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Skyrmions as quasiparticles: Free energy and entropy
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The free energy and the entropy of magnetic skyrmions with respect to the collinear state are calculated
for a (Pt0.95 Ir 0.05 )/Fe bilayer on Pd(111) via atomistic spin model simulations. The simulations are carried out
starting from very low temperatures where the skyrmion number is conserved up to the range where skyrmions
are constantly created and destroyed by thermal fluctuations, highlighting their quasiparticle nature. The higher
entropy of the skyrmions at low temperature leads to a reduced free energy, such that the skyrmions become
energetically preferred over the collinear state due to entropic stabilization as predicted by linear spin-wave
theory. Going beyond the linear spin-wave approximation, a sign change is shown to occur in the free energy as
well as the entropy at elevated temperature.
DOI: 10.1103/PhysRevB.103.214417

I. INTRODUCTION

A magnetic spin configuration where the spin directions
span the entire unit sphere is called a magnetic skyrmion
[1,2]. Magnetic skyrmions were theoretically predicted to
exist as solitons in the continuum two-dimensional isotropic
Heisenberg model [3], but they were demonstrated to be destabilized by the external field, magnetocrystalline anisotropy,
or lattice discretization effects. Robust mechanisms for the
stabilization of skyrmions were identified later, including the
Dzyaloshinskii-Moriya interaction (DMI) [4–6], four-spin interactions [7], and the frustration of Heisenberg exchange
interactions [8,9]. The first experimental indications for the
formation of a skyrmion lattice were found in MnSi via neutron scattering [10]. Since then, skyrmions have been directly
observed experimentally in other magnetic materials including Fe1−x Cox Si [11,12], Cu2 OSeO3 [13], Pd/Fe/Ir(111) [14],
and GaV4 S8 [15]. Skyrmions were even observed close to or
at room temperature in Pt/Co/MgO nanostructures [16], in
thin films of FeGe [17] and Pt/Co/Ta [18], and in Co-Zn-Mn
alloys [19]. Skyrmions are often regarded as exceptionally
stable, turning them into a candidate for future use in logic
and memory devices [20–22]. The operation of such devices
relies on the demonstrated possibility of writing and deleting
individual skyrmions [21,23], and of moving them with electrical currents [24].
Skyrmions are characterized by an integer topological
charge Q, counting the number of times the spin configuration
wraps the unit sphere. Because the topological charge cannot
be changed dynamically in a continuum model, skyrmions
are often referred to as topologically protected. However, the
topological charge is not a conserved quantity in lattice spin
models as the energy barrier between topologically trivial
states and skyrmions is finite, allowing for the possibility of
spontaneous creation and annihilation of skyrmions at finite
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temperature. Therefore, skyrmions should rather be thought of
as quasiparticles, with their lifetime following the Arrhenius
law as demonstrated in numerical simulations [25,26] and
experiments [27]. The decisive factor for skyrmion stability can be understood based on linear spin-wave theory or
the harmonic approximation of the energy functional close
to the metastable solution. In contrast to the collinear state,
skyrmions are characterized by a number of low-frequency
magnon modes which are easily excited by temperature, giving rise to a higher spin-wave entropy and, consequently, a
free-energy preference for skyrmions over collinear configurations as the temperature is raised [10]. The larger entropy
means that the attempt frequency, i.e., the preexponential factor in the Arrhenius law, is lower for skyrmion annihilation
than for the creation of a skyrmion from the collinear state
[25,28,29], referred to as entropic stabilization. However, linear spin-wave theory is expected to gradually lose its validity
at elevated temperatures, where magnon-magnon interactions
become more prominent and the fast creation and destruction of skyrmions makes the expansion around a well-defined
equilibrium state questionable. Numerical simulations are a
suitable method for investigating magnetic systems beyond
the linear spin-wave approximation, but extracting the free
energy or the entropy is typically challenging since these
quantities are not defined for single microstates. Therefore,
the thermodynamic properties of skyrmions beyond the linear
spin-wave approximation remain to be explored.
In this paper, we calculate the free-energy and entropy difference between topologically trivial and skyrmionic states in
a wide temperature range through numerical simulations for a
(Pt 0.95 Ir 0.05 )/Fe bilayer on a Pd(111) surface. The free-energy
difference is shown to decrease with temperature, leading to a
range where the free energy of skyrmionic states with Q = 1
is lower than for topologically trivial states. The dependence
of this temperature range on the magnetic field and the system
size is demonstrated. Remarkably, we also find a temperature range where skyrmions possess a lower entropy than
topologically trivial states, reversing the entropic stabilization.
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These results highlight the thermodynamic properties and the
quasiparticle character of skyrmions.
II. METHODS
A. Spin dynamics simulations

The system being modeled is a (Pt0.95 Ir 0.05 )/Fe bilayer on
a Pd(111) surface. The magnetic Fe moments are described by
the following classical atomistic Hamiltonian:


1
H=
Si Ji j S j +
Si KSi − μs
B · Si . (1)
2 i= j
i
i
Here, i, j are site indices and μs is the spin magnetic moment.
The interaction tensors Ji j include Heisenberg exchange in its
diagonal terms Ji j = 13 TrJi j , DMI in its antisymmetric part
Di j (Si ×S j ) = 21 Si (Ji j − JiTj )S j , and two-site anisotropy in
its traceless symmetric part. K denotes the on-site anisotropy
tensor. B is an applied external field perpendicular to the
surface. The exchange coefficients Ji j and K were determined
by ab initio calculations using the Korringa-Kohn-Rostoker
[30,31] multiple scattering formalism with the relativistic torque [32] method, and are reported in Refs. [33,34].
The interactions were included between pairs of spins up
to a distance of eight lattice constants. In particular, the
competition between ferromagnetic nearest-neighbor and antiferromagnetic next-nearest-neighbor interactions leads to
the stabilization of localized spin structures with various
topological charges, including skyrmions and antiskyrmions
[33,35–37].
The dynamics of the spin system is described by the
stochastic Landau-Lifshitz-Gilbert (LLG) equation,
∂Si
γ
=−
Si ×(H i + αSi ×H i ),
∂t
(1 + α 2 )μs

(2)

where α is the damping parameter and γ the gyromagnetic ratio. H i is the local effective field with H i = ζ i − ∂H/∂Si . ζ i is
a Gaussian noise term with ζ i (t ) = 0 and ζi,μ (t )ζ j,ν (t  ) =
δi, j δμ,ν δ(t − t  )2αkB T μs /γ , with i, j denoting different spins
and μ, ν representing different Cartesian coordinate directions.
The simulations were performed on a two-dimensional
triangular lattice with periodic boundary conditions. The
damping constant was set to α = 1 in order to increase the
speed of relaxation towards thermal equilibrium and to make
transitions between states with different topological charges
more frequent. The simulations were started from a collinear
field-polarized state or from a configuration with a prepared
skyrmionic structure of given topological charge and the time
evolution was calculated according to the stochastic LLG
equation for a time of 50.4 μs with a total of five independent realizations for each temperature and initial condition.
The time step of the simulation was set to 50.4 fs and the
topological charge was calculated at each step.
B. Calculation of thermodynamic quantities

they were determined from the time dependence of the topological charge and the energy of the system at various values
of the external parameters.
The topological charge of a continuous vector field can be
calculated as a surface integral with the spin vectors S of unit
length,

1
(3)
d2 r S · (∂x S×∂y S).
Q=−
4π
The sign convention is chosen such that a skyrmion on an
out-of-plane-oriented collinear background has a topological charge of Q = 1, while an antiskyrmion is described by
Q = −1. For our spin model simulation we use a discretized
version of Eq. (3) [38], calculating Q via


 1
Si · (S j ×Sk )
,
arctan
Q(S) = −
2π
1 + Si · S j + Si · Sk + S j · Sk
{i, j,k}
(4)
where Si (i = 1, 2, 3) denotes the spin unit vectors on a
nearest-neighbor triangle on the lattice. This value is calculated for all simulated triangles and summed up to determine
the topological charge for the entire system. For the simulated
system with periodic boundary conditions, Q is always an
integer value.
To each value of the topological charge Q we assign the
conditional free energy FQ . This can be connected to the
conditional partition function ZQ , defined as the phase-space
integral of the Boltzmann exponential factor over all configurations with topological charge Q,


exp (−βH(S)) dS ,
FQ = −kB T ln(ZQ ) = −kB T ln
Q(S)=Q

(5)
with β = 1/(kB T ). The direct calculation of the conditional
partition functions is numerically not feasible. However, the
difference in free energies between two values of the topological charge, for example, 1 and 0, can be calculated from the
ratio of partition functions using the corresponding condition:
F10 = F1 − F0 = −kB T ln(Z1 /Z0 ).

(6)

During a numerical simulation, a total number N of spin
configurations, or recorded events, are created. Once the system has reached thermal equilibrium, the configurations are
generated with the probabilities according to the Boltzmann
distribution. Therefore, we expect the number of recorded
events, NQ , fulfilling condition Q divided by the total number
of recorded events, N, to converge to the ratio of the partition
function ZQ and the total partition function Z in the thermodynamic limit:
lim NQ /N = ZQ /Z.

N→∞

(7)

Using Eqs. (6) and (7), a formula to calculate free-energy differences can be derived, only based on the number of recorded
events during simulation time that fulfill a certain condition
[39],

The free energy and the entropy of a skyrmion are not
defined for single microstates of the system; therefore, they
cannot be calculated as time or ensemble averages. Instead,
214417-2
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which we apply to spin configurations with different topological charges Q. Equation (8) requires that the simulation
explores a large part of the phase space, such that a sufficient
amount of changes in the topological charge take place during
simulation time, with both states being present at a considerable number of time steps.
The lifetime of configurations with a given value of the
topological charge is expected to follow the Arrhenius law
τ ∝ exp( E /(kB T )), where τ is the lifetime of the state and
E is the energy barrier separating it from a configuration
with a different topological charge. The lifetimes in the simulations have been measured using the method described in
Ref. [26], and the energy barriers were estimated from an
Arrhenius fit to the data. These energy barriers were compared to values obtained from the geodesic nudged elastic
band (GNEB) method [40] as implemented in the UPPASD
simulation code [41]. The GNEB method provides an analytic
approximation for the energy barrier and has been used for investigating skyrmion lifetimes in numerous works previously
[28,29,42].
At lower temperatures, switching events between configurations with different topological charges become exceedingly
rare. In the regime where no changes in topological charge
take place during the simulation, another method must be
employed to calculate the free energy. Using the internal
energy UQ = H(S)Q(S)=Q and a single value of F10 at a
high temperature T0 calculated from Eq. (8), F10 can be
determined at all temperatures based on the internal energy
difference U10 = U1 − U0 via [39,43]
F10,integ (T ) =

F10,count (T0 )

T
−T
T0



T
T0

U10 (T  )
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For the low-temperature calculations, we use the formula

Q Q exp(−β FQ0 )
,
(12)
Qensemble = 
Q exp(−β FQ0 )
where FQ0 is determined from Eq. (9). Note that here the
free-energy difference of the entire system has to be used and
not an average per spin. Since this method requires performing
simulations with different initial values of Q, we refer to it
as an ensemble average. For simplicity, the summation in
Eq. (12) was restricted to the values Q = −1, 0, 1, which is
possible since skyrmions and antiskyrmions are both stable
at zero temperature in the system [33]. Calculating the freeenergy difference for other values of the topological charge is
numerically demanding, and their relative Boltzmann weight
is significantly lower. When the number of states with other
topological charges increases, this restriction of the sum to
Q = −1, 0, 1 is no longer a good approximation, and Eq. (11)
can be used directly instead.
C. Linear spin-wave theory

At sufficiently low temperatures, the internal and the free
energy, as well as the entropy may be determined analytically
based on linear spin-wave expansion. In this approximation,
the conditional free energy may be expressed as [44]
FQ = UQ − T SQ ,

(13)

with

dT 
.
T 2
(9)

UQ = EQ +

NS

μs
k=1

γ

ωQ,k nQ,k

(14)

and
U10 is easily accessible as the time average of the Hamiltonian, which may be determined from independent simulations
initialized in states with different topological charges, rather
than requiring a high number of switching events during a
single run. Note that Eq. (9) may still become numerically
inaccurate close to T = 0 where the denominator goes to zero.
The entropy difference between skyrmionic and topologically trivial states can be calculated by the negative derivative
of the free-energy difference,
S10 = −

∂ F10
,
∂T

(10)

which is done numerically by using the central finite difference.
The average value of the topological charge can be calculated as a time average of Q using the number of recorded
events with corresponding topological charge:

Q QNQ
Qtime = 
.
(11)
Q NQ
This method of calculation is appropriate at high temperatures. However, at low temperatures there are no changes in
topological charge during the simulation time, making the
calculated value dependent on the initial condition.

SQ = kB

NS


ln nQ,k ,

(15)

k=1

with EQ the energy of the equilibrium spin configuration
at zero temperature and ωQ,k denoting the spin-wave frequencies in the vicinity of the local energy minimum. This
method corresponds to approximating the energy landscape
close to the minimum with the potential of independent
harmonic oscillators. The calculation of the spin-wave frequencies for noncollinear spin configurations is discussed in,
e.g., Ref. [45].
The occupation number of the spin-wave modes according
to classical statistics is calculated as
 2 −β μs ωQ,k q2
Q,k dq
qQ,k e γ
kB T
Q,k
nQ,k =  −β μs ω q2
= μs
for ωQ,k = 0,
Q,k Q,k
ω
γ
e
dqQ,k
γ Q,k
(16)
where the integration limits for the phase-space variable qQ,k
are extended to infinity. For eigenmodes with ωQ,k = 0, the
harmonic-oscillator approximation loses its validity. Such
Goldstone modes naturally occur for skyrmions in the continuum limit, since translation along one of the two in-plane
directions does not influence the energy of the system. As
discussed in Ref. [42], the phase-space variable belonging to
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the translational modes can be expressed as
qQ,μ =AQ,μ rμ ,
AQ,μ = |∂μ SQ | =


NS


(17)
2

∂μ SQ
,
i

(18)

i=1

where μ = x, y denotes translation along one of the in-plane
coordinates rμ . Substituting Eqs. (17) and (18) into Eq. (16)
yields
 2
qQ,μ dqQ,μ
A2Q,μ Lμ2
=
nQ,μ = 
,
(19)
3
dqQ,μ
with Lμ the system size along the given direction. Since the
zero as well as the nonzero eigenvalues enter Eq. (14) in pairs,
the occupation number for the pair of translational modes will
√
be written as nQ,k=1 = nQ,x nQ,y .
Equations (13)–(15) imply F10 = U10 at T = 0 K.
Since μγs ωQ,k nQ,k = kB T is independent of the spin configuration for finite-frequency modes, one has U10 = U10 (T =
0) − kB T because of the translational mode of the skyrmion.
For the entropy difference one obtains
S
S


1
kB T
S10 =
ln ω0,k −
ln ω1,k − ln μs
.
kB
n
γ 1,1
k=1
k=2

N

N

(20)

The main contribution to the temperature dependence of F10
comes from the entropy contribution of the finite-frequency
modes, leading to a linear decrease. A logarithmic divergence
of the entropy difference due to the Goldstone modes of the
skyrmion is predicted from Eq. (20) at low temperatures, an
effect also observed in the calculation of the configurational
entropy of skyrmions [46]. In the lattice model considered
here, this divergence is regularized since the atomic sites
create a weak but finite periodic modulation potential for the
skyrmion position, and the translational modes obtain a finite
frequency. In Ref. [28], it was argued that the translational
modes in a lattice model can be treated like all other spin-wave
excitations, rather than Goldstone modes, during the calculation of skyrmion lifetimes. The logarithmic singularity should
be less pronounced for larger system sizes, since the number
of Goldstone modes does not scale with the number of spins.
Linear spin-wave theory is expected to break down as
the temperature becomes comparable to the energy barrier
separating the different metastable equilibrium states. For the
translation of skyrmions, this effect is observable already at
the energy scales corresponding to the atomic modulation
potential of the skyrmion position, above which a Brownian motion of the quasiparticles can be observed [34,36].
Overcoming the energy barrier between the skyrmion and the
topologically trivial state requires considerably higher temperatures. Finally, increasing the temperature also enhances the
role of magnon-magnon interactions as the spin-wave occupation numbers become higher, further limiting the applicability
of the linear approximation.
III. RESULTS

Before discussing the thermodynamic properties of
metastable skyrmions, we present the observed phases in the

FIG. 1. Phase diagram of the (Pt0.95 Ir 0.05 )/Fe/Pd(111) system.
(a) Energy per spin in the spin spiral (SS), skyrmion lattice (SkL),
and field-polarized (FP) states as a function of magnetic field at
T = 0 K. Bm and Bs denote the metastability field for an isolated
skyrmion and the transition field from the spin spiral to the fieldpolarized state, respectively. (b) Static susceptibility as a function of
temperature at B = 0 T. Tc denotes the transition temperature from
the SS to the paramagnetic (PM) phase.

system. The zero-temperature energies of the different states
are displayed in Fig. 1(a). For lower external fields the ground
state is a spin spiral which transforms into a collinear fieldpolarized state at around Bs ≈ 0.21 T [47]. The skyrmion
lattice is not a ground state for any value of the external field,
since its energy already exceeds that of the field-polarized
state at Bs . A single isolated skyrmion leads to a positive
energy contribution to the field-polarized state for fields above
Bm ≈ 0.1 T. Due to the short-range attractive interaction between the skyrmions, this field is slightly lower than where the
energy curves for the skyrmion lattice and the field-polarized
states cross in Fig. 1(a). In the following, we study the thermal properties of metastable skyrmions at field values higher
than Bm .
As the temperature is increased, the spin spiral phase is
transformed into the paramagnetic phase at Tc ≈ 50 K for
B = 0 T, as evidenced by the singular behavior of the static
magnetic susceptibility shown in Fig. 1(b). Based on previous studies [26,38], the critical temperature only changes
weakly as the field is increased to Bs . The field-polarized
regime is part of the paramagnetic phase, with a continuous
crossover in the physical observables as the temperature is
increased. Above the critical temperature, strong thermal fluctuations lead to the formation of a considerable number of
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FIG. 2. Time-averaged spin configurations for topological
charges (a) Q = 1 and (b) Q = 0. (c) Time evolution of the topological charge for a sample run with external field strength B = 1 T, T =
80 K, and number of spins NS = 25×25. The spin configurations
in (a) and (b) result from a time average for each spin’s Cartesian
coordinates over the indicated time intervals.

metastable skyrmions in an intermediate regime reaching approximately up to 120 K, where an inflection point in the static
susceptibility is found. This intermediate regime extends to
considerably higher field values than Bs , as has been investigated for similar systems in Refs. [26,38].
As a first step, it has to established whether configurations with topological charge Q = 1 may indeed be identified
as skyrmions in our simulations, while Q = 0 states remain
close to the collinear configuration. This question is especially
relevant in the strongly fluctuating regime above Tc ≈ 50 K,
illustrated at T = 80 K in Figs. 2(a) and 2(b). Besides the localized, cylindrically symmetric equilibrium skyrmion known
at zero temperature, a Q = 1 spin configuration may denote
a combination of two skyrmions plus an antiskyrmion or a
completely disordered state with various signs of the local
topological charge density. However, the latter configurations
turn out to be significantly higher in energy and are consequently expected to occur very rarely in our simulations for
a wide temperature range. In Fig. 2(c), the topological charge
is shown over a short timescale for a sample run with visible
changes in the topological charge over time. We calculate a
time average of each spin’s Cartesian coordinates over the
time intervals denoted by thick lines in Fig. 2(c) in order to
demonstrate that the recorded spin structures with Q = 1 are
actually skyrmions. Note that the individual spins do not have
unit length after taking the average. Figure 2(a) demonstrates
that the average structure still consists of a downwardspointing core in an upwards-pointing background, with the

FIG. 3. (a) Internal- and free-energy difference per spin between
skyrmion (Q = 1) and topologically trivial (Q = 0) states as a function of temperature, for B = 1 T and NS = 25×25. The free-energy
difference F10,count is calculated from Eq. (8) and F10,integ from
Eq. (9). (b) Difference in entropy per spin between skyrmionic and
topologically trivial states as a function of temperature, for the same
parameters. Dashed lines denote the prediction of linear spin-wave
theory, Eqs. (13), (14), and (20).

spin directions spanning the whole unit sphere as indicated by
the color coding. The time average over configurations with
Q = 0, shown in Fig. 2(b), still resembles the collinear state
even at this elevated temperature.
By determining the skyrmion lifetime as a function of temperature between T = 60 K and T = 85 K, an energy barrier
of E /kB ≈ 922 K was obtained using the system parameters
in Fig. 2.
The difference in internal and free energy between the Q =
0 and Q = 1 states can be seen in Fig. 3(a). For using Eq. (9),
F10,count was determined at a temperature of T0 = 190 K
by comparing the number of states with different topological
charges. Because the free-energy differences agree between
the counting and the integral methods for temperatures
T > 70 K, the choice of T0 is not critical for our results.
The deviations at lower temperature can be attributed to the
limitations of the simulation length discussed after Eq. (8).
Since the metastability field Bm for skyrmions in Fig. 1 is
significantly lower than the value of B = 1 T used in Fig. 3,
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at low temperatures the topologically trivial configuration is
strongly preferred. F10 has a minimum at around T ≈ 85 K
with a value below zero, showing that the skyrmion quasiparticles with the short lifetimes shown in Fig. 2 are energetically
preferred for a certain temperature range in this system even
for such a high value of the external field. From Eq. (8), it
is clear that skyrmions occur more often at these temperatures
than topologically trivial states. For higher temperatures, F10
is slightly positive, but rapid changes in Q may be observed in
this regime.
Up to T ≈ 50 K, the weak temperature dependence of
the internal-energy difference and the linear decrease of the
free-energy difference agree with the predictions of linear
spin-wave theory in Sec. II C. The negative slope of F10
indicates the entropic stabilization of skyrmions [25,28,29].
Note that for the considered external field and system size,
the free-energy difference only reaches negative values at
higher temperature where deviations from linear spin-wave
theory are observed, particularly in the rapid reduction of the
internal-energy difference.
From F10 , we calculate S10 using Eq. (10), with the
result shown in Fig. 3(b). Between 25 and 50 K, the entropy
difference is slightly decreasing, in agreement with Eq. (20)
derived from linear spin-wave theory and indicated by the
dashed line in the figure. Unfortunately, at very low temperature where the logarithmic dependence would dominate, the
inaccuracies caused by the numerical integration in Eq. (9)
and differentiation in Eq. (10) obscure its influence.
Above 50 K, approximately corresponding to the critical
temperature determined at zero field in Fig. 1(b), the entropy difference between the considered states is drastically
reduced. As shown in the figure, spin-wave theory loses its
validity in this regime due to the strong thermal fluctuations,
which lead to the rapid creation and destruction of metastable
skyrmions. Remarkably, the skyrmion quasiparticles actually
have a lower entropy for certain temperatures than Q = 0
states. The temperature range where S10 is negative is confined between the extrema of F10 , as expected from the
derivative expression (10), and shifted towards higher temperatures as compared to the temperature range with negative
F10 . It is established that in the low-temperature limit where
spin-wave theory is applicable, the competition between positive internal-energy difference and negative entropy difference
contributions causes the free energy of skyrmions to become
lower than that of the collinear state as the temperature is increased [10]. However, these results indicate that for skyrmion
quasiparticles with reduced lifetimes in the strongly fluctuating regime the stabilization mechanism is more complex,
and the role of the internal-energy and the entropy terms
may become reversed as both of them change sign. In the
skyrmion lifetime, the preexponential factor of the Arrhenius
law is similarly affected by the entropy of the different states
[25,27–29,42], meaning that the observed decrease in S10
may also influence the lifetime in this regime. The temperature in this regime is still relatively low compared to the
energy barrier E /kB ≈ 922 K, reinforcing the validity of the
Arrhenius expression.
In Fig. 4, F10 is calculated for different external magnetic
fields applied perpendicular to the surface and different sizes
of the simulated system. It is visible in Fig. 4(a) that strong
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FIG. 4. (a) Free-energy difference per spin as a function of temperature for different magnetic fields at a simulated system size of
NS = 25×25 spins. (b) Free-energy difference per spin as a function
of temperature for different simulated system sizes at an external
magnetic field of B = 1 T. All curves are calculated using Eq. (9).

external fields increase the internal- and free-energy difference at zero temperature, which can suppress the minimum in
F10 , meaning that skyrmion quasiparticles cannot become
favored even at elevated temperatures. At lower magnetic
fields, the temperature range where skyrmions are energetically preferred is larger and it extends to lower temperatures.
Also the minimum value of F10 is even lower than for higher
field values. The lower limit of the temperature range where
skyrmions are stable is expected to reach 0 K at Bm ≈ 0.1 T,
where isolated skyrmions on an infinite collinear background
become energetically preferable [cf. Fig. 1(a)].
Simulations with different system sizes are compared in
Fig. 4(b). In our finite-size system, the skyrmions interact
with themselves via the periodic boundary conditions, thereby
raising the internal-energy difference and with that also the
free-energy difference. Since even isolated skyrmions have a
higher internal energy at zero temperature than the collinear
state, the free-energy per spin also decreases with increas-
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TABLE I. Entropy difference between the Q = 1 and Q = 0
states at T = 25 K, obtained from numerical simulations and from
linear spin-wave theory Eq. (20), respectively.
NS

B (T)

20×20
25×25
25×25
25×25
28×28

1.00
0.75
1.00
1.50
1.00

S10,sim (nRy/K)
82.05
61.08
57.55
56.05
47.42

S10,SW (nRy/K)
91.78
64.38
62.92
63.09
52.08
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TABLE II. Energy barriers for skyrmion annihilation ES1 and
skyrmion creation ES0 , where S denotes the saddle-point configuration between the Q = 1 and Q = 0 states. The annihilation barrier
was determined from an Arrhenius fit to the skyrmion lifetimes
obtained from the simulations in the range 60  T  85 K, while
for the creation barrier the relation ES0 = ES1 + E10 was used.
Values obtained from the GNEB method are provided for comparison, displaying the same trends when varying the system size and
field strength.
ES1 /kB (K)

ing the system size for a fixed number of skyrmions as the
relative size of the field-polarized areas increase. However,
the increased ratio of the field-polarized areas decreases the
entropy difference as well, as indicated by the reduced slopes
of the free-energy curves in the low-temperature regime in
Fig. 4(b). It is obvious that simulating with too small systems
can cause the minimum in F10 to only have positive values,
which means that topologically trivial states are always preferred over Q = 1 states. On the other hand, increasing the
number of simulated spins lowers the free-energy difference
per spin, as can be seen by comparing the case NS = 25×25 to
NS = 28×28, making Q = 1 states also being preferred over
a wider temperature range. Note that further increasing the
system size may cause the formation of multiple skyrmions
in the system at elevated temperature with a high probability,
which effect was to be avoided in our simulations, similarly to
Ref. [25]. We mention that increasing the system size does not
eliminate the interactions between skyrmions: at high temperature, a finite density of interacting skyrmions is observable
instead of an isolated skyrmion at zero temperature, which is
reflected as a finite probability of finding a skyrmion in the
small systems considered here.
A numerical comparison of the entropy differences obtained from the simulations and from linear spin-wave theory
at T = 25 K is presented in Table I. Treating the translational
degrees of freedom as Goldstone modes following Eq. (20)
provides reasonable agreement with the simulation data. This
is expected since the energy barrier between different positions of the skyrmion created by the modulating potential of
the atomic lattice, which technically breaks the continuous
translational symmetry, is negligible at all simulated temperatures ( E /kB ≈ 10−8 K based on GNEB calculations). If
the finite frequency of the translational modes is taken into
account, similarly to the procedure in Refs. [28,48], then
achieving agreement with the simulation results requires assuming a frequency which is around three orders of magnitude
higher than the numerically calculated value for the translation mode. Treating the translations as a finite-frequency
mode does not reproduce the weak logarithmic temperature
dependence, which is more pronounced for smaller system
sizes, in agreement with Eq. (20) (see Fig. 1 of the Supplemental Material [49]).
Linear spin-wave theory apparently reproduces the decrease of the entropy difference for larger system sizes
observable in Fig. 4(b) and discussed above. While the entropy difference only depends weakly on the external field
in the considered regime, it is remarkable that the linear
regime in the free-energy difference, indicative of the validity

ES0 /kB (K)

NS

B (T)

Simulation

GNEB

Simulation

GNEB

20×20
25×25
25×25
25×25
28×28

1.00
0.75
1.00
1.50
1.00

918
1008
922
835
929

800
850
800
720
800

1306
1328
1310
1335
1321

1190
1170
1190
1220
1190

of the linear spin-wave approximation, extends over a larger
temperature range for higher field values. On the one hand,
this effect is rather counterintuitive when only considering
the energy barriers, namely, the energy differences between
the stable states and the saddle-point configuration S: ES1
for skyrmion annihilation decreases as the field is increased,
while ES0 for skyrmion creation stays mostly constant (see
Table II for the numerical values), which would point towards a reduced skyrmion stability and less reliability of
the linear spin-wave approximation. On the other hand, the
spin-wave frequencies also increase for higher field values,
as shown in Ref. [37] for the present system. This means
that although the energy barriers become lower as the field
is increased, the minima simultaneously become sharper, and
fewer magnons are excited at the same temperature. The reduced number of magnons suppresses the interaction between
them, which may explain why the noninteracting linear spinwave model remains applicable in a wider temperature range.
This observation also agrees with the phase diagrams obtained
in Refs. [26,38]: the crossover temperature from the fieldpolarized regime to the completely disordered paramagnetic
regime is increasing for higher external field values, and this
temperature value marks the maximum of spin fluctuations at
a fixed field value.
At high temperatures, the topological charge can take many
different values during a single simulation, and the time
average in Eq. (11) was used for calculating the average
topological charge. The resulting average of the topological charge Q as a function of temperature T is shown in
Fig. 5. At low temperature where the transition times between different topological charges exceeds the simulation
times, the ensemble average in Eq. (12) was approximated
by using the free energies of topological charges Q = −1, 0,
and 1. For the data with topological charge Q = −1 we
performed simulations with an antiskyrmion as the initial
condition. Since the antiskyrmion has considerably higher
energy than the skyrmion in the system [33], we found no
minimum either in the free-energy difference F−10 or in
the entropy difference S−10 (see Fig. 2 of the Supplemental
Material [49]).
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IV. CONCLUSION

Time avg.
Ensemble avg.

0.5
0.4
0.3
0.2
0.1
0
0

50

100

150

200

FIG. 5. Average value of Q calculated with ensemble average
using free-energy values of topological charges Q = −1, 0, 1 (green)
and time average over all topological charges (blue). System simulated with NS = 25×25 spins and B = 1 T external field.

In Fig. 5 it can be observed that the thermal fluctuations
cause a considerable increase in the average topological number in the system, especially in the regime directly above Tc ≈
50 K. This is in agreement with the results of Refs. [26,38]
in skyrmionic systems similarly described by spin models
based on ab initio calculations. Notice that at around T ≈
85 K, there is a regime with average topological charge above
0.5 for the time average. This provides further evidence that
skyrmions are thermodynamically preferred at elevated temperatures in the considered system. Note that the ensemble
average is close to the time average between 50 and 80 K,
but it stays below 0.5 for all temperature values. Although the
Q = 1 state has lower free energy than the collinear state close
to the maximum of the average topological charge, taking the
presence of antiskyrmions into account reduces the average
value below 0.5. However, a lot of changes of the topological charge are recorded at this temperature range, as can be
seen in Fig. 2, and considering higher Q values in the time
average increases the average above 0.5. At low temperature,
the average topological charge vanishes since skyrmions are
energetically unfavorable compared to the topologically trivial
state. At very high temperature, Q again converges to zero
since all microstates, including those with positive and negative topological charges, contribute with similar weights to
the total partition function in this limit. Figure 5 demonstrates
that combining Eq. (11), accurate at high temperature, with
Eq. (12), which can be applied at low temperature, enables
the calculation of the average topological charge ranging from
the completely ordered to the completely disordered regime,
with reasonable agreement between the two methods in the
intermediate temperature range where both of them are valid.
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