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Work fluctuation relation of an active Brownian particle in a viscoelastic fluid
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We experimentally investigate the work fluctuations of an active Brownian particle (ABP) during its selfpropelled motion in a viscoelastic medium. Under such conditions, ABPs display a persistent circular motion
which allows the determination of the orientational work fluctuations along its trajectory. Due to the nonlinear
coupling to the non-Markovian bath, we find strong deviations from the work fluctuation theorem (WFT) due
to observed increased rotational ABP dynamics. Taking this enhanced rotational diffusion into account, the
orientational work distributions can be recasted to be in accordance with the WFT by considering an effective
temperature of about two orders of magnitude larger than kB T . This approach is confirmed by the good agreement
of the torque exerted by the viscoelastic bath on the ABP obtained from the WFT with the value obtained from
the mean angular velocity and the friction coefficient of the ABP.
DOI: 10.1103/PhysRevE.104.034605

I. INTRODUCTION

Active Brownian particles (ABPs) which self-propel
through a fluid medium currently receive considerable attention as intrinsic nonequilibrium model systems [1–4]. Unlike
Brownian particles, they dissipate heat into their surroundings and thus break detailed balance [5]. In purely viscous,
i.e., Newtonian fluids, the ABPs’ orientational dynamics is
entirely determined by thermal fluctuations, which eventually
leads to a persistent random walk with a crossover time from
ballistic to diffusive motion independent of the propulsion
velocity [6–9]. Quite unlike this, ABPs show a strong coupling of their translational and orientational dynamics when
propelling in a viscoelastic fluid, which leads to, e.g., a dramatic enhancement of rotational diffusion [10–14] and even
persistent circular trajectories [15]. Both phenomena originate
from the strong nonlinear coupling of the ABP’s orientation to
the surrounding viscoelastic bath which is absent in viscous
fluids.
Microscopic information regarding the coupling of a particle to its surroundings can be obtained using the work
fluctuation theorem (WFT), which quantifies the distribution
of work in microscopic systems [16,17]. According to the
WFT, for a system in contact with a thermal bath at temperature T , driven to a nonequilibrium steady state
ln

Wτ
P(+Wτ )
=
,
P(−Wτ )
kB T

τ  τc ,

(1)

where P(+Wτ ) and P(−Wτ ) are the probabilities of positive
and corresponding negative work Wτ in time τ , kB is the
Boltzmann constant and τc represents the longest relaxation
time of the system. Equation (1) has been experimentally
verified in numerous experiments, for instance, during the
folding and unfolding of RNA hairpins [18], the motion of
trapped colloids in time-dependent potentials [19–22], and
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even for electronic systems [23]. Notably, in all of these
studies, an external driving force has been applied and only
rare examples exist where an internal driving mechanism has
been considered [24–26]. All mentioned examples, however,
have been carried out in purely viscous media, providing a
linear coupling to the probe. Given the fact that many biological media are viscoelastic, however, it is also interesting to
study whether the WFT remains valid in case of a nonlinear
coupling between the probe and the bath.
Here, we experimentally investigate the orientational work
fluctuations of an ABP in a viscoelastic semidilute polymer
network. We observe deviations by more than one order
of magnitude from WFT, which are caused by the strong
enhancement of the ABP’s rotational diffusion. After introducing an effective temperature, the WFT can be largely
restored, which allows the calculation of the torque exerted
by the viscoelastic fluid on the ABP.
II. EXPERIMENTAL DETAILS

Our experiments have been performed in a solution of
polyacrylamide (≈0.05 wt%) dissolved in water. When
adding propylene glycol n-propyl ether (PnP) with a mass
ratio 2:3, we obtain a critical mixture with a lower demixing
temperature at Tc = 304.6 K [10]. The temperature of the
sample is kept at T = 296 ± 0.01 K using a bath thermostat.
Using passive microrheology [27], we determined the viscosity of the solvent to η∞ = 0.13 ± 0.02 Pa s and η0 = 0.72 ±
0.08 Pa s without and with added polymer, respectively. The
fluid’s stress relaxation time τ0 has been determined via a recoil experiment to 1.52 ± 0.40 s [27]. ABPs were made from
silica spheres with radius a = 3.88 μm which are capped
from one side with a 50-nm carbon layer. We suspend the
particles to the critical fluid and confine them in a cell of
height h ≈ 4a. Under such conditions, the translational and
rotational motion of the particles is limited to two dimensions [28]. We illuminate the sample cell with a green laser
(λ = 532 nm) which is partially absorbed by the carbon caps.
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FIG. 1. (a) Typical trajectory of a spherical ABP in a viscoelastic
fluid displaying a persistent circular motion with angular velocity
ω = 0.025 rad s−1 . The red arrows denote the particle orientation.
Inset: optical image of a single ABP with the dark side corresponding
to the carbon coating. The particle orientation is defined by the angle
between the vector n, which points from capped to the uncapped
side, and the x axis. (b) Time dependence of the accumulated particle orientation showing a linear behavior ωt. Inset: Angular mean
squared displacements θ (t )2  of an ABP (dash-dotted line) and of
a Brownian particle (dotted line). Below the stress relaxation time τ0
the behavior becomes subdiffusive due to the elastic properties of the
solvent.

This leads to a heating of the cap resulting in local demixing
of the fluid and eventually to self-propulsion of the particles
[29]. The ABP’s propulsion speed v can be controlled by the
intensity of the illumination which has been varied between
10 and 20 μWμm−2 . Particle positions r = (x, y) and their
in-plane orientation n = (cos θ , sin θ ) were measured using
optical microscopy and tracked using a standard image processing software [30].
III. ORIENTATIONAL WORK FLUCTUATIONS OF AN
ACTIVE PARTICLE UNDERGOING PERSISTENT
CIRCULAR MOTION

As reported previously [15], ABPs propelling through
viscoelastic fluids exhibit a persistent circular motion when
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FIG. 3. (a) The angular mean squared displacement δθ (t )2 
of the angular fluctuations δθ (solid curve) obtained by subtracting
the angular drift ωt from the time evolution of angular coordinate θ
for an ABP rotating with an angular velocity ω = 0.025 rad s−1 and
the corresponding angular mean squared displacement of a Brownian
particle in the same viscoelastic fluid (dotted curve). Inset: The time
evolution of the angular fluctuations δθ around the mean circular path
for the ABP rotating with an angular velocity ω = 0.025 rad s−1 . (b)
ln[P(+Wτ∗ )/P(−Wτ∗ )] vs Wτ∗ of the PDF of the normalized work
Wτ∗ for different angular velocities: ω = 0.018 rad s−1 (diamonds),
0.025 rad s−1 (circles), and 0.095 rad s−1 (squares). The dash-dotted
line corresponds to the work fluctuation theorem.

their propulsion velocity is increased above a critical value
[Fig. 1(a)]. Such behavior is explained by a time-delayed
fluid’s response to the particle motion which leads to a
misalignment between the propulsion force and the ABP’s
orientation, which eventually generates a constant and
velocity-dependent torque exerted by the fluid on the ABP.
The circular motion is confirmed by the linear increase of
the accumulated angular coordinate θ , which is plotted in
Fig. 1(b). Accordingly, the angular mean-squared displacement θ (t )2  exhibits a ballistic behavior at time scales
above the stress relaxation time τ0 [inset Fig. 1(b)]. Below τ0 ,
the particle motion is subdiffusive being a typical signature of
particles coupled to viscoelastic media such as polymers and
dense colloidal suspensions, etc. [31–34].
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FIG. 2. Probability density functions of the work Wτ for spherical active particles moving in viscoelastic fluid with different angular
velocities (a) ω = 0.018 rad s−1 and (b) ω = 0.095 rad s−1 . The symbols correspond to the integration times τ = 0.06 s (circles), 0.59 s
(diamonds), 2.94 s (triangles), and 5.88 s (squares). (c) ln[P(+Wτ )/P(−Wτ )] as a function of Wτ computed for integration time τ = 5.88 s for
the active particles moving in circles in the viscoelastic fluid at angular velocities ω = 0.018 rad s−1 (diamonds), 0.025 rad s−1 (circles), and
0.095 rad s−1 (squares). The dash-dotted line corresponds to the work fluctuation theorem.
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FIG. 4. (a) ln[P(θτ )/P(−θτ )] of the PDFs of angular change θτ /kB T ∗ for the ABP in the viscoelastic fluid, calculated for the
integration time τ = 5.88 s for different angular velocities ω = 0.018 rad s−1 (diamonds), 0.025 rad s−1 (circles), and 0.095 rad s−1 (squares).
The solid lines are the linear fits to the corresponding curves. (b) The measured torque acting on spherical Janus particles using the normalized
fluctuation relation as a function of angular velocity ω. (c) Comparison of torques measured using fluctuation relation Tω with the mean
estimated values Tω  computed using Eq. (3). The dashed line corresponds to line with slope unity.

In the presence of a constant torque which leads to a circular mean particle trajectory, the orientational work Wτ during
time τ done by an ABP is given by
 t+τ
1
θ̇ (t  )Tω dt  ,
(2)
Wτ =
kB T t
where Tω  is the mean torque required to rotate a sphere with
radius a at angular velocity ω in a medium with viscosity
η(ω)
Tω  = 8π a3 η(ω)ω.

(3)

The viscosity η(ω) has been obtained from the mean squared
displacement of a Brownian particle embedded in the viscoelastic fluid [27]. Accordingly, the measurement of θ̇ (t )
provides a direct computation of Wτ . The work done is assumed to be positive if a change in angular coordinate after
a time interval τ with regard to previous orientation; i.e.,
θ = θ (t + τ ) − θ (t ) occurs toward the direction of rotation
and negative otherwise. The probability distributions (PDFs)
P(Wτ ) are plotted in Fig. 2 for different integration times τ
and for ω = 0.018 and 0.095 rad s−1 . The maxima of the
PDFs become increasingly shifted away from the center for
larger τ , reflecting the circular particle motion. In addition,
we observe an asymmetry of the work distribution for larger
τ . This asymmetry results from the nonlinear coupling of the
ABP to the viscoelastic fluid and is absent in case of a purely
viscous bath [27]. Similar non-Gaussian PDFs have been also
observed in externally driven nonlinear systems [35,36]. To
test the validity of the WFT, in Fig. 2(c) we have plotted
ln[P(+Wτ )/P(−Wτ )] versus Wτ in a log-log representation for
different values of ω. Clearly, the curves deviate by more than
one order of magnitude from Eq. (1) (dash-dotted line).
IV. RENORMALIZATION OF THE WORK BY THE
EFFECTIVE TEMPERATURE

In the following, we want to understand the origin of the
deviations from the WFT in more detail. For this purpose, we
consider the rotational diffusive dynamics of the ABP while

describing a circular motion. This is done by removing the
angular drift ωt from the time evolution of θ (t ) which corresponds to the fluctuations around the mean circular path, i.e.,
δθ (t ) = θ (t ) − ωt + const. as shown in the inset of Fig. 3(a).
The mean squared displacement of the angular fluctuations
exhibit a diffusive behavior, i.e., δθ (t )2 = 2Dθeff t for t  τ0
with Dθeff being enhanced by two orders of magnitude compared to a free Brownian particle [Fig. 3(a)]. For a qualitative
understanding of this enhancement, one has to consider that
the ABP induces a local stress in the viscoelastic polymer
network which relaxes over time ∼τ0 . This couples back to
the ABPs stochastic orientational motion, enhancing the angular fluctuations and thereby increasing its rotational diffusion
coefficient. Such an enhancement can be formally expressed
Deff
by introducing an effective temperature T ∗ = Dθθ T . For the
example shown in Fig. 3(a), T ∗ ≈ 7.4 × 104 K. Because the
rotational dynamics of the ABP on its circular trajectory is
governed by a higher effective temperature, this must be considered for the normalization of the work Wτ . This leads to
[37]
Wτ∗ =

Wτ
,
α

(4)

where α = Dθeff /Dθ . To test whether Eq. (1) remains valid
when considering an effective temperature, we have replotted the data in Fig. 2(c) but now with replacing Wτ by Wτ∗
[Fig. 3(b)]. Compared to Fig. 2(c), the agreement with the
WFT (dash-dotted line) is strongly enhanced, in particular at
values Wτ∗  3. For larger values of work, i.e., Wτ∗  3, the
deviations from the linear behavior arise due to rare but rather
extreme angular fluctuations in response to the coupling to
the viscoelastic bath. Such deviations have been also observed
in other systems when the variance of the fluctuating quantity becomes considerably larger than the thermal fluctuations
[37,38].
As a test confirming the validity of our approach, we finally
calculate the torque acting on the ABP using the renormalized
WFT. Utilizing Eq. (1) for the range Wτ∗  3 where our data
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agree with the WFT, Wτ∗ = Tω θτ /kB T ∗ , provides a direct
measure of the torque. The result is shown in Fig. 4(a) for different ω. The measured torque Tω as a function of ω is plotted
in Fig. 4(b). Comparison of the results with the corresponding
estimated mean value using Eq. (3) shows excellent agreement
and a posteriori justifies our approach [Fig. 4(c)].
V. SUMMARY AND CONCLUSIONS

effective temperature. The validity of our approach is demonstrated by the excellent agreement of the torque exerted on the
ABP based on the re-established WFT and the corresponding value directly obtained from the angular particle velocity
during its circular persistent motion. This suggests the use
of fluctuation theorems to provide important information of
active particles without the need for their friction coefficients
and irrespective of their geometrical shape.

In summary, we have studied the orientational work fluctuations during the memory-induced persistent circular motion
of an active particle in a viscoelastic fluid. We find strong
deviations from the WFT which are explained by the nonlinear coupling of the ABP to the non-Markovian bath, resulting
in a strongly enhanced rotational diffusion. Taking this effect
into account, we are able to recast the WFT by introducing an
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