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1

Introduction

Solid state physics is able to describe physical behavior of crystals by analyzing the oscillations of the atoms within the crystal. I will give an easy
example how it is possible to characterize such an oscillation called phonons.
A central aspect in this thesis will be the dispersion relations, which links
the frequency ω with the wave vector ~k of the oscillation.
For the beginning, we will take a look at the case of a binary, ordered linear
chain of two kinds of atoms with different mass. I assumed that this crystal
is infinitely long. Mermin and Wagner proofed in [M W T ] that such crystals
can not exist in one dimension. According to [P KE] density fluctuation in
the chain would destroy the regular order. It is still worth to take a look at
the binary chain for the theoretical background of my thesis.
I will approximate this system with a chain of two fluctuating hard spheres
with different masses m1 , m2 connected with a spring with a spring rate of
D. Further I assume small deflections, so the spheres will not overlap and
the force acting on the particle can be described by Hooke’s law. This case
is shown in figure 1.
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vn−1
D
m2

m1

D
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m2
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m1
un+1

un
c2

D

m2
vn+1

Figure 1: Binary chain
The dispersion relation of this system is calculated in many papers or literature like [HU N ] or [LP G]. The dispersion relation of a similar system is
calculated in [ASH]. In the system presented in [ASH] the mass of the bodies is constant and the spring rates vary, the calculation for the system with
changing masses is analogous to the one presented in [ASH]. To accomplish
a more general description of this system I will not assume that only the next
neighbors affect the observed particles. I assume, that also the next nearest
neighbors contribute to the force acting on the observed sphere. Since there
are two sorts of spheres it is rational to assume that the force between two
spheres with mass m1 is different than between two spheres with mass m2 .
To model this, it is necessary to introduce two more springs, which approximate the force between spheres of the same mass and will not interfere with
3

the springs sketched in figure 1. These springs are shown in figure 1 above
and below the linear chain, since the springs would overlap and the figure
would get confusing. The spring rates are c1 and c2 . If c1 and c2 are set to
zero the influence of the next nearest neighbors disappear and the similar
system as in [HU N ] or [LP G] occurs. So the system discussed in [HU N ] or
[LP G] is a special case of this generalization.
The force which acts on un and vn , according to Hooke’s law, is proportional
to the deflection of the particles and the spring rates. Let F1 be the force
affecting un and F2 the force affecting vn .
F1 = D · (vn − un ) + D · (vn−1 − un ) + c1 · (un+1 − un ) + c1 · (un−1 − un ) (1)
F2 = D · (un − vn ) + D · (un+1 − vn ) + c2 · (vn+1 − vn ) + c2 · (vn−1 − vn ) (2)
The Newtonian laws of motion imply that
F1 = m1 · ün

(3)

F2 = m2 · v̈n

(4)

To solve this differential equation, we will presume a oscillation for the points
un and vn . That means
un (t) = 1 · e−i(ω·t−k·n·a)

(5)

vn (t) = 2 · e−i(ω·t−k·n·a)

(6)

with 1 and 2 are constant amplitudes and a is the lattice constant. The
wave vector ~k can be written as k since there is only one possible direction to
propagate. In this case, the oscillation of the bodies appears on the direction
of propagation, which means that the vibration is longitudinal. On more
dimensional systems transversal oscillation occur.
One easily see that
ün (t) = −ω 2 · un (t)
(7)
v̈n (t) = −ω 2 · vn (t)

(8)

and under shifting with an integer s
un+s (t) = 1 · e−i(ω·t−k·(n+s)·a) = 1 · e−i(ω·t−k·n·a · ei·k·s·a) = un (t) · ei·k·s·a (9)
vn+s (t) = vn (t) · ei·k·s·a

(10)

Now we use these relations to set up a differential equation. (1)-(4) imply
that
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m1 · ün = D ·(vn −un )+D ·(vn−1 −un )+c1 ·(un+1 −un )+c1 ·(un−1 −un ) (11)
m2 · v̈n = D · (un − vn ) + D · (un+1 − vn ) + c2 · (vn+1 − vn ) + c2 · (vn−1 − vn ) (12)
With (9) and (10) we achieve a pair of two coupled equations which depend
only on un and vn .
− m1 ω 2 un = −2 · D · un + 2 · c1 · (cos(ka) − 1) · un + D · (1 + e−ika ) · vn (13)
− m2 ω 2 vn = −2 · D · vn + 2 · c2 · (cos(ka) − 1) · vn + D · (1 + eika ) · un (14)
These two equations can be written as a linear equation system by subtracting the left side. We get a homogeneous linear equation system as the follow:
  
  
u
0
m1 ω 2 − 2D + 2c1 (cos(ka) − 1)
D · (1 + e−ika )
· n
=
ika
2
vn
0
D · (1 + e )
m2 ω − 2D + 2c2 (cos(ka) − 1)
{z
}
|
=:M

(15)
Equation (15) can be solved by the requirement that det(M ) = 0. That leads
us to
0 = m1 m2 ω 4 + [−2D(m1 + m2 ) + 2(c1 m2 + c2 m1 )(cos(ka) − 1)] ω 2
| {z }
{z
}
|
=A

=B(k)



+ −4D(c1 + c2 )(cos(ka) − 1) + 4D2 + 4c1 c2 (cos(ka) − 1)2 − 2D2 (1 + cos(ka))
|
{z
}
=C(k)

(16)
The parameters A, B(k) and C(k) can be calculated numerical. Solving this
quadratic equation (16) for ω 2 leads to the dispersion relation ω(k).
v
s
u
u B(k)
(B(k))2
C(k)
ω± = t
±
−2·
(17)
2
2A
(2A)
A
In order to present the topic it is sufficient to take a look at the easy case
and just assume that only the next neighbors act on the observed particle so
we set c1 = c2 = 0. In this case we get
v
s
u 

2
u
1
1
1
2
1
t
ω± = D
+
±D
+
−
(1 − cos(ka)) (18)
m1 m2
m1 m2
m1 m2
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To visualize the dispersion relation in figure 2, the masses where set as m1 =
1, m2 = 2 and D = 1

Figure 2: Dispersion relation for the linear chain with
q

√

2=

q

2D
m1

and 1 =

2D
m2

k represents a vector in the Brillouin zone. It is k = 2π
with λ the wavelength
λ
of the oscillation. As we can see in figure 2 there are two modes, because
equation (16) is a quadratic equation for ω 2 . These two modes have different
physical qualities, which will be discussed in 2.1. ω+ is called the optical
and ω− the acoustic mode. To simplify the plots there will be used shortcuts
for the different modes on the plots. Transversal/longitudinal modes will be
noted with T/L and optical and acoustic will be noted with O and A.
Solid state physics is able to characterize even more complex systems than the
binary chain, like Johannes Häring did in his thesis [HAE]. He calculated the
dispersion relation of a face-centered cubic (fcc) which is a three dimensional
lattice structure. Figure 3(a) shows the dispersion relation that Johannes
Häring simulated. He investigated a cluster crystal, which means the lattice
points can be occupied by more than one particle. Tadeus Ras simulated an
fcc with two classes of particles with variable diameter ratio of the particles
[RAS]. Furthermore, he assumed that the particles are random distributed
on the fcc lattice. He assumed hard spheres, so the particles can not overlap.
As in the case of the binary chain acoustic and optical modes appear.
Figure 3 shows the dispersion relation of the fcc lattice and the random
6

distributed fcc with two components. The x axis will be discussed in section
2.2. As already mentioned the modes are abbreviated, for example LO stands
for the longitudinal acoustic modes and T Oxy means transversal optical mode
in the xy-plane.

(a) Dispersion relation for the fcc cluster crystal (b) Dispersion relation for a binary
[HAE]
sphere crystal with particle ratio of ς =
0.4

Figure 3: Comparing the dispersion relation of a one component fcc lattice
and a binary fcc lattice
As we can see the plots show a qualitative same behavior of the dispersion
relation. Figure 3(b) shows more modes because of the two sorts of spheres
building the crystal. Near the point Γ on the left and right side the acoustical
shows a linear behavior like the dispersion relation in 3(a). At a special point
the acoustic modes languish while the optical modes increase. It seems, that
the optical and acoustic modes change at this point. This crossover point
varies with the diameter ratio of the two sorts of spheres. My bachelor thesis
will devote to the question of the dependency of this crossover point and the
particle ratio ς of the two spheres building the crystal.

7

2

Physical basics

In this chapter I will discuss the physical and mathematical methods to
describe the dispersion relation of the random distributed fcc lattice. As
mentioned we assume a hard sphere potential for the particles, that means
every lattice point will be occupied by only on sphere.

2.1

Theoretical framework

In the introduction 1 I calculated the dispersion relations of the binary chain.
As mentioned the quadratic equation (16) for ω 2 leads to two modes as in
17 shown. Once again assume, that only the next neighbours influence the
motion of an particle (c1 = c2 = 0). Equation (18) implies, that there are
two modes of oscillation as mentioned in section 1. They are called optic and
acoustic modes and will be noted with O and A. As presented in section 1,
the motion was expected to be a oscillation with the amplitudes of i for the
body of mass mi with i = 1, 2. In this calculation I assumend a periodical
solution for the particles un and vn , see equation (5) and (6). Using equation
(13) allows us to compare the amplitudes 1 and 2 it follows
2
−m1 ω±
+ 2D
2
=
1
2D

(19)

If we take a look at the limit of long wavelength, which represents k =
0 we get two solutions of the oscillation. On the acoustic mode 12 = 1
which means both kinds of spheres oscillate in the same direction. Or on the
m1
, which means the amplitudes of the oscillation
optical mode where 12 = − m
2
are in opposite direction depending on the mass ratio. If the mass of one
particle is much bigger than the other the sphere with the bigger mass shows
a smaller deflection and the smaller particle shows a vibration in the other
direction. The same behavior occurs on more complex crystals, like the
random distributed binary fcc lattice.
The reason why I introduced a more general case of the binary chain in
section 1 is that the crossover points can be observed on the linear chain.
Plotting the general dispersion relation considering the influence of the over
the next neighbors with equation (17) lead to figure 4.
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Figure 4: Dispersion relation of the linear chain with c1 = 2000, c2 = 0.001,
a = 1, c = 3, m1 = 200, m2 = 1
Figure 4 shows the schematic behavior for the case c1 >> c2 and m1 > m2 .
As we can see, the acoustic modes increase linear and flatten to a constant
level while the optical mode shows at this crossover point the characteristic
behavior of the acoustic mode as we can see in figure 2. The same occurs at
the random fcc lattice. In order to describe the system, we choose equation
(13) and (14) to set up an eigenvalue equation. It follows equation (20)
!  
 
−D·(1+e−ika )
2D−2c1 (cos(ka)−1)
un
un
m1
m1
ω2
·
=
(20)
D·(1+eika )
2D−2c2 (cos(ka)−1)
vn
vn
m2

m2

As mentioned above we get two modes. The absolute values of the components of the eigenvectors of equation (20) are plotted in 5.

9

Figure 5: Absolute components of the eigenvektors of equation (20) depending on wave vector k
The red and blue line are the components of the acoustic mode, since they
both oscillate at k = 0 at the same amplitude. The green line shows the
second component of the eigenvector in the optical mode. In this case we
chose m1 bigger than m2 , so this green line represents the absolute value of
the oscillation of the large species. As expected the large species does nearly
not oscillate, while the small species, which is represented by the purple line
oscillates. This observation covers with the expectation of the discussion of
the optical and acoustic mode. At a special point the components of the
modes switch, this point is the crossover.
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2.2

Fcc lattice and Brillouin zone

Ideal one component crystals can be classified by their structure. Through
the symmetry of the idealized crystals it is sufficient to describe the conventional unit cell. In the three dimensional case there are 14 possible ways to
arrange a lattice [HU N ]. These categories are called Bravais lattices. In
the following, we will take a look at the so called face-centered cubic (fcc).
The Bravais lattices can be stated by three vectors and the lattice constant a,
which is defined as the length of the conventional unit cell. Figure 6(a) shows
such a conventional unit cell of a fcc lattice. The vectors which describe this
lattice are
 
 
 
1
0
1
a 
a 
a 
1
1
0 .
a2 =
and a3 =
(21)
a1 =
2
2
2
0
1
1
A fundamental tool of the crystallography is the reciprocal lattice. The
reciprocal lattice is the Fourier transformation of the lattice in the so called
~k space or momentum space. Describing the whole theory of the Bravais
lattice would take too long. A great introduction to this topic is [ASH]
or [HU N ]. The reciprocal lattice leads to the first Brillouin zone, which is
constructed like the Wigner–Seitz cell [HU N ]. The position in the Brillouin
zone represents the wave vector ~k of the oscillation. In order to study the
dispersion relation, which is the relation between the frequency ω and the
wave vector ~k, we define special points and plot the dispersion relation on
the path through these points. Γ will be the center of the first Brillouin zone
which represents the case of long wavelength of the oscillation, since |~k| = 2π
λ
with λ the wavelength of the oscillation. Further we define the points K, W ,
X and L on the edge of the Brillouin zone. In the following the point K,
which lies on the xy plane, will be important. The first Brillouin zone of the
fcc lattice, the points and the path through the Brillouin zone are sketched
in figure 6(b).
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(a) conventional unit cell of fcc lattice (b) first Brillouin zone of the fcc lattice
[W ika]
[RAS] with characteristic points. K =
3π
T
2a (1, 1, 0)

Figure 6: The fcc lattice and its first Brillouin zone

2.3

Random distributed binary fcc lattice

In this section I will explain the description of the random fcc lattice in
[RAS]. The description bases on the paper of Rick and Haymet [RAM ].
We assume our system as a fcc lattice with two sorts of spheres, further we
assume a hard sphere potential so the simulated particles wont overlap. Let
ms be the mass and σ(s) the diameter of the sphere of the species s ∈ {1, 2}.
The mass m2 and the diameter σ2 of the big species will be set to 1, since
according to [RAS], the qualitative behavior of the dispersion relation is
invariant under rescaling of the particle size and mass. That implies, that
the particle diameter of the small species σ1 is equivalent to the diameter
ratio ς = σσ21 of the two species. The mass of the small species can be either
set to constant mass 1 or the mass density is set constant. This leads to
m1 = 1 or m1 = σ13 . Both cases will be evaluated. Due to the assumption of
the random distribution it is not possible to calculate the dispersion relation
by solving the equations of motion for the spheres on the lattice as shown in
the introduction 1.
In order to describe this system it is helpful to take a look at the densities of
the spheres on the lattice. Let n(s) be the density of the species s. As in [RAS]
discussed, the densities can be approximated by a Gaussian parametrization,

12

which leads to
n(s) (r) = η (s)

α

(s)

 32 X

π

2

e−α(s) (r−R)

(22)

R∈L

with L the Bravais lattice vectors. η(s) is the occupancy of species s on
the lattice and α(s) = ε21 the Gaussian localization of the species s. ε(s)
(s)

represents the delocalization, which means the bigger ε(s) gets, the more are
the spheres of sort s distributed and able to slide through the lattice. That
means in the limit of large ε(s) the atoms of sort s behave like a fluid through
the lattice. The occupancy η(s) will be set as η 1 + η 2 = 1 so that every point
on the lattice is either occupied by spheres of the first or the second kind. So
vacancy or interstitial defects wont be considered. The parametrization (22)
is valid for the random fcc lattice. It is possible to define it on more general
systems, for example on crystals with sub lattices like sodium chloride as you
can see in [RAS].
To construct the Brillion zone, the lattice constant a must be given. For a
fcc lattice with one species a would be given by the distance between two
atoms, as we can see in 6(a), but in this case the atoms are delocalized. The
√  √2 1/3
. Now we have a model to
lattice constant is defined as a = 2 · n1 +n
2
characterize the random fcc lattice with two species. The question remains at
which values of densities n(s) and delocalizations ε(s) for given particle ratio
and masses the crystal exists. This question leads to an interesting theory of
the statistical mechanic.
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2.4

Criteria of phase coexistence and Density Functional Theory

The crystal is stable, if it is in thermodynamic equilibrium for the densities
n(s) and delocalizations ε(s) of species s. [P M P ] points out that the equilibrium occurs at the parameters of maximum entropy. A system is considered
where a fluid is in thermal and mechanic contact with a reservoir with constant pressure and volume cf. [P M P ].
Under the condition of constant pressure, volume and temperature the maximization of the entropy is equivalent to the minimum of the free energy.
[P M P ] derived under this aspect the equations of state for the pressure or
the chemical potential depending on particle density and temperature. These
parameters mark the points where a solid liquid transition occurs. This point
is called freezing point.
(s)
To sum up, the equilibrium densities neq are the densities where a liquidsolid transition occurs. This means, that at the freezing point, the grand
potential of the liquid and the solid phase Ωl and Ωs are equal such that
∆Ω = Ωl − Ωs = 0. The grand potential depends on the density n(s) of
the hard spheres. According to [RAS] there is a theorem from Hohenberg
and Kohn which states that there exists a unique functional Ω̃ whose global
minimum is the grand potential Ω at the equilibrium densities. As Tadeus
Ras mentioned in [RAS] the minimization of the functional Ω̃ is equivalent
to the minimization of an other functional F under a constant total number
of particles N (s) for species s and without external potentials. The so called
density Functional F is related to the free energy F . I will now point out the
most important steps to calculate the coexistence parameters. For the whole
derivation please see [RAS]. The density functional F can be split into two
terms. So F = F idealgas + F ex . According to [RAS] the ideal gas term is
well known and it is sufficient to minimize F ex . The functional F ex can be
expanded in a power series at a point of known densities [n10 , n20 ]. In this
expansion the derivations of this functional occur. These can be described
as the direct correlation functions. There are various expressions for the direct correlation function, in his thesis he employed the hard spheres result
found for the Percus-Yevick integral equation cf. [RAS]. Further he used
the Ramakrishnan–Youssouf approximation where the power series of F ex is
truncated after the second order and the point [n10 , n20 ] is set as the densi(s)
(s)
ties of the liquid phase so n0 = nl cf. [RAS]. This can be implemented
to an algorithm to calculate the coexistence densities. For a more detailed
explanation see [RAS] and [RAM ]
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2.5

Dispersion relations for a random fcc lattice

The calculation of the dispersion relations of the random fcc lattice has interesting analogies to the classical case of the binary chain. It can also
be reduced to a eigenvalue problem. But, as discussed in [RAS], the micro dynamic properties of the random fcc lattic needs to be considered. The
Zwanzig-Mori formalism is a hydrodynamic theory which allows to set up the
equation of motion. This topic was discussed in [W U F ] for single-component
crystals and in [RAS] for s ∈ N component crystals. This section will give
a small review of the mathematical derivation of the eigenvalue problem of
[RAS].
For the microscopic description, we need to define hydrodynamic variables.
The system I am looking at in this thesis has two kinds of spheres. The
definition of these variables given here can be expanded on a s component
crystal with s ∈ N as in [RAS]. I will reduce them to the binary system so
s = 1, 2. Let N(s) be the total number of spheres of sort s. The microscopic
particle density for species s is given by
N (s)
(s)

ρ (rr , t) =


X  (s)
δ r i (t) − r

(23)

i=1

The total microscopic density is defined as ρ = ρ(1) + ρ(2) . In section 2.4 the
densities n(s) of species s = 1, 2 were approximated in [RAS] by the Gaussian
parametrization (22). The general definition of the average particle density
for species s is given by (24).
X
gr
ng(s) eigr
(24)
n(s) (rr ) =
g ∈G
(s)

G represents the lattice of the crystal in the reciprocal space. nk is the average over time of the microscopic particle density by volume on the reciprocal
(s)
lattice point k ∈ G of species s. As a formal definition nk = V1 hρ(s) (kk )i.
An important hydrodynamic variable is the microscopic momentum densities
j (s) (rr , t).


X (s)
(s)
j (s) (rr , t) =
pi (t)δ ri (t) − r
(25)
i

The total microscopic momentum density is j = j (1) + j (2) .
The Zwanzig-Mori formalism links the direct correlation functions of a hydrodynamic variable for example j with small induced macroscopic fluctuations
δjj [RAS]. The direct correlation function from [W U F ] generalized by [RAS]
for s ∈ N species of j is
(a)
hjj (a)∗ (kk = g + q )jj (b) (kk 0 = g 0 + q 0 )i = m(a) V kB T ng 0 −gg δq ,qq 0 δab 1d
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(26)

while d is the dimension of the system and k and k 0 are vectors of the momentum space. k , k 0 can be written as a sum of a reciprocal vector g , g 0 and
a vector for the first Brillion zone q , q 0 . With this direct correlation function
the Zwanzig-Mori formalism leads to equation (27) and (28) from [W U F ]
∂t δng(s) (qq , t) = −ing(s) (gg + q )
∂t δjj (a) (qq , t) = −i

X

δjj (s) (gg + q )
(s)

(27)

%0

(a)∗ (ab)∗
(gg + q )ng 0 Jgg 0 (qq )δng(b) (qq , t)

(28)

g ,gg 0 ,b
(ab)

while J = (Jgg 0 ) is the density-density correlation matrix. This matrix is
defined via the inverse cf. [W U F ] and [RAS], thus
X
(s)
(sb)
hδρg(a)∗ (q)δρg 0 (q)iJg,g0 (q)
(29)
V kB T δgg 0 δab =
s,gg 0

Differentiating (28) by the time t leads to (30).
∂t2 δjj (a) (qq , t) = −

X
b

with
Λ (ab) =

Λ (ab) ·

δjj (b)
(qq , t)
%0

%0 X 0
(a)∗ (ab)∗
(gg + q )ng 0 Jgg 0 (qq )ng(b) (gg + q )
(b)
%0 g ,gg 0

(30)

(31)

Now we have the partial differential equation (PDE) of the total microscopic
momentum j . As in the case of the binary chain we choose the approach
(32) to solve this PDE:
δjj (·) (qq , t) = eiω(qq )t δjj (·) (qq )

(32)

Analog to the case of the binary chain, we can set up a eigenvalue problem
with (30) and (32). For the case of a binary system it is 33
 (11)

  (1) 
Λ
Λ (12)
δjj
2
q )12d ·
0=
(q)
(33)
(21)
(22) − %0 ω (q
Λ
Λ
δjj (2)
%0 is a constant. Solving this system is analogous to the case of the binary
chain and leads to the dispersion relations for the binary random fcc lattice.
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3

Methods to evaluate the crossover

Now that the theoretical aspects are discussed and the topic of this thesis is
clear, I will discuss the methods, I used to handle the question of the crossover
points. To simulate the dispersion relation and the coexistent parameter I
used the programs and data of Tadeus Ras. The numerical aspects and generally speaking the methods are explained and discussed in his dissertation
[RAS].
In figure 7 we can see the dispersion relation of a random fcc lattice with
particle ratio 0.6 and with a constant mass density of the small species.

ω [kBT/(mσ2)]

LO
TOz
TOxy
LA
TAz
TAxy

Γ

K

W

X

Γ

L

Figure 7: Dispersion relation with constant mass of the small species with
diameter 0.6
To evaluate the crossover points near Γ on the path to K I used two methods.
Both methods will be used for the simulation of the systems with constant
mass and constant mass density, of the small species.
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3.1

First method

In this method I calculated the constant level of the acoustic modes on the
middle of the path from Γ to K to the point on the middle of to path from X
to Γ. This method is sketched in figure 9 for a particle ratio of 0.7. This level
was determined by takings the average of the transversal acoustic modes on
this domain. In figure 9 is the area where the constant level was calculated
highlighted with red.
For the diameter ratio above 0.6 it is justified to account the longitudinal
acoustic mode to identify the level by calculating the average of the three
acoustic modes. Figure 8 shows the dispersion relation of the acoustic modes
of a particle ratio at 0.9 and 0.3. The longitudinal acoustic mode can be
considered as the constant level at the particle ratio 0.9, but the longitudinal
acoustic mode at a particle ratio of 0.3 does not show a constant course. The
area where the longitudinal acoustic mode might be considered is shown in
figure 9 with a purple dashed line. The data where the longitudinal acoustic
mode is accounted, will be given and noted.

ω[kBT/(mσ2)]

Dispersion relation of the acoustic modes with particle ratio 0.9
LA
TAz
TAxy

Γ

K

W

X

Γ

ω[kBT/(mσ2)]

Dispersion relation of the acoustic modes with particle ratio 0.3
LA
TAz
TAxy

Γ

K

W

X

Γ

Figure 8: Comparing the acoustic modes of the dispersion relation at particle
ratio of 0.3 and 0.9
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The next step is to fit the optical modes on the regime, where the linear
behavior of these modes dominates. This regime in figure 9 is highlighted
with blue. We define the crossover as the intersect of these linear continuation
of the blue lines with the continuation of the constant level highlighted with
red in figure 9.

ω[kBT/(mσ2)]

Constant level of the acoustic modes
Influence of the LA mode
Linear regime of the optical modes

Γ

K

W

X

Γ

Figure 9: First method sketched on a dispersion relation of particle ratio of
0.7 and constant mass density of the small sphere. Crossover points are the
intersect of the continuation of the blue lines and the average of the red and
optional (depending on the particle size) the purple lines.
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3.2

Second method

To avoid considering, that the longitudinal acoustic mode might be included
or not for the calculation of the constant level, depending on the diameter
ratio, Prof. Fuchs suggested a second method. This method is illustrated
in 10. The average of the three starting points of the optical modes was
taken as the constant level. The dispersion relation of the acoustic modes
increases linear near Γ. The acoustic modes were fitted in this area near Γ.
In figure 10 the red line shows the constant level of the optical modes and
the blue lines show the regime where the acoustic modes were fitted with a
linear regression. The intersect of these lines with the average of the value
of ω of the optical modes in Γ were defined and calculated as the crossover
points. It will be noted which method was used to collect the data.

ω[kBT/(mσ2)]

Linear regime of the acoustic modes
Constant level of the optical modes

K/2

Γ

Figure 10: Second method sketched for the dispersion relations from Γ to
K
for a particle ratio of 0.7 with constant mass density of the small sphere.
2
The intersect of the continuation of the blue and red lines will define the
crossover point with this method.
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3.3

Validity of the methods

Now I would like to discuss the validity of these two methods. Both methods
lead to a result, which approximate the crossover point like we see in figure
7. But if the small particle size is close to one the crossover points blur out.
Figure 11 shows the dispersion relations of the random binary fcc lattice for
a small particle size of σ1 = 0.9. It is not obvious where the crossover is, if
it exist. Because of this reason both methods might not be valid for nearly
even large species.

ω [kBT/(mσ2)]

LO
TOz
TOxy
LA
TAz
TAxy

Γ

K

W

X

Γ

L

Figure 11: Dispersion relation with constant mass of the small species with
diameter 0.9. Notice that the crossovers are blurred out.
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4

Presentation and evaluation of the data

In this section I will present and discuss the data calculated with the methods
introduced in section 3.

4.1

Delocalization

First of all we take a look on the qualitative behavior of the small and large
species on the lattice. As described in section 2.3 the species are delocalized
on the fcc lattice. Figure 12 shows the delocalization depending on the ratio
of the particle sizes ς. As mentioned, the particle ratio is equivalent to the
size of the small species σ1 since the size of the large species σ2 is set to one.
0.4

small species
large species

0.35

delocalization ε [σ]

0.3
0.25
0.2
0.15
0.1
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0.2
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0.4

0.5

0.6

0.7

0.8

0.9

1

small particle diameter σ1

Figure 12: Delocalization of the small and the large species from [RAS]
The delocalization of the large species remains more or less constant depending on the size of the small spheres. That means, that the large species is
strongly located and builds the lattice. The small species delocalized for
smaller diameter, they are able to diffuse through the lattice. The limit of
a strong delocalization of the small spheres can be interpreted as a liquid
diffusion through a lattice build of spheres of the large species. In the limit
of equally large species, so σ1 = 1, the delocalization of both species is equal.
This is physically reasonable, because there is no difference between these
two species and a one component crystal appears. The numerical analysis
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of the delocalization at a small particle diameter approximately below 0.35
is not as accurate as the ones above this diameter. For this diameter area
an other numerical approach would be needed. This aspect needs to be respected when evaluating the crossover in this regime. Tadeus Ras discussed
this topic in [RAS].

4.2

Length of the path from Γ to K

~ be the wave vector that represents the point K in the Brillouin zone.
Let K
~ is the length of the path from Γ to K. In order to compare the
So |K|
values of the crossover points for each particle diameter we need to consider
~ depends on the densities of both species. The methods
that the length of K
introduced in section 3 provides the crossover points normalized on the length
~
of the path from Γ to K. Figure 13 show the length of K.
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1
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Figure 13: Length of the path from Γ to K
K represents the edge of the first Brillouin zone, which means that the lattice
~ The case that the
constant of the fcc lattice is the reciprocal value of |K|.
small sphere diameter is one, describes the case of an ordinary fcc lattice since
both species are equivalent. The lattice constant is in this case the largest.
As mentioned in section 4.1 the delocalization of the small spheres increases
when the first species gets smaller. The lattice constant, which marks the
length of the unit cell, gets smaller the more the small species delocalizes.
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~ decreases strongly for a diameter ratio ς
On the contrary the length of K
above 0.8. One would not expect that, if the small species is nearly as big
as the large species, a small change of the small particle diameter have such
~ and thus on the Brillouin zone. Later I am
an impact on the length of K
~
going to use the length of K to calculate the values of the absolute crossover
points.

4.3

Crossover points with constant mass densities

As mentioned in section 2.3 it is possible to simulate the dispersion relations
for either a constant mass or a constant mass density of the small species.
In this section I will analyze the case of constant mass density so the mass
of the small species is set to m1 = σ13 .
Figure 14 shows the crossover points calculated with the first method.
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Figure 14: Crossover points with a constant mass density of the small species.
Calculated with the first method. Below a particle diameter of 0.7 the longitudinal acoustic mode was not included to calculate the crossover. Above
this point the data without considering the longitudinal acoustic mode was
noted with +
As discussed in section 3.1 at a particle diameter of 0.7 the longitudinal
acoustic mode might be considered for the evaluation of the crossover point.
In figure 14 the points calculated without the longitudinal acoustic modes
are noted with + in the corresponding color. As we can see in figure 14,
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percentage of K [%]

considering the longitudinal acoustic modes to the calculation of the crossover
~ to a higher level. This does not
points just shift the crossover points on K
change the qualitative behavior of the plot.
Figure 15 shows the crossover calculated with the second method. The data
shows the same qualitative behavior as the crossover points calculated with
the first method.
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Figure 15: Crossover points with a constant mass density of the small species.
Calculated with the second method.
The second method just shifts the crossover points, the same physical behavior occurs. Both figures 14 and 15 are plotted on the percentage intersect on
~ To compare these two methods I compared the scaling of the data. The
K.
transversal modes where scaled on the longitudinal mode for each method.
Figure 16 shows the result. For the first methods the data above a small
sphere diameter of 0.7 the longitudinal acoustic mode was considered for calculating the crossover. That means in figure 14 the data with a cross were
scaled on each other.
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Longitudinal crossover scaling factor
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Figure 16: Comparing both methods
As we can see in figure 16 the transversal modes for both methods scale
the same. The transversal on the xy plane scales on both methods around
the factor 2.4 while the transversal on the z axis is scaling around 1.6. In
concrete numbers the average scaling factor on the longitudinal crossover
with standard derivation are presented in table 4.3.
Mode
First Method scaling factor
transveral on z axis
1.62 ± 0.02
transveral on xy plane
2.38 ± 0.06

Second Method scaling factor
1.61 ± 0.01
2.4035 ± 0.02

Table 1: Comparing of the scaling factor on the longitudinal crossover points
of the transversal modes.
In conclusion, both methods show the same physical dependency of the
crossover points. Both methods lead to the same result bearing in mind
a constant scaling factor. Even more, each mode is scaling on the other
with an constant factor, which means the physical behavior of every mode is
equivalent to the others under scaling. It is sufficient to study the crossover
of one mode determined by one method.
As mentioned in section 4.2 the length of the path to K depends on the
diameter of the small species since the lattice constant depends on the distribution of both species on the lattice. To achieve a result not depending
~ we need to normalize the crossover points on K
~ to get an absolute
on K,
value. As discussed both methods lead to the same result. Figure 17 shows
~
the data calculated with the second method normalized on the length of K.
So it shows the absolute crossover point depending on the particle diameter
of the small species.
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absolute crossover point [1/ σ]
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Figure 17: Crossover points with a constant mass density of the small species.
~
Calculated with the second method normalized on the length of K.
First of all as we can see in figure 17, that the qualitative behavior of the
crossovers does not change comparing to the data of figure 14 and 15, even
~ is not constant and decreases strongly for σ1 greater
though the length of K
than 0.8. On the area of 0.6 ≥ σ1 ≥ 0.4 the data seems to saturate on a
constant level. The crossover point correspondents with a wave vector, which
stays constant in the Brillouin zone for this diameter regime. The transversal
modes will vanish in a homogeneous liquid cf. [RAS] thus the crossovers
should converge to 0. Since the mass density of the small species is constant,
the small spheres are getting lighter for decreasing particle diameter. It
might be that, this circumstance effects the crossover wave vector, that it
stays constant for this regime. In the case of a constant mass of m1 = 1
this phenomenon does not appear, see section 4.4. Below the small particle
diameter of 0.4, where the delocalization is not optimal, the modes decrease.
The limit of very small particle sizes for the first species would reveal if the
crossovers converge to 0.
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4.4

Crossover points with constant mass

Now I will present the data of the crossover points with a constant mass of the
small species set to m1 = 1. As in 4.3 we first take a look at the evaluation of
~ with the first method. Again, above a diameter of
the crossover points on K
0.7 of the small species it is reasonable to consider the longitudinal acoustic
mode for the calculation of the crossover point. Figure 18 shows the crossover
~ depending on the particle diameter of the small
points percentage on K
sphere.
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Figure 18: Crossover points with a constant mass of the small species. Calculated with the first method. Below a particle diameter of 0.7 the longitudinal
acoustic mode was not included to calculate the crossover. Above this point
the data without considering this mode was noted with a +.
As in section 4.3 the results of the two methods will be discussed. Figure
~ with the
19 shows the evaluation of the crossover points on percentage of K
second method. You can clearly see that both methods lead to the same
course of the data points. The second method is shifting the points up,
comparing to the first method.
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Figure 19: Crossover points with a constant mass of the small species. Calculated with the second method.
To summary, both methods lead to the same description of the crossover
points just like in the case of constant mass densities in section 4.3. As
~ depends on the particle size of the
discussed in section 13, the length of K
small species. To calculate the absolute value of the crossover points, we need
~ Normalizing the crossover points of
to scale these points on the length of K.
the second method leads to figure 20.
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absolute crossover point [1/σ]
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Figure 20: Crossover points with a constant mass of the small species. Cal~
culated with the second method normalized on the length of K.
We can clearly see a strictly monotonous decrease of the crossover points for
decreasing particle diameters of the small species. The crossover points of
all modes converge to zero. As discussed in section 4.1 the delocalization of
the small spheres increases, if the size shrinks. The liquid character of the
small species dominates in the crystal. According to [RAS] the transversal
acoustic modes will be absent in the case of a homogeneous liquid. This
matches with the observation of the crossover points.
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5

Summary

The dispersion relations of a random binary fcc lattice have analogies to the
naive approach of totally ordered and deterministic lattices like, in the one
dimensional case, the binary chain. But the nature of crystals is much more
complex and the description of these complex systems needs other approaches
as described in 2. Analysis of the dispersion relations of a random binary fcc
lattice shows a crossover of the optical and acoustic modes. These crossover
can be determined by the dispersion relations. The methods I introduced in
section 3 approximated them. Both methods lead to the same qualitative
description of the crossovers. The second method shifts the crossovers to a
higher level, but the same scaling factor appears. The second method is more
reasonable, because this method avoids considering the longitudinal acoustic
mode. However both methods are not always valid for example in the case
of particle ratio ς near one. Nevertheless it is possible to find a correlation of
the particle ratio ς and the crossovers. For a constant mass of m1 = 1 for the
small species, the crossovers are approaching the origin of the Brillouin zone
Γ in a strictly monotonous way. The increasing liquid character of the small
species causes a vanishing of the transversal acoustic modes. In the case
of a constant mass density the crossovers saturate in the regime of a small
particle diameter of 0.4 to 0.6. The question remains, if the crossovers would
converge to zero as expected in the limit of strongly delocalized particles. In
conclusion the mass of the small species also impacts the crossover points.
The methods introduced in section 3 could be used for binary systems with
different mass properties of the small species.
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Zugriff

7

Zusammenfassung

Tadeus Ras hat in seiner Dissertation [RAS] unter anderem die Dispersionsrelationen eines binären, ungeordneten fcc Gitters untersucht. Der Kristall
wurde mit harten Kugeln mit variablen Durchmessern σ1 und σ2 beschrieben.
Dabei wurde ein Übergang der akustischen und optischen Moden beobachtet,
der abhängig ist zum Verhältnis der Partikeldurchmesser ς = σσ12 .
Meine Bachelorarbeit widmete sich der Frage welcher Zusammenhang zwischen diesem crossover und dem Durchmesserverhältnisses der beiden Kugeln
besteht. In meiner Bachelor Arbeit betrachte ich zunächst ein klassiches
Analogon das aus der Festkörperphysik bekannt ist, die binären Kette.
Um ein System eines zufällig verteilten binären fcc Gitters zu berechnen,
bedarf es Methoden aus der statistischen und Festkörperphysik, die ich in
den physikalischen Grundlagen meiner Arbeit beschrieben habe. Mit Prof.
Dr. Fuchs und Tadeus Ras entwickelte ich zwei Methoden um die crossover
zu bestimmen. Die crossover habe ich für verschiedene Durchmesser- und
Massenverhältnisse der Kugeln bestimmt.
Anschließend habe ich beide Methoden miteinander verglichen und die
Abhängigkeit der crossover von den Durchmesserverhältnissen diskutiert.
Beide Methoden liefern, bis auf Skalierung, das gleiche Ergebnis. Im Falle
von konstanten Massendichten der kleinen Spezies zeigt sich ein Verlauf der
zunächst abfällt und dann auf einem konstanten Niveau saturiert. Ein Ergebnis das man anschaulich nicht erwarten würde. Diskutiert wurde dies in 4.3.
Im Falle von konstanten Massen hängt der crossover streng monoton vom
Partikel Verhältnis ab.
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