
Transverse ordering of an antiferromagnet in a field with oblique angle to the easy axis
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Motivated by the recent experimental observations@Phys. Rev. B57, R11 051~1998!# of transverse spin
ordering in FeBr2 induced by a magnetic field with oblique angle to the easy axis of the system, we performed
extensive Monte Carlo simulations of a classical anisotropic Heisenberg model. We have calculated the spe-
cific heat and the parallel and perpendicular components of the magnetization as well as the antiferromagnetic
order parameter and studied these quantities as a function of temperature. A tilted spin-flop phase is obtained
for certain parameter values. Many of the effects occurring in connection with this phase agree qualitatively
well with the experimental facts.
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I. INTRODUCTION

Among many other magnetic materials, so-calledmeta-
magnetsshow interesting phase transitions induced by
external magnetic field.1 Especially, the multicritical behav
ior in the field-temperature plane of the phase diagram is
subject of immense interest. In recent experiments2–4 the
metamagnet FeBr2 was studied. Cooling the sample in ze
field the well-known1 transition from the paramagnetic to th
antiferromagnetic state leading to a divergence of the spe
heat at the respective Ne´el temperature was observed. F
finite applied magnetic fields~along the crystallographicc
axis! the magnetic part of the specific heat of this syst
shows a peculiar shape. As the field increases, the spe
heat develops an anomalous peak~the structure containing a
broad noncritical anomaly atH2(T), and a sharp peak a
H1(T), whereH2,H1,Hc) at a temperature lower than th
corresponding critical temperature.4 This anomalous peak
may indicate an additional second phase transition bes
the usual transition from the paramagnetic~saturated!to the
antiferromagnetic phase. To identify the nature of a poss
third phase is the main goal of both theoretical5–7 and experi-
mental work.3,4

For a simple and qualitative understanding, Monte Ca
simulations have been performed for an Ising model.5 Con-
sidering the hexagonal lattice structure of FeBr2, ferromag-
netic intraplanar interaction and antiferromagnetic interp
nar interactions, it has been shown5 that the anomalous pea
of the specific heat@at H2(T)# can be reproduced with in
teraction parameters obtained from spin-wave analysis
neutron-scattering experiments.8 The ‘‘phase boundary’’ ob-
tained from Monte Carlo simulations agree qualitatively w
with the experimental one.5 It has been conjectured5 that the
anomaly line is the ‘‘border’’ between antiferromagnetic
low temperature and a ‘‘mixed phase,’’ where it was spe
lated that due to the positive axial field small clusters
positive spins in the negative sea may form a stable ph
The detailed characterization of this ‘‘intermediate phase’
missing in the literature.

However, the recent experimental observations4 of a
transverse spin ordering associated with a weak first-o
transition @at H1(T)# and a sharp peak of the specific he
cannot be explained by a simple Ising model. A model w
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transverse spin components is necessary. A disorder-o
transition of thems50 spin components probably due
off-diagonal exchange9 was conjectured.4 Motivated by this
conjecture, the so-called semiclassical Heisenberg mode
cluding off-diagonal exchange interactions has been stud
recently6 by Monte Carlo simulation. In this model, the axi
component of the spin vector is quantized~it can take values
21, 0, and11) while the planar component is a classic
vector that can rotate continuously in the transverse pla
One can consider this model to be a~de!coupled combination
of a S51 Ising model with a kind of classicalXYmodel and
consequently, with Ising-like anisotropy, one observes
ways two sharp peaks in the specific heat even at zero a
field ~surprisingly, also with ferromagnetic interaction an
no off-diagonal exchange interaction!.7 The appearance o
these two peaks at zero field is in contradiction to the exp
mental evidence of a critical end point on the anomaly line
nonzero axial field~see phase diagram of Ref. 4!. Also, th
sequence of the different orderings~planar and axial!with
temperature seems to be reversed6,7 as compared with the
experimental facts.4,11 The microscopic description of th
spin configuration in different phases has not been wor
out so far.

These shortcomings of the semiclassical model led u
search for a different approach. We found that a much s
pler model, namely a classical Heisenberg model can exp
some of the recent experimental facts. In our paper, we
port on our results from Monte Carlo simulations of an a
isotropic classical Heisenberg model in the presence o
magnetic field where the field may have an oblique angle
the easy axis of the system. We study the temperature va
tions of the specific heat, the transverse and axial magn
zations and antiferromagnetic order parameters and com
directly with experimental observations.4,11 We are espe-
cially interested in the nature~microscopic configuration! of
the phase in between the critical line and the so-ca
anomaly line of the phase diagram of FeBr2.2 Our results
show quite close resemblance to the recent experime
facts.4,11 The paper is organized as follows: in the next se
tion we present the model; in Sec. III the Monte Carlo sim
lation scheme is discussed; Sec. IV contains the simulatio
results, the comparison with experimental facts, and the
croscopic spin configuration in different phases is shown;
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paper ends with a summary and concluding remarks in S
V.

II. CLASSICAL ANISOTROPIC HEISENBERG MODEL

The classical, anisotropic Heisenberg model with comp
ing interactions in the presence of a magnetic field can
represented by the Hamiltonian

H52J(̂
i j &

SW i•SW j2J8 (
^ i j &8

SW i•SW j2D(
i

~Si
z!22HW •(

i
SW i ,

~2.1!

where SW i represents a classical spin vector of magnitu
unity at sitei of the lattice. This spin vector may point int
any direction in spin space continuously. For simplicity, w
have chosen a tetragonal lattice of linear sizeL. The ranges
of interactions are limited to the nearest neighbors o
where the first sum is over the intraplanar exchange inte
tions that are ferromagnetic (J.0) and the second sum i
over the interplanar exchange interactions that are antife
magnetic (J8,0). D is the uniaxial anisotropy constant fa
voring the spin to be aligned either parallel or antiparallel
the z axis andHW is the external, uniform magnetic field. W
use periodic boundary conditions in all directions.

We have performed Monte Carlo simulations for the s
tem described above where we used a system size oL
520. Measuring all energetical quantities in units of the f
romagnetical intraplanar interactionJ we set the antiferro-
magnetic interplanar interaction toJ8520.5J and the an-
isotropy toD50.3J. It should be noted here that very larg
values ofD will yield Ising-like behavior. In order to be able
to observe transverse ordering one has to choose lower
ues for the anisotropy. We have suitably chosen the par
eter values in such a way that the anisotropy is high eno
to yield a longitudinal antiferromagnetic phase at low ma
netic field and low enough to allow for reasonably lar
transverse spin components so that the qualitative beha
of the transverse components of magnetization and orde
rameter can be observed within the Monte Carlo meth
The specific choice of the parameter values was optimi
by trial and error. We are aware of the fact that our choice
parameters is not realistic compared to FeBr2. Especially, the
value ofD is much too low in our simulations. On the oth
hand, it is known that the exchange interaction takes pl
between a large number of spins, it is not restricted to
nearest neighbors only. The transverse ordering in exp
mental systems is much smaller compared with the long
dinal one @less than 1%~Ref. 11!#. These effects are to
small to be observed in a realistic, quantitative simulati
Hence, we restrict ourselves to a pure qualitative descrip
of certain effects that might be comparable to those fou
experimentally.

III. MONTE CARLO SIMULATION SCHEME

We performed extensive Monte Carlo simulations of t
system above using the following algorithm. At fixed tem
peratureT and fieldHW , we choose a lattice sitei randomly
and update the spin valueSW i to SW i8 ~randomly chosen on an
unit sphere!by using the Metropolis rate10
c.
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W~SW i→SW i8!5Min@1,exp~2DH/kBT!#,

whereDH is the change of energy due to the change of
direction of the spin vector fromSW i to SW i8 . We set the Bolt-
zmann constant tokB51. L3 such random updates of spin
is defined as one Monte Carlo step per site~MCSS!.

Starting from an initially random configuration~corre-
sponding to a high-temperature phase! we equilibriate the
system up to 43104 MCSS and calculate thermal averag
and fluctuations from further 43104 MCSS. Hence, the tota
length of the simulation for one fixed temperatureT is 8
3104 MCSS. We then decrease the temperature and use
last spin configuration obtained at the previous tempera
as the initial configuration for the new temperature. In th
way we simulate a cooling procedure that is closer to eq
librium compared to starting at each temperature with a r
dom spin configuration. The CPU time needed for 83104

MCSS is approximately 1 h on an IBM RS/6000-590 wor
station.

We have calculated the following quantities:
~1! Sublattice magnetization components for odd a

even labeled planes:

mo,e
q 5

2

L3 (
i P$e%,$o%

^Si
q&,

whereqP$x,y,z% and the sum is over all sites in either eve
or odd labeled planes.^•••& denotes an average over tim
~MCSS! ~assuming ergodicity and, hence, that an ensem
average and the time average yield the same results!.

~2! Longitudinal antiferromagnetic order parameter:

OAF
z 5

1

2
u~mo

z2me
z!u.

~3! Longitudinal ferromagnetic order parameter:

MF
z 5

1

2
~mo

z1me
z!.

~4! Transverse antiferromagnetic order parameter:

OAF
xy 5

1

2
A~mo

x2me
x!21~mo

y2me
y!2.

~5! Transverse ferromagnetic order parameter:

MF
xy5

1

2
A~mo

x1me
x!21~mo

y1me
y!2.

~6! Total energy per lattice site:

E5
1

L3
^H&.

~7! Specific heat per site:

C5L3dE2/~kBT2!,

where dE25^H2/L6&2^H/L3&2 are the fluctuations of the
energy.
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Note that the specific heatC can also be obtained from th
temperature derivative of the energydE/dT. Interestingly, it
turns out to be a criterion for equilibrium that the two de
nitions of C are identical during our simulations.

IV. NUMERICAL RESULTS

First, we show in Fig. 1 the temperature variation of t
longitudinal antiferromagnetic order parameterOAF

z , the
transverse antiferromagnetic order parameterOAF

xy , and the

magnetic specific heatC, at zero field,HW 50. Our results
indicate that at zero field only one transition is observ
from a paramagnetic to an antiferromagnetic state where
spins of odd and even planes are aligned alternate par
and antiparallel to thez axis @Fig. 1~a!#. The transverse ant
ferromagnetic and ferromagnetic order parameters rem
zero for all temperatures. Consequently, the tempera
variation of the specific heat@Fig. 1~b!# shows one single
peak at the Ne´el temperatureTN>1.28. This is also observe
in experiments as a well-known fact.3 It should be empha-
sized here that the semiclassical Heisenberg model
Ising-type anisotropy shows two peaks following from tw
transitions for zero field~see Fig. 1 of Ref. 7!, which is no
consistent with the experimental facts.

In an applied field parallel to the easy axis the~longitudi-

FIG. 1. Temperature variations of~a! longitudinal (OAF
z ) and

transverse (OAF
xy ) antiferromagnetic order parameter~solid line is

just connecting the data points! and ~b! specific heatC ~solid line

representsdE/dT). HW 50.
d
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nal! antiferromagnetic ordering is stable for fields up toHz
<0.64. The peak position of the specific heat shifts towa
lower temperature as one increases the axial fieldHz . This
result is also consistent with the experimen
observations.3,4

To compare with recent experimental observations,4 we
now apply a small transverse field (Hx50.1) in addition to
an axial field of Hz50.7. It should be noted that in rea
experiments4 the effect of a transverse field has been inc
porated just by tilting the sample by a certain angleu with
respect to the direction of the field. Figure 2~a! shows the
temperature variation of the magnetic specific heat meas
from both the fluctuations of the energy and the tempera
derivative of the energy. Both results agree reasonably w
and show two peaks in agreement with experimental fac4

The high-temperature peak is usually called4 the critical one
while the low-temperature sharp peak close to the br
anomalous maximum of the specific heat~not reproduced in
our simulations!is not yet explained. For a direct compar
son we refer the reader to see Fig. 2 of Ref. 4, keeping
mind that we show here simulation results for fixed field a
varied temperatures whereas the reverse is done in Ref.

The low-temperature sharp peak can be identified as
nature of a first-order phase transition while the hig
temperature peak seems to be associated with a second-
phase transition. This follows immediately from the tempe

FIG. 2. Temperature variations of~a! specific heatC ~the con-
tinuous line representsdE/dT) and ~b! total energyE, for Hz

50.7 andHx50.1.
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ture variation of the total energyE that is presented in Fig
2~b!. At low temperature there is a jump of the energy—
latent heat—which appears as a sharp peak in the spe
heat. To characterize the nature of this phase in the inter
diate temperature range~in between the two peaks of th
specific heat!we have studied also the temperature variat
of the longitudinal and transverse order parameters, res
tively.

Figure 3~a!shows the temperature variation of the long
tudinal antiferromagnetic order parameterOAF

z . The behav-
ior of OAF

z clearly indicates two phase transitions, one
higher temperature (T;1.0) that is continuous and a secon
one which is of first order~or discontinuous!at lower tem-
perature (T;0.78). The temperature variations of the long
tudinal ferromagnetic order parameter (Mz) and the trans-
verse antiferromagnetic order parameter (OAF

xy ) are shown in
Fig. 3~b!. The transverse antiferromagnetic spin ordering
evident in the intermediate range of temperature. This re
is very similar to recent experimental11 observations made b
neutron diffraction.

We conclude that during cooling from high temperatur
the system first orders continuously to a transverse antife
magnetic phase. The corresponding ordering temperatu
marked asTc . This transverse antiferromagnetic order i
creases as the temperature decreases and at lower tem
ture a second transition occurs where the transverse an
romagnetic order jumps to a lower value leading to a mai
longitudinal antiferromagnetic order. In other words, th
second transition corresponds to a discontinuous rotatio
the staggered magnetization vector from a mainly transv
direction to a mainly longitudinal one. It should be me
tioned here that the opposite scenario was observed in
semiclassical model with off-diagonal interaction studied
cently ~see Fig. 9 of Ref. 7!.

For a direct comparison with the earlier experiments,4 we
have calculated the magnetization components parallel (M i)
and perpendicular (M') to the total applied fieldHW 5Hxx̂

1Hzẑ from the longitudinal and transverse magnetizat
components. In experiments, the latter are termed asMax and
M pl , respectively. We have,u5tan21(Hx /Hz)'8.2°. In the
experiment4 this tilting angle was even larger~approximately
30°) but our choice for this angleu is restricted by the pa
rameter values used in the simulation.M i and M' can be
readily calculated just by applying a rotation of angleu,
which yields M i5MF

z cosu1MF
xysinu and M'52MF

z sinu
1MF

xycosu. The temperature variations ofM i and M' ob-
tained in this way are shown in Fig. 3~c!. The weak first-
order jump is evident and the data agree qualitatively w
the experimental diagram~see Fig. 3 of Ref. 4!. The trans
tion at higher temperature is indicated by a markerTc ,
where the slope ofM i ~i.e., dMi /dT) becomes maximal.

What will be the microscopic spin structure in all diffe
ent phases? The high-temperature phase is disordere
course with a paramagnetic response to the external fi
Hence, as the temperature decreases the longitudinal co
nent of total magnetization increases. AtTc , the transverse
antiferromagnetic order starts to develop and conseque
the longitudinal component of the total magnetization d
creases. The spin structure of this phase is sketched in F
~marked as TSF!. It is a spin-flop~SF! phase, slightly tilted
a
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along the positivex direction due to presence of the tran
verse field. We call it a tilted spin-flop phase~TSF!.

To understand this phase let us first recall the structure
a spin-flop phase. In a pure spin-flop phase~drawn and
marked as SF in Fig. 4!, one finds longitudinal ferromagneti
order and transverse antiferromagnetic order as follows fr
the x and z components of the spin vector which are al
shown. Lowering the temperature from a paramagne
phase, first the longitudinal magnetization will increase a

FIG. 3. Temperature variations of~a! longitudinal antiferromag-
netic order parameter (OAF

z ), ~b! longitudinal ferromagnetic (Mz)
and transverse antiferromagnetic (OAF

xy ) order parameter, and~c!
M i and M' as explained in the text. Solid lines in~a! and ~b! are
just connecting the data points.Hz50.7 andHx50.1.
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then will remain constant if the angle between two sp
remains constant or increases if the angle between two s
decreases. At the transition temperatureTc the slope
dMAF

z /dT will change rapidly. The longitudinal antiferro
magnetic order parameter remains zero since one has e
values of mo

z and me
z . One can characterize the spin-flo

phase by,MF
z Þ0, OAF

xy Þ0, OAF
z 50, and MF

xy50. It is
mainly a coexistence of axial ferromagnetic order and tra
verse antiferromagnetic order.

However, in the tilted spin-flop phase, i.e., in presence
a transverse field, the spins in one layer will be more align
along the positivex direction compared to the spins in th
neighboring layer~see TSF in Fig. 4!. This will increase th
angle between the two spins and as a result, the longitud
magnetization will start to decrease as one decreases the
perature. Almost the same effect can be observed in the
perature variation ofM i @see our Fig. 3~c!and, for compari-
son, also the experimental situation, Fig. 3 of Ref. 4!#. Due
to unequal values ofmo

z and me
z one obviously will find

nonzero values of the longitudinal antiferromagnetic or
parameter in the TSF phase@see Fig. 3~a!#. But nevertheles
the system is effectively ferromagnetically ordered since
signs of the values ofme

z andmo
z are the same even when th

absolute values are different so that the longitudinal anti
romagnetic order parameter is nonzero in this phase. S
the absolute values of the transverse magnetizations o
two different sublattices are different~although they are op
positely directed!, the transverse magnetization is nonz
This observation has also been made in experimen11

Hence, in the TSF phase it isMF
z Þ0, OAF

xy Þ0, OAF
z Þ0, and

MF
xyÞ0.
After a further decrease of temperature one will encoun

a phase with longitudinal antiferromagnetic~AF! order. The
transition from TSF to AF phase is of first order. This
consistent with the experimental observations.4,11 The weak
jumps ofM i andM' @see our Fig. 3~c!and, for comparison
with experiments, Fig. 3 of Ref. 4# is a signature of a dis
continuous transition from a tilted spin-flop phase to a lo
gitudinal antiferromagnetic phase. In a pure longitudinal
tiferromagnetic phase,MF

z 50, OAF
xy 50, OAF

z Þ0, andMF
xy

50. Strictly speaking, due to the application of a smallHx

one will have very small but nonzero value ofMF
xy .

In addition, we have also studied the temperature va

FIG. 4. Schematic representation of an antiferromagnetic~AF!
phase, a spin-flop~SF! phase, and a tilted spin-flop~TSF! phase.
Each vector may represent the magnetization of one plane o
system.
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tion of the transverse antiferromagnetic susceptibility (xAF
xy

5L3@(dOAF
xy )2#/kBT) shown in Fig. 5. The two transitions

i.e., at high temperature from saturated paramagnetic to ti
spin-flop and at low temperature from a tilted spin-flop
longitudinal antiferromagnetic phase, are evident from
figure.

V. SUMMARY

Motivated by recent experimental observations4 in the
metamagnet FeBr2, we have studied a classical anisotrop
Heisenberg model with a ferromagnetic intraplanar inter
tion and an antiferromagnetic interplanar interaction
Monte Carlo simulations. We focused on the temperat
variations of the magnetic specific heat, longitudinal, a
transverse order parameters~both ferromagnetic and antifer
romagnetic!andM i andM' , where the system is in a mag
netic field tilted with respect to the easy axis of the syste

Transverse spin ordering and a weak first-order transi
~additional to the well-known antiferromagnetic transitio!
associated with a very sharp peak of the magnetic spe
heat at low temperature are observed in agreement
experiments.4,11 The high-temperature phase transition
identified as a continuous transition from a paramagn
phase to a tilted spin-flop phase while the low-temperat
transition is discontinuous and from tilted spin-flop phase
a longitudinal antiferromagnetic phase.

None of the models studied so far theoretically can p
vide a reasonably good explanation for all experimental fa
observed in the FeBr2 metamagnet at the same time. Mon
Carlo calculations in an Ising model5 on a hexagonal lattice
with realistic interaction parameters can reproduce the br
anomalous maximum of the specific heat atH2(T). This
anomaly is not reproduced within our simulations. It w
shown5–7 that this anomaly is due to a strong Ising charac
of FeBr2 and it is due to the fact that one needs a lar
number of interlayer interaction neighbors.

On the other hand, recent experimental observations
transverse ordering4 cannot be explained by an Ising mode5

The semiclassical Heisenberg model with off-diagon
interaction6,7 contains the anomaly of the specific heat

he
FIG. 5. Temperature variation of the transverse antiferrom

netic susceptibility (xAF
xy ) for Hx50.1 andHz50.7. The solid line is

just connecting the data points.
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well as the sharp peak additional to the usual transition. B
the sequence of different ordering seems to be in contrad
tion with recent neutron-diffraction results.11 Most impor-
tantly, it gives two transitions~associated with two peaks o
the specific heat!even in zero field. However, very
probably,3,4 the phase lineH1(T) ends up at a critical end
point at nonzero field. On the other hand, our much simp
approach, with a classical anisotropic Heisenberg model,
explain some of the recent experimental facts4,11 and it can
also provide a microscopic description of the different orde
ing. To find a model that can explain the entire phase d
gram of the FeBr2 is, in our opinion, still an open problem.
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