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The Bi-Laplacian with Wentzell Boundary
Conditions on Lipschitz Domains
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Abstract. We investigate the Bi-Laplacian with Wentzell boundary con-
ditions in a bounded domain Q C R? with Lipschitz boundary I'. More
precisely, using form methods, we show that the associated operator on
the ground space L?(Q) x L*(T") has compact resolvent and generates
a holomorphic and strongly continuous real semigroup of self-adjoint
operators. Furthermore, we give a full characterization of the domain
in terms of Sobolev spaces, also proving Holder regularity of solutions,
allowing classical interpretation of the boundary condition. Finally, we
investigate spectrum and asymptotic behavior of the semigroup, as well
as eventual positivity.

Mathematics Subject Classification. 35K35 (primary), 47A07, 47D06,
35B65 (secondary).

Keywords. Fourth-order differential operator, Wentzell boundary con-
dition, Lipschitz boundary, Analytic semigroup, Eventual positivity.

1. Introduction

Wentzell or dynamic boundary conditions appear naturally in many physical
contexts where a free energy on the boundary of the domain has to be taken
into account. This is the case, for instance, for the heat equation with heat
sources on the boundary (see [19, Section 3]), for the Stefan problem with
surface tension (see [12, Section 1]), in climate models including coupling
between the deep ocean and the surface (see [10, Section 2]), and for the
Cahn—Hilliard equation describing spinodal decomposition of binary poly-
mer mixtures (see [28, Section 1]). From a mathematical point of view, the
fact that the time derivative of the unknown function appears on the bound-
ary implies that classical parabolic theory cannot be applied. Therefore, new
methods (mostly based on semigroup theory) were developed for boundary
value problems with Wentzell boundary condition (see, e.g., [2], [11], [33]).
Most of these results deal with the Laplacian or more general second-order
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operators. For the Bi-Laplacian with Wentzell boundary conditions, less re-
sults are known, and typically the smooth setting is considered (see [13]).
Therefore, it is an interesting task to study the Bi-Laplacian with Wentzell
boundary condition in a bounded domain €2 with Lipschitz boundary I'. This
is the topic of the present paper.

The main challenge in tackling Wentzell boundary conditions lies in the
fact that the operator of the equation in the interior, in our case the Bi-
Laplacian A?, itself appears in the boundary condition, and the standard
condition A%u € L?(2) is not sufficient to guarantee existence of the trace
of A%u on the boundary. The most common way to solve this problem is to
consider a related operator in the product space for which the action in the
interior of the domain and on the boundary is decoupled.

The case of the Laplace operator subject to Wentzell boundary con-
ditions on Lipschitz domains was treated in this way by form methods on
the space L2(2) x L*(T) in [2]; using the classical Beurling-Deny criteria
this result is then extended to the LP-scale. Under additional smoothness
assumptions also spaces of continuous functions were considered in [2]; see
also [11], where Greiner perturbations were used. These results were later
extended to general second-order elliptic operators on Lipschitz domains, see
[25] and [33].

For higher-order elliptic operators the above extension procedure does
not work, because the Beurling-Deny criteria are in general not fulfilled
(see also Proposition 3.5 below). An exception is the one-dimensional sit-
uation, where one can extend at least to part of the LP-scale, see [17,18],
where fourth-order (or even higher-order) operators on networks with vari-
ous boundary and transmission condition for the nodes were studied.

In higher dimensions, less results are available and they typically rely
on being in a smooth setting. For fourth-order equations with sufficiently
smooth coefficients in C4-domains, it was shown in [13, Theorem 2.1] that the
related operator in the product space is essentially self-adjoint. For the Cahn—
Hilliard equation, classical well-posedness was shown in [28, Theorem 5.1] in
the L2-setting, and in [27, Theorem 2.1] in the LP-setting. These results
were generalized to boundary value problems of relaxation type (including
dynamic boundary conditions) in [9, Theorem 2.1], where maximal regularity
in LP-spaces is shown. Again the domain and the coefficients were assumed to
be (sufficiently) smooth, and the methods do not carry over to the Lipschitz
case considered here.

The aim of our paper is to study the evolution equation for a fourth-
order operator on a Lipschitz domain with Wentzell boundary conditions,
showing existence of a holomorphic semigroup and giving a full characteriza-
tion of the domain in terms of Sobolev regularity. More precisely, we consider
the initial boundary value problem
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Ou+ A(aA)u =0 in (0,00) x €,
A(aA)u+ B0, (ad)u —yu =0 on (0,00) x T,
O,u=0 on (0,00) xT,

u‘tzo = Ug in Q.
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In (1.1)—(1.4), it is implicitly assumed that the initial value ug is suffi-
ciently smooth to have a trace on the boundary and that this trace is used
as an initial condition for v on the boundary.

Here, and throughout this article, we make the following assumptions.

Hypothesis 1.1. The set Q C R? is a bounded domain with Lipschitz bound-
ary T'. We endow Q with Lebesgue measure and I' with surface measure S.
Moreover, we are given functions a € L®(Q;R) and 8,7 € L>(T;R) such
that there exists a constant n > 0 with o > n almost everywhere on §) and
B > mn almost everywhere on T'.

Note that Equation (1.1) is of fourth order with respect to z € Q,
whence we have to impose two boundary conditions. Here, we have chosen
the Neumann boundary condition (1.3) in addition to the Wentzell boundary
condition (1.2). From (1.1) we get A(aA)u = —d;u, and replacing this in
(1.2), we obtain a dynamic boundary condition.

In order to decouple this system as mentioned above, we rename u to uq
and replace in the boundary condition (1.2) the term A(aAw) not by the time
derivative 0;uq but by the time derivative d;us of an independent function s
that lives on the boundary. Even though us is formally independent of uq, we
think of us as the trace of uy; this condition will actually be incorporated into
the domain of our operator. We thus obtain the following decoupled version
of (1.1)—(1.4):

(1.5) Orur + A(aA)u; =0 in (0,00) x Q,
(1.6) Opug — B0, (@A)uy +~yus =0  on (0,00) X T,
(1.7) Oyu; =0  on (0,00) x T,
(1.8) U1li=0 = u1,0 in £,
(1.9) Usg|y=0 = ug,0 on I'.

Note that as uy is independent of u;, we have to impose an additional
initial condition for ug. If, however, the initial value ug in (1.4) is smooth
enough, we can put uy o = up and uz g = up|r.

As we are in the situation of a Lipschitz domain, we are outside the
usual ‘strong setting’ for differential operators, and we have to define the
operator A related to (1.5)—(1.9) in a weak sense. In the Lipschitz case, the
domain of the Neumann Laplacian is, in general, not contained in the Sobolev
space H2(£2) and thus the standard Green’s Formula is not at our disposal.
Therefore, we use weaker definitions of the Neumann Laplacian and for the
Dirichlet and Neumann traces of functions involved. Based on results in [15],
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[16], and [3, Section 8.7], we establish in Sect. 2 a version of Green’s formula
and a regularity result for functions satisfying Green’s formula which appears
to be new and might be of independent interest, see Proposition 2.4 below.

These results are used in Sect. 3 to define a quadratic form a (related to
the system (1.5)-(1.9)) to which the operator A is associated. Based on the
analysis of the form, we can show that the operator A is self-adjoint and the
generator of a strongly continuous and analytic semigroup (7 (¢))¢>0 (The-
orem 3.4). However, this semigroup is neither positive nor L*°-contractive
(Proposition 3.5).

In Sect. 4, Theorem 4.1, we identify the operator A associated to the
form a as an operator matrix acting on the product space L?(Q2) x L?(T);
we also obtain an explicit description of the domain D(A). This will show
that the operator A indeed governs the system (1.5)—(1.9). We will explain
afterwards that we can obtain a solution of the system (1.1)—(1.3) with initial
condition (1.4). If ug o is not the trace of wuj g, there are some subtleties
concerning the initial values, see Remark 4.3.

One of the main results of this paper, Theorem 5.4 in Sect. 5, states that
for every element (uy,us) of D(A°°) the function wu; is Holder continuous
and uso is the trace of uy. As the semigroup J is analytic, it follows that for
positive time the solution of (1.5)—(1.9) is Holder continuous and satisfies the
Wentzell boundary condition in a pointwise sense. But this regularity result
is also of independent interest as D(A°) is a core for A (and also a form
core for a, see the proof of [26, Lemma 1.25]). Moreover, this result implies
regularity of the eigenfunctions of the operator A and is used extensively in
the subsequent sections.

In Sect. 6, we show that the operator A has compact resolvent. By stan-
dard theory, we thus find an orthonormal basis consisting of eigenfunctions
of A. This allows us to describe the semigroup in terms of the eigenfunctions
and study the asymptotic behavior of the semigroup.

In the concluding Sect. 7, we study eventual positivity of the semigroup.
We have already mentioned that our operator does not satisfy the Beurling—
Deny criteria. In fact, [23, Theorem 3.6] (which is concerned with operators
on R?) suggests that a semigroup generated by a fourth-order operator can-
not be expected to be positive; similar results have also been observed for
the Bi-Laplacian subject to Dirichlet boundary conditions, see [14, Sections
3.1.3 and 5.1]. However, for some domains € the semigroup generated by
the Bi-Laplacian with Dirichlet boundary conditions is at least, in a sense,
“eventually positive”. We will see that for v = 0 and independently of the
geometry of ) this is also true for our semigroup (Theorem 7.1). If, however,
v > 0, then, similar to Dirichlet boundary conditions, there are domains
where eventual positivity fails, see Corollary 7.4.
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2. The Neumann Laplacian and Green’s Formula on Lipschitz
Domains

As we consider a fourth-order equation in a Lipschitz domain, the definition
of the operator related to (1.1)—(1.4) in Sect. 3 will be based on the related
quadratic form, so we are in the weak setting. To handle this situation, we
start with the (weakly defined) Neumann Laplacian which is the topic of the
present section. Weak traces and the Dirichlet and Neumann Laplacian in
Lipschitz domains were studied, e.g., in [15], [16], and [3].

For s > 0, we write H*(f2) for the standard Sobolev space and H3 (Q2)
for the space of functions u € H*(2) such that the distributional Laplacian
Awu belongs to L?(2). We denote the inner products in L?(€2) and L?(T") by

(f,9)a :z/Quidac and  (f,g)r ::/nydS,

respectively. By slight abuse of notation, we will also write

d
(Vu, Vv)q ::/Zﬁjuﬁjvdx
Qi

whenever u,v € H'(2). We write || - ||q and || - ||r for the induced norms. In
HZ (), we take the canonical norm

ullrs o) = llullie @) + 1Aullg,  w e HA(Q).

We write H*(T'), s € [—1, 1], for the standard Sobolev spaces on the Lipschitz
boundary I' (see, e.g., [22, p. 96]).
The Neumann Laplacian Axn on £ can now be defined by setting

D(Ay) = {u € HA(Q)|(Vu, Vv)g = —(Au,v)q for all v € HY(Q)} (2.1)

and Ayu = Au, the distributional Laplacian.

To describe in which sense elements of D(A ) satisfy Neumann bound-
ary conditions, one has to study (weak) traces on the boundary. Let C°(RY)
denote the space of all infinitely smooth functions on R¢ with compact sup-
port, and let C(Q) := {¢|q | ¢ € C*(R9)}. We denote the trace of a func-

tion u € C°°(Q) on the boundary by tru := u|p. This smooth trace extends

by continuity to a bounded linear operator tr: H*(Q) — H*~/2(T) for all

s € (1,2) [22, Theorem 3.38]. For s € (1,1], this operator is surjective and

even a retraction, i.e. there exists a continuous right-inverse (see [22, Theo-
rem 3.37]).

Even for smooth domains, the continuity of tr: H*(Q) — H*~Y/*(T)
does not hold for the endpoint case s = %, see [21, Theorem 1.9.5]. However,
3

one can include the cases s = 3 and s = 2 by considering the spaces H3 (€2)

instead of H*(2). It was shown in [15, Lemma 2.3] that the smooth trace
extends to a retraction 7p: Hi/z(Q) — HY(T'). Similarly, we can consider
the smooth Neumann trace u — v -tr(Vu), u € C°°(£), where v denotes the
unit outer normal which exists in almost every boundary point. This trace

extends to a retraction 7y : HY*(Q) — L2(T'), see [15, Lemma 2.4].
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For the connection between the above traces and the Neumann Lapla-
cian, we consider the weak Neumann trace 9, which is defined on

D(0,) := {u € HX() | there exists g € L*(I") such that
(Au,v)q + (Vu, Vo)g = (g, tro)r for all v € H'(Q)}

by setting d,u = g. As tr: H'(Q) — H'/?(T) is surjective and H/?(T) is
dense in L2(T") (cf. [3, Section 8.7]), the function g € L?(T") is unique, which
shows that d,u is well defined. Thus, it follows that

D(AN) = {u € HA(Q)|0,u = 0}.

Remark 2.1. We would like to point out that the definition of the smooth
Neumann trace 7y (though not that of its extension to Hi/ *(Q)) depends
only on the geometry of the domain and is independent of the choice of the
underlying operator, in our case the Laplacian. The weak Neumann trace, on
the other hand, depends crucially on the fact that we consider the Laplacian.
If, instead, we consider a general second order elliptic differential operator
A in divergence form, we would instead obtain the co-normal derivative 9.}
associated to A. It would be more appropriate to use the notation 95 to
indicate the dependence on the underlying operator. However, to simplify
notation, we will continue to use 0, as above.

The following result shows the connection between the weak Neumann
trace and 7y and includes a regularity result for the weak Neumann Laplacian
defined above. It can be found in [3, Theorem 8.7.2].

Lemma 2.2. We have D(Ay) ={u € HZ/Z(Q) | Tvu = 0}.

Following [3, Chapter 8], it is possible to extend the trace operators
75 and Tp to the space HQ (Q) := {u € L*(Q)| Au € L*(Q)}. The price to
pay is that the extensions take values in certain spaces of functionals on the
boundary. This involves the spaces

QO = I‘g(7—D|ker(‘r1\1)) and gl = rg(TN|ker(TD))7

where rg stands for the range of an operator. It is possible to define a Hilbert
space structure on those spaces creating two Gelfand triples Gy C L?(T") C G}
and ¢; C L?(T") C 1. We recall the following result from [3, Theorem 8.7.5].

Lemma 2.3. The traces 7p and Tn can be continuously extended to bounded
linear operators

Fp:t HA(Q) — G and 7n: HX(Q) — G,
respectively. Moreover,

(7,) keri'N = kerTN = D(AN),
(ii) for u € HX(Q) and v € D(Ay) we have

(Au,v)q — (u, Av)g = <’7~'NU,TD1}>Q(/)XQO. (2.2)
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We can now establish a version of Green’s formula on Lipschitz domains
and obtain regularity for all functions in HQ(£2) which satisfy this Green’s
formula. This is the main result of this section. It is worthwhile to point out
that while the extended traces 7y and 7p do not appear in the statement of
the result, we make extensive use of them in the proof. Indeed, by virtue of
Lemma 2.3, we can give meaning to traces of functions in H% (£2) and have
(2.2) at our disposal. We may then use the fact that ker 7y = ker 7 to infer
higher regularity of the functions involved.

Proposition 2.4. (i) We have 0, = Tn and, in particular, D(0,) = Hi/2(Q),
Forw e D(9,) and v € D(Ay), we have
(Au,v)q — (u, Avyg = (O,u, trv)r. (2.3)
(ii) Let u € HQ(Q) and assume there is some g € L*(T') such that for all
v € D(AN) we have

(2.4) (Au,v), — (u, Av)g, = (g, trv)p .

Then u € Hg/Q(Q) and O,u = g.

Proof. (i) Fix u € HY*(Q) C HL(Q) and let v € D(Ay). Noting that

trv = 1pv € Gp, Equality (2.2) yields

(Au,v)q — (u, Av), = (Tnu, tr U>G{]XQO )

As 7yu € L*(T) and Gy C L%(T) C G} is a Gelfand triple, we obtain
(TN, trv) g gy = (TNU, T O)p

Consequently,

(2.5) (Au,v), — (u, Av)g, = (Tnu, tro)p .

Since v € D(Ay) and u € H'(Q), we have (u, Av)g = —(Vu, Vv)g by (2.1),
and thus (2.5) can be rewritten as

(Au,v)g + (Vu, Vo), = (Tyu, tro)p . (2.6)

Note that Ay is the associated operator of the closed symmetric form (u, v) —
(Vu, V) with form domain H'(€). Thus, by [26, Lemma 1.25], D(Ay) is
dense in H'(). As, moreover, tr is a continuous map from H*(2) to L*(Q),
we can extend (2.6) by density to hold for all v € H(Q). It follows that
u € D(0,) and d,u = Tyu, which proves 7y C 9,.

It remains to show that D(9,) C D(rn) = HZ”(Q). For this, let u €
D(0,) and set g := J,u. Then for v € D(Ax) we have, by definition of J,,

<AU,U>Q + (Vu, VU>Q = <g7trv>1‘ = <gvtrv>(°()><g°0 ) (2.7)

o

where the second equality holds since trv € Gp. As v € D(Ay) and u €
H'(Q), we have (u, Av)q, = — (Vu, Vv)q by (2.1), and we obtain

(Au,v)q + (Vu, Vo) = (Au,v)q — (u, Av)q = (Fvu, tro)e, (2.8)

xGo
A comparison of (2.7) and (2.8) shows that <97trv>géxg0 = <7~'Nu,trv>%xg0.

As v € D(AN) = ker 7y was arbitrary, we have g = Tyu in §. Since g €
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and Ty is surjective, we can find a function u € Hz/Q(Q) such that

”\_/

g = Tyu. Hence © — u € ker7y = kermy C H3/2(Q). But then also
u=u—(a—u)€ H3/2(Q), which shows D(9,) C D(7n) and, consequently,
0, = 7n. Equality (2.3) is now an immediate consequence of (2.5).
(1) Here we may argue in a similar way as in the proof of (i). Let
€ HX(Q) and g € L*(T") such that for all v € D(Ay) we have
(Au,v)q — (u, Av)g = (g, trv)
Comparing with (2.2), we obtain

(g,tr U)g{,xgo = <7~'N“7tr”>g5xgo
for all v € D(Ay) and thus Tyu = g. Making use of the surjectivity of T
and the fact that ker7n C HY 3/ 2(Q), the same arguments as before yield
u€H3/2(Q) and O,u = Tyu = g. O

3. The Bi-Laplacian Via Quadratic Forms

We now take up our main line of study and define a quadratic form which will
then be used to define a realization of the Bi-Laplace operator. In contrast to
the last section, we now combine the L2-spaces on  and on I into a single
Hilbert space. Moreover, we will incorporate the function g into its norm.
More precisely, we set

F# = L*(Q) x L*(T,371dS),

where the inner product on the second factor is given by

(u,v)r g :z/u@ﬂfl ds.
r

To be consistent with the last section, we will omit the subscript 8 when g = 1
is the constant one function: (-,-)p1 = (-,-)r. Note that as 3,57! € L>(T)
the scalar products (-, -)r g and (-, -)r are always equivalent.

We will denote elements of # by lowercase calligraphic letters and the
components of this element by the same lowercase roman letters, i.e. if «, 0 €
d¢, then u = (u1,us), o = (v1,v2) and

(w, )7 = (u1,v1)q + (uz, v2)r -

We may now define our quadratic form. For general information concern-
ing forms and their associated operators we refer the reader to [20, Chapter
6] or [26].

Definition 3.1. We define the form a by setting
a(u,0) := / alAu Avg dm+/’yuQ@ﬂ71 ds
Q r

= <OzAU,17 A'U1>Q + <7U2»U2>Fﬁ
for

u,0 € D(a) :={u € #H|us € D(ANn),uz = trus}.
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Lemma 3.2. The form domain D(a) is a dense subset of #.

Proof. We may assume without loss of generality that § = 1, otherwise
switching to an equivalent norm. Next note that C°(Q) x {0} € D(a) which
implies that L2(Q) x {0} C D(a) as the test functions C2°(Q) are dense in
L?(Q).

We next show that {0} x L2(I') € D(a). To that end, let fo € L?(T)
and & > 0. As H'/2(T') is dense in L*(T), we find a function uy € H'/2(T")
with |lug — fol|2 < e. Because tr: H'(Q) — H'Y2(T') is bounded (denote
its operator norm by M) and surjective (cf. Section 2), we find a function
@ € HY(Q) with tri; = up. As also D(Ay) is dense in H(Q2), we find
a function @ € D(Ay) with ||t — @[3 ) < M~ 'e. Finally, we pick a

test function ¢ € C°(Q) such that ||u; — ¢||3 < € and put « = (4; —
o, tr(a; — ¢)) = (@1 — @, tray). Then, by construction, we have « € D(a)
and a short computation shows ||u — (0, f2)||% < 3s. As f was arbitrary,
{0} x IA(T) C D(a).

Since D(a) is a vector space, we may combine our two results and obtain
D(a)=#. O

We can now prove the following result.

Proposition 3.3. The form a is densely defined, symmetric, semibounded from
below by o := min{essinf vy, 0} (in particular, it is accretive whenever v > 0),
and closed.

Proof. 1t is straightforward to prove that a is symmetric, and we have proved
that it is densely defined in Lemma 3.2. For the quadratic form we have

a(w) :==alu,u) = / alAu|? dr + / V|up[?871dS
Q r
> essinfry - ||u2||12~5 > vollu||%,

proving the result concerning the semiboundedness. It only remains to prove
the closedness. To that end, we assume without loss of generality that v > 0
so that the norm associated with a on D(a) is given by ||a||% = a(w) + ||« ||%.

Let (wn)nen € D(a) be a || - ||o-Cauchy sequence, where w,, = (uf', u}).
We have to prove that this sequence converges with respect to || - ||4. Let us
first note that for a certain constant C', we have

lurlla, < Clal

whenever u = (u1,uz) € D(a). Here, ||-||a, stands for the graph norm of the
operator Ap. It follows that u7} is a Cauchy sequence with respect to ||+ ||a -
As Ay is closed, we find some v € D(Ay) such that u} — u in L?(2) and
Aul — Au in L?(Q).

Next observe that for v € D(Ay) we have

lullF 0y = luliéy + (Vu, Vaya = Juld, = (Au,u)o < C([AulE + [|ul?)

for some constant C' > 1. Combining this with the above, we find that u?
is also a Cauchy sequence in H'(£2) whence, by the continuity of the trace,
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uf = truf — tru in L*(T). Setting « = (u, tru), we see that « € D(a) and
w, — w with respect to || - ||4. This proves closedness of the form. O

Proposition 3.3 enables us to invoke a representation theorem for semi-
bounded, symmetric forms, see [20, Theorem VI.2.6], to obtain information
about the associated operator A. We recall that this operator is defined as
follows.

The domain D(A) is given by

D(A):={wu€ D(a)|3f €F :a(u,0) = {f,0)g for all v € D(a)}  (3.1)
and for u € D(a) we have Au = f, where f is as in (3.1).

Theorem 3.4. The operator A is self-adjoint and semibounded. Moreover,
—A generates a strongly continuous, analytic semigroup T = (T (t))i>0 of
self-adjoint operators on #. If v > 0, this semigroup is contractive.

Proof. The first statements follow from Proposition 3.3 and the representa-
tion theorem [20, Theorem VI.2.6]. The rest can then either be inferred from
the spectral theorem or, else, follows from more general results concerning
m-sectorial operators, see [26, Section 1.4]. O

Up to now, we only have the abstract definition of the operator A,
given by (3.1), but we will identify this operator more explicitly in the next
section. Before we do that, however, we collect some more information about
the semigroup 7. In the study of second-order elliptic operators, defined by
means of sectorial forms, contractivity properties of the associated semigroup
are of particular importance and can be characterized in terms of the form
by means of the Beurling-Deny criteria, see [26, Chapter 2].

Let us briefly recall the relevant notions. To that end, let (X, X, 1) be a
measure space. Given a semigroup (T'());>0 on H = L*(X;C), we say that
T is real if T(t)f € L*(X;R) for all ¢ > 0 whenever f € L*(X;R). It is
called positive if T(t)f > 0 for all ¢ > 0 and f > 0 and L°-contractive if
IT@t) flloo < || flloo for allt >0 and f € L*(X)NL>(X). To make use of this
terminology in our situation, we use X = QUL, u(A) = A(ANQ)+ [, 87'dS
and identify our semigroup on the product space # with a semigroup on
L3(X).

We now obtain the following result for our semigroup 7, in which we
restrict ourselves to the situation where v > 0, so that a is accretive.

Proposition 3.5. Let~y > 0. Then the semigroup I s real, but neither positive
nor L -contractive.

Proof. That J is real can be inferred from [26, Theorem 2.5] as Re D(a) C
D(a) and a(Reu,Imu) € R for all « € D(a).

For T to be positive, it is necessary that «™ := sup{«,0} € D(a) when-
ever « € D(a) is a real-valued function, see [26, Theorem 2.6]. But this is
never the case. To see this, let us first consider d = 1 and Q = (-2,2).
We put ¢(t) = too(t), where ¢y € C°(Q) with ¢g = 1 on [—1,1]. Then
¢ belongs to the domain of the Neumann Laplacian (which in this case is
{u € H*(-2,2) |v/(-2) = v/(2) = 0}). However, if we consider ¢ T, we have
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(¢7)" = 10,1y on the interval (—1,1) and the second derivative is no longer
an element of L2(Q), whence ¢t & H?(2) and thus ¢t ¢ D(Ay).

This example can be lifted to higher dimensions by considering func-
tions of the form w(xy,...,zq4) = @(s7 (z1 — c1))Y(x1,...,24) Where ¢ =
(c1,...,¢q) €, s >0 and ¢ is a test function which is 1 in a neighborhood
of ¢. Then u = (u,0) € D(a), but «™ = (u™,0) is not.

By [26, Theorem 2.13], for 7 to be L*-contractive, it is necessary that
whenever « € D(a) is a positive, real function, then also min{u, 1} belongs
to D(a). But here we can construct a counterexample in a similar way. [

4. Identification of the Associated Operator

In this section, we identify the operator associated to our form a, which, in
an abstract way, is given by (3.1). This involves actually two aspects: First,
we need to determine the domain of our operator and second, we have to
establish how the operator acts on an element of its domain. Since we work
in a Hilbert space which is a cartesian product, the action of our operator
can be represented by means of an operator matrix. As far as the domain of
the operator is concerned, we will give an explicit description in Theorem 4.1.
In the smooth setting, we give an alternative characterization of the domain
in Theorem 4.5. Without additional smoothness assumptions, we obtain the
following description of A. This should be compared to Equations (1.5) and
(1.6).

Theorem 4.1. The operator A associated to the form a is given by

A= (—?a(a@)m 3) ’

defined on the domain
D(A) ={u e dt|u € Hiﬂ(Q),aAul € Hz/Q(Q),ayul =0,u = trug }.

We point out that the regularity of an element of D(4) is sufficient for
every entry in the above matrix to be well defined as an element of L?. In-
deed, as aAu; € Hz/Q(Q)7 it follows that A(aAuy) € L?(2); moreover, also
0, (aAuy) € L2(T), as D(9,) = Hi/z(Q) by Proposition 2.4. Before proceed-
ing to the proof of Theorem 4.1, we collect some alternative characterizations
of D(A) for later use.

Corollary 4.2. The domain of the operator A is given by

D(A) ={u € #H|us € D(Ayn),us = trus,clAu € D(9,)}
={u € D(a)|aAuy € D(0,)}.

Proof. The first equality follows from the fact that D(Ay) = {u € HZ/ ()]
Oyu = 0} (see Lemma 2.2) and the identity D(9,) = HZ/2 (Q) from Proposi-
tion 2.4. The second is immediate from the definition of D(a). O
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Proof of Theorem 4.1

Let us, for time being, denote the operator described in the statement of the
theorem by B and by A, as before, the operator associated with the form a.
We recall that u € D(A) and Au = f is equivalent to « € D(a) and

a(u,0) = (f,0)% for all v € D(a). (4.1)

Let us first prove A C B. To that end, fix « € D(A) and set [ := Au.
Using (4.1) for v = (p,0) € C°(Q) x {0} C D(a), we find
(@Aur, Ap)a = a(w, o) = (f,0)x = (f1,)a-
As this is true for every ¢ € C°(Q), it follows that fi = A(aAwu;). In
particular, A(aAuy) € L*(Q2), so that aAu; € H (Q).

Let 0 € D(a). Rearranging terms in (4.1) and using that trv; = vy and
f1 = A(aAuy), we find

(A(aAuy), )0 — (@Auq, Avy)g = (ytrus — fo,troi)r g

for all v; € D(Ap). Using Proposition 2.4 (ii) with v = aAuy, v = v; and
g=B"(ytruy — fa) € L*(T), we obtain aAu; € Him(Q) and 0, (aAuy) =
By trus—f2). As ug = trug, the latter is equivalent to fo = — (39, (alAuy )+
~vus. Altogether, we have proved that « € D(B) and Au = Bu.

To see the converse, let w € D(®B). Then, using Lemma 2.2 and the fact
that 9, = 7 (Proposition 2.4 (1)), we find « € D(a) and cAu, € Hi/Q(Q) =
D(0,). With (2.3) we see that for all v € D(a) we have

a(u, ) = (aAuy, AU1>Q + <7u27v2>r,5
= (A(aAur),vi)g — (O (@Aur), trv1)p + (yuz,v2)p 5
= <A(O{AU1),7)1>Q + <7ﬂay(OéAU1) + Yuz, 1)2>F76 = <@lt, O>(7€ .

This implies « € D(A) and Au = Bu. O

It is a consequence of Theorem 4.1 that the semigroup J governs the
system (1.5)—(1.9). As the semigroup is analytic, the solution is C'*° in time
so that («(t))i>0 = (T (t)(u1,0,u2,0))e>0 satisfies Equations (1.5) and (1.6)
in a classical (in time) sense. Furthermore it shows that «(t) € D(A>) for
t > 0. Coming back to our initial system (1.1)—(1.4), we immediately see that
u = wu; solves Equation (1.1). The question remains in which way the Wentzell
boundary condition (1.2) is satisfied. However, as w(t) € D(A>) for ¢t > 0,
we know in particular that «(¢), Au(t) € D(a) for ¢ > 0. Hence we obtain
tr((Au)1) = (Auw)z and truy = ug, yielding tr(A(aA)uy) = =0, (aA)uy +
yug = —F0, (aA)uy + v trug.

This proves that the Wentzell boundary condition is satisfied in the
sense of traces for ¢ > 0. Thus u = u; satisfies (1.1)—(1.4).

Remark 4.3. We point out that the system (1.1)—(1.4) has to be interpreted
in such a way that ug is sufficiently smooth to have a trace on the boundary,
say ug € H'(); in this setting, the solutions of (1.1)—(1.4) are thus in a
one-to-one correspondence with the solutions of (1.5)—(1.9) with u1 ¢ = ugla
and ug,0 = uo|r. In our semigroup approach, however, us ¢ can be chosen
independently of u1 ¢ and, by the above, all of these solutions are (distinct!)



IEOT The Bi-Laplacian with Wentzell Conditions Page 13 of 26 13

solutions of (1.1)-(1.4). In a way, choosing us different from tru, ¢ corre-
sponds precisely to having some free energy on the boundary, which was a
main motivation to consider Wentzell boundary conditions in the first place.

We now study the case of smooth domain and coefficients. For simplicity,
we assume for the rest of this section that € is a bounded and infinitely
smooth domain and that o € C*(Q), 3,7 € C*°(T) with o > n and 8 > n
on Q and I for some constant 1 > 0, respectively. In this case, it is natural
to start with the strong definition of the operator. More precisely, we define
the operator Ay in # by

D(Ap) = {u = (uy,truy) | uy € C*(Q), tr(A(al)uy)
+ B0, (aA)uy; —ytru; =0,0,u; =0 on F} CH

and

o= () = (o ) (1) oo ot

Lemma 4.4. In the smooth setling, the operator Ay is essentially self-adjoint,
and its closure Aq is given by A.

Proof. The fact that A, is essentially self-adjoint is a special case of [13,
Theorem 1.1]. As the self-adjoint extension of an essentially self-adjoint op-
erator is unique and given by its closure (see [34, Theorem 5.31]), we only
have to show that A is an extension of Ay. However, in the smooth case
this is obvious from the definition of D(Ap) and the description of D(A) in
Theorem 4.1. 0

We remark that even in the smooth case, we cannot expect that for
« € D(A) the first component u; belongs to H*(Q). However, we can show
u, € H/ 2(Q)). To this end, we use a version of elliptic regularity which
includes weighted Sobolev spaces Z°(Q2), s € R, see [21, Sections 2.6 and 2.7].
For our application, it is enough to know that for all s > 0, the space Z7%(Q)
is continuously embedded into L?(Q2). This follows by duality from the dense
embedding Z%(Q) C L?(€), see [21, Chapter 2, (6.20)—(6.21)].
Theorem 4.5. In the smooth situation, we have
D(A) = {u € #|u; € H'?(Q), AlaA)u; € L*(Q), dyus =0, ug = truy }.
Proof. First, let « belong to the space on the right-hand side. From wu; €
H2(Q) and a € C>(Q), we obtain u; € Hi/z(ﬂ) and alAu; € H32(Q).
Now A(aA)u; € L*(Q) yields aAu, € HZ”(Q), and with the description of
D(A) in Theorem 4.1 we see that « € D(A).

For the other direction, let « € D(A). We apply the elliptic regularity

result from [21, Remark 2.7.2], setting there A = A(aA) + I, By = 9,,
By = =0, (al) + ytr, and s = . We obtain

et e/ < € (llur + Aadun)llz-1/2(q) + 10w llm2ey + lyua = B9, (@Bur) |1 )

< C(Jlurlla + [ A(@du)la + [lyuz - 50, (alu)r )
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< O(Ialle + llall)-

Here, for the second inequality, we use the continuous embedding L?(2) C
=-1/2(Q) (see above) and the fact that 9,u; = 0. We see that u; € H™/?(9)
and that D(A) is continuously embedded into the space on the right-hand
side. 0

Remark 4.6. We assumed the domain and the coefficients to be infinitely
smooth, as the theory from [21] is formulated in this setting. However, the
proofs are based on elliptic regularity up to order 4, duality and interpolation,
which shows that it is, e.g., sufficient to assume  to have a C*-boundary as
well as a € C*(Q), 8,7 € C3+¢(T). This regularity was considered in [13],
and thus Theorem 4.5 gives the precise domain of the self-adjoint extension
of the operator Ay. However, we omit the formal proof and technical details
for this.

Remark 4.7. We would like to point out that in the rough case there are
examples for domains where we can find u = (u1,u2) € D(A) such that
up ¢ H3/?*¢(Q) for any € > 0. This behaviour is known for the Neumann
Laplacian. For d = 2, there are even C''-domains (2 and functions u € D(Ay)
such that Au = f € C>®(Q), d,u =0 and u ¢ H3/>%(Q) (cf. [5, Section 3]).
If we take av = 1, it follows from Theorem 4.1 that for any such example u
we have (u,tru) € D(A), as f = Au € C®(Q2) C HZ/Q(Q). This shows that
in the Lipschitz setting, one cannot expect more regularity than H3/ 2(Q)
for functions belonging to D(A), in contrast to the smooth setting, where
Theorem 4.5 yields the regularity H7/2(€).

This significant regularity difference between the rough and the smooth
setting also suggests that there is little hope in tackling Lipschitz domains
by approximating them with smooth domains. That domain approximation
is a delicate business for higher order elliptic operators subject to boundary
conditions is a well-known phenomenon. This is illustrated by the Babuska
paradoz, where a circular domain is approximated by a sequence of polygons
but the solutions do not converge to the solution on the smooth domain (see,
e.g., [31, Section 2.2] for details).

5. Holder Continuity of the Solution

As a preparation to prove Holder regularity in Theorem 5.4, we establish some

results concerning weak solutions of the inhomogeneous Neumann problem
Au=f in Q,

(5.1)

dyu=g onl.

By a weak solution of (5.1), we mean a function u € H'(Q) such that
—<V’LL, V’U>Q = <fa v>Q + <ga trU>F

for all v € HY(Q). Naturally, the data f and g have to have enough integra-
bility such that these integrals are well defined. Note that, as a consequence
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of Proposition 2.4, a weak solution of (5.1) automatically belongs to the space
H?(9).

In what follows, we write || f||q,p for the norm of f in LP(Q) and ||g|r,p
for the norm of g in L?(T"). We begin by recalling the following result from
[24], in which C*(Q2) refers to the space of a-Hélder continuous functions
on Q. Note that every function u € C*(2) can be extended uniquely to a
(Hélder) continuous function on €.

Lemma 5.1. Assume that d > 2, f € L+2(Q), and g € L“1=(T) (ord =1,
f € LYQ), and g € LY(T")). Then, there exists a € (0,1) such that if u €
HY(Q) is a weak solution of (5.1), then u € C*(Q) and

lullce (@) < C(lullaz + 1 fllq,24+c + llgl

Proof. This is [24, Theorem 3.1.6]. Note that we are in the situation of [24,
Remark 3.1.7]. O

I‘,d—1+s)~

Lemma 5.1 allows us in particular to estimate |ul|g,oc and || trul/r oo
for solutions of (5.1), provided the data have high enough integrability. We

prove next that solutions u € Hi/ *(Q) of (5.1) have higher integrability than
the data.

Lemma 5.2. Let d > 2, p € (2,00). Then there is a constant Cy > 0 such that
whenever u € HZ/Z(Q) is a weak solution of (5.1) with (f,g) € LP(Q)x LP(T"),
then (u,tru) € L¥P)(Q) x LT and

oo + Il el o < Co(llulla + £l + gl ).

where

d—2 ,
L dTp prG(Q,d),
#) = {oop if p € [d, 00).

Proof. We first consider the end-point cases p = 2 and p = d, then use
interpolation.

As for p = d, note that for small enough ¢, we have d/2+e,d—1+¢ < d,
so that Lemma 5.1 yields

lullooe + [ trullrco < llulloe@) < C(lulloz + [flaa+llglra)-  (5.1)

For p = 2, we use the continuity of the trace operator from H!(f2) to
L?(T") and obtain with Cauchy—Schwarz’s and Young’s inequality

lulife + lltrul? o < C(lullfs + IVul2)
= O(llulfys + (~Au,u)g + (D, tru)y. )
< C(Jlulldz + 1 Auldz + 19,ul? o) + §1trull o
This yields

lulloz + Il trulles < C(lulos + 1l + lgllez).  (52)
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In order to interpolate between (5.1) and (5.2), let us first prove that if
u is a solution of (5.1) with data f and g, then

gy < € (Iellnz + 17lea + lglez): (5.3
As the map 7y = 0,: Hi/z(Q) — L%*) has a bounded right-inverse

en: L*(T) — Hi/z(ﬂ), we can set v 1= eng € Hi/z(Q). Then w :=u —v is
a solution of

Aw=f—Av inQ,

d,w=0 onT.
In particular, w € D(Ay) and therefore (see [3, Corollary 8.7.4])

ol /20y < Ol + 17l + 140

0,2)

< C(llullos + Wl gy + 1£l102)
< C(”U‘ a2+ Iflaz+ gl F,2)-

In the last step, we used the continuity of ey. Thus,
ll 72y < ol gs72 gy + ol s gy < Cllullaz + 1l + gllz).

which shows (5.3).
For the interpolation, let X, := F(Hz/2 (Q)), where

F: HY?(Q) — L2(Q) x L2(Q) x LX), u > (u, Au, d,u).

Then F': Hi/z(Q) — X is bounded, bijective, and its inverse is bounded

due to (5.3). So F' is an isomorphism of normed spaces, and, as HZ/Q (Q) is
a Banach space, the same is true for Xg. Let Z; := L?(Q) x L4(Q) x LUT)
and X; := Xy N Z;. By (5.2), the linear operator

T: Xo — Yy := L*(Q) x L*(T), (u, Au,d,u) — (u,tru)
is well-defined and bounded. By (5.1), the same holds for its restriction
T: X1 — Y :=L>*(Q) x L*().

Complex interpolation shows that T: [Xo, X1]p — [Yo, Y1]e is continuous for
all § € (0,1). To identify the interpolation spaces, recall from [32, Theorem
1.18.1] that complex interpolation of tuples of LP-spaces yields the tuple of
interpolated spaces in the sense of

[LPo(Q) x LI(T), LP* () x LT (T)]e
= [L7(9), L7 (@) x [L7(T) x L9 (D),
for all po,p1,qo,q1 € [1, 00]. Moreover, we have the equality [LP°(§2), LP* (Q2)]g

= LP(Q) (and a similar equality for T") for % = 1p;00 + 1% in the sense of

equivalent norms, see [32, Theorem 1.18.6/2]. From this, we obtain for all
0 € (0,1) the continuity of T': Xy N Zy — Yp, where

Zy = L*(Q) x LP(Q) x LP(T)
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and Yy := L#®)(Q) x L®)(T") with p and ¢(p) being defined by zl) =104 %

d(p—2
(552);, and the

and ﬁ = 150 For p € (2,d), the first equality yields § =
second equality gives

2 d-2

16 d—pP

Now the continuity of T': Xo N Zy — Yy shows that for all u € HZ/2 (Q) we
have

o(p)

lullo,g) + Il vl o) < C(llulloz + | Aulla, + 10ulir, ),

which proves the lemma for p € (2,d). For p > d the statement follows
directly from (5.1). O

We obtain the following corollary about the integrability of elements of
D(A).
Corollary 5.3. Letr > 2. Ifu € D(A)N(L"(Q) x L™(T")) and Au € L™ (Q) x
L7(), then w € L M(Q) x L' )(T) and Auy € L#)(Q).
Proof. By Theorem 4.1, we have for u € D(A)
(ﬂu)l = A(aA)uh
(Au)2 = =0, (aB)us + Yuz.

Thus, if u satisfies the assumption of this corollary, then aAu; solves the
inhomogeneous Neumann problem

A(aA)ul = (ﬂu)1 S LT(Q)
O (alA)uy = =7 H(Auw)y + f yuy € L7(T).
By Lemma 5.2, aAu; € L") yielding Au; € L (Q) as well. Since a €

D(A), we also know that d,u; = 0 and us = trug, so that u; solves the
homogeneous Neumann problem

Auy = Auy € LPM(Q)
dyur =0 € L¥(D).
Applying Lemma 5.2 once more, we obtain u; € L#’() (T) and ug = truy €
L?*((T) as claimed. O
We can now prove the main result of this section.

Theorem 5.4. Let u € D(A®). Then uy € C*(Q) for some o € (0,1).

Proof. Let w € D(A). Then Au; € Hi/z(Q) C HY(Q) and d,u; = 0 €
Le°(T). If d < 5, then, by Sobolev embedding (see [1, Theorem 4.12]), Au; €
L27(Q) and Lemma 5.1 yields u; € C%(€).

Now consider the case d > 6. In this case the Sobolev embedding yields
Auy € L%(Q) Setting 1 := (%) > 2, Lemma 5.2 implies

w = (ug,truy) € L™(Q) x L™(T).
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Thus, D(A) C L™ (Q) x L™ (T). Inductively, we obtain D(A*) C L"(Q) x
L™ (T), where r, = ¢*(rp—1) = ¢**71(2%). Indeed, assume this statement is
true for some k and let « € D(A**1). Then « € D(A*) C D(A) and Au €
D(AF). By induction hypothesis, «, Au € L™ () x L™ (T'), and Corollary
5.3 yields u € L ()(Q) x L )(T) = Lrs+1(Q) x L™+1(T) as well as
Auy € LU (Q).

From the structure of the map ¢ it is clear that (ry)xen is an increasing
sequence that tends to co. We thus find kg € N such that D(A%~1) C
LYQ)x LYUT). For u € D(A*), we have Au; € L9 (Q) and 8,u; € L=(T).
Thus, Lemma 5.1 implies u; € C%(Q2) as claimed. O

Remark 5.5. The proof of Theorem 5.4 actually shows that given the dimen-
sion d, there exists a number ky € N, depending only on d, such that for
u € D(A*) we have u; € C%(Q).

6. Spectral Decomposition and Asymptotic Behavior

In this section, we prove that we can find an orthonormal basis of # consisting
of eigenfunctions of A and study the long-time behavior of the semigroup .
We begin with the following lemma.

Lemma 6.1. The operator A has compact resolvent.

Proof. We have to show that the embedding D(A) C # is compact. By
Theorem 4.1, we know that the operator m: D(A) — H3/2(Q), u + u; is
well defined. We show that m is closed. For this, let w,, = (u},u), n € N,
be a sequence in D(A) with u,, — wg = (ul,uY) in D(A) and mu, — v
in H3/2(Q). Then u} — u in L*(Q) and also u} — v; in L?(2), which

shows v = u(f = mug. Thus 7 is closed and, by the closed graph theorem,

bounded.

Let (wn)nen be a bounded sequence in D(A). As m is bounded, the
sequence (u})nen is bounded in H3/%(Q) and therefore also in H'(2). By the
theorem of Rellich-Kondrachov (see [1, Theorem 6.3]), there exists a subse-
quence which converges in L*(Q). As tr: H(Q) — H?(I') is continuous
and H'/?(T") is compactly embedded into L?*(T) (see [16, Equation (2.17)]),
we have convergence of another subsequence of (truf),ey in L?(T). From
this and tru} = uf, we see that there exists a subsequence of (u,,),en which
converges in #. This shows the compactness of the embedding D(A) C #.

O

We now obtain the following spectral decomposition of our operator A.

Corollary 6.2. There exists an orthonormal basis (e )nen of #H consisting of
eigenfunctions of A, say Ae, = Anen, where the sequence A\, is increasing to
00. Moreover, as e, € D(A), it has a Holder continuous representative in
the sense that there exists a function e, € C*()) such that e, = (enlq,en|r).
Finally, the semigroup I can be represented as

o0
(6.1) T = e, en) g en

k=1
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From the representation (6.1) we can obtain information about the as-
ymptotic behavior in a standard way. For this, however, we need some addi-
tional information about the first eigenvalue, which we obtain by making use
of the following facts.

Remark 6.3. The first eigenvalue A\; of A can be obtained by minimizing the
Rayleigh quotient:

. a(u)
- m T2
aeD(a)\{0} ||u]|Z,
Moreover, the infimum is in fact a minimum and every minimizer is an eigen-
function for A;. Thus,

a(u) . (Auw,uw)z

= 3 = 1mn 3
aeD(a)\{0} ||lul|5, weDCON{0O} |u|%
Lemma 6.4. (i) If v = 0 almost everywhere, then Ay = 0 and ker(A) =
span{(1q, 1r)}.
(i) If v > 0 and v > 0 on a set of positive measure, then \y > 0 and we
have ker(A) = {0}.
(i) If [.vdS <0, then A1 <O0.

Proof. In cases (i) and (ii), a is accretive, so we have A\; > 0. Thus, whether
A1 =0or A; > 0 depends only on ker(.4).

(i) Suppose v = 0 almost everywhere. Then any constant function be-
longs to the kernel of A and hence A\1(A) = 0. Let us prove that any element
of ker(A) is necessarily constant. To that end, let « € ker(A) C D(A) C
D(a). Then

0= (Au,u), =a(u,u)= / alAuy|?da.
Q

It follows that a|Awui|? = 0 and hence, since a(x) > 7, Au; = 0. As, more-
over, d,u; = 0, we have u; € ker(Ay). But only constants lie in the kernel of
the Neumann Laplacian. Indeed, the Neumann Laplacian is associated to the
form ay (u,v) = (Vu, Vo), defined on H'(2). Arguing as above we find for
u € ker Ay that [|[Vul|3 = 0 and thus Vu = 0 so u is a constant. It follows
that uy (hence also ug = truy) is constant almost everywhere.

(ii) Now let v > 0, v # 0 and « € ker(A). As above we see that

0= (Au,u), =a(u,u)= / alAuy|?dz + / y|ug|*dsS.
Q r

But then each of these integrals has to be zero. Arguing as above shows that
up € ker(Ay) and hence u; = ¢ for some constant. But then ug = tru; = c.
As v #£ 0, we find some set P C T' of positive measure and ¢ > 0 such that
~v(x) > ¢ for every x € P. This implies

OZ/’)/C?dSZ€CQ|P|,
r

which, in turn, implies ¢ = 0.
(iii) Plugging (1o, 1r) € D(a) into the Rayleigh quotient, we obtain a
negative value as [.7dS < 0. Thus A\; < 0. O
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We can now characterize the asymptotic behavior of our semigroup.

Theorem 6.5. (i) Ify = 0 almost everywhere, then | T (t)f—fllz < e=*2|/f|l%
for all f € #, where

o= e ([ Ao+ [ 2as) oo,

and Ay > 0 is the second eigenvalue of A.

(i) If v > 0 and v > 0 on a set of positive measure, then |T (t)f|lg <
e~ M |f|lz holds for all f € #. Thus, in this case, the semigroup T is
exponentially stable.

(iii) If [pydS <0, then |7 (t)|| = e~ ™" — 00 as t — oo.

Proof. As for (i), observe that in this case f = e *!(f,e;)xe; in view of
Lemma 6.4. Thus (6.1) and Parseval’s identity yield

o0
17°()f = 1115 = Ze M em)ael® < D0 e (f endal* < €2 Il
k=2

This proves (i). In case (ii) we have A\; > 0 (see again Lemma 6.4), and (ii)
follows by a similar computation. (iii) follows by considering an eigenvalue
corresponding to the eigenvalue \Ap. O

7. Eventual Positivity

We have seen in Proposition 3.5 that the semigroup associated to the operator
A is never positive. This is hardly surprising, as this is the expected behav-
ior of semigroups generated by the Bi-Laplacian subject to ‘classical’ bound-
ary conditions. However, for some of these boundary conditions, like ‘slid-
ing’ boundary conditions or Dirichlet (in this context also called ‘clamped’)
boundary conditions on certain domains, the semigroup is, in a sense, eventu-
ally positive. As this behavior is also observed for other operators (including
the Dirichlet-to-Neumann operator), recently a systematic treatment of this
phenomenon was initiated, see [6-8].

In this section we will prove that in the case v = 0, the semigroup 7 is
eventually positive in the sense that there is some tg > 0 such that for every
f € # with f > 0 but f # 0 there exists an € > 0 such that 7 (t)f(z) > ¢
for all t > tg and (considering Theorem 5.4) all z € Q UT; in the language
of [6] it would be more precise to call this behavior uniform, eventual strong
positivity with respect to the quasi-interior point 1. The term ‘uniform’ refers
to the fact that the time ¢y, can be chosen independently of the function f.
In our situation this uniformity follows from the self-adjointness of A (cf. [6,
Corollary 3.5]).

The case where v > 0 but v # 0 is more involved. In this case the
function 1 does not satisfy the boundary condition and we have to replace
it with some other quasi-interior point, i.e. a strictly positive function. In
practice, if the first eigenfunction of the generator of the semigroup is positive,
one uses this function. In fact, for a semigroup to be (even individually)
eventually strongly positive, it is also necessary that the first eigenfunction is
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positive. However, for the Bi-Laplacian with Dirichlet (or clamped) boundary
conditions it is known that for some domains (see [30] for a survey) the first
eigenfunction changes sign.

As it turns out, Dirichlet boundary conditions appear as a limiting case
of our general boundary conditions. At the end of this section, we will prove
that we can deduce from this that also in our situation, it can happen that
the first eigenfunction of our operator A changes sign so that the semigroup
J is not eventually positive in any sense in this situation.

But let us start with v = 0.

Theorem 7.1. Let v = 0. Then the semigroup I 1s eventually positive in the
sense defined above.

Proof. We apply [6, Corollary 3.5] for the quasi-interior point 1 of #. Note
that, as a consequence of Lemma 6.4, we have Ay = 0 as v = 0 and the
corresponding eigenspace is spanned by 1 (thus condition (iii) of [6, Corollary
3.5] is satisfied). It remains to check the other hypotheses of [6, Corollary 3.5].
We first note that 7 is real as a consequence of Lemma 3.5. Furthermore the
operator A is self-adjoint due to the symmetry of the form (see Theorem
3.4). All that is left to show is that D(A°°) embeds into the ideal generated
by 1, i.e. L>°(Q) x L°°(T"). But this follows from Theorem 5.4. O

We now turn to the situation where v > 0. Let us first explain how
the Bi-Laplacian with Dirichlet boundary conditions can be obtained as a
limiting case. To that end, we consider a sequence (v, )nen in L°(T'; R) with
0 < 9n < Ynt1- We assume that there exists a sequence (g,) C (0, 00) with

Yn(x) > gp for almost all € T and such that g,, /" co. We now consider the
sequence a,,, defined by D(a,) := D(a) and

an(a, 0) := (Aug, Avy)g + (Yaue, v2)r.
Note that we have chosen o =1 and 3 = 1 here. Obviously, the sequence a,,
is increasing, in the sense that D(a,+1) C D(a,) and a,(«) < a,41(n) for
all n € N and « € D(a,41). We are thus in the situation of Barry Simon’s

monotone convergence theorem, see [29]. The limiting form a, is defined by
setting aoo () := sup,, ey 0p () for

u € D(ay) := { ﬂ D(ay,)

neN

sup a,(w) < oo}.
neN
In our concrete situation, it is easy to see that the limiting form is given by
Uoo (t, 0) = (Aug, Avy)q, defined on the domain

D(ax) ={u € #|us € D(AN),uz = tru; = 0}.

We point out that the limiting form is not densely defined (as D(ay) =
L?(Q) x {0}). Nevertheless, we obtain degenerate convergence of the associ-
ated operators in the strong resolvent sense (see Section 4 of [29]); here, for

the limiting form, we have to consider the resolvent of the associated operator
1L

on D(ax) and then extend this to # by setting it to 0 on D(as)
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Let us identify the operator associated to the limiting form on D(as,) =~
L2(Q). We put 6o (u,v) = (Au, Av)g for

u,v € D(Gso) := {u € D(AN)| A%u € L*(Q), tru = 0}.

As a consequence of Simon’s monotone convergence theorem, the form a.,
(thus also a.) is closed.

The next Lemma shows that the limiting operator is the Bi-Laplacian
subject to Dirichlet boundary conditions tru = 0 and d,u = 0 with maximal
domain.

Lemma 7.2. The associated operator to G.. is given by Ao = A2 on
D(Ay) = {u € D(AN)|A%u € L3(Q),tru = 0}.

Proof. Denote, for the moment, the operator associated to a,, by A, i.e.
u € D(A) and Au = f if and only if u € D(0) and G (u,v) = (f,v)q for
all v € D(ax). Thus, if u € D(A), by considering v € C¢°(Q) it immediately
follows that Au = A%u = f € L*(Q). Since tru = 0 for all u € D(as), We
have u € D(Awo).

For the converse inclusion, let u € D(Aw) € D(ds) and put f :=
A?u = Asu. Then Au € HR(Q) Thus for all v € D(ds) € D(Ay) we
obtain from Lemma 2.3

(fru)a = (A(Au),v)a = (Au, Av)g + (TN AU, tT V) g x gy = Goo (U, V)
as trv =0. O

Thus, we have proved that the operators A,, associated to a,, converge
in the strong resolvent sense to the Bi-Laplacian with Dirichlet boundary con-
ditions on L?(£2). As we have already mentioned, properties of the eigenspace
corresponding to the first eigenvalue of the latter operator depend heavily on
the geometry of :

If Q is a ball (or, in a sense, close enough to a ball), then the first
eigenfunction is positive. If 2 is a square, then the first eigenfunction changes
sign. It may also happen that the first eigenspace is two-dimensional, e.g. if
Q) is an annulus whose inner radius is small enough. For all of this, and more,
we refer the reader to [30] and the references therein.

We will now prove that the convergence of A, to A, (at least after
passing to a subsequence) entails convergence of the first eigenvalue and the
first eigenfunction. It follows that examples of Q2 where the first eigenfunction
of the Bi-Laplacian with Dirichlet boundary condition changes sign give rise
to examples of domains where the first eigenfunction of our operator also
changes sign and thus the associated semigroup is not eventually positive.

In what follows, we write A1 (A,,) for the first eigenvalue of the operator
A, Note, that this eigenvalue can be computed by minimizing the Rayleigh
quotient (see Remark 6.3). By the monotonicity of the forms a,, the first
eigenvalues are increasing. We will use these facts in the proof of the following

Theorem 7.3. For every n € N, let u, = (u},uy) be an eigenfunction of Ay,
for the first eigenvalue A1 (Ay,) with ||uy||lz = 1. Then there is a subsequence
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(which, for ease of notation, we index with n again) such that w, — u € ¥
for some u = (u1,u2) € D(as) and

A (An) = Ai(Aso) = aso(u),
i.e. uy is an eigenfunction of A for the eigenvalue A\i(As).

Proof. We have a,(u,) = A\ (A,) < A1(Ax). Thus, since v, > g, /" 00, we
have

||U2||12“ = <u2,u2>F < ;an[un] < ;AI(AM) — 0.

This proves that u§ = truf — 0 in L?(T"). Furthermore we have
[Aup|fE, = (Au, Aut)g < a(un) < Ai(As)-

As also |[ut||3 < |Jun|l# = 1, we can bound the H!(2)-Norm of u}. Indeed,

I sy = N + (T, Vg = [l — A, ul)g
1o 1. 3 1
<1+ AR + S lafl < 5 + 3A(As).

By the reflexivity of H'(Q), passing to a subsequence, we may (and shall)
assume that uf converges weakly in H'(Q) to some u; € H'(Q). As the
embedding of H(2) into L?(£2) is compact, u} — uy in L?(£2). Since (Au}),,
is bounded in L?(Q), passing to another subsequence, we obtain Au} — w
for some w € L%(Q). It follows that for ¢ € H(£2)

(w, LP>Q = n11—>r2<> (Auf, <P>Q = nh_{lgo (=Vu7, V‘P)Q = —(Vuy, VS")Q )

so that u; € D(Ay) and Auy = w. Thus, Au — Awug.

As the trace is continuous from H'(Q) to L?(T), it is also weakly con-
tinuous, so that tr uf — tru,. Since we know that tr ul = uy — 0, we must
have tru; = 0. Altogether, we have proved that « = (u1,0) € D(as) and u,
converges to « in #. As the norm is continuous, we find ||a||7 = 1.

Since the norm on L?(2) is weakly lower semicontinuous,

Mi(Ase) < aso(w) = [[Aur [y
< liminf [|Au |3
n—oo
n—

<liminf a,(u,) < A (Ax)-

Hence lim,, oo 05 () = limy, oo A1(An) = MAs) = aso(), proving the
claim. O

Combining what was done so far, we obtain

Corollary 7.4. Suppose that the domain ) is such that all eigenfunctions of
As for the first eigenvalue A\ (Ax) change sign. Then, there is some v > 0
such that the operator A on L*(Q)) x L*(T") with o = 3 = 1 is not eventually
positive.
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Proof. We consider the sequences a,,, A, as above and denote by w«,, a nor-
malized eigenfunction for A;(A,,). By Theorem 7.3, after passing to a subse-
quence, w, converges to a function of the form « = (u1,0), where u; is an
eigenfunction of A, for A\;(A) which, by assumption, changes sign. Given
a set S C 2, we have

(Ls,uf)a = (Ls,un)al < QY2 [luf —uillo — 0.

If we now consider sets of the form S = {u; > ¢} and S = {u; < —¢}, we
see that for large enough n also u} must change sign whence, for such n, the
semigroup generated by — A, cannot be eventually positive. O

Remark 7.5. A concrete example where the first eigenfunction of A, changes
sign is given by Q = [0, 1], see [4, Thm 1.1].
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