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Unterschrift

Zusammenfassung
Diese Arbeit behandelt ein konvexes Optimalsteuerungsproblem, welches eine elliptische
PDE mit Unsicherheit als Nebenbedingung besitzt.
Es wird gezeigt, dass mit Hilfe des projizierten stochastischen Gradientenverfahren eine
optimale Steuerung auf einem diskreten Wahrscheinlichkeitsraum schneller berechnet werden kann als mit dem projizierten Gradientenverfahren. Die Bestimmung der hierfür
notwendigen finite-Elemente (FE) Lösungen kann durch die Verwendung des reduzierten
Basenverfahren beschleunigt werden. Für den Fehler zwischen der FE und der reduzierten
Lösung wird ein a-posteriori Fehlerabschätzer sowohl für die Zustandsgleichung als auch
für die adjungierte Gleichung angegeben. Numerische Ergebnisse stützen die theoretischen Betrachtungen des Fehlers zwischen der FE und der reduzierten Lösung. Desweitern kann der Unterschied zwischen der optimalen Steuerung mit und ohne reduziertem
Basenverfahren beschränkt werden. Die Optimierung mit dem projizierten stochastischen Gradientenverfahren und der reduzierten Basenmethode erweist sich als effizientere
Methode.

Abstract
This thesis covers a convex optimal control problem, which possesses an elliptic PDE
subjected to uncertainty as constraint.
It will be shown that with the help of the projected stochastic gradient method an optimal
control over a discrete random space can be computed faster than with the projected
gradient method. The determination of the necessary finite element (FE) solutions can
be speeded-up by use of the reduced basis (RB) method. For the error between the FE
and the reduced-order solution a-posteriori error estimates can be denoted for the state
and the adjoint equation. The convergence behaviour between the FE and the reducedorder solution will be studied. The numerical results confirm the theoretical results of the
convergence behaviour. Furthermore the difference between the optimal solution with and
without the RB method can be bounded. The optimization with the projected stochastic
gradient method and the RB method turns out to be a more efficient method.
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CHAPTER 1
INTRODUCTION
To find a control that minimizes a cost function while satisfying a constraint is the aim
of each optimal control problem. A typical example of an optimal control problem is a
partial differential equation (PDE) as constraint, which depends itself on the control, and
whose solution is included in the cost function. The choice of a PDE as constraint is
quite obvious since the dynamics of physic, economy and medicine systems are described
by PDEs. Often the PDE depends on a parameter of which only the distribution but
not its value is known. Therefore the cost function has to depend on this value as well.
In general it is impossible to solve an optimal control problem for each realization of the
parameter since it may assume an infinite number of values. To avoid the computation
of an optimal control for each parameter, the expected value of the cost function can be
optimized. Then only one optimal control for the expected value of the cost function is
obtained instead of an infinite or at least large number of optimal controls.
Common methods to compute the expected value are the Monte-Carlo method [23] or the
stochastic approximation from Robbins and Monro [21]. The stochastic approximation is
also called stochastic gradient method. The advantage of the Monte-Carlo method is that
a deterministic problem is obtained, and with this all standard optimization methods to
solve the optimal control problem can be used. This is not the case for the stochastic
gradient method. Geiersbach and Pflug have developed a method to compute an optimal
control in a convex and closed subspace for a convex cost function based on the stochastic
gradient method [9]. The advantage of the stochastic gradient method is that no approximation of the expected value has to be done. Moreover the step size for the stochastic
gradient method can be determined analytically and no step size search has to be done.
In each iteration of the stochastic gradient method at least one finite-element (FE) solution has to be computed. For this a linear system with a high dimensional and sparse
matrix has to be solved each time. For time-critical problems like real-time computations
solving the linear system with a high dimensional matrix is too time expensive. A common solution to reduce the computational time is to use the reduced basis (RB) method
[1][18], which transforms the high dimensional sparse matrix into a lower dimensional but
non-sparse matrix.
This thesis deals with the computation of an optimal control problem with an elliptic PDE
subjected to uncertainty as constraint. For this reason the projected stochastic gradient
1

method is used. Finally the projected stochastic gradient method and the RB method
are combined.
The second chapter covers basic notations, definitions and relevant statements of the
probability, Hilbert space and optimization theory and also Lp and Sobolev spaces.
In the third chapter the convergence theory of the projected stochastic gradient method
is studied. The projected stochastic gradient method is defined for a general optimal
control problem and a convergence result will be presented. Furthermore the influence of
the step size is investigated.
In the fourth chapter an optimal control problem with an elliptic PDE constraint which is
subjected to uncertainty is defined. Afterwards it is demonstrated that this optimal control problem is at least convex and an optimal solution exists. Moreover different random
spaces are introduced, which are used for the (RB) method and the numerical experiments.
The fifth chapter introduces the RB method. First the FE and the reduced-order solution of the state and the adjoint equation are defined. Afterwards the errors between the
reduced-order and the FE solutions are analysed. Finally the error between the reducedorder and the weak solution is studied.
The sixth chapter covers the numerical analysis of the projected stochastic gradient
method and the reduced basis methods. First a specific optimal control problem of Chapter 4 is defined. Which is given on a discrete random space.
In the first part of Chapter 6 different stopping criteria for the projected stochastic gradient method are introduced. Afterwards the projected stochastic gradient method and
the projected gradient method are compared in terms of the computational time and the
number of iterations.
The second part of Chapter 6 covers the RB method. First an algorithm (Greedy algorithm) is introduced which build the reduced basis. Since the Greedy algorithm uses the
norm of the error or the a-posteriori error estimate, the calculations of both are shown.
Afterwards the RB method is tested.
The third part of Chapter 6 introduces the reduced optimal control problem. The difference between the optimal control and the optimal control of the reduced problem is
analysed. Finally the optimizations of the reduced and the normal problem are studied.
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CHAPTER 2
NOTATIONS AND DEFINITIONS
In this section all notations and basic statements which are used in the thesis are presented.

Lp space and Sobolev space
We denote different function spaces which are essential in the thesis. For more details see
[8] or [7] for instance.
Definition 2.1 (Lp space). Let (D, A, µ) be a measure space then Lp (D) is the set of all
measurable functions f : D → R with

 p1
Z
kf kLp (D) :=  |f (x)|p dµ(x) < ∞.
D

The Lp (D) space is defined by
Lp (D) := Lp (D) \ N
with N := {f ∈ Lp (D)|f = 0 µ − a.e}.
Remark 2.1. The space L2 (D) with the inner product hu, wi :=

R

u(x)w(x) dµ(x) is a

D

Hilbert space.
Next a weaker definition of the derivation is defined for a special set of functions.
Definition 2.2. Let D be an open set in Rn . The set of local integrable functions L1loc (D)
is defined as

L1loc (D) = u : D → R ∀E ⊂⊂ D, E is open , u|E ∈ L1 (E) .
Now a weak derivative for functions in L1loc (D) will be defined.
Definition 2.3 (Weak derivative). Let D be an open set in Rn and f ∈ L1loc (D). A
function f is called α-weak derivable if a function Dα f ∈ L1loc (D) which satisfy
Z
Z
α
|α|
f D ϕ = (−1)
Dα f ϕ
∀ϕ ∈ C0∞ (D)
D

D

exists for a multi-index α. The function Dα f ∈ L1loc (D) is called α-weak derivative of f .
3

The weak derivative is used to define a set of weak-derivable elements of L2 (D).
Definition 2.4 (Sobolev space). Let k ∈ N then

H k (D) = u ∈ L2 (D) u has a weak derivation Dα u ∈ L2 (D) for all |α| ≤ k
is called Sobolev space. As norm on H k (D) we use
 21


kukH k (D) = 

XZ

|Dα u|2  .

|α|≤k D

A seminorm on H k (D) is defined by
 21


|u|H k (D) = 

X

kDα uk2L2 (D)  .

|α|=k

We define
H0k (D) = C0∞

k·kH k (D)

as the closure of C0∞ with respect to k · kH k (D)
Remark 2.2. On H01 (D) the seminorm |·|H 1 (D) is a norm.

Hilbert space
A (real) Hilbert space H is a (real) vector space which isp
complete and is endowed by an
inner product h·, ·iH , which induces the norm k · kH = h·, ·i. In this section different
properties and definitions which are needed for the thesis of the Hilbert space are denoted.
Definition 2.5 (Dual space). The dual space of H is a set of all linear and continuous
functions from H to R. The dual space of H is denoted by H 0 . The semi norm of ϕ ∈ H 0
is given by
|ϕ(x)|
kxkH 6=0 kxkH

kϕkH 0 = sup

A general definition of the derivation in Hilbert spaces are presented.
Definition 2.6 (Fréchet-differentiable). Let U ⊂ H be non empty, Y be a Hilbert space
and F : U → Y be an operator. We call F Y -Fréchet-differentiable at x ∈ U , if a linear
continuous operator ∇F (x) exists so that the following holds true:
kF (x + h) − F (x) − ∇F (x)hkY
= 0.
khkH →0
khkH
lim

If F is Y -Fréchet-differentiable for every x ∈ U we call F Y -Fréchet-differentiable. If the
Hilbert space Y is R we call F is Fréchet-differentiable.
Next two important properties of a function defined on a Hilbert space are presented.
4

Definition 2.7 (Convex function). Let j be a function from H to R. The function j is
convex if
j(λx + (1 − λ)y) ≤ j(x) + (1 − λ)j(y)

∀ λ ∈ [0, 1], ∀ x, y ∈ H

hold true.
A different definition of convexity for functions which are Fréchet-differentiable is presented.
Theorem 2.1. Let U be an open and convex subset of H and j : U → R be Fréchetdifferentiable. Then j is convex if
hx − y, ∇j(y)iH + j(y) ≤ j(x)

∀x, y ∈ U

holds true.
Proof. See [Proposition 17.7][11].
Definition 2.8 (µ-strong convex function). Let j be a Fréchet-differentiable function from
H to R and µ ∈ R. Then j is called µ-strong convex if
j(u) − j(w) ≥ h∇j(w), u − wiH +

µ
ku − wk2H
2

∀u, w ∈ H

holds true.
For the projected stochastic gradient methods a projection onto a subset of H is used.
The next definition define such a projection.
Definition 2.9 (Projection in a subspace). Let U be a closed and convex subset of H.
The projection πU : H → U is defined by
πU (x) = arg min ku − xkH .
u∈U

The projection is well defined, see [Theorem 3.16][11].
In this thesis several distances between subspace of a Hilbert space and a compact subset
of the Hilbert space will be analysed. But in general it is not clear how the distance
should be measured. In order to define the distance between a subspace and a compact
set the following definitions are used.
Definition 2.10. Let x ∈ H and X be a subspace of H. The distance d between x and
X is defined as
d(x, X) = inf kx − ykH .
y∈X

Definition 2.11. Let X be a subspace of H and K be a compact subset of H. The distance
d between X and K is defined as
d(X, K) = sup d(x, X).
x∈K

Next, a definition for a specific domain D of Rn is given. This domains are important to
estimate the considered PDEs.
5

Definition 2.12. Let D ⊂ Rm (m ∈ N) be open and bounded. The set D is of class C l
(l ∈ N ∪ {∞}) if for any x ∈ ∂D there exists an r > 0 and a bijective map υ : B(x, r) →
υ(B(x, r)) ⊂ Rm , where B(x, r) is the ball with radius r around x. The map υ has to
satisfy:
1) υ(D ∩ B(x, r)) ⊂ {x ∈ Rm |xm > 0}
2) υ(∂D ∩ B(x, r)) ⊂ {x ∈ Rm |xm = 0}
3) υ and υ −1 are of class C l .
Definition 2.13. Let M be a subset of H. The diameter diam of M is defined as
diam(M ) := sup kx − ykH .
x,y∈M

Finally the Kronecker function is defined.
Definition 2.14. Let N be a natural number. The function
d : {1, . . . , N }2 →  {0, 1}
1 if i = j
(i, j)
7→
0
else
is called Kronecker function. We use the notation δij = d(i, j).

Probability theory
This section covers the definitions and notations of the probability theory which are
essential for this thesis.
Definition 2.15 (Random Space). Let Ω be a set, F be a σ-algebra and P be a measure
over F. The triple (Ω, F, P) is called measure space. If P is an random measure then
(Ω, F, P) is called random space. For more details see [22].
Definition 2.16 (trace σ-algebra). Let Ω be a set, F be a σ-algebra. For Ω0 ⊂ Ω the set
F|Ω0 = {A ∩ Ω0 |A ∈ F }
is called trace σ-algebra.
Next an important property of an event in the σ-algebra is characterised.
Definition 2.17 (Almost sure). Let (Ω, F, P) be a random space. An event A ∈ F is
called almost sure if P(A) = 1 holds true. Often we will write a.s instead of almost sure.
The following random space is used for the numerical part.
Definition 2.18 (Laplace space). Let Ω be a set with N ∈ N number of elements. The
setPP(Ω) = {A|A ⊂ Ω} is a σ-algebra and the function P : P(Ω) → [0, 1] with P (A) =
1
ω∈Ω 1A (ω). Then (Ω, P(Ω), P) is called a Laplace space.
N
Functions on a random space are characterised in the next definition.

6

Definition 2.19 (Random variable). Let (Ω, F, P) be a random space. The function
X : Ω → R := R ∪ {−∞, ∞} is called a random variable if X −1 (A) ⊂ F holds true for
A ∈ B(R) := σ([−∞, c]|c ∈ R).
For random variables can also a integral defined. This is covered in the next definition.
Definition 2.20 (Expected value). Let (Ω, F, P) be a random space and X ∈ L1 (Ω) a
random variable. We call
Z
X(ω)dP(ω) = E[X]
Ω

expected value of X. For more details see [22].
Next some properties of the expected value are presented.
Corollary 2.1. Let (Ω, F, P) be a random space and X, Y be in L1 (Ω). We have
1) Let c ∈ R. Then E[cX + Y ] = cE[X] + E[Y ] holds true.
2) Let X ≥ 0 almost sure, then E[X] = 0 if and only if X = 0 almost sure.
3) Let X ≤ Y almost sure, then E[X] ≤ E[Y ] holds true.
4) The triangle inequality |E[X]| ≤ E [|X|] holds true.
Proof. See [Theorem 5.3][14].
Definition 2.21 (Filtration). Let (Ω, F, P) be a random space. A sequence (Fn )n∈N ⊂ F
is called Filtration if for all n ∈ N Fn ⊂ Fn+1 holds true.
Definition 2.22 (Natural filtration). Let (Ω, F, P) be a random space and (Xn )n∈N a
sequence of random variables. The filtration (Fn )n∈N defined by Fn = σ(X1 , . . . , Xn ) for
all n ∈ N is called natural filtration.
If particular informations about a random variable are known this leads to the conditional
expected value.
Definition 2.23 (Conditional expected value). Let X ∈ L1 (Ω, F, P) and A be a sub-σalgebra of F. For A a random variable E[X|A] is called conditional expected value of X
if
E [1B X] = E [1B E[X|A]]

∀B ∈ A

holds true. The existence of E[X|A] is shown in [Theorem 8.12][14] for instance.
Remark 2.3. The definition of the expected value and the condition expected value can
be extended to functions mapping from a random space into a Banach space, for instance
see [19].

7

Optimality
In this section we define the minima for a function over a Hilbert space. Afterwards an
equivalent definition for a bounded admissible set and convex functions is given.
Definition 2.24 (Minimum point). Let H be a Hilbert space and f : H → R a functional.
A point u ∈ H is called a global minimum point if f (u) ≤ f (w) holds true for all w ∈ H.
The point u ∈ H is called a strict minimum point if f (u) < f (w) holds true for all
w ∈ H \ {u}.
A different definition for a minimum point is given in the next theorem.
Theorem 2.2. Let H be a Hilbert space, C be a convex subset of H and f : C → R a
convex and Fréchet-differentiable functional. The point ū is a minimum point of f if and
only if
∇f (ū)(u − ū) ≥ 0

∀u ∈ C

holds true.
Proof. See [Lemma 2.21][24].
This criteria for a minimum point is hard to check numerically. Therefore an equivalent
criterion is used different.
Theorem 2.3. Let D be a subset of Rn , C be a convex subset of L2 (D) and f : C → R
a convex and Fréchet-differentiable functional. The point ū is an minimum point of f if
and only if for t > 0 and almost all x ∈ D the equation
ū(x) = πC (ū(x) − t∇f (ū)(x))
holds true.
Proof. The equivalence of [Lemma 2.26][24] implies the statement.
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CHAPTER 3
PROJECTED STOCHASTIC GRADIENT
METHOD
In this chapter we will analyse a special class of optimal control problem. An optimal
control problem with uncertainty, which is generated by a random term. Only the distribution of this term is known. First we will introduce the optimal control problem with
uncertainty. Later we will introduce the projected stochastic gradient method to solve
the problem. We will show that the stochastic gradient method converges to an optimal
solution almost surely under the assumption that an optimal solution exists. Afterwards
we will investigate how to choose the step size to prove not only the convergence but also
a convergence rate.
Let Uad be non empty, closed, bounded and convex subset of a Hilbert space U and ξ be
a random variable on a random space (Ω, F, P) with values in Rm . The optimal control
problem
min j(u) = E[J(u, ξ)]

u∈Uad

(3.1)

has to be solved. We make general assumptions for the optimal control problem 3.1.
The mapping u 7→ J(u, ξ) is convex and L2 -Fréchet-differentiable and maps Uad into
L2 (Ω, U 0 ). The L2 -Fréchet-derivative of the mapping is called ∇u J(u, ξ). Therefore is j
Fréchet-differentiable and convex.
In order to solve (3.1), a stochastic gradient method can be used. Since the admissible
set Uad is a subset of U , a projected stochastic gradient method is needed. In order to
compute the new iteration un+1 of the projected stochastic gradient method a random
variable ξn distributed like ξ and a step size sequence (τn )n∈N are used. The step size
sequence (τn )n∈N has to satisfy
X
X
τn ≥ 0,
τn = ∞ and
τn2 < ∞.
(3.2)
n∈N

n∈N

The condition (3.2) is called Robbins-Monro condition. We also use a function G of the
form G : U × Rm → U 0 , which is called stochastic gradient. The stochastic gradient is an
approximation to ∇j. Later it will be characterised in detail. Important for the computation of the new iteration un+1 is that the random variables ξ1 , . . . , ξn are independent
9

from each other. The new iteration un+1 is computed by
un+1 = πUad (un − τn G(un , ξn )) ,

(3.3)

where πUad is the projection onto Uad . In general, G(un , ξn ) is picked as the L2 -Fréchetderivative ∇u J(un , ξn ). This choice is made in this thesis.

3.1

Convergence analysis

This section covers the convergence analysis of the projected stochastic method. The section is based on [9]. First the assumptions for the convergence of the projected stochastic
gradient methods are denoted. Afterwards the convergence result and also a better result
for µ-strong convex optimal control problems are presented.
Assumption 1. The mapping u →
7 J(u, ξ(ω)) is convex for almost all ω ∈ Ω and J is
2
L -Fréchet differentiable for all u in an open neighbourhood of Uad .
Assumption 2. Let (Fn )n∈N be an increasing sequence of σ-algebra’s and (un )n∈N a
sequence, which is generated by (3.3) with the stochastic gradient (G(un , ξn ))n∈N . We
define rn and wn as follows:
rn = E[G(un , ξn )|Fn ] − ∇j(un ),
wn = G(un , ξn ) − E[G(un , ξn )|Fn ].
The quantities un , rn and wn have to satisfy the following conditions:
i) The functions un and rn are Fn measurable.
P
ii) For Kn := ess supω∈Ω krn (ω)kU we have
τn Kn < ∞ and sup Kn < ∞.
n∈N

n∈N

iii) There exist two constants M1 and M2 such that E[kG(u, ξ)k2U ] ≤ M1 +M2 kuk2U holds
for all u ∈ U .
Remark 3.1. If the natural filtration of un is chosen as Fn , it is clear that un and rn are
Fn measurable. According to the definition of rn and wn , G(un , ξn ) = ∇j(un ) + rn + wn
holds true. Therefore G describes ∇j except of a random error (wn ) with mean zero and
a deterministic error (rn ).
Theorem 3.1. Suppose Assumptions 1 and 2 hold true. Let ū ∈ Uad be a minimizer for
(3.1). Define S as the set of all minima of (3.1), i.e. S := {u ∈ U : j(ū) = j(u)}. When
we use the projected stochastic gradient method and the Robbins-Monro condition (3.2) to
calculate (un )n∈N , we have
1) The sequence (kun − ukU )n∈N converges a.s. for all u ∈ S,
2) The sequence (j(un ))n∈N converges a.s. and lim j(un ) = j(ū),
n→∞

3) The sequence (un )n∈N is weakly convergent a.s. to some u ∈ S.
Proof. See [Theorem 3.6][9].
If j is strongly convex, then the statement of Theorem 3.1 can be improved.
Corollary 3.1. If the assumptions of Theorem 3.1 hold true and j is strongly convex,
then (un )n∈N is almost surely strongly convergent.
Proof. See [Corollary 3.7][9].
10

3.2

Different step sizes

In this section, the choice of the step size for µ-strong convex and convex functions j will
be discussed for a bounded and convex admissible set Uad . This section is based on the
work of [3], in which the analysis for a finite dimensional Hilbert space is done. Furthermore results of the step size analysis of [9] for unbounded admissible sets Uad are presented.
In this section G(u, ξ) is an unbiased random variable of ∇j(u), this means there exists a
random variable $ with E[$] = 0 so that ∇j(u) = G(u, ξ) + $ holds true. Furthermore
the assumptions of Theorem 3.1 are satisfied and Uad is bounded. Therefore
E[kG(u, ξ)k2U ] ≤ M1 + M2 kuk2U ≤ M

(3.4)

holds true for a M > 0.
First, the convergence behaviour of the sequence (un )n∈N generated by the projected
stochastic gradient method is analysed.
Corollary 3.2. Let j be µ-strong convex, (un )n∈N be the sequence generated by the projected stochastic gradient method and ū be the optimal solution of (3.1). Define en :=
E[kun − ūk2 ], then
en+1 ≤ en (1 − τn µ) + τn2 M
holds true with the M of (3.4).
Proof. The general assumption in this section says that G(un , ξn ) is an unbiased random
variable of ∇j(un ). Therefore G can be denoted as G(un , ξn ) = ∇j(un ) + wn , with wn
defined in Remark 3.1.
Next, we show E [hun − ū, G(un , ξn )iU ] = E [hun − ū, ∇j(un )iU ]. Using the specific form
of G (Remark 3.1) and the linearity of the expected value, we write
E [hun − ū, G(un , ξn )iU ]
= E [hun − ū, ∇j(un )iU ] + E [hG(un , ξn ), un − ūiU − hE [G(un , ξn ) |Fn ] , un − ūiU ] .
Now we use that the expected value of G(un , ξn ) minus the conditional expected value
of G(un , ξn ) is zero (this is implied by the definition of the conditional expected value).
Therefore
E [hun − ū, G(un , ξn )iU ] = E [hun − ū, ∇j(un )iU ]

(3.5)

holds true. Now we use formula (3.5) and the µ-strong convexity of j to show the statement. With the definition of en+1 and the fact that ū is in Uad , we have
en+1 = E[kπUad (un − τn G(un , ξn )) − ūk2U ]
= E[kπUad (un − τn G(un , ξn )) − πUad (ū)k2U ].

(3.6)

Theorem 7.1 in the appendix and equation (3.6) are used to obtain
en+1 ≤ E[kun − ū − τn G(un , ξn )k2U ]
= E[hun − ū − τn G(un , ξn ), un − ū − τn G(un , ξn )iU ]
= en − 2τn E[hun − ū, G(un , ξn )iU ] + τn2 E[kG(un , ξn )k2U ].
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(3.7)

Using inequality (3.7) and equation (3.5), we have
en+1 ≤ en + 2τn E[hū − un , ∇j(un )i] + τn2 E[kG(un , ξn )k2U ].
The expected value of G is bounded by M and j is µ-strong convex, therefore
en+1 ≤ en − τn µen + τn2 M = en (1 − τn µ) + τn2 M

(3.8)

holds true.
Corollary 3.2 shows that the error between the new iteration un+1 and ū depends on the
error between the old iteration un and ū as well as the step size τn and the bound of G.
The following theorem shows that for a specific step size, the expected value of the error
decreases in each iteration.
Theorem 3.2. Let j be µ-strong convex, M > 0 the bound for the stochastic gradient G
and ū the optimal solution. Let θ > µ1 , τn := nθ and K := max(θ2 M (µθ − 1)−1 , ku1 − ūk2 ).
Then we have
en ≤

K
n

∀n ∈ N.

Proof. The statement is shown by induction.
IS: n = 1
e1 = E[ku1 − ūk2U ] = ku1 − ūk2U ≤

K
n

IH: The statement holds true for a fixed n ∈ N
IE: n 7→ n + 1
Using inequality (3.8) of Corollary 3.2 and the induction hypothesis, we get
en+1 ≤ en (1 − τn µ) + τn2 M ≤
Using τn =

θ
n

K
(1 − τn µ) + τn2 M.
n

we obtain
en+1

If we use that

θ2 M
θµ−1

K
n



θµ
1−
n


+

θ2 M µθ − 1
.
n2 µθ − 1

≤ K and θµ > 1 from the assumptions, we achieve

en+1
Finally, we use

K
≤
n

−

K
n2

K
≤
n
≤



θµ
K(µθ − 1)
K
K
1−
+
=
− 2.
2
n
n
n
n

K
n+1

(see Proposition 7.2 in the appendix) to obtain
en+1 ≤

K
.
n+1

We also are interested in the behaviour of E [kun − ūkU ]. Therefore, the next corollary
extends the statement of Theorem 3.2 for this case.
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Corollary 3.3. If the assumptions of Theorem 3.2 are valid then
r
K
E[kun − ūkU ] ≤
n
holds true.
Proof. In order to show the statement, Jensen’s inequality for the expected value (see
appendix Corollary 7.1) is used. The function x 7→ x2 is convex, therefore with Jensen’s
inequality and Theorem 3.2,
 K

(E [kun − ūkU ])2 ≤ E kun − ūk2U ≤
n
holds true. Taking the root of both sides, the statement follows.
Remark 3.2. If τn is chosen as nθ , the step size condition (3.2) is satisfied.
Next, we extend the statement of Theorem 3.2 to obtain an estimate for j.
Corollary 3.4. Assume thatj is µ-strong convex and the optimal solution ū is an interior
point of Uad , ∇j(u) is Lipschitz-continuous with Lipschitz-constant L and E[kun − ūk2 ] ≤
K
holds true for K > 0, then we have,
n
LK
∀n ∈ N.
2n
Proof. Let un be an iteration of the stochastic gradient method and ū be the optimal
solution. In order to show the statement, we define the function φ as
E [|j(un ) − j(ū)|] ≤

φ(t) := j(ū + t(un − ū)).
The function φ has the following properties:
φ(0) = j(ū), φ(1) = j(un ), and
φ (t) = h∇j(ū + t(un − ū)), (un − ū)iU .
0

If we use the fundamental theorem of calculus and the Lipschitz-continuity of ∇j,
j(un ) − j(ū) = φ(1) − φ(0)
Z1
= φ0 (t) dt
0

Z1
h∇j(ū + t(un − ū)), un − ūiU − h∇j(ū), un − ūiU + h∇j(ū), un − ūiU dt

=

(3.9)

0

Z1
≤

Ltkun − ūk2U dt + h∇j(ū), un − ūiU

0

L
≤ kun − ūk2U + h∇j(ū), un − ūiU
2
is achieved. Next we will show that h∇j(ū), un − ūiU is zero. By the assumption ū, is an
interior point. Therefore a positive  smaller than one exists with (1 + )ū, (1 − )ū ∈ Uad .
According to the optimality condition of Theorem 2.2,
h∇j(ū), ūi(±) ≥ 0
holds true. The linearity of ∇j(ū) implies ∇j(ū) = 0. Using inequality (3.9), the assumption and ∇j(ū) = 0 the statement follows.
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Corollary 3.4 shows that if a step size sequence (τn )n∈N which satisfy the condition of
Theorem 3.2 is chosen the expected value of the error between j(un ) and j(ū) is in O(−n).
Before we finish the analysis for the µ-strong convex function j a result of [9] is presented
in which the admissible set U can also be unbounded.
Theorem 3.3. Define c1 := 2µθ, c2 := 2θ2 M2 and c3 := θ2 (M1 + 2M2 kūk2 ). Choose
θ
1 c2
ν = ec13(c+e1 −1)
− 1 and τn = n+ν
. If ∇j is Lipschitz-continuous and an optimal solution ū is
an interior point of U , then we have
E[|j(un ) − j(ū)|2 ] ≤

LK
.
2n

Proof. See [Chapter 3.1][9].
We have seen that the expected value of sequence (un − ū)n∈N , where un is generated by
the projected stochastic gradient method converges to zero with a rate of O(n−0.5 ) if the
step size is chosen in the right way. Furthermore it was shown that the expected value of
the sequence (j(un ) − j(ū))n∈N converges to zero with rate O(n−1 ).
Next, the convergence for a convex function j will be analyse.
Corollary 3.5. Let j be convex, (un )n∈N be the sequence generated by the projected
stochastic gradient method and ū be an optimal solution. Define en := E[kun − ūk2 ],
then
en+1 ≤ en + 2τn E[j(ū) − j(un )] + τn2 M
holds true.
Proof. Similar to the proof of Corollary 3.2,
en+1 ≤ en + 2τn E[hū − un , ∇j(un )i] + τn2 M
is achieved. Using the convexity of j and the Theorem 2.1 we have
en+1 ≤ en + 2τn E[j(ū) − j(un )] + τn2 M.

Theorem 3.4. Given the assumptions of Corollary 3.5. Let (τn )n∈N be the sequence of
step sizes of the projected stochastic gradient method and N ∈ N.P
N
N
Define a new step size γn := PNτn τ , an element ũN
i := ũi =
n=1 γi ui and DUad :=
l
l=1
supu∈Uad ku − u1 k. Then,
P
2
 N
 4DU2 ad + M N
n=i τn
E j(ũi ) − j(ū) ≤
PN
2 n=i τn

(3.10)

holds true and ũN
i is an element in Uad .
Proof. First, we will show that ũN
i is an element of Uad . For n ∈ {1, . . . , N }, the step size
γn is bigger as zero. Also we have
N
X
n=i

γn =

N
X

τn
PN

n=i
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l=i τl

= 1.

Therefore ũN
i is an element of the convex set Uad , for instance see [Proposition 3.4][11].
For every n ∈ {i, . . . , N }, we obtain
τn E[j(un ) − j(ū)] ≤

en + τn2 M − en+1
2

by using Corollary 3.5 and transforming it. If we take the sum for the left hand side from
i to N
N
X

τn E[j(un ) − j(ū)] ≤

n=i

=

N
X
en + τn2 M − en+1
2
n=i

ei − eN +1
+M
2

N
X
τ2
n

n=i

≤

2

ei
+M
2

N
X
τ2

(3.11)

n

n=i

2

holds true. We obtain
" N
#
X

 N
E j(ũi ) − j(ū) ≤ E
γn j(un ) − j(ū)

(3.12)

n=i

1

= PN

n=i τn

·

N
X

"
τn E

n=i

N
X

#
j(un ) − j(ū)

(3.13)

n=i

by using Jensen’s inequality (see appendix Corollary 7.8) for the convex combination ũN
i .
We achieve
P
 N
 ei + M N
τn2
E j(ũ1 ) − j(ū) ≤
PN n=1
2 n=i τn
if inequality (3.11) and (3.12) are combined. The statements follows because ei can
estimated by




ei = E kui − ūk2 = E kui − u1 + u1 − ūk2 ≤ E [(2 · DUad )] = 4DU2 ad .

Next, we will show how the step size τn has to be chosen to obtain a convergence rate.
Corollary 3.6. Given the assumptions of Theorem 3.4. Choose the size τn =
we have
√ 

 N
 DUad M
2N
N
E j(ũi ) − j(ū) ≤ √
+
.
(N − i + 1) 2i
N

DU
√ ad ,
M ·n

then

Proof. With the inequality 3.10 of Theorem 3.4, we have
P
2
 N
 4DU2 ad + M N
n=i τn
E j(ũi ) − j(ū) ≤
.
PN
2 n=i τn
|
{z
}
A

We analyse each part of A separate. By calculation,
√ √
√
4DU2 ad
4DU2 ad
2DUad
2DUad M N
DUad M
2N
= PN DU ≤ (N −i+1) =
= √
PN
(N − i + 1)
N (N − i + 1)
2 n=i τn
N √M ·N
2 n=i √ ad
M ·n
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is obtained. For the second term,
M

PN

2

PN

2
n=i τn

n=i τn

2
√
P
P
DU
ad
M DUad N
M N
n=i
n=i M ·n
= PN DU
≤
(N −i+1)
ad
√
√
2
2 n=i M ·n
N

1
n

√
≤

√

M DUad (N −i+1)
i
2(N − i + 1)

√

N

=

M DUad N
√
N 2i

holds true.
Remark 3.3. This step size τn of Corollary 3.6 does not satisfy the Robbins-Monro condition (3.2). But the value of j at the average of the iterations of the projected stochastic
gradient method is close to the value of j at the optimal solution.
In [10], the step sizes for an unbounded admissible set Uad can be found.
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CHAPTER 4
CONTROL PROBLEM WITH
UNCERTAINTY
In this chapter we will introduce a class of optimal control problems. Which has an elliptic
partial differential equation (PDE) as constraint. The elliptic PDE includes uncertainty
of an unknown parameter from the model. First we will show that the considered optimal
control problems, can be expressed in form (3.1). Moreover an optimal solution exist
for them. Therefore the projected stochastic gradient method can be used to solve the
considered problems. Finally we will introduce different random spaces which are obtained
from the considered abstract random space. These random spaces are necessary for the
numerical part and for the reduced basis method.

Control problem with PDE-constraint subjected to
uncertainty
Let D ⊂ Rn (n ≥ 2) be a bounded Lipschitz domain, (Ω, F, P) a random space and ξ a
random vector from Ω to Rm (m ∈ N). The PDE-constrained optimization problem is
given as:

s.t

λ
1
min j(u) := E[J(u, ξ)] = E||y(ξ) − yd ||2L2 (D) ] + ||u||2L2 (D)
u∈Uad
2
2
−∇(a(x, ξ(ω))∇y(x, ξ(ω))) = u(x) (x, ω) ∈ D × Ω
y(x, ξ(ω))
=
0
(x, ω) ∈ ∂D × Ω.

(4.1)

The admissible set
Uad := {u ∈ L2 (D)| − ∞ < umin ≤ u(x) ≤ umax < ∞, ∀x ∈ D}
is bounded, convex and closed. The parameter λ is non negative. The function a has to
satisfy
amin < a(x, ξ(ω)) < amax

∀x ∈ D, a.s ω ∈ Ω

with 0 < amin < amax < ∞. Moreover a should also be Lipschitz-continuous in the second
argument, which plays solely an important role for the reduced basis method. In the later
analysis the PDE constraint of (4.1) is called the state equation.
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4.1

Existence of an optimal solution

In this section we show that j in 4.1 and the stochastic gradient satisfy the Assumptions
1 and 2 and that the optimal control problem (4.1) has an optimal solution. In addition
we show that the assumption for the step-size condition (3.2) is satisfied. Most of this
statements can also be found in [16]. In this section we denote U and V for L2 (D) and
H01 (D) and aω (·) is written for a(·, ω). Since aω is bounded almost surely by amax , this
guarantees that aω is in U . We restrict ourselves to a solution in the variational sense
since the state equation has in general no continuous solution (for more details see [8]).
For the variational solution we define the weak solution.
Definition 4.1 (Weak solution for the state equation). Let ω ∈ Ω and u ∈ U . We call
yω (u) ∈ V the weak solution for a realisation of the state equation if
haω ∇yω (u), ∇ϕiU = hu, ϕiU

∀ϕ ∈ V

(4.2)

holds true.
Remark 4.1. If for almost every ω ∈ Ω the weak solution yω (u) exists, the constraint of
(4.1) is satisfied.
From now on we write weak solution of the state equation instead of weak solution for
a realisation of the state equation. The proof of Theorem 4.1 is analogous to [Theorem
1.19][4].
Theorem 4.1. For u ∈ U and almost all ω ∈ Ω the weak solution of the state equation
exists. For almost all ω ∈ Ω a linear solution operator yω : U → V can be defined by the
weak solution of the state equation yω (u). There exists c < ∞ independent of ω and u
with
kyω (u)kV ≤ ckukU .

(4.3)

Proof. We define the functions dω and Fu as:
dω : V × V
(ψ, ϕ)

→
R
F :V
and u
7→ haω ∇ψ, ∇ϕiU
ϕ

→
R
7
→
hu, ϕiU

The weak solution ŷω (u) for the state equation solves
dω (ŷω (u), ϕ) = Fu (ϕ),

∀ϕ ∈ V.

In order to obtain the existence of the weak solution ŷω (u), the Lax-Milgram lemma (see
Theorem 7.2 in the appendix) is used. The assumptions of the Lax-Milgram lemma are:
1) Fu is linear and continuous,
2) dω is bounded and V -coercive.
The inner product is linear in both arguments, therefore F is by definition linear. The
function F is continuous because u is an element of U . With the Hölder-inequality and
Friedrichs’s inequality (see Theorem 7.5 and 7.4) the estimation
kϕkU kukU
|Fu (ϕ)|
≤ sup
≤ c(D)kukU < ∞
kϕkV
kϕkV 6=0
kϕkV 6=0 kϕkV
sup
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is achieved. Using the Hölder-inequality the following holds true:
|dω (u, w)| = |haω ∇u, ∇wiU | ≤ amax kukV kwkV

∀u, w ∈ U.

In order to show that dω is V -coercive the Friedrisch’s inequality (Theorem 7.4 in the
appendix) is used:
dω (u, u) = haω ∇u, ∇uiU ≥

amin
amin
(h∇u, ∇uiU + c(D)hu, uiU ) ≥
min(1, c(D))kuk2V .
2
2

Summarizing all assumptions of the Lax-Milgram lemma are now satisfied. Therefore the
weak solution ŷω (u) exists for almost all ω ∈ Ω and all u ∈ U . This result allows us to
define an operator yω for almost all ω ∈ Ω. The operator yω is linear because the state
equation is a linear equation. At last the existence of a constant c independent of ω with
kyω (u)kV ≤ ckukU has to be shown. With the V -coercive of dω and yω (u)
Fu (yω (u)) = dω (yω (u), yω (u)) ≥ c(D)kyω (u)k2V

(4.4)

holds true. If kyω (u)kV 6= 0, the estimation (4.4) and the definition of the operator norm
lead to
c(D)kyω (u)kV ≤

Fu (yω (u))
≤ kFu kV 0 = sup hu, wiU ≤ sup kukU kwkU ≤ kukU .
kyω (u)kV
kwkV =1
kwkV =1
(4.5)

Note that estimation (4.5) also holds true if kyω (u)kV = 0 holds true.
Define c as 1/c(D) then (4.5) implies
kyω (u)kV ≤ ckukU .

Remark 4.2. The solution operator yω can only be defined for almost all ω ∈ Ω because
dω is almost sure V -coercive. The V -coercivity of dω depends on the positivity of amin and
this positivity is only almost sure given.
Remark 4.2 and the estimate (4.5) are later used to show that (4.1) has a solution. In
order to satisfy Assumption 1, the functional J has to be L2 (Ω)-Fréchet-differentiable and
convex. Next, the Fréchet-differentiability of J and j are shown.
Proposition 4.1. The function J is almost surely Fréchet-differentiable and has the form:
∇J(u, ξ(ω))h = −hyω (h), yd − yω (u)iU + λhu, hiU .
The Fréchet-derivative of j is given by
∇j(u)h = E[∇J(u, ξ)h].

(4.6)

In addition J is L2 (Ω)-Fréchet-differentiable.
Proof. First we show that J is Fréchet-differentiable. Let u, h ∈ U and ω ∈ Ω, then
 λ

1
kyω (u + h) − yd k2U − kyω (u) − yd k2U +
ku + hk2U − kuk2U
2
2


1
λ
=
2hyω (u) − yd , yω (h)iU + kyω (h)k2U +
khk2U + 2hu, hiU
2
2

J(u + h, ξ(ω)) − J(u, ξ(ω)) =
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holds true. Define ∇J(u, ξ(ω))h as −hyd − yω (u), yω (h)iU + λhu, hiU and use estimation
(4.3) of Theorem 4.1 to achieve
|J(u + h, ξ(ω)) − J(u, ξ(ω)) − ∇J(u, ξ(ω))h|
khkU →0
khkU
λ
2
λhu, hiU + 2 khkU + 21 (2hyω (h), yω (u) − yd iU + kyω (h)k2U ) − ∇J(u, ξ(ω))h
= lim
khkU →0
khkU

λ
1
2
2
khkU + 2 (kyω (h)kU )
khk2U λ2 + 2c
2
= lim
≤ lim
= 0.
khkU →0
khkU →0
khkU
khkU
(4.7)
lim

Next, we will show that the derivative of j is given by formula (4.6) by using estimation
(4.7):
|j(u + h) − j(u) − ∇j(u))h|
khkU →0
khkU
E [|J(u + h, ξ(ω)) − J(u, ξ(ω)) − ∇J(u, ξ(ω))h|]
≤ lim
khkU →0
khkU


λ
c
E khk2U 2 + 2
≤ lim
= 0.
khkU →0
khkU

0 ≤ lim

At last it will be shown that J is L2 (Ω)-Fréchet-differentiable. If the estimation (4.7) is
used, we obtain
2
khk4U λ2 + 2c
kJ(u + h, ξ(ω)) − J(u, ξ(ω)) − ∇J(u, ξ(ω))hkL2 (Ω)
lim
≤ lim
= 0.
khkU →0
khkU →0
khkU
khkU

From Proposition 4.1 it follows that J and j are Fréchet-differentiable. In order to prove
that Assumption 1 in section 3.1 is satisfied only the convexity of J has to be shown. In
the next steps a so called adjoint equation is used to characterized the gradients ∇j and
∇J.
Definition 4.2. Let u ∈ U and yω be the solution operator of Theorem 4.1, then the PDE
−∇(a(x, ξ(ω))∇p(x, ξ(ω))) = yd (x) − yω (u)(x) (x, ω) ∈ D × Ω
p(x, ξ(ω))
= 0
(x, ω) ∈ ∂D × Ω

(4.8)

is called adjoint equation.
Again, as in the case of the state equation, it is not sure that a continuous solution of the
adjoint equation exists. Therefore, a solution in the variational sense is used.
Definition 4.3 (Weak solution of the adjoint equation). Let ω ∈ Ω, u ∈ U and yω (u) be
the weak solution of a realisation of the state equation. The element pω (u) ∈ V is called
a realisation of the weak solution of the adjoint equation if
haω ∇pω (u), ∇ϕiU = hyd − yω (u), ϕiU
holds true.
20

∀ϕ ∈ V

(4.9)

From now on we call pω the weak solution of the adjoint equation instead of the weak
solution for a realization (ω) of the adjoint equation. As in the case of the state equation,
an operator can be defined that maps an element of U to the corresponding weak solution
of the adjoint equation.
Proposition 4.2. For almost all ω ∈ Ω a unique weak solution of the adjoint equation
exists. The solution operator pω : U → V defined by pω (u) is the weak solution of the
adjoint equation. A constant c > 0 exists with
kpω (u)kV ≤ c (kyd kU + kukU ) .
Proof. Similar to Theorem 4.1 the existence of a weak solution is received. It follows that
kpω (u)kV ≤ c1 kyd − yω (u)kU

(4.10)

holds true with the constant c1 = 1/c(D) of Theorem 4.1. We use inequality (4.3) and
the triangle inequality on the right hand side of the inequality (4.10) to obtain
kpω (u)kV ≤ c1 kyd − yω (u)kU ≤ c (kyd kU + kukU ) .

Remark 4.3. The solution operator pω is affine linear.
The weak solution of the adjoint equation is used to obtain a different form of ∇J.
Proposition 4.3. For almost all ω ∈ Ω the gradient of J can be written as:
∇J(u, ξ(ω)) = λhu, ·iU − hpω (u), ·iU .

(4.11)

Therefore ∇j has the form:
∇j(u) = λhu, ·iU − E[hpω (u), ·iU ].
Proof. Let ω ∈ Ω and u, h ∈ U . From Proposition 4.2 and Theorem 4.1 we know that
pω (u) and yω (h) are elements of V . Therefore
hpω (u), hiU = haω ∇pω (u), ∇yω (h)iU = hyd − yω (u), yω (h)iU

(4.12)

holds true. According to Proposition 4.1 the gradient ∇J(u, ξ)h has the form λhu, hiU −
hyω (h), yd − yω (u)iU . Hence
∇J(u, ξ(ω))h = λhu, hiU − hpω (u), hiU
holds true. Using the equation (4.12) to obtain
∇j(u)h = E [∇J(u, ξ(ω))] = λhu, hiU − E[hpω (u), hiU ].

Formula (4.11) for the derivative of J helps us to show the convexity of J and in special
cases the µ-strong convexity of J.
Corollary 4.1. The function J is almost surely convex and even µ-strong convex with
µ = λ provided λ > 0.
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Proof. Let u, w ∈ U . For the µ-strong convexity
J(w, ξ) − J(u, ξ) ≥ h∇J(u, ξ), w − uiU +

µ
kw − uk2U
2

has to hold almost surely. Let ω ∈ Ω. Then J(w, ξ(ω)) − J(u, ξ(ω)) can be written as:
J(w, ξ(ω)) − J(u, ξ(ω))
 λ

1
=
kyω (w) − yd k2U − kyω (u) − yd k2U +
kwk2U − kuk2U
2
2

1
kyω (w)k2U − 2hyω (w), yd iU + kyd k2U − kyω (u)k2U + 2hyω (u), yd iU − kyd k2U
=
2

λ
+
kwk2U − kuk2U
2
 λ

1
kyω (w)k2U − kyω (u)k2U + 2hyd , yω (u − w)iU +
kwk2U − kuk2U .
=
2
2

(4.13)

We subtract formula (4.13) from (4.11) to obtain
J(w, ξ(ω)) − J(u, ξ(ω)) − h∇J(u, ξ(ω)), w − uiU

1
=
kyω (w)k2U − kyω (u)k2U + 2hyd , yω (u − w)iU + 2hpω (u), w − uiU +
2|
{z
}
A


λ
kwk2U − kuk2U − λhu, w − uiU .
{z
}
|2
B

First the term B will be analysed:

λ
λ
kwk2U − kuk2U − λhu, w − uiU =
2
2
λ
=
2
λ
=
2
λ
=
2



kwk2U − kuk2U + λ kuk2U − hu, wiU
kwk2U − kuk2U + 2kuk2U − 2hu, wiU


(4.14)

kwk2U

− 2hu, wiU +

kuk2U




kw − uk2U .

Now we show that term A is bigger than zero. Using the linearity of yω and the adjoint
property of pω we get
kyω (w)k2U − kyω (u)k2U + 2hyd , yω (u − w)iU + 2hpω (u), w − uiU
= kyω (w)k2U − kyω (u)k2U + 2hyd , yω (u − w)iU + 2hyd − yω (u), yω (w − u)iU
= kyω (w)k2U − kyω (u)k2U − 2hyω (u), yω (w − u)iU
= kyω (w)k2U − kyω (u)k2U + 2kyω (u)k2U − 2hyω (u), yω (w)iU
= kyω (w)k2U − 2hyω (u), yω (w)iU + kyω (u)k2U
= kyω (w − u)k2U ≥ 0.

(4.15)

We combine equation (4.14) and inequality (4.15) to receive
J(w, ξ(ω)) − J(u, ξ(ω)) − h∇J(u, ξ(ω)), w − uiU
 λ
 λ

1
=
kyω (w − u)k2U +
kw − uk2U ≥
kw − uk2U .
2
2
2
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(4.16)

If λ > 0, using inequality (4.16) we get
J(w, ξ(ω)) − J(u, ξ(ω)) − h∇J(u, ξ(ω)), w − uiU > 0.
Therefore J is therefore strictly convex. If λ = 0, then
J(w, ξ(ω)) − J(u, ξ(ω)) − h∇J(u, ξ(ω)), w − uiU ≥ 0
holds true, thus J is convex.
Remark 4.4. The statement of Proposition 4.1 holds true also for j because the statement
holds almost surely true.
The function J is convex and Fréchet-differentiable and therefore the considered problem
(4.1) satisfy Assumption 1. The next step is to check if the optimal control problem (4.1)
has a solution.
Theorem 4.2. Let Uad be a convex, bounded and closed subset of U . If 0 < a(x, ω) < ∞
for all (x, ω) ∈ D × Ω and λ ≥ 0, then j has a solution ū. If λ > 0, the solution ū will be
unique.
Proof. See [Lemma 4.2][9].
The existence of an optimal solution of the problem (4.1) is guaranteed by Theorem 4.2.
In Proposition 3.4 it has been shown that the gradient ∇j has to be Lipschitz-continuous
to obtain a convergence rate for the projected stochastic gradient method. Therefore we
will check if ∇j is Lipschitz-continuous before we define the stochastic gradient for j.
Proposition 4.4. The gradient ∇j is Lipschitz-continuous.
Proof. Let u, w ∈ U and pω (w) be the weak solutions of the adjoint equations. The
adjoint equation is affine linear. So pω (u) − pω (w) is the weak solution of
−∇(a(x, ξ(ω))∇p(x, ω)) = yω (w)(x) − yω (u)(x) (x, ω) ∈ D × Ω,
p(x, ω)
=
0
(x, ω) ∈ ∂D × Ω.
Therefore pω (u) − pω (w) is the same as yω (yω (w) − yω (u)). Using inequality (4.3) of
Theorem 4.1 we obtain
kpω (u) − pω (w)kV = kyω (yω (w) − yω (u))kV ≤ ckyω (w) − yω (u)kU ≤ c2 ku − wkU . (4.17)
We define L := λ + c2 . Using inequality (4.17) we get
k∇j(u) − ∇j(w)kU 0 = sup |(∇j(u) − ∇j(w)) (h)|
khkU =1

= sup |λhu − w, hiU − E[hpω (u) − pω (w), hiU ]|
khkU =1

≤ sup λ |hu − w, hiU | + |E [hpω (u) − pω (w), hiU ]|
khkU =1

≤ sup λku − wkU khkU + E [kpω (u) − pω (w)kU ] khkU
khkU =1

≤ λku − wkU + c2 E [ku − wkU ]
≤ (λ + c2 )ku − wkU = Lku − wkU .
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Stochastic gradient
In the last section we have shown that J is almost surely convex and L2 -Fréchet-differentiable.
Therefore Assumption 1 of Theorem 3.1 holds true. Next, the stochastic gradient G for
the projected stochastic gradient method will be defined. With this it will be shown that
Assumption 2 holds true for the stochastic gradient G.
Definition 4.4. The stochastic gradient G(u, ξ) for u ∈ U and ξ of (4.1) is defined as
G(u, ξ) = ∇J(u, ξ).
The stochastic gradient G has the form G = ∇j(u) + r + $ with random variables r and
$ (see Remark 3.1). The stochastic gradient G uses here only one information about the
gradient. Instead a G with more information can be used, which is called a batch method.
In Chapter 6 we will test different batch sizes. We analyse here only the batch size one
because for the a different batch size it is quite similar. For more details on the batch size
method see [Chapter 3.2][15] for instance. Next we will shown that G(u, ξ) is an unbiased
random variable of ∇j.
Proposition 4.5. The stochastic gradient G is an unbiased random variable of ∇j. It
stands for the existence of a random variable $ with G(u, ξ) + $ = ∇j(u) and E[$] = 0.
Proof. Using the definition of G we get
∇j(u)(·) = E[−h·, pω (u)iU + λh·, uiU ]
= E[G(u, ξ)(·)].
We define $ := ∇j(u) − G(u, ξ). Then E[$] = 0 and G(u, ξ) + $ = ∇j(u) hold true.
Thereby Assumption 2 is satisfied if the expected value of G is bounded.
Corollary 4.2. There exist constants M1 and M2 bigger than zero, that for every u ∈ U
E[kG(u, ξ)k2U ] ≤ M1 + M2 kuk2U holds true.
Proof. Let u ∈ U and ω ∈ Ω. Using the definition of G and Proposition 4.2 we almost
surely get
kG(u, ξ)(ω)kU = kλu − pω (u)kU
=≤ λkukU + kpω (u)kU

≤ λkukU + ckyd kU + c2 kukU = λ + c2 kukU + ckyd kU .
Using Young’s inequality (see Theorem 7.6 in the appendix) we obtain

2
kG(u, ξ)(ω)k2U ≤ λ + c2 kukU + ckyd kU

2
= (ckyd kU )2 + 2 · ckyd kU λ + c2 kukU + λ + c2 kuk2U

2
≤ (ckyd kU )2 + (ckyd kU )2 + ( λ + c2 kukU )2 + λ + c2 kuk2U

2
= 2(ckyd kU )2 + 2 λ + c2 kukU .
Choose M1 as 2(ckyd kU )2 and M2 as 2 (λ + c2 ). Then
E[kG(u, ξ)k2U ] ≤ M1 + M2 kuk2U
holds true.
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Section 4.1 shows that Assumptions 1 and 2 are satisfied. Therefore, Theorem 3.1 can
be applied to obtain the almost surely convergence of the projected stochastic gradient
method against the optimal solution. In the next section different random spaces will be
introduced which will be used in Section 5.3 and Chapter 6 for the analysis and numerical
observations.

4.2

Different random space

The random space (Ω, F, P) is an abstract space which has in general no topology like a
Hilbert space. To use a topology of Rm , the random space (Ω, F, P) will be transformed
into a random space contained in Rm . In the numerical experiments of Chapter 6 we will
use only discrete random spaces. Therefore it will be shown how a discrete random space
contained in Rm can be obtained from the abstract random space (Ω, F, P).

Pushforward random space
In order to transform the random space (Ω, F, P) into a random space in Rm . This can
be achieved by using the pushforward meausure.
Proposition 4.6. Let (Ω, F, P) be a random space and X be a random variable. Then
PX = P(X −1 )
is a measure on (Rm , B(Rm )). The measure PX is called pushforward measure.
Proof. See [Proposition 1.3.9][22].
Proposition 4.6 guarantees that a random variable X can be used to transform an abstract
random space (Ω, F, P) into a random space (Rm , B(Rm ), PX ) which is a part of a Hilbert
space. The received random space has the benefit that a topology on Rm is given. For
the analysis of the reduced base methods it will be necessary that a compact subset of
Rm will be used as Ω.
Theorem 4.3. Let (Ω, F, P) be a random space and X be a random variable. If |X(ω)| < b
for all ω ∈ Ω, then
(X(Ω), B(Rm )|X(Ω) , PX )
is a random space.
Proof. Follows from [Proposition 1.3.9][22] and Theorem 7.9.
Theorem 4.3 says that if the random variable ξ is additionally bounded the abstract
random space (Ω, F, P) can be transformed into a random space (ξ(Ω), B(Rm )|ξ(Ω) , Pξ ).
The received random space is a part of Rm and also compact. The compactness of ξ(Ω)
is necessary for the estimations which will be done in Chapter 5.
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Discrete random space
For numerical experiments a discrete random space will be chosen. In order to get a discrete random space, we choose realisations of the random variable ξ. When n realisations
of ξ are picked we define the random space as:
N
X
1
1ωi (A).
Ω̃ := {ω1 , . . . , ωN } ⊂ R , F̃ := P(Ω̃), P̃(A) :=
N
i=1
m

The space (Ω̃, F̃, P̃) is a Laplace random space (see Definition 2.18). Using the discrete
random space (Ω̃, F̃, P̃) the problem (4.1) can be written as
N
1 X
λ
ky(ωi ) − yd k2U + kuk2U
min j̃(u) :=
u∈Uad
2N i=1
2

s.t

−∇(a(x, ω)∇y(x, ω)) = u(x) (x, ω) ∈ D × Ω̃,
y(x, ω)
=
0
(x, ω) ∈ ∂D × Ω̃.
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CHAPTER 5
REDUCED BASIS METHOD
For the optimization of problem (4.1) the weak solutions of state and adjoint equation
have to be computed many times for different parameters ω ∈ Ω. For this purpose the
finite element (FE) method which computes a solution in a finite subspace V N of V is
used. Since the grid of domain D is small, and with it the size of V N large, a large linear
system has to be solved. In order to reduce the computation time, the reduced base
method choice a suitable subspace of V N and computes in this space the weak solutions.
First we will introduce the FE solutions for the state and adjoint equations. Afterwards
the same will be done for the reduced-order solutions. Later it will be shown that an
a-posterior estimate of the error between the FE solution and the reduced-order solutions
exist. Finally we will illustrate the error between the weak solutions of Chapter 4 and the
reduced-order solutions and achieve an upper bound independent of the parameter ω ∈ Ω.
Throughout this chapter U and V stand for L2 (D) and H01 (D), respectively, where D ⊂ Rn
is open and bounded.

5.1

Reduced basis Galerkin schema

A full description of the Galerkin method can be found in [8], for instance. The FE
method uses a subset V N of V with a finite base B N . The elements of B N are called
ϕ1 , . . . , ϕn . In this section ω ∈ Ω is fixed.
As in Chapter 4, we can define a weak solution in V N for the state and adjoint equations.
Definition 5.1. Let u ∈ U . We call yωF E (u) ∈ V N the weak FE solution of the state
equation if
ha(ω)∇yωF E (u), ∇ϕiU = hu, ϕ(x)iU

∀ϕ ∈ V N

(5.1)

holds true. We call pFω E (u) ∈ V N the FE solution of the adjoint equation if
ha(ω)∇pFω E (u), ∇ϕiU = hyd − yωF E (u), ϕ(x)iU
holds true.
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∀ϕ ∈ V N

(5.2)

Remark 5.1. For u ∈ U the FE solutions yωF E (u) ∈ V N and pFω E (u) ∈ V N exist almost
surely because V N is a Hilbert space and haω ∇·, ∇·iU is V N -coercive. Therefore the LaxMilgram lemma (see Theorem 7.2 in the appendix) guarantees the existence of the unique
FE solutions (similar to Theorem 4.1).
Remark 5.1 is used to define the operator form U to V N which maps u ∈ U and almost
all ω ∈ Ω to the corresponding weak solution.
Definition 5.2. For ω ∈ Ω the operator yωF E : U → V N is defined as follows: yωF E (u) is
the FE solution of (5.1). For ω ∈ Ω the operator pFω E : U → V N is defined as follows:
pFω E (u) is the FE solution of (5.2).
According to Definition 5.2 yωF E (u) and pFω E (u) are elements in V N . Therefore they can
be denoted as
N
N
X
X
FE
FE
yω (u) =
ci (ω)ϕi and pω (u) =
vi (ω)ϕi
i=1

i=1

N

for vectors c(ω), v(ω) ∈ R . The computation of the vectors c(ω) and v(ω) will be shown
in Chapter 6.
At next a subspace of V N should be used to obtain a reduced solution of the state and
adjoint equation. In order to get a reduced subspace we pick ` elements ψ1 , . . . ψ` of V N
and used them as base B ` = {ψ1 , . . . ψ` }. The variable ` should be much smaller then N .
This motivates the name ’reduced-order’. The Hilbert space spanned by the base B ` is
called V ` . The space V ` is also called reduced-order space.
Definition 5.3. Let u ∈ U . We call yω` (u) the reduced-order solution of (5.1) if
ha(ω)∇yω` (u), ∇ψiU = hu, ψiU

∀ψ ∈ V `

(5.3)

holds true. We call p` (ω)(u) the reduced-order solution of the (5.2) if
ha(ω)∇p` (ω)(u), ∇ψiU = hyd − yω (u), ψiU

∀ψ ∈ V `

(5.4)

holds true. yω (u) stands for yω` (u) or yωF E (u).
Remark 5.2. For every u ∈ U the unique reduced-order solutions yω` (u) and p` (ω)(u)
exist almost surely similar to the case of the FE solutions.
According to Remark 5.2 operators can be defined almost sure which maps an element of
U to the corresponding reduced-order solution.
Definition 5.4. Let ω ∈ Ω. The operator yω` : U → V ` is defined as follows: yω` (u) is
the reduced-order solution of (5.1). The operator p`k (ω) : U → V ` is defined as follows:
p`k (ω)(u) is the reduced-order solution of (5.2) with k ∈ {`, F E} and yω (u) = yωk (u).
Remark 5.3. We will write p`ω (u) = p` (ω)(u) if it is not necessary to differentiate between
p`` (ω)(u) and p`F E (ω)(u). The difference will be analysed in Chapter 6.
According to Definition 5.4, for every u ∈ U the solutions yω` (u) and p`ω (u) are elements
in V ` . Therefore they can be denoted as linear combination:
yω` (u)

=

`
X

vi (ω)ψi and

i=1

p`ω (u)

=

`
X

wi (ω)ψi

i=1

with vectors v(ω), w(ω) ∈ R` . The calculation of v(ω) and w(ω) will be shown in Chapter
6.
We are interested in the error between the FE solutions and the reduced-order solutions.
The analysis of the errors will be done in the following two sections.
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5.2

A-posterior error

In this section a-posterior error estimates for the difference between the FE solution and
the reduced-order solution will be denoted for the state and adjoint equation. Moreover
it will be shown that the a-posterior error estimate has the same behaviour as the error
if the FE solution is contained in the reduced base. First we take a look at the state
equation and afterwards at the adjoint equation.

State equation
We derive an a-posterior error estimate for the state equation and show that it is an upper
bound for the error.
Theorem 5.1. Let u ∈ U , ω ∈ Ω, V N be a subspace of V and V ` be a subspace of V N .
The error between the FE and the reduced-order solution of the state equation (4.1) for
the parameter ω is denoted as e`ω (u) = yωF E (u) − yω` (u). The residuum Res(yω` ) of the state
equation is defined as
hRes(yω` (u)), ϕi(V N )0 ×V N = hu, ϕiU − ha(ω)∇yω` (u), ∇ϕiU .

(5.5)

The residuum is an element in (V N )0 . Using the residuum the following estimate holds:
e`ω (u)

V

≤

1
amin

Res(yω` (u))

(V N )0

.

(5.6)

Proof. In order to simplify the notation in this proof we write yω` and e`ω for yω` (u) and
e`ω (u). First we will show that Res(yω` ) ∈ (V N )0 holds true. The linearity of the residuum
is clear, because the integral is linear. Next we will show that Res(yω` ) ∈ (V N )0 is bounded
by using the Friedrichs’s inequality (see Theorem 7.4 in the appendix):

kRes(yω` )kV N

hRes(yω` ), ϕi(V N )0 ×V N
=
sup
|ϕ|V
ϕ∈V N ∧|ϕ|V 6=0
kukU kϕkU + amax k∇ϕkU k∇yω` kU
|ϕ|V
ϕ∈V N ∧|ϕ|V 6=0
p
≤ c(D)kukU + amax kyω` kV < ∞.
≤

sup

Therefore, Res(yω` ) is an element of (V N )0 . Now the a-posterior error estimate will be
derived. The error e`ω is an element of V N ⊂ V , hence
ha(ω)∇e`ω , ∇e`ω iU = hu, e`ω iU − ha(ω)∇yω` , ∇e`ω iU
= hRes(yω` ), e`ω i(V N )0 ×(V N )
≤

Res(yω` ) (V N )0

holds true.
Therefore ha(ω)∇e`ω , ∇e`ω iU can be estimated from below by amin ∇e`ω
smaller than aω .
This estimation leads to:
1
e`ω V ≤
Res(yω` ) (V N )0
amin
because amin is bigger as zero.
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(5.7)

e`ω V
2
U

since amin is

(5.8)

The conclusion of Theorem 5.1 is the existence of an upper bound for the error between
the FE and the reduced-order solution for each ω. In Section 6.2 the calculation of the
error and the a-posteriori error estimate will be depicted. Finally we want to show that the
error and the a-posteriori error estimate are zero if the FE solution of the state equation
for ω is in the reduced basis.
Proposition 5.1. Let ω ∈ Ω and u ∈ U . If yωF E (u) is in V ` , then yωF E (u) = yω` (u) and
e`ω (u) = 0 = Res(yω` (u)) (V N )0 .
Proof. If yωF E (u) is in V ` , then also e`ω (u) = yωF E (u) − yω` (u) is in V ` . First we will show
that hRes(yω` (u)), e`ω (u)i is zero. We know that yω` (u) is the reduced-order solution for
state equation in V ` . Hence
hRes(yω` (u)), e`ω (u)i(V N )0 ×V N = hu, e`ω (u)iU − ha(ω)∇yω` (u), ∇e`ω (u)iU = 0
holds true. Using inequality (5.7) of Theorem 5.1 we get
0 ≤ e`ω (u)

2
V

≤

1
amin

hRes(yω` (u)), e`ω (u)i(V N )0 × V N = 0.

Therefore |e`ω (u)|V is zero and yωF E (u) = yω` (u) ∈ V ` follows. Finally Res(yω` (u))
will be shown. The function yωF E (u) is the FE solution, therefore for ϕ ∈ V N

(V N )0

=0

hRes(yω` (u)), ϕi(V N )0 × V N = hu, ϕiU − ha(ω)∇yω` (u), ∇ϕiU
= hu, ϕiU − ha(ω)∇yωF E (u), ∇ϕiU = 0
holds true. This implies Res(yω` (u))

(V N )0

= 0.

Remark 5.4. The statment of Theorem 5.1 and Proposition 5.1 can also shown if instead
of the FE solution yωF E (u) the weak solution yω (u) are used.
The next section deals with the same statement for the error between the FE and the
reduced-order solution of the adjoint equation.

Adjoint Equation
As for the state equation we define the a-posterior error estimate and show that it is an
upper bound for the error.
Theorem 5.2. Let u ∈ U , ω ∈ Ω, V N be a subspace of V and V ` a subspace of V N . The
error between the FE and the reduced-order solution of the adjoint equation (4.9) for a
parameter ω is denoted as e`p (ω)(u) = pFω E (u) − p`ω (u). We define the residuum Res(p`ω (u))
of the adjoint equation as
hRes(p`ω (u)), ϕi(V N )0 ×(V N ) = hyd − yω (u), ϕiU − ha(ω)∇p`ω ∇ϕiU

(5.9)

in which yω (u) is the FE or the reduced-order solution of the state equation. The residuum
is an element in (V N )0 . Using the residuum the following estimation holds:
!
p
c(D)
1
e`p (ω)(u) V ≤
Res(yω` (u)) (V N )0 + Res(p`ω (u)) (V N )0 .
(5.10)
amin
amin
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Proof. The proof is based on similar arguments as the proof of Theorem 5.1. So we get
that, Res(p`ω (u)) is linear. Only the proof that Res(p`ω (u)) is differs. If we follow the proof
of Theorem 5.1 we obtain
Res(p`ω (u))

VN

=

hRes(p`ω (u)), ϕi(V N )0 ×V N
|ϕ|V
ϕ∈V N ∧|ϕ|V 6=0

≤

kyd − yω (u)kU kϕkU + amax k∇ϕkU k∇p`ω (u)kU
|ϕ|V
ϕ∈V N ∧|ϕ|V 6=0

sup

sup

≤ c(D)(kyd kU + kyω (u)kU ) + amax kp`ω (u)kV < ∞.
Let denote e`ω (u) the difference between yωF E (u) and yω (u). Analogous to the state equation we have
ha(ω)∇e`p (ω)(u), ∇ϕiU
= ha(ω)∇pFω E (u), ∇ϕiU − ha(ω)∇p`ω (u), ∇ϕiU
= hyd − yωF E (u), ϕiU − ha(ω)∇p`ω (u), ∇ϕiU
= hyd − yωF E (u), ϕiU − hyd − yω (u), ϕiU + hyd − yω (u), ϕiU − ha(ω)∇p`ω (u), ∇ϕiU
= hy(ω) − yωF E (u), ϕiU + hyd − yω (u), ϕiU − ha(ω)∇p`ω (u), ∇ϕiU
= he`ω (u), ϕiU + hyd − yω (u), ϕiU − ha(ω)∇p`ω (u)), ∇ϕiU .
(5.11)
Using the inequality (5.11) and Friedrichs’s inequality (see Theorem 7.4 in the appendix)
we get
ha(ω)∇e`p (ω)(u), ∇ϕiU ≤ ke`ω (u)kU kϕkU + hRes(p`ω (u)), ϕi(V N )0 ×V N

p
≤ kϕkU
c(D) e`ω (u) V + Res(p`ω (u)) (V N )0 .

(5.12)

The inner product ha(ω)∇e`p (ω)(u), ∇e`p (ω)(u)iU can be estimated by amin |∇e`p (ω)(u)|2V .
In order to achieve

1 p
`
`
`
ep (ω)(u) V ≤
c(D) eω (u) V + Res(pω (u)) (V N )0
amin
!
p
c(D)
1
≤
Res(yω` (u)) (V N )0 + Res(p`ω (u)) (V N )0
amin
amin
inequality (5.12), Theorem 5.1 and the knowledge that amin is greater zero have to be
combined.
The conclusion of Theorem 5.2 is that for each parameter ω an upper bound for the error
e`p between the FE and the reduced-order solution of the adjoint equation exists. The
upper bound of the adjoint equation depends also on the bound of the state equation.
If the FE solution of the state equation is chosen to build the reduced-order solution of
the adjoint equation, the bound will be smaller than in the case when the reduced-order
solution for the state equation is chosen. In Section 6.2.2 it will be depicted how the norm
of the error and the a-posteriori error estimate are computed. Next the behaviour of the
error and the a-posteriori error estimate of the adjoint equation is studied if the reduce
basis increase.
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Proposition 5.2. Let ω ∈ Ω and u ∈ U . If pFω E (u) and yωF E (u) belong to V ` , then
p`ω (u) = pFω E (u) and e`p (ω)(u) V = 0 = Res(p`ω (u)) (V N )0 hold true.
Proof. From Proposition 5.1 we know that yω` (u) = yωF E holds true and e`p (ω)(u) =
pFω E (u) − pvω (u) ∈ V ` is valid after the assumptions. Therefore
hRes(p`ω (u)), e`p (ω)(u)i(V N )0 ×V N
= hyd − yω` (u), e`p (ω)(u)iU − ha(ω)∇p`ω (u), ∇e`p (ω)(u)iU
= hyd − yω` (u), e`p (ω)(u)iU − hyd − yω` (u), e`p (ω)(u)iU = 0
holds true. Using the equation (5.11) of Theorem 5.1 we get
0 ≤ e`p (ω)(u)

2
V

≤

1
amin

!
p
c(D) `
heω (u), e`p (ω)(u)iU + hRes(p`ω (u)), e`p (ω)(u)i(V N )0 ×V N = 0,
amin

hence |e`p (ω)(u)|V = 0. From this p`ω (u) = pFω E (u) follows.
We know that p`ω (u) is the reduced-order solution of the adjoint equation in V N . Hence
for every ϕ ∈ V N
hRes(p`ω (u)), ϕi(V N )0 ×V N = hyd − yω` (u), ϕiU − ha(ω)∇p`ω (u), ∇ϕiU = 0
holds true. It follows that Res(p`ω (u))

(V N )0

= 0.

The conclusion of Proposition 5.2 is that if the solution of the adjoint equation and
the state equation for a parameter ω are in the reduced basis, the error as well as the
a-posteriori error estimate of the adjoint equation are zero.
Remark 5.5. The statment of Theorem 5.2 and Proposition 5.2 can also shown if instead
of the FE solution pFω E (u) the weak solution pω (u) are used.
The difference between the computation of the FE solution of the adjoint equation using
different solutions of the state equation will be discussed in Chapter 6.
Next, we want to deal with the question, whether the reduced-order solutions of both
equations converge against the weak solutions.

5.3

Error analysis

In order to analyse the error between the weak and reduced-order solutions the distance
measure d from Chapter 1 is used. With the distance measure the distance between a
compact set of V and an subspace of V can be measured. First it will be shown that the
set of different types of solutions for both equations are a compact subsets of V . Later
we will demonstrated that the error between the weak and the reduced-order solution of
both equations can be bounded independent of ω.
In this section we will use the random space (Rm , B(Rm ), Pξ ) which are received of the
abstract random space (Ω, F, P) and the random variable ξ, for details see Section 4.2.
In order to simplify the notation we will denoted (Ω, F, P) instead of (Rm , B(Rm ), Pξ ).
This section is based on [chapter 5][1].
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Definition 5.5. We define the set of different solutions for the state and adjoint equation:
Y(u) := {yω (u)|ω ∈ Ω} ⊂ V
Y F E (u) := {yωF E (u)|ω ∈ Ω} ⊂ V N ,
AD(u) := {pω (u)|ω ∈ Ω} ⊂ V
ADF E (u) := {pFω E (u)|ω ∈ Ω} ⊂ V N .
The definitions of yω (u), yωF E (u), pω(u) and pFω E (u) are denoted in Section 5.1.
Next, we show that Y(u) and AD(u) are compact subsets of V . In order to obtain the
compactness of Y(u) and AD(u), the following theorems and propositions are needed.
Theorem 5.3. Let ω ∈ Ω, d(·, ·; ω) : V × V → R be a coercive bilinear form and
F (·; ω) : V → R be a linear functional and Wω (u) be the solution of
d(Wω (u), v; ω) = F (v; ω)

∀v ∈ V.

If a and F are Lipschitz-continuous in Ω, i.e.
|d(u, v; ω) − d(u, v; ω̃)| ≤ La kukV kvkV kω − ω̃kRm
∀u, v ∈ V
|F (v; ω) − F (v; ω̃)| ≤ LF kvkV kω − ω̃kRm
∀v ∈ U,
then W (u) is Lipschitz-continuous in Ω, i.e.
kWω (u) − Wω̃ (u)kV ≤ LW kω − ω̃kRm .
Proof. See [Proposition 5.1][1].
The statement of Theorem 5.3 will now be used to receive the Lipschitz-continuity of yω
and pω .
Corollary 5.1. The solution operator yω (u) is Lipschitz-continuous in Ω for every u ∈ U ,
i.e
kyω (u) − yω̃ (u)kV ≤ Lu kω − ω̃kRm .
Proof. Let ω, ω̃ ∈ Ω and w, v ∈ V . We use Theorem 5.3 to show the statement. The
function yω (u) solves
dω (yω (u), ϕ) = F (ϕ)

∀ϕ ∈ V.

The function dω and F are defined in Theorem 4.1. To use Theorem 5.3, we have to
show that dω and F are Lipschitz-continuous in Ω. Using the Lipschitz-continuity of the
function a we get
Z
|dω (v, w) − dω̃ (v, w)| =

Z
(a(ω) − a(ω̃)) · ∇v · ∇w dx ≤

D

|a(ω) − a(ω̃)| · |∇v · ∇w| dx
D

Z
≤ La kω − ω̃kRm

|∇v · ∇w| dx
D

≤ La kω − ω̃kRm kvkV kwkV .
Therefore dω is Lipschitz-continuous in Ω. We define Fω as (ω, ϕ) 7→ F (ϕ). For Fω
|Fω (w) − Fω̃ (w)| = |hu, wiU − hu, wiU | = 0 ≤ kω − ω̃kRm kwkV kukV
holds true and it follows that Fω is Lipschitz-continuous in Ω. The statement follows from
Theorem 5.3.
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Corollary 5.2. The solution operator pω is Lipschitz-continuous in the space Ω for every
u ∈ U , i.e
kpω (u) − pω̃ (u)kV ≤ Lp kukU kω − ω̃.kRm
Proof. Let ω, ω̃ ∈ Ω and w, v ∈ V . We use Theorem 5.3 to show the statement. We define
F̂ω (w) as
Z
F̂ω (w) = w (yd − yω (u)) .
D

The operator pω (u) solves
dω (pω (u), v) = F̂ω (v)

∀w ∈ V.

From Corollary 5.1 we know that d is Lipschitz-continuous in Ω. Therefore only the
Lipschitz-continuity of F̂ω in Ω has to be shown. Using the Hölder inequality and
Friedrichs’s inequality (see Theorem 7.5 and Theorem 7.4 in the appendix ) we get
Z
|F̂ω (w) − F̂ω̃ (w)| =

w (yd − yω (u) − (yd − yω̃ )) dx
D

Z
w (yω̃ (u) − yω (u)) dx

=
D

≤ kwkU kyω̃ (u) − yω (u)kU ≤ Ly kukV kwkV kω − ω̃kRm .
The statement follows now from Theorem 5.3.
Theorem 5.4. Let Ω be compact, then Y(u) and AD(u) are compact subsets of V .
Proof. We show the statement only for Y(u). The Statement for AD(u) follows analogously. We use [Theorem 11.22][7] to show the compactness of Y(u). This theorem
says, if yω (u) is continuous and the parameter space Ω is compact then Y(u) is compact.
Theorem 5.1 shows the continuity of yω (u) and according the assumptions Ω is compact.
Therefore the statement follows.
Remark 5.6. The same result as in Theorem 5.4 can be obtained for Y F E (u) and ADF E (u),
FE
because the operators y(·)
(u) and pF(·)E (u) are also Lipschitz-continuous.
Remark 5.7. In general the compactness of the set Ω can not be guaranteed. In Theorem
4.3 we have seen that if a bounded random variable is given, a random space with a
compact set Ω can be achieved.
For the following analysis we assume that Ω is a compact subset of Rm .
Theorem 5.5. Let V ` be the reduce-order space, Y(u) defined as in Definition 5.5 and
V N be the FE space. Then
d(V ` , Y(u)) ≤ 2 sup kyω (u) − yωF E (u)kV + d(V ` , Y F E (u))
ω∈Ω

and
d(V ` , AD(u)) ≤ 2 sup kpω (u) − pFω E (u)kV + d(V ` , ADF E (u))
ω∈Ω

hold true with d defined in Chapter 1 (see Definition 2.11).
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Proof. In this proof πV ` is denoted as the projection onto V ` . We know that V ` and V N
are a subspace of V . Therefore
d(V ` , Y(u)) = sup kπV ` (yω (u)) − yω (u)kV
ω∈Ω
`

d(V , Y

FE

(u)) = sup kπV ` (yωF E (u)) − yωF E (u)kV

(5.13)

ω∈Ω

holds true. By addition a zero to (5.13) we get
d(V ` , Y(u)) = sup kπV ` (yω (u)) − yω (u)kV
ω∈Ω

= sup kπV ` (yω (u)) − yωF E (u) + yωF E (u) − yω (u)kV
ω∈Ω

≤ sup kπV ` (yω (u)) −
{z
ω∈Ω |

yωF E (u)kV

+kyωF E (u)

(5.14)

− yω (u)kV .

}

A

Using Proposition 7.1 from the appendix and the addition of a zero to A we get
kπV ` (yω (u)) − yωF E (u)kV
= kπV ` (yω (u)) − πV ` (yωF E (u)) + πV ` (yωF E (u)) − yωF E (u)kV
≤ kπV ` (yω (u)) − πV ` (yωF E (u))kV + kπV ` (yωF E (u)) − yωF E (u)kV

(5.15)

≤ kyω (u) − yωF E (u)kV + d(V ` , Y F E (u)).
By combining (5.14) and (5.15) the statement follows. The statement for the adjoint
equation follows with the same argumentation.
Next we show that d(V ` , Y(u)) and d(V ` , AD(u)) are bounded independent of ω. First
the distance between the reduced-order space V ` and the solution set Y F E (u) is analysed.
Proposition 5.3. Let V ` be the reduced-order space, Y F E (u) as in Definition 5.5, ω ∗ ∈ Ω
with yωF∗E (u) ∈ V ` and Ly be the Lipschitz-constant of y F E (u) (Ly is independent of N
and ω). Then
d(V ` , Y F E (u)) ≤ 2Ly sup kω ∗ − ωkRm
ω∈Ω

holds true.
Proof. First the distance measure d(V ` , Y F E (u)) is estimated:
d(V ` , Y F E (u)) = sup kπV ` (yωF E (u)) − yωF E (u)kV
ω∈Ω

= sup kπV ` (yωF E (u)) − yωF∗E (u) + yωF∗E (u) − yωF E (u)kV
ω∈Ω

≤ sup kπV ` (yωF E (u)) − yωF∗E (u)kV + kyωF∗E (u) − yωF E (u)kV

(5.16)

ω∈Ω

≤ sup kπV ` (yωF E (u)) − yωF∗E (u)kV + Ly kω − ω ∗ kRm .
ω∈Ω

yωF∗E (u)

We know that
is an element of V ` . Therefore πV ` (yωF∗E (u)) = yωF∗E (u). Using
Proposition 7.1 from the appendix we get
sup kπV ` (yωF E (u)) − yωF∗E (u)kV = sup kπV ` (yωF E (u)) − πV ` (yωF∗E (u))kV
ω∈Ω

ω∈Ω

≤ sup kyωF E (u) − yωF∗E (u)kV
ω∈Ω

≤ sup Ly kω − ω ∗ kRm .
ω∈Ω

The statement follows from the inequalities (5.16) and (5.17).
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(5.17)

Remark 5.8. The proof of Proposition 5.3 implies that for each ω ∈ Ω the norm kyω` −
yωF E kV can estimated by Ly kω − ω ∗ kRm with ω ∗ ∈ Ω and yωF∗E and pFω∗E are elements of V ` .
Therefore an upper bound independent of ω is obtained.
The statement of Proposition 5.3 and Remark 5.8 can be shown for AD(u).
Proposition 5.4. Let V ` be the reduced-order space, ADF E (u) as in Definition 5.5,
ω ∗ ∈ Ω with pFω∗E (u) ∈ V ` and Lp be the Lipschitz-constant of p(u) (Lp is independent of
N and ω). Then
d(V ` , ADF E (u)) ≤ 2Lp sup kω ∗ − ωkRm
ω∈Ω

holds true with d defined in Chapter 1 (see Definition 2.11)
Proof. Similar to Proposition 5.3.
Propositions 5.3 and 5.4 demonstrate that the distances between the reduced space V `
and the set of the FE solutions act like the maximum distances between elements of Ω
and the parameters used in V ` . Next we are interested in the distance between V N and
the manifold of the solutions.
Theorem 5.6. Let φ ∈ U , ω ∈ Ω and the finite element space V N satisfy the assumption
of the finite element space (see [Theorem 4.8][8]). Let Wω ∈ V be the solution of
haω ∇Wω , ∇ϕiU = hφ, ϕiU

∀ϕ ∈ V

and WωF E ∈ V N be the corresponding FE solution. If for s ∈ N the function Wω is in
H s+1 (D) and V N contains piecewise linear functions of degree s, then
kWω − WωF E kV ≤ chs |Wω |H 2 (D)
holds true with a constant c independent of ω and a constant h which depends only on
V N.
Proof. See [Theorem 4.8][8].
Theorem 5.6 gives us an estimate for every ω ∈ Ω but the estimate depends on ω. In the
next step it is demonstrated that an estimation independent of ω can be achieved if the
assumptions are intensified.
Theorem 5.7. Let φ ∈ U , ω ∈ Ω and Wω ∈ V the solution of
haω ∇Wω , ∇ϕiU = hφ, ϕiU

∀ϕ ∈ V.

If aω ∈ C 1 (D) and D is of class C 1 (see Definition 2.12 in Chapter 1) then Wω is an
element of H 2 (D) and
kWω kH 2 (D) ≤ ckφkU
holds true with a constant c depending on D, the C 1 -bound of aω (independent of ω) and
the upper bound amax of aω .
Proof. See [Theorem 11.3.3][12].
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The statement of Theorems 5.7 and 5.6 can be combined to obtain an estimation independent of ω.
Corollary 5.3. Let u ∈ U , V ` be the reduced-order space, Y(u) and AD(u) defined as in
Definition 5.5 and

Ω∗ := ω ∗ ∈ Ω yωF∗E (u) ∈ V ` ∧ pFω∗E (u) ∈ V ` .
Suppose the assumptions of Theorems 5.6 and 5.7 are satisfied. Then for every ω ∈ Ω we
have
kyω` (u) − yω (u)kV ≤ 2c̃(chkukU + Ly ∗inf ∗ sup kω ∗ − ωkRm )
ω ∈Ω ω∈Ω

and
kp`ω (u) − pω (u)kV ≤ 2c̃(ch(kyd kU + kukU ) + Lp ∗inf ∗ sup kω ∗ − ωkRm ),
ω ∈Ω ω∈Ω

where c̃ depends on D and the bounds of aω and c depends on D, the C 1 -bound of aω (is
independent of ω) and the upper boundary amax of aω .
Proof. We show the statement for the state equation. The statement for the adjoint
equation follows in the same way. Due to Cea’s lemma (see Theorem 7.3 in the appendix)
and Theorem 5.5 we get
kyω` (u) − yω (u)kV ≤ c̃d(V ` , Y(u)) ≤ c̃(d(V ` , Y F E (u)) + 2kyωF E − yω kV ).

(5.18)

Using Proposition 5.3, we obtain
d(V ` , Y F E (u)) ≤ 2Ly ∗inf ∗ sup kω ∗ − ωkRm .
ω ∈Ω ω∈Ω

(5.19)

Using the statements of Theorems 5.6 and 5.7 we get
kyωF E (u) − yω (u)kV
≤ ch |yω (u)|H 2 (D)

(5.20)

≤ c̃hkukU .
Through the combination of the inequalities (5.18), (5.19) and (5.20) the statement follows.
Corollary 5.3 shows that the error between the reduced-order and the weak solutions are
dominated by two terms. The first term can be controlled by the grid of the domain D.
The second term depends on Ω∗ and Ω. Therefore it is necessary that both terms have
the same size in order to prevent unnecessary computation.
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CHAPTER 6
NUMERICAL EXPERIMENTS AND
RESULTS
In this chapter the numerical part of the thesis will be done. First the optimal control
problem, which will be used in the entire chapter, will be introduced. The rest of the
chapter is divided into three different sections. The first section will cover the projected
stochastic gradient method. In this section we will run the projected stochastic gradient
method and compare it with the projected gradient method. In the second section we
will cover the numerical aspects of the reduced basis method. There it will be shown
how the reduced basis is computed. Moreover it will be illustrated how the error and
the a-posteriori error estimate can be computed. Afterwards it will be demonstrated that
the theoretical results from Chapter 5 can be obtained. The last section will deal with
the reduced optimal control problem and the numerical behaviour of it will be studied.
Afterwards the optimization of the reduced optimal control problem and the full order
optimal control problem will be compared.
For the experiment the domain D = (0, 1)2 , the admissible set
Uad := {u ∈ L2 (D)| − 3 ≤ u(x) ≤ 3 ∀x ∈ D}
and λ = 0.5 are used. For yd we choose yd (x) = − (16π 2 + 1/(π 2 )) sin(2x1 π) sin(2x2 π). As
random space a Laplace space (Ω̃, P(Ω̃), P̃) (see Chapter 4.2) is used. The set Ω̃ contains
N ∈ N elements. The optimal control problem
N
λ
1 X
kyωi − yd k2L2 (D) + kuk2L2 (D)
min j(u) :=
u∈Uad
2N i=1
2

s.t

(6.1)

−∇(a(x, ξ(ω))∇y(x, ξ(ω))) = u(x) (x, ω) ∈ D × Ω̃,
y(x, ξ(ω))
=
0
(x, ω) ∈ ∂D × Ω̃

has to be solved.
The random field a is defined as a((x1 , x2 ), ξ(ω)) = 2 + sin(x1 πξ(ω)) sin(x2 πξ(ω)). The
random variable ξ is truncated normally distributed with mean 2 and variance 0.5 and
bounds one and three. This means that ξ is normally distributed with mean 2 and variance 0.5, but for a value of ξ which is bigger than three is set to three and for value of ξ
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which is lower than one is set to one.
As initial control in this chapter we always choose u0 (x1 , x2 ) = 0.5 sin(x1 π) sin(x2 π). The
domain D satisfies all assumptions on the domain from Chapter 3 and 4.
The optimal control problem (6.1) is in the setting of the optimal control problem (4.1).
Therefore all conditions for the convergence of the projected stochastic gradient methods
are satisfied (see Chapter 4) and an optimal solution exists.
In this chapter we denote U and V for L2 (D) and H01 (D).
All programs which are used for the numerical analysis are written in Python. In order
to compute the FE solutions the FeniCS library (see [2]) is used. All experiments are run
on a laptop with Intel Core i5-3230M and 8 GB RAM.

6.1

Projected stochastic gradient method

In this section the projected stochastic gradient method will be analysed numerically.
This means that the convergence behaviour of the control sequence (un )n∈N generated by
the projected stochastic gradient method will be investigated. Moreover the convergence
behaviour of (j(un ))n∈N will be studied. Therefore the analytical solution of (6.1) has to
be known. However, in general the analytical solution is unknown. This problem will be
fixed by utilizing an approximate solution instead of the analytical solution. In order to
compute the approximate solution the projected gradient method combined with Armijo
linesearch will be used. Afterwards the approximate solution will be compared with the
solution of the projected stochastic gradient method. Furthermore a stopping criteria for
the projected stochastic gradient method will be derived.
In order to find a good stopping criteria for the projected stochastic gradient method we
look at a stopping criteria of the projected gradient method in a deterministic setting.
One possible stopping criteria, which can be found in [13], is
kun (ω) − πUad (un (ω) − ∇j(un (ω))) k2U < tol

(6.2)

for a ω ∈ Ω and tol > 0. We will see that this stopping criteria also works in the case of
the projected stochastic gradient method.
Now two different stopping criteria are introduced. As tolerance tol we choose tol > 0.
The first stopping criteria (A) is given by
kun (ω) − πUad (un (ω) − ∇j(un (ω))) k2U < tol

(A)

for a fixed ω ∈ Ω. The stopping criteria (A) is the same as (6.2). Next, we will show
that the stopping criteria (A) stops the projected stochastic gradient method after a finite
number of iterations.
Proposition 6.1. Assume the assumptions of Theorem 3.1 hold true and j is of the form
(4.1) and µ-strong convex. For each tol > 0 and ω ∈ Ω, there exists a n ∈ N with
kun (ω) − πUad (un (ω) − ∇j(un (ω))) k2U < tol.
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Proof. Let tol > 0 and ū be an optimal solution for j. According to Theorem 2.3
ū = πUad (ū − ∇j(ū)))

(6.3)

holds true. Next we will show that (un (ω) − πUad (un (ω) − ∇j(un (ω))))n∈N converges to
0. Due to equation (6.3) and the triangle inequality we obtain
kun (ω) − πUad (un (ω) − ∇j(un (ω))) kU
= kun (ω) − ū − πUad (un (ω) − ∇j(un (ω))) + πUad (ū − ∇j(ū)) kU
≤ kun (ω) − ūkU + kπUad (un (ω) − ∇j(un (ω))) − πUad (ū − ∇j(ū)) kU .

(6.4)

According to inequality (6.4), Theorem 7.1 and the Lipschitz-continuity of ∇j (see Proposition 4.4) we get
kun (ω) − πUad (un (ω) − ∇j(un (ω))) kU
≤ kun (ω) − ūkU + kun (ω) − ∇j(un (ω)) − (ū − ∇j(ū)) kU
≤ 2kun (ω) − ūkU + k∇j(un (ω)) − ∇j(ū)kU
≤ (2 + Lj )kun (ω) − ūkU .

(6.5)

The inequality (6.5) and Corollary 3.1 imply kun (ω) − πUad (un (ω) − ∇j(un (ω))) k2U → 0
as n → ∞. Therefore the statement holds true.
A different stopping criteria (B) is given by
K
< tol
n

(B)

for n ∈ N and K chosen as in Theorem 3.2. Proposition 6.2 will show that stopping
criteria (B) guarantees that the expected value of kun − ūk2U is small.
Proposition 6.2. Let (un )n∈N be the sequence generated by the stochastic gradient method
with an unbiased stochastic gradient G, (τn )n∈N be the step-size sequence satisfying (3.2)
and the assumption of Theorem 3.2 and ū is the optimal solution. For each tol > 0, there
exists a n ∈ N with

 K
< tol
E kun − ūk2U ≤
n
where K > 0 is the constant of Theorem 3.2.
Proof. Let tol be a number with tol > 0 and n ∈ N. Theorem 3.2 implies

 K
E kun − ūk2U ≤ ,
n
Choose n ∈ N with n > (4K)/tol, then the statement holds true.
Remark 6.1. The stopping criteria (A) and (B) are fulfilled for same n ∈ N if j is
µ-strong convex. The criteria (A) can be extended to a more general j. The proof of
Proposition 6.1 holds also true if (un )n∈N converges strongly.
Both stopping criteria have different benefits. The stopping criteria (B) is easy to check
during each iteration. Only the parameter K has to be computed by the user before the
optimization starts. The criteria (B) is fulfilled after a finite number of iterations. But for
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one realization ω the norm kun+1 (ω) − un (ω)k2U could be larger, because no information
about the variance of kun+1 (ω) − un (ω)k2U is known. Therefore un+1 (ω) might not be close
to the optimal solution, although n is large. Stopping criteria (A) is fulfilled if for one
realization ω the norm kun (ω) − πUad (un (ω) − ∇j(un (ω)))k2U is small. Therefore un (ω)
is close to the optimal solution (see Theorem 2.3). For criteria (A) in each iteration the
full gradient ∇j has to be computed. Therefore (A) needs more computational time than
(B). The stochastic gradient does not guarantee to decrease j in each iteration. Therefore
it is not necessary to check criteria (A) in each iteration.
As stopping criteria we choose (A), because this guarantees if the algorithm stops that
the last iteration is close to the optimal solution. This leads to Algorithm 1.
Algorithm 1 Projected Stochastic Gradient Method
Require: u0 ∈ U , ξ0 , . . . , ξn independent and identical distributed random variables, step
size function τ : N → R (τ has to satisfy (3.2)), err > 0 and ω ∈ Ω;
u1 = πUad (u0 − τn G(x0 , ξ0 ));
i = 1;
while i < n and err < kui (ω) − πUad (ui (ω) − ∇j(ui (ω)))k2U do
ui+1 = πUad (ui − τn G(xi , ξn ));
i = i + 1;
end while
To conclude we present a method to compare the solution of the projected stochastic
gradient method if the analytical solution ū is unknown.
In order to compare the solution usG , which is computed by the projected stochastic
gradient method, with the analytical solution ū, we utilize that a solution uGrad can be
computed with the projected gradient method (see [13]). uGrad is close to ū if (6.2) is
satisfied. The distance between usG and ū can be estimated by
kū − usG kU = kū − uGrad + uGrad − usG kU ≤ kū − uGrad kU + kuGrad − usG kU .
If kusG − uGrad kU is small we expect that kū − usG kU is also small because uGrad converges
to ū.
Remark 6.2. This process only works if the expected value of the optimization problem
is given on a discrete random space. Otherwise the projected gradient method can not be
used.

6.1.1

Numerical experiments

In this section, we will run the projected stochastic gradient method for several experiments. The experiments will done with different discretization of the domain D as well as
Laplace spaces Ω̃ containing different numbers of realizations of ξ. The optimal solution ū
of (6.1) will be computed with the projected gradient method combined with the Armijo
linesearch. We will show that the theoretical convergence rate of Section 3.2 holds true.
Moreover we will illustrate the behaviour of the projected stochastic gradient method and
the projected gradient method. Lastly we will study the CPU time difference and value
of the stopping criteria at the last iteration for both gradient methods.
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We analyse the convergence rate for different step sizes τn . As stopping criteria for the
projected gradient method we use (6.2) with tol = 1.0 · 10−8 or a maximum of 20 iterations. For the Armijo linesearch we choose α = 10−4 and divide the step size by two at
each iteration.
For the projected stochastic gradient method we choose stopping criteria (A) with tol =
1.0·10−8 or a maximum of 500 iterations. The step size τn is chosen as τn = nθ for different
values of θ.
The domain D is discretized with 30 points in each dimension. The basic set Ω̃ of the
Laplace-Random space contains 10 realizations of ξ.
1

In order to achieve the convergence rate of O(n−1 ) and O(n− 2 ) the assumptions of Corollary 3.4 and 3.3 have to be satisfied. Only for θ > 1/λ = 2 the convergence rates are
obtained. However the stochastic gradient method for the problem (6.1) converges if θ > 0
is picked (see Theorem 3.1). In order to show this we choose θ as 0.5.
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Figure 6.1: Convergence of the projected stochastic gradient method with step size τn =
1/(2n). The stopping criteria (A) with tol = 10−8 or a maximum of 500 iterations is used.
The domain D is discretized with 30 points in each dimension and Ω̃ has a size of ten.
Figure 6.1 shows that the projected stochastic gradient method converges to the optimal
solution ū. Also the sequence of function values (j(un ))n∈N converges to the value of
j(ū). The convergence rate for (un )n∈N is 0.3 and 0.5 for (j(un ))n∈N . The convergence
of the projected stochastic gradient method with τn = 1/(2n) confirms the statement of
Theorem 3.1. Figure 6.1 depicts that the convergence rates of 1 and 0.5 are not obtained.
In order to achieve better convergence rates, θ has to be bigger than 1/λ = 2. Next, we
choose θ bigger than two. In Figure 6.2 the convergence rate for a step size with θ = 2.1
is shown. In this case we choose a maximum of 300 instead of 500 iterations in addition
to stopping criteria (A).
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Figure 6.2: Convergence of the projected stochastic gradient method with step size τn =
2.1/n. The stopping criteria (A) with tol = 10−8 or a maximum of 300 iterations is used.
The domain D is discretized with 30 points in each dimension and Ω̃ has a size of ten.
Figure 6.2(a) shows that a convergence rate of 1.6 for (j(un ))n∈N is achieved. Figure
6.2(b) depicts that a convergence rate of 0.8 for (un )n∈N is obtained. Therefore Figure 6.2
confirms the statements of Corollary 3.4 and 3.2, because better convergence rates than
1 and 0.5 are achieved. Figure 6.3 shows the optimal control for the projected gradient
method and the projected stochastic gradient methods.
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(a) Projected gradient method.
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(b) Projected stochastic gradient method.

Figure 6.3: Optimal control for different methods with step-size τn = 2.1/n and stopping
criteria (A) with tol = 10−8 or a maximum of 300 iterations. The domain D is discretized
with 30 points in each dimension and Ω̃ has a size of ten.
Figure 6.3 shows that the optimal control of both methods are almost identical.
Next the projected stochastic gradient method and the projected gradient method will be
compared in terms of number of iterations and computational time. The stopping criteria
(6.2) with tol = 10−5 is used for the projected gradient method.
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#Ω̃ #iterations kun − πUad (un − ∇j(un ))k2U
10
8
4 · 10−6
20
8
4 · 10−6
30
8
4 · 10−6
40
8
4 · 10−6

CPU time [s]
27
55
88
105

Table 6.1: Projected gradient method combined with Armijo linesearch and stopping
criteria (6.2) with tol = 10−5 or a maximum of 20 iterations is used. The domain D is
discretized with 30 points in each dimension and Ω̃ denotes the basic set of the Laplacerandom space of (6.1).
Table 6.1 shows that the number of iterations and the value of the stopping criteria for
different Ω̃ are the same. Only the CPU times increase.
Next, we will test the projected stochastic gradient method for different batch sizes. The
batch size one, #Ω̃/2 and the full gradient will be analysed. The stopping criteria (A)
will be used for each method with tol = 10−5 . For the full stochastic gradient we will
check (A) in each iteration. The stochastic gradient with the half information about the
gradient will be check criteria (A) always after five iterations. The stopping criteria (A)
for the stochastic gradient with batch size one will be checked always after ten iterations.
This will be done because the stochastic gradient is not a descent direction and the
computation of (A) is expensive. The projected stochastic gradient method includes
randomness. Therefore the stochastic method will be run 50 times and the average will
be used.
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#Ω̃ #iterations kun − πUad (un − ∇j(un ))k2U
10
111
1 · 10−5
20
130
1 · 10−5
30
114
1 · 10−5
40
123
1 · 10−5

CPU time [s]
21
35
40
54

(a) Projected stochastic gradient method with batch size one. The stopping criteria is checked
always after ten iterations.

#Ω̃ #iterations kun − πUad (un − ∇j(un ))k2U
10
22
1 · 9 · 10−6
20
17
1 · 8 · 10−6
30
13
1 · 9 · 10−6
40
14
1 · 8 · 10−6

CPU time [s]
13
20
22
32

(b) Projected stochastic gradient method with batch size #Ω̃/2. The stopping criteria is checked
always after five iterations.

#Ω̃ #iterations kun − πUad (un − ∇j(un ))k2U
10
8
1 · 10−5
20
8
1 · 10−5
30
8
1 · 10−5
40
8
1 · 10−5

CPU time [s]
15
27
41
56

(c) Projected stochastic gradient method with batch size #Ω̃. The stopping criteria is checked
in each iterations.

Table 6.2: Average of the projected stochatic gradient method with batch size one, the
full and half gradient. As stopping criteria (A) with tol = 10−5 or a maximum of 300
iterations is used. The domain D is discretized with 30 points in each dimension and Ω̃
denotes the basic set of the Laplace-random space of (6.1).
Table 6.2 shows that the projected stochastic gradient method with a higher batch size
stops after fewer iterations than the method with the batch size one. Similar to the
projected gradient method the projected stochastic gradient method needs more CPU
time when the size of the Laplace space increases. For the projected stochastic gradient
methods with batch size one and #Ω̃/2 the algorithm stops after varying numbers of iterations. The batch size #Ω̃/2 has the lowest CPU time compared to the other batch sizes.
The Tables 6.2 and 6.1 show that the projected stochastic gradient method is always
faster than the projected gradient method. The value of stopping criteria for the projected gradient method is smaller than the value for the projected stochastic gradient
method. Therefore the optima computed by the projected gradient method are closer to
the optimal solution of (6.1) than the optima, which are computed with the projected
stochastic gradient methods.
In this section we have seen that the theoretical results of Chapter 3 are achieved. Afterwards the projected gradient method and the projected stochastic gradient method were
compared. It turns out that the stochastic gradient method needs less CPU time than the
gradient method. But on the other hand the solution founded by the gradient method
is closer to the optimal solution than the solution founded by the stochastic gradient
method.
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6.2

Reduced basis method

In Chapter 5 the theoretical part of the reduced basis method was denoted. In this section
we will study the numerical part of the reduced basis method. First a method to build the
reduced bases (RB) will be introduced (Greedy algorithm). Afterwards the computation
of the norm of the error and the a-posteriori error estimator will be shown. Lastly several
experiments will be done for the reduced basis method with the Greedy algorithm.
As in Section 5 the assumption that the true solution ū of (6.1) is known will be used in
this section. In order to simplify the notations the dependence on ū is not denoted.

6.2.1

Greedy algorithm

In Section 5 we have seen that the reduced space V ` is included in the FE space. If the
solutions of the state and adjoint equation of a parameter ω ∈ Ω are in the reduced space,
the error and a-posteriori error estimate between the reduced-order solution and the FE
solution are zero. Therefore the solution of the state and the adjoint equation should
be added to RB. One possible way to build the reduced basis RB is to use the Greedy
algorithm, which will be described in this section. A full description of the Greedy algorithm can be found in [5]. The Greedy algorithm uses weight functions to decide which
solutions of the state and the adjoint equation of a parameter ω are added to RB. Two
different weight functions will be presented in this section.
The weight functions W1 , W2 : Ω̃ → R of the Greedy algorithm should be functions which
indicate how good the solution of the state and adjoint equation can be described by the
basis RB. The function W1 does that for the state equation and W2 does the same for the
adjoint equation. In order to pick the first two elements of RB a random parameter from
Ω̃ is chosen. The Greedy algorithm should stop if the averages of the weight functions
are lower than a bound tol > 0. Here the notations of Chapter 5 are used. The solution
operators yωF E (u) and pFω E (u), which are defined in Section 5.1, are used for each ω ∈ Ω
and u ∈ U . The Greedy algorithms is denoted in Algorithm 2.
Algorithm 2 Reduced basis with the Greedy algorithm
Require: Ω̃ := {ω1 , . . . , ωm }, B = ∅, tol > 0, ω0 ∈ Ω̃
y F E ← yωF0E (ū);
pF E ← pFω0E (ū);
 FE FE 
B
∪
y ,p
;
B ← Gram-Schmidt
P
∆ = m1 m
W
(ω
)
+
W
(ω
);
1
i
2
i
i=1
while ∆ ≥ tol do
j ∈ arg max{W1 (ωi ) + W2 (ωi )};
i∈{1,...,N }
y ← yωFjE (ū);
pF E ← pFωjE (ū);
FE

 FE FE 
B ← Gram-Schmidt
B
∪
y ,p
;
P
∆ = m1 m
W
(ω
)
+
W
(ω
)
;
1
i
2
i
i=1
end while
As weight function W1 we used the norm of the error (|e` |V ) or the a-posteriori error
estimate (1/amin |Res(y ` )|(V N )0 ) of the state equation defined in Chapter 5. For the weight
function W2 the norm of the error (|e`p |V ) or the a-posteriori error estimator of the adjoint
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equation defined in Chapter 5 is used. If W1 and W2 are the norms of the errors, the
Greedy algorithm is called strong otherwise the Greedy algorithm is called weak. Typically
∆ is chosen as the maximum of W1 + W2 , but we will see in Section 6.3 that the choice
of ∆ in Algorithm 2 is a better choice.
Next, we will show that the Greedy algorithm presented in Algorithm 2 stops after a finite
number of iterations.
Corollary 6.1. Let Ω̃ := {ω1 , . . . , ωm } ⊂ Ω and tol > 0 then the Algorithm 2 stops after
a finite number of iterations if the strong or the weak Greedy algorithm are used.
Proof. We show the statement only for the strong Greedy algorithm. The statement for
the weak Greedy algorithm follows similarly. The Greedy algorithm starts to chose a
random element ω0 of Ω̃ and adds the FE solutions of the state and adjoint equation of
`
`
ω0 to RB. Theorems 5.1 and 5.2 imply that
Pm |eω`o | and `|ep (ω0 )| are zero and therefore, in
particular, smaller than tol. If now 1/m i=1 |eωi | + |ep (ωi )| is smaller than tol then the
algorithm stops. Else an element ω̃new ∈ Ω̃ is chosen. The element ω̃new is different from
all chosen elements before, because the errors are zero for all elements, which are picked
in iterations before. Therefore the algorithm stops after at most m iterations because the
errors are zero.
In the Greedy algorithm the Gram-Schmidt algorithm is used. The Gram-Schmidt algorithm is presented in Algorithm 3.
Algorithm 3 Gram-Schmidt method
INPUT: ϕ1 , . . . , ϕn linearly independent
OUTPUT: ψ1 , . . . , ψn linearly independent with hψi , ψj i = δij for 1 ≤ i, j ≤ n
ψ1 ← kϕϕ11kU ;
for i = 2 to n do
ψ̄i ← ϕi ;
for j = 1 to i − 1 do
ψ̄i ← ψ̄i − hψj , ϕi iU ψj ;
end for
ψi ← kψ̄ψ̄i ikU ;
end for
In order to use the Gram-Schmidt algorithm the input set has to be linearly independent.
Propositions 5.1 and 5.2 tell us that if the solutions for the state and adjoint equation
are in V ` the error and the a-posteriori error estimator of the state and adjoint equation
are zero. Therefore the added element y F E is linearly independent of all elements. The
same holds true for the added pF E . But in general the added elements y F E and pF E do
not need to be linearly independent. This is shown in Proposition 6.3.
Proposition 6.3. Let u ∈ U . The functions yω (u) and pω (u) are linearly dependent if
and only if there exists a λ ∈ R with yd = λu + yω (u).
Proof. First we assume that yω (u) and pω (u) are linearly dependent. Therefore there is
λ ∈ R with λyω (u) = pω (u). Hence we have
hyd − yω (u), ϕiU = ha(ω)∇pω (u), ∇ϕiU = ha(ω)∇λyω (u), ∇ϕiU = hλu, ϕiU
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for all ϕ ∈ V . This implies yd = λū + yω (u). Now we assume that yd = λu + yω (u) holds
true. Using dω defined in Theorem 4.1, we have
dω (pω (u), ϕ) = hyd − yω (u), ϕiU = hλu, ϕiU = λd(yω (u), ϕ).
If we choose ϕ = pω (u) − λyω (u) and use the coercivity of dω , we get
0 = dω (pω (u) − λyω (u), pω (u) − λyω (u)) ≥ ckpω (u) − λyω (u)kV .
This implies the linearly dependence of pω (u) and yω (u).
In this section we have seen that the Greedy algorithm can be used to compute a reduced basis RB for the reduced basis method. Afterwards it was noted that the Greedy
algorithm can have problems if yd is chosen badly.

6.2.2

Error and a-posterior error estimation

In Chapter 5 we have computed the solution of the state equation and the adjoint equation using the FE method. Furthermore we derived an a-posteriori error estimator for the
difference between the full-order and the reduced-order solution. In this section, we deal
with the calculation of the norm of the error and the a-posteriori error estimator. As in
Chapter 5, the analysis in this section is for a fixed parameter ω ∈ Ω. Also u ∈ U is fixed.
In this section the notations of Chapter 5 are used.
The FE method uses a subspace V N of V . The space V N is spanned by N ∈ N elements,
they are called ϕ1 , . . . ϕN . Out of these basis elements we are able to define
Z

Z
a(ω)∇ϕi ∇ϕj dx,

Ai,j (ω) =

Mi,j =

D

∇ϕi ∇ϕj dx

Si,j =
D

Z
ϕi u dx,

D

ϕi ϕj dx,
D

Z
bi =

Z

di =

ϕi yd dx.
D

These matrices and vectors are elements in RN ×N and RN . They are used to compute the
FE solutions of the state equation and adjoint equation. Furthermore we can use them
to calculate the norm of the error and the a-posteriori error estimator.
The reduced-order space with `  N basis elements will be denoted by V ` . The basis of
V ` is called RB and the basis elements are named ψ1 , . . . , ψ` .
We start with the computation of the residuum, the error and the a-posterior estimator
of the state equation. Afterwards the same is done for the adjoint equation.
State equation
From Section 5.1 we know that the FE solution yωF E is given by
yωF E

=

N
X
i=1
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yi (ω)ϕi

and y(ω) is the solution of
A(ω) y(ω) = b.
The reduced space V ` is a subspace of V N with basis elements ψ1 , . . . ψ` . Therefore ψi is
an element of the space V N and can be described as a linear combination of basis elements
of V N :
ψi =

N
X

i

ψ j ϕj .

j=1

For every i ∈ {1, . . . , `} the coefficient vector of ψi with respect to the base of V N are
named ψ i . We use the coefficients of the linear combination of each element of RB to
define


Ψ = ψ1, . . . , ψ`
which projects an element from V N to V ` . Ψ is an element in RN ×` . With the help of ψ
a reduced matrix A` (ω) is defined as
A` (ω) = ΨT A(ω)Ψ.
Using A` (ω) the linear system
A(ω)y(ω) = b

(6.6)

can be transformed to a reduced linear system
A` (ω) y ` (ω) = ΨT b,

(6.7)

where y ` (ω) is a vector in R` . The linear system (6.7) is called reduced system. The
reduced system has a much lower dimension then the original linear system because we
choose a ` which is smaller then N . From Chapter 5 we know that
yω`

=

`
X

yi` (ω)ψi

i=1

is the solution of the state equation in V ` . The definition of the residuum for the state
equation (Res(yω` )) from Chapter 5.2 is used. The residuum for yω` has the following form:
hRes(yω` ), ϕi(V N )0 ×V N = hu, ϕiU − ha(ω)∇yω` , ∇ϕiU .
In order to calculate the norm of Res(yω` ), Riesz’ theorem (see Theorem 7.1 in the appendix) is used. We used the inner product h∇·, ∇·iU on V and V N . Riesz’ theorem
guarantees the existence of an unique element res(ω) in V N ⊂ H01 with the properties
|res(ω)|V = Res(yω` )

(V N )0

and
hres(ω), ϕiV = hRes(y ` (ω)), ϕi(V N )0 ×V N
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for all ϕ ∈ V N . Therefore
h∇res(ω), ∇ϕiU = Res(yω` ), ϕ

(V N )0 ×V N

holds true. The Riesz’ representative res(ω) is an element in V N . Therefore it can be
expressed as a linear combination of the basis elements
res(ω) =

N
X

ri (ω)ϕi .

i=1

The coefficient vector r(ω) = (r(ω)i )1≤i≤N satisfies the following equalities for all i ∈
{1, . . . , N }:
(Sr(ω))i =

N
X

rj (ω)h∇ϕj , ∇ϕi iU = hres(ω), ϕi iV

j=1

= Res(yω` ), ϕi
=
=

(V N )0 ×V N
hu, ϕi iU − ha(ω)∇yω` , ∇ϕi iU
(b − A(ω)Ψy ` (ω))i .

(6.8)

The coefficient r(ω) can be determined by solving the following linear system:
Sr(ω) = b − A(ω)Ψy ` (ω).
Remark 6.3. We know that S is symmetric and strictly positive definite (see for instance
[Lemma 3.9][8]).
In order to compute the norm of Res(yω` ) the Riesz’ theorem tell us that |res(ω)|V has to
be calculated. The norm |res(ω)|2V is given by
* N
+
N
X
X
ri (ω)∇ϕi ,
rj (ω)∇ϕj
|res(ω)|2V =
i=1

=

N
X

ri (ω)

i=1

j=1
N
X

U

(6.9)

rj (ω)h∇ϕi , ∇ϕj iU = r(ω)T S r(ω)

j=1

Summarizing we have
Res(yω` )

(V N )0

1
= r(ω)T S r(ω) 2 .

Due to Theorem 5.1 the bound
∆y (ω) :=

1
amin

r(ω)T S r(ω)

 12

.

is an upper bound for |e` (ω)|.
The residuum is useful to calculate an upper bound for the norm of the error, but can also
be used to determine the error. From Chapter 5 we know that for every i ∈ {1, . . . , N }
ha(ω)∇e` (ω), ∇ϕi iU = Res(yω` ), ϕi
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(V N )0 ×V N

= bi − (y ` ΨT A(ω))i

(6.10)

holds true. The error e`ω is an element of the space V N , therefore e`ω can be described as
a linear combination of the basis elements of V N
e` (ω) =

N
X

êi (ω)ϕi .

i=1

Here ê(ω) are the coefficients of the basic elements of V N . Using equation (6.10) the
coefficient vector ê(ω) can be calculated by
A(ω) ê(ω) = b − A(ω)Ψy ` (ω).
Proceeding in the same way as (6.9)
e` (ω)

V

=

p

ê(ω)T S ê(ω)

holds true.
In this section a method to compute an a-posteriori estimate (∆y ) is introduced. We
have present that for the calculation of ∆y and the norm of the error a linear system of
dimension N has to be solved. For the computation of ∆y the stiffness matrix S is used.
This matrix has nice properties, it is symmetric and strictly positive definite. For this
reason ∆y is good to calculate. In order to compute the norm of the error a linear system
with the matrix A(ω) has to be solved. The matrix A(ω) is strictly positive definite (see
Theorem 7.10 in the appendix) but not symmetric in general. Therefore it is easier to
compute ∆y instead of |e` |V . In the next section the same analysis is done for the adjoint
equation.
Adjoint equation
In Section 5.2 we have seen that there are two different ways to compute the reducedorder solution of the adjoint equation. The first way is to use the FE solution of the state
equation. The second way is using the reduced-order solution of the state equation.
The reduced-order solution for (5.2) can be computed in different ways:
1) The right-hand side of (4.8) is yd − yωF E , where yωF E solves (5.1). We call the solution
of this PDE p`F E (ω).
2) The right-hand side of the adjoint PDE (4.8) is yd − yω` , where yω` solves (5.3). We
call the solution of this PDE p`` (ω).
First we want to derive the reduced systems for the adjoint equation for both cases. The
RB systems for the adjoint equation can be derived quite similarly as the RB system of
the state equation.
Let p`F E (ω) be the solution of
haω ∇p`F E (ω), ∇ψiU = hyd − yωF E , ψiU

∀ψ ∈ V ` .

(6.11)

Furthermore let p`` (ω) solves the following equation
haω ∇p`` (ω), ∇ψiU = hyd − yω` , ψiU
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∀ψ ∈ V ` .

(6.12)

The equations (6.11) and (6.12) lead to the reduced linear systems:
A` (ω) p̂`F E (ω) = ΨT (d − M y F E (ω)),
A` (ω) p̂`` (ω) = ΨT (d − M y ` (ω))
in the same way as (6.7), where y F E (ω) and y ` (ω) are the solutions of (6.6) and (6.7).
Further on we write p̂(ω) for the coefficients of the adjoint equation instead of p̂`F E (ω) or
p̂`` (ω), because the different cases can be treated in the same way. For the same reason
p` (ω) stands for p`F E (ω) or p`` (ω) and ŷ(ω) stands for y F E (ω) or y ` (ω) . In Section 5.2
(Theorem 5.2) we have defined the residuum for the error of the adjoint equation. For a
basis element ϕi of RB with i ∈ {1, . . . , N }, this definition implies
Res(p` (ω)), ϕi

(V N )0 ×V N

= hyd − y(ω), ϕi iU − ha(ω)∇p` (ω), ∇ϕi iU
= (d − M ŷ − A(ω)Ψp̂(ω))i .

(6.13)

As previously for the residuum of the state equation, we calculate the Riesz’s representative of Res(p` (ω)) in V N . As in the previous section we use h∇·, ∇·iU as inner product
on V . The representative of Res(p` (ω)) in V N is given by
pres (ω) =

N
X

hi (ω)ϕi .

i=1

To determine the coefficient vector h(ω) = (h(ω)i )1≤i≤N of the Riesz’s representative
S h(ω) = d − M ŷ(ω) − A(ω)Ψp̂(ω)
has to be solved. This linear system is achieved in the same way as (6.8). The operator
norm of Res(p` (ω)) can computed like in the case of (6.9):
p
Res(p` (ω)) (V N )0 = h(ω)T Sh(ω).
In order to estimate the error e`p (ω) we define ∆p (ω) := 1/amin
Theorem 5.10, we get
p
c(D) y
`
ep (ω) V ≤
∆ (ω) + ∆p (ω).
amin

p
h(ω)T Sh(ω). Using

(6.14)

The a-posteriori error estimator in (6.14) contains the constant c(D) from Friedrichs’s
inequality (see Theorem 7.4 in the appendix). This constant c(D) is the square of the
diameter of the domain
√ D (see Definition 2.13). The domain D is the union square.
Therefore diam(D) = 2. Hence
√
2 y
`
ep (ω) V ≤
∆ (ω) + ∆p (ω)
amin
holds true.
Similar to the case of the state equation Res(p` (ω)) can be used to compute the error
e`p (ω). The error e`p (ω) has the form
e`p (ω)

=

N
X
i=1
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êip (ω)ϕi ,

because it is an element of V N . Using equation (6.13) and similar to equation (6.10) the
linear system
A(ω)êp (ω) = M ê` (ω) + d − M ŷ(ω) − A(ω)Ψp̂` (ω)
computes the coefficient vector êp (ω) = (êip (ω))1≤i≤N of e`p (ω). Using the coefficient êp (ω)
e`p (ω)

V

=

q

êp (ω)T S êp (ω)

is computed in the same way as (6.9).
In order to compute ∆p and ∆y linear systems with the stiffness matrix have to be solved.
The stiffness matrix is symmetric and strictly positive definite. Therefore the linear system is good to solve. For the computation of the norm of e`p (ω) a linear system with the
matrix A(ω) has to be solved twice. A(ω) is strictly positive definite but in most cases
not symmetric (see Theorem 7.10 in the appendix). In our considered example A(ω) is
not symmetric, because a(ω) is not symmetric. Therefore it is better to use ∆p and ∆y
instead of |e`p (ω)|V .
In this section the computation of the a-posteriori error estimate for the state and adjoint
equation was shown. As well we presented the calculation of the norm of the error for the
state and adjoint equation. Further on we have seen that the stiffness matrix can be used
to decide which state equation y F E (ω) and adjoint equation pF E (ω) should be added to
the reduced basis. In the next section we will perform various numerical experiments for
the reduced basis method, using the Greedy algorithm.

6.2.3

Numerical experiments

In this section we will do numerical experiments to show the theoretical results of Chapter
5. In order to compute the a-posteriori error estimate and the error the calculations of
Section 6.2.2 are used.
Most experiments, which are done in this section, have the same initial condition. This
means the discretization the domain D and the Laplace space Ω are the same. First we
will test if the error and the a-posteriori error estimate go towards zero if more elements
are added to the reduced basis RB. Only the solution of the state equation and adjoint
equation are added to RB. Then we will study whether the a-posteriori error estimate
and the norm of the error have the same behaviour. Moreover we will check if the parameter ω with the largest error norm also has the largest a-posteriori error estimate. At
the end we consider the computational time difference between solving the reduced linear
system and the FEM-system.
The experiments use a grid of the domain D which is discretized with 30 points in each
dimension and the basic set Ω̃ of the Laplace space contains ten realizations of ξ. In order
to build the reduced basis RB we use the Algorithm 2.
In Figure 6.4 the behaviour of the expected value of |e` (ω)|V and ∆y (ω) under increasing
size of RB is shown.
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Figure 6.4: Behavior of the expected value of |e` (ω)|V and ∆y (ω) under increasing size of
RB.
Figure 6.4 shows that the expected value of |e` (ω)|V is lower than the expected value of
∆y (ω). This confirms the statement of Theorem 5.1. Also the difference between the
expected values is small. Therefore the expected value of ∆y is a good estimator of the
expected value of |e` (ω)|V . Figure 6.4 depicts that E[|e` (ω)|V ] and E[∆y (ω)] decrease if
the size of RB increases. This confirms the statement of Proposition 5.1.
In order to decide which state and adjoint equation should be to added to RB, we want
to use ∆y . To make a decision depending on ∆y is only a good choice if the parameter
with the biggest error also has the biggest a-posteriori error estimate ∆y . If the first basis
elements are the FE solution of the state and the adjoint equation for a randomly chosen
parameter of Ω̃ , Figure 6.5 illustrates the values of |e` (ω)|V and ∆y (ω) for each ω ∈ Ω̃.
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Figure 6.5: Value of |e` |V and ∆y for each point of Ω̃.
Figure 6.5 demonstrates that for each ω ∈ Ω̃ the a-posteriori error estimator ∆y (ω) is
always bigger than |e` (ω)|V . Farther the norm of the error e` (ω 5 ) is bigger than for each
other parameter ω ∈ Ω̃ \ {ω 7 } just as for ∆y (ω 5 ). Also is recognizable that the norm
of error and the a-posteriori error estimator ∆y for parameters close to ω 7 are smaller
than the other parameters. This confirm Remark 5.8. All the results of Figure 6.5 show
that ∆y is a good estimator to minimize the error for all parameters related to the new
basis. The concluding outcome is that the RB method works well for the state equation.
Moreover the weak and strong Greedy algorithm can be used to calculate RB.
Next, we are interested if the RB method also works for the solutions of the adjoint
equation. Therefore the same experiments are done as for the state equation. In order to
compute the reduced-order solution of the adjoint equation there are two different ways
(for details see Section 6.2.2). We study both and compare them. In order to get the first
basis element a random element of Ω̃ is chosen. Figure 6.6 illustrates the behaviour of the
expected value of |e`p |V and the a-posteriori error estimates, which are defined in Section
6.2, for an increasing size of RB.
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(b) Behaviour of E[|e`p` |V ] and E[ 2∆y + ∆p ].

(a) Behaviour of E[|e`pF E |V ] and E[∆p ].

Figure 6.6: Behavior of the expected value of e`p (ω) V and the a-posteriori error estimate
for the different reduced-order solution of the adjoint equation under increasing size of
RB.
Figure 6.6 shows that E[|e`p |V ] is always lower than the expected values of the a-posteriori
error estimates. This confirms the statement of Theorem 5.2. Also the difference between
E[|e`p |V ] and the expected value of the a-posteriori error estimates is small. Therefore the
a-posteriori error estimates do not overestimate E[|e`p |V ] by a too large factor. Figure 6.6
depicts that E[|e`p |V ] and the expected values of the a-posteriori error estimates are decreasing if the size of RB increases. This confirms Proposition 5.10, because RB contains
the solutions of the state and adjoint equations.
Figures 6.6
show the same behaviour. Therefore we used the a-posteriori error
√ (a)yand (b)
p
estimate 2∆ + ∆ , because in this case the reduced-order solution of (5.1) has to be
computed instead of the FE solution.
√
Next, we want to check if E[ 2∆y (ω) + ∆p (ω)] is a good choice to select the next basis
element for RB. Taking the a-posteriori error as a decision maker is a good choice if the
parameter with the largest error
also has the largest a-posteriori error estimate. Figure
√
6.7 illustrates |e`p (ω)|V and 2∆y (ω) + ∆p (ω) for each parameter ω ∈ Ω̃. The reduced
basis RB used in Figure 6.7 contains only one solution of the state and adjoint equation
for a randomly chosen parameter of Ω̃.
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√ y
2∆ + ∆p for each point of Ω̃

√
Figure 6.7 shows that 2∆y (ω) + ∆p (ω) and |e`p (ω)|V have the same behaviour. The
parameter ω 5 with the largest a-posteriori√error estimate has also the largest error norm.
Therefore the a-posteriori error estimate 2∆y (ω) + ∆p (ω) is a good decision maker for
the selection of a new basis element for RB. We see that the RB method also works well
for the adjoint equation.
Next, the stopping criteria of the Greedy algorithm is analysed. In Section 5.3 we have
seen that the error between the variational solutions (4.2) and (4.9) and reduced-order
solutions can be estimated by two different terms. The first term is the error between
the variational and the FE solution. The second term is the error between the FE and
reduced-order
solution. Therefore the Greedy algorithm stops if the expected value of
√ y
2∆ + ∆p is in the order of the error between the variational and the FE solution.
The error between the varitional and FE solution can be estimated by the maximal step
length which is used in the grid of D (see Theorem 5.6). The error between the varitional
solution and the FE solution is of order 10−4 for
 of D with 30 points in
√theydiscretization
p
each dimension. To show that the estimator E 2∆ (ω) + ∆ (ω) can achieve this bound
we run the Greedy algorithm for different sizes of Ω̃. The basic set Ω̃ of the Laplace-space
is fixed for each size. The first two basis elements are the FE solutions of the state and
adjoint equation of a randomly chosen ω ∈ Ω̃. Therefore Table 6.3 shows the average of
20 experiments, the best and the worst case.
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#Ω̃ #RB
10
20
30
38
40
44
50
50
100
60

E

√

2∆y + ∆p
3.7 · 10−13
5.0 · 10−5
5.2 · 10−5
8.0 · 10−5
8.2 · 10−5



#Ω̃ #RB
10
20
30
38
40
42
50
48
100
58

(a) Average

E

√

2∆y + ∆p
3.7 · 10−13
6.5 · 10−5
9.9 · 10−5
9.4 · 10−5
9.6 · 10−5



(b) Best

#Ω̃ #RB
10
20
30
38
40
44
50
52
100
62

E

√

y

2∆ + ∆
3.7 · 10−13
3.0 · 10−5
5.0 · 10−5
9.1 · 10−5
6.8 · 10−5

p



(c) Worst

Table 6.3: A-posterior error estimate for different Ω̃ and tolerance tol = 10−4 . The
experiments are run 20 times.
√
Table 6.3 depicts that for Ω̃ with a larger size than ten the estimator E[ 2∆y (ω) + ∆p (ω)]
stops the Greedy algorithm before all solutions of the state and adjoint equation are added
to RB. Moreover Table 6.3 shows that if the size of Ω̃ increases, the size of RB also increases. But the ratio #Ω̃/#RB is decreasing. Table 6.3 also shows that there is only a
small difference between the size of RB in the best or worst case compared to the average
case. Therefore it seems that the choice of the first two basis elements is irrelevant.
The computation of the FE solution takes more CPU time than the computation of the
reduced-order solutions. In order to demonstrate this we run the Greedy algorithm for a
Laplace random space, which contains 30 realization of ξ, and different discretization of
D (nx ). The same stopping criteria as in Table 6.3 is used.
nx
30
40
50
100

CPU time FE
CPU time RB

9
13
23
104

Table 6.4: Computational speed-up between solving (6.6) and (6.7) for #Ω̃ = 30. The
variable nx stands for number of points in each dimension to discretize the domain D.
Table 6.4 shows that the reduced system (6.7) can always be solved faster than the FElinear system (6.6). Moreover Table 6.4 depicts that the computational speed-up increases
if the gird of D becomes finer.
In the next section we will combine the RB method with the stochastic gradient method
to compute a suboptimal solution for (6.1). The main goal is to use the computational
speed-up we see in Table 6.4 for the stochastic gradient method.
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6.3

Reduced optimal control problem

In Section 6.1 and 6.2 we analysed the projected stochastic gradient method and the RB
method. In this section we will combine these methods to solve a reduced optimal control
problem. First the reduced optimal control problem will be defined. Afterwards, the
behaviour between the optimal solution of the reduced problem and the optimal solution
of the considered problem will be analysed. Later, some numerical experiments for the
reduced problem will be done. In these experiments we will show that the theoretical
results hold true. Furthermore, the computational speed-up between the optimization
with and without the RB method will be studied.
Let V ` be the reduced space from Chapter 5 and RB the corresponding base. Using the
reduced space V ` the new optimal control problem
 λ
1 
(6.15)
min j ` (u) = E[J ` (u, ω)] = E kyω` (u) − yd k2U + kuk2U
u∈Uad
2
2
has to be solved. The optimal control problem (6.15) is called reduced optimal control
problem of (6.1).
Remark 6.4. The only difference between the reduced problem (6.15) and the considered
problem (6.1) is the constraint. The constraint of (6.15) is given by the reduced-order
solutions instead of the weak solutions. The analysis which is done in Chapter 4 for (6.1)
can be adopted to the reduced optimal control problem (6.15).
Remark 6.4 says that all assumptions of Theorem 3.1 are satisfied. Therefore an optimal solution of (6.15) exists and the projected stochastic gradient method computes this
optimum.
Definition 6.1. Let u ∈ Uad be an optimal solution of (6.15). The optimal solution u is
called suboptimal solution for the optimal control problem (6.1).
Theorem 6.1 shows that an suboptimal solution is close to an optimal solution of (6.1)
if the expected value of the difference between the reduced-order solution and the weak
solution of the adjoint equation is bounded. The proof of Theorem 6.1 follows the idea of
the proof from [Theorem 3.17][26].
Theorem 6.1. Let uopt and usubopt be an optimal and suboptimal solution for (6.1). If
λ > 0 and E[k(pω − p`ω )(uopt )kV ] < tol for a tol > 0 hold true, then we have
kuopt − usubopt kU ≤ c tol,
with a constant c > 0 that depends on λ and D.
Proof. In the proof ū and u are denoted for uopt and usubopt . We know that ū and u are
the optimal and suboptimal solution of (6.1). Due to Theorem 2.2
0 ≤ h∇j(ū), u − ūi(U )0 ×U + h∇j ` (u), ū − uiU 0 ×U = h∇j(ū) − ∇j ` (u), u − ūiU 0 ×U

(6.16)

holds true. Next, the representations of ∇j ` and ∇j which are calculated in Theorem 4.3
are used. This leads to
h∇j(ū) − ∇j ` (u), u − ūi(U )0 ×U


= λhū − u, u − ūiU − E hpω (ū) − p`ω (u), u − ūiU


= −λkū − uk2U + E hp`ω (u) − pω (ū), u − ūiU




= −λkū − uk2U + E p`ω (ū) − hpω (ū), u − ūiU − E hp`ω (u) − p`ω (ū), ū − uiU .
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(6.17)



The next step shows that E hp`ω (u) − p`ω (ū), ū − uiU is positive. Using the reduced-order
solution operator y ` and the linearity of the inner product, we get
hp`ω (u) − p`ω (ū), ū − uiU = h∇(p`ω (u) − p`ω (ū)), aω ∇y ` (ū − u)iU
= haω ∇p`ω (u), ∇y ` (ū − u)iU − haω ∇p`ω (ū), ∇y ` (ū − u)iU
= hyd − y ` (u), y ` (ū − u)iU − hyd − y ` (ū), y ` (ū − u)iU

(6.18)

= hy ` (ū − u), y ` (ū − u)iU = ky ` (ū − u)k2U ≥ 0.
The inequalities (6.16) and (6.18) and equation (6.17) imply


0 ≤ −λkū − uk2U + E hp`ω (ū) − pω (ū), u − ūiU .
Using the Cauchy-Schwarz inequality (see Theorem 7.7 in the appendix), we have


0 ≤ −λkū − uk2U + E k(p`ω − pω )(ū)kU kū − ukU .


Friedrichs’s inequality and the bound of E k(p`ω − pω )(ū)kV imply
kū − ukU ≤

 c(D)
c(D)  `
E k(pω − pω )(ū)kV <
tol.
λ
λ

Next, we show that an optimal value of (6.1) and an optimal value of (6.15) are close to
each other.
Theorem 6.2. Let uopt and usubopt be an optimal and suboptimal solution for (6.1). If
E[k(yω − yω` )(uopt )kV ] < tol and E[k(pω − p`ω )(uopt )kV ] < tol for a tol > 0 and λ > 0 hold
true, then we have
j ` (usubopt ) − j(uopt ) ≤ ctol ,
for a constant c > 0 that depends on λ, D and Uad .
Proof. In the proof ū and u are denoted for uopt and usubopt . The distance between j ` (u)
and j(ū) can be written as
 λ

1 
|j ` (u) − j(ū)| = E kyω` (u) − yd k2U − kyω (ū) − yd k2U +
kuk2U − kūk2U .
|2
{z
} |2
{z
}
A

B

First, B will be analysed. All elements of Uad have a bounded norm by the constant cad .
Using the triangle inequality and Theorem 6.1, we have

λ
λ
kuk2U − kūk2U = |(kukU + kūkU ) (kukU − kūkU )|
2
2
(6.19)
≤ cad λ |(kukU − kūkU )| ≤ cad λku − ūkU ≤ ctol.
By transforming A we obtain

1  `
E kyω (u)k2U − 2hyω` (u), yd iU + kyd k2U − kyω (ū)k2U + 2hyω (ū), yd iU − kyd k2U
2

1 
= E kyω` (u)k2U − kyω (ū)k2U + 2hyω (ū) − yω` (u), yd iU
2



1 
≤ E kyω` (u)kU − kyω (ū)kU kyω` (u)kU + kyω (ū)kU + 2 hyω (ū) − yω` (u), yd iU
2


1 
≤ E kyω` (u) − yω (ū)kU kyω` (u)kU + kyω (ū)kU + 2kyd kU .
2
(6.20)
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The statement (4.3) of Theorem 4.1 and Remark 5.2 guarantee that kyω` (u)kU ≤ c̃kukU
and kyω (ū)kU ≤ c̃kūkU hold true for a c̃ > 0. Utilized (6.20) and ĉ := c̃cad + kyd kU , we
get

1  `
E kyω (u)k2U − 2hyω` (u), yd iU + kyd k2U − kyω (ū)k2U + 2hyω (ū), yd iU − kyd k2U
2


≤ ĉE kyω` (u) − yω (ū)kU .
Using the linearity of yω` and E[k(yω` − yω )(ū)kU ] < tol, we obtain




E kyω` (u) − yω (ū)kU = E kyω` (u) − yω` (ū) + yω` (ū) − yω (ū)kU


≤ E kyω` (u − ū)kU + kyω` (ū) − yω (ū)kU
≤ E [c̃ku − ūkU + tol] .
Using Theorem 6.1 and (6.21), we have


E kyω` (u) − yω (ū)kU ≤ (c̃ + 1)tol.

(6.21)

(6.22)

The inequalities (6.19) and (6.22) imply
|j ` (u) − j(ū)| ≤ ctol.

Remark 6.5. The assumptions about k(p`ω − pω )(uopt )kV and k(yω` − yω )(uopt )kV can be
satisfied (see Corollary 5.3).
Remark 6.6. The same statement of Theorems 6.1 and 6.2 hold true if the weak solutions
are replaced by the FE solutions.
Theorems 6.1 and 6.2 show that if RB is chosen wisely, an optimal and suboptimal solution are close to each other.
In order to get a suboptimal solution two different computations have to be done. First,
RB has to be computed and afterwards the reduced problem (6.15) has to be solved.
The first phase is called offline phase. In this phase the reduced basis RB is computed.
The RB is build with the Greedy algorithm shown in Section 6.2. In order to use the
Algorithm 2, a fixed control u ∈ Uad is required. Normally, an optimal solution uopt is not
known, therefore we can not use uopt for Algorithm 2. This problem is fixed by using a
different control u0opt . The control u0opt is an optimal control of J(u, ω0 ) for a fixed ωo ∈ Ω.
This element is called ω0 . The optimal control u0opt is used to compute RB with Algorithm
2. This leads to Algorithm 4.
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Algorithm 4 Reduced basis with Greedy algorithm with given control
Require: Ω̃ := {ω1 , . . . , ωm },B = ∅, err > 0, ω0 ∈ Ω and itmax ∈ N.
u0opt ← arg minu∈Uad J(u, ω0 );
y F E ← yωF0E (u0opt );
pF E ← pFω0E (u0opt );


B ← Gram-Schmidt B ∪ y F E , pF E ;
P √ y
∆ = m1 m
2∆ (ωi ) + ∆p (ωi );
i=1
it ← 1;
while ∆ ≥ err and it ≤
do
√ itmax
y
j ∈ arg maxi∈{1,...,m} 2∆ (ωi ) + ∆p (ωi );
y F E ← yωFjE (u0opt );
pF E ← pFωjE (u0opt );


B ← Gram-Schmidt B ∪ y F E , pF E ;
P √ y
2∆ (ωi ) + ∆p (ωi );
∆ = m1 m
i=1
it ← it + 1
end while
The second phase is called online phase. In this phase, the reduced problem (6.15) is
solved using the projected stochastic gradient method (Algorithm 1 of Section 6.1).

6.3.1

Numerical experiments

In this section, the numerical analysis of the reduced optimal control problem (6.15) will
be done. First, we will test if the RB method using the reference elements u0opt and uopt
has a different behaviour for the suboptimal solution usubopt . Afterwards, we will study
the behaviour of the optimization with the RB method and without it. Mainly, the computational time difference between both methods will be analysed.
In order to test the behaviour of the suboptimal solution for the different RB we choose
a discretization of 30 points in each dimension for the domain D and the basic set Ω̃ of
the Laplace space contains ten realisations of the random variable ξ.
The optimal solution uopt of (6.1) is computed by the projected gradient method combined with the Armijo linesearch. In the same way, the optimal solution u0opt of J(·, ω0 ) for
ω0 = 2 is computed. When both solutions are computed we run the Greedy algorithm for
each of them and obtain two different reduced bases. Afterwards, both generated reduced
problems (6.15) will be solved using the projected stochastic gradient method.
The projected gradient methods use the Armijo linesearch with α = 10−4 and divide the
step size in each iteration by two. The Armijo linesearch finds a step size (see [25] for
instance) because ∇j is Lipschitz-continuous (see Proposition 4.4).
The projected stochastic gradient methods with the half information of the gradient is
used and as step size τn = 2.1/n is chosen. The stopping criteria (A) with tol = 10−5 or
a maximum of 500 iterations is used. As in Section 6.1.2 the stopping criteria is always
checked after 5 iterations.
Figure 6.8 shows the behaviour of kuopt − usubopt kU for the different reduced bases.
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Figure 6.8: Behaviour of kusubopt − uopt kU for increasing size of RB and different reduced
bases. The suboptimal control usubopt is computed with the projected stochastic gradient
method.
Figure 6.8 depicts that both RB’s nearly achieve the same result. Therefore, it is not required to choose uopt . Figure 6.8 shows also that kuopt − usubopt kU not uniformly decreases.
This depends on the stochastic gradient (see Section 6.1) because the stochastic gradient
method converges point wise to an optimal solution.
Next, we are interested in the behaviour of |j ` (usubopt ) − j(uopt )| for different RB’s. Figure
6.9 shows the behaviour of |j ` (usubopt ) − j(uopt )| for the different bases and an increasing
size of basis elements.
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Figure 6.9: Behaviour of |j ` (usubopt ) − j(uopt )| for increasing size of RB and different
reduced bases. The suboptimal control usubopt is computed with the projected stochastic
gradient method.
Figure 6.9 depicts that for the different bases the results are nearly the same. Furthermore, the variability for increasing the basis elements as in Figure 6.8 does not exist here
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because E[kyd − yω (u)k2U ] is dominant in j.
In Figure 6.8 and Figure 6.9 depict that the difference of j ` (usubopt ) and j(uopt ) is always
lower than kuopt − usubopt kU . This confirms the statement of Theorem 6.2.
Next, the optimal and suboptimal solution for 6.1 are drawn. The solutions are computed
with the same methods before.
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(a) Optimal solution for 6.1.
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(b) Suboptimal solution for 6.1.

Figure 6.10: Optimal solution of (6.1) computed by the projcted gradient method combined with the Armijo linesearch and the suboptimal solution of (6.1) computed with the
RB method and the projected stochastic gradient method.
Figure 6.10 shows that the optimal and suboptimal solution are close to each other. Next,
we illustrate the expected value of the state solutions.
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Figure 6.11: Expected value of the FE solutions of the state equation.
The RB method is used to speed-up the computation of an optimal solution. Therefore
the CPU time for the projected stochastic gradient method to optimize j ` and j are
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analysed. In order to analysis the computational time for the both methods different
grids of D and several Ω̃ are chosen. The projected stochastic gradient methods is run 50
times. The average, the best and worst situations are illustrated in Table 6.5.
type
onl. FE [s]
worst
31
best
6
average
13

onl. RB [s]
9
11
12

kuopt − usubopt kU
9.8 · 10−3
7.8 · 10−3
7.3 · 10−3

j ` (usubobt ) − j(uopt )
4.9 · 10−6
5.9 · 10−6
2.4 · 10−6

(a) nx = 30, dE = 10 and tol = 10−4 .

type
onl. FE [s]
worst
92
best
32
average
48

onl. RB [s]
31
74
54

kuopt − usubopt kU
5.8 · 10−3
8.6 · 10−3
6.3 · 10−3

j ` (usubobt ) − j(uopt )
2.2 · 10−6
1.2 · 10−6
3.2 · 10−6

(b) nx = 50, dE = 20 and tol = 10−4 .

type
onl. FE [s]
worst
567
best
195
average
283

onl. RB [s]
278
274
260

kuopt − usubopt kU
4.5 · 10−3
3.7 · 10−3
5.8 · 10−3

j ` (usubobt ) − j(uopt )
2.0 · 10−6
1.0 · 10−6
3.6 · 10−6

(c) nx = 100, dE = 30 and tol = 10−4 .

Table 6.5: Optimization with the FE and RB method. The stopping citeria (A) of Section
6.1 or maximal 500 iterations is used. The variable nx stands for the number of points in
each dimension for the domain discretization, dE stands for the numbers of realizations
of ξ in Ω̃ and tol is the bound for the RB method.
Table 6.5 shows that the online time for the RB method is in average faster than the online
time using the FE solutions but not for nx = 50. Sometimes the optimization using the FE
solutions stops earlier as using the RB method. That is because of the stochastic gradient
method. In Section 6.1, we have seen that the stochastic gradient method does not
decrease uniformly for each optimization using the projected stochastic gradient method.
Therefore, it can happen that for the same initial condition the projected stochastic
gradient method stops earlier than for an other duration. Table 6.6 shows the average
of the CPU time relation between one iteration of the RB and FE method for different
number of discretization points (nx ) of D. Table 6.6 shows that the average of the CPU
FE
nx
RB
30 1.05
50 1.04
100 1.05

Table 6.6: Time relation between one iteration of RB and FE method. The variable nx
stands for the number of points in each dimension for the discretization of the domain D.
time for one step using the RB method is always faster than using the FE method. Table
6.6 depicts that the CPU speed-up is only between 1.04 and 1.05 but the linear systems
in the RB method can be solved faster (shown in Table 6.4). Therefore it is analysed
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how much CPU time each part of the gradient method needs. We consider three parts.
The first part contains the CPU time all matrices and vectors are need to be assembled.
The second part includes the CPU time to solve the linear systems. The third phase
contains the CPU time for the remainder operations. Table 6.7 shows the average of the
ratio of the tree different phase compared to the whole CPU time for different number of
discretization points (nx ) of D.
nx Assemble Solving Remainder
30
95%
4%
0%
50
94%
5%
0%
100
92%
7%
0%
(a) Projected stochastic gradient method
with the FE method.

nx Assemble Solving Remainder
30
99.3%
0.5%
0.2%
50
99.6%
0.3%
0.1%
100
99.8%
0.1%
0.0%
(b) Projected stochastic gradient method
with the RB method.

Table 6.7: Distribution of CPU time for different methods. The variable nx stands for
the number of points in each dimension for the discretization of the domain D.
Table 6.7 depicts that the ratio of solving the systems is much lower for the RB method
as for the FE method. This shows that the linear system are solved much faster with
the RB method. Table 6.7 shows that in the case of the FE method the linear systems
does only have a ratio of 5%. Therefore we reduced only a less time-important operation.
This is the reason why we obtain a speed-up of 1.05 for the optimization using the RB
method. Since the most time is needed to assemble the matrices (A(ω) for ω ∈ Ω̃) and
the vectors. A facility to reduced the assemble time in each iteration is to compute all
matrices once and store them. This procedure does not only help to speed-up the online
phase of the RB method. An other benefit is that also the offline phase is faster if the
matrices A(ω) for ω ∈ Ω̃ are stored because the matrices do not have to be computed in
each iteration of the Greedy algorithm. The matrices A(ω) for ω ∈ Ω̃ can be stored for
fine discretization of the domain D because there are sparse matrices.
In addition the discrete empirical interpolation method (DEIM) can be used to reduce
the number of stored matrices. For more details for instance see [Chapter 10][1]. Table
6.8 shows the average distribution of the CPU time if the matrices A(ω) are stored.
nx Assemble Solving Remainder
30
2%
93%
3%
50
1%
97%
1%
100
0.5%
99.0%
0.5%
(a) Projected stochastic gradient method
with the FE method.

nx Assemble Solving Remainder
30
19%
67%
12%
50
24%
62%
13%
100
40%
45%
15%
(b) Projected stochastic gradient method
with the RB method.

Table 6.8: Distribution of time for different methods with stored informations. The
variable nx stands for the number of points in each dimension for the discretization of the
domain D.
Table 6.8 depicts that the assembling time has a lower ratio compared to Table 6.7 for
the optimization without the storage of the assemble matrices. Furthermore Table 6.8
shows that the ratio for solving the RB system (6.7) is much lower than for solving the FE
system (6.6). Therefore we expect a better time benefit for the RB methods as without the
storage of the matrices. In order to show the computational speed-up, different domain
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grids are used. Table 6.9 depicts the average time relation between one iteration of the
FE and the RB method.
nx
30
50
100

FE
RB

9
20
38

Table 6.9: Time relation between one iteration of the RB and the FE method. The
variable nx stands for the number of points in each dimension for the discretization of the
domain D.
Table 6.9 shows that with the storage of the matrices, the RB method is much faster than
before. Now, the computational speed-up we obtain, is closer to the speed-up of Section
6.2 (Table 6.4).
In order to see the difference between the optimization with and without the storage
of all assembled matrices we run the same experiments as in Table 6.5. We run these
experiments 50 times. Table 6.10 shows the results of the experiments.
type
onl. FE [s]
worst
2.3
best
0.5
average
1

onl. RB [s]
0.11
0.07
0.09

kuopt − usubopt kU
7.9 · 10−3
5.4 · 10−3
6.9 · 10−3

j ` (usubobt ) − j(uopt )
3.5 · 10−6
1.5 · 10−6
3.7 · 10−6

(a) nx = 30, dE = 10 and tol = 10−4 .

type
onl. FE [s]
worst
15
best
3
average
5

onl. RB [s]
0.66
0.29
0.3

kuopt − usubopt kU
2.2 · 10−3
7.4 · 10−3
6.9 · 10−3

j ` (usubobt ) − j(uopt )
9.2 · 10−6
3.8 · 10−6
3.5 · 10−6

(b) nx = 50, dE = 20 and tol = 10−4 .

type
onl. FE [s]
worst
63
best
22
average
30

onl. RB [s]
0.59
0.58
0.81

kuopt − usubopt kU
7.0 · 10−3
4.9 · 10−3
6.1 · 10−3

j ` (usubobt ) − j(uopt )
6.1 · 10−6
1.2 · 10−6
3.0 · 10−6

(c) nx = 100, dE = 30 and tol = 10−4 .

Table 6.10: Optimization with the storage of assembled matrices and FE and RB method.
The stopping citeria (A) of Section 6.1 or maximal 500 iterations is used. The variable
nx stands for the number of points in each dimension for the domain discretization, dE
for the numbers of realizations of ξ and tol is the bound for the RB method.
Table 6.10 shows that all computations are faster with the storage of the assembled matrices. Table 6.10 depicts also that the optimization using the RB method is always faster
than the optimization using the FE method.
Tables 6.5 and 6.10 show that nearly the same results for kusubopt − uopt kU are obtained.
The same holds true for the difference between j ` (usubopt ) and j(uopt ). But for the compu67

tational time there are big differences. For example for nx = 100 the FE method needs on
average 283 seconds to compute a solution. With the storage of the assembled matrices
the FE method takes only 30 seconds. Therefore it is more than 9 times faster. For the
RB method, the computational speed-up is about 280 times faster if a grid with nx = 100
is chosen.
Concluding, we have seen that the assemblation time in each iteration takes the most time.
Therefore the matrices are stored before the optimization starts. Then the computational
speed-up is nearly as good as in Section 6.2.
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CHAPTER 7
RESULT AND OUTLOOK
In this thesis it was shown that in a convex, bounded and closed subset of L2 an optimal
solution of an optimal control problem with an elliptic PDE-constrained with uncertain
coefficients can be solved with the projected stochastic gradient method. In addition it
was found that the projected stochastic gradient method combined with the RB method
speeds-up the optimization.
First it was presented that the projected stochastic gradient method converges. Moreover
it was demonstrated that for µ-strong convex problems convergence rates of 1 for the
optimal value and 0.5 for the optimal solution are achieved. In addition for a convex
problem an analytical formula for the convergence rate was presented.
In the next step a specific optimal control problems convex problem with an elliptic PDE
subjected to uncertainty as constraint was defined. It was shown that the problem has
a solution. Furthermore a stochastic gradient was defined for the considered problem
and it could be demonstrated that the considered problem and the stochastic gradient
satisfy the assumption for the convergence of the projected stochastic gradient method.
Moreover the assumptions from Chapter 2 to obtain the convergence rates are satisfied.
The RB method for the elliptic PDE was introduced together with the therefore necessary
reduced basis Galerkin schema. Furthermore a-posteriori error estimates for the error between the reduced-order and the FE solutions of the state and the adjoint equation are
denoted. Afterwards it was shown that if the function a in the PDEs (4.1) and (4.8) is
Lipschitz-continuous also the solution operators for the state and the adjoint equation are
Lipschitz-continuous. The compactness of the solution sets of the state and the adjoint
equation in H01 were given for a random variable ξ with a compact image. Moreover
it was shown that the norm of the difference between the weak and the reduced-order
solution can be estimated by two different terms. One term is the norm of the difference
between the weak and the FE solution. The other term depends on the parameter ω,
whose solution yωF E and pFω E are in the reduced basis.
In order to confirm the theoretical results for the projected stochastic gradient method and
RB method a µ-strong convex problem on a discrete random space was analysed. First
the projected stochastic gradient method with different batch sizes and the projected gradient method were compared in terms of computational-time, number of iterations and
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how close the solution were to the optimal solution. It turned out that the projected
stochastic gradient method needs less computational-time. For the considered problem
the fastest method was the method with the half information about the gradient. The
projected stochastic gradient method with the half information is between two and three
times faster than the projected gradient method. For the future it would be interesting
to compare the results and computational speed-up with other stochastic approximation
methods like the SAGA method [17] or second order methods [15].
Next the RB method was presented for the considered problem. In order to build a
reduced basis the Greedy algorithm was used. The Greedy algorithm added in each iteration the FE solutions of the state and the adjoint equation for the parameter ω with the
biggest a-posteriori error estimate to the reduced basis. It was shown that the expected
value of the error and the a-posteriori error estimate decreases if the size of the reduced
basis increases. In addition it was investigated how many elements the reduced basis
contains after the Greedy algorithm stops. It turned out that always more than 50% of
the solutions are added to the reduced basis, which was caused by the solution of the
adjoint equation.
As next step the reduced optimal control problem with the reduced-order solution is presented. Afterwards it was shown that the optimal and the suboptimal control are nearly
the same if the expected value of the difference between the reduced-order and the FE
solution is small. The choice of the reference element for the RB method has non significant influence of the difference between the optimal and the suboptimal control. In the
future this effect could be analytically studied. Furthermore the optimization between the
normal and the reduced optimal control problem was numerically analysed. There was
only a speed-up of 5% with the optimization of the reduced problem. This depended on
the assembling time of the matrices for the FE method. To avoid this and to obtain the
expected speed-up all matrices were stored. For the future we suggest to use the discrete
empirical interpolation method (DEIM) [1] to reduce the number of matrices which have
to be stored.
The conclusion of this thesis is that the projected stochastic gradient method works well
for the considered problem. We found the projected stochastic gradient to be more time
efficient than the projected gradient method. The combination of the projected stochastic
gradient method and the RB method allows an even further speed-up, if the matrices can
be stored.
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APPENDIX

The appendix is a collection of statements which are used in the thesis but where not
shown. Therefore the appendix is uncommented and can be used to look up the statements.
Theorem 7.1 (Riesz). Let H be a Hilbert space and H 0 the dual space of H. For every
u0 ∈ H 0 exists an unique u ∈ H with
hu0 , viH 0 ×H = hu, viH

∀v ∈ H

and ku0 kH 0 = kukH .
Proof. See [7][Theorem 12.24].
Theorem 7.2 (Lax-Milgram). Let H be a real Hilbert space and a : H × H → R be a
linear function. If there exist α and β greater then zero and
|a(y, v)| ≤ αkykH kvkH
∀y, v ∈ H
2
a(y, y) ≥ βkykH
y∈H
hold true, then for any bounded linear functional F ∈ H 0 the equation
a(y, v) = F (v)

v∈H

has a unique solution y ∈ H. The solution satisfy
kykH ≤

1
kF kH 0 .
β

Proof. See [Theorem 25.6][7].
Theorem 7.3 (Céa’s lemma). Let H be a real Hilbert space, a : H × H → R be a linear
function, F ∈ H 0 and Hn a subspace of H. If there exist α and β greater then zero and
|a(y, v)| ≤ αkykH kvkH
∀y, v ∈ H
2
a(y, y) ≥ βkykH
y∈H
hold true, then for the solution y of
a(y, v) = F (v)
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∀v ∈ H

and the solution yn of
∀v ∈ HN

a(yn , v) = F (v)
we have
ky − yn kH ≤

α
inf ky − vh kH .
β vh ∈Hn

Proof. See [Theorem 4.6][8].
Theorem 7.4 (Friedrichs’s Inequality). Let D be a bounded Lipschitz domain of Rn and
d = diam(D) = sup kx − ykRn , then
x,y∈D

Z

2

y(x) dx ≤ d

Z

2

|∇y(x)|2 dx

D

D

holds true for every y ∈ H01 (D).
Proof. See [Theorem 18.1][20].
Theorem 7.5 (Hölder Inequality). Let D be a subset of Rn for a n ∈ N. If f, g ∈ L2 (D),
then
 21

 12 
Z
Z
Z
|f (x)g(x)|dx ≤  f (x)2   g(x)2 
D

D

D

holds true.
Proof. See [Theorem 4.4][7].
Theorem 7.6 (Young’s Inequality). Let a, b > 0 and q, p > 1 with
ab ≤

1
p

+

1
q

= 1. Then

ap b q
+
p
q

holds true.
Proof. See [Theorem 10.2][6].
Theorem 7.7 (Cauchy-Schwarz inequality). Let H be a Hilbert space and h·, ·iH the inner
product of H. Then
|hx, yiH | ≤ kxkH kykH
holds true.
Proof. See [Theorem 5.49][6].
Theorem 7.8 (Jensen’s inequality). Let U be a convex P
set and f : U → R be a convex
function. If n ∈ N and for i ∈ {1, . . . , n}, λi > 0 and ni=1 λi = 1 hold true, then for
xi ∈ U
!
n
n
X
X
f
λi xi ≤
λi f (xi )
i=1

i=1

holds true.
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Proof. The statement is shown by induction. The induction start holds true because f
is convex.
Assume the statement holds
P
Pn true for n − 1. Let λi > 0 for all i ∈ {1, . . . , n}
and ni=1 λi = 1. The
element
x
=
i=1 λi xi is a convex combination.
Pn
Pn−1 Therefore x is an
element of U and f ( Pi=1 λi xi ) is well defined. We define µ = i=1 λi . Hence x can be
denoted as λn xn + µ( n−1
i=1 λi /µ xi ). Using the assumption, µ = 1 − xn holds true. Using
the convexity of f , we get
!!
!
!
n−1
n
n−1
X
X
X
λi
λi
xi
≤ λn f (xn ) + µf
xi .
f
λi xi = f λn xn + µ
µ
µ
i=1
i=1
i=1
Using the statement for

Pn−1

n
X

!

f

i=1

λi xi

λi /µxi , we obtained
≤ λn f (xn ) + µ

i=1

n−1
X
λi
i=1

µ

f (xi ) =

n
X

λi f (xi ).

i=1

Corollary 7.1 (Jensen’s inequality for expected value). Let f : R → R be a convex
function and X be a random variable of (Ω, F, P). If E[|X|] < ∞, then
f (E[X]) ≤ E[f (X)]
holds true.
Proof. See [Theorem 7.9][14].
Theorem 7.9. Let (Ω, F, P) be a random space and X be a random variable. If X is
bounded, then
(X(Ω), B(Rm )|X(Ω) )
is a measure space and X̃ : (X(Ω), B(Rm )|X(Ω) ) → (Rm , B(Rm )) with X̃(ω) = ω is a
random variable.
Proof. We know that X(Ω) is bounded. Therefore X(Ω) is compact in Rm . Because of the
compactness of X(Ω) there exist c, d ∈ Rm with [c, d] = X(Ω). Therefore the σ-algebra
B(Rm )|X(Ω) = {A ∩ [c, d]|A ∈ B(Rm )} is a sub σ-algebra of B(Rm ). The measurable of X̃
follows because B(Rm )|X(Ω) is a sub σ-algebra of B(Rm ).
Theorem 7.10. For every ω ∈ Ω the matrix A(ω) from Section 6.2 is strict positive
definite.
Proof. A(ω) is in RN ×N . Let x ∈ RN \ {0}. In order to show that A(ω) is strict positive
N
definite, xT A(ω)x
PN > 0 has toN hold true. Let ϕ1 , . . . , ϕNN the base of V . Therefore an
element X = i=1 xi ϕi in V is defined by an x ∈ R . Using the function a and d of
Theorem 4.1 and the V N connectivity of d, we get
xT A(ω)x = ha(ω)

N
X
i=1

xi ϕi ,

N
X

xj ϕj iL2 (D) = d(X, X) ≥ ckXkH 1 (D) > 0.

j=1
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Proposition 7.1. Let U be a closed and convex subset of a Hilbert space H and πU the
projection onto U . Then
kπU (x) − πU (y)kH ≤ kx − ykH

∀x, y ∈ H

holds true.
Proof. Let x and y be elements of H. By addition twice a zero we obtain
kπU (x) − πU (y)k2H = hπU (x) − πU (y), πU (x) − πU (y)iH
= hπU (x) − πU (y), πU (x) − πU (y) − x + xiH
= hπU (y) − πU (x), x − πU (x)iH + hπU (x) − πU (y), x − πU (y)iH
= hπU (y) − πU (x), x − πU (x)iH + hπU (x) − πU (y), x − y + y − πU (y)iH
= hπU (y) − πU (x), x − πU (x)iH +hπU (x) − πU (y), x − yiH
|
{z
}
A

+ hπU (x) − πU (y), y − πU (y)iH .
|
{z
}
B

(7.1)
Using [Theorem 3.16][11], we get
hz − πU (x), x − πU (x)iH ≤ 0

∀(x, z) ∈ H × U.

Therefore A and B are non positive. The non positivity of A and B and the equation
(7.1) imply
kπU (x) − πU (y)k2H ≤ hπU (x) − πU (y), x − yiH .
The statement follows by using the Cauchy-Schwarz inequality.
Proposition 7.2. Let n ∈ N and K > 0, then we have
K
K
K
− 2 ≤
.
n
n
n+1
Proof. We know that (n2 − 1) ≤ n2 . Using equivalence rearranging and addition of a zero,
we get
n2 − 1 ≤ n2 ⇔ n − n + n2 − 1 ≤ n2 ⇔ (1 + n)n − (n + 1) ≤ n2
n+1 n+1
1
1
1
−
≤
1
⇔
−
≤
.
⇔
n
n2
n n2
n+1
By multiplication of K > 0 to the inequality the statement follows.
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