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Abstract
The quest for greater control of the elementary excitations in solids has taken a surprising and exciting direction with the discovery of graphene. Graphene is a single layer of
carbon atoms that has been isolated for the first time from graphite, a stratified material where the layers are held together by weaker interaction than the in-plane bonds.
Since then many other layered compounds have been considered and their single sheets
have been isolated and studied. The family of these so called two-dimensional (2D)
materials show a wide spectrum of behaviors. While graphene is a semimetal and
has excellent transport properties, other members may be metals, semiconductors or
insulators. An advantage of 2D materials is that the single layers can be stacked in
so called van der Waals heterostructures. This allows to combine their features to
produce devices with novel functionalities. In van der Waals heterostructures each
layer can also be rotated by an arbitrary angle. The interaction with nearby layers
is modified by the twist, which often leads to important consequences on the overall
behavior of the device.
In this thesis we will focus on two classes of 2D materials, graphene, which we
have already mentioned, and monolayer transition metal dichalcogenides (TMDCs).
Monolayer TMDCs are semiconductors with direct band gap and strong intrinsic spinorbit coupling (SOC). It means that the states in the bands of the TMDC have different
energies depending on spin and momentum. In comparison, graphene has negligible
intrinsic SOC, indicating that spin states can move in graphene without precessing for
longer distances. Experiments have shown that spin currents in graphene can diffuse
up to micrometers in length, making graphene a candidate material for spintronic
applications. However, spintronics also requires the possibility to manipulate the spin
states in order to elaborate the information that is carried by spin. Among other ideas,
it has been suggested that the proximity effect of monolayer TMDC could induce a
larger SOC in graphene to solve this problem. Theoretical and experimental studies
of graphene-TMDC heterostructures suggest that indeed the TMDC monolayer can
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enhance the SOC of graphene. Several other questions though remain open. The
heterostructure has been considered only for one or for a finite number of twist angles
between the layers. Therefore the full rotation-angle dependence of the induced SOC
is still unknown. Moreover, the methods used do not indicate what is the microscopic
mechanism that originates this induced SOC or how it is connected to the material
properties of the single layers.
Here we give a simple model of the graphene-TMDC heterobilayer and we compute
the tunneling processes between the layers. We fit the tunneling parameters to density
functional theory (DFT) calculations made at zero twist angle and then we are able
to compute the effective band structure for all other twist angles. With the help of
perturbation theory we obtain and effective Hamiltonian for the single graphene layer.
We find that there are two kinds of induced SOC, that we indicate as valley Zeeman
and Rashba-type. We also compute the analytic dependence of the two kinds of SOC
in terms of the twist angle and the material parameters of the TMDC. Finally we
show that both kinds of induced SOC depend significantly on the value of the twist
angle and on the position in energy of the Dirac point inside the TMDC band gap.
Another aspect of monolayer TMDCs that interests us is the opportunity to create
quantum dots (QDs) to use for quantum computation. Quantum computation deals
with the manipulation of quantum states to execute calculations that could outperform
the classical computers that we use nowadays. We analyze theoretically the behavior
of a double quantum dot (DQD) system created in these monolayer TMDC, filled
with only two electrons. We consider several scenarios, including different spin–orbit
splittings in the two QDs and including the case when the valley degeneracy is lifted
due to an insulating ferromagnetic substrate. We find that the low energy model is
formally identical to the Heisenberg exchange Hamiltonian, indicating that the TMDC
QD states may serve as qubit implementations.

Zusammenfassung
Graphen ist eine einzelne Schicht von Kohlenstoffatomen, die zum ersten Mal aus Graphit, einem geschichteten Material, bei dem die Schichten durch eine Wechselwirkung
zusammengehalten werden, die schwächer ist als die Bindungen in der Ebene, isoliert
wurde. Seitdem wurden einzelne Schichten vieler anderer Schichtverbindungen isoliert
und untersucht. Die Familie dieser sogenannten zweidimensionalen (2D) Materialien
zeigt ein breites Spektrum an Verhaltensweisen. Während Graphen ein Halbmetall ist
und ausgezeichnete Transporteigenschaften aufweist, können andere Mitglieder Metalle, Halbleiter oder Isolatoren sein. Ein Vorteil von 2D-Materialien besteht darin, dass
die einzelnen Schichten in sogenannten van-der-Waals-Heterostrukturen gestapelt werden können. Dies ermöglicht die Kombination ihrer Eigenschaften, um Bauelemente
mit neuen Funktionen zu produzieren. In van-der-Waals-Heterostrukturen kann jede
Schicht um einen beliebigen Winkel gedreht werden. Die Wechselwirkung mit benachbarten Schichten wird durch die Verdrehung verändert, was häufig bedeutende
Auswirkungen auf das Gesamtverhalten des Bauelements hat.
In dieser Arbeit konzentrieren wir uns auf zwei Klassen von 2D-Materialien, Graphen, das bereits erwähnt wurde, und Übergangsmetall-Dichalkogenid (TMDC) Monoschichten. Monoschicht-TMDCs sind Halbleiter mit direkter Bandlücke und starker intrinsischer Spin-Orbit-Kopplung (SOC). Das bedeutet, dass die Energien der
Zustände in den Bändern des TMDC von Spin und Impuls abhängen. Im Vergleich
dazu weist Graphen eine vernachlässigbare intrinsische SOC auf, was darauf hinweist,
dass sich Spinzustände in Graphen über längere Strecken bewegen können ohne zu
präzessieren. Experimente haben gezeigt, dass Spinströme in Graphen eine Länge in
der Größenordnung von Mikrometern erreichen können, was Graphen zu einem Kandidaten für spintronische Anwendungen macht. Die Spintronik erfordert jedoch auch die
Möglichkeit der Manipulation von Spinzuständen, um die durch den Spin übertragene
Information verarbeiten zu können. Es entwickelte sich die Idee, dass TMDC Monoschichten genutzt werden könnten, um die SOC in Graphen zu verstärken und das
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Problem damit zu lösen. Unter anderem wurde vermutet, dass der “Proximity-Effekt”
von Monoschicht-TMDC eine größere SOC in Graphen induzieren könnte. Theoretische und experimentelle Studien zu Graphen-TMDC-Heterostrukturen legen nahe,
dass die TMDC Monoschicht die SOC von Graphen erhöhen kann, während die anderen Eigenschaften unverändert bleiben. Einige andere Fragen bleiben jedoch offen.
Beispielsweise wurde sowohl in der Theorie als auch in Experimenten die Heterostruktur nur für einen oder für eine begrenzte Anzahl von Verdrehungswinkeln zwischen den
Schichten untersucht. Daher ist die volle Drehwinkelabhängigkeit der induzierten SOC
noch unbekannt. Darüber hinaus geben die verwendeten Methoden keinen Aufschluss
darüber, durch welchen mikroskopischen Mechanismus die induzierte SOC entsteht
oder wie sie mit den Materialeigenschaften der einzelnen Schichten zusammenhängt.
Hier präsentieren wir ein einfaches Modell der Graphen-TMDC-Heteroschicht und
berechnen die Tunnelprozesse zwischen den Schichten. Wir passen die Tunnelparameter an DFT-Berechnungen (Density Functional Theory) an, die für einen Verdrehungswinkel von Null durchgeführt wurden, und können dann die effektive Bandstruktur
für alle anderen Verdrehungswinkel berechnen. Mit Hilfe der Störungstheorie erhalten
wir einen effektiven Hamiltonian für die einzelne Graphenschicht. Wir stellen fest,
dass es zwei Arten von induzierter SOC gibt, die wir als Valley-Zeeman- und RashbaTyp bezeichnen. Wir berechnen auch die analytische Abhängigkeit der beiden SOC
Arten von dem Verdrehungswinkel und den Materialparametern des TMDC. Schlussendlich zeigen wir, dass beide Arten der induzierten SOC signifikant vom Wert des
Verdrehungswinkels und von der Energielage des Dirac-Punkts innerhalb der TMDCBandlücke abhängen.
Ein weiterer interessanter Aspekt von TMDC Monoschichten ist die Möglichkeit,
Quantenpunkte (QDs) für die Quantenberechnung herzustellen. Die Quantenberechnung befasst sich mit der Manipulation von Quantenzuständen, um Berechnungen
durchzuführen, die die heutigen klassischen Computer übertreffen. Wir analysieren
theoretisch das Verhalten eines mit zwei Elektronen gefüllten Doppelquantenpunkts
(DQD), der in einer TMDC-Monoschicht erzeugt wird. Wir betrachten verschiedene Szenarien, einschließlich unterschiedlicher Spin-Bahn-Aufspaltung in den beiden
QDs und der Aufhebung der Valley-Entartung aufgrund eines isolierenden ferromagnetischen Substrats. Wir stellen fest, dass das Niedrigenergiemodell formal mit dem
Heisenberg-Austausch-Hamilton Operator übereinstimmt, was darauf hinweist, dass
die TMDC-QD-Zustände als Qubit-Implementierungen dienen können.
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Abbreviations
2D

two-dimensional

TMDC(s)

transition metal dichalcogenide(s)

SOC

spin-orbit coupling

BZ

Brillouin zone

CB

conduction band

VB

valence band

DFT

density functional theory

TB

tight binding

vdW

van der Waals

HS(s)

heterostructure(s)

WAL

weak antilocalization

DOF

degree of freedom

QD(s)

quantum dot(s)

DQD

double quantum dot

CVD

chemical vapor deposition

LES

low energy subspace

TBL

twisted bilayer graphene

CNT

carbon nanotube
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Chapter 1

Introduction
The field of 2D materials is quickly expanding and every year it brings new exciting
properties and new compounds to study. The interest is in their fundamental aspects
as well as in the possible applications that they might offer. Moreover, there is a
parallel and large industrial effort to bring these novel and versatile materials into
commercial devices. The reason is that 2D materials offer unprecedented ways to
manipulate carriers within, whether they are electrons, holes, spins, excitons or other
quasi-particles. In this work we will focus on two of the earliest 2D materials to be isolated and studied experimentally, graphene [1–4] and transition metal dichalcogenides
(TMDCs) [5–8]. Therefore their main characteristics as isolated layers have been well
known for quite some time, but 2D materials can also be stacked one on top of each
other along the third dimension. They form so called van der Waals heterostructures
(vdW HS) [9] where the diverse materials can be interfaced with one another. The
groundbreaking situation here is that the whole material is a surface and its carriers
are always interacting with the surrounding layers, being influenced by them. In this
way properties can be transferred from one layer to another by the proximity effect.
Moreover, each layer could be rotated by an arbitrary angle, which allows to tune the
electronics properties of the material.
Induced spin-orbit coupling in graphene
Among other important properties, monolayer TMDCs posses a strong intrinsic spinorbit coupling (SOC) [10], i.e. spin-up and spin-down states have different energies
depending on their momentum. This comes from the heavy transition metal atoms
and from the broken inversion symmetry. Intrinsic SOC can be exploited to manipulate a current of electrons with well defined spin value [11, 12]. Graphene, on the other
1
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hand, has negligible SOC [13, 14], due to the light carbon atoms, but it has excellent
transport properties. Moreover, flakes of graphene are the cleanest samples among 2D
materials and they can be produced with very few defects. This leads to long ballistic
transport and spin diffusion lengths [15]. In other words, this means that information
encoded in a spin-current could very easily be transported in graphene, but not manipulated. It would then be very appealing to have the two aspects (transport and
manipulation) available in the same material.
Recent transport experiments in vdW HS with graphene deposited on monolayer
TMDC have demonstrated spin-related phenomena [16, 17] such as weak antilocalization (WAL) [18–24], Shubnikov-de Haas oscillations [19], spin lifetime anisotropy
[24–26], spin-Hall effect [27, 28] and Rashba-Edelstein effect [29]. The most probable
cause of these results is an enhanced spin-orbit coupling (SOC) in graphene, induced
by the strong intrinsic SOC of the nearby TMDC layer.
These experiments do not show, however, how the magnitude of these phenomena
change when a rotation is applied to one of the layers. In general the results refer to
one or a few devices, but the value of twist angle between graphene and monolayer
TMDC has not been reported. The layer alignment in a vdW HS has great influence
on the physical properties of the HS as prominently shown by recent results in twisted
bilayer graphene (TBG). When two layers of graphene are rotated by a “magic angle”
of 1.1◦ , the bilayer shows both a Mott insulting phase [30] and a superconducting
phase [31]. Although we do not expect this kind of correlated nature in grapheneTMDC HS, we predict that the induce SOC can be highly modulated by the twist
angle.
On the theory side, early simulations of these systems have shown that SOC can be
induced in graphene [18, 32–34]. These results are based on density functional theory
(DFT) studies and are reported as parameters fitted on the numerical results with
the help of model Hamiltonians that describe the possible types of induced SOC in
graphene [35]. Although precise, DFT calculations suffer from two main disadvantages
when treating vdW HS, namely they need a periodic structure and the number of
atoms in the unit cell should be small, otherwise they quickly become prohibitive.
Graphene and monolayer TMDCs instead are incommensurate and a primitive cell
that describe their heterostructure as periodic, to a good approximation, could contain
a diverging number of atoms (especially if a random twist angle is present between
the layers). This is why the DFT studies are only for aligned structures or for few
finite twist angles, as in the case of Refs. 36, 37. For these configurations a reasonably
small primitive cell could be identified, but not for other angles. At zero twist angle
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it is possible to identify more than one sufficiently small primitive cell, but when
calculations are performed for different cell sizes, certain parameters change in values
(while the effective graphene Hamiltonian remains the same) [18]. It is not clear yet
how the cell size affects the results, but it seems that a spin-independent band gap,
predicted at the Dirac point of graphene for smaller cells, fades away choosing larger
primitive cells.
In order to compare theory and experiments we need to know how the induced
SOC changes with the twist angle. A better theoretical approach than DFT in this
sense is through a tight-binding (TB) model, as it offer a simple way to treat the
interlayer tunneling even between incommensurate materials [38]. A few TB models
have been already put forward [39–41]. Among them only Ref. 41 treats all possible
twist angles, but their results differ from ours and we argue later what might be the
origin of this difference. Importantly, the methods used so far do not indicate what
is the microscopic mechanism that links the induced SOC strength to the material
properties has not yet been discussed.
Setting up a TB model of the graphene-TMDC heterobilayer we are able to explain
the origin and predict the interlayer twist angle dependence of the induced SOC (see
Chapter 3). We find that the induced SOC is of two different kinds, indicated as i)
valley Zeeman and ii) Rashba-like. We derive a compact analytic formula for both
valley Zeeman and Rashba SOC in terms of the TMDC band structure parameters
and interlayer tunneling matrix elements. These tunneling matrix elements depend
on few parameters that are independent of the twist angle between the layers. The
value of the tunneling parameters is estimated from existing DFT calculations at zero
twist angle [34]. To arrive to these results we make use of perturbation theory and
we introduce a band-to-band tunneling picture in order to select those TMDC bands
that are closer to the Dirac point. Both kinds of induced SOC depend significantly on
the value of the twist angle and on the position in energy of the Dirac point inside the
TMDC band gap. Provided that the energy of the Dirac point of graphene is close to
the TMDC conduction band, we expect a sharp increase of the induced SOC around
a twist angle of 18 degrees. Our approach makes the role of the intrinsic properties
of the substrate more apparent and, therefore, it might be used to screen potential
substrate materials for desired induced SOC properties in vdW HS.
Double quantum dot in monolayer TMDC
The idea to use quantum superposition and entanglement to simulate physical systems
and perform calculations, first proposed by Feynman [42], has condensed in the fields
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of Quantum Information and Quantum Computation [43]. The basic building block
is represented by the qubit, i.e. quantum bit, that ideally is a two-level system that
stores a single unit of the information we want to elaborate. Many different systems
have been proposed as possible qubit. We will focus on the Loss-DiVincenzo proposal
[44] that suggests to use a quantum dot, a device that can confine and address the
spin of an electron in a solid state system. Quantum dots in 2D materials have
attracted attention already in single [45] and bilayer graphene [46]. Graphene as well
as TMDCs have multiple extreme points in their low energy band dispersions. This
lends to the low energy states an additional discrete degree of freedom (DOF), called
valley, with orbital character. Moreover, the strong intrinsic SOC of TMDCs lifts the
spin degeneracy, leaving as low energy states two time-reversal-symmetric states with
couple spin and valley values, known as Kramers pairs.
Monolayer and few-layer TMDCs are semiconductors and they can host quantum
dots created with electrostatic gates. Another advantage of this materials is a low hyperfine interaction of the electron spin with the nuclear spin. This interaction can be
further reduced by purification [47] that leads to longer spin lifetimes. Recently several experimental works [48–52] have reported gate controlled confinement and even
the fabrication of double quantum dots [50, 52] in TMDCs. As shown by these experiments, the Coulomb interaction plays an important role in such confined structures.
While TMDC quantum dots in the non-interacting limit were considered early on [53],
the analysis of the effects of the Coulomb interaction is lacking. In Chapter 4 we show
our work that includes the first steps to address this question in TMDC double quantum dots (DQDs). We show that the emerging low energy theory between Kramers
pair is in some cases formally identical to the Heisenberg exchange interaction between spins. This interaction is of fundamental importance for spin-based Quantum
Information Processing and one of our main results is that the lowest Kramers pair
in TMDC DQDs can serve as a qubit. Moreover, motivated by recent theoretical
[54] and experimental progress [55, 56], we also consider the case of inhomogeneous
spin-orbit interactions in the two dots and when the valley degeneracy is lifted due to
an insulating ferromagnetic substrate.

1.1

Organization of the thesis

This thesis is organized as follows. In Chapter 2 we give a brief summary to the
theoretical background on Quantum Computation and 2D materials that leads to the
work of this thesis. We define the qubit and the concept of universal quantum gate, we

1.1. ORGANIZATION OF THE THESIS
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present the derivation of the effective Hamiltonian for the Loss-DiVincenzo quantum
computer and we report a few notion of graphene and monolayer TMDC Physics.
In Chapter 3 we present the study of a graphene-TMDC heterobilayer with arbitrary twist angle between the layers. We show how to compute the tunneling matrix
elements using a band-to-band picture and how we set up the bilayer Hamiltonian to
compute the induced SOC at the Dirac points of graphene. The results are discussed
extensively in relation to other experimental and theoretical works in the literature.
In Chapter 4 we consider a DQD created in monolayer TMDC and filled with only
two electrons. Using quasidegenerate perturbation theory we than compute the low
energy subspace (LES) of the DQD when there is only one electron in each quantum
dot and we show how the exchange interaction is affected by the splitting of the spin
state due to the SOC of monolayer TMDC.
Finally, in Chapter 5 we give a summary commenting the results that have been
presented and we also discuss the future steps along which this work might continue.
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Chapter 2

Theoretical background
2.1

Quantum Computation

A few notions of Quantum Computation are necessary to understand the purpose and
the achievements of this Thesis. Quantum Computation deals with the manipulation
of information using the properties of Quantum Mechanics in order to execute calculations. It also studies how the performance compares with classical computational
theory [43].

Qubit
The basic unit of information in Quantum Computation is called a qubit, which is a
superposition of two quantum states, one identified as |0i and the other as |1i. The

best physical implementation for such qubit would then be a two-level system, like
an electron spin, the polarization of a photon or the direction of the supercurrent of
a superconducting circuit. Once the qubit is measured with a specific device, it is
converted to a classical bit given by the measurement outcome (either 0 or 1). In real
systems this is only an approximation because the two level system is always coupled
with other degrees of freedom (like the environment), or it is a subset of a system with
larger number of levels.
For a generic qubit like |ψi = α |0i + β |1i, α, β ∈ C, the norm is always 1 and the

global complex phase can be ignored. Using these two properties, every qubit can be
parametrized by two real numbers. Traditionally this parametrization is given by
|ψi = cos

θ
θ
|0i + sin eiφ |1i ,
2
2
7

(2.1)
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√
Figure√2.1: Representation of the states |0i, |1i, |±i = (|0i ± |1i)/ 2, |±ii = (|0i ±
i |1i)/ 2 and the generic state |ψi, with polar angle θ and azimuthal angle φ, on the
Bloch sphere.
with θ ∈ [0, π] and φ ∈ [0, 2π]. These states can be visually associated with the points

of a sphere having polar angle θ and azimuthal angle φ. This is the so called Bloch
sphere (see Fig. 2.1).
Computation
To perform calculations using qubits we need to implement unitary evolutions on a
set of physical systems that represent these qubits. It can be shown [57] that this any
arbitrary unitary acting on n qubits can be decomposed into a sequence of single-qubit
and 2-qubit evolutions. Similarly to the gate array model of classical computation, a
“quantum gate array” model has been introduced by Deutsch [58] where each quantum
gate performs an elementary evolution. When a single quantum gate or a finite set of
quantum gates is sufficient to encode any arbitrary unitary evolution on any number
of qubits, we call that gate or set universal 1 . An important and interesting result is
that almost any 2-qubit gate is universal [59–62]. The traditional decomposition of
unitary operators [57] relies on the use of the cnot 2-qubit gate. The cnot or xor
gate acts on one of the qubits as a logical not depending on the value of the other
1

Sometimes, for a set of gates to be called universal, it is sufficient that the unitary evolution is
approximated to arbitrary precision (but only with a polynomial cost of resources).
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qubit. In symbols we have Uxor |x, yi = |x, x ⊕ yi, where ⊕ is the sign of the logical
exclusive or. Single-qubit operations can then be used to transform and combine the
cnot gates into other gates that acts on two or more qubits. The action of a singlequbit gate is equivalent to a rotation of the Bloch sphere. To perform an arbitrary
rotation is therefore only necessary to have two operations that can rotate the Bloch
sphere around two different axes. Then it is sufficient to decomposed the single-qubit
gate in terms of those two axes or those two operations. To express a single-qubit
gate it is also very common to expand the corresponding 2 × 2 Hamiltonian in terms
of the Pauli matrices,
σx =

0 1
1 0

!
,

σy =

!
0 −i
i

0

,

σz =

1

0

!

0 −1

.

(2.2)

Loss-DiVincenzo quantum computer
In 1998, Loss and DiVincenzo have put forward one of the earliest proposals for
quantum computing in solid-state systems [44]. The idea is to use a quantum dot
(QD), a solid-state device that can confine a variable number of electrons (or holes)
in a zero-dimensional structure. Experiments have shown that is possible to reach
the single-electron regime in a QD and the spin of this electron can be accessed
and manipulated [63]. Moreover, the electrons contained in two or more neighboring
QDs can interact and evolve unitarily in time [64]. The Loss-DiVincenzo quantum
computer uses the spin of a single electron in a QD as the qubit implementation and
the interaction of two adjacent QDs to perform a CNOT gate.
We introduce here a minimal model Hamiltonian to describe the Hubbard physics
of an interacting double quantum dot (DQD). In a second quantization formalism
[65], the creation and annihilation operators for an electron in QD j with spin σ are
indicated by c†jσ and cjσ respectively, where j = L, R for the left or right QD and σ =↑
, ↓ for spin up and spin down. For the moment, we are assuming a single orbital state
in both of the QDs. The Hamiltonian is composed of three parts, H = HU + Hε + Ht .

We see that HU is the on-site Coulomb repulsion between two or more electron in the
same QD,
HU =

U X
nj (nj − 1),
2

(2.3)

j=L,R

where U > 0 is the positive charging energy of the dot and nj =

†
σ cjσ cjσ

P

is the

number operator of QD j. The energy difference ε between the dots is given by the
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detuning term Hε ,

ε
Hε = (nL − nR ).
2

(2.4)

Finally, the two QDs may interact if the electron wavefunctions of one dot overlap
with those of the other. When this happens, we pass from a charge configuration
(nL , nR ) to another like (nL + m, nR − m), where m electron have tunneled from the
right QD to the left QD, or vice versa. The tunneling term preserved the spin DOF,
Ht =

X

(tc†Rσ cLσ + h.c.),

(2.5)

σ

and we may consider the tunneling coefficient t as a complex number.
When only two electrons are inside the DQD we have 4 possible states for the
charge configuration (1, 1) (accounting for all possible spin configurations), but only
one state for (2, 0) or (0, 2), because when two electron are in the same QD the Pauli
exclusion principle allows only the spin-singlet state, |Si = 2−1/2 (|↑, ↓i−|↓, ↑i). In the

condition when the tunneling is weak with respect to the charging energy of the dot,

formally |t|  |U ± ε|, we see that the favorite ground state charge configuration is

(1, 1). Nevertheless, (1, 1) states can still interact with (2, 0) or (0, 2) states by virtual

tunneling, but the only spin configuration that is allowed to tunnel is indeed the spinsinglet. Then we expect the (1, 1) spin-singlet to have different energy with respect
to the triplet states and the effective Hamiltonian to be proportional to the projector
on the singlet, Heff ∝ Pas = |Si hS|. Following a standard quantum mechanical
calculation we can write Pas , the projector on the antisymmetric (1, 1) subspace, as

Pas = −S L · S R + 1/4. Here S j is the vector of spin-1/2 operators, (Sjx , Sjy , Sjz ),

which in turns are half of the standard Pauli matrices defined in Eq. (2.2), Sji = σji /2,

with i = x, y, z, (~ = 1). The constant term in Pas leads to a constant global phase
in the evolution, which we are going to drop because it is irrelevant. To be more
quantitative, we use the Schrieffer-Wolff transformation [66–68] and we arrive to the
low energy effective Hamiltonian
Heff = −JPas ≡ JS L · S R ,

J=

4|t|2 U
,
U 2 − ε2

(2.6)

which is the operator of the Heisenberg exchange interaction.
Control of the interaction between the two QDs is fundamental to let the spin state
evolve unitarily for a precise amount of time until the desired final state is achieved.
The coupling constant J is therefore a function of time J = J(t0 ) and the control
is usually over the tunneling barrier between the two dots (t = t(t0 )) or over the
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detuning (ε = ε(t0 )) [64]. The unitary evolution is then [69]
U (φ) = e−i

R t0
0

dt00 Heff (t00 )

= eiPas

R t0
0

dt00 J(t00 )

= eiφPas = 1 + (eiφ − 1)Pas ,
where φ =

R t0
0

(2.7)
(2.8)

dt00 J(t00 ) and where we have used the idempotent property of projectors,

2 = P
Pas
as to expand the exponential. Writing explicitly the unitary operator on the

(1, 1) spin configurations (|↑, ↑i, |↑, ↓i, |↓, ↑i, |↓, ↓i) we have

1
0
0

iφ
0 (1 + e )/2 (1 − eiφ )/2
U (φ) = 
0 (1 − eiφ )/2 (1 + eiφ )/2

0
0
0


0

0
.
0

1

(2.9)

To understand the meaning of this evolution it is sufficient to notice that for an
interaction time that leads to φ = π we have a swap gate, U (π) = Uswap . This gate
swaps the states of the QDs, i.e. Uswap |x, yi = |y, xi, but since it preserves the total

angular momentum it is not an entangling gate and therefore not enough for quantum
computation. Loss and DiVincenzo suggested to apply this same evolution, but only
√
for half of the time, in such a way to obtain a SWAP gate, U (φ = π/2) = U√SWAP ,
which is indeed a universal gate. To obtain a cnot gate one has to apply twice the
√
SWAP gate [44, 62],
Uxor = ei(π/2)SLz e−i(π/2)SRz U√SWAP eiπSLz U√SWAP .

2.2

(2.10)

2D Materials

The onset of 2D material research in Physics has been in 2004, with the first experimental study of graphene [1]. Other than graphene, which represents the ultimate
atomically thin slice of matter where all the atoms belong to the same plane, we call
2D materials those chemical compounds that are formed by a single monolayer. In
turns, this mean that only the bonds in the plane are covalent, while binding forces
between two different layers are van der Waals-like. The result is that, when the
2D material is not grown directly by, e.g., chemical vapor deposition (CVD), it can
be often found in a bulk form that can be exfoliated into monolayer and few-layer
samples. This definition is quite strict and in general a looser one is used where also
few-layers van der Waals heterostructures such as bilayers and trilayers of graphene,
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TMDC, etc. are called 2D materials.

2.2.1

Graphene

Graphene is an allotrope of carbon and it can be described as a single 2D layer of
carbon atoms covalently bond in a hexagonal lattice (see Fig. 2.2). When many
layers of graphene are bound together with the so called “Bernal stacking” order they
form the naturally occurring graphite. Graphene has been isolated from graphite
for the first time in 2004 using micromechanical cleavage (also known as the Scotch
tape technique) [1]. It has immediately shown remarkable properties, such as huge
electric density and electric and thermal conductance, Dirac-like conduction electrons
and an anomalous integer quantum Hall effect [1–3]. Being the first 2D material to
be discovered, it has started the research of other 2D materials and their possible
applications.
Structure, Brillouin zone and Dirac cones
The constituent carbon atoms have four available electrons in the valence shell. The
s, px and py orbitals hybridize in sp2 states and form the “core” σ-bonds that give the
hexagonal structure. Instead the remaining pz orbitals form the π-bonds responsible
for the conduction and valence band behavior. The hexagonal crystal structure is
composed of two triangular sublattices A and B with lattice constant aG = 2.46 Å.
In this work we choose
a1,2 = aG

√ !
1 3
± ,
2 2

(2.11)

as primitive lattice vectors and δ = acc (0, 1) as the shift of the B sublattice with respect
√
to A, where acc = aG / 3 = 1.42 Å is the carbon-carbon distance (see Fig. 2.2).
The primitive reciprocal lattice vectors, b1,2 , are given by the relation ai ·bj = 2πδij ,

where δij is the Kronecker delta. It follows from Eq. (2.11), that they are given by
b1,2 =

4π
√

aG 3

√

3 1
±
,
2 2

!
.

(2.12)

The Brillouin zone of graphene is therefore a hexagon and it is also depicted in Fig. 2.2.
A minimum but accurate model that describes the low energy Physics of graphene
can be derived using the tight-binding (TB) approximation [4, 70]. It considers only
one (pz ) orbital for each carbon atom and tunneling is allowed between one carbon
atom and the three nearest neighbors, with tunneling strength t ≈ 2.8 eV. This is the
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Figure 2.2: Left. Hexagonal lattice structure of graphene, the gray dots indicate the
positions of the carbon atoms and the arrows show the primitive lattice vectors, a1,2 ,
and the triangular sublattice shift, δ. Right. Hexagonal Brillouin zone of graphene
with primitive reciprocal lattice vectors, b1,2 , and highlighted corners where the Dirac
cones are found. The two inequivalent Dirac point are K (red corners) and −K (blue
corners).

model of the π-bonds and it describes the dispersion of two bands, conduction (CB)
and valence (VB). The minimum of CB and the maximum of VB are found at the
corners of the Brillouin zone,
Kτ = τ K =

4π
(τ, 0),
3aG

(2.13)

with τ = ±1. This points are also knows as Dirac points, the reason coming from
the form of the low energy Hamiltonian at those points. Expanding the two-band TB
model around τ K one obtains
hgr
τ K (k) = ~vF (τ kx σx + ky σy ) ,

(2.14)

where k = (kx , ky ), |k|  |K|, σx and σy are Pauli matrices for the sublattice pseu√
dospin (see Eq. (2.2)) and vF = 3 aG t/(2~) is the Fermi velocity of the electrons.
Conduction electrons in graphene behave according to Eq. (2.14) and they are therefore equivalent to Dirac electrons moving with constant velocity vF , independent from
their energy or momentum. The energy dispersion of Eq. (2.14) is E(k) = ±~vF |k|
and it generates a cone, called Dirac cone. Conduction and valence band cones touch
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aT (nm)

MoS2
0.315

MoSe2
0.329

WS2
0.315

WSe2
0.328

Table 2.1: TMDC lattice constants [10]

Figure 2.3: Left. Monolayer TMDC, 3D lattice structure from top. Right. Monolayer
TMDC, 3D lattice structure from side.
with their tips at τ K giving to graphene its semimetallic behavior.

2.2.2

Monolayer Transition Metal Dichalcogenides (TMDC)

Monolayer TMDCs are 2D semiconductors with chemical formula MX2 , where M is a
metal atom (Mo or W) and X is a chalcogen atom (S or Se). They possess the same
hexagonal structure as graphene. The primitive lattice vectors, reciprocal primitive
lattice vector and corners of the BZ are the same as those defined for graphene in
Eqs. (2.11), (2.12), (2.13) and depicted in Fig. 2.2, the only change being the different lattice constant, aG → aT . TMDCs have larger lattice constants than graphene

and, therefore, smaller BZs. Values adopted for the lattice constant aT are listed in

Table 2.1. The A triangular sublattice is occupied by metal atoms, while the B triangular sublattice is occupied by two chalcogen atoms. The chalcogen atoms are not in
the same plane as the metal atoms. They form two other parallel layers, shifted above
and below by ±dX–X /2, where dX–X is the chalcogen-chalcogen distance (see Fig. 2.3).
Interest in exfoliated TMDC has started with the discovery of increased photolu-

minescence from bulk or few-layer TMDC to monolayer [5, 6]. The accepted inter-
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pretation of this phenomenon is that the indirect gap in the band structure of bulk
TMDC becomes a direct gap in monolayer TMDC. The gap is in the order of 1.5 ÷ 2.0

eV, in the visible frequency, and can therefore be addressed with laser light. Closer
study of the photoluminescence spectrum has also revealed the presence of strongly

bound excitons [71, 72] a many-body excitation formed by an electron-hole pair created in the absorption process of a photon with the band gap frequency [73, 74]. In
bulk, the Coulomb potential that attracts the electron and the hole is weak due to
the dielectric screening of the material and electron-hole pairs quickly recombine, but
in monolayer semiconductors such as TMDCs the screening is lower and the excitons
have more energy and are longer lived.
The minimum of CB and the maximum of VB of monolayer TMDCs are both at
the corners of the BZ. Similarly to graphene it means that the low energy states of
monolayer TMDCs are characterized by an additional DOF called valley [75]. In a
shared theoretical effort, the band structure of monolayer TMDC has been understood
to a very high degree using a combination of k · p-theory [76] and DFT calculations

[10, 53, 75, 77, 78]. The low energy states of monolayer TMDC are mainly formed by
d-orbitals coming from the metal atoms, but for a finite fraction also the chalcogen
p-orbitals contribute. A low energy effective Hamiltonian at the τ K point (in absence
of external magnetic field) is given by
htmdc
τ K (k) = aT t(τ kx σx + ky σy ) +

EG
1 − σx
1 + σx
σz + ∆0,v τ sz
+ ∆0,c τ sz
,
2
2
2

(2.15)

where t is the effective hopping integral, σi are the Pauli matrices associated with
the sublattice pseudospin, si are the Pauli matrices associated with spin and EG is
the band gap. The conduction and the valence band are spin-splitted by the timereversal-symmetric term τ sz and the spin-splitting values ∆0,c and ∆0,v for CB and
VB respectively.
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Chapter 3

Induced SOC in graphene
All results presented in this Chapter have been published in A. David, P. Rakyta, A.
Kormányos, and G. Burkard, Phys. Rev. B 100, 085412 (2019) [79].

3.1

Graphene-TMDC heterostructures

We consider a heterobilayer van der Waals structure formed by graphene deposited
on top of monolayer TMDC. The graphene layer is separated by d⊥ from the topmost TMDC chalcogen layer (see Fig. 3.1). Because of the lattice constant difference
between graphene and the TMDC they do not form a commensurate structure. In
general, the graphene lattice vectors can be rotated by angle θ with respect to the
TMDC lattice vectors and the A sublattice of graphene may be shifted horizontally
with respect to the A sublattice of the TMDC by vector r 0 . (The vector r 0 is contained in the first (rotated) unit cell of graphene.) In the rest of the paper, we use
the following notations: primed quantities are related to the TMDC and every vector
r that is rotated by an angle θ with respect to its original definition is indicated by
r θ = R(θ)r, where R is the rotation operator around the z-axis. The sublattice sites
are found at the positions RθX = n1 aθ1 + n2 aθ2 + τ θX + r 0 , RX 0 = n01 a01 + n02 a02 + τ X 0 ,
where X = A, B and X 0 = A0 , B 0 refer to the graphene and TMDC sublattice, respectively. Here, a1,2 (a01,2 ) are the primitive lattice vectors of graphene (TMDC) and τ X
(τ X 0 ) indicates the position of sublattice X (X 0 ) in the unit cell. See Sec. 3.1.1 for
the explicit definitions used in this work.
17
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Figure 3.1: 3D view of graphene on top of monolayer TMDC. Here θ is the twist
angle between graphene and the TMDC layer, while d⊥ is the perpendicular distance
between graphene and the upper (closest) chalcogen layer of the TMDC.

19

3.2. INTERLAYER TUNNELING

3.1.1

Definitions of lattice vectors

√
The primitive vectors for the hexagonal lattice are a1,2 = a(±1/2, 3/2) with lattice
constant a = aG (a = aT ) for graphene (TMDC). The B sublattice is shifted by
√
δ = a/ 3(0, 1). The primitive reciprocal lattice vectors b1,2 follow the relation ai ·

bj = 2πδij , where δij is the Kronecker delta, and are explicitly given by b1,2 =
√
√
4π/a 3(± 3/2, 1/2). In the heterobilayer studied in this paper, graphene is on top
of the TMDC layer, separated from the topmost TMDC chalcogen layer by d⊥ (see
Fig. 3.1). The positions of the atoms in the unit cell are given by τ X for graphene and

by τ X 0 for the TMDC, with X = A, B and X 0 = A0 , B10 , B20 , where B10 (B20 ) indicates
the upper (lower) chalcogen atom site. We fix the origin of our coordinate system
above a metal atom in the TMDC, but in the same plane as the upper chalcogen
layer,
τ A = d⊥ êz ,
τ A0 = −

dX–X
êz ,
2

τ B = δ + d⊥ êz ,

τ B0 = δ0,
1

(3.1)

τ B 0 = δ 0 − dX–X êz ,
2

with dX–X the TMDC chalcogen-chalcogen distance.

3.2

Interlayer tunneling

Looking at the ab initio calculations of Ref. 18, 34, the Dirac point of graphene is
located inside the TMDC band gap and its linear dispersion is mostly unaffected.
However, modifications of the graphene bands very close to the Dirac point indicate
spin-orbit splittings and possibly the presence of a spin-independent band gap opening
as well. We will use perturbation theory to give a microscopic description of the
induced spin-splitting of the graphene bands.
The total Hamiltonian has three parts, describing the isolated eigenstates of graphene
and TMDC and the interlayer tunneling respectively, Htot = Hgr + Htmdc + HT . The
theory for interlayer interactions in incommensurate atomic layers[38] gives a compact analytic form, in momentum space, for the interlayer tunneling matrix elements
UXX 0 (k, k0 ) =

gr hX, k

θ

| HT |X 0 , k0 itmdc between unperturbed graphene and TMDC

states. Here, X and X 0 run over the sublattice indices and, in general, also over all
the atomic orbitals located on the same sublattice site. If there is only one atomic
P
θ
θ
orbital per lattice site, the Bloch states read |X, kθ igr = N −1/2 Rθ eik ·RX |RθX i
X
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and |X 0 , k0 itmdc = N 0−1/2
UXX 0 (k, k0 )

=

X

P

0

RX 0

eik ·RX 0 |RX 0 i and the theory gives[38, 80, 81]

δkθ +Gθ ,k0 +G0

G,G0

tX 0 (k0 + G0 ) × eiG

θ

·(τ θX +r 0 )−iG0 ·τ X 0

, (3.2)

where G, G0 are reciprocal lattice vectors of graphene and TMDC, respectively.
The term δkθ +Gθ ,k0 +G0 expresses quasi-momentum conservation. In the derivation
of Eq. (3.2) the Slater-Koster two-center approximation [82] has been used, whereby
hRθX | HT |RX 0 i = TXX 0 (RθX − RX 0 ) and the tunneling strength in momentum space,

tX 0 (q), is the Fourier transform of TXX 0 (R). As we consider only one pz orbital per

carbon atom and we adopt the Slater-Koster approximation, tX 0 (q) is insensitive to
the graphene sublattice index X (see Sec. 3.3).
Considering now the graphene on monolayer TMDC heterostructure, in real space
an electron from graphene may tunnel to any of the three layers of atoms of the
TMDC. However, the probability to reach the second or the third atomic layers of
the monolayer TMDC is exponentially suppressed with respect to reaching the first,
closest one. Therefore, to describe the tunneling we consider only the first (upper)
chalcogen layer that is closer to graphene. In contrast to graphene, monolayer TMDCs
have a rather complicated band structure. Since DFT calculations indicate that the
Dirac point of graphene is found inside the band gap of the TMDC, we expect that
the most important bands of the TMDC are those nearest in energy, namely the
conduction and the valence bands. These bands are mainly formed by metal atom d
orbitals, but the weights of chalcogen atom p orbitals are non-zero[10]. It follows that
the nearest chalcogen layer approximation for tunneling can be used in combination
with the band description of the TMDC. Accordingly, we need to extend the theory
of Ref. 38 to consider tunneling not from atomic orbital to atomic orbital but from
orbital to an energy band.
The state of an electron in band b of the TMDC, can be written as a linear
P
combination of single orbital Bloch states, |b, k0 itmdc = X 0 cbX 0 (k0 ) |X 0 , k0 itmdc . Here

the complex amplitudes cbX 0 (k0 ) are different for each band b. Since we assume that
the tunneling to the d orbitals is exponentially suppressed, this sum runs over the three
p orbitals of the nearest chalcogen layer and τ X 0 = τ B 0 when computing the interlayer
tunneling matrix. The formalism can be extended in a straightforward way to include
the tunneling to the metal atoms’ d orbitals as well, but this would lead to several more
parameters to fit. As we will show in Sec. 3.10, using the above approximation our
calculations are already in good qualitative agreement with previously known results.

3.3. SLATER-KOSTER TUNNELING COEFFICIENTS AND THEIR FOURIER TRANSFORM21
We introduce the interlayer tunneling matrix element between orbital X of graphene
and band b of the TMDC as UXb (k, k0 ) =

gr hX, k
0
0

θ

| HT |b, k0 itmdc . As a consequence,

tX 0 (k0 + G0 ) in Eq. (3.2) is replaced by tb (k + G ), the band tunneling strength,
tb (k0 + G0 ) =

X

cbX 0 (k0 ) tX 0 (k0 + G0 ).

(3.3)

X0

3.3

Slater-Koster tunneling coefficients and their Fourier
transform

We are interested in the tunneling between the pz orbitals of the carbon atoms in
graphene and the p orbitals of the closest TMDC chalcogen layer. Using the two-center
approximation, the real space tunneling matrix elements TXX 0 (R) can be written in
terms of Slater-Koster parameters [82],
Tpz ,pz (R) = n2z Vppσ (R) + (1 − n2z )Vppπ (R),
Tpz ,px (py ) (R) = nx (y) nz (Vppσ (R) − Vppπ (R)),

(3.4a)
(3.4b)

with R = |R| and (nx , ny , nz ) = R/R. Since X = A, B refers always to the pz orbitals

of the carbon atoms in graphene, there is no real dependence on X and we omit it in
the following, TXX 0 = TX 0 .

In cylindrical coordinates (r, ϕ, z) we have r = r cos ϕ êx + r sin ϕ êy , R = r + zêz ,
√
R = r2 + z 2 and
r cos ϕ
nx = √
,
r2 + z 2

r sin ϕ
ny = √
,
r2 + z 2

nz = √

r2

z
.
+ z2

We can separate the radial part from the angular part in Eqs. (3.4),

where

Tpz (r, ϕ, z) =fz (r, z),

(3.5a)

Tpx (r, ϕ, z) = cos ϕ fx (r, z),

(3.5b)

Tpy (r, ϕ, z) = sin ϕ fx (r, z),

(3.5c)

1 2
[z Vppσ (R) + r2 Vppπ (R)],
R2
rz
fx (r, z) = fy (r, z) = 2 [Vppσ (R) − Vppπ (R)].
R

(3.6)

fz (r, z) =

In Eqs. (3.5), we refer to the ϕ-dependent parts as aX 0 (ϕ), with az (ϕ) = 1, ax (ϕ) =
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cos ϕ and ay (ϕ) = sin ϕ. Hence, we can write TX 0 (r, ϕ, z) = aX 0 (ϕ)fX 0 (r, z). Then,
we take the Fourier trasform of Eqs. (3.4) [38],
Z
1
tX 0 (q) = √
TX 0 (r + zêz )e−iq·r d2 r,
SS 0 Z
Z π
∞
1
dϕ aX 0 (ϕ)e−iqr cos(ϕ−ϕq ) ,
dr rfX 0 (r, z)
=√
0
SS 0
−π

(3.7)
(3.8)

where q = (q cos ϕq , q sin ϕq ) and S (S 0 ) is the unit cell size of graphene (TMDC). The
integral over the angle can be solved using the Jacobi-Anger expansion [83, 84],
Z

π

dϕ e−iqr cos(ϕ−ϕq ) = 2πJ0 (qr),

(3.9a)

−π

Z

π

Z−ππ
−π

dϕ cos ϕ e−iqr cos(ϕ−ϕq ) = −2πiJ1 (qr) cos ϕq ,

(3.9b)

dϕ sin ϕ e−iqr cos(ϕ−ϕq ) = −2πiJ1 (qr) sin ϕq ,

(3.9c)

where Jm (x) is the m-th order Bessel function of the first kind. We see that the
angular dependence of the tunneling matrix elements is preserved when switching
from real space to momentum space. One may write
tX 0 (q, ϕq , z) = (−i)m aX 0 (ϕq )PX 0 (q, z),

(3.10)

where PX 0 (q, z) is real and equal to the integral of the radial part,
2π
PX 0 (q, z) = √
SS 0

∞

Z

dr rfX 0 (r, z)Jm (qr),

(3.11)

0

with m = 0 for X 0 = pz , while m = 1 for X 0 = px , py .
We define the tunneling strength from graphene to a band of the TMDC as
tb (k0 + G0 ) =

X

cbX 0 (k0 )tX 0 (k0 + G0 ),

(3.12)

X0

where k0 is a vector inside the first TMDC BZ, G0 is a reciprocal lattice vector of the
TMDC and cbX 0 (k0 ) is the amplitude of orbital X 0 in band b, the index X 0 runs over
the three p orbitals of the chalcogen atom. We derive here the form of Eq. (3.12) for
the points τ (k0j + G0j ) of Eq. (3.30), with G01 = b01 , G02 = b02 and G03 = −b01 − b02 .

Using the quasi-momentum conservation we have τ (k0j + G0j ) = τ (K θ + Gθj ) =: τ K θj ,
with G1 = 0, G2 = b2 and G3 = −b1 (see Fig. 3.2). We remark here that all vectors
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τ K θj have the same magnitude K. Renaming the in-plane integral as −Px (K, z1 ) ≡

−Py (K, z1 ) ≡ tk and the out-of-plane integral as Pz (K, z1 ) ≡ t⊥ , with z1 = d⊥ , we
have then

tb (τ K θj ) = i[cbx (τ k0j ) cos ϕτ K θ + cby (τ k0j ) sin ϕτ K θ ] tk + cbz (τ k0j ) t⊥ ,
j

j

(3.13)

where ϕτ K θ is the polar angle of τ K θj . One may write ϕτ K θ = ϕτ K j + θ with
j

j

ϕK 1 = ϕK = 0, ϕK 2 = 2π/3 and ϕK 3 = −2π/3, while ϕ−K j = ϕK j + π. We

treat tk and t⊥ as two real parameters to be determined from experiments, ab initio
calculations or tight binding models.

3.4

Symmetry of orbital amplitudes in a TMDC band

To define the tunneling strength in Eq. (3.12), we have expanded the state of an
electron in band b of the TMDC as a linear combination of single orbital Bloch states,
|b, k0 i =

X
X0

cbX 0 (k0 ) |X 0 , k0 i .

(3.14)

The properties of the coefficients cbX 0 (k0 ) therefore play an important role in the
form of the bilayer Hamiltonian, Eq. (3.32). These coefficients are constrained by
the TMDC lattice symmetry and the coordinate transformations of the orbitals and
of the Bloch states. We prove a useful relation focusing on cb,x (k0 ) and cb,y (k0 ), the
coefficients of orbitals px and py respectively. For the sake of clarity we indicate
|X 0 , k0 i ≡ |ψX 0 , k0 i, where we made the orbital wavefunction ψX 0 explicit, hr|ψX 0 i =

ψX 0 (r), with r = (x, y, z)T .

Consider two wavevectors k0 and R(α)k0 where R(α) is a rotation of the point
group of the TMDC crystal, i.e. α = ±2π/3. Following Ref. 85, we know that
|b, R(α)k0 i = R(α) |b, k0 i
X
=
cbX 0 (k0 )R(α) |ψX 0 , k0 i .

(3.15)

X0

For a single orbital Bloch state, |ψX 0 , k0 i, the transformation under rotation results
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in a rotation of the orbital wavefunction,
hr|R(α)|ψX 0 , k0 i = hR(−α)r|ψX 0 , k0 i
1 X ik0 ·RX 0
=√
e
ψX 0 (R(−α)r − RX 0 )
N0 R 0
X
1 X ik0 ·RX 0
e
ψX 0 (R(−α)(r − R(α)RX 0 ))
=√
N0 R 0
X
1 X ik0 ·R(−α)R
e 0
e X0 )
X (R(α)ψ 0 )(r − R
=√
e
X
0
N e

(3.16)
(3.17)
(3.18)
(3.19)

RX 0

1 X iR(α)k0 ·R
e 0
e X0 )
X (R(α)ψ 0 )(r − R
e
=√
X
N0 e

(3.20)

= hr|R(α)ψX 0 , R(α)k0 i ,

(3.21)

R(α) |ψX 0 , k0 i = |R(α)ψX 0 , R(α)k0 i .

(3.22)

RX 0

therefore

Due to the linear dependence of px (r) and py (r) on x and y respectively, we have the
following transformations for ψX 0 = px , py ,
(R(α)px )(r) = px (R(−α)r) = cos α px (r) + sin α py (r),
(R(α)py )(r) = py (R(−α)r) = − sin α px (r) + cos α py (r),

(3.23)

which is reflected then in the Bloch states,
|R(α)px , k0 i = cos α |px , k0 i + sin α |py , k0 i ,

|R(α)py , k0 i = − sin α |px , k0 i + cos α |py , k0 i .

(3.24)

Finally, multiplying the left and the right hand side of Eq. (3.15) by hψXe 0 , R(α)k0 |
and using the orthogonality between px and py orbitals, we obtain
cb,x (R(α)k0 ) = cos α cb,x (k0 ) − sin α cb,y (k0 ),
cb,y (R(α)k0 ) = sin α cb,x (k0 ) + cos α cb,y (k0 ),

(3.25)

which can be written in short form as
cb (R(α)k0 ) = R(α)cb (k0 ),

(3.26)
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with cb (k0 ) = (cb,x (k0 ), cb,y (k0 ))T .

We need Eq. (3.26) to prove that the band tunneling strength in Eq. (3.13) has
the same value for all the three backfolded vectors τ k0j in Eq. (3.30). Eq. (3.13) can
be rewritten as
tb (τ K θj ) = cb (τ k0j ) · R(ϕτ K θ )t,
j

(3.27)

where t = (itk , 0, t⊥ ). Here we have included the pz coefficient cb,z (τ k0j ) in the vector
cb (τ k0j ) and the rotation operator R(ϕτ K θ ) is a 3 × 3 matrix rotating only the first
j

two components of t while leaving the third one unchanged. We show that tb (K θ2 ) =

tb (K θ1 ) and one can obtain similar results for K θ3 and for the opposite Dirac point
(τ = −). We remark that ϕK θ = ϕK θ + 2π/3. Then,
2

1

tb (K θ2 ) = cb (k02 ) · R(ϕK θ )t
2

= cb (R(2π/3)k01 ) · R(ϕK θ + 2π/3)t
1

(3.28)

= cb (k01 ) · R(ϕK θ )t = tb (K θ1 ),
1

where we have used Eq. (3.26). It follows that we need to compute the band tunneling
strength only for τ K θ1 = τ K θ . Since ϕK θ = θ and ϕ−K θ = θ + π, we can write
Eq. (3.13) as
tb (τ K θ ) = iτ [cbx (τ k01 ) cos θ + cby (τ k01 ) sin θ] tk + cbz (τ k01 ) t⊥ .

3.5

(3.29)

Bilayer model

We expect |tb (q)| to decay very fast in |q| [38, 80, 81], therefore we consider only vectors
k0 in the TMDC BZ that respect the quasi-momentum conservation of Eq. (3.2), i.e.
τ K θ + Gθ = k0 + G0 , and such that |k0 + G0 | is minimum. We find that these two

conditions are satisfied for three distinct points τ k0j , j = 1, 2, 3, of the TMDC BZ, for
a fixed value of τ . This is similar to what happens for rotated bilayer graphene [81].
When θ ∈ [0, π/3], for our choice of reciprocal lattice vectors, these three points are
τ k01 = τ (K θ − b01 ),

τ k02 = τ (K θ + bθ2 − b02 ),

(3.30)

τ k03 = τ (K θ − bθ1 + b01 + b02 ),

where b1,2 (b01,2 ) are the primitive reciprocal lattice vectors of graphene (TMDC).
(See Fig. 3.2 and Sec. 3.1.1.) As we have shown above the band tunneling strength in
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Figure 3.2: Backfolded TMDC BZ vectors satisfying the quasi-momentum conservation of Eq. (3.30) for the rotated Dirac point of graphene K θ . The dashed lines
indicate the full paths of the backfolded vectors in the range of twist angles θ ∈ [0, π/3].
Moreover, Gθ1,2 are rotated reciprocal lattice vectors of graphene, while G01,2,3 are reciprocal lattice vectors of the TMDC. As an example, here we have shown in orange
the BZ of MoS2 (with lattice constant aT = 3.15 Å).
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Eq. (3.3) can be parametrized by two real numbers, tk and t⊥ ,
tb (τ K θ ) = iτ [cbx (τ k01 ) cos θ + cby (τ k01 ) sin θ] tk

+ cbz (τ k01 ) t⊥ , (3.31)
where the connection between the Dirac point τ K θ and the first backfolded point τ k01
is given in Eq. (3.30). We estimate tk ≈ t⊥ ≈ 100 meV, see Sec. 3.7 for details. In order

to compute the band tunneling strength for all twist angles θ, Eq. (3.31) requires the
knowledge of the orbital amplitudes cbp (τ k0j ), p = x, y, z, which are intrinsic properties
of the TMDC. We have obtained their values for MoS2 from the tight-binding model
of Ref. 86.
One can then set up a bilayer Hamiltonian valid for a neighborhood of the Dirac
point τ K that describes the hybridization with the TMDC,




H=



Tτ k02

Tτ k03



Tτ†k0

Tτ k01
(δk)
htmdc
τ k0

0

0

Tτ†k0

0

(δk)
htmdc
τ k0

0

0

0

(δk)
htmdc
τ k0




.



hgr,θ
τ K (δk)

1

1
2

Tτ†k0

3

2

(3.32)

3

Here δk is a small displacement, |δk|  |K|, from the backfolded vectors τ k0j . The

displacement from the Dirac point is therefore δkα=−θ in graphene’s coordinate system. The rotated graphene Hamiltonian reads
hgr,θ
τ K (δk)

= ~vF τ |δk|

0

e−iτ (ϕδk −θ)

eiτ (ϕδk −θ)

0

!
⊗ 1S ,

(3.33)

with ϕδk = arctan(δkx /δky ) and 1S is the identity matrix for the spin degree of
freedom. Moreover, htmdc
(δk) describes the Hamiltonian of the TMDC at a vector
τ k0
j

δk distance from τ k0j . In the simplest case htmdc
(δk) contains the dispersion of those
τ k0
j

bands that we take into account, e.g., valence and conduction band. The dispersion of
the bands can be obtained, e.g., using the k · p method (see Sec. 3.6.1) or taken from
TB calculations. In our case htmdc
(δk) also includes the effects of the intrinsic SOC of
τ k0
j

the TMDC on the band structure (see Sec. 3.9). The dispersion of the bands for the
TMDC Hamiltonians htmdc
(δk) can be obtained from htmdc
(δk) because the points
τ k0
τ k0
2,3

1
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τ k0j have C3 symmetry with respect to the Γ point of the TMDC BZ. Therefore
tmdc
α=−2π/3
htmdc
),
τ k0 (δk) = hτ k0 (δk
2

1

htmdc
τ k03 (δk)

=

(3.34)

α=+2π/3
htmdc
).
τ k01 (δk

Finally, the tunneling from the τ K θ point of graphene to the τ k0j points of the TMDC
BZ is given by the interlayer tunneling matrices Tτ k0j . In our approximation, the
tunneling matrices do not depend on the value of the small wave vector δk. Using
Eq. (3.2) and Eq. (3.3), for each band b of the TMDC that we take into account in
htmdc
(δk) the corresponding column of the tunneling matrix Tτ k0j reads
k0
j

−iτ G0j ·τ B 0

(Tτ k0j )b = e

iτ Gθj ·r 0

e

tb (τ K θ )

!

1
eiτ φj

,

(3.35)

where Gj = 0, b2 , −b1 and G0j = b01 , b02 , −b01 − b02 for j = 1, 2, 3, moreover φj =
Gj · τ B = 0, 2π/3, −2π/3. We assume that Tτ k0j preserves the spin degree of freedom
and therefore it is diagonal in the spin space.

3.6

Valley Zeeman SOC

In order to gain further understanding of how the intrinsic properties of the monolayer
TMDC determine the induced valley Zeeman type SOC, we apply a Schrieffer-Wolff
transformation [66, 68] to Eq. (3.32) to derive an effective graphene Hamiltonian.
Following Ref. 67, within second-order the correction to the graphene Hamiltonian
reads
gr,τ
δHXs,X
0s

=

X

(Tτ k0j )X,b (Tτ†k0 )b,X 0

gr
ED
j,b

j

−

tmdc (τ k0
Ebs
j

+ δk)

,

(3.36)

where X, X 0 = A, B refers to the graphene sublattices, s =↑, ↓ is the spin index,

gr
j = 1, 2, 3 and b is the band index. Moreover, ED
is the energy of the Dirac point

gr
tmdc (τ k0 + δk) is the
that we fix, without the loss of generality, to ED
= 0, while Ebs
j

energy of the TMDC band b, spin index s, at the BZ point τ k0j + δk. We remark that
gr,τ
Eq. (3.36) does not describe spin-flip processes (δHX↑,X
0 ↓ = 0) because the tunneling

matrices of Eq. (3.35) are spin-preserving. One can make use of the threefold rotational
tmdc up to linear terms
symmetry to simplify Eq. (3.36) (see Sec. 3.6.1). Expanding Ebs
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gr,τ
in δk, it turns out that the diagonal matrix elements, δHXs,Xs
, are δk-independent,
gr,τ
δHXs,Xs
= −3

X
b

|tb (τ K θ )|2
,
Eb (k01 ) + sτ ∆0,b (k01 )

(3.37)

where Eb (k01 ) is the energy of the TMDC band b (ignoring SOC) at k01 , computed with
respect to the Dirac point of graphene and ∆0,b (k01 ) is the spin splitting of band b at k01
due to the diagonal part of the intrinsic SOC of the TMDC [10]. Eq. (3.37) describes
two twist angle dependent effects: i) a spin-independent shift of the Dirac point with
respect to TMDC bands and, ii) a spin-splitting of the graphene bands. The latter
can be described by the Hamiltonian HVZ = λVZ τ sz , where sz is a Pauli matrix for
spin. We follow the notation of Ref. 87 where the Hamiltonian term HVZ describes
the induced valley Zeeman SOC. This corresponds to the intrinsic SOC Hamiltonian
B
of Ref. 34 with λA
I = −λI = λVZ or to the staggered intrinsic SOC model of Ref. 88

with λI = λVZ . We find that the constant λVZ is given by
λVZ = 3

X |tb (τ K θ )|2 ∆0,b (k0 )
1

b

Eb2 (k01 ) − ∆20,b (k01 )

.

(3.38)

This is the first important result of our work. It shows explicitly how λVZ depends
on the intrinsic properties of the TMDC substrate and the twist angle θ between the
layers. The latter determines the wavenumber k01 and affects the tunneling strength
tb (τ K θ ) through Eq. (3.31). We note that in this second order perturbation theory
no staggered sublattice potential leading to a spin-independent band gap is obtained.
gr,τ
The off-diagonal matrix elements δHAs,Bs
(δk) in Eq. (3.36) are δk-dependent,

3
gr,τ
δHAs,Bs
(δk) =
2

X wbsτ,τ (k0 )|tb (τ K θ )|2
1

2 (k0 )
Ebsτ
1

b

!
[τ δkx − iδky ],

(3.39)

where Ebsτ (k01 ) = Eb (k01 ) + sτ ∆0,b (k01 ) and wbsτ,τ (k01 ) is a complex quantity related
to the local slope of the TMDC band b (see Sec. 3.6.1). Eq. (3.39) gives a correction
to the Fermi velocity of pristine graphene. The proximity corrected Fermi velocity is
veF = vF + eiτ θ

3 X wbsτ,τ (k01 )|tb (τ K θ )|2
.
2 (k0 )
2~
Ebsτ
1

(3.40)

b

We have numerically computed this correction for a pristine graphene Fermi velocity
vF = 106 m/s, using MoS2 as the TMDC compound. The correction we find is in
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the order of ±0.2% depending on the twist angle. In general the value of vF is more

sensitive to the dielectric constant of the environment [89], therefore we will not discuss
this effect further.

3.6.1

Second order Schrieffer-Wolff transformation

Here we derive Eq. (3.37) and Eq. (3.39).

Following Ref. 67, the second order

Schrieffer-Wolff matrix elements of the bilayer Hamiltonian, Eq. (3.32), are given by
gr,τ
δHXs,X
0 s0

=

†
X (Tτ k0j )Xs,bs00 (Tτ k0j )bs00 ,X 0 s0
j,b,s00

gr
tmdc (τ k0 + δk)
ED
− Ebs
00
j

,

(3.41)

where X, X 0 = A, B refer to the graphene sublattices, s, s0 , s00 =↑, ↓ are spin indices,

gr
is the energy of the Dirac point that
j = 1, 2, 3 and b is the band index. Moreover, ED

gr
tmdc (τ k0 + δk) is the energy of
= 0, while Ebs
we fix, without loss of generality, to ED
j

the TMDC band b, spin index s, at the BZ point τ k0j + δk. Using the spin-preserving
gr,τ
0
property of Eq. (3.35), one has that δHXs,X
0 s0 = 0 for s 6= s and the elements for

equal spin are given by Eq. (3.36). In the following we treat diagonal and off-diagonal
elements separately.
Considering first the diagonal elements (X 0 = X), we expand the numerator using
Eq. (3.35),
gr,τ
=−
δHXs,Xs

X
j,b

|tb (τ K θ )|2
.
tmdc (τ k0 + δk)
Ebs
j

(3.42)

tmdc (τ k0 + δk) using k · p
Then we continue by expanding the δk-dependence of Ebs
j

theory [10]. For a general k01 point in the TMDC BZ,
tmdc
(τ k01 + δk) = Eb (k01 ) + sτ ∆0,b (k01 )
Ebs

+ (wx,b (k01 ) + sτ ∆1x,b (k01 ))τ δkx + (wy,b (k01 ) + sτ ∆1y,b (k01 ))τ δky
~2 δk2y
~2 δkx δky
~2 δk2x
3
+
τ,s 0 +
τ,s 0 +
0 + O(δk ), (3.43)
2mx (k1 ) 2my (k1 ) 2mτ,s
xy (k1 )
τ,s
τ,s
where Eb , ∆0,b , wx,b , wy,b , ∆1x,b , ∆1y,b , mτ,s
x , my , mxy are material parameters for

band b locally dependent on the BZ point. They can be extracted from experiments,
ab initio calculations or tight-binding models. In particular, Eb is the energy of band
b (ignoring SOC) with respect to the Dirac point of graphene, ∆0,b is the local spinτ,s
splitting, wx,b , wy,b , ∆1x,b , ∆1y,b describe the local slope of the band and mτ,s
x , my ,

mτ,s
xy are the effective masses of the quadratic dispersion. The k · p expansion close to
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tmdc (τ k0 + δk) by rotating δk according to Eq. (3.34). One
k02,3 is obtained from Ebs
1

may write
tmdc
tmdc
Ebs
(τ k0j + δk) = Ebs
(τ k01 + δk−ϕj ),

(3.44)

with ϕj = 0, 2π/3, −2π/3 for j = 1, 2, 3. We expand the denominator of Eq. (3.42)
with Eqs. (3.43), (3.44) and we retain up to linear terms in δk,

1
wbsτ (k01 ) · τ δk−ϕj
1
−
,
≈
tmdc (τ k0 + δk)
Ebsτ (k01 )
Ebsτ (k01 )2
Ebs
j

(3.45)

where Ebsτ (k01 ) = Eb (k01 )+sτ ∆0,b (k01 ) and wbsτ (k01 ) = (wx,b (k01 )+sτ ∆1x,b (k01 ), wy,b (k01 )+
sτ ∆1y,b (k01 ))T . This holds under the condition that |wbsτ (k01 )·δk−ϕj |  |Ebsτ (k01 )| and

terms containing higher powers of δk are therefore negligible. Substituting Eq. (3.45)
in Eq. (3.42) we have
gr,τ
δHXs,Xs
= Absτ + Bbsτ,x τ δkx + Bbsτ,y τ δky ,

(3.46)

which is a sum of a δk-independent part,
Absτ = −3

X |tb (τ K θ )|2
Ebsτ (k01 )

b

,

(3.47)

and a δk-dependent part whose coefficients are given by
Bbsτ,ξ =

X |tb (τ K θ )|2 X
b

Ebsτ (k01 )2


R(ϕj )wbsτ (k01 ) ξ ,

(3.48)

j

for ξ = x, y. The factor of 3 in Eq. (3.47) comes from the sum over index j. On the
other hand, one can see that the sum over j in Eq. (3.48) gives zero, because it is
the sum of three vectors with same magnitude that are rotated by ±2π/3. Therefore,
gr,τ
δHXs,Xs
= Absτ as reported in Eq. (3.37).

Now we focus on the off-diagonal elements (X 0 6= X) of Eq. (3.41) and we expand

again the numerator using Eq. (3.35). Only two independent off-diagonal elements
are non-zero, namely
gr,τ
δHAs,Bs
=−

X |tb (τ K θ )|2 e−iτ φj
,
tmdc (τ k0 + δk)
E
j
bs
j,b

(3.49)

gr,τ
gr,τ
for s =↑, ↓. The other elements are given by δHBs,As
= (δHAs,Bs
)∗ . Eq. (3.49)

is similar to Eq. (3.42), but it has additional phase factors e−iτ φj . Expanding the

32

CHAPTER 3. INDUCED SOC IN GRAPHENE

denominator as before, we arrive to the equivalent of Eq. (3.46),
gr,τ
off
off
δHAs,Bs
= Aoff
bsτ + Bbsτ,x τ δkx + Bbsτ,y τ δky ,

where
Aoff
bsτ = −
and
off
Bbsτ,ξ
=

X |tb (τ K θ )|2 e−iτ φj
Ebsτ (k01 )

j,b

X |tb (τ K θ )|2 X
b

Ebsτ (k01 )2

,

(3.50)

(3.51)


e−iτ φj R(ϕj )wbsτ (k01 ) ξ .

(3.52)

j

The two sets of angles φj and ϕj have the same values (0, 2π/3, −2π/3 for j = 1, 2, 3),

but different origins. The angles φj come from the tunneling matrix elements in

Eq. (3.35) and are connected to the C3 symmetry of graphene. Instead the angles
ϕj are connected to the C3 symmetry of the TMDC crystal and they come from
Eq. (3.44). The sum over j in Eq. (3.51) gives zero, because e−iτ φj are the complex
cube roots of the unity and sum to zero. In order to carry out the sum over j in
Eq. (3.52) we compute
off
off
=
± iBbsτ,y
Bbsτ,x

X |tb (τ K θ )|2
b

Ebsτ (k01 )2

wbsτ,± (k01 )

X

e−iτ φj ±iϕj ,

(3.53)

j

with wbsτ,± (k01 ) = wx,b (k01 ) + sτ ∆1x,b (k01 ) ± i(wy,b (k01 ) + sτ ∆1y,b (k01 )). Looking at
P
Eq. (3.53), the sum j e−iτ φj +iϕj is equal to 3 for τ = + and it is equal to 0 for
P −iτ φj −iϕj
= 0 for τ = + and is equal to 3 for
τ = −. On the other hand
je
off , while
off
off
off
= 0 and Bbsτ,y
= −iτ Bbsτ,x
− iτ Bbsτ,y
τ = −. We conclude then that Bbsτ,x
off
off
off . Therefore
= 2Bbsτ,x
Bbsτ,x
+ iτ Bbsτ,y

off
=
Bbsτ,x

3 X |tb (τ K θ )|2
wbsτ,τ (k01 )
2
Ebsτ (k01 )2

(3.54)

b

gr,τ
off τ δk +B off τ δk = B off (τ δk −iδk ) as reported in Eq. (3.39).
and δHAs,Bs
= Bbsτ,x
x
y
x
y
bsτ,y
bsτ,x

3.7

Estimate of tk and t⊥

According to Ref. 81 the value of t⊥ for bilayer graphene is 110 meV. We expect t⊥ for
graphene-TMDC bilayers to be of the same order of magnitude because the distance
between graphene and the closest chalcogen layer is d⊥ = 3.4 Å [90] and happens to be
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Figure 3.3: Estimation of tk and t⊥ . (a). The blue ellipse indicates the possible values
of tk and t⊥ that give a valley Zeeman spin-orbit strength of −0.26 meV at θ = 0◦
for a corresponding value of fG = 0.95. (b). Magnification of (a). The red rectangle
indicates the window of values where |tk |, |t⊥ | ≤ 100 meV.
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equal to the distance reported between graphene layers [4]. For further comparison and
in order to obtain the relative value of tk , we look at DFT calculations for grapheneTMDC heterostructures. Ref. 34 reports an induced valley Zeeman spin-orbit splitting
in graphene of −0.26 meV from the MoS2 TMDC compound. This does not reveal

immediately the values of tk and t⊥ , but we can extract information about them using
Eq. (3.38). Substituting Eq. (3.31) in Eq. (3.38), we expand the dependence of |tb |2

in tk and t⊥ ,

λVZ = αt2k + βt2⊥ + 2γtk t⊥ ,
where
α=3

X
b

β=3

X
b

γ=3

X
b

and

(3.55)

α
e∆0,b (k01 )
,
Eb2 (k01 ) − ∆20,b (k01 )
e 0,b (k0 )
β∆
1
,
Eb2 (k01 ) − ∆20,b (k01 )

(3.56)

γ
e∆0,b (k01 )
.
Eb2 (k01 ) − ∆20,b (k01 )

α
e = |cbx (τ k01 ) cos θ + cby (τ k01 ) sin θ|2 ,
βe = |cbz (τ k01 )|2 ,

γ
e=

−Im[(cbx (τ k01 ) cos θ

+

(3.57)

cby (τ k01 ) sin θ)c∗bz (τ k01 )].

We see that α, β and γ depend on the orbital amplitudes cb,x,y,z (τ k01 ), the band
dispersion Eb (k01 ) and the spin splitting ∆0,b (k01 ) which are intrinsic properties of the
isolated TMDC layer and therefore can be readily calculated using the TB model of
Ref. 86. The only missing external parameter is the value of fG which defines the
distance of Eb (k01 ) from the Dirac point. From Ref. 34, the Dirac point is very close
to the conduction band of the TMDC and we set fG = 0.95, meaning that the Dirac
point of graphene has an energy distance from the TMDC conduction band edge
equal to 5% of the TMDC band gap. We plug the resulting α, β, γ and the value
of λVZ = −0.26 meV in Eq. (3.55) and the solutions for tk and t⊥ form an ellipse in
the (tk , t⊥ )-plane (see Fig. 3.3). This ellipse is elongated and inclined by an angle of

∼ −40◦ . In principle all the points (tk , t⊥ ) on this ellipse give λVZ = −0.26 meV, but
some values are unphysically large. Zooming closely to the center, see Fig. 3.3(b), the

ellipse touches the point (tk , t⊥ ) = (100, 100) meV. Since this is the order of magnitude
that we expect, we estimate tk ≈ t⊥ ≈ 100 meV.

As presented at the end of Sec. 3.10, the results we obtain with these estimated

values are in good qualitative agreement with previous works using DFT calculations
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[34] or TB models [41]. Nevertheless, it is possible that tk and t⊥ are overestimated.
With the upper chalcogen layer approximation we have neglected the contribution
coming from the d orbitals in order to simplify the treatment of the interlayer tunneling. In case the contribution of the d orbitals is significant, then tk and t⊥ would
have a lower absolute value and the valley Zeeman SOC strength at zero twist angle,
λVZ = −0.26 meV, would be matched by additional radial integrals (see Eq. (3.11))

associated with the d orbitals. Thus, further research is needed to determine how
relevant are the d orbitals in the interlayer tunneling.

3.8

Rashba SOC

As already mentioned, WAL measurements suggest that a Rashba-type SOC is also
induced in graphene. Traditionally, the Rashba SOC in graphene was understood in
terms of a symmetry breaking effect of a perpendicular electric field [13, 91, 92]. More
generally, one can expect that Rashba-type SOC is induced when structural asymmetry is present in the heterostructure. Indeed, the DFT calculation of Ref. 34 indicated
that even for zero external electric field a finite Rashba SOC is induced in graphene.
To our knowledge, the microscopic mechanisms giving rise to the induced Rashba SOC
has not yet been discussed. We show that an important contribution comes from virtual interlayer tunneling processes that are facilitated by the off-diagonal spin-flipping
elements of the intrinsic SOC matrix of the monolayer TMDC, indicated by (Hsoc )b↑,b0 ↓
and (Hsoc )b↓,b0 ↑ . Such off-diagonal matrix elements are allowed between pairs of bands
if one of the bands is symmetric (even) and the other one is antisymmetric (odd) with
respect to reflection on the horizontal mirror plane of the TMDC (see, e.g., Ref. 53
for further discussion of the SOC in monolayer TMDCs). In third order perturbation
theory one finds the following matrix elements [67],
(δHRgr,τ )X↑,X 0 ↓

=

X

(Tτ k0j )X,b (Hsoc )b↑,b0 ↓ (Tτ†k0 )b0 ,X 0

j,b,b0

gr
gr
[ED
− Ebtmdc (τ k0j )][ED
− Ebtmdc
(τ k0j )]
0

j

(3.58)

and (δHRgr,τ )X↓,X 0 ↑ is analogously defined. Here b 6= b0 is the band index and in the de-

nominator we have neglected the dependence of the TMDC band energies Ebtmdc (τ k0j )

on the intrinsic SOC (c.f., Eq. (3.36)) because it would lead to higher order effects.
The matrix elements (Hsoc )b↑,b0 ↓ can be calculated using the TB model of Ref. 86,
while the tunneling matrices (Tτ k0j )X,b and (Tτ†k0 )b0 ,X 0 can be obtained in the same
j

way as explained in Sec. 3.5. As we show in Sec. 3.9, each pair of even and odd bands
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leads to a Rashba SOC strength
λR,eo

6γd |Te,o (K θ )||Λ1 (k01 )|
 gr

=
gr
ED
− Eetmdc (k01 ) ED
− Eotmdc (k01 )

(3.59)

and to a complex phase factor eiϑeo , where ϑeo = Arg[Λ1 (k01 )]. Here γd is the atomic
SOC strength of the metal atoms’ d orbitals of the TMDC, Te,o (K θ ) = te (K θ )t∗o (K θ ),
with tb defined in Eq. (3.31) and Λ1 is a complex quantity formed by the SOC matrix
elements of the TMDC. We give the explicit definition of Λ1 as well as the details of
the calculations leading to Eq. (3.59) in Sec. 3.9. To obtain the total Rashba SOC
strength one has to sum over all possible pairs of even and odd bands, including the
complex phase factors eiϑeo . Therefore one has
λR,tot = |λR,e1 o1 eiϑe1 o1 + λR,e2 o2 eiϑe2 o2 + . . . |

ϑtot = Arg[λR,e1 o1 eiϑe1 o1 + λR,e2 o2 eiϑe2 o2 + . . .].

(3.60)

In the end one finds that the induced Rashba type SOC in graphene reads HR =
(λR,tot /2) e−iϑtot sz /2 (τ σx sy − σy sx )eiϑtot sz /2 , where sx , sy are spin Pauli matrices. As

one can see from Eq. (3.59) the induced Rashba type SOC, similarly to the induced
valley Zeeman SOC, is a second order process in the interlayer tunneling, but in addition it involves a spin-flip process within the monolayer TMDC. We show the results
of our numerical calculations for λR in Fig. 3.6. Up to third order of perturbation
theory we did not find processes that would lead to a term similar to the Kane-Mele
type SOC. Therefore, the total effective graphene Hamiltonian reads
HG (δk) = hgr
τ K (δk) + HVZ + HR
= ~vF (τ kx σx + ky σy ) + λVZ τ sz
+ (λR,tot /2) e−iϑtot sz /2 (τ σx sy − σy sx )eiϑtot sz /2 , (3.61)
using Eq. (2.14) and Eq. (3.38) for the first two terms and Eq. (3.60) for HR .

3.9

Rashba type induced spin-orbit coupling

In this section we will show that the induced Rashba-like SOC in graphene can be
understood by taking into account spin-flip processes between even (e) and odd (o)
bands of the TMDC. The energy bands of monolayer TMDCs can be classified as e
or o under σh , which is the reflection with respect to the horizontal mirror plane of
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the TMDC.

Consider the following term in the effective low energy Hamiltonian of graphene
that can be obtained in third order perturbation theory [67],
gr,τ
(δHR
)Xs,X 0 s0

=

X

(Tτ k0j )Xs,bs00 (Hsoc )bs00 ,b0 s000 (Tτ†k0 )b0 s000 ,X 0 s0

j,b,b0 ,s00 ,s000

gr
gr
− Ebtmdc
(τ k0j )]
[ED
− Ebtmdc (τ k0j )][ED
0

j

.

(3.62)

Here b 6= b0 are band indices, and in the denominator we have neglected the dependence

of the TMDC band energies Ebtmdc (τ k0j ) on the intrinsic SOC (c.f., Eq. (3.36)) because
it would lead to higher order effects. Here, (Hsoc )bs00 ,b0 s000 are matrix elements of the
SOC operator

Ĥsoc = γd L̂ · Ŝ = γd


1
L̂z Ŝz + (L̂+ Ŝ− + L̂− Ŝ+ ) ,
2

(3.63)

which are non-zero only between e and o bands of the TMDC. Moreover γd is the
atomic SOC strength of the metal atoms’ d orbitals, L̂± = L̂x ± iL̂y , L̂z are angular

momentum operators and Ŝ = (Ŝx , Ŝy , Ŝz )T , Ŝ± = Ŝx ± iŜy are spin operators,

i.e. Ŝ = (~/2)s, where s = (sx , sy , sz )T are Pauli matrices. In order to show that
Eq. (3.62) describes Rashba-like induced SOC, we focus, as a first step, on the matrix
element between an even (b = e) and an odd (b0 = o) band. At a general point k0 of
the BZ the Bloch wavefunction of these bands can be written as
|e, k0 i = ce,x2 −y2 (k0 ) |dx2 −y2 , k0 i + ce,xy (k0 ) |dxy , k0 i + ce,z 2 (k0 ) |dz 2 , k0 i ,
|o, k0 i = co,xz (k0 ) |dxz , k0 i + co,yz (k0 ) |dyz , k0 i ,

(3.64a)
(3.64b)

where |dµ , k0 i are the usual Bloch wavefunctions formed using the d atomic orbitals

of the metal atoms, µ ∈ {x2 − y 2 , xy, z 2 , xz, yz}, and ce (o),µ (k0 ) are complex ampli-

tudes giving the weight of each type of atomic orbital at a given momentum space
point. Other Bloch wavefunctions formed from the atomic orbitals {pz , px , py } of the

chalcogen atoms have also finite weight in |e (o), k0 i and as argued in previous sections, they are crucial to understand band-to-band tunneling. However, they are less
important in the calculation of interband SOC matrix elements and therefore we do
not take them into account explicitly in Eq. (3.64). The inter-band spin matrices of
Ĥsoc between these e and o bands can be written as
h
i
(x) 0
(y) 0
[Hsoc (k0 )]e,o = he, k0 | Ĥsoc |o, k0 i = iγd αe,o
(k )Ŝx + αe,o
(k )Ŝy ,

(3.65)
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√
(x)
(y)
where αe,o = (ce,x2 −y2 )∗ co,yz −(ce,xy )∗ co,xz + 3(ce,z 2 )∗ co,yz and αe,o = (ce,x2 −y2 )∗ co,xz +
√
(ce,xy )∗ co,yz − 3(ce,z 2 )∗ co,xz (for simplicity, we have suppressed the dependence of
(x,y)

αe,o

on k0 , which will be restored later). Eq. (3.65) can be easily obtained by taking

into account Table 3.1. Note that (Hsoc )e,o in Eq. (3.65) has only off-diagonal non-zero
elements in spin-space ↑, ↓, i.e., it describes spin-flip processes between the two bands.
The term that would be ∼ Ŝz vanishes between e and o bands by symmetry.

Orbital
dz 2
dxy
dx2 −y2

dxz
√
−i 3Ŝy
−iŜx
iŜy

Table 3.1:
Matrix elements of the
{dx2 −y2 , dxy , dz 2 , dxz , dyz } atomic orbitals.

d
√ yz
i 3Ŝx
iŜy
iŜx
SOC

operator

in

the

basis

of

As one can see from Eq. (3.62), one needs to calculate (Hsoc )es00 ,os000 at the three
k0j

BZ points of the TMDC defined in Eq. (3.30) that satisfy the quasi-momentum

conservation for interlayer tunneling. These points are related to each other by a 2π/3
rotation. Following Ref. 85, we may write |e (o), R±2π/3 k01 i = R±2π/3 |e (o), k01 i, where
R±2π/3 denotes rotation by ±2π/3. Therefore, given he, k01 | Ĥsoc |o, k01 i, one needs to
evaluate

he, R2π/3 k01 | Ĥsoc |o, R2π/3 k01 i = he, k01 | (R2π/3 )† Ĥsoc R2π/3 |o, k01 i ,

he, R−2π/3 k01 | Ĥsoc |o, R−2π/3 k01 i = he, k01 | (R−2π/3 )† Ĥsoc R−2π/3 |o, k01 i ,

(3.66a)
(3.66b)

This means that the necessary matrix elements can be calculated using |e, k01 i and

|o, k01 i and a rotated Ĥsoc . The transformed operators (R±2π/3 )† Ĥsoc R±2π/3 can be

easily calculated by noticing that

(R±2π/3 )† L̂z R±2π/3 = L̂z ,

(3.67a)

R2π/3 L̂± (R2π/3 )† = e∓i2π/3 L̂± ,

(3.67b)

R−2π/3 L̂± (R−2π/3 )† = e±i2π/3 L̂± .

(3.67c)

(x)

(y)

Let us define the vectors ne,o (k01 ) = (αe,o (k01 ), αe,o (k01 ))T , S = (Sx , Sy )T . Then one
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finds that
[Hsoc (k01 )]e,o = iγd ne,o (k01 ) · S,

[Hsoc (R2π/3 k01 )]e,o = iγd (R2π/3 ne,o (k01 )) · S,

[Hsoc (R−2π/3 k01 )]e,o = iγd (R−2π/3 ne,o (k01 )) · S.

(3.68a)
(3.68b)
(3.68c)

Note that ne,o (k01 ) in Eqs. (3.68) is in general a complex vector because the weights
ce (o),µ (k01 ) of the atomic orbitals in band e (o) can be complex.
gr,τ
We can compute now the contribution to δHR
from the interaction of two bands

of the TMDC (e.g., the conduction band which is e and the first o band above the
conduction band). Then the indices b and b0 in Eq. (3.62) can take the values (b, b0 ) =
(e, o) and (b, b0 ) = (o, e). For simplicity we focus on the Dirac point K, i.e., τ = 1.
gr
gr
− Ebtmdc
(k0j )) appearing
Note that the energy differences (ED
− Ebtmdc (k0j )) and (ED
0

in Eq. (3.62) are equal for all k0j because of the threefold rotational (C3 ) symmetry
of the TMDC. Therefore the corresponding factor can be pulled out of the sum in
Eq. (3.62). Using Eq. (3.35) one may write explicitly
gr
=
δHR

gr
ED

−

1


Eetmdc (k01 )
"

1 1

×
+
+

!

e−2iπ/3

e2iπ/3

1

1

e2iπ/3

e−2iπ/3

1





⊗ Te,o [Hsoc (k01 )]e,o + To,e [Hsoc (k01 )]o,e

1 1
!

1

gr
ED
− Eotmdc (k01 )



⊗ Te,o [Hsoc (R2π/3 k01 )]e,o + To,e [Hsoc (R2π/3 k01 )]o,e

!
⊗



Te,o [Hsoc (R−2π/3 k01 )]e,o

+

To,e [Hsoc (R−2π/3 k01 )]o,e

#


.

(3.69)
∗ and
Here Te,o = te (K θ )t∗o (K θ ) where tb (K θ ) is given in Eq. (3.31), To,e = Te,o

[Hsoc (k0 )]o,e = [Hsoc (k0 )]†e,o . Let us write Te,o = |Te,o |eiη , then using Eqs. (3.68)



†
∗
Te,o Hsoc (k01 ) e,o + Te,o
Hsoc (k01 ) e,o = iγd |Te,o |(eiη ne,o (k01 ) − e−iη (ne,o )∗ (k01 )) · S


= −2γd |Te,o | Im eiη ne,o (k01 ) · S
!
0
Λ2 (k01 )
= 2iγd |Te,o |
,
(3.70a)
Λ1 (k01 )
0
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†
∗
Te,o Hsoc (R2π/3 k01 ) e,o + Te,o
Hsoc (R2π/3 k01 ) e,o =


= −2γd |Te,o | R2π/3 Im eiη ne,o (k01 ) · S
= 2iγd |Te,o |

0

e−2iπ/3 Λ2 (k01 )

e2iπ/3 Λ1 (k01 )

0




†
∗
Te,o Hsoc (R−2π/3 k01 ) e,o + Te,o
Hsoc (R−2π/3 k01 ) e,o =


= −2γd |Te,o | R−2π/3 Im eiη ne,o (k01 ) · S
= 2iγd |Te,o |
(y)

0

e2iπ/3 Λ2 (k01 )

e−2iπ/3 Λ1 (k01 )

0

(x)

!
, (3.70b)

!
. (3.70c)
(y)

Here Λ1 (k01 ) = −Im[eiη αe,o (k01 )] + iIm[eiη αe,o (k01 )] and Λ2 (k01 ) = Im[eiη αe,o (k01 )] +
(x)

iIm[eiη αe,o (k01 )]. Note that one can write Λ1 (k01 ) = |Λ1 (k01 )|e
−iϑ(k01 )

−|Λ1 (k01 )|e

iϑ(k01 )

and Λ2 (k01 ) =

where ϑ(k01 ) = Arg[Λ1 (k01 )]. Substituting now Eqs. (3.70) into

Eq. (3.69) one finds

gr
δHR

0

0

0

0





0 iϑ(k01 )

 0
0
iλ
(k
)e
0
R
1
,
=
 0 −iλ (k0 )e−iϑ(k01 )
0
0 
R 1


0
0
0
0

where
λR (k01 ) =

6γd |Te,o (k01 )||Λ1 (k01 )|
.
 gr
gr
− Eotmdc (k01 )
ED
− Eetmdc (k01 ) ED

(3.71)

(3.72)

Eq. (3.72) is the strength of the Rashba type SOC induced in graphene by each pair of
e and o bands. As Eq. (3.62) shows, in order to calculate the total spin-orbit coupling
λR (k01 ) one needs to sum up the contributions coming from all pairs of even and odd
bands with the correct phase factors shown in Eq. (3.71). A similar result to Eq. (3.71)
can be obtained in an analogous way for the opposite Dirac point −K.

3.10

Discussion of results

In order to show explicitly how the twist angle θ between the layers affects the induced
SOC in graphene, we need the band structure of the TMDC substrate and the weights
cb,x,y,z (τ k01 ) for all backfolded points k01 in the BZ along the path shown in Fig. 3.2.
As a concrete example, we take monolayer MoS2 (lattice constant aT = 3.15 Å [10])
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Figure 3.4: (a) and (b). Spin splitting in conduction, (a), and valence band, (b), of the
TMDC. Blue (orange) arcs indicate the paths of the three backfolded vectors k0j (−k0j )
for Dirac point K (−K). (c). Valley Zeeman spin-orbit strength induced in graphene
when the Dirac point energy is close to the TMDC conduction band edge (fG = 1).
The blue (orange) line shows the result of second-order perturbation theory for Dirac
point K (−K), as derived in Eq. (3.38). The dashed black line is obtained from the
exact diagonalization of the bilayer Hamiltonian, Eq. (3.32), for K. (d). Same as (c)
but in the case when the Dirac point energy is in the middle of the TMDC band gap
(fG = 0.55) and with a larger TMDC band gap of EG = 2.0 eV in order to reproduce
the case of Ref. 90. (e). Spin-orbit splitting in TMDC encountered by the backfolded
vectors of K along the paths in (a) (green line) and (b) (purple line). (f ). Tunneling
strength squared for a tunneling process from graphene to the conduction (green line)
or the valence band (purple line) of the TMDC. The gray vertical lines in (c), (e) and
(f) highlight the angles where the backfolded vectors k0j get as close as possible to the
maximum of the spin-splitting in the conduction band of the TMDC.
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Figure 3.5: Induced valley Zeeman SOC as a function of the twist angle θ and the
parameter fG that indicates how close the Dirac point lies to the conduction (fG = 1)
or to the valence band (fG = 0). The dashed black lines indicate the two values of
fG = 1 and fG = 0.55 used in Fig. 3.4(c) and (d) respectively.

and we extract these values from the TB model of Ref. 86. We have checked that the
p orbital weights cb,x,y,z (τ k01 ) extracted from this TB model agree quite well with the
corresponding results of Ref. 10 along high symmetry directions in the Brillouin zone.
We assume therefore that these weights can be reliably extracted for the relevant non
high-symmetry momentum space points shown in Fig. 3.2. Similarly, since the band
structure calculated from this TB model agrees well with the DFT band structure, we
assume that the spin-orbit splitting and the band edge energy differences of the TMDC
bands can be reliably extracted for all momentum space points of interest. The ab
initio calculations from Ref. 34 show the Dirac point very close to the conduction band
of MoS2 , while experimental results reported in Ref. 90 indicate that the Dirac point
should be found in the middle of the MoS2 band gap. Because of these discrepancies,
we treat the energy of the Dirac point of graphene within the band gap of the TMDC
as a parameter in our theory. We parametrize this energy by a number fG ∈ [0, 1]
whose value is a linear function of the position of the Dirac point in the TMDC band

gap. When fG = 0, the Dirac point is aligned with the TMDC valence band edge,
while for fG = 1 the Dirac point has the same energy as the TMDC conduction band
edge.
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According to Eq. (3.38), the strength of the induced valley Zeeman SOC has three
main contributions from each band b: i) it is proportional to the magnitude square of
the tunneling strength |tb |2 and ii) to the spin splitting ∆0,b , while iii) it is inversely
proportional to the energy difference Eb2 − ∆20,b . In our numerical calculations of λVZ ,
shown in Fig. 3.4(c) and (d), we take into account two bands, the conduction (b = c)

and the valence (b = v) bands (CB and VB). We plot ∆0,c and ∆0,v in Fig. 3.4(a),(b)
for the whole BZ of monolayer MoS2 and in Fig. 3.4(e) along the path of the k0j points.
Again along this path, we report the values of |tc |2 and |tv |2 in Fig. 3.4(f).

First we consider the case of the Dirac point close to the conduction band (fG ≈ 1)

as reported by DFT calculations [34]. Using Eq. (3.38), the calculated λVZ is plotted
in Fig. 3.4(c). One can see that starting from a small negative value at θ & 0◦ ,
λVZ vanishes for θ ≈ 10◦ and then increases to 2 meV just before θ = 20◦ . Then

λVZ goes back to zero at θ = 30◦ and the dependence is reflected with opposite sign
between θ = 30◦ and θ = 60◦ . To understand these features, notice that Eq. (3.36)
and Eq. (3.38) suggest that when the Dirac point is very close to the CB (VB), the
contribution from the VB (CB) to λVZ is suppressed by the large value of Ev2 (k01 )
(Ec2 (k01 )). Hence, for fG ≈ 1, the behavior of λVZ over θ ∈ [0, π/3] is qualitatively well
explained by the contribution of the CB and the VB can be neglected.

The reason for the vanishing λVZ for θ ≈ 10◦ and θ = 30◦ is that also the TMDC

CB spin-splitting goes to zero and changes sign at these angles. The zero spin splitting

at θ = 30◦ appears because the backfolded points k0j lie on the Γ–M line which by
symmetry has no spin splitting [10]. In the case of θ ≈ 10◦ , the backfolded points k0j

encounter a spin-splitting inversion of the TMDC conduction band (see Fig. 3.4(a)),
i.e., the spin-split conduction bands cross along certain low symmetry lines in the BZ.
The peak around θ = 20◦ is expected for multiple reasons. Close to θ = 20◦ both spin
splitting ∆0,c (k01 ) and tunneling strength tc (K θ ) reach their largest absolute values
(see green lines of Fig. 3.4(e),(f)). For ∆0,c (k01 ) this happens because the backfolded
points k0j in the TMDC BZ get very close to the Q valley of the CB, in the middle of the
Γ–K line, which has large spin splitting (see Fig. 3.4(a)) [10]. The tunneling strength
peak instead comes from a larger local weight of the pz orbitals (larger magnitude of
orbital amplitudes ccz (τ k01 ) in Eq. (3.31)). Additionally, the energy distance between
the Dirac point of graphene and the bottom of the Q point, which is a valley of the CB,
is also smaller than for other k01 points in the BZ. We have checked that the above
comments remain valid even if we add in the calculation the first band above the
conduction band (CB+1). Including this higher band does not change qualitatively
the values of λVZ .
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To confirm the behavior predicted by second order perturbation theory, we have

computed λVZ at δk = 0 from exact diagonalization of the bilayer Hamiltonian in
Eq. (3.32). Only the CB and the VB were taken into account in htmdc
. The result is
τ k0
j

shown in Fig. 3.4(c) by a dashed black line. The agreement is very close except for
the largest absolute values where the second order perturbation results deviates by
around 10%. In these regions the Dirac points are quite near in energy to the CB of the
TMDC and the small parameter |tb |/(Eb ± ∆0,b ) increases up to 0.16. The numerical

diagonalization of Eq. (3.32) also confirmed that in our model no spin-independent
band gap is opened at the Dirac point.
It is known that DFT calculations (and TB models fitted to DFT calculations)
underestimate the band gap of the TMDC. Indeed, the ARPES experiment of Ref. 90
reports a larger band gap of 2.0 eV. Moreover, according to Ref. 90, in grapheneTMDC bilayers, the Dirac point of graphene is found in the middle of the TMDC band
gap (fG ≈ 0.55). For these reasons we have computed the induced valley Zeeman SOC

in Eq. (3.38) for these alternative parameters (CB and VB dispersions were taken from
the TB model as before). The results are plotted in Fig. 3.4(d). Here, the contribution
from the VB is larger close to θ = 0◦ and θ = 60◦ (see purple lines in Fig. 3.4(e),(f))
while it fades away around θ = 20◦ and θ = 40◦ where the CB contribution is more
significant (see green lines in Fig. 3.4(e),(f)). Nevertheless, the values for λVZ predicted

in Fig. 3.4(d) are one order of magnitude lower than those in Fig. 3.4(c) (Dirac point
close to CB). They are indeed suppressed by the large distance of the Dirac point from
both CB and VB. We show in Fig. 3.5 the value of λVZ computed from Eq. (3.38) for
all values of fG between 0 and 1. The dashed black lines indicates the two cuts at
fG = 1 (Fig. 3.4(c)) and fG = 0.55 (Fig. 3.4(d)). One can observe that close to the
VB (fG ≈ 0) the induced valley Zeeman SOC is comparable to the values obtained
for fG ≈ 1. However, for fG ≈ 0 the strongest induced SOC appear close to θ = 0◦

and θ = 60◦ . The contribution of the VB to the induced SOC can be important e.g.,
for graphene-monolayer WSe2 heterostructures, where DFT calculations [34] indicate
that the Dirac point is closer to the VB edge.
In Fig. 3.6 we show the induced Rashba type SOC as a function of the twist angle
θ between the layers. In these calculations we again considered MoS2 as a concrete
example. In panel (a) we have used fG = 1, while in panel (b) we have set fG = 0.55
and we have rigidly shifted the bands of the TMDC in order to reach a band gap of
2.0 eV. We have therefore reproduced the case of Ref. 90, as done for Fig. 3.4(d). The
gray lines indicate the separate contributions to Eq. (3.58) of three pairs of symmetricantisymmetric bands. In particular, we consider the interaction of the symmetric CB
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Figure 3.6: Magnitude of the induced Rashba type SOC, λR , as a function of the twist
angle θ for fG = 1 (a) and fG = 0.55 (b). In panel (b) we have also set the TMDC
band gap to EG = 2.0 eV in order to reproduce the case of Ref. 90. The purple lines
shows the total Rashba type SOC, the gray lines indicate separately the contribution
related to two asymmetric bands above the conduction band and an asymmetric band
below the valence band, respectively.

46

CHAPTER 3. INDUCED SOC IN GRAPHENE

with two asymmetric bands higher in energy and the interaction of the symmetric
VB with one asymmetric band lower in energy. The purple lines represent the total
sum of the three gray contributions taking into account the complex phases associated
with them, see Sec. 3.9 for details of the calculation. One can see that the twist angle
can considerably change the value of the SOC strength λR . For fG = 1, a threefold
increase of λR can be observed at θ ≈ 20◦ with respect to the θ = 0◦ case. This

is a somewhat smaller increase than in the case of λVZ , nevertheless it shows that
λR is tunable by the twist angle. The increase of λR close to 20◦ can partially be

explained by the fact that one of the asymmetric bands, whose energy appears in the
denominator of Eq. (3.58), is quite close to the conduction band in the vicinity of the
Q point. Comparing Fig. 3.4(c) and Fig. 3.6(a) one can see that for θ ≈ 0◦ the values
of λVZ and λR are comparable, while for θ ≈ 20◦ the valley Zeeman SOC dominates

the Rashba type SOC. One can also see that λR drops to a small but non-zero value

for θ = 30◦ . This can be qualitatively understood by looking at Fig. 3.4(f) which
shows that the tunneling to the conduction band, which appears in the numerator of
Eq. (3.59), has a sharp minimum for this angle. For the fG = 0.55 case we notice
that, similarly to the valley Zeeman SOC, the maximum value drops quite significantly.
This is again a consequence of the large energy distance of the Dirac point from both
the CB and the VB of the TMDC. However, the maximum value of λR can still be
found at a finite twist angle for fG = 0.55, it does not shift to zero twist angle, as
it does in the case of λVZ . In spite of this reduction of the strength of the induced
SOC as a function of fG , it may still be detected, since a recent experiment has shown
that SOC strengths of the order of ∼ 0.1 meV may be detected in graphene though

resonance microwave measurements [14].

Finally, we note that Ref. 41 studied the same graphene-monolayer TMDC heterostructures using a TB model to describe both graphene and the monolayer TMDC
and setting up a TB parametrization for the inter-layer coupling. This approach, in
principle, takes into account the coupling between all bands of the monolayer TMDC
and graphene but also necessitates a number of new TB parameters to describe the
interlayer coupling. For graphene-monolayer MoS2 our results are, both for the induced valley Zeeman and the Rashba type SOC, qualitatively similar to Ref. 41, which
indicates that our approach captures the most important ingredients contributing to
the induced SOC. However, the vanishing and sign change of λVZ at θ ≈ 10◦ was not

predicted in Ref. 41. As explained above, we identified the band structure feature
of the monolayer MoS2 that gives rise to this behavior of λVZ and we believe that it
is not an artifact of our approach. This feature should appear in graphene-TMDC
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bilayers for other semiconductor monolayer TMDC compounds, not only for MoS2 .
Regarding the induced Rashba SOC, for θ = 0◦ our result is in good qualitative agreement with Ref.34, where λR was extracted from DFT calculations on commensurate
graphene-TMDC supercells.
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Chapter 4

Effective theory of TMDC
double quantum dots
All results presented in this Chapter have been published in A. David, G. Burkard,
and A. Kormányos, 2D Mater. 5, 035031 (2018). [93].

4.1
4.1.1

Model
Basic definitions

We give here the definitions for the different terms of the Hamiltonians that describe
(†)

the various scenarios studied in this work. The operators cjτ σ annihilate (create) an
electron in QD j with valley τ and spin σ. Here j = L (R) refers to the left (right)
QD, τ = K (K) indicates the positive (negative) valley and σ =↑ (↓) specifies spin up
(spin down).
The on-site Coulomb repulsion between electrons in the same QD is captured by
the Hubbard Hamiltonian,
HU =

U X
nj (nj − 1),
2

(4.1)

j=L,R

where U > 0 is the positive charging energy of the dot and the number operator is
defined as
nj =

X

X

τ =K,K 0 σ=↑,↓
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c†jτ σ cjτ σ .

(4.2)
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A detuning term specifies the energy difference ε between the dots,
ε
Hε = (nL − nR ).
2

(4.3)

Electron-hopping from one dot to the other is accounted for by a tunneling term
that preserves spin and valley,
Ht =

X


t c†Rστ cLστ + h.c. ,

(4.4)

τ,σ

where the tunneling coefficient t is generally a complex number.
The intrinsic spin-orbit coupling is modeled by a simple time-reversal symmetric
(T -symmetric) spin-splitting: ∆τz σz [53]. Here, τi (σi ) is the i-th Pauli matrix acting
on the valley (spin) DOF (i = x, y, z), while ∆ is a real, positive or negative, coupling

constant. This implies that the Kramers pair states in the set P = |K ↑i , |K ↓i are

shifted by the energy +∆, while the Kramers pair states in the set N = |K ↓i , |K ↑i

are shifted by the energy −∆. We call P the positive Kramers pair and N the negative
Kramers pair. For the double dot system,
H∆ = ∆

X

c†jτ σ (τz )τ τ (σz )σσ cjτ σ .

j,τ,σ

(4.5)

Eq. (4.5) assumes that the spin-orbit splitting is the same for every dot, which is
usually the case for dots created on the same material. In case the spin-orbit splitting
is different we use the following generalisation,
H∆L ,∆R =

X

∆j

j

X

c†jτ σ (τz )τ τ (σz )σσ cjτ σ ,

τ,σ

(4.6)

where ∆L and ∆R are the spin-orbit splittings in the left and right QD respectively.
We also consider the coupling of spin and valley to an external magnetic field. The
corresponding spin Zeeman term is given by
HS =

X
j

hSj ·

X

c†jτ σ1 (σ)σ1 σ2 cjτ σ2 ,

τ,σ1 ,σ2

(4.7)

where hSL and hSR are two vectors of coupling constants for left and right QD respectively and σ is the vector of Pauli matrices acting on spin.
The valley Zeeman term is the valley counterpart of the spin Zeeman but considering only the z-Pauli matrix acting on the valley. This is motivated by Ref. [53] and
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E
V (x)
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2(∆ + hSLz )
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2(∆ + hV Rz )
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K K
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R

Figure 4.1: Diagram of the energy E as a function of the position x along the axis of
the DQD. V (x) (dark red line) represents the double-well potential that defines the
left (L) and right (R) QDs. The energy levels of the valley and spin states inside the
dots are shown here with a positive detuning ε. Spin states with valley K (K) are
coloured in red (blue). The energy levels are shifted by a symmetric spin-orbit splitting
(∆) and by inhomogeneous spin and valley Zeeman terms along the z-direction, with
coupling constants hSLz /hSRz and hV Lz /hV Rz respectively. Electrons are allowed to
tunnel from one dot to the other with tunneling coefficient t.

recent experiments [55, 56],
HV =

X
j

hV jz

X

c†jτ σ (τz )τ τ cjτ σ

(4.8)

τ,σ

where hV Lz and hV Rz describe the valley splittings in the left and right dot. A concise
outline of the interactions and the DOF of our DQD model is shown in Fig. 4.1.
We consider the case where there are two electrons in the system. The possible
charge configurations are (2, 0), (1, 1) and (0, 2), where (nL , nR ) means that there are
nL electrons in the left QD and nR electrons in the right QD. Because of the spin and
valley degrees of freedom and due to the Pauli exclusion principle, there are 28 linearly
independent states: 6 (2, 0)-states, 16 (1, 1)-states and 6 (0, 2)-states. Throughout this
paper, we always assume a small detuning and weak tunneling, i.e.
|t|  |U ± ε|.

(4.9)
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4.2

Projectors

Here we explain how to find a compact form for projection operators on spin-valley
states which have a particular structure, such as the (1, 1) antisymmetric states described in this paper. For the sake of clarity we list them here explicitly:
√
|T+ Si = (|K ↑; K ↓i − |K ↓; K ↑i)/ 2,
√
|T− Si = (|K ↑; K ↓i − |K ↓; K ↑i)/ 2,
√
|ST+ i = (|K ↑; K ↑i − |K ↑; K ↑i)/ 2,
√
|ST− i = (|K ↓; K ↓i − |K ↓; K ↓i)/ 2,
√
|n+ i = (|K ↑; K ↓i − |K ↓; K ↑i)/ 2,
√
|n− i = (|K ↓; K ↑i − |K ↑; K ↓i)/ 2,

(4.10a)
(4.10b)
(4.10c)
(4.10d)
(4.10e)
(4.10f)

with |τ1 σ1 ; τ2 σ2 i = c†Lτ1 σ1 c†Rτ2 σ2 |0i. The operators that project on these states are
shown in Eq. (4.24). We can follow two approaches to obtain them, one is more
intuitive and gives compact results, assembling projectors on larger parts of the Hilbert
space, but in practice it works only when the states we are considering have a structure
for which we already know the correct basic projectors. The other one is rather formal
but general, however it does not give the projectors in a compact form.
In order to show that equations (4.24) are really the projectors we are looking
for, we will present here the intuitive way to derive them, using symmetries in the
structure of states (4.10). Take τz , this operator has eigenvalue +1 when the state is in
valley |Ki and eigenvalue −1 when the state is in valley |Ki. Thus, (1 + τjz )/2 is the

projector on all those states which have an electron in the j-th QD in valley |Ki and
(1 − τjz )/2 projects on states where the electron in QD j has valley |Ki. Analogous
considerations hold for the spin operator σz and the spin states |↑i, |↓i. In other words,

we wrote down projectors on states which have a certain valley or possess a certain
spin in a specific dot. Now focus on τLz τRz , this string of operators has eigenvalue +1
when both electrons are in the same valley (|KKi or |KKi) and eigenvalue −1 when

the valleys are different (|KKi or |KKi). Then, operators (1 ± τLz τRz )/2 project on
states whose valleys are the same (+) or are opposite (−). Similar considerations are
valid for their spin counterparts.
The states with the simpler structure are |T+ Si, |T− Si, |ST+ i and |ST− i. They

all have one of the properties fixed for both dots (either positive valley, negative valley,
spin up or spin down, respectively). Consider |T+ Si (Eq. (4.10a)), for both dots the
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valley is |Ki, but the spins are in a singlet state. The combination
1
(1 + τLz )(1 + τRz )
4

(4.11)

projects on all the states with positive valley in both dots. To complete the expression
we multiply by the projector on the spin singlet, given by (1 − σ L · σ R )/4. Finally,
the complete projector is

P|T+ Si =

1
(1 + τLz ) (1 + τRz ) (1 − σ L · σ R ) ,
16

(4.12)

as in (4.24a). The other very similar expressions in (4.24a) and (4.24b) follow the
same derivation with the appropriate changes of signs and spin/valley operators.
States |n± i of equations (4.10e) and (4.10f) have a more complicated structure.

First of all, they are both composed of states with opposite valley and opposite spin
in the dots. The operator
1
(1 − τLz τRz )(1 − σLz σRz )
4

(4.13)

projects on the subspace spanned by {|K ↑; K ↓i , |K ↓; K ↑i , |K ↓; K ↑i , |K ↑; K ↓i}.

To distinguish between |n+ i and |n− i, we note that for |n+ i the product of the eigen-

values of spin and valley inside each dot is positive, while for |n− i it is negative (this is

why they get an energy shift of ±2∆ by the spin-orbit coupling H∆ ). We use τLz σLz
to distinguish them and the projectors become

1
(1 − τLz τRz )(1 − σLz σRz )(1 ± τLz σLz ),
8

(4.14)

positive sign for the subspace spanned by {|K ↑; K ↓i , |K ↓; K ↑i} and negative sign

for the subspace spanned by {|K ↓; K ↑i , |K ↑; K ↓i}. Finally, the operator that identifies the correct superposition is τLx σLx τRx σRx , the same for both states. The total
projectors for |n± i are
P|n± i =

1
(1 − τLz τRz ) (1 − σLz σRz )
16
× (1 ± τLz σLz ) (1 − τLx σLx τRx σRx ) ,

(4.15)

as in Eq. (4.24c).
Formally, the above results can also be obtained by noticing that the projectors we
are looking for are spin-and-valley operators (i.e. acting on the (1, 1)-subspace) and
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every spin-and-valley operator P can be expanded in a linear combination of Pauli
operator strings,
P =

X

Pijkl τLi σLj τRk σRl ,

(4.16)

i,j,k,l=0,x,y,z

where Pijkl are complex coefficients. If |ψi is the state we want to project on, the

projector is P = |ψi hψ| and we can use the inner product provided by the trace

operation to obtain the expansion coefficients,

Pijkl = Tr [|ψi hψ| τLi σLj τRk σRl ] .

(4.17)

Again, recollecting a compact expression from this set of coefficients requires some
work (even when most of them are zeros) and does not give any physical insight.
For completeness, we briefly discuss Pas , the projector on the whole antisymmetric
subspace of (1, 1)-states of Eq. (4.25). Although this operator could be obtained as the
sum of the 6 projectors of Eq. (4.24) on the single, linearly independent antisymmetric
states, we can write it down following another procedure, derived in Ref. [94]. It can
be expressed as a combination of projectors on the singlet (S, antisymmetric) and on
the triplet (T , symmetric) subspaces for spin and valley,
S
T
T
S
Pas = Pspin
Pvalley
+ Pspin
Pvalley
.

(4.18)

Here we defined the spin projectors as
S
Pspin
=

1 − σL · σR
,
4

T
Pspin
=

3 + σL · σR
.
4

(4.19)

The valley projectors have the same form, only substituting τ ’s for σ’s. Eq. (4.18)
yields, then,
Pas = (3 − σ L · σ R − τ L · τ R − (σ L · σ R )(τ L · τ R ))/8.

4.3

(4.20)

Basis states and projection operators

It is natural to refer to certain operators that will appear as projectors on specific
states. We present a convention to name all 28 states of the total Hilbert space and
we give the projection operators that will be useful later.
Because of the Pauli exclusion principle, not all the states in the (1, 1)-subspace
are allowed to tunnel to (0, 2) or (2, 0)-states, but only those which are antisymmetric
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|Si

|T− i

|T0 i

|T+ i

Spin

|↑↓i−|↓↑i
√
2

|↓↓i

|↑↓i+|↓↑i
√
2

|↑↑i

Valley

|KKi−|KKi
√
2

|KKi

|KKi+|KKi
√
2

|KKi

Table 4.1: Definitions of singlet and triplet states for the spin and valley DOF.

in spin and valley [95, 96]. Following the antisymmetric nature of the tunneling
states, we begin by introducing a basis consisting of states that are symmetric or
antisymmetric in both spin and valley: |sV sS i(nL ,nR ) , where (nL , nR ) is the charge

configuration and sV (sS ) indicates the exchange symmetry of valley (spin) DOF.
The exchange symmetry can be either that of a singlet (S) or that of a triplet (T− ,
T0 , T+ ); see Table 4.1 for the definitions of these states. When (nL , nR ) = (1, 1) we
omit the indication of the charge configuration in the subscript. The equal spin-orbit
coupling term H∆ (Eq. (4.5)) is not diagonal in this basis. We show this for the
(1, 1)-states |SSi, |ST0 i, |T0 Si and |T0 T0 i. As explained for Eq. (4.31), the restriction
of Eq. (4.5) to the (1, 1)-subspace is given by H∆ |(1,1) = ∆ (τLz σLz + τRz σRz ). Before

applying this operator to the investigated states, we illustrate the action of τjz and
σjz , j = L, R, on a singlet state using the definition given in Table 4.1,
√
τLz |SiV = τLz (|KKi − |KKi)/ 2 =

√
(|KKi + |KKi)/ 2 = |T0 iV . (4.21)

It is easy to prove the related identities, τRz |SiV = − |T0 iV , σLz |SiS = |T0 iS ,

σRz |SiS = − |T0 iS . Then it follows that |SSi cannot be an eigenstate of H∆ , be-

cause

H∆ |SSi = ∆ (τLz σLz + τRz σRz ) |SSi =
∆ (|T0 T0 i + |T0 T0 i) = 2∆ |T0 T0 i . (4.22)
Similarly, we also obtain H∆ |T0 T0 i = 2∆ |SSi, H∆ |ST0 i = 2∆ |T0 Si, H∆ |T0 Si =

2∆ |ST0 i. To conclude, we see that the state |n+ i, given by the linear combination
|ST0 i + |T0 Si (up to a normalisation factor), is an eigenstate of H∆ and likewise for

the other states in Eq. (4.23). The eigenvalues are given by H∆ |n± i = ±2∆ |n± i and

H∆ |n± i = ±2∆ |n± i, as illustrated in Table 4.2.

In order to work with a basis that makes H∆ diagonal, in the (1, 1)-subspace we
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substitute |ST0 i, |T0 Si, |SSi and |T0 T0 i with the following states,
√
|n± i = (|ST0 i ± |T0 Si)/ 2,
√
|n± i = (|T0 T0 i ± |SSi)/ 2.

(4.23a)
(4.23b)

Here |n± i (|n± i) are antisymmetric (symmetric) spin-valley states which are superpo-

sitions of only positive (subscript +) or negative (subscript −) Kramers pairs, see also
Sec. 4.2. Note that |n± i (|n± i) are odd (even) under the time-reversal operator T .

For these states there is no defined exchange symmetry for spin or valley alone. States
analogous to |n± i are defined in the (2, 0) and (0, 2)-subspaces. In Table 4.2, we list
all these states grouped by charge configuration and by symmetry under exchange.

Projection operators on each one of the antisymmetric (1, 1)-states are easy to
obtain (see Sec. 4.2),
1
(1 ± τLz ) (1 ± τRz ) (1 − σ L · σ R ) ,
16
1
=
(1 ± σLz ) (1 ± σRz ) (1 − τ L · τ R ) ,
16
1
(1 − τLz τRz ) (1 − σLz σRz )
=
16
× (1 ± τLz σLz ) (1 − τLx σLx τRx σRx ) ,

P|T± Si =

(4.24a)

P|ST± i

(4.24b)

P|n± i

(4.24c)

where τji (σji ) is the i-th Pauli matrix acting on valley (spin) in QD j = L, R and σ j ,
τ j are vectors of Pauli matrices acting on spin or valley respectively. We note that
the projection operator over the whole antisymmetric subspace of the (1, 1)-sector can
be written as [94] (see Sec. 4.2),
Pas = (3 − σ L · σ R − τ L · τ R − (σ L · σ R )(τ L · τ R ))/8.

4.4
4.4.1

(4.25)

(1, 1) subspace
Zero spin-orbit splitting (∆ = 0)

We finish this section by briefly considering the case where there is no spin-orbit
splitting (∆L = ∆R = 0). The total Hamiltonian is, then,
Htot = HU + Hε + Ht ,

(4.26)
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where HU , Hε and Ht are defined in equations (4.1), (4.3) and (4.4) respectively. This
model describes DQD systems with fourfold degenerate spin and valley states in each
dot (and no spin-orbit interaction). This case has been extensively treated in Ref. [94].
For later reference and readability we report the resulting effective Hamiltonian,
Heff = −JPas ,

(4.27)

where the exchange energy J in this case has the usual form,
J=

4|t|2 U
,
U 2 − ε2

(4.28)

and the definition of Pas is given in Eq. (4.25). This Hamiltonian shifts down the
energy of all the (1,1) states in the antisymmetric subspace by −J. It means that the

ground state is any state in this 6-dimensional subspace and it has energy −J. The

first excited states are those in the orthogonal 10-dimensional symmetric subspace,
with energy 0. This is represented in Fig. 4.2(a).

4.4.2

Symmetric spin-orbit splitting (∆L = ∆R = ∆)

We first consider the case where the spin-orbit coupling is equal for both QDs: ∆L =
∆R = ∆. We call this symmetric spin-orbit splitting. The total Hamiltonian is
Htot = HU + Hε + Ht + H∆ ,

(4.29)

where H∆ is defined in Eq. (4.5). This Hamiltonian describes DQDs created in TMDCs
[5, 6, 53, 75, 97, 98], but it may also be used to study DQDs in CNTs [96, 99–103].
Symmetric spin-orbit coupling H∆ shifts those states formed by two elements of
the negative (positive) Kramers pair by −2∆ (+2∆), while it leaves unchanged those
states formed by one element of the negative Kramers pair and one element of the

positive Kramers pair (see Table 4.2). In order to identify the (1, 1)-sector as our low
energy subspace (LES) we have to guarantee first of all that no (2, 0) or (0, 2)-state is
lower in energy than any (1, 1)-state. Looking at Table 4.2 we see that this condition
is met when
4|∆| < U − |ε|.

(4.30)

When both (4.9) and (4.30) are satisfied, it follows that (2, 0) and (0, 2)-states are energetically unfavored and tunneling out from the (1, 1)-sector is strongly suppressed.
However, virtual tunneling processes must be taken into account. It is important
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to notice that antisymmetric (1, 1)-states can tunnel only to their (0, 2) and (2, 0)
counterpart states that have the same spin and valley configuration. This is due to
the spin- and valley-preserving nature of the tunneling term of Eq. (4.4): there is no
transition from a negative Kramers pair to a positive Kramers pair and viceversa.
Therefore, all the energy differences between initial and final states in a virtual tunneling process do not depend on ∆ and the exchange interaction that emerges does
not change from the case of zero spin-orbit splitting reported in Sec. 4.4.1. Exchange
interaction and symmetric spin-orbit coupling act independently of each other. We
obtain the effective Hamiltonian:
Heff = −JPas + ∆Σ,

(4.31)

where J is the same constant defined in (4.28), Pas is given in (4.25), ∆Σ = H∆ |(1,1) =

∆ (τLz σLz + τRz σRz ) and H∆ |(1,1) is the restriction of H∆ to the (1, 1)-subspace.

It is simple to evaluate the consequences of Eq. (4.31) since it is diagonal in the

states of Table 4.2. Assuming now that ∆ > 0, the ground state is |n− i because it is

the only state that is shifted down by both −J and −2∆, thus the ground state space

is one dimensional, see Fig. 4.2(b),(c). The dimensionality of the ground state space

changes from one to six only when ∆ is exactly equal to zero (see Fig. 4.2(a)) and this
degeneracy is lifted linearly in ∆. As shown in Fig. 4.2(b),(c), there are five groups
of excited states with various degrees of degeneracy and whose relative distances in
energy depend on the sizes of ∆ and J. For later comparison, we observe that in
this case each antisymmetric state is separated from its symmetric counterpart by the
same amount, the exchange energy J. In the case ∆ < 0, the results are analogous,
but the ground state is |n+ i.

Regarding the experimental situation, the few available experiments indicate U ≈

2 meV for QDs created in WSe2 [48] and MoS2 [50–52] with QD radii around 100 nm.
On the other hand, the theory predicts 2∆ to be about 3 meV for MoS2 and larger
for other compounds [10, 53]. Therefore, at the moment, condition (4.30) seems not

to be satisfied for TMDCs, but further experiments with smaller QD sizes may lead
to higher charging energies. However, when Eq. (4.30) is not satisfied, it is possible
to focus on a smaller subspace inside the (1, 1)-sector, as explained in Sec. 4.5.
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HU + Hε

0

0

U +ε

U −ε

−2∆
0
(1, 1)-subspace, antisymmetric
|n− i
|T+ Si
|T− Si
|ST+ i
|ST− i
(1, 1)-subspace, symmetric
|n− i
|T+ T0 i
|T+ T− i
|T− T0 i
|T− T+ i
|T0 T+ i
|T0 T− i
(2, 0)-subspace
|n− i(2,0)
|T+ Si(2,0)
|T− Si(2,0)
|ST+ i(2,0)
|ST− i(2,0)
(0, 2)-subspace
|n− i(0,2)
|T+ Si(0,2)
|T− Si(0,2)
|ST+ i(0,2)
|ST− i(0,2)

+2∆
|n+ i

|n+ i
|T+ T+ i
|T− T− i
|n+ i(2,0)

|n+ i(0,2)

Table 4.2: The first column on the left hand side reports the value of Coulomb repulsion (Eq. (4.1)) and detuning (Eq. (4.3)) for the different charge configurations. The
three columns on the right hand side show which states are shifted by −2∆, 0 and
+2∆ by the action of the symmetric spin-orbit coupling H∆ defined in Eq. (4.5). The
states are grouped as (1, 1)-states (antisymmetric and symmetric), (2, 0)-states and
(0, 2)-states (only antisymmetric).
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E

3
J
1
2∆

J

10
J
6

2∆
2∆
2∆

4 2∆
J
4

J

3 2∆
J
1
∆=0
(a)

2∆ < J
(b)

2∆ > J
(c)

Figure 4.2: Level structure of (1, 1)-states for the symmetric spin-orbit splitting case
at fixed (small) detuning. We show three relevant cases with increasing spin-orbit
splitting (∆) from left to right. Thick horizontal lines illustrate the energy levels.
Degenerate levels are shown as a group of thick lines close together with a number
indicating the degree of degeneracy. The coloured energy levels display states inside
the N × N -sector. The red energy levels indicate the antisymmetric state |n− i, while
the blue energy levels are the symmetric states |n− i, |T+ T− i, |T− T+ i. In (a) the
spin-orbit splitting is zero and there are only two degenerate energy levels, separated
by the exchange energy J. The higher (lower) energy corresponding to the symmetric
(asymmetric) states. In (b) both symmetric and antisymmetric energy levels are
separated in three groups, |n− i becomes the ground state and the first excited states
are antisymmetric. In (c), when 2∆ is greater than the exchange energy J, the N ×N sector becomes the LES and the first excited states are symmetric.
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E
2∆

E
3

3
J

1
0

4

−J

4

−2∆

3

J

J
1
∆L = ∆R

J|n+ i

∆L + ∆ R

1
4

− J2 +

Φ
2

4

− J2 −

Φ
2

3

−∆L − ∆R

Φ

J|n− i

1

∆L 6= ∆R

Figure 4.3: Comparison of the energy levels for symmetric (left) and asymmetric
(right) spin-orbit splitting cases. The energy levels from left to right are aligned in
a way to preserve the sum ∆L + ∆R between the two cases (equal to 2∆ for the
symmetric spin-orbit splitting case). The left hand side is equivalent to the case of
2∆ > J depicted in Fig. 4.2(c). The exchange energies J and J|n± i are defined in
p
Eq. (4.28) and Eq. (4.35), while Φ = J 2 + 4(∆L − ∆R )2 , see Eq. (4.37).

4.4.3

Asymmetric spin-orbit splitting (∆L 6= ∆R )

Suppose now that the spin-orbit strength is different in the two dots, ∆L 6= ∆R , this
is the case of asymmetric spin-orbit splitting. The total Hamiltonian is
Htot = HU + Hε + Ht + H∆L ,∆R ,

(4.32)

where H∆ has been substituted by H∆L ,∆R defined in Eq. (4.6).
There is theoretical evidence that for (rather small) QDs on TMDCs the spinorbit strength ∆ depends on the radius of the QD [54]. Therefore, the Hamiltonian
in Eq. (4.32) can reflect a situation where the two dots have different sizes. Changing
the size of the QD would allow for a smooth and tunable adjustment of ∆. Another
situation where ∆L 6= ∆R can be relevant is when the dots would be created in

lateral heterojunctions such that each dot is created in different types of TMDC,
which intrinsically possess different spin-orbit splittings [10]. Lateral heterojunctions
of different TMDCs have already been demonstrated by several groups [104–106]. To
our knowledge no experiment has been reported yet involving such a DQD. We notice
that for heterojunctions the situation might be further complicated by mismatch in
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the energy band gap, acting as a detuning away from the interface, and by likely
non-negligible differences in the Coulomb charging energy U of the two compounds.
We point out that H∆L ,∆R is not diagonal in the basis of the states listed in Table 4.2. Each of the antisymmetric states |T+ Si, |T− Si, |ST+ i, |ST− i is mixed with

its symmetric counterpart and the off-diagonal elements are ±(∆L −∆R ). This is rele-

vant to determine the ground state, but not for the form of the effective Hamiltonian,
because the mixing happens inside the (1, 1)-subspace. Another difference is that, in
contrast to Table 4.2, the ±2∆ on the diagonal of the Hamiltonian are replaced by
±(∆L + ∆R ) in the (1, 1)-subspace, by ±2∆L in (2, 0) and by ±2∆R in (0, 2). When
condition (4.9) is also valid, we can ensure that (1, 1)-states are lower in energy than
(2, 0) and (0, 2) states by requiring that
max{|∆L + ∆R |, |∆L − ∆R |} + 2 max{|∆L |, |∆R |} < U − |ε|.

(4.33)

In this case we can use the Schrieffer-Wolff transformation [66–68] to obtain the effective Hamiltonian. The term H∆L ,∆R has three significant consequences. Firstly, the
following matrix element differences now depend on ±(∆L − ∆R ),
E|n± i − E|n± i(0,2) = ±(∆L − ∆R ) − U + ε,

(4.34a)

E|n± i − E|n± i(2,0) = ∓(∆L − ∆R ) − U − ε,

(4.34b)

where E|ψi = hψ| Htot |ψi. Secondly, in order to apply perturbation theory to the

(1, 1)-subspace, the coupling constants must satisfy the conditions |t|  |U ± ε|,

|t|  |U ± (ε + ∆L − ∆R )| and |t|  |U ± (ε − ∆L + ∆R )| simultaneously. In turn,

these imply that |∆L − ∆R |  U . Lastly, the exchange energies relative to |n± i
acquire a dependence on the asymmetry of the spin-orbit splittings,
J|n± i =

4|t|2 U
,
(U + ε ± ∆L ∓ ∆R )(U − ε ∓ ∆L ± ∆R )

(4.35)

c.f. Eq. (4.28). The exchange energies for states |T+ Si, |T− Si, |ST+ i and |ST− i are

not affected.

An effective Hamiltonian can be written in a compact form in the following way,
Heff = −JPas + ∆L ΣL + ∆R ΣR − (J|n− i − J)P|n− i − (J|n+ i − J)P|n+ i ,

(4.36)

where P|n− i and P|n+ i are the projectors on |n− i and |n+ i defined in equation (4.24c)

and in this case we write the restriction H∆L ,∆R |(1,1) = ∆L ΣL + ∆R ΣR , with Σj =
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τjz σjz . By diagonalizing the Hamiltonian (4.36), we obtain the energy levels shown
in Fig. 4.3. Interestingly, the two levels that appear at energy 0 and energy −J for
the symmetric spin-orbit splitting case move to the energies,
−

J
1p 2
J
Φ
±
J + 4(∆L − ∆R )2 = − ± .
2
2
2
2

(4.37)

This is a consequence of the level repulsion due to the off-diagonal ±(∆L −∆R ) matrix

elements coming from H∆L ,∆R . However, the degrees of degeneracy remain the same.

Looking at Eq. (4.37) and at Fig. 4.3, we realise that, for positive ∆L + ∆R , the
ground state is |n− i, unless |∆L − ∆R | is larger than ∆L + ∆R , in which case the

states |T+ Si, |T− Si, |ST+ i, |ST− i (or their symmetric counterparts) span a 4-fold
degenerate ground state space.

We want to briefly mention here that a generalisation of the asymmetric spinorbit coupling which preserves the T -symmetry, including couplings to the in-plane

components of the spins, does not affect the exchange interaction. Consider
H∆L ,∆R ,xyz =

X
j

∆j ·

X

c†jτ σ1 (τz )τ τ (σ)σ1 σ2 cjτ σ2

(4.38)

τ,σ1 ,σ2

where ∆j is the vector of the three coupling constants ∆jx , ∆jy , ∆jz for QD j,
multiplied by the vector of spin Pauli matrices σ. Eq. (4.38) resembles the spin
Zeeman term (cf. Eq. (4.7)), but it also preserves T -symmetry because of the τz that

multiplies the spin Pauli matrices. Qualitatively, a term like this should appear in the
Hamiltonian of TMDC DQD systems for which it is possible to define an average local
tilt and an average local curvature of the TMDC sheet for each dot [107]. However,
tilt and curvature add couplings between conduction and valence band as well and one
would need to check whether these couplings are small enough to be neglected. This
is not the focus of this work and we only want to stress that substituting H∆L ,∆R with
H∆L ,∆R ,xyz in Eq. (4.32) does not modify the exchange interaction given in Eq. (4.36).

4.4.4

Spin and valley Zeeman and symmetric spin-orbit coupling

In this section we investigate the influence of spin and valley Zeeman terms on the
symmetric spin-orbit splitting case. The total Hamiltonian for this scenario reads
Htot = HU + Hε + Ht + H∆ + HS + HV ,

(4.39)
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where HS and HV are defined by equations (4.7) and (4.8) respectively. This is the
case depicted in Fig. 4.1.
This model approximates at least two similar but distinct situations. First, when
a monolayer TMDC is placed in a non-uniform and weak magnetic field, the spin of
the electron in each dot couples to the local field in all three spacial directions through
the spin Zeeman interaction HS . On the other hand, here we assume that the valley
DOF couples only to perpendicular magnetic field. Indeed, in Ref. [53] it was shown
that such coupling exists due to orbital effects. Since in-plane magnetic field does
not lead to orbital effects in the strict two-dimensional limit, we assume that it does
not couple to the valley. In contrast to Ref. [53] here we only consider the lowest
orbital state in each of the dots but we also take into account the Coulomb charging
energy U . The other possible situation that came to our attention is that of monolayer
TMDC deposited on a ferromagnetic insulator, e.g. europium oxide (EuO). Such a
situation was considered in Ref. [108], where Eq. (4.7) was used to model the giant
and tunable valley splitting. A Rashba term is also included, mixing conduction and
valence band, that we do not consider here. Although Ref. [108] does not consider
the valley Zeeman term, we note that it is allowed in the effective Hamiltonian of
the TMDC because the ferromagnetic substrate breaks time-reversal symmetry. The
presence of such magnetic exchange field in TMDC and ferromagnetic semiconductor
heterostructures has been recently demonstrated [55, 56].
Now both HS and HV are non-diagonal in the basis of states presented in Table 4.2
and they mix a large number of states. We do not list all the newly introduced matrix
elements but we observe that they are confined inside the charge sectors (0, 2), (1, 1)
and (2, 0), as HS and HV do not contain terms of the form c†Lτ σ cRτ 0 σ0 (or h.c.). The
only coupling between (1, 1)-states and (2, 0) or (0, 2)-states remains tunneling. Nevertheless, we have to ensure that (1, 1)-states are lower in energy than other states. To
simplify the discussion we assume that the spin Zeeman coupling constants associated
with x- and y-Pauli matrices are small: |hSji |  U , j = L, R, i = x, y. Then, choosing
an appropriate basis where σjz and τjz are diagonal, it is easy to see that (1, 1)-states
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are lower under the condition,
max{−2∆ + |HSz − HVz |, −2∆ + |δhzS − δhzV |,

+ 2∆ + |HSz + HVz |, +2∆ + |δhzS + δhzV |,
|δhzS + HVz |, |δhzS − HVz |,

|HSz + δhzV |, |HSz − δhzV |}+
+ 2 max{|∆|, |hV Lz |, |hV Rz |, |hSLz |, |hSRz |} < U − |ε|, (4.40)
where we used the same notation described in Eq. (4.55). In addition, to apply the
Schrieffer-Wolff transformation, Eq. (4.9) and the conditions
|t|  U ± (ε + (h`Lz − h`Rz )),

(4.41a)

|t|  U ± (ε − (h`Lz − h`Rz )),

(4.41b)

where ` = V, S, must also be satisfied. The matrix element differences of states |T− Si,

|T+ Si, |ST− i, |ST+ i with their (2, 0) and (0, 2) counterparts acquire a dependence on
hV Lz − hV Rz or hSLz − hSRz . Defining the exchange energies

4|t|2 U
,
(U + ε ± hV Lz ∓ hV Rz )(U − ε ∓ hV Lz ± hV Rz )
4|t|2 U
=
,
(U + ε ± hSLz ∓ hSRz )(U − ε ∓ hSLz ± hSRz )

J|T± Si =

(4.42a)

J|ST± i

(4.42b)

the effective Hamiltonian can be written as
Heff = −J(P|n− i + P|n+ i ) − J|T− Si P|T− Si − J|T+ Si P|T+ Si +
− J|ST− i P|ST− i − J|ST+ i P|ST+ i + ∆Σ+
+ hSL · σ L + hSR · σ R + hV Lz τLz + hV Rz τRz , (4.43)
where J is the standard exchange energy defined in Eq. (4.28) and hSL ·σ L +hSR ·σ R ≡
HS |(1,1) while hV Lz τLz + hV Rz τRz ≡ HV |(1,1) .

4.5

Negative Kramers pairs subspace

In this section we explain in which cases it is possible to restrict the LES to the
tensor product of the two lowest Kramers pairs in energy and we present the effective
Hamiltonians in this smaller subspace. In general, this happens when the spin-orbit
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strength is quite large, thus the results of this section are relevant for TMDCs. From
now on we assume ∆L,R > 0, so that for each dot the lowest Kramers pair is N , the
negative one (see Sec. 4.1.1). Similar results can be obtained in case the spin-orbit
splittings are negative and the lowest Kramers pair is P, the positive one.

4.5.1

Symmetric spin-orbit splitting (∆L = ∆R = ∆)

In the case of symmetric spin-orbit splitting (∆L = ∆R = ∆, see Htot in Eq. (4.29))
there is no matrix element that allows a transition between N and P. Assuming

Eq. (4.9) and 2∆ > J (which is usually the case for TMDCs at low detuning) we
see from Fig. 4.2(c) that the subspace spanned by the states of N × N (also called

N × N -sector) is the LES, where,

N × N = |K ↓; K ↓i ,

|K ↓; K ↑i ,

|K ↑; K ↓i ,

|K ↑; K ↑i ,

(4.44)

with |τ1 σ1 ; τ2 σ2 i = c†Lτ1 σ1 c†Rτ2 σ2 |0i. Now we present the effective Hamiltonian when
the system is restricted to this LES.

We can easily identify the negative Kramers pair N as a spin-1/2 DOF with
|e
↑i ≡ |K ↑i ,

|e
↓i ≡ |K ↓i ,

(4.45)

so that the effective basis N × N can be seen as the basis of all the states of two spins,
n
N × N = |e
↑; e
↑i ,

|e
↑; e
↓i ,

|e
↓; e
↑i ,

o
|e
↓; e
↓i .

(4.46)

In this basis, the spin-orbit coupling always assumes the value of −2∆, which we
ignore in the following since it is just an energy shift. It is well known that the

effective Hamiltonian for two electrons with only the spin DOF in two QDs with only
tunneling, detuning and Hubbard potential is given by [63] Heff = JS L · S R , with the

usual exchange energy J multiplied by the projector on the singlet state |Si, the only

antisymmetric state for two spins (S j is the vector of spin operators acting on QD j).
Analogously, using the following operators,
σ
ez = σz ,

σ
ex = τx σx ,

σ
ey = τx σy ,

(4.47)

the Hamiltonian of the system restricted to basis N × N is
eL · S
e R,
Heff, N ×N = J S

(4.48)
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where Seji =

1
eji
2σ

is the spin operator proportional to the new Pauli operator σ
ei ,

i = x, y, z, acting on QD j = L, R. The ground state space is one-dimensional as for
the full (1, 1)-subspace. Indeed, the ground state is the same,

 √
 √
e = |e
|Si
↑; e
↓i − |e
↓; e
↑i / 2 = |K ↓; K ↑i − |K ↑; K ↓i / 2 = |n− i .

4.5.2

(4.49)

Almost symmetric spin-orbit splitting (|∆L − ∆R |  ∆L + ∆R )

Very similar considerations are valid when we relax the constraint of equal spin-orbit
splittings in the dots (∆L 6= ∆R , see Htot in (4.32)). To reduce the LES to the

subspace spanned by N × N we need

∆L + ∆R > (J +

p
J 2 + 4(∆L − ∆R )2 )/2,

(4.50)

see Fig. 4.3 and Eq. (4.37). Of course, to apply perturbation theory, the conditions
|t|  |U ± (ε + ∆L − ∆R )| and |t|  |U ± (ε − ∆L + ∆R )| must be valid here too.

Following the same steps that led to Eq. (4.48), we arrive to the effective Hamil-

tonian,
eL · S
e R.
Heff, N ×N = J|n− i S

(4.51)

where J|n− i is given in Eq. (4.35). Indeed, from Fig. 4.3 we see that the energy
levels for the N × N -sector are similar between symmetric and asymmetric spin-orbit
splitting, only the exchange energy J is altered.

To better understand what is the effect of ∆L − ∆R in J|n− i with respect to J, we

may write

J|n− i = 

J

L
1 + ∆RU−∆
1+
+ε

∆L −∆R
U −ε

.

(4.52)

Since (∆L − ∆R )/(U ± ε)  1, we can write
J|n− i



∆L − ∆R
' J 1 − 2ε 2
.
U − ε2

(4.53)

The effect of an almost symmetric spin-orbit coupling on the exchange energy is that
of fine tuning around the value of J by a small positive or negative quantity, depending
on the sign of ε and ∆L − ∆R . Moreover, as ε → 0, J|n− i → J. The above results
remain valid for the generalisation to H∆L ,∆R ,xyz (Eq. (4.38)).
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4.5.3

Spin and valley Zeeman and symmetric spin-orbit coupling

We now consider the total Hamiltonian of Eq. (4.39) restricted to the N × N -sector.

The results in this section are valid when the spin and valley Zeeman coupling constants are weak compared to the spin-orbit strength: |hSji |, |hV jz |  2∆, j = L, R,

i = x, y, z. We show directly and discuss the effective Hamiltonian for the subspace

spanned by N × N as a 4 × 4 matrix. The columns are associated, from left to right,
to the rotated basis states |n− i, |n− i, |T+ T− i and |T− T+ i,

Heff, N ×N

−J − A

 z
δhS − δhzV
=

0

0

δhzS − δhzV

0

0



0

0

0

−HSz + HVz − A+



,



−A
0

0

0
HSz

− HVz − A−

(4.54)

where J is the standard exchange energy as in Eq. (4.28). We use the notation
H`z = h`Lz + h`Rz ,

(4.55a)

δhz`

= h`Lz − h`Rz ,

(4.55b)

= hSjx ± ihSjy ,

(4.55c)

h±
Sj

with ` = S, V , j = L, R and A± and A are given by
A± =
A=

−
+
−
h+
SL hSL + hSR hSR
,
2∆ ± HSz

−
h+ h− + h+
A− + A+
SR hSR
= 2∆ SL SL
.
2
4∆2 − (HSz )2

(4.56a)
(4.56b)

Since |hSjz |  2∆, we can use the approximation A+ ≈ A− ≈ A, thus the contribution
of A to Eq. (4.54) is an energy shift that can be ignored. Therefore, in this case we
can also write
eL · S
e R + HS |
Heff, N ×N = J S
N ×N + HV |N ×N ,

(4.57)

where HS |N ×N and HV |N ×N are the restrictions of HS and HV to the N × N -sector.

Given the generality of H∆L ,∆R ,xyz (Eq. (4.38)) as a T -symmetric term and the

fact that H∆L ,∆R ,xyz and HS only differ in the presence of τz that multiplies the spin
Pauli matrices, we can assert that the new matrix elements (HSz , HVz , δhzS , δhzV , A±
and A) that appear in Eq. (4.54) as compared to Eq. (4.48), are allowed only by
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breaking the time-reversal symmetry.
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Chapter 5

Conclusion
5.1

Summary

The work that has been presented here shows a few applications of the emerging
field of 2D materials and van der Waals heterostructures. The first application is the
transfer of quantum properties (the SOC in our case) from one material to another.
The second one is the confinement of electrons in small regions of the material in
order to manipulate them directly and to let them interact. We have studied both
situations in details, obtaining analytical results for the low energy effective models
and for the microscopic processes that lead to those effective models.
For the induced SOC, we present a model of the graphene-TMDC heterobilayer
that connects the Dirac cones of graphene with the relevant regions of the TMDC BZ
through the interlayer tunneling. Our analysis suggest that the induced SOC is of two
different types, valley Zeeman and Rashba-like. The tunneling parameters are reduced
using the first chalcogen layer approximation and they are fitted to DFT data. The
SOC strengths are then computed numerically from the exact diagonalization of the
bilayer Hamiltonian for any twist angle. These SOC magnitudes may vary significantly
and even vanish as a function of the twist angle and of the position of the Dirac point
in the TMDC band gap. Therefore, the knowledge of both θ and fG is important in
order to compare experiments performed with different devices. Modulation of the
SOC strength changing the twist angles comes from the movement of the tunneling
interaction points along the TMDC BZ path. In parallel, quasidegenerate perturbation
theory is applied to obtain analytic formulas for the valley Zeeman and Rashba-like
SOC. The leading orders in perturbation theory are sufficient to match the numerical
results. Both kinds of SOC are directly proportional to the square of the tunneling
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matrix elements and the strength of the intrinsic SOC of TMDCs while they are
inversely proportional to the square of the energy distance between the Dirac point
and the TMDC bands.
Regarding the DQD in monolayer TMDC, the model suggested has been used to
determine the LES of a DQD in presence of coupled spin-valley Physics. The use
of quasidegenerate perturbation theory was sufficient to determine the influence of
the intrinsic SOC of TMDC on the DQD energy levels even in presence of asymmetric SOC or of substrate-induced magnetic fields. The most important result is that
the interaction between the two negative Kramers pairs is formally identical to the
Heisenberg exchange interaction. The suggestion is then to use such Kramers pairs as
qubit implementations to perform quantum computation. The Heisenberg interaction
allows indeed to obtain a universal cnot gate following the Loss-DiVincenzo quantum
computer proposal.

5.2

Next steps

Graphene-TMDC HSs offer several ways to continue the work presented here. The
two main roads correspond to either the verification of the model or its improvement.
Currently, experimental results are given in term of spin-diffusion lengths or spin lifetimes, while theoretical models, like the one reported here, compute the value of SOC
parameters in effective Hamiltonians. The two approaches are not easy to compare
as one would require additional information regarding the timescales of intervalley
and defect scattering. The easiest way to verify the model would be through the
study of A. Cummings and colleagues [87] that identifies a spin-lifetime anisotropy in
Graphene-TMDC HSs that is proportional to the ratio of Rashba and valley Zeeman
SOC strengths. Experiments have already verified the presence of this anisotropy [25].
Reproducing this kind of experiments for several different twist angles should be sufficient to compare the predicted ratio of SOC strengths to the measured spin-lifetime
anisotropies. This assumes that the intervalley and momentum scattering times do
not change with the twist angle.
To make the Graphene-TMDC model more accurate, one would need to improve
the estimate of the tunneling parameters. We have seen as the knowledge of valley
Zeeman SOC strength, twist angle and position in energy of the Dirac point leads
to determine tk and t⊥ up to the order of magnitude. Adding data points to this
estimate at different angles would increase the precision. It would also be possible to
include and fit the tunneling terms related the metal atom d-orbitals (surpassing the
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first chalcogen layer approximation).
Even in the case of the DQD in TMDCs the main limitations at the moments are
experimental. Monolayer TMDC samples have yet too many defects to reach the few
electron regime in a QD. Another issue involves the manipulation of the orbital state
in the Kramers qubit. To fully perform single-qubit operations one needs to change
on demand the valley eigenvalue as it is done for spin with electron spin resonance
(ESR) [63]. Theoretical proposal to achieve this “valley-flip” operation include the
use of local impurities [109, 110] or the use of a confinement potential [111]. Finally,
transport properties of TMDC DQDs could be understood along the line of earlier
studies for CNT DQDs which investigate, e.g., spin-valley blockade [96, 112–114].
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