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Introduction
In recent years, machine learning techniques have become very popular, and
they surround us in our daily life already. Machine learning helps us to rank
Internet search results [Burges et al., 2005], enables software to read hand writing [LeCun et al., 1990], recognize voice commands [Hinton et al., 2012], and
recognize spam emails [Rothwell et al., 2004]. All these examples and most other
examples of particularly successful machine learning applications have one aspect in common: they involve the processing of large amounts of data. Another aspect of tasks that can be successfully accomplished by machine learning is their complexity, which prevents us from solving it by deﬁning few simple rules. A conventional programmer would struggle to come up with rules
that accurately separate spam emails from normal emails. In an attempt to get
rid of all spam emails designed to make us believe we won something, a simple algorithm might ﬁlter mails containing the three-letter combination ”win”.
However, emails from a person with the surname ”Winter” might be important
to us, and maybe sometimes we are even lucky and truly win something. It is
quite obvious in the spam email example that a single descriptor, like the occurrences of some word, is not enough to solve the problem. A successful spam
ﬁlter, instead, has to take numerous descriptors into account. It has to deal with
a high-dimensional descriptor space.
Molecular simulation also requires processing of large amounts of high-dimensional data. A fundamental outcome of molecular simulations is trajectories that
contain the positions of all atoms for thousands or even millions of frames in
time. A simulation of, for example, a small protein already contains hundreds of
atoms, and the complexity of the investigated systems keeps growing. The task
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of handling such large amounts of data is becoming more and more a demanding challenge in its own right. Two problems, virtually all simulation studies are
facing, arise from the complexity of the investigated systems: the computational
cost of the simulation grows with the complexity of the simulated system, and
the resulting data becomes harder to interpret. Finding simpliﬁed representations in the context of molecular simulations is, therefore, important to reduce
computational cost and to condense the massive amounts of data into a human
understandable form. The complexity of these challenges and the large amounts
of data available, render molecular simulation an ideal area to take advantage of
the recent developments in machine learning.
In the context of this thesis, we explored how machine learning can be used to
ﬁnd simpliﬁed representations of molecular systems. Section 2.1 describes the
basic methodology of molecular simulations and machine learning. Interestingly, we will see that the methodology of both ﬁelds is quite intimately linked.
Equipped with this basic methodology, we take a deeper look into the two above
mentioned problems arising from the increasing complexity of the molecular
systems under investigation: the problem of computational cost and the problem of overwhelming amounts of data. These problems are described in Section 2.2 along with possible solution strategies. This section covers previously
known solution strategies and also points to the solution strategies developed
in the context of this theses, which are described, in detail, in the publications
included in Section 3.

2.1 Basic Methodology
This section aims to provide an introduction to the basic methodology of molecular simulation and machine learning, which is necessary to understand the rest
of the thesis. A special emphasis is placed on the deep connection between the
14

methodologies of both ﬁelds which becomes evident if we look at them in the
light of optimization.

2.1.1 Optimization
Optimization is probably the concept most central to this thesis. Optimization
is the minimization or maximization of some function with respect to its variables. [Nocedal and Wright, 2006] In machine learning, this applies, for example,
to the training of an artiﬁcial neural network, where the parameters (variables)
of the network are varied to minimize a cost-function, which is a measure of
how well the network performs a given task: e.g. classify spam emails. It also
applies to protein folding, which is a prominent application of molecular simulation, where ﬁnding low-energy conformations requires the minimization of
an energy function with respect to its variables. The variables in this case are all
the protein degrees of freedom: the bond lengths, bond angles, dihedral angles
etc.. A popular strategy to ﬁnding minima for such high-dimensional functions
is gradient descent.

Gradient Descent
Gradient descent is an iterative process to minimize some function. The steps
involved in a basic gradient descent algorithm are:
determine the gradient at the current location
take a step in direction of the negative gradient

The route that such a simple gradient descent algorithm would take in a two15
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Figure 2.1: Gradient descent in a two-dimensional example landscape. The
black lines represent contour lines of the landscape. The blue trace represents
the path, a gradient descent algorithm with a constant learning rate (constant
factor multiplied with the gradient) would take. The orange trace represents the
path, a gradient descent algorithm with damped momentum would take.

dimensional example landscape is shown in Figure 2.1 with a blue line. In this
example it becomes evident that the route, plain gradient descent takes toward
the minimum, is not necessarily the direct one. Especially in cases with an inhomogeneous gradient (steep in one direction and shallow in an other direction),
the gradient descent algorithm is known to be ineﬃcient. In such cases, the step
size tends to be too small in the shallow direction, which prevents quick progress
in this direction; and too large for the steep direction, which leads to constant
overshooting.
A common way to tackle this problem is the introduction of a damped momentum term. [Qian, 1999] The orange line in Figure 2.1 shows a path, gradient descent with damped momentum would take. We can imagine this as a marble
rolling down on a landscape representing the function to minimize. In the steep
y-direction the sign of the gradient frequently changes and, due to the damping
(friction), the velocity in the y-direction decreases. In the less steep x-direction,
the gradient points to the same direction for multiple steps, and because of the
momentum, the marble will pick up speed in this direction. The minimum is
approached faster compared to plain gradient descent.
16

An additional advantage of adding momentum to the algorithm is the chance
to leave local minima. Imagine a marble rolling down a slightly rough surface. Once the marble has picked up some momentum downhill, it will not get
trapped in small dents in the surface. A plain gradient descent algorithm, instead, has no chance to leave any local minima.
Modern optimizers for neural networks, such as the Adam optimizer [Kingma
and Ba, 2014], which was used in this work, include momentum because of the
above mentioned advantages. Momentum is also used in molecular dynamics
algorithms, as we will see in the next section, though mainly for a diﬀerent reason.

2.1.2 Molecular Simulation

Molecular Dynamics Simulations

The following is a somewhat unconventional introduction to molecular dynamics simulations, highlighting the close relation to gradient descent. For a more
conventional introduction see [Zuckerman, 2011].
A molecular dynamics (MD) algorithm is basically a gradient descent algorithm
with a momentum term:
17

determine the gradient of the potential energy (forces)
with respect to all atom coordinates
update the velocities of all atoms considering their previous momentum
take a step in the direction of these velocities

MD simulation diﬀers from gradient descent optimization algorithms in that
we are usually not (only) interested in the minimum. We are also interested in
the path the algorithm takes, and we want this path to resemble the path a true
molecular system would take. For protein folding simulations, this would mean,
for example, that we do not only want to ﬁnd the most stable folded state of the
protein, instead, we also want to see how the protein reaches that state. We
include momentum, therefore, not because it might speed up the search for the
optimum, as described in section 2.1.1, but because of the underlying physics
of Newton’s laws of motion. The masses of all atoms and consequently their
momenta need to be considered in a simulation to obey these laws.
An additional reason why we are usually not interested in the minimum (lowest energy structure), is that it is actually quite unimportant in real molecular
systems. The energetic minimum only plays an important role when a system
is close to 0 Kelvin. For any conditions other than 0 Kelvin, instead, molecular
systems visit a variety of diﬀerent structures. It is this ensemble of structures,
accessible under certain conditions, that we are interested in. A common choice
of conditions is for example: constant number of molecules/atoms, constant
volume, and constant temperature. An ensemble of structures accessible under
such conditions is called a canonical ensemble or NVT-ensemble.
In Section 2.1.1 we compared momentum-gradient-descent with a marble rolling
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down on some landscape. With a damping term (friction) the marble will roll
down on the landscape and will ultimately come to rest in some minimum. If
we remove all the friction, the marble would instead continue to roll around
on the landscape, visiting (sampling) diﬀerent states accessible with its initially
given energy. This represents a simulation at constant energy and results in an
ensemble of states at constant energy.
To sample an ensemble at constant temperature, we have to extend the algorithm with a thermostat. In MD simulations, a thermostat adjusts the temperature by manipulating the atom velocities. [Frenkel and Smit, 2001] In the marble
example you can imagine this with a marble rolling on some landscape while
it occasionally receives kicks from some invisible agent trying to adjust the velocity distribution of the marble. The distribution of atom velocities at a given
temperature is described by the Maxwell-Boltzmann distribution. It is this distribution that a proper thermostat aims to establish in the simulation. When, in
addition to the temperature, also the volume and the number of atoms is kept
constant, an MD simulation results in an ensemble of states weighted according
to their Boltzmann weights:
(

U (x)
p(x) ∝ exp −
kB T

)

(2.1)

where x are the coordinates of all atoms, p(x) is the probability density, U (x) is
potential energy, kB is the Boltzmann constant, and T is the temperature. [Zuckerman, 2011]
In conclusion, MD simulation is a tool to sample an ensemble of structures accessible under certain conditions, and, while sampling, the MD simulation takes
a physically reasonable path, which allows to get insights into the dynamics of
the system. An MD simulation, however, crucially relies on the availability of
the gradients (forces). When these gradients are not available, a diﬀerent simulation technique has to be used.
19

Monte-Carlo Simulations
Like a molecular dynamics simulation, a Monte-Carlo simulation can be used
to sample an ensemble of molecule conformations. The name ”Monte-Carlo”
refers to the city in Monaco, known for its casinos and gambling. ”Monte-Carlo”
is basically used as a synonym for randomness and ”Monte-Carlo sampling” just
means random sampling.
Imagine you owned a stretch of land and were looking for the best spot to dig
for gold. The Monte-Carlo approach to ﬁnding the best spot would be:
Pick a random location
Drill a hole and take a sample

Irrespective of how much gold you found in the previous hole, you would just
continue to pick a completely random location for your next hole. Probably,
you would not be a very successful gold digger with this strategy.
Let us assume that gold is not completely randomly distributed but occurs in
veins of gold and that we are limited in the number of holes we can drill. Once
you found some gold, it is probably more eﬀective to pick a location for your
next hole in the proximity of your previous hole where you already found gold.
If you found more gold in the next hole, you would probably continue to search
near this new hole. If you found less gold in the new hole, you would rather go
back to the previous hole and continue your search from there.
These ideas can be directly transferred to molecular systems. In principle we
could do a completely random sampling of conformations. However, we would
end up sampling a lot of conformations which are not at all important because
they are energetically very unfavorable, for example, because of overlapping
20

atoms. Instead, we could do the ”advanced gold digger strategy” and rather sample molecular conformations in the proximity of already found, energeticallyfavoured conformations. A way to implement such an ”importance sampling”,
is the Metropolis-Monte-Carlo algorithm:
create a trial conformation by slightly changing your current conformation in some random direction
according to the acceptance criterion in Equation 2.2, either accept this trial conformation and make it your new
current conformation, or reject the trial conformation
and continue with your old conformation

The acceptance criterion in a Metropolis-Monte-Carlo simulation is:
(

Ec − E t
uniform random number between 0 and 1 < exp
kB T

)

(2.2)

where E c is the energy of the current conformation, and E t is the energy of the
trial conformation [Metropolis et al., 1953]. With this criterion, a trial conformation with lower energy compared to the current conformation is always accepted. A trial conformation with a higher energy compared to the current conformation is only accepted with a probability according to the Boltzmann term
given in Equation 2.2. This criterion ensures that the algorithm rarely samples
”unimportant” (very high energy) regions of the conformational space, because
trial conformations with such high energy are rarely accepted. The algorithm
will rather focus on exploring the ”important” (low energy) regions. MonteCarlo can be used as an optimization method for example to ﬁnd the lowest
energy conformation (or the best spot to dig for gold). However, as already
mentioned in the context of molecular dynamics simulations, we are usually
not particularly interested in the minimum of the energy landscape of a molec21

ular system. Instead, we are interested in the ensemble of conformations occurring under certain conditions. The true power of the Metropolis-Monte-Carlo
acceptance criterion is that it allows to sample an ensemble of conformations
where the probability
of) visiting a conformation is proportional to the Boltz(
Ec
mann factor exp − kB T . [Frenkel and Smit, 2001]
In conclusion, like a molecular dynamics simulation with a thermostat, a Metropolis-Monte-Carlo simulation can be used to sample an ensemble of conformations for a given temperature. However, in contrast to a molecular dynamics
simulation, no gradients are required, which can be very useful whenever gradients are hard to obtain. On the downside, the path a Monte-Carlo simulation
takes through the conformational space is typically not following any physical
rules and gives no information about the dynamics of a system.

2.1.3 Machine Learning
Like molecular simulation, machine learning is also closely related to optimization. A machine or program is learning when it improves its performance at
some task by optimizing some performance measure. [Mitchell, 1997] Let us
consider a spam ﬁlter as an example. The task of the program is to classify emails
into spam and non-spam mails. The performance measure could be the percentage of misclassiﬁed mails. When the program changes in some way to minimize
this performance measure, it learns how to correctly classify spam mails.
There are many diﬀerent approaches to machine learning. The following section
discusses only the approach used in this work: artiﬁcial neural networks.
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Artiﬁcial Neural Networks
An artiﬁcial neural network is built from artiﬁcial neurons also called perceptrons. An artiﬁcial neuron is a unit which takes a weighted sum of all its inputs,
applies an activation function to this sum, and returns one number as output,
the result of this calculation. A scheme of such a neuron is shown in Figure 2.2.
x1
w1

…

x2

w2

n
∑
i =0

w i xi

out

wn
w0

xn
x0 = 1

Figure 2.2: Scheme of an artiﬁcial neuron. All inputs x i are added in a weighted
sum. An activation function like tanh is applied to this sum, and results in some
output value which can be one of the inputs of a following neuron.
Inputs to a neuron can either be external inputs to the neural network or outputs
of other neurons. Typically there is one extra input set to 1. Changing the weight
of this input, also called bias, allows to shift the values relative to the activation
function as needed. The activation function is applied to add non-linearity to
the neuron. We can understand the advantage of such a non-linearity, as e.g. a
step-like or sigmoidal shaped activation function adds the possibility to represent a decision boundary. In the case of a tanh activation function for example,
weighted sum values below the turning point result in an output close to −1,
and weighted sum values above the turning point result in an output close to
+1. This essentially allows to implement an ”if query” with a neuron, but also
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linear relations can be represented using the almost linear part of the tanh function around its turning point. The scaling and shifting of the activation function
necessary to implement such diﬀerent behaviours can be achieved by altering
the weights w i of the neuron.
The representational capabilities of a single neuron are very limited. However,
when multiple neurons are combined in a network, very complex relations can
be represented. A common way to arrange neurons in a network is to place
them in layers where the outputs of the neurons in the previous layer are the
inputs of the neurons in the current layer. Such a network architecture, which
is called feed-forward neural network, is illustrated in Figure 2.3. It was shown
inputs

1. hidden
layer

2. hidden
layer

i1

output
layer

…

…

…

i2

in

Figure 2.3: Example feed-forward neural network with two hidden layers and
one output neuron. Each of the thick edge circles represents one neuron as illustrated in Figure 2.2.
that any function can be approximated to arbitrary accuracy by a neural network
with two hidden layers and sigmoidal activation functions given that a suﬃcient
number of neurons is used. [Cybenko, 1988, Mitchell, 1997]
A neural network like the one shown above in Figure 2.3 could be used for a
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classiﬁcation task. In the spam mail example, the network would be trained to
give an output, with its single output neuron, to signify whether a mail is spam
or not. We could, for example, train the network by minimizing the following
simple cost function:
n
1∑
C=
[N (I i ) − l i ]2
n i =1

(2.3)

where N (I i ) is the output of the network for the given input I i , n is the number
of training examples, and l i is the label of a training example. Let’s say we deﬁne
the label of a spam mail to be +1 and the label of a none spam mail to be −1. The
cost function is minimized, if the network learns to return +1 for a spam mail
and −1 for a non spam mail. For the network to be able to fulﬁll this task, we
need to provide suitable inputs, often called features. For spam detection, some
of the features could for example be the number of times the words ”money”,
”win” or ”payout” occur in the mail.
Training of the network requires a labeled data set. This data set has to contain
the chosen features for each example mail and the label signifying whether it is
a spam mail or not. Then, typically, some variant of gradient descent is used to
minimize the cost function with respect to the weights of the neural network.
This leads to the following basic update rule:
w i ,new = w i ,ol d − η

∂C
∂w i ,ol d

(2.4)

where C is the cost function, η is the learning rate, and w i are the weights of the
neurons. Often, this basic update rule is supplemented with other terms, such
as a momentum term, to enhance the eﬃciency of the optimization/learning
process (see also Section 2.1.1).
Figure 2.4 shows a diﬀerent neural network architecture, designed for a diﬀerent purpose. It shows a network with not just one output neuron but with the
same number of output neurons as as there are inputs. Furthermore, it contains
25

hidden
layer

i1

hidden layer

output
layer

…

inputs

…

a bottleneck layer: a layer with only few neurons in the middle of the network.
Such a network architecture can be used as an autoencoder. An autoencoder is

bottleneck

…

…

i2

in

Figure 2.4: Example autoencoder architecture, where the number of output
neurons is equivalent to the number of inputs. The network can be trained to
reproduce its inputs while all the information is forced through the bottleneck.
Each of the thick edge circles represents one neuron as illustrated in Figure 2.2.
a network that is trained to reproduce its inputs. A network which only returns
its inputs seams to be pointless at ﬁrst. The clue here is the bottleneck layer.
When the network reproduces its inputs, the information necessary to do so is
passed through the bottleneck. The neural network part to the left of the bottleneck encodes the information of the input space into a lower-dimensional representation. The neural network part to the right of the bottleneck decodes this
information and reconstructs the-high dimensional input. The encoder part is
valuable because it can be used for dimensionality reduction. It compresses data
into a lower-dimensional space. The decoder part is valuable because it allows
to generate new high-dimensional data points from low-dimensional inputs.
In conclusion, a neural network can be seen as a ﬂexible model which can be
trained, by minimizing some cost function, to fulﬁll some task. Typical appli26

cations include classiﬁcation and regression tasks. With autoencoders, neural
networks also provide a way to translate between representations of diﬀerent
dimensionality.

2.2 Problems and Solution Strategies
As described in Section 2.1 the aim of molecular simulations is to generate a
representative ensemble of molecule conformations for given conditions such as
a given temperature. The increasing complexity of the molecular systems under
investigation causes two problems virtually all molecular simulation projects
are facing: the growing complexity increases the computational cost required
to obtain a representative ensemble, and the analysis of the resulting ensemble
of conformations is becoming more and more a challenge in its own right. This
section describes the two problems in more detail, presents literature known
solution strategies, and points to the new solution strategies developed in the
context of this thesis using machine learning.

2.2.1 Computational Cost of Simulations
The computational cost of a molecular simulation is strongly correlated with
the number of atoms involved. The number of pair interactions that need to
be evaluated each time step grows quadratically with the number of interacting
atoms, and even a small chemical system like a protein, surrounded by water,
can easily involve thousands of atoms. Larger entities like cell organelles or even
complete cells are (and maybe always will be) out of reach for simulations with
atomistic resolution.
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The computational cost can also be a limiting factor, even with only few atoms
in a system, whenever long timescales are of interest. In atomistic molecular dynamics simulations, the new positions of all atoms are, typically, evaluated each
2 fs of simulated time. Interesting rare events like nucleation or protein folding,
however, occur on µs time scales and beyond. [Kubelka et al., 2004, Pound and
Mer, 1952] To put this in comparison, to simulate 1 s with a femtosecond time
step, requires roughly the same number of steps as a simulation of earths entire
history with a one minute time step would take, including the formation of our
planet, ﬁrst life, dinosaurs, and the development of human life. [Allegre et al.,
1995, Harris, 2018]
Fundamentally, there are two ways to tackle the problem of computational cost
in a simulation. Either the cost per simulated time step needs to be reduced
to allow for longer simulations, or a more representative ensemble of conformations needs to be sampled in the same amount of steps. Enhanced sampling
approaches aim to enhance the sampling with the same number of simulation
steps. On the contrary, coarse-grained simulations are a way to decrease the
cost per simulated time step by reducing the resolution of the model. In the
following, both strategies are discussed.

Enhanced Sampling
In systems with large energetic or entropic barriers, simulations tend to get
trapped on one side of such barriers. Enhanced sampling approaches aim to
facilitate crossing such barriers. One approach to enhance the sampling is to
use biasing potentials to force the simulation into speciﬁed regions of interest
or into new regions of the conformational space. Umbrella sampling [Torrie
and Valleau, 1977] and Flooding/Metadynamics [Huber et al., 1994,Grubmüller,
1995, Barducci et al., 2008] are examples of such methods.
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A diﬀerent approach is to combine molecular dynamics with Monte-Carlo simulation methods (see also Section 2.1.2). The sampling can be enhanced when
one Monte-Carlo move takes the simulation directly from one side to the other
side of a high barrier instead of trying to climb the barrier with a series of unlikely, uphill steps. To take the simulation directly from on side of a barrier to
the other, a large step size is required. Attempting large Monte-Carlo steps into
a random direction, however, is not feasible in a dense system because virtually
all attempted moves would result in conformations with overlapping atoms that
would be rejected because of their high energy. The Replica exchange simulation scheme solves this problem by attempting Monte-Carlo moves to conformations sampled in parallel molecular dynamics simulations (replicas), which by
construction do not contain any overlapping atoms. To enhance the sampling,
the parallel simulations need to be manipulated in a way to facilitate the crossing of barriers. This can be achieved with elevated temperatures (temperature
replica exchange [Sugita and Okamoto, 1999]) or with weakened interactions
(Hamiltonian replica exchange [Fukunishi et al., 2002]). Even though the parallel simulations are manipulated, the correct weighting of states according to
Boltzmann weights can be preserved due to the Metropolis-Monte-Carlo acceptance criterion (Equation 2.2).
In the publication: ”Eﬃcient sampling and characterization of free energy landscapes of ion-peptide systems” [Lemke et al., 2018] we used Hamiltonian replica
exchange to enhance the sampling of ion-peptide systems. The main challenge
of setting up a successful Hamiltonian replica exchange is to identify all important barriers preventing an eﬃcient sampling. Ion-peptide systems suﬀer from
slow sampling mainly because of large barriers caused by strong ion bridges,
but also the backbone dihedral torsions hold large barriers [Kahlen et al., 2015].
In our publication, we provide a suitable set of parameters; including increased
temperature, weakened ion interactions, and ﬂattened dihedral torsions; for a
successful Hamiltonian replica exchange of ion-peptide systems. The resulting
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ensemble contains an abundance of diﬀerent states with varying patterns of ion
bridges which provides for an excellent example to test diﬀerent characterization methods dealing with overwhelming amounts of data. The parameters that
were changed and the resulting ensemble of conformations are illustrated in
Figure 2.5. We will come back to this example in Section 2.2.2 which is focused
on the analysis aspect of such ensembles.

Figure 2.5: Illustration of the changes made to the Hamiltonian in the replica
exchange scheme at the example of an aspartic acid trimer in the presence of
calcium ions. Through these changes, sampling of a broad conformational space
(depicted on the right) is possible. Adopted with permission from J. Chem. Theory
Comput. 2018, 14, 11, 5476-5488. Copyright 2018 American Chemical Society
Both discussed enhanced sampling approaches, using biasing potentials or incorporating Monte-Carlo moves, do not reduce the cost per simulation step.
They promote the sampling of a more representative ensemble in a given number of steps by facilitating the crossing of barriers. Coarse-graining, instead, is
an approach where the cost per simulated time step is reduced.

Coarse-Graining
On an atomistic level of resolution, each atom is represented with one bead. In
coarse-grained simulations, larger entities of the molecule, for example complete functional groups, are represented with one bead. [Noid et al., 2008] Be30

cause of the quadratic scaling, the reduced number of interacting beads greatly
reduces the computational cost. On the down side, coarse-grained models, by
construction, lack detail and might not be able to accurately model certain aspects of molecular systems. The goal of a coarse-grained model is still to reproduce the behaviour of the reference system as accurately as possible.
In bottom-up coarse-graining methods, the coarse-grained interactions are parameterized such that an accurate representation of a known atomistic sampling is reproduced. A molecular dynamics simulation of an atomistic system
is propagated according to the force derived from the gradient of its potential
energy function (see also Section 2.1.2). In a coarse-grained model, multiple
atomistic conformations may be represented by the same conformation. Imagine a chain of three atoms where the coarse-grained model only contains the
two outer atoms as shown in Figure 2.6. All atomistic conformations whose two

Figure 2.6: Sketch of a coarse-grained model that contains the two outer atoms
of an atomistic chain with three atoms. One coarse-grained conformation bundles multiple atomistic conformations with diﬀerent central atom positions.
outer atoms have the same distance result in the same coarse-grained conformation, irrespective of where the central atom is located. To mimic the behaviour
of the atomistic system in the coarse-grained representation, we have to average
over the forces acting in all the possible underlying atomistic conformations. So,
while an atomistic simulation is based on a potential energy, a coarse-grained
simulation is propagated according to a mean force which is derived from the
”potential of mean force”, which is a free energy. The required free energy function for the example shown in Figure 2.6 could be easily obtained through Boltz31

mann inversion of the probability density distribution from an atomistic ensemble. This would be easy in this case because the required probability density distribution has only one dimension: the distance between the two coarse-grained
beads. For a more complex system, however, the required probability density
distribution is high-dimensional; it is a function of all the bead positions. Extracting this high-dimensional, multi-body probability density distribution is
problematic mainly because of sparsity issues. Imagine we would try to extract
a probability density distribution through a binning approach with 100 bins for
each dimension. Even for a ten dimensional case, which is tiny compared to a
molecular system like a protein, this would result in 10010 = 1020 bins. With
such a giant number of bins we would probably end up having more bins than
sampled conformations in our ensemble, and most of the bins would end up
being empty or would only contain a single conformation. Instead of trying to
obtain the full high-dimensional free energy landscape directly, the free energy
surface is therefore usually approximated as the sum of low-dimensional potentials with methods such as iterative Boltzmann inversion [Reith et al., 2003],
relative entropy [Shell, 2015] or force matching [Noid et al., 2008].
In our publication: ”Neural Network Based Prediction of Conformational Free
Energies–A New Route toward Coarse-Grained Simulation Models” [Lemke
and Peter, 2017] we introduce a new strategy to extract high-dimensional free
energy surfaces from atomistic data to build coarse-grained models. The central idea of this approach is to convert the task of ﬁnding a probability density
into a classiﬁcation problem solved by an artiﬁcial neural network. A similar
concept was used by [Garrido and Juste, 1998] and [Gutmann and Hyvärinen,
2010] in a diﬀerent context and is also referred to as noise-contrastive estimation. In the classiﬁcation problem constructed in [Lemke and Peter, 2017], the
task of the neural network is to distinguish between real, sampled conformations and ”fake” conformations drawn from a known distribution. Based on
how conﬁdent the neural network is that a given conformation is from the en-
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semble of sampled conformations and not a ”fake” conformation, it is possible
to calculate the probability density for this point in the conformational space.
With this approach, to our knowledge, we have been the ﬁrst to apply machine
learning with neural networks to obtain coarse-grained models for molecular
simulations. Since then, several approaches have been published. [Zhang et al.,
2018, Bejagam et al., 2018, Wang et al., 2019, Duan et al., 2019] Also, approaches
using machine learning techniques other then neural networks have been described. [John and Csányi, 2017]
One advantage of our machine learning approach is that it allows for exceptionally coarse representations. The development of coarse-grained models is
always a race with the progress in computer hardware. A system which is only
accessible with a coarse-grained model today might already be accessible in full
atomistic resolution, with new hardware, a few years later. Creating exceptionally coarse models, like our peptide models, is therefore especially valuable to
stay further ahead of the hardware developments. Parameterizing exceptionally
coarse models, however, is a challenge. An accurate description with a coarser
representation requires the interaction potentials to be more sophisticated. This
is where our proposed strategy to extract high-dimensional free energy surfaces
can unfold its potential. We demonstrated this by creating a coarse-grained peptide model where only interesting functional groups in the side chains are represented with a bead, and where the rest of the peptide, including the backbone,
is represented implicitly with the potential learned by the neural network. We
showed that the created model is not only capable to reproduce the behaviour
of the atomistic references it was trained on but is also able to make reasonable
predictions for longer chains.
Creating simpliﬁed representations of molecular systems on a level where few
atoms are represented with a single bead can be a powerful tool to reduce the
computational cost of simulations. Such models, however, are still high-dimensional. A model representing a protein with only one bead per amino acid
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can still easily have a conformational space with hundreds of dimensions. After
a simulation, whether coarse-grained or atomistic, we still have to deal with this
overwhelming amount of high-dimensional data.

2.2.2

Overwhelming Amount of Data

The primary result of a molecular dynamics simulation is a trajectory containing
the positions of all atoms (or beads) for each time frame. While obtaining such
data is already challenging, as described in the previous section, extracting all
relevant information from this overwhelming amount of data can be equally
challenging.
The simplest approach to analysing trajectory data is to make an (educated) guess
for an important variable, for example some distance between two residues, and
to analyse this variable. If the researcher has already some knowledge about the
system, for example from experimental data, this can be a viable approach. The
danger of this approach, however, is that the researcher will only ﬁnd what he
or she is speciﬁcally looking for.
A more systematic approach to identifying important variables and to extracting
relevant information is given by dimensionality reduction algorithms. Dimensionality reduction can be seen as a special kind of machine learning where the
correct solutions are not known beforehand. In case of spam detection for example, the training is typically done with labeled data, a data set where we, as
a supervisor, already know which emails are spam and which are not. In the
case of dimensionality reduction this is diﬀerent. We do not know beforehand,
what the best way to arrange the data in the low-dimensional projection is. The
machine learning algorithm is supposed to come up with that on its own. Dimensionality reduction is, therefore, a form of unsupervised learning.
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The most common dimensionality reduction algorithm is Principal Component
Analysis (PCA) [Pearson, 1901]. PCA essentially ﬁnds the directions of maximum variance. This is illustrated in Figure 2.7 for two-dimensional examples.
Figure 2.7 also illustrates that a linear method like PCA is not equally suitable for

Figure 2.7: Dimensionality reduction for two-dimensional example data sets.
For the left example, PCA, which ﬁnds the direction of maximum variance (blue
arrow), is a suitable approach to ﬁnding a good one-dimensional descriptor. For
the example on the right, a nonlinear path (orange) is much better suited to describing the data then any linear descriptor. This is an example where PCA and
linear dimensionality reduction methods in general are not well suited.
all kinds of data sets. For some dimensionality reduction problems it is crucial
to unravel nonlinear features. This applies, for example, to protein folding [Das
et al., 2006] and presumably most other molecular systems studied in simulations. Nonlinear dimensionality reduction techniques, such as diﬀusion map
[Coifman et al., 2005], time-lagged independent component analysis [Pérez-Hernández et al., 2013], neural network autoencoders [Wehmeyer and Noé, 2018,
Chen et al., 2018, Sultan et al., 2018, Ribeiro et al., 2018, Hernández et al., 2018],
or variants of multidimensional scaling [Cox and Cox, 2000] such as sketch-map
[Ceriotti et al., 2011], are therefore popular in the simulation community. [Tribello and Gasparotto, 2019]
In our publication: ”Eﬃcient sampling and characterization of free energy landscapes of ion-peptide systems” [Lemke et al., 2018] we tested diﬀerent dimen35

sionality reduction approaches. We did this for an ensemble of ion-peptide conformations obtained from an enhanced sampling approach with Hamiltonian
replica exchange, as mentioned already in Section 2.2.1, and we placed special
emphasis on combining the conformations sampled in the diﬀerent simulations
with diﬀerent Hamiltonians into one uniﬁed map using the transition-based
reweighting method (TRAM) [Wu et al., 2016]. We found that the multidimensional scaling method sketch-map is very useful to perform dimensionality reduction for such systems, however we also ran into problems with the computational eﬃciency for large data sets.
In our publication: ”EncoderMap: Dimensionality Reduction and Generation of
Molecule Conformations” [Lemke and Peter, 2019] we introduced a new dimensionality reduction algorithm. An introductory video to EncoderMap can be
found at https://www.youtube.com/watch?v=JV59OABhNTY [Lemke, 2019].
EncoderMap combines advantages of two known dimensionality reduction strategies: multidimensional scaling and neural network autoencoders (see also Section 2.1.3). Multidimensional scaling aims to arrange points in a low-dimensional representation in a way that preserves the pairwise distances of the points
in the original, high-dimensional space. This involves solving an optimization
problem where the positions of points in the low-dimensional space are varied
to minimize the deviation between the high-dimensional and the low-dimensional pairwise distances. Similar to molecular dynamics simulations (as discussed in Section 2.2.1), this approach has an unfavorable scaling because the
number of pairs that need to be evaluated grows quadratically with the number
of points. EncoderMap circumvents this unfavorable quadratic scaling of multidimensional scaling. This is possible because it is not the arrangement of the
points in the low-dimensional representation that is directly optimized. Instead,
a neural network is trained to do the projection from the high-dimensional to a
low-dimensional space with a multidimensional scaling metric as cost function.
The advantage of this approach is that the network can be trained with batches
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of data. The pairwise distances only need to be calculated within a batch of data
used for one training step, and in the next training step a diﬀerent batch of training points can be used. With this trick, low dimensional representations similar
to the ones obtained with multidimensional scaling can be produced with a linear scaling with respect to the number of data points. Consequently, the time
required to perform the dimensionality reduction is drastically reduced. A further advantage of the network trained to perform the dimensionality reduction
is that it makes projecting additional points to the low-dimensional representation computationally very cheap. No further optimization problems have to be
solved to fulﬁll this task. The neural network also provides a diﬀerentiable link
between the high-dimensional and the low-dimensional space, which allows the
use of EncoderMap in combination with enhanced sampling techniques where
a biasing potential needs to be deﬁned in a low-dimensional space (see also Section 2.2.1).
Additionally to the neural network projecting from the high-dimensional to the
low dimensional space, we also train a network to reconstruct the full highdimensional input from the low-dimensional projection. This makes the combined network a neural network autoencoder (see also Section 2.1.3) as illustrated in Figure 2.8. With this second neural network we obtain a tool to generate high-dimensional points for arbitrary points in the low-dimensional representation. In [Lemke and Peter, 2019] we demonstrated how useful this capability is by applying it to generate molecule conformations. We used EncoderMap to perform dimensionality reduction of sampled protein conformations
from the 38-dimensional space of backbone dihedrals to a two dimensional map.
Then, we generated new protein conformations for points distributed along different paths in the map. Given any two-dimensional input point in the map,
the decoder part of the autoencoder generates a set of values for the 38 backbone dihedrals. From these dihedral values, the Cartesian coordinates of the
protein backbone can be reconstructed, starting from some conformation, by
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Figure 2.8: Example autoencoder architecture with two bottleneck neurons.
This results in a projection of high-dimensional data, for example molecule conformations, to points in a 2-d space/map. The decoder part (right-hand side)
can generate output conformations even for 2-d points in the map for which no
corresponding input exists (green point/conformation). Adopted with permission
from J. Chem. Theory Comput. 2019, 15, 2, 1209-1215. Copyright 2019 American
Chemical Society
subsequent rotation around the diﬀerent dihedral axis. We showed that these
generated conformations for paths in the map can be very useful to visualize
important conformational changes. The generated conformations only reﬂect
the most important conformational changes identiﬁed during the dimensionality reduction process. These conformational changes are visualized without the
distracting noisiness of a wiggling molecule, which allows for a unique perspective on high-dimensional conformational data.
In [Lemke and Peter, 2019] we showed that generating conformations in dihedral space works well for peptides or a mini protein like Trp-Cage. For larger
proteins, however, this approach quickly reaches its limits. In our publication:
”EncoderMap (II): Visualizing important molecular motions with improved generation of protein conformations” [Lemke et al., 2019] we extended the capa38

bilities of EncoderMap to accurately generate conformations of large proteins.
The previously used backbone dihedrals are a good descriptor because they accurately describe the secondary structure and they are invariant to rotation and
translation of the complete molecule. Furthermore, the reconstruction of a conformation in Cartesian coordinates from dihedral angles is quite straightforward. The long-range order, however, is not well captured in dihedral angles.
Slight deviations in one dihedral can cause large oﬀsets for amino acids further down the chain. As a consequence, the generated conformations of large
proteins reconstructed from backbone dihedrals often contain the correct secondary structure elements, but these elements are usually not well aligned and
might overlap. Pairwise distances, for example between C α atoms, are a much
better descriptor for long-range order and they are also translationally and rotationally invariant. Reconstructing Cartesian coordinates from pairwise distances, however, is not straight forward. Diﬀerent distances might contradict
each other, and an optimization problem has to be solved to ﬁnd the conformation ﬁtting best to the generated pairwise distances.
In EncoderMap(II), we combine the advantages of both descriptors: dihedral angles and pairwise distances. The neural network autoencoder still gets dihedrals
as input and returns dihedrals as output, but from these dihedrals the Cartesian coordinates are reconstructed during the neural network training process.
This allows to add a contribution to the cost function measuring the accuracy of
the generated conformations in pairwise distance space. This way still unique
conformations are generated and at the same time their long range order is improved because of the more sophisticated cost function. The challenge, here, is
that the reconstruction of Cartesian coordinates from backbone dihedrals needs
to be diﬀerentiable. As explained in Section 2.1.3, neural networks are typically trained with some variant of gradient descent; a weight in the network is
updated according to the partial derivative of the cost function with respect to
this weight. Including the reconstructed Cartesians in the cost function, there-
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fore, requires to take the derivative of the cost function through the reconstruction and through the network back to each weight. To our knowledge, there
is only one other example in literature where such a diﬀerentiable reconstruction of Cartesian coordinates has been implemented [AlQuraishi, 2019]. With
the improvements introduced in EncoderMap(II), EncoderMap’s unique ability to visualize important conformational changes, identiﬁed during the dimensionality reduction process, is now also available for large chain-like molecules.
In [Lemke et al., 2019] we demonstrated this with the example of two multidomaine proteins: a Ubiquitine dimer and a part of the Ssa1 Hsp70 yeast chaperone.
So far, we have separately looked at simpliﬁed molecular representations, for
saving computational cost and for analysing overwhelming amounts of data.
The work by Hunkler et al. [Hunkler et al., 2019] shows how both can be combined in a uniﬁed framework. Our previously introduced neural network coarsegraining approach was used to obtain an ensemble of conformations in the coarsegrained space. Then, dimensionality reduction was used to obtain a two-dimensional map of the coarse-grained space, which is a task, our previously introduced dimensionality reduction method, EncoderMap is well suited for. Finally
atomistic simulations were started from diﬀerent clusters identiﬁed in the map
to quickly obtain an extensive ensemble of possible atomistic conformations.
With these diﬀerent levels of resolution, we can proﬁt from a detailed sampling
in the atomistic space, a fast sampling in the coarse-grained space, and we can
monitor and guide everything with maps obtained by dimensionality reduction.

40

Publications
Four publications are included in this thesis. The detailed author contributions
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ABSTRACT: Proteins that inﬂuence nucleation, growth, or
polymorph selection during biomineralization processes are
often rich in glutamic- or aspartic acid. Here, the interactions
between carboxylate side chains and ions lead to an interplay of
peptide conformations and ion structuring in solution.
Molecular dynamics simulations are an ideal tool to
mechanistically investigate these processes. Unfortunately, the
formation of strong ion-peptide contacts and ion bridges
drastically impedes structural reorganization of ionic bonds and
conformational transitions of the polymers. Thus, to obtain a
complete thermodynamical picture of such systems, enhanced sampling techniques become necessary as well as the methods to
characterize the conformational states of these partially disordered polymer-ion systems. Here, we propose a new set of
Hamiltonian replica exchange (HRE) parameters for eﬃcient simulations of peptide−ion systems, with an aspartic acid trimer
in the presence of Ca2+ and Cl− ions as a test system. We introduce dimensionality reduction and clustering strategies to
characterize the states of such a multicomponent system and to analyze the outcome of the proposed HRE with diﬀerent
reweighting methods.

1. INTRODUCTION
Biominerals often exhibit outstanding mechanical properties
outperforming pure mineral phases. These unique properties
arise from the complex hierarchical structure of biominerals.
To create such complex structures, crystal morphologies have
to be controlled, polymorphs have to be selected, and crystal
orientations have to be set.1 Some of the main components of
biominerals besides the mineral itself are macromolecules
which appear to be the key for understanding control
mechanisms in organisms responsible for the formation of
such complex structures. Macromolecules isolated from
calcium carbonate biominerals typically contain parts rich in
acidic amino acids such as aspartic and glutamic acids.2 The
inﬂuence of those amino acids on mineral formation can be
explained with the ability to bind to Ca2+ ions with the
negatively charged carboxylate group in the side chain.3
While analyzing the macroscopic result of crystallization is
relatively straightforward, gaining insight into the early stages
of crystallization through experiment is diﬃcult and often
indirect.4 The small size of these early stage structures, which is
challenging for many experimental techniques, is an advantage
for molecular dynamics (MD) simulations. MD has been very
usefully applied to investigations of systems prior to
nucleation.5−7 Some of these MD studies suggest that
structural motives which are later found in the crystal might
already be present in solution before nucleation sets in.8−11
Given available computational resources there are still severe
limitations in size- and time-scales accessible by MD
simulations which limits the ability to study slow processes
and rare events. Both mineral nucleation and biomolecular
folding processes are rare events. Thus, the interplay of peptide
© 2018 American Chemical Society

conformations, the formation of ionic prenucleation species,
and ultimately mineral formation are an extremely diﬃcult task
for atomistic MD simulations. This can be already seen with
seemingly simple systems such as acidic macromolecules in
contact with ion solutions. For example, an aspartic acid rich
peptide which is in the presence of Ca2+ ions exhibits multiple
types of barriers involving the rotation around the peptide
backbone and the formation of very stable ion-side chain
contacts. The stable ion bridges formed between two or more
carboxylate groups and a Ca2+ ion are − once formed −
unlikely to open up again during a regular MD simulation, so
that the system is arrested in metastable, conformational states.
Thus, to overcome these barriers and to be able to explore the
whole conformational space, advanced sampling techniques are
needed.
Enhanced sampling methods such as parallel 12 or
simulated13 tempering, metadynamics,14 umbrella sampling,15
or replica exchange molecular dynamics (REMD)16 and
others17−21 perform simulations at diﬀerent Hamiltonians or
temperatures to promote rare events. One of the most
commonly used techniques to overcome energetic barriers is
temperature REMD. However, Bulo et al.22 showed that ion
bridges become even stronger at higher temperatures as they
are dominated by entropic inﬂuences. A more versatile tool to
overcome such barriers is the Hamiltonian replica exchange
(HRE), which allows to play with diﬀerent temperatures and
furthermore to speciﬁcally manipulate the interaction
potentials which are the origin of the impeding barriers.
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GROMOS 54A7 force ﬁeld and the SPC/E water model.33
To accurately describe the interactions between calcium ions
and the carboxylate oxygen atoms in the glutamate and
aspartate side chains, the force ﬁeld was modiﬁed regarding the
calcium−oxygen Lennard-Jones parameters. The original
values were replaced by the parameters shown in Table 1
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Kahlen et al. applied HRE to simulations of glutamic acid
oligomers in the presence of Ca2+ ions in solution. To promote
the conformational sampling, biasing potentials were applied to
the peptide backbone dihedrals. This resulted in ﬂattened
backbone potentials allowing Kahlen et al. to successfully
equilibrate the structural ensemble of glutamic acid oligomers
in the presence of Ca2+ ions and draw conclusions regarding
the structures during early aggregation stages.
Besides glutamic acid, the structurally very similar aspartic
acid is often used in experiments to inﬂuence the crystallization
process.23−25 Unfortunately, the transfer of the simulation
approach proposed by Kahlen et al. to other cases where ion
bridges arrest the conformational sampling of a peptide turned
out not to be straightforward. Application of the HRE settings
of glutamic acid oligomers with Ca2+ ions to aspartic acid
oligomers did no result in a similarly improved sampling.
Hence a new set of HRE parameters had to be determined,
and the enhanced sampling strategy of Kahlen et al. had to be
further reﬁned to make the prenucleation stage in the presence
of aspartic acid additives also accessible to MD simulations.
Here, we present HRE settings that are optimized for an
eﬃcient simulation of aspartic acid peptides in the presence of
ions − with an aspartic acid trimer in an aqueous solution with
Ca2+ and Cl− ions as an example system. In the proposed HRE
scheme biasing the backbone dihedral angles, weakening the
Ca2+-side chain interactions and increasing the temperature
were combined to loosen the ion bridges and speed up the
peptide’s conformational transitions.
Furthermore, we apply diﬀerent reweighting techniques to
explore how to most eﬃciently use the exploration of sampling
of phase space by all replicas for such a system. To be able to
apply reweighting techniques and to judge the quality of both
sampling and reweighting, a good deﬁnition of the conformational states of the system was needed. Most importantly, such
a characterization of conformational states can be subsequently
used in kinetic modeling and in the comparison of diﬀerent
peptides and the interplay of peptide conformations and
prenucleation ion structures. First we describe the conformational space of the peptide itself, focusing on its structural
changes. The dimensionality reduction technique sketchmap26,27 is used to project the conformational space to two
dimensions. Additionally, we use an ion bridge-based
clustering, which divides the conﬁguration space based only
on the information about ion bridges formed between side
chain and terminal residues through connection with Ca2+
ions. We compare these techniques and combine both
conformational and ion−peptide interaction information for
a ﬁner separation of the conformation space. For the
estimation of the free-energies of the so-obtained states we
compare the standard ”direct counting“ in the lowest
Hamiltonian with diﬀerent reweighting approaches: the
multi-state Bennett acceptance ratio (MBAR)28 reweighting
takes the information about the population of the respective
states in the higher Hamiltonians into account, while the
recently proposed transition-based reweighting analysis
method (TRAM)29 additionally includes information about
transitions between the states. Finally we discuss the eﬃciency
of combining the proposed HRE scheme, clustering methods,
and reweighting techniques to study peptide−ion systems.

Table 1. Lennard-Jones Parameters for the Calcium−
Oxygen Interaction
GROMOS 54A7
used parameters

C6 [kJ nm6 mol−1 ]

C12 [kJ nm12 mol−1 ]

0.00150765
0.00203533

2.16509 × 10−06
1.53721 × 10−06

which were determined following the methods described in ref
8. The parameters were tuned to match experimental
association constants of calcium and carboxylate groups as
well as reference data from ﬁrst-principles molecular dynamics
simulations. The temperature was kept constant at 300 K (at
least for the lowest replica) with stochastic velocity rescaling by
Bussi et al.34 The pressure was not readjusted during the main
simulation. In preceding equilibration simulations a Berendsen
barostat35 was used to bring the simulation to 1 bar. The
leapfrog algorithm with a time step of 2 fs was used to integrate
the equations of motion. Long range interactions were
calculated with the particle mesh Ewald method36 with a
grid spacing of 0.12 nm and a pme-order of 4. Both Coulomb
and Lennard-Jones interactions were truncated at 1.4 nm.
Bonds have been constrained using the linear constraints solver
(LINCS) algorithm37 with an eighth order expansion.
2.2. Optimized HRE Parameters for Peptide−Ion
Systems. The HRE simulations were performed with the
PLUMED2.1-hrex38 plug-in for Gromacs. Eight replicas were
used, and exchange attempts between neighboring replicas
were made every 2 ps [In this paper we use “replica” to
describe all the simulation that has been done at a given
Hamiltonian; we use “trajectory” whenever we talk about a
consecutive molecular dynamics trajectory in phase space
which is traveling through the diﬀerent Hamiltonians during
the HRE.]. A system with 1 aspartic acid trimer, 10 calcium
ions, 17 chloride ions, and 3536 water molecules was
simulated. In total this adds up to a neutral charge as all
carboxylate groups were deprotonated and the N-terminal
amino group was protonated. Three diﬀerent changes were
made to the Hamiltonian in higher replicas: (1) the potential
of the backbone dihedrals was ﬂattened by adding a bias
potential, (2) the Ca−O interaction was weakened, and (3)
the temperature was increased. An illustration of the changes is
shown in Figure 1.
In order to ﬂatten the rotational barrier around the
backbone torsional angles by adding a biasing potential, the
unbiased potential of mean force for rotation around the
backbone torsions was calculated. Following the process
proposed by Kahlen et al.8 a central amino acid of an
uncharged aspartic acid pentamer was used to determine the
general rotational barrier, which makes it applicable to homooligomers and to be representative of the intrinsic peptide
rotational barrier − i.e. not accounting for the inﬂuence of
strong electrostatic interactions between side chains. With the
dihedral angles Φ and Ψ of the central amino acid as collective
variables, 2D well-tempered metadynamics39 was performed.
Two-dimensional Gaussians were deposited with a starting
height of 1.2 kJ/mol and a width sigma of 10° every 120 fs. A

2. METHODS
2.1. Simulation Details. The Gromacs 4.6.7 simulation
package30,31 was used with a modiﬁed version of the
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Figure 2. Torsion angles phi and psi of the central amino acid of an
aspartic acid pentamer. In the top row the torsions are shown for an
unbiased simulation. In the bottom row the same is shown for a
simulation where the torsions were biased as described in section 2.2
with α = −1.

Figure 1. Illustration of the diﬀerent changes made in higher replicas:
the potential of the backbone dihedrals was ﬂattened by adding a bias
potential, the Ca−O interaction was weakened, and the temperature
was increased. The color changes from blue to red showing the
Hamiltonian changes made from the lowest to the highest replica.

The conformational sampling is not only dependent on the
peptide itself and the ions attached to it. Processes such as
reorganization of solvent molecules and diﬀusion of ions from
and to the peptide certainly play a key role as well. To
accelerate these we increased the temperature from 300 K for
the lowest to 310.5 K for the highest replica. A large
temperature increase would be counterproductive, since it
might even further stabilize ion bridges due to their entropy
driven formation.8
All the parameters, that were used for the HRE, are
summarized in Table 2.
2.3. State Characterization. Even the rather small
peptide−ion system investigated here exhibits a highly complex
conformational free energy landscape. We have applied three
diﬀerent methods to characterize states and structural
transitions. These clustering approaches focus on diﬀerent
features of the system and can be complementary to each
other. One method is based on the ion bridges, a second is
based on the peptide conformation, and a third is taking both
the peptide and the ion positions into account. Figure 3 shows
illustrations of the diﬀerent state characterization methods
which in the following will be used as labels for these methods.
2.3.1. Ion Bridge-Based State Characterization. First we
used the number and position of ion bridges as input for a
clustering approach. This is done in the following way: All
carboxylate C atoms present in a sphere with a radius of 0.5
nm around one calcium ion are considered as connected. This
connection information can be represented in a matrix of
booleans. An example structure, the founded connections, and
the subsequent matrix are shown in Figure 4.
Of course, half of the matrix is suﬃcient, as it is symmetric
along the diagonal. Structures with the same matrices are
considered to belong to the same cluster. All structures in
simulations are analyzed and assigned to the corresponding
cluster. The total number of all possible clusters is 2N(N − 1)/2 ,
where N is a number of side chains plus C-terminus. This
clustering does not account for the structural changes in a

bias factor of 5 was chosen corresponding to a ΔT of 1200 K.
By averaging the obtained 2D free energy surface along the Φ
and Ψ axis, respectively, 1D biasing potantials were obtained.
These biasing potentials were implemented as tabulated
potentials, scaled by a factor α which was varied from 0 to
−1 in equal intervals (see Table 2), and added to the regular
Table 2. Parameters That Were Varied in the Replicas of the
HRE Simulations
replica

T [K]

α (see text)

7
6
5
4
3
2
1
0

310.5
309.0
307.5
306.0
304.5
303.0
301.5
300.0

−1.00
−0.86
−0.71
−0.57
−0.43
−0.29
−0.14
0.0

C6 [kJ nm6 mol−1]
1.88
1.91
1.93
1.95
1.97
1.99
2.01
2.04

×
×
×
×
×
×
×
×

10−03
10−03
10−03
10−03
10−03
10−03
10−03
10−03

C12 [kJ nm12 mol−1]
1.72
1.69
1.67
1.64
1.61
1.59
1.56
1.54

×
×
×
×
×
×
×
×

10−06
10−06
10−06
10−06
10−06
10−06
10−06
10−06

dihedral potentials in the respective replicas. The two graphs at
the bottom of Figure 1 illustrate the respective resulting
dihedral free energy barriers (PMFs) for both backbone
torsions in the diﬀerent replicas going from blue to red. The
application of this backbone dihedral bias ensures fast sampling
of conformational transitions for a peptide in water (see Figure
2).
However, as soon as ions and charges are added to the
system, new high energy barriers emerge − most importantly
due to the formation of ion bridges. To overcome those
barriers, the interaction strength between calcium ions and
carboxylate oxygens was weakened in the higher replicas by
altering the C6 and C12 parameters of the corresponding
Lennard-Jones potentials. The graph in the top right corner of
Figure 1 illustrates the potentials used for the diﬀerent replicas.
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Here, we used a nonlinear dimensionality reduction method
based on multidimensional scaling techniques called sketchmap.44 It was shown to be successful in distinguishing systems
with a vast amount of possible conﬁgurations.44,45 Sketch-map
iteratively optimizes the low-dimensional projections to
minimize the dissimilarity between sigmoid functions of
distances between points in high- and low-dimensional spaces
s(r , a , b) = 1 − (1 + (2a / b − 1)(r /σ )a )−b / a

(1)

where r is the Euclidean distance in high- or low-dimensional
space. In this Article we used the following parameters for the
sigmoid function: σ = 0.25, A = 15, B = 4 (in high-dimensional
space), σ = 0.25, a = 2, b = 4 (in low-dimensional space). An
example for the obtained (2D) projection can be seen in
Figure 7a. Next clusters (dens regions) should be identiﬁed in
the resulting projection to characterize conformational states.
Details about subsequent clustering of sketch-map projections
are described in Sec. 2.3.4.
2.3.3. Combining Conformational and Ion Bridge
Information. To obtain a two-dimensional representation
which combines both information about the peptide
conformation and the peptide−ion coordination, we chose a
new set of CVs: in addition to the 15 pairwise distances (see
Sec. 2.3.2) we calculated all distances between the peptide and
ions, more speciﬁcally, between Ca2+ and Cl− ions on the one
hand and the carboxylate C atoms as well as the (negatively
charged) C-terminus of the peptide on the other hand
(distances between Ca2+ and Cl− ions are not included). We
obtained 108 distances in total for each frame. We are
interested only in the ions interacting with the peptide and
exclude all others. To do so, distances larger than a cutoﬀ (0.5
nm as in Sec. 2.3.1) were set to zero. Not all of the remaining
values add new information to a description of the peptide−
ions conformation, meaning in the case of a compact structure,
we will have many nonzero distances out of 108, but they will
be correlated. We used PCA40 to get an idea of the number
and type of distances to include. For this system it was
suﬃcient to keep the 9 longest distances, while the short ones
were highly correlated. Intuitively, we could have simply used
the same number of distances as in ion bridge-based clustering
in Sec. 2.3.1, but it would result in more dimensions, mostly
containing zero values. Eventually, the 9 longest ionic distances
(sorted from lowest to highest) were added to the 15
conformational CVs (see Sec. 2.3.2), resulting in 24 CVs in
total. We reduced the dimensionality to two dimensions using
the sketch-map algorithm with the following parameters of the
sigmoid function (see eq 1): σ = 0.25, A = 24, B = 3 (in highdimensional space), σ = 0.25, a = 2, b = 3 (in low-dimensional
space). The obtained projections can be seen in Figures 7b and
10a. We found that this method was very well suited to
distinguish between diﬀerent states of the combined peptide−
ion system: regions with diﬀerent numbers of ion contacts are
nicely separated going from no ions in contact with the peptide
(left-hand side of the projection) to the maximum number of
ion contacts (right-hand side). In addition, a separation of
diﬀerent peptide conformations is achieved inside those
regions. A detailed comparison of the states that can be
identiﬁed in the diﬀerent projections will be presented in Sec.
3.2.
2.3.4. Clustering of Projections. Both types of twodimensional projections described above were clustered using
the following scheme: ﬁrst the minima in the free energy
surface were automatically detected by binning the two-

Figure 3. Three diﬀerent state characterization methods are used in
this work (a) based on ion bridges, (b) based on peptide
conformations, and (c) combining peptide conformation and ion
position information.

Figure 4. Example structure on the left with the connections shown
on the right, found by the developed algorithm. The connection
information is stored in matrices like the one on the far right.

peptide explicitly and cannot diﬀerentiate between structures
with no ion bridges. If one is interested in the conformational
changes, the next clustering method will be advantageous.
2.3.2. Conformation-Based State Characterization. To
characterize the peptide conformations, we ﬁrst used only the
information about its structural changes without any
consideration of ion positions. As high-dimensional descriptors
(collective variables (CVs)) the pairwise distances between all
Cα and Cγ atoms were chosen, resulting in K (K − 1) dimensions,
2
where K is the number of Cα and Cγ atoms. For the tripeptide
under consideration, this results in 15 dimensions. As direct
clustering of high-dimensional data faces a number of
challenges, we ﬁrst reduced the dimensionality of CVs, which
is the natural step in many cases. It has been found that one of
the most common dimensionality reduction algorithms −
principal component analysis (PCA)40 − can be thought of as
a continuous solution of the cluster membership indicators in
the commonly used K-means clustering method.41 This shows
that a connection between clustering methods and dimensionality reduction approaches exists,42 suggesting that dimensionality reduction may be a natural extension to the clustering
method and thereby provides a continuous approach to
estimate densities of high-dimensional data from small
samples.43
5479

46

DOI: 10.1021/acs.jctc.8b00560
J. Chem. Theory Comput. 2018, 14, 5476−5488

Reprinted with permission from J. Chem. Theory Comput. 2018, 14, 11, 5476-5488. Copyright 2018 American Chemical Society.

Article

Journal of Chemical Theory and Computation

of thermodynamic states, Ns is the total number of bins/states,
b(k)
is the reduced bias energy of structures in bin i at the
i
thermodynamic state k, pi is the best estimate of unbiased
stationary probabilities, f(k) is the dimensionless free energy
shift from simulation at the thermodynamic state k; and pi and
f(k) are unknown and should be found by e.g. iteratively solving
these equations (self-consistent iterations).
For systems, where a biasing potential cannot be trivially
scaled by one linear force ﬁeld parameter (e.g., temperature),
the number of bins is signiﬁcant even for a small number of
conformational states, making the application of WHAM
computationally intractable. To overcome this limitation and
to avoid a possible bias introduced by binning of the energy
histogram, 51 the multistate Bennett acceptance ratio
(MBAR)28 was introduced. MBAR is equivalent to bin-less
WHAM or UWHAM.48,52 Its free energy estimating equation
is

dimensional projection to rectangles (cells) and selecting
iteratively local maxima (most populated cells, separated by
change in the density gradient); they were selected as cluster
centers, and all other points were assigned to the closest center.
This scheme is similar in spirit with density peak clustering.46
While the latter is in principle more general because it is
independent from the number of dimensions, we used the
scheme proposed here for two reasons: In the case of a twodimensional projection of a vast number of data points,
binning the points and determining local density peaks are
more eﬃcient compared to the calculation of a distance matrix
for all points (as required by density peak clustering). The
second reason is that it does not require input such as a cutoﬀ
distance, an a priori deﬁnition of a desired number of clusters,
or a minimum density; but contrary to density peak clustering,
the here proposed scheme is sensitive to the choice of bin sizes.
The number of cluster centers and cluster boundaries can be
regulated (if needed) by either providing a maximum number
of clusters and/or by deﬁning the minimum number of points
in a cell for this cell to be considered as a density peak. If the
number of deﬁned peaks is greater than the desired number of
clusters, smaller clusters will be iteratively aggregated with the
nearest larger one (i.e., containing more points) to obtain the
desired number of states (see an example for such an
aggregation in Figure 7b).
2.4. Reweighting. Diﬀerent estimation techniques are
used to extract the information of interest (such as free energy
diﬀerences between states) from the multiensemble simulation
data generated using HRE. The simplest estimate is “direct
counting”.47 It is done by computing ensemble averages of
properties and populations of diﬀerent states based on the
sampling of a Hamiltonian of interest (relying on a proper, e.g.
canonical, sampling at this Hamiltonian/in this replica). The
probability density is inferred from this histogram and used to
calculate the free energy. This approach is the foundation for
the “direct counting” potential of mean force (PMF)
calculations.
This method served as a basis to a more sophisticated and
widely used technique − the weighted histogram analysis
method (WHAM)48−50 − which allows use of information
from all replicas (as opposed to the direct counting scheme,
where only the data generated at the Hamiltonian of interest is
used). WHAM requires the assignment of each structure to a
state and to a bias value, which was used in the simulation of
this structure. Most commonly several simulations with
diﬀerent bias values are run, and some low-dimensional (1
or 2 dimensions) reaction coordinate is chosen for all
simulations. The distributions of the reaction coordinate
values from all simulations are clustered (e.g., binned). The
obtained histogram is reweighted taking into account the
biasing factors. This is done by solving the following two
equations:

K

f

K

f (k),new =

exp( −b(k)(x(j i)))
K

∑l = 1 n(l) exp(f (l) − b(l)(x(j i)))

(4)

where
is the jth conﬁguration sample from a thermodynamic state k (all other variables are the same as in eq 2).
UWHAM and MBAR provide estimates for statistical
uncertainties in free energy diﬀerences and their correlations.
In some applications histogram-based methods can require less
computational resources than MBAR or UWHAM at the
expense of introducing bias caused by binning.
The above-mentioned estimators produce statistically
optimal estimates of free energy surfaces only if the simulations
have sampled the full canonical ensemble corresponding to
their respective thermodynamic states/Hamiltonians, i.e. are in
global equilibrium. This is rarely fully correct for the systems to
which HRE techniques are usually applied. To correct for this
problem, transition-based reweighting methods were introduced. They combine the maximum likelihood approach of
WHAM and MBAR with the Markov model theory53 by taking
into account not only counts inside states but also information
about transition probabilities between them. They can roughly
be divided into histogram-based (the discrete transition-based
reweighting analysis method (dTRAM)54 and the dynamic
histogram analysis method (DHAM)55) and bin-less estimators (the expanded (nonmaximum likelihood) (xTRAM)56
and the general transition-based reweighting method
(TRAM)29). These methods present an option to obtain
accurate free energy estimates as well as kinetic information for
correlated samples under the condition of local equilibrium
(which is not always easy to meet).
It was suggested that TRAM is the statistically optimal
estimator and is superior to global equilibrium-based
estimators such as WHAM or MBAR and other transitionbased estimators (xTRAM, dTRAM, DHAM),29 because it can
give correct statistical and thermodynamic estimates without
relying on the global equilibrium assumption. This is done by
taking into account the information about transitions between
conﬁguration states (clusters) at the appropriate lag time (time
at which the observed transitions became independent/
uncorrelated). TRAM equations, which can also be solved
iteratively, are

(2)

1
N
∑ j =s 1 exp( −bi(k))pj

= −ln ∑ ∑

x(k)
j

∑k = 1 ni(k)
∑k = 1 n(k)f (k) exp( −bi(k))

n(i)

i=1 j=1

K

pi =

(k),new

(3)

n(k)
i

where
is the number of structures in a state (bin) i at the
thermodynamic state k, n(k) is the total number of structures
simulated at the thermodynamic state k, K is the total number

Ns

cij(k) + c(jik)

j=1

exp(f j(k) − f i(k) )νj(k) + νi(k)

νi(k),new = νi(k) ∑
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ni

exp( −b(k)(xj))

j=1

∑l = 1 R i(l) exp(f i(l) − b(l)(xj))

f i(k),new = −ln ∑

K

the highest replica simulation is able to overcome this initial
structure and to quickly sample many diﬀerent structures.
Then we performed extensive 1 μs long HRE simulations
with 8 replicas. To evaluate how frequently the trajectories are
traveling through the diﬀerent Hamiltonians, the Hamiltonian
index over time was plotted for each trajectory (the right-hand
side of Figure 6). To get further insight on the sampling taking
place, ion bridge-based state characterization (see Sec. 2.3.1)
was performed. Our system allows for in total 64 diﬀerent
combinations of pairwise ion bridges, meaning 64 diﬀerent
clusters. We selected the 10 most populated clusters, and all
other structures were considered to be in the cluster number 0.
The cluster which contains structures with no ion bridges at all
is the most populated cluster and therefore has the cluster
number 1.
The time series plots in Figure 6 are colored according to
the 10 most occurring ion bridge connection patterns (see
images in the top row). Most trajectories frequently travel
through the whole range of Hamiltonians. These trajectories
also frequently move from one cluster to another. Figure 6 also
shows the fraction of time spent in diﬀerent clusters for each
trajectory. Most of the structures can be found in all
trajectories, indicating a HRE being near convergence.
Trajectory 1 behaves a little diﬀerent compared to the others.
It stays in cluster 4 (yellow) for around 500 ns. During that
time the trajectory no longer travels through the whole range
of Hamiltonians but stays in the lowest replicas. This behavior
indicates that a very stable structure was found here. The
question is why is it so hard for the HRE to leave this structure.
As we will later ﬁnd in the other characterization methods,
there are structures which are not only stabilized by single ion
bridges but rather by a small cluster of calcium and chloride
ions. This stable cluster 4 mainly contains such structures. It
has a large overlap with cluster 1 of the conformation-based
clustering (see Table 3 and Figure 7a) or Region II in Figure
10a. The HRE parameters were developed with slow peptide
dynamics and stable ion bridges in mind. Figures 5 and 6 show
that the selected parameters successfully overcome these
issues, but apparently this set of parameters does not work
equally well for structures with calcium chloride clusters. There
is no parameter change directly targeted to break up such
clusters. A single carboxylate group might detach from the ion
cluster due to the weakened Lennard-Jones potential for Ca−
O interactions. However, as long as the calcium chloride
cluster does not dissolve, the carboxylate group will soon
reattach. It is very unlikely that all carboxylate groups detach
from the cluster at the same time.
In contrast to temperature replica exchange, HRE allows to
focus on very speciﬁc interactions. This example shows that
HRE can be used very eﬃciently to overcome free energy
barriers. However, this example also gives a warning that it is
always possible that new unexpected constellations appear
where the initially targeted interactions are no longer those
preventing the system from further sampling.
In the subsequent analysis we use a reweighting scheme
which allows us to use information from higher replicas and
give more accurate probability (free energy) estimates for the
explored states even if the sampling may still have not reached
full global convergence.
3.2. Analysis and Free Energy Estimates. To apply
reweighting methods it is inevitable to address the question of
how to deﬁne states (e.g., by binning of the potential energy or
some reaction coordinate/collective variable, by clustering of

(6)

where
R i(k)

Ns

=

∑
j=1

(cij(k) + c(jik))νj(k)
exp(f i(k) − f j(k) )νi(k) + νj(k)

+ ni(k) −

Ns

∑ cij(k)
j=1

(7)

ν(k)
i

where
are Lagrange multipliers, ni is the number of all
samples in conﬁguration state i independent from the
thermodynamic state k, c(k)
ij is the number of transitions at
the thermodynamic state k from conﬁguration state i at time t
to state j calculated at time t + τ, and τ > 0 is the lag time.
We found that a system proposed here and simulation setup
is a nice test case for the applicability of TRAM. The main
motivations for us to choose this method are as follows:
TRAM does not require binning of the bias energies and is
therefore suitable for the analysis of multitemperature
simulations in combination with bias potentials, and it requires
data to be only in local equilibrium. The calculation of the
estimates was performed using the PyEMMA software.57

3. RESULTS AND DISCUSSION
3.1. Simulation with the New HRE Parameters. The
system consisting of an aspartic acid tripeptide with Ca2+ and
Cl− ions in water (see Sec. 2) is used to evaluate the utility of
HRE simulations with the new parameters and to demonstrate
clustering approaches. For a successful HRE mainly two
requirements have to be met: (1) the highest replica has to
sample the phase space quickly and (2) trajectories have to
frequently travel through the whole range of Hamiltonians, i.e.
there has to be a frequent exchange between neighboring
replicas, and no separation of replicas must occur.
First, we tested if the highest replica is able to sample phase
space quickly. We ran two separate simulations with the
parameters of the lowest (no bias) and the highest replica
respectively starting from the same structure. Figure 5
illustrates how successful this set of parameters speeds up
sampling in the highest replica by monitoring Ca-peptide
contacts. Steady contacts indicate slow sampling, while
frequently changing contacts indicate fast sampling. While
the lowest replica simulation is stuck in very similar structures,

Figure 5. Calcium oxygen contacts over time. Two separate
simulations with the parameters corresponding to the highest and
the lowest replica were performed. Each of the 10 calcium ions
present in the simulation has its own color which is displayed
whenever this ion has contact with an oxygen atom of the peptide.
Two atoms are considered to be in contact when their distance is
smaller than 0.3 nm. The peptide atoms are indexed starting from the
amino end. This atom index is shown on the y-axis. Note the pattern
of double lines which shows that an ion is typically in contact with
both oxygen atoms of a carboxylate group.
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Figure 6. Overview of the sampling of peptide−ion states visited during the HRE MD simulations. In the top row the 10 most frequently occurring
ion bridge patterns of all 8 trajectories are shown. On the left the fraction of the structures sampled by the diﬀerent trajectories is shown (color
code according to the frames around the 10 structures, all other ion bridge patterns are represented in gray). On the right a temporal trace of the
traveling of each trajectory through the 8 Hamiltonians is shown. The color of the line plots is varied according to the ion bridge patterns.

Table 3. Similarities in Ion Bridge-Based (See Sec. 2.3.1) and Conformation-Based (see Sec. 2.3.2) Characterization of
Structuresa

a

Columns represent the ion bridge-based clusters. Columns 1 to 10 represent the ten most probable clusters. All remaining structures are combined
in cluster 0. The rows represent conformation-based clusters where the largest numbers of structures are highlighted in gray.

3.2.1. Obtaining Thermodynamic Estimates Using Peptide Conformation- and Ion Bridge-Based Clustering
Separately. First we used the conformation-based characterization approach (see Sec. 2.3.2). All structures of all replicas

high-dimensional data, etc.). In Sec. 2.3 characterization
strategies for obtaining an optimal description of states were
presented. The results of their application are shown in this
section.
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Figure 7. Conformation phase spaces sampled by all 8 replicas in 1 μs of simulation time in each replica. The cluster boundaries are the white lines;
the cluster numbers and some representative structures with ions (calcium and chloride ions are red and gray, respectively) are shown. The
projection was made using the sketch-map algorithm. The following collective variables were used: (a) distances between Cα and Cγ atoms; (b)
distances between Cα and Cγ atoms and the nine largest distances within a cutoﬀ from the Cγ atoms and the C-terminus to ions.

Figure 8. Free energy values calculated using TRAM for the conformation- and ion bridge-based clustering methods. Convergence of free energy
values calculated using TRAM for diﬀerent simulation lengths (in comparison with direct counting of the lower replica of 1 μs simulation) for (b,
upper plot) conformation-based clustering and (a, upper plot) ion bridge-based clustering. Direct counts, TRAM, and MBAR free energy estimates
for states of 8 Hamiltonians simulated for 1 μs obtained by applying (b, lower plot) conformation-based clustering (numbering of clusters
correspond to the numbers in Figure 7a) and (a, lower plot) ion bridge-based clustering (numbers of clusters correspond to the numbers in Figure
6).

were projected into two dimensions using 1000 landmarks.
The projection was discretized into bins. Following the
procedure described in Sec. 2.3.2, bins with more than 30
points inside, which are separated by a change in the density
gradient, were selected as cluster centers. All other points were
assigned to the closest cluster center. In total we obtained 23
clusters. Figure 7a shows the low-dimensional projection, the

cluster centers with respective numbers, the cluster boundaries,
and representative structures with ions (water is removed) for
each cluster center. The same projection method, but with
diﬀerent CVs, was already successfully applied by Kahlen et al.8
to describe a conformational space of a peptide in the presence
of ions. As in their case, accessible regions of the conformational space of a peptide are nicely separated (see Figure 7a).
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The presence of ions on the oﬀset plots can be misleading: ion
positions were not taken into account during the projection,
meaning that if peptides have the same conformation
irrespective of the number of ions in proximity, they are
assigned to the same cluster. Next we used the ion bridgebased characterization of states described in Sec. 2.3.1 and Sec.
3.1 getting 11 clusters (10 main clusters are shown in Figure
6).
To obtain free energy estimates of the simulated ensembles
we used TRAM. We also included the estimates from direct
counting in the lowest replica and MBAR. A lag time of 1 (2
ps) was chosen for TRAM. It has to be mentioned that
exchanges between replicas were done very often. This,
signiﬁcantly reduces the possible length of the lag time
which is used in TRAM to determine the transitions between
states (the key diﬀerence to MBAR). The obtained estimates
are shown in Figure 8. To get an idea of convergence of our
HRE scheme we monitor the values of TRAM for diﬀerent
simulation lengths (we chose to use TRAM values rather than
counts in the lowest replica, to use as much information as
accessible to us). The upper plots of Figure 8 show the free
energy estimates for diﬀerent simulation times starting from 50
ns. Remarkable diﬀerences in the free energy values (especially
for the cluster 4 of Figure 8a) can be seen only for shorter
simulation lengths (upper plots of Figure 8) due to the fact
that not all states were populated enough at these time
intervals. The diﬀerences in the free energy estimates obtained
for longer times (800 ns−1 μs) (upper plots of Figure 8) and
using TRAM, MBAR, and direct counting for 1 μs simulations
(lower plots of Figure 8) are small. We assume that it is due to
the fact that we were able to obtain enough sampling using the
proposed HRE parameters, i.e. for long simulation times the
application of reweighting techniques (adding data from all
replicas as well as information about the transitions between
the states) does not signiﬁcantly alter (and presumably
improve) the estimation of the free energy diﬀerences between
states.
3.2.2. Comparing Peptide Conformation- and Ion BridgeBased Clustering. Here, we compare the free energy estimates
obtained by the conformation- and ion bridge-based
approaches. Although none of them includes the information
on the other explicitly, they have strong correlations. This can
be seen in Table 3 where we show how the structures assigned
to one cluster in one clustering scheme are distributed among
the clusters of the other clustering scheme. The highest values
in the table are highlighted in gray. Keep in mind that clusters
0 and 1 of the ion bridge-based clustering are somewhat
special. Cluster 0 contains all structures which are not among
the 10 most probable ion bridge connection patterns. Cluster 1
contains all structures without ion bridges. It is therefore not
surprising that this ion bridge cluster 1 contains structures
from various peptide conformation-based clusters. Apart from
these exceptions, clusters in one clustering scheme correspond
to only a few clusters in the other scheme. A visualization of
overlapping clusters from both schemes is shown at the top of
Figure 9. We selected the four biggest overlaps with cluster
number 7 of conformation-based clustering: clusters 0, 1, 5,
and 10 from the ion bridge clustering. Also, the states 5 and 10
from the conformation-based clustering were compared with
the corresponding clusters 5 and 10 from the ion bridge-based
characterization. One can nicely see how all structures from a
conformation-based cluster have similar backbone conformations but diﬀerent ion bridges, while structures from an ion

Figure 9. Free energy values for the states of interests. The ﬁrst
cluster number corresponds to the conformation-based state
characterization (blue bars, see Figure 7a); the second cluster number
corresponds to the ion bridge-based characterization (red bars, see
Figure 6) (see Table 3). The inset plots show representative
structures from the overlap between both clustering methods.

bridge-based cluster have similar ion bridges but quite diﬀerent
peptide conformations.
We use these overlaps of clusters for a test of the calculated
free energy values. The TRAM algorithm allows to directly
recalculate the free energy values for the new discrete states
based on the statistical weights assigned to each frame in the
trajectory. We compare the estimates obtained with each
characterization approach for the overlap clusters in separate
runs of TRAM. The free energies of these 6 states and
representative clusters are shown in Figure 9. The estimates
obtained by both characterization methods are almost equal.
This suggests that none of the proposed discretization schemes
in combination with reweighting distorts the statistical weights
of structures, so each of them is equally applicable for deﬁning
states.
3.2.3. Combined Peptide Conformation- and Ion Position-Based State Characterizations. As we discussed in Sec.
2.3.3 both conformation and ion position information can
eﬃciently be combined. We repeated the procedure described
in Sec. 3.2.1 for states deﬁned using a sketch-map projection
based on the descriptors, which includes both structural
information on the peptide and the ion positions with respect
to it. The obtained two-dimensional representation, clusters,
and some representative structures are shown in Figure 7b. As
mentioned earlier, this approach nicely separates regions with
diﬀerent numbers of ions near the peptide (from no ions to the
maximum number of ions).
In Figure 10a we show how diﬀerent replicas populate the
conformational space: In the lowest Hamiltonian, states with
no ion contacts are rare (highlighted region I). In the highest
Hamiltonian, the opposite is the case. States with no ions are
highly populated (highlighted region I), and structures
stabilized by ion bridges are rare (highlighted region II).
This again shows that the parameters selected for the HRE
work as intended. They reduce the number ions bound to the
peptide in the higher replicas to facilitate sampling.
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Figure 10. (a) Both plots show the sketch-map projection of all structures from 8 replicas. The green points are projections of Hamiltonian 0 (lefthand side) and Hamiltonian 7 (right-hand side). Regions of a phase space with diﬀerent numbers of ions near the peptide are nicely separated. The
regions with the minimum (I) and the maximum (II) number of ions are highlighted, and representative structures are shown. (b) Free energy
estimates for the states deﬁned using the method described in Sec. 2.3.3 are shown. The cluster numbers correspond to the clusters shown in Figure
7b and are ordered from left to right according to the projection. The upper plot shows the diﬀerence in the TRAM estimates depending on the
simulation lengths. The lower plot shows the estimates obtained by applying TRAM and MBAR to all 8 Hamiltonians (each 1 μs long) and direct
counting in the lowest Hamiltonian after 1 μs. The areas I and II have the biggest diﬀerence in the estimates and are highlighted in the projections
in (a). (c) Comparison of TRAM and direct counting values for 50 ns and 1 μs of simulation.

and TRAM. The results are shown in Figure 10b where region
I (few ion contacts) and region II (many ion contacts) are
again highlighted. The comparison of free energy estimates

As for the other state characterization methods we used
TRAM to get free energy estimates for diﬀerent simulation
lengths and also compare the results of direct counting, MBAR,
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simulation conditions, the conformation-based clustering (Sec.
2.3.2) is the most appropriate choice. However, we showed
that using this clustering method one might get the impression
of earlier convergence of the simulation because some
important ion bridge stabilized structures are not revealed.
To add information about ions explicitly, the combined
conformation- and ion position-based clustering (Sec. 2.3.3)
was used. It gives a detailed overview over the peptide
conformations and the position of ions around it. Despite the
fact that it can also lead to a large number of clusters, the
possibility of working with 2D projections makes it still feasible
to gain insight into the simulation progress and results. A joint
drawback of the last two clustering methods is the necessity for
reprojection and reclustering, when one wants not only to
analyze the ﬁnal outcome but also to monitor HRE while the
simulation is running and new states are appearing.
Using these three characterization methods we discretized
the conformational space into states. To get quantitative
estimates for the statistical weights of the deﬁned states,
unbiasing techniques were tested and compared. In contrast to
directly counting the number of state occurrences in the lowest
replica, the reweighting methods (MBAR, TRAM) allowed us
to also include information from higher replicas. Reweighting
appears to be useful for states without ions attached to the
peptide, because those are comparably high energy states
which are hardly present in the lowest replica. For low energy
states reweighting was not beneﬁcial in combination with HRE
as low energy structures are passed down to the lowest replica
anyway. With increasing simulation length, diﬀerences between
the reweighting and the direct counting result were decreasing.
While this means that reweighting might not bring much
improvement for long HRE simulations close to convergence,
it also shows that diﬀerences between direct counting and
reweighting might be a valuable indicator for nonconvergence.
All the methodology we described combined yields a
complete and eﬃcient workﬂow to sample and characterize
free energy landscapes of ion−peptide systems and will allow
for further insights into research questions like the role of
peptides in the early stages of biomineralization.

after diﬀerent simulation times shows severe diﬀerences in
region II. It is not surprising that these structures with many
ions in contact take the longest to occur and to equilibrate.
Such drastic diﬀerences were not visible in the free energy
estimates based on the other two state characterization
methods (Figure 8). This characterization scheme combining
peptide conformation and ion positions, therefore, can give a
more detailed picture to decide on convergence.
Diﬀerences between TRAM, MBAR, and direct counting
(lower plot of a Figure 10b) can be mainly found for states
with high free energy e.g. the states in region I. These states are
not highly populated in the lowest replica. Here, improving the
statistics by including information from higher replicas by
reweighting with MBAR or TRAM can be beneﬁcial for the
free energy estimates. The diﬀerence between direct counting
and reweighting is even more prominent for shorter simulation
times, as can be seen in Figure 10c. Here we show the
estimates after 50 ns of simulation in comparison with the
results after 1000 ns. For low-free-energy states TRAM does
not signiﬁcantly improve the 50 ns free energy estimates since
low-free-energy structures are handed down to the lowest
replica anyway and are thus included in the direct counting.
Here, better free energy estimates are only achieved by
simulating longer. For high-free-energy states (region I) the 50
ns TRAM free energy estimates diﬀer signiﬁcantly from the
direct counting result. The 50 ns TRAM free energy estimates
are closer to the values obtained after 1000 ns, which shows
that the results do not only diﬀer but are actually really
improved. For longer simulation times, there are only small
diﬀerences between direct counting and the reweighted results.
This leads us to the assumption that diﬀerences between direct
counting and reweighted values might be a useful indicator of
nonconvergence.

4. CONCLUSIONS
Simulations of ion−peptide systems suﬀer from slow sampling
due to high energetic barriers caused by strong ion bridges.
Here we proposed HRE parameters that can eﬃciently
enhance sampling for such systems by speciﬁcally targeting
ion−peptide interactions and facilitating rotation around
backbone dihedrals. We also found that this speciﬁcity of a
HRE can be problematic if not all sampling-hindering
interactions can be anticipated beforehand. In our case this
comes up as soon as peptide conformations are no longer
locked by separate ion bridges but small clusters of calcium
chloride formed at the peptide.
To be able to judge the conformational variety and stability
of diﬀerent structures (formation and distortion), and
subsequently the success of the HRE, we introduced and
compared three methods for state characterization. Those
methods concentrate on diﬀerent ways of deﬁning a state
(building of ion bridges between the peptide side chains,
structural changes in the peptide, both structural changes of
the peptide and ions in proximity) and have their drawbacks
and advantages. The most prominent advantage of the ion
bridge-based clustering (Sec. 2.3.1) is that clusters can be
deﬁned beforehand, and one can monitor the behavior of the
system from the very beginning of the simulation. However, for
bigger systems it can lead to a large number of states to
monitor. One should also take into account that this
characterization method is insensitive to the changes in
peptide conformations and the number of ions around. If
one is interested in peptide rearrangements under the diﬀerent
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ABSTRACT: Coarse-grained (CG) simulation models have become very popular tools
to study complex molecular systems with great computational eﬃciency on length and
time scales that are inaccessible to simulations at atomistic resolution. In so-called
bottom-up coarse-graining strategies, the interactions in the CG model are devised such
that an accurate representation of an atomistic sampling of conﬁgurational phase space
is achieved. This means the coarse-graining methods use the underlying multibody
potential of mean force (i.e., free-energy surface) derived from the atomistic simulation as
parametrization target. Here, we present a new method where a neural network (NN) is used to extract high-dimensional free
energy surfaces (FES) from molecular dynamics (MD) simulation trajectories. These FES are used for simulations on a CG level
of resolution. The method is applied to simulating homo-oligo-peptides (oligo-glutamic-acid (oligo-glu) and oligo-aspartic-acid
(oligo-asp)) of diﬀerent lengths. We show that the NN not only is able to correctly describe the free-energy surface for oligomer
lengths that it was trained on but also is able to predict the conformational sampling of longer chains.

1. INTRODUCTION
Molecular dynamics (MD) simulation is a popular tool to investigate the structure and dynamics of molecular systems. For large
systems and systems with slow dynamics, however, MD simulations become computationally intractable. One approach to
tackling this problem is to reduce the number of particles from
an atomistic to a coarse level of resolution. Typically several
atoms/ﬁne-grained particles are mapped into a coarse-grained
(CG) bead, and in many commonly used mapping approaches
each atom is represented by one of the CG beads.1 Another
coarse-graining strategy is to select structurally important atoms
as CG beads and to omit all other atoms.2 A coarse-grained
protein model could for example only consist of alpha-carbon
atoms. In such alpha-carbon based (or similar) models, the
connectivity of the protein is typically very well reﬂected in the
mapping. In this paper, we present a diﬀerent approach. In our
model only atoms or groups which are believed to be important for the function of interest, such as positions of speciﬁc
chemical groups in the side chains, are represented. All other
atoms, also those central to the molecule structure, such as the
complete peptide backbone, are not represented in this sparse
CG representation. This type of coarse-graining will require an
entirely diﬀerent approach to CG interaction functions, since
for such a representation, typical bonded and nonbonded (pair)
interactions are potentially ill-suited. We will show a neural
network based approach toward suitable CG potentials for such
a scenario.
In bottom-up coarse-graining methods, CG interactions are
parametrized such that an accurate representation of a (known)
atomistic sampling of conﬁgurational phase space is achieved.
Diﬀerent methods like iterative Boltzmann inversion,3 relative
entropy,4 or force matching1 can be used to approximate the
underlying multibody potential of mean force (i.e., the free
© 2017 American Chemical Society

energy surface which is the Boltzmann-inverse of the probability density of conﬁgurations in phase space evaluated in
CG coordinates), with low-dimensional potentials.5−7 While it
might be enough to use typical low-dimensional potentials like
pair and angular potentials on a rather ﬁne-grained scale, a
drastic reduction of resolution demands for a rather complex
high-dimensional description of the multibody potential of
mean force (from now on denoted as free energy surface
(FES)). For atomistic resolution, there are many approaches of
how to obtain high-dimensional potential energy surfaces
(PES).8−10 One successful class of methods is based on artiﬁcial
neural networks (NN) which are trained to reproduce and
interpolate potential energies typically calculated with ab initio
methods.11−15 Here, we take this NN approach to a coarser
level of resolution. In contrast to atomistic models, which are
parametrized on a PES, a CG model is based on the abovementioned FES, where multiple ﬁne-grained structures are
mapped to the same CG structure. One of the main challenges
is that in contrast to potential energies, free energies are not
a direct output of a MD simulation. They can be calculated
by Boltzmann inversion of the probability density of sampling
conﬁgurations in phase space. The most common way to
estimate a probability density is to bin the space and to count
the number of data points in each bin. This comes with two
problems: (1) information is lost in the binning procedure, and
(2) the number of bins required grows exponentially with the
number of dimensions. To give an example, for a molecule
conformation described in 10 dimensions with 100 bins in each
dimension this would result in 10010 = 1020 bins. Pushing aside
the fact that such a large number of bins could not be handled,
Received: August 14, 2017
Published: November 9, 2017
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it would still not be useful. The number of data points would be
much smaller than the number of bins, and most of the bins
would therefore be empty or just contain a single data point.
This problem could be tackled with dimensionality reduction
algorithms,16−18 but this relies on ﬁnding a low-dimensional
representation of the FES where the states of the system are
well represented by a few collective variables. Here, we propose
a method that relies neither on low-dimensional potential
functions such as typical bonded and nonbonded potentials nor
on a dimensionality reduction of the FES to a few collective
variables and that circumvents the problem of binning in highdimensional space.
Modha and Fainman19 described a method of how to train
neural networks to return probability densities without any
binning needed. This method, however, relies on normalization
of the probability density function for each training step, which
involves numerical integration and is therefore again limited to
low dimensions. Galvelis and Sugita20 recently published a very
interesting method based on nearest neighbor density estimation. However, also here the high computational cost of the
nearest neighbor density estimation limits the accessible dimensionality. Garrido and Juste21 described a method of how to
train neural networks to return probability densities without
any binning or normalization required and that does not
involve nearest neighbor search. The basic idea is not to use
probabilities as learning targets directly but to create a classiﬁcation task instead. The task of the NN is to distinguish
between real data points and “fake” points drawn from a known
distribution. Based on how conﬁdent the NN is that a given
point is from the real data distribution and not from the “fake
distribution”, it is possible to calculate the probability density at
this point in the data distribution. A very similar approach was
also published more recently under the name noise-contrastive
estimation.22
We evaluate how useful such a classiﬁcation based method is
to analyze high-dimensional free energy surfaces of molecule
conformations and to open up a new path to create coarsegrained models. We use oligo-glu and oligo-asp peptides with
diﬀerent chain lengths as test systems. Oligo-glu and oligo-asp
acid are known mineralization modiﬁers.23−25 It is believed that
their inﬂuence on mineralization originates from the carboxylic
acid groups in the side chain binding to ions and to forming
minerals. The sparse CG representation that we chose for these
peptides is therefore focused on these carboxylic acid groups.
It consists of the carbon atoms of the side-chain carboxylic acid
groups (see Figure 1). The method that we propose, however,
is not limited to this kind of representation and could in principle also be applied to any other deﬁnition of coarse-grained
beads.
There are 3 major challenges of increasing diﬃculty that
we pose with these test systems: (1) a NN trained with data
obtained from atomistic MD simulations of a given peptide
length should be able to return the FES of this peptide;
(2) a NN trained with data of diﬀerent peptide lengths should
be able to return the FES for all the lengths that it was trained
on; (3) a NN trained with data of some peptide lengths should
be able to predict the FES of a peptide length that it was not
trained on. In the next part we give an overview of the diﬀerent steps involved in our method, followed by a more detailed
description of each step. In the last part we show results of the
application to diﬀerent peptide lengths and evaluate how close
we come to the above-mentioned goals.

Figure 1. Illustration of the coarse-grained model. It is only based on
the positions of the carboxylic acid carbon atoms in the side chain.

2. METHODS
2.1. NN Training Framework for Conformational Free
Energies. A NN is trained by adjusting its weights to minimize
a cost function. The cost function used in this work is
C(N ) =

1
n

n

∑ [N(R i) − li]2
i=1

(1)

where N is the Neural Network returning a number between 0
and 1, Ri is a set of variables used to describe a CG molecule
conformation (see section 2.2), li is the label of a conformation
which is li = 1 if it was sampled in the atomistic MD simulation
and li = 0 if it is a fake conformation, and n is the number of
molecule conformations used in one training batch. We refer to
“data distribution” as the distribution sampled in the atomistic
MD simulation. The “fake distribution” can be any known distribution of molecule conformations that is nonzero anywhere
the data distribution is nonzero. To train the NN, both conformations sampled according to the data distribution (MD) and
conformations sampled according to a known fake distribution
have to be provided. It was shown21 that for a trained neural
network that minimizes the cost function (eq 1) the probability
density of the data distribution Pdata(R) is given by
Pdata(R ) = Pfake(R )

αfake Nmin(R )
αdata 1 − Nmin(R )

(2)

where Pfake(R) is the probability density function of the fake
conformations, αfake and αdata are the proportions of fake and
data conformations used for training, and Nmin(R) is the output
of the trained neural network that minimizes the cost function (eq 1). Under the condition that we use the same number of data and fake conformations for training and using

(

ΔF = −kBT ln

Pdata(R )
Pfake(R )

) it follows that

⎛ Nmin(R ) ⎞
ΔF(R ) = −kBT ln⎜
⎟
⎝ 1 − Nmin(R ) ⎠

(3)

where ΔF(R) is the diﬀerence between the free energy of a
given conformation in the data distribution and the free energy
of the same conformation in the fake distribution, kB is the
Boltzmann constant, and T is the temperature.
Using the above framework to evaluate and predict conformational free energies involves three major parts as illustrated
in Figure 2: (1) The training data has to be prepared. As data
distribution we use conformations sampled in an atomistic MD
simulation, mapped to the CG coordinates R (here based on
the side chain carboxylic acid positions). The fake distribution could contain conformations of any known distribution.
The most simple approach is to use conformations from a
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with a time step of 2 fs was used to integrate the equations of
motion. Long range interactions were calculated with the
particle mesh Ewald method32 with a grid spacing of 0.12 nm
and a pme-order of 4. Both Coulomb and Lennard-Jones interactions were truncated at 1.4 nm. Bonds have been constrained
using the linear constraints solver (LINCS) algorithm33 with an
eighth order expansion. The coordinates were written to the
trajectory every 10 ps.
The coarse-grained representation we build here is based on
positions of carboxylic acid groups (see Figure 1). There is only
one bead per amino acid which is located at the side chain
carboxylic acid carbon atom. The backbone is not represented
at all. All the information about the positions of side chain
beads that is usually contained in the backbone has to be
learned by the NN. To make it as easy as possible for the NN
to learn this kind of information it is important how the data is
presented to the NN.
Molecule conformations can easily be described in Cartesian
coordinates of atoms. However, these coordinates change with
molecule translation and rotation, while the conformational free
energy of the molecule stays the same. Internal measures like
pairwise distances are therefore more suitable descriptors. For a
small molecule, the system can be described by all pairwise
distances. For larger molecules like oligomers, the number of all
pairwise distances becomes unfeasible as NN inputs. Furthermore, the number of pairwise distances depends on the
oligomer length, and it would not be possible to use the same
NN for diﬀerent chain lengths. Here, we describe a chain as a
sequence of overlapping tetramer segments. In other words, the
tetramer segment description is convolved along the chain.
For chains of diﬀerent lengths only the number of segments
changes, while the number of descriptors per segment is constant. Using only pairwise distances, it would not be possible to
distinguish between a conformation and its mirror image. Using
the triple product of the vectors shown in Figure 3 as additional

Figure 2. NN training framework for conformational free energies:
part 1, input preparation; part 2, training of the NN; part 3, Monte
Carlo simulation with the NN as Hamiltonian.

(inside certain boundaries) uniform distribution, meaning
that all conformations have the same free energy in the fake
distribution. (2) A neural network has to be trained. The
weights and biases are optimized in order to minimize the cost
function (eq 1). Here, a challenge is that the dimensionality of
the set of variables R, used to describe a conformation, grows
with the length of the peptide. To be able to use the same NN
for diﬀerent chain lengths the NN has to be able to deal with
diﬀerent numbers of inputs. We use a convolutional NN to
achieve this. (3) The training result needs to be validated. Once
the NN is trained, we have a tool that predicts the probability of
sampling a given conformation which is directly related to the
respective free energy of this conformation. To sample peptide
conformations according to their correct Boltzmann weights,
we now perform Monte Carlo (MC) simulations in the coarsegrained phase space using the multidimensional FES from the
NN as Hamiltonian. We compare the distributions of conformations sampled in the MD simulation and the NN MC
simulation.
The following sections describe these three parts in further
detail before the results are shown and discussed.
2.2. Input Preparation. For comparison and for the use as
training data, a set of peptide MD simulations was created.
It consists of 5 μs MD trajectories of uncharged hexamer,
heptamer, octamer, and decamer chains for oligo-glu and oligoasp each. This fully protonated state corresponds to a pH of
around 3 and below.26 The only structural diﬀerence between
oligo-asp and oligo-glu is the additional methylene group in the
side chains of oligo-glu. Despite their structural similarity, oligoasp and oligo-glu are two very diﬀerent test systems. Oligo-glu
conformations are dominated by helical structures, while oligoasp conformations are rather disordered.
The MD simulations were performed with the Gromacs
2016 simulation package27 with the GROMOS 54A728 force
ﬁeld and the SPC/E water model.29 The temperature was kept
constant at 300 K with stochastic velocity rescaling (Bussi
thermostat).30 No barostat was used in the main simulations.
In preceding equilibration simulations a Berendsen barostat31
was used to adjust the pressure to 1 bar. The leapfrog algorithm

Figure 3. Illustration of the 15 descriptors used for each tetramer
segment. The respective tetramer segment is highlighted in red. The 6
black lines show the internal distances inside the segment. The 8 blue
lines illustrate the distances to the nearest two beads which are not
part of the segment. The dashed lines symbolize the distances used to
determine the two nearest beads to the central point between the two
inner beads of the tetramer segment(orange cross). The 15th descriptor
is the triple product of the vectors a, b, and c.

input adds this chiral information. With these descriptors containing only information about the tetramer segment itself it
would be possible for two distant tetramer segments in a long
chain to overlap. Additional information about other beads
nearby is needed. We use all eight distances of the four segment
beads i to the two spatially closest beads j that are not part of
the segment as additional inputs. A cutoﬀ of dcut = 0.7 nm is
applied to these nonbonded distances in the following way

di , j;cut = min(dcut , di , j)

(4)

which ensures that there is no discontinuity at the cutoﬀ. The
nearest beads to the segment are determined based on their
distance to the central point between the two inner beads of the
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segment. This adds up to 15 descriptors for each tetramer
segment illustrated in Figure 3. These descriptors can easily be
calculated for each conformation sampled in the MD simulations. Each of these data points is given the label li = 1 (see
eq 1). To train the NN to minimize the cost function (eq 1) a
fake distribution is required of which each point is given the
label li = 0. The simplest approach is to use a uniform distribution as the fake distribution. The idea is that each conformation in the fake distribution is equally probable and
therefore has the same free energy. It is not feasible to sample
all possible conformations of n beads. Therefore, we restrict the
sampling to certain boundaries. The boundaries are given by
the extrema of each descriptor found in the MD sampling. The
fake conformations are sampled in a MC simulation. For each
move random numbers are drawn from a Gaussian distribution
centered around 0 with a standard deviation of 0.03 nm. Independent random numbers are drawn for each bead and each
of the Cartesian dimensions and are added to the Cartesian
coordinates of all beads. The move is rejected whenever any of
the above descriptors are outside the boundaries. It is accepted
in all other cases. Five million fake conformations were generated with this procedure for each peptide length. The next
section describes the architecture of the neural network that is
trained on these data. There, we will also introduce an additional NN input which is not relevant for the generation of the
fake distribution and is easier to understand after already
knowing the NN architecture.
2.3. Neural Network. In a common feed forward NN34,35
the output o(I) of each neuron is given by
⎞
⎛m
o(I ) = f ⎜⎜∑ [Ijwj] + b⎟⎟
⎠
⎝ j=1

Figure 4. Illustration of the NN architecture for the chain length 6
(black) and length 7 (black and gray). All operations are symbolized
with arrows and described on the right. The outputs and inputs of
these operations are symbolized by squares if it is an array of numbers
or by dots if it is a single number. The zeros stand for the zero padding
used in the convolutional layer with ﬁlter size 3.

added in order to keep the number of outputs constant. The
ﬁnal layer is a convolutional layer with ﬁlter size one, consisting
of only one single neuron. The output of this layer is one number per tetramer segment. A crucial point is how to reduce
the output to a single number for the whole chain. To make
it multiplicative, we ﬁrst convert the output of each segment
Nseg(Ri) into a probability Pseg,i in analogy to eq 2 with

(5)

where f is the activation function used, w and b are the weights
and biases tuned during the training process, and Ij is the m
inputs of the neuron. For neurons in the ﬁrst layer the inputs
are the molecule conformation descriptors mentioned in the
previous section. For neurons in later layers, the inputs are the
outputs of neurons in the previous layer.
Each peptide chain length results in a diﬀerent number of
overlapping tetramer segments and therefore in a diﬀerent
number of inputs for the neural network. To be able to train
one NN on data of diﬀerent chain lengths it is important that
the number of weights of the NN must not depend on the
number of segments. This can be achieved with convolutional
layers.36 In a convolutional layer not all inputs are processed at
once. Only a given window of inputs is processed at once. This
window is then moved along a given axis in the tensor of inputs.
In our case, the ﬁrst layer of neurons only processes inputs of
one tetramer segment at a time. It then moves along the chain
and returns outputs for each tetramer segment. For homooligomers and polymer type molecules one can expect segments to behave similarly irrespective of the segment position
in the chain. In this case, a convolutional layer, where all segments are evaluated with the same shared neurons, appears to
be the natural approach. A schematic for the NN architecture
is shown in Figure 4. The outputs of the ﬁrst layer are then
processed in a second convolutional layer. This convolutional
layer has a ﬁlter size of 3 meaning that it processes the outputs
of three adjacent overlapping tetramer segments at once. As a
consequence of this ﬁlter size, neurons in this layer have a
broader “ﬁeld of view”. They have access to information about
all beads in a hexamer segment. At the edges, a zero padding is

Pseg, i =

Nseg(R i)
1 − Nseg(R i)

(6)

All these probabilities are then multiplied
n

Pjoin(R ) =

n

∏ Pseg, i = ∏
i=1

i=1

Nseg(R i)
1 − Nseg(R i)

(7)

where n is the number of segments. We can now calculate
what neural network output would correspond to this joint
probability
N (R ) =

Pjoin(R )
1 + Pjoin(R )

(8)

where N(R) is the ﬁnal NN output that is used in the cost
function (eq 1). Another crucial point is to think about what
Pseg,i (see eq 7) stands for. If all segments were completely
independent of each other, the probability of the whole chain
would just be the product of the segment probabilities. Pseg,i
would then be the probability of ﬁnding a segment in a certain
conformation. In the case of overlapping segments, the segments are clearly not independent of each other. Pseg,i therefore
has to be a conditional probability taking into account all
the other overlapping segments. To give the NN the possibility
to estimate these conditional probabilities we introduce an
overlap indicator as additional input. The overlap indicator O is
given by
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O=

∑i αi

(and therefore multiply counted as input). The contributions of
such a segment should be weighted less compared to contributions of segments with little overlap to other segments.
An important side eﬀect of the overlap indicator is that the NN
in general gets the freedom to treat segments at the ends of the
chain diﬀerently compared to segments in the middle.
All NN weights (eq 5) are initialized with random numbers
drawn from a Gaussian distribution centered at 0 with a
standard deviation of 1. For all neurons the sigmoid function
was used as an activation function. In a preprocessing step all
inputs are rescaled to a comparable range by subtracting the
mean and dividing by the standard deviation. The weights and
biases are optimized using the Adam-optimizer37 with a learning rate of 0.001 and the exponential decay rates β1 = 0.9 and
β2 = 0.999 as implemented in TensorFlow 1.1.0.38 L2 regularization39 is used with a regularization constant of 10−6. With
each training step a batch of 512 (256 MD and 256 fake)
conformations is processed.
The next section describes how the trained NN is used and
compared to the MD data.
2.4. MC Based on NN Prediction. After training, the NN
output for any given conformation can be converted to a free
energy diﬀerence ΔF between the conformation in the fake
distribution and the conformation in the distribution sampled
in the MD simulation (eq 3). If we choose the fake distribution
to be such that each conformation inside certain boundaries has
the same free energy, the absolute free energy is given by

(9)

Omax

where αi is the number of overlapping beads for each overlapping segment, and Omax is the highest possible overlap for
a given segment length. Figure 5 illustrates how the overlap

Figure 5. Two examples of how the overlap indicator is calculated for
the segments highlighted in red. In this case of tetramer segments the
highest possible overlap is given by Omax = 1 + 2 + 3 + 3 + 2 + 1 = 12,
which would occur in the middle of long chains.

indicator is calculated with two examples. The following equation describes how to calculate the overlap indicator as a function of the segment position in the chain
b

O(k) =

∑x = a ( −|x| + l) − l
l−1

∑x =−l + 1 ( −|x| + l) − l

(10)

F(R ) = Ffake(R ) + ΔF(R ) = const + ΔF(R )

where a = max(−k, − l+1), b = min(a + nseg − 1, l − 1), l is the
length of a segment, k = 0, 1, 2···(nseg − 1) is the position in the
chain, and nseg is the number of segments in the whole chain.
The main idea behind the overlap indicator is to give the NN
the freedom to apply diﬀerent weightings to contributions of
segments with diﬀerent overlap. The information on a segment
with a great deal of overlap to other segments along the chain
is probably to a large extent also contained in those segments

(11)

As the free energy is not a priori known there is no direct
comparison. To evaluate the accuracy of the NN predicted free
energies, Metropolis Monte Carlo is used to sample a distribution of conformations according to the predicted free energy
surface. All moves leading outside the boundaries of the uniform fake distribution are rejected. All other moves are
accepted or rejected according to the Metropolis criterion

Figure 6. End-to-end distance distributions for MC simulations based on a NN trained on the 1 μs MD data of chain length 6 to 8 (labeled with t)
and a uniform fake distribution, in comparison with MD data after 1 and 5 μs of simulation. The KS results are shown in the top panels where NN
MC vs 1 μs MD is shown in blue, NN MC vs 5 μs MD is shown in orange, and 1 μs MD vs 5 μs MD is shown in green.
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Figure 7. End-to-end distance distributions of MC simulations based on a NN trained on the 1 μs MD data of chain length 6 to 8 (labeled with t)
and the NN MC distributions of the ﬁrst run as fake distributions, in comparison with MD data after 1 and 5 μs of simulation. The KS results are
shown in the top panels where NN MC vs 1 μs MD is shown in blue, NN MC vs 5 μs MD is shown in orange, and 1 μs MD vs 5 μs MD is shown in
green.

⎛
⎛ F(R new) − F(R old) ⎞⎞
pA = min⎜1, exp⎜ −
⎟⎟
⎝
⎠⎠
kT
⎝

This is also reﬂected in the KS results, where we ﬁnd larger
deviations between NN MC and the 1 μs training data than
between MD data of 1 and 5 μs length (which were produced
as control data). Also for chain length 10 we ﬁnd a similar
behavior. The NN MC distribution is not as structured, but still
the maximum is located at the correct position. This is the case
although chain length 10 was not part of the training data. The
prediction for length 10 is entirely based on the knowledge
learned from lengths 6 to 8. The deviations from 1 μs MD to
5 μs MD indicate convergence problems in the MD simulations.
Especially for longer chains these sampling issues become
evident which underlines the need for coarse-grained models.
One possibility to improve the result is to do a second
training run on top of the ﬁrst run. The NN MC conformations
sampled in the ﬁrst run are used as a fake distribution for the
second run. The task of the NN in the second run is then to
distinguish between conformations generated by the ﬁrst run
and conformations actually sampled in the MD simulation. This
way, the NN in the second training run can concentrate on
details the ﬁrst run missed. The subsequent NN MC simulation is then based on the sum of the free energy diﬀerences
predicted in the ﬁrst and second run. Figure 7 shows the results
after the second run. This time the NN MC distributions are
much closer to the MD distributions. This is also conﬁrmed by
the KS results. The deviations between the NN MC and the
MD distributions are now in the same range as the deviation
between 1 μs MD and 5 μs MD. For length 10 the deviations
are slightly larger, but the similarity is still astonishing considering the fact that length 10 was not part of the training data.
One can still observe that some ﬁner details in the end-toend distributions are not captured in the NN MC (for example
the peak at 0.8 nm for length 6). This is probably because these
are speciﬁc features of the given chain length. As the NN is
trained on multiple chain lengths simultaneously it cannot
focus on features of a single chain length but is forced to
generalize between multiple chain lengths. How well this works

(12)

where pA is the acceptance probability, and Rold and Rnew are the
variables describing the conformation before and after the
proposed move. These MC simulations based on the NN predictions allow us to compare diﬀerent measures like end-to-end
distance distributions in the MD sampling as well as in the NN
MC sampling.

3. RESULTS AND DISCUSSION
To achieve transferability over diﬀerent chain lengths, the NN
network is trained with diﬀerent chain lengths simultaneously.
An example for training with a single chain length is not discussed in the main article but can be found in the Supporting
Information (Figure S1). Here, conformations from 1 μs MD
trajectories of penta-, hexa-, and heptaglutamic acid are used as
data distribution, and uniformly distributed conformations of
the same chain lengths are used as fake distribution. For an
initial evaluation of the agreement of the conformational
sampling in the MC simulations based on the NN prediction
with the atomistic MD data we use end-to-end distance distributions. They are based on the side chain carboxylic acid
C atoms, as these are the only positions that are also present
in the coarse-grained representation. Figure 6 shows these
end-to-end distance distributions. Additionally, it contains the
Kolmogorow-Smirnow statistic (KS)40 for diﬀerent pairs of
distributions which is a measure for the similarity of two distributions. It is given by the maximal deviation between the
cumulative sums over the two distributions normalized to one.
A low number is an indicator for a small deviation of the two
distributions. The comparison shows that this ﬁrst NN was
able to learn fundamental knowledge about the molecule conformations. The maxima of the distributions are at the correct
positions, and the overall width of the distributions is correct.
However, the distributions are comparatively washed out, with
less pronounced features such as distinct peaks and shoulders.
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Figure 8. End-to-end distributions of hexamer segments in diﬀerent chain lengths. For a given chain length the hexamer segments are ordered form
the N-terminus to the C-terminus from top to bottom.

Figure 9. End-to-end distance distributions for NN MC trained on 1 μs MD data of asp-6 to asp-8. This ﬁgure is in complete analogy to Figure 7
except oligo-asp was used instead of oligo-glu.

out for diﬀerent training runs with diﬀerent initial weights is
shown in the Supporting Information (Figure S2).
To get further insight into the similarities and diﬀerences of
the distributions, it is interesting to look not only at the end-toend distances of the complete peptide chain but also at other
internal distance distributions. We focus our analysis on end-toend distributions of hexamer segments within the chains of
diﬀerent lengths. For chain length 6 there is obviously only one
hexamer segment. For chain length 7 there are two overlapping
hexamer segments, for chain length 8 there are three, and so on.
The distance distributions of all possible hexamer segments in
the diﬀerent chain lengths are shown in Figure 8. We chose
hexamer segments for this analysis because when the NN

moves along the chain, it gets information from a hexamer segment at a time. This is because the inputs are based on tetramer
segments, and with the convolutional layer with ﬁlter size 3 the
NN is able to combine information on three tetramer segments.
As shown in Figure 8 it is not simply the case that all hexamer
segments regardless of their position in the chain have the same
distance distribution. This makes it a challenging task to describe
multiple chain lengths with the same model. On the other hand,
all the hexamer distributions also have features in common.
They are dominated by two peaks, one at around 0.5 nm
and one at 1.2 nm. The main diﬀerence between the diﬀerent
hexamer segment distributions is the relative height of these
two peaks. This is for example the case for chain length 7.
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The two chosen test systems, oligo-glu and oligo-asp peptides, demonstrate that the method is able to deal with disordered as well as with highly structured systems. In the next
step, we will combine the sampling of the NN MC ensemble
with suitable backmapping strategies, to reintroduce atomistic
degrees of freedom of the peptide chains. This will open up a
venue toward well-equilibrated atomistic structures of long
polymers which are not easily accessible by atomistic simulations alone. To make use of the learned peptide conformations
in more realistic systems, it would be interesting to combine the
NN predicted free energies of the peptide with external inﬂuences such as ions interacting with the peptide. Such a combination of NN free energies with other interaction potentials
will open up paths to explore various systems of interest and to
reuse the learned peptide conformations in diﬀerent environments.

In the hexamer segment at the N-terminus of the peptide
(shown on top) both peaks have almost equal height. In the
hexamer segment at the C-terminus (shown in the bottom) the
peak at 1.2 nm is clearly dominating. This is a feature that is
excellently captured in the NN MC simulation. There is a
similar behavior for the hexamer distributions in chain length 8.
In the case of chain length 10, the hexamer distributions
are dominated by the peak at 1.2 nm even more drastically.
This cannot be observed for any of the shorter peptides to
this extent. Even though the NN was only trained on the
lengths 6−8, it correctly predicts this behavior for length 10.
The peaks are not as narrow as in the MD reference, but still
the general shape is captured very well. This shows that the NN
did not just memorize hexamer distributions but must have
captured some elementary relationships which are decisive to
evaluate peptide conformations.
Oligo glutamic acids are molecules which can be found in
helical conformations most of the time. This is reﬂected in
narrow distance distributions. An exception is given by glu-6
which tends to form more disordered structures which is
reﬂected in broader distance distributions.
Despite the structural similarity to glutamic acid, aspartic acid
oligomers exhibit a distinctly diﬀerent behavior. The aspartic
acid oligomers are generally more disordered compared to
glutamic acid oligomers. The exact same approach with two
training runs as described above for glutamic acid peptides was
also applied to equivalent oligo-asp data. The results are shown
in Figure 9. Also, for this more disordered system there is a very
good agreement between the MD distributions and the NN
MC distributions. As the KS statistics show, the deviations of
the NN MC distributions compared to the MD distributions
are in the same range as the deviation between 1 μs MD and
5 μs MD distributions. Again, the NN was only trained on the
1 μs data of the lengths 6 to 8. Therefore, it is not surprising
that the deviations in the case of length 10 are slightly larger.
Still, the deviations are small, and the maximum is again at the
correct position.
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4. CONCLUSIONS
We have shown that it is possible to train a neural network to
predict conformational free energies by creating a classiﬁcation
problem between real MD conformations and fake conformations of a known distribution. With the convolutional network
architecture based on short chain segments, it is not only
possible to train a NN on a single peptide length but also simultaneously train the same NN with data of diﬀerent chain
lengths. After training the NN on diﬀerent chain lengths it is
even able to make meaningful predictions for chain lengths that
were not part of the training data. The analysis of hexamer
segments in diﬀerent chain lengths showed that these hexamer
segments in short chains behave quite diﬀerently compared to
the segments in the middle of a longer chain. Still, the NN
performed surprisingly well predicting the free energies for
the longer chain length. To get more accurate predictions for
longer chain lengths it would be helpful to extend the training
data to a length where the behavior of chain segments in the
middle of the chain no longer depends on the chain length.
For longer chains it is harder to get converged MD data. One
could use some enhanced sampling technique to speed up
sampling of the MD simulation. However, it might not even be
necessary to reach convergence for each chain length of the
training set, as long as there is enough data for all lengths
combined.

Note added after proof

Note that during proof stage a recently published paper has
come to our attention [41]. Schneider et al. use a neural
network-based approach to represent conformational freeenergy landscapes in classical simulations relying on free energy
or gradient data which are generated via enhanced-sampling
methods.
Notes
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Figure S1: End-to-end distance distributions of MC simulations based on a NN trained on
the 1 µs MD data of chain length 7 (labeled with t) and the NN MC distributions of a first
run as fake distributions, in comparison with MD data after 1 and 5 µs of simulation. The
KS results are shown in the top panels where NN MC vs. 1 µs MD is shown in blue, NN
MC vs. 5 µs MD in orange, and 1 µs MD vs. 5 µs MD in green. This data was produced
in complete analogy to the data presented in the main article. The only difference is that
only glu7 data was used for training and not the data of glu6 - glu8. Using only glu7 data
for training, other chain lengths can not be predicted very accurately. Especially for glu6
differences in the in the end-to-end distance distribution are obvious. This behavior is not
surprising as glu7-glu10 are mainly characterized by helical structures and glu6 is still too
short to form a stable helix. Accordingly, the predictions for glu8 and glu10 are not as bad.
The end-to-end distance distribution for glu7 (the lenght the NN was trained on) turns out
decently well but also not better compared to the training procedure with the glu6-glu8 data.
This indicates that the NN structure is flexible enough to express the FES of multiple chain
lengths.
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Figure S2: Comparison of the KS results NN MC vs. 5 µs MD for repetitions of the two
step learning procedure based on the glu6 - glu8 data. Run0 is the run described in the main
article. The Figure shows that all runs result in NNs with an overall very good performance.
In detail, the performance of the different runs is slightly different. Run1 for example seams
to perform better for shorter chains but worse for longer ones. Run2 turned out to be very
similar to the initial run (run0). To address this variance of trained NNs one could train
multiple NNs and either select the ones which perform best or combine the predictions of
multiple NNs.
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ABSTRACT: Molecular simulation is one example where
large amounts of high-dimensional (high-d) data are
generated. To extract useful information, e.g., about relevant
states and important conformational transitions, a form of
dimensionality reduction is required. Dimensionality reduction algorithms diﬀer in their ability to eﬃciently project large
amounts of data to an informative low-dimensional (low-d)
representation and the way the low and high-d representations
are linked. We propose a dimensionality reduction algorithm
called EncoderMap that is based on a neural network
autoencoder in combination with a nonlinear distance metric. A key advantage of this method is that it establishes a
functional link from the high-d to the low-d representation and vice versa. This allows us not only to eﬃciently project data
points to the low-d representation but also to generate high-d representatives for any point in the low-d map. The potential of
the algorithm is demonstrated for molecular simulation data of a small, highly ﬂexible peptide as well as for folding simulations
of the 20-residue Trp-cage protein. We demonstrate that the algorithm is able to eﬃciently project the ensemble of high-d
structures to a low-d map where major states can be identiﬁed and important conformational transitions are revealed. We also
show that molecular conformations can be generated for any point or any connecting line between points on the low-d map.
This ability of inverse mapping from the low-d to the high-d representation is particularly relevant for the use in algorithms that
enhance the exploration of conformational space or the sampling of transitions between conformational states.

1. INTRODUCTION
With modern computational resources the amount and
complexity of data that can be generated, processed, and
stored grows rapidly. At the same time, we as humans remain
unﬁt to grasp such complex data directly, and one of the key
research questions is how to condense massive amounts of data
into a human understandable form.
Molecular simulation is one such example where huge data
sets are generated.1 The primary result of such a simulation is
typically a trajectory containing atom positions of a given
(bio)molecular system for multiple (time) frames. With three
spatial coordinates per atom, each frame of the trajectory is a
point in a phase space with easily several thousands or millions
of dimensions. Not all of these are equally important for
mechanistic interpretation. For a protein in aqueous solution it
is, for example, possible to describe much of a conformation
through the backbone-dihedral angles. With two backbonedihedral angles Φ and Ψ per amino acid, this still leads to a
representation with tens or hundreds of dimensions. To make
sense of such data, i.e., to characterize processes such as folding
or conformational transitions and to identify relevant
(conformational) states, one needs to further reduce the
dimensionality.
Besides “simply guessing” relevant individual or collective
variables that are well suited to describe processes or
distinguish states, a whole variety of systematic dimensionality
© 2019 American Chemical Society

reduction approaches are available: algorithms such as
principle component analysis (PCA),2 sketch-map,3,4 diﬀusion
maps,5 or time-lagged independent component analysis
(TICA)6 have been successfully established in the simulation
community. There are diﬀerent aspects that determine how
well a given dimensionality reduction algorithm is suited for
the data at hand. For molecular simulation data, three relevant
criteria are (1) how informative is the low-d representation,
and how well is it able to separate the data points into distinct
states, (2) how fast is it, and (3) how are the high-d and low-d
representations linked?
An eﬃcient link from the high-d to the low-d representation
is important whenever additional data points should be
projected to the low-d representation. This is especially
important if dimensionality reduction is not performed solely
for analysis purposes. For example, biasing of simulations for
enhanced sampling purposes requires a link from the high-d to
the low-d representation that allows to apply a biasing
potential/force deﬁned in the low-d representation.7,8 Likewise, a link in the opposite direction, i.e., the ability to generate
high-d coordinates corresponding to a given point in the low-d
representation, is highly desirable, for example, to accelerate/
enhance the sampling of phase space by initiating new
Received: September 27, 2018
Published: January 11, 2019
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becomes useful by introducing a bottleneck in the middle of
the neural network. The autoencoder can then be viewed as
consisting of two parts. One encoder part that is trained to
encode as much information as possible into a low-d
representation and a decoder part that is trained to reconstruct
the initial high-d input from this low-d representation.
Autoencoders are usually trained by gradient descent with
mini-batches of data. In other words, creating the low-d
representation has a very favorable linear scaling with the
number of data points used. It is therefore not necessary to
select landmarks. Instead, large amounts of data can be used to
obtain the low-d representation. Also, due to the recent boom
in machine learning, there are highly optimized computational
libraries like Torch,18 Theano,19 or TensorFlow20 available
that make the training procedure fast and eﬃcient. Once the
autoencoder is trained, the encoder part of the network is a
diﬀerentiable mathematical function that directly maps high-d
inputs to the low-d space. This makes projecting additional
points into the low-d representation very eﬃcient and, for
example, allows to use the low-d representation for enhanced
sampling with biasing techniques8 like umbrella sampling21 or
metadynamics.22,23 With the decoder part of the network an
autoencoder also provides a mathematical function to
reconstruct a high-d point given any point in the low-d
representation. A drawback of autoencoders, however, is how
data are expressed in the low-d representation. During the
training process the low-d representation is optimized in such a
way that the decoder part of the network can reproduce the
data most accurately. This is not necessarily the most intuitive
or informative way to present the data to humans.24 Note that
distances between data points are not necessarily preserved in
the low-d space.
Here we propose a dimensionality reduction algorithm
called EncoderMap that combines the advantages of
autoencoders and the sketch-map cost function. The
autoencoder provides the eﬃcient functional links between
the high-d and low-d representations and the nonlinear
distance metric-based cost function forces the autoencoder
to arrange points in the low-d representation in a meaningful
way. In the following we explain the method and show and
discuss results for two example data sets from molecular
dynamics simulations: The small peptide aspartic acid
heptamer (Asp-7) and the mini protein Trp-cage (PDB
1L2Y).25 The method, however, is not limited to such data.

simulations from speciﬁc regions or states. Such inverse
mapping or back-mapping problems from a coarse representation back to a more detailed representation are well-known in
scale-bridging between simulation levels,.910
The various dimensionality reduction algorithms exhibit
particular individual strengths (and weaknesses) with regard to
the above criteria. Although the expressiveness of the low-d
representation is a vague and hard to deﬁne criterion, it is clear
that linear techniques such as PCA lack the capability to
unravel inherently nonlinear features of the data as found, for
example, in the folding of proteins.11 Here nonlinear
techniques such as sketch-map3 have proven to be more
suitable. Sketch-map is a multidimensional-scaling like
algorithm,12 which aims for a reproduction of the (high-d)
pairwise distances between data points in the low-d
representation. The main idea behind sketch-map is that not
all of these pairwise distances are equally important. If one
imagines the high-d molecule conformations to be associated
in clusters connected in a spider-web like fashion, then small
distances originate from ﬂuctuations inside such clusters. Long
distances originate from the relative position of these clusters
in high-d space but cannot be well represented in low-d.
Intermediate distances contain information about neighboring
clusters and are therefore most important to capture the
connectivity of a high-d network. Sketch-map therefore
transforms the pairwise distances with sigmoid functions to
place the focus on intermediate distances where these sigmoid
functions are tuned to be most steep. A low-d representation is
obtained by minimizing the following cost function:
Csketch =

1
m

∑ [SIG h(R ij) − SIG l(rij)]2
i≠j

(1)

where m is the number of pairwise distances, Rij are the
pairwise distances in the high-d space, rij are the pairwise
distances in the low-d space, and SIGh and SIGl are sigmoid
functions of the following form:
SIGσ , a , b(r ) = 1 − (1 + (2a / b − 1)(r /σ )a )−b / a

(2)

where σ deﬁnes the location of the inﬂection point of the
sigmoid and a and b determine how quickly the function
approaches 0 and 1, respectively. Minimizing this cost function
is computationally expensive and scales unfavorably because
the number of pairwise distances grows quadratically with the
number of data points. The sketch-map algorithm overcomes
this scaling problem by performing the dimensionality
reduction with a representative subset of the data, so-called
landmarks. The remaining data points are then projected into
the resulting low-d map. Note that the inverse mapping, i.e.,
the reconstruction of high-d coordinates given a point in the
low-d representation is not easily possible because no
functional relationship between high-d (atomistic) and low-d
sketch-map coordinates exists. In summary, sketch-map is a
nonlinear method that can nicely capture quite complex
network like features in a low-d representation, however, it has
limitations in the eﬃciency of ﬁnding the low-d representation
and projecting data in and out of the low-d representation.
Neural network autoencoders,13 which have just recently
come to the attention of the simulation community,8,14−17 are
quite the opposite. Autoencoders have their strengths where
sketch-map has its weaknesses. The main concept of an
autoencoder is to train an artiﬁcial neural network to
reproduce its inputs. This seemingly pointless undertaking

2. ENCODERMAP
EncoderMap unites the advantages of two methods in a single
algorithm. It combines a neural network autoencoder13 with
the cost function of sketch-map.3 The autoencoder used in this
work consists of several fully connected layers: an input layer,
several hidden layers, a bottleneck layer with few neurons,
further hidden layers, and an output layer with the same
number of neurons as in the input layer (see Figure 1). In a
fully connected layer the activation of each neuron is calculated
as a weighted sum of the activations of all neurons in the
previous layer to which an activation function is applied. This
can eﬃciently be noted and calculated in the form of a matrix
multiplication:
al = fl (Wa
l l − 1 + bl )

(3)

where al are the activations of layer l, f l is the activation
function, Wl is a matrix of weights, al−1 are the activations of
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the autoencoder and dist is some distance metric. With this
cost function, the network is trained to reproduce the inputs
while it is forced to encode the information in a few
dimensions due to the bottleneck in the network. How the
information is encoded, however, is very arbitrary. To make
this low-d representation better deﬁned and interpretable,
EncoderMap combines the autoencoder cost function (eq 4)
with the sketch-map cost function (eq 1):
C = kaCauto + ksCsketch + REG

The sketch-map cost function is based on the pairwise
distances between data points in the high-d input space and
the low-d space given by the bottleneck layer. The constants ka
and ks allow us to shift the priority between minimizing the
autoencoder and the sketch-map cost and REG is a
regularization term. Regularization is used to adjust the
complexity or roughness of a neural network to prevent
overﬁtting. Here we used the following regularization term:

Figure 1. Example autoencoder architecture with two bottleneck
neurons. This results in a projection of high-d data, e.g., molecule
conformations, to points in a 2-d space. The decoder part (right-hand
side) can generate output conformations for 2-d data points for which
no corresponding input exists (green point/conformation).

REG =

the previous layer, and bl are bias values added. The activation
function is important to add nonlinearity to the network, and
thus the ﬂexibility to ﬁt nonlinear features. The weights and
biases are the parameters that are tuned during the training
procedure to minimize a cost function. For an autoencoder this
cost function naturally involves some distance measure
between the inputs and outputs of the neural network:
Cauto =

1
n

i=1

kl 2
2

∑ wi 2 +
i

kc
n

∑ ∑ ab,j ,n2
n

j

(6)

where the ﬁrst term restricts the weights wi of the network and
the second term restricts the activation in the bottleneck layer
ab to prevent the low-d representation to be shifted toward
large numbers. kl2 and kc are constants to scale the inﬂuence of
these terms. The network is trained using the Adam
optimizer.26 As the training is done with batches of data, no
selection of landmarks is necessary. Large amounts of data can
be used for training one batch at a time.
In the following examples we use the backbone dihedral
angles, Φ and Ψ, as input for EncoderMap as they are

n

∑ dist(x i,x̃i)

(5)

(4)

where n is the number of training examples, xi is the vector of
inputs for the ith training example, x̃i is the vector of outputs of

Figure 2. 2-d EncoderMap of Asp-7. Colored dots represent conformations from the nine largest clusters in an rmsd-based clustering.29
Superimposed molecule conformations from these clusters are shown in the respectively colored frames. All other conformations are represented as
gray dots. The black line shows the path along which molecule conformations were generated with the decoder part of the network. Some
snapshots of these generated structures are shown in the ﬁlm strip on the left. The complete sequence of all generated conformations can be found
in Movie S1. A comparison of this EncoderMap projection with projections from other dimensionality reduction techniques can be found in Figure
S1. Further analysis based on the Asp-7 data set are shown in Figures S2, S3, and S4.
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Figure 3. EncoderMap of Trp-cage in diﬀerent colorings. The top-right map is colored according to the Cα rmsd compared to the shown native
structure. The bottom-right map is a 2-d-histogram of the map with 300 × 300 bins colored according to the negative natural logarithm of the bin
counts. Superimposed structures from selected dense regions outside the main folded region are shown. The map on the left is colored according to
the Cα rmsd of residues 2−8 compared to an α-helical structure. Molecule conformations where generated for points on the two paths shown as
solid and dashed lines. Selected generated conformations are shown in the plot and all generated conformations can be found in Movie S3 and
Movie S4.

obtained on the basis of the 12 dihedral angles of each
conformation. This takes around 3 min on a desktop computer
(i7-8700K GTX 1080) with our code provided on https://
github.com/AG-Peter/EncoderMap. Details about the EncoderMap training procedure are given in the Method Details
section. The resulting 2d EncoderMap is shown in Figure 2. All
peptide conformations of the data set are represented as gray
dots. For comparison we performed the Cα root-mean-square
deviation (rmsd) based gromos clustering29 with a cutoﬀ of 0.1
nm on a subset of 10 000 conformations. The conformations
assigned to the nine largest clusters are represented with dots
colored according to their cluster numbers. Overlain
conformations from each cluster are shown in the accordingly
colored frames. Figure 2 shows that EncoderMap nicely
separates the conformations from diﬀerent clusters. Some
clusters such as the blue or green ones are further separated
into subclusters. Furthermore, clusters with similar structures
are located in proximity to each other and connections
between these clusters become visible. For example, the green
cluster that represents the helical structure is placed close to
the two blue clusters where fragments of the helix are already
present. One of the big advantages of the EncoderMap
algorithm is that it not only allows us to eﬃciently generate
expressive low-d representations of large data sets but also the
reconstruction of high-d data based on any point in the low-d
map. This works also for new points that were not part of the
training data. To illustrate this feature, 450 equally spaced
points on the black path shown in Figure 2 were fed into the
decoder part of the autoencoder. The decoder yields 12
dihedral angles for each of these 2-d points. On the basis of

rotationally and translationally invariant and independent from
each other. At the same time, they describe the conformation
of the peptide backbone almost completely and allow simple
reconstruction of a backbone conformation starting with an
extended conformation by rotation around the respective
dihedral axis. The periodicity of these inputs, however, adds
some complexity to the approach. To incorporate periodicity
into the network we map all dihedral angles to their sin and cos
values before passing them to the ﬁrst hidden layer. This
transforms each angle into two nonperiodic Cartesian
coordinates of a point on a unit circle. Pairs of activations of
the output layer are then also treated as such Cartesian unit
circle coordinates and are mapped back to an angle. Also, the
distance metric used for the cost function has to respect
periodicity. Here, we use the smallest euclidean distance in a
periodic space. With these adjustments EncoderMap works
well with periodic inputs like dihedral angles as we show in the
following examples.

3. RESULTS AND DISCUSSION
3.1. Example 1: Asp-7. For a ﬁrst test of EncoderMap, we
chose an example of medium complexity. Aspartic acid
heptamer with its 12 backbone dihedrals has a dimensionality
well beyond what is directly graspable and is still a fairly simple
molecule. From our previous studies of this system,27,28 we
know that it exhibits a variety of states and only a low fraction
of completely folded helical structures. The data set used
consists of 500 000 molecule conformations from a 5 μs
molecular dynamics simulation. The EncoderMap was
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folded area exhibits low helix rmsd values since residues 2−8
form a helix in the folded structure. The coloring reveals that
this helix is also present in parts of the unfolded/partially
folded regions. Approaching the area of fully folded
conformations from the bottom leads through unfolded/
partially folded structures where the helix is already formed. In
contrast, approaching the fully folded area from the top leads
through unfolded structures where no helix is present. To
further illustrate theses diﬀerent routes toward the folded
structure we use the high-d data generation capabilities of
EncoderMap. A total of 450 equidistant points on two
connecting lines from a given unfolded structure to the native
structure (indicated in black in Figure 3) were fed into the
decoder part of the network. Some of the generated
conformations are presented in Figure 3; all generated
conformations along the two paths are shown in Movie S3
and Movie S4. On path A we ﬁnd structures close to the folded
area where the hydrophobic core is present but the helix region
is unfolded. On path B, in contrast, we ﬁnd structures where
the helix is folded but the hydrophobic core is not collapsed.
Note that while these paths do not correspond to real
transitions found in the simulation, they do identify approaches
toward the folded structure that are in good agreement with
the known Trp-cage folding pathways from the literature.31−34

these dihedral angles backbone conformations can be
reconstructed by simple rotation around the respective
dihedral axis. Selected generated conformations are shown in
the ﬁlmstrip depicted in Figure 2. The generated conformations nicely resemble the conformations of the clusters through
which the path was drawn, showing that the decoder predicts
realistic conformations for regions where reference data exist.
Between the clusters, in regions where only few conformations
are present in the original data set, the neural network
smoothly interpolates the conformations. This is demonstrated
in Movie S1 where all generated conformations on the black
path are shown. Note that this is not meant to imply that a
path that is drawn along the 2-d map necessarily corresponds
to real transition paths in the simulations. Nevertheless, it
demonstrates the ability of EncoderMap to generate
conformations that connect given data points.
While 2D projections are most practical for visualization
purposes, it is possible to create projections of any
dimensionality with EncoderMap. Movie S2 shows a 3d
EncoderMap of the asp-7 data set. Projections with more than
3 dimensions are impractical for visualization but might still be
useful for, e.g., density-based clustering algorithms. Here, the
dimensionality aﬀects the separability of states into well
identiﬁable clusters, but a too high dimensionality will again
make the density distribution very sparse and clustering
problematic. Figure S4 compares projections with diﬀerent
dimensionalities based on the obtained values for the
autoencoder and sketch-map part of the cost function. Next,
we test the EncoderMap algorithm with a more complex
example.
3.2. Example 2: Trp-cage. Trp-cage (PDB 1L2Y) is a well
studied 20 residue protein.25,30 The folded structure of Trpcage consists of an N-terminal α-helical part and a hydrophobic core around the tryptophan residue. Several computational studies have revealed two folding pathways for the Trpcage.31−34 One path where the helix folds after the hydrophobic core is formed and one path where the helix forms
before the hydrophobic core. The data set used here consists of
1.5 million Trp-cage conformations from a temperature replica
exchange simulation with 40 replicas in a range of temperatures from 300 to 570 K and a total simulated time of 3 μs.
Conformations from all temperature replicas are included in
the data set (a separate analysis of the lowest replica only can
be found in Figure S5). In complete analogy to the Asp-7
example an EncoderMap based on the 38 backbone dihedrals
of Trp-cage was obtained. Figure 3 shows the resulting 2-d
map in diﬀerent colorings (further colorings based on the
diﬀerent dihedrals are available in Figure S6). The top-right
map is colored according to the Cα rmsd compared to the
native folded (PDB 1L2Y) structure. This coloring reveals an
area of folded structures in the left part of the map surrounded
by a broad area of unfolded structures. The map in the bottomright shows the density of points on a logarithmic scale. As to
be expected, the area of fully folded structures has the highest
density of points and the surrounding unfolded or partially
folded region is less densely populated. Several regions of
increased density can be found outside of the folded area. The
overlays of conformations corresponding to three of these
regions (highlighted with arrows in the ﬁgure) show that the
EncoderMap is well suited for the identiﬁcation of distinct
(albeit rarely occurring) clusters of conformations. The map in
the left is colored according to the Cα rmsd of residues 2−8
compared to an α-helical structure. This map shows that the

4. CONCLUSIONS
We have introduced EncoderMap, a dimensionality reduction
algorithm that combines a neural network autoencoder with
the nonlinear-distance-metric based cost function of sketchmap. The presented molecular example systems described in
dihedral space demonstrate EncoderMaps ability to represent
complex high-d data in an informative low-d form. Similar data
points are aggregated in clusters, and important proximity
relations between these clusters are nicely captured. The
method is not limited to dihedrals but can be used with
diﬀerent kinds of data such as Cartesian coordinates or
distance based measures describing molecular conformations.35 Even with large data sets of more then a million
points, creating an EncoderMap is very eﬃcient and takes only
few minutes on a common desktop computer. Additional
points can be projected to the map with a diﬀerentiable
function that the algorithm yields. This allows for eﬃcient
projection of additional points to the map and allows us to
combine EncoderMap with enhanced sampling schemes that
require biasing potentials deﬁned in a low dimensional space.
With EncoderMap, however, it is not only possible to project
additional high-d data to the map. Our examples show that it is
also possible to generate reasonable high-d points for any
points in the low-d map. In that sense the EncoderMap can be
used as an interesting type of molecular model. A model that is
not deﬁned as a high-d energy function or force-ﬁeld that
requires simulations to obtain probable conformations, but a
model where conformations can directly be generated from
selected points in the low-d map. This inverse-mapping ability
opens up new avenues toward the use of EncoderMap for
enhanced sampling. Search schemes where new simulations are
initiated from sparsely populated or transitional regions in
conformational space could beneﬁt from generated structures
slightly extrapolated away from low density regions in the
probability density distribution, path sampling schemes could
beneﬁt from EncoderMap’s ability to generate plausible paths
between known strucures.
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5. METHOD DETAILS
5.1. EncoderMap Parameters. EncoderMap has multiple
parameters that can be tuned. For both examples in this paper,
however, we use the exact same parameters, which indicates
that these might be a good starting point for a broad variety of
molecular systems described in dihedral space.
The autoencoder used in this work consists of 9 fully
connected layers: an input layer, 3 hidden layers with 128
neurons each, a bottleneck layer with 2 neurons, another 3
hidden layers with 128 neurons each, and an output layer with
the same number of neurons as in the input layer. We use tanh
for all hidden layers and the identity function for all other
layers as activation function. The exact number of neurons in
the hidden layers is not important. There have to be enough
neurons to give the network the required complexity for the
task. A larger number of neurons is, except for computational
eﬃciency, reasons usually not a problem if regularization is
used to adjust the roughness of the representation. The used
cost function parameters from eq 5 and eq 6 are ka = 1, ks =
500, kl2 = 0.001, and kc = 0.0001. Figure S2 shows the
inﬂuence of diﬀerent ka and ks settings. The large ks value
chosen here emphasizes the minimization of the sketch-map
part of the cost function. To ensure that accurate generation of
high-d data are still given, it is helpful to analyze the deviation
between inputs and outputs of the autoencoder, as shown in
Figure S7. The regularization parameters can be tuned on the
basis of the training and validation cost or to obtain a desired
roughness of the map. A smooth map might highlight the most
important diﬀerences in the data set while a rougher map
might give more detail. To obtain the training and validation
cost, we have performed 5-fold cross validation. The results of
this cross validation study for diﬀerent neural network settings
are shown in Figure S3.
The used sketch-map cost function parameters from eq 2 are
σ = 4.5, a = 12, b = 6 for the sigmoid applied to the high-d
distances, and σ = 1, a = 2, b = 6 for the low-d distances. The
sketch-map literature3 gives more details on how to select
these parameters. The cost function is minimized in 100 000
steps with batches of 256 training points by the Adam
optimizer26 with a learning rate of 0.001 and exponential decay
rates β1 = 0.9 and β2 = 0.999 as implemented in TensorFlow
1.8.20
5.2. Simulation Details Asp-7. The Asp-7 simulation was
performed with Gromacs 5.1.336 and the GROMOS 54A737
force ﬁeld with SPC/E water.38 Under periodic boundary
conditions, 3610 water molecules and one asp-7 molecule
where all residues were selected to be in their uncharged state
were simulated. The temperature was kept at 300 K with
stochastic velocity rescaling.39 The pressure was adjusted to 1
bar in with a Berendsen barostat40 in a preceding equilibration
simulation. In the production simulation no barostat was used.
The leapfrog algorithm was used to integrate the equations of
motion with a time step of 2 fs. Long range interactions were
calculated with the particle mesh Ewald method41 with a grid
spacing of 0.12 nm and a pme-order of 4. All interactions were
truncated to 1.4 nm. All bonds were constrained using the
linear constraints solver algorithm42 with an eighth-order
expansion.
5.3. Simulation Details Trp-Cage. The Trp-cage
simulations were performed with Gromacs 2016.336 and the
Amber99SB-ildn force ﬁeld with 3000 tip3p water molecules.43
An equilibration run was performed starting form the folded

PDB 1L2Y structure where the temperature was adjusted to
300 K with stochastic velocity rescaling39 and the pressure was
adjusted to 1 bar with a Berendsen barostat.40 Interactions,
constraints, and integrator were set in analogy to the asp-7
simulation; however, interactions were truncated at 1 nm.
Based on the equilibrated folded structure, a replica exchange
with 40 replicas between 300 and 570 K was set up. Exchange
attempts between neighboring replicas were made every 500
simulation steps.
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Figure S1: Comparison of different dimensionality reduction techniques for the asp-7 data
set. In analogy to Figure 2, colored dots represent conformations from the rmsd-based
clustering. In the left graph, a projection to the first two principal components is shown.
To respect the periodicity of the dihedral data PCA was performed based on the sin and
cos values of the angles. The different clusters are somewhat separated in the projection,
however, they are not as clearly separated as in the EncoderMap, for example the blue
cluster is not clearly separated from the green and the orange one. The graph in the middle
shows the same EncoderMap as in Figure 2. It is interesting to note that from the spatial
arrangement of the clusters one would conclude that the EncoderMap axes are related to the
first two principal components. The sequence red-orange-blue-green is resolved in both the
y-axis of PCA and EncoderMap but the different colors are clearly better separated in the
EncoderMap. The graph on the right shows a sketch-map projection using the same sigmoid
parameters as for the EncoderMap. Also here, the different clusters are well separated. A
measurable comparison of the quality of the different projections is not straight forward and
not the focus of this work. We see the main strength of EncoderMap in its usability and its
features beyond the generation of a low-d map. It also gives a function to efficiently map
high-d points to this map and vice versa and does this with great computational efficiency
which allows to use millions of data points without the requirement to select landmarks.
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Figure S2: Comparison of different ka and ks settings. These two variables adjust the relative
weight of the autoencoder and the sketch-map part of the cost function, respectively. The
projections are from the asp-7 data set and colored in analogy to Figure 2 according to the
rmsd-based clustering. Except for ka and ks all parameters were set as described in the
parameter section of the main text. In the left graph in the top row ks is set to zero. With
this setting, EncoderMap is equivalent to a normal autoencoder where the projection is only
optimized in such a way that the decoder part of the network is able to reconstruct the
input as well as possible. In this map distances have little meaning. Clusters with similar
conformations like for example the green and the dark blue cluster are not placed next to
each other despite their conformational similarity (see Figure 2). Moreover, conformations
within one cluster are not necessarily placed closely together. For example the dark blue
cluster is split into different sub-clusters and it is not evident form the map that all these
structures are similar. In the right graph ka is set to zero. With this setting, the encoder
part of the network is only optimized based on the sketch-map part of the cost function.
Here, similar clusters are placed in proximity and transitions between these clusters become
visible. It is, however, not possible to project back from low-d to high-d with this setting
as the decoder is not trained in this case. The other graphs between these two extremes
show maps for different ratios of ka and ks . The two panels in the lower row show the values
for the two contributions to the cost function for different settings of ks from 5-fold cross
validation studies (see also Figure S3). With increasing ks the auto cost increases since the
optimization gets more focused on the sketch-map part of the cost function. Thus, the ability
to reproduce the inputs is getting worse. At the same time the the values for the sketch-map
part of the cost function go down. For ks > 500 a plateau is reached. This is in agreement
with the observation that the projection with ka = 1 ks = 500 is already very similar to
the projection only optimized based on the sketch-map part of the cost function.
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Figure S3: Cross validation study for different EncoderMap settings for the asp-7 data set.
To obtain the cross validation cost the simulation trajectory was split into 5 continuous
parts of equal size. For each setting and each of the trajectory parts an EncoderMap was
obtained where the respective part was used as validation set and the 4 other parts were
used as training set. The values shown are the means of such 5-fold cross validation runs.
The columns of plots contain cross validation results for: the overall cost, the autoencoder
part of the cost function, and the sketch-map part of the cost function. Each row of plots
contains results where one parameter was changed while all other parameters were kept
constant at the values described in the parameter section of the main text. The first row
contains results where the number of training points was reduced by using only every nth
training point. For small numbers of training points there is a large deviation between the
costs evaluated based on the training and the validation set. This indicates strong over
fitting. For lager numbers of training points this gap between training and validation cost
gets smaller and over fitting appears to be not a big issue when the complete data is used.
In the second row different numbers of neurons per hidden layer are evaluated. With too
few neurons the network is to simple to perform its task. For more the 128 neurons per
layer the auto cost is increasing again. This might be the case because other parameters
like the regularization parameter were tuned to work with 128 neurons per layer. The third
row of plots shows different numbers of hidden layers in comparison. Adding more layers
appears to be beneficial up to a total of 4 layers. The bottom row compares different l2
regularization constants. Larger values of this constant force the network to have smaller
weights which results in a smoother representation. Representations which are too smooth
lack detail which results in an increased cost. We selected 10−3 as it is the largest value of
the regularization constant where the cost is not considerably increased.
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Figure S4: 5-fold cross validation cost (see also Figure S3) for different numbers of bottleneck
neurons for EncoderMap based on the asp-7 data set. The number of bottleneck neurons is
equivalent to the number of dimensions of the EncoderMap projection. The autoencoder part
of the cost function measures the similarity between the high-d inputs and the reconstructed
high-d outputs. This reconstruction becomes more accurate with a wider bottleneck. The
distance based Skechmap cost also initially decreases with increasing number of bottleneck
neurons, however, beyond ∼ 5 bottleneck neurons there is no further improvement. For
clustering this arrangement according to the pairwise distances included in the sketch-map
cost might be most important. This would lead to the conclusion that a 5 dimensional
representation might be best suited for clustering analysis in this case. For visualization
purposes, however, such higher dimensional projections are impractical.

Figure S5: Comparison of the trp-cage encoder map for the lowest and for all temperature
replicas. As expected, the lowest replica mainly contains conformations from the dense areas
in the EncoderMap which correspond to the conformations with the lowest free energy.
6
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Figure S6: Trp-cage EncoderMap colored according to the different backbone dihedral angles.
The angles are numbered starting at the N-terminus of the 20 residue protein. Note that
the first and last amino acid do not have a phi and psi angle respectively. For some of the
dihedrals, different values are clearly separated in the map. This is for example the case for
psi 12 which appears to be the cause of the horizontal rift in the map. Psi 12 is located at a
proline residue in the center of the protein. The clear separation in the map might indicate
that rotation around this dihedral is very decisive for the conformation of the protein.
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Figure S7: Trp-cage EncoderMap colored according to the deviation between conformations
in the data set and conformations generated by the decoder part of the Network. The
generation error is calculated as smallest euclidean distance in the the space of dihedrals
taking periodicity into account. Deviations are especially small in densely populated areas
with clearly defined structures. Outside of these areas where unfolded structures can be
found, a broader variety of training structures can be expected. The generation error is
presumably larger in these areas because the neural network has to interpolate between a
broad variety of disordered conformations.
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Figure S8: EncoderMap of a 3d toy example. The top left graph shows the data points
of this toy data set which are distributed on the edges of a cube with gaussian noise. The
top middle graph shows a projection of this data to a 2d plane created with EncoderMap.
The top right graph shows the reconstructed 3d points based on the 2d map. The bottom
graph shows a projection where the sketch-map part of the cost function was turned off.
This resembles a "pure" autoencoder. Distances like the lengths of the cube edges are much
better preserved in the EncoderMap projection which uses the distance based sketch-map
cost function. Consequently also point densities are better preserved in the EncoderMap
projection. The used sketch-map cost function parameters are σ = 0.2 , a = 3, b = 6 for the
sigmoid applied to the high-d distances, and σ = 1 , a = 2, b = 6 for the low-d distances.
The edge length of the cube is 1.
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Movie S1: Generated conformations for asp-7. A black path is shown in the EncoderMap
on the left. 450 points along this path were fed into the decoder part of the autoencoder.
The sequence of generated conformations is shown on the right. The point from which each
structure is generated is highlighted with the red ball on the left.

Movie S2:

3-dimensional EncoderMap for asp-7.

The constellations of clusters in

this 3-d map are very similar compared to the 2d map in Figure 2. From a subjective
perspective this 3-d map does not appear to be advantageous compared to the 2d map.
A more objective evaluation based on the values of the cost function for projections with
different dimensionality is shown in Figure S4.

Movie S3: Trp-cage conformations generated along path A. 450 points along this path were
fed into the decoder part of the autoencoder. The sequence of generated conformations is
shown on the right. The point from which each structure is generated is highlighted with the
red ball on the left. The generated conformations nicely illustrate that along this path the helix is generated last after the rest of the protein with the hydrophobic core is already in place.

Movie S4: Trp-cage conformations generated along path B. Generated conformations
along this path illustrate how the helical part can be folded first before the rest of the
protein with the hydrophobic region is folded.
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ABSTRACT: Dimensionality reduction can be used to
project high-dimensional molecular data into a simpliﬁed,
low-dimensional map. One feature of our recently introduced
dimensionality reduction technique EncoderMap, which relies
on the combination of an autoencoder with multidimensional
scaling, is its ability to do the reverse. It is able to generate
conformations for any selected points in the low-dimensional
map. This transfers the simpliﬁed, low-dimensional map back
into the high-dimensional conformational space. Although the
output is again high-dimensional, certain aspects of the
simpliﬁcation are preserved. The generated conformations
only mirror the most dominant conformational diﬀerences
that determine the positions of conformational states in the
low-dimensional map. This allows depicting such diﬀerences andin consequencevisualizing molecular motions and gives a
unique perspective on high-dimensional conformational data. In our previous work, protein conformations described in
backbone dihedral angle space were used as the input for EncoderMap, and conformations were also generated in this space.
For large proteins, however, the generation of conformations is inaccurate with this approach due to the local character of
backbone dihedral angles. Here, we present an improved variant of EncoderMap which is able to generate large protein
conformations that are accurate in short-range and long-range orders. This is achieved by diﬀerentiable reconstruction of
Cartesian coordinates from the generated dihedrals, which allows adding a contribution to the cost function that monitors the
accuracy of all pairwise distances between the Cα-atoms of the generated conformations. The improved capabilities to generate
conformations of large, even multidomain, proteins are demonstrated for two examples: diubiquitin and a part of the Ssa1
Hsp70 yeast chaperone. We show that the improved variant of EncoderMap can nicely visualize motions of protein domains
relative to each other but is also able to highlight important conformational changes within the individual domains.

■

INTRODUCTION

Several dimensionality reduction techniques such as
principle component analysis (PCA),1,2 diﬀusion map,3 timelagged independent component analysis,4 neural network
autoencoders,5−9 or variants of multidimensional scaling10
such as sketch-map11 are established in the simulation
community.12 Recently, we introduced a dimensionality
reduction technique called EncoderMap,13 which unites the
advantages of autoencoders and multidimensional scaling. One
of the major advantages of this method is that it is not only
possible to project molecular conformations to a meaningful
low-dimensional map but also possible to generate molecule
conformations for any points in the low-dimensional map. This
generation of conformations, for example, along paths selected
in the low-dimensional map, is a unique tool to visualize the
most important conformational motions. Unlike conformations
selected from the original trajectory, which typically vary in

One of the major challenges in molecular simulation is to
extract relevant information from the large amounts of highdimensional data produced. Each frame in a simulation
trajectory represents a point in a phase space with easily
thousands or millions of dimensions. Each atom contributes in
principle three dimensions to the conﬁgurational phase space.
However, not all of them are equally important. A chain-like
molecule like a protein can for example be described in a space
of backbone dihedral angles. Information about the side chains
and solvent is lost in this representation, but it still describes
the conformation of the backbone well. Although the
dimensionality of the dihedral space is much lower compared
to the full phase space, it might still comprise tens or hundreds
of dimensions in the case of a protein. The dimensionality
needs to be further reduced to identify important conformational states and to characterize molecular motions like
conformational transitions and folding.
© XXXX American Chemical Society
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multiple degrees of freedom, the generated structures only
reﬂect the major conformational changes identiﬁed during the
dimensionality reduction process. These major conformational
changes can thus be visualized without the distracting noisiness
of a wiggling molecule.
EncoderMap combines a neural network autoencoder with
the pairwise distance-based cost function of the multidimensional scaling variant sketch-map11 as illustrated in Figure 1. In

Figure 2. Comparison of an original trp-cage and a diubiquitin
conformation (top) and the corresponding neural network generated
conformations (bottom) where the network was trained only based
on the backbone dihedrals. The correct secondary structure elements
are present in the generated conformations, but the long-range order
and spacial arrangement of these elements are inaccurate in the case
of the large diubiquitin molecule.

tions from the simulation. Secondary structure elements are
well recovered, but in the case of the larger diubiquitin
molecule, which consists of two folded domains connected via
a ﬂexible linker, the spacial arrangement of these elements is
inaccurate. This becomes most evident in the misaligned and
partially overlapping β-strands. In the case of trp-cage, this is
not observed simply because the backbone chain is
comparatively short.
In the following, we will address the question how to
improve the generation of large molecule conformations and
consequently EncoderMap’s ability to visualize important
conformational diﬀerences in the map.
The generation of molecule conformations is relevant in
many diﬀerent contexts. In molecular simulation, the
generation of realistic structures at full atomistic resolution is
relevant in various scale bridging approaches, for example,
when a high-resolution structure needs to be reconstructed
from a lower-resolution (coarse grained) model or when an
advanced sampling algorithm starts new simulations deliberately in regions of phase space slightly extrapolated from where
the simulation has already been.17,18 Similar tasks are also
relevant in the structure prediction community where the goal
is, for example, to predict a protein fold from its amino acid
sequence.19,20 Often structure prediction methods, however,
do not generate conformations from scratch but start from
template conformations of similar proteins21−23 and assemble
new conformations from protein fragments.24 Other methods
generate conformations in dihedral space25,26 but have
problems with long-range order in a similar manner as
EncoderMap. To make up for the local character of dihedrals,
some methods rely on the prediction of contacts27,28 or
distances between amino acids.29−31 Also AlphaFold,32 which
caught much attention with its exceptional performance in the
CASP13 structure prediction competition, relies on the
prediction of distances between amino acids. A drawback of
pairwise distances between atoms or residues as model output
to generate conformations is their ambiguity. The created set
of distances is not necessarily geometrically conclusive. Instead,
an additional optimization problem has to be solved to ﬁnd a
conformation that ﬁts best to the given distances. In contrast to
the pairwise distances, the backbone dihedrals are all
geometrically independent from each other, and each set of
dihedrals represents one unambiguous backbone conformation
(ignoring bond length and bond angle degrees of freedom).

Figure 1. Schematic of the data ﬂow and contributions to the cost
function of EncoderMap based on dihedrals. The low-dimensional
map is obtained from the bottleneck in a neural network autoencoder.
The network is trained to reproduce the dihedral inputs (dihedral
cost) and to match pairwise distances between data points in the
input dihedral space and pairwise distances between the corresponding points in the map (distance cost).

multidimensional scaling, data points in the low-dimensional
representation are arranged according to some distance metric,
which we term “distance cost”. This distance cost puts
distances between pairs of data points in a high-dimensional
space in comparison to distances between the corresponding
points in the low-dimensional representation. This ensures that
points that are close together in the high-dimensional space are
also close together in the low-dimensional map and that points
that are far apart in the high-dimensional space are also far
apart in the low-dimensional map. The autoencoder part of
EncoderMap enables an eﬃcient projection to a lowdimensional map, as batchwise training circumvents the
quadratic scaling of other multidimensional scaling approaches
and allows generating conformations for given points in the
map. More information about EncoderMap is available in the
paper13 or the introductory YouTube video.14
In this previously published EncoderMap setup, the
Ramachandran dihedral angles of a protein were used as
inputs for the autoencoder. Also, the conformations generated
for given points in the low-dimensional map were obtained in
this same dihedral space. In the case of proteins, one can then
reconstruct backbone conformations in Cartesian space rather
straightforwardly by successive rotation around the diﬀerent
dihedral axes of a starting conformation. All bond lengths and
bond angles are assumed to be constant in this approach. For a
small protein like trp-cage,15 the generation of conformations
with this approach yields accurate results.13 For large
molecules, however, this approach is problematic. Backbone
dihedrals are local descriptors.16 They accurately describe local
motifs and secondary structure elements. Small deviations in
the prediction of each dihedral angle, however, quickly add up
along the chain and result in an inaccurate long-range order.
Figure 2 compares conformations reconstructed from the
dihedral output of EncoderMap with the original conformaB
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Figure 3. Schematic of the data ﬂow and contributions to the cost function. The neural network autoencoder, which uses dihedrals as inputs and
outputs, is supplemented with a reconstruction of Cartesian coordinates. This allows for an additional contribution to the cost function where
pairwise distances between all Cα atoms are compared between the original and the generated conformations. The presence of Cα distances also
allows choosing the high-dimensional reference space of the distance cost. Points in the map can be either arranged according to their distances in
dihedral space or their distances in the Cα pairwise distance space.

abilities to generate large protein conformations. Furthermore,
this example consists of two separate simulations sampling
diﬀerent not overlapping regions of the conformational space.
This allows us to analyze how EncoderMap deals with sparse
data and how well it is able to generate reasonable
conformations for void areas between sampled regions.

Starting from these observations, to improve the quality of
the structures generated by EncoderMap, we were looking for
a way to generate protein conformations which are accurate in
short- and long-range orders in an unambiguous way which
does not require any subsequent optimization procedures or
simulation steps. In the following section, we show how this
can be achieved by reconstruction of Cartesian coordinates
during the neural network training process and including this
information as an additional contribution in the cost function.
We also compare the inﬂuence of diﬀerent deviation metrics in
the cost function: that is, using mean square versus mean
absolute deviation. Finally, we demonstrate the capabilities of
the improved generation of conformations with two example
systems. The ﬁrst example is the M1-linked diubiquitin (two
ubiquitin domains covalently linked via a peptide bond
between their respective C- and N-terminal amino acids, see
also Figure 2).33 Diubiquitin is an ideal test system because,
with 152 amino acids and its two-domain character, it is large
enough that inaccuracies in the long-range order quickly show
up. At the same time, with its two relatively rigid ubiquitin
domains, its conformational landscape has a decent complexity
where it is still reasonable to make a projection to a twodimensional (2D) map. It is also an interesting test system
because conformational changes can occur on very diﬀerent
scales. Conformations can vary on a global scale with diﬀerent
positions of the two domains relative to each, and
conformations can vary on a local scale with diﬀerences inside
a single domain. Capturing diﬀerences on such diﬀerent scales
poses an additional challenge for a dimensionality reduction
technique. The second example is a part of the Ssa1 Hsp70
yeast chaperone.34−36 With 210 residues, it is even larger
compared to diubiquitin, and while it also consists of two
distinct domains, a β-barrel substrate binding domain and a lid
domain, which is constituted by several α-helices, the lid
exhibits several hinge regions, which allow for rearrangements.
Thus, it represents a further challenge to test EncoderMap’s

■

IMPROVED GENERATION OF CONFORMATIONS
Diﬀerentiable Reconstruction of Cartesian Coordinates. The fundamental idea of this approach is to still
generate conformations in dihedral space like in the previous
version of EncoderMap, but to reconstruct the Cartesian
coordinates from these generated dihedrals during the training
procedure, which allows adding a contribution to the cost
function measuring the accuracy of all Cα pairwise distances in
the generated conformations. This extended scheme is
illustrated in Figure 3.
The extended scheme has three contributions to the cost
function: the dihedral cost is the mean absolute deviation
between the dihedrals of the input conformations and the
generated conformations and ensures accurate short-range
order. The Cα cost is the mean absolute deviation between all
Cα-atom pairwise distances of the input conformations and the
generated conformations and additionally ensures accurate
long-range order. The distance cost compares distances
between data points in the high-dimensional space with the
corresponding distances of these points in the map. In our
previous implementation of EncoderMap, the dihedral space
was used as high-dimensional reference space to calculate the
distance cost. As the Cα atom pairwise distances are calculated
anyway for the Cα cost, it is now possible to choose between
the dihedral space and Cα distance space as high-dimensional
reference space for the distance cost. The three contributions
to the cost function are described in more detail in the Details
section at the end of the article.
C
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In order to use the Cα cost to optimize the weights of the
neural network with gradient descent, the reconstruction of the
Cartesian coordinates from the generated dihedrals needs to be
diﬀerentiable. We, therefore, implemented the reconstruction
of the Cartesian coordinates with diﬀerentiable operations
from the TensorFlow37 library. To reconstruct the Cartesians,
we start from a conformation where all dihedrals are zero and
all bond lengths and bond angles are equal to the mean value
observed in the simulation data. Then, we iteratively set all of
the dihedral angles to the values obtained as the output of the
neural network autoencoder. Therefore, we shift the molecule
in such a way that the rotational axis of the given dihedral lies
in the origin of the Cartesian coordinate system. Then, we
update the Cartesian coordinates of all atoms on one side of
the dihedral by multiplication with the rotation matrix for the
given rotational axis and dihedral value. The Details section at
the end of the article contains some pseudo code for this
procedure. The full code is available in the EncoderMap
repository (https://github.com/AG-Peter/EncoderMap). A
similar fully diﬀerentiable approach to generate molecule
conformations has recently been proposed by AlQuraishi38 in
the context of a structure prediction algorithm.
The three contributions to the cost function shown in Figure
3 are combined as a weighted sum
C = kdih.Cdihedral + k CαCCα + kdist.Cdistance

Figure 4. Inﬂuence of the Cα cost on the learning curves for
diubiquitin. The Cα cost is either not used at all (blue) or used from
the beginning (orange) or switched on after 45 000 steps. The
dihedral cost is shown in the top graph. The Cα cost (evaluated
regardless of its usage) is shown in the bottom graph.

accurate in the generated conformations. There is also a larger
spread between the diﬀerent runs with this setting, showing
that the training process is less reproducible. When the
generated conformations are only assessed based on their
dihedrals, interpenetrating parts of the molecule and wrong
long-range spatial arrangement of the protein do not cause
barriers in the cost function. The correct secondary structure
can easily be found without the need to cross such barriers.
When the Cα cost is activated from the beginning, it is much
more diﬃcult to ﬁnd the correct short-range order because the
dihedrals can no longer be adjusted indiﬀerent of the longrange spacial arrangement. In the third setting, we, therefore,
ﬁrst keep kCα set so 0, and then after 45 000 steps, we ramp kCα
up linearly to 1 in 1000 steps. For the ﬁrst 45 000 steps these
runs are equivalent to the ﬁrst setting and the dihedral cost is
quickly reduced. As soon as the Cα cost is activated in the cost
function, its values decrease drastically. With regard to the Cα
cost, the end results are comparable to the best runs with the
setting where the Cα cost was activated from the beginning.
The training is, however, much more reliable when the Cα cost
is turned on during the training process, as all 10 runs
performed equally well with this setting. The dihedral cost is
only slightly elevated as soon as the Cα cost is switched on,
which demonstrates that the short-range order is mostly
preserved when the conformations are in the end also
optimized for the long-range order.
These results show that the accuracy of the Cα pairwise
distances in the generated conformations can be substantially
improved by adding the Cα cost to the cost function. The best
results are achieved when the Cα cost is not active from the
beginning but turned on during the training process. Besides
leading to the best results, not using the Cα cost from the
beginning also has computational advantages. The reconstruction of the Cartesian coordinates from the generated dihedrals
causes signiﬁcant computational overhead. Not using the Cα
cost for most of the training process helps to avoid this
overhead.
For the results above, the dihedral and Cα cost were
calculated as the mean absolute deviation between the
simulated and the generated conformations. In the following,
we show why it is very important in this case to use the mean

(1)

The prefactors kdih., kCα, and kdist. can be used to balance the
diﬀerent contributions of the cost function. To make the
balancing easier in this multiobjective optimization39 problem,
we normalize the contributions concerning the generation of
conformations with a dummy model as baseline. The dummy
model always returns the conformation where all dihedrals are
set to their mean value. The mean dihedrals are evaluated
using all available trajectory frames. Because of this normalization, a Cα cost or dihedral cost of 1 means equal
performance to the dummy model, a value between 0 and 1
signiﬁes better performance compared to the dummy model,
and a value larger then 1 signiﬁes worse performance
compared to the dummy model.
We evaluate the inﬂuence of the newly added Cα cost by
applying the extended scheme described above to 60 000
diubiquitin conformations obtained from atomistic molecular
dynamics simulations. Simulation details can be found in the
Details section. Figure 4 shows learning curves for the two cost
function contributions concerning the generation of conformations. We performed 10 neural network training runs for
each of three diﬀerent settings of kCα. The light colored lines
represent these single runs while the saturated lines represent
the mean of all 10 runs for one setting. In the ﬁrst setting, kCα
was set to 0 and kdih. to 1. With this setting, the Cα cost has no
inﬂuence in the cost function. During the training process, the
dihedral cost goes down quickly but the Cα cost stays on a
comparatively high level. This mirrors the fact that the dihedral
cost is mainly sensitive to the short-range order but not so
much to the global structure of the protein. In the second
setting, both kCα and kdih. were set to 1. With this setting, the
Cα cost is drastically reduced compared to the previous setting.
This means that pairwise distances between Cα atoms are
much more accurately reproduced in the generated conformations. The dihedral cost, however, is elevated compared
to the previous setting, which means that dihedrals are less
D
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absolute deviation and not the very common mean square
deviation.
Choice of the Cost Metric: Mean Square Versus Mean
Absolute Deviation. We ﬁnd that it is very important how
the deviation in the dihedrals and the Cα pairwise distances
between the simulated and the generated dihedrals is
calculated. We compare two popular metrics for deviation,
that is, mean square deviation and mean absolute deviation. A
comparison of these cost function variants requires a measure
of quality of the generated conformations that is independent
of the cost functions themselves. Here, we use the number of
clashes, that is, atomic overlaps, in the generated diubiquitin
conformations. We consider any distance between two atom
centers shorter than 100 pm as a clash. The average number of
clashes in the generated conformations after training with
diﬀerent cost function variants is shown in Figure 5. When no

Figure 6. Mean abs and mean square cost for a unimodal and a
bimodal distribution. The green points represent the example
distributions. Only the x-component of the points is considered but
they are scattered in y-direction for better visibility. The blue and
orange line show the mean abs and mean square cost for a model
returning a given x-value.

the two Gaussian distributions. A model that is trained with
mean square cost would therefore predict an x-value that is in
between the two Gaussians in an area where no data points
have ever been observed. The minimum of the mean absolute
cost is the median of the data. As both Gaussians of this
bimodal distribution are not equally populated, the median lies
in the more populated Gaussian. A model that is trained with
mean absolute cost would therefore predict an x-value inside
the more populated Gaussian.
Such a scenario, where the model cannot distinguish
between diﬀerent points and has to make one prediction for
all of them, also frequently applies for autoencoders, especially,
if the bottleneck is very narrow. Here, we force the network to
project a very high-dimensional conformational space into a
two-dimensional plane. It is clearly impossible to resolve all
conformational variation in this two-dimensional map, and the
choice of the cost metric determines how the network deals
with this situation. Let us consider a ﬂexible tail of a protein;
the structural ﬂuctuations of which are unimportant to describe
major conformational changes of the protein and that are
therefore not resolved in the two-dimensional map. Conformations with diﬀerent orientations of this tail might be
projected to the same area in the map and can therefore not be
distinguished. Let us further assume that this tail can be found
in two predominant orientations. A model trained with mean
square cost would generate conformations where the
orientation is in between the two predominant orientations:
an orientation that might be nonphysical and lead to clashes. A
model trained with mean absolute cost would generate
conformations where the orientation of the tail corresponds
to the more dominant orientation. It is therefore more likely a
physically reasonable conformation without clashes. Note that
this comes at the price of neglecting the second, less dominant
conformation.
This behavior, where the network generates conformations
more like the most likely conformations rather than generating
conformations that have never occurred but are in between
those that have occurred, is more useful for the visualization of
relevant conformational states and transitions between them.
Moreover, the generation of realistic conformations and the

Figure 5. Average number of clashes in generated diubiquitin
conformations after 50 000 steps of training with diﬀerent cost
function variants. Each dot represents the average result at the end of
a single training run. The black line represents the mean of the 10
runs for each cost function variant.

Cα cost is used, generated conformations contain on average
around two clashes. Using mean absolute instead of mean
square deviation only results in slightly improved results in this
case. However, when the Cα cost is switched on after 45 000
steps as described in the previous section, there is a massive
diﬀerence between using mean absolute versus mean square
deviation. When mean square deviation is used, there are on
average still around 2 clashes in each conformation. When
mean absolute deviation is used instead, hardly any clashes
occur. How can such a drastic diﬀerence be explained?
Figure 6 illustrates the behavior of mean absolute cost and
mean square cost for two one-dimensional example distributions for which a model should predict an x-value. In these
examples, we further assume that the model is unable to
distinguish all these points and can only make a prediction of a
single x-value equally for all of the points. In the ﬁrst example,
100 points are distributed according to a Gaussian distribution.
The two lines show the respective cost as a function of the xvalue predicted by the model. A model trained to convergence
with any of these cost functions would predict an x-value
corresponding to the minimum of the respective cost function.
In the case of this unimodal distribution, the minimum of both
cost functions is in the center of the distribution. The second
example is a bimodal distribution where 40 points are
distributed in a Gaussian on the left and 60 points are
distributed in a Gaussian on the right. Let us again assume that
the model is unable to distinguish all these points and can only
make one prediction for all of the points. The minimum of the
mean square cost is the mean of the data, which is in between
E
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the two-domain protein, and this aspect is therefore nicely
captured in the map. In the (local) dihedral space instead,
conformations with diﬀerent arrangements of the two domains
would only diﬀer in few dihedrals in the linking part between
the two domains. If the distances between structures were
calculated in the dihedral space instead, conformations that
diﬀer only in the relative arrangement of the two domains
would therefore not be separated as clearly.
Such an analysis where the original conformations are shown
that are projected to certain areas in a low-dimensional map is
possible with any dimensionality reduction technique. A
feature of EncoderMap is to additionally transfer this simpliﬁed
low-dimensional map back into the high-dimensional space.
This high-dimensional yet simpliﬁed representation contains
only the major conformational variations that determine their
location in the map. We can explore this representation by
selecting paths in the low-dimensional map. Paths can be
selected with a tool included in the EncoderMap library.
Equally spaced (two-dimensional) points along such paths are
then fed into the decoder part of the autoencoder to generate
the (full Cartesian backbone) conformations corresponding to
these points. The generated conformations from diﬀerent
paths indicated in the map are shown in the video
accompanying Figure 8. The low Cα cost and small number

avoidance of steric clashes is of immense importance if those
structures are to be used to initiate new simulations. We
demonstrate the capabilities of EncoderMap’s improved
conformation generation at the example of two large proteins
in the next section.

■

VISUALIZATION OF IMPORTANT MOTIONS
In the previous sections, we introduced the reconstruction of
Cartesian coordinates during the training process to add a cost
contribution that improves the long-range order of generated
conformations and showed why it is important to use mean
absolute deviation instead of mean square deviation to
calculate the cost for dihedrals and Cα pairwise distances.
Here, we demonstrate the results of these improvements at the
example of diubiquitin. We have created a few videos to be
able to adequately show these results. A video icon in the top
right corner of the following ﬁgures signiﬁes that this content is
available as video in the Supporting Information
Diubiquitin. Figure 7 and the accompanying video show a
two-dimensional histogram of all 60 000 simulated diubiquitin

Figure 7. This ﬁgure and video show a histogram of all simulated
conformations projected to the two-dimensional map. The color
ranges from yellow to blue for low to high density. Empty bins are
shown in white. Hand-selected areas are highlighted and random
conformations that where projected to these areas are shown next to
them. All conformations are aligned with their N-domains oriented to
the left.
Figure 8. This ﬁgure and video show the same map as in Figure 7.
Next to the map, generated conformations are shown for points along
diﬀerent paths in the map. The dots represent the points for which
the generated conformations are shown at that time.

conformations projected to a two-dimensional map. The
results are shown for one of the training runs also shown in
Figure 4 where the Cα cost was turned on after 45 000 steps of
training and mean absolute deviation was used as deviation
metric. The map contains several spots with increased density.
These spots were selected by hand with a lasso tool (available
in the EncoderMap library), and original conformations from
the simulation data that where projected to these spots are
shown in the video. All conformations are aligned with their Nterminal ubiquitin domains (oriented to the left). This analysis
shows that conformations are nicely grouped on this map
according to the relative spacial arrangement of the two
domains and demonstrates the meaningfulness of the map. In
Figure 3, we introduced the possibility to choose either the
dihedral space or the Cα distance space as basis for the distance
cost which takes care that the two-dimensional map preserves
relative distances between diﬀerent conformations. For the
map in Figure 7 and the following ﬁgures, we chose to use the
Cα distance space as reference space for the distance cost. This
space is very sensitive to global conformational diﬀerences of

of steric clashes that had been found in the analysis described
in the previous sections had already indicated that these
generated conformations should be much more realistic and
accurate in their long-range order compared to conformations
generated only based on dihedrals. The generated conformations shown in Figure 8 indeed look very realistic. The βstrands of the ubiquitin domains are well aligned, and no
clashes are apparent. This in strong contrast to the generated
conformation solely based on dihedrals shown in Figure 2.
With the naked eye, it is hard to distinguish individual original
conformations (Figure 7) and generated conformations
(Figure 8). In contrast to the bundles of original
conformations that were projected to certain areas in the
map (Figure 7), the generated conformations along a path,
however, do not show distracting structural ﬂuctuations of the
molecule but only the dominant conformational changes. This
F
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nicely illustrates the motions it takes to transform one of the
dominant diubiquitin conformations into another. Mainly,
motions of the two ubiquitin units relative to each other are
visible in Figure 8, but the single ubiquitin units are also not
completely rigid entities. The model has the freedom to also
represent relevant (backbone) conformational changes within
a single ubiquitin unit. Figure 9 and the accompanying video

The 210 residue part of the protein under investigation
consists of a substrate binding domain in form of a β-barrel and
a C-terminal domain consisting of multiple α-helical parts. The
C-terminal domain is assumed to act like a lid that covers or
uncovers the substrate binding domain.35 The two simulations
in this example are one simulation that started with a closed
“lid” and a second simulation that started with an open “lid”. In
the ﬁrst simulation, the lid stayed closed. In the second
simulation, the lid closed but resulted in a very diﬀerent closed
conformation that does not correspond to the experimentally
known structure. The data of both simulations were used as
input for EncoderMap in its improved variant in analogy to the
diubiquitin example. Figure 10 shows the traces of both

Figure 9. This ﬁgure and video show a comparison of original
conformations projected to selected areas in the map and generated
conformations along a path crossing these areas. The chosen example
also shows that the generated conformations do not only represent
motions of the two ubiquitin domains relative to each other but also
internal motions of one domain. The lower part of the helix of the Cterminal domain unfolds to increase the number of interdomain
contacts.

highlight such an example. In the bottom left, conformations
generated along the orange path are shown. We see how the
molecule changes from an “open” conformation, where the two
subunits are relatively far apart, to a closed one, where the long
α-helix of the C-terminal domain (right) gets in contact with
the β-sheet of the N-terminal domain (left). Parallel to this
global motion, there is also a more hidden conformational
transition within the C-terminal domain when the N-terminal
domain comes in contact. The lower part of the helix opens up
to increase the number of interdomain contacts. In principle,
the same can be seen in the original data from the simulation
as indicated by the structure bundles from the two selected
areas that are also shown in the video/Figure 9. However, it is
much easier to spot this change in the generated
conformations where random ﬂuctuations of the molecule
are not present. Figure 9 also shows good agreement between
the original conformations selected in the map and the
generated conformations. This demonstrates that EncoderMap
indeed generates good representative conformations for the
underlying sampling.
Ssa1 Hsp70 Chaperone. This second example is diﬀerent
in two major ways. First, it is even larger compared to
diubiquitin. This allows us to further verify the ability of
EncoderMap’s improved version to deal with large proteins.
Second, this example does not consist of a connected set of
simulations. Instead it consists of two simulations sampling
diﬀerent, not overlapping regions of the conformational space.
This allows analyzing how EncoderMap deals with such a
situation where no information is available on how two areas of
the conformational space are linked.
The example we chose is a part of the Ssa1 Hsp70
chaperone of the yeast species Saccharomyces cerevisiae.34−36

Figure 10. This ﬁgure shows the traces of two Ssa1 simulations in the
two-dimensional EncoderMap. Chronologically subsequent conformations are connected with a line. The blue trace comes from a
simulation that started in a conformation with a closed lid
(corresponding to the experimentally known structure). The orange
trace comes from a simulation that started from an open
conformation and moved into a diﬀerent closed conformation.

simulations projected to the two-dimensional map. Each point
represents one projected conformation and chronologically
subsequent conformations are connected with lines. The trace
of one simulation (blue) only covers a comparatively narrow
area. This is the simulation that started with the closed
conformation. The small conformational changes that can
happen inside this closed state result in a narrow distribution
on the map. The second simulation (orange) covers a much
wider area of the map. Interestingly, the trace resembles a
G
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worm-like structure with a wider tail and a more narrow tail.
This nicely reﬂects what one might expect for such a
simulation starting with an open conformation with lots of
ﬂexibility and ending in a closed conformation allowing less
conformational variety.
As described for the diubiquitin example already, we can
now generate conformations for selected paths in the map to
visualize important molecular motions. Figure 11 and the

Figure 12. This ﬁgure and video show a 2D histogram of the
complete map with both Ssa1 simulations. The one started form a
closed conformation and the one started from an open conformation.
It is the same map as shown in Figure 10. Tiny red dots indicate that
conformations generated for these points contain at least one clash
(two atom centers closer than 100 pm). The paths for which
generated conformations are shown connect the two sampled regions
that are not connected in the underlying simulation data.

contained at least one clash (i.e., atomic overlap), we mark this
point with a red dot on the map. The areas of the map where
simulation data are available hardly contain any red dots. This
is in good agreement with the observation that for
conformations generated along paths through the sampled
area we hardly observe clashes. Also, conformations generated
for points that are in close proximity to the sampled area are
often free of clashes. Further away from the sampled regions
we see a dense grid of red points indicating that all generated
conformations for points in these regions contain clashes. To
further analyze how EncoderMap deals with the not sampled
space between the two simulations, we have generated
conformations along three paths connecting the two
disconnected regions from the two simulations (blue and
orange areas in Figure 10). With the blue path, we tried to
avoid “red-dot-territory” as good as possible. Indeed the
generated conformations along this path look reasonable and
no obvious clashes are observable. The orange path passes
through a narrow area with clashes. In the generated
conformations, we can see that these clashes are caused by
the N-terminal β-strand. Apart from that, the conformations
generated along this path also look reasonable. This path also
nicely shows what happened in the simulation that started
from the open conformation. The helical “lid” part attached to
the opposite side of the β-barrel compared to where it attaches
in the “correct” closed conformation. The purple path was
deliberately chosen to go through areas far away from the
sampled regions. Some of the conformations generated along
this path are not at all plausible. Major parts of the protein
travel trough each other and the β-barrel breaks apart.
Visualizing the sampled conformational space in a simpliﬁed
way is the main goal behind EncoderMap. The above analysis
however shows that it can potentially also be used to
interpolate between or to slightly extrapolate away from
sampled regions. In any case, the conformations generated for
not sampled areas should be considered with caution, as there
is no physical justiﬁcation for these conformations. There is

Figure 11. This ﬁgure and video show a 2D histogram of the zoomed
in region of the “closed” simulation (blue area in Figure 10). The
color ranges from yellow to blue for low to high density and empty
bins are shown in white. Conformations generated for points on
diﬀerent paths are shown next to the map.

accompanying video show this for the “closed” simulation.
They show the same map as Figure 10 but for a zoom into the
region covering the simulation that started with the closed
conformation. Conformations generated along three selected
paths are shown. Irrespective of the path, we can clearly see the
β-barrel of the binding domain and the helical parts of the “lid”
domain. The β-strands in the β-barrel are accurately aligned.
This is a tricky thing to achieve in dihedral space and is again a
sign of the improved accuracy due to the introduced
reconstruction of Cartesian coordinates during the training
procedure. The diﬀerent paths show diﬀerent molecular
motions that were sampled in the simulation: a rotational
motion of the helical part (blue path) where the terminal helix
moves closer to (or further away from) the β-barrel, a slight
shifting motion (red path) of the whole lid around the β-barrel,
and a displacement of the bend (orange path) in the helix next
to the β-barrel in combination with a reorientation in the loop
region of the nearest β-strands.
Figure 12 shows again the complete map with both
simulations. Here. we were especially interested to see what
happens in areas between the two simulations, that is, in white
spaces in the map where no simulation data is available.
Additionally to conformations generated on selected paths, we
also generated conformations for points on a 200 by 200 grid.
Whenever the generated conformation for a point on the grid
H
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■

DETAILS
EncoderMap. The used neural network autoencoder is
made out of 7 fully connected layers: an input layer, 2 hidden
layers with 128 neurons each, a bottleneck layer with 2
neurons, again 2 hidden layers with 128 neurons each, and an
output layer. The hidden layers use tanh as activation function
and all other layers use the identity function instead. The
number of neurons of the input and output layers are equal to
twice the number of dihedrals as sin and cos values of the
dihedrals are used to circumvent periodicity issues. For
example in the case of Diubiquitin with 152 amino acids
there are 453 backbone dihedrals (Φ, Ψ, and Ω combined).
The input and output layers therefore contain 906 neurons.
The 906 sin and cos values obtained from the output layer are
then converted back to 453 dihedral angle values. The pseudo
code shown in Figure 13 describes how these dihedral angle

nothing promoting the generation of reasonable conformations
in these areas other than the regularization which prevents
unnecessary complexity.

■

Article

CONCLUSIONS

Previously, we had shown that a combination of a neural
network autoencoder with multidimensional scaling results in a
very advantageous dimensionality reduction technique, we
termed EncoderMap. The multidimensional scaling aspect
ensures that data points are arranged according to their
distance in the high-dimensional space, which provides for a
meaningful low-dimensional map. The neural network
autoencoder constitutes a diﬀerentiable relation between the
representations of diﬀerent dimensionality. This can be done
in a computationally eﬃcient manner as the batchwise training
of the network circumvents the quadratic scaling of other
multidimensional scaling variants. With the autoencoder one
does not only obtain a diﬀerentiable function mapping from
the high-dimensional to the low-dimensional representation,
which can be useful in combination with enhanced sampling
methods that rely on a biasing potential deﬁned in a lowdimensional space; one does also obtain a function mapping
from the low-dimensional back to the high-dimensional space,
which, for example, can be used to generate protein
conformations for given points on the low-dimensional map.
Now, we showed how this generation of protein conformations
can be improved over the previously proposed basic generation
in dihedral space. Generating conformations in dihedral space
is problematic due to the short-range character of dihedrals. At
the same time it is advantageous due to the unambiguousness
of dihedrals and the lacking need to solve subsequent
optimization problems to ﬁnd the corresponding conformations in Cartesian space. Using dihedral angle output to
reconstruct Cartesian coordinates during the training process
allows preserving this advantage while solving the problem of
inaccurate long-range order. The best results are achieved
when the Cα pairwise distance cost, calculated from the
reconstructed Cartesian coordinates, is not used from the
beginning but turned on during the training process. This way,
the network can freely learn the correct secondary structure
without the need to cross barriers in the cost function caused
by the Cα cost. These prefolded conformations are then
corrected in their long-range order once the Cα cost is turned
on. This strategy involving subsequent optimization according
to local and then global criteria, which turned out to be very
beneﬁcial in this case, might also be useful for other
optimization problems. It is also important how the deviations
in the dihedrals and the Cα pairwise distances are calculated in
the cost function. Using mean square deviation encourages the
network to return nonphysical “mean conformations” with lots
of clashes. Using mean absolute deviation instead results in
distinctly fewer clashes. With these improvements, EncoderMap is now also able to accurately generate conformations of
large proteins like diubiquitin or other multidomain proteins.
The obtained low-dimensional map in combination with this
ability to generate conformations for any point in the map
allows for a new perspective on high-dimensional molecular
data. Important molecular motions, which else might be
hidden in the noisy wiggling of a molecule, can nicely be
visualized.

Figure 13. Pseudo code for the reconstruction of Cartesian
coordinates from dihedral angles. The full code is available in the
EncoderMap repository (https://github.com/AG-Peter/
EncoderMap).

values are used to generate Cartesian coordinates of a chain.
The network is then trained using the cost function given in eq
1. The detailed contributions are
Cdihedral =
1
n
n
∑ b ∑i =d 1 min(|db , i − db̃ , i| ,
nbnd b = 1
1
n
n
∑ a ∑i =d 1 min(|da , i − di̅ | ,
nand a = 1

2π − |db , i − db̃ , i|)
2π − |da , i − di̅ |)

(2)

where db,i is the dihedral of the bth frame of the training batch
and the ith position along the backbone, d̃b,i is the dihedral
output of the network, d̅i is the mean value for the dihedral at
the ith position, nb is the number of points in a training batch,
I
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s54a7 force ﬁeld, and the SPC/E water model. Further
simulation details can be found in Hanebuth et al. 2016.36
42

nd is the number of dihedrals, and na is the number of points in
the complete data set. The denominator of eq 2 represents the
normalization with the dummy model that always returns the
conformation with mean dihedrals. The min(x, 2π − x) part
takes care of the periodicity of dihedrals.
CCα =

n
n
1
∑ b ∑ j =p 1 |pb , j
nbn p b = 1
n
n
1
∑ a ∑ j =p 1 |pa , j
nan p a = 1

■

The Supporting Information is available free of charge on the
ACS Publications website at DOI: 10.1021/acs.jcim.9b00675.
Histogram of all simulated conformations projected to
the two-dimensional map (MP4)
Histogram of all simulated conformations projected to
the two-dimensional map with generated conformations
(MP4)
Comparison of original conformations, projected to
selected areas in the map, and generated conformations
(MP4)
2D histogram of the zoomed in region of the “closed”
simulation (MP4)
2D histogram of the complete map with both Ssa1
simulations (MP4)

(3)

where pb,j is the distance between the jth pair of Cα atoms in
bth conformation of a training batch, p̃b,j is the equivalent
distance in the conformation reconstructed from the dihedral
output of the network, p̅j is the equivalent distance in the
conformation with mean dihedrals, and np is the number of
pairwise distances between all C α atoms. The third
contribution to the cost function is the distance cost. Here,
we use the cost function of the multidimensional scaling
variant sketch-map11
Cdistance =

1
nb
(n b
2

nb

nb

∑ ∑

− 1) b = 1 k = b + 1
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[SIG h(R bk) − SIG l(rbk)]2
(4)
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The sigmoid parameters used in the diubiquitin example are
σ = 400, a = 10, b = 5 for the sigmoid applied to the high-d
distances and σ = 1, a = 2, b = 5 for the low-d distances. For
the chaperone example, we use the same sigmoid parameters
except for the σ value of the sigmoid applied to the high-d
distances which was set to σ = 300. The sketch-map
literature11 provides detailed information how to select these
parameters. The scaling factors kdih. and kCα of eq 1 are set to 1
or 0 depending on whether the contribution is turned on or
oﬀ. kdist. was set to 100.
The cost function was used to optimize the network with
batches of 256 points using the Adam optimizer40 with a
learning rate of 0.001 and exponential decay rates β1 = 0.9 and
β2 = 0.999 as implemented in TensorFlow 1.9.37 Weights were
regularized using l2-regularization with a regularization
constant of 0.001 and 0.0001 for the diubiquitin and the
chaperone examples, respectively.
Diubiquitin Simulation Data. The diubiquitin data
consist of 60 000 conformations from 12 atomistic 50 ns
simulations. All simulations were started from an extended
conformation where the two ubiquitin domains were (apart
from the linker) not in contact. The GROMACS simulation
package v541 with the GROMOS96 54a7 force ﬁeld42 was used
to run the simulations. Further details about the simulations
can be found in Berg et al. 2018.33
Chaperone Simulation Data. The example data set of
Hsp70 Ssa1 consists of two simulations. The simulation that
started in the closed conformation is 266.8 ns long, and 26 680
frames were included in the data set. The simulation that
started in the open conformation is 543.5 ns long, and 54 350
frames were included in the data set. Both Simulations were
performed using the Gromacs-4.6.5 package,43 the Gromo-
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(5) Wehmeyer, C.; Noé, F. Time-lagged autoencoders: Deep
learning of slow collective variables for molecular kinetics. J. Chem.
Phys. 2018, 148, 241703.
(6) Chen, W.; Tan, A. R.; Ferguson, A. L. Collective variable
discovery and enhanced sampling using autoencoders: Innovations in
network architecture and error function design. J. Chem. Phys. 2018,
149, 072312.
(7) Sultan, M. M.; Wayment-Steele, H. K.; Pande, V. S. Transferable
neural networks for enhanced sampling of protein dynamics. J. Chem.
Theory Comput. 2018, 14, 1887−1894.
(8) Ribeiro, J. M. L.; Bravo, P.; Wang, Y.; Tiwary, P. Reweighted
autoencoded variational Bayes for enhanced sampling (RAVE). J.
Chem. Phys. 2018, 149, 072301.

J

94

DOI: 10.1021/acs.jcim.9b00675
J. Chem. Inf. Model. XXXX, XXX, XXX−XXX

Reprinted with permission from J. Chem. Inf. Model. 2019, 59, 11, 4550-4560. Copyright 2019 American Chemical Society.

Article

Journal of Chemical Information and Modeling
(9) Hernández, C. X.; Wayment-Steele, H. K.; Sultan, M. M.; Husic,
B. E.; Pande, V. S. Variational encoding of complex dynamics. Phys.
Rev. E 2018, 97, 062412.
(10) Cox, T. F.; Cox, M. A. Multidimensional Scaling; Chapman and
Hall/CRC, 2000.
(11) Ceriotti, M.; Tribello, G. A.; Parrinello, M. Simplifying the
representation of complex free-energy landscapes using sketch-map.
Proc. Natl. Acad. Sci. U.S.A. 2011, 108, 13023−13028.
(12) Tribello, G. A.; Gasparotto, P. Using dimensionality reduction
to analyze protein trajectories. Front. Mol. Biosci. 2019, 6, 46.
(13) Lemke, T.; Peter, C. EncoderMap: Dimensionality Reduction
and Generation of Molecule Conformations. J. Chem. Theory Comput.
2019, 15, 1209−1215.
(14) Lemke, T. Dimensionality Reduction with EncoderMap. 2019,
https://www.youtube.com/watch?v=JV59OABhNTY (accessed Oct
17, 2019).
(15) Neidigh, J. W.; Fesinmeyer, R. M.; Andersen, N. H. Designing a
20-residue protein. Nat. Struct. Mol. Biol. 2002, 9, 425.
(16) Sittel, F.; Stock, G. Perspective: Identification of collective
variables and metastable states of protein dynamics. J. Chem. Phys.
2018, 149, 150901.
(17) Chiavazzo, E.; Covino, R.; Coifman, R. R.; Gear, C. W.;
Georgiou, A. S.; Hummer, G.; Kevrekidis, I. G. Intrinsic map
dynamics exploration for uncharted effective free-energy landscapes.
Proc. Natl. Acad. Sci. U.S.A. 2017, 114, E5494−E5503.
(18) Kukharenko, O.; Sawade, K.; Steuer, J.; Peter, C. Using
dimensionality reduction to systematically expand conformational
sampling of intrinsically disordered peptides. J. Chem. Theory Comput.
2016, 12, 4726−4734.
(19) Lee, J.; Freddolino, P. L.; Zhang, Y. From Protein Structure to
Function with Bioinformatics; Springer, 2017; pp 3−35.
(20) Moult, J.; Fidelis, K.; Kryshtafovych, A.; Schwede, T.;
Tramontano, A. Critical assessment of methods of protein structure
prediction (CASP)-Round XII. Proteins: Struct., Funct., Bioinf. 2018,
86, 7−15.
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Summary and Outlook
4.1 Summary
Simpliﬁed representations of molecular systems are essential for solving two
central problems of molecular simulations: simpliﬁed representations are valuable to reduce the computational cost of simulations, and simpliﬁed representations are indispensable to analyse the outcome of simulations.
In the publications included in this thesis, we demonstrated that machine learning approaches can be applied very successfully to obtaining simpliﬁed representations of molecular systems.
We showed that artiﬁcial neural networks can be used to extract high-dimensional free energy surfaces for coarse-grained simulation models. A unique contribution of our proposed method is the conversion of the problem of ﬁnding the
free energy surface into a classiﬁcation problem between conformations sampled in an atomistic reference simulation and ”fake” conformations drawn from
a known distribution. With this approach it is possible to create exceptionally coarse models where the molecule is represented with very few beads only.
To get a substantial performance advantage compared to atomistic simulations,
such exceptionally coarse models are especially important.
With EncoderMap, we introduced a new dimensionality reduction algorithm
that combines advantages of multidimensional scaling and neural network autoencoders. Our approach circumvents the unfavorable quadratic scaling of
multidimensional scaling and drastically reduces the time required to perform
97

the dimensionality reduction. With the trained neural network, we obtain a
diﬀerentiable function linking the representations of diﬀerent dimensionality,
which allows to combine EncoderMap with enhanced sampling approaches that
involve biasing potentials deﬁned in a low-dimensional space. At the same time,
the multidimensional scaling aspect ensures that data is arranged in an informative way where distances in the low-dimensional map become meaningful.
Besides projecting high-dimensional data into a low-dimensional map, it is also
possible to project points in the map back into the high-dimensional space. With
this tool, for example, molecule conformations can be generated for given points
in a two-dimensional conformational map. The generated conformations only
reﬂect the most important conformational changes identiﬁed during the dimensionality reduction process, which allows for a unique, new perspective on conformational data.
The combined usage of atomistic simulation together with our proposed coarsegraining approach and our developed dimensionality reduction scheme allows
to beneﬁt from all these levels of resolution. We can proﬁt from a detailed sampling in the atomistic space, a fast sampling in the coarse-grained space, and we
can monitor and guide everything with maps obtained by dimensionality reduction.

4.2 Outlook
Among many other studies, our work demonstrates the great potential of machine learning approaches in the ﬁeld of molecular simulations. In the next
years, such methods will continue to become integral parts in the simulation
toolbox, but a great deal of work is still required to advance this process. Here, I
describe what I believe are the most pressing challenges or most promising approaches to building on the methodology provided in the context of this thesis.
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In the years of applying machine learning, I more and more came to the conclusion that we should only use machine learning for the things that we do not
know already. This sounds trivial, but it is not always that simple. In our neural network coarse-graining approach, for example, we made the network learn
all the interactions from scratch. This worked surprisingly well, which demonstrates the potential of our approach, however, it would be even more promising
to make the network only learn the diﬀerence between some classical coarsegrained model and the atomistic reference. This way, we could proﬁt from all
the progress made in classical coarse-graining and the resources of the network
would be focused on learning the missing pieces.
We incorporated this idea, of not learning what we anyway know, in EncoderMaps conformation generation already. In principle, we could train the network to generate molecule conformations in Cartesian coordinates directly, but
then the network would spend most of its resources to learn the constitution of
the molecule. It would learn how long bonds are and which atoms are connected
to each other. These are all things that we know perfectly well when we set up a
simulation, and there is no need for the neural network to learn these things. Instead, we trained the network only to learn the backbone dihedral angles and reconstructed the Cartesian coordinates using our knowledge about the molecule.
It is important to stick to this strategy, however, it needs to be extended. Currently only chain-like molecules, like proteins or other polymers, are supported.
The reconstruction of Cartesian coordinates needs to be extended to branched
and ring-like systems to make EncoderMaps conformation generation tool universally applicable.
With these changes, both the neural network coarse graining approach and EncoderMap have a good chance to become well established in the simulation community.
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Zusammenfassung
Vereinfachte Repräsentationen molekularer Systeme sind für die Lösung zweier
zentraler Probleme molekularer Simulationen unerlässlich: Zum einen könne
sie den Rechenaufwand einer Simulation enorm senken und zum anderen ermöglichen sie die Analyse der erhaltenen Ergebnisse.
In den in dieser Arbeit enthaltenen Veröﬀentlichungen haben wir gezeigt, dass
maschinelles Lernen sehr erfolgreich angewendet werden kann, um vereinfachte
Repräsentationen molekularer Systeme zu erhalten.
Wir haben gezeigt, dass künstliche neuronale Netzwerke verwendet werden können, um hochdimensionale freie Energielandschaften für grobskalige Simulationsmodelle zu extrahieren. Eine Besonderheit unserer vorgeschlagenen Methode ist, dass das Problem die freien Energielandschaft zu ﬁnden in ein Klassiﬁzierungsproblem umgewandelt wird. Die Klassiﬁzierung erfolgt zwischen
Konformationen, die in einer atomistischen Referenzsimulation gefunden wurden, und ”fake” Konformationen, die aus einer bekannten Verteilung gezogen
wurden. Mit diesem Ansatz ist es möglich, außergewöhnlich grobe Modelle
zu erstellen, bei denen das Molekül nur mit sehr wenigen Einheiten dargestellt
wird. Solche außergewöhnlich grobskalige Modelle sind besonders wichtig, um
einen wesentlichen Eﬃzienzvorteil gegenüber atomistischen Simulationen zu
erzielen.
Mit EncoderMap haben wir einen neuen Algorithmus zur Reduzierung der Dimensionalität eingeführt, der die Vorteile von multidimensionaler Skalierung
und neuronalen Netzwerk-Autoencodern kombiniert. Unser Ansatz umgeht
die ungünstige quadratische Skalierung der mehrdimensionalen Skalierung und
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reduziert die für die Durchführung der Dimensionsreduzierung erforderliche
Zeit drastisch. Mit dem trainierten neuronalen Netzwerk erhalten wir eine
diﬀerenzierbare Funktion, die die Repräsentationen unterschiedlicher Dimensionalität verbindet und es ermöglicht, EncoderMap mit enhanced samplingAnsätzen zu kombinieren, bei denen in einem niedrigdimensionalen Raum BiasPotentiale deﬁniert werden. Gleichzeitig sorgt der multidimensionale Skalierungsaspekt dafür, dass Daten auf informative Weise angeordnet werden, wobei
Entfernungen in der niedrigdimensionalen Karte aussagekräftig werden. Neben
der Projektion hochdimensionaler Daten in eine niedrigdimensionale Karte ist
es auch möglich, Punkte in der Karte zurück in den hochdimensionalen Raum
zu projizieren. Mit diesem Werkzeug können beispielsweise Molekülkonformationen für bestimmte Punkte in einer zweidimensionalen Konformationskarte erzeugt werden. Die generierten Konformationen spiegeln nur die wichtigsten Konformationsänderungen wider, die während des Dimensionsreduktionsprozesses identiﬁziert wurden, was eine einzigartige, neue Perspektive auf Konformationsdaten ermöglicht.
Die Kombination von atomistischen Simulationen und unserem vorgeschlagenen Ansatz um grobskalige Modelle zu erzeugen, sowie unserem entwickelten
Dimensionsreduktionsschema ermöglicht es, von all diesen Auﬂösungsstufen
zu proﬁtieren. Dadurch können wir die Vorteile einer detaillierten Erkundung
im atomistischen Raum mit der Schnelligkeit von grobeskaligen Simulationsmodellen vereinigen und zusätzlich den Verlauf mit Hilfe von Karten, die durch
Dimensionsreduktion erhalten wurden, beobachten und steuern.
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