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Zusammenfassung
Das übergeordnete Thema dieses Werks ist Spintransport, ein Teilgebiet des
Magnetismus. Alle Untersuchungen werden dabei mit Methoden der theoretischen Physik durchgeführt, insbesondere mittels Computersimulationen eines atomistischen, klassischen Spinmodells. Spintransport handelt – analog
zu elektrischen Transport – vom Transport magnetischer Momente von einem
Ort zu einem anderen. Es gibt verschiedene Ausprägungen dieses Transports:
zum Beispiel in Form von sogenannten Spinwellen – elementare, wellenförmige Anregungen des magnetischen Grundzustandes –, die sich entsprechend
einer Dispersionsrelation im Magnet ausbreiten und sowohl Energie als auch
magnetisches Moment übertragen können. Deren Erforschung geht viele Jahrzehnte zurück, z. B. auf die Arbeiten von Bloch.[1,2] Aufgrund der Entwicklung der Nanostrukturierung hat dieser Spintransport in den letzten Jahren
wieder vermehrt Aufmerksamkeit auf sich gezogen.[3] Die Nanostrukturierung
erlaubt es z. B. dünne Drähte oder Filme mit eine Ausdehnung von wenigen Nanometern herzustellen und zu vermessen, auch deren magnetische Eigenschaften. Außerdem erlauben solche Nanosystemen, neuere Konzepte wie
beispielsweise topologische Transportkanäle oder ultraschnelle Phänomen zu
studieren. Abgesehen vom Studium von interessanten Effekten eröffnet Spintransport auch einige praktische Anwendungen. Im Falle von Spinwellen in
magnetischen Isolatoren[4,5] entsteht keine joulesche Wärme, sie erlauben also energieeffizienten Transport.[6] Dies wiederum kann für die Implementierung von logischen Schaltungen verwendet werden, wie sie in Prozessoren
[1] F.

Bloch. „Zur Theorie des Ferromagnetismus“. Zeitschrift für Physik 61, S. 206–219
(1930)
[2] J. Van Kranendonk und J. H. Van Vleck. „Spin Waves“. Rev. Mod. Phys. 30, S. 1–23
(1958)
[3] V. V. Kruglyak, S. O. Demokritov und D. Grundler. „Magnonics“. Journal of Physics
D: Applied Physics 43, S. 264001 (2010)
[4] M. Wu und A. Hoffmann, Hrsg. Recent Advances in Magnetic Insulators – From Spintronics to Microwave Applications. Academic Press (2013)
[5] K. Nakata, P. Simon und D. Loss. „Spin currents and magnon dynamics in insulating
magnets“. Journal of Physics D: Applied Physics 50, S. 114004 (2017)
[6] G. E. W. Bauer, E. Saitoh und B. J. van Wees. „Spin caloritronics“. Nature Materials
11, S. 391–399 (2012)
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vorkommt.[7] Es ist außerdem wohlbekannt, dass magnetischen Strukturen
mit spinpolarisierten elektrischen Strömen manipuliert werden können, also
z. B. Domänenwände[8] oder Skyrmionen[9,10] , wobei letztere beispielsweise
als mögliche Datenspeicher gehandelt werden.[11] Selbiges gilt auch für magnonische Ströme in Isolatoren.[12–14]
Die vorliegende Dissertation handelt nun von zwei verschiedenen Aspekten
des Spintransports, nämlich von Lokalisierungseffekten von Spinwellen in ungeordneten Systemen und von Spinsuprafluidität. Beide Phänomene bilden
in gewisser Weise gegenüberliegende Pole von Transportphänomenen: Lokalisierung handelt von einer Abschwächung – bis hin zur kompletten Abwesenheit – des Transports als Folge von Interferenzeffekten. Dem gegenüber
steht die Spinsuprafluidität, eine Spielart, die im Vergleich zu Spinwellen eine ungewöhnlich hohe Reichweite des Transports mit sich bringt, und somit
in gewisser Weise optimalen Transport darstellt. Tatsächlich gibt es ähnliche
Phänomene auch z. B. für den Elektronentransport, d. h. Lokalisierung der
elektrischen Wellenfunktionen und Supraleitung, die beide bei tiefen Temperaturen auftreten. Für den elektronischen Transport ist bekannt, dass dieser
sich bei Abkühlung aber nur für einen von beiden Effekten entscheiden kann:
Anderson-Lokalisierung schließt Supraleitung aus und umgekehrt.[15] Dies ist
die kontrapunktische Gegenüberstellung dieser Arbeit: komplett unterdrückter Spintransport versus optimaler Transport.
[7] A.

V. Chumak, A. A. Serga und B. Hillebrands. „Magnon transistor for all-magnon
data processing“. Nature Communications 5, S. 4700 (2014)
[8] P. Yan, X. S. Wang und X. R. Wang. „All-Magnonic Spin-Transfer Torque and Domain
Wall Propagation“. Phys. Rev. Lett. 107, S. 177207 (2011)
[9] U. K. Rößler, A. N. Bogdanov und C. Pfleiderer. „Spontaneous skyrmion ground states
in magnetic metals“. Nature 442, S. 797–801 (2006)
[10] S. Mühlbauer u. a. „Skyrmion Lattice in a Chiral Magnet“. Science 323, S. 915–919
(2009)
[11] A. Fert, V. Cros und J. Sampaio. „Skyrmions on the track“. Nature Nanotechnology
8, S. 152 (2013)
[12] D. Hinzke und U. Nowak. „Domain Wall Motion by the Magnonic Spin Seebeck Effect“.
Phys. Rev. Lett. 107, S. 027205 (2011)
[13] L. Kong und J. Zang. „Dynamics of an Insulating Skyrmion under a Temperature
Gradient“. Phys. Rev. Lett. 111, S. 067203 (2013)
[14] C. Schütte und M. Garst. „Magnon-skyrmion scattering in chiral magnets“. Phys. Rev.
B 90, S. 094423 (2014)
[15] D. B. Haviland, Y. Liu und A. M. Goldman. „Onset of Superconductivity in the TwoDimensional Limit“. Phys. Rev. Lett. 62, S. 2180–2183 (1989)
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Um diese Transportphänomene zu untersuchen, werden in Kapitel II zunächst
die Grundlagen des Magnetismus vorgestellt, insbesondere das atomistische
Spinmodell, das am meisten für die weiteren Untersuchungen verwendet wird.
Dieses Spinmodell verwendet klassische magnetische Momente (klassisch im
Sinne von nicht quantisiert) als Freiheitsgrade, wobei jedem magnetischen
Atom ein magnetisches Moment zugeordnet wird. Die Energie dieser Momente ist durch eine Hamiltonfunktion beschrieben, die verschiedene Beiträge beinhaltet, z. B. die Zeeman-Energie in einem von außen angelegten
Magnetfeld, aber auch die Wechselwirkung der Momente untereinander, gegeben durch einen Heisenberg-Austausch. Für jedes der Momente kann eine
Bewegungsgleichung aufgestellt werden, wobei die Wechselwirkung diese Gleichungen koppelt. Diese formen ein System von stochastischen, gewöhnlichen
Differentialgleichungen,[16] die in dieser Arbeit vornehmlich numerisch gelöst
werden, wobei selbst entwickelte Software zum Einsatz kommt. Der Hauptvorteil dieser Software ist, dass sie eine Parallelisierung mit verteiltem Speicher
(engl. distributed memory) verwendet und daher gleichzeitig eine große Anzahl
von Prozessoren verwenden kann. Dies ist insbesondere für große Systeme von
Vorteil. Die Methodik dazu ist in Kapitel III erläutert. Des Weiteren werden
in den Unterkapiteln II.3 und II.4 die Grundlagen der Lokalisierungseffekte in
ungeordneten Medien und der Spinsuprafluidität behandelt.
Die numerische Untersuchung von Spinwellenlokalisierung in Kapitel IV spaltet sich in zwei Teile, gegeben durch schwache- und starke Lokalisierungseffekte. Beide haben dieselben grundsätzlichen Voraussetzungen: Transport
mit Wellencharakter, Erhaltung der Kohärenz während des Transports und
Streuung an Unordnung. Der entscheidende Mechanismus hinter der Lokalisierung besteht in der Interferenz der gestreuten Teilwellen, die im Regelfall den Transport behindern. Beim Vorliegen von schwacher Lokalisierung ist
Transport zu beobachten, aber es gibt merkliche Abweichungen im Vergleich
zu inkohärentem, diffusiven Transport. Im Falle von starker Lokalisierung –
die auch den Namen Anderson-Lokalisierung[17] trägt – führt die Interferenz
dazu, dass der Transport gänzlich zum Erliegen kommt. Unterkapitel IV.1 hat
schwache Lokalisierung zum Gegenstand und behandelt insbesondere kohären[16] U. Nowak. „Classical Spin Models“. In: Handbook of Magnetism and Advanced Magnetic Materials. Bd. 2, John Wiley & Sons, Ltd (2007)
[17] P. W. Anderson. „Absence of Diffusion in Certain Random Lattices“. Phys. Rev. 109,
S. 1492–1505 (1958)
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te Rückstreuung[18,19] , ein Phänomen, das im Impulsraum beobachtet werden
kann, und die Kohärenz des Transports im ungeordneten Medium beweist.
Dabei wird ein Wellenpaket mit Wellenvektor k0 im Medium betrachten, dass
dann für −k0 eine erhöhte Streuung aufweist. In der vorliegenden Arbeit wird
gezeigt, dass dies für verschiedene Magnete zu beobachten ist, für einfache
Ferro- und Antiferromagnete, aber auch komplexere Ferromagnet, nämlich
solche, die eine Kagomegitterstruktur besitzen. Ein wichtiges Ergebnis dieser
Arbeit ist, dass dies selbst für Magnete der Fall sein kann, die nicht inversionssymmetrisch sind, bei denen also die Wellenvektoren k und −k nicht
äquivalent sind. Für Ferromagnete mit einer einfachen Gitterstruktur wird
gezeigt, dass eine verallgemeinerte Kohärenzbedingung erfüllt ist, die die kohärente Rückstreuung möglich macht. Es wird jedoch auch gezeigt, dass diese
Bedingung für Kagomeferromagnete im Allgemeinen nicht erfüllt ist, und die
kohärente Rückstreuung folglich verschwinden kann. Dazu muss eine besondere Art der Wechselwirkung – die Dzyaloshinskii-Moriya-Wechselwirkung –
vorhanden sein, aber es gibt Magnete, die diese Voraussetzungen erfüllen[20] .
Des Weiteren wurde in Antiferromagneten die Magnetfeldabhängigkeit untersucht, mit dem Ergebnis, dass diese die kohärente Rückstreuung kaum beeinflusst. Andere Arbeiten[21] finden im Gegensatz dazu durchaus eine Magnetfeldabhängigkeit. Dabei ist der Transport dort jedoch durch einen Temperaturgradienten thermisch aktiviert, wohingegen in dieser Arbeit ein einzelnes
Wellenpaket betrachtet wird. Folglich sind beide Systeme ohne Weiteres nicht
zu vergleichen und weitere Untersuchungen sind nötig, um zu klären, woher
das unterschiedliche Verhalten rührt. Diese wurden im vorliegenden Werk jedoch nicht durchgeführt und sind der Zukunft vorbehalten.
Das Studium der starken Lokalisierung von Spinwellen findet sich in Unterkapitel IV.2. Für Ferromagnete in Form einer Spinkette wird starke Lokalisierung gezeigt, dass der Transport also gänzlich unterdrückt ist und es wird
[18] G.

Bergmann. „Weak localization in thin films: a time-of-flight experiment with conduction electrons“. Physics Reports 107, S. 1–58 (1984)
[19] N. Cherroret, T. Karpiuk, C. A. Müller, B. Grémaud und C. Miniatura. „Coherent
backscattering of ultracold matter waves: Momentum space signatures“. Phys. Rev. A
85, S. 011604 (2012)
[20] D. V. Nazipov, A. E. Nikiforov und V. A. Chernyshev. „Structure, Lattice Dynamics,
and Exchange Interaction in Lu2 V2 O7 , Y2 V2 O7 : an Ab Initio Approach“. Optics and
Spectroscopy 121, S. 544–548 (2016)
[21] N. Arakawa und J.-i. Ohe. „Negative magnetothermal resistance in a disordered twodimensional antiferromagnet“. Phys. Rev. B 96, S. 214404 (2017)
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die dafür charakteristische Längenskala – die Lokalisierungslänge – bestimmt.
Ein weiteres untersuchtes System ist eine quasi-eindimensionale Geometrie –
ein Ferromagnet, der in eine Richtung ausgedehnt ist und transversal dazu
einen kleinen, aber endlichen Querschnitt besitzt. Die direkte Beobachtung
der starken Lokalisierung im Ortsraum gestaltet sich hier schwierig, da die
Lokalisierungslänge so groß ist, dass entsprechend lange Systeme simuliert
werden müssen, was aus numerischer Sicht sehr herausfordernd ist. Deshalb
wird in diesem Fall die starke Lokalisierung im Impulsraum gezeigt, durch die
sog. kohärente Vorwärtsstreuung. Außerdem wird die Zeitentwicklung dieses
Phänomens untersucht, wobei sich herausstellt, dass diese sich ähnlich zur
bereits bekannten Vorwärtsstreuung von Materiewellen[22] verhält.
Diese Dissertation hat – im Sinne des Kontrapunkts – die Spinsuprafluidität als Comes zu den Lokalisierungseffekten. Der Namen „Spinsuprafluidität“
stammt von einer Analogie zur Suprafluidität von flüssigem Helium-4 oder
zur Supraleitung.[23,24] Der Ordnungsparameter bestimmter Magnete, z. B.
solche mit einer leichten magnetischen Ebene, weist dieselbe Symmetrie auf
wie der Ordnungsparameter der konventionellen Suprafluidität und es ergeben
sich daher sehr ähnliche Transportgleichungen. Folglich hat der Transport in
diesen Magneten ähnliche Eigenschaften wie die konventionelle Suprafluidität.
Es gibt jedoch einen wichtigen Unterschied, nämlich die magnetische Dämpfung, die für die Spinsuprafluidität immer auch Dissipation mit sich bringt.[25]
Die Abwesenheit von Dissipation ist aber eine wesentliche, ja definierende Eigenschaft der konventionellen Suprafluidität und der Spintransport weicht in
diesem Punkt davon ab. Dennoch weist die Spinsuprafluidität viele interessante Eigenschaften auf, die es wert sind, untersucht zu werden.
Dies ist Gegenstand von Kapitel V dieser Arbeit. Dazu werden zunächst Ferround Antiferromagnete in Form von Spinketten bei Temperatur T = 0 untersucht. Die numerischen Ergebnisse werden im Lichte einer analytischen Theorie für Ferromagnete ausgewertet und interpretiert, die im Unterkapitel II.4
[22] T.

Karpiuk u. a. „Coherent Forward Scattering Peak Induced by Anderson Localization“. Phys. Rev. Lett. 109, S. 190601 (2012)
[23] B. I. Halperin und P. C. Hohenberg. „Hydrodynamic Theory of Spin Waves“. Phys.
Rev. 188, S. 898–918 (1969)
[24] E. B. Sonin. „Analogs of superfluid currents for spins and electron-hole pairs“. Zh.
Eksp. Teor. Fiz. 74, S. 2097–2111 (1978)
[25] E. B. Sonin. „Spin currents and spin superfluidity“. Advances in Physics 59, S. 181–
255 (2010)
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herausgearbeitet wird. Diese weicht von bereits existierenden Theorien leicht
ab, was von verschiedenen Modellannahmen herrührt, wie in diesem Kapitel
erläutert wird. Die numerischen Untersuchungen bestätigen zunächst die von
der analytischen Theorie vorhergesagte Reichweite des Transports und auch,
dass es eine endliche Spinakkumulation gibt, die prinzipiell messbar ist. Der
Vergleich zwischen Ferro- und Antiferromagneten ergibt jedoch, dass diese
Spinakkumulation in letzteren wesentlich kleiner ist (zwei bis drei Größenordnungen) und dass dies auf die Natur des antiferromagnetischen HeisenbergAustauschs zurückgeführt werden kann. Dies ist dahingehen ein wichtiges Ergebnis, als dass Ferromagnete bezüglich der Spinsuprafluidität eher von akademischen Interesse sind. Der Grund dafür ist die Dipol-Dipol-Wechselwirkung,
die in der Theorie vernachlässigt werden kann, jedoch nicht in Experimenten, und es wurde bereits gezeigt, dass diese die Spinsuprafluidität merklich beeinträchtigt[26] . Antiferromagnete sind daher vielversprechender, da hier
diese Wechselwirkung auch in experimenteller Realisierung vernachlässigbar
ist. Gegenstand der hier vorgelegten numerischen Untersuchung ist auch die
Abhängigkeit des Transports von der Stärke der Anregung, und es wird gezeigt, dass es eine maximale Frequenz gibt, mit der das Spinsuprafluid ohne
Störung angeregt werden kann. Jenseits dieser Frequenz treten sog. Phasenschlupfer auf (engl. phase slips), die den Spinstrom limitieren. Diese werden
untersucht, insbesondere auch in Hinblick auf die dissipierte Energie, die damit
verbunden ist. Interessanterweise verhalten sich Ferro- und Antiferromagnete
hier erstaunlich ähnlich und es stellt sich heraus, dass die durch den Austausch
reduzierte Spinakkumulation der qualitative Hauptunterschied zwischen den
beiden Materialklassen ist. Im weiteren Verlauf der Arbeit werden auch dreidimensionale Geometrien untersucht und auch endliche Temperaturen. Diese
Studien ergeben, dass die Modellierung in einer Dimension bei Temperatur
T = 0 sehr valide ist und insbesondere, dass sich die Spinsuprafluidität sehr
robust gegenüber einer endlichen Temperatur verhält.
Auch diese Untersuchungen sind noch längst nicht abgeschlossen und es gibt
viele offene Fragestellungen. Ein weiterer wichtiger Aspekt ist z. B. der Einfluss von Defekten, mit dem sich hier noch nicht befasst wurde. Die mögliche
Interferenz von zwei Spinsuprafluiden bleibt ebenfalls zukünftigen Arbeiten
überlassen.
[26] H.

Skarsvåg, C. Holmqvist und A. Brataas. „Spin Superfluidity and Long-Range Transport in Thin-Film Ferromagnets“. Phys. Rev. Lett. 115, S. 237201 (2015)
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Abschließend bleibt zu bemerken, dass der Anhang dieser Dissertation einige detaillierte Rechnungen und Erläuterungen zu technischen Problemen, die
während der Promotion aufgetreten sind, beinhaltet. Dies soll es interessierten
Lesern ermöglichen, die Rechnungen, Simulationen und die Datenauswertung
auch hinsichtlich ihrer praktischen Implementierung nachzuvollziehen.
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General mathematical
notation
Complex numbers:
The imaginary unit is i and a complex conjugate is marked by superscript ∗,
i.e. z = a + ib ⇒ z ∗ = a − ib. Re and Im denote the real- and imaginary part
respectively: Re(z) = a, Im(z) = b.
Vectors and matrices:
Vectors are printed bold in general, e.g. r for the position. The same is true for
vector operators, e.g. ŝ for a spin operator. Note that the subscript of these
vectors is reserved to denote the components of the vector and if it carries
another index denoting something else this is then a superscript. For instance,
r l may denote the position of the lth site of a lattice, and the x component is
rxl . The only exception to this rule are unit vectors: they are always written as
e and the subscript denotes the direction, i.e. ex = (1, 0, 0)T , ey = (0, 1, 0)T
and ez = (0, 0, 1)T are the unit vectors for x-, y- and z direction respectively.
A transposition of a vector or matrix is denoted with a superscript T , i.e. r T
for the transposition of a position vector.
Sets:
If Ω is some set, usually a subset of Rd , then the boundary of this set is ∂Ω.
Furthermore, the volume of such a set is marked by |Ω| (assuming usually the
Lebesgue measure).
Norms:
General norms are denoted by k·k. Usually it carries an index to specify the
particular norm, e.g. kxkmax is the maximum norm. If, however, no index is
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given, the particular norm does not matter, which is usually the case in finitedimensional space Rd , where all norms are equivalent. A special norm is the
Euclidean norm on Rd that is also written as absolute value kxk2 = |x|.
Operators and derivatives:
Quantum mechanical operators always carry a hat: Ô, however, note that a hat
may also indicate a Fourier-space property as described below. The Hermitian
conjugate of such an operator, i.e. the adjoint operator, has a superscript
dagger: Ô† . Two special operations on quantum operators are the commutator
and the anticommutator, for which [â, b̂] = âb̂ − b̂â and {â, b̂} = âb̂ + b̂â are
used.
Outside of quantum mechanical descriptions there are also operators, usually
differential operators. The Laplacian of a space-dependent function f (r) reads
∆f (r) = (∂x2 + ∂y2 + ∂z2 )f (r). Furthermore, there are functional derivatives, for
which a δ is used: if ϕ(r) is a space-dependent field, the functional derivative
reads δF (ϕ,∇ϕ)/δϕ.
Fourier transform:
Fourier transforms are usually done for transforms from position- to momentum space or from time- to frequency space and vice versa. Properties in
position- and time domain do not carry a special symbol, whereas the Fouriertransformed properties carry a hat: fˆ(k) is the Fourier transform of f (r).
Moreover, the dependency marks the space: r refers always to the position
space and t to the time domain. Contrary, k indicates the momentum- and ω
the frequency space.
Mean values and statistical averages:
The symbol for averages in general is h·i, however, normally a subscript marks
over which set the average is particularly done and how. For instance, let f
be a random property described
by a probability distribution P (f ), then the
R
mean value reads hf iP = f P (f ) df . Another example could be an average
over a time interval [t1 , t2 ]:
hf (t)i[t1 ,t2 ]

1
·
=
t2 − t1

Zt2
t1

f (t) dt.
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Units:
There are in principle two kinds of units in this work: SI units and a unit system based on the material parameters. The latter is used if no specific material
is investigated, which is the case in most circumstances in this thesis. In such
a case properties are expressed relative to the values of some parameter. For
instance, the atomistic spin model has a material parameter J—the exchange
constant—that is an energy and other energies are given relative to this one,
e.g. E0 = 4.2 J. The complete unit system is introduces in appendix A.

I. And in every beginning
there is a magic...:
Introduction
omentum, it’s all about momentum: this entire world—meaning the universe itself, our planet, including the life on its surface in general, and more specifically human society, down to
our personal lives in terms of our bare, physical existence as
well as our personalities, interests and attitudes—is never resting, but rather permanently in action; either because of external forces or for reasons of internal motivation. Physicists may describe this as
absence of equilibrium: an equilibrated universe would be indeed quite boring
to watch and, especially, dead as well. Just as the non-dead universe, we all
are out of equilibrium; action fuels life in the purest since of the word. One
specific aspect of this permanent action is what physicists call transport—
undoubtedly keeping us alive by means of ion exchange in our cells, blood
flow in our veins and electrical signals flashing through our nerves.
For our modern lives, transport shows, however, much more varieties then just
ensuring our survival; it enables us to bring goods and also electricity and heat
where we want, it allows us to move instantaneously information from one
place to another. Also, electrical transport is necessary for the functionality
of electric devices, just as it is true for ourselves as biological creatures.
This is—in the broadest sense—the overarching topic of this thesis: transport.
Of course not from this overacting perspective mentioned above, but rather
very technical on one infinitesimal small part of physical transport phenomena:
spin transport. The very concept of spin transport can be conceptualized by
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analogy to transport of electrical charge. Electricity, as we use it in our everyday life, utilizes moving charge carriers, say electrons. A directional movement
of the electrons is accompanied by flow of energy and of electrical charge and
is usually fueled by an electrical field. In the light of this, one can also consider
spin transport: it comprises a flow of energy, too, but in contrast to electrical
charge is accompanied by a flow of magnetic moment. Just as for electrical
currents, a carrier for these moments is required, which could also be electrons,
but also other possibilities exist, which are addressed throughout this thesis.
Let us stay for a moment with electrons: in addition to their mass me and
electrical charge −e, they posses a magnetic moment µe , given by an intrinsic
property called spin. This moments absolute value is fixed, but its orientation
is not: it may take two different directions, by physicists usually denoted spin
up (↑) and spin down (↓)—these two options are antiparallel two each other:
µ↓ = −µ↑ . If in a metal all electrons contributing to an electrical current have
the same orientation, say µ↑ , then the electrical transport is also accompanied by a transport of magnetic moment, i.e. by spin transport. However, in
normal metals 50 % of the electrons have µ↑ and the other 50 % µ↓ and the
total spin current sums up to zero. This can be different in ferromagnetic metals, where one contribution is dominant and a finite net spin current results.
Consequently, magnetic materials are natural candidates for spin transport,
because otherwise the electrical current needs to be spin polarized first. The
study of such simultaneous transport of charge and magnetic moment is the
subject of the research field of spintronics.[27] There is, however, a major difference between electric- and spin transport: the conservation laws. Electrical
charge is strictly conserved, which for flowing electrons in a metal means that
they do not turn into positrons or alter their charge in any different manner.
Contrary, the magnetic moment of an electron may indeed change; for instance, an electron with µ↑ may scatter at a magnetic defect to µ↓ . This lack
of conservation of magnetic moment sets additional limits to spin transport
and is often treated in term of magnetic damping, for example parameterized
by a dimensionless quantity α, called Gilbert damping parameter.
However, spin transport by means of spin-polarized electrical currents as
sketched before has some disadvantages: for example the ohmic losses that
lead to Joule heating—wasting energy in heating up the metal. Furthermore,
[27] I.

Žutić, J. Fabian, and S. Das Sarma. „Spintronics: Fundamentals and applications“.
Rev. Mod. Phys. 76, pp. 323–410 (2004)
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the aforementioned magnetic damping typically takes relatively high values in
metals. Thus, modern research on spin transport focuses also on a different
class of materials: magnetic insulators. There, spin transport is not a feature
of electrical charge transport, but rather of excitations of the magnetic order. These excitations have wave character and therefore form quasi particles,
which akin to electrons carry energy and angular momentum. By contrast,
they do not give rise to Joule heating and potentially allow transport with
very low energy consumption.[6] Because of their oscillating nature, these are
called spin waves and will be introduced in later parts of this work. As their
corresponding quanta are called magnons, the study of spin-wave transport
is summarized under the term magnonics.[3] The bad news for magnetic insulators is that these also exhibit the problem from above, namely magnetic
damping. But there are also good news: many magnetic insulators are oxides
where the Gilbert damping takes exceptionally low values, allowing spin transport on length scales hard to reach in metals.[28]
The previous discussion of spin- in comparison to electric transport lead us
to similarities and difference between them, which in a way sets the motivation for this thesis: for example, at low temperatures electric transport shows
superconductivity—perfect electric transport—, but it also may be subjected
to localization effects in the presence of disorder—which suppress transport.
Is that true for spin transport in magnetic insulators as well? And if so,
what is different? Such questions are addressed by research on spin transport. Magnets itself comprise an astonishing manifoldness of the magnetic order: there are common ferromagnets, but also antiferromagnets[29] , spin-spiral
magnets[30,31] ; these materials furthermore feature magnetic structures as do[6] G.

E. W. Bauer, E. Saitoh, and B. J. van Wees. „Spin caloritronics“. Nature Materials
11, pp. 391–399 (2012)
[3] V. V. Kruglyak, S. O. Demokritov, and D. Grundler. „Magnonics“. Journal of Physics
D: Applied Physics 43, p. 264001 (2010)
[28] L. J. Cornelissen, J. Liu, R. A. Duine, J. Ben Youssef, and B. J. van Wees. „Longdistance transport of magnon spin information in a magnetic insulator at room temperature“. Nature Physics 11, p. 1022 (2015)
[29] T. Jungwirth, X. Marti, P. Wadley, and J. Wunderlich. „Antiferromagnetic spintronics“. Nature Nanotechnology 11, pp. 231–241 (2016)
[30] M. Bode et al. „Chiral magnetic order at surfaces driven by inversion asymmetry“.
447, pp. 190–193 (2007)
[31] Y. Togawa et al. „Chiral Magnetic Soliton Lattice on a Chiral Helimagnet“. Phys.
Rev. Lett. 108, p. 107202 (2012)
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main walls[32,33] or skyrmions[9,10,34] . Therefore, spin transport also exhibits
manifold phenomena for these different kinds of magnets, which leads to the
current interest in studying spin transport in general. On the other hand, spin
transport is regarded as promising in terms of applications. An example is
the development of spin-wave-based logic devices[7] using insulators—utilizing
the energy efficiency—, another one is data storage in antiferromagnets[35] —
leading to storage devices that are potentially very robust with respect to
magnetic fields. To make a long story short: magnetism shows a huge playground in terms of material parameters and material properties, which is of
course interesting from the point of view of fundamental research, but it is
also useful from a practical point of view, since it allows to select materials
that suites the requirements best.
Before we continue, there is an important disclaimer to make in order to be
fair to the reader: this whole thesis is a piece of theoretical physics, which sets
the bass line for everything that follows. To be more precise, it mainly utilizes
computer simulations of classical spin models, which are in particular suitable
to describe magnetic insulators. This being said, we can finally specify the
aspects of spin transport that are investigated. Above we asked whether there
are analogies for superconductivity and localization effects in spin transport
and how these may behave physically, which already sets this thesis’ topics.
The first issue is the impact of disorder, meaning imperfections or defects in a
material, on the transport of spin waves. Disorder usually impedes transport,
but depending on the situation in different manners. In this work the topic
is given by so-called localization effects, which occur for coherent transport
[32] T.

Shiino et al. „Antiferromagnetic Domain Wall Motion Driven by Spin-Orbit
Torques“. Phys. Rev. Lett. 117, p. 087203 (2016)
[33] K. Wagner et al. „Magnetic domain walls as reconfigurable spin-wave nanochannels“.
Nature Nanotechnology 11, p. 432 (2016)
[9] U. K. Rößler, A. N. Bogdanov, and C. Pfleiderer. „Spontaneous skyrmion ground states
in magnetic metals“. Nature 442, pp. 797–801 (2006)
[10] S. Mühlbauer et al. „Skyrmion Lattice in a Chiral Magnet“. Science 323, pp. 915–919
(2009)
[34] S. Heinze et al. „Spontaneous atomic-scale magnetic skyrmion lattice in two dimensions“. Nature Physics 7, pp. 713–718 (2011)
[7] A. V. Chumak, A. A. Serga, and B. Hillebrands. „Magnon transistor for all-magnon
data processing“. Nature Communications 5, p. 4700 (2014)
[35] P. Wadley et al. „Electrical switching of an antiferromagnet“. Science 351, pp. 587–
590 (2016)
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of waves, and which even may completely suppress transport.[17] As it stems
from interference, this transport is ubiquitous for all kind of waves and is,
hence, also a matter for spin waves. However, this has not been studied too
much in the past in contrast to other systems as electrons, photons, atomic
matter waves or sound waves, and as we prove in this thesis, there are peculiar
aspects for spin waves. Furthermore, this study is motivated from a practical
consideration: in real-world materials, disorder is—at least to an extend—
always present, such that it is worth to investigate its ramifications. Seen
from a dialectic point of view, the second aspect of this thesis can be regarded
as the antithesis to the first one: not a complete suppression of transport,
but rather a kind of perfect spin transport, called spin superfluidity.[23,24] The
name originates form some analogy to conventional superfluidity where a fluid
loses its viscosity and flows without any dissipation. However, as explained
during the course of this work, the “super” aspect is not fulfilled by this kind
of spin transport, i.e. it does dissipate energy because of the aforementioned
magnetic damping; but it does show some interesting features setting it apart
from other flavors of spin transport, for instance from conventional spin-wave
transport. Even though its original idea is quite old, it is a rather new topic
in terms of solid state magnets and many aspects remain to be explored.
With this, let us outline the thesis: Spin transport is mostly considered in
solid state magnets, which requires an introduction to magnetism as a field of
solid state physics, forming the starting point in chapter II. In particular, this
includes how to describe magnetism from theoretical point of view, and an
introduction to the main model used here is provided. Besides general aspects
of magnetism, also spin transport mediated by spin waves and by spin superfluids is part of this introduction to the basics, as well as an introduction to
localization effects. With the basic background in mind, the work turns to the
methodology used here. This work heavily rests on numerical investigations,
such that chapter III describes how to treat numerically the magnetic models
by means of computer simulations. Chapter IV and chapter V present then the
[17] P.

W. Anderson. „Absence of Diffusion in Certain Random Lattices“. Phys. Rev. 109,
pp. 1492–1505 (1958)
[23] B. I. Halperin and P. C. Hohenberg. „Hydrodynamic Theory of Spin Waves“. Phys.
Rev. 188, pp. 898–918 (1969)
[24] E. B. Sonin. „Analogs of superfluid currents for spins and electron-hole pairs“. Zh.
Eksp. Teor. Fiz. 74, pp. 2097–2111 (1978)
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numerical studies and findings on localization and spin superfluidity respectively. Last chapter VI summarizes and also finishes this thesis. The reader
should further note that there is a quite lengthy appendix; not everything in
the main part is carried out in all its details and can be found there.

II. Physical basics
o scientific work is a solitary erratic boulder in a vast desert,
it rather rests—just like a Corinthian capital on a massive column—on extensive research done before. Moreover,
theoretical science as the very one presented here, utilizes
certain models and there is—staying for a moment in the
metaphoric picture—an entire realm of columns of various
kinds. Thus, theoretical investigations requires to choose out of all these existing models some to utilize. This is what this chapter is about: the physical
background this work rests on, and particularly the used models, along with
their assumptions and scope of validity.
The main scientific field this work is incorporated in is magnetism. Therefore
we start in the beginning of section II.1 with this topic from a relatively broad
perspective on magnetism in solid states, coming then in section II.1.5 to the
basic model utilized throughout the whole further activities. Next step is to
consider one particular facet of magnetism, namely spin waves, an important
issue for this work introduced in section II.2. Furthermore, introductions on
localization effects in disordered systems, section II.3, and on spin-superfluid
transport, section II.4, are provided, which form the main topics of this thesis
in chapters IV and V respectively.

II.1. Magnetism
istoric origin of magnetism as a part of solid state physics is the ancient discovery by Greek and Chinese naturalists—and maybe others who did not write it down—that iron is attracted by lodestone

29

30

II. Physical basics

(the magnetized iron ore magnetite, iron(II,III) oxide).[36,37] Since known for
that long period of time, scientists had time enough to think about the causing
of this effect, such that just after more than 2000 years a profound understanding started. Reason for this rather late understanding is that magnetism is a
manifestation of the electronic structure of solids, which perches atop knowledge about quantum mechanics, atomic physics, and especially about the general structure of solids. Hence, this is the starting point here: the formation of
magnetic moments from the electronic structure as basis of magnetism. Then
some important aspects of magnetism, namely spin-orbit interaction, interactions of magnetic moments, and anisotropy effects are discussed. This finally
leads to one specific model to describe magnetism: the classical atomistic spin
model. In the end another model, micromagnetism, is briefly discussed, which
in certain limits is closely related to the atomistic model.

II.1.1. Magnetic moments
Magnets are matter build from nuclei and
electrons interacting in a way that the material assembles in a solid state that exhibits
magnetic properties as a magnetic order or a
response to magnetic fields. These properties
An orbiting
are linked to the existence of magnetic mo- Figure II.1.1.:
−
electron
e
with
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v crements in the material, and these moments
ates
an
electric
current
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with
are a manifestation of angular momentum.
current
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=
−ev.
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Electrons posses an orbital angular momencurrent
creates
a
dipolar
magtum, as well as a spin angular momentum,
both resulting in magnetic moments. The netic field, that is given by the
same is true for the nuclei, but it turns out magnetic moment µ.
that the magnetic moment of a nucleus is 10−3 to 10−4 times smaller compared to an electron.[38] It only plays a role at very low temperatures if the
[36] J.

Needham, W. Ling, and K. G. Robinson. Science and Civilisation in China, vol. 4:
Physics and Physical Technology. Part I: Physics. Cambridge University Press (1962),
sec. (i) Magnetism and Electricity.
[37] B. Baigrie. Electricity and Magnetism: A Historical Perspective. Greenwood (2006),
chap. 1: Early Investigations.
[38] S. Blundell. Magnetism in Condensed Matter. Oxford University Press (2003), sec. 2.7
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electronic angular momenta sum to zero; therefore it is often neglected and
not discussed here.
Even restricted to electronic contributions, understanding magnetic moments
requires a quantum mechanical point of view1 . One origin is the orbital angular momentum of charged particles: if a particle has a finite orbital angular
momentum l̂, with quantum numbers l and ml , then the magnetic moment is
q
µ̂ = g 2m
l̂, where g is the corresponding g-factor, q and m are electrical charge
and mass of the particle. Although of quantum origin, there is a close connection to classical electrodynamics, where magnetic moments are manifestations
of electric circuits: according to Maxwell’s equations moving electrical charges
create a magnetic field and the magnetic moment is then given by the dipolar
contribution of that field,[42] see fig. II.1.1 for illustration.
But there is another source for a magnetic moment; even an electron without
orbital momentum possesses a property called spin, which also leads to a magnetic moment. The spin angular momentum is described by a vector operator
ŝ, which is also a quantum mechanical angular momentum operator. Thus,
magnetic moments are a manifestation of quantum mechanical angular momentum. In general, the connection between an angular momentum operator
X̂ and the corresponding magnetic moment operator µ̂X takes the form
µ̂X = γX X̂,

(II.1.1)

where γX is called gyromagnetic ratio. Magnetic moments in general (classical
or quantum mechanical) are vector quantities with unit in SI given by [µ̂] =
A m2 . Since angular momenta X̂ are given in units of ~, i.e. [X̂] = [~] = J s,
gyromagnetic ratios carry unit [γX ] = s−1 T−1 . Note that the close relation
between angular momentum and magnetic moment has also a linguistic implication: one usually does call a magnetic moment a “spin”, even though it
is not quite correct, since a “literal spin” is an angular momentum. Moreover, this usage of the term “spin” is not restricted to moments from spin
momenta, it is generally used for magnetic moments. However, the usage of
1 There

is in fact the statement that in classical statistical physics there should be no
magnetism in solids at all, known as Bohr-van Leewen theorem.
(N. H. D. Bohr. „Studier over Metallernes Elektrontheori“. (1911); [39]. H. J. van Leeuwen.
„Vraagstukken uit de electronentheorie van het magnetisme“. (1919); [40]. J. H. Van Vleck.
The Theory of Electric and Magnetic Susceptibilities. The Clarendon press (1932); [41])
[42] J. D. Jackson. Classical electrodynamics. Wiley (1999), chap. 5
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this “metaphoric spin” as term for a magnetic moment is possible, since the
models in magnetism often only treat the behavior of the moments and the
angular momenta are hidden behind them, such that no confusion is possible.
The formation of magnetism by electronic magnetic moments usually splits
into two contributions: the magnetic moments of the atoms and ions itself
and the itinerant electrons that are not—or only weakly—bound to nuclei.
The latter are important in metals, but can be neglected in insulators.
First we discuss the moment of an atom or ion, where the electrons are
bounded to a nucleus and therefore localized. For an electron the orbital angular momentum l̂ and spin angular momentum ŝ are both separately no conserved quantities, but the total angular momentum ĵ = l̂ + ŝ is. The situation
gets even more complex, since in general more than one electron contributes
to the total angular momentum Jˆ, and again only this is a conserved quantity.
For analytical calculation of this total angular momentum, two limiting cases
can be applied, called Russell-Saunders coupling (or L-S coupling) and j-j
coupling.[38] However, an accurate calculation in general is not possible in this
way and can be done as explained below. Anyhow, if Jˆ and the corresponding
gyromagnetic ratio γJ is known, via eq. (II.1.1) the magnetic moment follows.
As mentioned previously, the itinerant electrons in metals, which are not
bound to the nuclei, also carry magnetic moments and can also arrange in
a way that a finite magnetization results. This can be described via a band
model for electrons. A band is described via its density of states per volume DOS(E)—depending on the single-particle energy E (DOS has unit
[DOS] = J−1 m−3 in three-dimensional systems). This density of states counts
the number of particles with energy E that can occupy this band. Occupation
of states at energy E is given by a function n(E); in thermal equilibrium at
temperature T and chemical potential µ, this is (for electrons being fermions)
the Fermi-Dirac distribution[43–45] :
1

nFD (E) =
e
[38] S.

E−µ
kB T

+1

.

Blundell. Magnetism in Condensed Matter. Oxford University Press (2003), sec. 2.5
Schwabl. Statistical Mechanics. Springer-Verlag (2006), chap. 4.
[44] E. Fermi. „Zur Quantelung des idealen einatomigen Gases“. Zeitschrift für Physik 36,
pp. 902–912 (1926)
[45] P. A. M. Dirac. „On the Theory of Quantum Mechanics“. Proceedings of the Royal
Society of London Series A 112, pp. 661–677 (1926)

[43] F.
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Figure II.1.2.: Schematic band structure of paramagnetic metals where without applied magnetic field B both bands have the same energy dependence,
and the total magnetization vanishes (left panel). With finite field the electron band with parallel aligned spin moment µ̂e is favored (say spin up with
DOS↑ ), shifting the bands, such that more electrons occupy the spin-up band
and a finite net magnetization results (right panel). Here an occupation with
a Fermi distribution at temperature T = 0 is sketched, i.e. all states up to the
Fermi energy EF are occupied, all states above are empty.
Electrons are spin-1/2 particles with two possible spin states: spin up (↑) and
spin down (↓). In a band model this means that there are two subbands, one
per spin state: DOS↑ and DOS↓ , see fig. II.1.2. In metals with no spontaneous
magnetization (e.g. copper) both bands have same energy dependence and
of course same occupation, and thus the number of spin-up electrons equals
the number of spin-down electrons, and the total magnetic moment averages
to zero. The subbands can be shifted with respect to each other by applying a magnetic field; as a result the number of electrons in the one band is
higher than in the other and a net spin polarization and therefore a magnetization results. In the literature this can be found under the name Pauli
paramagnetism.[38]
Now can there be collective magnetism from these electrons? If so, this means
that the number of one sort of electrons (say spin up) must be larger and the
bands cannot be equivalent even in the absence of an external magnetic field,
a phenomenon called band splitting.[38] This is favored by the Coulomb repulsion of the electrons in combination with Pauli’s principle: if in a fixed band
[38] S.

7

Blundell. Magnetism in Condensed Matter. Oxford University Press (2003), chap.
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all the spins would prefer to have the same spin, then Pauli’s principle would
ensure that the electrons do not come too close to each other, reducing the
Coulomb energy. Contrary, this situation costs kinetic energy, since it requires
transferring electrons from one subband into accessible states of the other. In
the end, the formation of a band splitting requires a suitable band structure
that favors the first of these competing mechanisms to be dominant.[46]
In practice the calculation of the magnetic moments can hardly be done analytically for both cases, localized and itinerant electrons, since knowledge on an
interacting many-body system is required—the electronic structure. Approximately, the full electronic structure—and with it the magnetic moments—can
be determined by means of numerical methods that use spin-resolved density
functional theory[47] .

II.1.2. Spin-orbit interaction
Because of its fundamental importance for many aspects of magnetism and
magnetic models—also in this work—we would like to give a short introduction to spin-orbit interaction. As we have seen in the previous part, electrons
in matter posses spin and orbital angular momentum, the first being an intrinsic property of particles, the latter being the result of the electrons motion in
a potential. Spin-orbit interaction (sometimes called spin-orbit coupling) describes how the spin influences this motion (the orbital angular momentum)
and vice versa.
Qualitatively the situation is as follows: spin- and orbital magnetic moment
are accompanied by a magnetic moment. A magnetic moment creates a dipolar
magnetic field, and the spin magnetic moment tries to align in the magnetic
field of the orbital magnetic moment, and the other way around: the orbital
moment aligns with the spin dipolar field. The result is an energy contribution
that tries to align both moments and, thus, the angular momenta parallel. It
can be calculated from relativistic principles—from the Dirac equation[46] —
[46] W.

Nolting and A. Ramakanth. Quantum Theory of Magnetism. Springer-Verlag
(2009), sec. 5.2
[47] A. H. MacDonald and S. H. Vosko. „A relativistic density functional formalism“.
Journal of Physics C: Solid State Physics 12, p. 2977 (1979)
[46] W. Nolting and A. Ramakanth. Quantum Theory of Magnetism. Springer-Verlag
(2009), sec. 2.4
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resulting in an energy contribution taking the form Ĥso = λso ŝ · l̂, where λso
scales with some power of the atomic number Z.
This can be quite important in applications: every effect scaling with spinorbit coupling might need the use of a corresponding material, where the
usual suspects are heavy metals like platinum, tantalum or tungsten, which
usually do not show collective magnetism, but can mediate spin-orbit coupling for other magnetic atoms. An example for the use of this is the (inverse)
spin-Hall effect to inject (or detect) spin currents, where a heavy metal layer
is attached to a magnet.[48,49] Both effects are heavily used in experiments to
study spin transport, and this spin-Hall physics is also modeled for example in
chapter V. Of the consequences of spin-orbit interaction we would like to mention three more, which are of general importance for magnetic materials and
also enter the magnetic model used in this work, see section II.1.5: The first is
the existence of magnetocrystalline anisotropies that gives rise to a preferred
alignment of the atomic magnetic moments with respect to crystallographic
orientations. Another one is a special type of interaction between magnetic
moments that can occur in systems with broken inversion symmetry, the socalled Dzyaloshinskii-Moriya interaction, favoring a perpendicular alignment
of neighboring moments. The third is magnetic damping: a dynamic aspect of
all magnetic materials describing the tendency to return from an excited state
to a stable one. It can be modeled by so-called Gilbert damping, which at least
partially also scales with spin-orbit coupling. These effects will be discussed
more detailed below in the corresponding subsections.

II.1.3. Magnetic interactions
Previously we discussed how magnetic moments form out of the electronic
structure; but in order to observe collective magnetism, these magnetic moments have to interact. There are various contributions to the interactions,
but discussion here restricts to the three kinds relevant for this work.
[48] J.

E. Hirsch. „Spin Hall Effect“. Phys. Rev. Lett. 83, pp. 1834–1837 (1999)
Saitoh, M. Ueda, H. Miyajima, and G. Tatara. „Conversion of spin current into
charge current at room temperature: Inverse spin-Hall effect“. Applied Physics Letters
88, p. 182509 (2006)
[49] E.
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Heisenberg exchange interaction
The most important one is the so-called Heisenberg exchange interaction[50] ; it
was originally formulated for the interaction of two localized atomic moments,
coupled via an overlap of electronic wave functions, wherefore the term “direct exchange” was coined. But it turned out that this form of interaction is
more general. Consider two magnetic moments µ̂1 and µ̂2 , then the exchange
interaction energy is given by the Hamiltonian:
Ĥex = −J˜µ̂1 · µ̂2 ,

(II.1.2)

˜
which is parametrized by the exchange constant J,
[46]
which may be either positive or negative.
Positive J˜ favors a parallel alignment of the spins
and negative J˜ an antiparallel alignment, see
fig. II.1.3. In most cases this is the strongest interaction between two magnetic moments, and it is therefore also responsible for magnetic ordering as ferroand antiferromagnetism for which it also determines
the Curie- and Néel temperature2 . In solids this interaction is usually short-ranged, but its exact distance dependence varies very much from material to
material. Furthermore, the microscopic origin of this
interaction can be quite manifold, see appendix B.1
for some details on this. In this work it is used for
localized moments of atoms, but it is also used to
model magnetic interactions between electrons, in
that case the µ̂l would be the spin moments of two
electrons, and it can also describe an interaction between a localized moment and a moment from an
itinerant electron. But it is worth noting that exchange in form of eq. (II.1.2) is not always the whole

Figure II.1.3.: The
Heisenberg exchange
favors parallel (ferromagnetic, upper panel)
or antiparallel (antiferromagnetic,
lower
panel) orientation of
two coupled spins µ̂1 ,
µ̂2 , depending on the
sign of the exchange
˜
constant J.

[50] W. Heisenberg. „Zur Theorie des Ferromagnetismus“. Zeitschrift für Physik 49,
pp. 619–636 (1928)
[46] W. Nolting and A. Ramakanth. Quantum Theory of Magnetism. Springer-Verlag
(2009), chap. 5
2 The Curie temperature marks the phase transition paramagnetic to ferromagnetic,
whereas the Néel temperature the case paramagnetic-antiferromagnetic.
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truth. Exchange of localized moments is well described, however, in metals
the situation might be different. For example, the magnetism of the standard
magnets iron, nickel and cobalt stems from the d electrons and must be described in a different manner. One way could be the Hubbard model, where
the competition of kinetic energy of the electrons and the Coulomb repulsion
in connection with Pauli’s principle explains the formation of a band-splitting
as briefly sketched in section II.1.1.
Dzyaloshinskii-Moriya interaction
Indirect exchange between two ions may also be mediated by a third ion via
spin-orbit interaction in a way that the magnetic moments rather try to align
perpendicular than parallel. Such an interaction takes the form

ĤDM = −D̃ 12 · µ̂1 × µ̂2
(II.1.3)
and is called Dzyaloshinskii-Moriya interaction[51,52] (DMI; sometimes also
called antisymmetric exchange). The mathematical form shows that it tries to
align the moments not only perpendicular to each other, but also perpendicular to the Dzyaloshinskii-Moriya vector (DM vector) D̃ 12 , which parameterizes this interaction. In case of a system that exhibits inversion symmetry, this
interaction vanishes. The breaking of this symmetry is usually due to a noninversion symmetric crystal structure[51,52] or due to an interface[53] . Another
aspect is that it scales with the spin-orbit interaction, and thus it requires usually heavy atoms like platinum as the mediating ion. In fact, this interaction
can also be mediated by itinerant electrons.[54] The DM vectors are forced to
fulfill certain symmetries, determined by the exact breaking of the inversion
symmetry. However, the most important symmetry rule is D̃ 12 = −D̃ 21 , which
ensures that the energy for interaction of µ̂1 with µ̂2 is the same as the one
for µ̂2 and µ̂1 . In combination with the isotropic Heisenberg exchange there
are two competing energy contributions, one favoring collinear alignment, the
[51] I.

Dzyaloshinsky. „A thermodynamic theory of “weak” ferromagnetism of antiferromagnetics“. Journal of Physics and Chemistry of Solids 4, pp. 241–255 (1958)
[52] T. Moriya. „New Mechanism of Anisotropic Superexchange Interaction“. Phys. Rev.
Lett. 4, pp. 228–230 (1960)
[53] A. Crépieux and C. Lacroix. „Dzyaloshinsky–Moriya interactions induced by symmetry breaking at a surface“. Journal of Magnetism and Magnetic Materials 182, pp. 341–
349 (1998)
[54] A. Fert and P. M. Levy. „Role of Anisotropic Exchange Interactions in Determining
the Properties of Spin-Glasses“. Phys. Rev. Lett. 44, pp. 1538–1541 (1980)
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other perpendicular. Hence, overall a spin alignment canted by an angle is favored as sketched in
fig. II.1.4. If there are no further contributions to
the energy of the spins, with finite DMI the canting is also finite, which may change if for instance
a magnetocrystalline anisotropy comes into play.
The fact that an interface may be the source of
the DMI is heavily used to design magnetic structures with tailored interaction of this type.[55] If
the question for the consequences of this energy
contribution is raised, the answer is that there
are as many possible consequences as water drops
in rain. It was first introduced by Dzyaloshinskii
to explain the so-called weak ferromagnetism,[51]
Figure II.1.4.: Anisowhich turned out to be an antiferromagnetic state,
tropic
DMI
favors
where the spins are slightly canted by the DMI
canted
alignment;
withperpendicular to the Néel vector3 , such that the
out Heisenberg exchange
system shows a small ferromagnetic component in
spins orient perpendicuthat direction (which then reacts relatively easy on
lar (top), else with finite
a magnetic field in contrast to a normal collinear
angle and fixed chirality,
antiferromagnet). The DMI can also cause chiral
positive for positive sign
magnetic textures as Skyrmions[9] , spin spirals[56]
of D̃ (middle), or else
and chiral domain walls[57] , it results in inversion
negative (bottom).
asymmetric magnetic transport[58] that is also investigated in this thesis in section IV.1, it gives a contribution to the magnetic
[55] F. Hellman et al. „Interface-induced phenomena in magnetism“. Rev. Mod. Phys. 89,
p. 025006 (2017)
[51] I. Dzyaloshinsky. „A thermodynamic theory of “weak” ferromagnetism of antiferromagnetics“. Journal of Physics and Chemistry of Solids 4, pp. 241–255 (1958)
3 The Néel vector is the order parameter of an antiferromagnet, defined in eq. (II.2.50).
[9] U. K. Rößler, A. N. Bogdanov, and C. Pfleiderer. „Spontaneous skyrmion ground states
in magnetic metals“. Nature 442, pp. 797–801 (2006)
[56] M. Uchida, Y. Onose, Y. Matsui, and Y. Tokura. „Real-Space Observation of Helical
Spin Order“. Science 311, pp. 359–361 (2006)
[57] S.-G. Je et al. „Asymmetric magnetic domain-wall motion by the DzyaloshinskiiMoriya interaction“. Phys. Rev. B 88, p. 214401 (2013)
[58] L. Udvardi and L. Szunyogh. „Chiral Asymmetry of the Spin-Wave Spectra in Ultrathin Magnetic Films“. Phys. Rev. Lett. 102, p. 207204 (2009)
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anisotropy and may also give rise to Berry phases for magnons and therefore
topologically non-trivial magnon band structures[59] .
Dipole-dipole interaction
Magnetic moments react on magnetic fields, namely they try to align along
with the field. But a magnetic moment creates also a magnetic field by itself.
In that way one magnetic moment interacts with the other, as both try to
align in the field of the other one. From this point of view, this kind of interaction can be understood completely in a classical manner; but due to the
correspondence principle it also takes the same form for quantum mechanical
magnetic moments. Assuming that the fields of the moments are dipolar fields,
the dipole-dipole interaction between two moments can be written as[38]
Ĥdd = −

µ0 3(µ̂1 · e12 ) · (e12 · µ̂2 ) − µ̂1 · µ̂2
,
4π
(r12 )3

(II.1.4)

where µ0 is the magnetic constant, e12 := (r −r )/r12 the unit vector pointing
from the position of µ̂1 to the position of µ̂2 and r12 := |r 2 − r 1 | is the corresponding distance. It might be the most obvious kind of magnetic interaction,
but it is in normal circumstances not responsible for the magnetic order, since
its energy for two moments is weak compared to the exchange interaction
(about a factor of one hundred lower). Consequently, a systems of magnetic
moments that solely interact via dipolar interaction would maybe order at a
temperature below 1 K.[38]
2

1

Still it is an important contribution, as it is—in contrast to the exchange—
long ranged. Its interaction energy falls off with r−3 , reflecting the long-ranged
nature of the electromagnetic interaction. In an extended solid the energy of
some atomic moment µ̂l (index l labeling one out of the N sites) reads
l
Ĥdd
=−

N
X
µ0 3(µ̂l · eln ) · (eln · µ̂n ) − µ̂l · µ̂n
,
4π
(rln )3
n=1

(II.1.5)

n6=l

which diverges for an infinite, three-dimensional system (if the spins are ordered ferromagnetically). Although the dipolar interaction is weak on the level
[59] L.

Zhang, J. Ren, J.-S. Wang, and B. Li. „Topological magnon insulator in insulating
ferromagnet“. Phys. Rev. B 87, p. 144101 (2013)
[38] S. Blundell. Magnetism in Condensed Matter. Oxford University Press (2003), sec. 4.1
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of two moments, it gives rise to a large contribution to the energy of the whole
sample. The consequence is, for example, that it can determine the ground
state; for a ferromagnet this leads to the formation of magnetic domains. In
addition, it is always present in magnetic materials, in contrast to the Heisenberg exchange interaction or the Dzyaloshinskii-Moriya interaction that vary
from material to material. But it can be negligible for example in antiferromagnets, where two neighboring moments are antiparallel, such that their
dipolar fields cancel (at least on length scales larger than the atomic distance).
Furthermore, it determines the behavior of spin waves of large wave lengths—a
matter of investigation in section IV.1.

II.1.4. Magnetic anisotropies
In most systems orientation of the moments µ̂ of a sample prefer to be aligned
along specific directions; even if an external magnetic field is absent, these
cannot be rotated to another arbitrary direction without cost of energy. This
phenomenon carries name magnetic anisotropy and has different origins: there
is the dipolar interaction as well as the Dzyaloshinskii-Moriya interaction both
acting as anisotropies. However, the term “anisotropy” refers usually to “magnetocrystalline anisotropy”, as discussed below.
A ferromagnetic sample is always likely to show an anisotropy just because of
the dipole-dipole interaction described previously. Due to its nature the resulting anisotropy depends much on the shape of the sample, and it is therefore
called shape anisotropy. For example in thin films the dipole-dipole interaction prefers the magnetization to align in the plane of the film.[38] The DMI
also causes an anisotropy: eq. (II.1.3) directly implies that the moments prefer
alignment perpendicular to the DM vector D̃, i.e. in a plane normal to that
vector.
Besides this, there is the so-called magnetocrystalline anisotropy. It is connected to the crystal structure of the material, and the associated energy
has to obey the same symmetry. Let us start with a rather phenomenological
discussion: The easiest case is a crystal that has a preferred axis, where orientation along that axis does either costs additional energy or saves it. On the

II.1. Magnetism

41

level of atomic moments, it is usually written as (in lowest order)[38]
X
Ĥua = −
d˜β µ̂2β ,
(II.1.6)
β=x,y,z

with coefficients d˜β . For simplicity we discuss the special case where the z
axis is the preferred one, described by d˜z 6= 0 and d˜x = d˜y = 0. Then the
anisotropy energy is given by Ĥua = −d˜z µ̂2z , and for d˜z > 0 one speaks of an
easy axis because orientation along z direction is favored, whereas in case of
d˜z < 0 the spins favor to lie in the x-y plane, and the z axis is termed a hard
axis (or equivalently one could speak of an easy plane). Note that the latter
case could equivalently be expressed by dz = 0 and d˜x = d˜y 6= 0. If there is the
need for higher orders of the anisotropy, one can include higher even powers,
i.e. d˜β,2 µ̂4β + d˜β,3 µ̂6β + ... .
In other systems other forms are relevant: In cubic crystals the aforementioned
form of anisotropy cannot be valid, since the cubic symmetry requires an
independence of the energy from an interchange of two components of the
moment µ̂, which would lead in eq. (II.1.6) to d˜x = d˜y = d˜z and therefore to
Ĥua ∝ µ̂2 , definitely not resembling an anisotropic contribution. Instead, the
so-called cubic anisotropy is given by[60]

2 2 2
Ĥcu = d˜cu
µ̂2x µ̂2y + µ̂2x µ̂2z + µ̂2y µ̂2z + d˜cu
(II.1.7)
1
2 µ̂x µ̂y µ̂z + ... .
Similarly, for each lattice symmetry a corresponding Hamiltonian can be set
up and parameterized. However, in this work only uniaxial anisotropies are of
interest, either in form for an easy axis d˜z > 0 (and d˜x = d˜y = 0) or an easy
plane with d˜z < 0.
The question for the causes of magnetocrystalline anisotropy remains. If one
considers magnetic transition metals like cobalt, iron or nickel, their magnetism stems mainly from spin moments µ̂s and as discussed so far, it is clear
that these must be linked to the crystal orientation, i.e. to position-space properties of the material. A coupling of spin- and position space is usually due
to spin-orbit interaction, and this is here true as well.[61,62] In a solid a local
[38] S.

[60] A.

6.9

Blundell. Magnetism in Condensed Matter. Oxford University Press (2003), sec. 6.7
H. Morrish. The Physical Principles of Magnetism. John Wiley & Sons (1965), sec.

[61] J. Stöhr and H. C. Siegmann. Magnetism. From Fundamentals to Nanoscale Dynamics. Springer-Verlag (2006), sec. 7.9.
[62] R. Gross and A. Marx. Festkörperphysik. Oldenbourg Verlag (2012), sec. 12.7.
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Figure II.1.5.: Origin of magnetocrystalline anisotropy, shown for an orthorhombic crystal. Each atom has a d orbitals, carrying orbital angular momentum l̂. Spin momentum ŝ aligns with l̂ via spin-orbit coupling. Two cases:
magnetization with field B along z axis (left) and in x-y plane (right). Latter
is energetically favored causing the anisotropy as described in the text.

electrical field is present, located at the position of the atoms, and it is caused
by the charge density of the orbitals of the surrounding electrons. It carries
the name crystal field (or ligand field) and naturally reflects the symmetry
of the crystal. The magnetic moments are given by the electrons that orbit
around a nucleus and are exposed to the crystal field in this orbital motion,
such that the field quenches the orbits. Furthermore, the spin-orbit coupling
entails a feedback to the spin of the electron, featuring that an energy contribution arises that depends on the spin orientation. As an example consider the
orthorhombic crystal sketched in fig. II.1.5, where two cases are shown: the
magnetization imposed by applying an external field B either along z direction
(left panel), or orthogonal to this (right). Magnetizing means to orient the spin
moments—and consequently the spin angular momentum ŝ—with the field;
spin-orbit interaction forces the orbital angular momentum l̂ to align alike.
In the left panel this implies that the electronic d orbitals of the three atoms
in the middle plane come quite close to each other, which is energetically unfavorable because of Coulomb repulsion. This is what is previously termed
“crystal field”; each electron feels its surrounding. The situation changes for
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the other orientation (right panel in that figure); because of that very crystal structure, orientation of the d orbitals costs less energy since the orbitals
have larger distances compared to the former case. Altogether, magnetizing
the sample towards the z axis requires more energy; this is the magnetic hard
axis. In terms of eq. (II.1.6) this would be described by a negative anisotropy
constant d˜z < 0.

II.1.5. The Heisenberg model
After introducing different energy contributions, these are used to build the
most important magnetic model for the work present: the Heisenberg model,
specifically the Heisenberg model for atomic magnetic moments µl ; these being
the degrees of freedom of this model. Hence, the positions of the atoms r l as
well as the itinerant electrons are not treated as degrees of freedom, although
these enter effectively via material parameters of the model. For instance,
˜
the itinerant electrons may determine the exchange interaction constant J.
Another example is the later introduced Gilbert damping that describes a
coupling of the spins to the atomic lattice and to the electrons and, hence, depends not only on the electronic structure but also on the phononic properties
of the material via the spin-lattice coupling.
Descriptio magneticus est omnis divisa in partes tres: from the physical side,
the model basically comprises three aspects; a Hamiltonian describing the
energy, an equation of motion in order to model dynamics of magnetic systems
beyond thermal equilibrium properties and last but not least a description
at finite temperatures. Via this modeling, we attain from the mathematical
perspective a vector-valued stochastic ordinary differential equation. A, maybe
not at all elegant but quite descriptive, name for the resulting model could be
“atomistic, stochastic Landau-Lifshitz-Gilbert equation”, since the dynamics
is described by the Landau-Lifshitz-Gilbert equation that is applied to the
atomic moments (there are also other approaches as e.g. micromagnetism). It
is treated as a stochastic differential equation in terms of Langevin dynamics
that models finite temperatures, and as this equation contains an effective
field derived from a spin Hamiltonian, this aspect is also included in the name.
However, the short—and less descriptive—name used throughout this work is
“atomistic spin model”. The purpose of this part is to introduce this model,
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which forms a description for classical magnetic moments that are defined
as expectation value of their quantum mechanical counterparts in the limit
of large quantum numbers. Furthermore, in appendix B.2 it is also partially
derived in order to make the underlying assumptions of this transition from
the quantum- to the classical description transparent.
II.1.5.1. Hamiltonian
The starting point is—as usual for theoretical physics—a Hamiltonian in order to define the basic physical features that shall be described. Most of its
ingredients are discussed above, in sections II.1.3 and II.1.4. We consider a
solid state magnet with N localized atomic magnetic moments µ̂l , where the
atoms locate at positions r l , l = 1, ..., N . A rather general Hamiltonian for
these moments then reads
Ĥ = −

N
N
N
 XX
2
1 X ˜jk j
1 X jk
J µ̂ · µ̂k −
D̃ · µ̂j × µ̂k −
d˜jβ µ̂jβ
2
2
β= j=1
j,k=1
j6=k

−

N
X
j=1

B j · µ̂j −

j,k=1
j6=k

x,y,z

N
X
µ0 3(µ̂j · ejk ) · (ejk · µ̂k ) − µ̂j · µ̂k
,
8π
(rjk )3

(II.1.8)

j,k=1
j6=k

comprising the isotropic Heisenberg exchange interaction, eq. (II.1.2), the
anisotropic Dzyaloshinskii-Moriya interaction, eq. (II.1.3), a possible magnetocrystalline anisotropy, eq. (II.1.6), (other forms as cubic anisotropies are
neglected here); furthermore, we add a Zeeman term and the dipole-dipole
interaction, eq. (II.1.4). The only contribution so far not explicitly discussed
is the Zeeman term that just describes the energy of a magnetic moment in
an external magnetic field B(r), where we define the field on the lattice sites
B l = B(r l ). Note that for the interactions both sums over j and k are running
over all lattice sites (except j = k), such that each interaction is accounted
twice, compensated be a prefactor 1/2.
The next step is write down the corresponding classical Hamiltonian function, which is obtained by mapping the operators to their expectation values
µ̂l 7→ hµ̂l i = µl . In addition, the moments are usually replaced by normalized
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moments µl =: µlS S l with µlS := |µl |; consequently, the new degrees of freedom are vectors on the unit sphere4 , i.e. S l ∈ S 2 . The absolute values of the
moments µlS are material parameters entering the model, and the degrees of
freedom, i.e. the spins S l , itself take a parameter-independent form. Note further that this includes an assumption of this model, namely that the absolute
value of the spins is fixed, which is not true for all magnets.5 With this the
classical Hamiltonian is written as:
 X X j j 2
1 X jk j
1 X jk
H=−
J S · Sk −
D · Sj × Sk −
dβ Sβ
2
2
j
j,k

−

X
j

j,k

β

X µ0 µj µk 3(S j · ejk ) · (ejk · S k ) − S j · S k
S S
,
µjS B j · S j −
8π
(rjk )3
j,k

(II.1.9)
where we renormalized the constants:
J jk := µjS µkS J˜jk ,

D jk := µjS µkS D̃ jk ,

2
djβ := µjS d˜jβ .

(II.1.10)

These constants have the dimension of energy, such that one can directly
compare the relevant energy scales. It might seem a bit odd to rewrite the
spins normalized and the material parameters in terms of energy, however, it
is the usual procedure for classical spin models.
This Hamiltonian is still rather general, since the lattice sites can be occupied by arbitrary, completely different sorts of moments (corresponding to
different sorts of magnetic atoms) and all kinds of interactions are still allowed for arbitrary pairs of moments (meaning each moment interacts with
all other). This might be suitable for describing a real material in all its details,
but requires knowing all material parameters. However, the investigations in
this work mainly focus on general features for specific types of materials, but
mostly no particular material is chosen. Because of that, the model is simplified to its essential ingredients and we therefore introduce a special case
mainly used in the present work. Basically there are three additional simplifying assumptions; the first is that there is only one sort of magnetic atoms,

4 d−1
d
S

:=

x ∈ R : kxk2 = 1
are materials exhibiting a spin-density wave as ground state.

5 Counterexamples

E. Fawcett. „Spin-density-wave antiferromagnetism in chromium“. Rev. Mod. Phys. 60,
pp. 209–283 (1988); [63]
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i.e. all moments are equal µnS = µm
S = µS ∀n, m and also the anisotropy
constants are uniform for all moments: dnβ = dm
β = dβ ∀n, m, β. The second
assumption concerns the Heisenberg and the Dzyaloshinskii-Moriya interaction. Both are in general short ranged, meaning that for a spin µn at position
r n they can be neglected beyond a certain cutoff distance ∆co : J nm ≈ 0 and
D nm ≈ 0 for |r n − r m | > ∆co . Hence, we simplify these interactions by taking
into account only interactions of nearest neighbors, where we assume that for
each spin there are Nnb nearest neighbors. In order to make bookkeeping of
the neighbors easier in calculations, we denote the neighbors of spin S n with
S nm , m = 1, ..., Nnb , labeling the m-th neighbor of spin S n . The third and
last simplification is to neglect the dipole-dipole interaction. The reason is
twofold: first it is difficult to handle, particularly from a numerical point of
view it costs a lot of computational effort. Secondly, it is quite weak on a local
scale, but it is long-ranged, its effects coming into play on larger length scales.
This work is mostly on spin waves and neglecting this interaction means that
high wave-length spin-waves are not treated adequately. To be more specific,
one can distinguish two sorts of spin waves, the low wave-length spin waves,
called exchange modes, which are well modeled without dipolar interaction,
and the high wave-length modes, called dipolar modes, which are neglected
here. Spin waves will be introduced in more detail in section II.2. With these
three assumptions the Hamiltonian reduces to
H=−
−

N Nnb
N Nnb
J XX
1XX
S n · S nm −
D nm · (S n × S nm )
2 n=1 m=1
2 n=1 m=1
N
XX
β=

x,y,z

dβ (Sβn )2 − µS

n=1

N
X

Bn · Sn.

(II.1.11)

n=1

II.1.5.2. Equation of motion
In order to describe the dynamics of a spin system, an equation of motion is
needed. Within the framework of the atomistic spin model, this is the LandauLifshitz-Gilbert equation (LLG). Even though it is a classical equation, it can
be partially derived from quantum mechanical principles, carried out in ap-
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pendix B.2 in order to stress why it often provides a quite accurate description
and is therefore widely used in magnetism.
In the classical description, degrees of freedom are the normalized spins S l ,
l = 1, ..., N , given by the Hamiltonian eq. (II.1.9). The Ehrenfest theorem
applied to the quantum mechanical moments results in an equation of motion
for the classical spins, known as Landau-Lifshitz equation[64] within the limit
of vanishing magnetic damping:
d l
γl
∂H
S (t) = − l S l × H l with H l = − l ,
dt
∂S
µS

(II.1.12)

where the derivative of the Hamiltonian H l is called effective field, since the
equation above describes a precessional motion around this vector. The interactions in the Hamiltonian H implies that H l also depends on spins S k
with k 6= l, hence eq. (II.1.12) couples the dynamics of S l to these other S k .
γl > 0 is the absolute value of the gyromagnetic ratio, i.e. it is always positively
defined.6 Note that eq. (II.1.12) is only approximately equivalent to the Ehrenfest theorem: a small error from the anisotropy contribution arises, explained
in the appendix. The error done within the classical model in comparison to
the full expectation value has been investigated before with conclusion that it
is relatively small, since the anisotropy constants dβ are small in comparison
to the exchange energy scale, usually dβ < 0.1 J.[65]
So far only the spin system itself is considered and the interaction of the
spins with their surrounding, namely with the lattice and the electrons is
ignored. This coupling is usually treated in a quite simple phenomenological
way: the coupling basically leads to a leakage of energy from the spin system
to the electrons and the lattice. This is modeled via a viscous damping torque
acting on the spins, which tries to bring the spins back to their ground-state
[64] L.

Landau and E. Lifshitz. „On the theory of the dispersion of magnetic permeability
in ferromagnetic bodies“. Phys. Z. Sowjetunion 8, pp. 153–169 (1935)
6 The gyromagnetic ratio of electronic magnetic moments is strictly speaking negative,
however, the sign is fixed as antimatter is no subject of condensed matter physics so far.
Therefore, it is common in the community to put the sign of the gyromagnetic ratio into
the equation.
[65] R. Wieser. „Role of quadratic terms in the Heisenberg model for quantum spin dynamics“. Phys. Rev. B 84, p. 054411 (2011)
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configuration; thus the ansatz comprising the original precession torques is
dS l
γl
dS l
= − l S l × H l + αl S l ×
,
dt
dt
µS

(II.1.13)

with a damping parameter αl and a torque proportional to the time derivative of S l in analogy to Stoke’s drag in mechanical systems where the friction
force is proportional to the velocity. This type of damping was introduced by
Gilbert[66,67] and therefore αl is called Gilbert damping parameter, which is a
dimensionless material parameter typically in the range of αl = 10−5 . . . 10−1 .
Originally, Gilbert damping has been introduced purely phenomenologically
without derivation from fundamental principles, however, it is possible to calculate this contribution to the spin dynamics from relativistic principles starting with a Dirac Hamiltonian for the electrons in a magnet.[68,69]
It is handy to solve the ansatz above, eq. (II.1.13), for the derivative, such
that we finally end up with the famous Landau-Lifshitz-Gilbert equation

dS l
γl
γl αl
=− l
Sl × H l − l
Sl × Sl × H l
2
2
dt
µS (1 + αl )
µS (1 + αl )
∂H
Hl = − l ,
∂S

(II.1.14)

an equation very widely used to describe all sorts of dynamics in magnetism[70] .
[66] T.

L. Gilbert. „A Lagrangian formulation of the gyromagnetic equation of the magnetic
field“. Physical Review 100, p. 1243 (1955)
[67] T. L. Gilbert. „A Phenomenological Theory of Damping in Ferromagnetic Materials“.
IEEE Transactions on Magnetics 40, pp. 3443–3449 (2004)
[68] R. Mondal, M. Berritta, and P. M. Oppeneer. „Relativistic theory of spin relaxation
mechanisms in the Landau-Lifshitz-Gilbert equation of spin dynamics“. Phys. Rev. B 94,
p. 144419 (2016)
[69] R. Mondal. „Relativistic theory of laser-induced magnetization dynamics“. (2017)
[70] M. Lakshmanan. „The fascinating world of the Landau-Lifshitz-Gilbert equation: an
overview“. Philosophical Transactions of the Royal Society A: Mathematical, Physical
and Engineering Sciences 369, pp. 1280–1300 (2011)
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II.1.5.3. Finite temperature
The so-far sketched atomistic spin model lacks a description at finite temperature, but it can be included by means of a Langevin dynamics. If one thinks
of Langevin dynamics in classical mechanics for Newton’s equation of motion,
a random force is added to the deterministic force. Analog to the forces, in our
case the motion is driven by torques determined by the effective field. Thus,
the ansatz for a Langevin-dynamics formulation of the spin model is to add a
random-noise term ξ l to the effective field[71] :
Hl = −

∂H
+ ξl .
∂S l

(II.1.15)

Inserting this effective field into the Landau-Lifshitz-Gilbert equation (II.1.14)
leads to the so-called stochastic Landau-Lifshitz-Gilbert equation. In order
to quantify the noise, the statistics of the random noise has to be set. The
simplest way is to use a white noise, i.e. a Gaussian-distributed noise that is
uncorrelated in space, time and among Cartesian coordinates, which can be
written as
ξl = 0
l
ξβl (t)ξζk (t0 ) = σrn

(II.1.16)
2

· δlk δβζ δ(t − t0 ),

β, ζ ∈ {x, y, z}, l, k ∈ {1, ..., N },
(II.1.17)

where the average h. . .i denotes a statistical average over the different realizations of the stochastic paths ξ l (t). This means ξβl is Gaussian distributed with

l 2
mean zero and variance σrn
(which will be given below).
Does introducing this kind of noise lead to a feasible description of a spin system at a finite temperature? To answer this, we should first define “feasible”;
it means that in thermal equilibrium at temperature T the spin configuration
S l (which is a stochastical quantity now) obeys the right probability distribution. This is here the classical Boltzmann distribution, i.e. the probability
l
density of a spin configuration is P ({S l }) ∝ exp(−H({S })/kB T ), where H is
the spin Hamiltonian, as the canonical ensemble is used. This ensemble is
[71] W. F. Brown Jr. „Thermal Fluctuations of a Single-Domain Particle“. Phys. Rev. 130,
pp. 1677–1686 (1963)
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motivated by the fact that the controllable parameter shall be the temperature T , which means the spin system is coupled to a (assumed to be infinite)
thermal heat bath, and the natural, corresponding thermodynamic potential is the free energy, in statistics described by the canonical ensemble. The
random noise ξ l plays the role of the fluctuations and—in the same way as
for the Langevin dynamics in classical mechanics—additionally a dissipative
mechanism is required, here given by the Gilbert damping term. For both the
fluctuation-dissipation theorem must be satisfied, meaning the fluctuations
and the dissipation balance in a way that in the end a Boltzmann distribution is obtained. One can show that the aforementioned random noise does
fulfill the dissipation-fluctuation theorem and leads to the correct—meaning
Boltzmann—statistics, if the variance of the noise is given by[16]
D

ξβl

2 E

=


2µlS αl kB T
l 2
= σrn
.
γl

(II.1.18)

Note that—as usual for Langevin dynamics—the noise in the stochastic LLG is
assumed to lead to a stochastic differential equation of Stratonovich type (for
mathematical details see appendix B.3, and formal definitions can be found
in the corresponding appendix E.3, definition 6). Furthermore, this model can
be extended to space-dependent temperatures Tl = T (r l ) by just assuming
the noise to have the same space dependence as the temperature
D

ξβl

2 E

=


2µlS αl kB Tl
l 2
= σrn
.
γl

(II.1.19)

However, this model might break down if the assumption of a local thermal
equilibrium breaks down, i.e. if it is not possible to define a temperature anymore. Within the picture here, this is for instance given if the temperature
gradient varies on the length scale of the atomic distance. Furthermore, Boltzmann statistics is used, not quantum mechanical statistics, which limits the
use at low temperatures if the specific features of a quantum statistical system
are required. A more detailed discussion of the pros and cons of this classical
model is postponed to the end of section II.2.1, as it is easier to discuss this
issue with some knowledge on spin waves.
[16] U.

Nowak. „Classical Spin Models“. In: Handbook of Magnetism and Advanced Magnetic Materials. vol. 2, John Wiley & Sons, Ltd (2007)
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In summary, a description at (space-dependent) temperature Tl of the dynamics of a spin system is given by the stochastic Landau-Lifshitz-Gilbert
equation that is determined by the effective field, which follows from the spin
Hamiltonian H, eq. (II.1.9), and a thermal random noise ξ l :
 l

γl
dS l
=− l
S × H l + αl S l × S l × H l
2
dt
µS (1 + αl )
∂H
with H l = − l + ξ l satisfying
∂S
2µlS αl kB Tl
ξ l = 0 and ξβl (t)ξζk (t0 ) =
· δlk δβζ δ(t − t0 ),
γl
β, ζ ∈ {x, y, z}.
For some details on the mathematical structure of this stochastic differential equation
see appendix B.3. In case of zero temperature T = 0 the noise vanishes ξ l = 0 and this
model reduces to the original, deterministic
LLG. The motion of a spin S at finite temperature around its effective field H is depicted in fig. II.1.6; still, as in the deterministic case, there is a field-like torque ∝ −S×H

and a damping torque ∝ −S × S × H ; the
former leading to a precession around H and
the latter tries to relax S to a stable position, which is in alignment with H. However,
due to the random contribution to the effective field the trajectory (blue in the sketch)
is additionally fluctuating.

II.1.6. Micromagnetism

(II.1.20)

Figure II.1.6.: The motion
of a spin S around its effective field H = −∂H/∂S governed by the stochastic LLG,
eq. (II.1.20). Dynamics of the
trajectory (blue line) is determined by a precession term S×
H, a damping term S ×(S ×S)
and a stochastic noise ξ.

The previously-sketched atomistic Heisenberg model has the disadvantage that
the number of degrees of freedom gets very large for systems of realistic experimental sample sizes, i.e. it comprises a lot of spins in this case. This can
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be numerically very challenging. On the other hand, there are systems where
a large size is necessary to deliver an adequate description. Within this work,
this is the case for spin waves dominated by dipole-dipole interaction investigated for weak localization in section IV.1; since these spin waves exhibit long
wave lengths, it is impossible to simulate them numerically in a sufficiently
short time within an atomistic approach. One model that is suitable for larger
system sizes is called micromagnetism. The idea is basically to consider a large
system—large compared to the atomic distance—, on which the atomic moments cannot be resolved anymore, but still at each position r ∈ R3 a magnetic
moment is present, or strictly speaking a magnetic-moment density. In that
way the discrete nature of matter vanishes and this magnetic-moment density
can be described via a continuous space-dependent field, with the space dependence governed by spatial derivatives or spatial integrals, ending up in a
field-theory for magnetism.[72–74] This model is presented here, along with an
outline of its derivation from the atomistic model; the detailed calculations
can be found in appendix B.4.
The basic idea behind the derivation is that derivatives and integrals have
discrete approximations, see appendix G.1, and for micromagnetism this argument is turned around: derivatives and integrals are approximations of differences and sums. The latter are given in the atomistic model, the former in
the micromagnetic framework. To be more precise,


X
1 
∆f (r) ≈ 2 −6f (r) +
(f (r + heβ ) + f (r − heβ ))
h

(II.1.21)

β∈{x,y,z}

is an approximation of the Laplacian, and indeed converges in the limit h →
0. As we see below, it can be utilized to express the exchange interaction.
Furthermore, there is the need for an integration over the considered volume
V . If this volume is discretized by grid points r l on a sc lattice with lattice
[72] W.

F. Brown Jr. Micromagnetics. John Wiley & Sons (1963)
Fidler and T. Schrefl. „Micromagnetic modelling—the current state of the art“.
Journal of Physics D: Applied Physics 33, R135–R156 (2000)
[74] M. Kružík and A. Prohl. „Recent Developments in the Modeling, Analysis, and Numerics of Ferromagnetism“. SIAM Review 48, pp. 439–483 (2006)
[73] J.
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constant h, the approximation of an integral of a function f reads
Z
X
f (r) d3 r ≈ h3
f (r n ).
V

(II.1.22)

n

⊂R3

This is an approximation by the midpoint rule with cells of volume h3 , and
again in the limit h → 0 the approximation becomes exact.
We write the atomistic spins S l at position r l now in a field-like fashion as
S l = S(r l ) and use the continuum expressions eqs. (II.1.21) and (II.1.22) with
lattice constant a as discretization parameter for the atomistic Hamiltonian,
eq. (II.1.9), while ignoring the Dzyaloshinskii-Moriya interaction and reduce
the Heisenberg exchange interaction to nearest-neighbors:
"
Nnb
N
X
X
2
JX
−
H=
S n · S nm −
dβ Sβn − µS B n · S n
2 m=1
n=1
β=x,y,z
#
N
µ0 µ2S X 3(S n · enk )(enk · S k ) − S n · S k
−
(II.1.23)
3
8π
rnk
k=1
k6=j

≈C+

Z
A
V

−
=:

X

β=x,y,z

Z
µ0 Ms2
8π

2

|∇Sβ (r 0 )| −

X

Dβ Sβ (r 0 )2 − Ms B(r 0 ) · S(r 0 )

β=x,y,z

3 [S(r ) · er0 −r00 ] · [er0 −r00 · S(r 00 )] − S(r 0 ) · S(r 00 )
0

|r 0 − r 00 |

V

3

H + C.

d3 r00 d3 r0
(II.1.24)

mm

The Hamiltonian H is written with the micromagnetic approximation mmH—
the micromagnetic Hamiltonian—and a constant C, which is disregarded.
Moreover, micromagnetic material parameters read
A :=

J
,
2a

Dβ :=

dβ
,
a3

Ms :=

µS
,
a3

(II.1.25)

called exchange stiffness, micromagnetic anisotropy constants, and saturation
magnetization. Note that these relations are only valid for a simple cubic lattice with nearest-neighbor exchange only. For other lattices the micromagnetic
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equations still take same form, but the connection of the material parameters
to their atomistic counterparts, eq. (II.1.25), may vary.
For dynamics the normalized magnetization density becomes time dependent
S = S(r, t) and it is still normalized, i.e. |S(r, t)| = 1 ∀r, t, and hence dimensionless. It directly translates to the local magnetization of the magnet
via
M (r, t) = Ms · S(r, t).

(II.1.26)

The atomistic dynamics is described by the Landau-Lifshitz-Gilbert equation
(II.1.14), and can be translated to micromagnetism just as the Hamiltonian,
with the change that the effective field mmH(r, t) is given as a functional
derivative:
 δ mmH 
H(r, t) = −

mm

δS
δ mmH
 mmx 
= −  δ δSyH  .
δS
δ mmH

(II.1.27)

δSz

With this the micromagnetic framework in total takes the following form: The
Hamiltonian is given by
Z
X
X
2
mm
H= A
|∇Sβ (r 0 , t)| −
Dβ Sβ (r 0 , t)2 − Ms S(r 0 , t) · B
V

β=x,y,z

−

µ0 Ms2
8π

β=x,y,z

3 [S(r , t) · er0 −r00 ] · [er0 −r00 · S(r 00 , t)]
0

Z

(II.1.28)

3

|r 0 − r 00 |
0
00
S(r , t) · S(r , t) 3 00 3 0
−
d r d r,
3
|r 0 − r 00 |

V

and solving the micromagnetic Landau-Lifshitz-Gilbert equation
n
∂S(r, t)
γ
=−
S(r, t) ×
∂t
Ms (1 + α2 )

mm

H(r, t)

+ αS(r, t) × [S(r, t) ×
H(r, t) = −

mm

δ mmH
δS(r, t)

mm

H(r, t)]

o

(II.1.29)
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yields the time evolution of the system. Note that in contrast to the atomistic
LLG (II.1.14) this is a partial differential equation as it comprises time- and
spatial derivatives.
This model is used for the description of magnetic systems on length scales
much larger than the atomic distance a, especially also in cases when using an
atomistic approach would include so many atoms that it is computationally
not treatable anymore. Because this is often true for direct simulation of experimental setups, this model is widely used and for its numerical treatment
a lot of software packages exist. However, this kind of modeling of magnetic
systems also has its weaknesses. As presented here, it is restricted to ferromagnets and cannot simply be used for antiferromagnets and only in special cases
one may treat ferrimagnets (yttrium iron garnet is an example, since its magnetization is mainly due to one of the sublattices and its behavior is close to a
ferromagnet). Magnetic structures with small sizes such as small skyrmions or
small wave-length spin-spirals are better described by the atomistic approach.
Another issue is that it is hard to treat a system at elevated temperatures,
especially magnetization curves or other thermodynamic properties cannot be
obtained within this micromagnetic framework and one might go for other
approaches as the Landau-Lifshitz-Bloch approach[75] .

II.2. Spin waves
ollowing the previous section that provides a general introduction
to magnetism, we focus now on one aspect of magnetism most important for this work: spin waves. First, we start with a general
introduction to spin waves and their quanta called magnons starting from
quantum mechanical principles. But since this work is based on a classical
spin model, spin-wave theory demands for a formulation within this framework, which is the main focus afterwards. Regardless whether described classically or quantum mechanically, in an atomistic approach spin waves do form
a band structure in the same manner as electrons or other wave-like objects on
lattices featuring discrete translational symmetry do. The properties of spin
[75] U.

Atxitia, D. Hinzke, and U. Nowak. „Fundamentals and applications of the LandauLifshitz-Bloch equation“. Journal of Physics D: Applied Physics 50, p. 033003 (2016)
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waves depend much on the specific system, e.g. whether ferromagnets or antiferromagnets are considered and on the exact lattice structure. Consequently,
the subsequent part deals with spin waves of different systems within linear
spin-wave theory, where the corresponding band structures will be calculated
in detail.

II.2.1. General introduction to spin waves
This general introduction pursues two main objectives: first to introduce spin
waves from quantum mechanical principles. However, in this work spin waves
are modeled within the classical, atomistic spin model, which is arguably an
approximation of the quantum description. Thus, the second objective is to
discuss in how far the classical approach is valid.
II.2.1.1. Introduction via a single-magnon state as example system
As a first flavor of spin waves, we consider N atoms, each carrying a spin ŝl
with spin quantum number s, which are
coupled ferromagnetically, in one dimension. In this spin chain the position of the
atom l with spin ŝl is rl = la, l ∈ Z,
a being the lattice constant: the spin
chain forms a regular 1D lattice. As a
simple model we use the Hamiltonian
from eq. (II.1.8), reduced to nearestneighbor Heisenberg exchange, easy-axis
anisotropy along z axis and a magnetic
field along the same axis. For this quantum mechanical consideration, we write
the system in terms of spin operators ŝl
and not using magnetic moments µ̂l =
7 Exchange

Figure II.2.1.: A spin chain with
a single spin ŝl increased by 1~ in
the z component. This state |li is
no eigenstate of the system, leading to the concept of magnons as
eigenstates.
γs ŝl . Using this replacement7 the

and anisotropy constant√
are expressed in dimension energy analog to eq. (II.1.9),
requiring the additional factor 1/ s(s+1)~ per spin which
p basically
p normalizes the spin
operators with respect to their absolute value given by
hŝ2 i =
s(s + 1)~.
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Hamiltonian then is written as
X
X
X

dz
J
n
n+1
n 2
ŝ
·
ŝ
−
Ĥ = −
ŝ
−
γ
ŝnz Bz .
s
z
s(s + 1)~2 n
s(s + 1)~2 n
n

(II.2.1)

Parameters are as follows: J > 0 is the nearest-neighbor exchange constant
leading to a ferromagnetic order, anisotropy constant dz > 0 favors spin alignment along ±z axis, and the magnetic field B = Bz ez with Bz > 0 likes
to align the magnetic moments µ̂l along positive z axis. Note that the magnetic moment operators µ̂l are antiparallel to the spin operators ŝl because of
negative gyromagnetic ratio γs ; hence the ground state is set by all magnetic
moments pointing along the positive z axis, fixed by the magnetic field, and
the spin moments align towards negative z axis.
To capture the features of this system mathematically, we first have to set
a basis: here this is the product state of the individual spins. In terms of
quantum numbers this transfers to each spin ŝl owning 2s + 1 states with
quantum numbers mls = −s, −s + 1, . . . , s − 1, s. Thus, the state of the system
|ψi is written as
|ψi := m1s , m2s , . . . , mN
s ,
and the ground state |ψg i with all spins along negative z axis means all mls
taking minimal value:
|ψg i := |−s, . . . , −si .

(II.2.2)

The further considerations require from time to time quite lengthy calculations not explicitly shown here; however, all full calculations are written down
in appendix C.1.
First of all, one can prove that this state is indeed an eigenstate of the
Hamiltonian Ĥ and therefore a properP
ground state. The magnet carries a
n
finite total angular momentum J :=
n hŝ i, given for the ground
P state
g
by Jz = −N s~ (and accompanied by a magnetization M := 1/V n hµ̂n i
with Mz = −γs N s~/V ). Furthermore, the energy of the eigenstate |ψg i, i.e. the
ground-state energy, can be calculated to take value
r


s
s
s
J+
dz +
µS Bz ,
(II.2.3)
Eg = −N
s+1
s+1
s+1
p
where the effective magnetic moment µS = −γs s(s + 1)~ has been inserted.
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The story about magnons starts with going beyond the ground state and
asking for the first excited state of the magnet. To investigate the elementary
excitations of the system, the first attempt is to excite exactly one spin ŝl , i.e.
increasing its z component by 1~, such that this state—denoted by |li—reads
l
l+1
N
|li := m1s , ..., ml−1
= |−s, ..., −s, −s + 1, −s, ..., −si ,
s , ms , ms , ..., ms
(II.2.4)

which carries total angular momentum Jzl = (−N s + 1)~ and is sketched in
fig. II.2.1. However, one can show (see appendix C.1) that this state is no
eigenstate of the Hamiltonian Ĥ, eq. (II.2.1), since it does not diagonalize the
exchange interaction. Since the state |li does not work, one can try another
one: fruitful ansatz is a Fourier transform of |li parameterized by a wave vector
k, which accommodates the discrete translational invariance of the system (by
shifts with respect to the lattice constant a):
1 X −ikan
|ki := √
e
|ni ,
N n

(II.2.5)

taking also into account all possible single-spin excitations |li. This state |ki
is indeed an eigenstate of the Hamiltonian taking the following eigenvalue:
Ĥ |ki = E (k) |ki := [Eg + ~ω(k)] |ki
ω(k) :=

J
2dz
[2 − 2 cos(ka)] +
(s + 1)~
(s + 1)~

(II.2.6)


1−

1
2s



+p

µS Bz
s(s + 1)~

,

the energy eigenvalue increased by ~ω(k) with respect to the ground state.
Besides the energy difference, another important aspect is the difference in
angular momentum Jz . For this we calculate the expectation value of an arbitrary spin operator of the spin chain:


1
l
l
ŝz = k ŝz k = −s +
~;
(II.2.7)
N
independent of l, each spin carries an angular momentum increased by ~/N .
This leads to a total angular momentum of
X
Jzk =
hŝnz i = N hŝnz i = (−N s + 1)~,
(II.2.8)
n
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the same value as for the single-spin excitation, eq. (II.2.4). Consequently,
also the state |ki enhances the angular momentum by 1~, however, due to
eq. (II.2.7) not locally as |li, rather uniformly distributed over all spins.
With this knowledge, let us interpret the eigenstate |ki: it is a deviation from
ground state expanded over the entire system, basically as a plane wave. Therefore it is meaningful to coin this object a spin wave. To be more precise: it is
an elementary excitation of the magnet from its magnetic ground state, which
is—in contrast to the local excitation |li of a single spin—apportioned equally
among all spins. This is completely analogous to sound waves in solids being
quantized and treated as discrete quasi particles called phonons; the spin wave
state behaves alike:[2] It is an object living on top of the ferromagnetic ground
state—which forms the vacuum state for spin waves—and its energy Em (k)
can be defined as the difference to the ground-state energy:
Em (k) := E (k) − Eg = ~ω(k),

(II.2.9)

also quantized by ~. Therefore the quantized spin wave is also called a magnon.
Note: both terms, magnon and spin wave, are used synonymously, later on also
in the classical picture, where strictly speaking no quantization is present.
Just as energy, angular momentum is also quantized: its difference between
states |ki and |ψg i defines the angular momentum of the magnon jzm :
jzm := Jzk − Jzg = ~.

(II.2.10)

Thus, because of the integer quantization, magnons are bosons. However,
carefulness is required: The ferromagnetic magnons introduced here always
increase the angular momentum of the magnet by ~, i.e. such magnons have
only one possible magnetic quantum number for the intrinsic angular momentum mm
j = +1. In other words these do not own a polarization-like degree of
freedom, since it is fixed (in contrast to photons for instance). More provocatively one could say that these spin waves do not have a spin. If one chooses the
opposite ground state, i.e. apply the magnetic field along −z and accordingly
the magnetic moments, magnons always decrease the angular momentum. Or,
generally speaking, ferromagnetic magnons reduce always the angular momentum (and thus the magnetization) with respect to the ground-state value.
[2] J.

Van Kranendonk and J. H. Van Vleck. „Spin Waves“. Rev. Mod. Phys. 30, pp. 1–23
(1958)

60

II. Physical basics

This situation may change for other types of magnets, e.g. antiferromagnets
may indeed own magnons increasing as well as decreasing the magnetization,
having two possible polarizations ±~.
Strictly speaking life is even more complex: one interaction always present in
real-world magnets is neglected in the Hamiltonian eq. (II.2.1): the dipolar interaction. It has been shown theoretically that this very contribution may lead
to the amusing consequence that a magnon does carry an angular momentum
less or larger than ~, so-called quenched magnons, interpreted as conglomerate
of magnons carrying ~.[76,77]

II.2.1.2. Beyond the single-magnon state: interactions
State |ki describes a single magnon in a ferromagnet and the question remains:
is there more than one? The quick answer: yes, but it’s complicated, especially
it turns out that a many-magnon state cannot be treated rigorously as before
without approximations.
The long answer can be addressed by introducing creation and annihilation operators for magnons. The vacuum is the magnets ground state, where
no magnons are present: |ψg i = |−s, ..., −si. Hence in order to obtain |ki
from this, we seek an operator increasing all spins from ground state to
mls = −s + 1, summed up with the corresponding prefactors. This—including
normalization—is delivered by (for proof see appendix C.1)
â†k = √

X
1
e−ikan ŝn+ satisfying
2N s~ n

(II.2.11)

â†k |ψg i = |ki and âk |ki = |ψg i ,
since the ladder operator ŝl+ = ŝlx + iŝly increases the quantum number mls
by one. Thereby, an obvious ansatz for a state with two magnons carrying k
and k 0 respectively—here briefly denoted by |k, k 0 i—is to apply two creation
[76] A.

Kamra and W. Belzig. „Super-Poissonian Shot Noise of Squeezed-Magnon Mediated Spin Transport“. Phys. Rev. Lett. 116, p. 146601 (2016)
[77] A. Kamra, U. Agrawal, and W. Belzig. „Noninteger-spin magnonic excitations in untextured magnets“. Phys. Rev. B 96, p. 020411 (2017)
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operators to the vacuum:
|k, k 0 i = â†k0 â†k |ψg i ,

(II.2.12)

but it turns out this is no eigenstate of the Hamiltonian Ĥ. This results from
magnon-magnon interaction already included in the Hamiltonian, but not
in this ansatz for the two-magnon state.[46] Many-body interactions can be
treated, but in general not exactly;[78,79] we refuse to introduce corresponding
models here, as the focus of this work is rather on classical spin models.

II.2.1.3. Connection to classical spin models
After these rather theoretical considerations, we shall now take a more vivid
view. In section II.1.5 we already mentioned that this work is methodically
based on a classical spin model, where the Hamiltonian operator Ĥ is replaced
by a Hamiltonian function H, the spin operators ŝl translate to classical spins
S l , and the quantum-mechanical dynamics is replaced by the Landau-LifshitzGilbert equation (LLG). Moreover, magnons can also be described in that
model. How this is done is reported in detail in later sections, see e.g. section II.2.2 for a simple ferromagnetic system directly corresponding to the
quantum system introduced just before.
In terms of the classical approach, spin waves are classical waves, in the same
way as electromagnetic waves correspond to photons; they are described in
real space with an amplitude S l at position r l , in case of the above described
magnet given by8
l

S l := Sxl − iSyl = S l e−iϕ ,
[46] W.

(II.2.13)

Nolting and A. Ramakanth. Quantum Theory of Magnetism. Springer-Verlag
(2009)
[78] T. Holstein and H. Primakoff. „Field Dependence of the Intrinsic Domain Magnetization of a Ferromagnet“. Phys. Rev. 58, pp. 1098–1113 (1940)
[79] F. J. Dyson. „General Theory of Spin-Wave Interactions“. Phys. Rev. 102, pp. 1217–
1230 (1956)
8 One could also use definition S l := S l + iS l , classically both are valid, and which to
x
y
choose can be regarded as convention.
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Figure II.2.2.: Classical spin wave in a ferromagnet. Left panel: definition
l
of spin-wave amplitude S l = |S l |e−iϕ as deviation of a spin S l from ground
state (here +z axis). A spin as part of a spin wave precesses with frequency
ω(k) around the ground state. Right panel: a spin wave is given by a spatial
variation of the phase ϕl forming a wave pattern, given by wave vector k with
wave length λ = 2π/|k|.
which is basically the in-plane component of spin S l , see fig. II.2.2 left panel.
It can also be Fourier transformed to an amplitude in momentum space
1 X n −ik·rn
Ŝ k = √
S e
,
(II.2.14)
N n
and the time evolution of the spin system is described by the time evolution of
these amplitudes, in absence of magnon-magnon interactions, and also without
any magnetic damping, this reads
Ŝ k (t) = Ŝ k (t=0) · e−iω(k)t ,
with initial condition Ŝ k (t=0) and dispersion relation ω(k), which is (in the
classical limit) exactly the same as in the corresponding quantum-mechanical
description.
In this classical picture a spin wave with wave vector k realizes all spins to
collectively precess with frequency ω(k) around the ground-state axis (here
the +z axis), but the phase ϕl at a fixed point in time varies from spin to
spin, forming a wave pattern with wave length λ = 2π/|k|, as depicted in the
right panel of fig. II.2.2, which illustrates the wave nature of this magnetic
excitation.
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In many aspects classical spin waves behave as their quantum mechanical
counterparts: Both are accompanied with a reduced z component (at least for
our ferromagnetic system considered here), basically restating the definition
of a spin wave as a deviation from the magnetic ground state. For the classical
spin-wave amplitude, eq. (II.2.13), this becomes obvious upon remembering
the normalization S l = 1, leading to
q
q
2
2
2
Szl = 1 − Sxl − Sxl = 1 − |S l | ,
which is, however, not quantized in the classical case. Of course also the energy
is not quantized for the classical system, instead the energy of a spin wave at
wave vector k is proportional to the spin wave intensity (the squared absolute
value of the amplitude):
2

E(k) ∝ Ŝ k ω(k).
In addition, we mentioned that the quantum-mechanical magnons own only
one polarization, always carrying +~ angular momentum. This translates to
the classical picture by the rotational sense of the spins S l : for the ferromagnet here it is always positive, i.e. ω(k) ≥ 0. As aforementioned, magnonmagnon interactions are of importance immediately when trying to set up a
two-magnon state. These enter the classical picture by means of the dynamics
of the Landau-Lifshitz-Gilbert equation: this equation is non-linear in the spins
S l and the non-linearities model the magnon-magnon interaction. However,
to obtain analytical results (e.g. the dispersion relation) one usually needs
this equation to be linearized, which is an approximation. This linearization
is usually valid if the deviation from the ground state is small, which means
if the spin-wave amplitude is small: S l  1 (Note: S l ∈ [0, 1]). The larger
the spin-wave amplitude, the larger will be the effect of the non-linearities,
related to the quantum system by the fact that the intensity is proportional
to the magnon number. We shall also remind that in the classical picture
quantum mechanical fluctuations are completely absent, and their impact on
the dynamics is neglected as it is shown in section II.1.5, in the derivation of
the classical Heisenberg model from its quantum mechanical counterpart. And
we should also state a remark regarding nomenclature: strictly speaking “spin
wave” is the name of the classical quantity and the quantized version is called
“magnon”. However, it is also common to use the term magnon and refer to
the classical spin waves and vice versa. In this work this will also be done,
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since it is always clear from context whether the classical or the quantum
mechanical description is used.
To comment a bit the weaknesses and strengths of the classical description,
another important issue is addressed here: thermal occupation of magnon
states. If the stochastic LLG, eq. (II.1.20), is used to model a magnet at
finite temperature T , the probability distribution of the spin configuration
S l is given by the Boltzmann distribution: P ({S l }) ∝ exp[−βH({S l })], with
β = 1/kB T and Hamiltonian function H. This does not imply that the thermally
excited (classical) spin waves follow the very same (classical) distribution.
Instead, the probability density of a spin wave with wave vector k and energy
E(k) is given by the Rayleigh–Jeans distribution:
P (k) ∝ 1/βE(k).

(II.2.15)

This is given here without proof9 , but it can be understood by applying the
classical limit to the quantum mechanical model. Classical limit for spin models means large spin quantum number of the localized moments s → ∞, well
known from Brillouin paramagnetism—a quantum model for paramagnets—
that converges in this limit to its corresponding classical model—the Langevin
paramagnetism.[81] We consider the quantum dispersion of a ferromagnet,
eq. (C.1.19) (the 3D version of eq. (II.2.9)), entering the Bose-Einstein distribution, and apply the classical limit to it:
lim E(k)






 J X
2dz
1
µS Bz 
= lim
[2 − 2 cos(akp )] +
1−
+p
s→∞  s + 1
s+1
2s
s(s + 1) 


p=
x,y,z
(
)


X
1
1
J
[2 − 2 cos(akp )] + 2dz 1 −
+ µS Bz
= lim
s→∞ s
2s
p
s→∞

1
Ẽ(k),
s→∞ s

=: lim
9 In

fact, known to the author by private communication and numerical experience. It is
also stated without proof for example in: J. Barker and G. E. W. Bauer. „Thermal Spin
Dynamics of Yttrium Iron Garnet“. Phys. Rev. Lett. 117, p. 217201 (2016); [80].
[81] W.

Nolting. Grundkurs Theoretische Physik 6: Statistische Physik. Springer-Verlag
(2014), sec. 2.3
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resulting in
hnk iT = [exp(βE(k)) − 1]

−1 s→∞

=




−1
β Ẽ(k)
exp
−1
.
s

The limit s → ∞ implies that the argument of the
 exponential is always small,
and it can be taylored around zero: exp β Ẽ(k)/s ≈ 1 + β Ẽ(k)/s + ..., leading to

−1
kB T
hnk iT ≈ 1 + β Ẽ(k)/s − 1
=
.
E(k)

(II.2.16)

Note that s as a quantum entity hides
p in the classical limit by replacement
with the magnetic moment µS = γs s(s + 1)~. Furthermore, the classical
limit does not quite assume infinite s (and hence µS ), rather it assumes it to
be very large; i.e. the number of discrete quantum levels given by ms is so large,
that µ̂lz becomes practically indistinguishable from a continuous, classical moment. To make a long story short: spin waves in the classical model follow
the distribution eq. (II.2.16), immediately leading to the conclusion that the
low-temperature magnetization Mz (T ) is not well modeled classically. This
limit is described by Bloch’s law10 that explicitly assumes the Bose-Einstein
distribution. However, at higher temperature the classical description in form
of eq. (II.1.20) is expected to be quite accurate in terms of the spin configuration S l , since at high temperatures usually the quantum distributions
converge to the classical Boltzmann distribution. In spite of the inaccurate
thermal occupation affecting the low-temperature limit, interestingly another
case might be well modeled classically: zero temperature. In the derivation of
the classical LLG without thermal noise, see section II.1.5, it is obvious that
it directly stems from the quantum description, the error done in the classical
limit just given by non-linear contributions in the Hamiltonian, i.e. here by
magnetocrystalline anisotropy. Hence, descriptions of magnons disregarding a
correct thermal occupation may also be well modeled using classical models.
Despite all this, the classical description has a major advantage: it can be
treated in full extend (without linearizations or other approximations) numerically for a large number of spin, up to 108 , absolutely ridiculous for quantum
systems. Numerical treatment of the full quantum system, e.g. by means of
exact diagonalization, allows much less than 100 spins.
10 See

eq. (C.1.23).
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II.2.2. Ferromagnets on monoatomic Bravais lattices
We go on with the study of spin waves within the classical atomistic spin
model described in section II.1.5. A relatively simple, but quite important
model is a ferromagnet on a regular Bravais lattice with monoatomic basis,
which is investigated here. Hence, the following part delivers two aspects: an
introduction to linear spin-wave theory within the atomistic spin model at
the example of a simple ferromagnet, including the assumptions entering this
theory, but also the specific result of this consideration, namely a solution
of the Landau-Lifshitz-Gilbert equation in the linear regime along with the
dispersion relation of spin waves in that system. The results are of upmost
importance for further investigations of spin waves, for example throughout
chapter IV on localization effects, and it is discussed at the special case of a
simple cubic lattice.
II.2.2.1. Dispersion relation and solution of the linearized
Landau-Lifshitz-Gilbert equation
In order to calculate the spin-wave dispersion relation of the ferromagnet under
consideration, three steps are required: first setting up the Hamiltonian, the
geometry and the nomenclature used. Second step is to linearize the equation
of motion for small deviations from the ground state and as a last step to solve
it by means of a Fourier transform.
Lattice structure and nomenclature
First step to define the system is setting the geometry. For a d-dimensional
Bravais lattice, the lattice vectors are denoted by ap , p = 1, . . . , d. The positions of the lattice sites may then be written as a linear combination of d
integer numbers
r {np } =

d
X

np ap ,

np ∈ Z,

(II.2.17)

p=1

using these integers {np } as indices labeling the sites. Here is, however, no
need to stick to this kind of labeling. Because of this we use just one index
l = l({np }) to label the lattice site positions: r l . The lattice structure and
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Figure II.2.3.: A Bravais lattice in two dimensions, d = 2; depicted is
the structure and basic features of the description for the derivation of the
magnonic dispersion. Lattice vectors are ap , and lattice sites (blue balls) can
be denoted by their coefficients with respect to this basis {np } (blue labels)
or by a linear index l (red labels): r {np } = r l . Correspondingly, the spins
are labeled by the linear index, i.e. S l occupies position r l . From perspective of a fixed spin S l , its Nnb neighbors have a special nomenclature: S lm ,
m = 1, ..., Nnb . A difference in position carries similar labeling: ∆m := r lm −r l
(yellow arrows). Note: ∆m does not depend on l because of a regular lattice
structure.
Interaction parameters between a spin S l and its neighbors are indexed the
same ways by J m and D m , and have relations as explained in the text. Interaction constants exhibit certain symmetries, Heisenberg exchange is isotropic:
0
J m = J m , if m0 denotes the neighbor opposite to m. DMI changes sign:
0
m
D = −D m . To account on this the index p = 1, ..., Nnb/2 is introduced, see
eq. (II.2.19), running over half of the neighbors, the other half given by this
symmetry.
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labeling is shown in fig. II.2.3 at an example lattice in 2D. These lattice sites
are occupied with spins S l , i.e. normalized magnetic moments as introduced
in section II.1.5, which belong all to the same sort of atoms, i.e. all of these
have the same properties as magnetic moment µS and gyromagnetic ratio γ
etc., a manifestation of a monoatomic unit cell.
Next step is to set up the Hamiltonian for the spins; we take into account
Heisenberg exchange interaction with a number of neighbors Nnb , which could
be restricted to nearest-neighbors, but not necessarily. The exchange constants
J m are assumed to ensure ferromagnetic order; for nearest-neighbor interaction this means J m = J > 0, for a more general case that the sign of J m
is predominantly positive. We further consider an easy-axis magnet with uniaxial anisotropy along z direction with parameter dz > 0 and an external
magnetic field along the z direction, B = Bez with B ≥ 0. This parameter
set delivers a ferromagnet with the spins aligned along the positive z direction
in the ground state S l = ez . In case of zero magnetic field B = 0 also the
negative z axis would be a possible ground state. In addition, we include the
Dzyaloshinskii-Moriya interaction, given by the DM vectors D m . We restrict
to the case where the magnitude of the DM vectors is small compared to the
Heisenberg exchange, such that a ferromagnetic ground state is ensured. If the
strength of the DMI is too large, the ground state could be a spin spiral or
also a skyrmion lattice, depending on the exact choice of parameters. Taking
all these things together we arrive at the following Hamiltonian, quite similar
to the one previously introduced in eq. (II.1.11), but without the restriction
on only nearest-neighbor interactions:
H=−

N Nnb
N Nnb
1XX
1XX
J m S n · S nm −
D m · (S n × S nm )
2 n=1 m=1
2 n=1 m=1

− dz

N
X
n=1

(Szn )2

− µS

N
X

(II.2.18)

B · Sn.

n=1

As a reminder: sum over n runs over all lattice sites r n , the one over m over
all neighbors. Furthermore, spin S l is a spin at lattice position r l , and S lm
denotes its mth neighbor, m = 1, ..., Nnb , i.e. it is denoted from perspective
0
of S l . Hence, there is a l0 with S lm = S l . To describe neighbors of a position
r l —let us call them r lm —we also need the lattice vectors to these neighbors,
given here by ∆m := r lm − r l . This labeling of neighbors is depicted in
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fig. II.2.3. Moreover, there is another aspect coming into play: the symmetry
of the Bravais lattice ensures that neighbors r lm come in pairs seated at
0
opposite sites of r l , i.e. for each m there is a m0 with ∆m = −∆m . This leads
to the fact that it is handy to label only half of the neighbors by an index p,
the other half given by symmetry. This reads
Nnb/2

∆1 , . . . , ∆
⇔

1

Nnb/2

∆ ,..., ∆

Nnb/2+1

, ∆

1

, . . . , ∆Nnb

(label: m)

Nnb/2

(label: p).

, −∆ , . . . , −∆

(II.2.19)

Later on in the calculations this nomenclature has the advantage of keeping
track of the spins when the system is Fourier transformed.
Labeling the neighbors using the index p is only possible since the interactions with neighbors in opposite directions are naturally interlinked. In the
Hamiltonian the interaction parameters J m and D m carry only index m because of the regular lattice: material parameters are the same for every lattice
site. Consider for this fig. II.2.3, where a lattice site l with spin S l is given
0
as example. Two of its neighbors are highlighted, S lm and S lm , linked by
the aforementioned symmetry. The Heisenberg exchange is isotropic and S lm
0
as well as S lm belong to the same kind of atoms, therefore the interaction
0
constant is the same for both: J m = J m =: J p . The DMI behaves a bit differently: the translational invariance implies that the interactions S lm ↔ S l and
0
0
S l ↔ S lm must be the same, which may be written as D lm,l = D l,lm . But
the symmetry rule for the DMI requires the DM vectors to change sign upon
interchange of spins: D lm,l = −D l,lm , as explained in section II.1.3, page 37.
Hence, D l,lm = −D l,lm in this notation, but the DM vectors are uniform for
0
all lattice sites l. This in short leads to D p := D m = −D m .
Linearizing and solving the equation of motion
We continue with the equation of motion, the LLG:11

dS l
γ
αγ
=−
Sl × H l −
Sl × Sl × H l
(II.2.20)
2
2
dt
µS (1 + α )
µS (1 + α )
X
X
∂H
Hl = − l =
J m S lm −
D m × S lm + 2dz Szl ez + µS B.
∂S
m
m
11 The

explicit calculation of the effective field H l can be found in appendix C.2.
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In the following, the calculation of the spin-wave dispersion is only sketched in
order to illuminate the basic concepts and, importantly, the assumptions that
enter linear spin-wave theory. The full—and probably a bit exhaustive, yet
nevertheless necessary12 —calculation with all details in done in appendix C.2.
The idea of linear spin-wave theory is to solve the equation of motion for a
system that is only slightly elongated from its magnetic ground state by means
of a Taylor expansion of the LLG up to linear order in S l around the ground
state. This ground state is here S l = ez , such that in the linear regime Szl ≈ 1
holds and the quadratic terms are neglected: Sβl Sηl̃ ≈ 0, for β, η ∈ {x, y, z},
which leads to





Syl − Sylm
Dzm Sxlm
l
X
X
dS
γ



 m lm 
≈−
J m Sxlm − Sxl  +

Dz Sy 
dt
µS (1 + α2 ) m
m
0
0


Syl
 l 
+ (2dz + µS B) −Sx 
0





l
lm
Sx − Sx
−Dzm Sylm
X
X
αγ



 m lm 
−
J m Syl − Sylm  +

 Dz Sx  (II.2.21)
2
µS (1 + α ) m
m
0
0
 
l
Sx
 l 
+ (2dz + µS B) Sy  .
0
One of the interesting consequences is that only the z component of the DM
vectors Dzm plays a role in the linear regime. The next step is to introduce the
complex spin-wave amplitude, which we define here as
S l := Sxl − iSyl ;

(II.2.22)

a complex expression for the in-plane component of the magnetic moment. In
terms of the amplitude S l the equation of motion, eq. (II.2.21) reduces from
a two-dimensional, real-valued equation to a one-dimensional, complex-valued
12 Necessary

to satisfy the pedantism of the author.
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one:
dSyl
dSxl
dS l
=
−i
dt
dt
dt "
#
X
X
γ
m
l
lm
m lm
l
= −i
J (S − S ) − i
Dz S + (2dz + µS B)S
µS (1 + α2 ) m
m
"
#
X
X
αγ
m
l
lm
m lm
l
−
J (S − S ) − i
Dz S + (2dz + µS B)S .
µS (1 + α2 ) m
m

(II.2.23)

This equation of motion is now Fourier transformed, using the discrete Fourier
transform defined as
1 X l −ik·rl
Ŝ k = √
Se
.
(II.2.24)
N l
Utilizing the assumption of translational invariance of the system, applying
the Fourier transform to the linearized LLG eq. (II.2.23) implies
d k
Ŝ = (−i − α)ω(k)Ŝ k ,
dt

(II.2.25)

where we introduce the dispersion relation of the spin waves
" Nnb/2
Nnb/2
X
X
γ
p
p
J [2 − 2 cos(k · ∆ )] + 2
Dzp sin(k · ∆p )
ω(k) =
2
µS (1 + α ) p=1
p=1
#
+ 2dz + µS B .

(II.2.26)

That this is the correct definition of the dispersion becomes clear when considering the solution of the dynamical equation (II.2.25), which is given by
Ŝ k (t) = Ŝ k (t=0)e−iω(k)t e−αω(k)t ,

(II.2.27)

with initial condition Ŝ k (t=0). The solution is, thus, a harmonic oscillation
with frequency ω(k) (complex exponential), exponentially damped on a characteristic time τk = 1/αω(k) (real-valued exponential).
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What does this solution physically mean? It describes an excitation of a ferromagnet from its ground state as a composition of individual spin-wave modes,
each characterized by a wave vector k. Each of these modes, given as a complex
amplitude Ŝ k , has an absolute value and a phase; furthermore the spin-wave
intensity of a mode k is—as usual—given by the squared absolute value:
Iˆk := Ŝ k

2

2

= Ŝ k (t = 0) e−2αω(k)t ,

(II.2.28)

including the exponential decay in the presence of finite Gilbert damping α.
Calling the spin-wave modes “individual” shall here indicate the absence of
interaction between the modes; the equations of motion for modes k and k0
are decoupled: a result of the Fourier transform of a translational invariant,
linear system. This invariance especially requires a clean system without any
kind of defects. For sufficiently high spin-wave amplitudes, which means sufficiently large elongation from magnetic ground state, the linearization done
here breaks down and non-linearties will play a role by means of magnonmagnon scattering, meaning for example the possibility of a spin wave at
wave vector k to decay into spin-wave modes with lower frequencies.
The solution eq. (II.2.23) can also be discussed in real space, given by the
inverse Fourier transform of the solution in k space:
1 X ik·rl k
S l (t) = √
e
Ŝ (t).
N k
For a pure state with wave vector k0 , i.e.
( √
N A0
Ŝ k0 (t=0) =
0
this means
S l (t) = A0 ei(k0 ·r

l

for k = k0
,
else

−ω(k0 )t) −αω(k0 )t

e

;

all spins S l precess around the ground state at frequency ω(k0 ) and the spatial
dependence forms a wave pattern as previously sketched in the right panel of
fig. II.2.2. Furthermore, the elongation from ground state is exponentially
damped in time due to finite Gilbert damping.
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II.2.2.2. Discussion of the result by example of a simple cubic
lattice
The next step is to discuss some basic properties of the dispersion relation,
done here with special attention on a sc lattice. So far there was no need to
assume a certain Bravais lattice, however, in this work particularly sc lattices13
will be considered, where only nearest neighbors are taken into account for
interaction (all with Heisenberg exchange J as all have same distance a), and
hence Nnb = 2d. In this special case ∆p = ap = aep with lattice constant a,
and the dispersion reads
( d
d
X
X
γ
Dzp sin(akp )
[2
−
2
cos(ak
)]
+
2
ω(k) =
J
p
µS (1 + α2 )
p=1
p=1
)

(II.2.29)

+ 2dz + µS B ,
depicted in fig. II.2.4 for dimension d = 2 in two different ways: as surface (left)
and contour plot (right). We use these plots to highlight the basic features of
this very dispersion.
First of all it exhibits a minimal frequency, given in general by ω(K I ) with
K I given below. For finite dz or B and a sufficiently low DMI, this minimal
frequency is positive, and called frequency gap ωg . Below this frequency (or
in quantum mechanical terms below energy ~ωg ) no excitation is possible,
a magnets magnons cannot be excited by driving at frequency ω < ωg . In
complete absence of DMI, Dzp = 0, the gap simply reads
ωg =

γ
(2dz + B),
µS (1 + α2 )

caused by anisotropy and magnetic field.
Furthermore, in general the dispersion is not inversion symmetric, i.e. k and
−k are not equivalent, caused by the contribution that stems from the DMI,
Dzp . Without this contribution the system is perfectly inversion symmetric.
However, this does not mean that this symmetry is completely destroyed,
13 Or

simple hyper-cubic lattices in d dimensions; mostly d = 2 or d = 1.

74

II. Physical basics

Figure II.2.4.: Spin-wave dispersion relation for a 2D square-lattice ferromagnet with nearest-neighbor interaction, eq. (II.2.29), for α = 0, dz = 0.1 J,
B = 0 and Dzp = 0.1 J, depicted as surface and contour plot over the 1st
Brillouin zone. Especially the contour plot on the right shows how the finite
DMI affects the dispersion: ω(k) is shifted with respect to zero to K I , given
by eq. (II.2.30). In this example aK I ≈ (−0.1, −0.1)T .
rather does the DMI-caused sine term shift the dispersion in k space with
respect to the case without DMI. To be more precise: the position of minimal
frequency is shifted from k = 0 to a center of inversion k = K I . For the
nearest-neighbor sc lattice it is given by

 1
 d T
1
Dz
Dz
KI = −
arctan
, ..., arctan
,
(II.2.30)
a
J
J
however, it can also be expressed more generally as shown in appendix C.2.
The consequence is a weakened inversion symmetry:
ω(k) = ω(2K I − k),

(II.2.31)

which also is not restricted to sc lattices. This relation implies that the dispersion is inversion symmetric not with respect to 0, but with respect to K I .
As a last aspect we comment on the influence of Gilbert damping α: the dispersion scales with 1/(1+α2 ) and reduces the frequencies by this factor, such
that its influences can be safely neglected in most cases as α is usually small.
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For instance, a rather high damping α = 0.1 results in 1/(1+α2 ) = 0.01—a
deviation by 1 %.
II.2.2.3. Back-link to the quantum mechanical model
With the previous results, the connection of the classical to the quantum model
of spin waves can be discussed for a simple cubic lattice, comprising nearestneighbor exchange interactions without DMI, since both systems have been
solved in the linear regime in this and the previous subsection. Furthermore,
we neglect Gilbert damping, α = 0.
The classical dispersion thus reads in that case
( d
)
X
γ
cl
ω (k) =
J
[2 − 2 cos(akp )] + 2dz + µS B ,
µS
p=1
which we compare to the quantum version, eq. (II.2.9), extended to d dimensions, where we apply the classical limit, i.e. s → ∞ ⇒ s + 1 ≈ s:
E qm (k) = ~ω qm (k)


d
1
µS B
2dz
J X
[2 − 2 cos(akp )] +
1+
+p
=
s + 1 p=1
s+1
2s
s(s + 1)
( d
)


X
1
1
s→∞
= ~
J
[2 − 2 cos(akp )] + 2dz 1 +
+ µS B ,
s~
2s
p=1
where
p the classical limit can also be applied for the effective moment by µS =
−γs s(s + 1)~ ≈ −γs s~, and we insert the positively defined gyromagnetic
ratio used in classical picture γ = −γs :14
( d
)


X
γ
1
ω qm (k) =
J
[2 − 2 cos(akp )] + 2dz 1 +
+ µS B
µS
2s
|{z}
p=1
→0

⇒ω

qm

14 Remember

s→∞

(k) → ω (k).
cl

section II.1.5 in eq. (II.1.12), the negative sign of the usually negatively defined
γs enters the equation of motion, i.e. the LLG.
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Both are equivalent in this limit of large s; application of this limit enters
twofold, first by inserting the effective moment µS , secondly, there is a correction for the uniaxial anisotropy by 1/2s. That the anisotropy gives rise to
a deviation is understandable in view of the derivation of the classical model
from the quantum version, see section II.1.5: time evolution of quantum expectation values translates exactly to the time evolution of classical spins, except for an error stemming from non-linear terms in the Hamiltonian—from
anisotropy—a deviation eventually reappearing here again. But fortunately it
vanishes in the classical limit of large spin quantum number s.

II.2.3. Kagome-lattice ferromagnets
The kagome lattice is a lattice with three atoms per unit cell that order
on a hexagonal Bravais lattice, see fig. II.2.5. Recently, these lattices have
drawn quite some attention[82–84] , as they may exhibit interesting topological features, such as the magnon Hall effect[85] and there are magnetic materials known that have this structure. One example is lutetium vanadate[20]
Lu2 V2 O7 , which exhibits a pyrochlore structure. The (111) plane of this structure is a kagome lattice. And since this material is a magnetic insulator, it is
a good candidate for spin-wave studies on kagome lattices. In this section the
lattice structure is introduced and we will compute the dispersion relation of
spin waves in ferromagnets with kagome structure. Note: linear spin-wave theory for such systems has been done before[83] , usually starting from quantum
mechanical principles using for example a Holstein-Primakoff transformation.
However, the considerations here are based on the classical spin model. We
neglect Gilbert damping, i.e. we set α = 0 for the moment, since the damping
[82] K.

A. Ross et al. „Two-Dimensional Kagome Correlations and Field Induced Order in
the Ferromagnetic XY Pyrochlore Yb2 Ti2 O7 “. Phys. Rev. Lett. 103, p. 227202 (2009)
[83] R. Chisnell et al. „Topological Magnon Bands in a Kagome Lattice Ferromagnet“.
Phys. Rev. Lett. 115, p. 147201 (2015)
[84] A. Mook, J. Henk, and I. Mertig. „Topologically nontrivial magnons at an interface
of two kagome ferromagnets“. Phys. Rev. B 91, p. 224411 (2015)
[85] A. Mook, J. Henk, and I. Mertig. „Magnon Hall effect and topology in kagome lattices:
A theoretical investigation“. Phys. Rev. B 89, p. 134409 (2014)
[20] D. V. Nazipov, A. E. Nikiforov, and V. A. Chernyshev. „Structure, Lattice Dynamics,
and Exchange Interaction in Lu2 V2 O7 , Y2 V2 O7 : an Ab Initio Approach“. Optics and
Spectroscopy 121, pp. 544–548 (2016)
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Figure II.2.5: A kagome
lattice: hexagonal lattice
with three atoms per unit
cell. The three sites are labeled A (green), B (red)
and C (black), and form
hexagons and triangles. Exact description of the lattice given by eq. (II.2.34).

does not play a major role for the investigations of this system. The aim here
is to understand the magnonic band structure to investigate weak localization
of magnons in such structures, which is done in section IV.1.4. (Note that the
dispersion relation derived here is not equivalent to the cited reference, as in
this work there is an error in the signs of the Dzyaloshinskii-Moriya interaction, which was just discovered after handing in this thesis. It is explained in
the footnote on page 81.)
II.2.3.1. Basic lattice structure
We describe the kagome lattice in the following way: The lattice vectors are
√
a1 = (2, 0)T a,
a2 = (1, 3)T a,
(II.2.32)
where a is the nearest-neighbor distance and the natural unit of distance. The
three atoms of a unit cell are labeled with A, B and C and with respect to the
center of the unit cell their positions read
c=

A

1
− ,−
2

r !T
3
a
4

“site A”,

c=

B

1
,−
2

r !T
3
a
4

“site B”,
(II.2.33)

T

c = (−1, 0) a

C

“site C”.

In this way one can describe the lattice also as composition of three sublattices
A, B an C, each containing the corresponding atoms. The positions of the
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Figure II.2.6.: Left panel: lattice vectors ap and positions of atoms within a
unit cell Xc, X = A, B, C, which uniquely define all positions of atoms. Right
panel: nomenclature for neighbors; each spin S l has four nearest neighbors to
interact with, each two of the corresponding two other sublattices. E.g. a spin
of sublattice A, AS l , has two neighbors of B, which from perspective of AS l
are denote by ABS lp , p = 1, 2, and two of C, given by ACS lp .
atoms are given by:
A l(n1 ,n2 )

= n1 (l) · a1 + n2 (l) · a2 + Ac

“sublattice A”

B l(n1 ,n2 )

= n1 (l) · a1 + n2 (l) · a2 + c

“sublattice B” (n1 , n2 ∈ Z, l ∈ N),
(II.2.34)

C l(n1 ,n2 )

= n1 (l) · a1 + n2 (l) · a2 + Cc

“sublattice C”

r

r

r

B

see also fig. II.2.6, left panel. n1 and n2 constitute the real-space lattice indices
and l(n1 , n2 ) is a linear index for labeling the unit cells. Later also the position
vectors to the neighbors of each atom will be needed. For this consider Ar l —
the atom position in sublattice A—; it has four nearest neighbors, two of
sublattice B and two of sublattice C, and ABr lp and ACr lp (p = 1, 2) denote
their positions, see fig. II.2.6, right panel. Note importantly that the position
vector of each neighbor—as ABr lp —is also labeled by another index l0 , not
0
marking it as a neighbor. For example it exists a l0 , such that ABr l1 = Br l .
The atoms of sublattices B and C are labeled in the same manner, i.e. with
BA lp BC lp
r , r and CAr lp , CBr lp respectively.
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Using this notation the position difference vectors to the neighbors are defined:
∆p := ABr lp − Ar l

BA

∆p := ACr lp − Ar l

BC

AB

AC

∆p := BAr lp − Br l

CA

∆p := CAr lp − Cr l
(II.2.35)

∆p := BCr lp − Br l

CB

∆p := CBr lp − Cr l ,

drawn in fig. II.2.7. Similarly as for the monoatomic Bravais lattice, these itself
do not depend on the index l due to the translational invariance. Furthermore,
there are some symmetry relations:
XY

∆1 = −XY ∆2

XY

∆p = Y X∆p ,

(II.2.36)
X, Y ∈ {A, B, C}, p = 1, 2,

which can be seen from fig. II.2.7. Thus, there are only three independent
vectors, describing uniquely the kagome lattice, here we will use AB∆1 , AC∆1
and BC∆1 .
In order to analyze magnons in a kagome lattice, also the reciprocal lattice
vectors b1 and b2 are needed. They are given by the usual relation ai · bj =
2πδij and, hence, given by

T
π
1
b = π, − √
,
a
3
1

b =
2



2π
0, √
3

T

1
.
a

(II.2.37)

Consequently, the unit cell in momentum space is given by (as continuous set
and centered to zero)



Ωms = k ∈ R2 : k = xb1 + yb2 with x, y ∈ −1/2, 1/2 .
The lattice sites of the structure sketched before are occupied by spins, for
which the same notation is used as for the lattice site positions, such that
X l
S occupies site Xr l , X ∈ {A, B, C}. In that way, the spins in the unit cell
with index l are: AS l , BS l and CS l . Accordingly, we label the nearest-neighbor
spins, e.g. neighbors of spin AS l are ABS lp and ACS lp (p = 1, 2), see fig. II.2.6,
left panel.
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Figure II.2.7: Positions of
neighbors a spin interacts with
are identified via difference vectors XY ∆p , X, Y ∈ {A, B, C},
p = 1, 2, see eq. (II.2.35).
These fulfill symmetry rules
eq. (II.2.36) depicted here.
Thus, there are three independent vectors; here AB∆1 , AC∆1
and BC∆1 are chosen. Calculations and results are expressed
by these three.

II.2.3.2. Magnetic interactions and Hamiltonian
We assume here that all sites of the lattice are occupied by the same sort of
atoms, such that each atom carries the same magnetic moment µS and has
same gyromagnetic ratio γ. Furthermore, we consider two contributions to the
magnetic interaction of two spins, the isotropic Heisenberg exchange and the
Dzyaloshinskii-Moriya interaction. Only nearest-neighbor interactions will be
considered, and from fig. II.2.6 it is clear that each atom has four nearest
neighbors at distance a, i.e. Nnb = 4. For each atom the four neighbors are
from the other two sublattices. Since the neighbors have same distance, all
interactions carry same Heisenberg exchange constant J (which will be used
as unit of energy). Assuming additionally a uniaxial anisotropy in z direction
and a magnetic field, the Hamiltonian reads:
N Nnb
N Nnb
J XX
1XX
n
nm
H=−
S ·S
−
D m · (S n × S nm )
2 n=1 m=1
2 n=1 m=1

− dz

N
X
n=1

(Szn )2 − µS

N
X

(II.2.38)

B · Sn,

n=1

with dz > 0 and B = Bez , B ≥ 0. Note that the summation index n runs
over all lattice sites, not as the index l, introduced in the previous part, which
labels the unit cells. Thus in principle the Hamiltonian takes same form as in
section II.2.2, the only difference is the lattice structure.
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Regarding the Dzyaloshinskii-Moriya interaction, we first apply the same
nomenclature for the DM vectors as for the position difference vectors, i.e.
XY p
D is the DM vector between spin XS l and XY S lp (X, Y ∈ {A, B, C},
p = 1, 2). Due to the lattice structure and the symmetry rules for the DMI,
there are in principle three independent DM vectors, which are here chosen to
be ABD 1 , ACD 1 and BCD 1 . However, for Lu2 V2 O7 there exist only two possible
configurations of DM vectors, a clockwise and a counterclockwise case:15
D 1 = −BCD 1 = −ACD 1 = Dez ,

AB

(II.2.39)

where D > 0 marks clockwise and D < 0 counterclockwise, depicted in
fig. II.2.8.[83,85]

II.2.3.3. Diagonalization of the spin system
After defining the system, the linear spin-wave theory can be carried out, similarly as in section II.2.2. However, because of the three sublattices, the calculation is quite lengthy and technical and therefore deferred to appendix C.3.
Here only important milestones are presented.
Assuming sufficiently small DMI, the ground state is given by S j = ez , hence,
elongation out of ground state is given by Sx and Sy , such that a suitable
complex spin-wave amplitude can be defined by
S j := Sxj − iSyj .
15 This

(II.2.40)

is not equivalent to the cited sources [83, 85], as the symmetry rules were misinterpreted. The rule ABD 1 = ABD 2 (and the other accordingly) from the monoatomic Bravais
lattice does not hold true, and the DMI rather reads ABD 1 = ABD 2 = BCD 1 = BCD 2 =
−ACD 1 = −ACD 1 = Dez . From this follows a different dispersion relation, which especially has bands gaps. This error was just discovered after handing in the thesis, thank
goes to Levente Rósza for pointing this out. The question wether the configuration of DM
vectors used in this work exist in real materials remains open.
[83] R. Chisnell et al. „Topological Magnon Bands in a Kagome Lattice Ferromagnet“.
Phys. Rev. Lett. 115, p. 147201 (2015)
[85] A. Mook, J. Henk, and I. Mertig. „Magnon Hall effect and topology in kagome lattices:
A theoretical investigation“. Phys. Rev. B 89, p. 134409 (2014)
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Figure II.2.8.: Kagome-lattice ferromagnets have independent DM vectors,
all other given by the general rules for DMI. Here, DM vectors are further
restricted: they are aligned along z axis, owning uniform magnitude D. Depicted is clockwise orientation, counterclockwise given by reversing sign of all
DM vectors. Note: for calculation ABD 1 , BCD 1 and ACD 1 are used.

Using this the linearized Landau-Lifshitz-Gilbert equation, eq. (II.1.14), in the
limit of vanishing damping, α = 0, reads
" N
#
nb
X
X
X
dS j
γ
j
jm
m jm
j
j
=−
iJ
S − iJ
S −i
iDz S + i2dz S + iµS BS
dt
µS
m
m
m=1
"
#
X
γ
j
m
jm
(4J + 2dz + µS B)S −
(J + iDz )S
.
(II.2.41)
= −i
µS
m
Note that the index j labels the lattice sites, not the unit cells, thus the
description lacks a distinction between the sublattices.

Because of this we switch to the unit-cell index l, already used to describe the
geometry; i.e. the index j runs over the N spins, index l over N/3 unit cells,
the latter used in combination with an index X ∈ {A, B, C}. This splits the
linearized equation into three cases, each one per spin-wave amplitude AS l ,
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S and CS l , corresponding to the three sublattices:

B l

"
#
X
X
γ
dA l
A l
AB p AB lp
AC p AC lp
S = −i
J0 S −
(J + i Dz ) S −
(J + i Dz ) S
dt
µS
p
p
"
#
X
X
γ
dB l
B l
BA p BA lp
BC p BC lp
S = −i
J0 S −
(J + i Dz ) S −
(J + i Dz ) S
dt
µS
p
p
(II.2.42)
#

"

X
X
dC l
γ
S = −i
J0 CS l −
(J + iCADzp )CAS lp −
(J + iCBDzp )CBS lp
dt
µS
p
p
using the abbreviation J0 := 4J + 2dz + µS B.

Next step is to Fourier transform this system of equations, Fourier transforms
defined via:
1 X A l −ik·Arl
,
S ·e
NA l
1 X C l −ik·Crl
C k
Ŝ = √
S ·e
,
NC l
Ŝ = √

A k

Ŝ = √

B k

1 X B l −ik·Brl
,
S ·e
NB l

(II.2.43)

where NA = NB = NC = N/3 is the number of spins per sublattice. The use of
the Fourier transform assumes—just as in section II.2.2—strict translational
invariance, i.e. either an infinite system or a periodic one.
The result of the Fourier transform is the linear system




Ŝ
J0
d B k 
γ  AB k
 Ŝ  = −i
− J
dt C k
µS
Ŝ
−ACJ k
|
A k

−ABJ k
J0
−BCJ k
{z

=:M k

 

A k
−ACJ k
Ŝ
 

−BCJ k  · BŜ k  ,
C k
J0
Ŝ
}

(II.2.44)
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with the following abbreviations:
J0 = 4J + 2dz + µS B


J := 2J cos k · AB∆1 − 2ABDz1 sin k · AB∆1


AC k
J := 2J cos k · AC∆1 − 2ACDz1 sin k · AC∆1


BC k
J := 2J cos k · BC∆1 − 2BCDz1 sin k · BC∆1 .

AB k

(II.2.45)

In vector notation we define Ŝ k = (AŜ k , BŜ k , CŜ k )T . As explained in detail in
appendix C.3, the vector-valued differential equation (II.2.44) is solved by a
transformation matrix T ∈ R3×3 , which on the one side diagonalizes M k , one
the other side maps the spin-wave amplitudes via


A k
χ̂
k


χ̂k := Bχ̂k  := T −1 Ŝ
C k
χ̂
to the magnonic eigenmodes. These eigenmodes are labeled by A, B, and C to
avoid confusion with the components A, B, C of the amplitude representation
of the sublattices. Using this the equation of motion is solved, and the time
evolution in momentum space is given by
k

Ŝ (t) = T χ̂k (t),


A
A k
χ̂ (t=0) · e−i ω(k)t
B


χ̂k (t) = Bχ̂k (t=0) · e−i ω(k)t  .
C
C k
χ̂ (t=0) · e−i ω(k)t

(II.2.46)

The initial condition is given by a transform of the initial condition for Ŝ k :
k
χ̂k (t=0) = T −1 Ŝ (t=0). Before we discuss the exact outcome, let us discuss
some general features. There exist three magnon branches, or magnon bands,
carrying dispersion relations Aω(k), Bω(k) and Cω(k). These are the three
eigenvalues of the original matrix M k , each accompanied by an eigenvector Xv,
X ∈ {A, B, C}, describing a spin-wave eigenmode. For a fixed wave vector k,
the transformed amplitudes χ̂k describe the occupation of these eigenmodes.
For instance χ̂k = (1, 0, 0)T means only magnons of wave vector k of band A
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are excited, leaving the other two bands—B and C—unoccupied. To be more
precise, we define the spin-wave intensity for each band via
Xˆ
Ik

:=

X k 2

χ̂

(II.2.47)

X ∈ {A, B, C}.

,

The orthogonal nature of the transformation, i.e. T −1 = T T stemming from
the symmetric M k , ensures a preserved total intensity, since the transformation does not alter the Euclidean norm
kT vk2 = kvk2
⇒

A k

Ŝ

2

+ BŜ k

2

+

C k

Ŝ

2

=

A k 2

χ̂

for arbitrary v
+

B k 2

χ̂

+ Cχ̂k

2

=

X

Xˆ
Ik .

X∈{A,B,C}

Note that for practical issues not only the dispersion, i.e. the eigenvalues of
M k , are of interest, but also the eigenvectors Xv. One reason is that the
data analysis requires these, see appendix F.1.2. But also an excitation of
a single magnon band in numerical simulations requires knowledge of the
transformation T , and therefore knowledge of Xv.
II.2.3.4. Magnonic band structure
So far we did not specify the dispersion relation, nor the eigenvectors. In
principle both can be calculated analytically, however, the general expressions
are quite lengthy, such that we restrict analytical formulas to the case without
DMI, i.e. D = 0. In that case we calculate the eigenvalues using Mathematica:

γ
A
3J + 2dz + µS B
ω(k) =
µS

q
√
√
− J 3 + 2 cos(2akx ) + 2 cos(akx − 3aky ) + 2 cos(akx + 3aky )

γ
B
ω(k) =
3J + 2dz + µS B
(II.2.48)
µS

q
√
√
+ J 3 + 2 cos(2akx ) + 2 cos(akx − 3aky ) + 2 cos(akx + 3aky )
i
γ h
C
ω(k) =
6J + 2dz + µS B ,
µS
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which—as the monoatomic ferromagnet—exhibits inversion symmetry ω(k) =
ω(−k) without DMI. Another option is to calculate the dispersion—including
DMI—numerically: for chosen parameters and wave vector k the calculation
of eigenvectors and eigenvalues of the 3 × 3-matrix M k is easily done, here
using Matlabs build-in functions. Sweeping over wave vectors k delivers then
the dispersion over the entire Brillouin zone; in fig. II.2.9 the complete band
structure is shown.
Including DMI, the inversion symmetry is broken and its influence differs from
the monoatomic case where it simply shifts the dispersion in momentum space.
This is not true here: with or without DMI the lowest band shows approximately a quadratic dependence exactly around the Γ point of the Brillouin
zone at k = 0:
ω(k) ≈ a2 Jk2 + 2dz + µS B

A

for a |k|  1.

Furthermore, the band structure shows two Dirac points where bands A and
B touch each other. Without DMI these are connected by inversion, not true
for finite D: the DMI does not shift the positions, but alters the height; in each
band one is lowered in frequency the other increased, preserving the fact that
the bands touch at these points. Hence, the effect of DMI on the dispersion is
qualitatively different compared to the monoatomic ferromagnet.

II.2.4. Simple cubic lattice with antiferromagnetic
interaction
Antiferromagnets—and especially spin transport in this material class—are
nowadays under intensive research, since these magnets have some unique
properties: as their magnetization vanishes these are robust against disturbing
external fields, in principle they feature fast dynamics, and there are many
antiferromagnetic materials known.[29,32,86] Within the context of this work,
spin-wave dynamics in antiferromagnetic insulators is of interest, especially in
[29] T.

Jungwirth, X. Marti, P. Wadley, and J. Wunderlich. „Antiferromagnetic spintronics“. Nature Nanotechnology 11, pp. 231–241 (2016)
[32] T. Shiino et al. „Antiferromagnetic Domain Wall Motion Driven by Spin-Orbit
Torques“. Phys. Rev. Lett. 117, p. 087203 (2016)
[86] R. Cheng, J. Xiao, Q. Niu, and A. Brataas. „Spin Pumping and Spin-Transfer Torques
in Antiferromagnets“. Phys. Rev. Lett. 113, p. 057601 (2014)
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Figure II.2.9.: Magnon band-structure for a kagome-lattice ferromagnet with
a finite DMI D = 0.1 J (solid lines) and without (dotted line). It comprises
three bands, lowest two (A and B) touching at two Dirac points. Third (C) is
almost flat, in limit D = 0 it becomes strictly flat. Near the Γ point k = 0,
bands A and B show approximately a quadratic k dependence.
section IV.1.5 for the study of coherent backscattering of antiferromagnetic
magnons. Hence, the linear spin-wave theory for such systems is required,
which is known for quite some time[2,87] , yet carried out here for completeness.

II.2.4.1. Basic lattice structure

The description starts with the geometry. Easiest possible lattice is a simple
cubic with lattice constant a, here considered in three dimensions. Note that
simple cubic refers to the lattice of the atoms, not of the magnetic order, which
constitutes as described below.
[2] J.

Van Kranendonk and J. H. Van Vleck. „Spin Waves“. Rev. Mod. Phys. 30, pp. 1–23
(1958)
[87] J. des Cloizeaux and J. J. Pearson. „Spin-Wave Spectrum of the Antiferromagnetic
Linear Chain“. Phys. Rev. 128, pp. 2131–2135 (1962)
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Figure II.2.10: Ground state
of an antiferromagnet is the
Néel state S l = ±ez arranged
in a chessboard order: nearest
neighbors of a spin have opposite sign. This defines two sublattices A (blue) and B (yellow). Hence, the magnetic lattice with lattice vectors ap , p =
1, 2, 3, forms no sc lattice, although the atoms are ordered
sc with lattice constant a.

As Hamiltonian we consider
H=−

N Nnb
N
N
X
X
2
J XX
S n · S nm − dz
Szn − µS
S n · B,
2 n=1 m=1
n=1
n=1

(II.2.49)

with dz ≥ 0 and B = Bez , just as for the ferromagnetic system in section II.2.2, but without DMI. Interactions are restricted to the Nnb = 6 nearest neighbors. The change with respect to the ferromagnet stems from the
sign of the Heisenberg exchange interaction being negative J < 0, which favors antiparallel alignment of the spins.
For the magnetic ground state let us ignore the magnetic field for a moment;
then the anisotropy favors parallel or antiparallel alignment with the z axis
and, hence, the energy is optimized by the ground state S l = ±ez , where
the sign of each spin is opposite to its nearest neighbors optimizing exchange,
i.e. in ground state S l = −S lm . This configuration is sketched in fig. II.2.10.
From this ground state follows that each sublattice carries a finite magnetization, A,BM , but the total magnetization AM + BM vanishes, also at finite
temperature. Therefore another order parameter is required, which is the Néel
vector:

1 A
(II.2.50)
M − BM .
N=
2
For the easy axis magnet this reads N ∝ ±ez , both alignments are degenerate.
How is this altered by the magnetic field that indeed favors one orientation?
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The answer depends very much on the specific strength of the field. To be
more precise: experimentally achievable fields are well below exchange fields,
i.e. usually µS B  |J|, such that the field does not break exchange. But there
is also anisotropy and calculation of the interplay of all three contributions
(not carried out here) reveals that if the field is smaller than a critical field
Bsf the ground state remains the very one introduced before. If the field B
reaches Bsf a phase transition known as spin flop occurs altering the ground
state.[88] However, the spin-flops state is not investigated here, hence we only
consider sufficiently small magnetic fields, i.e. B < Bsf .
From this magnetic ground state, known as Néel state, the magnetic lattice
structure follows. There are two sublattices, each one per orientation parallel
or antiparallel to the z axis, where A denotes the spins towards +ez and B
the ones towards −ez . Thus, the magnetic structure comprises a lattice with
two atoms per unit cell, the lattice vectors given by
T

a1 = (2, 0, 0) a,

T

T

a2 = (1, 1, 0) a,

a3 = (1, 0, 1) a;

and the atom positions inside a unit cell are

T

T
1
1
A
B
c = − , 0, 0
a,
c=
, 0, 0
a,
2
2

(II.2.51)

(II.2.52)

such that the atom positions read
A n1 ,n2 ,n3

= n1 a1 + n2 a2 + n3 a3 + Ac

B n1 ,n2 ,n3

= n1 a + n2 a + n3 a + c.

r

r

1

2

3

(II.2.53)

B

In the same spirit as for the other magnetic systems subjected to linear spinwave theory, two properties are introduced: first an index l = l(n1 , n2 , n3 )
that labels linearly the unit cells of the magnetic lattice. Secondly, there is the
need for vectors describing the neighbors of a lattice site. For this, consider a
site of sublattice A, Ar l , which has Nnb nearest neighbors, all from sublattice
B and, hence, denoted by Br lm , m = 1, ..., Nnb . In the same way neighbors of
B l
r carry name Ar lm . This defines the position difference vectors
∆m := Br lm − Ar l ,

B
[88] F.

∆m := Ar lm − Br l ,

A

(II.2.54)

B. Anderson and H. B. Callen. „Statistical Mechanics and Field-Induced Phase
Transitions of the Heisenberg Antiferromagnet“. Phys. Rev. 136, A1068–A1087 (1964)
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which—just as their counterparts for the monoatomic ferromagnet—come in
0
pairs; i.e. for each m there is a m0 with X∆m = −X∆m , X ∈ {A, B}. This
allows the use of an index p = 1, ..., Nnb/2, only using half of the lattice vectors
X p
∆ , the other given by that symmetry. Since we assume a simple cubic lattice
for the atoms, these position difference vectors are identical for both sublattice
A and B and form basically just the unit vectors, i.e.
∆p = aep .

(II.2.55)

X

The reciprocal lattice vectors bi follow from the condition ai · bj = 2πδij :
b1 =

π π T
,− ,
,
a
a a

π

b2 =



0,

T
2π
,0
,
a

b3 =



0, 0,

2π
a

T
.

(II.2.56)

Because of practical reasons, in this work the set in momentum space



Ωms := k ∈ R3 : k = xb1 + yb2 + zb3 with x, y, z ∈ −1/2, 1/2

(II.2.57)

is usually used to analyze data, not the first Brillouin zone.
Note further that the spins are labeled akin to the lattice positions: AS l occupy sublattice A, and BS l sublattice B. Furthermore, BS lm are the nearest
neighbors of AS l and AS lm the ones of BS l .

II.2.4.2. Diagonalization of the spin system
Calculations are conceptually pretty much the same as for previous systems
and are performed in detail in appendix C.5. The first step is defining the
spin-wave amplitudes for both sublattices:
S := ASxl − iASyl

A l

and

S := BSxl − iBSyl ,

B l

(II.2.58)

meaningful as the ground state is along z axis and, hence, x- and y component
describe deviations from this ground state. Equation of motion is the Landau-
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Lifshitz-Gilbert equation, which in linearized form reads for the amplitudes16


X
dAS l
−iγ
A l
B lm
=
(1
−
iα)(+J
+
µ
B)
S
+
(1
−
iα)|J|
S
0
S
dt
µS (1 + α2 )
m
dBS l
−iγ
=
dt
µS (1 + α2 )

(II.2.59)


X
A lm
(1 + iα)(−J0 + µS B)BS l − (1 + iα)|J|
S
,
m

where J0 = Nnb |J| + 2dz is used.
Next step is a Fourier transform
Ŝ = √

A k

1 X A l −ik·Arl
Se
NA l

and

Ŝ = √

B k

1 X B l −ik·Brl
Se
,
NB l

(II.2.60)

where NA = NB = N/2, of the linearized equations (II.2.59). This results is a
linear system for both sublattice amplitudes
!
!
A k
Ŝ
d AŜ k
k
(II.2.61)
= −iM
B k
dt BŜ k
Ŝ
!
(1 − iα)(J0 + µS B)
(1 − iα)Jk
γ
k
with M :=
,
µS (1 + α2 )
−(1 + iα)Jk
(1 + iα)(−J0 + µS B)
P
using abbreviations J0 = Nnb |J| + 2dz and Jk = 2|J| p cos(akp ).
Just as for the kagome lattice ferromagnet previously, this system is solved by
diagonalization of the matrix M k . Since Gilbert damping is included, eigenvalues are complex valued, the real part describing the precession frequency, i.e.
the frequency of the magnons, the imaginary part the damping of the modes,
i.e. their life time. The solution comprises to map the sublattice amplitudes
X k
Ŝ , X ∈ {A, B}, to eigenmode amplitudes ±χ̂k via a transformation matrix
T given by the eigenvectors. The two resulting modes are denoted by “±”
and carry eigenvalues λ± ; the solution for these eigenmode amplitudes can be
written as
χ̂ = ±χ̂k (t=0) · e−iω

± k
16 Where

±

(k)−t/τ

,

explicitly AS l = +ez and BS l = −ez as ground state is assumed.

(II.2.62)
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by means of
ω ± (k) = Re λ±
1
= − Im λ± ,
and
τ
dispersion and life time respectively. However, in general separation of real
and imaginary part is not so easy, and we restrict the result to the special
case of interest for this work: vanishing damping α = 0. The full solution is
found in appendix C.5. In that case τ = ∞ and


q
γ
2
2
ω (k) =
µS B ± J0 − Jk ,
µS
±

(II.2.63)

shown in fig. II.2.11 for the vanishing magnetic field B = 0, which only shifts
both bands.

Figure II.2.11.: The dispersion relation ω ± (k) of spin waves in an antiferromagnet in two dimensions for finite anisotropy dz = 0.2 |J| and zero field
B = 0. Shown is branch ω + , the other is given by ω − (k) = −ω + (k). A finite
field B would shift both bands by the same amount µS B. There is a finite
frequency gap, caused by the anisotropy; if negligible (dz = 0) the dispersion
is linear for small k: ω + (k) ∝ |k|.
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II.3. Anderson localization and other
localization effects
ne main investigation of this work is the study of localization effects in
disordered magnets—following in chapter IV. Generally speaking, localization requires three ingredients: wave transport—regardless whether
classical or quantum mechanical waves—, disorder like imperfections in a crystal or other obstacles and phase coherence ensuring interference between partial waves scattered from the disorder. Since these are quite broad prerequisites, localization can occur for all kinds of systems: sound waves in a fluid[89] ,
electronic states in a semiconductor[90] , photons in a milky fluid[91] , atomic
wave functions of ultracold gases[92] and so on. However, it can be tricky to
observe it for several reasons. For instance, temperature easily destroys the
phase coherence and localization effects vanish.
But what exactly is localization? To clarify the terms, let us first introduce
Anderson localization. It describes a quite tremendous impact of defects in
a system: namely that transport is entirely suppressed by disorder. Particularly, there is no way for a wave to diffuse away from its origin, which is caused
by localized eigenmodes; this is in contrast to “normal” transport where the
eigenmodes are expanded over the complete system, e.g. plane waves eik·r in a
clean, translational invariant system. Despite this whole plot is about Anderson localization, so far no one called Anderson has entered the stage. In 1958
Philip Warren Anderson published his investigation on a three-dimensional
model comprising spins on a lattice, with random on-site energies.[17] The
result is, for sufficiently strong disorder, a complete stop of diffusion and no
[89] R. L. Weaver. „Anderson localization of ultrasound“. Wave Motion 12, pp. 129–142
(1990)
[90] T. F. Rosenbaum, K. Andres, G. A. Thomas, and R. N. Bhatt. „Sharp Metal-Insulator
Transition in a Random Solid“. Phys. Rev. Lett. 45, pp. 1723–1726 (1980)
[91] T. Sperling, W. Bührer, C. M. Aegerter, and G. Maret. „Direct determination of the
transition to localization of light in three dimensions“. Nature Photonics 7, pp. 48–52
(2013)
[92] J. Billy et al. „Direct observation of Anderson localization of matter waves in a controlled disorder“. Nature 453, pp. 891–894 (2008)
[17] P. W. Anderson. „Absence of Diffusion in Certain Random Lattices“. Phys. Rev. 109,
pp. 1492–1505 (1958)
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Figure II.3.1: Transmission- and
reflection amplitudes t, t0 and r, r0
in
map in-going wave amplitudes ψR,L
out
to out-going ones ψR,L for an obstacle (gray) (e.g. a point-like defect
at position xn : V (x) ∝ δ(x − xn )).
Transmission- and reflection coefficients T and R follow from these,
connected via R + T = 1. Special
case is weak scattering, an almost
transparent obstacle: T ≈ 1.

transport at all anymore; this was the initial investigation of Anderson localization and also coined the name. Nowadays, since more possible types of
localization are known, Anderson localization is also called strong localization. Reason is that there are phenomena linked to phase coherent transport
in random media, which also affect the transport, but not as severe as Anderson localization. Such effects causing a hampered transport—but do not
completely suppress it—are summarized by the term weak localization. In the
presence of this there is transport, but its behavior deviates from the classical, incoherent transport, i.e. from diffusion. Both types of phenomena are
introduced in this part—starting with Anderson localization, then turning to
weak localization—and supplement the numerical investigations of these in
the context of spin waves in chapter IV.

II.3.1. You shall not pass!—Strong localization
The entire business of localization effects deals with the question to be or not to
be phase coherent. As a first introduction to that very Gretchen’s question, we
consider the maybe most tremendous impact of phase coherence on transport
in disordered systems possible: Anderson localization.
Introduction via one-dimensional models
For this purpose let us first consider the electrical conductance of a metal
wire of length L. Classical conductance means the electrical resistance R is
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proportional to the length L, or equivalently, the conductance G is inverse
proportional to L:
(II.3.1)

G ∝ L−1 .

The microscopic origin of the resistance in a normal metal is usually scattering
of the electrons at phonons and at defects—at disorder. However, this kind
of transport is incoherent with respect to the phase of the electronic wave
function, i.e. interference of scattered waves at defects is neglected; which is a
feasible assumption at room temperature that destroys phase coherence of an
electron quickly. At very low temperatures this assumption might be invalid,
and interference effects may play a role.
Hence, let us put aside temperature effects for the following considerations.
For a metallic wire the above-sketched scenario can be calculated—within a
certain extend.[93,94] We present here only the results in order to highlight the
difference between phase-coherent- and incoherent transport. The idea is to
have wave amplitudes, for instance electronic wave functions, scattered at a series of defects, each defect splitting the wave into a reflected and a transmitted
part. For a single defect this is sketched in fig. II.3.1, where also transmissionand reflection amplitudes are defined, describing the scattering. An extended
system with many of these defects includes a complex interplay of multiple
scatted parts of the incoming wave that even for a one-dimensional geometry
cannot be carried out in general. Hence, calculation can only be done using
some assumptions concerning the nature of disorder, namely weak scattering.
For the system considered here this means that scattering at a single defect
is weak, i.e. a single defect is almost transparent, T ≈ 1, and also the average
distance between two defects is large (meaning large compared to the wave
length of the electrons). From this the transmission of the whole wire of length
L is calculated, which is directly proportional to the conductance[93,94]
G∝L
[93] C.

−3/2

e

−L/8ls

≈e

−L/8ls

,

(II.3.2)

A. Müller and D. Delande. „Disorder and interference: localization phenomena“.
In: Les Houches 2009 - Session XCI: Ultracold Gases and Quantum Information, Oxford
University Press (2011)
[94] M. Evers. „Computersimulationen zur Andersonlokalisierung in magnetischen Systemen“. MA thesis (2014), (latter source is based on the former, but calculation is a bit
more detailed).
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with the mean free scattering path ls reflecting the microscopic details of the
disorder. The difference to eq. (II.3.1) is obvious: the conductance decreases
exponentially with length; transport is strongly suppressed.
Exponential decay with distance to the excitation source: this is one of the
key characteristics of Anderson localization, which we would like to highlight
here. If waves are confined by Anderson localization, their wave amplitude
(or intensity) decays exponentially, the characteristic length scale called localization length ξloc . In general this property is defined via the decay of the
ensemble-averaged wave intensity hIi for longer distances from the excitation
source position x0 :
hIi = |A|2 ∝ e

−|r−r0 |/4ξ
loc

,

(II.3.3)

where A is the wave amplitude, I the corresponding intensity, and the ensemble
average refers to an average over all possible disorder realizations. For the
system discussed above this means that the localization length is basically the
same as the mean free path ξloc = 2ls , such that there is only one length scale
that determines the transport in such a system.
Transport in a metallic wire can—and also has been—studied from a slightly
different point of view: namely directly from single-particle quantum mechanics in one dimension with the following Hamiltonian[95,96]
~2 ∂x2
Ĥ = −
+ V (x)
2m
X V0
V (x) =
δ(x − xn ) with hV (x)V (x0 )i ∝ δ(x − x0 ),
x0
n

(II.3.4)

the disorder entering as point-like defects at random positions xn . Importantly,
V (x) is a functional-like random variable with some probability distribution
P [V ]. The set of all possible realizations of V (x) is usually called ensemble,
and basically all properties of the system, such as the spectrum of the Hamiltonian and its eigenstates, depend on the exact realization. Since usually not a
specific realization is of interest, these properties are averaged over all possible
[95] A.

A. Gogolin. „Electron density distribution for localized states in a one-dimensional
disordered system“. Zh. Eksp. Teor. Fiz. 71, pp. 1912–1915 (1976)
[96] F. M. Izrailev, T. Kottos, A. Politi, and G. P. Tsironis. „Evolution of wave packets in
quasi-one-dimensional and one-dimensional random media: Diffusion versus localization“.
Phys. Rev. E 55, pp. 4951–4963 (1997)
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Figure II.3.2.: An extended state (left), spreading over the entire system
and a localized state (right), which falls off exponentially on long distances.
realizations of the ensemble, the average denoted by h...i. The eigenstates of
this model turn out to fall off exponentially with distance, just as eq. (II.3.3),
which means these are localized as depicted in the right panel of fig. II.3.2; this
is in contrast to free electrons, where the eigenstates eikx are non-localized,
as well are the eigenstates for a periodic (non-random) spacing between xn ,
which constitutes the Kronig–Penney model[97] , which form a special type
of Bloch states. The difference between localized and non-localized states is
quite important: the former—in contrast to the latter—do not show diffusion.
Consequently, transport in such a system is entirely suppressed. This is the
second key feature of Anderson localization: no transport at all, which by the
way clears also the term “localization” for this type of non-existing transport: it refers to the corresponding localized states. Figure II.3.2 sketches the
difference between an extended and a localized state.
To be more precise on the nature of the localized states, consider states at
energy E, for which the ensemble-averaged probability density in real space
reads
D
E
2
pE (x) = |ψE (x)| ,
ψE being the eigenstates at energy E. For this model, this density can be
[97] R.

d. L. Kronig and W. G. Penney. „Quantum Mechanics of Electrons in Crystal
Lattices“. Proceedings of the Royal Society of London. Series A 130, pp. 499–513 (1931)
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calculated exactly within the weak scattering limit:[95]

2


Z∞
π2
1 + η2
1 + η2
pE (x) =
η sinh(πη)
exp −
|x| dη,
16ξloc
1 + cosh(πη)
4ξloc
0

(II.3.5)

with asymptotic behavior
pE (x) ∝ exp (−|x|/ξloc ) ,
−3/2

pE (x) ∝ |x|

exp (−|x|/4ξloc ) ,

|x| . ξloc

(II.3.6)

|x|  4ξloc ,

which just resembles the transmission conductance eq. (II.3.2). The microscopic details of the disorder, as well as the energy of the considered states
are summarized by a single number, the mean free path ls , which is directly
connected to the localization length ξloc = 2ls . This behavior is believed to be
quite general for one-dimensional systems in the weak scattering regime for
the following reasoning.[98] First, the influence of spatial correlations in the
disordered potential has been investigated, with the result that the asymptotic
behavior in the weak scattering regime is unchanged. Furthermore, whether
states are localized in a disordered system or not depends in general on the
energy. Through scaling theory, which is introduced later on, one can conclude that in 3D systems all states up to an energy called mobility edge Ec
are localized, above they de-localize. The mobility edge itself depends on the
disorder positively: the stronger the disorder the higher Ec , which means for
fixed energy E that there is a phase transition from de-localized to localized
states when varying the strength of the disorder. For metals this means they
become insulating when Ec reaches the Fermi energy. In the vicinity of this
phase transition it is a “common belief”[98] that the critical behavior does
not depend on the microscopic details. In 2D and 1D there is no such phase
transition, in principle all states are localized (even though the localization
length can be very large), but the limit of vanishing strength of disorder can
be considered the critical region, which is just the weak scattering regime.
[95] A.

A. Gogolin. „Electron density distribution for localized states in a one-dimensional
disordered system“. Zh. Eksp. Teor. Fiz. 71, pp. 1912–1915 (1976)
[98] B. Kramer and A. MacKinnon. „Localization: theory and experiment“. Reports on
Progress in Physics 56, pp. 1469–1564 (1993)
[98] B. Kramer and A. MacKinnon. „Localization: theory and experiment“. Reports on
Progress in Physics 56, pp. 1469–1564 (1993)
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Scaling theory
The basic idea of scaling theory[99] is to investigate how a transport property, say the conductance, scales with varying system size. This can be done
in different space dimensions, and allows conclusions on the general behavior
without knowledge of all microscopic details. It cannot by itself give quantitative predictions, as for that more information is required, but it delivers
important qualitative results.
Here we consider a disordered system with transmission T and reflectivity R,
from which the dimensionless conductance
g :=

T
R

(II.3.7)

is defined. The conductance is studied via the so-called β function:
β(g) :=

d ln(g(L))
,
d ln L

(II.3.8)

providing information on how the conductance chances with system length L,
where a system in d dimension with volume V = Ld is assumed. The logarithm is monotonically increasing, such that positive β > 0 implies increasing
conductance with system size, and negative β < 0 decreasing. The qualitative
behavior is based on two limiting cases and an interpolation in between:
• high conductance, i.e. g → ∞, where Ohm’s law for a conducting material is applied, and
• low conductance, g → 0, where localizing behavior as in eq. (II.3.2) is
assumed.
• For intermediate conductance a monotonic progression connects the two
limits.
The first case—high conductance—refers to a metallic material, for which
Ohm’s law describes the transport, in particular for a cube in d dimensions of
length L the conductance reads
g

g→∞

= σLd−2 ,

[99] P. A. Lee and T. V. Ramakrishnan. „Disordered electronic systems“. Rev. Mod. Phys.
57, pp. 287–337 (1985)
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with conductivity σ. Hence, in this limit the β function
lim β(g) =

g→∞

d(d − 2) ln(L)
=d−2
d ln(L)

(II.3.9)

is constant. In the limit of low conductance, the transmission follows localizing
behavior, see eq. (II.3.2), T ≈ e−L/4ξloc , such that
g

g→0

=

h
i−1
T
T
e−L/4ξloc
L
= e /4ξloc − 1
.
=
=
−L/4ξ
loc
R
1−T
1−e

(II.3.10)

We first resolve this for the argument of the exponential:

ln g −1 + 1 =

L
,
4ξloc

which is then utilized when calculating the β function
=− ln(g −1 +1)

β

g→0

d ln(g)
d ln(g)
=
=L
=
d ln(L)
dL

≈ − ln g −1 + 1 ≈ ln(g),

z }| {
−L
4ξloc

1
= 1−T
≈1

}|
{
eL/4ξloc
· L/4ξ
e loc − 1
z

(II.3.11)

using T ≈ 0 and g  1 as low-conduction approximations. The result does not
depend on the dimension d; β is in particular negative, reflecting the fact that
the conductance falls off with system size. On the other hand, for increasing
conductance at a certain point the other limit is reached: limg→∞ β(g) = d−2,
which is positive in three dimensions d = 3, and non-positive for d = 2 and
d = 1. The qualitative behavior is sketched in fig. II.3.3.
This leads to some very basic conclusions on localization behavior, which shall
also summarize this brief introduction to scaling theory. For 3D there is a transition from negative to positive β; since g scales positively with disorder, this
suggests a phase transition from a conducting to an insulating material when
disorder is increased. It can be identified as a second order phase transition,
which has been examined experimentally for example in semiconductors with
varying defect density.[100] The situation is different in two and one dimension:
[100] S.

Katsumoto, F. Komori, N. Sano, and S.-i. Kobayashi. „Fine Tuning of MetalInsulator Transition in Al0.3 Ga0.7 As Using Persistent Photoconductivity“. Journal of
the Physical Society of Japan 56, pp. 2259–2262 (1987)
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Figure II.3.3: Qualitative behavior of β(ln(g)) in dimension d as explained in the text. Importantly, for
d = 1 and d = 2 it is always negative meaning the conductance always decreases with increasing system size: all states are localized.
For d = 3 there is a phase transition from insulating to conducting
behavior at gc .

the scaling function β is always negative, hence, all states are in principle localized, regardless how strong or weak the disorder is. This can be calculated
explicitly in the 1D case, remembering the solution of Gogolin, eq. (II.3.5).
However, in 2D g approaches zero in the high-conductance limit; this can be
quantified further by a localization length that can be exponentially large with
respect to the mean free path and may, thus, be very hard to observe. With
this one can conclude that transport in low-dimensional system is more prone
to localization effects than a bulk three-dimensional material.
Coherent forward scattering
Previously, we discussed Anderson localization in real space, however, it can
also be fruitful to investigate momentum space (here also called k space). The
value becomes obvious when remembering that localization rests on interference—interference of waves scattered at disorder. Let us describe this first
from a rather general point of view, in a system with only weak disorder. A
Fourier transform to momentum space means decomposition into plane waves
eik·r , which in a translational invariant system without disorder are eigenmodes of the system carrying a specific energy E(k). This is no longer true
in a disordered system, but as long as disorder is weak, a plane wave will still
approximately have an energy E(k) (although strictly speaking it will show
an energy distribution). However, since a plane wave is not an eigenmode, it is
scattered by disorder into other accessible states k0 , namely—under assumption of elastic scattering—into states with same energy as k. Starting with
a wave packet centered at momentum k0 , in the end all modes k0 satisfying

102

II. Physical basics

E(k0 ) = E(k0 ) are occupied—an intensity distribution called incoherent background. In a phase incoherent setup, where no localization is expected, a wave
is subjected to a loss of its phase information, such that the entire system loses
its memory on the initial condition k0 , leading to an ergodic time evolution
where all k0 are occupied with same probability: the system thermalizes. This
cannot be true if phase coherence is preserved and the system is subjected to
strong localization: by the plain definition of localization, the system is not
allowed to thermalize. Hence, for all times there is a reminiscence of the initial
condition, which can arguably be observed in the k-space distribution.
This general phenomenology has a long history especially in the context of
coherent backscattering, a weak localization feature that is discussed in detail
in the next section II.3.2. It leads to an additional peak in the k-space intensity
at the backscattering position −k0 —a reminiscence of the initial condition
k0 . In 2012 in additional to this, another k-space signature of localization has
been found, appearing in the momentum-space intensity as a peak at +k0 ,
i.e. in forward direction, depicted in fig. II.3.4. Hence, this phenomenon is
called coherent forward scattering.[22,101] Analysis revealed that this is—in
contrast to backscattering—a signature of strong localization. Roughly one
can distinguish three transport regimes, usually well separated in time, for
a wave packet launched in the disordered system: first—on the short time
scale of the mean free scattering time τs —the ballistic regime, stopped by
scattering at disorder. On a few τs the system enters the weak localization
regime, where for example the coherent backscattering peak appears. In this
regime there is still (sub-)diffusive transport observable, which slows down
until reaching the strong localization regime. This regime is entered on the
2
localization time τloc ≈ ξloc/D, with diffusion constant D, usually much larger
than τs . On this time scale also the coherent forward scattering peak arises
out of the incoherent background, which grows then to a finite value on the socalled Heisenberg time τH . Figure II.3.4 shows the latter two regimes: the weak
localization- and the strong localization regime. The limit of the contrast of
this forward scattering peak is given by unity with respect to the background,
[22] T.

Karpiuk et al. „Coherent Forward Scattering Peak Induced by Anderson Localization“. Phys. Rev. Lett. 109, p. 190601 (2012)
[101] S. Ghosh, N. Cherroret, B. Grémaud, C. Miniatura, and D. Delande. „Coherent forward scattering in two-dimensional disordered systems“. Phys. Rev. A 90, p. 063602
(2014)
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i.e. the maximum height above the background is the height of the background
itself. To be more precise: at the same time when the forward peak rises,
the backscattering peak diminishes and eventually both leveling at the same
contrast. Whether this limit is then preserved for arbitrary times or contrast
of both peaks decreases to zero on another very long time scale is not known.
An analytical theory in terms of perturbation theory fails to describe this
regime, and other approaches own other drawbacks, for example numerical
studies always consider finite system sizes. However, this interference effect
allows another possibility to investigate strong localization,[102–104] specifically
in momentum space, whereas all previously discussed features are observed in
real space.

II.3.2. Weak localization effects
Even if a system is not affected by strong localization, for example because
the localization length is much longer than the system, phase coherence in
connection with disorder can still lead to a vital impact on the transport,
which is summarized by the term “weak localization effects”. Historically, it
was mainly explored from two perspectives: from electrical conductivity at low
temperatures, where the magneto resistance shows an unexpected temperature
dependence,[18,105] and from optics by means of an enhanced reflection of a
light beam entering an opaque medium[106] . But it turns out both share the
same underlying physics: interference of scattered partial waves traveling a
series of scatterers in two ways connected by reciprocity.
[102] K.

L. Lee, B. Grémaud, and C. Miniatura. „Dynamics of localized waves in onedimensional random potentials: Statistical theory of the coherent forward scattering
peak“. Phys. Rev. A 90, p. 043605 (2014)
[103] S. Ghosh, C. Miniatura, N. Cherroret, and D. Delande. „Coherent forward scattering as a signature of Anderson metal-insulator transitions“. Phys. Rev. A 95, p. 041602
(2017)
[104] C. Hainaut et al. „Controlling symmetry and localization with an artificial gauge field
in a disordered quantum system“. Nature Communications 9, p. 1382 (2018)
[18] G. Bergmann. „Weak localization in thin films: a time-of-flight experiment with conduction electrons“. Physics Reports 107, pp. 1–58 (1984)
[105] G. Bergmann. „Physical interpretation of weak localization: A time-of-flight experiment with conduction electrons“. Phys. Rev. B 28, pp. 2914–2920 (1983)
[106] P.-E. Wolf and G. Maret. „Weak Localization and Coherent Backscattering of Photons
in Disordered Media“. Phys. Rev. Lett. 55, pp. 2696–2699 (1985)
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Figure II.3.4.: Numerical simulation of matter waves in a disordered system. Shown is the k-space wave intensity at times t1 < t2 < t3 , (a), (b),
(c) respectively. Initially, a wave at momentum ζk0 = (1.5, 0) is launched
into the system. First, a ring of intermediate height results: the incoherent background. At time t1 a peak at −k0 is observed—the backscattering peak signaling weak localization. At later times in the strong localization regime (t > t2 ), an additional peak forms at k0 , the coherent forward
scattering peak, signature of strong localization. (Reprinted figure with permission from T. Karpiuk et al. Phys. Rev. Lett. 109, p. 190601 (2012), https:
//doi.org/10.1103/PhysRevLett.109.190601, [22]. Copyright 2012 by the American Physical Society.)

For a qualitative picture, let us consider a wave at wave vector k0 entering a
region containing point-like defects at positions rl as depicted in fig. II.3.5. At
each defect the wave is elastically scattered to another wave vector kl . There
is a certain probability that during the series of scatterers the wave returns
to its origin, i.e. first and last defect in that series of scatterers are the same,
which we consider now. Furthermore, last scattering might be a scattering
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Figure II.3.5.: The concept of coherent backscattering depicted in real space.
A wave with wave vector k0 is launched into a medium disordered by defects
at positions rl (black pillars); there is a path (r1 → r2 → ... → rN −1 →
rN = r1 , marked by line arrows) for the scattered wave to return to its
origin, ending in final momentum −k0 , and especially also the reversed path
(r1 = rN → rN −1 → ... → r1 , marked by dotted arrows). Usually both paths
are connected by reciprocity and partial waves traveling both paths collect
ultimately the same phase ∆ϕ and constructively interfere. Result is coherent
backscattering, an enhanced probability of scattering into −k0 .
into state −k0 , see fig. II.3.5. This series may be written as

k0

r1
→ k1

r2
→ k2

r3 ... rN = r1
→ ... →

kN = −k0 .

However, the incoming wave can also pass exactly the same series of defects
in reversed order, which means also momenta are reversed:

k0

r1 = rN
→

−kN

rN −1
→

... r2
... →

−k1

r1
→

−k0 .
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In total this describes a wave splitting into two partial waves, which both
travel a loop-like path back to the original position under reversing the initial
momentum.
Both partial waves will interfere in the end, question is with which phase difference ∆ϕ (color-coded in fig. II.3.5)? The answer is zero; both take the same
path of the same intermediate momenta, up to sign; hence, both collect exactly the same phase. The result is a constructive interference—independent
of the defect realization, such that this interference survives an ensemble average over the possible defect configurations.
How does this differ if no such specific series of scattering processes is chosen?
If the initial wave does not return to its original position, but to a position
shifted by ∆r, there is a finite phase shift ∆ϕ = −k0 · ∆r. Same is true if
the final momentum is not −k0 ; a phase shift ∆k · r results. However, the
phase shift depends on the exact defect configuration and is, hence, random.
This implies the following for the ensemble-averaged wave intensity: consider
interference of two amplitudes a1 and a2 with same fixed absolute value, i.e.
|a1 | = |a2 | = |a|, but a phase difference ∆ϕ, then the overall intensity reads
D
E D
E
D
E
2
2
2
hIi = |a1 + a2 | = |a1 | + h2a1 a2 i + |a2 |
D
E
D
E
2
2
= |a1 | + 2 h|a1 |i h|a2 |i hcos(∆ϕ)i + |a2 | = 2|a|2 + 2|a|2 hcos(∆ϕ)i .
(II.3.12)
For a sufficiently strong phase shift one can expect it to be completely arbitrary, hence hcos(∆ϕ)i = 0 and hIi = 2|a|2 in that case. On the other hand,
for the scenario from above the phase shift vanishes and the averaged intensity
is hIi = 4|a|2 , taking double value. For small deviations from the final momentum −k0 , the phase shift is small and hcos(∆ϕ)i does not vanish completely
but is smaller than unity and vanishes with growing deviation in momentum.
This phenomenon is called coherent backscattering (CBS): a wave with k0
launched into a disordered medium is scattered into other modes accessible
by elastic scattering, and the resulting intensity for −k0 is double the value for
an arbitrary accessible mode. The term originates from the fact that scattering
in the exact back direction with respect to the incoming wave is notably enhanced, by a factor of two to be precise. In momentum space this interference
can be characterized by means of a CBS contrast C. For this consider the wave
intensity in momentum space Iˆk that takes finite value for accessible modes
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k with E(k) = E(k0 ) up to a disorder broadening of the dispersion, which is
called energy shell.17 This intensity splits into two contributions Iˆk = Iˆkic + Iˆkc ,
an incoherent part Iˆkic corresponding to the incoherent sum in eq. (II.3.12), i.e.
to 2|a|2 , and a coherent one Iˆkc originating from 2|a|2 hcos(∆ϕ)i. The incoheric
ent part takes uniform value on the energy shell (simply denoted by IˆE(k
),
0)
whereas the coherent contribution vanishes except close to −k0 , but takes
same value as the incoherent background right at −k0 :
c
ic
Iˆ−k
= IˆE(k
0
0)

under ideal conditions. This is exactly what defines the contrast
C :=

c
Iˆ−k
0
,
Iˆic

(II.3.13)

E(k0 )

taking value C = 1 ideally. Note two important prerequisites that enter the
reasoning here: First is the phase coherence: the assumption of a well defined
phase while passing the defects requires the absence of random phase shifts,
which could occur for instance because of thermal fluctuations. Such limitations are discussed below in more detail. The second aspect is reciprocity
required to ensure the equivalence of a path and its reversed counterpart.
This may be ensured by time-reversal symmetry, since if this symmetry is
given, the reversed path is just a result of an application of time reversal.
However—although sometimes it is claimed otherwise[21] —time-reversal symmetry is only a sufficient condition for CBS, but not a necessary one.[107]
Instead, the necessary condition is called reciprocity, which is not so much
a feature of time evolution, but rather of scattering. Consider a scattering
obstacle, which could be a single defect or a whole disordered area, it has a
scattering amplitude f (k, k0 ) and reciprocity is given if
f (k, k0 ) = f (−k, −k0 )
17 The

dispersion relation E(k) depends in general on the exact realization of disorder,
however, for weak scattering it is close to the very one of a clean system without disorder
E clean (k). Hence, lines of constant energy E0 , i.e. in a clean system {k : E clean (k) = E0 },
broaden upon ensemble average for disordered systems.
[21] N. Arakawa and J.-i. Ohe. „Negative magnetothermal resistance in a disordered twodimensional antiferromagnet“. Phys. Rev. B 96, p. 214404 (2017)
[107] B. A. van Tiggelen and R. Maynard. „Reciprocity and coherent backscattering of
light“. In: Wave Propagation in Complex Media, Springer-Verlag (1998)
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is satisfied.[108] This is implied by time-reversal symmetry, but can also be
satisfied in situations that lack this symmetry. An example is scattering of
light in disordered media, where inevitably absorption occurs breaking time
reversal, yet reciprocity may still be present.[107] For spin waves this translates
to a finite Gilbert damping that basically plays the same role as absorption
in optics.
Unsurprisingly, the situation in experiments and sometimes also in theory—
in particular in the simulations in section IV.1—, does usually not match
ideal expectations. The perfect contrast of unity is lowered due to decoherence effects, which could be caused by a finite temperature or because the
position of the defects is not fixed. In that case the phase coherence is lost
after some characteristic time. Whether then constructive interference occurs
as described before depends on the time the wave needs to travel through the
loop. If it is much smaller compared to the decoherence time, interference is
preserved, if higher, the phase difference between the two partial waves becomes random, i.e. incoherent. In principle all possible paths, i.e. small and
large loops, contribute to the CBS signal, such that at finite temperature loops
with increasing size are more prone to decoherence and contribute less: the
contrast C is less than unity. Increasing temperature progressively affects also
loops of smaller size until transport is completely incoherent and CBS vanishes. But it turns out that even in absence of thermal or other fluctuations,
perfect contrast can hardly be matched. One important source of decoherence
is a finite width of initial momentum distribution around k0 ; the scenario
described above assumes basically a perfectly monochromatic wave, which in
terms of k-space intensity may be written as Iˆk ∝ δ(k − k0 ). However, usually
it does have a finite width. If we assume the wave to feature a Gaussian shape,
it rather reads


(k − k0 )2
Iˆk ∝ exp −
.
∆k 2
This finite width of initial momentum ∆k leads to a dephasing growing in
time, which has been calculated for example for atomic matter waves in the
[108] E.

Akkermans and G. Montambaux. Mesoscopic Physics of Electrons and Photons.
Cambridge University Press (2007)
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perturbative regime,[19] and leads to a CBS contrast that decays in time to
zero:
−d/2

|v g (k0 )|2 τtr ∆k 2
t
.
(II.3.14)
C(t) = 1 +
d
The dimension of the system is d, furthermore v g (k0 ) is the group velocity
at central momentum and τtr is the so-called transport mean free time. The
latter is the characteristic time a wave needs to lose its incident direction
while passing a sequence of elastic scattering processes;[108] it is a measure
for the strength of the scattering in a disordered medium. Although derived
for matter waves, this relation is also expected to be valid for other systems
as photons or spin waves as long as all prerequisites of the derivations are
matched. Since this relation is calculated from perturbation theory, its validity
requires sufficiently weak scattering, and also it may get invalid on long time
scales, especially if the crossover to the strong localization regime is reached.
Furthermore, linear wave transport is assumed, which for spin waves means
sufficiently low amplitudes.
Due to the enhanced scattering in the back direction coherent backscattering
hampers transport. I.e. for electronic transport it lowers the conductivity of a
material. A reduced conductivity caused by coherent transport is called weak
localization, however, it can be shown that CBS is not the only contribution to this reduction.[109] Hence, both terms—weak localization and coherent
backscattering—need to be distinguished: the latter is a special phenomenon
of the former.

II.3.3. Relevance for spin waves
Although introduced more from the view point of electronic or photonic transport, the question for the connection to spin waves remains. First of all it
[19] N.

Cherroret, T. Karpiuk, C. A. Müller, B. Grémaud, and C. Miniatura. „Coherent
backscattering of ultracold matter waves: Momentum space signatures“. Phys. Rev. A
85, p. 011604 (2012)
[108] E. Akkermans and G. Montambaux. Mesoscopic Physics of Electrons and Photons.
Cambridge University Press (2007)
[109] M. B. Hastings, A. D. Stone, and H. U. Baranger. „Inequivalence of weak localization
and coherent backscattering“. Phys. Rev. B 50, pp. 8230–8244 (1994)
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is obvious that spin waves are subject to localization effects as the main
prerequisites—wave transport, phase coherence and disorder—are as easily
given as for other systems. Moreover, localization of spin waves is by far no
new topic: also the pioneering work of Anderson utilized essentially a spin
model[17] . Historically, spin-wave localization has been subject of investigations for different types of magnets; random-anisotropy ferromagnets have
been studied both theoretically and experimentally[110–112] , as well as also
disordered antiferromagnets[113,114] , both cases in terms of strong localization. However, experimental evidence in [112] and [114] has been only indirect. The theoretical work focused more on calculation of the mobility edge
or calculation of structure factors for neutron scattering. Within those works,
the focus was rather on equilibrium properties of 3D bulk magnets. But more
recently, spin-wave transport is studied as a subject on its own,[3] especially in
nanostructured magnets, which in contrast to 3D bulk cannot be addressed by
neutron scattering for instance. Investigation of spin-wave transport includes,
for example, coherent excitation at well defined wave vectors, which requires
studies on their own with respect to weak as well as strong localization. Additionally, the limitations of this magnonic transport are of interest[115] and,
importantly, localization effects might well set their own limitations.
Furthermore, there is a methodical point of view: this work bases on numerical
simulation of an atomistic spin model, which has its weaknesses, but also
[17] P. W. Anderson. „Absence of Diffusion in Certain Random Lattices“. Phys. Rev. 109,
pp. 1492–1505 (1958)
[110] R. Bruinsma and S. N. Coppersmith. „Anderson localization and breakdown of hydrodynamics in random ferromagnets“. Phys. Rev. B 33, pp. 6541–6544 (1986)
[111] R. A. Serota. „Spin-wave localization in ferromagnets with weak random-axes
anisotropy“. Phys. Rev. B 37, pp. 9901–9903 (1988)
[112] V. S. Amaral, B. Barbara, J. B. Sousa, and J. Filippi. „Spin Wave Localization in
Random Anisotropy Systems: Amorphous (Dyx Gd1−x )Ni“. Europhys. Lett. 22, pp. 139–
144 (1993)
[113] S. K. Lyo. „Magnon Localization in Antiferromagnets“. Phys. Rev. Lett. 28, pp. 1192–
1196 (1972)
[114] W. J. L. Buyers, T. M. Holden, E. C. Svensson, R. A. Cowley, and R. W. H. Stevenson. „Character of Excitations in Substitutionally Disordered Antiferromagnets“. Phys.
Rev. Lett. 27, pp. 1442–1445 (1971)
[3] V. V. Kruglyak, S. O. Demokritov, and D. Grundler. „Magnonics“. Journal of Physics
D: Applied Physics 43, p. 264001 (2010)
[115] U. Ritzmann, D. Hinzke, and U. Nowak. „Propagation of thermally induced magnonic
spin currents“. Phys. Rev. B 89, p. 024409 (2014)
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several advantages. It naturally includes effects of magnetic damping, allows
different types of magnets, ferro-, ferri- and antiferromagnets for instance,
and different types of defects can be tested. It is possible to study different
contributions to the Hamiltonian as for example the Dzyaloshinskii-Moriya
interaction, and weak- as well as strong localization effects can be studied.
These investigations are carried out in chapter IV.

II.4. The concept of spin superfluidity
nother topic of the present work is so-called spin superfluidity, which
we would like to introduce in this part. Before we actually explain
its concept from the point of view of classical spin models, we start
from a rather historical perspective by briefly reviewing the current state of
research. To outline the basic idea: footing of spin superfluidity lies with some
similarity of the magnetic order parameter—the magnetization M —to the
order parameter of superfluidity or superconductivity—the macroscopic wave
function Φ. Responsible for the latter, the superfluidity, is a U (1) symmetry
with respect to the phase of Φ, i.e. it may take every value in [0, 2π]. For
a system in a superfluid state this symmetry is spontaneously broken, which
means the system spontaneously decides for one arbitrary value for this phase.
The magnetization of a magnet can have the same symmetry, i.e. the U (1)
symmetry corresponds to a rotational invariance of M in a plane, and as a
consequence might exhibit superfluid-like transport. This symmetry occurs for
example in easy-plane magnets as depicted in fig. II.4.1.
The original idea of the analog transport of supercurrents of electrical charge
for spin transport is quite old and goes back to Halperin and Hohenberg[23] ,
and was further pursued by Sonin[24] . Experimental investigation of spin supercurrents did not start in solid state magnets but with nuclear spins in
3
He, where this transport could be shown.[116] Later on in 2001, König et
[23] B.

I. Halperin and P. C. Hohenberg. „Hydrodynamic Theory of Spin Waves“. Phys.
Rev. 188, pp. 898–918 (1969)
[24] E. B. Sonin. „Analogs of superfluid currents for spins and electron-hole pairs“. Zh.
Eksp. Teor. Fiz. 74, pp. 2097–2111 (1978)
[116] Y. M. Bunkov. „Spin supercurrent and novel properties of NMR in 3 He“. In: Progress
in Low Temperature Physics. vol. 14, Elsevier (1995)
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Figure
A ferromagnet with an easy-plane anisotropy aniH =
P II.4.1.:
n 2
−dz n (Sz ) , dz < 0: spin alignment in the x-y plane is favored. Thus, the
in-plane ground-state magnetization M has a continuous degeneracy in the
in-plane angle ϕ. This state is invariant under rotations around z axis: a
SO(2)—or equivalently a U (1)—symmetry, prerequisite for spin superfluidity,
analog of superfluidity for spin transport.
al. described theoretically the possibility of dissipationless spin currents in
metallic solid state magnets with easy-plane anisotropy.[117] They show the
order parameter—i.e. the magnetization—to rotate in the easy plane forming
a spiral-like state and carrying a spin current that basically exhibits the same
phenomenology as superfluids or superconductors. Obviously, spin transport
without dissipation would potentially be everything one could ever dream of;
however, that work has a major flaw that—in the truest sense of the word—
damps all the hopeful promises on dissipationless transport: electron-electron
interactions and external forces were in principle taken into account, though,
no electron-phonon interaction, nor scattering at magnetic impurities and also
no spin-orbit coupling has been considered. But the latter three are responsible for damping effects, within this work treated in terms of Gilbert damping.
Gilbert damping itself can be quite small, but neither is a material known
where it is absent, nor a mechanism reducing it to zero, hence, it is always
present and does always lead to a finite amount of dissipation. Conclusively,
there is no spin superfluidity in a literal meaning of the term, i.e. spin transport
[117] J.

König, M. C. Bønsager, and A. H. MacDonald. „Dissipationless Spin Transport in
Thin Film Ferromagnets“. Phys. Rev. Lett. 87, p. 187202 (2001)
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without dissipation. On the other hand, the work of König et al. can be extended taking into account a finite Gilbert damping, pushed forward by Takei
et al.[118] for a different class of material—magnetic insulators—, and within
a slightly different model—i.e. a continuum description of magnetism—, yet
still relying on similar physical principles. Results of this work and other that
followed are equations of motion for the magnetic state that very resemble
the equations describing superfluidity or superconductivity; but these include
damping effects via Gilbert damping. This motivates to use “spin superfluidity” as a name for that kind of transport, although one should not take the
“super”-part too serious.
There is another remarkable aspect: the original work by König et al. uses a
quantum picture, though their order parameter can readily be translated to
a classical magnetization. Moreover, the work of Takei et al. utilizes a solely
classical spin model for describing spin superfluidity, which is true for this thesis as well. This is a major difference: Conventional superfluidity stems from a
broken gauge symmetry of the ground-state wave function, i.e. it is definitely
a quantum feature, which is different in magnetism where the order parameter is a magnetization—a quite classical property in the sense it is accurately
described within classical models in many cases.
Furthermore, there is another issue: a possible connection to Bose-Einstein
condensation of magnons that requires some explanation: Conventional superfluidity is naturally linked to Bose-Einstein condensation—although both
phenomena are not the same as explained in section II.4.1. Magnons, as introduced in section II.2.1, are bosons and in principle can be subjected to
Bose-Einstein condensation. In thermal equilibrium this does not occur as
these are quasi particles without conservation of particle number—if a magnon
gas is cooled down, the magnons simply vanish. However, particle conservation can be effectively established in driven systems, where magnons are
dynamically excited in order to keep the magnon number stable. In such a
situation the magnons indeed may condense into the lowest state in energy,
which is reported experimentally.[119,120] But it is disputed whether this is
[118] S.

Takei and Y. Tserkovnyak. „Superfluid Spin Transport Through Easy-Plane Ferromagnetic Insulators“. Phys. Rev. Lett. 112, p. 227201 (2014)
[119] S. O. Demokritov et al. „Bose-Einstein condensation of quasi-equilibrium magnons
at room temperature under pumping“. Nature 443, pp. 430–433 (2006)
[120] A. V. Chumak et al. „Bose-Einstein Condensation of Magnons under Incoherent
Pumping“. Phys. Rev. Lett. 102, p. 187205 (2009)
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indeed a manifestation of Bose-Einstein condensation or a form of classical
condensation, also called Rayleigh-Jeans condensation.[121] The argument is
that a classical spin model with a Rayleigh-Jeans occupation function for
the magnons—as also used in this work and introduced in section II.2.1, see
eq. (II.2.16),—accurately describes the experimental observation as carried
out in ref. [121]. The experiments are usually done on yttrium iron garnet
(YIG), a ferrimagnetic insulator, which lacks an easy plane, and therefore the
required degeneracy of the order parameter (the magnetization) to feature directly spin supercurrents. However, this symmetry is obtained by means of the
dynamics of the magnetization of a magnon condensate (regardless whether
considered Bose-Einstein or Rayleigh-Jeans) and it is believed that this system
features spin superfluidity.[122,123] Measurements of such supercurrents are indeed reported[124] , but interpretation of the data is disputed[123,125,126] . In
this context, we should further note that also for easy-plane antiferromagnets,
namely chromium oxide, spin superfluidity is reported[127] , but this has also
been doubted[128] . Hence, no clear experimental proof of spin superfluidity in
solid state materials is presently at hand.
After this more lengthy than broad introduction, we shall outline the content
of this section: the aim is to deliver a basic understanding of spin superfluidity;
but unfortunately the structure of this introductory section ask the reader for
some patience until we come to that very point. As already pointed out, it
is indeed hardly possible to define this spin transport without comparison
[121] A.

Rückriegel and P. Kopietz. „Rayleigh-Jeans Condensation of Pumped Magnons in
Thin-Film Ferromagnets“. Phys. Rev. Lett. 115, p. 157203 (2015)
[122] C. Sun, T. Nattermann, and V. L. Pokrovsky. „Bose-Einstein condensation and superfluidity of magnons in yttrium iron garnet films“. Journal of Physics D: Applied Physics
50, p. 143002 (2017)
[123] E. B. Sonin. „Spin superfluidity and spin waves in YIG films“. Phys. Rev. B 95,
p. 144432 (2017)
[124] D. A. Bozhko et al. „Supercurrent in a room-temperature Bose-Einstein magnon
condensate“. Nature Physics 12, pp. 1057–1062 (2016)
[125] E. B. Sonin. Comment on "Supercurrent in a room temperature Bose-Einstein
magnon condensate". (2016)
[126] D. A. Bozhko et al. On supercurrents in Bose-Einstein magnon condensates in YIG
ferrimagnet. (2016)
[127] W. Yuan et al. „Experimental signatures of spin superfluid ground state in canted
antiferromagnet Cr2 O3 via nonlocal spin transport“. Science Advances 4, eaat1098 (2018)
[128] R. Lebrun et al. „Tunable long-distance spin transport in a crystalline antiferromagnetic iron oxide“. Nature 561, pp. 222–225 (2018)
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to the conventional concept of superfluidity. Hence, first step is to introduce
superfluidity as it occurs for liquid helium or in superconductors, which largely
rests on the concept of Bose-Einstein condensation. With some basic equations
describing this transport, we turn to ferromagnetic systems, described by the
atomistic model introduced in section II.1.5. For these we derive equations
similar to the ones of conventional superfluidity and, thus, are able to describe
spin superfluidity. These theoretical results build the basis for later numerical
investigation, presented in chapter V. Finally, the limitations of spin-superfluid
transport in ferromagnets is discussed and the possibility of this transport in
other magnetic systems such as antiferromagnets.

II.4.1. Introduction to conventional superfluidity:
Gross-Pitaevskii theory
We introduce conventional superfluidity here using the Gross-Pitaevskii equation. This is by far not the only approach or model describing this phenomenon, but it allows to discuss many important features that are reoccurring in a similar manner when introducing spin superfluidity. Moreover,
the Gross-Pitaevskii equation is of particular importance as it highlights the
resemblance of spin- to conventional superfluidity—this resemblance being basically the definition of spin superfluidity.
This part is structured in four issues: first an introduction to Bose-Einstein
condensation for an ideal gas is provided, followed by a description of the time
evolution of a condensate by the Gross-Pitaevskii equation, which assumes the
existence of a condensate. With this equation and its derived expressions we
discuss some important properties of the condensate, especially superfluidity.
Forth and last aspect is a discussion on the relationship between Bose-Einstein
condensation and superfluidity, and on the limitations of the presented model.

Bose-Einstein condensation of an ideal Bose gas
But first things first: we start with condensation in an ideal gas with bosons
as constituents. Note that a detailed derivation of the expressions used in the
discussion here can be found in appendix D.1. The corresponding Hamilton
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operator is given by
Ĥ =

N
X
~2 k̂n2
,
2m
n=1

(II.4.1)

with mass m of the particles, and k̂l = −i∇rl the wave vector. The single2 2
particle dispersion relation is given by E(k) = ~ k /2m. Furthermore, it is
[43]
known from statistical physics
that the average particle number hN i of such
an ensemble can be expressed using the Bose-Einstein occupation statistics
nB (k):
X
hN i = (2s + 1)
nB (k)
k

nB (k) =

1
eβ(E(k)−µ) − 1

,

with inverse temperature β = 1/kB T , as well as p, V and µ being pressure,
volume and chemical potential respectively, and s the spin (causing a (2s + 1)fold degeneracy).
The total number of particles splits into two parts N ≡ hN i = N0 (T, µ) +
N 0 (T, µ), where N0 marks the number of particles in ground state k = 0, and
N 0 the rest. To be precise, both parts read:

3/2
z
mkB T
N = (2s + 1)
+ (2s + 1)V
Li3/2 (z),
(II.4.2)
1−z
2π~2
|
{z
} |
{z
}
=N0

=N 0

using the fugacity z = eβµ and the polylogarithm function Lis (z). Although
this expression is in principle derived using a grand canonical ensemble with
natural variables T , V and µ, the situation in experiments is different. Considering for instance the cooling helium-4, the number of atoms is usually fixed
and a description in a canonical ensemble is needed using T , V and N , which
implies that (keeping N and V fixed) the chemical potential is a temperature
dependent property µ(T ). Analysis of the behavior of the system requires,
hence, to resolve the equation above for µ, which is analytically not possible
in general.
[43] F.

Schwabl. Statistical Mechanics. Springer-Verlag (2006), chap. 4.
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Figure II.4.2: Temperature dependence of the chemical potential µ(T ), given by eq. (II.4.2),
computed numerically for various N . Finite N implies µ to remain always finite expect for T =
0. Sharp phase transition only
occurs in thermodynamic limit
(N → ∞, N/V = const.): for T ≤
Tc µ → 0; but µ remains finite for
T > Tc . The critical temperature
Tc follows from eq. (II.4.3).
Hence, we solve it numerically as described in appendix D.1; and results (for
case s = 0) are depicted in fig. II.4.2. The numerical treatment is done for
finite values of N , and the numerical solution shows nicely a common feature of
phase transitions: strictly speaking they only exist in the thermodynamic limit,
i.e. in the limit of infinite particle number and volume at constant density:
N, V → ∞ while N/V = const. The phase transition is marked here when the
chemical potential reaches zero, µ = 0, at a finite, critical temperature Tc ,
however, for finite N this is only true for T = 0. But comparing the data for
different N shows that in the thermodynamic limit indeed µ vanishes at a
finite Tc and in that limit the chemical potential reads
(
µ

=0
<0

for T ≤ Tc
.
for T > Tc

The critical temperature can be calculated analytically—see appendix D.1—
and is given by
Tc =

2π
2/3

ζ (3/2)
| {z }

~2
kB m

≈3.31

ζ(z) denotes the Riemann zeta function.



1 N
2s + 1 V

2/3
.

(II.4.3)
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Furthermore—again in the thermodynamic limit—, the relative number of
particles in ground state can be calculated:

 3/2

N0
1 − TTc
for T ≤ Tc
=
,
(II.4.4)
 0
N
for T > T
c

which definitely marks a qualitative physical change: in the high-temperature
phase the relative number in lowest state is zero, but when lowering the temperature below a critical value Tc , particles from N 0 condense into the lowest state such that in thermodynamic limit a finite fraction of particles in
the ground state results; usually this is termed a macroscopically occupied
ground state. From this follows that N0/N immediately defines also a proper
order parameter. This phase transition is called Bose-Einstein condensation,
first theoretically predicted by Einstein[129] based on the work of Bose[130] on
the statistics of bosons. It is very remarkable that a phase transition occurs
for an interaction-free system as considered here, however, one should keep in
mind that the ideal gas of bosons is a very simplified model; for real systems
repulsion of particles plays a role at low temperatures when particles come
close. Furthermore, within this model one can determine this phase transition
to be of first order, already hinted by the fact that at finite temperature T < Tc
0
both N0/N and N /N take finite value, i.e. there is a phase coexistence. This
is further supported by calculating the latent heat which takes finite value
and by calculating a finite entropy difference between the coexisting phases.
In fact it turns out that the condensate carries no entropy and, hence, the
noncondensate the entire entropy of the system.[81]
Gross-Pitaevskii equation for dynamics of a Bose-Einstein condensate
The next step is to consider consequences of Bose-Einstein condensation, for
which we switch horses: Since in the end transport shall be described, a model
capturing not only equilibrium is required. Here this is at the cost of using a
[129] A.

Einstein. „Quantentheorie des einatomigen idealen Gases – Zweite Abhandlung“.
Sitzungsber. K. Preuss. Akad. Wiss. Phys. Math. Kl. Pp. 3–14 (1925)
[130] S. N. Bose. „Plancks Gesetz und Lichtquantenhypothese“. Zeitschrift für Physik 26,
pp. 178–181 (1924)
[81] W. Nolting. Grundkurs Theoretische Physik 6: Statistische Physik. Springer-Verlag
(2014)
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mean-field-like model, which itself cannot predict a phase transition, it rather
assumes its existence. Striking feature and order parameter is the wave function Φ of the macroscopically occupied ground state of a bosonic system, and
the ultimate goal is to obtain an equation describing its time evolution. The
derivation here follows basically the review of Dalfovo et al.[131]
We start again with a Hamilton operator, but now in second-quantization
using field operators (see appendix G.4 for an introduction); including possibly
interacting particles it generally reads
 2 2

~ ∇r 0
Ψ̂† (r 0 ) −
+ Vext (r 0 ) Ψ̂(r 0 ) d3 r0
2m
ZZ
1
+
Ψ̂† (r 0 )Ψ̂† (r 00 )Vint (r 0 − r 00 )Ψ̂(r 00 )Ψ̂(r 0 ) d3 r00 d3 r0 ,
2

Ĥ =

Z

(II.4.5)

comprising an external potential Vext , as well as an internal potential Vint
describing the particle interactions. It can be regarded as extension of the
ideal model eq. (II.4.1), in fact, for Vext = Vint = 0 both are equivalent.
A quite simple way to model the interactions is assuming a weakly interacting,
dilute gas, such that the internal potential is simplified to
Vint (r 0 − r 00 ) = gδ(r 0 − r 00 ).
Corresponding equation of motion is given by the Heisenberg equation of
motion

i  ~2 ∇2
∂ Ψ̂(r, t) h
r
†
i~
= Ψ̂(r, t), Ĥ = −
+ Vext (r) + g Ψ̂ (r, t)Ψ̂(r, t) Ψ̂(r, t),
∂t
2m
(II.4.6)
calculated using the fundamental commutators for the bosonic field operators
[Ψ̂(r), Ψ̂† (r 0 )] = δ(r 0 − r) and [Ψ̂† (r), Ψ̂† (r 0 )] = [Ψ̂(r), Ψ̂(r 0 )] = 0, see appendix D.2 for details.
Ansatz for the order parameter is usually to split the field operator into the
[131] F.

Dalfovo, S. Giorgini, L. P. Pitaevskii, and S. Stringari. „Theory of Bose-Einstein
condensation in trapped gases“. Rev. Mod. Phys. 71, pp. 463–512 (1999)
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single-particle ground state with zero momentum and a small perturbation:
D
E
Ψ̂(r, t) = Ψ̂(r, t) + Ψ̂0 (r, t) ≡ Φ(r, t) + Ψ̂0 (r, t),
(II.4.7)
Φ(r, t) being the complex-valued order parameter, i.e. it takes finite value
in the condensed phase when the ground state is macroscopically occupied.
Φ(r, t) is often called the wave function of the condensate. Inserting this ansatz
into the equation of motion and expanding in zeroth order, i.e. assuming
Ψ̂0 (r, t) ≈ 0, leads finally to the famous Gross-Pitaevskii equation
 2 2

∂Φ(r, t)
~ ∇r
2
i~
= −
+ Vext (r) + g |Φ(r, t)| Φ(r, t),
(II.4.8)
∂t
2m
independently derived by Eugene Gross[132,133] and Lev Pitaevskii[134] . Because of the approximations made, it is valid for dilute gases, which can be
quantified by the statement that the s-wave scattering length shall be small
compared to the average distance between particles. Furthermore, the expansion in zeroth order implies an assumption of low temperatures where depletion
of the condensate is small, i.e. almost all particles are condensed and the number of particles in the thermal cloud is small. Despite these limitations, the
Gross-Pitaevskii equation is indeed quite helpful as it provides a description
of the system as a whole including spatial variances and temporal evolution
via the order parameter Φ. Note that this is not a field operator anymore, but
a complex-valued function, its absolute value describing the particle density
of the condensate nc (r, t):
p
(II.4.9)
Φ(r, t) = nc (r, t) · eiϕ(r,t) .
Contrary to eq. (II.4.4), it describes not only the density, but also the phase of
the condensate ϕ that is of particular note. The existence of that very phase
implies a broken symmetry, namely the gauge symmetry—a feature of the
phase transition from noncondensed to the condensed state similarly to other
phase transitions, which is discussed below a bit more in detail.
[132] E. P. Gross. „Structure of a Quantized Vortex in Boson Systems“. Il Nuovo Cimento
(1955-1965) 20, pp. 454–477 (1961)
[133] E. P. Gross. „Hydrodynamics of a Superfluid Condensate“. Journal of Mathematical
Physics 4, pp. 195–207 (1963)
[134] L. P. Pitaevskii. „Vortex Lines in an Imperfect Bose Gas“. Zh. Eksp. Teor. Fiz. 40,
pp. 646–651 (1961)

II.4. The concept of spin superfluidity

121

Conclusions from Gross-Pitaevskii theory: long-range coherence,
broken symmetry and superfluidity
After a quite formula-laden introduction to the theory, let us finally discuss
some aspects of the previous description of a condensate. First, we rewrite
the Hamiltonian within the approximation Ψ̂(r, t) ≈ Φ(r, t), which results
rather in a Hamiltonian function than in a Hamiltonian operator, or—from a
thermodynamic point of view—in an internal energy
Z
g
~2
2
2
4
U (Φ) ≡ H(Φ) = −
|∇r0 Φ(r 0 )| + Vext (r 0 ) |Φ(r 0 )| + |Φ(r 0 )| d3 r0 ,
2m
2
(II.4.10)
as the order parameter Φ is a thermodynamic variable.18 Note again: this
expression is valid close to absolute zero temperature. Alternatively, it can be
written decomposing Φ into density nc and phase ϕ:
Z
i2
i2
p
~2 h p
~2 h
nc (r 0 )∇r0 ϕ(r 0 )
U (nc , ϕ) = −
∇r0 nc (r 0 ) −
2m
2m
g
0
0
+ Vext (r )nc (r ) + nc (r 0 )2 d3 r0 ,
(II.4.11)
2
√
decomposed into a kinetic term ∝ (∇ nc )2 , sometimes called quantum pressure, satisfying Heisenberg’s uncertainty principle, i.e. a localized density is
required to carry a finite momentum. Next contribution is a kinetic term
∝ (∇ϕ)2 that can be identified by the energy carried by a current (see below);
and finally there is potential energy stemming from the external potential and
from a mean-field interaction potential.
Another interesting aspect is correlations in the condensates state. The order
parameter eq. (II.4.9) is introduced by splitting the field operator into a condensate contribution and small fluctuations on top. From this one can draw a
conclusion on the long-distance correlations:
D
E
h
D
E
lim
Ψ̂† (r1 )Ψ̂(r2 ) =
lim
Φ∗ (r1 )Φ(r2 ) + Ψ̂0† (r1 )Ψ̂0 (r2 )
|r1 −r2 |→∞
|r1 −r2 |→∞
D
E
D
Ei
+ Ψ̂0† (r1 ) Φ(r2 ) + Φ∗ (r1 ) Ψ̂0 (r2 )
→ Φ∗ (r1 )Φ(r2 ),
18 Note,

(II.4.12)

that the Gross-Pitaevskii equation follows from the internal energy from variational
δU (Φ)
calculation i~∂t Φ(r, t) = δΦ∗ .
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which carries also the name off-diagonal long-ranged order (off-diagonal with
respect to r1 , r2 ), and especially is finite as Φ(r1,2 ) are both finite. This proves
phase coherence of the condensed state over the entire system. Furthermore,
that very expression is nowadays accepted as a general definition of BoseEinstein condensation.[135]
In equilibrium one can assume that the order parameter Φ exhibits a uniform
phase with ∇ϕ = 0, i.e. a state without currents. The Hamiltonian in form of
inner energy, eq. (II.4.11), does not depend on the phase ϕ—it shows a gauge
invariance. To be more precise: this is a continuous symmetry under transformation ϕ 7→ ϕ + α, α ∈ [0, 2π]. Contrary, the condensate does not show
this symmetry as it spontaneously chooses a specific value for ϕ, it spontaneously breaks gauge invariance.[136] Breaking of a continuous symmetry is
a quite common feature of phase transitions, here given by formation of the
Bose-Einstein condensate out of the thermal cloud when crossing the critical
temperature. Take for comparison the crystallization of a liquid; in absence
of an external potential the Hamiltonian describing the atoms depends only
on the relative positions of the atoms with respect to each other. Hence, it is
certainly invariant with respect to arbitrary translations r 7→ r + a applied simultaneously to all atoms. Another symmetry is given by rotational invariance
r 7→ Qr, with arbitrary rotation matrix Q. Both continuous symmetries—
translational and rotational—are present in the Hamiltonian and in the liquid
phase, but both are broken when the liquid crystallizes. A crystal shows only
a discrete translational symmetry with respect to the lattice vectors, and also
only a discrete rotational symmetry: properties of the system depend on the
crystallographic axes. However, the specific state a system takes in the ordered
phase, i.e. the phase ϕ for a Bose-Einstein condensate or position and orientation of atoms in a crystal, is arbitrary; it is in principle possible to shift the
systems state to another phase without any cost of energy since the Hamiltonian does not depend on it. The broken gauge symmetry of the condensate is
of special importance for superfluidity.
The Gross-Pitaevskii equation (II.4.8) describes a complex order parameter,
hence, it can equivalently be written with two real-valued differential equa[135] K.

Huang. „Bose-Einstein Condensation and Superfluidity“. In: Bose-Einstein Condensation, Cambridge University Press (1995)
[136] P. W. Anderson. „Special Effects in Superconductivity“. In: Lectures on The ManyBody Problem. vol. 2, Academic Press (1964)
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tions, one for the absolute value nc , and one for the phase ϕ. This is achieved
by splitting this equation into real- and imaginary part, but it turns out the
result in terms of n˙c and ϕ̇ is quite cumbersome. However, one can rewrite
these equations in a very enlightening manner using the following definitions:
~
∇ϕ(r, t)
m
j(r, t) := nc (r, t) · u(r, t).

u(r, t) :=

(II.4.13)

From these result the following equations, which are strictly equivalent to the
Gross-Pitaevskii equation:
∂
nc (r, t) + ∇j(r, t) = 0
(II.4.14)
∂t
√
∇2 n c
∂
1
~2
1
1
u(r, t) + ∇u(r, t)2 =
∇
− ∇Vext (r) − ∇gnc (r, t).
√
∂t
2
2m2
nc
m
m
The complete derivation is found in appendix D.2. These equations resemble
almost the Euler equations of fluid dynamics describing fluids without viscosity, i.e. without dissipation; the difference is the convection term that lacks a
vorticity ∇ × u.19 Hence, these equations are usually called hydrodynamicor fluid dynamic equations. This includes the interpretation of u as velocity
of a dissipationless current j, i.e. a supercurrent or a superfluid since it lacks
dissipation. However, this model is very simplified as it completely ignores the
thermal (noncondensed) particles. One result is, for example, the prediction
that arbitrary high supercurrents are possible, which is not true.
To recap this important statement: Bose-Einstein condensation as we discuss
it here leads to an order parameter with a U (1) symmetry—the broken gauge
invariance. In this system this symmetry results in equations of fluid dynamics
(II.4.14) that lack dissipation, i.e. to dissipationless transport of particles. A
finite particle current occurs as soon as there is a finite phase gradient ∇ϕ.
Bose-Einstein condensation vs. superfluidity
For final remarks of this introduction, we shed a bit light on the connection
between Bose-Einstein condensation and superfluidity. Within the previous
19 The

convection in Euler’s equations reads (u · ∇)u =

1
∇u2
2

+ (∇ × u) × u.
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model, condensation leads to a broken gauge symmetry, which itself causes
the superfluidity. From this one could deduce that superfluidity is a direct
consequence—or one might say a manifestation—of condensation. But this is
actually not true in general; both phenomena are distinct from each other.
By their nature, Bose-Einstein condensation is a thermodynamic equilibrium
phenomenon, emerging when lowering the temperature below a critical value,
and superfluidity is obviously a special kind of transport. Hence, the general
definitions nowadays accommodate these facts; condensation is defined via
the phase coherence condition eq. (II.4.12), whereas superfluidity via transport coefficients[135] .
Interestingly, one can see that there is indeed a difference between both in
presence of another topic of this work: disorder. In general randomness is a
natural enemy of both, condensation and superfluidity, but not exactly in
the same manner. An easy way to consider this is by an ideal Bose gas in a
random potential, which presumably features bound states. At zero temperature all bosons will be condensed in the state lowest in energy, forming a
condensate, but the particles are pinned to the disordered potential showing
boson localization—a condensate without superfluidity. However, that picture
is simplified as particles condensing in a bound state will eventually repel each
other as they are getting closer and closer, such that for a realistic scenario
interactions are required. We mention here a model of dilute hard spheres.[135]
In this model interactions as well as disorder lead to a depletion of the condensate and of the superfluid, but when varying the strength of the disorder
the superfluid depletes first, showing that a fraction of the condensed particles
belong to the normal fluid.
In fact, this dialectic counter-play of disorder and superfluidity can have quite
striking features; as an example consider the temperature-dependent electrical
resistance of a Bismuth film at low temperatures, as has been done by Haviland and coworkers,[15] see fig. II.4.3. The relative strength of the disorder
in that system is controlled via the film thickness (for thinner films disorder
does get more important as in the 2D limit all states should be localized);
with result that thick films become superconducting for sufficiently low temperatures, i.e. the resistance vanishes, but it diverges for temperature T → 0
[135] K.

Huang. „Bose-Einstein Condensation and Superfluidity“. In: Bose-Einstein Condensation, Cambridge University Press (1995)
[15] D. B. Haviland, Y. Liu, and A. M. Goldman. „Onset of Superconductivity in the
Two-Dimensional Limit“. Phys. Rev. Lett. 62, pp. 2180–2183 (1989)
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Figure II.4.3: Temperaturedependent resistance R(T ) for
thin bismuth films of different thicknesses: thick films are
superconducting, however, in
thinner films this is suppressed
by localization effects. Therefore, the behavior at low temperatures switches from insulating to superconducting with
increasing thickness.
(Reprinted figure with permission from D. B. Haviland et
al. Phys. Rev. Lett. 62, p.
2180 (1989), https://doi.org/
10.1103/PhysRevLett.62.2180,
[15]. Copyright 1989 by the American Physical Society.)

for thin films: the system either decides for a superconducting or goes for an
insulating state depending on disorder.

II.4.2. Field-theory equations for ferromagnetism from
scratch: a description of spin superfluidity
After the introduction into theory of conventional superfluidity, we turn to
magnetism. The purpose of the following portrayal pursues two main objectives: the first is to introduce spin superfluidity in ferromagnetic easy-plane
systems. This is inseparably interlinked with the second aim to develop from
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scratch—starting with the atomistic spin model—equations describing spin superfluidity in those very systems. Former goal will be achieved after the latter:
with the derived equations it will be possible to define spin-superfluid transport. Hence, derivation is done first, which is undoubtedly rather technical,
yet necessary because the results are important for a direct comparison to the
numerical results presented in chapter V. The equations obtained here along
with the calculated steady-state solution do not form entirely new physics, but
deviate in certain respects from previously reported work[25,118,137] . Those differences are discussed below.
Derivation of the ferromagnetic field-theory equations
As already introduced, superfluidity is usually described in terms of a field
theory, and spin superfluidity can be described alike, utilizing micromagnetic
models as introduced in section II.1.6. On the other hand, this work is mainly
based on an atomistic picture, which is definitely no field theory. But as the
micromagnetic modeling can be regarded as an approximation of the atomistic
picture—described in section II.1.6—, we therefore develop an analytical theory using this approximation, where the basic assumption is that the magnetic
features vary slowly in space compared to the atomic distance.
We consider an easy-plane/easy-axis ferromagnet, depending on the sign of the
anisotropy constant dz . The focus here lies with easy-plane magnets, however,
the calculation is also valid for the easy-axis case. Following section II.1.5,
eq. (II.1.11), we start with the atomistic Hamiltonian
H=−

X
X
JX n
S · S nm − dz
(Szn )2 − µS
Sn · Bn,
2 n,m
n
n

(II.4.15)

which includes nearest-neighbor Heisenberg interaction for ferromagnets J >
0, uniaxial anisotropy in z direction and a magnetic field. The equation of
[25] E.

B. Sonin. „Spin currents and spin superfluidity“. Advances in Physics 59, pp. 181–
255 (2010)
[118] S. Takei and Y. Tserkovnyak. „Superfluid Spin Transport Through Easy-Plane Ferromagnetic Insulators“. Phys. Rev. Lett. 112, p. 227201 (2014)
[137] B. Flebus, S. A. Bender, Y. Tserkovnyak, and R. A. Duine. „Two-Fluid Theory for
Spin Superfluidity in Magnetic Insulators“. Phys. Rev. Lett. 116, p. 117201 (2016)
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motion is the Landau-Lifshitz-Gilbert equation (LLG), eq. (II.1.14):

γ
αγ
dS l
=−
Sl × H l −
Sl × Sl × H l
2
2
dt
µS (1 + α )
µS (1 + α )
X
∂H
Hl = − l = J
S lm + 2dz Szl ez + µS B l .
∂S
m

(II.4.16)

Derivation of the resulting field-theory equations, eqs. (II.4.27) and (II.4.28),
is done in basically three steps:
1. Define degrees of freedom, which are here the out-of-plane component
Sz and the in-plane angle ϕ.
2. Replace finite differences by derivatives in the interaction terms, i.e.
doing the transition to a field theory.
3. Reduce the equations to a form practical for investigations.
The definition of the degrees of freedom follows from using cylindrical coordinates for the spins:

  q
2
1 − Szl cos(ϕl )
Sxl

  q
2

S l = Syl  = 
(II.4.17)
 1 − Szl sin(ϕl )  ,
l
Sz
Sl
z

such that the degrees of freedom are the out-of-plane component Szl and the
in-plane angle ϕl with respect to the x-y plane.
For the second step, the domain of definition of the spins changes; instead
of the atomic magnetic moments S l (t) placed on discrete lattice sites r l ,
a normalized magnetization density S(r, t) with continuous domain of definition is considered, where the link between these two properties is just
S l (t) = S(r l , t). Furthermore, ϕ(r l , t) = ϕl (t) and Sz (r l , t) = Szl (t) behave
accordingly. To translate the equation of motion, the effective field is expressed
as in eq. (B.4.10) on page 322 (appended by the magnetic field), where basically the same situation is given:
X
Hl = J
S lm + 2dz Szl ez + µS B l
m

≈ Ja2 ∆S(r l ) + 6Ja2 S(r l ) + 2dz Sz (r l )ez + µS B(r l ),

(II.4.18)
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where the last expression for the effective field H l is valid as already mentioned: if the length of all magnetic features is large against a, i.e. if the variation of the spins S l in space is small. The effective field is inserted into the
LLG, where one term in the aforementioned effective field vanishes, 6Ja2 S(r l ),
since S × S = 0, such that the micromagnetic field can just be expressed without this term:
H(r) = Ja2 ∆S(r) + 2dz Sz (r)ez + µS B(r).

(II.4.19)

With this the LLG within the field theory for the spin field S(r, t) reads
(replacing the total time derivative by a partial one)
−

µS (1 + α2 ) ∂S
= S × H + αS × (S × H)
γ
∂t
H = Ja2 ∆S + 2dz Sz ez + µS B.

(II.4.20)

To express this equation using Sz , ϕ and derivatives of these two only, the
expressions
Sx =

p
1 − Sz2 cos(ϕ),
Sy = 1 − Sz2 sin(ϕ)
−3/2
∆Sx = 1 − Sz2
[R cos(ϕ) + I sin(ϕ)]

2 −3/2
∆Sy = 1 − Sz
[R sin(ϕ) − I cos(ϕ)]

2
2
2
R := − |∇Sz | − 1 − Sz2 Sz ∆Sz − 1 − Sz2 |∇ϕ|


2
I := 2 1 − Sz2 Sz (∇Sz · ∇ϕ) − 1 − Sz2 ∆ϕ
p

(II.4.21)

are used, the Laplacians derived in appendix D.3 in detail.
The basic steps in modeling the field theory are done; only thing remaining
is the third bullet from above, a calculation of handy equations, which turns
out to be lengthy and therefore can be found in appendix D.3 in full detail,
whereas here it is only sketched. An auxiliary, complex variable is introduced:
S(r, t) = Sx (r, t) − iSy (r, t) =

p

1 − Sz2 e−iϕ ,

(II.4.22)
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such that, only considering the x- and y component, the LLG eq. (II.4.20)
reads:
−

µS (1 + α2 )
∂t S = (S × H)x − i (S × H)y
(II.4.23)
γ
o
n
+ α [S × (S × H)]x − i [S × (S × H)]y =: RHS
p
∂t S = ∂t 1 − Sz2 e−iϕ
h
i
−1
1
= − (1 − Sz2 ) /2 Sz S˙z + i(1 − Sz2 ) /2 ϕ̇ e−iϕ ,
(II.4.24)

where we just defined the right-hand side (RHS) of the equation for brevity.
As advantage of this rewriting, two differential equations, one for S˙z and one
for ϕ̇, result by taking real and imaginary part of eq. (II.4.23), with help of
eq. (II.4.24):



µS (1 + α2 ) iϕ
µS (1 + α2 )
−1
Re −
e ∂t S =
(1 − Sz2 ) /2 Sz S˙z = Re RHS · eiϕ
γ
γ
(II.4.25)


2
2

µS (1 + α ) iϕ
µS (1 + α )
1
Im −
e ∂t S =
(1 − Sz2 ) /2 ϕ̇
= Im RHS · eiϕ .
γ
γ
(II.4.26)
At the end of the day, further calculations—see appendix D.3—reduce these
two equations to the general field-theory equations:
"
#
∆Sz
Sz
µS (1 + α2 )
2
2
2
ϕ̇ = Ja
+
2 |∇Sz | + Sz |∇ϕ|
γ
1 − Sz2
(1 − Sz2 )


2Sz
2
∇Sz · ∇ϕ
+ (2dz Sz + µS Bs ) + αJa ∆ϕ −
1 − Sz2
(II.4.27)
2



µS (1 + α ) ˙
Sz = −Ja2 1 − Sz2 ∆ϕ − 2Sz ∇Sz · ∇ϕ
γ




Sz
2
2
2
2
+ α Ja ∆Sz +
|∇Sz | + 1 − Sz Sz |∇ϕ|
1 − Sz2


2
+ 1 − Sz (2dz Sz + µS Bs ) .
(II.4.28)
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Note: these equations are resolved for the derivatives ϕ̇ and S˙z , in the same
manner as the LLG is usually written resolved for Ṡ, which results in the
prefactor 1 + α2 . But it is also possible—and sometimes practically used—to
write the LLG with the damping as viscous friction ∝ αS × Ṡ, where the
1 + α2 factor is not present. Same can be done here, such that eqs. (II.4.27)
and (II.4.28) can equivalently be expressed as
#
"
2
µS
Sz |∇Sz |
∆Sz
2
2
+ (2dz Sz + µS Bs )
ϕ̇ = Ja
+
2 + Sz |∇ϕ|
γ
1 − Sz2
(1 − Sz2 )
µS S˙z
−α
(II.4.29)
γ 1 − Sz2



 µS
µS ˙
(II.4.30)
Sz = −Ja2 1 − Sz2 ∆ϕ − 2Sz ∇Sz · ∇ϕ + α 1 − Sz2
ϕ̇,
γ
γ
derivation found in appendix D.3, eqs. (D.3.29) and (D.3.30).
An important feature of the final equations, either in form of eqs. (II.4.27)
and (II.4.28) or in terms of eqs. (II.4.29) and (II.4.30), is their equivalence to
the full atomistic LLG, eq. (II.4.16), except for the continuum approximation.
These equations are valid as long as the spatial features are large compared
to the atomic distance.
Euler-like equations for spin superfluidity: connection to conventional superfluidity
Considering the quite complex eqs. (II.4.29) and (II.4.30), the puzzling question remains where the superfluid hides. Recipe for this comprises mainly
three ingredients; first we have to consider explicitly easy-plane ferromagnets,
since their particular ground state is required. Secondly, we have to define
properties that connect to conventional superfluidity, which could either be
an order parameter similar to Φ = hΨ̂i, or—as we do it here—fluid dynamical
properties, i.e. density ns and velocity u. The third ingredient might be a bit
hard to swallow; some approximations are required that might, or might not
be justified, as we will discuss at the end.
First we describe the magnetic system needed, which is an easy-plane ferromagnet, i.e. a magnet with anisotropy constant dz < 0 favoring an alignment
of the spins in the x-y plane. But this anisotropy leads to a degenerate ground
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state with respect to the in-plane angle ϕ: for each ϕ ∈ [0, 2π] the ferromagnetic configuration


cos(ϕ)


(II.4.31)
S(r) =  sin(ϕ) 
0
is a ground state. In other words, the ground state is invariant under rotations around the z axis, described by the SO(2) symmetry group (continuous
rotations around one axis). This symmetry group is isomorphic to the unitary
group U (1), which is exactly the symmetry group of the gauge invariance of the
Bose-Einstein condensate Φ responsible for superfluidity in that condensate,
see eq. (II.4.9). Thus, either one can express it in the language of superfluidity, that a U (1)-symmetric ground state is required, or in the language of
magnetism, that a continuous rotation of the ground state is possible.
We would briefly highlight the equivalence of SO(2) and U (1) for the magnetic
system, as it can be directly written down. An element Rϑ ∈ SO(2) is given
by a rotation matrix


cos(ϑ) sin(ϑ) 0


Rϑ = − sin(ϑ) cos(ϑ) 0 ,
0
0
1
parametrized by an angle ϑ. The transformation S 7→ Rϑ S transforms a
magnetic ground state to another magnetic ground state: invariance under
SO(2). But, the ground state can also be written using a complex auxiliary
variable S := Sx − iSy = e−iϕ . To this state U (1) transformations can be
applied: an element ξϑ ∈ U (1) reads ξϑ = eiϑ , such that again transform
S 7→ ξϑ S maps a ground state to another one.
For the magnetic system we need to define properties as velocity and density.
The aforementioned symmetry consideration leads to the conclusion that the
in-plane angle ϕ of the spins in ground state corresponds to the phase of the
wave function of a Bose-Einstein condensate. In superfluidity, a phase gradient
defines the flow velocity, see eq. (II.4.13), which motivates same procedure in
magnetism u ∝ ∇ϕ. For the density an obvious choice would be ns = Sz ,
unfortunately, it does not lead—in combination with u ∝ ∇ϕ—to a proper
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continuity equation for the current and the density. Therefore, we consider
the following ansatz for transport properties, superfluidity density ns and flow
velocity u,
ns (r, t) := 1 − Sz (r, t)
γJa2
∇ϕ(r, t)
µS
j(r, t) = ns (r, t)u(r, t).

u(r, t) := −

(II.4.32)

It turns out that in general this ansatz also does not lead to proper continuity
equation, only within certain approximations. In fact the author could not
find a proper definition for a more general case, i.e. without these quite rude
assumptions, but could also not prove that it is impossible to find one. The
approximations are twofold:

1. We assume ns be uniform, i.e. it lacks spatial dependence.
2. Sz shall be small, and, hence, ns ≈ 1.

Using these, we rewrite the field-theory eqs. (II.4.29) and (II.4.30) in terms of
ns and u. We use the first assumption to approximate
1 − Sz2 = 1 − (1 − ns )2 = ns (2 − ns ) ≈ ns ,
| {z }
≈1

and calculate the continuity equation using both assumptions from the equation for S˙z , eq. (II.4.30):
≈n

s

γJa2 z }| 2 {
˙
ṅs = −Sz ≈
1 − Sz ∆ϕ − α 1 − Sz2 ϕ̇ ≈ −∇ · (ns u) − αns ϕ̇.
µS
(II.4.33)
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To the other eq. (II.4.29), the one for ϕ̇, we apply the gradient:


γJa2
γJa2
∂
∂u
−
−
∇ϕ̇ =
∇ϕ =
µS
∂t
µS
∂t
=−∇ṅs
2
z}|{
γJa2
γJa2
2
∇S˙z
∇Sz |∇ϕ| + α
µS
µS ns

2
γJa2
γJa2
γJa2
2
ϕ̇,
≈ −Sz
|∇ϕ| + α
∇(∇ · u) + α2
µS
µS
µS

∂u
≈−
⇒
∂t



thus
∂u
γJa2
γJa2
= −(1 − ns )∇u2 + α
∇(∇ · u) + α2
ϕ̇.
∂t
µS
µS

(II.4.34)

Combined, both read
∂ns
+ ∇ · j = −αns ϕ̇
∂t
γJa2
∂u
γJa2
+ (1 − ns )∇u2 = α
∇(∇ · u) + α2
ϕ̇.
∂t
µS
µS

(II.4.35)

Which, together with the definitions of density, velocity and current, indeed
show a certain resemblance to the Euler-like equations that were obtained
from the Gross-Pitaevskii equation (II.4.14).
The continuity equation carries an additional term −αns ϕ̇ breaking particle
conservation: the current is damped by Gilbert damping. Also the equation
for the velocity field is a bit different, as an additional factor (1 − ns ) appears,
altering the usual convection term. Furthermore forces are absent, especially
this equation lacks a term like ∇ns , present in the Gross-Pitaevskii equations
where it originates from particle interactions. This effect has here explicitly
been neglected by the assumptions made at in the beginning. Remarkably,
also a volume-viscosity-like terms results, scaling with Gilbert damping α,
dragging the flow and constituting a deviation from a superfluid behavior.
The natural question arises whether this result is in any respect feasible since
it involved very crude approximations. However, numerically it turns out that
in a certain regime the assumptions are valid. In chapter V simulation results
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of the atomistic model will show that Sz remains small if the system is not
driven to strongly. Moreover, in the limit of small Gilbert damping, say 10−3
or 10−4 , the out-of-plane component Sz shows only a very weak spatial dependence (at least in bulk away from possible deviations at boundaries). Thus,
luckily the result is not complete nonsense, and a resemblance to the GrossPitaevskii theory of conventional superfluidity can indeed be identified. This
gives rise for the hope that also transport is somewhat similar to a superfluid,
which turns out to be partially true. One obvious deviation is Gilbert damping leading unavoidably to dissipation, which also occurs in the very simplified
Euler-like equations. But one similarity remains: the possibility for long-range
transport, which in the Gross-Pitaevskii theory is connected to long-range
phase coherence. The nature of long-range transport within magnetic systems
is explained below.

Simplified equations for small deviations from ground state
In many cases investigated in this work not the full equations (II.4.29) and
(II.4.30) need to be considered. One important case is an easy-plane magnet
without an external field Bs = 0, where the out-of-plane component Sz is usually small; hence, the equations can be approximated in this limit. Considering
the equations dependent on the variables ϕ, ∇ϕ, ∆ϕ, Sz , ∇Sz and ∆Sz , one
natural way is to neglect everything in higher order, e.g. Sz2 and Sz ∇ϕ · ∇Sz .
2
However, we keep one of these terms, namely the one proportional to Sz |∇ϕ| ,
which—by means of numerical simulations—turns out to be not negligible:


µS
µS
2
ϕ̇ = Ja2 ∆Sz + Sz |∇ϕ| + 2dz Sz − α S˙z
γ
γ
µS ˙
µ
S
Sz = −Ja2 ∆ϕ + α ϕ̇.
γ
γ

(II.4.36)
(II.4.37)

In the light of these simplified field-theory equations the numerical results
of the atomistic model are examined. It will turn out that these equations
well describe the spin-superfluid transport in certain limits, namely if the spin
superfluid is not driven to strongly; however, they are not always the whole
truth. For example there might be excitation of spin waves not covered within
this framework.
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Comparison to previous works
We compare now the field-theory equations obtained before, eqs. (II.4.29)
and (II.4.30), to previously reported equations[25,118,137] . Reference [118] takes
the same basis as this work, a classical, micromagnetic model, but uses more
2
approximations. There, additionally, ∆Sz ≈ 0 and Sz |∇ϕ| ≈ 0 is assumed
for eq. (II.4.36), and
µS
µS
ϕ̇ = 2dz Sz − α S˙z
γ
γ
µS ˙
µS
2
Sz = −Ja ∆ϕ + α ϕ̇,
γ
γ
follows. For ferromagnets the term ∝ |∇ϕ|2 is important to explain the spatial
dependence Sz (r) in steady state in general; see for instance eq. (II.4.44).
However, this is not crucial for the basic principle of spin superfluidity and if
this spatial dependence is weak, i.e. if Sz (r) ≈ const., the simplification from
above can be reasonable. Furthermore, the equations from above are very
similar to the Josephson’s equations for superfluidity, expect for the terms
scaling with the Gilbert damping α, which give rise to loss of energy of the
spin superfluid. Again this marks the connection of this kind of spin transport
to conventional superfluidity and why it is called “spin superfluidity”. But
it also shows that it is always accompanied by dissipation, illustrating that
it always lacks the striking feature of superfluidity and superconductivity:
absence of viscosity and dissipation.
The other reference [137] takes a slightly different point of view, as it uses a
quantum mechanical description and includes a coupling to a thermal magnon
cloud. As this is not included in the equations derived in this work, we neglect
this for a comparison, i.e. we set the thermal magnon density to zero. If we
rewrite the field equations from ref. [137] in terms of the in-plane angle ϕ and
[25] E.

B. Sonin. „Spin currents and spin superfluidity“. Advances in Physics 59, pp. 181–
255 (2010)
[118] S. Takei and Y. Tserkovnyak. „Superfluid Spin Transport Through Easy-Plane Ferromagnetic Insulators“. Phys. Rev. Lett. 112, p. 227201 (2014)
[137] B. Flebus, S. A. Bender, Y. Tserkovnyak, and R. A. Duine. „Two-Fluid Theory for
Spin Superfluidity in Magnetic Insulators“. Phys. Rev. Lett. 116, p. 117201 (2016)
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the out-of-plane component Sz , those read
#
"
s
s
1 ∆Sz
µS
1 |∇Sz |2
2
+ |∇ϕ| − 3 KSz
ϕ̇ = 3 A
+
2
γ
a
2 1 − Sz
4 (1 − Sz )
a
i
µS ˙
s h
µS
Sz = −2 3 A (1 − Sz )∆ϕ − ∇Sz · ∇ϕ + 2α (1 − Sz )ϕ̇,
γ
a
γ

(II.4.38)
(II.4.39)

where s is the spin quantum number and A and K are micromagnetic parameters for exchange stiffness and anisotropy constant respectively. Comparing
those to eqs. (II.4.29) and (II.4.30) shows that both sets are not equivalent,
but similar. Especially one deviation is noticeable: in the first one for ϕ̇ there
is a term ∝ |∇ϕ|2 instead of ∝ Sz |∇ϕ|2 as in eq. (II.4.29). This term determines the spatial dependence of Sz (r) in steady state, such that the equations
from ref. [137] would lead to a different behavior. In chapter V we see that
eq. (II.4.29) does precisely describe the findings of the atomistic model and,
hence, the equations (II.4.38) and (II.4.39) do not. Whether these are more
suitable in other cases, where the atomistic model is inaccurate, remains to
be examined.
We also want the mention the review [25], which also comprises dynamical
equations. But these even neglect the Gilbert damping and therefore cannot
provide quantitative results.
A steady-state solution of the field-theory equations
Under certain conditions eqs. (II.4.36) and (II.4.37) can be solved. We are
interested in the steady-state solution of a driven system, denoted sSz and sϕ.
However, this requires some assumptions:
1. We assume the existence of a steady state, especially a static spin accumulation sSz (r) ⇔ sS˙z = 0.
2. The system is driven at one side, resulting in a precession of the ferromagnetic ground state—one important feature of spin superfluid in an
easy-axis magnet—with a frequency ω0 . The ground state is rotational
invariant under rotation of the in-plane angle ϕ, hence, at the side where
the system is driven, sϕ̇ = ω0 holds true. ω0 shall be sufficiently small,
such that sSz remains small, and also no phase slips or spin waves on
top of the spin superfluid are excited, i.e. the system can follow ω0 .
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3. We assume a one-dimensional system, equivalent to a 3D system with
translational invariance in two directions. To be more specific: the system
is excited at x = 0 and spreads into positive x direction, assuming
translational invariance into y- and z direction. Hence, sϕ(r, t) = sϕ(x, t)
and sSz (r) = sSz (x).
4. Furthermore, a finite system into x directions is assumed, being of size
L, which requires a boundary condition, where a Neumann boundary
is assumed at this end ∇sϕ(L) = 0, corresponding to a non-magnetic
material attached at x = L.
5. Another assumption is that second derivatives of the spin accumulation
s
Sz are negligible, i.e. ∆sSz ≈ 0. This assumption is completely unmotivated here, but is proven later on from numerically data. However, this
assumption might not always be feasible.
From assumption 2 one can conclude that in steady state sϕ̇(r, t) = ω0 holds
true for all r. If this would be different, i.e. if there would be a non-homogeneous frequency, a time-dependent phase shift between at least two spins would
appear, such that eventually the angle between the two spins would grow,
which breaks exchange. Breaking exchange is not forbidden per se, however,
it is energetically very costly, and the assumption of a sufficiently weak driving frequency ω0 shall ensure exactly this not to happen. Hence, the phase
shift between two spins must take a time-independent value, i.e. ϕ̇ is spaceindependent.
Now both equations may be solved separately. First consider eq. (II.4.37),
with sϕ̇ = ω0 and sS˙z = 0 it reads in steady state (using assumption 1, 2 and
3)
2s
=∂x
ϕ

z}|{
µS
0 = −Ja2 ∆sϕ +α ω0
γ
2

⇔ sϕ(x, t) =

α µS ω0 (x − x0 )
+ ϕ̃0 (t),
2 γJ
a2

(II.4.40)

where x0 is fixed by the boundary condition at x = L (assumption 4), implying
x0 = L. ϕ̃0 (t) must satisfy assumption 2, hence ϕ̃0 (t) = ω0 t + ϕ0 with a spaceand time-independent ϕ0 determined by the exact geometry and driving mechanism. This solution can be plugged into the second equation, eq. (II.4.36),
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which with assumptions 1, 2 and 5 guides us to
µS ω0
2
= Ja2 sSz |∇sϕ| + 2dz sSz
γ
µS ω0
1
⇔ sSz (x) =
· 
2
γ
S ω0 (x−L)
J α µγJ
+ 2dz
a
"
#−1

2
µS ω0
x−L
2γdz
=
α
+
,
γJ
a
µS ω0

(II.4.41)

where the spin accumulation at the end of the system, at x = L, can be
calculated to
Sz (L) =

s

µS ω0 J
.
γJ 2dz

(II.4.42)

With this, the steady-state solution summed up reads
2

α µS ω0 (x − L)
+ ω0 t + ϕ0
2 γJ
a2
#−1
"

2
x−L
µS ω0
s
−1
s
α
+ Sz (L)
Sz (x) =
γJ
a

ϕ(x, t) =

s

(II.4.43)
(II.4.44)

and is depicted in fig. II.4.4.
Let us finally discuss this solution. Although the in-plane angle ϕ is not static
in steady state, however, the precession frequency ϕ̇ as well as the phase
gradient ∇ϕ are. Moreover, Sz shows some interesting properties, especially
compared to normal spin-wave transport. First remarkable feature is the spin
accumulation at the end of the system sSz (L), eq. (II.4.42), which does not
depend on L nor on α. Increasing the distance to the source of excitation does
not lower the response, nor does increasing the damping, i.e. the losses on the
way from one end to the other. Hence, this transport might be called “collective” as it involves the system as a whole, which somehow resembles the phase
coherence of Bose-Einstein condensates, see eq. (II.4.12). For “conventional”
spin-wave transport this is quite different: spin waves of wave vector k excited
at one side decay exponentially with traveled distance on their propagation
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Figure II.4.4: Steady-state solution sϕ(x, t) and sSz (x), eqs.
(II.4.43), (II.4.44), of a 1D ferromagnet featuring spin superfluid
transport. Excitation at x = 0
at frequency ϕ̇ = ω0 is assumed.
The spin accumulation at the end
of the system sSz (L) does not depend on system size nor damping
α, curvature of both curves scale
with α. Used parameters: µS ω0/γJ =
−10−3 , dz /J = −0.01, α = 0.1.
length ζk , regardless of the length of the system; where ζk = τk · v g (k) with
life time τk and group velocity v g (k),[115] see for instance also eq. (II.2.28)
on page 72. The length scale of this transport is a property of the magnons
itself, not depending on the geometry, which one might call non-collective.
The propagation length also scales negatively with Gilbert damping, i.e. the
signal at the end of a finite system decreases for increasing α, contrary to
the spin superfluid. However, sSz (L) is proportional to the driving frequency
ω0 , i.e. the response scales linearly with the excitation. But this is only true
at the end of the system: the total spatial profile sSz (x) scales non-trivially,
particularly, it depends on he damping α that introduces a finite curvature of
the profile. Furthermore, there will be additional features beyond the scope of
this analytical theory, investigated numerically later on in chapter V.

II.4.3. Landau criterion
For conventional superfluids there is a well-known limitation on the supercurrent called Landau criterion[138] . One way to formulate this, is as follows[139] :
[115] U.

Ritzmann, D. Hinzke, and U. Nowak. „Propagation of thermally induced magnonic
spin currents“. Phys. Rev. B 89, p. 024409 (2014)
[138] L. D. Landau. „The theory of superfluidity of helium II“. Zh. Eksp. Teor. Fiz. 11,
p. 592 (1941)
[139] L. P. Pitaevskii and S. Stringari. Bose-Einstein condensation. Clarendon Press
(2004), chap. 6: Superfluidity
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Figure II.4.5: A spin superfluid is
characterized by an in-plane spin
spiral, given by the phase gradient
∇ϕ. A phase slip removes a winding of this spiral, reduces Nw by
one and decreases ∇ϕ. This works
against the easy-plane anisotropy:
middle spins rotate out of plane
and return into it via the opposite
side, unwinding the spiral. Color of
spins codes the in-plane phase ϕ.

we assume a flowing fluid with velocity v. If the fluid is viscous, it dissipates
energy and heats up itself. This dissipation is due to creation of elementary
excitations, say phonons for a fluid. Such an excitations with momentum p
carries an energy E = ε(p), with dispersion relation ε(p). A Galilean transform from the lab frame to the fluids rest frame, i.e. with velocity −v, maps
the excitation energy to
1
E 7→ E 0 = ε(p) + p · v + M v 2 .
2
Hence, such excitation—i.e. dissipation—is energetically favorable if ε(p) + p ·
v < 0. Or to put it the other way around: dissipation is suppressed if
vc := min
p

ε(p)
> v;
p

(II.4.45)

the flow remains dissipationless if the flow velocity is smaller than vc , called
Landau criterion.
There is a similar concept for spin superfluids, which we encounter during the
numerical investigation in chapter V. The natural candidates for elementary
excitations in the light of the discussion before are spin waves. However, these
are not the entities we examine here, but rather do we consider so-called phase
slips. The numerical investigation in chapter V then proves that these are indeed the relevant quantities. To define a phase slip, consider eqs. (II.4.43)
and (II.4.44): a spin supercurrent is accompanied by a finite phase gradient
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∇ϕ, forming an in-plane spin spiral, and there is a finite Sz , which is, however,
relatively small. This spin spiral has a number of windings Nw = [ϕ(L)−ϕ(0)]/2π
within the interval in space [0, L]. If the spiral unwinds at some point in space,
Nw is reduced by one, called a phase slip. This event also reduces ∇ϕ, i.e. the
flow velocity of the spin superfluid. On possible way to unwind the spiral for
such an event is sketchily depicted in fig. II.4.5; the spins are locally rotated out
of the x-y plane and fall back into the plane unwinded. For a corresponding
Landau criterion, we have to check when such a process becomes energetically profitable. We consider this within the micromagnetic approximation:
ignoring the magnetic field, the Hamiltonian eq. (II.4.15) is replaced by its
micromagnetic version as explained in section II.1.6, see eq. (II.1.23):
H=

mm

Z
V

J X
dz
2
|∇Sβ (r 0 )| − 3 Sz (r 0 )2 d3 r0 .
2a
a
β=x,y,z

In terms of the in-plane angle ϕ and the out-of-plane component Sz , defined
in eq. (II.4.17), this reads:
H=

mm

Z
V

=

Z
V

J
2a

"

#
2

∇Sz
dz
2
2
+ 1 − Sz |∇ϕ| − 3 Sz2 d3 r0
2
1 − Sz
a



2
J ∇Sz
J
J
dz
2
2
2
+
|∇ϕ|
−
S
|∇ϕ|
+
d3 r0 .
z
2a 1 − Sz2
2a
2a
a3

(II.4.46)

The aforementioned phase slip requires that the spins orient out of the plane in
order to unwind the spiral; therefore, this form of instability requires that an
out-of-plane orientation is energetically favorable, given if the energy decreases
for increasing Sz , i.e. if ∂H/∂Sz < 0. In the Hamiltonian, eq. (II.4.46), we ignore
the first term, motivated by the fact that ∇Sz is usually small; the second term
mm
is independent of Sz . Hence, the sign of ∂ H/∂Sz is determined by the third
contribution and
∂ mmH
<0
∂Sz

⇔

J
dz
|∇ϕ|2 + 3 > 0.
2a
a

Therefore, the Landau criterion for a spin superfluid to become unstable is
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given by[25]
r
|∇ϕ| >

−

2dz
=: (∇ϕ)crit .
Ja2

(II.4.47)

As soon as this condition is fulfilled, a phase slip occurs and ∇ϕ decreases.
Consequently, (∇ϕ)crit cannot be exceeded.

II.4.4. Beyond simple easy-axis ferromagnets: limitations
of spin superfluidity in ferromagnets and other
magnetic systems
The concept of spin superfluidity, say in the spirit of eqs. (II.4.36) and (II.4.37),
rests on one particular assumptions: a ground state rotational invariant with
respect to an axis, or, to state it more generally, a continuous set of degenerate
ground states. Within the presented model this is provided by the easy-plane
anisotropy dz < 0. By means of choosing a magnetic material, it is possible to
tune parameters of the Hamiltonian, e.g. J and dz . However, one contribution
can hardly be influenced: dipole-dipole interaction is always present. There
are magnets for which it is irrelevant, e.g. in antiferromagnets[140] it cancels
over the sublattices, but it does always play a role in ferromagnets. Because of
its long-range nature, the consequences of dipolar interactions depend on the
exact sample geometry, but generally one can state that it does not preserve
the degeneracy of the ground state as required for spin superfluidity.
This has been studied numerically in the micromagnetic framework,[26] with
result that indeed the dipolar interaction can strongly limit the range of the
spin-superfluid transport. This limits possible experimental implementations
of spin superfluidity in general, but not all is lost. A possible way to overcome
that problem, which also has been investigated in the work of Skarsvåg et
al., is to build a system where the dipolar field cancels to a large amount. In
[25] E.

B. Sonin. „Spin currents and spin superfluidity“. Advances in Physics 59, pp. 181–
255 (2010)
[140] S. Takei, B. I. Halperin, A. Yacoby, and Y. Tserkovnyak. „Superfluid spin transport
through antiferromagnetic insulators“. Phys. Rev. B 90, p. 094408 (2014)
[26] H. Skarsvåg, C. Holmqvist, and A. Brataas. „Spin Superfluidity and Long-Range
Transport in Thin-Film Ferromagnets“. Phys. Rev. Lett. 115, p. 237201 (2015)
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their work they propose and simulated synthetic antiferromagnets, i.e. thinfilm magnets with two ferromagnetic layers, where both layers are separated
by a non-magnetic spacing layer that causes an antiferromagnetic interaction
between the magnetic layers. Since the magnetization of the two layers orient
antiparallel to each other, the dipolar fields cancel.
But this is of course not the only possible system; each system with the property that the dipolar field cancels somehow is a candidate. This includes antiferromagnets with in-plane anisotropies—studied in chapter V—, but also
easy-axis antiferromagnets in a magnetic field strong enough that the antiferromagnetic order switches to the spin-flop state[88] , which again has a rotational invariance. Another example could be a spin spiral provided that the
spirals phase is not fixed, then these systems also exhibit the aforementioned
continuous invariance of the ground state.[141,142] In all these examples, the
continuous invariance of the order parameter is given by the magnets ground
state, however, it can also be created dynamically. Consider for this the simple example of an easy-axis ferromagnet excited by ferromagnetic resonance:
then the magnetization rotates at a certain frequency around the ground-state
axis. This state again is symmetric with respect to phase shifts of the in-plane
angle, i.e. it also owns a SO(2) symmetry and may feature spin superfluidity.
As already mentioned in the introduction of this section, this is basically the
proposed concept of spin-superfluid transport of Bose-Einstein (or RayleighJeans) condensed magnons in ferrimagnetic YIG, whose ground state does not
show the desired symmetry.[123]

[88] F.

B. Anderson and H. B. Callen. „Statistical Mechanics and Field-Induced Phase
Transitions of the Heisenberg Antiferromagnet“. Phys. Rev. 136, A1068–A1087 (1964)
[141] W. Chen and M. Sigrist. „Dissipationless Multiferroic Magnonics“. Phys. Rev. Lett.
114, p. 157203 (2015)
[142] P. Bolz. „Computer simulation of magnonic spin transport avoiding dissipation“. MA
thesis (2017)
[123] E. B. Sonin. „Spin superfluidity and spin waves in YIG films“. Phys. Rev. B 95,
p. 144432 (2017)

III. Methodology—The
Numerical treatment
quations of motion within the spin models used in this work are
differential equations. In special cases these can be solved analytically, e.g. by means of linear spin-wave theory as it is done
for a number of systems in section II.2. The linear spin-wave theory comprises two major assumptions: first the restriction to the
linear regime, i.e. to small deviations from ground state, and a
translational invariant system. In general the equations of motion
of spin models cannot be solved without making these assumptions. Fortunately, a wide variety of numerical methods are available to solve
these equations approximately. The numerical approach is not limited by the
same restrictions as the analytical calculations; the spin models can—at least
in principle—be treated in their full extend. Drawbacks are, on the other hand,
that no exact solution is calculated and that always only limited computational
resources are available. However, only the latter aspect is a real problem. The
numerical error, i.e. the deviation of the numerical solution from the exact
solution, is—again in principle—well controllable in case of differential equations: This error depends on a numerical discretization parameter h—which
would be the time step size in case of integration of an ordinary differential
equation—and there are mathematical proofs for the numerical methods used
in this work that the error vanishes if h is chosen sufficiently small. Hence,
from a principle point of view, the numerical effort is the main restriction;
calculations of solutions with numerical methods on a computer come along
with a number of operations, i.e. a number of multiplications and additions,
which require some time. If the system size or the time span simulated is to
large, the time effort might not be feasible anymore.
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In particular this work mainly rests on the numerical treatment of spin models,
which we introduce in this part. The most important model here is the atomistic spin model introduced in section II.1.5, comprising the Landau-LifshitzGilbert equation, see eq. (II.1.20). The numerical integration of this model is
done by a self-written software and this treatment along with its implementation of the software is the first topic of this chapter. In addition to the atomistic
approach, the micromagnetic framework from section II.1.6 is used, which is
from a mathematical point of view a partial differential equation, solved by a
publicly available and widely used software package Mumax3, a software for
graphic processors. We provide an brief introduction into its numerical basics
in the second section. Another topic is the data analysis; simulations are done
in real space, but often investigations in momentum space are fruitful, but
can be—depending on the system—a bit tricky, such that this issue is here
addressed as a matter of its own. Last subject are defect models used in this
work. They are of particular note, as this work includes studies of disordered
systems.

III.1. Numerical integration of the atomistic
spin model
n section II.1.5 the atomistic Heisenberg model is introduced in two
different forms, one at zero temperature, i.e. without stochastic noise,
and one including a finite temperature with Langevin dynamics. Both
cases need to be distinguished as the required numerical methods differ. The
former case leads to numerically solving an ordinary differential equation
(ODE), the latter to a stochastic differential equation (SDE), treated similarly as an ODE, but is a bit more delicate. We first introduce numerics of
ODE, then generalize the methods for SDE. Furthermore, numerical treatment
of the spin model needs boundary conditions, which are also briefly discussed.
Last part here is the software implementation of the model and numerical
methods.
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III.1.1. The numerics of ordinary differential equations
in a nutshell
We start with the case where no stochastic noise is included. In that case
the time evolution of a system comprising N spins is given by the LandauLifshitz-Gilbert equation (LLG) (II.1.14), which is an ODE of first order and
dimension d = 3N ; more precisely, it is an initial value problem with some
initial condition S l (t0 ). Usually N is quite large, typically ranging from 1000
to 106 .
First we rewrite the LLG in a mathematical manner, in order to apply the
usual mathematical concepts of numerical mathematics. The degrees of freedom are the N spins S l (t), that formally can be merged into one vector of
dimension d x(t) ∈ Rd :


S 1 (t)
T
 .  
N
2
1
1
1
. 
(III.1.1)
x(t) := 
 .  = Sx (t), Sy (t), Sz (t), Sx (t), . . . , Sz (t) ,
S N (t)
with some initial condition x0 = x(t0 ) ∈ Rd corresponding to S l (t0 ). The LLG
itself is then formally written by a function f : Rd × R → Rd :
 

 
γ1
1
1
1
1
1
1 γ1
− µ1 (1+α
− µ1 α(1+α
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..

..  = 
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.

 


γN
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N γN
− µN (1+α
× H N − µNα(1+α
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Ṡ N (t)
2 )S
2 )S
S

N

S

N

:= f (x, t),

(III.1.2)

in short ẋ(t) = f (x, t), where f could show an explicit time dependence for
example in case of an explicit time dependent magnetic field B l (t). Furthermore, not all vectors y ∈ Rd are possible states of the system, i.e. possible
solutions. There is a side condition, namely that the spins are normalized
|S l (t)| = 1 ∀t, ∀l. Mathematically speaking this is given by a N dimensional
function g : Rd → RN defined via
g(x)l := x23l−2 + x23l−1 + x23l − 1 = S l

2

− 1,

l = 1, . . . , N,

(III.1.3)
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Figure III.1.1.: Concept of numeric ODE solvers: for discrete points tl the
t
approximate solution xhl t is computed by a method Φ iteratively; xhl+1
is calht
ht
culated from xl . An error ∆(ht ) = kxNt − x(tf )k results.
such that the solution of the differential equation x(t) satisfies g(x(t)) = 0 ∀t.
In other words, g defines a manifold M := {x ∈ Rd : g(x) = 0}, and solutions
of the LLG are elements of this manifold. Although this is automatically fulfilled by the exact solution of the LLG, provided it is fulfilled by the initial
condition, this is not automatically true for approximate solutions computed
by numerical methods for ordinary differential equations. Hence, the condition
g(x) = 0 must be taken into account for numerical treatment. Altogether, the
problem reads in mathematical form:
ẋ = f (x, t)
g(x) = 0

(III.1.4)

x(t0 ) = x0 with g(x0 ) = 0.
In the literature such problems are identified as ODEs on manifolds, which
often need special numerical methods.[143]
Before considering algebraic restrictions, we explain the concept of numerical
solvers for ODEs. Basic concept of a numerical solution is to calculate an
[143] E.

Hairer, C. Lubich, and G. Wanner. Geometric Numerical Integration. StructurePreserving Algorithms for Ordinary Differential Equations. Springer-Verlag (2006), sec.
IV.4.

III.1. Numerical integration of the atomistic spin model

149

approximate solution for Nt discrete points in time tl within an interval [t0 , tf ],
where t0 ≤ tl ≤ tf , with indices l = 0, ..., Nt (including initial point), and
tNt = tf shall hold true. At each time point the approximate numerical solution
is denoted by xl , such that xl ≈ x(tl ), where x(t) denotes the (unknown)
exact solution. We restrict ourselves to so-called one-step methods, where the
solution xl+1 is calculated using the precedent solution xl separated in time
by a time step size ht = tl+1 − tl ; these methods read in general
xl+1 = xl + ht Φ(xl , tl ).

(III.1.5)

The function Φ is given by the specific method used. This basic scheme is
depicted in fig. III.1.1. To be more specific, members of the important class
of explicit Runge-Kutta methods (see definition 1, page 408) are used.
A numerical method is said to own order of convergence p, if the numerical
solution calculated with step size ht xhl t , l = 1, ..., Nt satisfies
x(tf ) − xhNtt ≤ Chpt ,

(III.1.6)

with some constant C independent of ht (for details see definition 3, page 409).
Note that Nt depends on the step size ht . This statement is the most important
for numerical solvers: if the step size, i.e. the discretization of the simulated
interval, is sufficiently small, the numerical error will be below an arbitrary
low threshold. The order p states how fast this convergence happens, e.g. the
classical Runge-Kutta methods features p = 4, which implies that halving the
step size means to reduce the numerical error to 1/16, which allows a precise
control on the deviation of the numerical from the exact solution.
For this work Heun’s method (numerical method 1, page 410) and the classical
Runge-Kutta method (numerical method 2, page 411) are used, both RungeKutta methods, and additionally a 4th-order Adams-Bashforth scheme is used.
However, in this work the important—and mostly used—ODE method is the
classical Runge-Kutta method as its order of convergence is higher than the
one of Heun’s methods, and it is more stable than the other two.
The remaining question concerns the algebraic restriction on the ODE. All
above mentioned methods do not calculate numerical solutions satisfying xl ∈
M. However, from a principle point of view all Runge-Kutta methods—and
also other methods—can be directly applied to ODEs on manifolds, and also
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Figure III.1.2: Illustration of the
projection method, exact solution
lies in a manifold M (blue surface).
A step with a Runge-Kutta method
(via method function Φ) produces
solutions x̃n+1 outside of M, hence,
after each ODE step a projection
xn+1 = PM (x̃n+1 ) is applied.

the statements on convergence still hold. But it is well known that these problems often show high instabilities in the sense, that if the numerical solution is
off the manifold M given by the restriction, the error of the solution tends to
rapidly increase, eventually resulting in a situation where a tiny step size must
be chosen in order to obtain accurate results. To avoid such instabilities one
idea is to project after each step with an ODE method the obtained numerical
solution back into the manifold, which reads
x̃l+1 = xl + ht Φ(xl , tl )

(III.1.7)

xl+1 = PM (x̃l+1 ),
where PM : Rd → M is the projection into M; the concept is sketched in
fig. III.1.2. A common choice is an orthogonal projection, i.e. (PM (x) − x) ⊥
M, which has minimal distance between x and PM (x) in the Euclidean norm.
It can be proven that the order of convergence is at least the same as the
one of the underlying ODE method.[143] This statement seems to imply that
nothing is gained by using a projection, but in practice it can be seen that the
stability of the numerical solution is tremendously increased. In case of the
LLG a deviation from algebraic constraint is given, if a spin is not normalized
to unity anymore, and the orthogonal projection is just a re-normalization of
it; for a single spin given by
 
S̃ l
P S̃ l = l .
S̃
[143] E.

(III.1.8)

Hairer, C. Lubich, and G. Wanner. Geometric Numerical Integration. StructurePreserving Algorithms for Ordinary Differential Equations. Springer-Verlag (2006), sec.
IV.4.

III.1. Numerical integration of the atomistic spin model

151

III.1.2. Stochastic differential equations and numerical
solvers
The mathematical structure of the LLG, eq. (II.1.20), changes in case of finite temperature; instead of a deterministic ODE it becomes a stochastical
differential equation (SDE), see eq. (B.3.4) on page 316 for the mathematical
details on the stochastic LLG. In general it is not possible to just use a method
for ODE to solve an SDE. In addition, the term convergence needs to be revisited. However, the basic procedure of calculating an approximate solution
at discrete time points remains intact. A more comprehensive introduction to
SDE can be found in appendix E.3, where especially all needed mathematical
structures, i.e. stochastic processes, Wiener processes and stochastic integrals
are defined and introduced.
A general SDE has the mathematical form (see also eq. (E.3.5), page 418):
dX(t) = f (X(t), t) dt +

m
X

g j (X(t), t) ◦ dW j (t)

(III.1.9)

j=1

X(t0 ) = X0 ,
which is of dimension d, i.e. X(t) ∈ Rd , and comprises m independent standard Wiener processes. A Wiener process is a Gaussian stochastic process, i.e.
a process with random growth, basically characterized by the fact that its variance grows linearly with time (∆W j )2 ∝ t , the exact definition can be found
in definition 5, page 415. Hence, a curve obtained for X(t) depends on the
random realization of the Wiener processes W j (t). We call a specific realization of the stochastic process, i.e. a curve X(t), a path of the process. For each
fixed time point t, X(t) exhibits now a probability distribution P (X, t), from
which stochastic quantities can be calculated, for example the qth moment of
the distribution
Z
hX(t)q iP = P (X, t)X q dd X,
(III.1.10)
Rd

where q = 1 and q = 2 are just the mean value and the variance respectively.
The SDE of interest in this work is the stochastic LLG, eq. (B.3.4), with
d = 3N , where N is the number of spins and m = 3N the number of Wiener
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processes. An example for a stochastic quantity is the (normalized) magnetization at finite temperature T
*
+
N
1 X k
M (T ) =
S
.
N
k=1

The procedure to solve such equations numerically resembles the procedure for
ODEs; an approximated solution Xlht is calculated on discrete time points tl ,
l = 1, ..., Nt , by approximately integrating the SDE with time step size ht . Due
to the stochastic nature, the definition of the order of convergence changes;
usually two concepts of convergence are used: strong and weak convergence.[144]
The former is defined by convergence of paths; if Xlht is a numerical approximation of the exact path X(t), then strong convergence with order γ is given,
if
D
E
ht
≤ Chγ
(III.1.11)
XN
− X(tf )
t
P

holds true. Contrary, weak convergence requires only that the stochastic moments converge; a method features weak order of convergence β in case of
D
 E
ht q
XN
− hX(tf )q iP ≤ Chβ q = 1, 2, ... ,
(III.1.12)
t
P

for all moments q that take finite value. The latter convergence is the weaker
condition; if a numerical method is strong convergent of order γ, then it is
also weak convergent of same order, but not vice versa. However, for practical problems usually weak convergence is sufficient, since it ensures that the
stochastical properties, i.e. the probability distribution P (X, t) of the process
converges. Formal definitions can be found on pages 421 and 422, see definition 8 and definition 9 for strong- and weak convergence respectively.
The open question is which methods can be used. Similarly to ODEs, there is a
class of methods called stochastic Runge-Kutta methods, which are derivativefree one-step methods. However, it is necessary to remember that there are
different definitions of the stochastic integral, and different methods converge
[144] P. E. Kloeden and E. Platen. Numerical Solution of Stochastic Differential Equations.
Springer (1995)
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to different kinds of stochastic integrals. Specifically here, Stratonovich integrals are used, and one method for this kind of SDE is Heun’s method
extended for the stochastic noise (numerical method 4, page 423). Besides
deterministic order of convergence p = 2, this method is of weak and strong
order γ = β = 1.
Additionally, in the same fashion as the deterministic LLG, the stochastic
version exhibits the algebraic constraint of conserved spin length S l = 1,
described previously by the function g, see eq. (III.1.3). Hence, the same instabilities as for ODEs may occur when applying a numerical method on SDEs,
which is avoided by using the projection introduced for the deterministic LLG,
see eqs. (III.1.7) and (III.1.8).
For numerical solutions of SDEs with Heun’s method, per time step m Gaussian distributed random numbers ∆W j are needed. In principle it is possible
to generate truly randomized numbers on a computer, e.g. by means of hardware noise. But this is quite inefficient if a large number is required. Therefore,
pseudo random-number generators are used in practice, where the random
numbers are calculated by an algorithm, and are therefore deterministic, but
appear to be random. In this work, especially the Mersenne twister[145] and the
Tausworthe[146,147] algorithm are used, both taken either from the C++ Standard Library[148] (Mersenne Twister), the GNU Scientific Library[149] (both),
or Intels Math Kernel Library1 (Mersenne Twister).

III.1.3. Boundary conditions
Due to the interactions with neighboring spins, a finite system requires boundary conditions. Within this work the atomistic model is always treated ignoring
[145] M.

Matsumoto and T. Nishimura. „Mersenne Twister: A 623-Dimensionally Equidistributed Uniform Pseudo-Random Number Generator“. ACM Trans. Model. Comput.
Simul. 8, pp. 3–30 (1998)
[146] P. L’Ecuyer. „Maximally Equidistributed Combined Tausworthe Generators“. Mathematics of Computation 65, pp. 203–213 (1996)
[147] P. L’Ecuyer. „Tables of Maximally Equidistributed Combined LFSR Generators“.
Mathematics of Computation 68, pp. 261–269 (1999)
[148] ISO/IEC 14882:2017(E) Programming languages — C++. (2017)
[149] M. Galassi et al. GNU Scientific Library. Release 2.5. (2018)
1 https://software.intel.com/en-us/mkl
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Figure III.1.3: Concept of boundary conditions in the atomistic spin
model: degrees of freedom are spins
in the simulated domain Ω (shaded
green). A spin S l has neighbors S lm
(here only nearest neighbors, shaded
yellow), some (here one) lie outside
0
Ω, denoted S lm . The set of all possi0
ble S lm is called boundary of Ω, with
symbol ∂Ω (shaded purple). Spins in
∂Ω are no degrees of freedom, but determined by boundary conditions.

dipole-dipole interaction; hence, it is also ignored here, and the interactions
are restricted to Heisenberg exchange and Dzyaloshinskii-Moriya interaction.2
For computer simulations always a finite system is considered, usually a simple
cubic lattice of size Nx × Ny × Nz . We call the domain of all grid points inside
this lattice the domain Ω. Consider a spin S l in the vicinity of the boundary
of the domain with Nnb neighbors S lm to interact with, such that out of all
0
0
Nnb neighboring spins Nnb
spins S lm lie outside of Ω. We call these spins
boundary spins, and the set of all these spins of the entire lattice we call the
boundary ∂Ω of the domain. This is sketched in fig. III.1.3 for a 2D system.
A spin of this boundary is denoted by S l ∂Ω .
In the following two different kinds of boundary conditions are used: periodic
boundaries and space- and time dependent ones. The former can easily be
realized for a simple cubic lattice. Periodicity can be applied along x-, y- or z
direction independently, and is defined as follows: We write a spin at lattice
site r l as S l = S(r l ), and periodic boundary along β direction (β ∈ {x, y, z})
means to identify
S(r l ) = S(r l ± Nβ aeβ ) = S l

0

∂Ω

,

(III.1.13)

where a is the lattice constant. For example, if one reduces the situation to one
dimension with a system of size Nx and spins S(rl ), rl = la, l = 0, 1, ..., Nx −1,
the spin at the right end of the system S(rNx −1 ) has a right nearest neighbor
2 Dipolar

interaction would require a different treatment of the boundary conditions.
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outside of Ω at position rNx equivalent to r0 , hence this neighbor is spin S(r 0 ).
The other relevant boundary condition is given by defining externally the spin
for each time point t and each position r l ∈ ∂Ω, i.e. as time- and spacedependent function
Sl

∂Ω

(t) = b(r l , t).

(III.1.14)

Note that it can also be applied to just a subset of ∂Ω, where on other parts
periodic boundaries can be applied. From physical point of view, there are
several special cases of this boundary condition:
• Open boundaries b(r l , t) = 0; i.e. no spins at the corresponding boundary, which models an interface to a non-magnetic material.
• Fixed boundary b(r l , t) = b̃(r l ) lacking time dependence; e.g. b(r l , t) =
ez mimics an interface to an attached ferromagnet magnetized along z
direction.
• Coherent excitation; an explicit time-dependent boundary condition, periodic in time with a frequency ω0 that dynamically excites the magnet
at the boundary where this condition is applied. An example could be
b(r l , t) = (A0 cos(ω0 t), A0 sin(ω0 t), Sz )T as boundary condition for a ferromagnet magnetized along ez , where this boundary condition injects
spin waves at frequency ω0 into this ferromagnet.

III.1.4. Software implementation
Numerical treatment of ODEs is nowadays—in contrast to former times of Carl
Runge and Wilhelm Kutta—done by computer programs allowing to calculate
large systems, e.g. thousands and millions of spins. The software for solving
the LLG in the atomistic model used in this work has been developed by the
author of this work. This program is called LLG+Palabos, written in C++,
and its features are briefly introduced. The name of the software originates
from the program Palabos, on which LLG+Palabos is based on. Palabos[150]
itself is a Lattice Boltzmann solver for classical fluid dynamics described by
the Navier-Stokes equations,3 it is also written in C++, and is parallelized
[150] J.

Latt et al. „Palabos: Parallel Lattice Boltzmann Solver“. Computers & Mathematics with Applications (2020)
3 https://palabos.unige.ch/
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using a distributed-memory model utilizing MPI[151] . The main motivation
for using this software for the LLG is the parallelism implemented in the data
structures and the methods working on these data, in combination with the
fact that the data structures allow also vector-valued fields, i.e. these can be
used to describe spins on a lattice. Hence, using Palabos’ data structures allows
an MPI-parallelized solver for the atomistic spin model without the need to
implement the parallelism by oneself; the spin model is simply adapted to the
preexisting data structures.
The features of LLG+Palabos include the atomistic spin model as introduced
in section II.1.5, including finite temperatures, and including the defect models
introduced in section III.4. Furthermore, it features the boundary conditions
explained in section III.1.3. But the program owns quite some limitations.
From physical point of view the major drawback is the lack of the implementation of dipole-dipole interaction. Reason for this is twofold; on the one hand
it is difficult to implement the usually-used Fast-Fourier method to handle the
dipolar fields in the distributed-memory model used by Palabos. On the other
hand, within this work there has been no need to use the dipolar interactions
within the atomistic model. As a result the implementation has not been done
so far. Another restriction concerns the number of neighbors taken into account for each spin: in two dimensions only nearest and next-nearest neighbors
are allowed, and in three dimensions additionally next-next-nearest neighbors.
The data structures allow in principle to use more neighbors, however, since
this work never needed more, the implementation of an arbitrary number has
been started, but—as of this writing—is not finished yet. The data structures
allow at first sight only square or simple cubic lattices, however, it is usually
possible to map lattices of other type. One example treated in this work is
the kagome lattice, which is mapped to a square lattice as explained in appendix F.1.
The major advantage of this program is the possibility to use an arbitrary
number of CPUs, or to be more precise, as many as available on the cluster
where the program is running. This allows simulations of very large spin systems in a feasible time; the largest number of spins simulated by the author
so far were 100 million, impossible to treat on a single core.
[151] Message Passing Interface Forum. MPI: A Message-Passing Interface Standard. Version 3.1. (2015)
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III.2. Numerical treatment of
micromagnetism—MuMax3
n section II.1.6 the micromagnetic model is introduced, but without
a framework to treat it. This model is quite similar to the atomistic
approach in the sense that for rather general systems the equations
can only be solved numerically. In this work this model is not used as heavily
as the atomistic model, but if so, it is handled numerically with the software package MuMax3[152] . It is a freely available program written in Nvidias
parallel computing platform CUDA for design of software running on Nvidia
graphic processing units.
Of course such a software package can be used just as a black-box tool, however, we would like to illuminate the background of the numerics of micromagnetism. Although basically the same equation of motion is used—the LandauLifshitz-Gilbert equation—the mathematical structure of the micromagnetic
framework differs from the atomistic approach. It is a field theory with the spin
density S(r, t) as degree of freedom, continuously defined in space. Furthermore, the effective field contains derivatives—in case of the isotropic Heisenberg exchange the Laplacian ∆S. Hence, the micromagnetic LLG is a partial
differential equation (PDE) of second order in space and first order in time.
From numerical perspective it can be solved on a finite domain Ω ⊂ R3 in
space in a finite time interval [t0 , tf ]. One usual way to handle this is to first
discretize the space domain Ω, i.e. replace this continuous set by a finite set
of discrete r l ∈ Ω, and approximate the spatial derivatives of the PDE using these discrete points. The result is a set of equations for discrete spins
S l (t) ≈ S(r l , t) on the finite grid. These equations form coupled ordinary
differential equations, which can be solved by methods introduced before in
section III.1.1—e.g. Runge-Kutta methods—then entailing additionally a discretization of the time interval with a time step size ht .
The error in the numerical solution is, hence, given first by the space discretization, and the error of the ODE method. The latter has already been
discussed before, where it is outlined that these methods are convergent, i.e.
the numerical error is below an arbitrary threshold provided the time step
[152] A. Vansteenkiste et al. „The design and verification of MuMax3“. AIP Advances 4,
p. 107133 (2014), Software available under http://mumax.github.io/.
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size ht is chosen sufficient small. Convergence implies especially that the ODE
methods deliver consistent approximations of the differential equation. This
leads to the question how to approximate the partial derivatives and which
numerical error occurs for the discretization in space. In MuMax3 a finitedifference scheme is used for this purpose. One possible (and widely used)
approximation of the Laplacian operator in three dimensions is the so-called
7-point stencil on a cubic grid. It carries its name since it uses seven points
of the discretized grid, the point itself where the Laplacian is evaluated r l
and two points each per Cartesian direction forward and backward r l ± hr eβ ,
β ∈ {x, y, z}, such that this approximation reads, see also appendix G.1,
∆f (r) =

X ∂ 2 f (r)

β=x,y,z

=

∂rβ2

1h
6f (r) − f (r+hr ex ) − f (r−hr ex ) − f (r+hr ey ) − f (r−hr ey )
h2r
i

− f (r+hr ez ) − f (r−hr ez ) + O h2r ,
(III.2.1)

This approximation is consistent of order 2, which—provided that certain numerical stability conditions hold true—consequently means that the numerical
error of the solution also vanishes for hr → 0, i.e. the approximation leads to
a convergent method.4 Altogether a numerical description consistent to the
micromagnetic LLG results, i.e. the numerical error can be controlled by discretization parameters hr and ht .
Solving a PDE on a finite domain requires boundary conditions; specifically
for the LLG in this work two types are used: Neumann and periodic boundaries. The former specifies the directional derivative at the boundary, here set
to zero:
n(r) · ∇Sβ (r, t)

∂Ω

= 0, β ∈ {x, y, z},

(III.2.2)

where n is the surface normal of the boundary ∂Ω. It is a suitable condition
at an interface to a non-magnetic material, very similar to an open boundary
4 This

can be stated by the Lax-Richtmyer Equivalence Theorem.
(J. C. Strikwerda. Finite Difference Schemes and Partial Differential Equations. SIAM
(2004); [153])
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in the atomistic spin model. The concept of periodic boundaries is in principle the same as in the atomistic model, but is more delicate because of the
dipole-dipole interaction. In MuMax3 this boundary condition is implemented
by wrapping the simulated system, i.e. the domain Ω, to the boundaries as
sketched in fig. III.2.1. Short-ranged interactions would only require wrapping
the system once; however, due to the long-range nature of dipolar interaction
it can be fruitful to map the system more than once, a possibility provided
by MuMax3. Of course MuMax3 has much more features, but we restrict the
discussion here to the ones used within this work.

Figure III.2.1.: Implementation of periodic boundary conditions in MuMax3, shown at the example of periodic boundaries along x direction. The
domain Ω (containing the degrees of freedom) is wrapped to ±dex , mapped
domains denoted Ω0 . Spins inside Ω interact with all spins in Ω and Ω0 . Wrapping once is sufficient for short-ranged interactions as exchange. To mimic a
system infinitely extended into one direction including dipolar interactions,
wrapping more than once is required, e.g. mapping two times to Ω0 and Ω00 .
MuMax3 allows an arbitrary number of periodic mappings.

III.3. Data analysis
revious section dealt with numerically solving differential equations
of spin models—be it atomistic or micromagnetic—with the time evolution of the spins as result. But normally a job is not finished with
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that: in some cases spin-wave spectra are needed, in other cases precession frequencies, or something else. For these analyses extra software is used, mainly
self-written, either in C++ or using Matlab, but also common software packages as the FFTW are used. Some of these analyses are not straightforward,
either conceptually or because a huge amount of data has to be analyzed,
requiring efficient tools that are introduced here.

III.3.1. Fourier spectra
The formulation of the models used in this work as well as their numerical
treatment is done in the time-position domain, but it can be fruitful to investigate a physical system in momentum space or frequency space instead.
An example is coherent backscattering, a weak localization phenomenon observable in momentum space (here also called k space), see section II.3.2.
Particularly for this work, momentum-space investigations of spin waves are
of interest, i.e. wave amplitudes Fourier transformed from position space to k
space.
In principle there are two possible ways: either the equation of motions are
Fourier transformed to k space and then solved numerically, or the time evolution is calculated in real space and afterwards the results are Fourier transformed. The former procedure would require its own software implementation
leading to the following problem: If considering for example the Heisenberg
exchange interaction that in real space falls off quickly with distance. But
the Situation in momentum space is in general very different: in a system
where translational symmetry is broken, or non-linear effects are important, a
Fourier mode is not an eigenmode, i.e. it couples to other modes. Even worse,
in general it couples to all other modes. Hence, a Fourier transform leads from
a local interaction in real space to a global interaction in momentum space,
causing a much higher computational effort.
Because of this, the computation of the time evolution will remain in real
space, but the analysis might be done in momentum space with the drawback that additional software for analysis of the original simulation results is
required.
The focus here lies on Fourier spectra of spin waves, introduced in section II.2.
The simulation result of the time evolution are spins S l (t) in real space. From
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these the spin-wave amplitude in real space S l can be calculated,5 the exact
form depending on the considered system. The Fourier-transformed spin-wave
amplitude generally reads
N

1 X n −ik·rn
Ŝ k = F S l = √
S ·e
,
N n=1

(III.3.1)

the computational effort scaling with N 2 (N multiplications and additions per
mode k and N modes to compute). However, often it is possible to calculate
the Fourier transform via a fast Fourier transform (FFT) algorithm, scaling
with N log2 (N ).[154] Especially the k-space analysis in the context of spinwave localization studied in this work requires the use of FFT algorithms, as
quite large systems are considered, in combination of an ensemble average over
several defect configurations, such that for a single system up to 1 TB data is
Fourier transformed. Thus data analysis relies on an efficient implementation,
here utilizing the FFTW library[155] . Further procedure in this part is to
introduce Fourier transforms on a general Bravais lattice, allowing an exact
application of a FFT.
But FFT algorithms rest on some assumptions that need to be considered:
The most important aspect to remember when working with FFT is what it
actually computes: a discrete Fourier series, i.e. for a three-dimensional6 array
of data xn1 ,n2 ,n3 , it calculates
x̂m1 ,m2 ,m3 =

NX
1 −1 N
2 −1 N
3 −1
X
X

xn1 ,n2 ,n3 · e

−2πi

n1 m1
N1

+

n2 m2
N2

+

n3 m 3
N3



(III.3.2)

n1 =0 n2 =0 n3 =0

m1 = 0, ..., N1 − 1
=: FFT(x)m1 ,m2 ,m3 , m2 = 0, ..., N2 − 1 .
m3 = 0, ..., N3 − 1
A FFT algorithm calculates nothing else than this, which requires for a calculation of a physical Fourier transform to write this then in a form such
5 See

for example eq. (II.2.13).
W. Cooley, P. A. W. Lewis, and P. D. Welch. „The Fast Fourier Transform and
Its Applications“. IEEE Transactions on Education 12, pp. 27–34 (1969)
[155] M. Frigo and S. G. Johnson. „The Design and Implementation of FFTW3“. Proceedings of the IEEE 93, pp. 216–231 (2005), Homepage: http://www.fftw.org/
6 Two- and one-dimensional systems work alike with two or one indices respectively.
[154] J.
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that—either exactly or approximately—eq. (III.3.2) can be used. In this work
this means to rewrite eq. (III.3.1) in form of eq. (III.3.2) as follows: Consider
an arbitrary Bravais lattice, in real space characterized by the fact that the
lattice site positions read
r l = n1 a1 + n2 a2 + n3 a3 ,

n1 , n2 , n3 ∈ Z.

The three fixed vectors aj are called lattice vectors and span the lattice. With
nj , j = 1, 2, 3, being arbitrary integers this describes a system of infinite size.
For finite size we write it as
r l = n1 a1 + n2 a2 + n3 a3 ,

n1 = 0, ..., N1
n2 = 0, ..., N2 .
n3 = 0, ..., N3

The corresponding reciprocal lattice vectors are denoted by b1 , b2 , b3 , defined
in solid-state manner by
0
aj · bj = 2πδjj 0 .
These span a unit cell in k space, which centered to zero and defined as
continuous set reads



1 1
Ωms := k ∈ R3 : k = q1 b1 + q2 b2 + q3 b3 , qj ∈ − ,
.
(III.3.3)
2 2
With this, the argument of the exponential in Fourier transform eq. (III.3.1)
reads
r l · k = 2π (n1 q1 + n2 q2 + n3 q3 ) ,
and by identifying qj = mj/Nj ∈ [0, 1] the entire Fourier transform can be
rewritten using the FFT following eq. (III.3.2)
N1 X
N2 X
N3
1 X
Ŝ k = √
S n1 ,n2 ,n3 e−2πi(n1 q1 +n2 q2 +n3 q3 )
N n1 =0 n2 =0 n3 =0

1
= √ FFT(S)m1 ,m2 ,m3 .
N

(III.3.4)

The Fourier transform obtained from FFT is not exactly given in the unit cell
as defined above, but it can be mapped to Ωms using symmetries of the FFT.
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There are two translational symmetries, one in real-, one in momentum space.
Firstly, mapping nj 7→ nj ±Nj leaves the FFT eq. (III.3.2) unchanged—which
physically refers to r l 7→ r l ±Nj aj , equivalent to periodic boundary conditions
along all dimensions. This is quite important: a Fourier transform of a signal
of finite size always implicitly assumes a periodic signal. If this is unwanted,
padding methods can be used, but this is not relevant here. The symmetry
of the Fourier-transformed quantity is an invariance under mj 7→ mj ± Nj ,
which is physically written as k 7→ k ± bj , a shift to other unit cells equivalent
to Ωms . Additionally, this periodicity in momentum space allows to shift the
data obtained from FFT into our unit cell
(
N
mj − Nj for mj ≥ 2j
0
mj 7→ mj =
j = 1, 2, 3;
(III.3.5)
mj
else
wave vectors k = m1/N1 b1 + m2/N2 b2 +
m03/N3 b3 covering thus Ω
ms on discrete
points7 .
0

0

Furthermore, there are some practical issues
within this framework: In eq. (III.3.4) indexing the input data, i.e. S l , is done via
n1 , n2 , n3 ranging from zero to N1 − 1,
N2 − 1, N3 − 1 respectively, and not via
the Cartesian coordinates of the r l , which
is usually the way how the original data are
stored. Hence, in practice the FFT is applied on a three-dimensional data array of
size N1 ×N2 ×N3 , written as x[N1 ][N2 ][N3 ]
in a C-like notation, where x[n1 ][n2 ][n3 ]
contains the data of the lattice position r l =
n1 a1 + n2 a2 + n3 a3 . Similarly, the output is
labeled by indices mj .
The indexing of the input data may cause
another problem: the indices nj may not
range from 0 to Nj −1 as we illustrate by the
7 The

Figure III.3.1.: A two-sublattice antiferromagnet: for
one sublattice (blue) indices
(n1 , n2 ) with respect to lattice
vectors are depicted, i.e. positions inside this sublattice is
given by r l = n1 a1 +n2 a2 , with
a1 = (2a, 0)T , a2 = (a, a)T .

continuous set is an approximation done since the Nj are usually large and discrete
points lie quite dense in Ωms .
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example of an antiferromagnetic system—here reduced to two dimensions—on
a simple cubic lattice, see section II.2.4 for details on that system. Although
the spins occupy a simple cubic grid, i.e. the atomic lattice is simple, the
magnetic lattice is not; it comprises two sublattices—spin up and spin down
moments. This is described by a Bravais lattice with lattice vectors
a1 = (2a, 0)T ,

a2 = (a, a)T ,

a being the nearest-neighbor distance, and a two-atomic basis comprising one
atom per sublattice. For considerations here existence of the two sublattices
is of no importance, but important is that the underlying lattice is not simple
cubic. In fig. III.3.1 a small system as it is implemented in an atomistic spin
simulation is depicted; overall it is a rectangle, no parallelogram as would result
if the lattice indices would be chosen nj = 0, ..., Nj − 1. That figure contains
also the lattice indices (n1 , n2 ), which are negative for some spins, proving
that for a Fourier transform of this system a FFT cannot directly be applied.
Fortunately one can use the periodicity-property, namely the equivalence of
nj and nj + Nj ; the original geometry is mapped via
(
nj 7→

n0j

=

n j + Nj
nj

for nj < 0
j = 1, 2, 3.
else

(III.3.6)

Particularly for the antiferromagnetic example of size Nx × Ny , this leads to
N1 = Nx/2 and N2 = Ny . The situation for one sublattice of the antiferromagnet is sketched in fig. III.3.2. Although this real-space mapping seems to be a
bit counterintuitive, since it means to move physical features from one place
to another, it is still strictly equivalent to eq. (III.3.1).

III.3.2. Space-dependent continuum properties
Even if analyzed in real space, the plain information of the spin configuration,
i.e. Sx , Sy , Sz , is often not sufficient. Especially the investigation of spin
superfluidity in chapter V requires also knowledge about the in-plane angle ϕ
of the spins, as well as derivatives of all properties. Thus, we briefly introduce
how these are calculated from simulation results within the atomistic model.
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Figure III.3.2.: Symmetry of a Fourier transform allows to map the realspace lattice using eq. (III.3.6) (turquois sites shifted by N1 in this case)
under which the Fourier transform stays invariant. Before mapping some of
the lattice indices n1 , n2 are negative, afterwards they range all from 0 to
Nj − 1, necessary to apply a FFT algorithm for computation of the Fourier
transform.
The atomistic spin model and solving its equations of motion delivers at points
in time t all spins S l (t) in Cartesian components. But sometimes these spins
are also described using cylindrical coordinates ϕl and Szl
q
2

1 − Szl (t) cos ϕl (t)
q
2


S l (t) = 
 1 − S l (t) sin ϕl (t)  ,
z

Szl (t)

i.e. describing the system via the in-plane angle and the out-of-plane component. The in-plane angle can be calculated from the Cartesian components by
the two-argument arctangent


ϕl (t) = arctan2 Syl (t), Sxl (t) .
In this work there is also a special interest in derivatives: time derivatives
Ṡzl and ϕ̇l , and also spatial derivatives. The former follow directly from the
Landau-Lifshitz-Gilbert equations, which for a given spin configuration S l (t)
delivers Ṡ l (t), in particular directly Ṡz (t). If also the time derivative of the
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in-plane angle ϕl is required—the in-plane precession frequency—it follows
from S l and Ṡ l via
!

Syl
Sxl Ṡyl − Syl Ṡxl
d
d
l
l
l
ϕ̇ =
arctan2 Sy , Sx =
arctan
=
(III.3.7)
2
2 .
dt
dt
Sxl
Sl + Sl
x

y

With the atomistic approach spatial derivatives are strictly speaking not
defined as the space dependence is discrete. However, as explained in section II.4.2, approximate spatial derivatives can be utilized to describe the
system, if the spatial variation between neighboring spins is small. In this
case these derivatives are numerically calculated by means of central differences: The exact implementation generally depends on the exact system
considered. On a simple cubic ferromagnet with lattice site positions r l =
n1 aex + n2 aey + n3 aez (a constituting the lattice constant), the spins can
be labeled using the lattice indices n1 , n2 , n3 : S n1 ,n2 ,n3 := S l and partial
derivatives with this nomenclature read
S n1 +1,n2 ,n3 − Szn1 −1,n2 ,n3
∂x Szl ≈ z
(III.3.8)
2a

1 
∂x2 Szl ≈ 2 Szn1 +1,n2 ,n3 − 2Szn1 ,n2 ,n3 + Szn1 −1,n2 ,n3 ,
a
and for y- and z derivatives accordingly, see appendix G.1. The same can be
done for ϕl .
In case of an antiferromagnet on a sc lattice usually both magnetic sublattices
A and B are distinguished (where n1 , n2 , n3 refer to the atomic lattice indices,
the magnetic lattice is not simple cubic as explained in section II.2.4, see
fig. II.2.10 on page 88 for depiction):
(
A n1 ,n2 ,n3
S
if (n1 + n2 + n3 ) mod 2 = 0
n1 ,n2 ,n3
S
=
,
B n1 ,n2 ,n3
S
if (n1 + n2 + n3 ) mod 2 = 1
and derivatives are defined within each sublattice:
A n1 +2,n2 ,n3
S
− ASzn1 −2,n2 ,n3
(III.3.9)
∂x ASzl ≈ z
4a

1 A n1 +2,n2 ,n3
∂x2 ASzl ≈
Sz
− 2ASzn1 ,n2 ,n3 + ASzn1 −2,n2 ,n3 ,
2
(2a)
and the same procedure is applied for the other dimensions, and the other
sublattice.
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III.4. Defect models
large part of this work deals with localization effects of spin waves
in disordered magnets, see chapter IV. Hence, we introduce the different disorder models: a random-field model, zero spins and reduced
magnetic moments. All three are used within the atomistic approach, for the
investigations using the micromagnetic model only the random field is applied.

III.4.1. Random magnetic field
This model is a contribution Bd to the magnetic field B in the corresponding Hamiltonian, featuring a random space dependence. Strictly speaking,
implementation in the atomistic and the micromagnetic picture must be distinguished; however, the basic concept is the same for both. In both cases the
contribution of disorder to the field is usually chosen such that it does not
alter the magnetic ground state, denoted here by eg , which is a fixed axis for
a ferromagnet, but staggered for an antiferromagnet. Hence, the direction of
disorder field is aligned with the ground state.
In the atomistic Hamilton the contribution for the magnetic field reads, see
eq. (II.1.9):
HZ = −

N
X

µnS S n · B n ,

n=1

with B l = B(r l ), for a system comprising N spins. In general B l splits into
different contributions, for example a static (space independent) part Bs , a
time dependent excitation at a certain frequency ω0 , Bω0 (t) and possibly also
a random contribution Bdl .
The latter is generated in the following way: two parameters are needed, the
defect number density % and its magnitude Bd . Each spin may be chosen with
probability % as defect, resulting in roughly %N defect sites. At these defect
sites a magnetic field Bd eg is applied, at all other lattice sites the disorder
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field is zero. The magnetic field for disorder is thus written as
Bdl = εl Bd eg
(
1 if l is a defect site
εl =
.
0 else

(III.4.1)

Note that in case of an antiferromagnet (introduced in section II.2.4) the
ground state is not uniform, but the staggered Néel state; therefore also the
magnetic field direction is set staggered, aligned with the Néel state.
The advantage of this model is its simplicity within the spin model; however,
experimental implementation is a tough task as it would require a very high
control on the spatial resolution of the magnetic field. But it is used to describe
disorder in a magnetic system since for the investigations in this work the exact
origin of the disorder is not so important. Furthermore, this model has an
advantage from a theoretical point of view: its effect on magnons is very similar
of a potential in the Schrödinger equation for a particle. For this we consider
a ferromagnet in the limit of small deviations from the ground state, when
linear spin-wave theory can be applied. In section II.2.2 the equation of motion
for the complex-valued spin-wave amplitude S l is derived from the LandauLifshitz-Gilbert equation under this assumption, resulting in eq. (II.2.23) on
page 71, which we rewrite for simplicity for the dampingless case α = 0 and
ignoring the Dzyaloshinskii-Moriya interaction D nm = 0:
"
#
X
γ
dS l
i
=
J
(S l − S lm ) + (2dz + µS B l )S l .
dt
µS
m
Compared to the Schrödinger equation,
∂Ψ(r, t)
~2
=−
∆Ψ(r, t) + V (r)Ψ(r, t),
∂t
2m
P
the former term J m (S l − S lm ) corresponds to the kinetic contribution to
2
the Schrödinger equation ~ ∆Ψ/2m, since the difference in the sum over m—
over the nearest neighbors—approximates a Laplacian, which is explained
for instance in section II.1.6. The latter term, (2dz + µS B l )S l , resembles the
potential term V (r)Ψ. Because of this mathematical similarity the effect of a
i~
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disordered magnetic field can be expected to have a similar effect on spin-wave
transport as a disordered potential
X
V (r j ) = V0
δ(r − r j ), r j random,
j

in the Schrödinger equation on a particle. The latter is a widely studied model,
e.g. for electrical conductivity of metal, known as Edwards model[156] .
The situation changes in the micromagnetic model, where the Zeeman contribution to the Hamiltonian reads, see eq. (II.1.28), page 54,
Z
HZ = − Ms B(r) · S(r) d3 r.
From perspective of the field theory it is not meaningful to attribute a defect
field to discrete spins; rather an ansatz with delta functions—as for a disordered potential in the Schrödinger equation—would be feasible. On the other
hand, the numerical treatment of micromagnetics leads again to discretized
spins, on which a discretely defined magnetic field can be applied; this is exactly the way the Zeeman contribution is implemented in MuMax3. In terms
of the field theory this is equivalent to a piecewise-constant magnetic field,
where the pieces are the volumes the discrete spins fill. Let us assume the
domain is discretized by finite differences as explained in section III.2 into
discrete lattice sites r l with distances of the lattice sites ∆x, ∆y and ∆z in
x-, y- and z direction respectively. This means the discretized domain Ω splits
into discrete cells of size ∆x × ∆y × ∆z at positions r l ; the cells themself can
be written by their characteristic functions8






x − xl
y − yl
z − zl
rect
rect
,
χl = rect
∆x
∆y
∆z
where rect is the rectangular function. At each cell the magnetic field takes
value B l . A random-field defect model is implemented by selecting randomly
[156] S.

F. Edwards. „A New Method for the Evaluation of Electric Conductivity in Metals“. The Philosophical Magazine: A Journal of Theoretical Experimental and Applied
Physics 3, pp. 1020–1031 (1958)
8 A characteristic function χ
3
M (r) of a set M ∈ R returns one for r ∈ M and zero
otherwise.
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some of these lattice sites, where again each lattice site of the entire grid is
chosen with probability %, and the defect field Bd eg is applied at these sites.
For the continuously defined magnetic field this can be written as






X
x − xj
y − yj
z − zj
Bd (r) = Bd eg
rect
rect
rect
, (III.4.2)
∆x
∆y
∆z
j
r j random lattice sites.

III.4.2. Zero spins
Another model for disorder is called zero spins, which models non-magnetic
atoms as defects in a magnet. The idea is to occupy randomly selected lattice
sites j with spins of length zero S j = 0. It is only used in atomistic simulations,
and is described by one parameter, the defect number density %. Defect sites
are randomly drawn out of all lattice sites, where each site has probability %
to become a defect.
This model can also be considered as a missing-link model, as it is equivalent to
removing the interaction of a defect site to all its neighbors. The interaction
change may also lead to some practical problems, as it might change the
magnetic ground state of the magnet. This is the case if a finite DzyaloshinskiiMoriya interaction is present, for instance; even if this interaction is sufficiently
weak for a ferromagnetic ground state in a clean system, this changes with
this defect model, since locally the number of neighbors is reduced leading to
a local deviation from the ferromagnetic ground state.

III.4.3. Reduced magnetic moments
Both previously introduced models have their drawbacks; zero spins shows
some impractical aspects in case of a finite Dzyaloshinskii-Moriya interaction, and the random-field model does not possess a direct implementation
in experiments. Because of this an additional model for cross checking might
be fruitful, achieved by a model of reduced magnetic moments. This model
does not alter the magnetic ground state of a ferromagnet featuring a finite
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Dzyaloshinskii-Moriya interaction, and it is much closer to an experiment realization, since it models chemical impurities in a magnet.
The reduced-moment model is used within the atomistic framework, and is
described by two parameters, a defect number density % and a defect magnetic
moment µd < µS . As described in section II.1.5, the magnetic moment enters
the spin model in the equation of motion, see eq. (II.1.20) on page page 51.
Application of this model is done by reducing the magnetic moment of a lattice site from µS to µd with probability %. Hence, also for this defect model
roughly %N defect sites result.

IV. Localization effects
of spin waves due to
disorder
his chapter deals with the first part of the numerical investigations of the present thesis: localization
effects of spin waves in disordered magnets. This
chapter comprises investigations on weak localization effects of magnons in ferro- and antiferromagnetic systems investigated in two dimensions. Strong
localization is studied in one-dimensional ferromagnets and—by means of coherent forward scattering—in quasi one-dimensional
systems, i.e. systems extended in one direction but with finite cross section
transverse. Mostly the atomistic spin model from section II.1.5 is used to describe spin waves, but a specific study is carried out in the micromagnetic
framework introduced in section II.1.6. Besides this, and besides general aspects of localization discussed in section II.3, this whole story heavily rests on
the shoulders of spin-wave theory as discussed in section II.2.
Central highlights of this chapter are our findings on the influence of the
Dzyaloshinskii-Moriya interaction on coherent backscattering, which is intact
for simple ferromagnets, as studied in section IV.1.2. But the responsible coherence condition for this is violated in more a complex ferromagnet—the
one on a kagome lattice comprising finite Dzyaloshinskii-Moriya interaction—
and there this phenomenon is in general absent. Furthermore, we show that
coherent forward scattering may be utilized to study strong localization of
spin-waves, studied in this work for the first time. The studies of this chapter
have been carried out in a very thriving collaboration with Cord A. Müller
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and parts of the results presented here lead to two publications[157,158] . Note
that throughout this chapter the unit system introduced in appendix A.2 is
used.

IV.1. Weak localization effects
lthough called weak, the effects studied in this section are not at
all uninteresting, nor do they have little impact on transport. In section II.3.2 it has been already mentioned why—taking for instance
electronic transport—weak localization effects are studied. It is the aim to
transfer these concepts now to spin waves. The most prominent weak-localization effect is coherent backscattering (CBS), and this is in the focus of the
following considerations on weak localization of magnons in different magnetic
systems.

IV.1.1. A generic system: square-lattice ferromagnet
We start with the system studied most extensively in the context of coherent backscattering by the author: a ferromagnet on a two-dimensional square
lattice. By means of numerical simulations of the atomistic spin model the
following situation is investigated: a quasi-monochromatic spin-wave packet
is set as initial condition for an easy-axis ferromagnet, which is subjected to
disorder in form of missing magnetic moments at random positions. From the
resulting time evolution the spin-wave transport is analyzed, in contrast to
the ballistic motion that would result if disorder would be absent.
Description of the system
Let us first describe the system in detail: it comprises Nx grid points along
x direction and Ny along y direction, where nearest-neighbor lattice sites are
[157] M.

Evers, C. A. Müller, and U. Nowak. „Spin-wave localization in disordered magnets“. Phys. Rev. B 92, p. 014411 (2015)
[158] M. Evers, C. A. Müller, and U. Nowak. „Weak localization of magnons in chiral
magnets“. Phys. Rev. B 97, p. 184423 (2018)
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separated by the lattice constant a. The spins S l on these grid points shall
bow to the rule of the Hamiltonian
X
JX n
H=−
S · S nm − dz
(Szn )2 ,
(IV.1.1)
2 n,m
n
where J > 0 for nearest-neighbor exchange interaction demands a ferromagnetic ordering, dz = 10−3 J offers uniaxial orientation as ground state. Following from the Hamiltonian, the equation of motion used here is the LandauLifshitz-Gilbert equation (LLG) (II.1.14), in the absence of damping and thermal noise1

dS l
γ
∂H
=−
S l × H l , with H l = − l .
dt
µS
∂S

(IV.1.2)

This system is a special case of the system described in section II.2.2—reduced
to a square lattice and nearest-neighbor interaction only, thus spin waves in
this system are described via their real-space amplitude S l = Sxl − iSyl , or
via the Fourier-space representation Ŝ k . If the disorder in the system can be
treated as a small perturbation, these spin waves follow approximately the
dispersion ω(k) with corresponding group velocity v g (k):
o
γ n
J [4 − 2 cos(akx ) − 2 cos(aky )] + 2dz
ω(k) =
(IV.1.3)
µS
∂ω(k)
v g (k) =
,
(IV.1.4)
∂k
which is strictly speaking only exactly valid in a clean system without disorder.
The defect model used here is the zero-spin model introduced in section III.4.2
with defect number density %.
To study weak localization in such a system, we solve numerically the LLG
above using periodic boundary conditions. The initial condition is a quasimonochromatic plane-wave at wave vector k0 with Gaussian envelope of width
σ0 , which can be written as
l
− r l −r0 ) /2σ 2
0
S l (t=0) = A0 · eik0 ·r · e (
q
Szl (t=0) = 1 − |S l |2 ,
2

1 The

influence of a finite Gilbert damping will be discussed later.

(IV.1.5)
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where r0 = (Nx/2, Ny/2)T a is the initial position of the wave packet and A0
the amplitude. In a simulation the system size has to be chosen sufficiently
large such that during the simulated time this wave packet does not spread
up to the boundary to rule out boundary effects.
First, a few details regarding the procedure of the numerical investigation:
The simulations are all done in real space with the full LLG, meaning that
the result of a simulation is the time-resolved spin configuration S l (t). From
this the real-space spin-wave amplitude S l (t) is calculated, from which the
k-space amplitude follows
N
n
1 X n
Ŝ k (t) = √
S (t) · e−ik·r ,
N n=1

(IV.1.6)

where N = Nx · Ny is the number of spins. This discrete Fourier transform of
S l is done via a fast Fourier transform as described in section III.3.1. Here the
subject of interest is a disordered system that requires an average over several
realizations of disorder and one has to be careful what quantity to average. In
our case these are the intensities—the one in real space, |S l |2 , and the one in
k space, |Ŝ k |2 , which end up in the ensemble-averaged intensities
Il (t) =

D

Iˆk (t) =

D

S l (t)
Ŝ k (t)

2

E

(IV.1.7)

Nav
2

E
Nav

.

(IV.1.8)

Here, h...iNav denotes the ensemble average that is calculated as an arithmetic
mean over Nav realizations, where usually Nav ≈ 100...800. The noise in the
√
intensities normally scales with 1/ Nav , requiring many simulations to obtain
sufficiently smooth data, which leads to an enormous computational effort. In
practice, the two steps—computation of the time evolution with the LLG and
calculating the averaged intensities—are done with two programs separately.
First, a number Nav of simulations of the LLG for different realizations of disorder are done with the program LLG+Palabos, see section III.1.4, afterwards
the averaged intensities are computed with a self-written analysis program
called AnalysisRC, which implements the methodology form section III.3.1
and the averaging eqs. (IV.1.7) and (IV.1.8).
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Figure IV.1.1: Time evolution
of the (disordered-averaged) initial peak in k space, Iˆk0 (t) (blue,
solid line); it decays exponentially on short times according to
eq. (IV.1.9). The decay defines the
scattering mean free time τs , which
can be determined by a fit to the
exponential decay, here in the time
interval t ∈ [3, 15] tJ (red, dashed
line).

Phenomenological description in momentum space
In order to discuss the results of the numerics, we pick a specific study with
parameters where the phenomenology is first described in momentum space
and afterwards in real space. Following that, we give a quantitative analysis
of different parameters and various additional effects and conclude with a
discussion of the obtained results.
For the first step we select k0 = (−0.56π, 0)T 1/a, σ0 = 150 a and A0 = 0.01 as
parameters determining the initial condition, and a defect density of % = 0.1.
We start with the phenomenology in k space,2 where the initial condition
eq. (IV.1.5) is—in terms of intensity—a narrow Gaussian peak at k0 of width
1/σ0 and all other modes are unoccupied. On a short time scale, this initial peak
Iˆk0 (t) decays exponentially with characteristic time scale τs (see fig. IV.1.1):
t
Iˆk0 ∝ e− /τs .

(IV.1.9)

τs is called scattering mean free time,[19] and usually the first task of data
analysis is to determine this property, since it is a measure for the strength of
the scattering and also sets a time scale on which localization effects occur.
Practically, it is determined by a fit to the numerical data of Iˆk0 on short time
2 This

is published in: M. Evers, C. A. Müller, and U. Nowak. „Spin-wave localization in disordered magnets“. Phys. Rev. B 92, p. 014411 (2015); [157].
[19] N.

Cherroret, T. Karpiuk, C. A. Müller, B. Grémaud, and C. Miniatura. „Coherent
backscattering of ultracold matter waves: Momentum space signatures“. Phys. Rev. A
85, p. 011604 (2012)
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Figure IV.1.2.: Time evolution of the (disorder-averaged) spin-wave intensity in momentum space Iˆk (t). At t = 0 basically all intensity is located
at k = k0 ≈ (−1.76, 0)T 1/a. Spin waves at this wave vector are scattered
anisotropically into states of same energy (up to disorder-broadening), where
the anisotropic scattering can be seen at t = 2.5 tJ (upper left panel). On
longer times the background becomes isotropic and at k = −k0 an additional
peak on top of the background appears: the CBS peak. During the following
time evolution this peak narrows and loses contrast.

scales. For the parameters here τs = 1.6(1) tJ is obtained.
Accompanied with the decay of this initial peak, the rise of the incoherent
background appears, as can be seen in fig. IV.1.2, where snapshots of the time
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evolution Iˆk (t) are depicted. Due to elastic scattering at the defects, spin waves
scatter from k0 into other accessible modes, i.e. modes that own same energy,
which means same frequency. In that way the background builds up along the
line of constant frequency, denoted by Γω . This assembling of the spin waves
happens at first anisotropically, reflecting the anisotropy of the scattering in
this specific kind of defect model. However, like the knights gathering around
the Table Round, at the end the background becomes homogeneous, such that
no memory of the initial condition is left anymore. In terms of intensity, this
means that the incoherent background, denoted with Iˆkic , equilibrates on a few
τs to a uniform state that has no explicit momentum dependence on its own
ic
Iˆkic (t) → Iˆω(k
. Obviously, the incoherent background has a certain width,
0)
meaning that spin waves are also scattered into modes being a bit of in frequency from the initial frequency ω(k0 ). This disorder-broadening represents
the fact that in a disordered system the dispersion eq. (IV.1.3) is not exact
anymore. Because of that, the width scales with the inverse scattering time
(the stronger the scattering, the larger is the disorder broadening).
During equilibration of the background, on top of this an additional peak
rises found at the position −k0 , see fig. IV.1.2. This is the coherent backscattering peak, a consequence of the coherent spin-wave transport, as described
in section II.3.2. Contrary to the incoherent background, it is a feature that
remembers the initial condition of the system and, therefore, proves phase coherence of the transport. The intensity of the CBS peak is measured relative
with respect to the background, via the coherent contribution Iˆkc to the total
intensity Iˆk = Iˆkic + Iˆkc . The coherent contribution peaks at the CBS position
kCBS = −k0 , thus the contrast of the CBS peak is given by eq. (II.3.13), i.e.
C(t) =

c
Iˆ−k
(t)
0
.
ic
ˆ
I

(IV.1.10)

ω(k0 )

As described in section II.3.2, this contrast has a maximum of unity. Therefore
a finite initial width in momentum space, 1/σ0 , is accompanied by decoherence
and, hence, a loss of contrast. The calculation of this quantity C(t) from the
numerical data for Iˆk (t) in practice requires a few technical details, that are
specified in appendix F.3.1. To outline the idea: the initial peak is of Gaussian
shape, and the CBS peak should be as well (at least in theory, though real
numerical data are quite noisy).[19] The intensity distributes along the line
[19] N.

Cherroret, T. Karpiuk, C. A. Müller, B. Grémaud, and C. Miniatura. „Coherent
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of constant frequency Γω(k0 ) , such that we take the tangent to this line at
position kCBS and the intensity along this tangent in a neighborhood of kCBS .
To these one-dimensional data we fit a Gaussian curve including an offset.
The offset is then the height of the incoherent background and the height
of the Gaussian above this background the coherent part. As mentioned in
section II.3.2, eq. (II.3.14), the contrast should follow the time dependence
C(t) =



−1

−1
|v g (k0 )|2 τtr
t
1+
·t
=: 1 +
,
2σ02
τCBS

(IV.1.11)

where we used the fact that the initial width in momentum space is given
by ∆k = 1/σ0 . We use the abbreviation τCBS as characteristic time scale on
which the CBS peak decays. Note that the law above holds true if non-linear
effects can be neglected. The only so-far unknown parameter is the transport
mean free time τtr , and there are several methods existing that might be
used to determine this time, discussed in appendix F.2. Here we calculate it
using a Green-Kubo relation for the initial group velocity, eq. (F.2.1), which
yields τtr = 1.31(3) tJ . Figure IV.1.3 depicts the corresponding numerical data
and the theoretical curve progression. As expected, perfect contrast C = 1 is
achieved in the beginning, then the peak slowly decays on a quite large time
scale compared to the scattering or transport time. Moreover, our numerical
data follow the theoretical curve within the noise quite well. A deviation occurs
for very long times, at the end of the simulated time span, where the numerical
contrast is a bit higher than the theoretical expectation. The reasons are not
fully clear. For one, the width of the CBS peak is quite small, such that
the data analysis gets difficult and numerical results are quite inaccurate. In
principle there might also be deviations due to the fact that the disorder is
quite strong in the systems studied here, especially the assumption of weak
scattering, which is used for analytical calculations, is not matched. Also an
influence of a finite system size cannot be ruled out. However, the reasonable
accordance also implies that there are no further processes that would increase
the loss of coherence, e.g. non-linear effects. In addition to the decreasing
contrast, the width of the peak also decreases with time. However, it is quite
challenging to resolve this time evolution numerically, and since there is no
further insight from this quantity, it is not examined in detail.
backscattering of ultracold matter waves: Momentum space signatures“. Phys. Rev. A
85, p. 011604 (2012)
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Figure IV.1.3: Time evolution of the CBS peak contrast
C(t). Due to a final width of the
initial condition, the contrast
decays slowly. Within noise
the numerical data (blue dots)
follow the theoretical curve
(black, dashed line) calculated
from eq. (IV.1.11) using τCBS =
8.9(2) × 104 tJ , except on very
long times. The deviation is
discussed in the text.

Leaving aside the reasonable fit to the theoretical time evolution, the pure
existence of the CBS peak is the main result here, since it proves the phase
coherence of the spin-wave transport. This, on the one hand, suggests the
possibility of strong localization of spin waves in strongly disordered systems,
since phase coherence is the main ingredient and from scaling theory it is
known that in principle all modes localize in two dimensions. On the other
hand, also the weak localization is expected to reduce transport by means of a
deviation from normal diffusion. However, it is more convenient to study this
in real space.

Weak localization in real space
Let us now follow the time evolution in real space, where the initial condition, eq. (IV.1.5), is a broad wave packet of Gaussian shape. If there were
no defects, this wave packet would move with its group velocity through the
system and quickly leave its original area. In a disordered system, by contrast,
the wave packet hardly shows any drift (only on the time scale τtr ), which in
not necessarily a manifestation of localization, since this happens also in case
of incoherent transport. The spatial extend of the packet increases in time;
for classical—meaning incoherent—transport the mean squared displacement
would grow linear with time as a manifestation of diffusion. Both cases, drift
and diffusion, are described by the mean value of the space coordinate r l I
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Figure IV.1.4: The time-resolved real-space mean position
hr l (t)iI −r0 (with respect to
initial position); initial motion
towards negative y direction is
given by initial group-velocity
v g (k0 ): the x component stays
roughly zero and the y component starts with vyg , then, due
to scattering, is slows down; finally the packet slowly moves
back to its initial position.

and the mean squared displacement
D  E
2
σr2 (t) := r l
− rl
I

2
I

,

(IV.1.12)

in analogy to the statistical properties of wave functions, for example of matter
waves[96] . As indicated by the index I, the mean hf l iI of a space-dependent
property f l (with l lattice site index) is defined by
f (t)
l

with

I

N
1 X n
f (t)In (t)
:=
N (t) n=1

N (t) :=

N
X

(IV.1.13)

In (t),

n=1

where the normalization N (t) becomes time independent in the dampingless
case α = 0, since then the overall intensity is conserved.
First, consider the dynamics of the mean value hr l (t)i, depicted in fig. IV.1.4;
the wave packet starts moving in direction of the group velocity v g (k0 ), but
then turns and slowly moves back to its initial position. The dynamics of the
[96] F.

M. Izrailev, T. Kottos, A. Politi, and G. P. Tsironis. „Evolution of wave packets in
quasi-one-dimensional and one-dimensional random media: Diffusion versus localization“.
Phys. Rev. E 55, pp. 4951–4963 (1997)
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Figure IV.1.5: Mean squared
displacement σr2 (t): For incoherent, diffusive transport
σr2 (t) = σ02 + 2dDt is expected
(d = 2 dimensions). Weak
localization means deviations
from the linear law. Numerical
analysis requires to rule out
finite-size effects: difference for
Nx = 1500 and Nx = 2000 is
small; hence, these effects are
negligible for Nx ≥ 1500 on
shown time scales.

mean squared displacement is more interesting here, since it gives direct evidence of weak localization: the wave spread in real space—the mean squared
displacement σr2 —calculated from the numerical data is depicted in fig. IV.1.5.
Classical diffusion implies a linear time dependence σr2 (t) ∝ t, however, progression here is clearly reduced with respect to a linear dependence on time—a
clear deviation from classical diffusion. Note, there is still dynamics observable;
in case of strong localization there would be no diffusion anymore, i.e. in that
case the wave spread would reach an upper limit and then remain constant.
The investigation of weak localization via σr2 (t) is accompanied by a practical
problem: one needs to ensure that the system size is large enough. In a finite
system, the wave spread is limited anyhow, and it turns out that the limited
size easily influences the time evolution of σr . By comparing the data for different systems sizes, we can conclude that for system size Nx = Ny ≥ 1500 this
influence is negligible (at least on time scales considered here), as fig. IV.1.5
implies.
To investigate this a bit further and quantify the deviation from classical
diffusion, in the left panel of fig. IV.1.6 the data are shown logarithmically.
At least the data of the larger two systems show linear dependence in the
double-logarithmic plot, indicating a dependence of the form
σr2 (t) = σ02 + c · tp

⇒


log σr2 (t) − σ02 ∝ p · log(t).

(IV.1.14)
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Figure IV.1.6.: Left: σr2 plotted logarithmically; the larger systems show a
linear behavior, suggesting a dependence as eq. (IV.1.14) with p = 0.92(1) < 1
2
as signature of sub-diffusion. Right: time derivative dσr/dt, another hint for
discrepancy from classical transport: the derivative is monotonically decreasing, for diffusion it should remain constant. All plots show finite size effects;
Nx = 1001 is too small for rigorous analysis in real space.

A linear fit to the double-logarithmic data allows thus to quantify the subdiffusive behavior on the time scale investigated here via the exponent p. For
disorder as chosen here, we obtain p = 0.92(1) as the sub-diffusive exponent.
Again, the data for the small system Nx = 1001 show on long time-scales
deviations, a result of the finite size effects.
To illustrate the deviation from classical diffusion, it is also helpful to inves2
tigate the derivative of the wave spread dσr/dt, depicted in the right panel of
fig. IV.1.6, where the derivative is calculated via finite differences. A deviation from incoherent transport is given if this derivative is not constant—which
would refer to diffusion—but rather decreases monotonically. The numerical
data clearly show such dependence. However, in addition to the deviation of
the data for Nx = 1001 on long time scales, there is also a deviation for very
short times. This can be attributed to the time resolution of the data, that is,
just because of some practical reasons, lower for the larger systems, resulting
in an inaccurate numerical derivative.
The impact of weak localization on transport in real space has also been investigated for other systems before from a different perspective, namely from
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Figure IV.1.7: For larger spinwave amplitude A0 = 0.1,
decay of the CBS contrast
C(t) is faster than the prediction eq. (IV.1.11) (black dashed
line). Reason is enhanced dephasing of the initial wave due
to magnon-magnon scattering.
The finite Gilbert damping α
(red crosses) does not alter the
contrast with respect to the case
α = 0 (blue diamonds).

time-dependent transmission of a finite system.[159–161] There the change from
incoherent to coherent transport is described in terms of a time-dependent
diffusion constant. However, since these studies use different approaches, it is
hardly possible to make a direct comparison.
High spin-wave amplitudes and finite damping
We now try two different variations of the numerical experiment; the first is to
increase the amplitude A0 of the initial wave in order to investigate the nonlinear regime and the second is to investigate the influence of Gilbert damping
on weak localization.
The LLG itself includes non-linearities, say interactions between spin waves,
beyond the linear spin-wave theory. These non-linearities come into play in
case of larger deviations from the magnetic ground state—here with the magnetization pointing to the positive z axis. In the initial condition this is controlled via A0 . In fig. IV.1.7 the numerically-computed CBS contrast C(t) is
shown for A0 = 0.1—ten times larger than before—and all other parameters unchanged. The result is a faster dephasing and, hence, a faster decay of
[159] A.

A. Chabanov, Z. Q. Zhang, and A. Z. Genack. „Breakdown of Diffusion in Dynamics of Extended Waves in Mesoscopic Media“. Phys. Rev. Lett. 90, p. 203903 (2003)
[160] S. E. Skipetrov and B. A. van Tiggelen. „Dynamics of Weakly Localized Waves“.
Phys. Rev. Lett. 92, p. 113901 (2004)
[161] S. K. Cheung, X. Zhang, Z. Q. Zhang, A. A. Chabanov, and A. Z. Genack. „Impact
of Weak Localization in the Time Domain“. Phys. Rev. Lett. 92, p. 173902 (2004)
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the CBS peak on longer times. In fact, not the time scale τCBS is reduced,
rather the CBS contrast does not follow the law of eq. (IV.1.11) anymore. For
other systems, for example CBS of light, similar effects have been reported
before.[162]
Another aspect is the influence of finite Gilbert damping, which has been
neglected so far. It cannot be disregarded a priori, since real magnets in experiments always show damping, even though it might be small. In order
to investigate this, we simulate the full LLG, eq. (II.1.14), using a small,
but finite Gilbert damping constant α = 10−4 , which is comparable to the
damping of Yttrium iron garnet (YIG)[28,163] . All other parameters stay as
before, including A0 = 0.1. In such a system, one can still use the dispersion
eq. (IV.1.3), since this small damping leads to a negligible correction of the
order of α2 = 10−8 , see eq. (II.2.26). With finite damping several conservation laws are broken: namely angular
P momentum- and energy conservation,
and the overall spin-wave intensity n In becomes time dependent; it decays
roughly exponentially with time. The result of this parameter choice can be
examined in fig. IV.1.7: damping has no effect on the contrast. Though all
modes k lose intensity, they do so in a uniform fashion, which in the end
preserves contrast of the backscattering peak with respect to the incoherent
background. This can be readily understood from eq. (II.2.28): each mode k
decays with time τk = 1/αω(k) that carries no explicit momentum dependence
on its own. Because of elastic scattering, only modes with same frequency
ω(k0 ) are occupied, such that all modes decay exponentially on the same time
scale τk0 . Consequently, if in a system without damping CBS can be found,
and then the damping α is turned on, it is expected that this does not alter
the contrast. However, one should keep in mind that this argument is a bit
hand-waving, since τk = 1/αω(k) as decay rate has only been shown for a clean
system without disorder. We would like to highlight this result, since it reveals
a fundamental premise for weak localization that bears the name reciprocity.
[162] T.

Chanelière, D. Wilkowski, Y. Bidel, R. Kaiser, and C. Miniatura. „Saturationinduced coherence loss in coherent backscattering of light“. Phys. Rev. E 70, p. 036602
(2004)
[28] L. J. Cornelissen, J. Liu, R. A. Duine, J. Ben Youssef, and B. J. van Wees. „Longdistance transport of magnon spin information in a magnetic insulator at room temperature“. Nature Physics 11, p. 1022 (2015)
[163] C. Dubs et al. „Sub-micrometer yttrium iron garnet LPE films with low ferromagnetic
resonance losses“. Journal of Physics D: Applied Physics 50, p. 204005 (2017)
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The result found here is not exactly new, it is well known from optics, where
CBS experiments are always exposed to absorption that also does not affect
the CBS contrast.[107] In optics, reciprocity is formulated as “if I can see you,
you can see me”, or more formal: an interchange of a source of waves and
detector leads to the same detected signal. And this holds true even in case
of absorption, as in both ways the same intensity is absorbed by the opaque
medium. The same is true for spin waves: as already outlined in section II.3.2
damping preserves reciprocity and therefore the CBS contrast and weak localization. We highlight this here, since sometimes it is stated that time-reversal
symmetry is necessary for weak localization[21] , which is not true: a damping
mechanism clearly breaks this symmetry, but since it preserves reciprocity of
scattering, it does not destroy weak localization. Time-reversal symmetry is a
sufficient premise for weak localization, but not a necessary one.[107]
As a final remark, the comparison of a system with damping and without is
done for a spin-wave amplitude A0 = 0.1, in a regime where non-linearities
play a role. Of course, we do not expect a different result in the linear regime,
for smaller amplitudes, which is not explicitly calculated here for this parameter set. However, direct evidence for this is found later for the more general
case including the Dzyaloshinskii-Moriya interaction, see fig. IV.1.11. There
also in the linear regime the same behavior is found as it is here.
Varying the initial wave vector
We continue with a study on different initial wave vectors k0 . For this we
stick to the same defect model, namely the zero spins, and also to the defect
density % = 0.1. The first question is, how does k0 influence the strength of
scattering at the disorder? To investigate this, the scattering times according
to eq. (IV.1.9) are evaluated. Together with the frequency of the initial wave,
this defines a dimensionless scattering rate[93] γs = 1/τs ω(k0 ) that is—since
inverse proportional to τs —, proportional to the scattering strength. This
quantity is calculated for several values of k0 as depicted in fig. IV.1.8. In
[107] B.

A. van Tiggelen and R. Maynard. „Reciprocity and coherent backscattering of
light“. In: Wave Propagation in Complex Media, Springer-Verlag (1998)
[21] N. Arakawa and J.-i. Ohe. „Negative magnetothermal resistance in a disordered twodimensional antiferromagnet“. Phys. Rev. B 96, p. 214404 (2017)
[93] C. A. Müller and D. Delande. „Disorder and interference: localization phenomena“.
In: Les Houches 2009 - Session XCI: Ultracold Gases and Quantum Information, Oxford
University Press (2011)
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Figure IV.1.8.: Left: Scattering rate γs = 1/ωτs for different wave vectors k
as a measure of scattering strength; it vanishes for small k near the Γ point.
Note that the system is inversion symmetric, i.e. γs (k) = γs (−k), and the
highlighted point corresponds to the initial wave vector extensively discussed
in the text ak0 = (0, −0.56π). Right panel: for explanation contour lines of the
dispersion ω(k) in the 1. Brillouin zone and positions of the high-symmetric
points.
−4

the limit k0 → 0, the scattering time rapidly diverges, with τs ∝ |k0 | ,
meaning that the scattering strength vanishes at the center of the Brillouin
zone. Equivalently, since ω(k0 ) ∝ |k0 |2 , the scattering rate goes quadratically
2
to zero for small k0 : γs ∝ |k0 | . For intermediate wave vectors, the scattering is
stronger, and therefore more suitable for numerical investigations: a to small
scattering would require large systems as well as long time scales, that are
difficult to handle computationally.

IV.1.2. Broken inversion symmetry: influence of the
Dzyaloshinskii-Moriya interaction
Coherent backscattering, as we have discussed it in the previous part, manifest
itself by as enhanced intensity in the backscattering direction −k0 , where k0
is the initial wave vector. For a system where −k0 is not a possible scattering
state, the question arises whether in such a system CBS can be found. This
consideration was the original starting point to investigate the Dzyaloshinskii-

IV.1. Weak localization effects

189

Moriya interaction (DMI) in the context of CBS, since the DMI may lead to
a dispersion relation for the spin waves, where in general ω(−k) 6= ω(k), as
can be seen in the dispersion depicted in fig. II.2.4 on page 74; hence, in that
case the question for CBS is open. The results reported here are published[158]
except for the study on the reduced-moment defect model and the real-space
analysis.
Introduction to the magnetic system
In order to investigate this, we use a Hamiltonian similar to eq. (IV.1.1) of
the previous section, but extended by the DMI and a magnetic field:
X
1X m
JX n
S · S nm −
D · (S n × S nm ) − dx
(Sxn )2
2 n,m
2 n,m
n
X
n
n
− µS
B ·S ,
(IV.1.15)

H=−

n

where both interactions, the isotropic Heisenberg exchange and the DMI, are
restricted to nearest neighbors. Contrary to the previous part, here the easy
axis is along x direction with dx > 0, which calls for an explanation for the
change of the system, which we shall discuss here. Because of the chosen
anisotropy, the ground state of the system is a ferromagnet aligned along x
axis (if the DMI is sufficiently weak); here we pick the positive axis for the
ground state: S l = ex . Especially, this aligns the ground state in plane of our
2D system that extends in x- and y direction. An out-of-plane alignment as
before in section IV.1.1 would be more difficult to realize experimentally in thin
magnetic films. The reasons are on the one hand that the dipolar interaction
favors in-plane alignment in such geometries and, hence, naturally the ground
state is in the plane, except when forced by a magnetic field into another
direction. On the other hand, the DMI originates usually from the symmetry
breaking at the surface (or interface), and thus the DM vectors align mostly
in-plane. Another aspect to consider follows from linear spin-wave theory: the
dispersion relation for a ferromagnet exhibiting DMI depends only on that
very component that corresponds to the alignment of the ground state, e.g.
in an easy-axis ferromagnet along z direction, only the z component of the
[158] M.

Evers, C. A. Müller, and U. Nowak. „Weak localization of magnons in chiral
magnets“. Phys. Rev. B 97, p. 184423 (2018)
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DM vectors Dzp matters for the dispersion. Taking the arguments together, the
result is that in the z-axis ferromagnet from section IV.1.1 in-plane oriented
DM vectors have no effect on the dispersion, which especially means that the
dispersion would be still inversion symmetric. Conclusively, we choose here an
in-plane alignment of the magnet.3
After we set the magnetic ground state, the DMI can be discussed. Because
of the ground state and the fact that only the x component of the DM vectors
is relevant, these read D p = Dxp ex . Since only nearest-neighbor interaction is
considered, there are two independent DM vectors, depicted in fig. IV.1.9. The
symmetry of the DM vectors for this system is also explained in section II.2.2,
see fig. II.2.3 on page 67. These two independent DM vectors require some
discussion on the possible experimental realization: Generally the DMI has
two possible origins, a broken inversion symmetry of the crystal structure or
an interface. Furthermore, it is mediated by the spin-orbit interaction and
therefore requires atoms with large atomic number. In magnetic thin films
usually the former mechanism is utilized to tailor the DMI and the direction
follows directly from the structure of the interface. On top of the magnet a
suitable heavy metal is placed in order to deliver strong spin-orbit interaction;
at the interface there is now a layer of magnetic atoms and on top a layer of
heavy-metal atoms. The DMI between two magnetic atoms—let us call them A
and B—is mediated by a close heavy-metal atom C and the DM vector D AB
for this interaction is perpendicular to the triangle ABC spanned by these
three atoms involved (the two magnetic and the heavy-metal).[55,164] Thus,
the DM vector D AB cannot be in line with the two magnetic atoms. Coming
back to our system sketched in fig. IV.1.9, this implies that D 2 can be caused
by an interfacial DMI, but not D 1 . Therefore, in an experimental realization
3 It

is worth noting that in principle the results achieved here do not depend on whether
x, y or z axis is used, because the spin space and the position space do not couple in
case of the Hamiltonian considered here. Hence, in principle one could just stick to the
out-of-plane geometry and directly transfer the results to in-plane systems. Actually, the
study on the DMI started with an out-of-plane system (which delivered exactly the same
results), but later on the system was changed to the one introduced before, since this
equivalence of the different systems is rather a theoreticians argument (that is sometimes
hard to sell).
[55] F. Hellman et al. „Interface-induced phenomena in magnetism“. Rev. Mod. Phys. 89,
p. 025006 (2017)
[164] A. R. Fert. „Magnetic and Transport Properties of Metallic Multilayers“. vol. 59,
pp. 439–480 (1991)
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Figure IV.1.9: Configuration
and nomenclature of DM vectors D p ; only nearest-neighbor
interaction is considered on a
square lattice. Each spin S l
has four neighbors S lm , m =
1, .., 4, and, hence, four DM
vectors. Only two of these are
independent D p = Dxp ex , the
other two related by symmetry.

it is likely to have only a finite D 2 . The other, D 1 , can only be present in
systems where the crystal structure of the magnet itself features such a DMI.
However, the origin of the DMI is not of any importance for this investigation,
rather its consequences on spin-wave transport are addressed and for the sake
for generality we investigate finite values for both DM vectors, D 1 and D 2 .
Similar to the DMI-less system in section IV.1.1, sovereignty over the time evolution is handed to the LLG in the limit of vanishing damping, see eq. (II.1.14),
including the initial condition eq. (IV.1.5), which is altered in one respect: the
definition of the spin-wave amplitude must be adapted to the new system
geometry with ground state along x direction:
S l := Syl − iSzl .

(IV.1.16)

The corresponding dispersion relation follows from eq. (II.2.29) (with α = 0)
and reads4
γ n
ω(k) =
J [4 − 2 cos(akx ) − 2 cos(aky )]
µS
o
+2Dx1 sin(akx ) + 2Dx2 sin(aky ) + 2dx ,
(IV.1.17)
4 Although

in section IV.1.1 the case of ferromagnet aligned along z axis is considered, the
calculation for alignment in x direction is exactly the same, such that at end of the day
the same dispersion relation results, except for the interchange dz 7→ dx and Dzp 7→ Dxp .
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which satisfies
ω(k) = ω(2K I − k) ∀k

1
1
KI = −
arctan Dx/J , arctan
a

(IV.1.18)
2
Dx
/J

 T

,

which breaks inversion symmetry, i.e. ω(k) 6= ω(−k), as explained in section IV.1.1. Still, it features a symmetry with respect to K I that we call
center of inversion, see eq. (II.2.30) on page 74. This system has exactly the
aforementioned property that −k0 is not a possible state under elastic scattering anymore, since it is associated with a different frequency compared to
the frequency of the initial state ω(k0 ).
The magnetic field in the Hamiltonian comprises solely a random field for
disorder, B l = Bd εl ex , corresponding to the random-field defect model, described in section III.4.1. It should be noted that zero spins as defects do not
work well in such a system. A missing spin reduces the surrounding of its
neighbors, which in case of DM interaction can lead to canted spins next to
the defects, and therefore S l = ex is not the magnetic ground state anymore.
In turn, this means that the ground state depends on the exact defect configuration, and since spin waves per definition are deviations from the ground
state, the data analysis would require an adopted spin-wave definition. Consequently, we use a defect model that avoids such problems. Later on for
comparison, we will also briefly report an investigation with the defect model
of reduced magnetic moments.
Numerical momentum-space investigation on CBS
We start the investigation with a small spin-wave amplitude A0 = 0.01, to
rule out non-linear effects. As initial wave vector ak0 = (0.24π, −0.48π)T has
been chosen, furthermore σ0 = 150 a and dx = 10−3 J. The DMI Dx1 = Dx2 =
−0.08 J is just small enough to ensure a collinear, ferromagnetic ground state.
The other components are set to zero Dyp = Dzp = 0. The random-field defect
model has two parameters, field amplitude and defect ratio, for which we use
Bd = 5 BJ and % = 0.1 respectively.
Within these parameters numerical data are analyzed via the Fourier-space
intensity Iˆk , defined in eq. (IV.1.8). In fig. IV.1.10 the resulting intensity is
plotted at time t = 40 tJ . First—and most importantly—there is an additional
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Figure IV.1.10.: k-space intensity at time t = 40 tJ with DMI Dp = −0.08 J.
Initial wave-vector is ak0 = (0.24π, −0.48π)T . An incoherent background is
seen following the energy shell corresponding to the dispersion eq. (IV.1.17).
Furthermore, there is a distinctive CBS peak at kCBS on the opposite side of
k0 with respect to the center of inversion K I , such that the CBS-peak position
is shifted to kCBS = 2K I − k0 (compared to the usual case kCBS = −k0 ).

peak that clearly resembles a CBS peak. The resemblance includes also the
contrast, which is roughly unity with respect to the background for very short
times, and also its further time evolution shows the behavior expected for CBS
as explained below. However, it is not seated at the −k0 position, rather it
can be found on the opposite side of −k0 with respect to the shifted center of
inversion K I , namely at backscattering position kCBS = 2K I − k0 .
Preliminary conclusion here is that the DMI does not completely destroy CBS,
but there is the possibility that it influences the coherence and weakens the
CBS signal. To investigate this in more detail, we compare the results to a
system that features the very same properties and parameters, except it has
no DMI D p = 0. For both systems—with and without DMI—the contrast of
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Figure IV.1.11: CBS contrast
C(t) for a system with DMI
D p /J = −0.08ex and without D p = 0, in linear regime,
given by A0 = 0.01. There
is no deviation within numerical noise, meaning the DMI has
no effect on CBS contrast for
small amplitudes. Black, dashed
line shows theoretical contrast
C(t) = (1 + Dt/σ02 )−1 with D =
2
9.5(1) a /tJ determined as explained in the text.

the CBS peak is deduced from the numerical data, where the technical details
for these calculations are described in appendix F.3.1. The result is plotted
in fig. IV.1.11; and as a result there is no significant difference between the
two cases within noise of the numerical data. Furthermore, the theoretical
prediction for the contrast according to eq. (IV.1.11) is also plotted, for which
2
g
2
we rewrite τCBS = σ0/D using D = |v (k0 )| τtr/d, eq. (F.2.2). The diffusion
constant D is calculated from the real space spreading, eq. (IV.1.12), σr2 (t) =
σ02 + 2dDt, where σr2 (t) is calculated numerically and D determined from a fit
2
on short time scales. For system under investigation D = 9.5(1) a /tJ results.
The investigation is continued by checking whether the DMI has some influence on CBS under certain circumstances, namely
•
•
•
•

other components of the DM vector than its x component,
a finite Gilbert damping,
non-linear effects of the LLG in case of larger amplitudes, and
whether our findings are also valid in a different defect model.

Linear spin-wave theory predicts that only the x component of the DM vector
influences the dispersion. Still, that does not strictly rule out any influence
of the other components on CBS, which is therefore tested numerically by
performing a study with D 1 = D 2 = (−0.08, 0.04, −0.03)T J, which contains additional y- and z components. The resulting contrast C is plotted in
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Figure IV.1.12.: CBS contrast for different variations of parameters. Left
panel: contrast for a system including finite Gilbert damping α = 10−4 is
plotted, as well as contrast for a system with DMI that carries also y- and z
components. Comparing these data to fig. IV.1.11 shows no altered contrast
nor different position of the CBS peak for both cases. Right panel: CBS contrast in case of large amplitude A0 = 0.2; for comparison systems with DMI
D x = D y = −0.02 J ez and without DMI are depicted. Non-linear effects
due to larger amplitude lead to an enhanced decay of the peak with respect
to the linear regime; yet, there is no effect of DMI on contrast, both decay
equally within noise of the data. Black, dashed lines in both panels indicate
theoretical contrast from fig. IV.1.11 (with same diffusion constant D).
fig. IV.1.12, left panel. In that plot additionally the aforementioned theoretical contrast C is plotted as black, dashed line, and the numerical data follow,
again, this curve. Hence, the conclusion is that the result is exactly the same
as in the case before, not only the contrast fits, but also the intensity distribution Iˆk is the same, as it is expected from the dispersion that equals for both
cases. The same is also true for the non-linear regime with higher spin-wave
amplitudes, which is discussed below.
Testing a finite Gilbert damping seems pointless because of the experience of
the study without DMI previously in section IV.1.1; the result is expected to
be the same: damping lowers the overall intensities of the spin-wave modes,
nonetheless the CBS contrast is preserved. Nevertheless, we check this in case
of a finite DMI, because of the importance of damping for experiments, where
damping cannot be switched of, nor can it be well controlled. However, the
results shown in fig. IV.1.12, left panel, just show clearly the expected behavior: the contrast is not altered by damping.
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Another possibility would be that higher spin-wave amplitudes, beyond the
linear regime, alter contrast in presence of DMI, which is checked by choosing
an amplitude of the initial condition A0 = 0.2, and comparing again the two
cases of a finite and zero DMI. Results are shown in fig. IV.1.12, right panel,
where three data sets are depicted, one for a system without DMI D p = 0,
one with D p = −0.08 J ex , and one with D p = −(0.08, 0.02, 0.02)T J. In the
same fashion as already observed in section IV.1.1, the contrast decay is accelerated due to non-linearities in both cases, yet, the time evolution of the
contrast is the same for all three systems. This proves on the one hand that
also in the non-linear regime DMI does not alter CBS except for the shift of
the peak position; on the other hand the third data set extends the statement
that y- and z components of the DM vectors do not have an effect to the
non-linear regime. This is non-trivial, since the dispersion—depending only
on the ground-state component of the DM vectors—is calculated only in the
linear regime, i.e. for small amplitudes.
Another aspect of particular importance for possible experimental realization
of CBS is the defect model. The random-field model used so far is hard to implement experimentally as it requires space-dependent fields with high spatial
resolution. Although there are good reasons for using it as generic model for
disorder—as is explained in section III.4.1—, we verify the findings in another
model closer to experiments. For this, the reduced-moment model introduced
in section III.4.3 is utilized, where on randomly chosen defect sites the magnetic moment is reduced to a value µd < µS . Parameters for this model are
the number density of uncorrelated defect sites % = 0.1 and µd = 0.2 µS .
For the sake of variations, we use a slightly different system: first, an outof-plane alignment is chosen, a magnet with magnetization along positive z
axis; correspondingly DM vectors D x = D y = 0.08ez J are chosen, oriented
in z direction. Note that as discussed in the beginning of the section, this
alignment is equivalent to a system magnetized into x direction and DM vectors with only a x component. As parameters for initial condition we use
ak0 = (0.54π, 0.12π)T , σ0 = 100 a and A0 = 0.01 for the linear regime. In
fig. IV.1.13 the results prove existence of CBS in this defect model and same
behavior as the random-field model; CBS contrast is not lowered by DMI, but
the CBS peak is shifted to kCBS = 2K I − k0 . These data are much noisier
than before, since the number of simulations for the ensemble average is much
lower.

IV.1. Weak localization effects

197

Figure IV.1.13.: Coherent backscattering in a model, where at randomly
chosen lattice sites the magnetic moment is reduced to µd = 0.2µS . Left panel:
Spin-wave intensity Iˆk in a system with DMI; the CBS-peak position is kCBS =
2K I − k0 . Right panel: CBS contrast C(t) of a system with DMI compared
to a system without. Within error bars there is not significant deviation. The
numerical data here are quite inaccurate and error bars quite large, since only
Nav = 100 realizations of disorder are used for the ensemble average.
Interpretation and discussion of numerical findings
In the end we have found no principle difference of a system that exhibits
broken inversion symmetry due to Dzyaloshinskii-Moriya interaction to a system without DMI. The CBS peak is simply shifted to another position in
momentum space, to kCBS = 2K I − k0 . These findings, at least in the linear
regime, can be understood from a diagrammatic Green’s function approach,
that has been worked out by a collaborator, C. A. Müller, and is also part of
the publication[158] . It is briefly presented here, since it nicely enlightens the
physics behind the so-far phenomenological findings.
The assemble-averaged, single-magnon Green’s function can be written as
Gk (ω) =
[158] M.

1
,
ω − ω(k) − Σ(ω)

(IV.1.19)

Evers, C. A. Müller, and U. Nowak. „Weak localization of magnons in chiral
magnets“. Phys. Rev. B 97, p. 184423 (2018)
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C3 (k0 , k; ω) =
{qj }

k0

L3 (k0 , k; ω) =
k

k0

{qj }
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{qj }

k

,

k0

{k0 + k − qj }

k

Figure IV.1.14.: Diagrammatic representation of a maximally crossed diagram Cn (k0 , k; ω) and of a ladder diagram Ln (k0 , k; ω), exemplary for n = 3.
The former describes the coherent contribution to transport, i.e. coherent
backscattering, which equals the incoherent contribution Ln for k = 2K I − k0
because of the symmetry of the dispersion ω(q) = ω(2K I − q) true for all
q. Importantly this is true for the finial momentum k and all intermediate
momenta qj of Cn .
with self-energy
Σ(ω) = U0

X

Gq (ω) + ... .

q

From this expression it becomes clear that the Green’s function obeys the
same symmetry as the dispersion: Gk (ω) = G2K I −k (ω). Diffusion in momentum space, meaning the incoherent background, can be described by so-called
ladder diagrams, sometimes also called diffuson, where Ln denotes the nth
order term of n impurities, given by
Ln (k0 , k; ω) = U0n

n−1
YX

Gqj (ω)G∗qj (ω),

(IV.1.20)

j=1 qj

where U0 is the amplitude of the scattering potential. The ladder diagram
is not the only contribution that survives disorder-averaging; in addition the
coherent contribution, the Cooperon, represented by maximally crossed dia-
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grams sketched in fig. IV.1.14, is contributing, denoted by
Cn (k0 , k; ω) = U0n

n−1
YX

Gqj (ω)G∗k0 +k−qj (ω).

(IV.1.21)

j=1 qj

Perfect backscattering contrast of unity is achieved if the coherent contribution equals the incoherent one. A comparison of both contributions at final
momentum k = kCBS = 2K I − k0 yields
Ln (k0 , kCBS ; ω) = U0n

n−1
YX

Gqj (ω)G∗qj (ω)

j=1 qj

Cn (k0 , kCBS ; ω) = U0n

n−1
YX

Gqj (ω)G∗2K I −qj (ω),

j=1 qj

since the Green’s function does only carry the momentum dependence of the
frequency, the symmetry of the dispersion eq. (IV.1.17) holding true for all
momenta k ensures that G∗qj (ω) = G∗2K I −qj (ω) is valid for all intermediate
scattering momenta qj , which is necessary for the equivalence of Ln and Cn at
this final wave vector. The conclusion is that the role of eq. (IV.1.18) is twofold:
first the Cooperon contribution equals the diffusive at final momentum 2K I −
k0 , explaining the generalized coherence condition and thus the position of the
backscattering peak that is found numerically. And second, for the CBS signal
the relation ω(k) = ω(2K I − k) must be fulfilled for every momentum k (or
at least for every k on the energy shell), otherwise G∗qj (ω) = G∗2K I −qj (ω) does
not hold. Why this is of particular note, can be seen later on in section IV.1.4
for spin waves in a kagome lattice, where no such relation holds true in general,
and consequently the CBS peak vanishes.
The fact that ω(k) = ω(2K I − k) is fulfilled for each scattering event can
also be regarded from the picture of the two counter-propagating scattered
waves in fig. II.3.5, page 105. In that figure between two scatterers there is an
intermediate momentum kn (propagating), and −kn (counter-propagating),
which changes with DMI to kn and 2K I − kn . These two are reciprocal to
each other in terms of group velocity v g (kn ) = −v g (2K I −kn )—following from
eq. (IV.1.17)—since they travel opposite directions between two scatterers.
In summary we have seen that CBS is preserved for a ferromagnet comprising DMI: the contrast is not altered but the position in momentum space
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is shifted. We also prove numerically that this is robust with respect to the
defect model, finite magnetic damping and also holds true in the non-linear
regime. The findings in the linear regime can be understood from a Green’s
function approach that reveals the important prerequisite for the numerical
findings: a generalized coherence condition provided by the dispersion relation, i.e. eq. (IV.1.18).
These findings call for comparison to other systems. A shifted CBS peak is
known in optics from the coherent backscattering of light in Faraday-active
materials.[165] However, the situation there is different since in those experiments the Faraday rotation does not only shift the interference to a different
wave vector, but also shifts the polarization of the light at each scattering
event, eventually breaking reciprocity. Consequently, this random polarization change leads to partially destructive interference, such that always a loss
of contrast appears. The magnons in the model considered here do not own a
polarization-like degree of freedom, or to formulate this more sharply: these
spin waves have no “spin”. Because of this, there cannot be a shift of polarization and the contrast is preserved.
Remembering that the Dzyaloshinskii-Moriya interaction arises from spinorbit coupling calls for a comparison to weak localization of electrons, where it
is well-known that spin-orbit interaction has a tremendous influence. Electrons
—as spin-1/2 particles—collect a 2π phase-difference between the two spin
components in the presence of strong spin-orbit coupling, and, as electrons are
Fermions, this phase difference implies a sign change of the wave function that
ultimately leads to destructive interference called weak antilocalization.[166]
Nothing of this is expected to happen for magnons, as they are bosons and
also do not have a polarization degree of freedom as the electronic spin.
In the end, we would highlight the role of symmetries for CBS and weak localization. One reason for this discussion is that from time to time it is claimed,
that time-reversal symmetry is required for weak localization effects.[21,167]
[165] R.

Lenke and G. Maret. „Magnetic field effects on coherent backscattering of light“.
Eur. Phys. J. B 17, pp. 171–185 (2000)
[166] G. Bergman. „Influence of Spin-Orbit Coupling on Weak Localization“. Phys. Rev.
Lett. 48, pp. 1046–1049 (1982)
[21] N. Arakawa and J.-i. Ohe. „Negative magnetothermal resistance in a disordered twodimensional antiferromagnet“. Phys. Rev. B 96, p. 214404 (2017)
[167] N. Arakawa and J.-i. Ohe. „Inplane anisotropy of longitudinal thermal conductivities
and weak localization of magnons in a disordered spiral magnet“. Phys. Rev. B 98,
p. 014421 (2018)
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Furthermore, it is also questioned whether in a ferromagnet—may it exhibit
a DMI or not—these phenomena can occur, since a ferromagnet breaks this
symmetry. Especially in this work, a random-field model is used to model disorder, and a magnetic field is known to break this symmetry as well, such that
no weak-localization effects are expected if one assumes time-reversal symmetry to be a necessary condition. Such claims are made for example in ref. [21,
167]. However, time-reversal symmetry is not a necessary condition for weak
localization, but reciprocity is as pointed out in section II.3.2. As long as reciprocity is intact, weak localization effects can occur, regardless whether the
system in symmetric with respect to time reversal. Nevertheless, we catch that
opportunity to investigate time-reversal symmetry in our magnonic systems.
Unfortunately, these aforementioned discussions concerning the role of time
reversal start usually with a lack of a definition. In appendix C.2.4 the usual,
global definition for time-reversal is introduced, which is, as argued there, not
suitable for CBS of magnons in a magnet, as reversing the magnetization does
not apply. Furthermore, at least in the linear regime the equation of motion
for the spin-wave amplitude is symmetric under time reversal given that the
magnetization is kept fixed, especially also in the presence of a magnetic field.
The situation changes if DMI is present; it breaks inversion symmetry5 : if
one considers a point-like source that emits spin waves at a certain frequency,
then the wave traveling into the left direction has a different wave length then
the wave traveling towards the opposite direction. Additionally, there is the
conclusion that if one sticks to the usual definition of time reversal, magnons
in such a system show no symmetry with respect to such an operation, since
k and −k are different. However, if the definition for such systems is generalized, namely from k 7→ −k to the more general k 7→ 2K I − k, then also
spin waves in a system including DMI show time-reversal symmetry. However, it is not clear whether this generalized definition is a valid one, since
it implies that a spin-wave packet and its time-reversed counterpart do not
only have opposite wave vectors, but also different wave lengths. On the other
hand, under this operation group velocities map to the exact opposite value,
which is intuitively reasonable. Whether or not the two paths are interpreted
as two paths connected via time reversal or only by reciprocity is of secondary
interest; importantly, there are two counter-propagating partial waves that
interfere constructively and result in CBS with full contrast.
5 Although

strictly speaking, breaking the inversion symmetry is the cause of the DMI.
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Figure IV.1.15.: Signatures of weak localization in real space: time evolution
of the mean squared displacement σr2 (t). Left panel: from the naked numerical
data a deviation from linear growth of σr2 (which corresponds to classical diffusion) is hard to deduce. Right panel: time derivative clearly shows a deviation,
since linear growth would lead to a constant derivative.
Weak localization in real space
Prior in section IV.1.1, we have already pointed out that weak localization
cannot only be studied via CBS, but also in real space via the diffusive spread
of a wave packet. This is done here in the same way as before for inversion
symmetric systems. The properties of interest is the wave spread in real space,
represented by the mean squared displacement σr2 (t) defined by eq. (IV.1.12).
As for the case in the study without DMI, the system size plays a critical role
in observing the real-space dynamics: a sufficiently large system is required to
ensure that the sub-diffusion is not due to the effect of limited system size.
The random-field defect-model used here leads to an overall weaker scattering
compared to the zero-spin model used before, such that the problem of limited
system size is more pronounced in the present study. Hence, we use slightly
different parameters in order to make the weak localization in real space more
visible. More precisely, the initial width is σ0 = 100, and the defect strength
is B0 = 15 BJ . All other parameters are as before for the momentum space
investigation in the linear regime; exception is the system size that we vary.
Figure IV.1.15 depicts the corresponding numerical results. The left panel
contains the naked data, where a deviation from diffusion—meaning linear
growth—can barely be seen. If one computes the sub-diffusive exponent from
σr2 (t) = σ02 + 2dDtp
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p = 0.980(3) results for relatively large system sizes of Nx = Ny = 2001 and
Nx = Ny = 3001. From the error estimate (which is the 95 %-confidence interval of the fit) follows that a deviation from a linear dependence is significant,
however, the value is too close to linear growth to decide whether it is diffu2
sive or sub-diffusive. But the time derivative dσr/dt, shown in the right panel
of fig. IV.1.15, does clearly indicate a deviation from incoherent transport,
since the derivative is not constant on longer time scales. At the end of the
day the conclusion is that also here the weak localization can be seen in real
space, though the deviation from classical diffusion is quite small.

IV.1.3. Connection to possible experiments: dipolar spin
waves
So far, the analysis of weak localization effects has been done for exchangedominated spin-wave modes within an atomistic spin model. Unfortunately,
due to their low wave lengths these modes are not easily accessible in experiments. Of course, these are also present in an experiment; they are excited
thermally for example, but experimentally it is hard to excite spin waves with
a few nanometer wave length in a controlled way and measure these then with
the required k resolution. Instead, well-controlled experiments with spin waves
are usually done in the range of roughly 100 nm to 1 µm wave length;[3,168] going to lower wave lengths is possible but challenging[169,170] . In the regime
of high wave lengths, in addition to exchange also the dipolar interaction is
important. This motivates the idea to investigate coherent backscattering numerically for these modes, in order to have a direct connection to possible
experiments. But, from a theoretical point of view, this leads to a practical problem: it is hard to utilize an atomistic spin model for dipolar modes
since simulations would require ridiculously large systems. In this case a micromagnetic approach is more suitable, which is introduced in section II.1.6.
[3] V.

V. Kruglyak, S. O. Demokritov, and D. Grundler. „Magnonics“. Journal of Physics
D: Applied Physics 43, p. 264001 (2010)
[168] A. V. Chumak, V. I. Vasyuchka, A. A. Serga, and B. Hillebrands. „Magnon spintronics“. Nature Physics 11, pp. 453–461 (2015)
[169] C. W. Sandweg et al. „Spin Pumping by Parametrically Excited Exchange Magnons“.
Phys. Rev. Lett. 106, p. 216601 (2011)
[170] H. Yu et al. „Approaching soft X-ray wavelengths in nanomagnet-based microwave
technology“. Nature Communications 7, p. 11255 (2016)
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For numerical simulations within this model the Mumax3 software is used as
described in section III.2.
Description of the magnetic system and the modeling
Since in experiments the ferrimagnetic insulator yttrium iron garnet (YIG) is
heavily investigated, we use a simplified model for this material. It is hard to
treat a ferrimagnet micromagnetically, but YIG is in a certain respect close
to a simple ferromagnet, since the magnetization is largely dominated by one
of the sublattices. This can be seen for example in the magnetization curve
that lacks a compensation point. Because of this, YIG is often treated as a
simple ferromagnet; especially within a micromagnetic framework, where magnetization dynamics on length scales much larger than atomic distances are
described, such that the exact atomic structure—which is quite complicated
in YIG—does not play a major role.[171,172]
Effectively described as a ferromagnet, and treated micromagnetically, the
micromagnetic Hamiltonian eq. (II.1.28) is used:
H=

Z
A

X

2

|∇Sβ (r)|

β∈{x,y,z}

Z
−

µ0 Ms 3(S(r) · er−r0 )(S(r 0 ) · er−r0 ) − S(r) · S(r 0 ) 3 0
d r
3
8π
|r − r 0 |

−Ms B(r) · S(r) d3 r,

(IV.1.22)

where we neglect magnetocrystalline anisotropies, since these are weak in
YIG. Hence, we take into account exchange and dipolar interaction and a
magnetic field B(r) = Bs + Bd (r), comprising a static part Bs = Bs ex
with Bs = 0.1 T, which aligns the ground-state magnetization, and a field for
modeling defects Bd (r), using the random field defect model introduced in
section III.4.1. Furthermore, the material parameters needed to describe YIG
are the saturation magnetization Ms ≈ 140 × 103 A m−1 and the exchange
[171] V.

Cherepanov, I. Kolokolov, and V. L’vov. „The saga of YIG: Spectra, thermodynamics, interaction and relaxation of magnons in a complex magnet“. Physics Reports
229, pp. 81–144 (1993)
[172] M. Collet et al. „Spin-wave propagation in ultra-thin YIG based waveguides“. Applied
Physics Letters 110, p. 092408 (2017)
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stiffness A ≈ 3.5 × 10−12 J m−1 ,[173] moreover µ0 is the vacuum permeability. These parameters vary in the literature, but for the investigation here
only rough estimates are of interest. The time evolution is described by the
Landau-Lifshitz-Gilbert equation, i.e. eq. (II.1.29). This requires additionally
a Gilbert damping parameter, which for YIG takes quite low values in the
range of 10−3 to 5 × 10−5 ,[28,173,174] and here we use α = 5 × 10−4 .
Due to the long-range nature of the dipolar interaction, boundary conditions
are of particular note. We would like to describe a thin film of YIG, which
is less than a micrometer thick (along z direction), and extended in the x-y
plane, meaning several micrometers up to millimeters in x- and y direction,
corresponding to experimental sample sizes. However, for reasons of computational efficiency it is not desirable to just simulate millimeter-wide films.
Consequently, only a small area of the x-y plane is simulated, whereas in z
direction the full thickness is taken into account. The film is magnetized along
x direction, which is ensured by applying a static magnetic field along this direction. The dipolar interaction would still lead to deviations at the edges and
corners, which is reduced by using periodic boundary conditions along x axis.
It would in principle also be desirable to apply periodic boundary conditions
along y direction, but this would also be computationally costly.
To be more precise, we consider first a system of size Lx = 6 µm, Ly =
0.3125 µm, Lz = 0.1 µm that is divided into Nx × Ny × Nz = 512 × 32 × 16
cells, implying a quite good resolution in x direction and a poor resolution
in the other ones. The resolution into z direction is unproblematic, since we
only consider wave propagation in the x-y plane, and it turns out that resolution into y directions is at least sufficient for the study here. Further note
that not only the resolution in y direction is poor, but also the extend is less
than a micrometer. Hence, it is not a real two-dimensional system that we
simulate, but rather a quasi one-dimensional one. Studying such systems in

[173] E.

R. J. Edwards, M. Buchmeier, V. E. Demidov, and S. O. Demokritov. „Magnetostatic spin-wave modes of an in-plane magnetized garnet-film disk“. Journal of Applied
Physics 113, p. 103901 (2013)
[28] L. J. Cornelissen, J. Liu, R. A. Duine, J. Ben Youssef, and B. J. van Wees. „Longdistance transport of magnon spin information in a magnetic insulator at room temperature“. Nature Physics 11, p. 1022 (2015)
[174] Y. Sun et al. „Growth and ferromagnetic resonance properties of nanometer-thick
yttrium iron garnet films“. Applied Physics Letters 101, p. 152405 (2012)
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terms of localization is done also in other works,[175] and is used later on in
section IV.2.2, where a justification for working with such a geometry is given.
The further procedure for investigating CBS is basically the same as in the
atomistic spin model. A spin wave in the micromagnetic picture for a ferromagnet with magnetization along x axis is given in the very same fashion as in
the atomistic model: a deviation from ground state, which means in particular
a finite y- and z component of the local magnetization, defined as6
S(r, t) := Sy (r, t) + iSz (r, t),

(IV.1.23)

with Fourier components Ŝ k and ensemble-averaged k-space intensity Iˆk
Z
1
k
Ŝ (t) = √ 3
S(r, t)e−ik·r d3 r
(IV.1.24)
2π
D
E
Iˆk (t) = |Ŝ k (t)|2
,
(IV.1.25)
Nav

with an average over several realizations of disorder. For numerical investigations a Gaussian wave packet in the x-y plane is used as initial condition
−

(x−x0 )2 +(y−y0 )2
2σ 2
0

S(r, t=0) = A0 e
·e
q
Sx (r, t=0) = 1 − Sy (r, t=0)2 − Sz (r, t=0)2 ,
ik0 ·r

(IV.1.26)

with initial wave vector k0 = (kx , ky , 0)T , initial width σ0 , and small amplitude A0 = 0.01.
The dispersion relation for a clean system, i.e. a system without defects, has
been calculated quite some time ago by Kalinikos and Slavin.[176] It assumes
a thin ferromagnetic film of thickness d, ignoring effects of magnetocrystalline
anisotropy. Here we consider the special case where the magnetic field is inplane, the magnetization aligned with it. Furthermore, we ignore the z component of the wave vector, i.e. kz = 0, which is reasonable since the initial
[175] T.

Micklitz, C. A. Müller, and A. Altland. „Strong Anderson Localization in Cold
Atom Quantum Quenches“. Phys. Rev. Lett. 112, p. 110602 (2014)
6 Except that previously S has been defined with “−i” instead of “+i”. Both definitions
are possible; that here this one is been used is due to historic reasons.
[176] B. A. Kalinikos and A. N. Slavin. „Theory of dipole-exchange spin wave spectrum
for ferromagnetic films with mixed exchange boundary conditions“. Journal of Physics
C: Solid State Physics 19, pp. 7013–7033 (1986)

IV.1. Weak localization effects

207

wave has no z component, such that for observing CBS occurring at −k0 it
is sufficient to only consider the intensity Iˆk for kz = 0. In this description
of the dispersion, the wave vector k is given by its absolute value |k| and its
angle with the magnetic field ϕk . If the magnetic field is along x direction,
which holds true here, then ϕk is at the same time the azimuthal angle of
polar coordinates in k space.7 With this the dispersion can be written as
r
 

ω(k) =

2

F (k) = 1 + gk sin2 (ϕk ) + ωs
gk = 1 −

2

ω0 + ωs λexch |k|

· ω0 + ωs λexch |k| + ωs F (k)

(IV.1.27)

gk (1 − gk ) sin2 (ϕk )
2

ω0 + ωs λexch |k|

1 − exp (− |k| d)
,
|k| d

where the following entities are defined/needed:
•
•
•
•

ω0 = γ|Bs |, the magnetic resonance frequency,
ωs = γµ0 Ms ,
λexch = 2A/µ0 Ms2 , the exchange length, and
γ = 176 × 109 rad s−1 T−1 the gyromagnetic ratio, where the value of
free electrons is used.

Finally, a specification of the defect model is required. For the random-field
model we use Bd ∝ ex , since this is the ground-state orientation, and defect
density % and defect strength Bd as defined in section III.4.1.
Numerical results on CBS
Since the simulated system is only extended along x axis, the initial wave
vector is chosen in this direction as well, k0 = kx ex . First we investigate a
rather high initial wave vector kx = 108 m−1 , which corresponds already to
the exchange regime, although this value is at best an order of magnitude
lower compared to the case of spin waves studied in the atomistic model. Furthermore, we choose σ0 ≈ 0.5 µm for initial width, % = 0.05 and Bd = 5 T for
defects. Figure IV.1.16 depicts the ensemble-averaged Fourier intensity Iˆk at
initial time t = 0 and at later time t = 2 ns. Probably the first observation
is a poor resolution in ky , originating from the y resolution of the numerical
7 Implying

k = |k|(cos(ϕk ), sin(ϕk ), 0)T .
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Figure IV.1.16.: Fourier intensity Iˆk of a disordered system using initial
wave vector k0 = 108 m−1 ex at time t = 0 (left) and t = 2 ns (right). In
the latter case on top of the incoherent background at −k0 a CBS peak is
observed, which has roughly the expected contrast of unity. The resolution in
ky is quite poor since only 32 point in y direction have been used.
discretization mentioned above. However, as expected at t = 0 only a peak at
initial position k0 is observed. This decays at time scale τs and the intensity
distributes along the energy shell of the dispersion eq. (IV.1.27)—the incoherent background. Additionally, there is clearly an enhanced intensity with
respect to the background at −k0 , which is the coherent backscattering peak.
Conclusively, also in this model weak localization effects—namely CBS—can
be found, especially at wave lengths and time scales experimentally accessible. As we include a finite Gilbert damping, we can also deduce the intensity
loss due to damping on this time scale, which is around 70 % within the 10 ns
simulated here, roughly in agreement with the expected magnon decay time
τα = 1/αω(k0 ). So the intensity loss is noticeable, but still small enough that it
should not fall below experimental resolution.
The next step is to choose smaller initial wave vectors in the dipolar regime.
Two cases are tested here, k0 = 2.4 × 107 m−1 and k0 = 0.8 × 107 m−1 together with σ0 ≈ 2.44 µm. Because of the larger wave length a larger system
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is required, such that the geometry is altered for system size Lx × Ly × Lz =
50 µm × 12.5 µm × 0.1 µm, with discretization resolution Nx × Ny × Nz =
1024 × 256 × 16. The disorder is also weaker: % = 0.025 and Bd = 2 T are used.
Interestingly, the energy shell features a more complex geometry: it consists of two unconnected subsets, as can be seen in fig. IV.1.17 for the case
k0 = 2.4 × 107 m−1 and in fig. IV.1.18 for k0 = 0.8 × 107 m−1 , where the black
dashed lines are the energy shells corresponding to ω(k0 ), calculated from the
dispersion eq. (IV.1.27). However, CBS behaves still as it should: it leads to
an additional peak at −k0 on top of the background, depicted in figs. IV.1.17
and IV.1.18, which comprise the k space intensity at time t = 0 and t = 15 ns.
In both cases the incoherent background does not follow exactly the analytical
energy shell, which might be attributed to the finite resolution of the grid that
may be a bit too small and, hence, alters the dispersion as seen numerically.
It might also be that the random pinning field does alter the dispersion of the
clean system in a stronger fashion than in the atomistic model, such that the
difference is due to this effect. However, the most probable the reason for this
deviation is the lack of periodic boundaries along y direction, such that not
really a film extended in x and y direction is simulated. It is in principle possible to investigate this in more detail in order find the origin, however, this has
not been done here. Importantly, the incoherent background can be observed
and also the CBS peak on top at the −k0 position: also in the dipolar regime
we observe CBS in the same manner as it has been done for exchange spin
waves. For the two initial conditions we find here a reduction of intensities of
approximately 60 % in both cases, also still resolvable in experiments.
As a few final remarks, one should note that there is no reason for these findings to be limited to the random-field model. In an experiment one possibility
to create a potential landscape for magnons is to pattern a laser-light profile
on a magnetic film, such that at the laser-heated spots the magnetic moment
is reduced. For instance, this has been done to produce magnonic crystals.[177]
If a random pattern would be used instead, this would directly correspond
to the reduced-moment defect model, introduced before in section III.4.3 and
utilized in the atomistic model in section IV.1.2. At the end of the day, it
should be possible to directly observe CBS of spin waves experimentally.
[177] M.

Vogel et al. „Optically reconfigurable magnetic materials“. Nature Physics 11,
pp. 487–491 (2015)
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Figure IV.1.17.: The Fourier intensity Iˆk of a disordered system for initial
wave vector k0 = 2.4 × 107 m−1 ex at time t = 0 (left) and t = 15 ns (right).
At −k0 a CBS peak occurs on top of the incoherent background that follows roughly the calculated energy shell ω(k0 ), represented as black, dashed
lines. This deviation from analytical theory is more pronounced for small wave
vectors, and may have several reasons as explained in the text.

IV.1.4. Kagome-lattice ferromagnet

We continue with the investigation of coherent backscattering of spin waves,
but in more complex materials with magnetic unit cells comprising more than
one atom. Specifically, we consider in this section a kagome-lattice ferromagnet, which comprises three atoms per unit cell as explained in the description
of the geometry of this lattice type in section II.2.3. Of course the question
arises why to study this material type? The unit cell leads to a magnonic
band structure that is much more complex compared to monoatomic magnets
and shows therefore richer physics that can be investigated. Of special importance for this work are the bulk states that have an interesting property if the
DMI is taken into account: the magnon bands do not own some generalized
inversion symmetry as for example eq. (II.2.31)—the previously examined ferromagnet with DMI. The careful reader might find this something like the
writing on the wall of the Babylonian king Nebuchadnezzar: the lack of such
condition prophesies the absence of coherent backscattering in general, which
turns out to be precisely the result of the investigations described here. There
are further interesting features of the band structure, namely the possibility of
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Figure IV.1.18.: The Fourier intensity Iˆk of a disordered system for initial
wave vector k0 = 0.8 × 107 m−1 ex at time t = 0 (left) and t = 15 ns (right).
At −k0 a CBS peak is observed on top of the incoherent background that
follows roughly the calculated energy shell ω(k0 ), represented as black, dashed
lines. This deviation from analytical theory is more pronounced for small wave
vectors, and may have several reasons as explained in the text.
topologically non-trivial magnon bands[85] . These imply the existence of edge
states that are protected by topology from backscattering, which would not
only diminish the CBS peak, but lead to a complete extinction of scattering in
the corresponding direction, i.e. to a contrast of −1 instead of the usual CBS
contrast +1. Note, this is only true for the edge-, but not the bulk states, and
so far only bulk was studied. But the work presented here might pave the way
for future investigations of the edge states.
Description of the system
System of interest is the very one from section II.2.3, with Hamiltonian
JX n
1X m
S · S nm −
D · (S n × S nm )
2 n,m
2 n,m
X
X
− dz
(Szn )2 − µS
Bn · Sn,

H=−

n

(IV.1.28)

n

which is practically the same as in section IV.1.2, with a major and a minor (from a theoretical point of view) difference. The latter is an easy-axis
[85] A.

Mook, J. Henk, and I. Mertig. „Magnon Hall effect and topology in kagome lattices:
A theoretical investigation“. Phys. Rev. B 89, p. 134409 (2014)
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anisotropy in z direction dz = 0.001 J, such that the possible ground states
are S l = ±ez , where here “+” is considered. This anisotropy along with the
complete Hamiltonian including the DMI is motivated by a specific material,
Lu2 V2 O7 , a ferromagnet with (111) planes forming kagome lattices.[85] The
former and major difference is the lattice structure of the localized spins, as
depicted in fig. II.2.5 on page 77, and is extensively introduced for the linear
spin-wave theory, section II.2.3. Disordering of the system is modeled by the
random-field model introduced in section III.4.1, given by the Zeeman term
in the Hamiltonian, i.e. B l = Bdl . The pinning field is along positive z direction Bdl ∝ ez , and parameters are the number density of defects % and Bd as
magnitude of a single defect. The time evolution is given by the LLG without
damping α = 0, eq. (II.1.14), to keep the study as simple as possible. It is not
expected that a finite damping influences CBS in a different manner compared
to the previous systems.
The lattice structure with its three-atomic unit cell implies the existence of
three magnon bands, denoted by A, B and C in ascending order in energy,
see fig. II.2.9, page 87. In this work we restrict the investigation to bands A
and B, since band C is almost flat. The spin waves are described as follows:
Let AS l , BS l and CS l be the spins of sublattices A, B and C respectively; the
real-space spin-wave amplitudes resolved for sublattices are thus given by
S := XSxl − iXSyl ,

X l

with X ∈ {A, B, C}.

(IV.1.29)

Data analysis in momentum space is also a bit more tricky compared to a
single-atom unit cell material; as discussed in section II.2.3, the sublatticeresolved spin-wave amplitudes and intensities in momentum space exist in
two varieties, first the usual sublattice amplitudes
1 X X l −ik·rl
X k
Ŝ = √
Se
,
X ∈ {A, B, C}
NX l
2

and accordingly the sublattice intensities XŜ k . However, sublattice amplitudes form no eigenmodes, such that a transformation T −1 to the spin-wave
eigenmodes

T

A k B k C k T
χ , χ , χ
= T −1 AŜ k , BŜ k , CŜ k
D
E
2
Yˆ
Ik := Y χk
, Y ∈ {A, B, C},
Nav
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is required, with corresponding ensemble-averaged intensities. For data analysis these intensities are considered, and the details on how to calculate these
from the numerical data is described in appendix F.1.2.
In simulations the initial spin waves are given via the initial condition of the
differential equation, i.e. of the LLG, which is chosen as a quasi-monochromatic plane wave. Hence, the initial condition with wave vector k0 , enveloped
by a Gaussian profile of width σ0 and central position r0 reads
A l

S = A0 · e−ik0 ·

A l

r

B l

S = B0 · e−ik0 ·

B l

S = C0 · e−ik0 ·

C l

r

C l

r

−

1
2σ 2
0

−

1
2σ 2
0

·e
·e
·e

−

1
2σ 2
0

(Arl −r0 )

2

(Brl −r0 )
(Crl −r0 )

,

2

,

2

,

Sz =

A

q

1−

AS l 2

q
2
1 − BS l ,
q
2
C
Sz = 1 − CS l
Sz =

B

(IV.1.30)

where Xr l , X ∈ {A, B, C}, are the position vectors inside the corresponding sublattices. This is more subtle compared to other systems in this work
investigated with respect to localization. As carried out in section II.2.3, a
monochromatic wave at wave vector k0 in real space entails amplitudes for
the three sublattices, i.e. the three spins in a unit cell, A0 , B0 , C0 , which are
not equal and have certain ratios with respect to each other. If one would
choose all three to be uniform, in general a spin-wave packet composed of
three waves results, each one out of each band. How the amplitudes can be
calculated in order to select a single band (or a defined superposition of the
three bands) is explained in detail in appendix C.3, see eq. (C.3.26).
In the following, two general cases are studied, first the inversion symmetric
case with no DMI D m = 0, and the more general—and interesting—case with
finite DMI. In both cases different initial wave vectors k0 are tested in order
to explore the dispersion that is more complex than in other cases. In the end
of this part the results are summarized and discussed.
Absence of Dzyaloshinskii-Moriya interaction: inversion symmetric
dispersion
Starting point is a system without DMI. Investigation is done for two initial wave vectors, ak0 = (0.2, −0.13)T and ak0 = (−1.1, 1.6)T , one close to
the Γ point, the latter near to the Dirac point. The other parameters take
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Figure IV.1.19: Spin-wave intensity of the lowest band, AIˆk , in
case without DMI at time t =
500 tJ . Initial wave vector ak0 =
(0.2, −0.13)T in vicinity of the Γ
point; at position kCBS = −k0 a
CBS peak is observed. Due to the
initial condition bands B and C are
practically unoccupied (with small
deviations due to numerical uncertainties) as described in the text.

values as follows: σ0 = 100 a, % = 0.05 and Bd = 1 BJ . The first study on
the small wave vector ak0 = (0.2, −0.13)T is not expected to show, well,
something unexpected, i.e. CBS should show same characteristics as in the
previous systems. In order to excite the lowest band only, i.e. band A, amplitudes A0 = 5.746 × 10−3 , B0 = 5.790 × 10−3 and C0 = 5.785 × 10−3 are
used. The result for this parameter choice is depicted in fig. IV.1.19, where
the intensity of band A, AIˆk , is shown at quite late time t = 500 tJ . The
phenomenology is as anticipated: scattering at defects leads to an incoherent
background, distributed along the energy shell at frequency Aω(k0 ), with an
additional peak at −k0 position—the coherent backscattering peak, signature
of weak localization.
For ak0 = (−1.1, 1.6)T near the Dirac point the original hope was to find a different behavior, motivated by a work on photonic crystals[178] . Sepkhanov and
co-workers theoretically and numerically investigated photons in a triangular
photonic crystal that also exhibit Dirac cones, where importantly Maxwell’s
equation describing the photons reduce to the Dirac equation for massless
spin-1/2 particles in the vicinity of the Dirac points. Because of this, there is
a non-trivial Berry phase leading to a π phase difference between the two interfering time-reversed paths involved in CBS, eventually causing a complete
destructive interference in contrast to the normal completely constructive interference. As a result there is no enhanced intensity in backscattering direc[178] R.

A. Sepkhanov, A. Ossipov, and C. W. J. Beenakker. „Extinction of coherent
backscattering by a disordered photonic crystal with a Dirac spectrum“. Europhys. Lett.
85, p. 14005 (2009)
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tion, but rather a complete depletion of scattering in this direction, which is
noticed as a dip in the incoherent background. This idea is by no means unique
to photonic crystals; it originates from electronic transport in two-dimensional
materials like graphene that also exhibit Dirac points, where the electrons can
be described as massless Dirac Fermions.[179] To make a long story short, the
kagome lattice for spin waves is tested numerically whether it shows a similar
phenomenology.
The initial wave vector takes value ak0 = (−1.1, 1.6)T and initial amplitudes
for the sublattices are given by A0 = 1.539 × 10−3 , B0 = 7.433 × 10−3 and
C0 = 6.510 × 10−3 in order occupied solely the lowest band with index A.
From fig. IV.1.20, the resulting intensity plot8 , it can be seen that there is no
hint of antilocalization, but still the CBS peak at −k0 is present. Obviously,
magnons do not seem to match the same dynamic behavior as photons in
the vicinity of the Dirac cones. This is not only restricted to kagome lattices,
we also studied a corresponding honeycomb-lattice ferromagnet, which also
features the same result, i.e. a conventional CBS signal. No data are shown
here, however, the linear spin-wave theory for that system is written down in
appendix C.4 for the interested reader.
Finite Dzyaloshinskii-Moriya interaction:
broken inversion symmetry
We continue by including a finite DMI, which
takes the form of eq. (II.2.39) with magnitude
D = 0.1 J; the other parameters remain unaltered with respect to the previous case, except
for two: a larger system with Nx = Ny = 3000
is used to rule out effects of boundaries, as the
investigated spin-wave packets are more mobile
here than the very ones before. Additionally, a
stronger pinning field for disorder is used: Bd =
2 BJ . Including the DMI, the magnon bands are
predicted to have a non-trivial topological structure, namely the three bands A, B and C take
[179] K.

Figure IV.1.22.: Disp.
ω(k) (DMI D/J=0.1).
a|k|1 implies radial symmetry, for large k inversion
symmetry is broken.

A

Y. Bliokh. „Weak antilocalization of ultrarelativistic fermions“. Physics Letters A
344, pp. 127–130 (2005)
8 Note that the energy shell, on which the incoherent background is distributed, is composed
of two unconnected sets, each one around one Dirac cone.
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Figure IV.1.20.: Spin-wave intensity of the lowest magnon band A, AIˆk , for a
system without DMI at time t = 300 tJ . Left picture depicts the intensity over
the whole unit cell (white parts lie outside), whereas the other two show details
near k0 and kCBS respectively. The initial wave vector ak0 = (−1.1, 1.6)T is
used, which is near one of the Dirac cones; still CBS is observed with a CBS
peak at position kCBS = −k0 . Bands B and C are practically unoccupied.
Chern numbers +1, 0 and −1,[85] which is not expected to have an influence
on CBS of the bulk modes. But in addition to that, the dispersion lacks inversion symmetry in a strange manner; the bands are not only simply shifted by
the DMI, as in case of the monoatomic unit cell from section IV.1.2, rather
the energy shells are deformed to some pattern with a three-fold symmetry,
see fig. IV.1.22; and the strength of deformation depends on the frequency of
the energy shell. In fact in the limit of small wave vectors k → 0, the dispersion exhibits a radial symmetry around zeros—especially implying inversion
symmetry in this particular limit.
For the investigation of CBS we again test different wave vectors in different
areas of the unit cell in momentum space, namely
• ak0 = (0.2, −0.13)T as a representative of the small-k regime,
[85] A.

Mook, J. Henk, and I. Mertig. „Magnon Hall effect and topology in kagome lattices:
A theoretical investigation“. Phys. Rev. B 89, p. 134409 (2014)
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Figure IV.1.21: Spin-wave intensity AIˆk at time t = 500 tJ for finite
DMI, for initial wave vector ak0 =
(0.2, −0.13)T . Initial peak AIˆk0 is
already completely depleted, but at
−k0 a CBS peak is found, result of
inversion symmetry ω(k) = ω(−k),
valid for small k. Black, dashed circle of radius |k0 | proves radial symmetry of the background, i.e. the
energy shell ω(k0 ), implying this
symmetry.

• ak0 = (1.0, 0.0)T as an intermediate wave vector far away from the Γ
point, but also away from the Dirac points, and
• ak0 = (1.0, −1.9)T near one of the Dirac points.
For the first case ak0 = (0.2, −0.13)T , initial amplitudes A0 = 5.749 × 10−3 ,
B0 = 5.749 × 10−3 , C0 = 5.823 × 10−3 are used, exciting only magnons in
band A. The results from the numerics, shown in fig. IV.1.21, clearly prove
the existence of CBS, with the peak located at kCBS = −k0 , due to the inversion symmetry in this regime. This is shown in the corresponding figure
by circle with radius |k0 | around zero plotted as black dashed line, indicating
that the incoherent background nicely follows this circle and, hence, inversion symmetry ω(k) = ω(−k) is proven on this particular energy shell with
frequency ω(k0 ) as expected from the linear spin-wave theory. Inversion symmetry is a special case of the generalized symmetry eq. (II.2.31), which is a
sufficient condition for CBS of spin waves in the monoatomic unit cell case.
Conclusively, in the same manner it is sufficient for CBS here.
The second case tried here is ak0 = (1.0, 0.0)T , where simulations use A0 =
5.412 × 10−3 , B0 = 5.412 × 10−3 , C0 = 6.436 × 10−3 , subsequently leading
to an initial wave packet with excitation of band A only. Considering the
time evolution of the Fourier-space intensity AIˆk leads to the following phenomenology: the usual decay of the initial peak and buildup of an incoherent
background is observed, where at some point the initial peak completely vanishes. However, no CBS peak can be observed, not within a few scattering
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Figure IV.1.23: Spin-wave intensity AIˆk for finite DMI, at time t =
500 tJ . Initial wave vector is ak0 =
(1.0, 0)T . Just the plain incoherent background is seen, in contrast
to the case without DMI: this system lacks CBS, explained by the
absence of a generalized inversion
symmetry. Two white dotted circles
with radii ak = a|k0 |±ε show a deformed energy shell breaking inversion symmetry and no generalized
coherence condition is valid.

times τs , on which it usually appears, nor on longer times (the simulated time
is t/tJ ∈ [0, 1000] in this case). Exemplary, in fig. IV.1.23 the k-space intensity at time t = 500 tJ is shown, a point in time where CBS is observed
in all previous cases without DMI. In this graph only an incoherent background is present, the initial peak k0 is already completely depleted and no
hint of a CBS peak is observable. The lack of CBS in this case is attributed
to the lack of a generalized inversion symmetry, which is due to the deformed
frequency shells of the dispersion. This is also observable in the numerical
data; in fig. IV.1.23 two circles are drawn as dotted white lines, with radii
ak = a|k0 | ± ε, ε = 0.07. The incoherent background, say the frequency shell,
locates for some regions exactly inside these two circles, and for other regions
it is bent towards the center of the Brillouin zone, which means there is no
K I such that ω(k) = ω(2K I − k) for all k on the energy shell.
For the last case, ak0 = (1.0, −1.9)T , the needed amplitudes for a wave
packet exciting band A only are A0 = 7.877 × 10−3 , B0 = 4.282 × 10−3 ,
C0 = −4.429 × 10−3 . This initial wave vector is close to one of the Dirac
cones and is accompanied with a—with respect to the other cases studied in
section IV.1.2—strange energy shell: the one Dirac cone is lower in height than
the other. Considering the entire band structure, atop of the cones of band
A lie the corresponding ones of band B, such that some energy shells expand
over both bands, as sketched in fig. IV.1.24. Especially the energy shell for the
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very wave vector used here, given by
ω(k0 ), has this property. Because of
that the intensity of both bands is
considered AIˆk + BIˆk . This intensity
is plotted for the numerical data at
time t = 500 tJ in fig. IV.1.25, where
two not connected sets are visible as
energy shell; the one near k0 lies in
band A, the other in vicinity of −k0
in band B. However, the basic result regarding CBS remains the same
as in the case before: CBS is absent.
One should also note that no antilocalization occurs, which has been the
original motivation to study these
lattices, and has also not been seen
in the system without DMI.
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Figure IV.1.24.: The dispersion for
bands A and B on a cut through
the unit cell that contains both Dirac
points. These differ in energy, such that
the energy shell for ω(k0 ) with ak0 =
(1, −1.9)T expands over both bands.

To end this section on kagome-lattice ferromagnets, we conclude that without
DMI D = 0 the inversion symmetry is sufficient for reciprocity of scattering,
such that coherent backscattering can be observed just as in other magnetic
systems studied in this work. However, the situation is different with a finite
DMI D = 0.1 J, when inversion symmetry is broken in a more complex way
than for the monoatomic ferromagnet from section IV.1.2. For that reason no
generalized inversion symmetry is valid, and CBS does not appear. The exception is the case of small wave vectors, where inversion symmetry is restored,
and along with it CBS. On the other hand, the search for weak antilocalization, the initial motivation, has not been successful; none of the systems show
any hint of this phenomenon. But there is one case that should feature this
kind of coherent remnant of the initial condition, namely the edge modes of
the kagome-lattice ferromagnet with DMI that are predicted to be topological
non-trivial, well equipped with protection against backscattering. But so far
only the bulk properties have been studied and the edge modes remain a task
for future investigation.
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Figure IV.1.25.: Spin-wave intensity of the lowest two magnon bands A and
B AIˆk + BIˆk of a system with DMI D = 0.1 J at time t = 500 tJ . Left picture
shows the intensity over the whole unit cell, where the white parts are outside.
The other two show details near k0 and −k0 respectively. Initial wave vector
ak0 = (1.0, −1.9)T is used, near one of the Dirac cones. This system lacks
CBS, as explained in the text, such that no CBS peak can be found, just
the bare incoherent background. Here is of particular note that for the initial
wave only band A is excited, but scattering also occupies states of band B
(the states near the second Dirac point in vicinity of −k0 ), since both Dirac
cones overlap energetically.

IV.1.5. A simple antiferromagnet
Another interesting class of materials that nowadays draws quite some attention, especially with respect to magnetic transport, is antiferromagnets. From
a very basic—and theoretical—point of view the difference of a simple antiferromagnet to a simple ferromagnet is quite small: it is just a sign in the
Hamiltonian. This leads on the one hand to identical thermodynamic properties in equilibrium. On the other hand, it is very well known that transport
properties are different, because of a simple fact: the magnetic unit cell of
an antiferromagnet, comprising two sublattices, is larger, and therefore the
magnon bands differ strongly. The purpose within the current context of this
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chapter is to present a short study on the magnetic field dependence of coherent backscattering of magnons in antiferromagnets. The study of localization
effects started within a Bachelor thesis,[180] which is here extended by this
specific investigations for reasons explained below.
The geometry of the system is given by spins on a square lattice, where the
Hamilton is nearly the same as in the ferromagnetic case, section IV.1.1,
H=−

X
X
JX n
S · S nm − dz
(Szn )2 − µS
Sn · Bn,
2 n,m
n
n

(IV.1.31)

the important difference is the sign of the nearest-neighbor Heisenberg exchange constant, which is negative, J < 0. In connection with an easy-axis
anisotropy, given by dz = 0.01 J, this leads to antiferromagnetic ordering along
the z axis as ground state, see fig. II.2.10 on page 88 for a sketch. The magnetic
field includes two contributions B l = Bs ez +εl Bd ez : one is a static, externally
applied field along z axis of magnitude Bs , second contribution arises from the
random-field model with a staggered field, modeling disorder as described in
section III.4.1, here with parameters % = 0.1 and Bd = 1 BJ . The major
difference to a ferromagnet is given by the dispersion relation, introduced in
section II.2.4, see eq. (II.2.63). In an antiferromagnet there are two magnon
bands, denoted “+” and “−”, which differ in case of a vanishing magnetic field
up to sign, i.e. in that case ω + (k) = −ω − (k). For the calculation of the time
evolution of the spins we use the LLG, eq. (II.1.14), with vanishing damping,
α = 0.
The square lattice can be described by lattice vectors r l = nlx ex + nly ey ,
nlx , nly ∈ Z, and the sublattices of the antiferromagnet build a chessboard-like
arrangement, where sublattice A can be addressed by (nlx + nly ) mod 2 = 0,
and sublattice B via (nlx + nly ) mod 2 = 1—with even and odd indices—and
we call the lattice positions of sublattice A Ar l and the ones from sublattice
B Br l . Likewise, AS l and BS l denote the spins occupying these lattice sites of
the different sublattices, and the real-space description of the spin waves splits
[180] C.

Schneider. „Computersimulation zur Anderson-Lokalisierung von Spinwellen im
Antiferromagneten“. BA thesis (2016)
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just as well, with
S := ASxl − iASyl

A l

S :=

B l

B l
Sx

−

(IV.1.32)

iBSyl ,

the sublattice-resolved spin-wave amplitudes. The spin waves in both sublattices have in general two independent amplitudes that determine the occupation of the two magnon branches. Hence, the initial condition as a quasimonochromatic plane wave of wave vector k0 with Gaussian profile of width
σ0 = 100 a reads
q
2
− 12 (Ar l −r0 )
A l
A l
A l
,
Sz = + 1 − |AS l |2
S = A0 · eik0 · r · e 2σ0
(IV.1.33)
q
2
B l
1
− 2 ( r −r0 )
B l
B l
B l
,
Sz = − 1 − |BS l |2 ,
S = B0 · eik0 · r · e 2σ0
the alternating sign of the z component ensuring antiferromagnetic order. Here
A0 and B0 are the initial spin-wave amplitudes; their ratio can be set such
that only one of the bands is occupied at t = 0, see eq. (C.5.16).
In contrast to the systems studied for CBS before, we do not study a bulk
2D system here, but a quasi 1D geometry: a system extended into x- and
confined in y direction. Specifically, we choose Ny = 400, which is quite large
for confinement in y direction, but nevertheless sufficiently small for the wave
packet to reach the boundary, and additionally Nx = 2000. For this system,
periodic boundaries along x directions and open boundaries in y direction are
suitable. The use of quasi 1D geometries is also highlighted in section IV.2.2.
First we consider the case of a vanishing static magnetic field, Bs = 0, where
the two spin-wave branches are degenerate. The investigation comprises initial
wave vectors ak0 = akx ex with akx = 0.05π, 0.1π, 0.4π. As usual, we investigate the ensemble-averaged spin-wave intensity, but here by means of the
total intensity:


2
Xˆ
X k
Ik =
Ŝ
,
X ∈ {A, B}
Nav

Iˆk = AIˆk + BIˆk .
For the lowest wave vector, akx = 0.05π, the resulting spin-wave intensity Iˆk
is depicted in fig. IV.1.26, left panel. As expected, a CBS peak is located at
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Figure IV.1.26.: CBS of antiferromagnetic spin waves for a system with
initial wave vector ak0 = (−0.05π, 0)T , including a comparison between a
case without and with external magnetic field, Bs = 0 and Bs = 0.2 BJ
respectively. Left panel: k-space intensity Iˆk at time t = 1000 tJ in case of
Bs = 0, showing a CBS peak at −k0 . The corresponding frame with finite
external field is similar. Right panel: time evolution of the CBS contrast for
both cases. No significant difference can be observed, a magnetic field does
not seem to diminish CBS.
−k0 . Studying its time evolution via the CBS contrast C(t), shown in the right
panel of the same figure, exhibits a similar phenomenology as in case of the
ferromagnet; the CBS peak quickly risen to its maximum value of unity, then
it slowly decays.
The main question for this investigation is the impact of a magnetic field.
Therefore a similar study including an external field Bs = 0.2 BJ has been
performed, and the result for the CBS contrast (also plotted in fig. IV.1.26,
right panel) immediately suggests that there is no impact on CBS, as no significant difference is observed. The same result is also found for the other investigated wave vectors akx = 0.1π, 0.4π. Note that the magnetic field chosen
here is quite large for experimental realization, and also theoretically cannot
be much higher without causing a spin-flop transition of the antiferromagnet.
However, the results here are a bit puzzling for the following reason. Each
of the two bands ± has its own energy shell; for Bs = 0 these two have the
same k dependence. According to the dispersion eq. (II.2.63) (page 92) a finite
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magnetic field shifts both bands into the same direction, and the momentum
dependence differs. The initial condition only occupies band “+”, but elastic
scattering into band “−” is also allowed. Hence, if both bands are notably
occupied, the momentum space intensity Iˆk should exhibit two incoherent
backgrounds, i.e. two rings of occupied modes. For example for the parameter choice ak0 = 0.05πex and Bs = 0.2 BJ there is one ring with radius
a|k| = a|k0 | ≈ 0.16 of the occupied states in band “+”. But there should be
an additional intensity ring with radius a|k| ≈ 0.33 for band “−”, according
to the energy shell {k : ω − (k) = ω + (k0 )}. This is, however, not observed in
the numerical data. Unfortunately, the analysis is carried out without resolving the intensity distribution of both bands separately, such that the available
data do not allow to investigate this in more detail, and this puzzling issue is
left for the future investigations.
In general localization of magnons in antiferromagnets goes back quite some
time,[113,114] although there the evidence of localization has been only indirect
by means of deviations from expected results from neutron refraction. Specifically, weak localization is studied theoretically in terms of heat transport
in antiferromagnetic insulators, including a magnetic field dependence.[21,167]
The findings of Arakawa and co-workers is that thermal conductivity increases
the thermal resistance, but including an external magnetic field leads to negative magneto-thermal resistance, i.e. higher fields lead to lower resistance. In
their calculation the magnetic field destroys weak localization, in contrast to
this work, where no negative effect on CBS could be found. This contradiction
could so far not be explained, of course the situation here and in the works
of Arakawa et al. differs and a more thorough investigation is required. One
obvious path would be to study thermal transport in the atomistic model for
disordered magnets, which has not been done so far.
[113] S. K. Lyo. „Magnon Localization in Antiferromagnets“. Phys. Rev. Lett. 28, pp. 1192–
1196 (1972)
[114] W. J. L. Buyers, T. M. Holden, E. C. Svensson, R. A. Cowley, and R. W. H. Stevenson. „Character of Excitations in Substitutionally Disordered Antiferromagnets“. Phys.
Rev. Lett. 27, pp. 1442–1445 (1971)
[21] N. Arakawa and J.-i. Ohe. „Negative magnetothermal resistance in a disordered twodimensional antiferromagnet“. Phys. Rev. B 96, p. 214404 (2017)
[167] N. Arakawa and J.-i. Ohe. „Inplane anisotropy of longitudinal thermal conductivities
and weak localization of magnons in a disordered spiral magnet“. Phys. Rev. B 98,
p. 014421 (2018)
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IV.2. Strong localization
sually, the in section IV.1 extensively examined coherent backscattering is considered a precursor for Anderson localization, for which
one main prerequisite is phase coherence, proven by CBS. It is believed that low dimensional, infinite systems, i.e. one- and two-dimensional
system, always show (strong) Anderson localization. However, it can be quite
hard to observe this, for example since numerically a finite system is investigated and the localization length ξloc might be larger than the system size.
Also, the onset of strong localization usually happens on a much longer time
scale than weak localization, which also might lead to difficulties in studying
it. On the other hand, if strong localization occurs, its consequences are more
severe since in that case transport is completely suppressed. The aim in this
part is to study strong localization of spin waves in one- and two-dimensional
systems. These low dimensions are of interest, because spin waves are often
studied in thin films, corresponding to two dimensions, but also in exotic magnetic systems, such as spin waves inside domain walls in thin films[33] , which
are effectively one-dimensional. In addition, spin-wave transport in nano wires
is of interest, constituting (quasi) one-dimensional systems. As a brief outline
of this section: we start with direct investigation of strong localization in real
space in one-dimensional ferromagnetic systems, followed by a momentumspace study of quasi one-dimensional ferromagnets and observing Anderson
localization by means of a phenomenon called coherent forward scattering
(CFS)[22,175] .
Before discussing the specific systems, the basic system and properties used
here are introduced. Most importantly, the Hamiltonian takes a special form
of eq. (II.1.11),
H=−
[33] K.

X
X
JX n
S · S nm − dz
(Szn )2 − µS
Sn · Bn,
2 n,m
n
n

(IV.2.1)

Wagner et al. „Magnetic domain walls as reconfigurable spin-wave nanochannels“.
Nature Nanotechnology 11, p. 432 (2016)
[22] T. Karpiuk et al. „Coherent Forward Scattering Peak Induced by Anderson Localization“. Phys. Rev. Lett. 109, p. 190601 (2012)
[175] T. Micklitz, C. A. Müller, and A. Altland. „Strong Anderson Localization in Cold
Atom Quantum Quenches“. Phys. Rev. Lett. 112, p. 110602 (2014)
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taking nearest-neighbor Heisenberg exchange, uniaxial anisotropy, and the
Zeeman energy into account. For ferromagnetic order J takes positive sign,
the anisotropy constant is always positive, dz = 10−3 J, i.e. only easy-axis
magnets are studied with the magnetic ground state along z direction, and the
magnetic field reads B l = εl Bd ez , given by a random field εl Bd for modeling
disorder as explained in section III.4.1 in detail. The N spins S l are located
on a square lattice of size Nx × Ny with lattice constant a, i.e. with a nearestneighbor distance a. In case of one-dimensional systems Ny = 1 holds.
In this part Gilbert damping is always neglected, such that government of the
time evolution is handed to Landau-Lifshitz-Gilbert equation (II.1.14) with
α = 0,
γ
dS l
= − Sl × H l
dt
µS

with H l = −

∂H
.
∂S l

(IV.2.2)

Studying spin waves is done via their complex spin-wave amplitude, defined
via
S l (t) := Sxl − iSyl

(IV.2.3)

as an elongation from the magnetic ground state in z direction. From this the
real-space intensity follows
Il (t) :=

D

S l (t)

2

E
Nav

(IV.2.4)

that includes an average of Nav realizations of disorder. For studies in real
space, mean values with respect to the intensity distribution Il turn out to be
fruitful, defined by
1 X n
f · In
N n
X
N :=
In ,

hf iI :=

(IV.2.5)

n

where N is time independent as no damping is considered. Furthermore, for
studies in momentum space the corresponding amplitude and intensity in k
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space read
1 X n −ik·rn
S ·e
Ŝ k (t) := √
N n


2
k
ˆ
.
Ik (t) := Ŝ

(IV.2.6)
(IV.2.7)

Nav

IV.2.1. Real-space study of one-dimensional
ferromagnets
Here we aim to observe Anderson localization of spin waves directly in real
space for one-dimensional, ferromagnetic spin chains and quantify the localization length ξloc . Such a study has been done before by the author in his Master
thesis[94] , such that this subsection is a bit repetitive. However, there are advanced aspects here in comparison to the Master thesis; the data analysis of
the numerical data is more thoroughly, some new aspects are investigated, and
especially the data sets studied here allow a comparison to antiferromagnetic
spin chains, which were investigated within a Bachelor thesis[180] supervised
by the author. Furthermore, part of the content is published.[157]
In order to study spin waves of a one-dimensional ferromagnet, the model is
used as described in the beginning of this section with eqs. (IV.2.1) to (IV.2.4),
for a system comprising Ny = 1 and Nx spins at positions rl , l = 0, ..., Nx − 1.
The localization length ξloc is a property depending on wave length, hence,
simulations start with a well defined wave vector k0 , which is achieved by using
a quasi-monochromatic wave packet of Gaussian shape as initial condition:
l

−

1

S l (t=0) = A0 · eik0 r · e 2σ0
q
2
l
Sz (t=0) = 1 − |S l (t=0)| ,
[94] M.

2

(rl −r0 )

2

(IV.2.8)

Evers. „Computersimulationen zur Andersonlokalisierung in magnetischen Systemen“. MA thesis (2014)
[180] C. Schneider. „Computersimulation zur Anderson-Lokalisierung von Spinwellen im
Antiferromagneten“. BA thesis (2016)
[157] M. Evers, C. A. Müller, and U. Nowak. „Spin-wave localization in disordered magnets“. Phys. Rev. B 92, p. 014411 (2015)
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Figure IV.2.1.: Real-space intensity Il for 1D ferromagnets at time t =
2 × 105 tJ , well in the strong localization regime; for ak0 = 0.1π, Bd = 0.5 BJ
and varying %. On large distances |r − r0 |  ξloc intensity falls off exponentially, defining the localization length ξloc . Numerical data do not follow
prediction eq. (II.3.5) (black dashed curve), but normalized to ξloc all curves
coincide, reflectingPuniversality of strong localization in 1D. Note that data
are normalized to l Il/N = 1.
with amplitude A0 and initial width σ0 . Periodic boundary conditions are
used, although results should not depend on this choice, since the system size
is large enough so that excited spin waves do not reach the boundary9 .
For a first insight, parameters are set as follows: ak0 = 0.1π, σ0 = 100 a, A0 =
0.01 for the initial condition, Nx = 10 000 as system size, and to characterize
the disorder Bd = 0.5 BJ is used and % is varied. In the beginning of the
time evolution a Gaussian profile is observed that spreads in space, not with
a diffusive spreading, where the shape would remain Gaussian, but rather
towards an exponential decay in space, which remains stable after a certain
time. The profile at the end of the simulation is depicted in fig. IV.2.1. This
exponential decay is typical for Anderson localization and at the same time
defines the localization length via eq. (II.3.3):
− r l −r0 |/4ξ
loc
Il ∝ e |

9 If

that happens, the calculation has to be redone with a larger system.

(IV.2.9)
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Figure IV.2.2.: Real-space spread of wave packets for ak0 = 0.1π, Bd =
0.5 BJ and varying %. Left panel shows the time evolution of the mean squared
position σr2 —measure for spread of the wave packet. Contrary to linear growth
for diffusion, it saturates within finite time and remains constant: then no
transport is observed implying strong localization. Right panel: Width of a
wave packet can also be measured by wave spread ξ—the exponential decay
of intensity Il with distance. It saturates, specifically it converges towards the
localization length lim ξ(t) = ξloc . Dashed lines mark ξloc .
t→∞

for |rl − r0 | sufficiently large. The intensity profile in the vicinity of r0 differs from this dependence, which, on the one hand, is in principle expected
from an analytical
theory by Gogolin[95] , which states a dependence like Il ∝

l
exp −|r |/ξloc in this regime, see eq. (II.3.5). On the other hand, our data
do not follow this very dependence, which is at first a bit puzzling. Anderson
localization is believed to be universal in one dimension, meaning that there is
exactly one relevant length scale, say the localization length, such that intensity profiles normalized to this length scale are equal, showing the predicted
shape of eq. (II.3.5). However, this prediction rests on the assumption of weak
scattering, which is for certain not fulfilled in our numerical study. To study
numerically this regime would require much larger systems, and also longer
times to simulate which is beyond a reasonable computational effort. Interestingly, as depicted in fig. IV.2.1, the numerical data for different parameters
lead to intensity profiles laying almost on top of each other, as a manifestation
of this aforementioned universality.
[95] A.

A. Gogolin. „Electron density distribution for localized states in a one-dimensional
disordered system“. Zh. Eksp. Teor. Fiz. 71, pp. 1912–1915 (1976)
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Despite the exponential decay as signature of Anderson localization, proof of
completely suppressed transport is required. Therefore the real-space mean
hrl iI of the wave packet, i.e. its central position, and the mean squared displacement σr2 := h(rl )2 iI − hrl i2I are calculated, utilizing eq. (IV.2.5). The
usual, incoherent transport would imply diffusive transport, i.e. σr2 would grow
linearly in time. In section IV.1 it is shown that deviations from this can be
already observed in the weak localization regime as a consequence of phase
coherent transport. In the strong localization regime the difference with respect to diffusion is even more pronounced: σr2 grows up to a certain threshold
and remains afterwards at this limit, since transport is completely suppressed.
This is exactly what can be seen in the left panel of fig. IV.2.2 in the numerical
data for the spin waves studied here, which proves the strong localization.
Another possibility to examine strong localization is given by the time evolution of the exponential spread. Although the initial condition forms an intensity profile of Gaussian shape, after a short time it does show an exponential
l
decay for large |rl − r0 |, with exponent −|r −r0 |/4ξ. This exponential spread
ξ converges during its time evolution to ξloc , as shown in fig. IV.2.2, right
panel. Saturation of this property also implies strong localization. However,
this investigation is not as reliable as the time evolution of σr2 , as it includes
a fit to the intensity profile requiring to select a fitting range. As result of the
fact that intensity profiles are quite noisy, values obtained for ξ depend on
this fitting range, such that this property is quite inaccurate. Contrary, determination of σr2 is not prone to this flaw. However, in the end this allows to
determine the localization length ξloc from time evolution of ξ but taking an
average over ξ after it reaches its limiting value, which is drawn in fig. IV.2.2,
right panel, as dashed lines.
The next step is to examine the influence of spin-wave interactions on the
strong localization by simply varying the amplitude of the initial condition A0 .
The procedure is the same as in the linear case before, parameters are set to
% = 0.25, Bd = 0.5 BJ for relatively strong disorder, and σ0 ≈ 35.4 a, ak0 = 0.3
for the initial condition. The initial amplitude takes values A0 = 0.01, 0.2, 0.8,
where the larger the amplitude is, the stronger is the influence of the nonlinearities. For these three cases the results are depicted in fig. IV.2.3. The
findings here are, first, an altered intensity profile with increasing A0 , including
an increasing localization length, and second that the saturation of the wave
spread σr2 is strongly slowed down. Conclusively, the result is a suppression
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Figure IV.2.3.: Numerical data for a system with ak0 = 0.3, % = 0.25, and
Bd = 0.5 BJ for varying initial amplitudes A0 . Left panel: spin-wave intensity
Il at the end of the simulations. For intermediate amplitude A0 = 0.2 only a
small deviation and a small increase of the localization length is observed, for
very large amplitude A0P= 0.8 the deviation is quite noticeable. Note, data
are normalized to fulfill l Il/N = 1. Right panel: mean squared displacement
σr2 for the three cases. Non-linear effects suppress strong localization, leading
to an enhanced broadening of the wave packet.
of strong localization in the non-linear regime. However, the wave packet will
eventually localize, since as the wave spread grows the amplitude decreases
until the linear regime is reached again.

IV.2.2. Quasi one-dimensional ferromagnet: coherent
forward scattering
Of course investigations of strong localization of two- or three-dimensional
systems are tempting. However, this is quite challenging for numerical studies
with finite computational resources. This is one motivation to work on systems numerically accessible, but are also more complex than a spin chain. One
possibility is a quasi one-dimensional system: infinitely extended in one direction (or at least sufficiently large, such that the boundary does not influence
the results), but with a finite cross section in the other directions. Scattering
at a single defect in such a system is similar to a two- or three-dimensional
bulk system, as the local surrounding of the defect is the same, however, as
localization is a result of interference of multiple scattered waves, properties
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as the localization length differ from bulk. In fact, if one considers for example
1
a spin chain (1D) with localization length ξloc
and extends the system to a
quasi one-dimensional spin system of cross section 2 × 1, i.e. two attached spin
1
chains, then the localization length of that system is just 2ξloc
, as there are now
two transport channels instead of one, described by scaling theory.[181] More
generally, a system of cross section Ny × Nz results in a localization length of
1
Ny ·Nz ·ξloc
as long as Ny ·Nz is sufficiently small. For larger cross sections the
crossover to the bulk regime occurs and the localization length grows slower
than linear with cross section, converging to the bulk value. An investigation
of such a system for strong localization has been done by the author in the
Master thesis, where the linear scaling with cross section and the onset of
the crossover to the bulk has been observed.[94] However, this includes only a
real-space study, and the new aspect in the present work is a momentum-space
investigation of a quasi one-dimensional system. To be more specific, Anderson localization in the system here is proven by coherent forward scattering
(CFS), a momentum-space signature introduced in section II.3.1.
Specifically, in this work a square lattice of size Nx ×Ny spins is used, extended
in x direction, i.e. Nx = 4001 large and of smaller size in y direction, Ny = 21.
The setup of the model is as explained in the beginning of the section, via
eqs. (IV.2.1) to (IV.2.4), (IV.2.6) and (IV.2.7). Periodic boundaries are used
in x direction, and open boundaries along y direction, however, the results
do not depend qualitatively on this choice. Also periodic boundaries in both
directions were tested and basically same results were obtained. As initial wave
for the numerical study we choose here a Gaussian wave packet with ak0 =
(0.8π, 0)T —a quite large wave vector—that delivers quite strong scattering
at disorder, with amplitude A0 = 0.01 avoiding magnon-magnon interactions
and σ0 = 100 a as initial width:
l

S l (t=0) = A0 · eik0 ·r · e

−

1
2σ 2
0

(rl −r0 )

2

,

Szl =

q
2
1 − |S l (t=0)| . (IV.2.10)

Additionally, the disorder itself is also quite strong: % = 0.1, Bd = 5 BJ . The
strong scattering at the defects is desired in order to obtain a low localization
[181] C.

W. J. Beenakker. „Random-matrix theory of quantum transport“. Rev. Mod. Phys.
69, pp. 731–808 (1997), see chapter III: Disordered wires.
[94] M. Evers. „Computersimulationen zur Andersonlokalisierung in magnetischen Systemen“. MA thesis (2014)
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length accompanied with a comparatively small time needed by the system to
reach the strong localization regime, required to keep the computation afford
feasible. The system should enter the strong localization regime on the time
scale of the Heisenberg time τH , i.e. coherent forward scattering should appear
on that time scale, and it can be expressed as[175]
τH ≈ 2π · DOS(ω(k0 )) · Ny a · ξloc ≈ 4 × 103 tJ ,

(IV.2.11)

with DOS the area-normalized density of states, using definition eq. (C.2.30)
and value taken from graph fig. C.2.1.10
For the study here we exploit the time evolution of the momentum space
spin-wave intensity Iˆk , eq. (IV.2.7). At first, the temporal development is as
observed in the study of coherent backscattering in section IV.1.1: at t = 0 the
intensity in k space is only distributed in the very vicinity of k0 —the initial
peak—, which decays on a short time scale of the mean free scattering time
τs and the incoherent background appears. After several τs the initial peak is
completely diminished in the background. At the same time at −k0 the CBS
peak arises, manifestation of weak localization, which appears on this short
time scale with a contrast with respect to the incoherent background of unity,
and then loses contrast on a much slower time scale then τs . Contrary to the
two-dimensional bulk system of section IV.1.1, another peak forms atop the
background at position k0 (long after the initial peak has vanished). The time
scale of that this peak arises corresponds indeed well with the Heisenberg
time τH . The corresponding intensity plot Iˆk at time t = 4000 tJ is depicted
in the left panel of fig. IV.2.4, where the CBS- as well as the CFS peak are
visible. Note that the poor resolution in ky is just due to the confinement
with Ny = 21. In order to study the time evolution, the intensity splits into
ic
two parts Iˆk = Iˆω(k)
+ Iˆkc , the incoherent contribution with a momentum
[175] T.

Micklitz, C. A. Müller, and A. Altland. „Strong Anderson Localization in Cold
Atom Quantum Quenches“. Phys. Rev. Lett. 112, p. 110602 (2014)
10 In [175] τ
H = 2πν(E0 )Lx Ly ξ for a quasi 1D system with cross section area Lx × Ly ,
where ~ = 1 is used. Density of states ν(E) carries unit [ν(E)] = J−1 m−3 , hence this
translates to our 2D system via Lx Ly 7→ Ly = Ny a and ν(E) 7→ ν 2D (E), the 2D density
of states.
Here the density of state with respect
R to frequency ω is used, not
R energy, which translates as follows: ν 2D (E) = 1/(2π)2 δ(E − E(k)) d2 k = 1/(2π)2 δ(~ω − ~ω(k)) d2 k =

R

δ(ω − ω(k)) d2 k = 1/~DOS(ω). Since in [175] ~ = 1 is used, density of states
maps ν(E) 7→ DOS(ω).

1/~(2π)2
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Figure IV.2.4.: Coherent forward scattering of a quasi 1D ferromagnet of
size Nx × Ny = 4001 × 21. Initial wave vector is ak0 = (0.8π, 0)T . Left panel:
intensity in k space, Iˆk , at time t = 4000 tJ , two peaks are visible at −k0
and k0 . The former is the usual CBS peak, the latter is not the initial peak,
which completely decays on a much shorter time scale, rather this peak is
attributed to CFS. Right panel: time evolution of peak contrasts of CBS and
CFS with respect to the background, CCBS (t) and CCFS (t). The CBS peak
quickly appears on the time scale of 10 tJ with maximum contrast of one, then
slowly decays. After complete depletion of the initial peak, the CFS peak rises
on a time scale of ≈ 1000 tJ , consistent with the theoretical estimation for
Heisenberg time tH . In the long time limit both evolve towards approximately
same level.
dependence that only originates from the dispersion, and the second part, the
coherent contribution comprising coherent back- and forward scattering. With
this splitting, the contrast of the CBS peak at position −k0 is defined as in
section IV.1.1 and, additionally, the contrast of this CFS peak at position k0 :
CCBS (t) =

c
Iˆ−k
0
Iˆic

ω(k0 )

and CCFS (t) =

Iˆkc 0
.
Iˆic

(IV.2.12)

ω(k0 )

Although definitions correspond, practical calculation from the numerical data
differs from section IV.1.1 due to poor resolution in ky , and is explained in
detail in appendix F.3.2. Both quantities—the CBS and CFS contrast—are
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Figure IV.2.5: Mean squared displacement σx2 (t) of a quasi 1D
disordered ferromagnet featuring
CFS. In case of strong localization
σx2 should converge to a finite value,
here not exactly true as explained
in the text. A major differences is
seen in comparison to sub-diffusion
of weak localization as growth of σx2
in time is strongly slowed down.

depicted in fig. IV.2.4, right panel. The CBS peak decays as the CFS peak rises,
and both level in long-time limit around the same value, which is expected for
coherent forward scattering[22,102,175] . Altogether, this allows confidence that
the peak observed here at k0 is indeed to be attributed to coherent forward
scattering as manifestation of strong localization, as it nicely matches the
phenomenology of already investigated matter waves.
For checking the behavior of the system in the strong localization regime,
additionally, data are analyzed in real space. As already done in previous
parts, the mean squared displacement in real space is considered, for the quasi
one-dimensional system studied here only via the longitudinal part (along x
direction):
σx2 (t) = x2

2

I

− hxiI ,

(IV.2.13)

with definition of the mean h...iI from eq. (IV.2.5). The resulting time dependence for the system investigated here, see fig. IV.2.5, differs from both, weak
localization in bulk 2D systems and strong localization in 1D system investigated previously. The observable CFS signal in the systems indicates strong
[22] T.

Karpiuk et al. „Coherent Forward Scattering Peak Induced by Anderson Localization“. Phys. Rev. Lett. 109, p. 190601 (2012)
[102] K. L. Lee, B. Grémaud, and C. Miniatura. „Dynamics of localized waves in onedimensional random potentials: Statistical theory of the coherent forward scattering
peak“. Phys. Rev. A 90, p. 043605 (2014)
[175] T. Micklitz, C. A. Müller, and A. Altland. „Strong Anderson Localization in Cold
Atom Quantum Quenches“. Phys. Rev. Lett. 112, p. 110602 (2014)
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localization, however, if the system would be in the strong localization regime
in the strict sense, σx2 should remain constant in time as transport should be
completely absent, which is not true for the data here: the curve flattens, yet
does not level at a finite value within the simulated time. If a longer time scale
would be simulated, it is not expected to come to clear conclusions since the
length of the system Nx is too small. For comparison: in the one-dimensional
system section IV.2.1 a value of Nx ≈ 10 000 is needed to observe that the
mean squared displacement levels at constant value, such that here at least
a value of that magnitude is needed. However, this shows that CFS can be
a method to study strong localization even if the direct observation in real
space is not possible, for example because of a limited system size. On the
other hand, σx2 clearly deviates from weak localization, where a numerically
a sub-diffusive behavior with σr2 ∝ tp is observed, with 0.9 < p < 1 for systems studied in this work. In case of the present system, σx2 grows for short
time scales up to t = 1000 tJ with approximately ∝ t0.9 , but then the growth
noticeable flattens.

IV.3. Summarizing the results on localization
effects
Finally, we summarize the important findings on spin-wave localization in
disordered magnets. Both, weak- and strong localization, are a matter of investigation in this chapter. Weak localization effects are investigated from two
perspectives: the diffusive spread of a wave packet in real space and by coherent backscattering in momentum space. The latter is a very robust feature
for the various systems we study here and shows interesting features. Starting point has been a simple ferromagnet in section IV.1.1, where we observe
that CBS in the linear regime behaves as an analytical theory predicts. But
we also show that this breaks down in the non-linear regime where the decay of the CBS contrast is enhanced. Furthermore, we prove that similar to
photons the CBS contrast is not affected by a finite Gilbert damping, which
is in accordance with the reciprocity theorem. Moreover in section IV.1.3, we
simulated also a system with parameters that are readily accessible by experimental setups and show that CBS for magnons can in principle be addressed
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by state-of-the-art experiments. In section IV.1.2 we continue with spin waves
in chiral ferromagnets. It is well known that spin-wave transport in such system violates inversion symmetry and in contrast to a naive expectation, CBS is
still present in this system, but with an altered coherence condition. However,
we investigate also a chiral ferromagnet where no such coherence condition
holds true in general—the kagome-lattice ferromagnet—and there we indeed
find that CBS is absent away from the Γ point of the Brillouin zone. This is
the only system investigated in this thesis where CBS is destroyed. This is a
remarkable finding because it is just a consequence of the dispersion relation
of the spin waves. Normally, when CBS is absent or altered, other mechanisms
are the cause: the simplest example is temperature. Another example is the
Faraday effect for photons[165] , where the weakening of the contrast is not due
to the dispersion, but rather due to random shifts of the polarization. We also
investigated antiferromagnets in section IV.1.5 and especially could not found
an effect of a magnetic field on the CBS contrast. This is surprising and also
possibly in contradiction to other work[21] , but may also just be due to the
different systems investigated: quasi-monochromatic wave packet in this thesis
versus thermal transport in ref. [21]. So far, we could not clarified this and this
issue requires further research. The investigation of the real-space spread confirmed the presence of weak localization, however, the effects can be relatively
weak and may also be hard to observe in experimental realizations.
In section IV.2 studies regarding strong localization are carried out directly
in real space for one-dimensional systems. There the key features is the exponential decay of the intensity and also the localization length can be observed.
However, for higher dimension this is limited by the computational effort necessary for computer simulations. Therefore, here a different path is taken, the
observation of strong localization in terms of coherent forward scattering. We
observe this momentum-space feature for quasi one-dimensional ferromagnets
and prove that it behaves similarly compared to matter waves.[22]

[165] R.

Lenke and G. Maret. „Magnetic field effects on coherent backscattering of light“.
Eur. Phys. J. B 17, pp. 171–185 (2000)
[21] N. Arakawa and J.-i. Ohe. „Negative magnetothermal resistance in a disordered twodimensional antiferromagnet“. Phys. Rev. B 96, p. 214404 (2017)
[22] T. Karpiuk et al. „Coherent Forward Scattering Peak Induced by Anderson Localization“. Phys. Rev. Lett. 109, p. 190601 (2012)

V. Spin superfluidity
iting Monty Python: “and now for something completely different” is maybe a good start for this chapter. The previous
chapters topic has been Anderson localization, where spin-wave
states are confined in a certain region, suppressing transport.
This chapter now deals with something similar to superfluidity
as it appears for example at low temperatures for helium, and
to superconductivity of Cooper pairs. In each of these cases the
macroscopic wave function extends over the entire system and perfect transport results—in contrast to localization. As already outlined in section II.4.1,
both phenomena are natural enemies: If a system shows Bose-Einstein condensation, superfluidity or superconductivity, it cannot be subjected to Anderson
localization and vice versa. Yet, for a reason unknown, the Brownian motion of the author’s work during the doctoral study lead to such a dialectic
combination of topics.
General topic remains spin transport, but not in form of spin waves anymore.
Now rather an excitation of an entire magnet, which has a magnetic ground
state with rotational symmetry, is considered, called spin superfluidity. The
concept of this transport is introduced in section II.4 and there it is also explained why this spin transport is named “spin superfluidity”, and why this
term is somehow problematic: it might raise expectations this transport falls
short on. Namely the spin-superfluid transport will always show dissipation,
except someone finds a method to eliminate Gilbert damping in a real-world
system, which is quite unlikely. On the other hand, to be dissipationless is the
defining property of a conventional superfluid or a supercurrent. Nonetheless,
we use the term “spin superfluid”, but keep in mind that it is nothing more
than a name.
Despite the unavoidable dissipation, this type of transport exhibits a lot of interesting features, especially compared to conventional spin-wave transport—
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the possibility of transport on large length scales for instance. In addition to
the analytical considerations done in section II.4, we investigate in this chapter spin superfluidity numerically within the framework of the atomistic spin
model. Advantageously, this treatment lacks the limitation of the continuum
approximation, and also lacks a restriction to small spin accumulations. Furthermore, non-linear effects can be investigated.
In the following, two classes of magnets are studied: easy-plane ferro- and antiferromagnets, first in the simplest setting of a one-dimensional geometry at
zero temperature. Those two sections V.2 and V.3 build the main investigation of spin superfluidity in this work and leads us to the following physical
conclusions: For ferromagnets the analytical solution derived in section II.4 is
a quite accurate description, even for a modeling closer to experimental conditions. We furthermore observe two distinct regimes separated by the Landau
criterion and we study the phase slips and excited spin waves if this criterion
is violated. Also the unavoidable dissipated power is calculated—a subject
often neglected in the context of spin superfluidity. A comparison to antiferromagnets shows that these are indeed very similar to their ferromagnetic
counterparts in almost every respect: the phase gradient, dissipation and also
the Landau criterion. But there is one major difference: the resulting spin accumulation that is strongly quenched by the antiferromagnetic exchange. These
findings are then supplemented in section V.4 by tests of finite cross sections
and other boundary conditions, which justify the prior one-dimensional modeling and show that this accurately models also more complex systems. As
a last step in section V.5 spin superfluids in ferro- and antiferromagnets at
finite temperatures are investigated. Large parts of this chapters findings are
subjects of a publication[182] . Note that the data presentation in this chapter
uses a reduced unit system defined in appendix A.2.

[182] M.

Evers and U. Nowak. „Transport properties of spin superfluids: Comparing easyplane ferromagnets and antiferromagnets“. Phys. Rev. B 101, p. 184415 (2020)
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V.1. Model, parameters and driving
mechanisms
asis for the numerics is the atomistic spin model from section II.1.5.
To be more precise, throughout this chapter a simple cubic lattice
with lattice constant a is assumed, though, different dimensions are
examined—one, two and three dimensions. As always in theoretical physics,
we first have to present a Hamiltonian that is an instance of eq. (II.1.11) and
reads
X
JX n
H=−
S · S nm − dz
(Szn )2 .
(V.1.1)
2 n,m
n
Most important here is the easy-plane anisotropy with dz < 0, which delivers
a magnetic ground state that owns a rotational invariance around the z axis
(a SO(2) symmetry group). Nearest-neighbor exchange is given by J, which
takes positive value in a ferromagnet, and is negative for antiferromagnetic
order.
Sloppily, one may write the magnetic ground state of this model as
S l = ±(cos(ϕ), sin(ϕ), 0)T ,

(V.1.2)

where the sign ± denotes alternating orientation for an antiferromagnet, and
for a ferromagnet it is always “+”. The angle ϕ is arbitrary, but space independent. Equivalently one could write this ground state Sx − iSy = ±e−iϕ
that describes a U (1)-symmetric ground state.
Generally, the corresponding equation of motion is the stochastic LandauLifshitz-Gilbert equation (LLG), see eq. (II.1.20), extended by external torques


d l
γ
S =−
· S l × H l + αl S l × H l
dt
µS (1 + αl2 )

l
+ Tfll (t)S l × Al (t) + Tdl
(t)S l × S l × Al (t)
∂H
H l = − l + ξl .
∂S

(V.1.3)

These additional torques are parameterized by an axis Al (t) and two coeffil
cients Tfll (t) and Tdl
(t), describing a field-like and a damping-like contribution.
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Figure V.1.1.: Basic geometry for investigation of spin superfluidity: the
magnet (green) is extended along x direction, and driven at the left-hand
side. An excitation spreads through the system until it reaches the right end.
Depicted is this scheme here in terms of the usual experimental realization,
where heavy metal stripes (e.g. platinum) are on top of the magnet (grey): one
injects a spin current into the magnet via a spin accumulation at the interface
created using the spin-Hall effect (SHE) and the other stripe is used to detect
a spin current via inverse spin-Hall effect (ISHE).
They are introduced in appendix D.4 and utilized to model a possible driving mechanism as explained below. Furthermore, −∂H/∂S l is the deterministic
contribution to the effective field and ξ l the stochastic noise caused by a finite
temperature, i.e. it is absent at T = 0.
The ideal image is an excitation of the spin system at one position, canonically at the left-hand side, as sketched in fig. V.1.1, and this excitation is
transported through the magnet—hopefully as a spin superfluid—, such that
it could be detected at another position, for instance at the right end. Excitation in an experimental setup could be achieved via the spin-Hall effect[48] , for
example, and detection via inverse spin-Hall effect[49] . Such a setup is heavily
used in experimental studies on spin transport and is usually coined non-local
[48] J.

E. Hirsch. „Spin Hall Effect“. Phys. Rev. Lett. 83, pp. 1834–1837 (1999)
Saitoh, M. Ueda, H. Miyajima, and G. Tatara. „Conversion of spin current into
charge current at room temperature: Inverse spin-Hall effect“. Applied Physics Letters
88, p. 182509 (2006)
[49] E.
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spin-transport measurement.[28,127,128,183] But also other mechanisms could be
used. However, the first question is how to model the pumping in the atomistic
spin model.
In this work two different options are investigated: a time-dependent boundary condition and an external spin accumulation causing additional torques.
The first one can be described in the following way: a system in x direction
comprises Nx spins on lattice sites xl = 0, ..., (Nx − 1)a, hence, the boundary
spins on the left-hand side is located at position xl left = −a and the ones on
the right at position xl |right = Nx a. Theses boundary spins, denoted here with
S l left and S l right , are no degrees of freedom, instead these are—as all other
boundary spins—set by a boundary condition, see section III.1.3. Whereas the
right boundary is determined by an open boundary condition, i.e. S l right = 0,
the left boundary drives the system by an externally-set precession with frequency ω0 :
Sl

left


 T
(t) = cos ω0 t + ϕl0 , sin ω0 t + ϕl0 , 0 ,

(V.1.4)

comprising a phase ϕl0 . Through the coupling via exchange the boundary
spins drive then the other spins as depicted in fig. V.1.2. It is a rather simple
model, and not very close to an experimental system, but we will show that
it actually leads to a similar excitation as more realistic models, and since—
from a numerical point of view—it is the easiest way of excitation, it is used
extensively in the following.
A method of driving the system closer to an experimental realization is the
second model that uses additional torques in the LLG. If we consider a real
magnet driven via spin-Hall effect, the magnets moments are excited by a
spin accumulation µI at the interface between heavy metal and magnet, and
this can be modeled by an additional damping-like torque in the LLG as
[28] L.

J. Cornelissen, J. Liu, R. A. Duine, J. Ben Youssef, and B. J. van Wees. „Longdistance transport of magnon spin information in a magnetic insulator at room temperature“. Nature Physics 11, p. 1022 (2015)
[127] W. Yuan et al. „Experimental signatures of spin superfluid ground state in canted antiferromagnet Cr2 O3 via nonlocal spin transport“. Science Advances 4, eaat1098 (2018)
[128] R. Lebrun et al. „Tunable long-distance spin transport in a crystalline antiferromagnetic iron oxide“. Nature 561, pp. 222–225 (2018)
[183] J. Shan et al. „Nonlocal magnon spin transport in NiFe O thin films“. Applied
2 4
Physics Letters 110, p. 132406 (2017)
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Figure V.1.2: The timedependent boundary condition for excitation of
a spin superfluid at frequency ω0 : Degrees of freedom are the bulk spins
S l ; whereas boundary spins
S l left are explicitly given
by eq. (V.1.4). Exchange
couples them to S l and,
hence, drives the system.

follows[26,184] : The LLG can equivalently to eq. (V.1.3) be written in a form
not solved for the time derivative,
dS l
γ
dS l
= − S l × H l + αl S l ×
,
dt
µS
dt
where an additional torque is applied, which takes a damping-like form associated with µI :


dS l
γ l
dS l
µl
l
l
0 l
l
= − S × H + αl S ×
− αl S × S ×
,
(V.1.5)
dt
µS
dt
~
which contains space-dependent parameters: αl0 , a dimensionless material property of the interface, and µl , a space dependent spin accumulation. Both are
only non-zero at the interface:
(
αI0 for xl < x0
0
(V.1.6)
αl =
0
else
(
µI for xl < x0
µl =
.
(V.1.7)
0
else
[26] H.

Skarsvåg, C. Holmqvist, and A. Brataas. „Spin Superfluidity and Long-Range
Transport in Thin-Film Ferromagnets“. Phys. Rev. Lett. 115, p. 237201 (2015)
[184] A. Manchon et al. „Current-induced spin-orbit torques in ferromagnetic and antiferromagnetic systems“. Rev. Mod. Phys. 91, p. 035004 (2019)
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In addition, also the Gilbert damping becomes space-dependent:
αl = α0 + αl0 ,

(V.1.8)

with α0 the Gilbert damping of the magnet. Transforming this LLG to the
usual form solved for the time derivative—as shown in appendix D.4—reads

γ
dS l
=−
S l × H l + αl S l × H l
dt
µS (1 + αl2 )

αl0
αl αl0 l
l
S
×
µ̃
−
S l × S l × µ̃l ,
+
1 + αl2
1 + αl2

(V.1.9)

where the parameters for the damping-like- and field-like torque can be identified with
µl
Al = µ̃l :=
~
0
α
α
l l
Tfll =
(V.1.10)
1 + αl2
αl0
l
Tdl
=−
.
1 + αl2
From the Hamiltonian eq. (V.1.1) and the time evolution eq. (V.1.3) also the
energy change by dissipation or absorption can be calculated (considered at
T = 0):
=−H n

LLG

z }| { z }| {
X ∂H dS n ∂H
dH
=
+
·
P (t) =
dt
∂S n
dt
∂t
n
=:Pdiss

z
X

}|
{
γ
=
H n · (S n × H n ) +αn H n · [S n × (S n × H n )]
2) |
{z
}
µ
(1
+
α
S
n
n
=0

X

∂H
n n
−
Tfln S n × An + Tdl
S × S n × An +
(V.1.11)
∂t
n
{z
}
|


=:Pabs

⇒ Pdiss =

X
n

γαn
H n · [S n × (S n × H n )] .
µS (1 + αn2 )

(V.1.12)
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The total energy change eq. (V.1.11) splits in two parts: Pabs , which can
be identified as the absorbed power because of the following: Its first part is
given by the additional torques eq. (V.1.10) due to the external torques, which
pumps energy into the system. The second part, originating from an explicit
time dependence of the Hamiltonian, is determined by the time-dependent
boundary condition eq. (V.1.4), which also excites the system. The other contribution, Pdiss , constitutes the dissipated power[185] , which can be seen from
the fact that it scales with the Gilbert damping parameter α. In the following,
this quantity is calculated using eq. (V.1.12).

V.2. One-dimensional easy-plane ferromagnets
under coherent excitation
he journey through the numerical investigations of spin superfluidity begins in the simplest system: an easy-plane ferromagnetic spin
chain, where parameters for the considered magnet take J > 0 and
dz < 0. One should, however, always keep in mind that a ferromagnet is
not a good candidate for spin superfluidity as it unavoidably features dipoledipole interactions limiting this kind of transport as previously outlined in
section II.4. Nevertheless, it is desirable to study such systems for the reason
that the ferromagnet is easier to understand in terms of the available fieldtheory equations, for which a full solution is at hand. This solution turns out
to be fruitful for analyses of the numerical data obtained from the atomistic
model. Additionally, the results of the ferromagnet can be set into relation
to the investigation of antiferromagnets, which are indeed candidates for spin
superfluidity; and this comparison bears fruit as this transport in antiferromagnets is quite similar, which we will show in the next section.
To briefly outline the study reported here: firstly, the validity of the timedependent boundary condition as excitation model is numerically proven. Second step is to examine the validity of the field-theory equations derived in section II.4 to describe the magnet in the atomistic model. Then we continue the
investigation using a specific parameter set to identify the basic behavior of
[185] M.

P. Magiera, L. Brendel, D. E. Wolf, and U. Nowak. „Spin excitations in a monolayer scanned by a magnetic tip“. Europhysics Letters 87, p. 26002 (2009)
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Table V.2.1.: Parameters for the comparison of driving with external torques
and a time-dependent boundary condition.
general param.
ext. torques
time-dep. bound.
0
dz
α0
Nx
αI
µ̃I
ω0
−0.01 J 0.05 5000 0.01 0.5 1/tJ
−2 × 10−4 1/tJ
the temporal evolution of a spin superfluid, namely, there is a transient phase
as well as a steady state possessing separated characteristics. Afterwards the
influence of different parameters is checked, which especially leads to the exploration of two different regimes in which a spin superfluid can be driven, a
linear regime and a non-linear one.
To be more specific on the system used, we need to specify the geometry, which
is one-dimensional, extended along x direction. The length is L = (Nx − 1)a
(excluding the boundary spins), forming a magnet build out of Nx spins S l ,
l = 0, ...., Nx −1, on lattice sites rl = 0, ..., (Nx −1)a. The spin S −1 at position
r−1 = −a denotes the boundary spin on the left and S Nx at position rNx the
very one at the right-hand side. The boundary condition on the right is an
open boundary S Nx = 0, the left one is either open if the system is driven by
an external spin accumulation, or time dependent if excited via this boundary,
specifically in that case we use a special case of eq. (V.1.4):

T
S l left = S −1 = cos(ω0 t), sin(ω0 t), 0 .
(V.2.1)
Test of boundary conditions
We justify the use of a time-dependent boundary condition as proper model
for excitation of the spin system. For this purpose we compare driving the
system with external torques—the more realistic excitation model—to the
time-dependent boundary condition. Investigations later on will be continued
with the latter model, as it is more convenient for investigations here. The parameters used here are summarized in table V.2.1. Special attention is required
for the parameters of the external torques, which orient on the YIG/Cu system (YIG: yttrium iron garnet) investigated by Skarsvåg and co-workers[26] .
[26] H.

Skarsvåg, C. Holmqvist, and A. Brataas. „Spin Superfluidity and Long-Range
Transport in Thin-Film Ferromagnets“. Phys. Rev. Lett. 115, p. 237201 (2015)
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Translating these parameters to the unit system used in this work leads to1
αI0 ≈ 0.01
µI
=: µ̃I = µ̃I ez
~
µ̃I ≈ 1 × 10−4

(V.2.2)
1
.
tJ

Hence, we keep αI0 = 0.01, but vary µ̃I from 10−4 1/tJ up to 1.5 1/tJ (but only
µ̃I = 0.5 1/tJ is shown), where the upper limit is ridiculously high for experimental realization, but is fruitful for comparison to the excitation with a
time-dependent boundary condition.
The comparison between the two driving models is done for parameters as
noted in table V.2.1; this specific choice is made since both systems show a
similar response in terms of the spin accumulation and frequency. In both
cases the initial condition is the ferromagnetic state S l (t=0) = ex , ground
state of this system. The spins start to precess at the left-hand side and over
time the rest of the system follows. There is a steady state, reached on quite
long time scales of order ∼ 106 tJ (very roughly 10 ns to 100 ns), for which
the numerical data are depicted in fig. V.2.1. It is characterized by all spins
precessing with the very same frequency, i.e. ϕ̇ becomes space independent.
This condition must be fulfilled, because otherwise there would be a phase
difference between neighboring spins growing in time, ultimately breaking exchange. It should be noted, though, that breaking exchange is indeed possible,
but requires very strong driving.
For driving with the time-dependent boundary condition at frequency ω0 , it
is obvious that the steady-state precession-frequency is ϕ̇ = ω0 . The in-plane
precession is accompanied by a finite out-of-plane component of the spins Sz ,
i.e. a spin accumulation, which in steady state shows a time-independent spatial profile. Here, µ̃I is chosen such that the resulting steady-state frequency
is roughly ω0 , as can be seen from the numerical data. In addition, practically
the same spin accumulation results for both excitation methods, except on the
left, in the vicinity of r = 0, where the time-dependent boundary forces Sz to
vanish for r → 0, not true for the other excitation. Furthermore, scaling the
driving with a factor, i.e. ω0 → βω0 and µ̃I → β µ̃I with some parameter β < 1
1 In

ref. [26] µI ≈ 1 µeV is used, which implies µ̃I = µI/~ ≈ 1.5 × 109 s−1 ≈ 1.5 × 10−4 1/tJ ,
where for YIG tJ ≈ 77 fs is valid, see appendix A.3.
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Figure V.2.1: Sz and ϕ̇ at time
t = 5 × 106 tJ for two different driving mechanisms: time-dependent boundary using ω0 tJ =
−2 × 10−4 and external spin accumulation µ̃I tJ = 0.5. In this
long-time limit the frequency ϕ̇(r)
is space-independent and nearly
equals for both cases (due to choice
of µ̃I ). Spin accumulation Sz (r)
shows similar profile for both cases.
leads also to the same behavior in both cases. E.g. for β = 0.5, i.e. if ω0 and
µ̃I are halved, the steady-state precession-frequency halves in both cases, and
also the spin accumulation at the right end of the system Sz right is halved.
This scaling will be discussed in more detail below; the important aspect here
is that the behavior stays the same for both cases.
Conclusively, a time-dependent boundary condition as introduced above is a
proper model for the excitation; it directly mimics an external spin accumulation as it would be caused by the spin-Hall effect in an experimental system.
Check of validity of field-theory equations
The next step is to validate the field-theory equations (II.4.36) and (II.4.37)
for parameters already used before, table V.2.1, and by means of the timedependent boundary condition eq. (V.1.4). To recap these equations:


µS
µS
2
ϕ̇ = Ja2 ∆Sz + Sz |∇ϕ| + 2dz Sz − α S˙z
(V.2.3)
γ
γ
µS ˙
µS
Sz = −Ja2 ∆ϕ + α ϕ̇,
(V.2.4)
γ
γ
see section II.4.2 for more details. For several points in time the needed quantities ϕ, ∇ϕ, ∆ϕ, Sz , ∇Sz , ∆Sz , ϕ̇ and S˙z are calculated from the numerical
time evolution, S l (t),2 and it is checked whether these fulfill the equations.
Results on this are shown in figs. V.2.2 and V.2.3 by plotting the left-hand side
2 See

section III.3.2.

250

V. Spin superfluidity

versus the right-hand side, respectively. Numerical data fulfill the equations
if they follow a straight line through the origin with slope one. For the first
equation for ϕ̇, eq. (V.2.3), the graphs in fig. V.2.2 immediately give proof
that this field-theory equation holds true for all t and all r, which means in
the steady state and also before. The other equation for S˙z , eq. (V.2.4), tested
in fig. V.2.3, does not show such a nice agreement: most of the data points do
follow the straight line, but for all t there are points that deviate. These belong to the data points for positions near the excitation at the left end, i.e. for
r ≤ 50 a, where the spatial profile Sz (r) shows a quite large gradient (see e.g.
fig. V.2.1). It turns out that if one includes the term proportional to ∇ϕ · ∇Sz ,
which is neglected in eq. (V.2.4), the deviation vanishes. This large gradient
∇Sz appearing at the boundary is a result of the time-dependent boundary
condition used here, forcing Sz to zero right at r = 0. But since in bulk the
gradients are much smaller and, consequently, the term with ∇ϕ · ∇Sz is not
of importance for the bulk dynamics, it is neglected in the simplified fieldtheory equations. All in all, the field-theory equations (V.2.3) and (V.2.4) do
describe the dynamics of the atomistic model well, except at the boundary,
where some deviations occur. Note that additional deviations appear if other
reasons cause large gradients ∇Sz . This is the case if the system is driven so
strongly that in addition to the spin superfluid phase slips and spin waves are
excited, which will be discussed later on.
Basic dynamics: transient and steady state
After this rather technical prelude, we turn to the investigation of the basic
behavior of a spin superfluid, for which we continue with the very same parameters as before. The dynamics basically splits into two parts; the transient
phase before steady state is reached and the steady state. How exactly does
the ferromagnet reach its steady state? For this, two perspectives are chosen:
first is the temporal evolution of the spatial profile of the spin accumulation
Sz (r), which we depict in the left panel of fig. V.2.4. It basically shows on
short times a spreading from left to right, traveling at speed vl until the right
boundary is reached.3 vl is defined below. The qualitative behavior of this
spreading depends on the exact parameters; the situation observed here is
typical for Gilbert damping of medium strength. However, following the time
3 “l”

for latency, as is sets the latency time τl = L/vl between excitation at the left and
signal at the right side.
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Figure V.2.2.: For different time points t the left-hand side and the righthand side of eq. (V.2.3) is evaluated for the numerical data of an atomistic
simulation. This field-theory equation is an accurate description if both equal,
i.e. if the data points match a straight line through the origin with slope one
in the plot, which is fulfilled here.
evolution further, a spatial profile builds up until steady state is reached, corresponding to the graph for time t = 4 × 106 tJ . The second perspective is
the time dependence of the spin accumulation Sz (r, t) for fixed position r: it
shows roughly a limited exponential growth on time scale τt , see fig. V.2.5,
i.e. it is of type (using steady-state spin accumulation sSz (r) = lim Sz (r, t) as
t→∞

limiting value)


−(t−t0 )/τ
t
Sz (r, t) = sSz (r) · 1 − e
,

(V.2.5)

valid for t > t0 , where the onset of the exponential growth t0 depends on
the position, but τt is mostly space independent. If one considers especially
the right end of the system, i.e. Sz (L, t), the onset of the exponential growth
at t0 (L) =: τl defines the latency velocity vl = L/τl . Figure V.2.5 shows also
the frequency ϕ̇(r, t) for fixed positions r, depicting an exponential growth
with τt as well; hence this characteristic time scale serves as second perspective on the transient phase. Specifically for parameters as investigated here,
one obtains τl = 7.5(5) × 104 tJ , and consequently vl = 0.067(4) a/tJ for the
latency. The characteristic time to reach steady state can be estimated by
τt = 5.0(1) × 105 tJ . Remembering that tJ ≈ 50 fs, latency and time needed
to reach steady state is beyond 10 ns, a quite long time scale compared to the
typical picosecond time scale of exchange-dominated spin waves.
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Figure V.2.3: The same methodology as is fig. V.2.2, but for
field-theory eq. (V.2.4). Most data
points match the straight line, however, some are of. These data points
correspond to spins S l with rl ≤
50 a. In vicinity of the boundary
the term ∝ ∇ϕ · ∇Sz needs to be
taken into account for spatial profile Sz (r), neglected in eq. (V.2.4),
as described in the text. In bulk the
field-theory equation matches numerical data accurately.

In steady state, the dynamics of the in-plane angle ϕ restricts to a rotation
at constant frequency ϕ̇ = ω0 —independent of position r, see right panel
fig. V.2.4 for time t = 4 × 106 tJ . However, ϕ does show a spatial profile, as
calculated in section II.4.2, showing a quadratic dependence, see eq. (II.4.43)
on page 138:
2

ϕ(r, t) =

s

α µS ω0 (r − L)
+ ω0 t + ϕ0 ,
2 γJ
a2

(V.2.6)

where the constant offset ϕ0 is given by the driving boundary condition. According to eq. (V.1.4) sϕ(−a, t) = ω0 t modulus 2π must be fulfilled, but here
is just adjusted by a match to the numerical profile. In fig. V.2.6, left panel,
numerical data for this profile are depicted, nicely matching the theoretical
prediction. This spatial profile ϕ(r) describes the winding of an in-plane spin
spiral, which is not the ground state but a dynamic feature of spin superfluidity. It is, however, metastable since there is no direct path for this configuration
back to a uniform state except for unwinding the spiral. The spiral is characterized by its winding number Nw , just given by the phase difference between
the first and the last spin:
Nw =

1
[ϕ(L) − ϕ(0)] .
2π

(V.2.7)
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Figure V.2.4.: Temporal evolution of Sz (left panel) and ϕ̇ (right) is shown
by graphs of spatial profiles at fixed times t. Profiles develop in transient phase
until at around t ≈ 4 × 106 tJ steady state is reached. Excitation of the system
at the left (at r = 0) spreads through the system, such that detection of a
spin accumulation at the right end is only possible after latency time τl .

The steady state leads also to a static spatial profile of the spin accumulation
Sz , see right panel of fig. V.2.6. In section II.4.2 we derived an analytical
solution of the problem given here, i.e. eq. (V.2.3), using the assumption that
∆Sz is negligible. This assumption has been given without proof—but with
the promise to deliver it retroactively from the numerical data, which is done
here. To be specific: this assumption is justified in a certain distance from the
left boundary, where the system is excited—here for r & 50 a. As already seen
before, the boundary condition utilized here leads to quite large gradients ∇Sz
at that boundary, and it leads as well to quite large second derivatives, which
however fall off quickly with distance. To prove this, consider the equation that
determines the profile Sz , which is the equation for ϕ̇, eq. (V.2.3). The three
2
parts of the right-hand side of this equation (proportional to ∆Sz , |∇ϕ| , and
Sz ), computed from the numerical data, are depicted in fig. V.2.7. From this
graph it becomes obvious that in the bulk (r & 50 a) the contribution from
the term proportional to ∆Sz is negligible by several orders of magnitude in
comparison to the other two, although there are deviations near the excitation
source at r = 0. From the previous considerations—remember fig. V.2.2—it is
already known that the considered equation accurately describes the dynamics
of the atomistic simulations. Hence, the two facts that the eq. (V.2.3) describes
the system and that the Laplacian term in that very equation is unimportant
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Figure V.2.5.: The time evolution of Sz (left) and ϕ̇ (right) for several
positions r. Both quantities show roughly a limited exponential growth on
time scale τt after a certain onset t0 , where t0 is space dependent and τt
depends only weakly on the position and, hence, is assumed constant.
compared to the others, result in the conclusion that the analytical solution
s
Sz (r) describes the numerical findings of the atomistic model in bulk well.
After this prelude on validating the analytical solution, let us finally discuss the steady-state solution for Sz . Analytically it is given by eqs. (II.4.42)
and (II.4.44):
"

µS ω0
Sz (r) =
γJ

s

Sz (L) =

s



r−L
α
a

µS ω0 J
.
γJ 2dz

2

#−1
+ Sz (L)
s

−1

(V.2.8)
(V.2.9)

Numerical data in comparison to the analytical solution are shown in fig. V.2.6,
right panel. These data directly show the accordance of numerics and analytical theory in bulk and the deviation in the vicinity of r = 0 due to the
boundary condition. This does form a remarkable feature: in general, solutions
of a boundary value problem—which the steady state constitutes—depend
strongly on boundary conditions. Here, contrary, it just leads to a small deviation right at the boundary and in bulk dynamics is solely driven by the
interplay of ϕ̇ and Sz .
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Figure V.2.6.: Spatial profiles of angle ϕ (left inset) and spin accumulation
Sz (right) in steady state (at time t = 4 × 107 tJ ). The numerical data (blue
circles) match the theoretical curves (red lines) in bulk quite well, where bulk
is defined as r & 50 a. Analytical curves are steady-state solution sSz (r) and
s
ϕ(r, t), see eqs. (V.2.6) and (V.2.8), of field-theory eqs. (V.2.3) and (V.2.4),
where the offset ϕ0 + ω0 t for angle sϕ(r, t) is adjusted to the numerical data.
Excitation strength: linear- and non-linear driving regime
Further insight into the transport can be gained by a study of the dependence
on the excitation frequency ω0 . Although we have seen that our system so far
nicely follows the analytical theory, there must be deviations if Sz is large,
which can be achieved by driving at sufficiently high frequency, for instance.
The analytical expression for the spin accumulation at the end of the system,
eq. (V.2.9), is proportional to the driving frequency: sSz (L) ∝ ω0 , i.e. the response of the system is linear in ω0 . We vary the frequency ω0 tJ within range
−10−4 to −10−2 , keep the other parameters as before, and consider the numerical result for Sz (L). These data reproduce the theoretical values exactly, see
fig. V.2.8; but this holds true only up to a critical frequency ωcrit , where this
behavior breaks down and no further increase of the spin accumulation Sz (L)
is achieved—a regime not covered by the analytical theory. For the system
here, this critical frequency takes numerical value ωcrit ≈ −5.15 × 10−4 1/tJ .4
Note: both regimes, which one might call linear regime for ω0 < ωcrit and
non-linear regime else, are strictly separated by ωcrit ; there is no overlap and
no continuous transition in between; at least not within the accuracy of the
4 Estimating

the error is not so easy, however, this is the lower limit; the upper limit is
given by the next data point in the non-linear regime (at ω0 = −5.5 × 10−4 1/tJ ); a guess
from the numerical data leads to ωcrit = −5.20(5) × 10−4 1/tJ .
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Figure V.2.7: Contributions to ϕ̇
in eq. (V.2.3), i.e. the three terms
of the right-hand side of this equation, in steady state (at time t =
4 × 107 tJ ), calculated from numerical data. The term ∝ ∆Sz is by
several orders of magnitude negligible compared to the other two
in bulk (for r & 50 a). This implies the validity of the analytical
steady-state solution sSz in bulk.
Figure V.2.8: Spin accumulation
at the end of the system Sz (L)
for different driving frequencies ω0 .
Up to the critical frequency ωcrit ,
Sz (L) scales linearly with ω0 —
called linear regime, where numerical data perfectly follow the analytical prediction eq. (V.2.9). For
higher frequencies this linearity is
broken, and Sz (L) cannot take
higher values and decreases with
frequency (in absolute values).

numerical data available. The critical frequency also sets a limit on the spin
accumulation Sz (L) that takes maximal value for ω0 = ωcrit . In addition, we
study the dissipated power, Pdiss from eq. (V.1.12), for this data set. The
linear regime features a strict steady state in which the dissipated power becomes time independent Pdiss (t) = const. Furthermore, the numerical data
show a strict quadratic dependency Pdiss ∝ ω02 below ωcrit in steady state, see
fig. V.2.11. This has also been reported before for a different system.[186]
[186] H.

Ochoa, R. Zarzuela, and Y. Tserkovnyak. „Spin hydrodynamics in amorphous
magnets“. Phys. Rev. B 98, p. 054424 (2018)
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Figure V.2.9: A steady-state spatial profiles Sz (r) at time point t =
3.6 × 107 tJ for two different excitation frequencies ω0 tJ = −5 × 10−4
and ω0 tJ = −5.5 × 10−4 . Former is
below ωcrit , latter above, where excitation of spin waves forbids further growth of the spin superfluid.
These spin waves show chaotic behavior, but they decay also quickly.

Figure V.2.10: Time dependence
of winding number Nw and dissipated power Pdiss/Nx in steady state
for ω0 = −6.5 × 10−4 1/tJ , well in
the non-linear regime. Regularly,
the in-plane spiral relaxes by breaking up and reducing the winding
number by one—called phase slip.
At each such event the dissipated
power Pdiss spikes.

The non-linear regime: phase slips and spin-wave excitation
For the exploration of the non-linear regime, we consider several key properties, where the spin accumulation at the right end, Sz (L), has already been
discussed. Furthermore, the total spatial profile Sz (r) exhibits noticeable oscillations, see fig. V.2.9, where the excitation of spin waves at the left boundary
can be observed. But these decay quite quickly—on the time scale of the
magnon lifetime. Within this short time scale, these spin waves do not travel
through the entire system, such that these spin wave are not detected at the
right boundary, at least not for parameters as chosen here. This may vary for
shorter systems or lower damping.
To identify the cause of these spin waves, we calculate the winding number
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Nw of the in-plane spiral, see eq. (V.2.7). For ω0 < ωcrit this property is
time independent in steady state, which changes for higher frequencies, see
fig. V.2.10 that shows the time evolution of Nw for ω0 = −6.5 × 10−4 1/tJ .
At a regular rate, the winding number reduces by one in an abrupt event—
a phenomenon called phase slip[25,123,187] , introduced in section II.4.3. The
mechanism behind is that winding the spiral costs energy—like tightening a
spring—and at a certain point, it is energetically favorable to relax the winding. There are different paths the spins may take: either by just breaking the
spiral at one position, or by rotating one winding completely out of plane such
that it can unwind. We investigated this for the case ω0 = −5.5 × 10−4 1/tJ ,
where the latter is the case. However, we did not investigate whether this is
the dominant mechanism for all frequencies. In either way, the numerical data
show that in the very moment of a phase slip the spin waves are excited. Together, the phase slips and the excitation of spin waves resemble very much
the phenomenology of Landau’s criterion for conventional superfluids.[25] In
section II.4.3 we described this ignoring the finite slope of Sz (r) and obtained
eq. (II.4.47) as Landau criterion. We utilize this to analytically estimate the
critical frequency, which is until now just a numerical finding. We have proven
that up to ωcrit the numerical profile for ϕ(r) follows perfectly eq. (V.2.6).
From this follows
∇sϕ = α

µS ω0 r − L
γJ
a2

⇒

max |∇sϕ| = |∇sϕ(0)| = α

r∈[0,L]

µS ω0 L
,
γJ a2

which we insert into the Landau criterion, given by eq. (II.4.47) on page 142,
and obtain:
r
r
2dz
γJ a
2dz
µS ω0 L
−
=: sωcrit .
(V.2.10)
α
< − 2 ⇔ |ω0 | <
γJ a2
Ja
αµS L
J
For current parameters, this implies sωcrit = 4 × 10−4 1/tJ , quite similar to the
numerical value 5.15 × 10−4 1/tJ . The deviation might be due to the fact that
[25] E.

B. Sonin. „Spin currents and spin superfluidity“. Advances in Physics 59, pp. 181–
255 (2010)
[123] E. B. Sonin. „Spin superfluidity and spin waves in YIG films“. Phys. Rev. B 95,
p. 144432 (2017)
[187] S. K. Kim, S. Takei, and Y. Tserkovnyak. „Thermally activated phase slips in superfluid spin transport in magnetic wires“. Phys. Rev. B 93, p. 020402 (2016)
[25] E. B. Sonin. „Spin currents and spin superfluidity“. Advances in Physics 59, pp. 181–
255 (2010)
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∇Sz is ignored in the analytical formulation of the Landau criterion. However,
this further supports that the physics behind ωcrit is indeed a Landau criterion
for spin superfluids.
In contrast to their conventional counterparts, a spin superfluid always dissipates energy and the occurrence of phase slips provides an additional channel
for this. Therefore, we investigate these phase slips a bit further. Obviously,
phase slips are more likely if the system is driven stronger; to quantify this,
the phase-slip rate Γps , i.e. the number of phase slips per time, is calculated for
each driving frequency ω0 , see fig. V.2.11. The numerical data show that Γps
grows roughly linear with ω0 , at least right above ωcrit . For higher frequencies,
the growth is less than linear.
We furthermore calculate the dissipated power, depicted in fig. V.2.10, which
is not stationary above ωcrit . It rather spikes at each phase slip, indicating the
relaxation of the spiral. In order to compare the different driving frequencies,
we consider a time-averaged dissipated power, calculate from the numerical
data by an arithmetic mean of a sufficiently long time interval Ωt and we
normalize it per spin:
Nt
1
1 1 X
hPdiss it =
Pdiss (tj ).
Nx
Nx Nt j=1

(V.2.11)

The result is depicted in fig. V.2.11. Above ωcrit , hPdiss it increases with ω0 ,
but not quadratically anymore as for ω0 < ωcrit . It first scales roughly linear
and for higher values the dependence flattens notably.
Frequency dependence of the transient phase
The dependence of the spin-superfluid transport on ω0 has been studied so far
in steady state, but how influences the driving frequency the transient phase?
From perspective of the latency, there is basically no influence in the investigated frequency range, for −ω0 tJ ∈ [10−4 , 10−3 ]; in the case investigated
above, latency velocity takes value vl ≈ 0.067 a/tJ , also valid for the entire
aforementioned frequency range, especially valid in both regimes. The other
characteristic of the transient phase—the time scale τt —, however, shows a
difference for both regimes. Table V.2.2 contains the corresponding values for
different frequencies. Within the linear regime, τt does not vary, at least not
within numerical accuracy. The temporal evolution changes in the non-linear
regime in the following manner. First, the exponentially limited growth of the
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Figure V.2.11:
The
timeaveraged dissipated power per spin
hPdiss it/Nx (blue) and phase-slip
rate Γps (red) depending on ω0 .
In linear regime (ω0 < ωcrit ),
hPdiss it ∝ ω02 holds true. Above
ωcrit hPdiss it increases further:
first linearly, then with flattened
ω0 -dependence. No phase slips
occur below ωcrit and Γps = 0
results, above the dependence is
roughly linear.

numerical data is not as nicely as in the linear regime anymore, yet it is still
possible to attribute time intervals where exponential behavior is observed,
which are used to calculate τt . There is one special case, ω0 = −6 × 10−4 1/tJ ,
right above the transition to the non-linear regime, where in fact two exponentials can be found, first at a longer time scale, then with a lower value.
Both values are provided in table V.2.2. For even higher frequencies, again a
τt is found nearly independent on ω0 , which is lower than the one found in
the linear regime, i.e. in the non-linear regime steady state is reached faster.
Hence, the two time scales found for the case close to ωcrit is interpreted as the
transition from the larger τt in linear regime to the smaller one corresponding
to the non-linear regime.
−ω0 · tJ
1 × 10−4
2 × 10−4
5 × 10−4
6 × 10−4
8 × 10−4
1 × 10−3

τt /tJ
5.07(2) × 105
5.06(3) × 105
5.18(5) × 105
3.1(2) × 105 / 1.1(1) × 105
1.04(13) × 105
1.20(2) × 105

Table V.2.2: Transient timescale τt for different driving frequencies ω0 , above and below
ωcrit = 5 × 10−4 1/tJ . Below it
is mostly constant, same is true
sufficiently above, but it levels
at lower value than in the linear
regime. Close to ωcrit at ω0 · tJ =
6 × 10−4 two values are found as
described in the text.
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Dependence on Gilbert damping and system size
The next step is to consider the influence of Gilbert damping α and the system
size L, both handled on equal footing since these parameters show a similar
impact on the transport. This can be put into the statement that if in steady
state the damping α doubles, and the system size L halves, basically the same
behavior occurs, and vice versa. Reason for this is, on the one hand, that in
the linear regime Sz (L) does not depend on α, nor on L; and, on the other
hand, one can rewrite the spatial profile from eq. (V.2.8) normalized to the
length of the system:
"

µS ω0
Sz (r) =
γJ

s



 2
αL  r
−1
+ sSz (L)−1
a L

#−1
,

(V.2.12)

which (with coordinate r normalized to L) depends only on the product αL.
Validity of the analytical expression is restricted to the linear regime, hence,
the dependence of the critical frequency ωcrit may not show same behavior, and
unfortunately, there are not yet enough numerical data available to allow for
a clear statement on scaling of ωcrit . From data available it can only be stated
that lowering damping as well as a shorter system sizes increases the critical
frequency. However, the critical frequency may be estimated by the Landau
criterion eq. (V.2.10), which exactly states a dependence like ωcrit ∝ 1/αL.
The dependence on α and L of the transient phase can be studied solely
numerically as well. First we compute the transient time τl for varying α and
L, results written down in table V.2.3. τl increases with increasing α as well as
with increasing L, where the dependence of the former is very roughly linear,
in case of the latter roughly quadratically. Secondly, the latency velocity vl
shows a dependence on damping as well. Higher values for the damping seem
to reduce vl , however, there also seems to be a lower limit on vl , as can be seen
from the data in fig. V.2.12. For α = 0.001, 0.005, 0.01 the latency time takes
roughly same value τl ≈ 3.5(3) × 104 tJ , approximately half of the value for
α = 0.05, or equivalently the latency velocity is twice as large. A dependence
on L is also observed: for larger systems the latency velocity decreases. The
calculated values are summarized in table V.2.3.
There is an important limit for experimental realizations: the limit of small
Gilbert damping. Previously, with α = 0.05, a quite high value is investigated,
but there are materials with much lower values. For example the heavily in-
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Table V.2.3.: Transient time scale τt and latency velocity vl for different
Gilbert damping parameters α and different system sizes L = (Nx − 1)a.
Nx =5000
Nx =5000 Nx =7500 Nx =10 000
α=0.005 α=0.01
α=0.05
α=0.05
τt /(105 tJ )
0.371(2) 0.960(2)
5.06(3)
11.4(1)
20.1(4)
a
vl / tJ
0.14(1)
0.14(1)
0.067(4)
0.033(3)
0.017(2)
Figure V.2.12: The temporal
evolution of the spin accumulation at the end of the system Sz (L) for different Gilbert
damping parameters in the
transient regime. Except for
α = 0.05, the latency time τl
takes roughly same value (for
α = 0.05 this quantify takes
value τl = 7.5 × 104 tJ ).

vestigated material yttrium iron garnet exhibits 10−4 or even lower.[163] Often
it is desired to use such low-damping materials in order to reduce dissipation,
which is why we would like to focus a bit on this specific limit. We investigate
α = 10−4 , more than ten times smaller as before. From eq. (V.2.8) it can be
seen that the curvature of the steady-state profile of the spin accumulation depends quadratically on α. Hence, the profile becomes flat with lower damping,
basically showing no space dependence at all for a broad range of excitation
frequencies.
But it turns out that this is true only in steady state; considering the transient
phase, temporal evolution shows quite some difference with respect to the case
of higher damping previously examined. Figure V.2.13, left panel, shows sev[163] C.

Dubs et al. „Sub-micrometer yttrium iron garnet LPE films with low ferromagnetic
resonance losses“. Journal of Physics D: Applied Physics 50, p. 204005 (2017)
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eral spatial profiles at different time points in the transient phase, and for
comparison the steady state profile. The profiles do not show the monotonic
curve progression in bulk as before, instead there are oscillations on top of
a background, which can be identified as spin waves, and the background is
step-like, where the step expands towards the right end with ongoing time.
The excitation of a spin accumulation in this early stage manifests as a front
moving through the system until the right end is reached, there it is partially
reflected and traveling back, which goes on and on until eventually a homogeneous steady-state profile evolves. For this kind of behavior, the latency
velocity is given by the speed of this step, which is here vl = 0.14(1) a/tJ , comparable to the values before. Because of this wave-front like spread, temporal
evolution of Sz and ϕ̇ for a fixed position does not show a limited exponential
growth anymore; instead it jumps from value to value each time a boundary
is reached by the expanding front; and these values lie below or above steadystate value, where the distance to steady state decreases roughly exponentially
with time. This can be seen in the right panel of fig. V.2.13, where this is shown
for the spin accumulation; maximal values of these curves can be fitted to an
exponential, defining the transient time scale τt = 1.02(4) × 106 tJ . This value
is remarkably higher than before for the other systems of same length, such
that the time needed to reach steady state for very low damping is longer
again.
The qualitative change of dynamics in transient phase can hand-wavingly
and—at the same time—mathematically be understood from the equations
of motion eqs. (V.2.3) and (V.2.4) if considered simplified: We consider the
1D case ϕ = ϕ(x, t), neglect ∆Sz , and also the term 2dz Sz . If inserting S˙z ,
eq. (V.2.3) thus reads

 2
µS 1 + α2 ∂ϕ
∂ϕ
∂2ϕ
2
− Ja Sz
= αJa2 2 ,
γ
∂t
∂x
∂x
which—ignoring space dependency and dynamics of Sz —can be rewritten as
viscous Bateman-Burger’s equation[188,189] for the velocity u := −∂x ϕ, done
[188] H.

Bateman. „Some Recent Researches on the Motion of Fluids“. Monthly Weather
Review 43, pp. 163–170 (1915)
[189] J. M. Burgers. „Mathematical Examples Illustrating Relations Occurring in the Theory of Turbulent Fluid Motion“. In: Selected Papers of J. M. Burgers, Springer Netherlands (1995)
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Figure V.2.13.: Transient phase for a system with very low damping (α =
10−4 ). Left panel: spatial profiles of the spin accumulation Sz for three points
in transient phase, and the steady-state profile at time t = 107 tJ . These
profiles show a front, or step in Sz , which moves through the system; at first
from left to right, where it is reflected, traveling back, is reflected, and so on,
until it eventually levels at the steady-state profile. Right panel: time evolution
of Sz for fixed positions r normalized to steady-state value sSz , where the
envelope of the numerical data shows exponential decay.
by differentiating the equation above with respect to x:
=−∂ u

µS 1 + α
γ

2



=−u
=−u
=−u
z }|x {
z }| { 
z}|{
z}|{

2
2
∂ ∂ϕ
∂ϕ
∂ ϕ
∂ ∂ϕ
−2Ja2 Sz
·
= αJa2 2
∂t ∂x
∂x
∂x2
∂x ∂x

µS 1 + α2 ∂u
∂u
∂2u
⇔
+ 2Ja2 Sz u
= αJa2 2 .
γ
∂t
∂x
∂x

This is a well-known non-linear equation used to model different kinds of
non-linear wave dynamics, e.g. traffic flow, sound and fluids. Especially it
constitutes a hyperbolic partial differential equation in the limit of vanishing viscosity, i.e. α → 0, exactly the case under consideration. In this limit
the Burger’s equations features shock solutions, i.e. solutions that are noncontinuous, which smooth with increasing viscosity. Hence, transient dynamics
for the spin superfluid here can be regarded as such a shock solution, slightly
smoothed by small, but finite Gilbert damping.
However, the system does reach a steady state with a nice and smooth profile,
which exhibits basically no gradient nor curvature, as expected. The lower
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damping shifts the critical frequency to considerably higher values, here at
very roughly ωcrit ≈ −0.025 1/tJ , such that at the same time higher spin
accumulations can be achieved. If we compare this to the analytical value
s
ωcrit = 0.2 1/tJ , resulting from eq. (V.2.10), the numerical value is an order of magnitude smaller; the analytical estimate seems to be inaccurate in
this regime.5 Furthermore, there is the dynamics of the spin waves above the
critical frequency, which is more complex here. The lower Gilbert damping
implies also that spin waves are hardly damped, and hence the overall spinwave amplitudes are higher and interference of reflected spin waves does occur,
resulting in an entire spin-wave dynamics featuring deterministic chaos.
To end this section, we have studied spin superfluidity in a one-dimensional,
ferromagnetic spin chain. Important properties as the phase gradient ∇ϕ, the
spin accumulation Sz , the phase slips and the dissipation have been calculated.
In the following investigation of antiferromagnets, we refer to these results as
we compare both types of magnets.

V.3. One-dimensional easy-plane
antiferromagnets—a comparison to
ferromagnets
ext step is to study an antiferromagnet, also including an easy-plane
anisotropy featuring a ground state that is rotational invariant and
therefore suitable for spin-superfluid transport. Antiparallel alignment of the spins in this material class comes along with a major difference
compared to a ferromagnet: dipolar interaction, which hampers this transport in ferromagnets, is for these magnets negligible as it cancels over both
antiparallel spin sublattices. Therefore, this class of magnetic materials is a
much better candidate for spin-superfluid transport.[26]
5 Note

that ωcrit tJ = 0.2 is indeed impossible, as it would imply Sz > 1 for the linear
regime.
[26] H. Skarsvåg, C. Holmqvist, and A. Brataas. „Spin Superfluidity and Long-Range
Transport in Thin-Film Ferromagnets“. Phys. Rev. Lett. 115, p. 237201 (2015)
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The system we study differs from
the previously considered ferromagnet in one parameter: the sign
of the Heisenberg exchange constant is different, i.e. J < 0, all
other parameters stay the same.
Hence, the ground state is an
easy-plane, collinear antiferromag- Figure V.3.1.: A spin chain in Néel
netic state, where the spins orient state, including the boundary spin on
in the x-y plane, but in contrast to the left side S left . Sublattice-A spins
the ferromagnet are staggered, see are red, the ones of B blue.
fig. V.3.1. Orientation of this ground
state can be described by the Néel vector, the difference of the sublattice magnetizations. The Néel vector and, hence, the ground state exhibits the same
in-plane rotational invariance as the magnetization of the ferromagnet in section V.2, an important precondition for spin superfluidity. Furthermore, in order to fully describe an antiferromagnet, it is necessary to distinguish the two
sublattices A and B. Consequently, also the transition from the atomistic picture to the continuum description is done within the sublattices: AS l 7→ AS(r l )
and BS l 7→ BS(r l ). In this way the derivatives—gradient and Laplacian—are
also defined on the sublattices, as introduced in section III.3.2; as in ground
state and for low-energy excitations spatial variations in AS l and BS l are sufficiently small for the validity of the continuum approximation.
In this part we will first discuss whether the field-theory equations for the ferromagnet can—within limitations—also describe the antiferromagnet. Afterwards, the steady state is investigated, and following that the transient phase.
Then we test the dependence on several parameters, which is compared to the
results for the ferromagnetic case.

Parameters for the first investigation are chosen as for the extensively studied
ferromagnetic case, except for J, namely
dz = −0.01 |J|,

α0 = 0.05,

Nx = 5000,

ω0 = −2 × 10−4 1/tJ ,

(V.3.1)

such that a direct comparison is possible. The initial condition is the Néel
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Figure V.3.2.: Spatial profiles of the spin accumulation Sz (r), resolved for
sublattices A and B, for different time points; depicted are both, transient
phase (left panel) and steady state (right). In bulk both sublattices coincide
but due to the boundary condition differ at boundaries as described in the
text.
state along x direction:
(
+ex l mod 2 = 0 (subl. A)
l
, l = 0, ..., Nx − 1,
S (t=0) =
−ex l mod 2 = 1 (subl. B)

(V.3.2)

and for excitation again a time-dependent boundary condition is utilized, see
eq. (V.1.4):
S

left

(t) = cos(ω0 t + π), sin(ω0 t + π), 0

T

,

(V.3.3)

where the phase shift of π results from the fact that the boundary spin belongs
to sublattice B.
A first glance at the nature of antiferromagnetic spin superfluidity is given
in fig. V.3.2, where for different points in time the spatial profile of the spin
accumulation—resolved for both sublattices ASz and BSz —is plotted. These
data show a need for a separated consideration of both boundaries from the
bulk; in contrast to the ferromagnet, where only the left boundary differs.
Here bulk can be defined as the region 100 a . r . (L − 100) a. Most notably
the bulk characteristics features the same spin accumulation Sz for both sublattices, including the same sign. Hence, there is a net spin accumulation that
is easier to access by experiments than a staggered spin accumulation would
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be. Moreover, curvature of Sz (r) in bulk is finite, i.e. larger than zero, but
very small compared to the ferromagnet. This matches the principle behavior
reported for antiferromagnets before[140] . A major difference to the ferromagnet is that the spin accumulation is two orders of magnitude smaller, which
leads us to the following overarching interpretation of the dynamics in the
antiferromagnet. The system is determined by a contrapuntal interplay of the
dynamics of the spin superfluid and antiferromagnetic exchange: the spinsuperfluid dynamics favors a phase gradient ∇ϕ, a precession ϕ̇ = ω0 and also
an out-of-plane component Sz ∝ ω0 in the same manner as for the ferromagnet, especially favoring same sign of Sz for all spins. But the antiferromagnetic
exchange energetically antagonizes same orientation of Sz for both sublattices
and, consequently, a uniform spin accumulation over the sublattices results as
for ferromagnets, but tremendously lowered by the exchange. The particular
role of exchange raises the question for the impact of the dimensionality; in
two- and three-dimensional systems the number of neighbors increases, and
therefore the exchange. This will be studied later on in section V.4, where
it turns out that the results qualitatively agree with the one-dimensional systems.6 Note that the aforementioned contrapuntal interplay is not proven, but
rather assumed and utilized for interpretation of the findings, as it consistently
describes the data in bulk and also at the boundaries.
The most obvious difference in fig. V.3.2, however, occurs at the boundaries;
at both ends the sublattice-resolved spin accumulation differs, and takes quite
large values compared to the bulk. At the left the profile BSz vanishes right at
the boundary, due to the driving boundary condition eq. (V.3.3) that includes
a vanishing z component (the boundary spin belongs to sublattice B). The
other, ASz , increases to roughly twice the bulk value, which is—in the spirit
of the aforementioned interpretation—a result of the reduced exchange interaction with sublattice B. As BSz takes smaller value, ASz is less restricted by
antiferromagnetic exchange. At the other boundary—on the right—, a similar
trend is observed: the two profiles diverge, one increasing above, the other
decreasing below bulk level. There must be a deviation from bulk profile, as
the open boundary condition at this side manifests for the last spin S Nx −1
as missing neighbor on the right, such that this spin has only one neighbor
[140] S.

Takei, B. I. Halperin, A. Yacoby, and Y. Tserkovnyak. „Superfluid spin transport
through antiferromagnetic insulators“. Phys. Rev. B 90, p. 094408 (2014)
6 One-dimensional systems require less computational effort, such that much more data are
available for these.
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instead of two. If the antiferromagnetic exchange causes the lowered spin accumulation Sz with respect to a ferromagnet as sketched above, then halving
the exchange increases Sz . This suggests that this effect is weaker in threedimensional systems as there only one out of six neighbors is missing instead
of one out of two, as discussed in section V.4.
With this deviation at the right boundary a technical difficulty arises: the spin
accumulation at the end of the system Sz (L) is hard to use as a measure for
the response of the system as it depends on the exact boundary condition,
which we try to avoid here. Therefore, we instead take the spin accumulation
at the end of the bulk as a measure. To be more precise, we define
X
1
Szend = hSz (r)ir =
Szl ,
(V.3.4)
N[r1 ,r2 ] l
r ∈[r1 ,r2 ]

the spatially averaged spin accumulation, with average over the region from
r1 = L − 100 a to r2 = L − 70 a, as spin accumulation at the end of bulk. As
curvature and gradient of Sz are small, the average causes only a very weak
smearing of the data, barely noticeable.
Besides the spin accumulation, also the in-plane angle ϕ needs to be considered. First of all, the frequency ϕ̇ shows same behavior as in the ferromagnet,
for same reasons: it evolves in the transient phase to its final value ϕ̇ = ω0 ,
independent of position. Of course, the spatial profile depends on the sublattice, as there is a phase difference of approximately π between two neighboring
spins—a manifestation of antiferromagnetic order in the plane. Besides this,
A
ϕ and Bϕ show both exactly the same space dependence as ϕ for a ferromagnetic system, as depicted in fig. V.3.3. We confirmed this further by testing
whether the numerical data of each sublattice of the antiferromagnet fulfill
eq. (V.2.4) for different points in time t and space r—an equation derived for
ferromagnets. The result is that eq. (V.2.4) is indeed valid for antiferromagnets, and therefore Aϕ and Bϕ follow the analytical expression eq. (V.2.6).
We continue by considering the transient phase in comparison to the ferromagnetic system, with result—briefly reported—that the values for this parameter set are basically the same. Sz and ϕ for a fixed position show a limited
exponential growth on the time scale τt , taking the same value as for the
corresponding ferromagnet: τt = 5.06(2) × 105 tJ . The same truth is spoken
about the latency velocity: vl = 0.067(4) a/tJ . Hence, from this first investigation we draw the conclusion that the spin superfluid in this antiferromagnet
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Figure V.3.3: Spatial profiles
of the in-plane angle A,Bϕ, resolved for both sublattices A
and B, at time t = 4 × 10−7 tJ .
Both differ by a phase difference of π because of antiferromagnetic order and both follow
analytical curve eq. (V.2.6)—
exhibiting the same dependence as a ferromagnet.

matches exactly the behavior of the corresponding ferromagnet, except for the
shape and magnitude of the spin accumulation, which is lowered and differs
at the boundaries due to an antagonizing exchange interaction, not present in
a ferromagnet.
Next step is to investigate the dependency on the driving frequency, in order
to answer the main question whether there are the same two different transport regimes as for the ferromagnet, the linear and the non-linear regime. In
particular, this also raises the question if for low frequencies the response does
linearly scale with the excitation, i.e. whether Szend ∝ ω0 . To address this,
Szend is calculated for different frequencies ω0 and the results are presented in
fig. V.3.4. The answers to the questions above are yes and yes: the antiferromagnet shows perfect linear scaling up to a critical frequency ωcrit , above
the response decreases. The critical frequency marks a sharp transition from
one regime to the other and it takes value ωcrit = −5.75(2) × 10−4 1/tJ , a bit
higher compared to the ferromagnet, but quite similar. The reason is probably
that the energy barrier for a phase slip is a bit higher for antiferromagnets,
since the unwinding process requires that one sublattice rotates to positive z
direction and the other to negative. This breaks the degeneracy of Sz of both
sublattices and costs additional energy.
Furthermore, the time-averaged dissipated power hPdiss it is calculate according to eq. (V.2.11) and depicted in fig. V.3.5. In the linear regime Pdiss is
time independent and scales quadratically, Pdiss ∝ ω02 . More precisely, it takes
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Figure V.3.4: The frequency
dependence of the spin accumulation at the end of the
bulk Szend ; blue symbols depict
the numerical data. These show
a similar dependence as the
corresponding property of the
ferromagnet. It scales linearly
with ω0 (marked by red, dashed
line) up to a critical frequency
ωcrit , above Szend decreases with
increasing ω0 .

exactly the same values as the corresponding ferromagnet. In the non-linear
regime also the same phenomenology as for a ferromagnet is observed: phase
slips occur at a regular rate Γps , see fig. V.3.5. Within numerical accuracy,
Γps takes very similar values compared to the ferromagnetic case; there is a
deviation in the vicinity of ωcrit , which we attribute to the uncertainty of the
data7 and for higher frequencies the antiferromagnetic rate is a few percent
lower. At each phase-slip event spin waves are excited, which then decay. For
this consider fig. V.3.6: the data for ω0 > ωcrit exhibit a strong deviation near
the left boundary; a peak can be seen, which is not static, it rather oscillates in
time. Hence, the spin waves seem to have much lower wave lengths compared
to the ferromagnet. Also the dissipated power hPdiss it differs quantitatively in
the non-linear regime; right above ωcrit it takes similar values, but the increase
with increasing ω0 is faster and considerably higher dissipation results at high
driving frequencies. The fact that the behavior in the non-linear regime deviates from the ferromagnetic case is unsurprising, since it is very well known
that spin-wave dynamics differs for ferro- and antiferromagnets[190,191] , even
though the spin-superfluid dynamics is similar.
7 For

these frequencies, phase slips are quite seldom and the value for Γps is consequently
inaccurate.
[190] J. Cramer et al. „Spin transport across antiferromagnets induced by the spin Seebeck
effect“. Journal of Physics D: Applied Physics 51, p. 144004 (2018)
[191] U. Ritzmann. „Modeling spincaloric transport: Magnon accumulation and propagation“. (2015)
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Figure V.3.5: The time-averaged dissipated power hPdiss it
and the phase-slip rate Γps dependent on driving frequency
ω0 for an antiferromagnet
(AFM): as for the ferromagnet
Pdiss ∝ ω02 and Γps = 0 for
ω0 < ωcrit . Above ωcrit both
quantities grow roughly linear.
For comparison the data of
the ferromagnet (FM) from
fig. V.2.11 are also shown.

For a crosscheck of the similarity of spin superfluidity in ferro- and antiferromagnets a second parameter set is investigated, with different in-plane
anisotropy, Gilbert damping and system length:
dz = −0.035 |J|,

α = 10−3 ,

Nx = 7500.

With these the critical frequency for the ferromagnet takes value ωcrit tJ =
−0.0195(5), as compared to ωcrit tJ = −0.036(1) for the antiferromagnet again
taking higher value. Furthermore, we find τt = 2.3(1) tJ for the ferromagnet, and τt = 3.2(1) tJ for the antiferromagnet, both at ω0 tJ = −0.01. The
differences between both types of magnets are higher than in the previous investigation, but still are of same order of magnitude. Moreover, also the limit
of very small damping with α = 10−4 has been studied, and the general results
are comparable to the ferromagnet.
Let us summarize the findings on the antiferromagnet: the easy-plane antiferromagnet mimics very much the corresponding ferromagnet with the exception
of the spin accumulation, which is strongly reduced by exchange. Note that
an external spin accumulation has also been tested in the same way as for
the ferromagnet, but the data are not shown. Noteworthily, it again leads to
the same response of the system as the time-dependent boundary. Hence, a
time-dependent boundary is ensured to realistically model the excitation also
for antiferromagnets. However, some aspects—for instance the reduction of a
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Figure V.3.6: Spatial profiles in steady state (time
t = 3.36 × 107 tJ ) at ω0 =
−5.8 1/tJ , right above ωcrit
(blue solid, red dashed line). At
left boundary there is an additional excitation, interpreted as
excited spin wave as described
in the text. For comparison:
gray dotted line shows data for
frequency ω0 = −5.75 1/tJ —in
the linear regime.

finite cross section to a 1D setup—require verification, which follows in the
next section.

V.4. Absorbing boundary and finite cross
section
erification that the findings from above, sections V.2 and V.3, are
valid also for less simplified systems is the matter of this section.
There are several issues that allow to question the validity: firstly,
there are the boundary conditions we used. Particularly, we assume an open
boundary condition at the right-hand side for the numerics, corresponding to
the Neumann boundary condition used as assumption for the analytical theory, eqs. (V.2.6) and (V.2.8). In both cases the magnet lacks any outflow at
this boundary, but a mechanism for the outflow of spin currents is present for
instance in experimental realizations, where a voltage via inverse spin-Hall effect is induced in an attached metal, detracting energy from the spin superfluid
as depicted in the beginning of this chapter in fig. V.1.1. This could potentially
alter the behavior of the spin superfluid, which calls for a cross check to which
extend this is the case. Secondly, sections V.2 and V.3 cover one-dimensional
systems. A ferromagnet in this 1D geometry is strictly equivalently to a cor-
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responding bulk three-dimensional system with translational symmetry in yand z direction. Consider a spin S l at position r l , then the neighboring spins
in direction y and z are exactly parallel to S l , such that the torques in the
LLG ∝ S l × S lm and ∝ S l × S l × S lm vanish. The one-dimensional model
is therefore expected to produce good estimates on the physics of extended
systems. This is not true in an antiferromagnet; there is no exact relation of
the one-dimensional- to a three-dimensional system, because of the fact that
Sz takes same values for both sublattices. Therefore antiferromagnets with
finite cross section are the second subject in this section.

V.4.1. One-dimensional magnets with an absorbing
boundary condition
The setup is similar as in section V.2, but we use a space dependent damping
of form[192]
1
α(r) = α0 + (1 − α0 ) [tanh ((r−Lα )/∆α ) + 1] ,
2

(V.4.1)

usually called an absorbing boundary condition. It forms a profile that is
essentially α0 , but for r close to or larger Lα near the right end it is growing
up to the value α = 1/2. Specifically, we choose Lα = 4960 a and ∆α = 12 a;
a damping enhancement for roughly the last 60 spins only. This quite high
damping at the right end leads to an enhanced dissipated in this area, which
models an outflow mechanism for spin currents.
The study is performed with two parameter sets: one for a high damping
α0 , and one with low damping. Furthermore, we consider ferro- and antiferromagnetic systems, leading altogether to four scenarios: ferromagnet with
high/low damping, and antiferromagnet with high/low damping. Parameters
take values as follows:
• high-damping case: dz = −0.01 |J|, α0 = 0.05,
−2 × 10−4 1/tJ ,
• low-damping case: dz = −0.01 |J|, α0 = 10−4 ,
−10−3 1/tJ .
[192] G.

Nx = 5000,

ω0 =

Nx = 5000,

ω0 =

Venkat, H. Fangohr, and A. Prabhakar. „Absorbing boundary layers for spin wave
micromagnetics“. Journal of Magnetism and Magnetic Materials 450, pp. 34–39 (2018)
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Figure V.4.1.: Comparing spin superfluids in steady state in systems with
enhanced Gilbert damping α at the right end to uniform α. Upper panels,
a) and b): spin accumulation Sz of ferromagnets; high damping case in a)
with α0 = 0.05 and ω0 = −2 × 10−4 1/tJ , and in b) the low damping case,
α0 = 10−4 and ω0 = −10−3 1/tJ . With enhanced damping at the right end
(dashed line) the profile slightly deviates with an increases curvature, and an—
overall small—but noticeable qualitative deviation around Lα . Lower panels,
c) and d): for antiferromagnets the spin accumulation of sublattice A ASz
is depicted (sublattice B behaves accordingly). Panel c) shows high-damping
case α0 = 0.05 and ω0 = −2 × 10−4 1/tJ , d) low damping α0 = 10−4 and ω0 =
−10−3 1/tJ . Practically no deviation between uniform damping and absorbing
boundary is observed for both parameter sets.

The space-dependent damping eq. (V.4.1) is used, and the results are directly
compared to systems with uniform damping, i.e. without absorbing boundaries. The resulting spin accumulation in steady state is depicted in fig. V.4.1.
The difference between a uniform damping and the absorbing boundary is
overall quite small: the curvature of Sz (r) is a bit enhanced, since the overall
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damping of the entire system is higher. A qualitative difference is observable
in vicinity of the absorbing boundary for the ferromagnets, but with limited
impact on the rest of the system. This is somehow similar to the effect of the
driving boundary condition at the left end: it gives rise to a deviation from the
bulk profile at the boundary only, but does not affect it entirely; bulk behavior is determined by the spin superfluid dynamics, not the specific boundary
conditions. However, it is important to note that the total damping of the
entire system is enhanced, such that in concordance to previous findings the
critical frequency is lowered.

V.4.2. Finite cross section for antiferromagnets
To explain the aforementioned lack of direct correspondence between one- and
three-dimensional antiferromagnets, consider again the torques: these vanish if
neighboring spins are parallel or antiparallel, whereas for antiferromagnets the
latter is of importance. In a spin superfluid, neighbors of a spin S l in y- and
z direction are not aligned exactly antiparallel, because of uniform Sz . More
precisely, these neighbors read S lm = (Sxlm , Sylm , Sylm )T = (−Sxl , −Syl , Szl )T .
Hence, there are also torques in the transverse direction in general. This also
implies that the number of neighbors in transverse direction matters, since all
give rise to torques: in 2D there are two and in 3D four transverse neighbors.
Yet, shouldn’t there be a system with translational symmetry in y- and z direction? Consider an antiferromagnet with finite transverse cross section Ny ×Nz
and periodic boundaries in the two transverse directions. The magnetic order,
i.e. the Néel state is translational invariant with respect to a translation of
two lattice sites, i.e. a translation within a sublattice. Conclusively, all systems with even Ny and Nz and periodic boundaries in y- and z direction are
equivalent: i.e. equivalent to a cross section of Ny × Nz = 2 × 2.
But an experimentalist may—with very good reason—complain about periodic boundaries and other boundaries need to be tested separately, particularly in the light of section V.3 where missing neighbors at a boundary cause
deviations. For sure, the boundary breaks the translational symmetry, and
for sure this causes deviations at the boundary with respect to a case with
translational symmetry. A-priori, two scenarios are possible: the first is that
the deviation falls off quickly with distance to the boundary, and in bulk the
behavior of the translational symmetric case is restored. The other possibility
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is that the boundary affects the behavior over the entire cross section, as it the
case for example in classical fluid dynamics for Hagen–Poiseuille flow through
a channel, where a quadratic profile of the streaming velocity over the cross
section results. These considerations lead to two questions: first, what happens in the transition from a one-dimensional to a three-dimensional system
with translational symmetry in the transverse directions and, secondly, how
changes the behavior when going further to open boundary conditions? These
questions are answered numerically, with the drawback that 3D simulations
with finite cross section increase the computational afford needed by a factor
of Ny · Nz , and no extensive study as in 1D is possible.
For this investigation we choose the following parameters
J < 0,

dz = −0.01 |J|,

α0 = 0.05,

Nx = 5000,

ω0 = −2 × 10−4 1/tJ ,

furthermore, Ny and Nz are varied as well as the transverse boundary conditions at y/a = −1, Ny and z/a = −1, Nz .
The first step is a comparison of the 1D system to 2D and 3D system with periodic boundaries transversal to the x direction. A 2D system features two more
nearest neighbors, a 3D system four. The left panel of fig. V.4.2 shows the resulting spin accumulation at time t = 5 × 105 tJ for four cases: a 1D system, a
2D system with Ny ×Nz = 2×1, and two 3D systems, one with Ny ×Nz = 2×2
and the other with Ny × Nz = 2 × 4. In bulk all profiles show the same qualitative behavior, but the larger the number of neighbors the lower the overall
signal. Also, there is no difference between a system of cross section 2 × 2 and
2 × 4, both featuring same number of neighbors, confirming the consideration
on symmetry. Interestingly, one can further quantify the drop of the spin accumulation: the ratio between 1D and 2D is 1DSz /2DSz ≈ 2, corresponding to the
double number of nearest neighbor, and the ratio 1DSz /3DSz ≈ 3 corresponding to three times for a three-dimensional system. This links to the general
interpretation of antiferromagnetic spin superfluidity from section V.3: the dynamics imposed by the driving leads to a finite spin accumulation Sz , which
is quenched by the antiferromagnetic exchange, and since in three dimensions
there are more neighbors, the exchange reduction is more pronounced than
for the spin chain.
Another aspect of the one-dimensional antiferromagnet can be revisited: deviation at the longitudinal boundary, at x = L, i.e. the right boundary. In
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Figure V.4.2.: Left panel: Spin accumulation ASz of sublattice A (B shows
corresponding behavior), comparing a 1D system to 2D and 3D, translational
invariant systems (periodic boundaries along y and z). 2D means double number of nearest neighbors, leading to halved Sz , in 3D the number increases by
three, hence Sz reduces by a factor of three. Comparing two cross sections
2 × 2 and 2 × 4 shows that results only depend on number of neighbors, not
on cross section size. Furthermore, deviations of Sz from bulk at left and
right boundaries (at x/a = −1, Nx ) is reduced with more neighbors. Right
panel: System with cross section Ny × Nz = 2 × 16 and open boundaries at
z/a = −1, Nz . Drawn is Sz for a fixed longitudinal position x, but resolved for
position in cross section. The profile only deviates right at the boundary but
not in bulk, where same behavior is observed as for the translational invariant
case (periodic boundaries along y and z), drawn as gray dashed-dotted line.
1D there is a notable deviation from bulk profile and spin accumulation for
sublattices A and B splits since for the last spin in the chain one out of two
neighbors is missing, see for example fig. V.3.2. The systems here show this
as well, but it is less pronounced as a smaller fraction of neighbors is missing,
i.e. in 3D one out of six.
The other issue refers to the influence of a boundary condition other than
periodic boundaries, for which a system as above is studied, with cross section
Ny × Nz = 2 × 16, periodic boundaries along y direction, and open boundaries
at z/a = −1, Nz . Consider the spin accumulation Sz as profile through the
cross section, depicted in fig. V.4.2, right panel: indeed there is a noticeable
deviation at both boundaries, but it relaxes very quickly with distance, and
in bulk there is a uniform profile. Moreover, the bulk profile of Sz takes the
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same value as in the previous translational invariant, three-dimensional cases.
There is, however, one remarkable feature: the deviation in Sz at the open
boundaries is the same for both sublattices, which is different compared to
the deviation at the boundaries in the longitudinal direction, see fig. V.3.2.
But this has not been investigated further. The important point is that a
symmetry-breaking boundary condition leads to slight deviations only right
at the boundaries, but does not determine the entire profile over the cross
section.
Summing up, a real system with finite cross section behaves just like the
previously studied one-dimensional spin chain, but with a spin accumulation
reduced by the factor of additional neighbors due to antiferromagnetic exchange, i.e. by a factor of three. At boundaries along the cross section, there
might be deviations, but these are well localized in the very vicinity of the
boundaries.

V.5. Spin superfluidity beyond zero
temperature
ero temperature disregards possible impacts of thermal fluctuations
on spin superfluids, which we investigate here for both cases, ferroand antiferromagnets, separately. However, this study is challenging from the perspective of numerical effort: three-dimensional systems are
required since easy-plane magnets belong into the universality class of XY
models, which for low dimensions—i.e. in 1D and 2D—are paramagnetic at
finite temperature, regardless how small this temperature is.[193] Furthermore,
this demands for an average over a number of instances of thermal fluctuations, but nevertheless the same long time scales as before are studied. Hence,
the possibilities of extensive studies is limited.
We start with the easier case of a ferromagnet with J > 0 at temperature kB T ,
driven by the time dependent boundary condition eq. (V.1.4). The specific
[193] N.

D. Mermin and H. Wagner. „Absence of Ferromagnetism or Antiferromagnetism
in One- or Two-Dimensional Isotropic Heisenberg Models“. Phys. Rev. Lett. 17, pp. 1133–
1136 (1966)
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Table V.5.1.: Parameters for the study at finite temperature, used for ferroand antiferromagnets.
system size
anisotropy damping temperature
Nx × Ny × Nz
dz
α0
kB T
2000 × 4 × 4
−0.1 |J|
0.05
10−4 |J|
parameter choice is given in table V.5.1. The time evolution of this system is
calculated for Nav ≈ 40 different realizations of thermal noise, and data are
averaged with respect to these:
hS(r, t)iNav =

Nav
1 X
n
S(r, t),
Nav n=1

(V.5.1)

S denoting the nth realization of noise. We furthermore average the spin accumulation Sz and the in-plane angle ϕ over the transverse cross section, i.e. over
the y- and z direction. Tested are two driving frequencies ω0 = −2 × 10−4 1/tJ
and ω0 = −4 × 10−4 1/tJ . The state of the system at the end of the simulated time is depicted in fig. V.5.1 by means of the spin accumulation in the
left inset, and the in-plane angle on the right. Despite thermal noise, a finite
spin accumulation is clearly observed. Moreover, comparing results for both
frequencies shows that the system shows a linear response with respect to
driving also at finite temperature. The figure depicts the theoretical curves
eq. (V.2.8) for steady state as black, dashed lines as well, which proves that a
finite temperature does not alter the behavior of the spin superfluid, it causes
just fluctuations on top. Notably, the in-plane angle ϕ barely shows fluctuations and, hence, constitutes maybe a better measure for spin superfluidity
at finite temperature. Note that this temperature is very low; for a magnet
with Curie temperature above room temperature, this corresponds to some
millikelvin, see fig. V.5.2 for the corresponding magnetization curve.
Therefore, we extend this study by investigating a broader temperature range.
Higher temperatures require larger cross sections, and we reduce the number
Nav to keep the simulation time feasible. As a measure we use the total outof-plane component hSz iNav ,r , i.e. we average over realizations and the entire
lattice. This studies is done using dz /J = −0.01 and the corresponding results
along with the parameters are provided in table V.5.2. The spin-superfluid
n
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Figure V.5.1.: Spin superfluidity in a ferromagnet at finite temperature
kB T = 10−4 J and two driving frequencies ω0 ; spatial profiles depicted at
time t = 106 tJ . Left panel: spin accumulation, averaged over realizations and
the cross section, hSz (x)iNav ,yz (red and blue line), it matches the theoretical
(zero temperature) profile (black, dashed lines). Right panel: In-plane angle
hϕiNav ,yz (symbols), also matching theoretical profiles (black, dashed lines).
signal is remarkably stable: no substantial decrease can be observed. Even
increased values are observed, however, if considering the temporal evolution,
quite strong fluctuations around hSz i = 0.01 are present, therefore we attribute this as within the thermal noise.
We turn to an antiferromagnet with J < 0 and the other parameters taking values from table V.5.1. In that case, thermal fluctuations have a severer
impact as the spin accumulation caused by a spin superfluid is much lower
compared to a ferromagnet. This makes it difficult to observe directly a finite
spin accumulation for both sublattices ASz and BSz —even with thermal average it simply vanishes in the noise. One option is to increase the average,
i.e. increase Nav , which is not done here because of the computational costs.
However, it turns out that the noise is sufficiently reduced if also an average over both sublattices is taken into account and if the resulting profile is
numerically smoothed, i.e. averaged over 100 data points along x direction.
The average of the sublattices is justified as the spin-superfluid contribution
to the z component equals for those. Figure V.5.3, left panel, contains the
[194] P.

Peczak, A. M. Ferrenberg, and D. P. Landau. „High-accuracy Monte Carlo study
of the three-dimensional classical Heisenberg ferromagnet“. Phys. Rev. B 43, pp. 6087–
6093 (1991)
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Figure V.5.2: Temperature dependence of ferro- and antiferromagnetic order parameters (normalized magnetization m and Néel
vector n) to clarify magnitudes of
used temperatures. In equilibrium
both have equal temperature dependence (shown for dz = − 0.01 |J|
and Nx =Ny =Nz =48). Since dz is
small it is basically the same as an
isotropic Heisenberg magnet[194] ,
with kB TC = kB TN ≈ 1.44 |J|.

Table V.5.2.: For different temperatures (requiring larger cross sections Ny ×
Nz for higher T ), the average spin accumulation in ferromagnets hSz iNav ,r is
calculated at time t = 106 tJ . Zero-temperature value is Sz = 0.01, at finite T
no significant deviation is observed.
Ny × Nz
Nav
kB T /J
hSz i
8×8
5
0.05
0.010
8×8
4
0.10
0.011
14 × 14
5
0.20
0.012
resulting profile that indeed shows a finite deviation from zero, i.e. a finite
spin accumulation over the entire profile. On average this matches the corresponding zero-temperature profile drawn as dashed line. Again, the spin
superfluid is not disturbed by thermal fluctuations that just form excitations
on top, but with quite high amplitude compared to spin superfluid signal. One
can also consider the in-plane angle ϕ, see right panel of fig. V.5.3, showing
a profile with only little fluctuations and clearly signaling spin superfluidity.
Additionally, we investigated a higher temperature, kB T = 0.01 |J| together
with dz = −0.01 |J|, for the antiferromagnetic case. Still, the in-plane angle
shows only small fluctuations on top of the spin-superfluid profile, however,
this is not true for the spin accumulation. In principle, we expect hSz i to take
the same value as before, i.e. that the spin-superfluid contribution is approx-
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Figure V.5.3.: Spin superfluidity in an antiferromagnet at finite temperature kB T = 10−4 |J| and driving frequencies ω0 = −2 × 10−4 1/tJ ; spatial
profiles are depicted at time t = 106 tJ . Left panel: averaged spin accumulation 12 hASz iNav ,xy + hBSz iNav ,xy , and smoothed over x (over 100 data points)
to reduce thermal noise. Black, dashed line depicts the profile for the same
system at zero temperature T = 0, which indicates that the spin superfluid is
not affected by fluctuations on top. Right panel: In-plane angle hϕiNnb ,xy for
both sublattices, which differ by π.
imately the same as for zero temperature. However, the thermal fluctuations
are much higher as the temperature is increased by a factor of a hundred.
Hence, the signal-to-noise ratio is much worse and the average spin accumulation vanishes completely in the noise. Yet, the profile of the in-plane angle
proves that spin superfluidity is still present.
To summarize the findings here, for both—ferro- and antiferromagnets—spin
superfluidity seems to be remarkably robust against finite temperature, even
though it may be difficult to observe a finite spin accumulation, since it is
relatively weak compared to the thermal noise. The robustness is further supported by another aspect: when the spin superfluid becomes thermally unstable, phase slips activated by thermal fluctuations should become probable[187] .
For this we calculate the time evolution of the winding number, see eq. (V.2.7),
in steady state for the case of a ferromagnet at kB T = 0.1 J, but do not observe any phase-slip event with in a period of ∆t = 2.5 × 104 tJ , as depicted
in fig. V.5.4. Note, however, that the winding number of this magnet is just
[187] S.
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Figure V.5.4: The thermal
fluctuations at temperature
kB T = 0.1 J of the winding
number hNw iyz
(averaged
over cross section) in steady
state for a ferromagnet. No
phase slip is observed, i.e. a
sudden drop by one. A higher
temperature is required to
overcome the corresponding
energy barrier with a sufficient
likelihood to observe phase
slips on this time scale.

Nw ≈ 3.3 and phase slips are accordingly improbable just because of that
small number of windings. For longer systems, particularly when considering realistic sample sizes, this changes: the winding number Nw increases and
also the phase gradient ∇ϕ, which both make phase slips more likely. But
nonetheless, we draw the conclusion that spin superfluidity is in principle a
quite robust transport feature.

V.6. Summarizing discussion of spin
superfluidity
ast step of this chapter is to summarize and discuss the central results on spin superfluidity. The investigation spans over easy-plane
ferro- and antiferromagnets. Most of the results are comprised by sections V.2 and V.3, where one-dimensional setups at zero temperature are
investigated. We have seen that an external spin accumulation, which models
the spin-Hall effect, can excite spin-superfluid transport in these magnets; but
we have also seen that this excitation can be established by a time-dependent
boundary condition with frequency ω0 . In either case, the spins form a spin
spiral in the x-y plane that precesses with frequency ϕ̇ = ω0 . Furthermore,
there is a finite out-of-plane component of the spins, the spin accumulation
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Sz , which does not exponentially decay with distance as for spin-wave transport. For the ferromagnet, the in-plane spiral—given by the in-plane angle
ϕ—and the spin accumulation Sz well follow the analytical theory, which is
introduced in section II.4. In addition to previous works[118,137] , the numerical
results validate the approximations made in the analytical theory. Even though
for antiferromagnets no full analytical theory is present, we have proven that
it exhibits the same behavior for the in-plane angle (except for the phase shift
between the magnetic sublattices), which confirms prior analytical theory[140] .
We further show that the spin accumulation of the antiferromagnet has the
same sign for both sublattices, i.e. it takes finite value on a macroscopic level,
which was also predicted. Beyond this prior theory, we determine the magnitude of the spin accumulation, which we prove to be much lower compared
to ferromagnets, which can be interpreted and explained by the antiferromagnetic exchange that antagonizes the macroscopic spin accumulation. This is
confirmed in section V.4 by showing that this exchange reduction scales with
the number of neighbors. For both magnets we explore also the Landau criterion that separates two different regimes—the linear and the non-linear. In
the former the spin accumulation scales linearly with the frequency—just as
the analytical theory predicts, but in the latter we observe that the spin accumulation decreases. The existence of the Landau criterion and the occurrence
of phase slips have been stated before[25] and the prediction provides a quite
precise estimate for the critical frequency ωcrit separating both regimes, but
we also show that the prediction is not exact. The procedure of this work allows furthermore to calculate the phase-slip rate Γps in the non-linear regime.
Note that these phase slips are also regarded as a particular feature of spin
superfluidity, as it proves the spirals topology that protects this metastable
spin-superfluid state.[25] Also for the Landau criterion and the phase slips,
ferro- and antiferromagnets exhibit very similar behavior. Another aspect we
dived into is the dissipation that is often neglected for spin superfluids, even
[118] S.

Takei and Y. Tserkovnyak. „Superfluid Spin Transport Through Easy-Plane Ferromagnetic Insulators“. Phys. Rev. Lett. 112, p. 227201 (2014)
[137] B. Flebus, S. A. Bender, Y. Tserkovnyak, and R. A. Duine. „Two-Fluid Theory for
Spin Superfluidity in Magnetic Insulators“. Phys. Rev. Lett. 116, p. 117201 (2016)
[140] S. Takei, B. I. Halperin, A. Yacoby, and Y. Tserkovnyak. „Superfluid spin transport
through antiferromagnetic insulators“. Phys. Rev. B 90, p. 094408 (2014)
[25] E. B. Sonin. „Spin currents and spin superfluidity“. Advances in Physics 59, pp. 181–
255 (2010)
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though it is an integral part of it. In the linear regime the dissipated power
scales quadratically with frequency, Pdiss ∝ ω02 , and takes same values for
both types of magnets. This changes above ωcrit , where the behavior qualitatively agrees, but the dissipated power in for the antiferromagnet is higher.
Additionally to these steady-state properties, the transient phase has been
investigated, the phase needed to reach steady state. Particularly, we determined the time scale τl needed by the magnet to reach steady state, which
takes roughly 104 tJ to 106 tJ , corresponding to a half a nanosecond to fifty
nanoseconds for both classes of magnets.
A study on finite cross sections and an absorbing boundary condition in section V.4 proves that all the behavior discussed before is robust with respect
to changes of the geometry, which is far from trivial. In particular, this implies that the analytical theory results in relatively accurate predictions, even
for systems where the geometry and boundary conditions are more complex.
We also investigated the consequences of finite temperature, see section V.5.
Both—ferro- and antiferromagnets—still exhibit spin-superfluid transport, although it is harder to measure as the signal in terms of the spin accumulation
is relatively weak compared to the thermal noise. This is especially a problem
in antiferromagnets, where this property is very small anyhow. This raises
the question whether in an experiment the resulting spin accumulation can be
measured if it takes such small values. However, the available data suggest that
the average spin accumulation is barely affected up to relatively high temperatures and for the systems in this work, we could not observed thermally activated phase slips[187] . This allows the conclusion that the main mechanism to
thermally hamper the spin-superfluid transport are these phase slips, and the
spin accumulation reduces not until these become probable. Considering the
in-plane angle at finite temperature, we find that the formation of a spiral-like
state is clearly observable in comparison to the spin accumulation. Therefore,
measuring the spiral state either by means of the precession frequency or the
spatial profile of the angle seams more promising from a principle point of
view, but might be very challenging in an experimental implementation.

[187] S.
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VI. This is the end:
Conclusions
Whatever regrets may be, we
have done our best.
Ernest Shackleton

ransport in magnetic materials is the overarching subject of
this thesis, where the focus lies particularly on magnetic insulators.
In contrast to metals, these do not exhibit itinerant electrons and
a transfer of angular momentum or energy is not accompanied by
a transport of actual particles, but is rather solely given by the
dynamics of the magnetic texture itself. This has the practical advantage of
lacking ohmic losses and, accordingly, Joule heating. Furthermore, this material class includes magnets with very low magnetic damping, which allows an
energy efficient transport. The spin transport imposed by the dynamics of the
magnetic texture usually takes the form of quasi particles—called magnons or
spin waves—describing excitations of the magnetic ground state. However, it
can also manifest itself as an excitation of the entire magnet as it occurs for
spin superfluidity. This brings us to the two specific topics that have been addressed: localization of spin waves in disordered systems and spin superfluidity.
In a way, both are antagonizing enemies, as the former leads in the extreme
case of strong localization to a complete suppression of transport and the latter is—in a certain respect—perfect transport (or at least as perfect as it may
get in magnets). The point is: the one excludes the other; nevertheless, both
physical phenomena found their way into the same thesis, namely the very one
present. Even though both topics form opposite poles of spin transport, they

T
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are connected via the main subject that is spin transport. Furthermore, there
is another connection within this thesis—the used methodology: The investigations were carried out from the side of theoretical physics, mainly resting
on computer simulations of a classical, atomistic spin model, which delivers a
microscopic description of the material class of interest: magnetic insulators.
The first topic has been localization effects in disordered magnets in chapter IV, which we studied with respect to weak and strong localization of spin
waves. Weak and strong localization have the same origin: interference of multiple scattered waves during coherent transport. For the former, transport is
still observed but clear deviations from incoherent, diffusive transport can be
found. Moreover, weak localization phenomena as coherent backscattering are
regarded as precursor for the strong localization, which entails the complete
absence of transport.
For spin waves in different kinds of magnets, we examined weak localization
by momentum-space analyses in terms of coherent backscattering, and in real
space by means of a subdiffusive mean-squared displacement of a wave packet,
see section IV.1. Under most circumstances weak localization effects behave
similar as for other systems, for example electrons, photons or atomic matter
waves. However, this work reveals that magnetic systems can exhibit peculiar features: for instance, we show for the first time that weak localization
can also be present in magnets with broken inversion symmetry mediated by
the Dzyaloshinskii-Moriya interaction, but with a shifted coherence condition.
But we also find a special system that lacks this coherent backscattering: the
kagome-lattice ferromagnet with finite Dzyaloshinskii-Moriya interaction. The
magnons we investigated are mostly dominated by the exchange interaction,
but we also show that the same phenomenology can be found for dipolar spin
waves, which might be easier to access in experiments. These investigations
still leave tasks for the future, of which we would like to mention here two: the
investigation of the edge modes in the kagome lattice and a more profound
study on the magnetic-field dependence of coherent backscattering in antiferromagnets, in particular with an emphasis on calculation of the eigenmoderesolved intensity. The latter might also shed light on the connection to other
findings reported in the literature, which used a different kind of transport
and found a different behavior with respect to magnetic fields.
In section IV.2 studies on strong spin-wave localization were pursued for two
different geometries, one-dimensional and quasi one-dimensional ferromagnets.
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For the former the data have been analyzed in real space, which allowed us
to explicitly observe the stop of diffusion and, in addition, to calculate the
localization length. For magnetic wires with finite cross section, i.e. quasi1D systems, this was not possible in the same manner because it requires an
infeasible computational effort. Instead, we were able to prove the existence
of coherent forward scattering, a momentum-space feature of strong localization. One interesting aspect for the future would be to study this also for the
kagome lattices, where coherent backscattering is absent, but this may not to
be true for forward scattering as well.
The thesis’ other topic is spin superfluidity—spin transport akin to superfluidity or superconductivity—, studied in chapter V. This transport differs from
normal spin-wave-based transport by an unusual transport range, i.e. it decays
not exponentially, but rather always involves the system as a whole. Spin superfluids also deviate from conventional superfluidity in one important aspect:
dissipation. To be dissipationless is basically the very definition for conventional supercurrents—it is what makes them super—, which is explicitly not
true for magnetic systems since these always show a finite magnetic damping.
Hence, spin superfluidity is rather defined via other aspects that are similar
to their conventional counterparts, which can be achieved by a similarity of
the equations describing this kind of transport. In section II.4 we derived such
equations, which have the same structure as previously reported theories, but
are not strictly equivalent. The equations derived in this work are particularly
valuable for the atomistic spin model, since these—as we show—provide an
accurate approximation.
Despite the flaw of dissipation, spin superfluids do exhibit interesting phenomena, such as their transport range or phase slips. There are different magnetic
systems that can in principle show this transport; the main prerequisite is
a rotational invariance of the order parameter (SO(2) symmetry), which is
present in easy-plane magnets. In this work, ferromagnets as well as antiferromagnets with corresponding anisotropy are studied, which makes this work
the first study on spin superfluidity in an atomistic spin model. The main
focus lies on a 1D geometry at zero temperature, presented in sections V.2
and V.3, where we investigated the principal features of this transport: how a
steady state is reached in a continuously excited system, the resulting phase
gradient and spin accumulation, and the dissipated power—a property often
ignored. The comparison of ferro- and antiferromagnets allowed us to describe
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the crucial role of exchange for spin superfluidity in antiferromagnets. Furthermore, we investigated the dependence on the driving, in particular the
transition to a non-linear regime for high excitation frequencies exceeding the
Landau criterion and the phase slips that occur in this regime. For finite cross
sections, we utilized the full strength of our atomistic model in section V.5:
the possibility to study elevated temperatures and how the spin-superfluid
transport depends on this. We show that spin superfluids are rather stable up
to quite high temperatures.
Yet still, many aspects remain to be explored: The ground state of an easyplane magnet does not truly exhibit a SO(2) symmetry. Usually there are
anisotropies of higher order, for instance cubic anisotropies, which strictly
speaking break this symmetry. However, these are typically much weaker compared to the uniaxial anisotropy and give rise to only small perturbations. The
same is true for disorder in the system; it may lead to a symmetry breaking
(depending on the specific kind of disorder) and it is always present but may
be weak. The general prediction on those kinds of disturbances is that they
lead to a minimal driving strength to excite the spin superfluid, which is
not addressed in this work and remains a task for the future. Also other setups might be investigated, such as interference of two or more excited spin
superfluids—possible because each has a well-defined phase.

A. Units
A.1. Some basic thoughts on parameter-based
unit systems
In this work usually no specific material is investigated, rather generic systems
representing a certain material class are considered—for example a generic
easy-axis ferromagnet or an easy-plane antiferromagnet. Hence, the question
arises which parameters to use for investigation. One option could be to select
either parameters for a specific material, or just arbitrary ones in a reasonable
range of values for existing materials. However, mostly this is avoided in this
thesis, rather a unit system is chosen to reflect the generic nature of parameter choice. This has the advantage that results can be converted to specific
materials by converting the units used here to SI units for this given material.
The definition of this unit system rests on selecting a number of independent
parameters of a model as basis. Sometimes theoreticians refer to this by claiming to set these parameters to unity; others, more formal oriented, might call
it nondimensionalization. However, this is not the denomination the authors
likes to use; instead, we express all physical properties relative to the said parameters and define a new unit system, which is based on physical properties
of materials in contrast to SI that is based on fundamental physical properties.
We would like to explain this exemplary at the following Hamiltonian, for
reference see eq. (II.1.11),
h
2
2 i
H = −JS 1 · S 2 − dz Sz1 + Sz1
.
If the model does not comprise anything else than this Hamiltonian, the properties carrying units are H, J and dz . Since all are of same dimension—namely
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energy—there is only on independent one. We choose the Heisenberg exchange
interaction constant J as basis, which now defines a unit of energy, i.e. all energies in the model are expressed relatively to J, obtained by dividing the
Hamiltonian by J:
2 i
dz h 1  2
H
= −S 1 · S 2 −
Sz + Sz1
.
J
J
Now, the model is dimensionless if one considers H/J and dz/J as physical
properties of this model instead of H and dz . This allows investigation of
a specific choice for anisotropy, say for example dz/J = 0.1, which can be
interpreted twofold: either as dimensionless parameter taking value 0.1, or—
equivalently—as unit-subjected parameter dz taking value dz = 0.1 J, the unit
of energy being J.
How does the aforementioned advantage of conversion to real-world materials
come into play? This model—along with all obtained results—with the specific
parameter dz = 0.1 J is valid for all physical systems, i.e. all materials, where
the ratio of anisotropy to exchange is 0.1. Take for instance the ground-state
energy Hgs as example (assuming ferromagnetic coupling J > 0) given by
S 1 = S 2 = ez . This reads in this unit system for this value of dz
Hgs = −J − 2dz = −1.2 J.
For conversion consider as example the case of a material for which exchange
takes value J = 10−20 J in SI. This specific value translates now also all
energies to SI, for example: Hgs = −1.2 J = −1.2 × 10−20 J.

A.2. Unit system based on material
parameters for the atomistic spin model
The most important model used throughout this work is the atomistic spin
model, see section II.1.5, for which we define a unit system. In principle three
ingredients must be considered: the atomic geometry, the Hamiltonian and
the equation of motion, which is the Landau-Lifshitz-Gilbert equation (LLG).
Magnets of interest are solid states with some regular lattice structure, which
directly defines a unit for distance: the nearest-neighbor distance, denoted a,
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is used. Note that in this work this distance is always uniquely defined, i.e. it
takes same value for all atoms in the unit cell. If this is not true, one of those
must be selected.
Further basic units follow from the Hamiltonian, see eq. (II.1.11); we consider
for explanation the following Hamiltonian including interaction for nearest
neighbors only. Isotropic Heisenberg exchange of nearest neighbors J is thus
used to define a unit for energy. The Hamiltonian divided by |J| reads
H
1 J X n
1 X Dm
=−
S · S nm −
· (S n × S nm )
|J|
2 |J| n,m
2 n,m |J|
−

dz X n 2 µS X n
Sz −
B · Sn,
|J| n
|J| n

which is in this form dimensionless. It comprises also Dzyaloshinskii-Moriya
interaction and an anisotropy with parameters D m and dz both also carrying
dimension energy. Furthermore, there is a Zeeman contribution. Note that
ferro- and antiferromagnets are of interest, in case of the latter the exchange
constant is negative J < 0—and maybe not the best choice as a measure—
such that the unit of energy is defined via the absolute value |J|. Moreover,
the Hamiltonian contains the absolute value of the magnetic moments µS
defining the unit for magnetic moments. This leaves the magnetic field that is
in fact not independent anymore: µS B/|J| is dimensionless, or equivalently B
is measured in |J|/µS =: BJ , defining the unit for magnetic field strengths BJ .
Finally, there is the equation of motion—the LLG—where another property,
the gyromagnetic ratio γ, enters, independent from previous parameters and
therefore defines the unit for gyromagnetic ratios. Since the effective field
entering the equation H l = −∂H/∂S l carries unit energy; multiplying the LLG,
eq. (II.1.14), by µS/γ|J| makes it dimensionless:
1
µS ∂S l
=−
Sl ×
γ|J| ∂t
1 + α2




1
1
l
l
l
H + αS ×
H ,
|J|
|J|

which also shows that t · γ|J|/µS is dimensionless and allows to define tJ :=
µS/γ|J| as unit for time. In table A.2.1 the basic and derived units are summarized.
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Table A.2.1.: The units for material parameter-based unit system used for
the atomistic spin model.
basic
derived
distance
a
magnetic field BJ := |J|/µS
tJ := µS/γ|J|
energy
|J| time
1/tJ
magnetic moment
µS frequency
a/tJ
gyromagnetic ratio γ
velocity

A.3. A special case: YIG
To get a feeling for the previously-defined unit system, i.e. to estimate what
values the units take in SI, we consider a special example, the ferrimagnetic
insulator yttrium iron garnet (YIG). Although being a complex material and
no real ferromagnet, it is often modeled as a simple ferromagnet, see also
section IV.1.3. It can—in certain limits—especially also be described micromagnetically, which can be rewritten in terms of a simple cubic ferromagnet
with nearest-neighbor exchange interaction.
Micromagnetic properties for YIG are given by the saturation magnetization
4πMsCGS = 1750 Gs and exchange stiffness AYIG = 3.7 × 10−7 erg cm−1 (in
CGS units).[26] The 4π in CGS translates to a µ0 is SI units, such that in SI
these properties read MsYIG = 1750/µ0 ·10−4 T ≈ 1.39 × 105 A m−1 and AYIG =
3.7 × 10−12 J m−1 . Translation from micromagnetics to the atomistic approach
is explained in section II.1.6. In a very simplified picture, the complex YIG
crystall is approximated by a sc lattice, where the lattice constant is the one of
YIG aYIG . Moreover, the magnetic moment on the sc lattice is then given by
µYIG
= MsYIG · aYIG , which basically means that a unit cell of YIG is reduced
S
to one spin, and these spins occupy a sc lattice. The lattice constant of YIG
is aYIG ≈ 12 Å.[195] Hence, µYIG
≈ 2.4 × 10−22 A m2 results. Furthermore, the
S
[26] H.

Skarsvåg, C. Holmqvist, and A. Brataas. „Spin Superfluidity and Long-Range
Transport in Thin-Film Ferromagnets“. Phys. Rev. Lett. 115, p. 237201 (2015)
[195] S. Klingler et al. „Measurements of the exchange stiffness of YIG films using broadband ferromagnetic resonance techniques“. Journal of Physics D: Applied Physics 48,
p. 015001 (2014)
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exchange interaction on the sc lattice is reduced to nearest neighbors, such
that the exchange constant is given by J YIG = 2aYIG AYIG ≈ 8.9 × 10−22 J.
Using the gyromagnetic ratio for a free electron γ = 1.76 × 1011 rad s−1 T−1 ,
the time unit for YIG reads then tYIG
= µS/γJ ≈ 77 fs.
J
This means that units used here take roughly the following orders of magnitude
• distance a ≈ 1...10 Å ≈ 0.1...1 nm,
• time tJ ≈ 50 fs,
• energy J ≈ 10−21 J ≈ 10 meV.

B. Some background on
magnetism and
magnetic models
B.1. Origin of the Heisenberg exchange
interaction
In section II.1.3 the Heisenberg exchange of localized, atomic magnetic moments is introduced, see eq. (II.1.2). As additional information we provide here
some mechanisms from which this may arise in magnetic solids.
Direct exchange
A straightforward mechanism of interaction is the direct overlap of two wave
functions of electrons on neighboring atoms ψ1 and ψ2 . In that case there is
an interaction of Heisenberg type, and the exchange constant J˜ reads[38]
Z
˜
J = 2 ψ1 (r1 )∗ ψ2 (r2 )∗ Ĥψ1 (r2 )ψ2 (r1 ) d3 r1 d3 r2 ,
where Ĥ is the Hamiltonian describing both electrons. In this form the exchange energy rapidly goes to zero, when the overlap of the wave functions
vanishes; this could be due to a large distance of interacting atoms, or due to
the fact that the spatial extend of the involved orbitals is small. For example
this is the case for 4f electrons, which carry quite strong moments, but are
[38] S.
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also strongly localized, such that there is hardly an overlap of neighboring orbitals; nevertheless also for materials dominated by these moments there can
be collective magnetism. Because of this, direct exchange cannot be the only
cause of exchange interaction, and it turns out that it is not even the main
cause in most magnetic systems. However, direct exchange can be in principle
ferromagnetic (J˜ > 0) or antiferromagnetic (J˜ < 0).

Indirect exchange: super- and double exchange
Also in materials where the magnetic ions are well separated—and direct
exchange is therefore ruled out—exchange interaction may occur. This is also
true in materials where between the magnetic ions non-magnetic can be found.
For example in oxides like MnO the exchange between two manganese atoms is
mediated by the oxygen that lies in between. Such form of magnetic interaction
is called superexchange.[38] For simplicity we assume that each magnetic ion
has one unpaired electron giving rise to the magnetism. Then, as it can be
described within the Hubbard model,[61] the system gains kinetic energy since
the electrons can hop from one manganese ion to another via the oxygen.
There are two scenarios: either the electrons on the manganese have parallel
or antiparallel oriented spins; and it turns out that hoping is preferred for
antiparallel alignment, as in the other case Pauli’s principle would force hoping
into states of higher energy, such that in this situation the antiferromagnetic
state is preferred. But in some special cases this mechanism may also lead to
a ferromagnetic behavior.
In materials as oxides it might happen that magnetic ions occur in different oxidization states, such as lanthanum strontium manganese oxide La1−x SrMnO3 ,
where manganese exists as Mn3+ and Mn4+ , depending on x ∈ [0, 1]. Electrons
can then hop from one ion (e.g. Mn3+ ) to its neighbor that is of the other
oxidization state (e.g. Mn4+ ), which causes the so-called double exchange.
If both sites exhibit parallel spin alignment, the electron can hop without
spin-flip, i.e. an up electron moves from an up ion to another one, which is
energetically favorable. This changes if both ions would be antiparallel, then a
hoping electron would require an energetically expensive spin-flip, suppressing
[61] J.

Stöhr and H. C. Siegmann. Magnetism. From Fundamentals to Nanoscale Dynamics. Springer-Verlag (2006), sec. 7.7.
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hoping, and the total energy is thus not lowered by hopping. Hence, parallel
alignment is favored, and the result is a ferromagnetic interaction.[38]
RKKY exchange
In metals a magnetic ion can spin polarize its surrounding conduction electrons. These quasi-free electrons of the Fermi sea are scattered by the ion, such
that the electrons rearrange in a way that the resulting spin density is oscillating in space. Via this spin-polarized surrounding the atom can magnetically
interact with another atom, mediated by the conduction electrons,[61] which
is called RKKY interaction (named after its developers Ruderman, Kittel,
Kasuya, Yoshida[196–198] ). This is described[46,61,199] by electronic spins σ̂ A,B
(belonging to the Fermi sea) that interact with point-like perturbations carrying spins ŝA,B and are located at positions r A,B (which are the magnetic
ions):
Ĥ = −Γσ̂ A · ŝA − Γσ̂ B · ŝB .

(B.1.1)

Note: spins σ̂ A,B and ŝA,B are written as spin operators (not as magnetic
moments), and carry units of ~. This Hamiltonian is treated as a second-order
perturbation to the electron Bloch spinors ψk (r, s) describing an electron with
wave vector k at position r with spin s. The distance of the atoms is given
by r AB := r A − r B and from the second-order perturbation contribution it
follows that the spins are ruled by the Hamiltonian

H RKKY = −J˜ rAB ŝA · ŝB ,
(B.1.2)
[38] S.
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which resembles an isotropic Heisenberg exchange interaction with distancedependent exchange constant. The exact form of the exchange constant can
be calculated for instance under the assumption that a free electron gas with
an effective electron mass m∗e models the conduction electrons:
!
9Γ2 m∗e π sin (2kF r) cos (2kF r)
˜
J(r) =
,
(B.1.3)
4 −
3
2kF2
(2kF r)
(2kF r)
where kF is the Fermi wave vector and r the distance of the interacting atoms.
It has two remarkable features: firstly, it oscillates and especially can have
positive and negative sign, leading to ferro- or antiferromagnetic coupling.
Secondly, it is long-ranged. This kind of interaction is relevant in rare-earth
metals, where the 4f shells mainly determine the magnetic moments. But since
these are strongly localized, two moments of different atoms cannot interact
via the atomic bonding, as it is the case for super- or direct exchange in
transition metals. Instead, the interaction is mediated via itinerant d electrons
as described above by the RKKY interaction.
This is also relevant in the material design of nanostructures. Consider for
example two magnetic layers that are on top of each other and separated
by a non-magnetic metallic spacer layer, then the interaction of the magnetic
layers is mediated by the metal and can be tuned by its thickness; not only the
strength, also whether the two layer couple ferro- or antiferromagnetically.[61]

B.2. Derivation of the Landau-Lifshitz-Gilbert
equation without damping
Aim of this part is to derive the Landau-Lifshitz-Gilbert equation in the limit
of vanishing damping α = 0, supplementing the discussion in section II.1.5.
To repeat the starting point and aim of this story: we consider localized,
atomic magnetic moments µ̂l , forming in a solid as described in section II.1.1.
Their energy contributions to the Hamiltonian operator is given by the aspects
outlined in sections II.1.3 and II.1.4, expanded by an additional Zeeman term.
[61] J.

Stöhr and H. C. Siegmann. Magnetism. From Fundamentals to Nanoscale Dynamics. Springer-Verlag (2006), sec. 7.8.
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The dynamics of this quantum mechanical model, i.e. the dynamics of µ̂l (t),
is governed by the Heisenberg equation of motion. Ultimate goal is to obtain a
classical equation for the expectation values of the spins, i.e. an equation that
defines the dynamics of µl (t) = hµ̂l (t)i, which is just the Landau-LifshitzGilbert equation. Furthermore, the error done by this classical description is
quantified. As calculations get from time to time a bit messy, we note as a
premonition that Einstein notation is used throughout this part for Cartesian
coordinates x, y and z, except explicitly noted otherwise.

B.2.1. Ansatz: Ehrenfest theorem
We assume eq. (II.1.8) as Hamiltonian, which does not show an explicit time
dependence: ∂ Ĥ/∂t = 0. Therefore, the Ehrenfest theorem as starting point for
the time evolution reads[200]
iE
dµl
i Dh
=
Ĥ, µ̂l ,
dt
~

(B.2.1)

comprising an expectation value of a commutator, which splits calculation in
these very two steps.

B.2.2. Commutator
First step is to show that for the commutator from eq. (B.2.1)

h
i
i~γsl  l
ˆ l − H̃
ˆ l × µ̂l
µ̂ × H̃
Ĥ, µ̂l = −
2

(B.2.2)

ˆ l is an effective field operator as defined below. Via µ̂l = γ l ŝl
holds, where H̃
s
we rewrite the Hamiltonian operator in terms of spin operators, where here
the rather general Hamiltonian, eq. (II.1.8), is used in order to keep the results
[200] F.

Schwabl. Quantenmechanik. Eine Einführung. Springer-Verlag (2007), sec. 2.6.
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of the derivation as general as possible
 X j j k
1 X j k ˜ j k 1 X j k jk
Ĥ = −
γs γs Jjk ŝ · ŝ −
γs γs D̃ · ŝj × ŝk −
γs B · ŝ
2
2
j
j,k
j6=k

−

j,k
j6=k

µ0 X j k 3(ŝj · ejk )(ejk · ŝk ) − ŝj · ŝk X j 2 ˜ j 2
γs γs
−
γs dβ (ŝβ ) .
8π
(rjk )3
j,k
j6=k

β,j

(B.2.3)
For handiness we combine the interactions: a-priori for all three types an
interaction of each spin with each other is allowed, hence, the sums over j, k
runs in all three cases over all pairs of spins. And for each pair ŝj and ŝk all
interactions are linear in both spins and, moreover, can be written utilizing a
matrix Jjk ∈ R3×3 , defined via:

(ŝj )T Jjk ŝk := γsj γsk J˜jk ŝj · ŝk + γsj γsk D̃ jk · ŝj × ŝk
+

µ0 j k 3(ŝj · ejk ) · (ejk · ŝk ) − ŝj · ŝk
γ γ
,
4π s s
(rjk )3

(B.2.4)

where the matrix can be split into the three contributions from isotropic
Heisenberg exchange, Dzyaloshinskii-Moriya- and dipolar interaction:
Jjk = HJjk + DMJjk + DDJjk


J˜jk
0
0


H jk
J = γsj γsk  0 J˜jk
0 
0
0 J˜jk


0
D̃zjk −D̃yjk


DM jk
J = γsj γsk −D̃zjk
0
D̃xjk 
D̃yjk −D̃xjk
0


2
jk
3 ejk
−1
3ejk
x
x ey
2
µ0 γsj γsk 
DD jk
jk
jk
jk
J =
3 ey
−1
 3ex ey
4π(rjk )3
jk jk
jk jk
3ex ez
3ey ey

(B.2.5)


jk
3ejk
x ez
jk  .
3ejk

y ez

2
jk
3 ez
−1

T
Note that this interaction matrix has a certain symmetry: Jjk = Jkj
⇔
jk
kj
˜
˜
Jηζ = Jζη . For the Heisenberg contribution this is because of Jjk = Jkj .
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For the dipolar matrix it results as a consequence of ejk = −ekj , such that
jk
kj kj
DD jk
ejk
J is symmetric. The DMI conβ eζ = eβ eζ is even and the fact that
DM jk
tribution is a bit different;
J is antisymmetric, but at the same time the
DM vectors change sign for spin interchange D̃ jk = −D̃ kj , both symmetries
DM kj
combine in total to DMJjk
Jζη .
ηζ =
With this the Hamiltonian is written as
1 X j T jk k X j 2 ˜ j 2 X j j k
Ĥ = −
(ŝ ) J ŝ −
γs dβ (ŝβ ) −
γs B · ŝ ,
2
j
j,k
j6=k

(B.2.6)

β,j

which in turn splits the commutator from eq. (B.2.1) to (replacing µ̂l = γsl ŝl )




h
i
X
X


1
2
T
j
jk
γsj d˜β (ŝβ )2 , ŝl 
ŝj J ŝk , ŝl  − γsl 
Ĥ, µ̂l = − γsl 
2
β,j
j,k


X
− γsl 
γsj B j · ŝj , ŝl  .
(B.2.7)
j

Now each contribution, spin interactions, uniaxial anisotropy and Zeeman
term, is computed separately. In principle only the fundamental commutator
relation for angular momentum operators is needed; for two spin components
on the same lattice position this is just
 l l
ŝβ , ŝδ = i~εβδζ ŝlζ .
(B.2.8)
For a commutator of two components of spins on different lattice sites l 6= l0
one needs to remember that a spin operator is defined via a Cartesian product
over all lattice sites
ŝlβ =

l−1
O
n=1

1 ⊗ ŝβ ⊗

N
O

1,

(B.2.9)

n=l+1

where 1 is the single-site identity operator and ŝβ the single-site spin operator.
This Cartesian product ensures that the operator affects lattice site l only. This
implies that the operators for two different lattice sites l and l0 6= l always
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h
i
0
commute ŝlβ , ŝlδ = 0. The proof can be done by direct computation, using
N
an arbitrary product state for the lattice |ψi = n |ϕn i (w.l.o.g. l < l0 ):
h
i


0
0
0
ŝlβ , ŝlδ |ψi = ŝlβ ŝlδ − ŝlδ ŝlβ |ψi = 0,

(B.2.10)

since
0
ŝlβ ŝlδ

|ψi =

l−1
O

2

1 |ϕn i ⊗ ŝβ 1 |ϕl i ⊗

n=1

=

0
ŝlδ ŝlβ

0
lO
−1

2

1 |ϕn i ⊗ 1ŝδ |ϕ i

n=l+1

l0

N
O

12 |ϕn i

n=l0 +1

|ψi .

Interaction terms
First, we consider the commutator for the spin interactions, i.e. first term on
the right-hand side of eq. (B.2.7):


X

T

ŝj Jjk ŝk , ŝl  ,

(B.2.11)

j,k

which can be written in components, where the β-component (β ∈ {x, y, z})
reads


i
X
X h jk j

T

ŝj Jjk ŝk , ŝlβ  =
Jζη ŝζ ŝkη , ŝlβ .
(B.2.12)
j,k

j,k

The sum over j and k runs over the entire lattice, whereas index l is fixed.
Hence, in the sum over j and k three cases need to be considered:
1. j = l (where k =
6 l),
2. k = l (where j =
6 l), and
3. k 6= l 6= j,
each calculated separately. Note that self interaction, i.e. the case j = k is
ruled out, and hence the case j = k = l does not appear.
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The first case (j = l) reads1
#

"
X

=

l k l
Jlk
ζη ŝζ ŝη , ŝβ

X

Jlk
ζη



ŝlζ

k

k

= i~

 k l  l l k
ŝη , ŝβ + ŝζ , ŝβ ŝη
| {z } | {z }
=0

X
k



= i~

X
k

=i~εζβϑ ŝlϑ

k
εζβϑ ŝlϑ Jlk
ζη ŝη = i~
| {z }
=(Jlk ŝk )
ζ

X

l k
Jlk
ζη εζβϑ ŝϑ ŝη

ŝl × Jlk ŝk



.
β

k

(B.2.13)

kj
Second case (k = l) is due to symmetry (Jjk
ζη = Jηζ ) nearly the same:



i 
X jl j
X jl  j 
 h

Jζη ŝζ ŝlη , ŝlβ  =
Jζη ŝζ ŝlη , ŝlβ + ŝjζ , ŝlβ ŝlη
| {z } | {z }
j
j
=i~εηβϑ ŝlϑ

=0

=Jlj
ηζ

βηϑ z}|{

X =−ε
X
z}|{
j
lj j
l
l
= i~
ŝ
=
−i~
εηβϑ Jjl
ŝ
J
ŝ
×
ŝ
.
ϑ
ζη ζ
β
| {z }
j
j
=(Jlj ŝj )
η
(B.2.14)

Third, and last, case (k 6= l 6= j) just reduces to zero

h
i 
h
i
j l
j k l
jk
j  k l 
k
+
ŝ
,
ŝ
= 0 ∀j, k : k 6= l 6= j.
Jjk
ŝ
ŝ
,
ŝ
=
J
ŝ
ŝ
,
ŝ
η β
ζ β ŝη
ζη ζ η β
ζη
ζ
| {z } | {z }
=0

=0

Altogether, these cases sum up to (using

PP
j

1 With











(B.2.15)



k
k6=j

product rule ÂB̂, Ĉ = Â B̂, Ĉ + Â, Ĉ B̂.

... =

P P
j
k
j6=l k6=j

... +

P P
j
k
j=l k6=j

... =
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P P

... +

j
k
j6=l k6=j



P
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... )

k
k6=l



case 1

z
}|
{
X j T jk k l  X X h j T jk k l i X h l T lk k l i


ŝ
J ŝ , ŝ +
ŝ
J ŝ , ŝ  =
ŝ J ŝ , ŝ

j
k
j6=l k6=j

j,k
j6=k

=

k
k6=l

XXh

ŝj

T

i

Jjk ŝk , ŝl + i~

X

j
k
k6=j j6=l

=

ŝl × Jlk ŝk

k

X Xh
j
k
j6=k6=l j6=l

ŝj

|

T

i

Jjk ŝk , ŝl +
{z
}

case 3

Xh

ŝj

+ i~
= −i~

X

Jjl ŝl , ŝl

i

j
j6=l

|
X

T

{z

case 2

}

ŝl × Jlk ŝk

k

Jlj ŝj × ŝl + i~

X

j

ŝl × Jlk ŝk

k

!
= i~

X
k

lk k

l

J ŝ × ŝ −

X

l

lk k

ŝ × J ŝ

.

(B.2.16)

k

Uniaxial anisotropy
Second term of eq. (B.2.7) is local, i.e. no neighboring spins are involved and
the commutator


X

2

γsj d˜β (ŝjβ )2 , ŝl 
β,j

(B.2.17)
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just leads to (for sum over β no sum convention is used, as β is appearing
trice):
X

γsj

2 h

d˜β (ŝjβ )2 , ŝlη

i

j,β
=δjl ·i~εβηζ ŝjζ

=

X

2
γsj d˜β

j,β



ŝjβ

zh }| i{ h
i 
ŝjβ , ŝlη + ŝjβ , ŝlη ŝjβ
| {z }
=δjl ·i~εβηζ ŝjζ

= i~ γsl

2 X

d˜β εβηζ ŝlβ ŝlζ −εβζη ŝlζ ŝlβ



β


i~ l 2 X
γs
−εβζη 2d˜β ŝlβ ŝlζ + εζβη ŝlζ 2d˜β ŝlβ
=
2
β


X
X

i~ l 2  l
γ
ŝ ×
2d˜β ŝlβ eβ −
2d˜β ŝlβ eβ × ŝl  .
=
2 s
β

β

(B.2.18)

η

Note, the two cross products cannot be merged, since the involved operators
do not commute.

Zeeman term
 P j j j l
Last but not least, the Zeeman contribution from eq. (B.2.7),
γs B · ŝ , ŝ
j

results in
X
j

h
i X
h
i

γsj Bβj ŝjβ , ŝlζ =
γsj Bβj ŝjβ , ŝlζ = γsl ŝl × B l ζ .
| {z }
j

(B.2.19)

=δjl ·εβζη ŝlη

Resulting commutator
Commutator eq. (B.2.7) can finally, using eqs. (B.2.16), (B.2.18) and (B.2.19),
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be expressed as

h

Ĥ, µ̂

l

i

"
i~γsl l X lk k X lk k
J ŝ × ŝl
=−
ŝ ×
J ŝ −
2
k
k


X
X

2
+ γsl ŝl ×
2d˜β ŝlβ eβ −
2d˜β ŝlβ eβ × ŝl 
β

β

#
+ γsl ŝl × B l − B l × ŝl



"
i~γsl
=−
µ̂l ×
2
−

!
X Jlk
k
l
l
µ̂ + 2d˜β µ̂β eβ + B
γsl γsk
k
!
#
X Jlk
k
l
l
l
˜
µ̂ + 2dβ µ̂β eβ + B × µ̂ .
γsl γsk

(B.2.20)

k

With the definition of the effective field operator
lk
ˆ l := X J µ̂k + 2 X d˜ µ̂l e + B l ,
H̃
β β β
|{z}
γsl γsk
k
β
ˆl
ZH̃
=:
{z
} |
|
{z
}
ˆl
=:IH̃

(B.2.21)

ˆl
=:AH̃

this reads
h


i
i~γsl  l
ˆ l × µ̂l .
ˆ l − H̃
µ̂ × H̃
Ĥ, µ̂l = −
2

(B.2.22)

In contrast to cross products of normal vectors, the cross product of vector
ˆ l 6= −H̃
ˆ l × µ̂l . Equal sign would hold
operators cannot be switched: µ̂l × H̃
true, if the two vector operators commute, which is not true here because of
the anisotropy term.
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B.2.3. Expectation value
When taking the expectation values of eq. (B.2.22) for the Ehrenfest theorem,

Dh
iE
E D
E
i~γsl D l I ˆ l I ˆ l
ˆ l − AH̃
ˆ l × µ̂l
µ̂ × H̃ − H̃ × µ̂l + µ̂l × AH̃
Ĥ, µ̂l = −
2
D
E
ˆ l − ZH̃
ˆ l × µ̂l
+ µ̂l × ZH̃
,
(B.2.23)
the expectation value of the cross product should
D E be written as a cross product
ˆ l . As explained below, it turns
l
of expectation values, i.e. in terms of µ̂ × H̃
out that this is only achievable by an error that originates from the anisotropy
term. For calculation each contribution is treated separately again.
Interaction term
The expectation value for interactions can be written as
+
*
D
E
X Jlk
X Jlk
k
l
l
Iˆ l
Iˆ l k
l
l
µ̂ − µ̂ ×
,
µ̂ × H̃ − H̃ µ̂ × µ̂ = µ̂ ×
γsl γsk
γsl γsk
k

k

(B.2.24)

where we consider the first summand in components
*
! +
X Jlk
X
l
k
l k
µ̂ ×
µ̂
=
εβζϑ Jlk
ϑη ŝζ ŝη .
l
k
γs γs
k

(B.2.25)

k

β

Importantly, note that always l 6= k. The corresponding Hilbert space for the
spin operators is a product space of the different lattice sites, the operators
N
taking form eq. (B.2.9). Additionally, a state is written as |ψi =
n |ϕn i.
Hence, the expectation value of the product reads (w.l.o.g. k < l)
"k−1
#
N
O
O
ŝlζ ŝkη = ψ ŝlζ ŝkη ψ = ψ ŝlζ
|ϕn i ⊗ ŝη |ϕk i ⊗
|ϕn i
n=1

= ψ

"k−1
O
n=1

|ϕn i ⊗ ŝη |ϕk i ⊗

n=k+1
l−1
O

n=k+1

|ϕn i ⊗ ŝζ |ϕl i ⊗

N
O
n=l+1

#
|ϕn i
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hϕn | ϕn i · hϕl |ŝζ | ϕl i · hϕk |ŝη | ϕk i = hϕl |ŝζ | ϕl i hϕk |ŝη | ϕk i .
{z }

|
n
l6=n6=k

=1

(B.2.26)
This is just the product of the individual expectation values, as one can see
from
+
*
N
l−1
O
O
l
l
|ϕn i = hϕl |ŝβ | ϕl i ,
|ϕn i ⊗ ŝβ |ϕl i ⊗
ŝβ = ψ ŝβ ψ = ψ
n=1

n=l+1

(B.2.27)
such that
*

X Jlk
µ̂l ×
µ̂k
γsl γsk
k

! +
=

X

l k
εβζϑ Jlk
ϑη ŝζ ŝη =

X

=

ŝkη

k

k

β

l
εβζϑ Jlk
ϑη ŝζ

µ̂l

X Jlk
×
µ̂k
γsl γsk
k

!
(B.2.28)

.
β

Same argument is valid for latter cross product of eq. (B.2.24), such that
finally we arrive at
D
E
D
E D
E
ˆ l − IH̃
ˆ l × µ̂l = µ̂l × IH̃
ˆ l − IH̃
ˆ l × µ̂l = 2µl × IH̃ l
µ̂l × IH̃
(B.2.29)
with IH̃ l =

Iˆ l

D

H̃

E

X Jlk
µk .
=
γsl γsk
k

Uniaxial anisotropy
The corresponding expectation value for the anisotropy term (again not applying Einstein notation to the sum over β)
*
+
D
E
X
X

2
ˆ
ˆ
µ̂l × AH̃ l − AH̃ l × µ̂l = γsl
ŝl × 2
d˜β ŝlβ eβ − 2
d˜β ŝlβ eβ × ŝl
β

β

(B.2.30)
differs from the previous case as it contains products of operators of the same
spin hŝlβ ŝlδ i, that do not factorize with respect to the expectation value. Yet,

310

B. Some background on magnetism and magnetic models

still, for a classical equation of motion it is necessary to write this term with
products of expectation values. Thus, the result will be of form
D

E
D
E
ˆ l − AH̃
ˆ l × µ̂l = 2 µ̂l × AH̃
ˆ l + 2E l = 2µl × AH̃ l + 2E l
µ̂l × AH̃
(B.2.31)
with AH̃ l =

Aˆ l

D

H̃

E

=2

X

d˜β µlβ eβ ,

(B.2.32)

β

with an error E l , which will be neglected and is hopefully small. As ansatz
for calculation, we compute the error:
E
D
E
D
ˆ l − AH̃
ˆ l × µ̂l − 2 µ̂l × AH̃
ˆl .
2E l = µ̂l × AH̃

(B.2.33)

As a measure for the error we take the norm |Eβl |, β ∈ {x, y, z}, which is
estimated as follows. For this we need first a generalization of Heisenberg’s
uncertainty principle, the so-called Schrödinger inequality[201,202] :
D E D E 2 1 Dh
iE2
1
h{A, B}i − Â B̂
Â, B̂
+
2
4
r
D ED E
Dh
iE
2
1
⇔ h{A, B}i − Â B̂ ≤ ∆Â2 ∆B̂ 2 −
Â, B̂
,
(B.2.34)
4
∆Â2 ∆B̂ 2 ≥

which we further estimate and simplify to
D ED E
h{A, B}i − Â B̂ ≤ ∆Â∆B̂.

(B.2.35)

[201] E. Schrödinger. „Zum Heisenbergschen Unschärfeprinzip“. Sitzungsberichte der
Preußischen Akademie der Wissenschaften. Physikalisch-mathematische Klasse pp. 296–
303 (1930)
[202] E. Schrödinger. „About Heisenberg Uncertainty Relation“. Bulg. J. Phys. 26,
pp. 193–203 (1999)
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Similarly to the first part of eq. (B.2.18), one can write
Eβl

*
+
X

1 X
l ˜ l
l
l
εβηζ µ̂η 2dζ µ̂ζ − εβζη 2d˜ζ µ̂ζ µ̂η
−
εβηζ µ̂lη 2d˜ζ µ̂lζ
=
2
ζ
ζ
X

=
2d˜ζ εβηζ µ̂lη µ̂lζ + µ̂lζ µ̂lη − εβηζ µ̂lη µ̂lζ
ζ

=

X

2d˜ζ εβηζ



µ̂lη , µ̂lζ

− µ̂lη

µ̂lζ



(B.2.36)

,

ζ

from which with eq. (B.2.35) and the triangle inequality
Eβl =

X

2d˜ζ εβηζ



µ̂lη , µ̂lζ

− µ̂lη

µ̂lζ



ζ

≤

X

≤

X

2 d˜ζ εβηζ ·



µ̂lη , µ̂lζ

− µ̂lη

µ̂lζ

ζ

2 d˜ζ εβηζ ∆µ̂lη ∆µ̂lζ

(B.2.37)

ζ

follows.
Zeeman term
The Zeeman contribution translates without error:
D
E
D
E
ˆ = µ̂l × B l = µ̂l × B l = −B l × µ̂l = − ZH̃
ˆ × µ̂l ,
µ̂l × ZH̃
D
E
ˆ − ZH̃
ˆ × µ̂l = 2µl × ZH̃
⇔ µ̂l × ZH̃
(B.2.38)
with ZH̃ l = B l ,
since B l contains just numbers.
Total expectation value
Taking all contributions, i.e. eqs. (B.2.29), (B.2.31) and (B.2.38), together, the
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expectation value eq. (B.2.23) reads

E D
Dh
iE
E
i~γsl D l I ˆ l I ˆ l
ˆ l − AH̃
ˆ l × µ̂l
l
µ̂ × H̃ − H̃ × µ̂l + µ̂l × AH̃
Ĥ, µ̂
=−
2
D
E
l
Zˆ l
Zˆ l
l
+ µ̂ × H̃ − H̃ × µ̂
= −2

i

i~γsl h l
µ × IH̃ l + AH̃ l + ZH̃ l +E l .
2
{z
}
|

(B.2.39)

=:H̃ l

D E P
P ˜ l
ˆl =
lk k
l
H̃ l = H̃
kJ µ +2
β dβ µβ eβ + B is called effective field.

B.2.4. Classical equation of motion
The effective field originates from the Hamiltonian in a way that it can be
written as derivative. To the operator Ĥ, eq. (B.2.6), corresponds a classical
Hamiltonian function, namely
H=−

1 X j T Jjk k X ˜ j 2 X j
µ
µ −
dβ µβ −
µ · Bj ,
2
γsj γsk
j
j,k
j6=k

(B.2.40)

j,β

which is by the way equivalent to eq. (II.1.9), the Hamiltonian function introduced in the main part. Using this the effective field is just


∂H
l

x
 ∂µ
∂H
∂H 
H̃ l = − l = − 
 ∂µly  .
∂µ

(B.2.41)

∂H
∂µlz

Moreover, there is the error E l , defined in eq. (B.2.31), which can be written
as
X
 l l

2d˜ζ εβηζ
µ̂η , µ̂ζ − µ̂lη µ̂lζ ,
(B.2.42)
Eβl =
ζ
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and specially can be estimated via eq. (B.2.37) to
Eβl ≤

X

2 d˜ζ εβηζ ∆µ̂lη ∆µ̂lζ .

(B.2.43)

ζ

The Ehrenfest theorem in total and full beauty therefore reads


iE
X
dµl
i Dh
=
Ĥ, µ̂l = γsl µl × H̃ l + O γsl
d˜ζ εβηζ ∆µ̂lη ∆µ̂lζ  (B.2.44)
dt
~
ζ

∂H
H̃ l = − l ,
∂µ
which—when neglecting the error—is the equation of motion for the classical
magnetic moments µl in the absence of any damping.

B.2.5. Formulation using normalized spins

In section II.1.5 the Hamiltonian and the equation of motion is written using
l
normalized spins, defined via S l = µ /µlS , with µS = µl . This is explained
here: first we write eq. (B.2.40) (expanding the interactions from eq. (B.2.5))
in this way:
H=−

 X X j j 2
1 X jk
1 X ˜jk j
d˜β µβ
J µ · µk −
D̃ · µj × µk −
2
2
j
j,k

j,k

β

X µ0 3(µj · ejk ) · (ejk · µk ) − µj · µk X
−
−
B j · µj
8π
(rjk )3
j
j,k
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1 X j k ˜jk j
1 X j k jk
µS µS J S · S k −
µS µS D̃ · S j × S k
2
2
j,k
j,k
X X j 2 j j 2 X j
−
µS d˜β Sβ −
µS B j · S j

⇒H= −

β

−

X

j

j

µ0 µjS µkS
8π

j,k

3(S · e ) · (ejk · S k ) − S j · S k
(rjk )3
j

jk


1 X jk
D · Sj × Sk
2
2
j,k
j,k
X X j j 2 X j
−
dβ Sβ −
µS B j · S j

=−

1X

β

J jk S j · S k −

j

j

X µ0 µj µk 3(S j · ejk ) · (ejk · S k ) − S j · S k
S S
,
−
8π
(rjk )3

(B.2.45)

j,k

where the renormalization of the material parameters eq. (II.1.10) is used.
The effective field from eq. (B.2.44) translates via chain rule
H̃ l = −

∂H
1 ∂H
1
=− l
=: l H l .
l
l
∂µ
µS ∂S
µS

(B.2.46)

Inserting this into the equation of motion eq. (B.2.44) yields
dS l
= γsl S l × H l .
(B.2.47)
dt
Last step is to redefine the gyromagnetic ratio: since electronic magnetic moments are under consideration, γsl < 0;2 the sign is put into the equation by
defining γl := − γsl , such that
µlS

∂H
dS l
γl
= − l S l × H l with H l = − l
dt
∂S
µS

(B.2.48)

governs the time evolution, i.e. the Landau-Lifshitz-Gilbert equation without
damping, written in the usually used form.
2 Positive

γsl would occur for positrons, but antimatter is not subject of condensed matter
physics so far. Nevertheless the sign change is not really necessary, but as the positive
definition of the gyromagnetic ratio is common in the community, it is done here the same
manner.
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B.3. Mathematical structure of the stochastic
Landau-Lifshitz-Gilbert equation
Section II.1.5.3 introduces the stochastic Landau-Lifshitz-Gilbert equation
(stochastic LLG), given by eq. (II.1.20). As additional remarks we would like
to focus in this appendix a bit on the mathematical structure of this model.
The stochastic LLG eq. (II.1.20) is a stochastic, ordinary differential equation3 (SDE) of dimension three in case of a single spin. For N spins it is a
set of coupled equations, coupling between spins springing from the magnetic
interactions entailed in the effective field. Equivalently, the LLG for a N -spin
system can also considered as a vector-valued differential equation of dimension 3N . Moreover, it is a SDE with Stratonovich noise; from mathematical
point of view such a SDE in d dimensions is usually written as[144]
dX(t) = f (X(t), t) dt +

M
X

g j (X(t), t) ◦ dW j (t)

(B.3.1)

j=1

:⇔ X(t) − X(t0 ) =

Zt

dX(t0 )

t0

=

Zt
t0

f (X(t ), t ) dt +
0

0

0

M Z
X

t

g j (X(t0 ), t0 ) ◦ dW j (t0 ),

j=1 t

0

(B.3.2)

with a deterministic part f (X(t), t) dt and a stochastic part comprising M
PM
Wiener processes W j (t) j=1 g j (X(t), t) ◦ dW j . Solutions of this equation
X(t) ∈ Rd are called paths of a stochastic process: for each realization of the
randomness in the W j a path X(t) results. Note, that strictly speaking SDEs
only exist as integral equations as in eq. (B.3.2) and writing them as differential equation as in eq. (B.3.1) is just a short form of the integral form.4 There
3 See

appendix E.3 for an introduction to SDEs.
E. Kloeden and E. Platen. Numerical Solution of Stochastic Differential Equations.
Springer (1995)
4 A stochastic path, i.e. a solution of a SDE, is almost surely nowhere differentiable. Hence
a derivative is strictly speaking meaningless.
[144] P.
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are two types of integrals in the SDE; the first one on the right-hand side of
eq. (B.3.2) is just a usual (Riemann or Lebesque) integral, whereas the second
is a stochastic integral, i.e. an integral of a stochastic process. There is a family of definitions of stochastic integrals, which are in general not equivalent to
each other. Here we choose the Stratonovich definition, which is denoted with
the circle in the differential ◦dW ; see definition 6, page 416, for details on the
different definitions.
As writing the stochastic LLG in the form eq. (II.1.20), i.e. in the physicists manner, is not well defined mathematically, we rewrite it according to
eq. (B.3.1). For this consider the right-hand side of the LLG; it is linear in
H l , such that it can be written with a matrix-vector multiplication with a
3 × 3-matrix Al = Al ({S j }) ∈ R3×3 (it depends in general on all spins):
−


γl
γl αl
Sl × H l − l
S l × S l × H l =: Al · H l .
2
2
+ αl )
µS (1 + αl )

µlS (1

(B.3.3)

Then, together with the properties of the thermal noise, the LLG reads5
dS l (t) = − Al ({S j (t)}) ·
s
+

2µlS αl kB Tl
γl

∂H
dt
∂S l (t)


◦dW l,x (t)


Al ({S j (t)}) · ◦dW l,y (t) ,
◦dW l,z (t)

(B.3.4)

which includes three Wiener processes, one per Cartesian coordinate. For a
N -spin system this leads consequently to 3N independent Wiener processes.
There is an additional mathematical complication if the LLG is solved numerically, as done in this work. The spins are vectors on the surface of a 3D
unit sphere:6 S l ∈ S 2 . And the LLG ensures already that during the complete
time evolution this holds true: S l (t) ∈ S 2 ∀t. However, for a solution from
numerical integration with a common method, this is not necessarily the case
and a suitable numerical method is needed.
5 See

also appendix E.3, eqs. (E.3.5) and (E.3.6) (page 418) for this correspondence.
:= {x ∈ Rd : kxk2 = 1}

6 S d−1
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B.4. Derivation of the micromagnetism from
the atomistic model

Supplementing section II.1.6 by providing the detailed derivation of the micromagnetic framework from the atomistic model: this is the purpose of this appendix. The ultimate aim is to reformulate the Hamiltonian and the LandauLifshitz-Gilbert equation (LLG) in a field-theory by using eq. (II.1.21) as well
as eq. (II.1.22). This field theory manifests an approximation of the atomistic model in the limit where the space dependence of spins S l is small on the
length scale of the atomic distance a. Note that here only a simple cubic lattice
for the atomistic model is assumed and only nearest neighbor interaction.
First consider the atomistic Hamiltonian as given in eq. (II.1.23); we calculate
the micromagnetic approximation by starting with the exchange part. The
spin S l at position r l is now written in a field-like fashion as S l = S(r l ), such
that its six nearest neighbors may be written as S(r l ± aeβ ), β ∈ {x, y, z},
where a is the lattice constant, i.e. the distance between nearest neighbors.
With this, the corresponding part of the Hamiltonian reads
Hexch = −

JX n
S · S nm
2 n,m

J XX
S(r n ) · [S(r n + aeβ ) + S(r n − aeβ )]
2 n
β
hX
i
J Xn
=−
S(r n ) ·
[S(r n + aeβ ) + S(r n − aeβ )] − 6S(r n )
2 n
β
o
n
+ 6 S(r ) · S(r n ) .
|
{z
}

=−

=1

The last part is constant (with respect to the S(r l )) and is summarized by a
constant C. The other part can be expressed approximately by the Laplacian
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using eq. (II.1.21):


a2 ∆Sx (r l )
X



S(r l + aeβ ) + S(r l − aeβ ) − 6S(r l ) ≈ a2 ∆Sy (r l ) = a2 ∆S(r l )
β
a2 ∆Sz (r l )
Ja2 X
S(r n ) · ∆S(r n ) + C.
(B.4.1)
⇒Hexch ≈ −
2 n
The sum over the lattice sites r l can be replaced by an integral in the spirit
of eq. (II.1.22), which leads to

Hexch

Ja2 1
≈−
· 3
2
a

Z

S(r) · ∆S(r) d3 r + C.

(B.4.2)

V

In this very transition from discrete to continuous properties, the mathematical meaning of S has changed: in the beginning S(r l ) meant the (normalized)
magnetic moments of atoms, i.e. these were defined only for the discrete positions r l , but now S(r) is a vector-valued field defined for every position r
in continuous space R3 . It manifests a normalized magnetization density, normalized meaning |S(r)| = 1 ∀r, and its nature as magnetization density will
become clear below. With this we formulate the field-theoretical Hamiltonian
for micromagnetism by ignoring the constant C which is just a shift of the
energy scale:
mm

Hexch

J
=−
2a

Z
V

S(r) · ∆S(r) d r = −A
3

Z

S(r) · ∆S(r) d3 r,

(B.4.3)

V

where we introduced and defined the so-called exchange stiffness A := J/2a,
which is a material parameter for the micromagnetic theory. So far we only
considered Heisenberg exchange, but also other contributions to the Hamiltonian as the Dzyaloshinskii-Moriya can be rewritten. Here we restrict the
discussion to the anisotropy, the Zeeman term and dipole-dipole interaction.
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The former—again using eq. (II.1.22)—reads:
Huni = −

XX
n

≈−

X
β

dβ (Sβn )2 = −

X

β

dβ

dβ

X
(Sβ (r n ))2
n

β

1
a3

Z

(Sβ (r))2 d3 r,

(B.4.4)

V

which in turn—with introduction of the micromagnetic anisotropy constant
Dβ := dβ/a3 —lets us find the corresponding micromagnetic Hamiltonian:
Huni = −

mm

X
β

1
dβ 3
a

Z

(Sβ (r)) d r = −
2

3

X

Z
Dβ

β

V

(Sβ (r))2 d3 r.

(B.4.5)

V

The Zeeman term also transfers directly:
HZ = −

X

µS B n · S n ≈ −

Z
V

n

µS
B(r) · S(r) d3 r =:
3
a
|{z}

mm

HZ ,

(B.4.6)

=Ms

where we introduce a new micromagnetic parameter, namely the saturation
magnetization Ms := µS/a3 , which we discuss in a moment in detail. Last but
not least, the dipolar interaction is also easily reformulated by replacing both
integrals:

HDD



µ0 µ2S X 3 S j · ejk ejk · S k − S j · S k
=−
8π
rjk
j,k
j6=k

≈−

ZZ
µ0 µ2S
3 [S(r) · er−r0 ] [er−r0 · S(r 0 )] − S(r) · S(r 0 ) 3 3 0
d rd r
3
6
8π |{z}
a
|r − r 0 |
V V
=Ms2

=:

mm

HDD .

(B.4.7)
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Thus, the micromagnetic Hamiltonian reads in total
H=−

mm

Z

AS(r) · ∆S(r) +

Dβ (Sβ (r))2 + Ms B(r) · S(r)

β

V

+

X

µ0 Ms2
8π

Z

3 [S(r) · er−r0 ] [er−r0 · S(r 0 )] − S(r) · S(r 0 )
3

|r − r 0 |

V

d3 r0 d3 r.
(B.4.8)

The exchange is often written in another way: if one exploits Green’s first
identity7 and that Sβ ∇Sβ = 1/2∇Sβ2 for β ∈ {x, y, z}, the integral can be
expressed as
Z

S(r) · ∆S(r) d3 r

V

=

Z X
V

Sβ ∆Sβ d3 r = −

XZ

∇Sβ · ∇Sβ d3 r +

β V

β∈

{x,y,z}

XI

Sβ ∇Sβ · dA

β ∂V

I
1X
∇Sβ2 · dA
2
β V
β
I ∂V X 
XZ
XZ
1
2
2
∇
Sβ2 ·dA = −
=−
|∇Sβ | d3 r +
|∇Sβ | d3 r,
2
β V
β
β V
∂V
| {z }
=1
|
{z
}
=−

XZ

2

|∇Sβ | d3 r +

=0

7 For

Ω ⊂ Rd and two functions f, g : Rd → R the following statement holds true:

Z
Ω

f (x)∆g(x) + ∇f (x) · ∇g(x) dd x =

I

f (x)∇g(x) · dA,

∂Ω

where the right-hand side is an integral over the closed boundary of Ω.
(H. Amann and J. Escher. Analysis III. Birkhäuser (2008); [203])
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such that the Hamiltonian then reads
H=

mm

Z
A

X

V β∈{x,y,z}
µ0 Ms2

−

=:

Z

2

|∇Sβ (r)| −

8π

X

Dβ (Sβ (r))2 − Ms B(r) · S(r)

β

Z

3 [S(r) · er−r0 ] [er−r0 · S(r 0 )] − S(r) · S(r 0 )
3

V

|r − r 0 |

h(Sx , Sy , Sz , ∇Sx , ∇Sy , ∇Sz ) d3 r

d3 r0 d3 r
(B.4.9)

V

where h defines the energy density. We should mention at this point two
things: first that we approximated on the discrete length scale a—the atomic
distance—, and the approximations using integrals and derivatives are valid
if a is “small”, which physically means that if the systems and the magnetic
features considered are much larger than a. Since a is of the order of 1 Å, system sizes of 100 nm or larger are usually well described by this micromagnetic
theory. Another important aspect is that the conversion from the microscopic
parameters (say J, dβ and µS ) to the macroscopic ones (A, Dβ and Ms ) depends on the lattice geometry, conversion presented here is only valid for a sc
lattice.
In the same fashion as for the atomistic Heisenberg model, the time evolution
of S = S(r, t) can be described by a first-order differential equation in time,
which is also called Landau-Lifshitz-Gilbert equation, since it has the same
structure, though the comprised mathematical objects are a bit different. In
the same coarse-grained spirit as above, we start from the atomistic equation
and transfer this to continuous fields. Hence, starting point is the deterministic, atomistic Heisenberg model, eq. (II.1.14). The main issue is to transfer
the (atomistic) effective field H l , which is exemplary8 done for Heisenberg
exchange interaction and the uniaxial anisotropy on the sc lattice corresponding to the above given micromagnetic Hamiltonian. We consider the effective
field of the atomistic Hamiltonian H, eq. (II.1.23), reduced to nearest-neighbor
Heisenberg exchange and anisotropy, and express it in terms of the micromag8 Zeeman-

and dipolar contribution work alike.
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netic approximation by taking again advantage of eq. (II.1.21):
X
X
∂H
=J
S lm + 2
dβ Sβl eβ
l
∂S
m
β
X
X

l
=J
S(r + aeβ ) + S(r l − aeβ ) + 2
dβ Sβl eβ

Hl = −

β

β

X


≈ Ja 6S(r l ) + ∆S(r l ) + 2
dβ Sβ (r l )eβ
2

β

=a

3



X dβ

J 
6S(r l ) + ∆S(r l ) + 2
Sβ (r l )eβ
a
a3
|{z}
|{z}



β

=2A

=a

3



=Dβ

2A∆S(r ) + 2
l

X


Dβ Sβ (r )eβ +12AS(r ) ,
l

l

(B.4.10)

β

|

{z

=: mmH(r l )

}

where we gently defined the micromagnetic effective field mmH(r); itselfs definition with dropping the last part is justified twofold. First, by inserting the
above approximation of H l into the LLG, where the mentioned part drops
out of the cross product:
S(r l ) × H l ≈ a3 S(r l ) ×

H(r l ) + a3 12A S(r l ) × S(r l ) .
|
{z
}

mm

(B.4.11)

=0

The second justification will appear later, when an alternative approach to calculate this field without knowing the atomistic structure behind, is introduced.
At this point we would finally translate the atomistic LLG to the micromagnetic picture. Before doing so, we have to note a subtle change: the atomistic
LLG is an ordinary differential equation, such that the time derivative of the
l
spins can be written as total derivative dS /dt, but now S = S(r, t) is space
l
dependent and, hence, a partial derivative has to be used ∂S /∂t. Making use
of eqs. (B.4.10) and (B.4.11) and of course the atomistic LLG (II.1.14), this
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story reads


−γ
∂S(r l , t)
=
S(r l , t) × H(r l , t) + αS(r l , t) × H(r l , t)
2
∂t
µS (1+α )


a3
−γ 
≈
S(r l , t) × mmH(r l , t) + αS(r l , t) × mmH(r l , t) ,
2
µS (1+α )
|{z}
=1/Ms

(B.4.12)
where this equation is applied to all positions r ∈ R3 rather than only on
the grid points r l , such that finally the micromagnetic formulation of the
Landau-Lifshitz-Gilbert equation reads
n
o
γ
∂S(r, t)
mm
mm
=−
S(r,
t)
×
[
H(r,
t)
+
αS(r,
t)
×
H(r,
t)]
.
∂t
Ms (1 + α2 )
(B.4.13)
In addition to the previously defined micromagnetic parameters A and Dβ , this
equation of motion entails the parameters Ms , the saturation magnetization,
the gyromagnetic ratio γ and the Gilbert damping parameter α, where the
last two are the same as in the microscopic theory9 . The LLG in this form is
from mathematical point of view a partial differential equation, with second
derivatives in space that come along with the exchange, and it is of first order
in time. Also for this equation describing the dynamics the same is true what
has been already stated when formulating the Hamiltonian for this field theory:
this micromagnetic LLG is valid in cases where the size of the magnetic system
as well as the features described by this model are large with respect to the
atomic distance.
So far, during the whole introduction into micromagnetism, several promises
have been made, that shall be acquitted now. The first, and most important,
is on the nature of the normalized magnetization density S(r, t) in connection
with the saturation magnetization Ms . Remembering the atomistic theory,
the atomic magnetic moment is µl = µS S l . Consequently, the magnetization of a certain domain V ∈ R3 of volume |V | containing N atoms reads
9 Note,

this is not valid in general, especially the micro- and macroscopic Gilbert damping
may differ. This is usually the case for more complex materials, where translation from
atomistic to micromagnetic picture is not as straightforward as here.
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µl . A ferromagnet takes saturation magnetization in ground state,
when all moments are parallel along one axis, say ex , such that µl = µS ex
and
1/|V |

P

r l ∈V

Ms =

1
µS
1 X l
1 X
µ =
µS ex =
· N µS ex = 3 ex .
3
3
|Ω| l
Na l
Na
a
|{z}
r ∈Ω
r ∈Ω

(B.4.14)

=Ms

So indeed, Ms has been correctly introduced as saturation magnetization.
Away from ground state the local direction of the magnetization M (r, t) may
vary, but not its absolute value which is Ms ; the direction is given by the
direction of S(r, t), which is dimensionless and normalized to one and the
space-dependent magnetization is just given by
M (r, t) = Ms · S(r, t).
Another promise given before is to compute the effective field directly from
the micromagnetic Hamiltonian without knowing the atomistic model behind.
This is often necessary, for example in cases where the parameters are obtained
from fits to experimental data, which usually do not have resolution down to
the atomic scale. In field theories forces are usually calculated by functional
derivatives, often within the framework of canonical equations of a Lagrangeor Hamilton formulation, say there is a force like F = − δV
δq . As we have
already seen, the magnetization dynamics is governed by torque equations,
where the torques are calculated with respect to a specific vector, in the LLG
called effective field. From that one could guess that the micromagnetic equation of motion can be written down as LLG with normalized magnetization
S(r, t) and an effective field calculated by a functional derivative from the
Hamiltonian
 δ mmH 
H(r, t) = −

mm

δ

δS
H
 mmx 
= −  δ δSyH  .
δS
δ mmH

mm

δSz

(B.4.15)
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For the specific Hamiltonian used here, eq. (B.4.9), this reads10
Hβ (r, t) = +∇ ·

mm

∂h
∂h
−
∂(∇Sβ ) ∂Sβ

β ∈ {x, y, z},

= 2A∇ · ∇Sβ + 2Dβ Sβ (r) + Ms Bβ

Z 3 [e
0
0
r−r 0 · S(r )] er−r 0 β − Sβ (r )
µ0 Ms2
d3 r0
+
4π
|r − r 0 |
V

implying
H(r, t) = 2A∆S(r, t) + 2

mm

X

Dβ Sβ (r, t)eβ + Ms B

β

+

µ0 Ms2
4π

Z

3 [er−r0 · S(r 0 )] er−r0 − S(r 0 ) 3 0
d r,
|r − r 0 |

(B.4.16)

V

which takes the same form (appended by magnetic field and dipolar interaction) as obtained from the coarse-grained transition from atomistic- to the
micromagnetic model in eq. (B.4.10) and verifies the initial ansatz of writing
the effective field as functional derivative. However, by using eq. (B.4.15) for
calculation of the effective field, the micromagnetic model is independent of
the atomistic modeling and there is no need of knowing the atomistic parameters anymore.
To summarize this derivation: the micromagnetic Hamiltonian along with the
Landau-Lifshitz-Gilbert equation for the dynamics is given by
Z
X
X
2
mm
H= A
|∇Sβ (r)| −
Dβ (Sβ (r))2 − Ms B(r) · S(r)
V β∈{x,y,z}
Z
µ0 Ms2

−

10 The
δF
δϕ

8π

β

3 [S(r) · er−r0 ] [er−r0 · S(r 0 )] − S(r) · S(r 0 )
3

V

|r − r 0 |

functional derivative of a functional F (ϕ, ∇ϕ) =

=

∂f
∂ϕ

−∇·

∂f
.
∂(∇ϕ)

d3 r0 d3 r
(B.4.17)

R

f (ϕ(x), ∇ϕ(x)) dd x is given by
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h
γ
∂S(r, t)
=−
S(r, t) × ( mmH(r, t) + αS(r, t) ×
2
∂t
Ms (1 + α )
with

H(r, t) = −

mm

δ

mm

H
.
δS

mm

H(r, t))

i

(B.4.18)

C. Concerning spin waves:
detailed derivations
C.1. Quantum mechanical single-magnon state
in a Heisenberg ferromagnet
This appendix refers to section II.2.1, where a general introduction to spin
waves is provided via the example of a ferromagnetic spin chain treated accurately by quantum mechanical principles. The calculation of a spin-wave state
in all details, or magnon as it is called, is carried out in this appendix. However, note that here only calculations are presented, the discussion of results
is found in section II.2.1.

C.1.1. Single-magnon state
In order to introduce spin waves from a quantum mechanical point of view,
we consider a spin chain—a one-dimensional arrangement of spins—described
by a Heisenberg model with nearest-neighbor interaction, see eq. (II.2.1),
Ĥ = −

X
X
X
J
dz
2
ŝn · ŝn+1 −
(ŝnz ) − γs Bz
ŝnz ,
2
2
s(s + 1)~ n
s(s + 1)~ n
n

(C.1.1)

the N spins ŝl regularly arranged on lattice sites with positions rl = la, l ∈ Z.
First step is to rewrite the exchange interaction; although only nearest-neighbor interaction in 1D is needed, this is carried out here for the general case
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including an arbitrary dimension and an arbitrary number of neighbors for
the sake of generality. The general Heisenberg exchange therefore takes the
form also presented in eq. (II.1.8):
Ĥex = −

X
1
Jjk ŝj · ŝk ,
2
2s(s + 1)~

(C.1.2)

j,k
j6=k

This shall be rewritten in terms of ladder operators ŝl± = ŝlx ± iŝly ; see appendix G.2 for a reminder. With these the identity




ŝj+ ŝk− + ŝj− ŝk+ = ŝjx + iŝjy ŝkx − iŝky + ŝjx − iŝjy ŝkx + iŝky
=ŝjx ŝkx + iŝjy ŝkx − iŝjx ŝky + ŝjy ŝky + ŝjx ŝkx − iŝjy ŝkx + iŝjx ŝky + ŝjy ŝky

=2 ŝjx ŝkx + ŝjy ŝky
follows, and hence
ŝj · ŝk = ŝjx ŝkx + ŝjy ŝky + ŝjz ŝkz =


1 j k
ŝ+ ŝ− + ŝj− ŝk+ + ŝjz ŝkz .
2

Thus, the Hamiltonian can be written as

 

X
1
1 j k
j k
i j
+
ŝ
ŝ
Ĥex = −
J
ŝ
ŝ
+
ŝ
ŝ
jk
z z .
− +
2s(s + 1)~2
2 + −
j,k
j6=k

Coming back to the special case of the spin chain, the Hamiltonian eq. (C.1.1)
reads

X 1

J
n n+1
n n+1
n n+1
Ĥ = −
ŝ ŝ
+ ŝ− ŝ+
+ ŝz ŝz
s(s + 1)~2 n 2 + −

X
dz
n 2
n
−
(ŝ
)
−
γ
B
ŝ
(C.1.3)
s z z ,
s(s + 1)~2 z
n
which is now analyzed for the ground state and then for excited states.
Ground state
Obvious candidate for the ground state is a parallel alignment of all spins

C.1. QM single-magnon state in a Heisenberg ferromagnet

329

along the quantization axis, say along negative z axis.1 The corresponding
state (written as product state) reads
|ψg i := |−s, ..., −si .

(C.1.4)

It is indeed an eigenstate of the Hamiltonian:2
=0

=0

}|
{ z
}|
{
X 1 z
J
n n+1
n n+1
ŝ
ŝ
|−s,
...,
−si
+
ŝ
ŝ
|−s,
...,
si
Ĥ |ψg i = −
− +
s(s + 1)~2 n 2 + −

+ ŝnz ŝn+1
|−s,
...,
−si
z
−

X
n


dz
n 2
n
(ŝ ) |−s, ..., −si − γs Bz ŝz |−s, ..., −si
s(s + 1)~2 z

J
dz
s2 ~2 |−s, ..., −si − N
s2 ~2 |−s, ..., −si
s(s + 1)~2
s(s + 1)~2
+ N γs Bz ~s |−s, ..., −si ,
(C.1.5)


q
s
s
s
with eigenvalue Eg = −N s+1
J + s+1
dz + s+1
µS Bz , using the absolute
p
value of the magnetic moment µS = −γs s(s + 1)~.
=−N

Excited state: exciting a single spin by ~
To determine the first excited state one could try to use the first excited state
of a single spin, i.e. excite one spin from ms = −s to ms = −s + 1—the
minimal increase of magnetic moment of that spin possible. We denote this
special spin with lattice index l, which means mls = −s + 1 for the spin with
index l and mjs = −s for j 6= l; the entire state is denoted by
l
l+1
N
|li := m1s , ..., ml−1
= |−s, ..., −s, −s + 1, −s, ..., −si .
s , ms , ms , ..., ms
(C.1.6)

This state is sketched in fig. II.2.1, page 56 in the main part. Enhancing
one spin by its minimal value of ~ implies a corresponding increase of the z
1 Orientation

of the spin angular momenta along negative z axis implies the corresponding
magnetic moments to be aligned along positive z axis, both being antiparallel due to
negative gyromagnetic ratio γs for electronic moments.
2 Since ŝn |−s, ..., −si = 0 and ŝn+1 |−s, ..., −si = 0.
−
−
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P
component of total angular momentum Jˆ = n ŝn
D E X
X
Jz = Jˆz =
hŝnz i =
hl |ŝnz | li
n

n

= −(N − 1)s~ + (−s + 1)~ = (−N s + 1) ~,

(C.1.7)

meaning the ground-state value −N s~ is increased by 1~.
However, it turns out that the aforementioned state is no eigenstate of the
Hamiltonian, which we proof here: For this we first split the sum in the exchange part of the Hamiltonian in order to extract the terms containing l:

X 1

J
n n+1
n n+1
n n+1
ŝ
ŝ
+
ŝ
ŝ
+
ŝ
ŝ
Ĥex = −
− +
z z
s(s + 1)~2 n 2 + −



J
1 l l+1
l l+1
l l+1
+ ŝ− ŝ+ + ŝz ŝz
=−
ŝ ŝ
s(s + 1)~2 2 + −



J
1 l−1 l
l−1 l
l−1 l
−
ŝ ŝ + ŝ− ŝ+ + ŝz ŝz
s(s + 1)~2 2 + −

X 1

J
n n+1
n n+1
n n+1
−
+ ŝ− ŝ+
+ ŝz ŝz
ŝ ŝ
.
(C.1.8)
s(s + 1)~2
2 + −
n
l6=n6=l−1

Each piece is applied to |li separately:



1 l l+1
l l+1
ŝ+ ŝ− + ŝl− ŝl+1
+
ŝ
ŝ
|li
z z
+
2
1 l l+1
=
ŝ ŝ |−s, ..., −s, −s + 1, −s, ..., −si
2 |+ −
{z
}
=0

1
+ ŝl− ŝl+1
+ |−s, ..., −s, −s + 1, −s, ..., −si
2
+ ŝlz ŝl+1
|−s, ..., −s, −s + 1, −s, ..., −si
z
p
p
1 2
~ s(s + 1) + (−s + 1)s · s(s + 1) + s(−s + 1)×
=
2
× |−s, ..., −s, −s, −s + 1, ..., −si
+ ~2 s(s − 1) |−s, ..., −s, −s + 1, −s, ..., −si
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⇒



1 l l+1
l l+1
+
ŝ
ŝ
|li = ~2 s |l + 1i + ~2 s(s − 1) |li ,
ŝ+ ŝ− + ŝl− ŝl+1
z z
+
2

furthermore



1 l−1 l
l
l−1 l
ŝ+ ŝ− + ŝl−1
ŝ
+
ŝ
ŝ
+
z
z |li
−
2
1 l−1 l
=
ŝ ŝ |−s, ..., −s, −s + 1, −s, ..., −si
2 + −
1
ŝl |−s, ..., −s, −s + 1, −s, ..., −si
+ ŝl−1
2 |− +
{z
}


=0

l
+ ŝl−1
z ŝz |−s, ..., −s, −s + 1, −s, ..., −si
p
1 2p
~ s(s + 1) + s(−s + 1) · s(s + 1) + (−s + 1)s×
=
2

× |−s, ..., −s + 1, −s, −s, ..., −si
+ ~2 s(s − 1) |−s, ..., −s, −s + 1, −s, ..., −si
= ~2 s |l − 1i + ~2 s(s − 1) |li ,

and

X 1
2
n
l6=n6=l−1
=

+

ŝn− ŝn+1
+



+

ŝnz ŝn+1
z

X 1


|li



n n+1
n n+1
ŝn+ ŝn+1
|li
+
ŝ
ŝ
|li
+
ŝ
ŝ
|li
− +
z z
2 | −
{z } | {z }

n
l6=n6=l−1

=

ŝn+ ŝn+1
−

X

=0

=0

~ s |li = (N − 2)~ s |li .
2 2

n
l6=n6=l−1

2 2
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Hence, altogether the Hamiltonian applied to |li reads
X
X
dz
n 2
(ŝ
)
|li
−
γ
B
ŝnz |li
s
z
z
s(s + 1)~2 n
n
h
i
J
2
=−
~
s
|l
+
1i
+
|l
−
1i
+
2(s
−
1)
|li
+
(N
−
2)s
|li
s(s + 1)~2


dz
~2 (N − 1)s2 + (s − 1)2 |li
−
2
s(s + 1)~
− γs Bz ~[−(N − 1)s + (−s + 1)]
i
J h
=−
|l + 1i + |l − 1i + (N s − 2) |li
s+1
i
dz h
−
(N − 1)s2 + (s − 1)2 |li − (−γs Bz ~)(N s − 1) |li ,
| {z }
s(s + 1)

Ĥ |li = Ĥex |li −

µS Bz
s(s+1)

=√

(C.1.9)
showing that |li is definitely not an eigenstate of Ĥ.
Excited state: the single-magnon state
Since |li is no elementary excitation, another ansatz is required. Obviously,
selecting a special lattice site l might not be the best choice since site l is by
no means exceptional; a better approach would maybe be, hence, a superposition of all possible |li. Furthermore, the system is translational invariant with
respect to spatial shifts by multiples of the lattice constant a. Usually Fourier
modes are the typical candidates for eigenmodes of translational invariant systems. Consequently, we consider the following ansatz: a Fourier transform of
|li on the lattice positions rl = la,
1 X −ik·na
e
|ni ,
|ki := √
N n
√

(C.1.10)

with parameter k, the wave vector. The prefactor 1/ N ensures normalization
of the state. This state |ki can be identified as a spin wave, which is quantized
and also called magnon. We proof that it is an eigenstate of the Hamiltonian
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by utilizing eq. (C.1.9):
1 X −ikan
1 X −ikan
√
e
|n + 1i + √
e
|n − 1i
N n
N n

1 X −ikan
+ (N s − 2) √
e
|ni
N n
i 1 X
dz h
−
e−ikan |ni
(N − 1)s2 + (s − 1)2 √
{z
}
s(s + 1) |
N n

Ĥ |ki = −

J
s+1



=N s2 −2s+1

−
=−

−
=−

−

µS Bz (N s − 1) 1 X −ikan
p
√
e
|ni
N n
s(s + 1)

X
J
1
√ eika e−ika
e−ikan |n + 1i
s+1
N
n

1 ika −ika X −ikan
+√ e e
e
|n − 1i + (N s − 2) |ki
N
n


dz
1
µS Bz
Ns − 2 +
|ki − p
(N s − 1) |ki
s+1
s
s(s + 1)
 ika X
e
J
√
e−ika(n+1) |n + 1i
s+1
N n

e−ika X −ika(n−1)
+ √
e
|n − 1i + (N s − 2) |ki
N n


dz
1
µS Bz
Ns − 2 +
|ki − p
(N s − 1) |ki .
s+1
s
s(s + 1)

Importantly, the sum over n runs over all lattice sites, such that a shift of the
index n by one does not matter,3 i.e.
1 X −ika(n−1)
1 X −ika(n+1)
√
e
|n − 1i = √
e
|n + 1i = |ki .
N n
N n
3 Strictly

speaking this is only exactly true assuming translational invariance, which basically means either an infinite chain, N → ∞, or a finite chain with periodic boundaries.
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Hence, using eika + e−ika = 2 cos(ka),

J  ika
e |ki + e−ika |ki + (N s − 2) |ki
s+1


dz
1
µS Bz
−
Ns − 2 +
|ki − p
(N s − 1) |ki
s+1
s
s(s + 1)
(


J
dz
1
[2 cos(ka) − 2 + N s] −
Ns − 2 +
= −
s+1
s+1
s
)
µS Bz
−p
(N s − 1) |ki
(C.1.11)
s(s + 1)

Ĥ |ki = −

follows: the proof that |ki is indeed an eigenstate of Ĥ with corresponding
eigenvalue


J
dz
1
[2 cos(ka) − 2 + N s] −
Ns − 2 +
s+1
s+1
s
µS Bz
−p
(N s − 1)
s(s + 1)
r


s
s
s
J+
dz +
µS Bz
= −N
s+1
s+1
s+1
|
{z
}

E (k) = −

=Eg

(

J
2dz
+~
[2 − 2 cos(ka)] +
(s + 1)~
(s + 1)~
|
{z
=:ω(k)

= Eg + ~ω(k),

)


1
µS Bz
1−
+p
2s
s(s + 1)~
}
(C.1.12)

split into the ground-state energy Eg and the energy of the excitation ~ω(k) >
0, which is at the same time the dispersion relation of the single-magnon state
|ki.
Besides the energy, another important issue is the total angular momentum J
of this state. For this we calculate the z component Jz , done by first considering
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the contribution from the lth spin:4
1 X −ikan
ŝlz = k ŝlz k = √
e
k ŝlz n
N n


X
1
l
l
−ikal
−ikan
e
k ŝz l +
e
k ŝz n
=√
N
n
n6=l


X
1
= √
e−ikal (−s + 1)~ hk | li +
e−ikan (−s)~ hk | ni
N
n6=l


X
XX
~
= − √ 2 (s − 1)
e−ika(l−m) hm | li +s
e−ika(n−m) hm | ni
| {z }
| {z }
N
m
m n6=l
=δml
=δmn


1
~
~.
(C.1.13)
= − [(s − 1) + s(N − 1)] = −s +
N
N
For the total angular momentum of the magnet in state |ki this implies
Jz =

X

hŝnz i = (−N s + 1)~;

(C.1.14)

n

it is also raised by 1~ with respect to the ground state in the same manner
as the single-spin excitation state |li, see eq. (C.1.7), however it is distributed
over the entire system: in state |ki each spin is increased by ~/N in contrast
to state |li where only the lth spin is altered by ~.

C.1.2. Many-magnon state
The state |ki is a single-magnon state; in order to create a many-magnon
state let us set up annihilation and creation operators for a magnon with
wave vector k. The vacuum state is given by the magnets ground state where
no magnon exists. Hence, creation operator â†k , maps state |ψg i, eq. (C.1.4),
to |ki, eq. (C.1.10), requiring to increase each mls = −s of the ground state by
4 Using

√
N

hk| = 1/

P
m

e−ikma

∗

hm| and splitting the first sum over n into l and n 6= l.
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one, achieved by ŝl+ , and combining them with the right coefficients for the
Fourier transform:
â†k := √

X
1
e−ikan ŝn+ ,
2N s~ n

(C.1.15)

the prefactor ensuring correct normalization. We proof that this creates the
single-magnon state:
√
=~

â†k |ψg i = √

√
s(s+1)+s(−s+1)|−s,...,−s+1,....−si=~
2s|ni
√

z
}|
{
X
2s~ 1 X −ikan
1
√
e−ikan ŝn+ |−s, ..., −si = √
e
|ni
2s~ N n
2N s~ n

= |ki ,
and that âk = â†k

(C.1.16)
†

=

P
n

√
eikan ŝn
−/ 2N s~

√
=~

is the corresponding annihilator:5

s(s+1)+(−s+1)s·δmn |ψg i

z }| {
X
X
1
1 X ika(m−n)
âk |ki = √
eikam
e−ikan ŝm
e
δmn |ψg i
− |ni =
N n,m
N 2s~ m
n
=

N
|ψg i = |ψg i .
N

(C.1.17)

From this one could try to build a two-magnon state via applying two creators
to the vacuum, a state |k, k 0 i comprising two magnons with momentum k and
k 0 respectively:
|k, k 0 i = â†k0 â†k |ψg i ,

(C.1.18)

unfortunately it turns out that |k, k 0 i is again no eigenstate of Ĥ. It is a
consequence of interactions among magnons: for a single magnon these do
not play a role, and the ansatz above for a many-body state does not take it
into account.[46] Moreover, there is another problem: â†k , âk do not satisfy the
m
m
n
that ŝm
− |ni is zero for m 6= n since ŝ− |ms = −si = 0. Furthermore, ŝ− |ni applies
n = −s + 1i.
like ŝn
|m
s
−
[46] W. Nolting and A. Ramakanth. Quantum Theory of Magnetism. Springer-Verlag
(2009)

5 Using
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canonical commutator relations, for example:
h

i
1 X n
ŝ 6= 1.
âk , â†k = −
N s~ n z

To fulfill the fundamental bosonic commutators, the relation above should
equal 1, which is only approximately true near the ground state. This can be
solved by defining creator and annihilator in a different manner, one usual
approach among others is the Holstein-Primakoff transformation:[78]
q
q
ŝl+ = b†l ~ 2s − b̂†l b̂l ,
ŝl− = ~ 2s − b̂†l bl b̂l
ŝlz = s~ − ~b̂†l b̂l ,
with which creation and annihilation operators
1 X −ikan
1 X −ikan †
e
e
b̂n and b̂k = √
b̂n ,
b̂†k = √
N n
N n






follow, which indeed fulfill b̂†k , b̂†k0 = b̂k , b̂k0 = 0 and b̂k , b̂†k0 = δkk0 , the
fundamental bosonic relations. Disadvantage of this transformation lies with
the square root in the transformation that cannot be evaluated exactly, hence
must be expanded as power series and somewhere truncated.

C.1.3. Magnetization curve at low temperatures
The aim is finally to do something useful with the results on magnons, namely
to calculate the magnetization curve of a ferromagnet—an entity most prominent for magnets. However, before the reader is getting to excited, we should
damp the expectations by stating that only the low-temperature limit is considered. Reason for this restriction is again the magnonic interactions, which
become progressively important with increasing temperature as more and
more magnons are thermally excited.
Firstly, for more realistic results, we need to generalize the system to three
[78] T.

Holstein and H. Primakoff. „Field Dependence of the Intrinsic Domain Magnetization of a Ferromagnet“. Phys. Rev. 58, pp. 1098–1113 (1940)
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dimensions. For a simple cubic lattice with lattice constant a the calculation can be carried out in the same fashion as for the spin chain. It leads
to single-magnon states |ki given by three-dimensional wave vectors k; the
corresponding energies of the magnons generalize from eq. (C.1.12) to
E(k) = ~ω(k) with
(C.1.19)




X
J
2dz
1
µS Bz
ω(k) =
6−
2 cos(akp ) +
1−
+p
.
(s + 1)~
(s
+
1)~
2s
s(s + 1)~
p=x,y,z
Simplest assumption available is to entirely neglect interactions and treat the
magnons as an ideal Bose gas, the many-body states given by occupation of
each single-particle state |ki with a number of magnons nk . From statistical
physics it is known that in thermal equilibrium at temperature T the mean
occupation number is given by the Bose-Einstein distribution:[43,129,130]
hnk iT =

1
,
eE(k)/kB T − 1

with zero chemical potential µ = 0 since magnons are quasi particles. The total
number of particles can be expressed as (using the continuum limit introducing
the magnon density of states DOS(E))
hN iT = V

Z∞
0

DOS(E)
dE,
eE(k)/kB T − 1

volume V coming into play since the density of states DOS is normalized
to volume. The limit of low temperatures allows for a further simplification:
only the lowest states in energy are notably occupied, such that it is sufficient
to treat the dispersion for low energies accurately, allowing to expand the
dispersion around its minimum at k = 0:6


Ja2 2
2dz
1
µS Bz
E(k) ≈
k +
1−
+p
= Ãk2 + E0 ,
s+1
s+1
2s
s(s + 1)
[43] F.

Schwabl. Statistical Mechanics. Springer-Verlag (2006)
Einstein. „Quantentheorie des einatomigen idealen Gases – Zweite Abhandlung“.
Sitzungsber. K. Preuss. Akad. Wiss. Phys. Math. Kl. Pp. 3–14 (1925)
[130] S. N. Bose. „Plancks Gesetz und Lichtquantenhypothese“. Zeitschrift für Physik 26,
pp. 178–181 (1924)
6 With cos(ak ) ≈ 1 − 1 (ak )2 , β ∈ {x, y, z}.
β
β
2
[129] A.
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2
for which we define the abbreviations Ã := Ja /s+1 and E0 := 2dz 1−1/2s /s+1 +
√
µS Bz/ s(s+1), just for better comfort. From the dispersion follows also the
density of states, done in spherical coordinates:
Z
1
δ(E − E(k)) d3 k
DOS(E) =
(2π)3
R3
Z
1
=
δ(E − E(k))k 2 sin(ϑ) dkdϑdϕ
(2π)3
Z∞
Z∞ 2
k δ(k − k0 )
4π
1
2
=
δ(E − E(k))k dk =
dk,
3
2
| {z }
(2π)
2π
|g 0 (k0 )|
0

:=g(k)

0

δ(x−x0 )/|g 0 (x0 )|, valid for roots x of the
where the identity δ(g(x)) =
0
x0
function g with finite multiplicity, is used. Because the integral expands only
over the positive axis, there is only one root in this case, which is calculated:


0 = g(k0 ) = E − E(k0 ) = E − Ãk02 + E0
r
1
⇒ k0 =
(E − E0 ),
Ã

P

furthermore
g 0 (k0 ) = −

q
dE(k0 )
= −2Ãk0 = −2 Ã (E − E0 ).
dk

Hence,
Z∞

1
(E − E0 )
k 2 δ(k − k0 )
1
Ã
q
q
dk =
2
2π
2 Ã (E − E0 )
0 2 Ã (E − E0 )
p
1
=
E − E0 for E ≥ E0
(C.1.20)
4π 2 Ã3/2

1
DOS(E) =
2π 2

results (and for E < E0 DOS(E) = 0 as no states with such energy exist).
Strictly speaking the energy of the magnons is bounded, and the density of
states vanishes above the maximum of the exact dispersion maxk [E(k)], not
true for the approximated version. However, low temperatures save the day
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again as the states for which the approximation breaks down are barely occupied; to be more precise: the occupation falls off roughly exponentially whereas
the density of states grows with square root, such that the integration over
energy E can be safely carried out to infinity, over the interval [0, ∞[. Which
in turn allows exact integration:7
V
hN iT =
4π 2 Ã3/2

Z∞ √
E0

E − E0
dE
eE/kB T − 1

V
3
=
(kB T ) /2
4π 2 Ã3/2

√

Z∞

x


dx
E0
exp
x
+
−
1
kB T
0
√


V
π
−E
3
Li3/2 e 0/kB T
=
(kB T ) /2 ·
3/2
2
2
4π Ã


V
−E0/k T
3
B
=
· Li3/2 e
· (kB T ) /2 .
3/2
3/2
8π Ã


(C.1.21)

This expression entails the polylogarithm function Lis (z). Because the angular
momentum of a magnon is known to be ~—see eq. (C.1.14)—, the number
of magnons hN iT in the system is directly connected to the magnetization.
Magnetization M is total magnetic moment divided by volume:
1 X n
γs X n
γs D ˆE
M (T ) :=
hµ̂ iT =
hŝ iT =
J
,
(C.1.22)
V n
V n
V
T
where only the z component is of interest. In ground state ŝlz = −s~, defining
the saturation magnetization Ms , i.e. that maximum possible magnetization
in z direction
−γs N s~
γs X n
hŝ i =
.
Ms = Mz (T = 0) =
V n
V
Note, firstly, that N is the number of spins, whereas hN iT the number of
magnons, and that Ms > 0 because of γs < 0. Secondly, at finite temperature
magnons are thermally excited and each increases the total angular momentum by ~, hence, by hN iT ~ in total, which implies that the magnetic moment
7 For

example using Mathematica and prior substituting x := (E−E0 )/kB T .
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decreases by γs ~ per magnon, i.e. in total by γs hN iT ~. Thus the magnetization finally reads
γs hN iT ~
V


γs ~
−E
3
= Ms + 3/2 3/2 · Li3/2 e 0/kB T · (kB T ) /2
8π Ã


−γs N s~ (s + 1)3/2
3
−E0/k T
B
· (kB T ) /2
·
Li
e
= Ms −
3
/2
3/2 3/2
3
N
a
s8π
J
| {z }

Mz (T ) = Ms +

=Ms





(s + 1)3/2
1
−E0/k T
3/2
B
= Ms 1 −
· Li3/2 e
· (kB T )
,
s
8(πJ)3/2
using the simple cubic lattice structure that implies V = N a3 . The temperature dependence is not quite trivial, as it is partially given by the polylogarithm; its argument depends on E0 given by the uniaxial anisotropy and the
magnetic field.
But it is possible to expand the polylogarithm; at low temperature the exponential exp −E0/kB T is a small number, such that Taylor expansion (that is
also its very definition) of Li around zero,
Li3/2 (z) = z +


z2
+ O z 3 ≈ z,
3/2
2

can be utilized, which implies


(s + 1)3/2
1
−E0/k T
3/2
B
Mz (T ) = Ms 1 −
·e
· (kB T )
.
s
8(πJ)3/2

(C.1.23)

Even if this is much more handy, still this expressions temperature dependence
is apportioned on an exponential and a power. The former is basically an
energetic activation barrier, as E0 is the lowest energy a magnon can carry
and, hence, at minimum this energy is required to activate any excitation
of the magnets ground state. This exponential equals unity for an isotropic
Heisenberg magnet, i.e. dz = 0 and Bz = 0 implying a zero energy gap, E0 = 0.
The latter power law ∝ T 3/2 is the well-known Bloch law[1] that states that
the magnetization decreases with T 3/2 at very low temperatures.
[1] F. Bloch. „Zur Theorie des Ferromagnetismus“. Zeitschrift für Physik 61, pp. 206–219
(1930)
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C.2. Ferromagnetic spin-wave dispersion
relation for monoatomic Bravais lattices
This appendix delivers a detailed derivations of the spin-wave dispersion relation from section II.2.2 for regular Bravais lattices with a single atom per
unit cell. Moreover, some additional features of this dispersion are discussed,
namely the density of states and time-reversal symmetry.

C.2.1. Derivation of the dispersion relation
As written in that section, ap denotes the lattice vectors and r l the lattice
sites. These lattice sites are occupied with spins S l that belong all to the
same sort of atoms, i.e. they have all the same properties as magnetic moment
and gyromagnetic ratio etc., a manifestation of a monoatomic unit cell. On
page 67, in fig. II.2.3 the structure and nomenclature is shown at example of
a two-dimensional lattice. The Hamiltonian is given by
H =−

N Nnb
N Nnb
1XX
1XX
J m S n · S nm −
D m · (S n × S nm )
2 n=1 m=1
2 n=1 m=1

− dz

N
X
n=1

(Szn )2

− µS

N
X

B · Sn.

(C.2.1)

n=1

The sum over m runs over the Nnb nearest neighbors and we denote the mth
neighbor of spin S l as S lm that rests at lattice site r lm . On a regular lattice
this means that the neighboring position can be expressed by the lattice vectors: r lm = r l + ∆m ; note ∆m is also a lattice vector, i.e. a linear combination
of {ap }. Note that for this regular lattice we assume an even number Nnb with
property that for each m there is a m0 with
0

∆m = −∆m ,

(C.2.2)

which means that if the spin at relative position ∆m is taken into account, also
the one on the opposite site −∆m must be taken into account for interactions.
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Hence, instead labeling the neighbors with Nnb indices m, one can also denote
them by Nnb/2 indices p and using this symmetry:
∆1 , . . . , ∆
1

⇔

Nnb/2

∆ ,..., ∆

Nnb/2+1

, ∆

Nnb/2

1

, . . . , ∆Nnb

(label: m)

Nnb/2

(label: p).

, −∆ , . . . , −∆

(C.2.3)

This is necessary to achieve a real-valued dispersion in the end. Furthermore,
from perspective of an arbitrary spin S l both vectors ±∆p point to two
0
neighboring spins S lm and S lm connected to S l by inversion, linked to symmetry rules for the interaction parameters: Heisenberg exchange is isotropic
0
0
J m = J m , and the DMI changes sign D m = −D m as explained in section II.2.2.
Calculation of the effective field
From this Hamiltonian the effective field H l = −∂H/∂S l needs to be calculated,
which is here done separately for the different contributions to the Hamiltonian.
First the isotropic exchange: Here the derivative for S l is applied to each summand from the sum over n, i.e. the sum over the lattice sites. Then three cases
need to be distinguished:
1. Among all n there is exactly one n1 with l = n1 ,
⇒

∂ 1 X m n1
1X m ∂ l
1 X m lm
J S · S n1 m =
J
S · S lm =
J S .
l
l
∂S 2 m
2 m
∂S
2 m

2. There are indices n2 with l 6= n2 , but one neighbor of S n2 is S l , say it
0
exists m0 with S n2 m = S l ,
∂ 1 X m n2
J S · S n2 m
∂S l 2 m
"
#
0
J X m ∂ n2
J m n2
n2 m
m0 ∂
n2
n2 m 0
=
J
S
·
S
+J
S
·
S
=
S .
l
| {z }
2
∂S l
2
0
|∂S {z
}
l

⇒

m6=m

=0

S

This case appears in the sum over n exactly Nnb times, so there are
Nnb n2 , since S l has Nnb neighbors. Using the fact that the S n2 are
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neighbors of S l and summing over n2 means summing up the neighbors
of S l it results:
X J m0
1 X m lm
S n2 =
J S .
2
2 m
n
2

Replacement of the exchange constant is directly given by the fact that
m0 links n2 and l, each n2 a neighbor of l, linked due to the symmetry
of this exchange again by J m .
3. For all other n, which we call here n3 , it holds l 6= n3 , and no neighbor
of S n3 is S l ; thus
∂ J X n3
⇒
S · S n3 m = 0.
∂S l 2 m
The total sum over n means summing the three cases, leading to
"
#
N Nnb
∂
1XX
1 X m lm 1 X m lm
H l
m n
nm
H =− l −
J S ·S
=
J S +
J S
∂S
2 n=1 m=1
2 m
2 m
X
=
J m S lm .
(C.2.4)
m

The DMI requires the same case-by-case analysis as the Heisenberg exchange:
1. There is one n1 with n1 = l (meaning S n1 = S l ),




∂
m lm
m lm
l
D
S
−
S
S
∂Sx
y
z
z
y
X
 ∂ X m


⇒
D · (S n1 × S n1 m ) = −
Dzm Sxlm − Dxm Szlm 
 ∂Syl 
m
m
∂
Dxm Sylm − Dym Sxlm
∂Szl
X
=−
D m × S lm .
m
0

2. For indices n2 =
6 l and S l is neighbor of S n2 with S l = S n2 m




0
0
∂
l
Dym Szn2 − Dzm Syn2
∂Sx
 ∂  m0
0
0


n2
n2 m 0

⇒
) = Dzm Sxn2 − Dxm Szn2 
 ∂Syl  D · (S × S
0
0
∂
Dxm Syn2 − Dym Sxn2
∂S l
z

0

= D m × S n2 .
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Summing over all n2 means summing over all neighbors of S l , i.e. over
0
0
S lm . Above D m is the DM vector between spin S n2 and S n2 m = S l ,
m0
n2 ,l
say D
= D , and because of the symmetry rules for the DMI,
it is the negative of the DM vector between S l and S n2 , such that
D m = D l,n2 = −D n2 ,l . Replacing the DM vectors and summing over
n2 thus yields
X
X
0
D m × S n2 = −
D m × S lm .
n2

m

3. All other n3 with l 6= n3 and S l is not a neighbor of S n3 lead to
(S n3 × S n3 m ) = 0.

∂
Dm ·
∂S l

This leads in total to
"
#
Nnb
N X
X
∂
1
DM l
H =− l −
D m · (S n × S nm )
∂S
2 n=1 m=1
1X m
1X
=−
D × S lm −
×D m × S lm
2 m
2 m
X
=−
D m × S lm .

(C.2.5)

m

Easier than the interactions is the anisotropy term that is just
"
#
X
X
∂
n 2
ani l
H = − l −dz
(Sz ) = 2dz
δln Szn ez = 2dz Szl ez .
∂S
n
n
The magnetic fields term is handled in a similar way:
"
#
X
∂
B l
n
H = − l −µS
B · S = µS B.
∂S
n

(C.2.6)

(C.2.7)

Ultimately, the complete effective field follows from eqs. (C.2.4) to (C.2.7)
H l = exchH l + DMH l + aniH l + BH l
X
X
=
J m S lm −
D m × S lm + 2dz Szl ez + µS B.
m

m

(C.2.8)
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Linearized equation of motion
The corresponding equation of motion is the LLG:

dS l
γ
αγ
=−
Sl × H l −
Sl × Sl × H l ,
dt
µS (1 + α2 )
µS (1 + α2 )

(C.2.9)

which shall now be linearized by means of a Taylor expansion around the
magnetic ground state. This ground state is here S l = ez , such that up to
linear order we approximate:
q

2
2
1 − Sxl − Syl
2 1
2

1
= 1 − Sxl − Syl + O (Sxl )4 + (Syl )4 + (Sxl )2 (Syl )2 ≈ 1. (C.2.10)
2
2

Szl =

0

Quadratic terms in the x and y component are neglected: Sβl Sηl ≈ 0, β, η ∈
{x, y}, which implies

l lm
l lm
S
−
S
S
S
y
z
z
y
X


Sl × H l =
J m Szl Sxlm − Sxl Szlm 
m
Sxl Sylm − Syl Sxlm


m l lm
m l lm
m l lm
m l lm
S
S
−
D
S
S
+
D
S
S
D
S
S
−
D
x
y
y
y
y
x
z
z
x
x
z
z
X

−
Dym Szl Szlm − Dzm Szl Sylm − Dxm Sxl Sylm + Dym Sxl Sxlm 
m
Dzm Sxl Sxlm − Dxm Sxl Szlm − Dym Syl Szlm + Dzm Syl Sylm




Syl
Syl




+ 2dz Szl −Sxl  + µS B −Sxl 
0
0




Dzm Sxlm − Dxm
Syl − Sylm
X
X


 m lm

≈
J m Sxlm − Sxl  +
 Dz Sy − Dym 
m
m
Dxm Sxl + Dym Syl
0


Syl
 l
(C.2.11)
+ (2dz + µS B) −Sx  ,
0
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as well as



m
m lm
lm
l
+
D
S
−D
−
S
S
y
y
z
x
x
 X m l

 X  m lm
Sl × Sl × H l ≈
J Sy − Sylm  +
 Dz Sx − Dxm 
m
m
0
0
 
l
Sx
 l
+ (2dz + µS B) Sy  .
(C.2.12)
0


The third component of the LLG can be handled via
≈0

z

}|
{
l
l
dS
dS
y
x
Sxl ·
+ Syl ·
dSzl
dq
dt ,
1 − (Sxl )2 − (Syl )2 = − q dt
=
dt
dt
l
2
1 − (Sx ) − (Syl )2

(C.2.13)

since the numerator is of higher order, leading to dSz/dt ≈ 0, thus only the
dynamics of the x- and y component has to be considered.
We P
are also able
P
to use the symmetry rules of the DMI, which imply m Dxm = m Dym = 0.
With this, using eqs. (C.2.11) to (C.2.13) on eq. (C.2.9), all in all the linearized
LLG reads:





l
lm
m lm
S
−
S
D
S
y
y
z
x
l
γ
dS
X m  lm
 X  m lm 
≈−
J Sx − Sxl  +

Dz Sy 
2
dt
µS (1 + α ) m
m
0
0


l
Sy
 l 
+(2dz + µS B) −Sx 
0





Sxl − Sxlm
−Dzm Sylm
X
X
αγ



 m lm 
−
J m Syl − Sylm  +

 Dz Sx 
µS (1 + α2 ) m
m
0
0
 
Sxl
 l 
+(2dz + µS B) Sy  .
(C.2.14)
0
l
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In that way only the z component of the DM vectors Dzm plays a role within the
linear regime. Note, this is bound to the magnetic ground state; for instance
an easy-axis magnet along x direction with ferromagnetic ground state in
this direction leads to a linear spin-wave theory that only depends on the x
component of the DM vectors.
Introducing the complex spin-wave amplitude
The next step is to introduce the complex spin-wave amplitude, which is here
defined to be
S l := Sxl − iSyl .

(C.2.15)

In terms of the amplitude S l the equation of motion reduces from a twodimensional, real-valued equation to a one-dimensional, complex-valued one:
dSyl
dS l
dS l
= x −i
dt
dt
dt
"
#
X
X
γ
J m (S l − S lm ) − i
Dzm S lm + (2dz + µS B)S l
= −i
µS (1 + α2 ) m
m
"
#
X
X
αγ
m
l
lm
m lm
l
−
J (S − S ) − i
Dz S + (2dz + µS B)S .
µS (1 + α2 ) m
m

(C.2.16)

Fourier transform
This equation of motion is Fourier transformed with the discrete Fourier transform defined as
1 X l −ik·rl
Ŝ k = √
Se
.
(C.2.17)
N l
Applying this to the linearized LLG means multiplying the equation with
l √
e−ik·r / N and sum then over l. The key point is the following: the transform
leads to terms that take the form
X
l
S lm e−ik·r ,
l
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l

where the plane wave e−ik·r is written on lattice sites r l and the spin-wave
amplitude on r lm = r l + ∆m —on the neighboring lattice sites. To resolve
this, one first rewrites the plane wave to the neighboring lattice sites
=∆m

X
l

l

S lm e−ik·r =

X

S lm e−ik·r

lm

z }| {
X
lm
lm
ik·(r
− r l ) = eik·∆m
·e
S lm e−ik·r ,

l

l

and we use here the translational invariance of the system: instead of summing
over the grid points r l , here, the summation is done on the neighboring grid
points r lm . But since in both cases it is summed over all lattice sites the same
result is obtained (for a fixed m):
X
X
lm
l
S lm e−ik·r =
S l e−ik·r .
(C.2.18)
l

l

Using the aforementioned considerations, the Fourier-transformed, linearized
LLG reads
1 X dS l −ik·rl
d k
Ŝ = √
e
dt
N l dt

X
(−i − α)γ
1 X −ik·rl X m l
√
=
·
e
J (S − S lm ) − i
Dzm S lm
2
µS (1 + α )
N l
m
m

+ (2dz + µS B)S l
X
X
m
(−i − α)γ
m
k
ik·∆m k
=
·
J
(
Ŝ
−
e
Ŝ
)
−
i
Dzm eik·∆ Ŝ k
µS (1 + α2 )
m
m

k
+ (2dz + µS B)Ŝ
= (−i − α)ω(k)Ŝ k

(C.2.19)

where with the definition
"
#
X
X
m
m
γ
ω(k) :=
J m (1 − eik·∆ ) − i
Dzm eik·∆ + (2dz + µS B)
µS (1 + α2 ) m
m

(C.2.20)
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we find ω(k)—the dispersion relation of the spin waves. That this is indeed
a correct definition of the dispersion relation will become clear in a moment,
but first we simplify the exponentials using the fact that the spins occupy a
regular Bravais lattice with a monoatomic basis, such that the vectors ∆m
come in pairs of lattice vectors with opposite sign as mentioned before: For
0
each m there is a m0 with ∆m = −∆m , see eq. (C.2.3), such that the sums
m
m0
p
read (using isotropic J = J =: J )
Nnb
X

Nnb/2
m



X
p
p
J p eik·∆ + e−ik·∆ = 2
J p cos(k · ∆p ),

X

J m eik·∆ =

m=1

p

p=1

(C.2.21)
0

and additionally, using the symmetry of the DM vectors D m = −D m =: D p ,
i

Nnb
X

Nnb/2
m
Dzm eik·∆

m=1

=i

X 

p

Dzp eik·∆ − Dzp e−ik·∆

p



= −2

X

sin(k · ∆p ).

p

p=1

(C.2.22)
At the end of the day the dispersion reduces to
nb/2
nb/2
h X
X
γ
p
p
J (2 − 2 cos(k · ∆ )) + 2
Dzp sin(k · ∆p )
ω(k) =
µS (1 + α2 ) p=1
p=1
i
+ 2dz + µS B .
(C.2.23)
N

N

The dynamical equation may be written as
d k
Ŝ = (−i − α)ω(k)Ŝ k ,
dt

(C.2.24)

Ŝ k (t) = Ŝ k (t=0)e−iω(k)t e−αω(k)t ,

(C.2.25)

which is solved by

with initial condition Ŝ k (t=0). The solution is, thus, a harmonic oscillation
with frequency ω(k) (complex exponential), exponentially damped with a
characteristic time τk = 1/αω(k) (real-valued exponential).
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C.2.2. Center of inversion
The properties of the dispersion relation are discussed in the corresponding
section II.2.2, however, we want to examine a particular feature closer: the
center of inversion K I . The claim is basically that the dispersion eq. (C.2.23)
satisfies


ω k = ω 2K I − k ,
 p
Dz
with ∆p · K I = − arctan
,
Jp

(C.2.26)
(C.2.27)

i.e. it is inversion symmetric with respect to K I . We proof this by explicit
calculation. First, we rewrite the dispersion, eq. (C.2.23), renormalized to its
momentum dependence:
2
X
˜ := µS (1 + α ) ω(k) − 2dz − µS B − 2
ω(k)
Jp
γ
p
i
Xh
p
p
p
=2
− J cos (k · ∆ ) + Dz sin (k · ∆p ) ,

(C.2.28)

p

which we investigate for 2K I − k. First, we expand the trigonometric functions8 ,


− J p cos 2K I · ∆p − k · ∆p + Dzp sin 2K I · ∆p − k · ∆p


=−J p cos 2K I · ∆p cos(−k · ∆p )+J p sin 2K I · ∆p sin(−k · ∆p )


+Dzp sin 2K I · ∆p cos (−k · ∆p )+Dzp cos 2K I · ∆p sin (−k · ∆p )



= −J p cos 2K I · ∆p + Dzp sin 2K I · ∆p cos(k · ∆p )
h
i

−Dzp cos 2K I · ∆p sin(k · ∆p )
+ − Jp
sin 2K I · ∆p
{z
}
|
{z
}
|
=2 sin(K I ·∆p ) cos(K I ·∆p )

8 Using

=2 cos2 (K I ·∆p )−1

cos(x + y) = cos(x) cos(y) − sin(x) sin(y), sin(x + y) = sin(x) cos(y) + cos(x) sin(y),
sin(2x) = 2 sin(x) cos(x) and cos(2x) = 2 cos2 (x) − 1.
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then we use the definition of K I via tan(∆p · K I ) =
resulting two lines of this expression:

−Dzp/J p

to treat the



− J p cos 2K I · ∆p − k · ∆p + Dzp sin 2K I · ∆p − k · ∆p
h

= − 2J p cos2 K I · ∆p + J p
p

=− J p sin(K I ·∆p )
Dz

}|
{ i
 z
cos (k · ∆p )
+ 2Dzp sin K I · ∆p cos K I · ∆p
h


+ − 2J p sin K I · ∆p cos K I · ∆p
{z
}
|
D

p

=− J pz cos(K I ·∆p )

i

− 2Dzp cos2 K I · ∆p + Dzp sin (k · ∆p )



= −2J p cos2 K I · ∆p + J p − 2J p sin2 K I · ∆p cos (k · ∆p )




+ 2Dzp cos2 K I · ∆p − 2Dzp cos2 K I · ∆p + Dzp sin (k · ∆p )
= − J p cos(k · ∆p ) + Dzp sin(k · ∆p ).

(C.2.29)

This implies ω̃(2K I − k) = ω̃(k) and, hence, the assertion ω(2K I − k) = ω(k).

Note that eq. (C.2.26) is not true in general, only in case if K I exists, which
means if eq. (C.2.27) has a solution. In d dimensions, K I has d components
and there are Nnb/2 vectors ∆p . Thus, eq. (C.2.27) forms a linear system
of dimension Nnb/2 × d, which is not guarantied to be solvable. However, if
Nnb/2 = d it indeed has. We consider the example of an simple cubic lattice
in d dimensions with nearest neighbor interaction only, then ∆p = aep with
lattice constant a and eq. (C.2.27) reduces to

aKpI

= − arctan



Dzp
Jp


.
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C.2.3. Density of states
Sometimes also the magnonic density of states is required. Its definition in d
dimension reads
Z
1
δ(ω − ω(k)) dd k,
(C.2.30)
DOS(ω) :=
(2π)d
Ωms

where Ωms is the unit cell in momentum space.
The special case of interest here is a square lattice with d = 2, given by lattice
vectors a1 = aex and a2 = aey with lattice constant a. Furthermore, no DMI
is considered and for the Heisenberg exchange only nearest neighbors are taken
into account. Hence, the dispersion reads
ω(k) =

n
o
γ
J
[4
−
2
cos(ak
)
−
2
cos(ak
)]
+
2d
+
µ
B
, (C.2.31)
x
y
z
S
µS (1 + α2 )

which—even though very simplified—brings a density of states with it that is
not easy to calculate analytically. Hence, the calculation is carried out numerically.
First step is rewriting the density of states in a normalized way, for which we
rewrite:
=:k̃

=:k̃y

n
o
z}|{x
z}|{
γ
J[4
−
2
cos(
akx ) − 2 cos( aky )] + 2dz + µS B
ω − ω(k) = ω −
2
µS (1 + α )
=:ω̃(k̃)

 z
}|
{

γ
=ω−
4
−
2
cos(
k̃
)
−
2
cos(
k̃
)
+2d
+
µ
B
J
x
y
z
S
µS (1 + α2 )



γJ
µS (1 + α2 )
2dz + µS B
=
ω−
−ω̃(k̃) ,
(C.2.32)
2
µS (1 + α )
γJ
J
|
{z
}
=:ω̃
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from which
π

1
DOS(ω) =
4π 2

π

Za Za 

δ ω − ω(k) dkx dky
π
−π
a −a


Zπ Zπ

µS 1 + α2 1
δ
ω̃
−
ω̃(
k̃)
dk̃x dk̃y
=
a2 γJ
4π 2
−π −π
|
{z
}

(C.2.33)

=:nDOS(ω̃)

follows, using in the last step δ(ax) = |a|−1 δ(x). The normalized density of
states nDOS(ω̃) is dimensionless as well as the normalized frequency ω̃. This
allows to calculate nDOS that is independent of the specific parameter choice
and for a concrete parameter set this can then be mapped to DOS(ω).
Another aspect required for numerical treatment is theR normalization of the
density of states. The question is basically what result DOS(ω) dω delivers,
which is the number of states per volume (or area in this 2D system). Number
of states is the number of Fourier modes, which is the same as the number of
atoms in a volume. This can be understood from the discrete Fourier transform
N
1 X l −ik·rl
Ŝ k = √
Se
,
N l=1

that needs to be a bijective map from position space to Fourier space, it
is invertible, or in other words no physical information is lost in the Fourier
transform (nor in the inverse). Both spaces contain the same information. This
information is in position space given by N amplitudes S l —by independent
N numbers. Hence, information in Fourier space must also be given by N
numbers—the Fourier components Ŝ k : there are as many k as there are atoms.
Long story short: a (d dimensional) volume V comprising N spins (atoms)
leads to
Z
Z
1
N =V
DOS(ω) dω ⇔ DOS(ω) dω = d ,
a
the latter expression follows for a hypercubic lattice where ad is the volume
that a single atom occupies.
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Figure C.2.1: Normalized
density of states nDOS(ω̃) for
magnons in a 2D ferromagnet
comprising a square lattice,
corresponding to dispersion
eq. (C.2.31). It is calculated
numerically via a histogram
as explained in the text.

Coming back to the 2D square lattice, nDOS is calculated by drawing randomly Nk̃ positions in normalized momentum space [−π, π] × [−π, π], denoted
k̃l , and calculate the corresponding dispersion ω̃ k̃l . For these frequencies a
histogram for Nω̃  Nk̃ bins around ω̃j , j = 1, . . . , Nω̃ , is calculated. The
data of the histogram is proportional to the density of states, such that normalization
must be computed, which for normalized density of states means
R
nDOS(ω̃) dω̃ = 1. The numerical result is drawn in fig. C.2.1.

C.2.4. Just another topic out of curiosity: time reversal
Often it is believed that a finite magnetization, as it is present in all ferromagnets, immediately breaks time-reversal symmetry. Furthermore, discussion of
physical results rests then on this broken symmetry, e.g. it is argued that
there should be no weak localization of spin waves in ferromagnets because
of this.[21,167] In spite of this argument being false since time-reversal symmetry is no necessary condition for weak localization anyhow as discussed in
section IV.1.2, it motivates a closer look on the nature of time reversal for
spin waves. We would argue here that, while time-reversal symmetry is broken from a global perspective for ferromagnets, this is not always the relevant
perspective especially when dealing with spin waves.
[21] N.

Arakawa and J.-i. Ohe. „Negative magnetothermal resistance in a disordered twodimensional antiferromagnet“. Phys. Rev. B 96, p. 214404 (2017)
[167] N. Arakawa and J.-i. Ohe. „Inplane anisotropy of longitudinal thermal conductivities
and weak localization of magnons in a disordered spiral magnet“. Phys. Rev. B 98,
p. 014421 (2018)
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However, starting point is a definition of time reversal. Generally speaking,
time reversal is a map applied to physical properties; usually this map is stated
by reversing the sign of time t 7→ −t, a relation sufficient for classical physics
as all other relations directly follow, e.g. position r 7→ r and velocity ṙ 7→ −ṙ.
Contrary, quantum mechanical treatment is a bit more delicate. We restrict the
discussion to just providing a usual definition. Quantum symmetry operations,
i.e. the maps, are given by operators that—following Wigner’s theorem—are
either unitary or anti-unitary, see appendix G.3 for introduction. We denote
the operator for time reversal with ÛT ; it is defined by the relations[204]
r̂ 7→ ÛT r̂ ÛT† = r̂
k̂ 7→ ÛT k̂ÛT† = −k̂
ŝ 7→ ÛT ŝÛT† = −ŝ,
reversing momenta k̂ and angular momenta ŝ, but preserving positions r̂. ÛT
turns out be an anti-unitary.
We continue with considering a ferromagnet without DMI, but with a magnetic field. In experimental setups the magnetic field that fixes the magnetization along one axis is an externally set parameter, and from the Hamiltonian
comprising a magnetic field, e.g. eq. (II.1.8), it immediately becomes clear
that a system is indeed not symmetric under time reversal as the magnetic
moments turn (correspondingly to the spin angular momenta) and the Zeeman
energy µ̂l · B l flips sign. However, this is a global perspective that particularly
includes turning the entire magnetization of the sample.
Does this correspond to an experiment in solid state physics, let’s say when
studying the transport of magnons? No, it doesn’t. In an investigation of transport of a wave packet from a point A to B and then its time-reversed path
from B to A, in the experimental setup neither the magnetic field, nor the
magnetization (and therefore the spins ŝ) would switch sign. The reason is
that not time reversal of the entire magnet is investigated, but rather only the
magnons inside. Hence, the condition ÛT ŝÛT† = −ŝ is maybe not a suitable
one in this situation. Or in other words, it might be not really satisfactory to
consider the full system, and maybe turn to a description that only considers
the magnons. Hence, let us consider the equation of motion for spin waves
[204] A.

Galindo and P. Pascual. Quantum Mechanics I. Springer-Verlag (1990)
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in the linear regime—of course while ignoring damping, since damping does
break time reversal anyhow. This may be written as, see eq. (II.2.25),
i∂t Ŝ k = ω(k)Ŝ k .

(C.2.34)

Applying the time-reversal operation while using its anti-unitary nature consequently leads to
∗

∗

−i∂t Ŝ −k (t) = ω(−k)Ŝ −k (t),

(C.2.35)

and with τ = −t and ω(k) = ω(−k), since no DMI is involved,
∗

∗

i∂τ Ŝ −k (τ ) = ω(k)Ŝ −k (τ )

(C.2.36)

−k ∗

follows, and Ŝ
(τ ) is another possible solution of the original equation of
motion, and thus the system shows time-reversal symmetry. Note, that this
is shown here only for the linear regime; more general consideration would
require investigating higher order terms.
How does the situation change with DMI? Well, the equation of motion
changes little, it is still given by eq. (C.2.34), altered by the dispersion relation that does not fulfill the equivalence of k and −k anymore, rather
ω(k) = ω(2K I − k) holds true, see eq. (II.2.31). Hence, it does not show
time-reversal symmetry as the previous case.
Except, the definition of time reversal is generalized. That mapping k 7→ −k is
no symmetric operation can also be seen from the group velocity of a magnon
wave-packet vg = ∂ω/∂k. Let us assume a packet travels at central wave vector
k from point A to B, then reversing the momentum does not lead to a motion
from B to A since vg (−k) 6= −vg (k), both are not even antiparallel, because
of eq. (II.2.31). However, there is a possibility to reverse the packet in a way
that it travels back from B to A, namely by the operation k 7→ 2K I − k, since
indeed vg (2K I − k) = −vg (k) holds true. Hence, if time reversal is defined as
k̂ 7→ ÛT k̂ÛT† = 2K I − k̂,

(C.2.37)

time-reversal symmetry is retained. In that case eq. (C.2.34) maps under time
reversal to
∗
∗
I
I
i∂τ Ŝ 2K −k (τ ) = ω(2K I − k) Ŝ 2K −k (τ ),
|
{z
}
=ω(k)

which ensures Ŝ 2K

I

−k

∗

(τ ) is again another solution of the original equation.

358

C. Concerning spin waves: detailed derivations

In total we draw two conclusions: firstly, transport of magnons—for example in
a ferromagnet—does not break time-reversal symmetry as the magnetization
is fixed, whereas global time reversal would force it to reverse sign. Secondly,
for systems as considered here even the DMI does not break this symmetry,
although the inversion symmetry is broken, i.e. k and −k are not equivalent.
For this a generalized time-reversal operation eq. (C.2.37) is introduced, which
is legitimated by the fact that k and 2K I − k have opposite group velocities
and, hence, reverse a wave packets motion from A to B to a motion from B
to A.

C.3. Derivation of the spin-wave dispersion for
kagome-lattice ferromagnets
In this appendix the full calculation of the dispersion relation in kagomelattice ferromagnets is presented, corresponding to section II.2.3. It uses the
structure and nomenclature introduced there and rests on the Hamiltonian
eq. (II.2.38), page 80. Calculation is restricted to the case without damping
α = 0, as is only leads to a minor correction to the dispersion. Computation
of the magnonic bandstructure within linear spin-wave theory is organized in
the following steps:
1.
2.
3.
4.
5.

define the spin-wave amplitude,
split the equation of motion into the sublattices A, B and C,
Fourier transform the equations of motion for the three sublattices,
simplify the coefficients in the Fourier-transformed equations,
and compute the diagonalization.

Define spin-wave amplitude and linearize the equation of motion
Since we neglect Gilbert damping, the equation of motion reads, see eq. (II.1.14)
on page 48,
γ
Sj = − Sj × H j .
µS
Since the Hamiltonian takes basically the same form as for the monoatomic
ferromagnet, see eq. (C.2.1) on page 342, the effective field H j takes also same
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form as eq. (C.2.8) (restricted to nearest-neighbor interaction)
Hj = J

Nnb
X
m=1

S jm −

Nnb
X

D m × S jm + 2dz Szj ez + µS Bez ,

m=1

with Nnb = 4. In addition, also the linearized equation takes same form, see
eq. (C.2.14). This equation is expressed using the complex spin-wave amplitude S j defined by
S j := Sxj − iSyj ,

(C.3.1)

which is reasonable since the ground state is a ferromagnetic state aligned
towards z direction, S l = ez , and a deviation from ground state—a spin
wave—is given by x- and y component. From eq. (C.2.14) for zero damping
immediately
#
" N
nb
X
X
X
dS j
γ
j
jm
m jm
j
j
S − iJ
S −i
iDz S + i2dz S + iµS BS
=−
iJ
dt
µS
m
m
m=1
"
#
X
γ
j
m
jm
= −i
(4J + 2dz + µS B)S −
(J + iDz )S
(C.3.2)
µS
m
follows as linearized equation. Furthermore, we define the following constant
J0 := 4J + 2dz + µS B.

(C.3.3)

Split equation of motion into sublattices A, B and C
The linearized equation has to be split into the different sublattices A, B
and C. This changes the indexing: each spin shall be identified by the unit
cell it belongs to, given by l, and to which sublattice it belongs, given by
X ∈ {A, B, C}, in contrast to the index j from eq. (C.3.2) just labeling the
spins without information on the sublattice. For sublattice A, S j becomes AS l ,
and its nearest neighbors are ABS lp and ACS lp , see fig. II.2.7 on page 80 for
depiction. The spin-wave amplitudes translate similar: S j becomes AS l , and
S jm corresponds to ABS lp and ACS lp . The summation over m is replaced by
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an summation over p = 1, 2 for the two cases AB and AC:
"
#
X
X
γ
dA l
A l
AB p AB lp
AC p AC lp
S = −i
J0 S −
(J + i Dz ) S −
(J + i Dz ) S
.
dt
µS
p
p
(C.3.4)
In the same manner the equations for sublattices B and C can be set up:
"
#
X
X
γ
dB l
B l
BA p BA lp
BC p BC lp
S = −i
J0 S −
(J + i Dz ) S −
(J + i Dz ) S
dt
µS
p
p
(C.3.5)
#

"

X
X
γ
dC l
S = −i
J0 CS l −
(J + iCADzp )CAS lp −
(J + iCBDzp )CBS lp .
dt
µS
p
p

(C.3.6)
Note that eqs. (C.3.4) to (C.3.6) are coupled.

Fourier transform
The next step is to Fourier transform this system of equations, given via:
1 X A l −ik·Arl
S ·e
,
NA l
1 X B l −ik·Brl
B k
S ·e
,
Ŝ = √
NB l
1 X C l −ik·Crl
C k
Ŝ = √
S ·e
,
NC l
Ŝ = √

A k

(C.3.7)

with NX = N/3, X ∈ {A, B, C}, the number of atoms per sublattice.
A l
√
First, we transform sublattice A by multiplying eq. (C.3.4) with e−ik· r · 1/ NA
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and sum over all l:
A l

d X AS l e−ik· r
√
dt
NA
l
|
{z
}
=AŜ k

"
X
X
 X AB lp −ik·Arl
γ 1
A l −ik·Ar l
= −i √
J0
Se
−
J + iABDzp
S e
µS NA
p
l
l
#
X
 X AC lp −ik·Arl
AC p
−
J + i Dz
S e
.
p

l

(C.3.8)
Using eq. (II.2.35), page 79, we can replace
r = ABr lp − AB∆p = ACr lp − AC∆p .

A l

Hence, we obtain:
"
X

AB p
dA k
1 X AB lp −ik·ABrlp
γ
Ŝ = −i
J0 AŜ k −
J + iABDzp eik· ∆ √
S e
dt
µS
NA
p
l

−

X
p

AC

J + iACDz eik·

p

∆

p

1
√
NA

#
X

AC lp

AC lp −ik·

S e

r

.

l

(C.3.9)
For an infinite or a periodic system assumed here NA = NB = NC holds, and
one can replace the terms (since ABS lp belongs to sublattice B and ACS lp to
C)
X
1
AB lp −ik·ABr lp
·
S e
= BŜ k
NA l
X
1
AC lp −ik·ACr lp
√
S e
= CŜ k ,
·
NA l

√
and
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based on the same argument as in appendix C.2, see eq. (C.2.18) on page 349.
This leads to
"
!
X
 ik·AB∆p B k
dA k
γ
A k
AB p
J0 Ŝ −
Ŝ = −i
J + i Dz e
Ŝ
dt
µS
p
!
#
X
 ik·AC∆p C k
AC p
−
J + i Dz e
Ŝ ,
(C.3.10)
p

coupling Fourier amplitudes AŜ k to BŜ k and CŜ k .
As a next step, the Fourier transform of sublattice B is done, by multiplying
B l
√
eq. (C.3.5) with e−ik· r · 1/ NB and sum over l,
=BŜ k

}|
{
z
B l −ik·Br l
X
Se
d
√
dt
NB
l
"
X
X
 X BA lp −ik·Brl
γ 1
B l −ik·Br l
= −i √
J0
Se
−
J + iBADzp
S e
µS NB
p
l
l
#
X
X

B l
BC lp −ik· r
−
J + iBCDzp
S e
.
p

l

By replacing the position vectors Br l using eq. (II.2.35), and again inserting
the Fourier transforms leads to:
"
X
−iγ 1
dB k
B l −ik·Br l
√
Ŝ =
J0
Se
dt
µS NB
l
−

X

−

X


BA p X
BA lp ik·BAr lp
J + iBADzp e−ik· ∆
S e

p

l

#
p

J +i

BC


p

Dz e

−ik·BC∆

p X

l

BC lp ik·BCr lp

S e

C.3. Spin-wave dispersion for kagome-lattice ferromagnets

363

that allows again to carry out the Fourier transforms on the all sublattices:
"
!
X

−iγ
dB k
B k
BA p ik·BA∆p A k
J0 Ŝ −
Ŝ =
J + i Dz e
Ŝ
dt
µS
p
!
#
X

BC p ik·BC∆p
C k
−
J + i Dz e
Ŝ .
(C.3.11)
p
√

C l

Same procedure for sublattice C (here multiplication with e−ik·
reads
"
C l
X
d X CS l e−ik· r
γ 1
C l −ik·Cr l
√
= −i √
J0
Se
dt
µS NC
NC
l
l
|
{z
}

r

· 1/

NC )

=CŜ k

−

X

−

X

J + iCADzp

 X CA lp −ik·Crl
S e

p

l

#
 X CB lp −ik·Crl
J + iCBDzp
S e

p

l

"

= −i

X
γ 1
C l −ik·Cr l
√
J0
Se
µS NC
l

−

X

−

X

 CA p X CA lp −ik·CArlp
J + iCADzp eik· ∆
S e

p

l

#
CB

J + iCBDz eik·

p

∆

p X

p

CB lp

CB lp −ik·

S e

r

l

resulting finally in
"
dC k
γ
J0 CŜ k −
Ŝ = −i
dt
µS

X

!

−

X

J +i

Dzp



J +i

Dzp



CA

e

ik·CA∆p

A k

Ŝ

p

!
p

CB

e

ik·CB∆p

#
B k

Ŝ

.

(C.3.12)

,
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Simplify coefficients
In the Fourier transformed equations, eqs. (C.3.10) to (C.3.12), we simplify
the coefficients. Starting with eq. (C.3.10), we use the symmetry relations for
the difference position vectors, see eq. (II.2.36) on page 79: AB∆1 = −AB∆2 ,
and symmetry of the DM vectors: ABDz1 = −ABDz2 , see eq. (II.2.39).9 Thus,
the first coefficient in that equation takes a real value, and can be written as
J :=

AB k

X


AB p
J + iABDzp eik· ∆

p

 AB 1



AB 2
AB 1
AB 2
= J eik· ∆ + eik· ∆ + i ABDz1 eik· ∆ + ABDz2 eik· ∆
 AB 1



AB 1
AB 1
AB 1
= J eik· ∆ + e−ik· ∆ + i ABDz1 eik· ∆ − ABDz1 e−ik· ∆


= 2J cos k · AB∆1 + i · i2ABDz1 sin k · AB∆1


= 2J cos k · AB∆1 − 2ABDz1 sin k · AB∆1 .
(C.3.13)
The second coefficient in eq. (C.3.10) reads similarly:
J :=

AC k

X


AC p
J + iACDzp eik· ∆

p

 AC 1



AC 2
AC 1
AC 2
= J eik· ∆ + eik· ∆ + i ACDz1 eik· ∆ + ACDz2 eik· ∆


= 2J cos k · AC∆1 − 2ACDz1 sin k · AC∆1 .
(C.3.14)
In eq. (C.3.11) we reduce the first coefficient using
and BADz1 = −BADz2 = ABDz1 :
X

∆1 = −BA∆2 =

BA

AB

∆1


BA p
J + iBADzp eik· ∆

p

 BA 1



BA 2
BA 1
BA 2
= J eik· ∆ + eik· ∆ + i BADz1 eik· ∆ + BADz2 eik· ∆
 AB 1



AB 1
AB 1
AB 1
= J eik· ∆ + e−ik· ∆ + i ABDz1 eik· ∆ − ABDz1 e−ik· ∆


= 2J cos k · AB∆1 − 2ABDz1 sin k · AB∆1 = ABJ k ,
(C.3.15)
9 Note

the footnote on page 81, the DMI in this work is not correct for this system. The
correct DMI does alter these coefficients.
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J :=

BC k

X

∆1 = −BC∆2 and

BC
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Dz1 = −BCDz2 :

BC


BC p
J + iBCDzp eik· ∆

p

 BC 1



BC 2
BC 1
BC 2
= J eik· ∆ + eik· ∆ + i BCDz1 e−ik· ∆ + BCDz2 e−ik· ∆

 BA 1


BC 1
BC 1
BC 1
= J eik· ∆ + e−ik· ∆ + i BCDz1 eik· ∆ − BCDz1 e−ik· ∆


= 2J cos k · BA∆1 − 2BCDz1 sin k · BC∆1 .
(C.3.16)
For the CA coefficient in eq. (C.3.12) we use
CA 1
Dz = −CADz2 = ACDz1 :
X

∆1 = −CA∆2 =

CA

∆1 and

AC

∆p

CA

(J + iCADzp )eik·

p

 CA 1



CA 2
CA 1
CA 2
= J eik· ∆ + eik· ∆ + i CADz1 eik· ∆ + CADz2 eik· ∆
 AC 1



AC 1
AC 1
AC 1
= J eik· ∆ + e−ik· ∆ + i ACDz1 eik· ∆ − ACDz1 e−ik· ∆
= ACJ k ,

(C.3.17)

and secondly the CB coefficient reads (with
CB 1
Dz = −CBDz2 = BCDz1 ):
X

∆1 = −CB∆2 =

CB

∆1 and

BC

∆p

CB

(J + iCBDzp )eik·

p

 CB 1



CB 2
CB 1
CB 2
= J eik· ∆ + eik· ∆ + i CBDz1 eik· ∆ + CBDz2 eik· ∆
 BC 1



BC 1
BC 1
BC 1
= J eik· ∆ + e−ik· ∆ + i BCDz1 eik· ∆ − BCDz1 eik· ∆
= BCJ k .

(C.3.18)

By inserting the simplified coefficients, i.e. eqs. (C.3.13) to (C.3.18), into the
Fourier transformed equations, eqs. (C.3.10) to (C.3.12), we obtain the lin-
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earized system in k space:
i
dA k
γ h
Ŝ = −i
J0 · AŜ k − ABJ k · BŜ k − ACJ k · CŜ k
dt
µS
i
γ h
dB k
Ŝ = −i
J0 · BŜ k − ABJ k · AŜ k − BCJ k · CŜ k
dt
µS
i
γ h
dC k
Ŝ = −i
J0 · CŜ k − ACJ k · AŜ k − BCJ k · BŜ k ,
dt
µS

(C.3.19)

with the following abbreviations:
J0 = 4J + 2dz + µS B


J = 2J cos k · AB∆1 − 2ABDz1 sin k · AB∆1


AC k
J = 2J cos k · AC∆1 − 2ACDz1 sin k · AC∆1


BC k
J = 2J cos k · BC∆1 − 2BCDz1 sin k · BC∆1 .

AB k

This system can also be written in



A k
Ŝ
J0
γ  AB k
d B k 
 Ŝ  = −i
− J
dt C k
µS
Ŝ
−ACJ k
|

(C.3.20)

matrix form
−ABJ k
J0
−BCJ k
{z

=:M k


 
A k
Ŝ
−ACJ k

 
−BCJ k  · BŜ k  .
C k
Ŝ
J0
}

(C.3.21)

Solving this three-dimensional, linear ordinary differential equation is done
via the eigenvalues and eigenvectors of the matrix M k .
Diagonalization
Diagonalization in general means to compute eigenvalues λj and eigenvectors
vj of a matrix M , which allows to set up a transformation matrix T
T = (v1 , v2 , ..., vdim(M ) ),
build from vj as columns. With this, matrix M can be written as
M = T ΛT −1 ,
with Λ = diag(λ1 , ..., λdim(M ) ) a diagonal matrix of the eigenvalues of M .

C.3. Spin-wave dispersion for kagome-lattice ferromagnets

367

In particular in this case one can use that the matrix M k exhibits some properties: it is real-valued and, importantly, symmetric (M k )T = M k . Hence, eigenvalues λj , j = 1, 2, 3, are real-valued. Furthermore, because of (M k )T = M k
eigenvectors vj are orthogonal, i.e.
vjT · vl ∝ δjl ,
which in turn means that T is orthogonal, i.e. it fulfills T −1 = T T , if the vj
are chosen normalized. Orthogonal matrices do preserve the Euclidean norm:
kT vk2 = kvk2 ,

for arbitrary v.

For diagonalization of eq. (C.3.21) we denote the amplitudes by


A k
Ŝ (t)
k


Ŝ (t) := BŜ k (t) ,
C k
Ŝ (t)
an replace M k = T ΛT −1 and multiply by T −1 from the left-hand side:
k
d k
Ŝ = −iT ΛT −1 Ŝ
dt

⇒

k
d −1 k
T
Ŝ } = −iΛT −1 Ŝ ,
|
{z
dt
k

(C.3.22)

=:χ̂

T
where we defined the transformed amplitudes χ̂k = Aχ̂k , Bχ̂k , Cχ̂k . Components are indexed by A, B, and C to avoid confusion with the components A,
B, C of the amplitude representation of the sublattices. With this the equation
of motion in momentum space decouples finally





A k
A k
χ̂
λ1
χ̂
d B k 

 B k 
(C.3.23)
λ2
 χ̂  = −i 
  χ̂  ,
dt C k
C k
χ̂
λ3
χ̂
which is solved by
 

A k
χ̂ (t)
χ̂ (t=0) · e−iλ1 t
B k  B k

 χ̂ (t) =  χ̂ (t=0) · e−iλ2 t  ,
C k
C k
χ̂ (t)
χ̂ (t=0) · e−iλ3 t


A k

(C.3.24)
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such that the eigenvalues are identified by the corresponding frequencies:
λ1 = Aω(k),

λ2 = Bω(k),

λ3 = Cω(k).

Actual calculation of eigenvalues and eigenvectors is either done using Mathematica in the case of vanishing DMI, D m = 0, or in the general case numerically, see discussion in section II.2.3.4. Note: the sublattice amplitudes
X k
Ŝ , X ∈ {A, B, C}, are coupled, whereas eigenmodes Y χ̂k , Y ∈ {A, B, C} are
independent, each describing one magnon band with corresponding dispersion
relation Y ω(k).
Selection of a single mode
For numerical investigations it is necessary to excite a monochromatic spin
wave at a certain momentum k0 in a single band. In terms of the initial
condition for eq. (C.3.24), this is given by

 

A k
χ̂ (t=0)
a0 δkk0

 

χ̂k (t=0) = Bχ̂k (t=0) =  0 
C k
χ̂ (t=0)
0
for excitation of band A only with amplitude a0 . However, for a simulation
not the amplitudes of the eigenmodes are required, rather the amplitudes of
the sublattices. These are calculated by virtue of the transformation T , see
eq. (C.3.22),
 
 
a0
A0
k
 
 
Ŝ (t=0) = T · χ̂k (t=0) = T  0  δkk0 =: B0  δkk0 ,
0
C0
sublattice amplitudes called A0 , B0 , and C0 . Note that this is still in momentum space; but since simulations are carried out in the position space, an
inverse Fourier transform is applied to obtain the initial condition






A l
A l
A l
√A0 eik· r
√A0 eik0 · r
S (t=0)
N
N
A

 A

B l
 X
 √B0 eik·Brl  δkk0 =  √B0 eik0 ·Brl  ,
(C.3.25)
 S (t=0) =
 NB



NB
C l
C l
C l
C
C
ik·
r
ik
·
r
k
0
0
0
√
√
S (t=0)
e
e
N
N
C

C

indeed a plane wave with a certain ratio between amplitudes of the sublattices.
Note that index l labels the unit cells, not the spins, for which originally index
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j is used, see e.g. eq. (II.2.40) on page 81. According to this notation Xr l is the
position of spins within sublattice X, which allows also to express everything in
this labeling: Spin-wave amplitude S j at position r j , j = 1, . . . , NA +NB +NC ,
is then simply written

S (t=0) = e
j

ik0 ·r

j

·







√A0
NA
√B0
NB
√C0
NC

for j ∈ sublattice A
for j ∈ sublattice B ,
for j ∈ sublattice C

which according to the definition of the spin-wave amplitude eq. (II.2.40)
implies for the spins
Sxj (t=0)
Syj (t=0)

!
=

Szj (t=0) =


! 

cos(k0 · r j )
·

− sin(k0 · r j )

q

1 − Sxj

2

√A0
NA
√B0
NB
√C0
NC

for j ∈ sublattice A
for j ∈ sublattice B

(C.3.26)

for j ∈ sublattice C

2
− Syj ,

assuming a0 ∈ R, such that also A0 , B0 , C0 ∈ R.

C.4. Honeycomb-lattice ferromagnets
This appendix calculates the dispersion relation of a honeycomb-lattice ferromagnet. Within this thesis no investigation of such a system is presented,
however, in order not to waste the calculation done during the author’s graduation it is carried out here. Original motivation has been to study weak
localization effects in such magnets, which by the ways has been done; but
since no really interesting results are obtained in comparison to other systems
subject of weak localization studies, it became no part of the present work.
Calculation is quite similar to appendix C.3—the kagome lattice.
Basic lattice structure
The honeycomb lattice is a two-dimensional hexagonal lattice with two atoms
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per unit cell. The lattice vectors are given by
a1 =



√ T
3
3
,
a,
2 2

 √ T
a.
a2 = 0, 3

(C.4.1)

The atom positions within a unit cell are here denoted with
c=

A



√ T
1
3
− ,−
a,
2
2

T

c = (−1, 0) a.

B

(C.4.2)

Equation of motion and spin-wave amplitude
We assume an easy-axis ferromagnet in z direction dz > 0 with nearestneighbor interaction only; we further ignore DMI: D m = 0 and Gilbert
damping: α = 0. The linearized equation of motion is thus the same as in
eq. (C.2.14), page 347:






Syj
Syj
Syj − S jm
Nnb
X
dS
γ 





 jm
≈−
J
Sx − Sxj  + 2dz −Sxj  + Bz −Sxj  , (C.4.3)
dt
µS
m=1
0
0
0


j

and we define the complex spin-wave amplitude in the usual way:
S j := Sxj − iSyj .

(C.4.4)

In a honeycomb lattice each atom has three nearest neighbors, Nnb = 3, all of
the other sublattice, such that the linearized equation of motion becomes:
" N
#
nb
X
X
dS j
γ
j
jm
j
=−
iJ
S − iJ
S + i(2dz + Bz )S
dt
µS
m
m=1
"
#
X
γ
j
jm
=−i
S
.
(3J + 2dz + Bz ) S − J
{z
}
µS |
m

(C.4.5)

=:J0

Fourier transformation
A l
For the first sublattice A we obtain by multiplying with e−ik r and sum over
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all l (all lattice site in that sublattice Ar l ):


X
X
X
γ 
d
A l −ikAr l
A l −ikAr l
B lm −ikAr l 
Se
=−i
J0
Se
+J
S e
dt
µS
l
l
m,l


X
A
l
AB
lm
AB
lm
d
γ  A k
= AŜ k = − i
J0 Ŝ + J
e−ik( r − r ) BS l,m e−ik r 
dt
µS
m,l
"
!
#
X
γ
A k
−ik·AB∆m
B k
=−i
J0 Ŝ + J
e
Ŝ .
(C.4.6)
µS
m
The same procedure for sublattice B: multiplying with e−ik
all lattice sites in sublattice B:

B l

r

and sum over



X
B l
γ  X B l −ikBrl
d X B l −ikBrl
A lm −ik r 
Se
J0
Se
=−i
+J
S e
dt
µS
l
l
m,l


X
dB k
γ  B k
−ik(Br l −BAr lm ) A l,m −ikBAr lm 
J0 Ŝ + J
=
Ŝ = − i
e
S e
dt
µS
m,l
"
!
#
X
γ
B k
−ik·BA∆m
A k
J0 Ŝ + J
e
Ŝ .
(C.4.7)
=−i
µS
m

Simplify coefficients
Coefficients are complex valued and we split them into real- and imaginary
part, starting with:
!
J

X
m

AB

e−ik·

∆

m

= Re J

X

AB

e−ik·

m

=: rJ k + iiJ k .

∆

m

!
+ i Im J

X

AB

e−ik·

∆

m

m

(C.4.8)
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Using the lattice structure, i.e. the exact form of AB∆m , and using Mathematica leads to



√

1
3
r k
J = J cos (akx ) + 2 cos
akx cos
aky
(C.4.9)
2
2
√







3
1
1
i k
J = J 2 sin
akx
akx + cos
aky
− cos
.
(C.4.10)
2
2
2
Since difference vectors obey AB∆m = −BA∆m , the coefficient for the equation
of sublattice B is just
X
X
BA m
AB m
J
e−ik· ∆ = J
eik· ∆ = rJ k − iiJ k .
(C.4.11)
m

m

So all in all the linear system is given by:
!
!
r k
J0
J + iiJ k
γ
d AŜ k
= −i
·
dt BŜ k
µS rJ k − iiJ k
J0
{z
}
|

A k

Ŝ
B k
Ŝ

!
.

(C.4.12)

=:M k

Here the matrix describing the linear system M k is complex-valued, but fortunately it is self-adjoint, such that its eigenvalues are real-valued. Moreover,
eigenvectors are orthogonal such that the resulting transformation matrix is
also orthogonal, just as for the kagome ferromagnet.
Diagonalization
Eigenvalues λ1,2 comprise the dispersion relations of both eigenmodes A and
B; these and eigenvectors v 1,2 are calculated using Mathematica:
s


√

√

3
3
A
λ1 = ω(k) = J0 − J 3 + 4 cos
akx cos
aky + 2 cos
3aky
2
2
(C.4.13)
s


√

√

3
3
λ2 = Bω(k) = J0 + J 3 + 4 cos
akx cos
aky + 2 cos
3aky
2
2
(C.4.14)
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and

 r
√

√


3
3
− 3 + 4 cos 2 akx cos 2 aky + 2 cos 3aky 
v1 = 


√
1
eiakx + 2e− 2 iakx cos 23 aky
 r

√

√


3
3
+
ak
cos
ak
3
+
4
cos
+
2
cos
3ak
x
y
y 

2
2
v2 = 
.
√

3
− 12 iakx
iakx
+ 2e
cos 2 aky
e

(C.4.15)

(C.4.16)

C.5. Derivation of the spin-wave dispersion for
an antiferromagnet
This appendix undertakes the linear spin-wave theory for a simple antiferromagnetic system, corresponding to section II.2.4. In that part the lattice
structure and the Hamiltonian is introduced, leaving here the detailed calculation of the dispersion relation along with the magnonic eigenmodes.
Procedure goes as follows: first linearizing the equation of motion, and defining a proper spin-wave amplitude, with which the linearized equation can be
rewritten for both magnetic sublattices. Next step is to Fourier transform these
equations and solve finally the linear system by means of diagonalization.
The Hamiltonian H of the system is given by eq. (II.2.49), page 88. Equation
of motion is the Landau-Lifshitz-Gilbert equation

γ
αγ
Sl × H l −
Sl × Sl × H l
2
2
µS (1 + α )
µS (1 + α )
∂H
Hl = − l .
∂S
Ṡ l = −

(C.5.1)
(C.5.2)

The Hamiltonian is in principle just a special case of the one used for the
monoatomic ferromagnet, except for the different sign of J. Hence, the effective
field eq. (C.2.8) from page 345 is reused, but without DMI and for the special

374

C. Concerning spin waves: detailed derivations

case of only nearest-neighbor exchange interaction:









l
l
l lm
l lm
S
S
S
S
−
S
S
y
y
y
z
z
y
−γ




 X  l lm
l 
Ṡ l =
J
Sz Sx − Sxl Szlm  + 2dz Sz −Sxl  + µS B −Sxl 
2
µS (1+α )
m
0
0
Sxl Sylm − Syl Sxlm



l l lm
l l lm
l l lm
l l lm
Sy Sx Sy − Sy Sy Sx − Sz Sz Sx + Sz Sx Sz
X


 l l lm
+ α J
Sz Sy Sz − Szl Szl Sylm − Sxl Sxl Sylm + Sxl Syl Sxlm 
m
Sxl Szl Sxlm − Sxl Sxl Szlm − Syl Syl Szlm + Syl Szl Sylm


Szl Sxl


+(2dz Szl + µS B) 
Szl Syl
 .


2
2
− Sxl − Syl
This is linearized similarly to eq. (C.2.14) by neglecting all terms of quadratic
0
order or higher Sβl Sδl ≈ 0, for β, δ ∈ {x, y}, and replace
− Sxl

2

− Syl

2

= (Szl )2 − 1 ≈ 0

as Szl ≈ ±1:









l
l
l lm
l lm
S
S
S
S
−
S
S
y
y
y
z
z
y
−γ




 X  l lm
l 
Ṡ l =
J
Sz Sx − Sxl Szlm  + 2dz Sz −Sxl  + µS B −Sxl 
2
µS (1+α )
m
0
0
0



l l lm
l l lm
−Sz Sz Sx + Sz Sx Sz
 X  l l lm

+ α J
 Sz Sy Sz − Szl Szl Sylm 
m
0


Szl Sxl


+(2dz Szl + µS B) Szl Syl  .
(C.5.3)
0
Contrary to the ferromagnet, the z component for small deviation from ground
state reads Szl ≈ ±1, requiring to distinguish both signs. For this we split the
system into the two sublattices A and B, where we assume that sublattice A
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are the up spins ASzl ≈ +1 and B spins reversed BSzl ≈ −1. For sublattice A
this implies BSzlm ≈ −1 and, hence,






A l
A l
Sy
Sy
−ASyl − BSylm
X
−γ




 B lm A l 

˙l=
AS
 Sx + Sx  + 2dz −ASxl  + µS B −ASxl 
J
µS (1+α2 )
m
0
0
0





A l
Sx
−BSxlm − ASxl
 X  A l B lm 
A l 
+ α J
− Sy − Sy  + (2dz + µS B)  Sy  .
m
0
0


Defining the spin-wave amplitude AS l := ASxl − iASyl and rewrite the LLG in
terms of this reads

X

dA l
γ
A l
S = −i
−
J
S + BS lm + (2dz + µS B)AS l
dt
µS (1+α2 )
m
n X
o

A l
+ α iJ
S + BS lm − i(2dz + µS B)AS l .
m

We rewrite this equation by defining J0 := Nnb |J| + 2dz using J = −|J|:


X
γ
dA l
A l
B lm
S = −i
(1
−
iα)(J
+
µ
B)
S
+
(1
−
iα)|J|
S
.
0
S
dt
µS (1+α2 )
m

(C.5.4)

The same can be done with sublattice B, using BSzl ≈ −1 and ASzlm ≈ 1:






B l
B l
B l
Sy + ASylm
Sy
Sy
X
−γ


 A lm B l 



˙l=
BS
J
− Sx − Sx  − 2dz −BSxl  + µS B −BSxl 
µS (1+α2 )
m
0
0
0





A lm
B l
B l
−
S
−
S
S
x
x
x
 X  B l A lm 


+ α J
− Sy − Sy  − (−2dz + µS B) BSyl  ,
m
0
0
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such that for the spin-wave amplitude on sublattice B, BS l := BSxl − iBSyl ,
 X

dB l
γ
B l
S = −i
J
S + AS lm + (µS B − 2dz )BS l
2
dt
µS (1 + α )
m
n X
o

B l
A lm
B l
+ α iJ
S + S
+ i(µS B − 2dz ) S
m

results, simplified with abbreviation J0 :


X
dB l
γ
B l
A lm
S = −i
(1 + iα)(−J0 + µS B) S − (1 + iα)|J|
S
.
dt
µS (1 + α2 )
m

(C.5.5)

Fourier transformation
The equations of motion have to be Fourier transformed; the transformations
are given by
Ŝ = √

A k

1 X A l −ik·Arl
Se
,
NA l

Ŝ = √

B k

1 X B l −ik·Brl
Se
NB l

(C.5.6)

where NA = NB = N/2 is the number of spins in each sublattice. Note that
the use of the Fourier transform assumes translational invariance, i.e. either
an infinite system or a periodic one.
−ik·Ar l √
We start with sublattice A, and multiply eq. (C.5.4) with e
/ NA and
sum over all lattice sites of that sublattice l:
dA k
d X AS l e−ik·
√
Ŝ =
dt
dt
NA

A l

r

l

=AŜ k

z
}|
{

X AS l
A l
−iγ
√
=
(1 − iα)(J0 + µS B)
e−ik· r
µS (1+α2 )
N
A
l

X 1 X
B lm −ik·Ar l
√
S e
.
+ (1 − iα)|J|
NA l
m
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We use Br lm −Ar l = B∆m , the difference vector between two neighbors, defined
in eq. (II.2.54) on page 89, to replace Ar l :

dA k
γ
(1 − iα)(J0 + µS B)AŜ k
Ŝ = −i
dt
µS (1+α2 )

X
1 X B lm −ik·Brlm
ik·B∆m
√
S e
.
+ (1 − iα)|J|
e
NA l
m
{z
}
|
=BŜ k

(C.5.7)

The identity
Ŝ = √

B k

1 X B lm −ik·Brlm
S e
NA l

results from the assumption of strict translational invariance, leading to NA =
NB and allows to carry out the sum of the Fourier transform also shifted from
B l
r to Br lm , since in any case all lattice sites are summed up with the correct
Fourier factors. This is analogous to the ferromagnetic case, see for instance
eq. (C.2.18).
−ik·Br l √
Same procedure is applied to eq. (C.5.5), which is multiplied with e
/ NB
and summed up:
B l

dB k
d X BS l e−ik·
√
Ŝ =
dt
dt
NB

r

l

=BŜ k

z
}|
{

X BS l e−ik·Brl
−iγ
√
=
(1 + iα)(−J0 + µS B)
µS (1 + α2 )
NB
l

X 1 X
A lm −ik·Br l
√
S e
,
− (1 + iα)|J|
NB l
m
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and using Ar lm − Br l = A∆m leads to

dB k
γ
Ŝ = −i
(1 + iα)(−J0 + µS B)BŜ k
dt
µS (1+α2 )

X
A m
1 X A lm −ik·Arl
S e
− (1 + iα)|J|
.
eik· ∆ √
NB l
m
|
{z
}
=AŜ k

(C.5.8)

Simplify coefficients
The coefficients in the Fourier transforms can be reduced to real values. In
eq. (C.5.7) there is the prefactor in front of BŜ k for which difference position
vectors B∆m can be inserted, see eq. (II.2.55) on page 90. Same is true for the
the prefactor in front of AŜ k eq. (C.5.8) containing A∆m , which are identical for the lattice structure under consideration. Thus, one can compute and
define:

X
X
X B p
A m
B m
B p
|J|
eik· ∆ = |J|
eik· ∆ = |J|
eik· ∆ + e−ik· ∆
m

m

p

= 2|J|

X


cos akp =: Jk .

(C.5.9)

p

Diagonalization
At the end of the day both equations, eqs. (C.5.7) and (C.5.8), can be rewritten
as
=:Ŝ k

d
dt

A k

Ŝ
Ŝ

!

B k

z }| !{
A k
Ŝ
= −iM k B k ,
Ŝ

γ
M :=
µS (1 + α2 )
k

(C.5.10)

(1 − iα)(J0 + µS B)
(1 − iα)Jk
−(1 + iα)Jk
(1 + iα)(−J0 + µS B)

!

a linear system solved by means of diagonalization of the matrix M k , just as
for the kagome ferromagnet in appendix C.3, compare eq. (C.3.21). However,
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the matrix here is not symmetric, it is also not Hermitian. Hence, results are
complex eigenvalues, corresponding real parts describing the magnon frequencies, imaginary parts the magnon life times.
In general the following eigenvalues λ± and eigenvectors v ± result for the two
branches denoted by “±”, calculated using Mathematica:


q
γ
2
±
2
2
 µS B ∓ i (αµS B + iJ0 ) + (1 + α ) Jk − iαJ0 (C.5.11)
λ =
µS 1 + α2
q
!
2
αµS B + iJ0 ± (αµS B + iJ0 ) + (1 + α2 ) Jk2
±
.
(C.5.12)
v =
(α − i)Jk
Eigenvectors define the transformation matrix T = (v + , v − ) mapping the
amplitudes of the sublattices to the amplitudes of the eigenmodes:
χ̂k = T −1 Ŝ k ,

(C.5.13)

and diagonalize the matrix M k = T ΛT −1 . For the linear system eq. (C.5.10)
this leads to
!
λ+
d −1 k
T Ŝ = −i
T −1 Ŝ k
dt
λ−
and, hence, the solution is given by
!
!
+
+
+ k
+ k
χ̂
χ̂ (t=0) · e−i Re(λ )t+Im(λ )t
= − k
.
−
−
− k
χ̂
χ̂ (t=0) · e−i Re(λ )t+Im(λ )t
From this follows that ω ± (k) = Re(λ± ) is the dispersion and τ =
defines the magnon life time.

(C.5.14)
−1/Im(λ± )

From eq. (C.5.11) it becomes clear that in general real and imaginary part are
not easy to separate as the argument of the square root has finite real and
imaginary part. However, it is possible for special cases, e.g. either for B = 0
or α = 0.
In the latter case




q
q
γ
γ
±
2
2
2
2
µS B ∓ i −J0 + Jk =
µS B ± J0 − Jk
(C.5.15)
ω (k) =
µS
µS
results.
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Another issue is that matrix M k is not symmetric (and also not skew-Hermitian) even with vanishing damping α = 0. Still, in that case eigenvalues are
positive and τ = ∞ as it should be; however, eigenvectors are not orthogonal,
nor is the transformation matrix T . This is a problem when the spin-wave
amplitudes are mapped via T : in that case the spin-wave intensity is not
conserved, i.e.
T −1 Ŝ k

2
2

6= Ŝ k

2

.
2

If this is required, it can be manually ensured by re-normalization of T by a
factor c chosen such that intensity is conserved. This is legal as the eigenvectors
are only uniquely defined up to a factor.
Amplitude ratio of the eigenmodes
There may be the need to excite a single magnon branch only, which requires
a certain amplitude ratio for the sublattices. For this we consider the case
α = 0, for which the transformation matrix reads
T = (v , v ) =
+

−

J0 +

p
J02 − Jk2
Jk

J0 −

p

J02 − Jk2
Jk

!
,

which implies for selection of band “+” only as initial condition (with amplitude a0 )
Ŝ (t=0) = T χ̂ (t=0) = T
k

k

a0
0

!
δkk0 = a0

J0 +

p

J02 − Jk2
Jk

Fourier transform to position space reads:
=:A

0
}|q

{
A l
a
0
A l
2
2
J0 + J0 − Jk0 eik0 · r
S =√
NA
B l
a0
B l
S =√
Jk0 eik0 · r ,
NB
| {z
}

z

=:B0

!
δkk0 .
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where A0 and B0 are sublattice amplitudes in real space that (under assumption of equal number of spins for both NA = NB ) leads to an amplitude ratio
q
J02 − Jk20
J
+
0
A0
(C.5.16)
=
B0
J k0
required to excite solely band “+”.

D. Details concerning
spin superfluidity
D.1. Bose-Einstein condensation of an ideal
Bose gas

This appendix supplements the discussion of Bose-Einstein condensation of
an ideal gas of Bosons discussed in section II.4.1 by delivering the detailed
calculations. Hamiltonian of that system comprising N particles is given by
Ĥ =

N
X
~2 k̂2
l

l=1

2m

,

with mass m of the particles, and k̂l = −i∇rl the wave vector. We assume
these particles to have a spin degree of freedom with spin quantum number s,
which enters only via a degeneracy factor 2s + 1. The dispersion relation for
the single-particle states simply reads
E σ (k) =

382

~2 k 2
≡ E(k),
2m

(D.1.1)
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where σ denotes the spin. Calculation requires the density of states (per vol2 2
ume), done in spherical coordinates and substituting u = ~ k /2m:
s
X

Z
1
δ(E − E(k)) d3 k
3
(2π)
σ=−s

Z 
2s + 1
~2 k 2
=
δ
E
−
k 2 sin(ϑ) dkdϑdϕ
(2π)3
2m

Z 
~2 k 2
2s + 1
δ
E
−
=
k 2 sin(ϑ) dkdϑdϕ
(2π)3
2m

3/2 1/2
Z
2m
u
(2s + 1)4π
δ (E − u)
du
=
3
2
(2π)
~
2

3/2
√
(2s + 1) 2m
=
E.
4π 2
~2

DOS(E) =

(D.1.2)

Statistical mechanics of ideal quantum gases tells us that thermodynamic
properties as inner energy U and average particle number hN i can be written using single-particle energies and occupation numbers nB (k)—the BoseEinstein distribution—
XX
X
3
pV =
E σ (k)nB (k) = (2s + 1)
E(k)nB (k)
2
σ
k
k
XX
X
hN i =
nB (k) = (2s + 1)
nB (k)
U=

σ

nB (k) =

k

k

1
eβ(E(k)−µ) − 1

,

where β = 1/kB T is the inverse temperature, µ the chemical potential, p pressure and V volume.[43] Sums over k are usually
replaced
R by the continuum
P
approximation using the density of states k ... → V DOS(E)...dE. However, description of Bose-Einstein condensation requires more attention: it
occurs when the chemical potential reaches µ = 0, which means that for the
lowest state in energy, E(0) = 0, the occupation number diverges and the continuum approximation becomes invalid at this point. This is fixed by treating
[43] F.

Schwabl. Statistical Mechanics. Springer-Verlag (2006), chap. 4.
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the number of particles in k = 0 separately and splitting hN i into nB (0) and
the rest, treated by the continuum approximation:


X
hN i = (2s + 1) nB (0) +
nB (k)
k6=0

1
+V
≈ (2s + 1) −βµ
e
−1
{z
}
|
|
=:N0

Z∞
0

DOS(E)
dE ,
eβ(E−µ) − 1
{z
}

(D.1.3)

=:N 0

which is the basic equation describing Bose-Einstein condensation in this
model and the whole discussion and derivation basically comes down to resolve
this equation for µ.
The latter part—the integral—can be evaluated further by introducing the
fugacity z = eβµ and using substitution u = βE:
√

3/2 Z
(2s + 1)V 2m
E
0
N =
dE
2
2
βE
−1
4π
~
e z −1

3/2 Z √
(2s + 1)V 2m
Eze−βE
dE
=
4π 2
~2
1 − e−βE z

3/2 Z √
(2s + 1)V 2m
uze−u
=
du.
2
2
4π
β~
1 − e−u z
One can insert the geometric series

∞
P

xl = 1/(1−x) leading to

l=0

(2s + 1)V
4π 2



(2s + 1)V
=
4π 2



(2s + 1)V
4π 2



N0 =

=

2m
β~2
2m
β~2

3/2 X
∞ Z
l=0
3/2 X
∞

zl

√

Z

uze−u e−u z
√

ue−ul du

l=1

3/2 X
Z∞
∞
2m
zl
√ −y
ye dy
3/2
2
β~
l
l=1
| {z } |0
{z
 √ }
=Li3/2 (z)
=Γ

3/2

=

π/2

l

du
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⇒ N 0 = (2s + 1)V



mkB T
2π~2

3/2

Li3/2 (z),
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where Γ(s) is the gamma function, and Lis (z) the polylogarithm.p
2
One can further insert the thermal de Broglie wave length λth := 2π~ /mkB T
and rewrite eq. (D.1.3)
N0
N0
(2s + 1) z
V
+
=1=
+ (2s + 1) λ−3
Li3/2 (z),
N
N
N
1−z
N th

(D.1.5)

where we set N ≡ hN i, i.e. keep the number of particles constant. Since N is
now fixed, the chemical potential depends on temperature µ(T ) and follows
from resolving the equation above for µ, which however is analytically not
possible in general. Fixing the particle number is required for Bose-Einstein
condensation. Furthermore, this phase transition occurs strictly speaking only
in the thermodynamic limit, i.e. for N → ∞, V → ∞ while N/V = const.
Hence, we solve it numerically to obtain this temperature dependence for
various (but fixed) N . Practically this is done as follows: of course for fixed N
the equation for z can be written as root of a function g(z):[205]
N0 (z) N 0 (z)
+
=1
N
N

⇔

g(z) :=

N0 (z) N 0 (z)
+
− 1 = 0.
N
N

The problem is that the polylogarithm Li for z > 1 diverges and common
numerical root solver might quickly run into such a function evaluation, especially if the root is close to z = 1. To avoid this in the simplest manner, we
reformulate it as optimization problem:
g(z) = 0

⇔

|g(z)| = 0

⇔

z = arg min |g(z 0 )|,
z0

since the absolute value ensures a root is a minimum. The domain for z is
bounded: z ∈ [0, 1], since µ ≤ 0 and z = eβµ = e−β|µ| , such that it is sufficient
to determine for fixed T and N the minimum of |g(z)| in [0, 1]. Numerical
solution is done for s = 0. A finite spin would renormalize particle number
N → N/(2s+1) and density N/V → N/(2s+1)V .
[205] R.

L. Burden, J. D. Faires, and A. M. Burden. Numerical Analysis. Cengage Learning
(2016), chap. 10.4.
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Outcome of the numerical calculation is depicted in fig. II.4.2, page 117.
Strictly speaking µ remains always finite for finite N except for T = 0; however with increasing particle number N in the thermodynamic limits µ → 0
at finite temperature below a transition temperature Tc that marks the phase
transition. On the other hand, for T > Tc µ remains finite even in the thermodynamic limit.
Tc can be calculated by the following consideration: of course there is always a
finite number of particles in ground state, i.e. a finite N0 , same is true for the
ratio N0/N , but not in the thermodynamic limit (proof below). In this limits it
vanishes above Tc and is finite below. Hence, it is possible to calculate it from
the perspective of the uncondensed phase, since then the particle number is
just given by the uncondensed particles N 0 :
1 = (2s + 1)

V −3
λ Li3/2 (z)
N th

T ≥ TC ,

(D.1.6)

and condensation takes place exactly when µ = 0 ⇔ z = 1, leading for Tc to
the condition
V
1 = (2s + 1)
N
⇒ Tc =

2π
2/3

ζ (3/2)
| {z }



mkB Tc
2π~2

2

~
kB m

3/2 z=ζ(}|3/2){
Li3/2 (1)

1 N
2s + 1 V

2/3
,
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≈3.31

where ζ(z) is the Riemann zeta function.
The number of condensed particles N0 can also be calculated in the thermodynamic limit. Let us first consider T > Tc , numerical solution for µ revealed
that it takes some finite value, moreover µ < 0; hence z = e−β|µ| < 1 results.
Consequently,
1 z
N0
N →∞
=
−−−−→ 0
N
N 1−z

T > Tc ,

(D.1.8)

the relative fraction vanishes. Things changes below Tc , then µ = 0 ⇔ z = 1
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and one may write (note: density N/V is constant in thermodynamic limit)
=ζ(3/2)

3/2
N0
V −3 z }| {
V mkB T
= (2s + 1) λth Li3/2 (1) = (2s + 1)
ζ(3/2)
N
N
N
2π~2

3/2
V mkB
3/2
ζ(3/2),
= T (2s + 1)
N 2π~2
|
{z
}
−3/2

=Tc

such that
N0
= 1 − N0 = 1 −
N



T
Tc

3/2
T ≤ Tc .

(D.1.9)

D.2. Derivation of the Gross-Pitaevskii
equation
Aim of this appendix is to derive the Gross-Pitaevskii equation describing
the dynamics of a Bose-Einstein condensate. Calculation presented here corresponds to the introduction of Gross-Pitaevskii theory in section II.4.1 and
follows basically a review from Dalfovo et al.[131] .
As outlined in appendix G.4 a rather general Hamiltonian for many-body
systems formulated utilizing field operators Ψ̂† (r) and Ψ̂(r) reads
=:Hsp

Ĥ =

z
Z



2

~

∇2r0

}|



{

Ψ̂† (r 0 ) −
+ Vext (r 0 ) Ψ̂(r 0 ) d3 r0
2m
ZZ
1
+
Ψ̂† (r 0 )Ψ̂† (r 00 )Vint (r 0 − r 00 )Ψ̂(r 00 )Ψ̂(r 0 ) d3 r00 d3 r0 ,
2
|
{z
}

(D.2.1)

=:Hia

where the potential splits into an external part Vext for external forces acting
individually on all particles and an internal contribution Vint given by the
interaction of the Bosons investigated here.
[131] F.

Dalfovo, S. Giorgini, L. P. Pitaevskii, and S. Stringari. „Theory of Bose-Einstein
condensation in trapped gases“. Rev. Mod. Phys. 71, pp. 463–512 (1999)
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The interaction potential is approximated by a s-wave scatting-like potential
valid for a dilute gas at low temperatures:
Vint (r 0 − r 00 ) = gδ(r 0 − r 00 ).
The dynamics is governed by the Heisenberg equation of motion,

i~

i
∂ Ψ̂(r, t) h
= Ψ̂(r, t), Ĥ ,
∂t

(D.2.2)

for which the commutator is calculated as follows (time dependence is skipped
for brevity, since the point in time t is fixed here). We consider the contributions Hsp , the single particle part, and the interaction part Hia separately,
starting with the former by using the fact that Ψ̂(r) commutes with Ψ̂(r 0 ),
Vext and ∇2r0 (color highlights changes during computation):

 2 2
Z
h
i
~2
~ ∇r 0
0
† 0
Ψ̂(r), Ĥsp = −
+ Vext (r ) Ψ̂(r 0 )
Ψ̂(r)Ψ̂ (r ) −
2m
2m

 2 2
~ ∇r 0
0
† 0
+ Vext (r ) Ψ̂(r 0 )Ψ̂(r) d3 r0
− Ψ̂ (r ) −
2m
 2 2

Z
~2
~ ∇r 0
† 0
0
=−
Ψ̂(r)Ψ̂ (r ) −
+ Vext (r ) Ψ̂(r 0 )
2m
2m
 2 2

~ ∇r 0
† 0
0
− Ψ̂ (r )Ψ̂(r) −
+ Vext (r ) Ψ̂(r 0 ) d3 r0
2m

Z h
i  ~2 ∇2
~2
† 0
0
r0
=−
Ψ̂(r), Ψ̂ (r ) −
+ Vext (r ) Ψ̂(r 0 )
2m |
2m
{z
}
=δ(r−r 0 )



= −


~2 ∇2r
+ Vext (r) Ψ̂(r).
2m

(D.2.3)

For the second part, when inserting the potential from above, and using that
Ψ̂(r) commutes with everything except Ψ̂† (r 0 ), the integration reduces to
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(color highlights changes during computation)
h
i g ZZ h
i
Ψ̂(r), Ψ̂† (r 0 )Ψ̂† (r 00 )δ(r 0 − r 00 )Ψ̂(r 00 )Ψ̂(r 0 ) d3 r00 d3 r0
Ψ̂(r), Ĥia =
2
Z
i
g h
=
Ψ̂(r), Ψ̂† (r 0 )Ψ̂† (r 0 )Ψ̂(r 0 )Ψ̂(r 0 ) d3 r0
2
Z
g
Ψ̂(r)Ψ̂† (r 0 )Ψ̂† (r 0 )Ψ̂(r 0 )Ψ̂(r 0 )
=
2
− Ψ̂† (r 0 )Ψ̂† (r 0 )Ψ̂(r 0 )Ψ̂(r 0 )Ψ̂(r) d3 r0
Z
g
=
Ψ̂(r)Ψ̂† (r 0 )Ψ̂† (r 0 )Ψ̂(r 0 )Ψ̂(r 0 )
2
− Ψ̂† (r 0 )Ψ̂† (r 0 )Ψ̂(r)Ψ̂(r 0 )Ψ̂(r 0 ) d3 r0
Z
i
g h
Ψ̂(r), Ψ̂† (r 0 )Ψ̂† (r 0 ) Ψ̂(r 0 )Ψ̂(r 0 ) d3 r0
=
2
Z
i
g h
=
Ψ̂(r), Ψ̂† (r 0 ) Ψ̂† (r 0 )Ψ̂(r 0 )Ψ̂(r 0 )
2 |
{z
}
=δ(r−r 0 )

h
i
+ Ψ̂† (r 0 ) Ψ̂(r), Ψ̂† (r 0 ) Ψ̂(r 0 )Ψ̂(r 0 ) d3 r0
{z
}
|
=δ(r−r 0 )

= g Ψ̂ (r)Ψ̂(r)Ψ̂(r).
†

With this the Heisenberg equation of motion results in
 2 2

∂ Ψ̂(r, t)
~ ∇r
i~
= −
+ Vext (r) + g Ψ̂† (r, t)Ψ̂(r, t) Ψ̂(r, t).
∂t
2m

(D.2.4)

(D.2.5)

This equation is further treated by writing the field operator in terms of an
single-particle state Φ(r, t)—a complex valued function—given by the expectation value of the field operator Φ(r, t) := hΨ̂(r, t)i and a small perturbation
Ψ̂0 (r, t):
Ψ̂(r, t) = Φ(r, t) + Ψ̂0 (r, t),

(D.2.6)

an idea brought forward first by Bogoliubov for a uniform Bose gas, i.e. for a
stationary and space independent Φ. Here we consider only the zeroth order
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expansion, i.e. ignoring the perturbation Ψ̂0 (r, t) ≈ 0, leading to
 2 2

∂Φ(r, t)
~ ∇r
2
i~
= −
+ Vext (r) + g |Φ(r, t)| Φ(r, t),
∂t
2m

(D.2.7)

called Gross-Pitaevskii equation. Because of the approximations made, it is
valid for dilute gasses, which can be quantified by the statement that the
s-wave scattering length shall be small compared to the average distance between the particles, and at low temperatures where depletion of the condensate
is small, i.e. almost all particles are condensed and the number of particles in
the thermal cloud is small.
Fluid dynamic equations
The Gross-Pitaevskii equation can also be written as two coupled,
p real-valued
equations. For this we write the order parameter Φ(r, t) = nc (r, t)eiϕ(r,t)
using density nc and phase ϕ, and calculate the left- and right-hand side of
the Gross-Pitaevskii equation separately.
The left-hand side reads


√
1 n˙c iϕ
∂ √ iϕ
∂Φ(r, t)
nc e = i~
= i~
i~
√ e + i nc ϕ̇eiϕ
∂t
∂t
2 nc


√
~ n˙c
= −~ nc ϕ̇ + i √
eiϕ .
2 nc

(D.2.8)

Right-hand side requires calculation of the Laplacian:
∇2 Φ(r, t)

X 1 1
X √
√
∂β
=
∂β2 nc eiϕ =
√ (∂β nc )eiϕ + i nc (∂β ϕ)eiϕ
2 nc
β
β∈{x,y,z}
"
X
1 1
1 1
1 1
=
− √ 3 (∂β nc )2 eiϕ + √ (∂β2 nc )eiϕ + i √ (∂β nc )(∂β ϕ)eiϕ
4 nc
2 nc
2 nc
β
#
√
√
1 1
iϕ
2
iϕ
2 iϕ
+ i √ (∂β nc )(∂β ϕ)e + i nc (∂β ϕ)e − nc (∂β ϕ) e
2 nc
"
#
√
1 (∇nc )2
1 ∇ 2 nc √
(∇nc ) · (∇ϕ)
2
2
= − √ 3 + √
− nc (∇ϕ) + i
+ i nc ∇ ϕ eiϕ ,
√
4 nc
2 nc
nc
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which implies

 2 2
~ ∇r
2
+ Vext (r) + g |Φ(r, t)| Φ(r, t)
−
2m
"
#
 2
√
~ 1 (∇nc )2
1 ∇2 n c √
(∇n
)
·
(∇ϕ)
c
=
− √
+ nc (∇ϕ)2 − i
− i n c ∇2 ϕ
√
√
2m 4 nc 3
2 nc
nc

√
+ (Vext + gnc ) nc eiϕ .
(D.2.9)
Equation (D.2.8) equals eq. (D.2.9), both constituting the Gross-Pitaevskii
equation. Real- and imaginary parts of both equations lead to two real-valued
equations; we start with the imaginary part as follows:
=∇·(nc ∇ϕ)


}|
{
~
~2 z
∂Φ √ −iϕ
= ṅc = −
· nc e
(∇nc ) · (∇ϕ) + nc ∇2 ϕ
Im i~
∂t
2
2m


~
~
nc ∇ϕ ,
=− ∇·
2
m
|
{z
}
=j

where flow velocity u =
This is equivalent to

~∇ϕ/m

and current j are defined as in eq. (II.4.13).

∂nc
+ ∇ · j = 0,
∂t

(D.2.10)

the continuity equation.
The real part can be done as well:




∂Φ √ −iϕ
~2 1 (∇nc )2
1 2
2
Re i~
· nc e
= −~nc ϕ̇ =
− ∇ nc + nc (∇ϕ)
∂t
2m 4 nc
2
+ (Vext + gnc )nc
~
1
⇔ ϕ̇ = −
m
2



2


~
~2
1 (∇nc )2
1 ∇2 n c
1
∇ϕ +
−
+
− (Vext + gnc ) .
2
2
m
2m
4 nc
2 nc
m
|
{z
}
= √1n ∇2
c

√

nc
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We take the gradient of this equation to rewrite it in terms of u:
∇

√
~
∂u
1
~2
1
1
1
ϕ̇ =
= − ∇u2 +
∇ √ ∇2 nc − ∇Vext − ∇gnc .
m
∂t
2
2m2
nc
m
m
(D.2.11)

D.3. Derivation of field-theory equations for a
simple ferromagnet
Corresponding to section II.4.2 this appendix considers a simple ferromagnet
described by the Landau-Lifshitz-Gilbert equation (LLG). Purpose is to reformulate this equation in terms of a different coordinate system for the spins:
the LLG is an equation for spins S, which can be represented by an in-plane
angle ϕ and an out-of-plane component Sz , for which dynamic equation shall
be derived strictly equivalent to the LLG.
Landau-Lifshitz-Gilbert equation
Starting point is the LLG in micromagnetic form, see eq. (II.4.20) with assumption B = Bs ez :1
−

µS (1 + α2 )
Ṡ = S × H + αS × (S × H)
γ
H = Ja2 ∆S + (2dz Sz + µS Bs )ez .

Precession term of the LLG written out reads

 

Sy ∆Sz − Sz ∆Sy
Sy (2dz Sz + µS Bs )

 

S × H = Ja2 Sz ∆Sx − Sx ∆Sz  + −Sx (2dz Sz + µS Bs ) ,
Sx ∆Sy − Sy ∆Sx
0
1 Note

(D.3.1)

(D.3.2)

that it reads this form in case of an sc lattice only; in other lattice structures, the
prefactor for the exchange term may vary. It should not vary, however, when expressed
by the micromagnetic exchange stiffness A not used here, since numerical calculations are
done with the corresponding atomistic model on a sc lattice.
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and the damping contribution


Sy Sx ∆Sy − Sy2 ∆Sx − Sz2 ∆Sx + Sx Sz ∆Sz


S × (S × H) = Ja2 Sy Sz ∆Sz − Sz2 ∆Sy − Sx2 ∆Sy + Sx Sy ∆Sx 
Sx Sz ∆Sx − Sx2 ∆Sz − Sy2 ∆Sz + Sy Sz ∆Sy


Sx Sz (2dz Sz + µS Bs )


+
Sy Sz (2dz Sz + µS Bs

−Sx2 (2dz Sz + µS Bs ) − Sy2 (2dz Sz + µS Bs )


Sx Sy ∆Sy + Sx Sz ∆Sz + (Sx2 − 1)∆Sx


= Ja2 Sy Sz ∆Sz + Sx Sy ∆Sx + (Sy2 − 1)∆Sy 
Sx Sz ∆Sx + Sy Sz ∆Sy + (Sz2 − 1)∆Sz


Sx Sz (2dz Sz + µS Bs )


(D.3.3)
+  Sy Sz (2dz Sz + µS Bs )  .
2
(Sz − 1)(2dz Sz + µS Bs )

Ansatz for field-theory equations
The spins read in cylindrical coordinates
p

1 − Sz2 cos(ϕ)
p

S(r, t) =  1 − Sz2 sin(ϕ)  ,
Sz

(D.3.4)

defining the degrees of freedom ϕ(r, t) and Sz (r, t). Especially, |S| = 1 holds
also in the micromagnetic formulation. Introducing a complex auxiliary variable
S(r, t) = Sx (r, t) − iSy (r, t) =

p

1 − Sz2 e−iϕ

(D.3.5)
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allows to set up the following complex ansatz from x- and y component of the
LLG eq. (D.3.1):2
=:LHS

z

}|
{

µS (1 + α )  ˙
−
Sx (r, t) − iS˙y (r, t)
γ
|
}
√{z
2

=Ṡ=∂t

1−Sz2 e−iϕ

n
o
= (S × H)x − i (S × H)y + α [S × (S × H)]x − i [S × (S × H)]y .
|
{z
}
=:RHS

(D.3.6)

The left-hand side LHS reads
µS (1 + α2 ) p
∂t 1 − Sz2 e−iϕ
γ
"
#
p
Sz S˙z
µS (1 + α2 )
−p
− i 1 − Sz2 ϕ̇ e−iϕ ,
=−
2
γ
1 − Sz

LHS = −

(D.3.7)

such that from real and imaginary part two differential equations follow, one
for ϕ̇, and one for S˙z (expressed by RHS from eq. (D.3.6)):

 µS (1 + α2 ) Sz S˙z
p
Re LHS · eiϕ =
= Re RHS · eiϕ
2
γ
1 − Sz
2 p


µS (1 + α )
Im LHS · eiϕ =
1 − Sz2 ϕ̇ = Im RHS · eiϕ .
γ

(D.3.8)
(D.3.9)

Hence, the task is basically to compute real and imaginary part of RHS.

Some Laplacians
For further calculations, the Laplacians ∆Sx , ∆Sy , ∆S and ∆S ∗ are required3 .
2 The

3 Star

z component of the LLG turns out to be redundant, which is explained later.
means complex conjugate z ∗ = Re(z) − i Im(z).
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Starting with ∆Sx =

P
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∂β2 Sx , we first calculate the partial derivative

β∈{x,y,z}

∂β2 Sx = ∂β

p
2

1 − Sz2 cos(ϕ) β ∈ {x, y, z}

"
= ∂β

#
p
Sz ∂β Sz
−p
cos(ϕ) − 1 − Sz2 sin(ϕ)∂β ϕ
1 − Sz2

Sz ∂β2 Sz
(∂β Sz )2
S 2 (∂β Sz )2
= −p
cos(ϕ) − p
cos(ϕ)− z
cos(ϕ)
3/2
1 − Sz2
1 − Sz2
(1 − Sz2 )
Sz ∂β Sz
Sz ∂β Sz
sin(ϕ)∂β ϕ+ p
sin(ϕ)∂β ϕ
+p
2
1 − Sz
1 − Sz2
p
p
− 1 − Sz2 cos(ϕ)(∂β ϕ)2 − 1 − Sz2 sin(ϕ)∂β2 ϕ
"
#
Sz2
1
=− p
+
(∂β Sz )2 cos(ϕ)
3/2
2
1 − Sz2
(1 − Sz )
{z
}
|
2 +S 2
1−Sz
z
3/2

=

(1−Sz2 )

=

1
3/2

(1−Sz2 )

p
Sz ∂β2 Sz
cos(ϕ) − 1 − Sz2 (∂β ϕ)2 cos(ϕ)
−p
2
1 − Sz
p
Sz (∂β Sz )(∂β ϕ)
+2 p
sin(ϕ) − 1 − Sz2 (∂β2 ϕ) sin(ϕ)
1 − Sz2

−3/2
= 1 − Sz2
×
h
i

2
×
−(∂β Sz )2 − 1 − Sz2 Sz ∂β2 Sz − 1 − Sz2 (∂β ϕ)2 cos(ϕ)

i
h

2
+ 2 1 − Sz2 Sz (∂β ϕ)(∂β Sz ) − 1 − Sz2 ∂β2 ϕ sin(ϕ) . (D.3.10)
=:R

∆Sx =

1

 hz
3/2

(1−Sz2 )

}|
i{
2
2
2
− |∇Sz | − 1 − Sz Sz ∆Sz − 1 − Sz2 |∇ϕ| cos(ϕ)

2

h
i
o

2
+ 2 1 − Sz2 Sz (∇ϕ · ∇Sz ) − 1 − Sz2 ∆ϕ sin(ϕ)
|
{z
}
=:I
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follows by summing up the components. We define the abbreviations R and I,
which are used from now on multiple times. With these the expression reduces
to
∆Sx = 1 − Sz2

−3/2

[R cos(ϕ) + I sin(ϕ)] .

(D.3.11)

Next, ∆Sy is similarly computed:
∂β2 Sy =∂β2

p

1 − Sz2 sin(ϕ) β ∈ {x, y, z}

"
=∂β

#
p
Sz ∂β Sz
2
−p
sin(ϕ) + 1 − Sz cos(ϕ)∂β ϕ
1 − Sz2

Sz ∂β2 Sz
S 2 (∂β Sz )2
(∂β Sz )2
sin(ϕ) − p
sin(ϕ)− z
=− p
sin(ϕ)
3/2
1 − Sz2
1 − Sz2
(1 − Sz2 )
Sz ∂β Sz
Sz ∂β Sz
−p
cos(ϕ)∂β ϕ− p
cos(ϕ)∂β ϕ
1 − Sz2
1 − Sz2
p
p
− 1 − Sz2 sin(ϕ)(∂β ϕ)2 + 1 − Sz2 cos(ϕ)∂β2 ϕ
#
"
Sz2
1
=− p
+
(∂β Sz )2 sin(ϕ)
3/2
1 − Sz2
(1 − Sz2 )
|
{z
}
=

2 +S 2
1−Sz
z
3/2

(1−Sz2 )

=

1
3/2

(1−Sz2 )

p
Sz ∂β2 Sz
−p
sin(ϕ) − 1 − Sz2 (∂β ϕ)2 sin(ϕ)
1 − Sz2
p
Sz (∂β Sz )(∂β ϕ)
−2 p
cos(ϕ) + 1 − Sz2 (∂β2 ϕ) cos(ϕ)
2
1 − Sz
h
i

2
1
=
−(∂β Sz )2 − 1 − Sz2 Sz ∂β2 Sz − 1 − Sz2 (∂β ϕ)2 sin(ϕ)
3/2
(1−Sz2 )

h
i


2
2 2 2
− 2 1 − Sz Sz (∂β ϕ)(∂β Sz ) − 1 − Sz ∂β ϕ cos(ϕ) ;
(D.3.12)
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summing over Cartesian components results in
(
h
i

2
1
2
2
∆Sy =
− |∇Sz | − 1 − Sz2 Sz ∆Sz − 1 − Sz2 |∇ϕ| sin(ϕ)
3/2
(1 − Sz2 )
)
h
i


2
2 2
− 2 1 − Sz Sz (∇ϕ · ∇Sz ) − 1 − Sz ∆ϕ cos(ϕ)
= 1 − Sz2

−3/2

[R sin(ϕ) − I cos(ϕ)] .

(D.3.13)

Last, but not least, ∆S and ∆S ∗ read
∆S = ∆Sx − i∆Sy
=R(cos ϕ−i sin ϕ)

=iI(cos ϕ−i sin ϕ)

}|
{ z
}|
{
−3/2  z
R cos(ϕ) − iR sin(ϕ) + I sin(ϕ) + iI cos(ϕ)
= 1−
−3/2

= 1 − Sz2
Re−iϕ + iIe−iϕ
−3/2
= 1 − Sz2
(R + iI) e−iϕ
(D.3.14)

∗
∗
2 −3/2
iϕ
∆S = (∆S) = 1 − Sz
(R − iI) e ,
(D.3.15)
Sz2

the last step is possible since R and I are real valued.
Reduce equations
Considering ansatz eq. (D.3.6), eqs. (D.3.8) and (D.3.9) split into calculation
of the contributions of the precession term of the LLG and the damping term.
The former reads (see eq. (D.3.2) and with the help of eq. (D.3.14)):
(S × H)x − i (S × H)y
=iS


 z }| {
= Ja (Sy + iSx ) ∆Sz − Sz ∆ (Sy + iSx ) + (Sy + iSx ) · (2dz Sz + µS Bs )
2

= iJa2 [S∆Sz − Sz ∆S] + iS · (2dz Sz + µS Bs )

hp
i
−3/2
−iϕ
= ie
Ja2
1 − Sz2 ∆Sz − Sz 1 − Sz2
(R + iI)

p
2
+ 1 − Sz · (2dz Sz + µS Bs ) ,

(D.3.16)
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whereas for the damping part (see eq. (D.3.3), and use eqs. (D.3.14) and
(D.3.15))
[S × (S × H)]x − i [S × (S × H)]y
h
= Ja2 Sx Sy ∆(Sy − iSx ) + Sz (Sx − iSy ) ∆Sz
|
{z
}
| {z }
=−i∆S ∗

=S

i


+ Sx2 −1 ∆Sx − i Sy2 −1 ∆Sy + Sz (2dz Sz + µS Bs ) (Sx − iSy )
| {z }
=S
i
n
hp

2 −3/2
−iϕ
2
2
1 − Sz Sz ∆Sz − 1 − Sz
(R + iI)
=e
Ja
o
p
+ 1 − Sz2 Sz (2dz Sz + µS Bs )
h
i
−3/2
+ Ja2 −iSx Sy 1 − Sz2
(D.3.17)
(R − iI)eiϕ + Sx2 ∆Sx − iSy2 ∆Sy
{z
}
|
=:RT

results, which takes the form as needed later, except for the rest term RT that
needs some special treatment. We calculate it explicitly by inserting Sx , Sy ,
∆Sx and ∆Sy from eqs. (D.3.6), (D.3.11) and (D.3.13):
−3/2

(R − iI)eiϕ + Sx2 ∆Sx − iSy2 ∆Sy
RT =−iSx Sy 1 − Sz2
−1/2


= −i 1 − Sz2
cos(ϕ) sin(ϕ)(R − iI) cos(ϕ) + i sin(ϕ)
−1/2


+ 1 − Sz2
cos2 (ϕ) R cos(ϕ) + I sin(ϕ)
−1/2 2 

−i 1 − Sz2
sin (ϕ) R sin(ϕ) − I cos(ϕ)
−1/2 h
= 1 − Sz2
R cos(ϕ) sin2 (ϕ) − I cos2 (ϕ) sin(ϕ)
−iR cos2 (ϕ) sin(ϕ) − iI cos(ϕ) sin2 (ϕ)
+R cos(ϕ) cos2 (ϕ) + I cos2 (ϕ) sin(ϕ)
−iR sin2 (ϕ) sin(ϕ) + iI cos(ϕ) sin2 (ϕ)
i
−1/2 h
= 1 − Sz2
R cos(ϕ) − iR sin(ϕ)
−1/2 −iϕ
Re .
= 1 − Sz2

i

(D.3.18)
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Coming back to the original ansatz eqs. (D.3.8) and (D.3.9) and inserting
precession and damping term eqs. (D.3.16) and (D.3.17) with the help of
eq. (D.3.18), the right-hand side RHS can be written as
o
n
RHS · eiϕ = (S × H)x − i (S × H)y eiϕ
o
n
+ α [S × (S × H)]x − i [S × (S × H)]y eiϕ
n
hp
i
−3/2
= i Ja2
1 − Sz2 ∆Sz − Sz 1 − Sz2
(R + iI)
o
p
+ 1 − Sz2 · (2dz Sz + µS Bs )

hp
−3/2
+ α Ja2
1 − Sz2 Sz ∆Sz − 1 − Sz2
(R + iI)
+ 1 − Sz2
+

p

−1/2 i
R


1 − Sz2 Sz (2dz Sz + µS Bs ) ;

(D.3.19)

remembering that R and I are real valued, one can calculate the real part
−3/2

Sz I
Re RHS · eiϕ = Ja2 1 − Sz2
"

p
+ α Ja2
1 − Sz2 Sz ∆Sz −

R

(1 − Sz2 )

p
2
+ 1 − Sz Sz (2dz Sz + µS Bs ) ,

3/2

+

#

R
1/2

(1 − Sz2 )

(D.3.20)

and the imaginary part
hp

−3/2 i
Im RHS · eiϕ = Ja2
1 − Sz2 ∆Sz − Sz 1 − Sz2
R R
p
−3/2
I.
+ 1 − Sz2 · (2dz Sz + µS Bs ) − αJa2 1 − Sz2
(D.3.21)

400

D. Details concerning spin superfluidity

Hence, eqs. (D.3.8) and (D.3.20) combine to the field-theory equation for S˙z
µS (1 + α2 ) Sz S˙z
p
γ
1 − Sz2

−3/2
= Ja2 1 − Sz2
Sz I



p


2
2 −3/2
2 −1/2
2
+ α Ja
1 − Sz Sz ∆Sz − 1 − Sz
R + 1 − Sz
R
{z
}
|
2
−1+1−Sz
3/2

=

+

p
1 − Sz2 Sz (2dz Sz + µS Bs )

(1−Sz2 )

R=−

2
Sz

3/2

(1−Sz2 )

R







µS (1 + α2 ) ˙
Sz R
I
2
2
2
⇒
1 − Sz ∆Sz −
Sz = Ja
+ α Ja
γ
1 − Sz2
1 − Sz2


2
+ 1 − Sz (2dz Sz + µS Bs ) , (D.3.22)
and eqs. (D.3.8) and (D.3.21) to the one for ϕ̇
hp
−3/2 i
µS (1 + α2 ) p
1 − Sz2 ϕ̇ = Ja2
1 − Sz2 ∆Sz − Sz 1 − Sz2
R
γ
p
+ 1 − Sz2 · (2dz Sz + µS Bs )
−3/2
− αJa2 1 − Sz2
I
"
#
2
µS (1 + α )
Sz R
2
ϕ̇ = Ja ∆Sz −
⇒
2 + (2dz Sz + µS Bs )
γ
(1 − Sz2 )
− αJa2

I
(1 − Sz2 )

2.

(D.3.23)

Last step is to replace variables R and I by their definition, see eq. (D.3.11),
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for ϕ̇ this implies
=

⇔

µS (1 + α2 )
ϕ̇ = Ja2
γ

1
2
1−Sz

∆Sz

}|
{

Sz2
Sz
2
2
∆Sz +
∆S
+
|∇S
|
+
S
|∇ϕ|
z
z
z
2
1 − Sz2
(1 − Sz2 )

z

+ (2dz Sz + µS Bs )


Sz
+ αJa2 ∆ϕ − 2
∇ϕ
·
∇S
z ,
1 − Sz2

(D.3.24)

and for S˙z
⇔




µS (1 + α2 ) ˙
Sz = −Ja2 1 − Sz2 ∆ϕ − 2Sz ∇ϕ · ∇Sz
γ



Sz
2
2
1 − Sz2 ∆Sz + Sz2 ∆Sz +
|∇Sz |
+ α Ja
|
{z
} 1 − Sz2
=∆Sz


2
+ Sz 1 − Sz2 |∇ϕ|





+ 1 − Sz2 (2dz Sz + µS Bs ) ,

(D.3.25)

both equations being the final result of the calculation here. Note that special
solutions Sz = ±1 and Sz = 0 are not captured by these equations, which in
the derivation are excluded because of division by 1 − Sz2 and Sz .

z component of the LLG
For derivation of the two field-theory equations only the x- and y component
of the LLG are used, leading to two equations for two variables. Hence, it is
necessary to check whether the z component is consistent with these equations,
i.e. we consider the third component of eq. (D.3.1), and insert then Sx , Sy ,
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∆Sx and ∆Sy from eqs. (D.3.4), (D.3.11) and (D.3.13), which reads
−

µS (1 + α2 ) ˙
Sz = (S × H)z + α [S × (S × H)]z
γ
= Ja2 (Sx ∆Sy − Sy ∆Sx )
n



+ α Ja2 Sx Sz ∆Sx + Sy Sz ∆Sy + Sz2 − 1 ∆Sz
o

+ Sz2 − 1 (2dz Sz + µS Bs )
1 
= Ja2
R cos(ϕ) sin(ϕ) − I cos2 (ϕ)
1 − Sz2

− R cos(ϕ) sin(ϕ) − I sin2 (ϕ)
n
+ α Ja2

Sz 
R cos2 (ϕ) + I cos(ϕ) sin(ϕ)
1 − Sz2

+ R sin2 (ϕ) − I cos(ϕ) sin(ϕ)

o


+ Ja2 Sz2 − 1 ∆Sz + Sz2 − 1 (2dz Sz + µS Bs )




Sz R
I
2
2
2
1 − Sz ∆Sz −
= −Ja
− α Ja
1 − Sz2
1 − Sz2


2
+ 1 − Sz (2dz Sz + µS Bs ) (D.3.26)
and is exactly the same as eq. (D.3.22), the equation for S˙z obtained from xand y component of the LLG. First, this means that everything is consistent,
which is expected, since everything derived here is equivalent to the LLG
without any further assumptions or approximations. Second, it serves as a
cross check for whether the calculation is correct.
Another equivalent formulation: damping with temporal derivatives
The LLG cannot only be written resolved for Ṡ, but also in terms of a viscous
friction, where the damping term reads ∝ αS × Ṡ. Same can be done for ϕ̇
and S˙z , eqs. (D.3.24) and (D.3.25). For this we replace the damping terms
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with time derivatives:
µS (1 + α2 )
ϕ̇
γ
#
"
Sz
1
2
2
2
+ (2dz Sz + µS Bs )
= Ja
∆Sz +
2 |∇Sz | + Sz |∇ϕ|
1 − Sz2
(1 − Sz2 )


2Sz
+ α Ja2 ∆ϕ −
∇S
·
∇ϕ
z
1 − Sz2
|h
{z n
}


2)
µ
(1+α
S
S˙z +α Ja2 ∆Sz + z 2 |∇Sz |2 +(1−Sz2 )Sz |∇ϕ|2
= 1 2 − S γ
1−Sz
1−Sz
oi
+(1−Sz2 )(2dz Sz +µS Bs )
eq. (D.3.25)
(
"
#
)
2
∆Sz
Sz |∇Sz |
2
2
2
= (1 + α ) Ja
+
+ (2dz Sz + µS Bs )
2 + Sz |∇ϕ|
1 − Sz2
(1 − Sz2 )
−α

µS (1 + α2 ) S˙z
γ
1 − Sz2

(D.3.27)

µS (1 + α2 ) ˙
Sz
γ



= −Ja2 1 − Sz2 ∆ϕ − 2Sz ∇Sz · ∇ϕ


n

Sz
2
2
2
+ α Ja2 ∆Sz +
|∇S
|
+
1
−
S
S
|∇ϕ|
z
z
z
1 − Sz2
o

+ 1 − Sz2 (2dz Sz + µS Bs )
}
|
h
 {z
i
µS (1+α2 )
2Sz
2
2
=(1−Sz )
ϕ̇−αJa ∆ϕ−
∇ϕ·∇Sz
eq. (D.3.24)
γ
1−S 2
z

= −Ja2 (1 + α2 )





 µS (1 + α2 )
1 − Sz2 ∆ϕ − 2Sz ∇Sz · ∇ϕ + α 1 − Sz2
ϕ̇.
γ
(D.3.28)
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Consequently, canceling down (1 + α2 ), equations equivalent to eqs. (D.3.24)
and (D.3.25) result:
"
#
µS
1
Sz
2
2
2
ϕ̇ = Ja
∆Sz +
2 |∇Sz | + Sz |∇ϕ|
γ
1 − Sz2
(1 − Sz2 )
+ (2dz Sz + µS Bs ) − α

µS S˙z
γ 1 − Sz2




 µS
µS ˙
Sz = −Ja2 1 − Sz2 ∆ϕ − 2Sz ∇Sz · ∇ϕ + α 1 − Sz2
ϕ̇;
γ
γ

(D.3.29)
(D.3.30)

the equations become even a bit shorter.

D.4. Extension of the Landau-Lifshitz-Gilbert
equation by external torques
This appendix explains in detail how the driving mechanism using external
torques used in chapter V works. Its basic concept is taken from the work of
Skarsvåg et al.[26]
Preconsideration: two forms of the LLG
Usually the LLG is written in form of eq. (II.1.14):
Ṡ l = −


γ
αγ
Sl × H l −
Sl × Sl × H l ,
2
2
µS (1 + α )
µS (1 + α )

(D.4.1)

with effective field H l , splitting into a field-like- and a damping-like contribution. However, this is strictly equivalent to
Ṡ l = −

γ l
S × H l + αS l × Ṡ l ,
µS

(D.4.2)

where Gilbert damping is written as viscous friction. Equivalence to eq. (D.4.1)
follows from the consideration below.
[26] H.

Skarsvåg, C. Holmqvist, and A. Brataas. „Spin Superfluidity and Long-Range
Transport in Thin-Film Ferromagnets“. Phys. Rev. Lett. 115, p. 237201 (2015)

D.4. Extension of the Landau-Lifshitz-Gilbert equation by
external torques

405

Modeling external torques
The topic here is a scenario where an additional torque acts on the spins that
is given externally. The First question is how to parameterize this. Spins in the
Heisenberg model are two-dimensional objects because of their normalization
condition |S l | = 1; they basically live on the surface of a three-dimensional
unit sphere. Thus, also the motion of spins is restricted to this two-dimensional
manifold and there are only two independent torques. Both torques can be
written using an axis A, such that these two read S×A and S×(S×A), which
we call by analogy to the original LLG eq. (D.4.1) field-like- and damping-like
torque respectively. Weighting both with some amplitudes, one for the fieldlike torque Tfl and one for the damping-like torque Tdl , and adding them to
the LLG leads to

γ
αγ
Sl × H l −
Sl × Sl × H l
2
2
µS (1 + α )
µS (1 + α )


l
l
l
l
+ Tfl (t)S × A (t) + Tfl (t)S l × S l × Al (t) ,

Ṡ l = −

(D.4.3)

l
where for the sake of generality parameters Tfll (t), Tdl
(t) and Al (t) are assumed
to be time- and space dependent.

To be more precise, in this work a special kind of external torques is considered:
a spin accumulation at an interface. The scenario is sketched in fig. V.1.1 on
page 242; where a heavy metal is attached to the magnet. An electric current
through the heavy metal causes via the spin-Hall effect a spin accumulation µ
right this interface. The resulting torque can be modeled by means of a term
added to eq. (D.4.2),[26,184]


γ l
µl
l
l
l
0 l
l
Ṡ = − S × H + αS × Ṡ − α S × S ×
,
µS
~
l

given in form of viscous friction. Hence, we resolve this expression for Ṡ in
l
order to identify Tfll (t), Tdl
(t) and Al (t) needed for simulations. The time
l
derivative Ṡ appears on both sides of the equation, which essentially takes
[26] H.

Skarsvåg, C. Holmqvist, and A. Brataas. „Spin Superfluidity and Long-Range
Transport in Thin-Film Ferromagnets“. Phys. Rev. Lett. 115, p. 237201 (2015)
[184] A. Manchon et al. „Current-induced spin-orbit torques in ferromagnetic and antiferromagnetic systems“. Rev. Mod. Phys. 91, p. 035004 (2019)
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from Ṡ l = f (Ṡ l ), and we can insert the LLG on the right-hand side again, i.e.
calculate in an iterative manner Ṡ l = f (f (Ṡ l )):


γ l
µl
l
l
l
l
0 l
l
Ṡ = −
S × H + αS × Ṡ − α S × S ×
µS
~


l
γ l
µ
=−
S × H l − α0 S l × S l ×
µS
~



γ l
µl
l
l
l
l
0 l
l
+ αS × − S × H + αS × Ṡ − α S × S ×
µS
~


l

γ
γα
µ
l
l
l
l
l
l
0 l
l
Ṡ = −
S ×H −
S × S ×H −αS × S ×
µS
µS
~


 l

0
l
l
2
−αα
S × S × S × Al
,
+α
S × S × Ṡ l
{z
}
|
{z
}
|
=S l (S l ·(S l ×µl/~)) −(S l ×µl/~) (S l ·S l )
=S l (S l ·Ṡ l ) −Ṡ (S l ·S l )
|
{z
}
| {z }
| {z } | {z }
=0

=0

=1

=1

where we used the bac-cab rule4 , which further simplifies the equation since
S l · S l = 1 because of the normalization, and moreover S l · Ṡ l = 0 because
S l is always perpendicular to Ṡ l . By gathering terms containing Ṡ l on the
left-hand side, this leads to



γ l
γα l
µl
(1 + α2 )Ṡ l = −
S × Hl −
S × S l × H l − α0 S l × S l ×
µS
µS
~
+ αα0 S l ×

µl
~


γ
γα
Sl × H l −
Sl × Sl × H l
2
2
µS (1 + α )
µS (1 + α )


l
0
α
αα0
µ
µl
l
l
l
−
,
(D.4.4)
S ×
S × S ×
+
1 + α2
~
1 + α2
~

⇔ Ṡ l = −

l
which means Tfll = αα /(1+α2 ), Tdl
= −α /(1+α2 ) and Al = µ /~.
0

4a

× (b × c) = b(a · c) − c(a · b)

0

l

E. Theory of the
numerical treatment
of differential
equations
This appendix supplements section III.1 by delivering a deeper introduction
into the numerics of ordinary- (ODE) and stochastic differential equations
(SDE). In particular it provides the important formal definitions and concepts
the numerical treatment rests on. Furthermore, the specific methods used in
this thesis are presented.

E.1. Ordinary differential equations
Consider an initial value problem in d dimensions of form
ẋ = f (x, t)

(E.1.1)

x(t0 ) = x0 ,
with exact solution x(t) ∈ Rd . Numerically it is solved in an interval [t0 , tf ]
on discrete points in time tn : at each an approximate solution xn ≈ x(tn ) is
calculated. We restrict the discussion here to explicit one-step methods, where
the solution is recursively computed via
xn+1 = xn + ht Φ(xn , t),

(E.1.2)
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where the function Φ describes the concrete numerical method and ht the
time step size, i.e. ht = tn+1 − tn , assuming an equidistant discretization of
the time interval [t0 , tf ]. The basic idea of numerical integration of ODE is
sketched in fig. III.1.1, page 148. Note that this equidistant step size it not
necessary but rather just simplifies the discussion.
An important class of one-step methods are the so-called explicit Runge-Kutta
methods, defined as follows.[206]
Definition 1 (Runge-Kutta method):
An explicit Runge-Kutta method comprising s stages is a numerical method
of form eq. (E.1.2) for solving an initial value problem eq. (E.1.1) using
Φ(x, t) =

s
X

(E.1.3)

bj kj

j=1

k1 = f (x, t)
k2 = f (x + a21 ht k1 , t + c2 ht )
...
kj = f

x + ht

j−1
X

!
ajm km , t + cj ht

m=1

...
ks = f

x + ht

s−1
X

!
asm km , t + cs ht

.

m=1

as method function.
Note that each stage j requires a function evaluation of the ODE function f ,
in total s function evaluations to calculate one step xn+1 from its precedent
xn . Hence, the computational effort increases if a method owns more stages.
Furthermore, the intermediate steps kj can be calculated one after another,
starting with k1 , which is why these methods are called explicit. The parameters ajm , bj , cj define in the end the specific method.
[206] E. Hairer, S. P. Nørsett, and G. Wanner. Solving Ordinary Differential Equations I:
Nonstiff Problems. Springer-Verlag (1993)
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For a given method naturally the question arises whether the error to the
exact solution can be quantified. For this usually two different kinds of errors
are defined. The first on is the local error x(t + ht ) − xht (with xht =
x(t) + ht Φ(x(t), t) as above), which is the error resulting from a single step
with a numerical method.
Definition 2 (Consistency):
An ODE method is called consistent of order p > 0 if it fulfills for ODEs as
above
x(t + ht ) − xht ≤ Khp+1
.
t

(E.1.4)

A consistent method delivers discretizations that are consistent approximation
of ODEs.
However, in practice more interesting is the total error at the end of the
calculated time span tf . For simplicity we assume a uniform step size, i.e.
equidistant discrete time points tl .1 We denote the numerical solution xhnt in
order to distinguish solutions obtained for different step sizes, and with this
the global error at the final time point tf reads x(tf ) − xhNtt .
Definition 3 (Convergence):
An ODE method is called convergent of order p if it fulfills for ODEs as
above
x(tf ) − xhNtt ≤ Chpt .

(E.1.5)

Note that both errors are measured with a norm free to choose, as in finite
dimensional space Rd all norms are equivalent. The author usually prefers
the maximum norm k·k∞ for numerical testing. The global error is one order
lower than the local one, which can be seen as a consequence that the local
error is summed up over all Nt = (tf −t0 )/ht steps, meaning that in the end
an error ≈ Khp+1
· Nt ∝ hpt results.2 Runge-Kutta methods as used in this
t
work are convergent, the order p depending on the exact method. In general
1 This

is not a real limitation, error and convergence can also be formulated for a varying
time step size.
2 Note that consistency alone is not sufficient for convergence; in addition stability of the
method is required, which can be expressed via a Lipschitz condition for the method
function Φ [206].
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it is necessary to use more stages s to obtain higher order, however, for s >
4 more and more stages are required to increase the order by one, i.e. for
s > 4 there is no explicit Runge-Kutta method with s = p. In the literature
such statements are called Butcher limits.[206] Hence, usually methods of an
intermediate number of stages are used; e.g. classical Runge-Kutta method
has s = 4 stages (with p = 4) or Dormand–Prince method contains s = 7
stages (resulting in p = 5).[206] The mathematical proof that Runge-Kutta
methods are convergent is the most important statement that can be done
for solving ODEs numerically with these methods: it ensures that the error is
controllable by the step size; using a sufficiently small ht achieves a numerical
error below an arbitrary low limit. The scaling of the error is even quantified;
if the step size ht is halved, for instance, the error is reduce by a factor of 1/2p ,
which for the classical Runge-Kutta means that having ht implies reducing
the error by 1/16.
To be more concrete, we introduce two methods used in this work.
Numerical method 1 (Method of Heun):
Heun’s method is an explicit Runge-Kutta method with s = 2 stages, given
by


1
1
xn+1 = xn + ht ·
k1 + k2
(E.1.6)
2
2
k1 = f (xn , tn )
k2 = f (xn + ht · k1 , tn + ht ).
This method is convergent of order p = 2.
It can be re-formulated for higher memory efficiency:
x̃n+1 = xn + ht f (xn , tn )
1
xn+1 = [xn + x̃n+1 + ht f (x̃n+1 , t + ht )] .
2
This method is especially introduced here as there is also a version for stochastic differential equation.
[206] E. Hairer, S. P. Nørsett, and G. Wanner. Solving Ordinary Differential Equations I:
Nonstiff Problems. Springer-Verlag (1993)
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However, the working horse for ODEs in this work, i.e. the LLG at zero temperature, is the classical Runge-Kutta method.
Numerical method 2 (Classical Runge-Kutta method):
The classical Runge-Kutta method reads


1
1
1
1
xn+1 = xn + ht ·
k1 + k2 + k3 + k4
6
3
3
6
k1 = f (xn , tn )

ht
· k1 , tn +
k2 = f xn +
2

ht
k3 = f xn +
· k2 , tn +
2

(E.1.7)


ht
2

ht
2

k4 = f (xn + ht · k3 , tn + ht ),
using s = 4 stages. It is convergent of order p = 4.

E.2. Differential equations on manifolds
Sometimes the solution of an ODE is restricted by side conditions, usually
formulated as g(x) = 0, which reduce the possible space for the solution. The
solution of the LLG, for instance, is restricted by the fact that the spins are
normalized to one: |S l (t)| = 1 ∀t. Dimension of the ODE and of the solution is
d = 3N for N spins, and each spin is normalized, i.e. there the side condition is
of dimension N ; hence, the solution lies in a d−N = 2N -dimensional manifold
M ⊂ Rd .
Such problems—differential equations on manifolds—can be written as:
ẋ = f (x, t)
g(x) = 0

(E.2.1)

x(t0 ) = x0 .
This side condition generally constitutes an invariant g(x), similarly to constants of motion in Hamiltonian systems. However, analysis shows that the
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invariant g(x) fulfills weaker conditions than constants of motion, such that
g(x) is called a weak invariant.[143] This can be a problem for selection of
the numerical method: constants of motion of Hamiltonian systems can be
treated exactly by a number of numerical methods—a statement not true for
weak invariants, i.e. the algebraic constraint g(x) = 0 is not fulfilled automatically. Still, Runge-Kutta methods—and also other methods—can directly be
applied to restricted problems, and also the statements on convergence still
hold. However, these problems often lead then to unstable numerical solutions
as the numerical error tends to rapidly increase when the solution is off the
manifold. The natural way to treat ODEs on manifolds is to use a standard
numerical method for ODEs in combination with projections to the manifold.
A projection into M is defined as function PM : Rd → M.[143]
Numerical method 3 (Projection method):
A problem of form eq. (E.2.1) has a solution on the manifold M := {x ∈
Rd : g(x) = 0}, and the initial condition shall be consistent, i.e. g(x0 ) = 0.
A projection method with a projection into M, PM : Rd → M, and a
one-step method for ODEs with method function Φ comprises two steps:
x̃n+1 = xn + ht Φ(xn , tn )

(E.2.2)

xn+1 = PM (x̃n+1 ),
a step with the ODE method and a projection.
A common choice is an orthogonal projection, i.e. (PM (x) − x) ⊥ PM (x),
which has minimal distance between x and PM (x) in the Euclidean norm.
The local error of the ODE step is of order Chp+1 , such that—assuming PM
to be continuous—the local error of the projected step is of same order. Hence,
at the end of the day the order of convergence is at least the same as the one of
the underlying ODE method.[207] This statement seems to imply that nothing
is gained by using a projection, but in practice it can be seen that the stability
of the numerical solution is tremendously increased.
[143] E.

Hairer, C. Lubich, and G. Wanner. Geometric Numerical Integration. StructurePreserving Algorithms for Ordinary Differential Equations. Springer-Verlag (2006), sec.
IV.4.
[207] E. Hairer and G. Wanner. Solving Ordinary Differential Equations II: Stiff and
Differential-Algebraic Problems. Springer-Verlag (1996)
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Figure E.2.1: Projection method
applied to the spins of the LLG.
Manifold (for a single spin) is M =
S 2 = {x ∈ R3 : |x| = 1}. The
method splits into a single step
with an ODE method (given by
method function Φ), i.e. calculate
l
l
∈
/
S̃n+1
from Snl . In general S̃n+1
2
S lies not in the manifold. Second step is the orthogonal projecl
tion of S̃n+1
into S 2 , which means
re-normalization of the spin, i.e. renormalization leads to minimal disl
l
tance |S̃n+1
− Sn+1
|.
The orthogonal projection in case of the LLG is given by re-normalization of
the spins; for one spin this reads

S̃ l
PS 2 S̃ l = l .
S̃

(E.2.3)

In fig. E.2.1 this is sketched for a single spin, where it can also be seen that
this projection leads to a minimal distance |PS 2 (S̃ l ) − S̃ l |. Minimization of
the distance for a single spin implies also minimization of the distance with
respect to the total projection of all spins.

E.3. Stochastic differential equations
Stochastic differential equations describe the evolution of random processes.
To provide a concise, yet sufficiently detailed, introduction to SDEs, first
stochastic processes are introduced, which are the solutions of SDEs. This
is followed by the definition of stochastic integrals, which deviate from ordinary Riemann integrals. With this SDEs can be defined in terms of integral
equations. Numerical methods are then introduced for this type of equations
and, in connection with this, the concepts of convergence with which these
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methods are characterized. However, it turns out that SDEs can be treated
similarly as ODEs.

E.3.1. Stochastic processes
A solution of an ODE is unique if the initial condition is fixed (at least under
certain conditions, i.e. if the problem is Lipshitz continuous, a condition usually fulfilled in physics). In contrast to this, SDEs do not own one unique curve
x(t) as a solution, but rather a whole collection of curves, where the choice
which to take as solution depends on the exact manifestation of the randomness. For this the term stochastic process was coined describing all possible
solutions. From a physical point of view one can imagine these solutions as
possible trajectories of a particle subjected to random forces, and the set of
all possible trajectories is the stochastic process.
However, from mathematical point of view the definition of a stochastic process is a bit different. It is not considered as a collection of time-dependent
trajectories, but as a family of random variables X(t), where each member of
this family is attributed to a fixed point in time t, i.e. the family is parameterized by t.[144] Reason for this is that for fixed time the process shows a
well-defined probability distribution P (X(t)) ≡ P (X, t).3
Definition 4 (Stochastic process):
a) A stochastic process is a family X(t) : t ∈ R of vector-valued random
variables X(t) in d dimensions. Note that t is here just a parameter
identifying the members of the family.
b) A function t 7→ X(t) ∈ Rd is called a path of the stochastic process.
This corresponds to the aforementioned trajectories.
Note that for brevity and laziness X(t) is used to denote a single path of
the process, as well as it denotes the process itself. Although the mathematical definition might be a bit counterintuitive from physical point of view, it
is illuminative to consider a stochastic process as a set of stochastic paths
[144] P. E. Kloeden and E. Platen. Numerical Solution of Stochastic Differential Equations.
Springer (1995)
3 As strictly speaking t is an index labeling the members of this family, in mathematics it
is written as subscript for stochastic processes Xt ≡ X(t).

E.3. Stochastic differential equations

415

t 7→ X(t), where for fixed time the possible positions follow a probability
distribution P (X, t).
The formulation of SDEs usually rests on a special type of random processes,
the so-called Wiener process.[144]
Definition 5 (Wiener process):
A standard Wiener process W (t) is defined as Gaussian stochastic process
with independent increments, which owns zero mean and variance growing
linearly with considered time span, i.e.4
W (0) = 0 (almost surely)
W (t2 ) − W (t1 ) ∼ N (0, t2 − t1 ).

(E.3.1)
(E.3.2)

The stochastically independent growth means that this process has no memory
with respect to the past. It is especially used to formulate SDEs for continuous processes. In physics there are processes which can be discontinuous and
cannot be modeled by Wiener processes,[208] however, these are not of interest
here.

E.3.2. Stochastic integrals and stochastic differential
equations
The solution of an ODE (see eq. (E.1.1)) can formally be written as
x(t) = x0 +

Zt
t0

f (x(t ), t ) dt = x0 +
0

0

0

Zt

dx(t0 ),

(E.3.3)

t0

where the integral basically defines the growth of x from t0 to t, which could
physically be given by forces acting on a particle or torques on a spin, and dx
[144] P.

E. Kloeden and E. Platen. Numerical Solution of Stochastic Differential Equations.
Springer (1995)
4 N (µ, σ 2 ) denotes a Gaussian distribution with mean µ and variance σ 2 .
[208] K. Burrage, P. M. Burrage, and T. Tian. „Numerical methods for strong solutions
of stochastic differential equations: an overview“. Proceedings of the Royal Society of
London A: Mathematical, Physical and Engineering Sciences 460, pp. 373–402 (2004)
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denotes an infinitesimal increment. The idea of SDE is that this increment can
be random, e.g. due to random forces or torques. In particular for a standard
Wiener process this means that the growth of a path from t1 to t2 is a Gaussian
distributed quantity with mean zero and variance t2 − t1 . To describe this
growth mathematically, stochastic integrals are defined.[208]
Definition 6 (Stochastic integral):
Let X(t) be a stochastic process in Rd , g : Rd × R → Rd a function.
Furthermore, W (t) denotes a standard Wiener process.
a) The stochastic integral over g is defined as limit of a finite sum over
discrete time points tn = t1 + n · h, n = 1, ..., N , with a step size h =
(t2 −t1 )/(N −1),5 sketched in fig. E.3.1:
Z

t2

g(X(t), t) (λ)dW (t)

t1

:= lim

N →∞

N
−1
X

g(X(tn + λh), tn + λh) · (W (tn+1 ) − W (tn )) .

(E.3.4)

n=0

The parameter λ ∈ [0, 1] defines where the function g is evaluated between two points tn and tn+1 .
b) The choice λ = 0, i.e. evaluation of the function g at the beginning of the
intervals is called Itô stochastic integral. We denote it without a special
symbol in front of the differential (0)dW (t) = dW (t)
c) Choice λ = 1/2, i.e. function evaluation in the middle of the intervals
is called Stratonovich stochastic integral. It is denoted with a circle in
front of the differential (1/2)dW (t) = ◦dW (t).
If the integral definition—the limit of a discrete sum—is applied to normal,
deterministic functions, just the usual Riemann integral results, regardless of
the parameter λ. The situation is different for stochastic processes; dependent
[208] K.

Burrage, P. M. Burrage, and T. Tian. „Numerical methods for strong solutions
of stochastic differential equations: an overview“. Proceedings of the Royal Society of
London A: Mathematical, Physical and Engineering Sciences 460, pp. 373–402 (2004)
5 The step size is here chosen uniform, which it not necessary, the definition can be generalized to non-uniform tn straightforwardly.
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Figure
R E.3.1: The stochastic integral g(X(t), t) (λ)dW depends on
the position of function evaluation
tl + λh, i.e. on λ ∈ [0, 1]. The Itô
definition means evaluation at the
beginning of the interval (λ = 0,
red position), Stratonovich in the
middle (λ = 1/2, dark blue position). If g shows no dependence
on X, all definitions, i.e. all λ, are
equivalent.

on the choice for λ a stochastic integral takes different values, such that it exists a whole family of stochastic integral definitions, each one for one choice of
λ. However, only two cases are worth noting, Itô and Stratonovich stochastic
integrals. The former is usually used in mathematics, the latter especially in
physics for Langevin dynamics. Naturally the question arises whether there is a
“right” one. Short answer to that question is to use Stratonovich for Langevin
dynamics, as experience tells us it works. A definite answer does not exist,
since which one is more suitable for modeling stochastic processes depends on
the situation. But at least it is possible to motivate the use of Stratonovich in
physics.[144] In physics the underlying dynamics in all its details forms usually
continuous, and especially smooth processes. The smoothness leads to finite
autocorrelations in time, which are often quite short, such that these processes are approximated by uncorrelated white noise, i.e. Wiener processes.
A Wiener process, however, is not smooth; to be more precise a path of a
Wiener process is almost surely nowhere differentiable, which causes the difference between Itô and Stratonovich interpretation of the stochastic integral.
One aspect of Stratonovich calculus is that it follows the rules of the classical,
deterministic calculus, which governs in physics also the underlying smooth
dynamics. Hence, Stratonovich is the more suitable formulation. The situation may change if random process are modeled which are not smooth, or even
discontinuous, for instance.
[144] P.

E. Kloeden and E. Platen. Numerical Solution of Stochastic Differential Equations.
Springer (1995)
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With the definition of the integral, finally stochastic differential equations
can be defined. We restrict here the formulation to Stratonovich integrals,
as usually these are of practical use for Langevin dynamics. Reason for the
necessity of the integrals lies with the nature of Wiener processes: a path
of such a process is almost surely not differentiable, such that derivatives
dX(t)/dt are strictly speaking meaningless. On the other hand, as for ODEs,
a differential equation can be expressed as integral equation. In the spirit of
eq. (E.3.3), we write a path of a stochastic process that is modeled by m
Wiener processes W j (t), j = 1, ..., m, as
X(t) = X(t0 ) +

Zt

f (X(t ), t ) dt +
0

0

0

m Z
X
j=1 t

t0

t

g j (X(t0 ), t0 ) ◦ dW j (t0 ),

0

where the first integral is deterministic, the m latter integrals are of stochastic
nature. This can equivalently be expressed as follows:
Definition 7 (Stochastic differential equation):
We define
X(t) − X(t0 ) =

Zt

dX(t0 )

t0

=

Zt

f (X(t ), t ) dt +
0

0

0

j=1 t

t0

⇔: dX(t) = f (X(t), t) dt +

m Z
X

m
X

t

g j (X(t0 ), t0 ) ◦ dW j (t0 )

0

g j (X(t), t) ◦ dW j (t);

(E.3.5)

j=1

the equation in the lower line is defined as an abbreviation for the upper
one, and we call such an equation a d-dimensional stochastic differential
equation.
We assume f, g j ∈ C(Rd × R, Rd ) to be continuous functions. Furthermore,
W j (t), j = 1, ..., m, constitute m standard Wiener processes. There is the
special case that non of the stochastic functions depend on the solution
X(t), i.e. ∂g(X,t)/∂X = 0, which is called additive noise.
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However, in physics it is common to write these equations with derivatives,
i.e. divide by dt:
m
X
◦dW j (t)
dX(t)
= f (X(t), t) +
g j (X(t), t)
dt
| dt
{z }
j=1
:=η j

= f (X(t), t) +

m
X

g j (X(t), t)η j (t),

(E.3.6)

j=1

with Gaussian white noise η j , satisfying
η j (t) = 0, and

D
E
0
η j (t)η j (t0 ) = δ(t − t0 )δjj 0 .

As mentioned before, from mathematical point of view this is no valid expression as Wiener processes W j (t) are almost surely nowhere differentiable, i.e.
◦dW j (t)/dt does not exist.
Note that a Stratonovich SDE can be re-formulated as Itô SDE and vice versa.
This allows especially the use numerical methods for Itô SDEs on equations
modeled by Stratonovich processes, if desired. Conversion is given by transforming the stochastic integral:6
Zt2
t1

g(X(t), t) ◦ dW (t) =

Zt2
t1

+

1
2

Zt2



∂gk (X(t), t)
∂Xl (t)



g(X(t), t) dt

g(X(t), t) dW (t),

t1

leading to an additional deterministic term.[209] This leads to the fact that
6

∂gk (x,t)
∂xl
[209] T. C.



, k, l = 1, ..., d, denotes the Jacobian matrix of g with respect to x.
Gard. Introduction to Stochastic Differential Equations. Marcel Dekker (1988)
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eq. (E.3.5) is equivalent to the Itô SDE

dX(t) = f (X(t), t) +

m
X
1
j=1

+

m
X

2

∂gkj (X(t), t)
∂Xl (t)



!

g j (X(t), t) dt

g j (X(t), t) dW j (t).

j=1

In case of additive noise Itô and Stratonovich SDEs coincide.

E.3.3. Numerical methods for stochastic differential
equations
Numerical treatment of an SDE is similar to ODEs, the differential equation
is integrated from initial value X(t0 ) to a finial value X(tf ) on discrete points
in time tn , where Xn denotes the numerical solution at tn : Xn ≈ X(t) (in
the sense that Xn is an approximation of the path X(t)). Similarly to ODEs
we restrict ourselfs to explicit single-step methods, where Xn+1 is calculated
solely from Xn . Moreover, also Runge-Kutta methods exist for SDEs.
However, each specific method converges to one of the stochastic integrals,
i.e. there are methods for solving Itô- and there are methods for Stratonovich
SDEs. Another difference to deterministic equations is the aspect of randomness, which requires random numbers for numerical treatment, such that for
each set of random numbers a path
R t of the process is calculated. These enter as random increments ∆Wn = tnn+1 ◦dW that are Gaussian distributed
random numbers with mean zero and variance tn+1 − tn according to definition 5, and may require some comments. For a numerical calculation, these
random numbers ∆W are usually generated by pseudorandom number generators, which produce deterministic sequences of numbers that appear to be
random. Because of this inherent determinism it is necessary to use generators
that produce good-quality sequences, which means sequences that hardly show
statistic correlations. For example, standard linear congruential generators
are still used (and were widely used in the past) but correlations are observed
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easily[210] . Another popular option is the Mersenne Twister[145] , which delivers
high-quality random numbers at quite reasonable computational effort.
Before we discuss specific methods, the concept of convergence of the methods
need to be revisited. A numerical method for SDE can be characterized by
three convergence concepts. The first one is the deterministic order of convergence p which directly corresponds to the order of convergence already
introduced for ODE, see definition 3. Deterministic order p of a method for
SDE is given by the convergence this method achieves for ODEs, or equivalently for SDEs without noise, i.e. g j = 0. Besides this there are two concepts
of stochastic convergence. The first one is called strong convergence and describes how good a method approximates the paths of a stochastic process.
Definition 8 (Strong convergence):
A numerical method for SDE is strong convergent of order γ, if the expectation value of the difference of paths satisfies
E
D
ht
−
X(t
)
≤ Chγt .
(E.3.7)
XN
f
t
P

For simplicity assume a SDE with only one Wiener process W (t) involved.
The idea behind strong convergence is that for a fixed path of the Wiener
process—and, hence, a fixed path of the solution—in the limit ht → 0 for each
ht a numerical approximation of the very same path of the Wiener process is
given. The resulting numerical solution Xnht convergences then with rate γ to
the exact path.
The discretization of the Wiener process in the numerical method is given
by Gaussian distributed random numbers ∆Wn ∼ N (0, ht ). This can make
numerical tests of this strong convergence tricky, as for different step sizes
random numbers approximating the same Wiener process must be provided.
It can be achieved by starting with a sequence of random numbers ∆Wnht
for the smallest step size ht , and calculate the numerical solution Xnht . Then
compute the numerical solution for double step size 2ht by taking the random
[210] G.

Marsaglia. „Random Numbers Fall Mainly in the Planes“. Proceedings of the
National Academy of Sciences 61, pp. 25–28 (1968)
[145] M. Matsumoto and T. Nishimura. „Mersenne Twister: A 623-Dimensionally Equidistributed Uniform Pseudo-Random Number Generator“. ACM Trans. Model. Comput.
Simul. 8, pp. 3–30 (1998)
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number sequence from before, but summed up, i.e. the series
∆W ht + ∆W1ht , ∆W2ht + ∆W3ht , ...,
} |
{z
}
| 0 {z
2ht

2ht

=∆W0

=∆W1

which ensures the same Wiener process is approximated. From this Xn2ht results. As further procedure step sizes 3ht , 4ht , and so on can be used. Finally,
different numerical solution for the same path, but with different step sizes,
result.
As the term “strong” convergence suggests, there is also a concept called
“weak” convergence, which does not refer to convergence of paths, but rather
convergence of stochastic properties of the solution.[144]
Definition 9 (Weak convergence):
A numerical SDE solver is weak convergent of order β for a class of functions
F, if the difference of expectation values satisfies
D
E
ht
(E.3.8)
f (XN
)
− hf (X(tf ))iP ≤ Chβt ∀f ∈ F.
t
P

2(β+1)

(Rd , R) is used, i.e. the 2(β +1) times
As function space usually F = Cp
continuously differentiable functions with polynomial growth.[144,211]
The function space used here includes especially all polynomials, which means
that weak convergence implies convergence of the stochastic moments to the
moments of the probability distribution P (X, t) at rate β. As the name suggests strong convergence is a stronger statement: if a method is strong convergent of order γ then it is also weak convergent of the same order, but not
necessarily vice versa.
Selection of a suitable numerical method for solving a SDE is a bit more delicate than for ODEs, as the solution depends on the underlying stochastic
integral. Hence, there are methods that deliver approximations of Itô stochastic processes, and there are methods for Stratonovich processes. An example,
[144] P. E. Kloeden and E. Platen. Numerical Solution of Stochastic Differential Equations. Springer (1995)
[211] A. Rößler. „Second order Runge–Kutta methods for Stratonovich stochastic differential equations“. BIT Numerical Mathematics 47, pp. 657–680 (2007)

E.3. Stochastic differential equations

423

and probably the most simplest method, is an extension of explicit Euler’s for
SDE, which is usually called Euler-Maruyama method[144] , converging to Itô
integrals. Hence, in general it is not a suitable method for Stratonovich SDE.
A widely used method in physics for Langevin dynamics is an extension of
Heun’s method, the stochastic Heun method that approximates Stratonovich
integrals.
Numerical method 4 (Stochastic Heun method):
The Stochastic Heun method for an SDE of form eq. (E.3.5), comprising m
Wiener processes, reads
Xn+1 = Xn +

m
X

ht
∆W j
(k1 + k2 ) +
k̃1 + k̃1
2
2
j=1

(E.3.9)

k1 = f (Xn , tn )
k̃1,j = g j (Xn , tn )


X
k2 = f Xn + ht k1 +
∆W j k̃1,j , tn + ht
j

k̃2,j = g

j



Xn + ht k1 +

X

∆W j k̃1,j , tn + ht



j

∆W ∼ N (0, ht ),
j

which requires m Gaussian distributed random numbers ∆W j per step. In
case gj = 0 the method here is just Heun’s method for ODEs. Therefore
is has deterministic order of convergence p = 2 and, furthermore, it shows
strong and weak convergence with γ = β = 1.[209,212]
The comparatively low order of unity (compared to deterministic order p =
2) raises the question whether methods of higher order exists. Of course
the answer is yes, however, theses methods get quickly quite complex; for
Stratonovich methods of weak order two see for example ref. [211].
[209] T.

C. Gard. Introduction to Stochastic Differential Equations. Marcel Dekker (1988)
Rümelin. „Numerical Treatment of Stochastic Differential Equations“. SIAM
Journal on Numerical Analysis 19, pp. 604–613 (1982), Error in these references is given
as squared mean and takes hence double value.
[211] A. Rößler. „Second order Runge–Kutta methods for Stratonovich stochastic differential equations“. BIT Numerical Mathematics 47, pp. 657–680 (2007)
[212] W.

F. Details on numerical
implementations
F.1. Kagome-lattice ferromagnets
This appendix supplements the numerical study on spin waves in kagome
lattices presented in section IV.1.4 with some technical issues. There are two
aspects: first is the implementation of the lattice structure for simulations of
the atomistic spin model in real space; secondly, we present how the Fourier
spectra resolved for the three magnon bands are calculated.

F.1.1. Position-space lattice implementation
First aspect is the implementation of the lattice structure in real space: this is
given by lattice vectors a1 , a2 and atom positions within a unit cell Ac, Bc, Cc,
as given in eq. (II.2.34). However, implementation is not as straightforward as
it seems to be: the data structures of the simulation software LLG+Palabos
allows only square lattices, such that it is necessary to map the kagome lattice
to a square lattice.
This mapping is shown in fig. F.1.1; it comprises two steps: to shift the C atoms
such that they fall in-line with the A- and B atoms resulting in an rectangular
lattice, and second to shrink the entire lattice along y direction to make it
square. This map from original positions Xr l to square-lattice positions Xr̃ l ,
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Figure F.1.1.: Real-space mapping of kagome lattices required for simulations. Left panel: kagome lattice before mapping; the map comprises a shift
of the C atoms by a/2 and shrinking the lattice along y direction by a factor
√
2/ 3. Right panel: mapped lattice that forms a square lattice with 25 % unoccupied sites. Because of the mapping, it is necessary to keep track of nearest
neighbors of the unmapped lattice; this is indicated for one example atom per
sublattice by arrows to the corresponding nearest neighbors.
X ∈ {A, B, C}, reads
r̃ =

A l

r̃ =

B l

r̃ =

C l





A l
rx

2
, √ Aryl
3

T

B l
rx

2
, √ Bryl
3

T

C l
rx

a 2
+ , √ Cryl
2
3

T
.

While using this map, it is necessary to keep the nearest-neighbor interaction
unchanged, i.e. which spin interacts with which must stay unchanged, also
depicted in fig. F.1.1.

F.1.2. Momentum-space data analysis
There is another aspect that requires attention: analysis of spin-wave spectra
in momentum space. The ultimate goal is to achieve the spin-wave amplitude
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per magnon band, i.e. to obtain Aχ̂k , Bχ̂k and Cχ̂k from the real-space spin
configuration S j . This splits in a number of technical steps:
1. Split data into sublattices A, B and C:
Each spin S j is assigned to its corresponding sublattice, i.e. for some
l it is identified with XS l , X ∈ {A, B, C}. This allows to calculate the
spin-wave amplitude
S = XSxl − iXSyl .

X l

The index l labeling unit cells is a linear index that—in the spirit of
eq. (II.2.34)—can be replaced by indices n1 , n2 , the lattice indices with
respect to the real-space basis.
Indices n1 , n2 are required for the Fourier transform using an fast Fourier
transform (FFT) algorithm, however, the following problem arises: In the
way as simulations are done here, indices n1 , n2 ∈ Z also take negative
values, requiring a real space mapping as explained in section III.3.1.
2. Real-space mapping for each sublattices to make use of a FFT possible:
Because of the negative n1 , n2 , the map eq. (III.3.6) is applied to all
three sublattices, basically shifting the positions of some atoms.
3. Fourier transform data to momentum space:
The resulting data are Fourier transformed using FFT by means of section III.3.1. Result are the sublattice Fourier components AŜ k , BŜ k and
C k
Ŝ .
4. Map sublattice Fourier amplitudes to eigenmode amplitudes:
As given in eq. (C.3.22), the sublattice amplitudes can be mapped to the
eigenmode amplitudes using a transformation matrix T comprising the
eigenvectors of the matrix M k from eq. (C.3.21). In general (including
DMI) no analytic expression for the eigenvectors is available, hence,
these are calculated numerically. For each discrete k (given by the FFT),
the eigenmodes of M k are calculated using Matlabs function eig, which
form the matrix T . Since T is known to be orthogonal, T −1 = T T results
and with that mapping
χ̂k = T −1 Ŝ
is done.
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F.2. Determination of the transport mean free
time
In section IV.1 the different time scales of transport in disordered systems—
mean free scattering time τs and -transport time τtr —are needed. τs describes
the loss of initial momentum, as given by eq. (IV.1.9). The transport time τtr ,
by contrast, measures the loss of initial momentum direction. In the special
case of isotropic scattering τs = τtr holds true,[108] however, usually both are
of same order of magnitude. Unfortunately, it is much harder to determine
τtr than to calculate τs . But there are several methods that can be tried to
evaluate this property:
• Via a Green-Kubo relation for the correlation of the group velocity,
which should decay exponentially on time scale τtr shortly after launching a wave packet:


1 Xˆ
t
hv g (k) · v g (k0 )iIˆ (t) :=
Ik (t)v g (k) · v g (k0 ) ∝ exp −
,
N
τtr
k

(F.2.1)

with normalization N just as in real space. This relation can be justified
as follows: correlation hv g (k) · v g (k0 )iIˆ (t) is expected to decay in time
since information on the incident group velocity is lost during scattering.
Assuming an exponential decay is usually a good estimate. Furthermore,
it is known[213] that the diffusion constant D in d dimensions may be
written using a Green-Kubo formula:
1
D=
d

Z∞

hv g (k) · v g (k0 )iIˆ (t) dt =

|v g (k0 )|2 τtr
,
d

0

using
≈ δkk0 , such that hv g (k) · v g (k0 )iIˆ (t=0) = |v g (k0 )|2 .
Hence, the relation above fulfills a known expression for the diffusion
constant for anisotropic scattering, see next bullet.
Iˆk (t=0)/N

[108] E.

Akkermans and G. Montambaux. Mesoscopic Physics of Electrons and Photons.
Cambridge University Press (2007), chap. 7.
[213] R. Zwanzig. Nonequilibrium Statistical Mechanics. Oxford University Press (2001),
chap. 1.
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• If the d-dimensional diffusion constant D can be determined directly
(for example from real-space spreading), the transport time is naturally
linked:[108]
D=

|v g (k0 )|2 τtr
.
d

(F.2.2)

• Another option is the equilibration of the incoherent background to a
uniform state, which can be decomposed into Fourier components and
the slowest of these modes should also decay exponentially on time scale
τtr .[214]
• If everything else fails, one can just roughly estimate τtr ≈ τs .

Of course it is also possible to just fit the decay of the CBS peak C(t) to
eq. (IV.1.11), however, this offers no independent measure and is therefore a
bit unsatisfactory.

The first one using Green-Kubo needs some explanation, in particular since
it is used in section IV.1.1: In order to calculate the correlator, a simulation
of the LLG eq. (IV.1.2) with a quasi-monochromatic initial wave given by
the initial condition eq. (IV.1.5) is carried out. From this, via eq. (IV.1.8),
Iˆk (t) is calculated and for the group velocity the analytic expression of the
linear-spin wave theory is used, allowing to ultimately compute eq. (F.2.1).
As an example we consider the parameters used in section IV.1.1; for this
fig. F.2.1 depicts the result, which indeed shows on a quite short time scale an
exponential decay that is fitted to obtain the transport time (τtr = 1.31(3) tJ
in this example). Note that the exponential decay is only expected for a short
time scale, later on weak localization effects set in and alter the behavior.
[108] E.

Akkermans and G. Montambaux. Mesoscopic Physics of Electrons and Photons.
Cambridge University Press (2007), chap. 4, Appendix A4.3.
[214] T. Plisson, T. Bourdel, and C. A. Müller. „Momentum isotropisation in random
potentials“. The European Physical Journal Special Topics 217, pp. 79–84 (2013)
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Figure F.2.1: The GreenKubo relation for the time
evolution of the group velocity
correlator eq. (F.2.1), calculated from the numerical data;
on short times it decays exponentially, which determines
the transport time τtr . Parameters used are the ones from
section IV.1.1. Note: correlator
switches sign at t ≈ 6 tJ and
its absolute value is plotted.

F.3. Numerical determination of the coherent
back- and forward scattering peak

Purpose of this appendix is to provide the technical details on calculation of
the time dependence of peak contrasts in momentum space. This refers to
the contrast of coherent back- and forward scattering (CBS and CFS) peaks
investigated in chapter IV.

Here we assume that the numerical data of the momentum-space intensity
Iˆk (t) on discrete points k are already calculated and given. For each instance
in time t the contrast C can be calculated as explained below, eventually providing the time evolution C(t). The situation for a fixed time point is basically
that the spin-wave intensity in momentum space distributes mainly along a
background of uniform intensity except for a distinctive peak at a specific
position. The task is to calculate the relative height of the peak compared to
its background. The procedure does work alike for forward- and backscattering peak. Furthermore, for this 2D bulk- and quasi 1D systems need to be
distinguished.
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Figure F.3.1.: Numerical determination of peaks on a uniform background
in momentum space, as done for coherent back- and forward scattering, here
at the example of a CBS peak. Left panel: Momentum space intensity Iˆk ;
there is a background with intensity Iˆic ≈ 0.8 × 10−4 along a line of constant
frequency Γω0 . On top at position kCBS there is a peak that height shall be
determined. This is achieved by taking a tangent to Γω0 at kCBS (dotted,
black line) and interpolating the intensity along this tangent. Right panel:
Interpolated intensity along the tangent from the left inset. A Gaussian fit to
the data is calculated, from which background- and peak height are extracted.

F.3.1. Two-dimensional geometries
We start with a 2D bulk system as studied in section IV.1 for weak localization
effects, namely coherent backscattering. Hence, we consider the backscattering
peak at position kCBS , but a procedure for forward scattering would work in
the same way. As described in the corresponding section, there are lines of
constant frequency in momentum space Γω = {k ∈ R2 : ω(k) = ω} and the
spin-wave intensity distributes along one of these, namely Γω0 with ω0 = ω(k0 )
and k0 the initial wave vector. There is a uniform background with intensity
Iˆic , and at a specific position kCBS a peak of height Iˆic + Iˆkc CBS raises atop
this background. This is depicted in fig. F.3.1 at an example.
To determine the peak contrast C of the peak the following procedure is used:
We compute the tangent on Γω0 at kCBS , as fig. F.3.1 shows. On discrete
points the spin-wave intensity on this tangent is calculated, which requires
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interpolation of the discrete numerical data: For a point kt on the tangent, the
corresponding intensity Iˆkt results as a linear interpolation of the nearest three
data points Iˆk . For the example data, the result—the intensity on the tangent
Iˆkt —can be seen on the right-hand side of fig. F.3.1; it shows a peak atop the
background. As discussed in section IV.1 the profile should be Gaussian, i.e.
in total the profile is assumed to follow
!
2
|kt − kCBS |
ˆ
Ikt = a0 · exp −
+ c0 ,
2σk2
where c0 constitutes the height of the background, i.e. c0 = Iˆic , σk the width
of the peak and a0 is the height above the background, i.e. a0 = Iˆkc CBS . These
three parameters are obtained by a fit to the numerical data, and from these
c
follows C = IˆkCBS/Iˆic = a0/c0 .

F.3.2. Quasi one-dimensional geometries
The situation for quasi 1D systems is different, as the resolution of the data
long ky is quite poor and not sufficient for interpolation on a tangent. To
go around this, we use explicitly the phenomenology of the physics that is
described. The setup under consideration is the very one from section IV.2.2: a
quasi-monochromatic wave with wave vector k0 is launched into the disordered
system, and during time evolution in momentum space the initial peak decays
on the time scale τs , whereas the CBS peak rises at kCBS = −k0 . There is
a period in time—say at time t0 > τs —where the initial peak is completely
decayed, i.e. intensity at k0 is given by the background intensity Iˆk0 (t0 ) = Iˆic ;
this value is taken for the background. However, this period is quite short,
since afterwards at k0 the CFS peak appears. With the background intensity
known, the CBS and CFS contributions are extracted via the total intensity
at positions kCBS and kCFS = k0 , i.e. by IˆkCBS and IˆkCFS . Thus, the coherent
contributions—and consequently the peak contrasts—simply read
Iˆkc CBS (t) = IˆkCBS (t) − Iˆic ,
Iˆc
CCBS = kCBS ,
Iˆic

Iˆkc CFS (t) = IˆkCFS (t) − Iˆic
Iˆc
CCFS = kCFS .
Iˆic

(with t > τs )

G. Some issues of
mathematical
background
This appendix comprises a loose collection of mathematical aspects used in
this work the reader might not be familiar with in detail. If, however, the
reader is interested in these details, these are written down here tailored for
the need in this work.

G.1. Numerical derivatives
Sometimes spatial derivatives need to be calculated, e.g. partial derivative
∂x f (r) or Laplacians ∆f (r), but it is not possible to compute these analytically. In that case numerical approximations might be helpful.
Consider a space dependent function f (r). For β ∈ {x, y, z} partial derivatives
are defined via
∂β f (r) = lim

h→0

1
1
[f (r + heβ ) − f (r)] = lim [f (r) − f (r − heβ )] ,
h→0 h
h

such that both discrete operators
1
[f (r + heβ ) − f (r)] ≈ ∂β f (r)
h
1
and Dβ−h f (r) = [f (r) − f (r − heβ )] ≈ ∂β f (r)
h
Dβ+h f (r) =
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are approximations of ∂β f (r); both lead to a linear error, i.e. ∂β f (r) =
Dβ±h f (r) + O (h). Furthermore, there is the so-called central finite differences:
Dβ2h f (r) =

1
[f (r + heβ ) − f (r − h)] ≈ ∂β f (r),
2h

(G.1.1)


an approximation of second order: ∂β f (r) = Dβ2h f (r) + O h2 . Accordingly,
the second derivative can be approximated by using two equal or different of
these operators. We choose the following combination:
∂β2 f (r) ≈ Dβ+h Dβ−h f (r) =

1
[−2f (r) + f (r + heβ ) + f (r − heβ )] . (G.1.2)
h2

From this immediately a discretization of the Laplacian operator follows:
X
1
∆f (r) =
∂β2 f (r) = 2 [−6f (r) + f (r + hex ) + f (r − hex )
h
β∈{x,y,z}

+ f (r + hey ) + f (r − hey )

+ f (r + hez ) + f (r − hez )] + O h2 .
(G.1.3)
Note that also other approximations are possible, depending on the discrete
points used for approximating the Laplacian.

G.2. Spin operators
Purpose here is to recap all needed properties of quantum mechanical spin
operators, used for several derivations in this work.
A spin operator is defined as a quantum mechanical vector operator with
three Cartesian components ŝ = (ŝx , ŝy , ŝz )T , which fulfill the fundamental
commutator relations
X
[ŝβ , ŝη ] = ~
εβηζ ŝζ , β, η ∈ {x, y, z}.
ζ∈{x,y,z}

These commutators imply that there are only two independent quantum numbers, denoted spin quantum number s and magnetic quantum number ms ; the
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former is connected to the absolute value and the latter to the orientation of
the spin to the z axis. Hence, states can be written as |s, ms i. For the absolute
value consider the operator
ŝ2 = ŝ2x + ŝ2y + ŝ2z ,
which forms basically an operator for the squared absolute value. Its eigenvalues are given by
ŝ2 |s, ms i = s(s + 1)~2 |s, ms i .
The magnetic quantum number refers to the z component:
ŝz |s, ms i = s~ |s, ms i .
Quantum numbers are restricted: s takes either non-negative integral numbers
(s = 0, 1, ...) for bosonic spins and positive half-integral (s = 1/2, 3/2, ...) for
fermionic; the concrete possible values depend on the specific system. ms is
restricted by s: it has the range ms = −s, −s + 1, ...., s − 1, s. Furthermore,
there are the so-called ladder operators ŝ± = ŝx ± iŝy , which basically allows
to jump from a state with ms to one with ms ± 1:
p
ŝ± |s, ms i = s(s + 1) − ms (ms ± 1)~ |s, ms ± 1i
ŝ+ |s, ms =si = 0,

ŝ− |s, ms = − 1i = 0.

G.3. Symmetry operations and Wigner’s
theorem
Symmetries play an important role in physics and a formal description in
quantum mechanics is a bit more delicate than in classical mechanics. The
quantum mechanical concept is briefly introduced, for more detail see for
instance the text book of Galindo[204] . Note also that the discussion is boiled
down to the very essentials; from a fundamental point of view this should be
done more carefully, especially formulation should concern rays of a Hilbert
space, not just the Hilbert space vectors.
[204] A.

Galindo and P. Pascual. Quantum Mechanics I. Springer-Verlag (1990), chap. 7.

G.3. Symmetry operations and Wigner’s theorem

435

First requirement is to define what actually a symmetry is; it shall describe a
change of the physical system that does not alter the general behavior. Change
of the physical system is for example a replacement of all charges by their negative values q 7→ −q or to shift all positions of particles or fields r 7→ r + a.
Hence, a symmetry operation Ĝ is a map acting on the physical state. Physical states in quantum mechanics are given by Hilbert space vectors |ψi, i.e.
Ĝ maps a state to another one Ĝ |ψi = |ψ 0 i. Furthermore, the system is symmetric under this mapping if the principle behavior is not altered; which for
quantum mechanics means that transition probabilities must stay unaltered,
usually formulated as
|hψ | ϕi| = |hψ 0 | ϕ0 i| .
From this follows an important statement on the possible nature of such a
map Ĝ, called Wigner’s theorem:
Theorem 1 (Wigner’s theorem):
Every symmetry transformation Ĝ is either an unitary or an antiunitary
operator1 , which means that for states |ψi and |ϕi and their mapped counter
parts |ψ 0 i = Ĝ |ψi and |ϕ0 i = Ĝ |ϕi
hψ | ϕi = hψ 0 | ϕ0 i
0 ∗

hψ | ϕi = hψ | ϕ i
0

if Ĝ unitary
if Ĝ antiunitary

holds true.
Not only the states are of interest, but also observables, i.e. linear, Hermitian
operators Â. If the system shall be symmetric under Ĝ, also matrix elements
must remain unchanged for the mapped operator Â0 :
D
E
D
E
ψ Â ϕ = ψ 0 Â0 ϕ0 ,
satisfied by mapping the operator via
Â0 = ĜÂĜ† .
1 Unitary

operators Û are complex linear operators (Û c |ψi = cÛ |ψi), whereas antiunitary
operators Û are complex antilinear: Û c |ψi = c∗ Û |ψi. A typical antilinear operation is
the complex conjugate.
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G.4. Short review course: field-operator
description
Field operators are one possible representation of quantum theory in second
quantization and are required here for the derivation of the Gross-Pitaevskii
equation. Following standard text books[215,216] , this short appendix shall introduce the field-operators in real space Ψ̂† (r) and Ψ̂(r)—which are creation
and annihilation operators for a particle at position r—by means of derivation from second quantization. Beginning with general properties of creators
and annihilators, we deliver a specific formulation in momentum space that is
transferred in terms of change of basis to the real space formulation. Detour
via momentum space is handy because the explicit calculation is easier this
way, since the eigen functions of the momentum operator are just plane waves
(in position space).
First we consider a single-particle states with quantum number l, l = 1, 2, ...,
denoted |li. Occupation of theses states by N particles is usually written
in terms of occupation numbers nl , i.e. nl particles occupy state |li. The
total state of all particles is then written with these occupation numbers:
|n1 , n2 , n3 , ...i. Moreover, there are special operators describing to add a particle to a state l (creation operator â†l ) and to erase one (annihilation operator
âl ):
â†l |..., nl , ...i ∝ |..., nl + 1, ...i

and

âl |..., nl , ...i ∝ |..., nl − 1, ...i .

It is in particular possible to utilize creation operators to express every possible
state by applying it to the vacuum state |0i that describes absence of any
particles:
 n1  n2  n3
|n1 , n2 , n3 , ...i ∝ (â†1 (â†2 (â†3
. . . |0i .
[215] H. Reinhardt. Quantenmechanik 2. Pfadintegralformulierung und Operatorformalismus. Oldenbourg (2013)
[216] W. Nolting. Grundkurs Theoretische Physik 7: Viel-Teilchen-Theorie. SpringerVerlag (2015)
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Another important property of creation and annihilation operators are their
fundamental (anti)commutators
h
i
h
i
âl , â†l0 = δll0 , [âl , âl0 ] = â†l , â†l0 = 0
n
o
n
o
âl , â†l0 = δll0 , {âl , âl0 } = â†l , â†l0 = 0

(for bosons),

(G.4.1)

(for fermions).

(G.4.2)

Not only many body states, but also operators can be represented using â†l and
âl ; however, it is necessary to distinguish single-particle operators, two-particle
operator, three-particle-, and so on. We restrict ourselves here to single- and
two particle operators. Former act only on one particle (leaving all other unaffected), for example the momentum operator p̂j of particle j or magnetic
moment operator µ̂j . Furthermore, sums of such operatorsP
are also considered
N
as single-particle operators, for instance total momentum j=1 p̂j since these
are diagonal with respect to the individual particles. The latter—as the name
suggests—act on exactly two; these are for instance two-particle interactions,
e.g. a potential V (rj1 , rj2 ) like Coulomb interaction, or also Heisenberg exchange −J µ̂j1 · µ̂j2 .
A single-particle operator acting on the many-body state can be expressed as
Ô =

X

Oll0 â†l âl0 ,

(G.4.3)

l,l0

where Oll0 = l Ô l0 is the matrix element for single particle states.
Two particle operators are written as follows:
Ô =

1
2

X

Ol1 l2 l3 l4 â†l1 â†l2 âl4 âl3 ,

(G.4.4)

l1 ,l2 ,l3 ,l4

with Ol1 l2 ,l3 l4 = l1 l2 Ô l3 l4 ; mind the order of creation and annihilation
operators.
Change of basis
Let us assume operators are given as above in a certain basis |li. Change of
basis to a new basis |ξi on the single particle level is done using completeness
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of the basis 1̂ =

P

l

|li hl|:
|ξi =

X

|li hl| |ξi =

l

X

hl | ξi |li .

l

Single particle states can be expressed by creators |li = â†l |0i and |ξi = â†ξ |0i,
thus:
=â†ξ

=â†l |0i

|ξi = â†ξ |0i =

X

z
}|
{
z}|{ X
hl | ξi â†l |0i
hl | ξi |li =

⇒

l

l

â†ξ =

X

hl | ξi â†l .

l

From the adjoint the annihilator follows:
 † X
âξ = â†ξ =
âl hξ | li .

(G.4.5)

(G.4.6)

l

Hence, also many-body operators can be rewritten in a new basis.
Momentum space representation
One specific choice is using momentum space states |ki, i.e. eigenstates of the
wave vector operator k̂ = −i∇r that fulfill k̂ |ki = k |ki. |ki is the single particle state, and we denote corresponding creation- and annihilation operators
â†k and âk . Usually |ki denotes the state in an abstract manner; in addition,
there is the corresponding wave function ϕk (r) as the real-space instance of
|ki, also written as ϕk (r) = hr | ki using the position eigenstate |ri. These
eigenstates as wave functions form just plane waves
ϕk (r) =

1
eik·r .
(2π)3/2

For momentum space we would like to formulate the following N -particle
Hamiltonian in terms of â†k and âk :
Ĥ =

N  2
X
p̂

n

n=1

2m



+ Vext (rn ) +

1 X
Vint (rn , rm ) = T̂ + V̂ext + V̂int , (G.4.7)
2 n,m
n6=m
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comprising kinetic energy, a single-particle potential Vext (r) and a two-particle
interaction potential Vint (r, r 0 ). Note that formulation using |ki uses continuous quantum numbers (wave vectors) k ∈ R3 , which leads to replacement
of the sums by integrals in eqs. (G.4.3) and (G.4.4). The single-particle parts
read as follows
ZZ
Z 2 2
~ k †
†
3
3 0
T̂ =
Tkk0 âk âk0 d kd k =
â âk d3 k
2m k


Z
D
E
1
~2 2 ik0 ·r 3
0
−ik·r
0
since Tkk = k T̂ k =
e
−
∇ e
d r
(2π)3
2m r
Z
~2 k02 1
~2 k02
i(k0 −k)·r 3
=
e
d
r
δ(k − k0 )
=
2m (2π)3
2m
|
{z
}
=δ(k−k0 )

and

Vkk0

ZZ

Vkk0 â†k âk0 d3 kd3 k 0
E
D
= k V̂ext k0
Z
0
1
1
=
e−ik·r Vext (r)eik ·r d3 r =
Ṽext (k − k0 ),
(2π)3
(2π)3/2

V̂ext =

where Ṽext is the Fourier transform of Vext .
The two-particle part is more complex:
Z
1
Vk1 k2 k3 k4 â†k1 â†k2 âk4 âk3 d3 k1 d3 k2 d3 k3 d3 k4
V̂int =
2
Z
Vk1 k2 k3 k4 = ϕk1 (r)∗ ϕk2 (r 0 )∗ V (r, r 0 )ϕk3 (r)ϕk4 (r 0 ) d3 rd3 r0
Z
0
1
=
V (r, r 0 )ei(k3 −k1 )·r ei(k4 −k2 )·r d3 rd3 r0
6
(2π)
1
=
Ṽext (k1 − k3 , k2 − k4 ),
(2π)3
Ṽext (k, k0 ) is the Fourier transformed potential—transformed in both arguments r and r 0 to k and k0 .
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There is an important special case that we would highlight: interaction potentials usually only depend on the distance Vint (r, r 0 ) = Vint (r − r 0 ), which
simplifies the potential if one replaces positions r and r 0 by center of mass R
and relative position r̄ defined by

1
(r + r 0 ) and r̄ = r − r 0
2
r̄
r̄
r =R+
and r 0 = R − .
2
2

R=
⇔

This defines a map Φ : (r, r 0 ) 7→ (R, r̄) and transform of the integral with
d3 rd3 r0 7→ d3 Rd3 r̄ is not exactly trivial. For this application of the substitution rule d3 rd3 r0 = |det(DΦ)|d3 Rd3 r̄ requires calculation of the Jacobian
determinant of the transform Φ:



∂Rx/∂rx

∂Rx/∂ry

∂Rx/∂rz

∂Ry/∂rx ∂Ry/∂ry ∂Ry/∂rz

∂Rz/∂rx ∂Rz/∂ry ∂Rz/∂rz
det(DΦ) = det 
 ∂ r̄x/∂rx ∂ r̄x/∂ry ∂ r̄x/∂rz

 ∂ r̄y/∂rx ∂ r̄y/∂ry ∂ r̄y/∂rz
∂ r̄z/∂rx
∂ r̄z/∂ry
∂ r̄z/∂rz

1
1
0 0
0
0
2
2
1
0 1 0 0
0
2
2


1
1 
0 0
0
0
2
2


= det 
0

 1 0 0 −1 0
 0 1 0 0 −1 0 
0 0 1 0
0 −1

∂Rx/∂r 0

∂Rx/∂r 0

∂Rx/∂r 0

∂Ry/

∂Ry/

∂Ry/

∂Rz/

∂Rz/

∂Rz/

∂ r̄x/

∂ r̄x/

∂ r̄x/

∂ r̄y/

∂ r̄y/

∂ r̄y/

∂ r̄z/

∂ r̄z/

∂ r̄z/

x
0
∂rx
0
∂rx
0
∂rx
0
∂rx
0
∂rx

= −1 (calculated numerically using Matlab).

y
∂ry0
∂ry0
∂ry0
∂ry0
∂ry0

z
∂rz0
∂rz0
∂rz0
∂rz0
∂rz0
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Using this for the Fourier transform leads to
Z
0
1
V k1 k2 k3 k4 =
Vint (r − r 0 )ei(k3 −k1 )·r ei(k4 −k2 )·r d3 rd3 r0
(2π)6
=δ(k3 +k4 −k1 −k2 )

1
=
(2π)3

Z z

1
(2π)3

}|

Z
e

i(k3 +k4 −k1 −k2 )·R

{
d R×
3

i

× Vint (r̄)e 2 (k2 +k3 −k1 −k4 )·r̄ d3 r̄
1
δ(k3 + k4 − k1 − k2 )×
(2π)3/2
Z
i
1
×
Vint (r̄)e 2 (k2 +k3 −k1 −k4 )·r̄ d3 r̄ .
3/2
(2π)
{z
}
|

=

=Ṽint ((k1 +k4 −k2 −k3 )/2)

That the elements satisfy Vk1 k2 k3 k4 ∝ δ(k3 + k4 − k1 − k2 ) is just momentum
conservation: all processes with k1 +k2 6= k3 +k4 are forbidden and carry zero
amplitude. As a consequence of Noether’s theorem, momentum conservation
itself is a manifestation of the translational invariance of Vint (r − r 0 ) that only
depends on the relative distance. Inserting Vk1 k2 k3 k4 for this special case into
V̂int leads to


Z
1 1
k1 + k4 − k2 − k3
V̂int =
Ṽint
δ(k3 + k4 − k1 − k2 )×
2 (2π)3/2
2
× â†k1 â†k2 âk4 âk3 d3 k1 d3 k2 d3 k3 d3 k4
=

1 1
2 (2π)3/2

Z

Ṽint (k4 − k2 ) â†k1 â†k2 âk4 âk1 +k2 −k4 d3 k1 d3 k2 d3 k4 .

Altogether the Hamiltonian (for Vint (r, r 0 ) = Vint (r − r 0 )) reads
Z
Z 2 2
1
~ k †
3
â âk d k +
Ṽext (k − k0 )â†k âk0 d3 kd3 k 0
Ĥ =
2m k
(2π)3/2
Z
1 1
Ṽint (k3 − k2 ) â†k1 â†k2 âk3 âk1 +k2 −k3 d3 k1 d3 k2 d3 k3 .
+
2 (2π)3/2
(G.4.8)
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Real-space field operators
Finally we introduce another special case of creation- and annihilation operators: field operators in real space, denoted Ψ̂† (r) and Ψ̂(r). As all other
creators and annihilators, these fulfill fundamental (anti)commuators, but because of the continuum nature with delta functions rather than Kronecker
deltas:
h

i
Ψ̂(r), Ψ̂† (r 0 )
h
i
Ψ̂(r), Ψ̂(r 0 )
n
o
Ψ̂(r), Ψ̂† (r 0 )
n
o
Ψ̂(r), Ψ̂(r 0 )



= δ(r − r 0 )
h
i
(for bosons)
= Ψ̂† (r), Ψ̂† (r 0 ) = 0 


= δ(r − r 0 )
n
o
(for fermions).
= Ψ̂† (r), Ψ̂† (r 0 ) = 0 

(G.4.9)

(G.4.10)

We represent these using the aforementioned change of basis, eqs. (G.4.5)
and (G.4.6), using the momentum space bases:
=ϕk (r)∗

Z
1
e−ik·r â†k d3 k
Ψ̂ (r) =
(2π)3/2
Z
Z
1
Ψ̂(r) = hr | ki âk d3 k =
eik·r âk d3 k.
| {z }
(2π)3/2
†

Z

â†k

z }| {
hk | ri d3 k =

(G.4.11)
(G.4.12)

=ϕk (r)

We these we calculate
Z



Z 2 02
~2 2
1
~ k −ik·r † ik0 ·r
3
Ψ̂ (r) −
∇ Ψ̂(r) d r =
e
âk e
âk0 d3 rd3 kd3 k 0
2m r
(2π)3
2m
Z 2 02
Z
0
~ k †
1
=
âk âk0
ei(k −k)·r d3 r d3 kd3 k 0
3
2m
(2π)
|
{z
}
†

=δ(k−k0 )

=

Z

2 2

~ k †
â âk d3 k = T̂ ,
2m k

(G.4.13)
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which constitutes the kinetic energy. Furthermore,
Z

Ψ̂† (r)Vext (r)Ψ̂(r) d3 r
Z
Z
0
1
1
=
Vext (r)ei(k −k)·r d3 r â†k âk0 d3 kd3 k 0 = V̂ext (G.4.14)
3/2
3/2
(2π)
(2π)
{z
}
|
=Ṽext (k−k0 )

is a valid expression for the external potential. The internal potential (for
Vint (r, r 0 ) = Vint (r − r 0 )) can be treated as well, but calculation is a bit
lengthier:
Z
1
Ψ̂† (r)Ψ̂† (r 0 )Vint (r − r 0 )Ψ̂(r 0 )Ψ̂(r) d3 rd3 r0
2
Z
0
1 1
=
Vint (r − r 0 )ei(k4 −k1 )·r ei(k3 −k2 )·r ×
2 (2π)6

V̂int =

(G.4.15)

× â†k1 â†k2 âk3 âk4 d3 k1 d3 k2 d3 k3 d3 k4 d3 rd3 r0 ,
which can be treated by introducing relative and center of mass coordinates
0
r̄ = r − r 0 and R = (r+r )/2 as already done before:
=δ(k3 +k4 −k1 −k2 )

V̂int

1 1
=
2 (2π)3

z
Z Z

}|
{
1
i(k3 +k4 −k1 −k2 )·R 3
e
d R×
(2π)3
i

× Vint (r̄)e 2 (k2 +k4 −k1 −k3 )·r̄ d3 r̄ â†k1 â†k2 âk3 âk4 d3 k1 d3 k2 d3 k3 d3 k4
Z
Z
1
1 1
=
Vint (r̄)e−i(k3 −k2 )·r̄ d3 r̄ ×
2 (2π)3/2
(2π)3/2
|
{z
}
=Ṽint (k3 −k2 )

×
=

1 1
2 (2π)3/2

â†k1 â†k2 âk3 âk1 +k2 −k3
Z

d3 k1 d3 k2 d3 k3

Ṽint (k3 − k2 )â†k1 â†k2 âk3 âk1 +k2 −k3 d3 k1 d3 k2 d3 k3 ,

taking indeed same form as above and proving eq. (G.4.15).
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This allows the ultimate conclusion that the Hamiltonian for interactions only
depending on distances using field operators reads:


Z
~2 2
Ĥ = Ψ̂† (r) −
∇r + Vext (r) Ψ̂(r) d3 r
2m
Z
1
+
Ψ̂† (r)Ψ̂† (r 0 )Vint (r − r 0 )Ψ̂(r 0 )Ψ̂(r) d3 rd3 r0 .
(G.4.16)
2
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