Rn−1 × [0,∞) :
|ξ′|2 + q2 = 1}. In contrast to the Agmon–Agranovich–Vishik condition (which is regarded at
the points of the closed hemisphere), condition 2.6 (ii) deals with the punctured hemisphere with
deleted point (0, 1). In a sense, conditions (iii) and (iv) give a completion for this point. Let us
discuss this point of view.

Consider the transformation

(ξ′, q) 7−→

(
ξ′

(|ξ′|2 + q2)1/2
,

q

(|ξ′|2 + q2)1/2

)
,

which maps every point (ξ′, q) ∈ Rn−1 × [0,∞) with |ξ′| + q 6= 0 to a point of our hemisphere.
Under this transformation, the point (0, 1) is not only the image of a point (0, q) for finite q > 0
but also the limit of the images of points (ξ′, q) as q → +∞.

Condition 2.6 (iv), where ξ′ = 0, corresponds to the first group of points, i.e., to the images of the
points (0, q). Now let q →∞. By setting λ = ε−1 and considering the homogeneous right-hand side,
we come to system (1.3) with small parameter. Passing to the limit as ε→ 0, we obtain u2 = 0 in
(1.3). Thus, we must solve the system A11(x,D)u1 = 0 with an overdetermined system of boundary
conditions. If we take only the first R1 boundary conditions, then we obtain a problem for which
condition 2.6 (iii) guarantees solvability. To satisfy all boundary conditions, we need condition
2.6 (iv). Due to the Vishik–Lyusternik theory, this condition allows us to add a combination of
boundary layers to the above solution.

We continue the study of the relationship between condition (iv) and the existence of boundary
layers in Section 7.

c) Conditions 2.6 (ii)–(iv) can be formulated algebraically, cf. [17]. For instance, 2.6 (iv) is equivalent
to the following condition.

(iv′) Choose x0 ∈ ∂M . Let γ(2) be a contour in C+ enclosing all zeros of Q(x0, ·) whose imaginary
parts are positive. Then the rank of the matrix∫

γ(2)
B

(0)
2 (x0, 0, τ)

[
A(0)(x0, 0, τ, 1)

]−1 (
IN , τIN , . . . , τ

2m−1IN
)
dτ

is equal to R2 (and thus the rank of this matrix is the largest possible).
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3. AN ESTIMATE FOR THE SOLUTIONS OF THE

SYSTEM OF ORDINARY DIFFERENTIAL EQUATIONS

The aim of this section is to find estimates for the solutions of (2.10)–(2.11) under the assumption
of weak parameter ellipticity. Thus, throughout this section we assume that A satisfies the Vishik–
Lyusternik condition and that (A,B) satisfies the conditions of Definition 2.6. We choose x0 ∈ M
and write the boundary value problem in coordinates corresponding to x0. We write A(ξ, q) :=
A(0)(x0, ξ, q), B(ξ) := B(0)(x0, ξ), and Q(τ) := Q(x0, τ).

Lemma 3.1. Let γ(1) be a contour in C+ enclosing all the zeros of detA11(ξ′, ·) for |ξ′| = 1
whose imaginary parts are positive and let γ(2) be a contour in C+ enclosing all the zeros of Q
in C+. Then there exists a q0 > 0 and an enumeration τ1(ξ′, q), . . . , τR(ξ′, q) of the zeros of
detA(ξ′, ·, q) with positive imaginary parts such that, for all q ≥ q0 and |ξ′| = 1, the following
conditions hold :

(i) γ(1) encloses τ1(ξ′, q), . . . , τR1(ξ
′, q),

(ii) γ(2) encloses q−1 τR1+1(ξ′, q), . . . , q−1 τR(ξ′, q).

Proof. As was noted in Remark 2.2 c), the determinant P (ξ′, τ, q) = detA(ξ′, τ, q) is weakly
parameter elliptic in the sense of [5]. The behavior of the zeros of this polynomial is described in
Lemma 3.5 of [5]. As a result, under an appropriate enumeration, the set {τ1(ξ′, q), . . . , τR1(ξ

′, q)}
tends to the set {τ0

1 (ξ′), . . . , τ0
R1

(ξ′, q)} of all zeros of detA11(ξ′, ·) with positive imaginary parts,
and q−1τj(ξ′, q) → τ1

j for j = R1 + 1, . . . , R, where τ1
R1+1, . . . , τ1

R are the zeros of Q in C+. This
implies (i) and (ii) as above.

Denote by M(ξ′, q) the finite-dimensional space of solutions of the homogeneous equation

A(ξ′, Dt, q)v(t) = 0 (t > 0) ,

and let M+(ξ′, q) be the subspace of M(ξ′, q) consisting of solutions tending to zero as t tends to
+∞. The dimension of this space is R. By Lemma 3.1, this space can be represented as the direct
sum M+(ξ′, q) = M

(1)
+ (ξ′, q) +̇ M

(2)
+ (ξ′, q) , where the first space on the right-hand side corresponds

to the zeros bounded as q →∞ and the other subspace corresponds to the other zeros. Note that
dim M

(1)
+ (ξ′, q) = R1 and dim M

(2)
+ (ξ′, q) = R2 for q ≥ q0.

Lemma 3.2. Suppose that condition (iii) of Definition 2.6 is satisfied. Then there is a value
q0 > 0 such that, for |ξ′| = 1 and q ≥ q0, the following assertions hold.

(i) The problem on the half-line,

A(ξ′, Dt, q)v(t) = 0 (t > 0) ,(3.1)

B1(ξ′, Dt)v(0) = h(1) ,(3.2)

v(t) ∈ M
(1)
+ (ξ′, q)(3.3)

is uniquely solvable for arbitrary h(1) ∈ CR1 .
(ii) There exists an N × R1 rectangular matrix N (1)(ξ′, τ, q), polynomial with respect to τ and

bounded for |ξ′| = 1, q ≥ q0, and τ ∈ γ(1), for which

1
2πi

∫
γ(1)

B1(ξ′, τ)A−1(ξ′, τ, q)N (1)(ξ′, τ, q)dτ = IR1 ,

where γ(1) is the same contour as in Lemma 3.1.

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 7 No. 4 2000



296 R. DENK et al.

Proof. (i). As in condition (iv′) of Remark 2.7, a necessary and sufficient condition for the
unique solvability of problem (3.1)–(3.2) can be written in the following form [17]: the rank of the
matrix

Λ(ξ′, q) :=
1

2πi

∫
γ(1)

B1(ξ′, τ)A−1(ξ′, τ, q)(IN , τIN , . . . , τ2m−1IN )dτ

is equal to R1. Let us show first that

(3.4) A−1(ξ′, τ, q) =
(
A−1

11 (ξ′, τ) 0
0 0

)
+O(q−2(m−µ)) .

To prove (3.4), we rewrite the matrix A(ξ, q) in the form

A(ξ, q) =
(
A11(ξ) 0

0 −qm−µIN2

)[
IN +H(ξ, q)

](
IN1 0
0 qm−µIN2

)
,

where

H(ξ, q) :=
(

0 q−(m−µ)A−1
11 (ξ)A12(ξ)

−q−(m−µ)A21(ξ) −q−2(m−µ)A22(ξ)

)
.

It follows from this relation and from the condition m > µ that the inverse matrix A−1(ξ, q) =:
G(ξ, q) exists for q sufficiently large and is equal to

G(ξ, q) =
(
IN1 0
0 q−(m−µ)IN2

)[
IN −H +O

(
q−2(m−µ)

)](A−1
11 (ξ) 0
0 −q−(m−µ)IN2

)
=
(
A−1

11 (ξ) 0
0 0

)
+O(q−2(m−µ)) .

It follows from (3.4) that

lim
q→∞

Λ(ξ′, q) =
1

2πi

∫
γ(1)

(
B11(ξ′, τ)A−1

11 (ξ′, τ), 0
)
(IN , τIN , . . . , τ2m−1IN )dτ .

Denote by M(ξ′, q) the R1 ×R1 submatrix of Λ(ξ′, q) that consists of the columns of Λ(ξ′, q) with
the indices kN + j (k = 0, . . . , µ− 1; j = 1, . . . , N1). Then

M(ξ′) := lim
q→∞

M(ξ′, q) =
1

2πi

∫
γ(1)

B11(ξ′, τ)A−1
11 (ξ′, τ)(IN1 , . . . , τ

µ−1IN1)dτ .

By condition (iii) of Definition 2.6, the matrix M(ξ′) is nonsingular. It follows from (3.4) that the
matrix M(ξ′, q) is also nonsingular for q ≥ q0, where q0 is large enough, which proves (i).

To prove (ii), it suffices to define (cf. [17]) an N × R1-dimensional matrix N (1)(ξ′, τ, q) by the
formula

N (1)(ξ′, τ, q) :=
(
N

(1)
1 (ξ′, τ, q)

0

)
with the N1 ×R1-dimensional matrix N (1)

1 (ξ′, τ, q) given by

N
(1)
1 (ξ′, τ, q) = (IN1 , τIN1 , . . . , τ

µ−1IN1)M
−1(ξ′, q) .
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Lemma 3.3. Suppose that condition (iv) of Definition 2.6 is satisfied. Then there exists a q0 > 0
such that, for |ξ′| = 1 and q ≥ q0, the following statements hold.

(i) The problem on the half-line

A(ξ′, Dt, q) v(t) = 0 (t > 0) ,(3.5)

B2(ξ′, Dt) v(0) = h(2) ,(3.6)

v(t) ∈ M
(2)
+ (ξ′, q)(3.7)

is uniquely solvable for arbitrary h(2) ∈ CR2 .

(ii) There exists an N × R2 rectangular matrix N (2)(ξ′, τ, q) polynomial in τ and bounded for all
|ξ′| = 1, q ≥ q0 and τ ∈ γ(2) for which

1
2πi

∫
γ(2)

B2

(ξ′
q
, τ
)
A−1

(ξ′
q
, τ, 1

)
N (2)(ξ′, τ, q)dτ = IR2 ,

where γ(2) is the same contour as in Lemma 3.1.

Proof. (i). As in Lemma 3.2, we use the criterion in [17] for the unique solvability of the problem
on the half-line. This criterion can trivially be modified, namely, the matrices τ lIN can be replaced
by (cτ)lIN with arbitrary real c 6= 0.

To prove (i), note that the rank of the matrix

1
2πi

∫
γ(2)(q)

B2(ξ′, τ)A−1(ξ′, τ, q)
(
IN ,

τ

q
IN , . . . ,

(τ
q

)2m−1

IN

)
dτ

is equal to R2, where γ(2)(q) := {qτ : τ ∈ γ(2)}. As in the proof of Lemma 3.2, write G(ξ, q) =
A−1(ξ, q). The element gij(ξ, q) of the matrix G is a homogeneous function in (ξ, q) of degree
−sj − ti. Therefore, making the change of variables τ = qτ̃ in the above integral, we obtain the
matrix qmR1+1

. . .
qmR

Λ(ξ′, q)

q1−s1

. . .
q1−sN

 ,

where

Λ(ξ′, q) =
1

2πi

∫
γ(2)

B2

(ξ′
q
, τ
)
A−1

(ξ′
q
, τ, 1

)
(IN , τIN , . . . , τ2m−1IN )dτ .

Obviously, we must show that, in a neighborhood of q = +∞, the rank of this matrix is R2. By
condition (iv) of Definition 2.6, the rank of the matrix

Λ(0, 1) :=
1

2πi

∫
γ(2)

B2(0, τ)A−1(0, τ, 1)(IN , τIN , . . . , τ2m−1IN ) dτ

is equal to R2. For τ ∈ γ(2) and |ξ′| = 1, the matrix-valued function B2(ξ′/q, τ) A−1(ξ′/q, τ, 1)
uniformly tends to B2(0, τ)A−1(0, τ, 1) as q → +∞. This proves (i).

To prove (ii), we choose an invertible submatrix of Λ(0, 1) of size R2×R2. Let the indices of the
columns of this submatrix be j1, . . . , jR2 . Then, for large q, the submatrix of Λ(ξ′, q) consisting of
the same columns j1, . . . , jR2 is invertible as well. In other words, there exists a 2mN ×R2 matrix
Ñ (2)(ξ′, q) such that Λ(ξ′, q)Ñ (2)(ξ′, q) = IR2 . Now it remains to set

N (2)(ξ′, τ, q) := (IN , τIN , . . . , τ2m−1IN )Ñ (2)(ξ′, q) .
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Lemma 3.4. Let

w(t) =
(
w(1)(t, ξ′, q)
w(2)(t, ξ′, q)

)
be the solution of (2.10)–(2.11). Then, for |ξ′| = 1 and sufficiently large q, the function w can be
written in the form

(3.8)

w(t, ξ′, q) =
1

2πi

∫
γ(1)

A−1(ξ′, τ, q)N (1)(ξ′, τ, q)eitτ dτ · ψ(1)(ξ′, q)

+

 q−t1

. . .
q−tN

 1
2πi

∫
γ(2)

A−1
(ξ′
q
, τ, 1

)
N (2)(ξ′, τ, q)eitqτdτ · ψ(2)(ξ′, q)

where γ(1) and γ(2) are as in Lemma 3.1 and N (1), N (2) are as in Lemmas 3.2 and 3.3, respectively.
The vectors ψ(1)(ξ′, q) ∈ CR1 and ψ(2)(ξ′, q) ∈ CR2 are given by the formula(

ψ(1)(ξ′, q)
ψ(2)(ξ′, q)

)
= M(ξ′, q) g

for some matrix M(ξ′, q) =
(
Mij(ξ′, q)

)
i,j=1,...,R

such that

(3.9) |Mij(ξ′, q)| ≤


C , i ≤ R1 , j ≤ R1 ,

C qmR1−mj , i ≤ R1 , j > R1 ,
C q−mR1+1 , i > R1 , j ≤ R1 ,
C q−mj , i > R1 , j > R1 .

Proof. We are following the scheme of [6], Lemmas 3.1–3.3, which uses an idea of Frank [8].
We define w by (3.8) with unknown vectors ψ(i)(ξ′, q). First we note that the ordinary differential
operator A(ξ′, Dt, q) sends each of the two integrals in the right-hand side of (3.8) to zero. For the
first integral, this is obvious. As for the other integral, we note that

A(ξ′, Dt, q)

q−t1

. . .
q−tN

 =

qs1

. . .
qsN

A
(ξ′
q
,
1
q
Dt, 1

)
.

To compute ψ(i), we apply the boundary operators to (3.8) and obtain

B1(ξ′, Dt)w(t, ξ′, q) = ψ(1)(ξ′, q) + ∆1
1

2πi

∫
γ(2)

B1

(ξ′
q
, τ
)
A−1

(ξ′
q
, τ, 1

)
N (2)(ξ′, τ, q) dτ ψ(2)(ξ′, q)

with

∆1 :=

qm1

. . .
qmR1

 .

Here we used Lemma 3.2 and the homogeneity of bij . In the same way, using Lemma 3.3, we obtain

B2(ξ′, Dt)w(t, ξ′, q) =
1

2πi

∫
γ(1)

B2(ξ′, τ)A−1(ξ′, τ, q)N (1)(ξ′, τ, q)dτ ψ(1)(ξ′, q) + ∆2 ψ
(2)(ξ′, q)
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with

∆2 :=

qmR1+1

. . .
qmR

 .

Therefore, condition (2.11) leads to the system of linear equations

(3.10)
(
IR1 ∆1H12

H21 ∆2

)(
ψ(1)

ψ(2)

)
= g ,

where we used the notation

H12 :=
1

2πi

∫
γ(2)

B1

(ξ′
q
, τ
)
A−1

(ξ′
q
, τ, 1

)
N (2)(ξ′, τ, q) dτ ,

H21 :=
1

2πi

∫
γ(1)

B2(ξ′, τ)A−1(ξ′, τ, q)N (1)(ξ′, τ, q) dτ .

As was shown in the proof of Lemma 3.3 in [6], for large q, the matrix in (3.10) is invertible (here
we use the inequality mR1 < mR1+1, see (2.4)), and its inverse is given by

M =
(

G1 −G1∆1H12∆−1
2

−G2∆−1
2 H21 G2∆−1

2

)

with G1 := (IR1 − ∆1H12∆−1
2 H21)−1 and G2 := (IR2 − ∆−1

2 H21∆1H12)−1. Since the matrices
G1 and G2 are bounded for sufficiently large q, the estimate (3.9) follows. (Note that in [6], in
the situation of Lemma 3.3, the additional condition mj ≥ 0 was imposed. However, it readily
follows from the proof of this lemma that the additional condition is not needed, and the condition
mR1 < mR1+1 is substantial.)

For j = 1, . . . , R, denote by

wj =

wj1(t, ξ′, q)
...

wjN (t, ξ′, q)


the solution of (2.10)–(2.11) in which g is replaced by the jth unit vector ej ∈ CR.

Theorem 3.5. a) For i = 1, . . . , N1, j = 1, . . . , R, and l = 0, 1, 2, . . . , we have
(3.11)

‖Dl
twji(·, ξ′, q)‖L2(R+) ≤ C


|ξ′|l−mj−ti−1/2, l ≤ mR1+1 + ti, j ≤ R1,

|ξ′|mR1+1−mj (q + |ξ′|)l−mR1+1−ti−1/2, l > mR1+1 + ti, j ≤ R1,
|ξ′|l−mR1−ti−1/2(q + |ξ′|)mR1−mj , l ≤ mR1 + ti, j > R1,

(q + |ξ′|)l−mj−ti−1/2, l > mR1 + ti, j > R1,

for all ξ′ ∈ Rn−1 \ {0} and q ∈ [0,∞).

b) For i = N1 + 1, . . . , N , j = 1, . . . , R, and l = 0, 1, 2, . . . , we have
(3.12)

‖Dl
twji(·, ξ′, q)‖L2(R+) ≤ C


|ξ′|l−mj−1/2(q + |ξ′|)−ti , l ≤ mR1+1, j ≤ R1,

|ξ′|mR1+1−mj (q + |ξ′|)l−mR1+1−ti−1/2, l > mR1+1, j ≤ R1,
|ξ′|l−mR1−1/2(q + |ξ′|)mR1−mj−ti , l ≤ mR1 , j > R1,

(q + |ξ′|)l−mj−ti−1/2, l > mR1 , j > R1,
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for all ξ′ ∈ Rn−1 \ {0} and q ∈ [0,∞).

Proof. a) We assume first that i ≤ N1. Due to the unique solvability of (2.10)–(2.11), for ξ′ 6= 0
and q ∈ [0,∞) we have

wji(t, ξ′, q) = |ξ′|−mj−tiwji

(
|ξ′|t, ξ

′

|ξ′|
,
q

|ξ′|

)
,

and hence

‖Dl
nwji(·, ξ′, q)‖L2(R+) = |ξ′|l−mj−ti−1/2

∥∥∥Dl
nwji

(
·, ξ

′

|ξ′|
,
q

|ξ′|

)∥∥∥
L2(R+)

.

Therefore, it suffices to show that, for |ξ′| = 1 and for all q ∈ [0,∞), the following estimate holds:

(3.13) ‖Dl
twji(·, ξ′, q)‖L2(R+) ≤ C


1 , l ≤ mR1+1 + ti , j ≤ R1 ,

q̃l−mR1+1−ti−1/2 , l > mR1+1 + ti , j ≤ R1 ,
q̃mR1−mj , l ≤ mR1 + ti , j > R1 ,

q̃l−mj−ti−1/2 , l > mR1 + ti , j > R1 ,

where q̃ := max{1, q}. For |ξ′| = 1 and q ∈ [0, q0] this is true indeed due to continuity and
compactness (the proof uses condition (ii) of Definition 2.6). Thus, let q be sufficiently large. We
use the representation (3.8) for g = ej . Considering Dl

twj instead of wj , we obtain an additional
factor τ l in the integral over γ(1) and an additional factor qlτ l in the integral over γ(2). Integrating
Dl

nwj with respect to t, we obtain

(3.14) ‖Dl
twji‖L2(R+) ≤ C

(
|ψ(1)(ξ′, q)|+ ql−ti−1/2|ψ(2)(ξ′, q)|

)
where we used the fact that we may choose γ(1) and γ(2) at a positive distance from the real axis,
and | · | stands for the standard norm in the corresponding space (CR1 or CR2).

Now inequalities (3.9) lead to the relation

‖Dl
twji‖L2(R+) ≤ C

{
O(1) +O(ql−ti−1/2−mR1+1) , j ≤ R1 ,

O(qmR1−mj ) +O(ql−ti−1/2−mj ) , j > R1 ,

which implies (3.13).

b) The proof for the case i > N1 is similar to that above with only one difference. In part a), we
used the fact that the elements of G(ξ′, τ, q) = A−1(ξ′, τ, q) are O(1) for a chosen (ξ′, τ) and for
large values of q. By (3.4), for i > N1, the elements gij(ξ′, τ, q) of this matrix are O(q−2(m−µ)) =
O(q−2(si+ti)) and, for such indices i, we can replace (3.14) by the stronger estimate

‖Dl
twji‖L2(R+) ≤ C

(
|q−tiψ(1)(ξ′, q)|+ ql−ti−1/2|ψ(2)(ξ′, q)|

)
,

which leads to the desired estimate.

4. NEWTON POLYGON AND THE CORRESPONDING SOBOLEV SPACES

As was already noticed in Remark 2.2 b), the definition of weak parameter ellipticity is closely
connected to the Newton polygon that corresponds to the determinant of the symbol of A. Moreover,
the a priori estimates below use Sobolev spaces that arise by using the Newton polygon approach.
In the present section, we briefly recall the main concepts and results of this approach and rewrite
the estimate of Theorem 3.5 in terms of the Newton polygon. For a more detailed exposition, the
reader is referred to [9] and to [4] and [5].
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Let r = (r1, r2) be a pair of reals. Define a weight function Ξr : Rn × R+ → R as follows:

(4.1) Ξr(ξ, q) := (1 + |ξ|)r1 (q + |ξ|)r2 .

Similarly, define a function Φr, r ∈ R2, by

(4.2) Φr(ξ, q) := |ξ|r1 (q + |ξ|)r2 .

If r1 and r2 are positive integers, then these functions allow a geometric interpretation. Let us
describe it. For positive integers r1 and r2, define the Newton polygon Nr as the convex hull of the
set {(0, 0), (0, r2), (r1, r2), (r1 +r2, 0)} (cf. Figure 1). We can readily see that there is an equivalence

Ξr(ξ, q) ≈
∑

(i,k)∈Nr∩Z2

|ξ|iqk,

where the sign ≈ means that the ratio of the left-hand side to the right-hand side is bounded above
and below by positive constants that do not depend on ξ and q. Similarly, Φr(ξ, q) ≈

∑
(i,k) |ξ|iqk,

where the sum is now taken over all integral points on the edge connecting (r1, r2) and (r1 + r2, 0).
(In a sense, this edge is the leading part of the Newton polygon Nr.)

Now we again assume that r1 and r2 are arbitrary real numbers. In connection with the weight
function Ξr, we endow the (classical) Sobolev space Hr1+r2(Rn) with a parameter-dependent norm
‖ · ‖r given by the formula

(4.3) ‖u‖r := ‖F−1ΞrFu‖L2(Rn) ,

where F stands for the Fourier transform. We write Hr(Rn) for Hr1+r2(Rn) endowed with this
norm, omitting the symbol q for brevity in the notation for Hr and ‖ · ‖r. If Rn is replaced by
Rn−1 = {(x′, xn) ∈ Rn : xn = 0}, then we use the weight function Ξr(ξ′, q) := Ξr(ξ′, 0, q) in
the definition of the norm ‖ · ‖r,Rn−1 on the space Hr1+r2(Rn−1). On the half-space Rn

+ := {x =
(x′, xn) ∈ Rn : xn > 0}, on the manifold M , and on its boundary ∂M , similar norms can be defined
in the standard way (cf. [18]); denote the resulting norms by ‖ · ‖r,Rn

+
, etc.

Let us consider the traces of functions in Hr(Rn
+) on the boundary Rn−1. The question is how

to define parameter-dependent norms on the Sobolev spaces on the boundary so that the trace
operator γ0:u 7→ u(·, 0) is continuous and its norm is bounded by a constant independent of q. To
answer this question, we define the functions

Ξ(−a)
r (ξ, q) =

{
(1 + |ξ|)r1−a(q + |ξ|)r2 , a ≤ r1 ,

(q + |ξ|)r1+r2−a , a > r1 ,
(4.4)

Φ(−a)
r (ξ, q) =

{
|ξ|r1−a(q + |ξ|)r2 , a ≤ r1 ,

(q + |ξ|)r1+r2−a , a > r1 ,
(4.5)

for r = (r1, r2) ∈ R2 and a ∈ R. Denote the norm related to the function Ξ(−a)
r by ‖ · ‖(−a)

r . The
space Hr1+r2−a endowed with this norm is denoted by H(−a)

r .
The functions in (4.4) and (4.5) can be interpreted geometrically as well. For positive integers

r1 and r2 and for 0 ≤ a ≤ r1 + r2, the function Ξ(−a)
r corresponds to the Newton polygon that is

constructed from Nr by the left shift by a in parallel to the horizontal axis.
The following theorem describes the trace spaces of the Sobolev space Hr(Rn

+) in the above
sense. This is one of the main results of the theory of Sobolev spaces defined by Newton polygons;
for the case in which r1 and r2 are positive integers, this description follows from Theorem 2.9
in [5]. However, we can readily see that the proof in [5] works for arbitrary reals r1 and r2 (with
r1 + r2 > 1/2) as well.
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Theorem 4.1. Let r ∈ R2 and let r1 + r2 > 1/2. For any q0 > 0 and l ∈ Z such that
0 ≤ l ≤ r1 + r2 − 1/2, there is a constant C > 0 that does not depend on u and q and for which

‖γ0D
l
nu‖

(−l−1/2)
r,Rn−1 ≤ C‖u‖r,Rn

+

holds for all u ∈ Hr(Rn
+) and q ≥ q0.

Now we are going to rewrite the ODE estimate in Theorem 3.5 in terms of the Newton polygon.
In the a priori estimates below, the structure of the norms of the ith components for i ≤ N1 differs
from that for i > N1. To unify the notation in these cases, we introduce the tuple

(4.6) ei :=
{

(1, 0) for 1 ≤ i ≤ N1,

(0, 1) for N1 + 1 ≤ i ≤ N.

In this notation, we obtain

(4.7) Φr+tiei
(ξ, q) =

{
|ξ|r1+ti(q + |ξ|)r2 for i ≤ N1,

|ξ|r1(q + |ξ|)r2+ti for i > N1.

Theorem 4.2. Assume that A satisfies the Vishik–Lyusternik condition and that (A,B) is
weakly parameter elliptic. Let r1 and r2 be real numbers such that r1 + r2 ≥ mR + 1/2 and r1 ∈
[mR1 + 1/2,mR1+1 + 1/2]. Then, for j = 1, . . . , R and l = 0, 1, 2, . . . , the inequality

(4.8) ‖Dl
twji(·, ξ′, q)‖L2(R+) ≤ C

Φ(−mj−1/2)
r (ξ′, q)

Φ(−l)
r+tiei

(ξ′, q)

holds for all ξ′ ∈ Rn−1 \ {0} and q ∈ [0,∞).

Proof. We assume first that i ≤ N1 and r1 < mR1+1 + 1/2. We must compare the right-
hand side of (4.8) to the right-hand side of (3.11). Using the definition (4.5) and the fact that
mj + ti + 1/2 ≤ r1 + ti if and only if j ≤ R1, we obtain

(4.9)
Φ(−mj−1/2)

r (ξ′, q)

Φ(−l)
r+tiei

(ξ′, q)
=


|ξ′|l−mj−ti−1/2, l ≤ r1 + ti, j ≤ R1,

|ξ′|r1−mj−1/2(q + |ξ|)l−ti−r1 , l > r1 + ti, j ≤ R1,

|ξ′|l−ti−r1(q + |ξ|)r1−mj−1/2, l ≤ r1 + ti, j > R1,

(q + |ξ′|)l−mj−ti−1/2, l > r1 + ti, j > R1,

Let j ≤ R1. If l ≤ r1 + ti, then l ≤ mR1+1 + ti, and the first line in (3.11) must be used. For
l > r1 + ti, the ratio of the right-hand sides of (3.11) and (4.9) is equal to

(
|ξ′|

q + |ξ′|

)l−ti−r1

, l ≤ mR1+1 + ti ,(
|ξ′|

q + |ξ′|

)1/2+mR1+1−r1

, l > mR1+1 + ti .

In any case, this ratio does not exceed one because of the condition on r1.
Similarly, for j > R1, the ratio of the right-hand sides of (3.11) and (4.9) is equal to

(
|ξ′|

q + |ξ′|

)r1−mR1−1/2

, l ≤ mR1 + ti ,(
|ξ′|

q + |ξ′|

)r1+ti−l

, mR1 + ti < l ≤ r1 + ti ,

1 , l > r1 + ti
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which proves (4.8) for r1 ∈ [mR1 + 1/2,mR1+1 + 1/2).
Now let us consider the case in which i ≤ N and r1 = mR1+1 + 1/2. Define the index k by the

condition
mR1+1 = mR1+2 = · · · = mk < mk+1 .

Then mj + 1/2 ≤ r1 if and only if j ≤ k. Computing the right-hand side of (4.8), we see that,
for j ≤ k, we obtain the first and second lines of the right-hand side of (4.9). However, for j =
R1 +1, . . . , k we have mj +1/2 = r1, and hence, for these values of j, there is no difference between
the first and the third lines and between the second and the fourth lines in (4.9). Therefore, (4.9)
holds for r1 = mR1+1 + 1/2 as well. The remaining part of the proof is just like that in the case
r1 < mR1+1 + 1/2.

Finally, the proof for i > N1 is similar. We must use Theorem 3.5 b) instead of Theorem 3.5 a).

5. A PRIORI ESTIMATES

In this section we prove a priori estimates for operators with constant coefficients and with-
out lower-order terms of the form (1.1) and (2.3) in Rn and Rn

+, respectively (model problems).
Throughout this section, we choose a pair r = (r1, r2) of real numbers such that r1 + r2 ≥ mR + 1
and r1 ∈ [mR1 + 1/2,mR1+1 + 1/2]. For simplicity, let us assume in addition that r1 + r2 is an
integer; in this case, we can obtain an easy description (see (5.13) below) for the norms entering
in the a priori estimate. For the estimates treated below, we must keep in mind definitions (4.1),
(4.4), and (4.6).

To begin with, let A = A(D, q) be a model operator of the form (1.1) acting on Rn.

Lemma 5.1. For q ≥ q0 > 0, the operator

A(D, q):
N∏

i=1

Hr+tiei(Rn) →
N∏

i=1

Hr−siei(Rn)

is continuous. Here the norm in the space Hr(Rn) is defined by (4.3) and (4.1), and the continuity
means that A is a bounded operator between these spaces and the norm of A can be estimated by a
constant C = C(q0) independent of q.

Proof. Due to the Douglis–Nirenberg structure, the parameter-independent operator

(5.1) Aij(D, 0):Hr+tjej (Rn) → Hr−siei(Rn)

is continuous. Indeed, if j ≤ N1, then the left-hand space is Hr1+tj ,r2 , and it is mapped into
Hr1−si,r2 . According to the obvious embedding

(5.2) Hr1−a,r2(Rn) ⊂ Hr1,r2−a(Rn) (a ≥ 0),

the operator (5.1) is bounded. For j > N1, the left-hand space is Hr1,r2+tj
, which is mapped

into Hr1−si−tj ,r2+tj
. Using (5.2) again, we prove the continuity of (5.1). The same holds for the

multiplication operator q2m−2µ.

Theorem 5.2. Let A(D, q) be weakly parameter elliptic in the sense of Definition 2.1. Then,
for q ≥ q0 > 0, the function u satisfies the a priori estimate

N∑
i=1

‖ui‖r+tiei ≤ C
( N∑

i=1

‖fi‖r−siei +
N1∑
i=1

qr2‖ui‖L2 +
N∑

i=N1+1

qr2+ti‖ui‖L2

)
,

where f = A(D, q)u.

Proof. Let us take an arbitrary vector c ∈ CN , set d = A(ξ, q)c, and prove the inequality

(5.3)
N∑

i=1

Φr+tiei
(ξ, q) |ci| ≤ C

N∑
j=1

Φr−sjej
(ξ, q) |dj |.
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As in the proof of Lemma 3.2, we set G(ξ, q) = (gij(ξ, q)) = A−1(ξ, q). We already know that
gij(ξ, q) is homogeneous in (ξ, q) of degree −sj − ti. Write

gij(ξ, q) = (−1)i+j(detA(ξ, q))−1 det
[
A(ξ, q)ji

]
,

where the (N − 1) × (N − 1) matrix Aji is obtained by deleting the jth row and the ith column
from the matrix A. Using the condition of weak parameter ellipticity and the homogeneity of the
elements of the matrix A(ξ, q), we readily obtain the following estimate (cf. the proof of Proposition
3.10 in [4]):

(5.4) |gij(ξ, q)| ≤ C


|ξ|−sj−ti , i, j ≤ N1 ,

|ξ|tj−ti (q + |ξ|)−sj−tj , i ≤ N1, j > N1 ,
|ξ|si−sj (q + |ξ|)−si−ti , i > N1, j ≤ N1 ,

|ξ|si+tj (q + |ξ|)−si−ti−sj−tj , i, j > N1, i 6= j .
(q + |ξ|)−sj−tj , i = j > N1.

Let us first consider the case i ≤ N1, in which the ith term in the sum on the left-hand side of (5.3)
is equal to |ξ|r1+ti(q + |ξ|)r2 |ci|. Using (5.4), we see that the ith term is not greater than

N∑
j=1

|ξ|r1+ti(q + |ξ|)r2 |gij(ξ, q)| |dj |

≤ C
( N1∑

j=1

|ξ|r1−sj (q + |ξ|)r2 |dj |+
N∑

j=N1+1

|ξ|r1+tj (q + |ξ|)r2−sj−tj |dj |
)

≤ C

N∑
j=1

Φr−sjej (ξ, q)|dj | .

In the same way we can see that, for i > N1, the ith term in the sum on the left-hand side of (5.3)
is not greater than

N∑
j=1

|ξ|r1(q + |ξ|)r2+ti |gij(ξ, q)| |dj |

≤ C
( N1∑

j=1

|ξ|r1+si−sj (q + |ξ|)r2−si |dj |+
N∑

j=N1+1

|ξ|r1+si+tj (q + |ξ|)r2−si−sj−tj |dj |
)

≤ C
( N1∑

j=1

|ξ|r1−sj (q + |ξ|)r2 |dj |+
N∑

j=N1+1

|ξ|r1(q + |ξ|)r2−sj |dj |
)

= C

N∑
j=1

Φr−sjej (ξ, q)|dj | ,

which completes the proof of (5.3).
For |ξ| ≥ 1 we have |ξ| ≈ 1 + |ξ|, and we may replace Φ by Ξ in (5.3). For |ξ| ≤ 1 we have

Ξr+tiei(ξ, q) ≤ C

{
qr2 for i ≤ N1,

qr2+ti for i > N1.

Therefore, for all ξ ∈ Rn, we obtain the inequality

(5.5)
N∑

i=1

Ξr+tiei(ξ, q) |ci| ≤ C
( N∑

j=1

Ξr−sjej (ξ, q) |dj |+
N1∑
i=1

qr2 |ci|+
N∑

i=N1+1

qr2+ti |ci|
)
.
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Now it remains to replace the numbers ci in (5.5) by Fui(ξ) and dj by Ffj(ξ), square the resulting
relation, and integrate with respect to ξ ∈ Rn to complete the proof of the theorem. (Here and
in the following, we tacitly use the fact that all norms on finite-dimensional spaces are equivalent,
and thus we may replace terms of the form (

∑
i |ci|)2 by

∑
i |ci|2, etc.)

Now let us consider the model problem in the half-space Rn
+, i.e., take operators A and B of the

form (1.1) and (2.3), respectively, with constant coefficients and without lower-order terms.

Lemma 5.3. The operator

(A,B):
N∏

i=1

Hr+tiei
(Rn

+) →
N∏

i=1

Hr−siei
(Rn

+)×
R∏

j=1

H
(−mj−1/2)
r (Rn−1)

is continuous.

Proof. We choose an extension operator E from Rn
+ to Rn that is continuous from L2(Rn

+)
to L2(Rn) and from Hr+tiei(Rn

+) to Hr+tiei(Rn). (Such an operator can be defined by using the
standard Hestenes–Seeley construction.) Let

u ∈
N∏

i=1

Hr+tiei(Rn
+), f := Au.

Write Ef := AEu. By Lemma 5.1 and by the definition of the norm related to the half-space, we
obtain the inequality

N∑
i=1

‖fi‖r−siei,Rn
+
≤ C

N∑
i=1

‖(Ef)i‖r−siei,Rn ≤ C

N∑
i=1

‖(Eu)i‖r+tiei,Rn ≤ C

N∑
i=1

‖ui‖r+tiei,Rn
+
.

This proves the continuity of the operator A.
To prove the continuity of B, we repeat the argument of Lemma 5.1 and obtain

Bkj(D)
(
Hr+tjej

(Rn
+)
)
⊂ Hr+tjej−(tj+mk)e1(R

n
+) ⊂ Hr−mke1(Rn

+).

By Theorem 4.1,
γ0Bkj(D)

(
Hr+tjej

(Rn
+)
)
⊂ H

(−1/2)
r−mke1

(Rn−1) ,

and, by definition, the space on the right-hand side coincides with the space H(−mk−1/2)
r (Rn−1).

Theorem 5.4. Let A(D, q) and B(D) be of the form (1.1) and (2.3), respectively, with constant
coefficients and without lower-order terms which act on functions on the half-space Rn

+. Assume
that A satisfies the Vishik–Lyusternik condition and that (A,B) is weakly parameter elliptic. Then,
for q ≥ q0 > 0, the a priori estimate

(5.6)
N∑

i=1

‖ui‖r+tiei,Rn
+
≤ C

(
N∑

i=1

‖fi‖r−siei,Rn
+

+
R∑

j=1

‖gj‖
(−mj−1/2)

r,Rn−1

+
N1∑
i=1

qr2‖ui‖L2(Rn
+) +

N∑
i=N1+1

qr2+ti‖ui‖L2(Rn
+)

)

holds, where Au = f and Bu = g.

Proof. We follow the standard scheme from elliptic theory (cf. [5]).

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 7 No. 4 2000



306 R. DENK et al.

(i) Reduction to the case f = 0. Choosing a cut-off function ψ ∈ C∞(Rn) such that ψ(ξ) = 1 for
|ξ| ≤ 1 and ψ(ξ) = 0 for |ξ| ≥ 2, we represent u in the form

(5.7) u = u′ + u′′ + v, u′ := [ψ(D)Eu]
∣∣∣
Rn

+

, u′′ := [(1− ψ(D))G(D, q)Ef ]
∣∣∣
Rn

+

.

Here E is the extension operator used in the proof of Lemma 5.3 and G(ξ, q) := A−1(ξ, q); we also
use the pseudodifferential notation ψ(D) := F−1ψ(ξ)F .

To estimate u′, we note that

(5.8)

N∑
i=1

‖u′i‖r+tiei,Rn
+
≤ C

N∑
i=1

‖ψ(D)(Eu)i‖r+tiei,Rn

≤ C
( N1∑

i=1

qr2‖(Eu)i‖L2(Rn) +
N∑

i=N1+1

qr2+ti‖(Eu)i‖L2(Rn)

)

≤ C
( N1∑

i=1

qr2‖ui‖L2(Rn
+) +

N∑
i=N1+1

qr2+ti‖ui‖L2(Rn
+)

)
for q ≥ q0, where we used the fact that ψ(D) is infinitely smoothing.

To estimate u′′, it suffices to consider the sum

N∑
i=1

‖(1− ψ(D))(G(D, q)Ef)i‖r+tiei,Rn .

To this end, we use relation (5.3) with d = F (Ef)(ξ) and c = G(ξ, q)d and note that we can replace
Φ(ξ, q) in (5.3) by Ξ(ξ, q) because 1 − ψ(ξ) vanishes for |ξ| ≤ 1. Integrating with respect to ξ, we
obtain

(5.9)
N∑

i=1

‖u′′i ‖r+tiei,Rn
+
≤ C

N∑
i=1

‖(Ef)i‖r−siei,Rn ≤ C

N∑
i=1

‖fi‖r−siei,Rn .

It remains to estimate v = u− u′ − u′′, which is a solution of the problem

(5.10) A(D, q) v = 0 in Rn
+ , B(D) v = h on Rn−1

with h := g −B(u′ + u′′). Because of Lemma 5.3, the norm of B(u′ + u′′) in the space

R∏
j=1

H
(−mj−1/2)
r (Rn−1)

is not greater than a constant multiple of the sum

N∑
i=1

(
‖u′i‖r+tiei,Rn

+
+ ‖u′′i ‖r+tiei,Rn

+

)
.

Moreover,

N1∑
i=1

qr2‖vi‖L2(Rn
+) +

N∑
i=N1+1

qr2+ti‖vi‖L2(Rn
+) ≤

N1∑
i=1

qr2‖ui‖L2(Rn
+)

+
N∑

i=N1+1

qr2+ti‖ui‖L2(Rn
+) +

N∑
i=1

‖u′i‖r+tiei,Rn
+

+
N∑

i=1

‖u′′i ‖r+tiei,Rn
+
,
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and we can see from (5.8) and (5.9) that we must prove the inequality

(5.11)
N∑

i=1

‖vi‖r+tiei,Rn
+
≤ C

( R∑
j=1

‖hj‖
(−mj−1/2)

r,Rn−1 +
N1∑
i=1

qr2‖vi‖L2(Rn
+) +

N∑
i=N1+1

qr2+ti‖vi‖L2(Rn
+)

)
,

i.e., we may assume without loss of generality that f = 0.

(ii) Proof for the case f = 0. Let v be a solution of (5.10). We have the equivalences

Ξr+tiei
(ξ, q) ≈ Φr+tiei

(ξ, q) +
{
qr2 for i ≤ N1,

qr2+ti for i > N1.
(5.12)

Φr+tiei(ξ, q) ≈
[ r1+r2+ti∑

l=0

ξ2l
n

(
Φ(−l)

r+tiei
(ξ′, q)

)2]1/2

(cf. [5], Section 2). Therefore,

(5.13)
N∑

i=1

‖vi‖r+tiei,Rn
+
≈

N1∑
i=1

qr2‖vi‖L2(Rn
+) +

N∑
i=N1+1

qr2+ti‖vi‖L2(Rn
+)

+
N∑

i=1

[ r1+r2+ti∑
l=0

∫
Rn−1

‖Dl
n(F ′vi)(ξ′, ·)‖2

L2(R+)

(
Φ(−l)

r+tiei
(ξ′, q)

)2
dξ′
]1/2

.

In (5.10) we take the partial Fourier transform with respect to ξ′ ∈ Rn−1 and use the unique
solvability for ξ′ 6= 0, see condition 2.6 (ii). We obtain

(F ′v)(xn, ξ
′, q) =

R∑
j=1

(F ′hj)(ξ′)wj(xn, ξ
′, q) .

By Theorem 4.2 we have

‖Dl
n(F ′vi)(·, ξ′, q)‖2

L2(R+)

(
Φ(−l)

r+tiei
(ξ′, q)

)2 ≤ C

R∑
j=1

|(F ′hj)(ξ′)|2
(
Φ(−mj−1/2)

r (ξ′, q)
)2
.

Integrating this inequality with respect to ξ′ ∈ Rn−1 and using (5.13), we obtain the inequality

N∑
i=1

‖vi‖r+tiei,Rn
+
≤ C

( N1∑
i=1

qr2‖vi‖L2(Rn
+) +

N∑
i=N1+1

qr2+ti‖vi‖L2(Rn
+) +

R∑
j=1

‖hj‖
(−mj−1/2)

r,Rn−1

)
which completes the proof of the theorem.

Note that, by Lemma 5.1 and Lemma 5.3, the a priori estimates in Theorems 5.2 and 5.4
(respectively) are two-sided.

Let us return to operators of the form (1.1) with boundary operators (2.3) acting on a smooth
compact manifold M with smooth boundary ∂M as described in Section 2. Choosing finitely many
coordinate systems, we obtain (in local coordinates) operators of the same form that act on Rn and
Rn

+, respectively. Roughly speaking, the fact that the a priori estimates established above for the
model operators are two-sided allows us to obtain a priori estimates for operators with variable
coefficients. We thus obtain the following theorem for which the proof needs no new ideas (cf. the
proof of Theorem 5.6 in [5]).
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Theorem 5.5. Let the operators A and B of the form (1.1) and (2.3), respectively, act on
a smooth compact manifold M with smooth boundary ∂M . Assume that the operator A(x,D, q)
satisfies the Vishik–Lyusternik condition and that the boundary value problem (A,B) is weakly
parameter elliptic in the sense of Definition 2.6. Then there exist constants q0 and C, q0 > 0 and
C > 0, that do not depend on q and u and for which the a priori estimate

(5.14)

N∑
i=1

‖ui‖r+tiei,M ≤C

(
N∑

i=1

‖fi‖r−siei,M +
R∑

j=1

‖gj‖
(−mj−1/2)
r,∂M

+
N1∑
i=1

qr2‖ui‖L2(M) +
N∑

i=N1+1

qr2+ti‖ui‖L2(M)

)

holds, where f = Au and g = Bu.

Remark 5.6. It follows from the proofs of the above results that the assumptions can be
weakened as follows: the operator A22(x,D)− q2mIN2 can be replaced by an operator A22(x,D, q)
which is elliptic with parameter in the sense of Agmon–Agranovich–Vishik. Note that this makes
sense here because all entries on the diagonal of the Douglis–Nirenberg system A22 are of the same
order, and thus the parameter has a definite weight in this operator matrix.

In this case the above results remain valid and their proofs are almost literally the same.

6. APPLICATION TO TRANSMISSION PROBLEMS

In the theory of elliptic boundary value problems with indefinite weight functions, a transmission
problem arises in which the operator is elliptic in one part of the domain and elliptic with parameter
in the other part. Such a problem was recently treated by Faierman [7]; we refer the reader to his
paper for further references. In this section we show how the results of Section 4 can be applied
to such problems. The a priori estimates obtained here differ from those in [7] and seem to be
new. Moreover, in [7], only the canonical transmission conditions are treated (for the definition,
see below), while our results imply the validity of a priori estimates under general transmission
conditions. For simplicity, we restrict ourselves to the case of differential operators with constant
coefficients that act on Rn and have no lower-order terms. The case of variable coefficients can be
treated by the well-known method of localization, see also [7], where even nonsmooth coefficients
are handled.

We thus assume that a transmission problem of the form

A1(D)u1(x) = f1(x) (xn < 0) ,(6.1)

A2(D, q)u2(x) = f2(x) (xn > 0)(6.2,)

Bj1(D)u1(x′, 0) +Bj2(D)u2(x′, 0) = gj(x′) (j = 1, . . . , 2m) ,(6.3)

is given Here A1 and A2 are scalar partial differential operators of the same order 2m with constant
coefficients and Bj1 and Bj2 are boundary differential operators of order mj for j = 1, . . . , 2m. We
assume that these operators coincide with their principal parts and that

(6.4) m1 ≤ · · · ≤ mm < mm+1 ≤ · · · ≤ m2m .

Assume that the following conditions hold:

(A1) The operator A1(D) is elliptic, i.e., A1(ξ) 6= 0 for ξ ∈ Rn \ {0}.

(A2) The operator A2(D, q) is elliptic with parameter in the sense of Agmon–Agranovich–Vishik
along the ray [0,∞), i.e., A2(ξ, q) 6= 0 for (ξ, q) ∈ Rn × [0,∞) with |ξ|+ q > 0 .
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(A3) For any ξ′ ∈ Rn−1 \ {0}, q ∈ [0,∞), and g = (g1, . . . , g2m) ∈ C2m, the transmission problem
on the real line

(6.5)

A1(ξ′, Dt)w1(t) = 0 (t < 0) ,

A2(ξ′, Dt, q)w2(t) = 0 (t > 0) ,[
Bj1(ξ′, Dt)w1(t) +Bj2(ξ′, Dt)w2(t)

]∣∣∣
t=0

= gj (j = 1, . . . , 2m) ,

w1(t) → 0 (t→ −∞) , w2(t) → 0 (t→ +∞)

has a unique solution.

(A4) The boundary value problem (A1, B11, . . . , B1m) in Rn
− satisfies the classical Shapiro–Lopatin-

skii condition.

(A5) For any q ∈ [0,∞) and (hm+1, . . . , h2m) ∈ Cm, the system of ordinary differential equations
on R+

(6.6)

A2(0, Dt, 1)v2(t) = 0 (t > 0) ,

Bj2(0, Dt)v2(t)
∣∣∣
t=0

= hj (j = m+ 1, . . . , 2m) ,

v2(t) → 0 (t→ +∞)

has a unique solution.

The following theorem is an analog of Theorem 5.4 for such transmission problems.

Theorem 6.1. Suppose that assumptions (A1)–(A5) hold. Let r = (r1, r2) be a pair of real
numbers for which r1 ∈ [mm + 1/2,mm+1 + 1/2] and r1 + r2 ≥ m2m + 1 is an integer. Then there
exist constants q0 and C, q0 > 0, independent of q and u and such that, for q ≥ q0 and for any
solution u1, u2 of (6.1)–(6.3), we have the following a priori estimate:

(6.7)

‖u1‖r,Rn
−
+‖u2‖r,Rn

+
≤ C

[
‖f1‖(r1−2m,r2),Rn

−
+ ‖f2‖(r1,r2−2m),Rn

+

+
2m∑
j=1

‖gj‖
(−mj−1/2)

r,Rn−1 + qr2
(
‖u1‖L2(Rn

−) + ‖u2‖L2(Rn
+)

)]
.

Proof. We set v1(x) := u1(x′,−xn) and v2(x) := u2(x) for x ∈ Rn
+. Then

(
v1
v2

)
is a solution of

(
A1(D′,−Dn) 0

0 A2(D′, Dn, q)

) (
v1(x)
v2(x)

)
=
(
f1(x′,−xn)

f2(x)

)
(x ∈ Rn

+), B11(D′,−Dn) B12(D)
...

...
B2m,1(D′,−Dn) B2m,2(D)

(v1(x′, 0)
v2(x′, 0)

)
=

 g1(x′)
...

g2m(x′)

 (x′ ∈ Rn−1) .

This problem is of the form (1.1), (2.3) with N1 = N2 = 1, sj = 2m, and tj = 0, where (µ,m)
in (2.2) must now be replaced by (m, 2m). Due to Remark 2.5, the Vishik–Lyusternik condition is
satisfied. The conditions of Definition 2.6 follow from assumptions (A1)–(A5). Indeed, 2.6 (i) is a
consequence of (A1) and (A2), 2.6 (ii) follows from (A3), and 2.6 (iii) coincides with (A4). To show
that 2.6 (iv) holds, we must consider the following ODE on the half-line:

(6.8)

A1(0,−Dt)v1(t) = 0 (t > 0) ,

A2(0, Dt, 1)v2(t) = 0 (t > 0) ,

Bj1(0,−Dn)v1(t) +Bj2(0, Dt)v2(t)
∣∣∣
t=0

= hj (j = m+ 1, . . . , 2m) ,

v1(t), v2(t) → 0 (t→ +∞) .
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Since A1(0,−Dt) = constD2m
t , it follows that the function v1(t) is a polynomial in t whose degree

does not exceed 2m− 1. Since v1(t) → 0 as t→ +∞, it follows that this polynomial is identically
zero. Thus, (6.8) is reduced to (6.6).

The canonical transmission conditions are given by

Dj−1
n u1(x′, 0)−Dj−1

n u2(x′, 0) = 0 (j = 1, . . . , 2m) .

This case is treated in [7]. More generally, we consider the conditions

(6.9) Dj−1
n u1(x′, 0)−Dj−1

n u2(x′, 0) = gj(x′) (j = 1, . . . , 2m) .

For these transmission conditions, conditions (A1)–(A5) hold under very natural assumptions on A1

and A2. Moreover, in the a priori estimate, the ‖u2‖L2-term can be omitted, which follows from the
result of Theorem 6.2 below. Here we restrict ourselves to the case in which r = (r1, r2) = (m,m)
(this seems to be the most natural choice). Certainly, the corresponding results remain valid for
more general parameters r (instead of (m,m)).

Theorem 6.2. Suppose that the operator A1(D) is elliptic without parameter and that A2(D, q)
is elliptic with parameter in the sense of Agmon–Agranovich–Vishik. Then there exist constants q0
and C, q0 > 0 and C > 0, that do not depend on q ≥ q0 and u and for which, for every solution u
of the transmission problem (6.1), (6.2), (6.9), the following a priori estimate holds:

(6.10)

‖(1+|D|)m(q + |D|)mu1‖L2(Rn
−) + ‖(1 + |D|)m(q + |D|)mu2‖L2(Rn

−)

≤ C

[
‖(1 + |D|)−m(q + |D|)mf1‖L2(Rn

−) + ‖(1 + |D|)m(q + |D|)−mf2‖L2(Rn
+)

+
m∑

j=1

‖(1 + |D′|)m−j+1/2(q + |D′|)mgj‖L2(Rn−1)

+
2m∑

j=m+1

‖(q + |D′|)2m−j+1/2gj‖L2(Rn−1) + qm‖u1‖L2(Rn
−)

]
.

For g1 = · · · = g2m = 0 in (6.10), we recover the estimate obtained by Igor’ Fedotov (unpub-
lished).

Proof. a) Let us show first that conditions (A1)–(A5) are satisfied for the transmission problem
(6.1), (6.2), (6.9). Since conditions (A1) and (A2) hold by assumption and condition (A4) means
that the Dirichlet problem for the scalar elliptic operator A1(D) satisfies the Shapiro–Lopatinskii
condition, it remains to consider (A3) and (A5).

Starting from (A5), we note that A(0, τ, 1) has m roots in the upper half-plane of the complex
plane. Therefore, problem (6.6) (with B2j = Dj−1

t for j = m+ 1, . . . , 2m) has a unique solution.
To verify condition (A3), we use an argument in [2], Section 7. Denote by M1 the m-dimensional

subspace of all solutions of equation A1(ξ′, Dt)z(t) = 0 that tend to zero as t→ −∞ and choose a
basis z1, . . . , zm in M1. Similarly, we choose a basis zm+1, . . . , z2m of the space M2 of all solutions
of A2(ξ′, Dt, q)z(t) = 0 that tend to zero as t→∞. In this case, it is obvious that {z1, . . . , z2m} is
a set of solutions of the following ordinary differential equation on the entire line:

(6.11) A1,−(ξ′, Dt)A2,+(ξ′, Dt, q)z(t) = 0

where A1,−(ξ′, τ) and A2,+(ξ′, τ, q) stand for the products

A1,−(ξ′, τ) :=
2m∏

j=m+1

(τ − τ1j(ξ′)) and A2,+(ξ′, τ, q) :=
m∏

j=1

(τ − τ2j(ξ′, q)) ,
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respectively, τ1j (j = m+ 1, . . . , 2m) stand for the zeros of A1(ξ′, ·) with negative imaginary parts
and τ2j (j = 1, . . . ,m) for the zeros of A2(ξ′, ·, q) with positive imaginary parts.

Moreover, the set {z1, . . . , z2m} is linearly independent, i.e., it forms a fundamental system for
the ODE (6.11), which is of order 2m. Indeed, in the case of linear dependence, there would exist
constants c1, . . . , c2m ∈ C such that

(6.12)
m∑

j=1

cjzj =
2m∑

j=m+1

cjzj ,

where both sides of (6.12) are nontrivial. However, since zj(t) → 0 as t→ −∞ provided that j ≤ m
and zj(t) → 0 as t → +∞ provided that j > m, it would follow that both sides of (6.12) are
bounded on the entire line, i.e., that (6.11) would have a nontrivial bounded (stable) solution. But
this is impossible because all roots of A1 and A2 have nonvanishing imaginary part.

Now let v1, v2 be a solution of (6.5). Then there exist constants d1, . . . , d2m ∈ C such that

v1 =
m∑

j=1

djzj and v2 = −
2m∑

j=m+1

djzj .

The transmission conditions

Dj−1
t (v1(t)− v2(t))

∣∣∣
t=0

= gj (j = 1, . . . , 2m)

are equivalent to the system

(6.13)

 z1(0) · · · z2m(0)
...

...
D2m−1

t z1(0) · · · D2m−1
t z2m(0)


 d1

...
d2m

 =

 g1
...

g2m

 .

Since the Wronskian of the fundamental system {z1, . . . , z2m} is nonzero, it follows that the linear
system (6.13) is uniquely solvable, which completes the proof of (A3).

b) It follows from part a) of the proof that Theorem 6.1 can be applied to the transmission
problem (6.1), (6.2), (6.9). For r = (m,m) we obtain an estimate of the form (6.10) with the
additional term qm‖u2‖L2(Rn

+) on the right-hand side. To complete the proof, we must estimate this
term. To this end, we note that u2 is a solution of the problem

A2(D, q)u2(x) = f2(x) (xn > 0) ,(6.14)

Dj−1
n u2(x′, 0) = −gj(x′) +Dj−1

n u1(x′, 0) (j = 1, . . . ,m) .(6.15)

By assumption, the operator A2(D, q) is elliptic with parameter. Since the Dirichlet boundary
conditions {Dj−1

n : j = 1, . . . ,m} are absolutely elliptic, we can apply the Agmon–Agranovich–
Vishik theory to problem (6.14)–(6.15). We thus obtain (see [3], Theorem 3.1)

‖(q + |D|)2mu2‖L2(Rn
+) ≤ C

(
‖f2‖L2(Rn

+) +
m∑

j=1

‖(q + |D′|)2m−j+1/2gj‖L2(Rn−1)

+
m∑

j=1

‖(q + |D′|)2m−j+1/2Dj−1
n u1(x′, 0)‖L2(Rn−1)

)
.

By [3], Proposition 3.1, we have

m∑
j=1

‖(q + |D′|)2m−j+1/2Dj−1
n u1(x′, 0)‖L2(Rn−1) ≤ C‖(q + |D|)2mu1‖L2(Rn

−) .
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It follows from the last two inequalities that

(6.16)

qm‖u2‖L2(Rn
+) ≤ C

(
‖q−mf2‖L2(Rn

+) +
m∑

j=1

‖q−m(q + |D′|)2m−j+1/2gj‖L2(Rn−1)

+ ‖q−m(q + |D|)2mu1‖L2(Rn
−)

)
.

Now let us estimate the right-hand side of the last inequality via the right-hand side of (6.10).
Note that

q−m(q + |ξ|)m(1 + |ξ|)−m =
( q + |ξ|
q + q|ξ|

)m

≤ 1

for q ≥ q0 > 1 and ξ ∈ Rn, and the first term on the right-hand side of (6.16) can be estimated via
the second term on the right-hand side of (6.10). In the same way we obtain

q−m(q + |ξ′|)2m−j+1/2

(1 + |ξ′|)m−j+1/2(q + |ξ′|)m
= q−j+1/2

( q + |ξ′|
q + q|ξ′|

)m−j+1/2

≤ q−j+1/2 < 1,

and thus the sum on the right-hand side of (6.16) can be estimated via the third term in (6.10).
Let us show that, for each q0 > 1, there is a constant C(q0) such that the inequality

‖q−m(q + |D|)2mu1‖L2(Rn
−) ≤ ‖(1 + |D|)m(q + |D|)mu1‖L2(Rn

−) + C(q0)qm‖u1‖L2(Rn
−)

holds for q ≥ q0. To prove this inequality, we first find a constant C(q0) such that

(6.17) q−m(q + |ξ|)2m ≤ (1 + |ξ|)m(q + |ξ|)m + C(q0)qm

for q ≥ q0 > 1 and ξ ∈ Rn. To this end, note that

lim
|ξ|→∞

q−m(q + |ξ|)2m

(1 + |ξ|)m(q + |ξ|)m
= q−m ≤ q−m

0 < 1 .

Hence, there exists R = R(q0) such that the left-hand side of (6.17) does not exceed the first term
on the right-hand side of (6.17) for |ξ| ≥ R(q0). For |ξ| ≤ R(q0), the left-hand side of (6.17) is not
greater than the second term on the right-hand side if C(q0) = (1 +R(q0)/q0)2m.

Therefore, all terms on the right-hand side of (6.16) can be estimated by the right-hand side of
(6.10), which completes the proof of the theorem.

Remark 6.3. The proof of Theorem 6.2 can also be performed by repeating the proof of
Theorem 5.4 for the diagonal system(

A1(D′,−Dn) 0
0 A2(D′,−Dn, q)

)
.

In this case, one must replace the smoothing operator ψ(D)I2, which appears in the decomposition
(5.7), by the operator (

ψ(D) 0
0 1

)
.

This replacement immediately yields inequality (6.10), i.e., the desired estimate without the term
qm‖u2‖L2(Rn

+).
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7. REMARKS ON SINGULAR PERTURBATION PROBLEMS

Now we return to the singularly perturbed problem (1.3). As in the previous section, we assume
for simplicity that Aij is a scalar differential operator of order 2m with constant coefficients and
without lower-order terms that acts on the half-space Rn

+. To make the expressions homogeneous,
we replace ε by ε2m in (1.3). Then we obtain the system

(7.1)
A11(D)u1 +A12(D)u2 = 0 in Rn

+,
ε2m(A21(D)u1 +A22(D)u2)− u2 = 0 in Rn

+.

We assume that the boundary conditions are of the form

(7.2) bj1(D)u1 + bj2(D)u2 = gj (j = 1, . . . , 2m) on Rn−1.

We define B(D) by (2.3) for N1 = N2 = 1 and replace (µ,m) in (2.3) by (m, 2m). We again assume
that B(D) has constant coefficients and no lower-order terms.

Definition 7.1. The boundary value problem (7.1)–(7.2) is said to be weakly parameter elliptic
if (A(D,λ), B(D)) is weakly parameter elliptic in the sense of Definition 2.6, where A(D,λ) is given
by (1.1).

By Remark 2.5, the Vishik–Lyusternik condition is automatically satisfied in this case. As was
mentioned above, all results of the previous sections can equivalently be reformulated in the context
of boundary value problems with small parameter. In particular, weak parameter ellipticity implies
uniform a priori estimates for the solutions u1, u2 of (7.1)–(7.2) (these estimates are uniform as
ε → 0). Since the required modifications in the assertions are obvious, we do not formulate these
results explicitly. The aim of the present section is to show the connection between the conditions
of weak parameter ellipticity and the existence and structure of boundary layers for the singularly
perturbed problem (7.1)–(7.2), see also Remark 2.7 b).

Let u =
(
u1
u2

)
be a solution of problem (7.1)–(7.2). Multiplying the second equation in (7.1) by

ε2m, we see that (F ′u)(t, ξ′) is a solution of problem (2.10)–(2.11) for q = ε−1 and g := (F ′h)(ξ′).
By Lemma 3.4, for sufficiently small ε, this solution is a sum of two integrals. Since the second
integral in (3.8) contains the exponential term eitqτ = eitτ/ε, it follows that this integral describes
a boundary layer. The existence of this boundary layer term is a consequence of condition 2.6 (iv),
which can be seen from Lemma 3.3. On the other hand, the first integral in (3.8) is described in
Lemma 3.2, which uses condition 2.6 (iii). Therefore, the above considerations show that conditions
(iii) and (iv) in Definition 2.6 (which are in a sense nonstandard) lead to a splitting of the solution
of the singularly perturbed problem into a regular part and a boundary-layer part.

The remainder of this section is devoted to the construction of a formal asymptotic solution
(FAS) of the boundary value problem (7.1)–(7.2), i.e., of a formal series

u(x, ε) =
∞∑

k=0

εku(k)(x, ε) , u(k)(x, ε) =

(
u

(k)
1 (x, ε)
u

(k)
2 (x, ε)

)

for which the partial sums
∑N

k=0 ε
ku(k) satisfy (7.1)–(7.2) up to terms of order O(εN ). We claim

that conditions 4.2 (iii) and (iv) are again substantial for this construction.
Let us use terminology similar to that in [14]. We say that (A11(D), B11(D)) (see (2.12)–(2.13))

is the first limit problem and (2.14)–(2.15) is the second limit problem. Under the condition of
weak parameter ellipticity, the first limit problem is elliptic. To avoid technical difficulties, let us
also assume that it is uniquely solvable. If this is not the case, one must work with kernels and
cokernels of the operator related to this boundary value problem.

Following Vishik–Lyusternik [16] (see also [11]), we seek the solution in the form u(x, ε) =
v(x, ε) + w(x, ε), where

(7.3) v(x, ε) =
∞∑

k=0

εkv(k)(x), v(k)(x) =

(
v
(k)
1 (x)
v
(k)
2 (x)

)
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is the so-called exterior expansion and

(7.4) w(x, ε) =
∞∑

k=0

εm+kw(k)
(
x′,

xn

ε

)
, w(k)(x) =

(
w

(k)
1 (x)

w
(k)
2 (x)

)

is the so-called interior expansion or boundary layer. Our objective is to find partial differential
equations and boundary conditions determining the functions v(k) and w(k).

We begin with the equations in the interior of the domain Rn
+. In the following, we set

A(D) := A(D, 0) =
(
A11(D) A12(D)
A21(D) A22(D)

)
.

(i) Differential equations for v(k). Substituting (7.3) into (7.1), we obtain[(
1 0
0 ε2m

)
A(D)−

(
0 0
0 1

)] ∞∑
k=0

εk

(
v
(k)
1

v
(k)
2

)

=
∞∑

k=0

εk

[(
A11(D) A12(D)

0 −1

)(
v
(k)
1

v
(k)
2

)
+
(

0 0
A21(D) A22(D)

)(
v
(k−2m)
1

v
(k−2m)
2

)]
,

where

(7.5) v(k) := 0 for k = −2m,−2m+ 1, . . . ,−1.

Thus, we obtain the recurrence relations

A11(D)v(k)
1 = −A12(D)

(
A21(D) A22(D)

)
v(k−2m) (k = 0, 1, 2, . . . ),(7.6)

v
(k)
2 =

(
A21(D) A22(D)

)
v(k−2m) (k = 0, 1, 2, . . . ).(7.7)

In order to determine v(k) (with the initial values (7.5)), we must impose m boundary conditions
on v(k)

1 , see below.

(ii) Differential equations for w(k). To find the corresponding equations for w(k), we note that

A(D)
[
w(k)

(
x′,

xn

ε

)]
= ε−2m

[
A(εD′, Dn)w(k)

](
x′,

xn

ε

)
because of the homogeneity. Substituting (7.4) into (7.1), we obtain

(7.8)
[(

1 0
0 ε2m

)
A(D)−

(
0 0
0 1

)] ∞∑
k=0

εk+mw(k)
(
x′,

xn

ε

)
=
(
ε−m 0

0 εm

) ∞∑
k=0

εk

([
A(εD′, Dn)−

(
0 0
0 1

)]
w(k)

)(
x′,

xn

ε

)
.

Now we expand A(εD′, Dn) in a Taylor series with respect to ε,

A(εD′, Dn) =
2m∑
`=0

ε`A(`)(D′, Dn),
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where A(0)(D′, Dn) = A(0, Dn) and A(2m)(D′, Dn) is a constant complex 2× 2 matrix.
Substituting this expansion into the last sum in (7.8), we see that this sum is equal to

∞∑
k=0

εk

[(
A(0)(D)−

(
0 0
0 1

))
w(k) +

2m∑
`=1

A(`)(D)w(k−`)

]
,

where

(7.9) w(j) := 0 (j = −2m,−2m+ 1, . . . ,−1) .

Therefore, we obtain the recurrence relations

(7.10)
[
A(0)(D)−

(
0 0
0 1

)]
w(k) = −

2m∑
`=1

A(`)(D)w(k−`) (k = 0, 1, 2, . . . )

(iii) Boundary conditions. Now let us find boundary conditions for the functions v(k)
1 and w(k) for

k = 0, 1, . . . . By setting bj(D) :=
(
bj1(D) bj2(D)

)
(j = 1, . . . , 2m), we immediately see that

bj(D)
∞∑

k=0

εkv(k)(x′, 0) =
∞∑

k=0

εkbj(D)v(k)(x′, 0)

and, by homogeneity,

bj(D)w(k)
(
x′,

xn

ε

)∣∣∣
xn=0

= ε−mj bj(εD′, Dn)w(k)(x′, xn)
∣∣∣
xn=0

.

Therefore,

B(D)

[ ∞∑
k=0

εkv(k) +
∞∑

k=0

εm+kw(k)
(
x′,

xn

ε

)]∣∣∣∣∣
xn=0

=
∞∑

k=0

εkB(D)v(k)(x′, 0) +
∞∑

k=0

 ε−m1

. . .
ε−m2m

 εm+kB(εD′, Dn)w(k)(x′, 0) .

We use the Taylor expansion with respect to ε again,

bj(εD′, Dn) =
mj∑
`=0

ε`b
(`)
j (D′, Dn) ,

where b(0)j (D′, Dn) = bj(0, Dn). Thus,

(7.11)

bj(D)(v + w) =
∞∑

k=0

[
εkbj(D)v(k) + ε−mj+m+k

mj∑
`=0

ε`b
(`)
j (D)w(k)

]
=

∑
k=min{m−mj ,0}

εk
[
bj(D)v(k) +

mj∑
`=0

b
(`)
j (D)w(k+mj−m−`)

]
.
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Note that negative powers of ε can occur here; for negative values of k in v(k) and w(k), we use
(7.5) and (7.9).

The conditions bj(v + w) = gj for j = 1, . . . , 2m lead to the boundary conditions

(k, j)
bj(D)v(k) +

mj∑
`=0

b
(`)
j (D)w(k+mj−m−`) = δk0 gj

for k = min{m−mj , 0},min{m−mj , 0}+ 1, . . . and j = 1, . . . , 2m.

This set of boundary conditions is enumerated by using the indices k and j. At the first glance, it can
seem unclear how conditions (k, j) determine the functions v(k) and w(k). This is the subjectmatter
of the following theorem in which, for simplicity, we restrict ourselves to the special case

(7.12) ord Bj = j − 1 (j = 1, . . . , 2m) .

Theorem 7.2. Let the boundary value problem (7.1)–(7.2) be weakly parameter elliptic and let
the first limit problem be uniquely solvable. Assume further that (7.12) holds. Then the recursion
formulas (7.5)–(7.7), (7.9)–(7.10) with boundary conditions (k, j) uniquely determine the functions
v(k) and w(k) for k = 0, 1, 2 . . . . The boundary conditions for v(k)

1 and w(k) have the form

B11(D)v(k)
1 (x′, 0) = g(k)(x′)(7.13)

B2(0, Dn)w(k)(x′, 0) = h(k)(x′) ,(7.14)

respectively. The right-hand side of (7.13) contains only v(`) and w(`) for ` < k, while the right-hand
side of (7.14) contains only v(`) for ` ≤ k and w(`) for ` < k. In particular, the right-hand sides
can be determined recursively.

Note that the case in which (7.12) fails can be treated by using the same idea, but it is somewhat
more delicate.

Proof. By the recursion formulas (7.6)–(7.7) and (7.10) with initial values (7.5) and (7.9), we
must only show that the boundary condition (k, j) determines v(k)

1 and w(k).
For each pair of indices (k, j) that occurs in the above boundary condition, Figure 2 shows a

certain function for which this condition is used. (The index pairs filled with vertical lines do not
occur at all). The main question is in the order in which the formula (k, j) must be applied.

@
@

@@

j−→
k

↓ 1 2 · · · m m+1 · · · · · · 2m

−m+1
...

−1

0

1
...

v(0) v(0) v(0) v(0)

v(1) v(1) v(1) v(1)

...
...

...
...

w(0)

w(0)

w(0)

w(0)

w(1)

w(1)

w(1)

w(1)

...

...

...

...

Fig. 2. The usage of formula (k, j).
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We shall use the formulas (k, j) with j ≤ m as boundary conditions for v(k) and the formulas
(k − j + 1 − m, j) with j = m + 1, . . . , 2m as boundary conditions for w(k). We must prove the
statement concerning the right-hand sides of (7.13) and (7.14).

Let us assume that, at some step k, we already know the functions v(`) and w(`) for ` < k. We
intend to find v(k) and w(k). Let j ≤ m. In this case, condition (k, j) contains the functions

v(k), w(k+j−m−1), w(k+j−m−2), . . . , w(k−m) .

Since k + j −m− 1 < k and since v(k)
2 is defined by (7.7), which contains only v(k−2m), it follows

that the only unknown function in condition (k, j) is v(k)
1 . We obtain (7.13) in which

g
(k)
j := δk0 gj − bj2(D)u(k)

2 −
j−1∑
`=0

b
(`)
j (D)w(k+j−1−m−`) (j = 1, . . . ,m) .

Since the first limit problem is uniquely solvable by assumption, it follows that the function v(k)
1 is

uniquely determined by (7.6) and (7.13).
Let j > m. Then the boundary condition (k − j + 1−m, j) contains the functions

w(k), w(k−1), . . . , w(k−j+1) and v(k−j+m+1).

Since k − j + m + 1 ≤ k and since we already know the functions v(`) for ` ≤ k, this gives m
boundary conditions for w(k). Since the second limit problem is uniquely solvable by assumption,
it follows that the function w(k) is determined by these boundary conditions, and we can pass to
step k + 1. The boundary conditions for w(k) are of the form (7.14) with

h
(k)
j = δk−j+m+1,0 gj − bj(D)v(k−j+m+1) −

j−1∑
`=1

b
(`)
j (D)w(k−`) (j = m+ 1, . . . , 2m) .

Summing up, we see that, if we take formulas (k, j) as boundary conditions for v(k) and w(k) as is
indicated in Figure 2, then the right-hand sides of (7.13) and (7.14) can be determined recursively.

Remark 7.3. By Theorem 7.2, the terms in the asymptotic expansion are defined as solutions
of the first and second limit problem. In particular, condition 2.6 (iv), i.e., the unique solvability
of the second limit problem, leads to boundary layer terms, while condition 2.6 (iii), i.e., the
unique solvability of the first limit problem, corresponds to the exterior expansion. This shows that
conditions (iii) and (iv) are very natural in a sense (namely, from the point of view of singular
perturbations).
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