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Carrier-envelope and optical phase noise of a femtosecond frequency comb based on Er-doped fiber technology is investigated and minimized without exploiting active external references. Ultrabroadband, coherent,
and tailorable supercontinua are generated in a highly nonlinear germanosilicate fiber assembly. Difference
frequency mixing between comb modes in their spectral extrema passively eliminates the carrier-envelope phase
slip. This step generates an inherently offset-free comb with a relative frequency stability better than 10−21 . In
contrast, the phase fluctuations at the carrier frequency of 193 THz are increased as compared to the fundamental
comb. Their level matches the value found by parabolic extrapolation of the phase noise of the fundamental
comb to zero frequency. The latter is unambiguously accessible by means of any beat note centered at the
carrier-envelope offset frequency. All these findings rely on strong correlations between the comb modes that
are quantitatively described by an elastic tape model, underlining the deterministic character of the processes
involved. The superior optical phase noise of the fundamental comb is transferred to the difference-frequency
comb while not compromising the inherent cancellation of the carrier-envelope offset frequency. In this way, the
optical linewidth of the passively phase-locked comb is reduced from 100 kHz to a measured value of 5 kHz,
which is limited by the cw laser reference used for out-of-loop characterization.
DOI: 10.1103/PhysRevA.101.023801
I. INTRODUCTION

The emission spectrum of mode-locked lasers consists of
distinct lines which are separated by the pulse repetition
rate frep and shifted from the origin by the carrier-envelope
offset (CEO) frequency fCEO . Over the last two decades,
such femtosecond frequency combs [1,2] have developed into
the most powerful tool of modern optical metrology [3].
Nonetheless, demanding applications [4] such as front-end
time standards [5,6] or high-resolution spectroscopy in both
field-resolved time-domain studies [7] and frequency-domain
experiments [8,9] still necessitate improved stability. These
applications require ultralow intrinsic phase jitter of both fCEO
and frep as well as efficient methods for their active control.
Likewise, autonomously operating systems with a high reliability for uninterrupted service over extended periods are
strongly desired, e.g., when hunting for the statistics of tiny
signals [10] or running mode-locked lasers in outer space [11].
In this context, especially mode-locked fiber lasers [12,13]
recently gained significant attention [14] as their robustness
and compact setup allows stable operation even in harsh
environments [15,16]. These sources typically exhibit higher
relative intensity fluctuations as compared to their solid-state
counterparts. This fact results from the nonlinear effects in
optical fibers that prohibit large intracavity pulse energies.
Therefore, the relative level of shot noise is increased. According to nonlinear amplitude-to-phase coupling within the
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dielectric waveguides, mode-locked fiber lasers suffer from
significant free-running phase noise of both CEO and repetition frequencies [17,18]. The latter is often referred to
as timing jitter, i.e., shot-to-shot phase fluctuations of frep .
Typically, both parameters are minimized on short and long
time scales by tight locking to active external microwave
and optical references [15], respectively. For instance, cw
lasers locked to ultralow expansion cavities [19] via, e.g., the
Pound-Drever-Hall technique [20] provide the most accurate
external optical references to date. These elements represent
costly and cumbersome extensions to the setup. For the sake
of simplicity, it is clear that avoiding such external references
is highly beneficial for future applications such as autonomous
space missions or industrial series production.
It has been known for a long time that extracavity difference frequency generation (DFG) within the same comb
spectrum eliminates any carrier-envelope phase (CEP) slip between subsequent pulses [21,22]. Implementing this scheme
with femtosecond fiber technology [23,24] is especially attractive due to the ease of reamplification at full repetition rate
of the oscillator. In this way, fCEO is stabilized by all-optical
means, i.e., without the necessity of any locking electronics.
Due to its inherent long-term stability, also advanced timedomain experiments such as ultrasensitive detection of midinfrared electromagnetic fields [7,10] benefit strongly from
this approach. Another advantage of extracavity cancellation
of fCEO is the decoupling of its control from the nonlinear
dynamics inside the mode-locked oscillator. This aspect renders sophisticated engineering obsolete to avoid cross talk
when stabilizing fCEO and frep simultaneously. Still, it has
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been observed phenomenologically that nonlinear frequency
conversion may affect the phase noise of individual comb
modes [25–27]. Systematic analysis of a DFG comb based on
Er-doped fiber shows a detrimental influence of passive phase
locking at the initial optical carrier frequency [28,29]. So far,
any subsequent reduction has called for an active external
reference [24,28], thus compromising the compactness and
possibility of small packaging of the entire setup. Moreover,
a second optical reference is then required to examine the
performance of the frequency comb system out of loop.
In this work, we demonstrate a robust scheme where the
optical phase noise of the DFG comb is minimized in a fully
self-controlled way by deriving the optical reference from
the fundamental master oscillator itself. This goal requires
an ultralow-noise mode-locked laser source [28]. Section II
provides all technical details for experimental implementation
of such a system. In Sec. III, we characterize the longterm stability of the passively eliminated CEO frequency
motivating further stabilization of our Er-doped fiber source.
A detailed discussion of the physics underlying the option
for self-control, namely, deterministic multiplication of the
intrinsic timing jitter during coherent spectral broadening and
DFG [29], is presented in experiment and theory in Sec. IV.
A frequency-domain treatment paves the way towards selfcontrolled frequency combs with arbitrary mode-locked laser
sources. In Sec. V, we first outline the principle of a selfcontrolled feedback loop and present a specific implementation. Finally, we discuss the performance achieved in our
proof-of-principle experiment demonstrating that the superior
optical phase noise properties of our fundamental oscillator
may be successfully transferred to the modes of the offsetfree output while the extraordinary stability of the passively
eliminated fCEO is not compromised. In contrast to traditional
comb stabilization [1,2,13], our scheme does not require any
active external optical or radio frequency (RF) reference, e.g.,
cavity-stabilized cw lasers or hydrogen masers, respectively.
In our study, such external references will be used solely for
out-of-loop analysis of the self-controlled comb. We expect
broad applicability of our compact and autonomously operating table-top source in advanced and demanding fields [30]
ranging from space exploration [16] to tests of the invariability
of fundamental constants [31,32].
II. EXPERIMENTAL SETUP OF A DFG COMB
IN THE TELECOMMUNICATION RANGE

A schematic overview of our setup for generation of a
DFG comb at a center frequency of 193 THz (wavelength of
1550 nm) is depicted in Fig. 1(a). It consists of two combs,
namely, the fundamental system with fCEO = 0 (blue frame,
left) and the DFG comb with fCEO = 0 (green frame, center),
respectively. Both originate from the same lasing cavity, resulting in identical repetition rates of frep = 100 MHz. The
core of the entire laser system is a mode-locked Er-doped
fiber oscillator forming a soliton-like pulse train [28], see
Fig. 1(b). The resonator is a hybrid cavity comprising a linear
and a ring part connected via a circulator that guides the
pulses along the direction indicated by the green arrows next
to the fibers. To ensure stable and self-starting mode-locking,
the linear part of the cavity includes a saturable absorber

mirror (SAM) based on a semiconductor heterostructure of a
relaxation time of 2 ps, a modulation depth of 19% and nonsaturable losses of 14%. The active medium is a 40-cm-long
polarization-maintaining (PM) erbium-doped fiber (EDF)
with normal dispersion and an absorption of 50 dB/m at a
wavelength of 1530 nm. The pump photons are coupled to
the cavity via a wavelength division multiplexer (WDM). The
fiber-based output coupler extracts 30% of the intracavity
power during each round trip. Note that there are only PM
fibers and no free-space parts or active elements within the
cavity, ensuring both low amplitude and intrinsic phase noise
as well as high mechanical stability. This aspect is essential
for the robustness of the entire setup since in any frequency
comb implementation, the laser resonator is the most sensitive
segment with respect to external perturbations.
In order to enable efficient super-octave spectral broadening, the output pulse energy of the Er-doped fiber oscillator of
50 pJ is boosted beyond 6 nJ by means of a single-pass Erdoped fiber amplifier. We combine the output of two 980-nm
pump diodes at both ends using fiber-based polarization beam
combiners. The total insertion loss of these parts is less than
0.5 dB. Thus, almost all energy intended for optical pumping
is transferred to the gain medium. Each pump diode delivers
a cw power of 1 W, resulting in a total of 4 W available
to pump the 2.80-m-long EDF. The latter is identical to the
one used within the oscillator. The lengths of both EDF
and standard fibers before and after amplification generally
need to be optimized individually for such amplifiers in order
to balance nonlinearities and dispersion [33]. Particularly, a
slightly structured spectrum with a full width at half maximum
(FWHM) around 60 nm is optimally suited for the broadening
stage described in the following.
The amplified pulses are compressed to a duration of 110 fs
by means of a sequence of Brewster-angled silicon prisms.
Subsequently, they seed a tailored fiber assembly consisting
of a 10-cm-long standard telecom fiber for further solitonic
compression and a highly nonlinear bulk germanosilicate fiber
(HNF) with a core diameter of 3.5 μm. The length of the
HNF is chosen to match the characteristic length scale of
soliton fission, which depends on the input parameters and
the properties of the fiber. Here, we employ a specimen with a
length of 1 cm. Using a longer HNF typically yields strongly
structured spectra and a degradation of the coherence properties of the supercontinuum [33]. In contrast, our approach
fully preserves the coherence over the entire bandwidth [34].
The group velocity dispersion of the HNF is depicted as a
function of frequency in Fig. 1(c). In order to maximize the
bandwidth of the output, the center frequency of the pump at
193 THz (blue dotted vertical line) is located in the anomalous
dispersion region [35] slightly below the zero dispersion
crossing at 221.5 THz (gray dashed). As a consequence, we
generate a soliton centered at 157 THz [red solid graph at left
in Fig. 1(d)] and a dispersive wave around 350 THz (dark blue
graph at right) with a total optical power content of 80 and
35 mW, respectively.
The free-space setup for passive phase locking is sketched
in Fig. 1(e). It has been slightly modified and extended with
respect to Ref. [28]. We focus the broadband output of the
HNF into a glass prism sequence (Schott, SF10) using a
spherical mirror (SM1, f = 20 cm). Here, the dispersive wave
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FIG. 1. (a) Overview of the experimental setup for generation of a passively phase-locked frequency comb in the telecommunication range.
Blue box at left: Fundamental comb with free-running carrier-envelope offset frequency fCEO . Active suppression of residual optical phase
noise and fluctuations of the repetition rate may be achieved via control of the pump power of the oscillator and an extracavity electro-optic
modulator (EOM). Green box at center: Offset-free comb with the spectral energy converted back to the gain bandwidth of Er-doped fiber. The
stabilized carrier-envelope phase (CEP) is continuously tunable by dynamic insertion of dispersive fused silica wedges (blue). Black box at
right: Optical phase jitter is analyzed by interference with an ultralow-noise cw laser. The output at different stages of the fundamental comb
may also be superimposed with various cw lasers in order to investigate its phase noise characteristics. DFG: difference frequency generation;
RF: radio frequency. (b) Sketch of the all-fiber oscillator. Green arrows next to the fibers indicate the intracavity propagation direction of the
mode-locked pulse train. Black solid lines: passive polarization-maintaining single-mode fibers; green (gray) solid line: active erbium-doped
fiber (EDF); WDM: wavelength division multiplexer; SAM: saturable absorber mirror. (c) Group velocity dispersion of the highly nonlinear
fiber used for spectral broadening of the fundamental comb as a function of optical frequency. The center frequency of the Er-doped fiber front
end and the zero dispersion crossing are indicated by blue dotted and gray dashed lines, respectively. (d) Broadband output of the fundamental
comb consisting of a low-frequency soliton (red, left) and a high-frequency dispersive wave (dark blue, right) as well as the spectrum of the
DFG comb before its reamplification (green, center). The remaining spectral content of the dispersive wave after DFG is shown in light blue
(right) exhibiting a distinct dip. (e) Detailed sketch of the free-space setup for generation of the DFG comb. PPLN: periodically poled lithium
niobate; SM1, SM2, SM3: spherical mirrors; L1: lens; SF10: Brewster-angled glass prisms.

is compressed close to its bandwidth limit of 25 fs. In contrast,
the soliton already leaves the HNF with an almost Fourierlimited duration of 30 fs. Therefore, the soliton as well as the
residual pump are split off after the first prism and directed
onto another spherical mirror (SM2, f = 7.5 cm). In order
to compensate the spatial dispersion of the first prism, the
distance between the prism tip and SM2 matches precisely its
radius of curvature. This arrangement of the prism compressor
enables optimization of the temporal overlap between the two
driving fields of the DFG process while maximizing their
common path, thus ensuring interferometric stability. Finally,
since the spectral components of the beam are spatially
dispersed at both end mirrors, razor blades located in the
Fourier plane allow suppression of the residual pump and a
tunable selection of narrowband spectral slices of soliton and

dispersive wave, respectively. This feature allows for precise
determination of the phase noise characteristics of individual
comb lines over the entire spectrum, as discussed in Sec. IV.
After the SF10 prism sequence, the soliton and the dispersive wave are focused into a 2-mm-long periodically poled
lithium niobate (PPLN) crystal by a spherical mirror (SM3,
f = 1.9 cm). Here, efficient difference frequency generation
between the dispersive wave and the soliton eliminates the
carrier-envelope phase slip, thus setting fCEO = 0. The PPLN
exhibits a fan-out structure with a poling period continuously tunable from 21 to 35 μm in order to maximize the
output power within the gain bandwidth of the Er-doped
fiber. Collimation is achieved with an achromatic lens (L1,
f = 1.53 cm). The resulting spectral content of the DFG is
shown as a green (center) solid line in Fig. 1(d). On the right
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in this graph, the residual spectrum of the dispersive wave
as measured after the DFG process is also depicted in light
blue. Here, a distinct dip occurs due to depletion of spectral
components that have mixed nonlinearly with the soliton. This
feature causes a reduction of the total energy of the dispersive
wave of 15%. The fact that only a small spectral band of
the dispersive wave contributes to DFG is a consequence of
phase matching owing to the steep gradient of the dispersion
of lithium niobate in the spectral region around 300 THz. In
contrast, the entire bandwidth of the soliton is involved in the
nonlinear interaction since the dispersion of lithium niobate
is much lower at the boundary to the midinfrared. This fact
causes a slight increase of intensity over the entire bandwidth
of the soliton.
The total optical power gained within the DFG spectrum is
1 mW. In order to minimize environmentally induced changes
of the output power, we kept the free-space segment of our
setup as compact as possible. Particularly, the only noncommon path, i.e., where the two driving fields are spatially
separated within the glass prism compressor, is restricted
to a total length of a few centimeters. Nonetheless, minor
long-term drifts of the output power of the DFG process
are unavoidable in a standard laboratory environment. Fortunately, their impact on the pulse train after reamplification
and recompression is negligible since the subsequent Erdoped fiber amplifiers are operated in saturation. Therefore,
any amplitude fluctuations of their input do not significantly
affect the output pulse energy and other parameters such
as pulse duration or spectral bandwidth. This feature renders our DFG comb extremely robust against environmental
perturbations.
Before the phase-locked pulses are coupled back into dielectric waveguides, they pass a pair of dispersive fused-silica
wedges. Altering their lateral position changes the accumulated group delay dispersion (GDD). This feature is exploited
to set a desired CEP [36] and to eliminate its long-term drifts
(see Sec. III). Less than 100 μm of material insertion induces
a carrier-envelope phase shift of 2π . This value corresponds
to a change of the GDD of less than 3 fs2 . The fact that
the pulses are fairly narrowband with many optical cycles
before optical reamplification is ideal for implementing the
CEP control at this stage. In this way, the inevitable variation
of group velocity dispersion minimally affects the output
pulse shape of the DFG comb, e.g., when spectral broadening
is desired to support pulse compression to the single-cycle
limit. The error signal for such a slow feedback loop may be
conveniently derived from the output of a spectrally resolved
f-to-2f interferometer detecting the relative CEP [37].
Full analysis of the performance of our source requires
measurement of the optical phase jitter. To this end, the output
of the DFG comb is interfered with an ultralow-noise cw
laser within the same spectral range (frequency of 193 THz,
corresponding to a wavelength of 1556 nm). An RF beat
note centered at the difference between the frequency of the
single-line reference and the nearest comb line results. This
signal may then be analyzed by proper RF diagnostics [right
black box at right in Fig. 1(a)]. Alternatively, the output of the
master oscillator or the broadening stage of the fundamental
comb may be superimposed with ultralow-noise cw lasers at
various frequencies (not indicated in Fig. 1).

Fractional frequency stability of fCEO
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FIG. 2. Stability of fCEO of the free-running DFG comb (green,
upper) relative to the detection frequency of 325 THz as a function of
measurement time τ . The orange (lower) graph shows the fractional
frequency stability if slow thermal drifts are compensated via a pair
of dispersive fused-silica wedges.

Note that multiple branches of the DFG comb may be
conveniently implemented by means of fiber-based beam
splitters inserted before reamplification. This step enables
simultaneous operation of the slow CEP stabilization, the
self-controlled feedback loop (see Sec. V) and out-of-loop
analysis of the resulting performance. Note that the relative
timing jitter between multiple arms of typical femtosecond
Er-doped fiber systems is in the attosecond range [38] and full
coherence between the arms is preserved [34].
III. LONG-TERM STABILITY OF THE
CARRIER-ENVELOPE OFFSET FREQUENCY

We first study the long-term stability of the CEP with a
spectrally resolved f-to-2f interferometer. Initially, the feedback loop to compensate slow drifts based on delicate control
of the GDD is not activated. The green (upper) solid lines in
Fig. 2 depict the accuracy of fCEO relative to the detection
frequency of the interferometer at 325 THz as a function
of measurement time τ . Already at τ = 1 s, the relative frequency inaccuracy of the free-running DFG comb is as small
as 10−17 and it decreases below 10−19 when averaging over
approximately 10 min. The fundamental gate time has been
set to 3 ms. Note that similar performance is provided by
active locking schemes only with an extremely optimized
feedback loop [39]. The performance of our system is further
improved when thermal drifts of the laboratory environment
accumulated on time scales longer than 20 minutes are compensated, see orange (lower) graph in Fig. 2. This goal is
achieved by slow control of the pair of dispersive fused-silica
wedges [see Figs. 1(a) and 1(e)]. We can keep the bandwidth
of the feedback loop as low as 1 Hz, thus minimizing undesired servo bumps at higher frequencies that potentially
disturb the short-term stability of the CEP. With this minor
addition, the fractional frequency stability of fCEO becomes
proportional to 1/τ . If averaging over only a few hours, we
readily achieve a relative frequency stability below 10−21 .
Here, the fundamental gate time has been set to 50 ms. Thus,
our technology enables measurements of optical frequencies
with a precision up to the 22nd digit within time scales of
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IV. EVOLUTION OF PHASE NOISE DURING NONLINEAR
FREQUENCY CONVERSION

Although passive phase-locking yields ultralow shot-toshot carrier-envelope phase jitter [40] as well as extraordinary long-term stability, it has been realized that the optical
phase noise at the initial center frequency of 193 THz, i.e.,
phase fluctuations on the electromagnetic carrier wave, is
significantly increased [28,29]. In this section, we provide
an in-depth discussion of this context adding technical and
theoretical aspects which are crucial for the self-controlled
stabilization scheme presented in Sec. V.
To this end, we analyze the phase jitter of various individual comb modes of both the fundamental and DFG combs.
The phase noise spectral density Sφ ( f ) describes the noise
power at an offset frequency f with respect to the carrier.
Using the Wiener-Khinchin theorem, Sφ ( f ) is related to the
time-domain phase jitter φ(t ) via the Fourier transform of
its autocorrelation [43]. This definition is equal to the absolute
square of the Fourier transform of φ(t ) as long as it exists,
which is typically the case for experimental data [44]:
Sφ ( f ) = |F T [φ(t )]|2 B−1 .

(2)

and the linewidth δ is given by [43]
δ = π S0
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FIG. 3. (a) Linewidth of individual modes of the fundamental
(blue solid) and DFG (green dashed) combs versus optical frequency.
The FWHM of a carrier-envelope offset (CEO) beat note (gray
square) matches the extrapolation of the parabola describing the
fundamental comb to zero frequency, as indicated by the cyan dotted
line. (b) and (c) Sketch of the elastic tape model illustrating the
broadening of the modes of the fundamental and DFG combs with
fix points nfix at the mode nc located at the carrier and at zero
frequency, respectively. The arrows at the top indicate the increase of
the spectral width of individual comb lines. (d) Acoustic- and radiofrequency noise spectral density of various modes of the fundamental
and DFG combs. (e) Illustration of the three cases to be distinguished
when phase noise transforms during second-order nonlinear mixing
processes within the same comb.

(1)

Here, B denotes the measurement bandwidth.
Another option to characterize the phase jitter of femtosecond frequency combs is the linewidth δ of the individual comb
modes. This quantity may also be derived from the noise
spectral density but depends on the measurement time. Due
to the temporal averaging, the linewidth does not contain the
full information on the noise power spectral density. In case
of white frequency noise, however,
Sν ( f ) = f 2 Sφ ( f ) = S0 = const,

150

Frequency noise (Hz2/Hz)

a few hours. When numerically correcting for the slightly
different gate times of the measurements with the slow CEP
control loop turned on and off, the corresponding fractional
frequency uncertainties show a good match at 1 Hz, that is,
the bandwidth of the feedback loop. Note that in addition to
the long-term stability demonstrated here, also the variations
of the CEP between subsequent pulses are negligible [40].
The performance on both time scales is a consequence of the
nonresonant and therefore quasi-instantaneous nature of the
optical nonlinearity exploited for DFG. Hence, pulse-to-pulse
stability of the CEP is inherently ensured and the effective
locking bandwidth is equal to the laser repetition rate. In
contrast, any alternative techniques to eliminate fast carrierenvelope phase slips require active control [41,42]. Actuators
are then employed to modify the mismatch of phase and group
velocity. These elements are limited in terms of operating
speed. Consequently, stabilization of the CEP is achieved only
up to the maximum bandwidth of the active modulator.

(3)

in the theoretical limit of an infinitely long measurement
time. The line shape then becomes Lorentzian. Our method
to measure the phase noise density and spectral envelope of
individual comb lines is described in detail in Appendix A.

A. Three- and four-wave mixing

First, we investigate the phase noise characteristics of the
fundamental comb. To this end, we superimpose comb lines
at 141, 193, and 282 THz with appropriate ultralow-noise
cw references. The FWHM of the resulting RF beat notes
represents the linewidths of the comb teeth located at these
frequencies as long as the phase jitter of the reference is
negligibly small. The blue circles in Fig. 3(a) depict the
results of these measurements. We observe a minimum at
the carrier frequency of 193 THz while the comb modes
in the wings of the spectrum are broadened. In particular,
their linewidth increases quadratically away from the carrier, as indicated by a least-squares fit (blue solid line). The
parabolic dependence of the comb linewidth on the optical
frequency explicitly demonstrates that the phase noise of our
fundamental Er-doped fiber frequency comb is dominated by
quantum processes [45]. This conclusion is supported by the
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frequency noise spectral density Sν,n ( f ) of the individual
comb modes, which turns out to be flat above 300 Hz. An
example for the comb line at a frequency of 282 THz is shown
as a blue solid line in Fig. 3(d). We emphasize that apart
from very minor environmentally and electronically induced
excess noise at offset frequencies f < 300 Hz, we do not
observe any major technical contributions potentially arising
from, e.g., the saturable absorber mirror [46] or amplitude
fluctuations of the pump diode [47]. This finding is most
likely due to the compact and robust character of our master
oscillator. The all-fiber design ensures that (i) the pulse train
is isolated from the environment by polarization-maintaining
dielectric waveguides and (ii) no active intracavity elements
are implemented. The level of the white frequency noise of the
comb mode at 282 THz is S0 = 8×103 Hz2 /Hz. According to
Eq. (3), we therefore expect a comb linewidth of 25 kHz. This
value is in full agreement with our measurement based on the
RF beat note [see corresponding blue circle in Fig. 3(a)].
These intriguing findings motivated us to develop a rigorous theory in order to fully explain the evolution of phase
noise during nonlinear-optical processes. Formally, the phase
noise spectral density Sφ,n ( f ) of any arbitrary comb line of
the fundamental comb with mode number n may be expressed
as [47]
Sφ,n = Sφ,rep (n − nc )2 + Sφ,c .

(4)

Here, Sφ,rep ( f ) and Sφ,c ( f ) are fundamental fluctuations of
the repetition rate and fCEO , respectively. Note that Eq. (4)
even holds for arbitrary sources beyond the quantum limit as
long as the minimum of the optical phase noise is at the carrier
frequency and any spectral conversion steps fully maintain coherence. However, since the performance of our fundamental
comb is dominated by quantum processes, Eqs. (2) and (3)
apply. Therefore, the linewidth δn of its individual comb lines
follows directly from Eq. (4):
δn = δrep (n − nc )2 + δc ,

(5)

where δrep and δc are the linewidths of the repetition rate in
the RF range and of the carrier wave at the optical origin of
the comb, respectively. This behavior precisely fits our experimental results, as evidenced by the blue data points and solid
line in Fig. 3(a). We conclude that Eqs. (4) and (5) accurately
describe the transformation of phase noise of femtosecond
frequency combs when subject to coherent four-wave mixing
processes underlying, for example, the spectral conversion in
a highly nonlinear germanosilicate fiber. Particularly, Eq. (4)
shows that in the wings of the spectrum, the phase noise of the
electromagnetic carrier wave is dominated by the multiplied
intrinsic timing jitter Sφ,rep ( f ) of our mode-locked Er-doped
fiber source rather than the offset Sφ,c ( f ). In contrast, the
linewidth of the modes of the fundamental comb in the
vicinity of the carrier frequency is dominated by δc with a
contribution of the RF linewidth of the repetition rate on the
order of only δrep = 30 nHz. The latter value is many orders of
magnitude below the Schawlow-Townes limit [48] estimated
to be 10 mHz for our mode-locked Er-doped fiber oscillator.
Note that δrep is extracted from the parabolic fit in Fig. 3(a),
since it is not directly measurable with our commercial RF
analyzers. Similarly, we can only estimate an upper limit for
δc on the order of 1 kHz because the measurement of Sφ,c ( f )

via interference of the master oscillator with a low-noise cw
laser is completely dominated by that reference [28].
In stark contrast, the linewidth of the DFG comb at the
initial carrier frequency of 193 THz is strongly increased
to δDFG = 110 ± 10 kHz  δc [see green cross in Fig. 3(a)].
Interestingly, the spectral shape of the frequency noise density,
that is, a broadband plateau, is not affected during spectral
broadening within the HNF and subsequent DFG but only its
level increased to Sν,DFG ( f ) = S0,DFG = 3.5×104 Hz2 /Hz
[green solid line in upper data sets of Fig. 3(d)]. Again, the independent measurements of δDFG and S0,DFG are in accordance
with Eq. (3). From this fact, we conclude that no excess noise
is added by the process of nonlinear frequency conversion
except for the deterministic amplification discussed above.
Nonetheless, the increased linewidth of the DFG comb does
not purely correspond to the sum of the linewidths of the comb
modes involved in the DFG process whose values may be extracted from the least-squares fit at the corresponding frequencies of 157 and 350 THz, respectively [see black dotted arrows
in Fig. 3(a)]. Instead, the increase of the optical phase noise is
complicated by strong correlations between all longitudinal
modes [29]. Qualitatively, these phase correlations may be
explained by the elastic tape picture of femtosecond frequency
combs [49,50]. This model describes any phase fluctuation of
frep as a breathing motion of the comb lines with a certain
fix point nfix , that is, the comb tooth with lowest phase noise.
The situation may be visualized as the modes being fixed on
a rubber band that stretches and contracts as a result of the
timing jitter while the fix point is kept at a constant frequency
position. The resulting correlations between all comb lines are
a consequence of mode-locking since this mechanism induces
a well-defined phase relation between them. If the intrinsic
phase noise is dominated by quantum processes which is the
case for our fundamental Er-doped fiber frequency comb, the
fix point is at the carrier frequency, as illustrated in Fig. 3(b).
The blue arrows at the top indicate the broadening of the comb
modes, which qualitatively illustrates our experimental results
represented by the blue circles and the corresponding fit (blue
solid line) in Fig. 3(a).
Based on the elastic tape picture [49], we extend the
rigorous theory to incorporate the evolution of phase noise
in three-wave mixing processes. To this end, second-order
nonlinear interaction between the nth and mth comb mode requires consideration of their time-domain phase jitter φn (t )
and φm (t ), respectively. In the particular case of DFG, the
corresponding phase noise φDFG (t ) of their mixing product
is given by
φDFG (t ) = φn (t ) − φm (t ).

(6)

Using Eq. (1), its spectral density Sφ,DFG ( f ) may then be
expressed as
Sφ,DFG = |F T [φn (t ) − φm (t )]|2 B−1



= Sφ,n + Sφ,m − 2χDFG Sφ,n Sφ,m B−1
= Sφ,rep [(n − nc )2 + (m − nc )2
−2χDFG |n − nc ||m − nc |]B−1 .

(7)

The last step follows from Eq. (4), where we have neglected
Sφ,c , which is a reasonable approximation since the linewidth
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of the DFG comb at the carrier frequency is many orders
of magnitude larger than the one of the fundamental comb
(δDFG  δc ). Furthermore, we have introduced the parameter χDFG = cos θ (t )t describing the correlation between the
driving fields of the DFG process. Specifically, θ (t ) is their
time-dependent phase difference and t denotes temporal
averaging. Therefore, χDFG = 0 if the inputs are completely
incoherent. Since in our case, the second-order nonlinearity
is seeded by the nth and mth comb mode which originate
from the same mode-locked laser, θ (t ) is determined by
means of the elastic tape model [49]. Three cases have to be
distinguished and they are illustrated in Fig. 3(e). Case (I) and
case (II) correspond to n, m > nc and n, m < nc , respectively
[see left and center spectrum of Fig. 3(e)]. The elastic tape
model [see Fig. 3(b)] then predicts θ (t ) ≡ 0, thus χDFG = +1.
In contrast, case (III) corresponds to an anticorrelated relation
between the nth and mth comb mode. Here, the comb lines
of the driving fields satisfy n > nc > m, as illustrated by the
right graph in Fig. 3(e). In this case, the elastic tape model
yields θ (t ) ≡ π , resulting in χDFG = −1. In our experiment,
the soliton and the dispersive wave are located at frequencies
around 157 and 350 THz, respectively:
n=

350 THz
193 THz
157 THz
> nc =
>m=
.
frep
frep
frep

(8)

Therefore, case (III) applies. However, the sign flip of χDFG
arising for anticorrelated inputs is compensated by another
sign flip occurring in either the factor |n − nc | or |m − nc | (see
Supplemental Material of Ref. [29] for the full mathematical
derivation and discussion). Consequently, we obtain the result
Sφ,DFG = Sφ,rep [(n − nc )2 + (m − nc )2
−2(n − nc )(m − nc )]B−1
= Sφ,rep (n − m)2 B−1 ,

(9)

regardless of which comb modes are mixed in the nonlinear
crystal. Hence, the linewidth of the DFG comb may be expressed as
δDFG = δrep (n − m)2

(10)

due to the quantum origin of the intrinsic timing jitter of
our mode-locked source. As a consequence, the DFG comb
exhibits a fix point at zero frequency [51] which is shown
schematically in Fig. 3(c), contrasting the dynamics of the
fundamental comb sketched in Fig. 3(b). Note that the freerunning linewidth of the DFG comb at zero frequency has
been demonstrated to fall into the μHz range or below
[40]. These fluctuations, however, may be eliminated close
to perfection using the slow CEP control loop presented in
Sec. III, effectively collapsing the zero-frequency linewidth
of the DFG comb towards a Dirac function. This situation is
in contrast to the minimum linewidth δc of the fundamental
comb at its fix point [see Eq. (5)], which is at least at the
Schawlow-Townes limit. Therefore, Eqs. (9) and (10) effectively represent exact results despite of neglecting Sφ,c in the
derivation.
Equations (9) and (10) also clearly show that the curvature
of the quadratic increase of the optical phase noise and
linewidth does not change during DFG. Hence, this process

only shifts the parabola with the minimum being at the new
fix point at zero frequency. This situation is depicted as the
green dashed line in Fig. 3(a), representing the linewidth of
the DFG comb as a function of frequency. The measurement
of the latter at the initial carrier of 193 THz (green cross) fits
well to the prediction according to Eq. (10).
The transformation of phase noise during an SFG process
may be derived similarly. We find
Sφ,SFG = |F T [φn (t ) + φm (t )]|2 B−1
= Sφ,rep (n + m − 2nc )2 B−1

(11)

in analogy to Eqs. (6), (7), and (9). Therefore, SFG shifts
the fix point to nfix = 2nc instead of nfix = 0. Note that the
fact that four-wave mixing processes preserve the fix point
while three-wave mixing processes do not, is in complete
analogy to the conservation of the carrier-envelope phase
which is affected in the same manner by those nonlinear
spectral conversion steps.
As a last remark, we note that in our DFG comb implementation based on Er-doped fiber, the nonlinear mixing
of the dispersive wave and the soliton fulfills n − m = nc .
According to Eq. (10), the linewidth of the comb mode at
the carrier frequency is therefore given by δDFG = δrep nc2 . In
turn, this is precisely the zero crossing δ0 of the linewidth of
the fundamental comb [see Eq. (5)], which is indicated by
the cyan dotted line in Fig. 3(a) and perfectly matches the
DFG linewidth at the carrier [green cross in Fig. 3(a)]. This
agreement is further corroborated by scaling the frequency
noise spectral density of the comb line n282 of the fundamental
comb at a frequency of 282 THz [blue (lower) solid line in
Fig. 3(d)] by the factor [nc /(n282 − nc )]2 , hence extrapolating
to zero frequency. This result is shown by the cyan dotted
line in Fig. 3(d), which is in excellent agreement with the
frequency noise of the DFG comb at 193 THz [green solid
line in upper data sets of Fig. 3(d)].
To even directly access δ0 experimentally, we interfere the
outputs of the mode-locked oscillator and the DFG comb,
which allows to generate an RF beat note centered at fCEO ,
that is, the virtual first longitudinal mode of the fundamental
comb. Indeed, the FWHM of this beat note is revealed to be
δCEO = 112 ± 6 kHz [gray square in Fig. 3(a)], thus matching
the values found for δ0 and δDFG . Similarly, its frequency
noise spectral density Sν,CEO ( f ) [gray in upper data sets of
Fig. 3(d)] is equal to Sν,n282 ( f ) extrapolated to zero frequency
(cyan dotted) and to Sν,DFG ( f ) (green in upper data sets).
This result turns out to be essential for the self-controlled
stabilization technique presented in Sec. V. However, since
multiple nonlinear mixing steps are typically needed to generate a CEO beat note, it is not obvious that Sν,CEO ( f )
is independent of the particular comb modes involved due
to their strong degree of correlation within the spectrum of
a femtosecond frequency comb [52]. This aspect will be
investigated in the next subsection.
B. Unambiguous determination
of the carrier-envelope phase noise

To test any potential dependence of Sν,CEO and δCEO on
the driving fields of the DFG process, we vary the spectral
content of the dispersive wave and the soliton by means of
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FIG. 4. (a) and (b) Narrowed spectra of the dispersive wave and
the soliton, respectively, from the supercontinuum in order to tune the
DFG output to different central frequencies with small bandwidth.
(c) Output of the highly nonlinear fiber containing sufficient energy
to ensure efficient DFG between comb modes marked by vertical
lines in the bottom panel in the same color (grayscale), related to
the spectra shown in panels (a) and (b). The corresponding DFG
central frequencies are marked as vertical lines in the top panel.
(d) Linewidth of the CEO beat notes when the central frequency
of the DFG comb is 193 THz (gray square) or detuned. The colors
(grayscales) of the circular markers are related to the spectral content
depicted in panels (a), (b), and (c) being mixed to generate the CEO
beat notes. (e) Evolution of the comb linewidth of the fundamental
(blue solid) and DFG (green dashed) combs. The spectral widths of
modes involved in the CEO beat experiments are again marked in the
corresponding colors (grayscale).

the razor blades in the Fourier plane within the glass prism
compressor [see Fig. 1(e)]. The spectra synthesized this way
are shown in Figs. 4(a) and 4(b), respectively, while those
depicted in the same color (grayscale) are separately mixed
via the second-order nonlinearity provided by the PPLN crystal. In each case, the dispersive wave is located at double
frequency of the soliton. As a consequence, the DFG output is
now detuned from 193 THz but gains spectral overlap with the
fundamental soliton. Thus, a CEO beat note may be generated
by superimposing their pulse trains on a photo diode. This
strategy is shown schematically in Fig. 4(c). Here, the blue

solid line represents the spectral intensity of the broadband
output of our HNF. The center frequencies of the corresponding driving fields and the resulting DFG output are marked
as vertical solid lines at the bottom and top, respectively. The
signal-to-noise ratio of the CEO beat notes is optimized by
adjusting the poling period of the PPLN crystal. In addition,
the spectral peaks of the dispersive wave and the soliton may
be shifted by chirping the pulses seeding the highly nonlinear
fiber [33].
The FWHMs of the CEO beat notes measured in each
case are depicted in Fig. 4(d) as a function of the center
frequency of the DFG output. Obviously, the CEO linewidth
is independent of the spectral parts being involved in the
DFG process. The results also match to δCEO as measured by
interference of the fundamental and offset-free comb at the
initial carrier frequency of 193 THz (gray square) as well as
to the uncertainty range of δDFG (green horizontal lines and
shading).
This finding may again be explained theoretically by taking into account the correlations of the input fields. To this
end, we consider the spectral dependence of the linewidths
of the fundamental and DFG combs shown as blue solid
and green dashed lines in Fig. 4(e), respectively [reproduced
from Fig. 3(a)]. We now extract the center frequencies of
the solitons and dispersive waves from their spectra shown
in Figs. 4(a) and 4(b) to determine the corresponding comb
linewidths [colored markers on the blue (solid) parabola in
Fig. 4(e)]. We then exploit Eqs. (9) and (10) to calculate
the expected DFG linewidth, resulting in the colored markers
located exactly on the green dashed parabola (black dotted
arrows). As discussed in the previous subsection and seen
clearly in Fig. 4(e), the linewidths of the DFG comb in the
spectral region investigated, i.e., between 140 and 170 THz,
do not correspond to the bare sum of the spectral width of the
seed modes. Instead, the correlation between the longitudinal
modes arising from the same mode-locked laser is involved
[see Eq. (7)]. The spectral envelope of the CEO beat notes
evolves in complete analogy to the DFG linewidth since it is
generated from interference between the (n–m)th longitudinal
mode of the fundamental comb and the DFG output, both also
stemming from the same lasing cavity. Similarly to Eq. (6),
the time-domain phase jitter φn−m (t ) and φDFG (t ) subtract
linearly yielding the CEO phase jitter [processes indicated by
the gray dotted arrows connecting Figs. 4(d) and 4(e)]:
φCEO (t ) = φn−m (t ) − φDFG (t ).

(12)

According to Eq. (1), the phase noise spectral density of the
CEO beat note is then given by
Sφ,CEO = |F T [φn−m (t ) − φDFG (t )]|2 B−1



= Sφ,n−m +Sφ,DFG −2χhet Sφ,n−m Sφ,DFG B−1
= Sφ,rep [((n − m) − nc )2 + (n − m)2
−2χhet |(n − m) − nc ||n − m|]B−1 .

(13)

Again, we have introduced the correlation parameter χhet
that is related to the difference between the phase fluctuations of the fundamental and DFG combs. According to
their different fix points, the modes of the two combs are
anticorrelated below the initial carrier frequency (n–m < nc ),
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thus χhet = –1, while χhet = +1 in the spectral region above
the carrier (n–m > nc ). This fact is visualized by the arrows at
the top of Figs. 3(b) and 3(c), illustrating the broadening of the
comb modes as a result of phase fluctuations. However, since
for anticorrelated modes, another sign flip arises according to
the factor |(n–m)–nc |, we obtain
Sφ,CEO = Sφ,rep [((n − m) − nc )2 + (n − m)2
−2((n − m) − nc )(n − m)]B−1
= Sφ,rep nc2 B−1

(14)

in any case, similar to the derivation of Eq. (9). Consequently,
the CEO linewidth is given by δCEO = δrep nc2 which is identical
to the extrapolation of the linewidth of the modes of the
fundamental comb to zero frequency given by Eq. (5) and
neglecting the offset δc . We emphasize that this result is
truly independent of the spectral parts being involved in the
generation of the CEO beat notes, in excellent agreement with
the experimental results shown in Fig. 4(d) and as symbolized
by the relationship to Fig. 4(e). We further note that the same
conclusion holds for the noise spectral density which we have
also verified experimentally (not shown here). Particularly,
Eq. (14) is even valid if the output of the femtosecond frequency comb is not governed by quantum processes.
Moreover, the conclusion that δCEO = δrep nc2 is also independent of the nonlinear-optical protocol employed for the
generation of a CEO beat note. For instance, the most common strategy is an f-to-2f interferometer [1,2] where the nth
mode of a broad spectrum of a mode-locked laser is frequency
doubled and superimposed with the (2n)th comb line. Here,
the time-domain phase jitter is given by
φCEO (t ) = 2φn (t ) − φ2n (t ),

(15)

V. SELF-CONTROLLED STABILIZATION

The extremely low carrier-envelope phase jitter of our passively phase-locked Er-doped fiber frequency comb on both
short and long time scales (see Sec. III) and the fact that its
phase noise characteristics of the electromagnetic carrier wave
(see Sec. IV) is now well understood motivates us to search for
an entirely different way for full optical stabilization without
relying on active external references. To this end, we first
remind ourselves that fortunately, the unique architecture of
the passive phase-locking scheme provides access to two
frequency combs, namely, the fundamental one and the DFG
output [see blue and green box at left and center in Fig. 1(a),
respectively]. While the fundamental comb exhibits extremely
low intrinsic timing jitter, the offset-free comb contains negligible residual CEP fluctuations. The ultimate goal is obviously to combine both advantages, resulting in a well-defined
frequency ruler with absolute precision. In particular, the
remaining task is to reduce the timing jitter Sφ,rep ( f ), which
is multiplied by (n − m)2 = nc2 during DFG [see Eq. (9)].
This strategy may be imagined as the ultralow optical phase
noise properties of the fundamental comb being transferred
to the DFG comb. Therefore, the oscillator itself serves as an
optical reference which otherwise would have to be derived
from, e.g., actively controlled external cavities [15,19]. The
route for such an autonomous stabilization scheme which
we call “self-control” is described in the following. At this
point, we already emphasize that our technique is not to
be confused with the traditional scheme of self-referenced
frequency combs where a CEO beat note is generated, most
commonly via f-to-2f interferometry [1,2], and then locked
electronically to a well-defined finite frequency provided by
an accurate RF reference.

and the phase noise spectral density by
A. Principle of a self-controlled feedback loop

Sφ,CEO = |F T [2φn (t ) − φ2n (t )]|2 B−1



f2f
= 4Sφ,n + Sφ,2n − 2χhet
4Sφ,n Sφ,2n B−1

= Sφ,rep 4(n − nc )2 + (2n − nc )2

f2f
−4χhet
|n − nc ||2n − nc | B−1
= Sφ,rep [4(n − nc )2 + (2n − nc )2
−4(n − nc )(2n − nc )]B−1
= Sφ,rep nc2 B−1 ,

(16)

f2f
where the correlation parameter χhet
is determined as above.
Analogous derivations for, e.g., the case of a 2f-to-3f interferometer are straightforward and lead to the same result.
To conclude, the determination of the phase jitter of a beat
note centered at fCEO unambiguously yields the extrapolation
of the phase noise spectral density Sφ,n ( f ) of the longitudinal
modes n of a mode-locked laser to zero frequency as long
as all spectral conversion steps maintain coherence. This is
a convenient and also the most precise route to fully determine the phase noise characteristics of femtosecond frequency
combs as long as any offset Sφ,c ( f ) being equal for all comb
modes is negligible. Moreover, this result is the basis for
self-controlled stabilization described in the next section.

The physical key for self-control of femtosecond frequency
combs is the fact that the optical phase noise of a DFG comb
at its initial carrier with mode number nc is generally given
by Sφ,DFG = Sφ,rep nc2 B−1 , which is equal to the phase noise
Sφ,CEO of any CEO beat note as demonstrated in experiment
and theory in Sec. IV. Due to its strong multiplication during
DFG, the timing jitter Sφ,rep ( f ) is now easily accessible by
such a beat note. Usually, high-end external references are
required to extract Sφ,rep ( f ). In our scheme, however, the
CEO beat note is exploited to suppress the enhanced optical
phase noise.
An overview of our self-controlled scheme is sketched
in Fig. 5. The CEO beat note is conveniently generated via
interference of the fundamental and DFG combs at their joint
carrier frequency (see gray box at left in Fig. 5). This step
allows compensation of the intrinsic quantum-limited timing
jitter. To generate the required fast error signal from the CEO
beat note, we apply a feedback scheme that keeps the finite
CEO frequency of the master oscillator free-running. To this
end, we implemented two phase-locked loops (PLLs). The
first one operates at a bandwidth of 180 kHz and continuously
samples fCEO . Simultaneously, this PLL dynamically changes
the input of the second PLL which accordingly corrects for
the phase deviation from the current mean of the CEO beat
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FIG. 5. Principle of the self-controlled feedback loop suppressing the optical phase noise which is increased after spectral conversion. Fundamental and DFG combs are brought to interference,
generating a beat note centered at fCEO (gray box at left). The resulting error signal containing the information about the multiplied fast
timing jitter is split and seeds two PID controllers to generate proper
control signals. One part is then directly fed back to the extracavity
electro-optic modulator (EOM). To additionally eliminate slow drifts
of the repetition rate, the other branch is combined (black box at
bottom) with another control signal which is generated via a PID
controller. The latter is seeded by an error signal based on excitation
of a two-photon transition in 85 Rb (pink box at right) serving as
passive reference. The combined feedback signal modulates the
pump power of the master oscillator.

note, that is, the free-running timing jitter Sφ,rep on the pulse
train. We emphasize that it is crucial to keep fCEO freerunning since especially intracavity active elements such as
pump power modulation generally affect both the timing jitter
and the finite CEO frequency of the mode-locked oscillator
[53,54]. Therefore, absolute locking of fCEO would induce
excess timing jitter and therefore increase the optical phase
noise of the DFG comb. The excess noise would then have to
be detected and addressed separately. However, this measure
is not required here, since any remaining fluctuations and
drifts of fCEO within the master oscillator are subsequently
cancelled by the ultrafast DFG process.
Finally, if a fully stabilized frequency reference is desired
on even long time scales, environmentally induced slow drifts
of the repetition rate need to be addressed as well. These are,
however, not directly encoded within the CEO beat note since
they are not of the same origin as the fast timing jitter of
our mode-locked Er-doped fiber source that is governed by
quantum processes. Therefore, we generate another slow error
signal. It is based on an optical two-photon transition in gasphase 85 Rb atoms in order to still avoid actively controlled
optical and RF references. Since the two-photon transition
exploited here requires two driving fields at a frequency
of 385 THz (wavelength of 778 nm), we first generate the

second harmonic of the output of the DFG comb. Cancellation
of Doppler broadening is then accomplished by counterpropagating photons that are slightly blue and red shifted
from half of the energy splitting of the ground and excited
electronic state. The error signal is finally generated from the
intensity of fluorescence emission (see pink box at right in
Fig. 5). More details concerning this part of the experimental
setup are found in Ref. [28]. We emphasize that by exciting
the two-photon transition directly with our DFG comb, the
gas-phase 85 Rb atoms provide only a passive reference. In
contrast, traditional techniques to stabilize femtosecond frequency combs rely on, e.g., microwave atomic clocks and cw
lasers locked to optical cavities. Note that these active external
references exhibit high accuracy only if electronic feedback
loops are implemented.
We then apply two actuators for full stabilization: an extracavity electro-optic modulator (EOM) and modulation of
the pump power of the master oscillator [see Fig. 1(a) and
left part of Fig. 5]. The combination of an intracavity and an
extracavity active element is advantageous since such a hybrid
feedback loop has been shown to exhibit negligible cross talk
[55]. Especially, the EOM located outside the oscillator but
before the DFG unit is ideally suited to exclusively act on
the timing jitter. In this way, (i) both fCEO and frep of the
fundamental comb are not disturbed and (ii) any potential
effects of the EOM on the CEO frequency are eliminated by
the DFG process. Also, the laser resonator is not perturbed
by the addition of active elements, thus keeping the timing
jitter of the fundamental comb at its intrinsic quantum-limited
level. In principle, the two actuators may already be sufficient
to compensate for both the fast timing jitter and long-term
drifts of frep which are of independent origin. Here, however,
both modulators are required for complete compensation of
the increased optical phase noise as discussed in the following.
We estimate the dynamic phase shift required for complete
elimination of the optical phase noise of the DFG comb at
offset frequencies above 10 Hz to be φrms = (S0 /10 Hz)1/2 =
60 rad. Here, S0 = 3.5×104 Hz2 /Hz is the level of the white
frequency noise of the DFG comb [see green graph in upper
data sets of Fig. 3(d)]. The dynamic phase shift of our EOM is
25 rad which is obviously not sufficient for complete compensation of the phase jitter. Therefore, modulation of the pump
power is exploited in addition to fully suppress the increased
optical phase noise. To this end, the error signal stemming
from the CEO beat note is split and two proportional-integralderivative (PID) units are then used to generate proper control
signals (see Fig. 5). Since the EOM exhibits a bandwidth in
the GHz range and predominantly operates at high offset frequencies, a moderate bandwidth of the modulator of the pump
power is sufficient. In our electronic circuit, this component is
most efficient at frequencies below 50 kHz. The joint operation of both actuators then ensures nearly perfect cooperation
covering the full bandwidth and dynamic range required for
efficient suppression of the optical phase noise of the DFG
comb [28]. Nonetheless, modulation of the pump power of the
master oscillator is intended for compensation of long-term
drifts of the repetition rate as well. Therefore, we use a homebuilt electronic frequency combiner (black box at bottom in
Fig. 5) to combine the control signals originating from the
CEO beat note and the two-photon transition in 85 Rb. Since
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FIG. 6. (a) Spectral line shape of comb modes of the free-running (green, upper) and self-controlled (red, center) DFG comb at their
carrier frequency of 193 THz. The red arrows indicate sidebands arising from the electronic feedback circuit. The power spectrum of our
optical single-line reference used for out-of-loop detection is shown in black (lower graph) for comparison. (b) Frequency noise spectral
density of the optical modes shown in panel (a). The red shading highlights regions where the frequency noise of the self-controlled comb (red,
center) is above the β-separation line (gray dotted) in order to estimate the FWHM of its power spectrum. (c) Fractional frequency stability of
the pulse repetition rate (pink solid line) locked to a two-photon transition in 85 Rb, as measured with a fundamental gate time of 300 ms. Gray
crosses represent the manufacturer specification of the microwave reference. Inset: Time evolution of deviations of the stabilized repetition
rate during a time interval of 5 min.

the noise sources addressed by the two error signals occur on
vastly different time scales, they are prefiltered by means of
a high- and a low-pass filter, respectively, before combination
within an electronic mixer. Finally, its output is fed back to
the pump power modulator. Further technical details of the
frequency combiner are described in Appendix B.
B. Results and discussion

The self-control technique described in the previous subsection finally allows dramatic reduction of the increased
optical linewidth after spectral conversion. This fact is demonstrated by the green and red (upper and center) graphs in
Fig. 6(a), representing the spectral envelope of a longitudinal
mode of the free-running and self-controlled DFG combs at
their identical carrier frequencies, respectively. The FWHM
of the latter is actively suppressed to a value as low as 5 kHz.
Note that the spectral content of the comb lines is determined
by means of interference with our single-line reference [see
black box at right of Fig. 1(a)]. In contrast to previous reports
on full stabilization of DFG combs by exploiting external
optical references [24,28], this measurement is independent
of our self-controlled feedback loop. These experiments have
demonstrated even further linewidth narrowing but only on
the beat note used for feedback. In the present case, the
performance shown is clearly limited by our measurement
reference [black (lower) line in Fig. 6(a)], thus indicating an
even lower optical linewidth of the self-controlled DFG comb.
This conclusion is supported by the analysis of the frequency
noise spectral densities depicted in Fig. 6(b). According to
the estimate in Ref. [56], only those components (red shaded
regions) that are above the so-called β-separation line (gray
dotted) contribute to the FWHM of the optical comb modes.
The frequency noise of the self-controlled comb (red, center)
and the optical reference (black, lower) show a nearly perfect
match at offset frequencies below 5 kHz. This finding confirms that the optical linewidth obtained after active narrowing
is limited by our single-line reference. Features at higher

frequencies induced by the feedback loop, such as those at
50 and 160 kHz, manifest themselves only as sidebands in
the power spectrum [red arrows in Fig. 6(a)], which are
suppressed by more than 8 dB with respect to the main peak at
a resolution bandwidth of 1 kHz. Even further reduction of the
power within the sidebands might be easily accomplished by
careful optimization of the bandwidth and performance of all
electronic elements within the self-controlled feedback loop,
as discussed in the next subsection.
Concurrently, our scheme compensates for slow drifts of
the repetition rate exploiting the control signal based on the
optical two-photon transition in 85 Rb. The fractional frequency stability of the repetition rate directly locked to the
gas-phase 85 Rb atoms is represented by the pink solid line in
Fig. 6(c), as detected with a dead-time-free frequency counter
referenced to a commercial microwave Rb atomic clock. The
resulting inaccuracy is clearly limited by this microwave reference, as evidenced by the specification of its manufacturer
(gray crosses). The inset shows the temporal evolution of
deviations of the repetition rate  frep from its mean during
a time frame of 5 min, which are in the mHz regime. The
optical linewidth of the self-controlled comb remained narrow
during the entire measurement interval, demonstrating the
successful combination of both error signals generated within
the self-controlled feedback loop and their joint operation at
the same time.
C. Potential for technical optimization

Although our proof-of-principle experiment already
demonstrates successful stabilization of our Er-doped fiber
frequency comb without relying on active external references,
further improvement of the self-controlled feedback loop
may be straightforward. For instance, we have discussed
in Sec. V A that the EOM does provide only 25 rad
dynamic phase shift, which is not sufficient for complete
suppression of the increased optical phase noise φrms,DFG
of the DFG comb at its carrier, demanding at least 60 rad.
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Since EOMs enabling such a large dynamic phase shift
are currently not available commercially, lower intrinsic
timing jitter, i.e., an even quieter master oscillator, would be
desirable. This, in turn, demands higher intracavity power,
which corresponds to a larger optical bandwidth in case of
solitonic oscillators [29]. Particularly, φrms,DFG < 25 rad, thus
S0 < 6.25×103 Hz2 /Hz corresponding to a quantum-limited
linewidth of the DFG comb in the telecommunication range
of δDFG < 20 kHz would be required in order to be able
to compensate the multiplied timing jitter by means of
using our EOM only. This would alleviate the need for our
home-built electronic combiner merging the control signals
from the CEO beat note and the two-photon transition in 85 Rb
(see Fig. 5).
Designing an even quieter master oscillator is also attractive for applications which do not require long-term stability
of the repetition rate. In this case, both the home-built electronic mixer and the EOM become redundant since the suppression of the multiplied timing jitter may be accomplished
by means of modulation of the pump power only as long as
the free-running optical linewidth of the DFG comb fits within
the modulation bandwidth of 50 kHz. Alternatively, the latter
might be extended by optimizing the phase lead technique
[47], which is currently applied to stretch the bandwidth
beyond the response of the gain medium within the oscillator
[54]. Recently, a bandwidth of several hundred kHz has been
demonstrated in this context [51], which would be already
sufficient with our ultralow-noise Er-doped fiber oscillator
providing a free-running DFG linewidth in the telecommunication range on the order of 100 kHz. Such improvements
are not only beneficial for simplifying the self-controlled
feedback loop but also for further suppression of the optical
power contained in the sidebands of the modes of the selfcontrolled comb [see red graph at center of Fig. 6(a)].
VI. CONCLUSION AND OUTLOOK

In summary, we have demonstrated full stabilization of an
Er-doped fiber-based femtosecond frequency comb without
employing any active external references. Our self-controlled
scheme combines all-passive elimination of fCEO via ultrabroadband difference frequency generation between longitudinal modes of a mode-locked laser with the synthesis of
sharp comb teeth of accurately uniform spacing. The first part
restricts the relative inaccuracy of the CEO frequency of the
offset-free comb centered around zero to the 10−22 regime at
observation times of only a few hours.
Its combination with the second part is not only a technical
feat but also requires detailed knowledge about the evolution
of phase noise during nonlinear-optical frequency conversion.
To this end, we have demonstrated that four-wave mixing
processes preserve the fix point, that is, the comb mode with
lowest phase jitter. It coincides with the carrier frequency
if the timing jitter of the mode-locked laser is governed by
quantum processes. We have validated the latter for our Erdoped fiber system by means of its quadratic increase of the
linewidth of individual comb modes away from the carrier. In
contrast, three-wave mixing processes shift the fix point, in the
particular case of DFG to zero frequency, while preserving the
curvature of the parabolic behavior of the spectral dependence

of phase noise. The optical phase jitter of the electromagnetic
carrier wave of the DFG comb at a frequency of 193 THz then
equals the extrapolation of the spectrally dependent phase
noise of the fundamental comb to zero frequency. The latter
may generally be determined by means of an RF beat note
centered at fCEO regardless of the technique applied for its
generation. As a consequence, the frequency noise spectral
density of the CEO beat note and the longitudinal mode of
the DFG comb at 193 THz coincide and exhibit a broadband flat shape at a level of S0 = 3.5×104 Hz2 /Hz, further
corroborating its quantum origin. Thus, such a CEO beat
note contains all information about the multiplication of the
timing jitter of the mode-locked oscillator during nonlinear
frequency conversion, which is required for suppression of the
increased optical phase noise of the DFG comb. In this way,
the fundamental mode-locked oscillator provides an ultralownoise optical reference.
In our proof-of-principle experiment, we have achieved
dramatic reduction of the optical phase jitter of the DFG
comb while the performance shown is only limited to the
phase noise of our single-line reference used for out-of-loop
analysis. Thus, future work includes characterization of our
self-controlled comb with a cw laser of even lower phase
noise in order to determine the limits of our self-control
scheme.
Nonetheless, we already emphasize broad applicability
of our technique to any frequency comb implementation,
regardless of the active lasing medium, the design and the
quantum noise level of the master oscillator. As a conclusion,
our scheme provides a highly accurate frequency reference
operating completely autonomously, competing with traditional mode-locked lasers stabilized onto actively controlled
external cavities. These systems hold great promise as tools
of next-generation high-precision metrology with a wide
accessibility in both commercial and fundamental scientific
applications.
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APPENDIX A: BEAT NOTE AND FREQUENCY NOISE
SPECTRAL DENSITY MEASUREMENT

The RF beat notes between our single-line references
(SLR) and the frequency combs are generated by spatiotemporally overlapping them on a fiber-coupled InGaAs photo
diode and monitoring the RF spectral power on a commercial
RF spectrum analyzer [see for instance black frame at right
of Fig. 1(a)]. The resolution and video bandwidths are kept
constant at 1 kHz and 30 Hz, respectively, corresponding to
a sweep time of 12 ms except for the beat note between
the SLR and the DFG comb [green (upper) solid line in
Fig. 6(a)] where the video bandwidth and sweep times are 20
Hz and 18 ms, respectively. However, the measurement bandwidth thus changes by only (12 ms)−1 –(18 ms)−1 = 28 Hz,
which is negligible as compared to the value of δDFG around
100 kHz. In each case, the linewidth δn (or δDFG ) of the
corresponding comb mode is given by the FWHM of the
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radio-frequency beat note. For all data presented in Figs. 3(a)
and 4(d), we averaged over at least 10 independent data sets
in order to ensure sufficient statistics. δCEO is determined
analogously by superimposing the fundamental and DFG
combs.
The frequency noise spectral densities Sν ( f ) instead are
derived from 400-ms time segments of the same interferometer outputs, recorded on a fast digital oscilloscope. We
calculate the noise spectral density with a modified Takeda
algorithm [57]. To this end, we first Fourier transform the
time evolution of the beat note and isolate positive frequency
components. Subsequently, the time-domain phase deviations
φ(t ) are calculated by extracting the phase of the inverse
Fourier transform while subtracting the linear contribution
from the carrier. The noise spectral density is finally calculated based on the time-domain phase deviations applying
Welch’s method [58]. Similar to the determination of the
FWHMs of the corresponding comb modes, we averaged over
at least five independent measurements for each noise spectral
density shown in Figs. 3(d) and 6(b).
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