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Abstract
Many real-world and scientific problems encountered in, e.g., graph theory, signal and image
processing, chemical engineering, to name only a few, require the solution of polynomial optimization problems, which have a polynomial objective function and polynomial constraints.
Moreover, numerous problems in design and analysis of control systems can be formulated as
a system of inequalities involving multivariate polynomials. The branch and bound method
is known as one of the most powerful and commonly employed methods for solving global
optimization problems. The methodology of this method is summarized as successively splitting (branching) of the search region into smaller parts and adopting a bounding approach
to decide whether it is worthwhile to explore any or all of the newly created subregions. Indeed, the bounding approach is a means to discard subregions that cannot contain a global
minimizer and to determine the optimal value of the problem under consideration (within a
prescribed tolerance of accuracy). Therefore, the ability to compute tight enclosures for the
range of the objective function and the constraints polynomials over the considered search
region is required. In the case of polynomial global optimization problems, where the search
regions are boxes or simplices, one can make use of the expansion of the objective function
and constraints polynomials into Bernstein polynomials. The coefficients of these expansions,
the so-called tensorial and simplicial Bernstein coefficients, exhibit remarkable properties, in
particular, the capability to provide an enclosure for the range of the underlying polynomial
over the box or simplex. This property makes the Bernstein approach especially suited for the
solution of polynomial global optimization problems and systems of equations and inequalities
compared to the other approaches like the use of interval methods.
In this work, efficient matrix methods for the calculation of the tensorial and simplicial
Bernstein coefficients over the unit box or a general box, and the standard simplex, respectively, are developed. In the tensorial case, the proposed methods are superior to the existing
methods. For the calculation of the Bernstein coefficients over subboxes and subsimplicies
that are generated by subdivision, two new matrix methods are presented and compared with
the de Casteljau algorithm; which algorithm is preferable depends on the number of variables,
the polynomial degree, and over which subbox or subsimplex the Bernstein coefficients are
required to be computed. Matrix methods for the computation of the Bernstein coefficients
of a multivariate polynomial from those of its partial derivatives, and for the product of two
polynomials are given. For the evaluation of a polynomial in the tensorial and simplicial Bernstein representation, matrix methods are presented as well. In the case that the coefficients
of the polynomial are due to uncertainties and can be represented in the form of intervals, it
is shown that the new tensorial methods can be extended to compute the set of the Bernstein
coefficients of all members of the polynomial family.
The minimum and the maximum tensorial and simplicial Bernstein coefficients constitute
the so-called tensorial and simplicial Bernstein forms, respectively. Moreover, for a given
rational function, the tensorial and simplicial Bernstein expansions of the numerator and denominator polynomials are used to build the tensorial and simplicial rational Bernstein forms,
which provide enclosures for the range of the rational function over a box and a simplex. The
convergence behaviour of these enclosures to the range of the given polynomial or rational
function when the degree of the corresponding Bernstein expansion is elevated and when the
underlying box or simplex is subdivided is investigated as well.
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The problems of obtaining an upper bound for the maximum of the modulus and bounding
the range of complex polynomials over a complex interval or a complex box are addressed.
For the first problem, the Bernstein coefficients of the two multivariate real polynomials, one
for the real part and the other for the imaginary part of the given complex polynomial, are
employed. For the latter problem, the convex hull of the Bernstein coefficients of the polynomial over the four line segments and faces bordering the interval and the box forms an
enclosure for the range of the polynomial over the considered interval and box, respectively.
Matrix methods are proposed for computing the Bernstein coefficients thereupon, which are
extended to the case of a rational complex function. In addition, the convergence of the
resulting upper bounds to the maximum modulus of a multivariate complex polynomial over
a complex box as well as the convergence of the convex hull of the Bernstein coefficients to
the range of the polynomial over the box with respect to degree elevation and subdivision
are investigated. Moreover, the inclusion isotonicity property of the Bernstein enclosures of
a multivariate complex polynomial and a rational complex function over a complex box is
stated. A matrix method for the calculation of the Bernstein coefficients of a degree elevated
expansion of a given complex polynomial over a complex box from those of the lower degree
expansion of the real or imaginary part polynomials is also derived.
Tests for speeding up the determination of the simplicial polynomial and rational Bernstein
forms are presented. For the fast computation of the tensorial Bernstein form, existing tests
and one of the proposed matrix methods are combined. If they are also combined with the
implicit Bernstein representation, the resulting procedure leads to a significant reduction of
the number of the required arithmetic operations.
Finally, applications of the Bernstein approach to the solution of polynomial global minimization problems are discussed.
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Zusammenfassung
Viele realitätsnahe und wissenschaftliche Probleme, denen man beispielsweise in der Graphentheorie, der Signal- und Bildverarbeitung und der chemischen Verfahrenstechnik − um hier
nur einige zu benennen − begegnet, erfordern die Lösung von polynomialen Optimierungsproblemen; diese besitzen Polynome als Zielfunktion und Restriktionsfunktionen. Darüber hinaus
können zahlreiche Probleme im Entwurf und der Analyse von Regelungssystemen als ein Ungleichungssystem von Polynomen in mehreren Variablen formuliert werden. Die branch and
bound-Methode ist eine der leistungsstärksten und gebräuchlichsten Verfahren zur Lösung
globaler Optimierungsprobleme. Die Vorgehensweise lässt sich zusammenfassen als fortschreitende Unterteilung des zugrundeliegenden Suchbereichs in kleinere Teile (branching)
und Anwendung von Schranken (bounding), um zu entscheiden, ob diese neu erhaltenen
Teilbereiche weiter zu untersuchen sind. Letztere Vorgehensweise dient als Mittel, um Teilbereiche, die keine globale Optimumstelle enthalten können, auszuschließen und um das Optimum des betrachteten Problems (innerhalb einer vorgegebenen Toleranz) zu bestimmen.
Daher ist es erforderlich, enge Einschließungen für den Wertebereich der Zielfunktion und
der Restriktionsfunktionen über dem jeweils Unterbereich berechnen zu können. Im Falle
polynomialer globaler Optimierungsprobleme, bei denen der zulässige Bereich ein (mehrdimensionaler) Quader oder ein Simplex ist, kann man von der Ent-wicklung der Zielfunktion
und der Restriktionsfunktionen in Bernstein-Polynome Gebrauch machen. Die Koeffizienten
dieser Entwicklung, die sogenannten tensoriellen und simplizialen Bernstein-Koeffizienten,
besitzen bemerkenswerte Eigenschaften, insbesondere diejenige, eine Einschließung für den
Wertebereich des betrachteten Polynoms über einem Quader oder einem Simplex zu liefern.
Diese Eigenschaft macht diese Entwicklung besonders geeignet zur Lösung von polynomialen
globalen Optimierungsproblemen und von Systemen von Gleichungen und Ungleichungen,
verglichen mit anderen Vorgehensweisen wie dem Gebrauch von Intervallmethoden.
In dieser Arbeit werden effiziente Matrix-Methoden hergeleitet, um die Bernstein-Koeffizienten
über dem Einheitsquader, einem beliebigen Quader und dem Standardsimplex zu berechnen. Im tensoriellen Fall sind diese Methoden den bislang bekannt gewordenen Methoden
überlegen. Im Falle der Unterteilung in Teilquader und -simplizes werden zur Berechnung
der Bernstein-Koeffizienten zwei neue Methoden vorgestellt. Deren Berechnungsaufwand
wird verglichen mit dem des de Casteljau-Algorithmus; welcher der Algorithmen vorteilhafter
ist, hängt ab von der Anzahl der Variablen, dem Polynomgrad und dem Teilbereich, über
welchem die Koeffizienten benötigt werden. Ferner werden Matrix-Methoden entwickelt, um
die Bernstein-Koeffizienten eines Polynoms mittels derjenigen seiner partiellen Ableitungen
sowie die Koeffizienten des Produktes von zwei Polynomen zu berechnen. Für die Auswertung eines Polynoms in der tensoriellen und der simplizialen Bernstein-Darstellung werden
Matrix-Methoden bereitgestellt. Schließlich wird der Fall betrachtet, dass die polynomialen Koeffizienten mit Unsicherheiten behaftet sind, aber in Intervalle eingeschlossen werden
können. Die erwähnten neuen tensoriellen Methoden werden auf diesen Fall erweitert, so
dass die Bernstein-Koeffizienten für alle Mitglieder der polynomialen Familie berechnet werden können.
Das Minimum und das Maximum der tensoriellen bzw. simplizialen Bernstein-Koeffizienten
bilden die sogenannte tensorielle bzw. simpliziale Bernstein-Form. Für eine rationale Funktion werden die Bernstein-Entwicklungen des Zähler- und des Nennerpolynoms zur Bildung
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der tensoriellen bzw. simplizialen rationalen Bernstein-Form verwendet. Diese liefert eine Einschließung für den Wertebereich der rationalen Funktion über einem Quader bzw. Simplex.
Mittels Graderhöhung der Bernstein-Entwicklung bzw. Unterteilung des zugrundeliegenden
Quaders bzw. Simplexes erhält man eine Folge von Einschließungen. Das Konvergenzverhalten dieser Folge gegen den Wertebereich des gegebenen Polynoms oder der gegebenen
rationalen Funktion wird untersucht.
Ferner wird das Problem behandelt, eine obere Schranke für den Betrag eines komplexen
Polynoms in mehreren Variablen über einem komplexen Intervall bzw. Quader zu bestimmen. Dazu werden die Bernstein-Koeffizienten von zwei reellen Polynoms − eines für den
Real- und eines für den Imaginärteil des Polynoms − verwendet. Ein weiteres Problem ist
die Einschließung des Wertebereichs eines komplexen Polynoms über dem genannten Bereich. Hierzu wird die konvexe Hülle der Bernstein-Koeffizienten des gegebenen Polynoms über
den Seiten des komplexen Intervalls bzw. Quaders gebildet. Zur Berechnung der hierzu
benötigten Bernstein-Koeffizienten werden Matrix-Methoden bereitgestellt, die auch auf den
Fall von rationalen Funktionen erweitert werden. Für beide Probleme wird das Konvergenzverhalten bei Graderhöhung und Subdivision untersucht. Ferner wird die Inklusionsisotonie
der Bernstein-Einschließung eines komplexen Polynoms oder einer rationalen Funktion über
einem Quader nachgewiesen. Außerdem wird eine Matrix-Methode hergeleitet, mit deren Hilfe
die Bernstein-Koeffizienten einer graderhöhten Entwicklung eines komplexen Polynoms aus
denen der Entwicklung des Real- oder Imaginärteils des Polynoms erhalten werden können.
Tests, mit deren Hilfe die Bestimmung der simplizialen polynomialen und rationalen Bernstein-Form beschleunigt werden kann, werden entwickelt. Zur schnelleren Berechnung der tensoriellen Bernstein-Form werden aus der Literatur bekannte Tests mit einer der vorgestellten
Matrix-Methoden kombiniert. Wird dann außerdem noch die implizite Bernstein-Darstellung
verwendet, so führt dies zu einer erheblichen Verminderung der Anzahl der benötigten arithmetischen Operationen.
Schließlich werden Anwendungen der Bernstein-Entwicklung zur Lösung von polynomialen
globalen Minimierungsproblemen diskutiert.
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1. Introduction
Optimization, as a multidisciplinary research field and a branch of applied mathematics and
numerical analysis, has found remarkable applications in extremely broad fields of sciences,
business, management, economics, technology, biomedical, engineering, control, etc. [HPR02],
[HGT10]. The optimization problems in such fields attempt to formulate a mathematical
model for the process of finding the best set of values of decision variables that optimize
(minimize or maximize) the value of the objective (criterion, cost) function. The goal of such
model might mean to maximize profit or efficiency or to minimize loss or waste in a business
project. It might mean to minimize the fuel consumption of a vehicle. A mathematical
model of an established problem is described in terms of the objective function, which has
to be minimized or maximized by the setting of a set of decision variables. Hence, a general
standard form of an optimization problem is given as
min

f (x)

subject to x ∈ F,

(1.1)

where f is the objective function, x ∈ Rn is the decision variable, and F is the feasible region
of the problem (1.1), which is often specified by a set of constraints (equalities or inequalities
functions) to be met by all the elements of F. The optimization problems can be classified
according to the mathematical characteristics of the objective function, decision variables,
and constraints. This yields that optimization problems encountered which are of form (1.1)
are very extensive. The most wide class includes nonlinear optimization problems. In such
a problem the objective function and/or the constraints functions are nonlinear. In the case
that F is characterized by one or more constraint functions, then (1.1) is called constrained
problem. Otherwise it is called unconstrained. It is called convex optimization problem if the
objective function is convex and F is a convex set. For this class of problems, local optimality
implies global optimality, i.e., every local minimizer of a convex optimization problem is a
global one [Rus06]. Unfortunately, most of real-world problems are nonlinear and nonconvex
in nature and thus may have many local minimizers. The problem of the existence of multiple
local minimizers is treated in a mathematical discipline of its own. Global optimization as a
field of optimization that is aimed to determine the globally best solution among all those
that are obtained from local search.
The existence of multiple local minimizers of a nonlinear optimization problem is a main
difficulty that complicates solving it exactly [PR02]. Global optimization methods are usually
divided into deterministic and stochastic approaches. In general, stochastic methods usually
require sampling the objective function and computing its derivatives at a finite number of
points until a specific criterion is satisfied. There are difficulties in studying the convergence
properties of stochastic methods; the solutions that may be found are only local ones and
they are far from the global ones [SK06], [HGT10]. In contrast, the deterministic methods
are more reliable and easy to handle comparable to the stochastic methods [HT90], [Flo99].
Furthermore, these methods provide a mathematical guarantee that after a finite number of
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steps a global minimizer and the optimal value have been found within a prescribed tolerance
of accuracy.
Commonly employed deterministic methods for solving global optimization problems are
the so-called branch and bound algorithms, whose structure provides a guarantee that the
set of all global minimizers will be determined and the optimal value will be approximated
within a prescribed tolerance [HGT10], i.e., upper and lower bounds for the optimal value of
the objective function of a given problem will be derived and all its global minimizers will be
enclosed within subregions. Indeed, such algorithms alternately process between two main
notions, which are branching and bounding steps. The feasible region of a given problem is
recursively partitioned into subregions and those subregions that are proven not to contain a
global minimizer of the problem are discarded (pruned) from further investigations. Bounding the range of the objective function over generated subregions provides enclosures for the
optimal value. Using such enclosures allows to eliminate the subregions whose enclosures are
with lower bounds exceed the best upper bound for the optimal value computed so far.
Depending on how the two steps are implemented, several branch and bound algorithms
have been proposed for solving global optimization problems. Branch and bound algorithms
based on interval arithmetic, the so-called interval branch and bound algorithms, are powerful
and widely used algorithms in this regard [Han92], [RR88], [MKC09]. These algorithms are
enhanced by the capability of interval arithmetic to compute range enclosures for a considered
function over a given box. The interval arithmetic was originally invented by Moore [Moo62]
as a means for handling rounding errors of the numerical computations that are inherent due
to floating point representation of a real number on a digital computer. That is, making the
use of interval arithmetic yields to improve the reliability of numerical computations. The
main tool in exploiting interval arithmetic for solving optimization problems is the notion of
inclusion functions. General speaking, an inclusion function of a given function considered
over a box is an interval function, which can be evaluated by employing the interval arithmetic
and has the property of enclosing the range of the function over the box. Therefore, once an
interval branch and bound algorithm is executed to solve an optimization problem, the global
minimizers of the problem will be enclosed within subboxes in each step. Moreover, an enclosure for the optimal value of the objective function of the problem will be obtained. In other
words, using interval branch and bound algorithms provides theoretical and computational
guarantees for the convergence to the set of all global minimizers and to the optimal value of
the problem. The computational efficiency of the algorithm may be improved by techniques
like box contraction techniques and various strategies for subdivision, e.g. a choice of subdivision direction or a choice of subdivision point corresponding to a bisection [RR88].
A wide and interesting category of nonlinear global optimization problems comprises the
so-called polynomial optimization problems, where the objective and constraints functions are
given as polynomials. Polynomial optimization problems have applications in control theory,
graph theory, quantum mechanics, signal processing, to name only few, see [LHZ12]. Applications of such problems with boxes as feasible regions appear in robust control, robotics,
chemical engineering, and structural engineering problems with uncertain parameters, see,
e.g., [MKC09]. Numerous problems in control system design and analysis may be recasted
and reduced to systems of inequalities involving multivariate polynomials in real variables
[GG99]. E.g., determining the stability region of a family of polynomials in a given box is an
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example of a problem that can be reformulated as a system of polynomial inequalities. If the
feasible region is a simplex and the objective polynomial is quadratic, then the applications
include portfolio optimization, population dynamics, genetics, finding maximum stable sets in
graphs, and lower bounds for the crossing number of certain classes of graphs, see [dKdHE08].
Unconstrained and constrained polynomial optimization problems are typically nonconvex
and highly nonlinear. In [dKdHE08], complexity results for unconstrained polynomial optimization problems are reviewed; the derivative free algorithms presented therein provide
polynomial-time approximations but are not really practical since they require a number of
function evaluations which become prohibitively large if high accuracy is needed. Perhaps
the most immediate attempt for solving such problems is to simply regard it as a nonlinear
optimization problem and to apply one of the many existing algorithms and software packages
[LHZ12]. However, these algorithms and solvers are not specifically layouted for polynomial
optimization problems, and so their performance may vary greatly from one problem to another.
The major systematic approach for solving general polynomial optimization problems dates
back to Hilberts 17th problem which reads as follows: Given a multivariate polynomial that
takes only nonnegative values over the real numbers, can it be represented as a sum of squares
(abbreviated henceforth by SOS) of rational functions. The so-called SOS method for the solution of general polynomial optimization problems was introduced by Lasserre [Las01] and
Parrilo [Par03], and a large amount of research on this method has been conducted during the
last decade. Based on the fact that the decision whether a given polynomial is an SOS can be
reduced to the feasibility of a semidefinite program (SDP), a sequence of SDP relaxations of
the given polynomial optimization problem is constructed in such a way that the corresponding optimal values are monotone and converge to the solution of the original problem. Thus
by this method in principle any instance of polynomial optimization problem can be solved
to any given accuracy. However, the SDP problems required to be solved by the SOS method
may grow very large and are not practical when the program dimension goes high [LHZ12].
In contrast to the SOS method, a highly effective approach in solving unconstrained and
constrained polynomial optimization problems makes the use of the expansion of the objective
and constraints polynomials (if they are exist) into the so-called Bernstein polynomials. The
Bernstein polynomials were first introduced by S. N. Bernstein when he succeeded to give
the most elegant and short proof of the Weierstrass0 s Approximation Theorem [Ber12]. The
set of the Bernstein polynomials of a certain degree forms a basis of the vector space of all
polynomials of degrees at most equal the degree of the Bernstein polynomials. The expansion
of a given polynomial with respect to this basis over a box and a simplex is called tensorial
and simplicial Bernstein expansion, respectively. The coefficients of these expansions, termed
tensorial and simplicial Bernstein coefficients, have remarkable properties that are investigated and appreciated in literature. In particular, the minimum and the maximum tensorial
and simplicial Bernstein coefficients provide enclosures, which are called the tensorial and
simplicial Bernstein form, for the range of a given polynomial over a box and a simplex. This
property, which is known as the range enclosing property, was first noticed in the univariate tensorial case by Cargo and Shisha [CS66] and was discussed for the multivariate case in
[Gar86]. In the simpicial case, it was first considered in [Gar86] and later in [Ler08]. Bounding
the range of a complex polynomial over the unit interval, rectangles, and discs in the complex
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plane was also tackled in [CS66], [Riv70], [Rok79b], [GR79]. Furthermore, enclosures for the
range of complex polynomials with coefficients which are not exactly known but can be located within intervals or discs were also addressed [Rok77]. If the search region is a simplex,
applications of the range enclosing property of the Bernstein coefficients includes reachability
analysis for differential equations [Dan06] and Lyapunow stability analysis [SW15].
The Bernstein approach is effective in solving problems like locating and isolating the
roots of polynomials [MRR05], solving nonlinear systems of polynomial inequalities, see, e.g.,
[GS01] and [GJS03b], or polynomial optimization problems. Enhanced by the remarkable
properties of the Bernstein coefficients, the key feature of the Bernstein approach in solving
polynomial optimization problems is that enclosures for the optimal value of a given problem
can be found to the prescribed accuracy. Moreover, if there exists multiple global minimizers,
then all are also guaranteed to be obtained. The basic Bernstein algorithm for seeking a solution of unconstrained polynomial optimization problems was first proposed in [MMTG92],
[MMTG97]. Several variants of Bernstein algorithms have been proposed in the literature,
see, e.g., [Gar86], [Gar93], [NK02], [NK04], [NK05]. In addition, the Bernstein approach is utilized to solve constrained polynomial optimization problems, see, e.g., [NA11b]. Besides boxes
also simplices are considered as underlying regions for polynomial global optimization using
the Bernstein approach [Gar86], [Ler12]. Furthermore, the tensorial Bernstein form gives for
sufficiently small boxes the range and for general boxes often provides tighter enclosures than
those obtained when interval arithmetic is employed [Sta95]. The Bernstein polynomials are
also intensively used in computer aided geometric design and computer graphics as they define the so-called Bézier curves that facilitate to design and manipulate curves and surfaces
on computers [Far88], [Far12].

1.1. Contributions
The main contribution of this thesis is to develop efficient methods for the computation of
the tensorial and simplicial Bernstein coefficients of multivariate polynomials and for interval
polynomials defined over a box. The calculation of the Bernstein coefficients over subboxes
and subsimplices generated by subdivision is considered as well. Attention is paid to the Bernstein expansion of rational functions over a box or a simplex. Moreover, complex polynomials
and rational complex functions are studied. All the methods solely use matrix operations such
as multiplication, transposition, inversion, and reshaping; some of them rely also on the bidiagonal factorization of the lower triangular Pascal matrix or the factorization of this matrix
by two diagonal matrices and a Toeplitz matrix. The latter one enables the use of the Fast
Fourier Transform. In addition, the problem of the evaluation of a multivariate polynomial
given in tensorial and simplicial Bernstein representation is also treated. Once the Bernstein
coefficients of multivariate real and complex polynomials over a box, a simplex, or a complex
box are computed, enclosures for the range of such polynomials and rational functions can be
obtained. In this thesis, the convergence behaviour of the computed enclosures to the range
of the considered polynomial or rational function is investigated. In the following, the major
scientific contributions of the present thesis are summarized:
• Two efficient matrix methods for the computation of the tensorial Bernstein coefficients
of multivariate polynomials over the unit and a general box are proposed. Compre-
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hensive numerical studies and a comparison with respect to the number of arithmetic
operations that are required demonstrate the superiority of the proposed methods to
the existing methods known so far. A matrix description of the de Casteljau algorithm,
which is used for the computation of the Bernstein coefficients over subboxes generated
by subdivision of a given box is presented. In addition, two matrix methods for the
calculation of such coefficients are introduced. Test examples have been run, which
show the superiority of the new methods to the de Casteljau algorithm under certain
restrictions on the number of the variables, the degree of the underlying polynomial,
and to which subbox the Bernstein coefficients are required to be computed. In the case
that the coefficients of a polynomial are due to uncertainties and can be represented in
the form of intervals it is shown that the developed methods can be extended to compute the set of the Bernstein coefficients of all members of the polynomial family. For
the evaluation of a multivariate polynomial given in the power representation, a matrix
description for the Horner0 s scheme is introduced. For the evaluation of a polynomial
in the tensorial Bernstein representation a matrix method is presented, which exhibits
the same number of arithmetic operation as the Horner0 s scheme.
• The contributions regarding complex polynomials mainly depend on the ability of writing a multivariate complex polynomial by using two multivariate real polynomials, one
for the real part and the other for the imaginary part. A matrix method for computing
the Bernstein coefficients of a degree elevated expansion of a given complex polynomial
over a complex interval from those of the real or imaginary part polynomial of the lower
degree expansion is proposed. The Bernstein coefficients of the real and imaginary part
polynomials of a given complex polynomial over a complex interval or box are composed as complex numbers to obtain an upper bound for the range of the modulus and
to enclose the range of the given polynomial over a complex interval or a complex box.
Indeed, enhanced by the Maximum Modulus Principle Theorem, an upper bound for
the maximum of the modulus of the polynomial can be computed by considering the
Bernstein coefficients only over the edges and faces bordering the underlying region that
corresponds to the given complex interval and box, respectively. In addition, the convergence behaviour of the obtained upper bound to the maximum of the modulus of a given
complex polynomial is theoretically investigated under degree elevation and subdivision.
Great attention is paid to compute an enclosure for the range of a univariate and a
multivariate complex polynomial over a complex interval and a complex box, respectively. In fact, the convex hull of the Bernstein coefficients of a univariate complex
polynomial over a line segment provides an enclosure for the range of the polynomial
over this line segment. This motivates to address the problem of bounding the range
of complex polynomials over a complex interval and a complex box. In this case, the
computation of the Bernstein coefficients over the four line segments or faces that are
bordering the given complex interval or box is required. For this purpose, methods for
such computations are presented, which basically depend on a proposed matrix method
for computing the Bernstein coefficients over a box. The number of the real arithmetic
operations that are needed to calculate the Bernstein coefficients thereupon by each
method is counted and compared with the other proposed methods and with Rokne0 s
method [Rok79b], which was originally established for the calculation of the Bernstein

5

coefficients of a univariate complex polynomial over a line segment in the complex plane.
Moreover, an extension to rational function is introduced. In the multivariate case, the
convergence of the convex hull of the Bernstein coefficients of a given polynomial over
a complex box to the range of the polynomial over the given box with respect to degree
elevation and subdivision is explored. In addition, the inclusion isotonicity property of
range enclosures of complex polynomials and rational functions is demonstrated.
• Two efficient matrix methods for the computation of the simplicial Bernstein coefficients of multivariate polynomials over the standard simplex are presented, which are
similar to the methods that are given in the tensorial case. Moreover, two methods for
the calculation of the Bernstein coefficients over the two subsimplices generated by a
subdivision of the standard simplex with respect to a point on an edge between two
vertices, are presented. The superiority of the proposed methods as compared to the use
of the de Casteljau algorithm is discussed with respect to the number of the variables,
the total degree of the underlying polynomial, and to which subsimplex the Bernstein
coefficients are required to be computed. A proof of the face values property of the simplicial Bernstein coefficients is outlined. Some basic properties of the simplicial rational
Bernstein form, like monotonicity and sharpness properties are inspected. In addition,
the convergence of the simplicial polynomial and simplicial rational Bernstein forms to
the range of the underlying polynomial or rational function over the standard simplex
with respect to degree elevation and subdivision are explored. Finally, a matrix method
for the evaluation of multivariate polynomials in the simplicial Bernstein representation
is introduced.
• The determination of the tensorial and simplicial Bernstein forms can be speeded up.
Indeed, the monotonicity property of the Bernstein coefficients of multivariate monomials over a single-orthant box and over the standard simplex supports this determination.
In the tensorial case, this property is combined with a proposed matrix method for the
computation of the Bernstein coefficients of a polynomial over a box. This allows a
considerable reduction in the number of the arithmetic operations that are needed as
compared to one of the implicit Bernstein representation given in [Smi09]. The principle of the implicit Bernstein representation and the partition of unity property of the
tensorial Bernstein coefficients are exploited to present a technical algorithm for computing and representing these coefficients. Tests for fast determination of the Bernstein
forms for the range of a multivariate polynomial over a simplex are formulated, which
are extended to rational functions over a box and a simplex as well.
• A branch and bound algorithm using the Bernstein approach for solving unconstrained
polynomial global optimization problems over a box and the standard simplex is presented, which is also applicable, under some modifications, for seeking an upper bound
for the maximum modulus of a multivariate complex polynomial over a complex box and
for solving unconstrained global optimization problems, where the objective function is
a rational function.

1.2. Outline
This thesis consists of seven chapters. In the following, an overview of their organization is
given.
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In Chapter 2, firstly the basic definitions and properties of interval arithmetic are given.
One fundamental tool that interval analysis provides is the notion of an inclusion function
that allows to obtain enclosures for the range of a given function over a box. We furthermore
discuss the convergence speed of the presented inclusion functions to the range of a given
function with respect to the width of a box.
Chapter 3 is devoted to the tensorial Bernstein expansion. Therein, we introduce the
definition of the tensorial Bernstein polynomials and review some of their properties. We
give the Bernstein expansion of a multivariate polynomial over the unit and a general box,
explain conversion between the power and Bernstein bases, and study the basic properties
of the Bernstein coefficients. As an application of the Bernstein polynomials in CAGD, the
Bézier curves are outlined. We present existing methods for the computation of the Bernstein
coefficients over the unit and a general box. New matrix methods for such computation that
offer a major computational superiority to the existing methods are proposed. Moreover, we
formulate matrix methods for the computation of the Bernstein coefficients of a multivariate
polynomial from those of its partial derivatives and for the Bernstein coefficients of a product
of two multivariate polynomials. Improvements of the tensional Bernstein form of a given
polynomial over a box by elevating the degree of its Bernstein expansion and subdividing
the box into subboxes are discussed. In addition, the convergence of the computed Bernstein
form to the range of the polynomial in view of the two improvements is examined. Motivated
by the preference of the tensorial subdivision as compared with the degree elevation, the de
Casteljau algorithm is recalled, its matrical description is derived, and compared with the
two new matrix methods. We extend the Bernstein form for rational functions, and describe
matrix methods for the computation of the Bernstein coefficients of an interval polynomial
over a box. At the end of this chapter, we discuss the optimal stability of polynomial evaluation, with respect to perturbations in its coefficients, when the Bernstein basis is utilized.
Furthermore, the Horner0 s scheme for evaluating a polynomial in the power representation
is recalled and its matrix description is given followed by a matrix method for polynomial
evaluation given in the Bernstein representation.
Chapter 4 is mainly concerned with the problem of bounding the range of complex polynomials over a complex box. This chapter first presents some basic definitions and notions
from complex analysis. This is followed by an introduction of the Bernstein expansion of a
univariate complex polynomial over a line segment in the complex plane, a description of its
Bernstein coefficients, and an expression for a complex polynomial in terms of two bivariate
real polynomials. A matrix method for computing the Bernstein coefficients of a degree elevated expansion from those of the real or imaginary part of the lower degree expansion is
introduced. An upper bound for the maximum of the modulus of univariate complex polynomials over a complex interval, which is generalized for multivariate complex polynomials over
a complex box, is explored. The convergence of the obtained upper bound to the maximum
of the modulus of the polynomial is studied when the degree of its Bernstein expansion is
elevated and when the underlying box is subdivided. After that, a great deal of attention is
paid to compute enclosures for the range of complex polynomials over a complex interval and
a complex box. From Rokne0 s method, which was originally proposed for bounding the range
of a univariate complex polynomial over a line segment in the complex plane, it follows that
such enclosures can be obtained by utilizing the convex hull of the Bernstein coefficients of
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the polynomial over the four line segments and faces that are bordering the given complex
interval (in the univariate case) and the given complex box (in the multivariate case). This
motivates us to develop three matrix methods that serve to calculate the Bernstein coefficients
thereon. We discuss the convergence behaviour of the convex hull of the Bernstein coefficients
of a multivariate complex polynomial when the degree of its Bernstein expansion is elevated.
In the case of subdivision, we also study the convergence of the range enclosures of a given
complex polynomial over a complex box that are obtained from the Bernstein enclosures of
the real and imaginary part polynomials. We demonstrate the inclusion isotonicity property
of the convex hull of the Bernstein coefficients of a complex polynomial over a complex box.
An extension to multivariate complex polynomials and to complex rational functions is given
and the inclusion isotonicity property of their range enclosures is stated.
Chapter 5 deals with the simplicial Bernstein expansion of multivariate polynomials. First,
we introduce the definition of the Bernstein polynomials over a simplex, and discuss some
of their properties. The Bernstein expansion of a multivariate polynomial over the standard
simplex is presented and the major properties of its Bernstein coefficients are described. Two
efficient matrix methods for their computation are proposed. An enclosure of the range of
a multivariate polynomial over a simplex by the so-called simplicial Bernstein form is highlighted. We derive the monotonicity of such form and explore its convergence behaviour to
the range of the underlying polynomial when the degree of the Bernstein expansion is elevated and when the underlying simplex is subdivided. Two sophisticated matrix methods for
the calculation of the Bernstein coefficients over subsimplices generated by subdivision with
respect to a point lying on an edge of the standard simplex are provided. An extension of
the results to rational functions is given, a proof of the monotonicity and sharpness properties of the simplicial rational Bernstein form is outlined, and the convergence of the range
enclosures to the range of a given rational function is studied. At the end, we formulate a
matrix method for the evaluation of multivariate polynomials in the simplicial representation.
Chapter 6 discusses how the tensorial and simplicial Bernstein forms for multivariate
polynomials as well as for rational functions over a box and the standard simplex can be
rapidly determined. We recall briefly the implicit Bernstein representation, as a method for
computing and representing the Bernstein coefficients of a multivariate polynomial over a box
by using the Bernstein coefficients of each univariate monomial of its terms. We state the
monotonicity property of the Bernstein coefficients of a multivariate monomial over a singleorthant box. As a consequence, three tests for determination of the tensional Bernstein form
are described and are combined with a matrix method proposed in Chapter 3 resulting in a
reduction of the number of arithmetic operation that are required for this determination. We
state the monotonicity property of the simplcial Bernstein coefficients and formulate similar
tests that enable us to determine the simplicial polynomial and rational Bernstein forms.
In Chapter 7, the results are applied to the solution of global optimization problems. Some
basic definitions, concepts, and notions from optimization and convex analysis are firstly recalled. We give optimality conditions for unconstrained optimization problems and establish
a new test for the convexity of a given multivariate polynomial over a box. Higher order
convergence Bernstein forms for computing range enclosures for multivariate functions over
a box are defined. In this chapter, we are especially concerned with solving unconstrained
global optimization problems. Thus, we briefly state the first and second order necessary
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and sufficient optimality conditions for such problems and shortly describe the principle of
interval branch and bound algorithms. Some useful properties of the tensorial Bernstein coefficients, like range enclosing, inclusion isotonicity, and sharpness properties, are exploited
and the tensorial subdivision strategy is used to formulate a branch and bound algorithm,
the so-called Bernstein algorithm, for solving unconstrained polynomial optimization problems, where the feasible region is considered as a box. Moreover, we study the convergence
behaviour of the presented algorithm to the set of all global minimizers and to the optimal
value of the problem under investigation. We review some selection strategies for a new
box to be explored by the Bernstein algorithm and summarize rules to determine at which
point the box under consideration is to be subdivided. We present some accelerating tests
using the Bernstein approach to speed up the performance of the algorithm. A short outlook
on constrained polynomial global optimization problems utilizing the Bernstein expansion
of the objective function and constraint polynomials is included. Finally, we mention some
modifications on the presented algorithm that allows us to solve unconstrained optimization
problem over the standard simplex when the objective function is a multivariate polynomial
or a rational function. Moreover, the problem of seeking an upper bound for the modulus of
a complex polynomial over a complex box is discussed.
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2. Interval Analysis
Numerical computations on a computer are usually performed in the framework of the floating point representation of numbers, the so-called machine numbers or floating point numbers.
This means that, in place of real numbers, computers use floating point numbers. The computer arithmetic executed using floating point numbers is called floating point arithmetic,
which is supported by the IEEE 754 standard. The fact that computers can only represent
finite quantities and therefore cannot represent all of the real numbers is a major concern
in numerical analysis. Due to floating point representation, rounding errors may inherent in
each time a floating point operation is performed, since the result may not be representable
in the floating point representation. Moreover, when a mathematical model is considered in
numerical computation, the model parameters, which are real numbers, have to be stored
as floating point numbers. Therefore, we lose accuracy even before starting computations.
By accumulation, these errors can affect the accuracy of a computed result possibly leading
to some or total inaccuracy. There are many real-world examples of disaster results due to
consequences of rounding errors when floating point arithmetic is used. For example, an
American Patriot Missile battery in Dharan, Saudi Arabia, failed to track and intercept an
incoming Iraqi Scud missile. As a result, the Scud struck an American Army barracks, killing
28 soldiers and injuring around 100 other people. More examples are reported by Douglas N.
Arnold at his website http://www.ima.umn.edu/arnold/disasters/.
As a consequence, there is a need to bound the effects of rounding errors in order to produce reliable results. Interval analysis may be used for this task. Interval arithmetic first
appeared in 1924 [Bur24] and then in 1931 [You31]. After that, some computational schemes
were addressed by P. S. Dwyer [Dwy51] and T. Sunaga [Sun58]. In the early of 1960s, interval arithemtic became increasingly widespread with the appearance of Moore0 s dissertation
[Moo62] and then his famous book [Moo66], where the basic rules and some applications of
computation with intervals were introduced. Since then, numerous books have been published on this subject, e.g., [RR84], [RR88], [Neu90], [Han92]. Some early publications have
discussed the complex interval arithmetic, e.g., Alefeld and Herzberger [AH74], Gargantini
and Henrici [GH71]. For more in-depth discussion of topics related to interval analysis, we
refer the reader to [Moo79], [AH83], [RR88], [Neu90], [MKC09].
Over many years, the capability of interval analysis to produce guaranteed solutions in the
presence of rounding errors and data uncertainties has broaden the range of its application,
e.g., in numerical analysis, optimization, economics, control theory, computer aided geometric
design, to name only a few.
The organization of this chapter is as follows. In Section 2.1, basic definitions, concepts, and
the arithmetic of interval analysis are introduced and some functions defined on and relations
between intervals are presented. Motivated by the importance of bounding the range of
multivariate functions over a box, we show in Section 2.2 how interval analysis can be used
as a tool for obtaining enclosures for the range of multivariate functions over a box. In this
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regard, we introduce the so-called inclusion functions and describe some of their mathematical
properties. From the construction of a specific inclusion function for a given arithmetic
expression of a function, which is known as the natural interval extension function, we notice
that different enclosures can be obtained that rely on the chosen expression. Furthermore,
we explain that such enclosures in general overestimate the range of the function over a box
due to the dependence problem between the variables of the used expression. This lead us
to present a measure for the quality of an inclusion function, viz. the convergence order to
the range with respect to the width of the box. In Section 2.3, a general formula of higher
order inclusion functions, the so-called centered forms is provided. These forms include the
mean value form and Taylor form, which are briefly presented together with their convergence
properties.

2.1. Basics Definitions and Interval Arithmetic
In this section, we start with an introduction of some basic definitions, notions, and concepts
of interval analysis that will be used throughout this thesis.
Definition 2.1 (Interval). An interval [x] = [x, x], where x, x ∈ R and x ≤ x, denotes the
set of real numbers given by {x ∈ R | x ≤ x ≤ x}. The set of all nonempty compact real
intervals is denoted by IR.
Definition 2.2 (Degenerate Interval). An interval [x] is called degenerate (point interval) if
x = x, i.e., [x, x] consists of a single real number. By convention, it is considered identical
with the real number x = x = x. Therefore, the set R is embedded into IR.
Definition 2.3 (Distance). Let [x], [y] ∈ IR. The distance between [x] and [y] is defined as
n

o

dist([x], [y]) = max |x − y|, |x − y| .

(2.1)

Let ⊗ be a real arithmetic operation, i.e., ⊗ ∈ {+, −, ∗, ÷}, and let [x], [y] ∈ IR. The
corresponding arithmetic operation between [x] and [y] is defined by
[x] ⊗ [y] := {x ⊗ y | x ∈ [x], y ∈ [y]},

(2.2)

where 0 ∈
/ [y] if ⊗ = ÷.
The set given in (2.2) contains all real numbers that can be formed by the corresponding
real arithmetic operation between any two real numbers x ∈ [x] and y ∈ [y]. Formula (2.2)
is not very convenient in practical computation. Moore [Moo62] proved that the set (2.2)
is identical to the smallest interval that contains all possibilities of x ⊗ y, for all x ∈ [x]
and y ∈ [y]. By the monotonicity of the real arithmetic operations, the interval arithmetic
operation ⊗ can be represented by the corresponding real arithmetic operation between the
endpoints of their operands [x] and [y], which is detailed in the following. Let [x] = [x, x] and
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[y] = [y, y] ∈ IR. Then we have
[x] + [y] = [x + y, x + y],

(2.3a)

[x] − [y] = [x − y, x − y],

(2.3b)

[x] ∗ [y] = [min{x ∗ y, x ∗ y, x ∗ y, x ∗ y}, max{x ∗ y, x ∗ y, x ∗ y, x ∗ y}],

(2.3c)

1 / [y] = [1 / y, 1 / y], if 0 ∈
/ [y] (otherwise undefined),
[x] / [y] = [x] ∗ (1 / [y]).

(2.3d)
(2.3e)

Observe that (2.3d) restricts the division to intervals [y] that do not contain zero. The
so-called extended interval arithmetic has been proposed to remove this restriction. This
arithmetic was first discussed in [Kah68] and after that different definitions of the extended
interval arithmetic were introduced, e.g., [Han80], [RR88], [Rat92]. One advantage of this
arithmetic appears when the interval Newton method is employed in interval branch and
bound algorithms, which aim at isolating and obtaining solutions (roots) of a nonlinear system of equations, see, e.g., [Neu90], or solving global optimization problems, see, e.g., [Han80],
[Ale68], within a specified region by discarding all subregions of the search region that do not
contain a solution or a root.
One of the most important basic properties of the interval arithmetic operations is that,
for given intervals [x1 ], [x2 ], [y1 ], and [y2 ], it holds that
if [x1 ] ⊆ [y1 ] and [x2 ] ⊆ [y2 ], then [x1 ] ⊗ [x2 ] ⊆ [y1 ] ⊗ [y2 ],

(2.4)

where ⊗ ∈ {+, −, ∗, ÷}, provided that 0 ∈
/ [y2 ] if ⊗ = ÷. Property (2.4) is called the
inclusion isotonicity or inclusion monotonicity property of the interval arithmetic operations,
see [Moo62].

2.1.1. Functions, Relations, and Extension of IR
Many useful real-valued and interval-valued standard functions can be defined over IR, which
are expressed in terms of the endpoints of their arguments. For more formulae the reader is
referred to [Neu90]. In the following, some of these functions are summarized.
Definition 2.4 (Exponentiation).
(

[x] =
r

[min{xr , xr }, max{xr , xr }],
[min{xr , xr , 0}, max{xr , xr }],

Definition 2.5 (Width, Midpoint, Radius).
Width:

wid([x]) = x − x,

Midpoint:

mid([x]) = 12 (x + x),

Radius:

rad([x]) = 21 (x − x).
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if x ≤ 0 or x ≥ 0,
if x < 0 < x.

Definition 2.6 (Magnitude, Mignitude, Absolute Value).
Magnitude:

mag([x]) = max |x|
x∈[x]

=max{|x|, |x|}.
Mignitude:

mig([x]) = min |x|
x∈[x]

(

=
Absolute value:

0,
if 0 ∈ [x],
min{|x|, |x|}, otherwise.

|[x]| = [mig([x]), mag([x])].

In the following definition, two set-theoretic operations over IR are introduced.
Definition 2.7 (Intersection, Union).
[x] ∩ [y] =

o

n

(

n

[max x, y , min {x, y}],
φ,
n

o

if max x, y ≤ min {x, y} ,
otherwise,

o

[x] ∪ [y] = [min x, y , max {x, y}].
In general, the union of two intervals is not an interval. It can be a disconnected set (two
disjoint intervals) which cannot be expressed as an interval.
For two given intervals [x] and [y] specification of the set-theoretic relations equality and
inclusion gives
[x] = [y] ⇐⇒ x = y and x = y,

(2.5a)

[x] ⊆ [y] ⇐⇒ x ≥ y and x ≤ y.

(2.5b)

Furthermore, we introduce the relations ≤ and < by
[x] ≤ [y] ⇐⇒ x ≤ y,

(2.6a)

[x] < [y] ⇐⇒ x < y and x < y.

(2.6b)

Composing the interval arithmetic operations, given in (2.3), shows that the interval arithmetic operations still preserve some of the familiar algebraic laws for real numbers as illustrated in the following two theorems.
Theorem 2.8 (Commutativity and Associativity). The interval addition and multiplication,
given in (2.3a) and (2.3c), respectively, satisfy the properties of associativity and commutativity, i.e., for all [x], [y], and [z] ∈ IR
([x] + [y]) + [z] = [x] + ([y] + [z]),

[x] + [y] = [y] + [x],

([x] ∗ [y]) ∗ [z] = [x] ∗ ([y] ∗ [z]),

[x] ∗ [y] = [y] ∗ [x].
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Theorem 2.9 (Additive and Multiplicative Identity Elements). The degenerate intervals
0 and 1 are the additive and multiplicative identity elements for the interval addition and
multiplication, respectively, i.e.,
0 + [x] = [x],

1 ∗ [x] = [x] for all [x] ∈ IR.

It is clear that −[x] and 1/[x], provided that 0 ∈
/ [x], are not additive and multiplicative
inverses, respectively. This only holds for degenerate intervals. However, we have 0 ∈ [x] − [x]
and 1 ∈ [x]/[x]. This property is the main difference between the interval and the real
arithmetic. Another difference is that the distributive law does in general not carry over to
interval arithmetic, e.g.,
[1, 2] ∗ ([1, 2] − [1, 2]) = [1, 2] ∗ ([−1, 1]) = [−2, 2],
[1, 2] ∗ [1, 2] − [1, 2] ∗ [1, 2] = [1, 4] − [1, 4] = [−3, 3].
It is notable that the two expressions yield totally different intervals. However, a weaker form
of the distrubtive law, the so-called subdistributive law, is valid, which is introduced in the
following theorem.
Theorem 2.10 (Subdistributivity). For all [x], [y], and [z] ∈ IR we have
[x] ∗ ([y] + [z]) ⊆ [x] ∗ [y] + [x] ∗ [z].

(2.7)

There are special cases in which the distributive law holds. In particular, if [x] is a degenerate interval, or if y, z ≥ 0, or y, z ≤ 0. Later case means that the elements of [y] and [z]
have the same sign. The following theorem states that the cancellation law holds for interval
addition.
Theorem 2.11 (Cancellation Law for Addition). Let [x], [y], and [z] ∈ IR. Then
if [x] + [y] = [z] + [y], then [x] = [z].
For given intervals [x], [y], and [z], we have
[x] − [z] ⊆ [x] + [y] − ([y] + [z]),
[x]
[x] ∗ [z]
⊆
.
[y]
[y] ∗ [z]

(2.8a)
(2.8b)

Moreover, if [x] ∗ [y] = [x] ∗ [z], then we cannot conclude that [y] = [z]. From Theorems
2.10 and 2.11 and (2.8), we notice that the rearrangement of an interval expression into an
algebraic equivalent expression may give a tighter interval. This fact will be tackled in details
in Subsection 2.2.1 and Section 2.3.

2.1.2. Interval Vectors and Interval Matrices
The interval arithmetic, which is given in (2.3), and the functions that are introduced above
can be extended in natural manner to the spaces of all n-dimensional vectors of intervals and
all r × t matrices with interval entries as it is illustrated in the following.
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Definition 2.12 (Box). Let x := ([xs , xs ])ns=1 be an n-dimensional interval column vector.
Then, x is termed a box.
A box x may be considered as a parallelepiped or hyper-rectangle with sides parallel to the
coordinate axes in Rn . The set of all n-dimensional interval column vectors is denoted by
IRn .
Definition 2.13 (Interval Matrix). Let As1 ,s2 and As1 ,s2 ∈ R be such that As1 ,s2 ≤ As1 ,s2 ,
s1 = 0, . . . , r − 1, s2 = 0, . . . , t − 1, and let As1 ,s2 := [As1 ,s2 , As1 ,s2 ]. Then A := (As1 ,s2 ) is
called an r × t interval matrix. The set of all r × t interval matrices is denoted by IRr,t .
The absolute value, the width, and the midpoint of a given box x are defined by
|x| := (|[xs ]|)ns=1 ,

(2.9a)

wid(x) := max wid([xs ]),

(2.9b)

mid(x) := (mid([xs ]))ns=1 .

(2.9c)

1≤s≤n

For a given interval matrix A, its width, midpoint, and radius are defined as
wid(A) :=

mid(A)
A
A
rad(A)

max

0≤s1 ≤r−1
0≤s2 ≤t−1

wid(As1 ,s2 ),

:=
(mid(As1 ,s2 )) , 


:= inf(A) := (As1 ,s2 ), 
0 ≤ s1 ≤ r − 1, 0 ≤ s2 ≤ t − 1. (2.10)
:= sup(A) := (As1 ,s2 ),


:=
(rad(As1 ,s2 )) , 


As a consequence, an interval matrix A can be also written as A := [A, A], where the underlying partial ordering is the usual componentwise defined order. It is clear that |x|, mid(x) ∈ Rn
and mid(A), rad(A) ∈ Rr,t , whereas wid(x) and wid(A) ∈ R.
The interval arithmetic operations, given in (2.3), are extended to interval vectors and
matrices, see [AH83], [Neu90]. Moreover, for given x and y ∈ IRn , and A and B ∈ IRr,t ,
the intersection, union, and inclusion relation between x and y, A and B are defined componentwise. An interval matrix A = (As1 ,s2 ) ∈ IRr,r is called symmetric if As1 ,s2 = As2 ,s1 ,
s1 , s2 = 0, . . . , r − 1.

2.2. Interval Functions
Bounding the range of multivariate functions over a box as tightly as possible is a task to
which many problems in mathematics and its applications can be reduced, e.g., it appears
when mathematical rigorous results for solving global optimization problems [RR88] as well
as for finding all the roots of a nonlinear system of equations [Neu90] within a box by using
branch and bound algorithms are required. Tight enclosures allow to get rid of regions
(subboxes) that do not contain a solution or a root for such problems, i.e., to verify that
a certain box cannot contain a solution or a root. This may be helpful in saving further
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computations in subdividing these region. In this section, we discuss how an enclosure for
the range of f over a box x can be obtained by using interval arithmetic.
Let f be a multivariate real-valued function over a box
x := [x1 , x1 ] × · · · × [xn , xn ].

(2.11)

The range of f over x is defined by
f (x) = {f (x) | x ∈ x} .

(2.12)

Definition 2.14 (Interval Extension). Let f be a multivariate real-valued function over x
that is given in (2.11). Then, an interval-valued function f is an interval extension of f over
x if for every x ∈ x it holds
f (x) = f(x).

(2.13)

Moreover, f is called inclusion function for f over x if
f (x) ⊆ f(x).

(2.14)

Inclusion functions for vector-valued or matrix-valued functions are defined in the same
manner. In this case, condition (2.14) is satisfied component-wisely. Furthermore, let g be an
elementary function, such as sin, cos, arcsin, arccos, exp, ln, log, and so forth. Assume that for
a compact subinterval [x] of the domain of g, the monotonicity of g holds. Then, an inclusion
function g for g over [x] can be easily constructed by the values of g at the endpoints of [x].
Indeed, g([x]) equals [g(x), g(x)] or [g(x), g(x)], if g is monotonically increasing or decreasing
over [x], respectively, which yields that
g([x]) = g([x]),

(2.15)

and thus (2.14) is trivially satisfied. Even though the monotonicity of g over its domain does
not hold, a tight enclosure for its range can obtained by using Taylor series [Kea96].
Now, we are in the position to define the inclusion isotonicity property of an interval valued
function.
Definition 2.15 (Inclusion Isotonicity). Let f be an interval-valued function. Then f is called
inclusion isotonic if for every two boxes x1 and x2 , it holds that
if x1 ⊆ x2 , then f(x1 ) ⊆ f(x2 ).

(2.16)

Assume that f is an inclusion isotonic interval extension of f over x. As a consequence of
Definition 2.15, it is satisfied that
if x ∈ x, then f (x) ∈ f(x).
The following theorem is the core stone of interval analysis on which the most applications
of interval arithmetic are based; it demonstrates the advantage of using an inclusion isotonic
function of the underlying function over a given box in bounding the range of the function
over that box.
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Theorem 2.16. [Moo79, Theorem 3.1][Fundamental Theorem of Interval Analysis] If f is
an inclusion isotonic function for f over x, then
f (x) ⊆ f(x),

(2.17)

i.e., f(x) is an enclosure for the range of f over x.
It is obvious that for the elementary functions that have been mentioned earlier, Definition
2.15 and thus Theorem 2.16 are satisfied.
Definition 2.17 (Rational Interval Function). A rational interval function is an intervalvalued function whose values are evaluated by a finite sequence of interval arithmetic operations.
Example 2.18. Let f(x) = c1 x1 + c2 x2 + x1 x2 . Then f is a rational interval function, since it
can be computed by breaking its operations down into a finite sequence of interval arithmetic
operations defined as follows:
F1 := c1 x1 , one interval multiplication,
F2 := c2 x2 , one interval multiplication,
F3 := F1 + F2 , one interval addition,
F4 := x1 x2 , one interval multiplication,
F5 := F3 + F4 , one interval addition.
Motivated by the inclusion isotonicity property of the interval arithmetic operations (2.4)
and Definition 2.17, we have the following Corollary.
Corollary 2.19. [Han92, Theorem 3.2.1][MKC09, Lemma 5.1] Let f be a rational interval
function. Then f is inclusion isotonic.
Inclusion functions for a wide class of real-valued functions can be easily obtained. For a
particular symbolic expression of a given function f over a box x, such that the expression is
a composition of real arithmetic operations between real variables and elementary functions
that satisfy (2.15), the interval extension function which is constructed by replacing each
real variable by the corresponding interval variable, each real arithmetic operation by the
respective interval operation, and each elementary function by a corresponding inclusion
function is called the natural interval extension of f over x. As an immediate consequence
of Theorem 2.16 and Corollary 2.19, the natural interval extension is inclusion function, see
[Moo79].

2.2.1. Dependence Problem
The natural interval extension of a fixed expression of a given function may exhibit a gross
overestimation of the range of the function except in the case that each variable occurs at
most once providing that there no division by an interval containing zero occurs, see [Ske74],
[Moo76]. In other words, the computed enclosure (interval) is strongly dependent on the arithmetic expression that is used for obtaining such enclosure as the following examples illustrate.

17

1. If we subtract the interval [x] from itself by using (2.3b), then we get [x − x, x − x]
instead of [0, 0], unless [x] is a degenerate interval.
2. For the repeated multiplication of [x] with 0 ∈ [x] by itself, suppose that (2.3c) is used
instead of Definition 2.4. For example, if we take r = 2 and [x] = [−a, a] where a > 0,
then we have [−a2 , a2 ] instead of [0, a2 ]. Note that [0, a2 ] ⊆ [−a2 , a2 ].
x
1 1
3. Consider f (x) = x+x
2 over x = [1, 2]. Then, it is easy to verify that f (x) equals [ 3 , 2 ].
1
By using the natural interval extension of f over x, we get [ 6 , 1], whereas the natural
1
interval extension of f (x) = 1+x
yields f (x).

From these examples, we draw the following observations. In Example 3, when f is rewritten
in an equivalent algebraic expression, in which x occurs once, the computed enclosure is
exactly the range of f over x = [1, 2]. In contrast, using its initial expression gives an interval
that overestimates its range. This is also the case in Examples 1 and 2. This effect is called
dependence problem. In the point of view of interval arithmetic, each occurrence of a variable
in the given expression of a function is independently treated, i.e., there is no correlation
between those occurrences. Therefore, it is at the beginning of interval computations desired
to simplify and to reformulate the given expression of the underlying function as much as
possible such that the number of occurrences of each variable is minimized.

2.2.2. Convergence of Interval Functions
We have seen that different expressions of a given function provide us with possibly different
enclosures for its range. They may be in general not so tight as desired because of the
dependence problem between variables. Therefore, the smaller the overestimation, the better
the inclusion function is. Considerable effort has been devoted to determine which expression
of the function under consideration can be used such that the corresponding inclusion function
bounds its range over a given box as tight as possible. Assume that f is an inclusion function
of f over x. Then, the quality of f when bounding f (x) is measured by the so-called excess
width, which is denoted by wid(E(x)) [Moo66] and is expressed as
wid(E(x)) = wid(f(x)) − wid(f (x)).

(2.18)

Therefore, by wid(E(x)) one can show how large the overestimation between f(x) and f (x)
will be. This lead us to the notion of the order of the convergence of f(x) to f (x) that is
introduced in the next definition.
Definition 2.20 (Convergence Order). [Kea96, Definition 1.4] Let f be an interval extension
of f evaluated over a box x. If there exists a constant γ > 0, independent of the box x, such
that
wid(E(y)) ≤ γ wid(y)α ,

(2.19)

for all boxes y with y ⊆ x with wid(y) sufficiently small and fixed α > 0, then it is said that
f is an inclusion function of f of order α.
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The inequality (2.19) means that as x becomes sufficiently small, the excess width goes
to zero with order α, i.e., the obtained enclosure f(x) tightly encloses f (x). Therefore, if
one chooses f with high convergence order, then a better enclosure for the range of f can be
expected. Moore [Moo62] proved that the natural interval extension is linearly convergent,
i.e., the convergence order is 1. The natural interval extension is not always recommended, in
the sense that its efficiency depends on the number of occurrences of each variable, which in
general can not be easily reduced. Therefore, other types of higher convergence order inclusion
functions are proposed, which will be presented in the next section. Furthermore, in Chapter
7, we will show the role of these functions in improving the performance of branch and bound
algorithms when solving global optimization problems, see [RR84], [RR88], [MR88].
By subdividing x into subboxes and taking the union of the computed enclosures for the
range of the function over the generated subboxes, one obtains an enclosure for the range
of the function which is not wider and often tighter than the original enclosure over x, see
[Moo66] and [Ske74]. Indeed, assume that x is subdivided into m parts xt , t = 1, . . . , m, such
that
x = ∪m
t=1 xt ,
m
then f (x) = ∪m
t=1 f (xt ) ⊆ ∪t=1 f(xt ) ⊆ f(x), see, e.g., [Moo62, pp.25-36], [HW03, p.21].

2.3. Centered Forms
The computation of the range of a function over a box, or finding an enclosure for it, is a
well suited task to be solved by interval analysis. As it was explained in the previous section
this can be accomplished by using inclusion functions. The most-studied inclusion functions
are the centered forms, which were originally introduced by Moore in [Moo66]. Moore0 s idea
formed a basis for further improvements that have been proposed, e.g., centered forms for
polynomials given by Hansen in [Han69b], and by Ratschek [Rat80] for rational functions.
Forms for multivariate polynomials and rational functions were first described in [RS81]. In
this section, we introduce some centered forms together with their basic convergence properties. For more details the reader is referred to [KN82], [RR84].
The centered forms were discussed in [Rat80], are introduced as follows. Let f be a realvalued function over x and define c := mid (x). Then, a possible centered form for f can be
obtained by rewritting f as
f (x) = f (c) + gc (x),

(2.20)

where x ∈ x and gc : Rn → R. It is desired that the expression of g is as simple as possible.
Let gc be the natural interval extension of gc over x. Then from (2.20) we have for all x ∈ x
f (x) ∈ f (c) + gc (x),
and therefore,
f (x) ⊆ f (c) + gc (x).
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(2.21)

The interval-valued function on the right-hand side of (2.21) is denoted by fc ,
fc (x) = f (c) + gc (x),

(2.22)

and is called centered form of f over x. It is clear from (2.21) that fc is an inclusion function
of f over x. Moreover, we note that for a given function f and c, different centered forms
may be obtained, i.e., different enclosures may result. For example, let f (x) = x21 x22 . Then
two possible centered forms for f at c are
f (x) = f (c) + gc(1) (x),

(2.23)

f (x) = f (c) + gc(2) (x),

(2.24)

where
gc(1) (x) = (c2 x1 x2 + c1 c22 )(x1 − c1 ) + (x21 x2 + c1 c2 x1 )(x2 − c2 ),
gc(2) (x)

=

(x21 x22

− c2 x1 x2 +

c22 x1

+

c22 c1 )(x1

− c1 ) + (c1 x1 x2 +

c2 x21 )(x2

(2.25)
− c2 ).

(2.26)

These forms are called ’centered’ since they consider a deviation of f from a fixed center
c ∈ x [Neu90], which is commonly taken as the midpoint of x. The quadratic convergence
of fc (x) with respect to the width of a box was conjectured by Moore [Moo66, p.45], and it
was settled by Hansen for multivariate rational functions [Han69a]. The usage of Taylor expansion suggests to establish related centered forms of second and higher order convergence.
In the following, we briefly present two second order centered forms, namely, the mean value
and Taylor forms. For higher order forms the reader is referred to [RR84], [RR88] and the
references therein.
The mean value form in the univariate case is derived from the classical mean value formula
of f over x = [x, x] given for x ∈ x by
f (x) = f (c) + f 0 (ξ)(x − c),

(2.27)

where c is commonly chosen as mid(x). Since ξ ∈ x we conclude that
f (x) ∈ f (c) + f 0 (x)(x − c).

(2.28)

Let f 0 be an inclusion function of f 0 over x. Since (2.28) can be applied for all x ∈ x we
obtain
f (x) ⊆ f (c) + f 0 (x)(x − c),

(2.29)

The interval-valued function on the right-hand side of (2.29) is called the mean value form
of f over x and is denoted by fM . For the multivariate case, let ∇f denote the gradient
, for all x ∈ x and
of f , which is evaluated over x component-wisely, i.e., (∇f )s (x) := ∂f∂x(x)
s
s = 1, . . . , n. Then, fM is given by
fM (x) = f (c) + (x − c)T ∇f(x),

(2.30)

where ∇f(x) is a component-wisely defined inclusion function for ∇f over x. It is clear from
(2.29) that fM is an inclusion function of f over x, which exhibits quadratic convergence to
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f (x), see [RR84, Theorem 3.2], [KN82]. The inclusion isotonicity of the mean value form,
which does not hold in general for centered forms, was demonstrated in [CM80].
[2]

The so-called second order Taylor form of f over x = [x, x], which is denoted by fT , is
defined as
1
[2]
fT (x) = f (c) + (x − c)f 0 (c) + (x − c)2 f 00 (x),
2

(2.31)

where f 00 is an inclusion function of f 00 over x. In the multivariate case, let Hf denote the
Hessian matrix of f , which is component-wisely evaluated over x , i.e., for s1 , s2 = 0, . . . , n − 1
2 (x)
[2]
and x ∈ x, (H)s1 ,s2 (x) := ∂xs ∂+1f∂x
. Then, fT is defined as follows
s +1
1

2

1
[2]
fT (x) = f (c) + (x − c)T ∇f (c) + (x − c)T Hf (x)(x − c),
2

(2.32)

where Hf (x) is a component-wisely defined inclusion function for Hf over x. One can show
[2]
[2]
that fT is an inclusion function of f over x. It was reported in [RR88, Theorem 2] that fT
converges to f (x) quadratically with respect to the width of the box x. More centered forms
and a thorough discussion on their theory can be found in [RR84], [KN82]. Moreover, some
centered forms have been particularly proposed for polynomials in [Sta95].
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3. Tensorial Bernstein Expansion
Polynomials are rich mathematical tools in computational models in different scientific fields,
e.g., physics, computer science, dynamical systems, robotics, engineering, computer aided geometric design, etc. They have attractable properties, indeed, they are closed under addition,
multiplication, differentiation, integration, and composition, and it is easy to handle them in
comparison to other classes of functions. The Weierstrass Approximation Theorem [Wei85]
is a famous theorem in mathematical analysis. It asserts that every continuous real-valued
function defined on a compact real interval can be uniformly approximated as closely as desired by a polynomial.
Theorem 3.1 (Weierstrass0 s Approximation Theorem). Let f be a continuous real-valued
function defined over an interval [x, x]. Then for any ε > 0, there exists a polynomial p such
that
|f (x) − p(x)| < ε, for all x ∈ [x, x].

(3.1)

Many mathematicians have found various proofs of this theorem by using different techniques. Via the so-called Bernstein polynomials, S. N. Bernstein succeeded to give the most
elegant and short proof of the Weierstrass0 s Approximation Theorem [Ber12]. By an affine
transformation, the non-degenerate interval [x, x] can be mapped onto the unit interval [0, 1].
Therefore, we may consider without loss of generality the unit interval [0, 1]. Assume f is a
continuous function over [0, 1] and let d ∈ N, then
!

(d)
Bi (x)

:=

d i
x (1 − x)d−i ,
i

i = 0, . . . , d,

(3.2)

is called the i-th Bernstein basis polynomial of degree d over [0, 1]. Then, the Bernstein
approximation for f of degree d over [0, 1] is the polynomial B (d) (f ; x) given by
B (d) (f ; x) :=

d
X

i (d)
f ( )Bi (x), for all x ∈ [0, 1].
d
i=0

(3.3)

The basic idea of the Bernstein0 s proof is to construct a sequence of Bernstein polynomials of
a specific degree over [0, 1] that converges uniformly to f as their degrees increase.
Theorem 3.2 (Bernstein Approximation Theorem). [Ber12] Let f be a continuous realvalued function defined on [0, 1]. Then for any ε > 0, there exists a positive integer d such
that for all x ∈ [0, 1] and m ≥ d, we have
|f (x) − B (m) (f ; x)| < ε.

(3.4)

From (3.4), we conclude that as m → ∞, B (m) (f ; x) converges uniformly to f (x) on [0, 1].
(m)
This result relies on essential properties of the polynomials Bi , i = 0, . . . , m, viz. they are
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nonnegative over [0, 1] and they form a partition of unity, see Section 3.1. Hence, B (m) (f ; x)
(m)
is a weighted sum of Bi (x), i = 0, . . . , m, where the weights are the values f (i/m), see (3.3).
The proof was also constructed by using some elementary probability theory, see [Lor86].
The Bernstein polynomials possess many remarkable properties and have various applications in many areas such as approximation theory, numerical analysis, computer aided
geometric design (CAGD), finite element analysis, robust control of dynamic systems, and
statistics, to name only a few, see, e.g., [MMTG92], [Gar93], [ZG98], [Gar00], [Far12]. After
Bernstein0 s paper [Ber12], several monographs and papers have been published in this regard.
Lorentz0 s book [Lor86] is a classical treatise in this field. Thereafter, the Bernstein expansion
was first applied to enclose the range of univariate polynomials in [CS66], [Riv70], [Rok77],
[Rok79a], [LR81], [Rok82], [Fis90]; in [CS66], [Riv70] also the case of complex valued polynomials was considered. An extension to the multivariate case was addressed in [LR80], [Gar86],
[MMTG92], [Gar93]. Many results were extended to real and complex interval polynomials,
see, e.g., [Rok77], [Rok79b], [GR79], [Rok82]. Recently much attention has been paid in the
literature to employ the Bernstein polynomials in solving global optimization problems and
nonlinear systems of equations in, e.g., [Smi12], [NA07], [Ler08], [NA11b].
This chapter is organized as follows: In Section 3.1, the definition of the Bernstein polynomials over an interval and some of their properties are presented. We introduce in Section
3.2 the tensorial Bernstein expansion of a multivariate polynomial into Bernstein polynomials over the unit box, the conversion between the power and the Bernstein basis, and as a
generalization the expansion over a general box. Section 3.3 consists of some fundamental
properties of the coefficients of this expansion, the so-called the Bernstein coefficients; the
most important property is the range enclosing property, by which an enclosure of the range
of a given polynomial over a box, the so-called the Bernstein form, is obtained. In Section
3.4, the Bézier curves as an application of the Bernstein polynomials in CAGD are briefly
introduced. In Section 3.5, we give firstly some existing methods for the computation of the
Bernstein coefficients over the unit and a general box, which are followed by two efficient
matrix methods for these computations and comparisons with the existing methods. Sections
3.6 and 3.7 are devoted to present matrix methods for the computation of the Bernstein coefficients of a multivariate polynomial from those of its partial derivatives, and matrix methods
for the computation of the Bernstein coefficients of a product of two polynomials, respectively. In Section 3.8, we present two approaches for improving the Bernstein form of a given
polynomial over a box, namely, degree elevation of the Bernstein expansion and subdivision
of the box into two or more subboxes. The convergence of the tensorial Bernstein form to the
range of the polynomial over the box under consideration with respect to degree elevation,
the width of the box, and subdivision are presented. It turns out that degree elevation is
linearly convergent in contrast to subdivision which has quadratic convergence. As a consequence, subdivision is more efficient than degree elevation. The so-called the de Casteljau
algorithm is also recalled, which enables us to compute the Bernstein coefficients over the
subboxes generated by subdivision. In Section 3.9, a matrical description of the de Casteljau
algorithm is formulated and matrix methods for the computation of the Bernstein coefficients
over the subboxes generated by subdivision are proposed. An extension of the Bernstein form
for rational functions is given in Section 3.10, and in Section 3.11 matrix methods for the
computation of the Bernstein coefficients of an interval polynomial are derived. At the end

23

of this chapter, we introduce in Section 3.12 the following topics. Given the representation
in a certain basis, we discuss the sensitivity of the evaluation of a polynomial with respect to
perturbations in its coefficients. In this regard, the Bernstein basis is more stable than the
power basis. Horner0 s scheme as a method for evaluating a polynomial in the power representation is recalled and its matrix description is also presented. We introduce matrix method
for evaluating a polynomial in the tensorial Bernstein representation.

3.1. Bernstein Basis Polynomials
In this section, we consider the Bernstein basis polynomials over the unit interval [0, 1]. In
the sequel, we assume that i, d ∈ N. The multivariate case will be discussed in Section 3.2.
Definition 3.3. The i-th Bernstein basis polynomial of degree d over [0, 1] is defined as
!

(d)
Bi (x)

:=

d i
x (1 − x)d−i ,
i

i = 0, . . . , d,

(3.5)

(d)

with the convention that Bi (x) = 0 for all x if i < 0 or i > d.
In the sequel, the term "Bernstein polynomial" will be used instead of "Bernstein basis
polynomial". Some authors use the former one for a polynomial which is presented in Bernstein
representation, see (3.14). In the following, we briefly present the main properties of the
Bernstein basis polynomials (3.5). These properties can be easily proved by using (3.5) and
basic algebra, for more details see [FR87], [Far12, pp. 389-393].

Basic Properties
(d)

i. Nonnegativity: Bi (x) ≥ 0, for all x ∈ [0, 1], i = 0, . . . , d,
(d)
Bi (0)

(

1,
0,

i = 0,
otherwise,

(

1,
0,

i = d,
otherwise.

=

and
(d)
Bi (1)

=

ii. Partition of unity: The d + 1 Bernstein polynomials of degree d form a partition of
unity, i.e.,
d
X

(d)

Bi (x) = 1, for all x ∈ R.

(3.6)

i=0

iii. Symmetry: For i = 0, . . . , d,
(d)

(d)

Bi (x) = Bd−i (1 − x), for all x ∈ R.
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(3.7)

(d)

iv. Recursion: The i-th Bernstein polynomial Bi , i = 0, . . . , d, can be generated recursively from those of degree d − 1, i.e., for all x ∈ [0, 1]
(d)

(d−1)

(d−1)

Bi (x) = xBi−1 (x) + (1 − x)Bi

(x), i = 0, . . . , d.

(3.8)

(d)

v. Degree elevation: The i-th Bernstein polynomial Bi can be written as a linear
combination of two Bernstein polynomials of degree d + 1 as follows:
(d)

Bi (x) =

d + 1 − i (d+1)
i + 1 (d+1)
Bi
(x) +
B
(x), i = 0, . . . , d.
d+1
d + 1 i+1

(3.9)

(d)

Recursively applying (3.9) r times, r ∈ N, yields that Bi , i = 0, . . . , d, can be expressed
as a linear combination of the Bernstein polynomials of degree d + r [FR88], i.e., for all
x ∈ [0, 1] we have
(d)
Bi (x)

 r 
i+r d
X
(d+r)
i j−i
=
Bj
(x), i = 0, . . . , d.
d+r
j=i

(3.10)

j

(d)

vi. The Bernstein polynomials Bi , i = 0, . . . , d, which are given in (3.5), form a basis,
denoted by Bd , for the vector space of all polynomials of degree d or less. Therefore,
every polynomial has a unique Bernstein representation. The coefficients of this representation, the so-called the Bernstein coefficients, are given in Section 3.2.

3.2. Tensorial Bernstein Expansion
In this section, we present fundamental properties of the Bernstein expansion for the multivariate case, i.e., over a general box x, which is defined as
x :=

n
Y

[xs , xs ].

(3.11)

s=1

For simplicity, we consider the unit box u := [0, 1]n , since any compact nonempty box x can
be mapped affinely onto u. Let l ∈ Nn , ai ∈ R, i = 0, . . . , l, such that for s = 1, . . . , n
ls := max m | ai1 ,...,is−1 ,m,is+1 ,...,in 6= 0 .


(3.12)

Let p be an l-th degree n-variate polynomial with the power representation
p(x) =

l
X

ai xi .

(3.13)

i=0

We expand p into Bernstein polynomials of degree d, d ≥ l, over u as
p(x) =

d
X
(d) (d)

bi Bi (x),

i=0
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(3.14)

(d)

where Bi

is the i-th Bernstein polynomial of degree d, which is defined as
(d)

(d )

(d )

(d )

Bi (x) = Bi1 1 (x1 )Bi2 2 (x2 ) · . . . · Bin n (xn ),
(d )

(3.15)

(d)

with Bis s (xs ), s = 1, . . . , n, given in (3.2), and bi is the i-th Bernstein coefficient of p
of degree d over u that is given in Subsection 3.2.1. We call (3.14) the Bernstein representation of p (more precisely, the tensorial Bernstein representation to distinguish it from the
representation with respect to the basis of Bernstein polynomials over a simplex, see, e.g.,
[Ler12], [Gar86], [TG17b], which is called the simplicial Bernstein representation that will be
discussed in Chapter 5).

3.2.1. The Power Basis Versus the Bernstein Basis
Let Pd := xi , 0 ≤ i ≤ d be the power basis of the vector space of all polynomials of degree at most d. Since the power basis Pd as well as the Bernstein basis Bd span this vector
space, any polynomial p of degree l in the power representation can be uniquely written in
the Bernstein representation of degree d, for any d ≥ l. In this subsection, we consider the
relations between the power and the Bernstein bases.


From the partition of unity property of the Bernstein polynomials, see Section 3.1, we have
for i = 0, . . . , d
j
d
X
(d)
i
x =
B (x),
d j

(3.16)

i

j=i

i

and
(d)
Bi (x)

=

d
X

j
i

(−1)

j−i

j=i

!

!

d j
x .
j

(3.17)

By substituting (3.16) in (3.13) and considering (3.17), we get

(d)
bi

i
i
X
j
=
a , i = 0, . . . , d,
d j

(3.18)

j=0 j

with the convention that aj := 0 if j ≥ l, j 6= l, and
ai =

i
X

!

(−1)

j=0

i−j

d
i

!

i (d)
b , i = 0, . . . , d.
j j

(3.19)

3.2.2. Generalized Bernstein Representation
Representing a polynomial over a general box x, defined in (3.11), requires to define the
Bernstein polynomials and to represent its Bernstein coefficients over x. The Bernstein coefficients over x can be obtained by two approaches: One way is to transform x to u by using
an affine transformation, and then employ (3.18) to compute the Bernstein coefficients of the
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transformed polynomial or to use (3.21) [Riv70]. The i-th Bernstein polynomial of degree d
over x is defined as
(d)
Bi (x)

:=

d
i

(x − x)d

(x − x)i (x − x)d−i , i = 0, . . . , d,

(3.20)

(d)

and the i-th Bernstein coefficient bi , i = 0, . . . , d, of p over x is given by
(d)
bi

i
i
d
X
X
j
j
(x
−
x)
=

d
j=0 j

!

m m−j
am , i = 0, . . . , d.
x
j

m=j

(3.21)

3.3. Properties of the Bernstein Coefficients
The Bernstein coefficients have attractive properties that make the Bernstein representation
to play a prominent role in various fields. In this section we present some of these properties.
First of all, we arrange the Bernstein coefficients of degree d over u of a given polynomial p of
(d)
degree l, where d ≥ l, in a multidimensional array B(u) = (bi )0≤i≤d , the so-called Bernstein
patch. The number of its coefficients is
set I,

n
Q

(ds + 1). For later reference, we introduce the index

s=1

I := {i | is ∈ {0, ds } , s = 1, . . . , n} ,

(3.22)

i.e., I is the set that comprises all the indices of the vertices of the Bernstein patch B(u).
Now, we are ready to introduce the fundamental properties of the Bernstein coefficients.

3.3.1. Endpoint Interpolation Property (Vertex Values)
The 2n Bernstein coefficients, which are corresponding to the set I, defined in (3.22), coincide
with the values attained by p at the corresponding vertices of u, [CS66], [Gar86], i.e., for i ∈ I,
we have
(d)

bi

= p(v),

(3.23)

where v = (v1 , . . . , vn ), such that for all s = 1, . . . , n,
(

vs :=

0,
1,

is = 0,
is = ds .

(3.24)

3.3.2. Linearity
Let p1 and p2 be polynomials n
with the opower representations (3.13) with l = l(1) and l = l(2) ,
respectively, and let l := max l(1) , l(2) . If p = αp1 + βp2 , α, β ∈ R, then
(d)

(d)

(d)

bi (p) = αbi (p1 ) + βbi (p2 ), i = 0, . . . , d,
(d)

(d)

where bi (p1 ) and bi (p2 ) are the i-th Bernstein coefficients of degree d, d ≥ l, of p1 and p2
over u, respectively.
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3.3.3. Face Values
The Bernstein coefficients on an r-dimensional face of u, r = 1, . . . , n−1, are just the Bernstein
coefficients lying on the respective face of B(u) [GS01, Lemma 2]. E.g., assume that v is an
(n − 1)-dimensional face of u that is obtained by setting xs = 0 or 1, for some s ∈ {1, . . . , n}.
For i ∈ Nn and r ∈ N we define
i[s,r] := (i1 , . . . , is−1 , r, is+1 , . . . , in ).

(3.25)

Then, the Bernstein coefficients of p over v are given by
bi[s,0] , if xs = 0,
bi[s,ds ] , if xs = 1.

(
(d)
bi (p, v)

=

3.3.4. Convex Hull Property
The so-called control points associated with the Bernstein coefficients of a polynomial are
intensively used in CAGD. A set of control points is used to define the well-known curves
named by Bézier curves, which are efficient, practical, and intuitive tools for predicting and
mimicing polynomial curves, see Section 3.4. In the following, we provide a definition of the
control points.
Definition 3.4 (Control Points). Let p be an n-variate polynomial of degree d. The i-th
control point (of degree d) associated with p over u is the point bi(d) ∈ Rn+1 defined by
bi(d)

:=



i1
in (d)
, . . . , , bi
, i = 0, . . . , d.
d1
dn


(3.26)

From (3.26) it can be seen that the control points bi(d) , i = 0, . . . , d, form a uniform grid
over u such that the i-th node, di , i = 0, . . . , d, is associated to the corresponding Bernstein
(d)

coefficient bi . Before introducing what we mean by the convex hull property, let us recall
the following definition and two theorems from the convex analysis.
Definition 3.5 (Convex Set). A set C ⊆ Rn is convex if for all x, y ∈ C and for all α ∈ [0, 1]
we have
(1 − α)x + αy ∈ C.
In other words, C is a convex set, if the line segment connecting any two points in C is wholly
contained in C.
Theorem 3.6. [Roc70, Theorem 2.2] The intersection of any arbitrary collection of convex
sets is convex.
The intersection of all convex sets that contain a given set C ⊆ Rn is called the convex hull
of C, and is denoted by conv(C). The following theorem states that conv(C) is the smallest
convex set that contains C.

28

Theorem 3.7. [Roc70, Theorem 2.3] For any set C ⊆ Rn , conv(C) consists of all convex
combinations of the elements of C.
Theorem 3.8 (Convex Hull Property). [BFK84], [Far88] The graph of p over u is contained
within the convex hull of its control points that are defined in (3.26), i.e.,
conv ({(x, p(x)) | x ∈ u}) ⊆ conv

n

o

bi(d) | 0 ≤ i ≤ d

.

(3.27)

The proof of Theorem 3.8 is based on the nonnegativity and the partition of unity properties
of the Bernstein polynomials, which are introduced in Sections 3.1.

3.3.5. Range Enclosure Property
By the continuity of a given polynomial p and compactness of a given box x, p attains its
minimum and maximum values over x, see Weierstrass Theorem, see Theorem 7.3. Thus, the
range of p over x is given by
p(x) := [min p(x), max p(x)].
x∈x

x∈x

(3.28)

Bounding the range of multivariate functions over a box is of great importance in verifying
the (non)existence of roots of nonlinear systems of equations [Neu90] and solving global
optimization problems [Han92, RR88]. A commonly used approach for solving such problems
is the branch and bound method, see Subsection 7.3.2. This is summarized as splitting
of the search region into smaller parts and using suitable tests to discard subregions that
cannot contain any global minimizer (or root for a given nonlinear system of equations). This
requires the ability to compute tight enclosures for the range of the objective function and the
constraint functions over the considered search region. In the case of polynomial optimization
problems one can make use of the expansion of a polynomial into Bernstein polynomials by
their range enclosing property. Let B (d) (p, x) denote the interval spanned by the minimum
and maximum Bernstein coefficients of p of degree d over x, which is called the tensorial
Bernstein form of p of degree d over x and is explicitly given as
(d)

(d)

B (d) (p, x) := [ min bi , max bi ].
0≤i≤d

0≤i≤d

(3.29)

Then, p(x), given in (3.28), is contained within B (d) (p, x), i.e.,
(d)

min bi

0≤i≤d

(d)

≤ p(x) ≤ max bi , x ∈ x,
0≤i≤d

(3.30)

and consequently, we have
p(x) ⊆ B (d) (p, x).

(3.31)

We should mention that we use "Bernstein form" and "Bernstein enclosure" interchangeably.
This property, which is a consequence of the convex hull property, see Subsection 3.3.4, was
first noticed by Cargo and Shisha [CS66] for the univariate case and was discussed for the
multivariate case in [Gar86]. The proof of (3.30) for u was given in, e.g., [Riv70], [Gar86], in
which first an affine transformation of x to u is applied. Then, from (3.14) it is observed that
p(x) is a convex combination of its Bernstein coefficients at each x ∈ u.
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Stahl showed in [Sta95] that the Bernstein form of a univariate polynomial gives for sufficiently small boxes the range of the polynomial and for general boxes often provides tighter
enclosures than those obtained when interval arithmetic is employed. However, traditional
computation of the Bernstein coefficients [Gar86], [ZG98] has exponential complexity, which
makes it infeasible for polynomials with many variables [GS01]. Smith [Smi09] proposed a
method for the representation and computation of the Bernstein coefficients of a given polynomial, which is nearly linear with respect to the number of the terms in the polynomial, without
recourse to the exhaustive computation. Moreover, further improvements are obtained when
such method is combined with a proposed matrix method that will be introduced in Subsection 3.5.2. For more details see Subsections 6.1.1 and 6.1.3.

3.3.6. Sharpness Property (Vertex Condition)
It may happen that in (3.30) on the left or right hand side equality holds. In other words,
there is no overestimation between the lower (upper) bound of the Bernstein form of a polynomial p over x, which is given as the minimum (maximum) Bernstein coefficient of p over x,
and the minimum (maximum) of p over x, i.e., the equality holds in (3.31). This occurs if and
only if this coefficient (minimum or maximum) is attained at a vertex of x. This property
was considered in [CS66] for the univariate case, and in [Gar86] for the multivariate case.
Theorem 3.9. [Gar86, Theorem 2], [CS66] The equality holds in the left (right) inequality
(d)
(d)
(d)
of (3.30) if and only if min bi ( max bi ) is attained at bi? for some i? ∈ I.
0≤i≤d

0≤i≤d

3.3.7. Inclusion Isotonicity
Bounding the range of a polynomial p over a box x by utilizing B (d) (p, x) allows us to consider
it as an interval function. It is lengthy proven in [HS95, Theorem 3] (for the univariate case),
see also [GJS03a, Corollary 1], that B (d) (p, x) is inclusion isotonic, see Definition 2.15 and
(3.31). In other words, if x is shrunk to a smaller box then the Bernstein enclosure shrinks,
too. Moreover, the convex hull of the control points is inclusion isotonic as the following
theorem states.
Theorem 3.10. [GJS03a, Theorem 1 and Remark 1] The convex hull of the control points
associated with a multivariate polynomial is inclusion isotonic.

3.3.8. Partial Derivatives
The r-th partial derivative of p with respect to xs , s ∈ {1, . . . , n}, r = 1, . . . , ds , denoted by
∂r p
∂xr , is given as
s

X [ds,−r ] (ds,−r )
∂rp
=
bi
Bi
(x),
r
∂xs
i≤d

(3.32)

s,−r

[ds,−r ]

where bi

is the i-th Bernstein coefficient of

which can be computed by using

(d)
bi

∂r p
∂xrs

of degree ds,−r over u, i = 0, . . . , ds,−r ,

as follows. For i = 0, . . . , ds,−r , r = 1, . . . , d, s ∈
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[ds,−r ]

{1, . . . , n}, define bi
by [FR88], [ZG98]

:=

[r] (d)
ds !
(ds −r)! Υs bi ,

(d)

Υ[0]
s bi

(d)
Υ[σ]
s bi

which can be calculated recursively for σ = 1, . . . , r

(d)

:= bi ,
:=

(3.33a)

(d)
Υs[σ−1] bis,1

−

(d)
Υs[σ−1] bi .

(3.33b)

3.4. Bézier Curves
Intuitively, when designing, implementing, analyzing, and manipulating curves and surfaces
are required, the ability to represent these geometric objects in appropriate forms is essential.
In the 1960s, Dr. Pierre Bézier, an engineer in the Renault car company, set out a new formulation for representing polynomial curves and surfaces of arbitrary high degrees in a concise,
mathematically, simple, and highly geometric forms. His efforts were driven by the need to
parametrize curves in view of high accuracy, stability, and ease of calculations. Employing
the Bernstein basis polynomials facilitates to understand and modify curves and surfaces.
Ultimately, Bézier adopted these polynomials to embody what is now called the Bézier curves
[B6]. These curves are an entry gate to computer graphics and they are extensively used in
CAGD.
(d)

The Bézier curve of degree d, denoted by Bz , is given for a single parameter t ∈ [0, 1] as
follows
Bz(d) (t) :=

d
X

(d)

bi(d) Bi (t),

(3.34)

i=0
(d)

where Bi (t) and bi(d) are the i-th Bernstein polynomial and the i-th control point of p
of degree d over [0, 1], which are given in (3.2) and (3.26), respectively. Besides geometric
properties and an optimal numerical stability of the Bernstein basis polynomials [FG96], the
Bézier curve exhibits further geometric properties from the associated control points. Indeed,
we observe from (3.34) that the Bézier curve is a parametric representation of a given curve,
(d)
i.e., for a particular t ∈ [0, 1], Bz (t) is a point on that curve given as a weighted sum of its
control points, where the weights are the Bernstein polynomials that are evaluated at t. The
piecewise linear polynomial functions formed joining every two adjacent bi(d) , i = 0, . . . , d,
with line segments is knows as the control polygon. In fact, the beauty of the Bézier curve is
that it mimics the shape of the polynomial curve. Furthermore, it lies within the convex hull
of its control polygon, and it passes through the control polygon at b0(d) and bd(d) , i.e., the
curve interpolates with its control polygon at the endpoints of [0, 1]. These and several other
interesting properties of Bézier curves may be found in [Far88], [PBP02]. Detailed discussion
on the application of the Bernstein polynomials to Bézier curves appeared in [HL93], [Far12].

3.5. Computation of the Bernstein Coefficients
Due to the increasing interest in Bernstein polynomials, it is worth to develop methods for
the computation of the Bernstein coefficients. In the sequel, we assume that an n-variate
polynomial p of degree l is given and we set d = l. The methods that are introduced in
this section can be easily extended to d > l. Now we are ready to present methods for the
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(l)

computation of bi , i = 0, . . . , l, over the unit box and a general box. In this section, we first
give the existing method, introduce new matrix methods, and provide a comparison between
these methods.

3.5.1. Existing Methods
In this subsection, we briefly present the existing methods for computing the Bernstein coefficients.
Traditional Method
In this method one can employ (3.18) and (3.21) over u and x, respectively. By several algorithms the computations are suitably rearranged to avoid the calculation of the binomial
coefficients and products inherent therein. For the univariate case, such algorithms are presented in [CS66], [Rok79a], [Rok82], and [Fis90], see also [Sta95], whereas in [Gar86] and
[ZG98] those for the multivariate case are introduced. However, the major disadvantage of
these algorithms is the high computational complexity for high dimensional problems, see
[Gar86].
Garloff0 s Method
In [Gar86], a method for computing the Bernstein coefficients of a bivariate polynomial p
given by (3.13) over the unit box u was presented. In this method, the following relation of
a forward difference operator ∆ is used
∆j1 ,j2 b0,0 =

1

a
,
l1  l2  j1 ,j2
j1 j2

js = 0, . . . , ls , s = 1, 2.

(3.35)

The Bernstein coefficients can be computed from (3.35) by employing the following recurrence relations:
∆0,0 bi1 ,i2

= bi1 ,i2 ,

∆j1 +1,j2 bi1 ,i2

= ∆j1 ,j2 bi1 +1,i2 − ∆j1 ,j2 bi1 ,i2 ,

∆j1 ,j2 +1 bi1 ,i2

= ∆j1 ,j2 bi1 ,i2 +1 − ∆j1 ,j2 bi1 ,i2 ,

where 0 ≤ is + 1 ≤ ls , s = 1, 2, and
∆j1 ,j2 b0,0 := 0 if j1 > l1 or j2 > l2 .
This can be done by performing sequentially the following steps in the (l1 + 1) × (l2 + 1)
matrix whose entries are given by (3.35):
• Step (ν): Starting from the ν-th column, add each column to the following one, ν =
1, . . . , l2 .
• Step (ν 0 ): Starting from the ν 0 -th row, add each row to the following one, ν 0 = 1, . . . , l1 .
Using this method for computing the Bernstein coefficients of p over a general box x requires
transforming p to the unit box u by employing the multivariate Horner0 s scheme, see, e.g.,
[PS00] and Subsection 3.12.1. This method was investigated in detail in [RN12], [Ray07].
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Assume that l1 = . . . = ln = κ, then the complexity of this method over u is O(κn+1 ) and
over x is O(κ2n ) (this high complexity is due to the use of the Horner0 s scheme). It is notable
that such exponential complexity renders the computation of the entire set of the Bernstein
coefficients infeasible for polynomials with moderately many (typically, 10 or more) variables.
A further method for the representation and computation of the Bernstein coefficients of a
multivariate polynomial is introduced in [Smi09], which will be discussed later in Subsection
6.1.1. In the following, a matrix method for the computation of the Bernstein coefficients is
given. The term ’matrix method’ indicates that the presented method involves only matrix
operations such as multiplication, inversion, transposition, and reshaping. In Subsection
3.5.2, more efficient matrix methods will be introduced. For completeness, let us start with
presenting notions which are common for theses methods.
Let p be a bivariate polynomial of degree l with the power representation given as in (3.13).
Then we arrange the coefficients of p in a matrix A as follows:


a0,0 a0,1
a
 1,0 a1,1
A=
..
 ..
 .
.
al1 ,0 al1 ,1



. . . a0,l2
. . . a1,l2 

.. 
.
... . 

(3.36)

. . . al1 ,l2

In the case that p is an n-variate polynomial of degree l = (l1 , . . . , ln ) given in (3.13), we
design an (l1 + 1) × l? matrix A that comprises the coefficients of p, where
l? :=

n
Y

(ls + 1).

(3.37)

s=2

The correspondence between the coefficients of p and the entries of A is as follows. We put
ai1 ,...,in in the position (i, j) in A if and only if
i = i1 ,

(3.38a)

j = i2 +

n
X

is (l2 + 1) · . . . · (ls−1 + 1),

(3.38b)

s=3

where i = 0, . . . , l1 , j = 0, . . . , l? − 1. Then A can be represented as


a0,0,0,...,0

a
 1,0,0,...,0

..


.

a0,1,0,...,0 . . .
a1,1,0,...,0 . . .
..
.
...

a0,l2 ,0,...,0
a1,l2 ,0,...,0
..
.

al1 ,0,0,...,0 al1 ,1,0,...,0 . . . al1 ,l2 ,0,...,0
...
...

a0,0,l3 ,...,ln
a1,0,l3 ,...,ln
..
.

...
. . . al1 ,0,l3 ,...,ln

a0,1,l3 ,...,ln
a1,1,l3 ,...,ln
..
.
al1 ,1,l3 ,...,ln

...
...

a0,0,1,...,0 . . . a0,l2 ,1,...,0
a1,0,1,...,0 . . . a1,l2 ,1,...,0
..
..
.
...
.
al1 ,0,1,...,0 . . . al1 ,l2 ,1,...,0

. . . a0,0,l3 ,...,0 . . . a0,l2 ,l3 ,...,0 . . .
. . . a1,0,l3 ,...,0 . . . a1,l2 ,l3 ,...,0 . . .
..
..
...
.
...
.
...
. . . al1 ,0,l3 ,...,0 . . . al1 ,l2 ,l3 ,...,0 . . .



a0,l2 ,l3 ,...,ln
a1,l2 ,l3 ,...,ln 

.
..


.

...
. . . al1 ,l2 ,l3 ,...,ln

(3.39)

The superscript c denotes the cyclic ordering of the sequence of the indices, i.e., the order
of the indices of the entries of the array under consideration is changed cyclically. This means
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that the index in the first position (see Figure 3.1 as an illustration in the trivariate case)
is replaced by the index in the second one, the index in the second position by the one in
the third, . . . , the index in the n-th position by the one in the first position. So after n
cyclic orderings the sequence of the indices is again in its initial order. Note that in the
bivariate case the cyclic ordering is just the usual matrix transposition. In this way, the
matrix multiplications in formulae like (3.41), (3.56), (3.59), and (3.66) are well defined.

(a) Λ(u)

(c) ((Λ(u))c )c

(b) (Λ(u))c

(d) (((Λ(u))c )c )c

Figure 3.1.: Cyclic ordering of a three-dimensional array with l1 = 1, l2 = 2, and l3 = 3
Let B(u) and B(x) denote the Bernstein patches of p over u and x, respectively, which
are arranged accordingly in an (l1 + 1) × l∗ matrix, the so-called Bernstein matrices that are
denoted by B(u), B(x), respectively, see (3.59). The correspondences between entries of B(u)
and B(x) and those of B(u) and B(x),respectively, can be determined by using (3.38).

Ray and Nataraj0 s Method
In [RN12], Ray and Nataraj proposed a matrix method for computing the Bernstein coefficients of a multivariate polynomial over the unit and a general box. Here, we briefly present
their method as follows. Let p be an n-variate polynomial of degree l over x with its power
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representation given in (3.13). For s = 1, . . . , n, let Xs and Bs be the row vectors of length
ls + 1, which are defined, respectively, by
Xs := (1, xs , . . . , xlss ),
Bs :=

(3.40a)

(l )
(l )
(l )
(B0 s (xs ), B1 s (xs ), . . . , Bls s (xs )),

(3.40b)

(l )

with Bi s (xs ) given as in (3.20) for i ∈ {0, . . . , ls } and s ∈ {1, . . . , n}. Then, the matrix
representation [BVB98] of the power and the Bernstein representations of p over x, which are
expressed in (3.13) and (3.14), respectively, are given as
p(x) = (Xn (· · · (X2 (X1 A)c )c · · · )c )c ,

(3.41a)

= (Bn (· · · (B2 (B1 B(x)) ) · · · ) ) ,
c c

(3.41b)

c c

where A and B(x) comprise the coefficients of p in the power and the Bernstein representations,
respectively, where such matrices take the form of (3.39). Let us define the following square
matrices of order ls + 1 for s = 1, . . . , n. Let Us be the lower triangular matrix whose entries
for i, j = 0, . . . , ls , are given by
(Us )i,j :=

( l  l 
i−j ,
s
s
i
j (−1)

0,

if i ≥ j,

(3.42)

otherwise,

the diagonal matrix Vs be


Vs := diag 1,

1
1
,...,
(xs − xs )
(xs − xs )ls



(3.43)

,

and Ws be the upper triangular matrix, given for i, j = 0, . . . , ls as
(Ws )i,j :=

( j
i

(−xs )j−i ,

0,

if i ≤ j,
otherwise.

(3.44)

It is easy to show from (3.40a) and (3.42)-(3.44) that (3.40b) can be written as follows
Bs = Xs Ws Vs Us , s = 1, . . . , n.

(3.45)

Let Ms be the square matrix of order ls + 1, which is defined by
Ms := Ws−1 Vs−1 Us−1 , s = 1, . . . , n.

(3.46)

Note that over the unit box u, Ms is the lower triangular matrix Us−1 . By substituting (3.45)
in (3.41b), equating the result with (3.41a), solving for B(x), and considering (3.46), one
obtains the Bernstein matrix of p over x, i.e.,
B(x) = (Mn (· · · (M2 (M1 A)c )c · · · )c )c .

(3.47)

3.5.2. Efficient Matrix Methods
Whenever the Bernstein coefficients are used, it is crucial to compute

n
Q

(ds + 1) coefficients,

s=1

even when it is only desired to calculate B (d) (p, x), see (3.29), i.e., it is only required to compute the minimum and the maximum Bernstein coefficients. In this subsection, we present
two efficient matrix methods in [TG18] for the computation of the Bernstein coefficients of a
given multivariate polynomial over the unit and a general box, which are superior to Garloff0 s
method and Ray and Nataraj0 s method.
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Matrix Method for the Unit Box
Now, we firstly present the proposed method over the unit box, for the bivariate case, and
later we introduce a generalization to the multivariate case.
a) Bivariate Case
We start with a matrical description of Garloff0 s method that is presented in Subsection
3.5.1. We arrange the coefficients of p in a matrix A that is defined in (3.36). Let the entries
of the matrix Λ(u) = (λj1 ,j2 ) represent the right-hand side of (3.35), i.e.,
λj1 ,j2 :=

aj1 ,j2
l1  l2 
j1 j2

, js = 0, . . . , ls , s = 1, 2.

(3.48)

For µ = 1, . . . , ls , s = 1, 2, let us define the (ls + 1) × (ls + 1) bidiagonal matrices Kµs as

(Kµs )i,j



1,


if i = j,
:= 1, if i = j + 1, ls − µ ≤ j ≤ ls − 1,


0, otherwise.

(3.49)

Then steps ν and ν 0 , ν = 1, . . . , l2 and ν 0 = 1, . . . , l1 , see Subsection 3.5.1, can be represented
to give the Bernstein patch as
T

T

B(u) = K11 · · · Kl11 Λ(u) Kl22 · · · K12 .

(3.50)

Note that in the bivariate case B(u), which is given in (3.50), is identical to the Bernstein matrix B(u). By using the associativity property of the matrix multiplication and transposition,
(3.50) can be written as
B(u) = (K12 · · · Kl22 (K11 · · · Kl11 Λ(u))T )T .

(3.51)

Let Ps be the lower triangular Pascal matrix of order ls + 1, i.e.,
(Ps )i,j :=

( i
j ,

if j ≤ i,

0,

otherwise.

(3.52)

Then, according to the factorization, e.g., [TDG04, Lemma 2.4],
Ps =

ls
Y

Kµs ,

(3.53)

µ=1

(3.51) can be represented as
B(u) = (P2 (P1 Λ(u))T )T .

(3.54)

b) Multivariate Case
We extend the procedure introduced in a) to the n-variate polynomial p of degree l =
(l1 , . . . , ln ) given in (3.13). The coefficients of p are arranged in the matrix A of the form
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(3.39). Let λj1 ,j2 , 0 ≤ j1 ≤ l1 , 0 ≤ j2 ≤ l? − 1, be the entry of the matrix Λ(u), which is

obtained by dividing the corresponding entry of A by il , i.e.,
λj1 ,j2 :=

ai
l
i

, i = 0, . . . , l,

(3.55)

where j1 and j2 can be determined from (3.38). We put Λ0 := Λ(u) and define for s = 1, . . . , n
Λs := (Ps Λs−1 )c .

(3.56)

Define for s = 1, . . . , n, q := s mod n. Then for s = 1, . . . , n the entry in position (v1 , v2 ) in
Λs−1 becomes (v10 , v20 ) in Λs , where
v10 = v2 mod (lq+1 + 1),
$

v20

=

n
Y
v2
(lm + 1).
+ v1
lq+1 + 1
m=1,

%

m6=s,q

To explain in which way we get the Bernstein patch B(u), we define for i1 = 0, . . . , l1
Λi1 (u) := Λ(u), and for is = 0, . . . , ls , s = 2, . . . , n − 1, the (ls + 1) ×

n
Q

(lw + 1) matrix

w=s+1

Λis (u), for s = n a vector γ ∈ Rln +1 , and for s = n + 1, β ∈ R, such that
Λis (u) = (νis−1 Λis−1 (u))c ,

s = 2, . . . , n − 1

(3.57a)

γ = (νin−1 Λin−1 ) ,

(3.57b)

β = νin γ,

(3.57c)

c

where νis is the is -th row of the Pascal matrix Ps , r = 1, . . . , n. The i-th Bernstein coefficient
of degree l given in (3.18) can be explicitly written as
(l)
bi1 ,...,in

=

in
X
jn =0

!

i

2
X
in
i2
···
jn
j2
j =0
2

! i
1
X
j1 =0

!

i1 aj1 ,j2 ,...,jn
.
l
j1
j

(3.58)

From (3.58), we make the following observation: The first inner-most sum can be obtained
by multiplying the i1 -th row vector of the Pascal matrix of order l1 + 1, i.e., νi1 (excluding
the zero entries in this row) by the first i1 rows of Λi1 (u). Then we get a row vector of
length

n
Q

(lw + 1). After that, we apply the cyclic ordering and obtain the matrix Λi2 (u),

w=2

see (3.57). Now, the second inner-most sum is performed by multiplying Λi2 (u) by the i2 th row of the Pascal matrix of order l2 + 1, i.e., νi2 , which yields a row vector of length
n
Q

(lw + 1). Continuing in this way and we obtain by β, which is corresponding to the last

w=3

(l)

sum the Bernstein coefficient bi1 ,...,in . Observing that in each column of Λis (u), s = 1, . . . , n,
the indices of the entries (except the first index) are fixed due to cyclic ordering, we obtain
by Λn the Bernstein patch B(u) arranged accordingly in B(u) as
B(u) = (Pn (· · · (P2 (P1 Λ(u))c )c · · · )c )c .

(3.59)

In Subsection 3.5.3, we investigate two methods for the computation of B(u) according to
(3.59). The first method relies on the factorization (3.53) of the matrices Ps , s = 1, . . . , n,
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whereas the second one employs different factorization of Ps by two diagonal matrices and a
Toeplitz matrix. The latter one enables the application of the Fast Fourier Transform (FFT).
Indeed, for s = 1, . . . , n, we define Ts as the lower triangular Toeplitz matrix of order ls + 1
that is given by
(Ts )i,j :=




1
(i−j)! ,

0,

j ≤ i,
otherwise.

(3.60)

Let Gs be the diagonal matrix of order ls + 1 that is defined by
Gs := diag(1, 1, 2!, . . . , ls !).

(3.61)

Ps = Gs Ts G−1
s ,

(3.62)

Then

see, e.g., [BS11], [TDG04, Theorem 2.1],
Matrix Method for a General Box
Let x be a general box, which is defined in (3.11). Firstly, we affinely map x to the unit box
u by the following transformation
zs =

xs − xs
, s = 1, . . . , n.
xs − xs

(3.63)

We sequentially transform xs , s = 1, . . . , n. By substituting (3.63) in (3.13) for one xs , s =
1, . . . , n, at a time, we obtain a polynomial p? over u. Let us define for s = 1, . . . , n the
diagonal matrix D(xs ) of order ls + 1
D(xs ) := diag(1, xs , x2s , . . . , xlss ).

(3.64)

Then the coefficients of p? arranged in an (l1 + 1) × l? matrix, say A? , can be derived as
follows from the matrix A of the coefficients of p given in (3.39): For s = 1, . . . , n define

D( xs −xs )P T D(x ),
s
s
xs
Qs :=
D(xs ),

xs 6= 0,
xs = 0.

(3.65)

Then A? can be represented as
A? = (Qn (· · · (Q2 (Q1 A)c )c · · · )c )c .

(3.66)

By applying the procedure that is presented in Subsection 3.5.2 to the matrix A? , we obtain
the Bernstein matrix B(x) of p.

38

3.5.3. Amount of Arithmetic Operations
For simplicity and ease of comparison between the existing methods, our standing assumption here is that l1 = · · · = ln = κ. Therefore, we suppress the subscript of the matrices that
are used below; they all belong to Rκ+1,κ+1 . Also, we will suppress the upper index of the
matrices Kµs , s = 1, . . . , n. Here and in the sequel we assume that some basic quantities like
factorials and binomial coefficients are precomputed since the number of operations required
for their calculation is of lower order compared to the computation of the other quantities.
Even if we present for procedures the numbers of their additions and multiplications/ divisions separately, we will not make a difference between them when counting the arithmetic
operations.
a) Unit box
In this subsection, we present a method by which we carry out the matrix multiplication
in (3.56). We sequentially multiply in (3.56) Λ(u) by P according to the factorization (3.53),
i.e., we firstly multiply Kκ and Λ(u) and multiply the resulting matrix by Kκ−1 and so on.
The main advantage of using factorization (3.53) of the Pascal matrix is that it allows us to get
n
rid of the multiplication operations. This method requires n κ(κ+1)
additions and n(κ + 1)n
2
multiplications/ divisions. Since this method is merely a matrical representation of Garloff0 s
method, the amount of operations isnidentical for both methods. Raynand Nataraj report for
their method in [RN12] also n κ(κ+1)
additions but κ(κ−1)
+ n κ(κ+1)
multiplications which
2
2
2
are more than required for our method if κ > 1. So our method is superior to Ray and
Nataraj0 s method if κ > 1.
b) General box
In [RN12, Section 6], Ray and Nataraj compare their method for computing the Bernstein
coefficients over a general box with Garloff0 s method. Since the latter one uses the multivariate Horner0 s scheme to transform the box to u it has the complexity of this scheme, viz.
O(κ2n ). We will not consider this method further because the other two methods have lower
complexity. We extend now our method to a general box.
In (3.66), the multiplication by the matrix P T is performed by sequential multiplication by
the matrices KµT , µ = 1, . . . , κ, see (3.49). In Table 3.1 the number of the operations of this
method and Ray and Nataraj0 s method (as reported in [RN12]) is presented. We see that
both methods have the same complexity O(nκn+1 ) but Ray and Nataraj’s method requires
for κ > 1 more arithmetic operations.
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Table 3.1.: Number of arithmetic operations required to obtain the Bernstein patch over a
general box by Method 1 (assuming that xs =
6 0, s = 1, . . . , n) and Ray and
Nataraj0 s method
number of multiplicaCalculation of
number of additions
tions/divisions
xs −x

D(xs ), D( x s ), s =
s
1, . . . , n

2n(κ − 1) + n

n

A?

nκ

(κ+1)n
2

2n(κ + 1)n

Method 1 (starting from A? )

nκ

(κ+1)n
2

n(κ + 1)n

Ray and

Nataraj0 s

method

3n(κ + 1)n + 2n(κ − 1) + n

nκ(κ + 1)n + n

total number of Method 1

n+

nκ(κ+1)(2κ+1)
6

+nκ(κ+1)n

κ(κ−1)
+ κn(κ + 3) +
2
n(κ+1)(κ+2)(2κ+3)
+ n(κ
6
1)n+1

+

Remark 3.11. If we have ς terms such that xs = 0, see (4.68), then the number of addin
tions and multiplications / divisions given in Table 3.1 for our method is ς(κ (κ+1)
+ 1) and
2
ς((κ + 1)n + κ), respectively, less.
Remark 3.12. Since the denominator of λi depends on is , is = 0, . . . , ls , s = 1, . . . , n, i.e.,
on the power of xs , we define Ds0 := diag(1, l1s , l1s , . . . , l1s ), s = 1, . . . n. If we replace now
(1) (2)
(ls )
in (3.66) Qs by Ds0 Qs , s = 1, . . . , n, then we get Λ(u) instead of A? , i.e.,
Λ(u) = (Dn0 Qn (· · · (D20 Q2 (D10 Q1 A)c )c · · · )c )c .

(3.67)

x −x

By combining the two diagonal matrices Ds0 , Ds ( sx s ) as one diagonal matrix (Ds0 , Ds (xs )
s
if xs = 0), s = 1, . . . , n, we can reduce the number of multiplications of our method by
n(κ + 1)n − nκ. In passing we note that by the combination of (3.56) and (3.67) identity (63)
in [RN12] can be derived which is fundamental for the approach in [RN12].
We illustrate the performance of our method by a pseudocode and Example 1.
Example 3.13. Let p be the Himmelblau function, see Appendix 1. The coefficient matrix A
of p is given as follows
170 −22 −13 0 1
−14
0
2
0 0




2
0
0 0 .
A = −21


 0
0
0
0 0
1
0
0
0 0




(3.68)

The coefficients of p after the affine mapping of x = [−5, 5] × [−5, 5] in the direction of x1
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Algorithm 3.1 Method for the computation of the Bernstein coefficients over a general box
1: Input: The box x and the coefficients of the power representation of p over x.
2: Output: The matrix B(u) containing the Bernstein coefficients of p over x.
3: Step 1: Arrange the coefficients of p in matrix A.
4: Step 2: Compute Λ(u).
5: Put Q?0 := A.
6: for s = 1, . . . , n do
7:
Compute Q?s := Ds0 Qs Q?s−1 , where Qs is given in (4.68).
8: end for
9: Step 3: Computation of B(u)
10: Put Λ11 := Q?n .
11: for s = 1, . . . , n do
12:
for µ = 1, . . . , ls do
13:
Compute Λsµ+1 := Klss −µ+1 Λsµ .
14:
end for
15:
Put Λs+1
:= (Λsls +1 )c .
1
16: end for
n+1
17: Put B(u) := Λ1 .
18: Step 4: End of the algorithm.
can be obtained from (rounded to five decimal places)
340
28
−23 0 1
 −760
−50
5
0 0




0
0
0 0 .
D1 Q1 A =  2150 33.33333


−5000
0
0
0 0
10000
0
0
0 0




(3.69)

After multiplication of the transposed matrix in (3.69) by D20 Q2 and transposition of the
resulting matrix, cf. (3.67), we get Λ(u) as
250
−605 2116.66667 −5000 10000
 −385
−250
83.33333
0
0 




0
0
0 .
Λ(u) = 1983.33333 83.33333


 −5000
0
0
0
0 
10000
0
0
0
0




The application of our method with respect to x1 , i.e., performance of (3.56) for s = 1, yields
250
−605
2116.66667 −5000
 −135
−855
2200
−5000


P1 Λ(u) = 1463.33333 −1021.66667 2283.33333 −5000


45
−1105
2366.66667 −5000
610
−1105
2450
−5000
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10000
10000


10000 .

10000
10000


Finally, the Bernstein coefficient matrix is given by
250
−355
1156.66667
−215
530

 −135
−990
355
−1100
−355

T 



B(u)= P2 (P1 Λ(u))T = 1463.33333 441.66667 1703.33333 248.33333 1076.66667 .



45
−1060
201.66667
−1170
−175 
610
−495
850
−355
890




3.5.4. Use of an alternative factorization of the Pascal matrix
In the case of the unit box, we may use the factorization
(3.62) instead of (3.53) of the
−1
and on the diagonal of G−1 cancel out,
Pascal matrix. The factorials is ! appearing in iκs
s = 1, . . . , n. Therefore, if we multiply ai1 ,...,in by
matrix Λ0 (u) then

(κ−i1 )!
κ!

n )!
· · · (κ−i
and name the resulting
κ!

(GT (· · · (GT (GT Λ0 (u))c )c · · · )c )c
|

{z

n times

(3.70)

}

yields the matrix Λn . The formulation ’n times’ includes here and in the sequel the n-fold
cyclic ordering.
In the case of a general box x, we assume without loss of generality that xs 6= 0, s = 1, . . . , n.
After substituting (3.62) in (4.68) and defining
xs − xs −1
Fs := GD(xs ) and Es := D(
)G , s = 1, . . . , n,
xs
we obtain
Qs = Es T T Fs .
The matrix A? in (3.66) can then be written as
A? = (En TnT Fn (· · · (E2 T2T F2 (E1 T1T F1 A)c )c · · · )c )c .
We proceed then with the matrix

A?

(3.71)

as with A in the case of the unit box, see (3.70).

The multiplication of the matrix T by a vector can be carried out by using the FFT
[TDG04, Theorem 1.6], see [CG00, Chapter 13]. Then using (3.70), the total number of
operations required for the computation of B(u) can be reduced to O(nκn log2 κ). At a first
glance, it seems that the number of operations required for the computation of the Bernstein coefficients could significantly be reduced. However, in order to apply the FFT the
size of the Bernstein patch has to be properly extended. Specifically, the multiplication of
Λs−1 by Ps in (3.56), s = 1, . . . , n, according to the factorization (3.53), i.e., by the matrices
Kµ , µ = 1, . . . , n, requires n(κ + 1)n−1 κ(κ+1)
arithmetic operations, whereas the application
2
n−1
of the FFT needs n(κ + 1)
(15m log2 m + m + κ) operations [CG00, Section 3.1], where
m is the smallest natural number greater than or equal to 2κ − 2 such that m = 2σ for
some σ [CG00, Chapter 13]. Thus, the use of the FFT is superior to our method when
n(κ + 1)n−1 κ(κ+1)
> n(κ + 1)n−1 (15m log2 m + m + κ), i.e., when κ(κ+1)
> 15σ2σ + 2σ + κ.
2
2
This inequality is fulfilled only for κ ∈ [826, 1025] and for all κ ≥ 1219. Therefore, our method
is superior for κ ∈ [1, 825] ∪ [1026, 1218].
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3.5.5. Numerical examples
We have run the 11 at least trivariate test problems listed in Appendix 1. In the first three
columns of Table 3.2 the abbreviated name of the example, the number n of the variables,
and the multi-index l, see (3.13), are displayed. In the examples no degree elevation of l to
κ is applied. In columns 6 and 9 we report the percent reduction of our method which is
provided by
time taken by R.N. method − time taken by our method
× 100,
time taken by R.N. method
see [RN12, p.66]. Both the results for the unit box and general boxes clearly document the
superiority of our method to the method by Ray and Nataraj except for the three test functions by Reimer. These test functions are formed as a sum of univariate monomial terms.
This structure is taken into account by a variant of Method 1 which is explained in Appendix
2. By using this variant, the timings for Reimer examples are smaller than the ones when
using Ray and Nataraj0 s method. However, this does not apply to the other test examples
with a similar structure, viz. R. D. 3, Wrig 5, and Mag 6/7. The results in Table 3.2 as well
as in Tables 3.8 and 3.3 are obtained on a laptop with Intel(R) Core(TM) i5-5200U CPU@
3.30 GHz 2.20 GHz, 16.00 GB RAM. The computations are done in Visual Studio 2010.

3.5.6. A Variant of Method 1 for Polynomials which are Linear Combinations of
Univariate Monomials
We assume that the polynomial p is a sum of univariate monomial terms and explain the
procedure on the basis of the Reimer problems. We firstly compute the Bernstein coefficients
of each univariate polynomial, e.g.,
g(x1 ) = 2xw
1 , w = 5, 6, 7.
Then, we generate w matrices, which all contain the Bernstein coefficients of the polynomial
gnew (x) = g(x1 )
in such a way that bi1 ,...,in (gnew ) = bi1 (g), for all 0 ≤ is ≤ κ, s = 1, . . . , n. Multiply the
coefficients of the matrices which result for s = 1, . . . , n by −1 if the coefficient of the corresponding monomial term has a negative sign. After that the order of the variables in the
matrix of the term that contains xs only, is (xs , xs+1 , . . . , xn , x1 , x2 , . . . , xs−1 ), s = 2, . . . , n.
By applying the cyclic ordering n − s + 1 times we get the original order of the variables, i.e.,
(x1 , x2 , . . . , xn ). By the linearity of the Bernstein coefficients, we obtain the Bernstein coefficients matrix of the given polynomial p. In Table 3.3 we present the results of the application
of the variant to the Reimer problems.
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Table 3.2.: Time (in ms) required for the computation of the Bernstein patch B(u) by using
Method 1 and Ray and Nataraj0 s method

unit box domain

Test
case

n

general box domain

l
Method
1

Ray
and
Method
reduction
0
Nataraj s
1
method

Ray
and
reduction
Nataraj0 s
method

L. V. 3

3

(1, 2, 2)

0.05

0.54

90.74

0.06

0.66

90.91

R. D. 3

3

(1, 2, 1)

0.05

0.46

89.13

0.05

0.63

92.06

L. V. 4

4

(1, 2, 2, 2)

0.11

1.47

92.52

0.12

2.20

94.55

Cap 4

4

(1, 1, 3, 3)

0.13

2.95

95.59

0.20

3.47

94.24

Wrig 5

5

(1, 1, 1, 1, 2)

0.11

1.46

92.47

0.12

1.89

93.65

Reim 5

5

(6, 6, 6, 6, 6)

82.18

63

-30.44

84.02

69.75

-20.46

Mag 6

6

(2, 2, 2, 2, 2, 2)

0.64

6.34

89.91

0.66

6.76

90.24

But 6

6

(1, 2, 2, 3, 1, 1)

0.29

5.17

94.39

0.29

5.32

94.55

Reim 6

6

(7, 7, 7, 7, 7, 7)

1715.98

498.22

-244.42

1802.06

507.26

-255.25

Mag 7

7

(2, 2, 2, 2, 2, 2, 2)

2.12

6.30

66.35

2.43

7.30

66.71

Reim 7

7

(8, 8, 8, 8, 8, 8, 8) 34309.29

9859.62

-247.98

38829.24 9725.18

-299.27

Table 3.3.: Time (in ms) required for the computation of the Bernstein matrix B(u) of the
Reimer problems by using the variant of Method 1

Test
case

Reim
5
Reim
6
Reim
7

unit box domain
n

general box domain

κ
Method
1

Ray and
Nataraj0 s
method

reduction

Method
1

Ray and
Natar
aj0 s
method

reduction

5

(6, 6, 6, 6, 6)

19.06

63

69.75

19.54

64.59

69.75

6

(7, 7, 7, 7, 7, 7, 7)

332.38

498.22

33.29

344.81

507.26

32.02

7

(8, 8, 8, 8, 8, 8, 8)

7108.88

9859.62
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27.90

7338.59

9725.18

24.54

3.6. Matrix Method for the Computation of the Bernstein
Coefficients of a Multivariate Polynomial from Those of Its
Partial Derivatives
Let p be an n-variate polynomial of degree l with the power representation given as in (3.13).
Assume that its coefficients are arranged in the matrix A, which is presented in (3.39). We
expand p into Bernstein polynomials of degree d, d ≥ l, over x as in (3.14). Without loss of
generality, we assume that d = l. Recall that the Bernstein representation of the first partial
derivative of p with respect to xs , s ∈ {1, . . . , n}, is given by
X [ls,−1 ] (ls,−1 )
∂p
(x),
Bi
=
bi
∂xs i≤l

(3.72)

s,−1

[l

]

From (3.33), we obtain the i-th Bernstein coefficient bi s,−1 of
[l

]

(l)

(l)

bi s,−1 = ls (bis,1 − bi ).

∂p
∂xs

of degree ls,−1 over x as
(3.73)

∂p
can be computed as differences between
This means that the Bernstein coefficients of ∂x
s
successive Bernstein coefficients of p, see, e.g., [Far12, p.391].
∂p
, s ∈ {1, . . . , n} are given and are arranged in
Assume that the Bernstein coefficients of ∂x
s
∂p
the Bernstein patch B( ∂xs , x). In the following, we present a matricial method by which the
Bernstein patch B(p, x) that comprises the Bernstein coefficients of p over x can be computed
∂p
using B( ∂x
, x). Without loss of generality, we assume that s = 1. From (3.73), it follows
s
that
[l

(l)

bi1,1 =

]

bi 1,−1
(l)
+ bi , i = 0, . . . , l1,−1 .
l1

(3.74)

In other words, for computing B(p, x) it is sufficient to compute the Bernstein coefficients
(l)
bi[1,0] , then the remaining coefficients can be obtained iteratively using (3.74). The coefficients
(l)

bi[1,0] are the Bernstein coefficients of p for x1 = x1 . By the face value property of the Bernstein
coefficients, see Subsection 3.3.3, these coefficients are identical to those that are located at
the corresponding (n−1)-dimensional face of B(p, x); they are obtained from B(p, x) by firstly
freezing p on the face of x with x1 = x1 and then computing the Bernstein coefficients of the
resulting polynomial. In matrix language, the computation is as follows. Denote by C1 the
row vector of length l? , where l? is defined in (3.37), that contains the coefficients of p such
that x1 = x1 . For µ = 1, . . . , l1 , we define the elementary bidiagonal matrices Hµ (x) ∈ Rµ,µ+1
by



1,

i = j,
:= x, i = µ, j = µ + 1,


0, otherwise.

(3.75)

C1 = H1 (x1 ) · · · Hl1 −1 (x1 )Hl1 (x1 )A.

(3.76)

(Hµ (x))i,j
Then, C1 can be obtained as
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From C1 , we define the (l2 + 1) ×
and q2 = 0, . . . ,

n
Q

n
Q

(lr + 1) matrix A1 with coefficients given for q1 = 0, . . . , l2

r=3

(lr + 1) − 1 by

r=3

(A1 )q1 ,q2 := (C1 )q1 +q2 (l2 +1)+1 .

(3.77)

Then the method from Subsection 3.5.2 for the computation of the Bernstein coefficients of
p on the face of x with x1 = x1 starting from A1 is applied. We denote the resulting matrix
by B1 and arrange its entries in the row vector C10 of length l? , such that for r1 = 1, . . . , l? ,
v1 = 0, . . . , l2 , and v2 = 0, . . . ,

n
Q

(lr + 1) − 1, we have

r=3

(C10 )r1 = (B1 )v1 ,v2 ,

(3.78)

where
r1 = v1 + v2 (l2 + 1) + 1
Let B10 be the (l1 + 1) × l? matrix defined for r1 = 0, . . . , l1 and r2 = 0, . . . , l? − 1 by
(C10 )r2 +1 ,
∂p
( l11 B( ∂x
, x))r1 −1,r2 ,
1

if r1 = 0,
if r1 = 1, . . . , l1 .

(

(B10 )r1 ,r2

=

(1)

For µ = 1, . . . , l1 , we define the square matrices Hµ
0, . . . , l1 , v = 1, 2, it is given by
(Hµ(1) )r1 ,r2

(3.79)

of order l1 + 1, such that for rv =




1,

r1 = r2 ,
:= 1, r1 = l1 − µ + 1, r2 = l1 − µ,


0, otherwise.

(3.80)

Then, the Bernstein matrix B(p, x) that comprises the Bernstein coefficients of p of degree l
over x, can be calculated by
(1)

(1)

(1)

B(p, x) = H1 · · · Hl1 −1 Hl1 B10 ,

(3.81)

where the correspondence between B(p, x) and B(p, x) can be determined by using (3.38).
∂p
As a consequence of our initial assumption, for computing B(p, x) from B( ∂x
, x), where
s
s ∈ {2, . . . , n}, we firstly employ the cyclic ordering with respect to xs , in such a way that
the multiplications in (3.76) and (3.81) will be well defined.

3.7. Computation of the Bernstein Coefficients of a Product of
Two Multivariate Polynomials
Let p and q be two n-variate polynomials of degree l(p) and l(q), respectively, with the
Bernstein expansions of degrees d(p) ≥ l(p) and d(q) ≥ l(q) over u
d(p)

p(x) =

X

(d(p))

bj (p)Bj

(x),

(3.82)

(x).

(3.83)

j=0
d(q)

q(x) =

X

(d(q))

bi (q)Bi

i=0
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In the sequel, we assume that d(p) = l(p) and d(q) = l(q). Then, the polynomial pq resulting
when multiplying p and q is of degree l = l(p) + l(q). Hence, the Bernstein representation of
pq over u is given as
pq(x) =

l
X

(l)
bm (pq)Bm
(x),

(3.84)

m=0

where bm (pq) is the m-th Bernstein coefficient of pq of degree l over u, m = 0, . . . , l. Let
B(p, u), B(q, u), and B(pq, u) denote the Bernstein patches of p, q, and pq over u, respectively, and their corresponding Bernstein matrices are given by B(p, u), B(q, u) and B(pq, u).
In this section, we present two matrix methods, which are named first method and second
method, for the computation of the Bernstein coefficients bm (pq), m = 0, . . . , l, of pq over u.

3.7.1. First Method
By this method the Bernstein coefficients of pq are computed starting from the Bernstein
representation of p and q. The representations (3.82) and (3.83) can be rewritten as
p(x) = (1 − x)

l(p)

q(x) = (1 − x)l(q)

l(p)
X

x
cj (p)
1
−
x
j=0
l(q)
X



ci (q)

i=0



x
1−x

j

,

(3.85)

,

(3.86)

i

where cj (p) and ci (q) are called the j-th and the i-th scaled Bernstein coefficients of p and q
which are given by
!

l(p)
cj (p) = bj (p)
, j = 0, . . . , l(p),
j

(3.87)

!

l(q)
ci (q) = bi (q)
, i = 0, . . . , l(q).
i

(3.88)

From (3.85) and (3.86), the power representation of pq is obtained as
pq(x) = (1 − x)

l

l
X



cm

m=0

x
1−x

m

,

where the m-th scaled Bernstein coefficient cm of pq is given as
cm =

m
X

cµ (p)cm−µ (q), m = 0, . . . , l,

(3.89)

µ=0

with cµ (p) := 0 if µs > ls (p) and cµ (q) := 0 if µs > ls (q) for some s ∈ {1, . . . , n}. Then, from
(3.89) the m-th Bernstein coefficient of pq is
bm (pq) =

cm
l
m

,

0 ≤ m ≤ l.
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(3.90)

In matrix language, the first method can be described as follows: Let us define for s = 1, . . . , n,
the diagonal matrix Ds of order ls (p) + 1 as the inverse of the diagonal matrix that is given
in (??), with ls is replaced by ls (p), and let C(p) be the (l1 (p) + 1) × l? (p) matrix, where
l? (p) :=

n
Q

(ls (p) + 1), which is obtained by

s=2

C(p) = (Dn (· · · (D2 (D1 B(p, u))c )c · · · )c )c .

(3.91)

It is easy to see that (C(p))q1 ,q2 = cj (p), q1 = 0 . . . l1 (p), q2 = 0 . . . , l? (p) − 1 and j =
0, . . . , l(p), where the correspondence between the scaled Bernstein coefficient cj (p) and the
entries of C(p) can be determined by using (3.38).
Let us define for t = 0, . . . , ls (q), s = 1, . . . , n, the following (ls + 1) × (ls (p) + 1) matrices
(s)
Wt row-wise by
(s)

Wt

[0, . . . , t − 1] := 0,

(s)
Wt [t, . . . , ls (p) + t]
(s)
Wt [ls (q) + t + 1, . . . , ls ]

:= Ils (p)+1 (identity matrix of order ls (p) + 1),
:= 0;

as a convention, we define for t = 0, ls (q)
(s)

Wt
(s)

Wt

[0, . . . , −1] = φ,

[ls + 1, . . . , ls ] = φ,

where φ is a matrix of size 0 × 0. Assume that the scaled Bernstein coefficients of pq, see
(3.89), are arranged in the (l1 + 1) × l? matrix C(pq), with l? as defined in (3.37) that is given
by
ln (q)

C(pq) =

X
in =0

···

l1 (q) 

X

(n)

W in





(2)

· · · W i2



c c

(1)

Wi1 ci1 ,...,in (q)C(p)

···

c c

,

(3.92)

i1 =0

such that (C(pq))q1 ,q2 = cm , q1 = 0, . . . l1 , q2 = 0, . . . , l? − 1, and m = 0, . . . , l. Here, the
relation between the entries of C(pq) and the scaled Bernstein coefficients of pq, cm , m =
0, . . . , l, can be determined as in (3.38). From (3.92), we get




c c

B(pq, u) = Dn00 · · · D200 D100 C(pq)

···

c c

,

(3.93)

where for s = 1, . . . , n, Ds00 is defined in (??). We illustrate the performance of the first
method by a pseudocode given in Algorithm 3.2.

3.7.2. Second Method
Let aj (p) and ai (q) be the j-th and the i-th coefficients of the power representations of p and
q, respectively, such that j = 0, . . . , l(p) and i = 0, . . . , l(q). Assume that aj (p) are arranged
in an (l1 (p) + 1) × l? (p) matrix A(p). Recall that pq is an n-variate polynomial of degree l.
Then the power representation of pq is given by
pq(x) =

l
X

am xm .

m=0
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(3.94)

Algorithm 3.2 First method for the computation of the Bernstein coefficients of pq over the
unit box u
1: Input: The box x and the coefficients of the power representation of p and q
2: Output: The matrix B(pq, u) containing the Bernstein coefficients of pq over u
3: Step 1: Compute the Bernstein coefficients of p and q and arrange them in matrices
4: B(p, u) and B(q, u), respectively, by using the method from Subsection 3.5.2.
5: Step 2: Compute C(p).
6: Put C0 (p) := B(p, u).
7: for s = 1, . . . , n do
8:
Compute Cs (p) := (Ds Cs−1 (p))c .
9: end for
10: Put C0 (pq) := Cn (p).
11: Step 3: Computation of C(pq)
12: for i1 = 0, . . . , l1 (q) do
..
.
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:

for in = 0, . . . , ln (q) do
(i)
Put M0 := ci (q)C0 (pq), where ci (q) is given by (3.88).
for t = 1, . . . , n do
(i)
(t)
(i)
Mt := (Wit Mt−1 )c .
end for
(i)
(i0 )
C0 (pq) = Mn + Mn , where i0 = is,1 , for some s ∈ {1, . . . , n}.
end for
.
..
end for
Step 4: Computation of B(pq, u)
Put F0 := C0 (pq).
for s = 1, . . . , n do
Compute Fs := (Ds00 Fs−1 )c , see (3.93).
end for
Put B(pq, u) := Fn .
Step 5: End of the algorithm

We arrange the coefficients of pq in an (l1 + 1) × l?? matrix Â. In this method, the computation of the Bernstein coefficients of pq, see (3.84), is based on its power representation (3.94).
The matrix description of this method is as follows: The entries of Â are the entries of the
matrix that is obtained from (3.92), where the (q1 , q2 )-th entry of C(p) is replaced by the
(q1 , q2 )-th entry of A(p), where q1 = 0, . . . l1 (p), q2 = 0 . . . , l? (p) − 1, and ci (q) is replaced by
ai (q), 0 ≤ i ≤ l(q). Then the method presented in Subsection 3.5.2 is applied to compute the
Bernstein coefficients of pq starting from Â.

3.7.3. Amount of Arithmetic Operations
In Tables 3.4 and 3.5, the number of the arithmetic operations of both methods are presented.
For simplicity, we assume that ls (p) = ls (q) = κ for all s = 1, . . . , n. Furthermore, we use the
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method from Subsection 3.5.2 for the computation of B(p, u) and B(q, u) in the first method,
see (3.91), and B(pq, u) in the second method.
Table 3.4.: Number of real arithmetic operations required to obtain B(pq, u) by the first
method
number of
Calculation of
number of additions
multiplications/divisions
B(p, u) and B(q, u) by
Method 1 in Subsection
3.5.2

2n κ(κ+1)
2

2n(κ + 1)n

C(p)

0

n(κ + 1)n

C(pq)

(κ + 1)n [(κ + 1)n − 1] −
nκ(κ + 1)n−1

(κ + 1)2n

B(pq, u)

0

n(2κ + 1)n

n

Table 3.5.: Number of arithmetic operations to obtain B(pq, u) by the second method
number of multiplicaCalculation of
number of additions
tions/divisions
C(pq)

(κ + 1)n [(κ + 1)n − 1] −
nκ(κ + 1)n−1

B(pq, u) by Method 1
in Subsection 3.5.2

n 2κ(2κ+1)
2

n

(κ + 1)2n

n(2κ + 1)n

We conclude that for n ≥ 4 and κ = 1, n ≥ 2 and κ = 2, 3, and for all n and κ ≥ 4 the
first method is superior to the second method. In addition, the first method has the advantage that all computations are performed ab initio in the Bernstein representation such that
the numerical stability of this representation with respect to perturbations of initial data,
or rounding errors that occur during floating point calculations can be fully employed, see
[Far12, Section 6].

3.8. Improvements of the Tensorial Bernstein Form
Two approaches can be used to improve the Bernstein form of a given polynomial over a box,
such that it converges to the range of the polynomial over the box. These approaches are
degree elevation of the Bernstein expansion and subdivision of the box under consideration.
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In this section, we present these methods, and we discuss their convergence properties, and
other properties like inclusion isotonicity.

3.8.1. Degree Elevation
Improving the Bernstein from of a univariate real polynomial over [0, 1] by degree elevation
was first introduced by Rivilin in [Riv70]. In addition, the convergence of the enclosures to
the range of the polynomial over [0, 1] with respect to degree elevation was investigated. An
extension to the multivariate case was given by Garloff in [Gar86]. In this subsection, we
present some of the convergence properties of the Bernstein form of a given polynomial over
a box with respect to degree elevation. In the sequel, we consider the unit box u.
Let p be an n-variate polynomial of degree l. We assume that its Bernstein coefficients of
(d)
degree d over u, which are bi , i = 0, . . . , d, are given. Suppose that d is elevated in the
s-th component, where s ∈ {1, . . . , n}. Then the Bernstein coefficients of p of degree d + es ,
(d+e )
which are denoted by bi s , i = 0, . . . , d + es , can be obtained by convex combinations of
(d)
bi , i = 0, . . . , d, see [FR87, p.9] (for the univariate case) and [Gar86, Formula (3.11)] (for
the bivariate case). By multiplying both sides of (3.14) by 1 = (xs + (1 − xs )), considering
(5.3), and rearranging, we deduce that
(d)

(d+e )
bi s

=

(d)

is bis,−1 + (ds + 1 − is )bi

(d)

(d)

, i = 0, . . . , ds + 1, with bi[s,−1] = bi[s,d

ds + 1

s +1]

= 0. (3.95)

Repeatedly applying the degree elevation r-times gives, see [FR87, Formula (26)] and [FR88],
r  ds 
(d)
is −j j
bi[s,j] ,
ds +r
is
j=max{0,is −r}
max{ds ,is }

(d+res )
bi

=

X

i = 0, . . . , ds + r.

As an immediate consequence of (3.95), we have the following proposition.
Proposition 3.14. [Fis90] The Bernstein form, given in (3.30), is monotone with respect to
degree elevation, i.e., for d ≥ l, s = 1, . . . , n, and r = 1, 2, . . ., it holds
B (d+res ) (p, u) ⊆ B (d) (p, u).

(3.96)

Since B (d) (p, u) encloses the range of p over u, we have
(d)

min bi

0≤i≤d

(d)

≤ min p(x), max bi
x∈u

0≤i≤d

≥ max p(x).
x∈u

(d)

(3.97)
(d)

Remark 3.15. Let xi , i = 0, . . . , d, be the i-th grid point of degree d over u and let xi,m
(d)

denote the m-th component of xi , m = 1, . . . , n , which is defined as
im
.
(3.98)
dm
Let κ := max ds , κ ≥ 2. From the Bernstein representation of p over u and in view of
(d)

xi,m :=

1≤s≤n

(3.100), one can show that
κ−1
,
κ2
with η given in Theorem 3.16, see [Riv70, Theorem 4], [Gar86, p.42].
(d)

(d)

|p(xi ) − bi | ≤ η
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(3.99)

As a consequence of Remark 3.15, the following theorem is devoted to show that the bounds
that are given in (3.97) converge to the range of p over u with respect to degree elevation in
the s-th direction, s ∈ {1, . . . , n}. For simplicity, let us assume that d = l and ds = κ for all
s = 1, . . . , n.
Theorem 3.16. [Riv70, Corollary], [Gar86, Theorem 3], [Gar93, Theorem 1] Let p be a
multivariate polynomial of degree l. Then, for d ≥ l with ds ≥ 2, s = 1, . . . , n, and κ :=
max ds we have
1≤s≤n

dist(B (d) (p, u), p(u)) ≤ η
where η =

l P
n
P
i=0 s=1

κ−1
,
κ2

(3.100)

max {0, is − 1})2 |ai | .

In [Riv70], Theorem 3.16 was given for a univariate polynomial over [0, 1] and in [Rok77]
for an arbitrary interval; the multivariate case was discussed in [Gar86]. An extension for
interval polynomials was presented in [Rok79b], see also [GR79]. It is readable from (3.100)
that B (d) (p, u) has linear convergence (in κ1 ) to the range of the polynomial p over u with
respect
to 
the degree elevation. From (3.96) and Theorem 3.16 we obtain that the sequence

(d)

min bi

0≤i≤d

is monotonically increasing and converges to min p(x). A similar statement
x∈u

d≥l

holds for the sequence



max

0≤i≤d

(d)
bi



.
d≥l

3.8.2. Tensorial Subdivision
In this subsection, we are concerned with the quadratic convergence of the Bernstein form of
a given polynomial over a box to the range of the polynomial with respect to the width of the
box and subdivision. The quadratic convergence with respect to the width of the box was
first investigated in [Sta95, Corollary 3.4.16] for the univariate case. The following theorem
addresses the multivariate case over the unit box.
Theorem 3.17. Let y ⊆ u be a box. Under the hypothesis of Theorem 3.16, we have the
following estimate
dist(B (d) (p, y), p(y)) ≤ ω

κ−1
(wid(y))2 ,
κ2

where
ω=

l X
n
X

(max {0, is − 1})

i=0 s=1

2

l
X
t
t=i

i

!

|at |.

(3.101)

Whenever the vertex condition does not hold over u, see Theorem 3.9, the computed
Bernstein form B (d) (p, u) can be improved by subdividing u into two or more subboxes and
computing the Bernstein enclosures over the resulting subboxes. An algorithm for subdivision
in the univariate case was first introduced in [LR81], see also [Fis90]. In [Gar86] and [Gar93],
the bivariate case over [0, 1]2 was discussed. In the following, the multivariate case over u is
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considered. Assume that u is subdivided at the ν-th subdivision level, ν = 1, 2, . . ., into 2nν
(d)
subboxes um,ν , m = 1, . . . , 2nν , such that each subbox is of width 2−ν . Let bi (p, um,ν ), i =
0, . . . , d, denote the i-th Bernstein coefficient of degree d of a given polynomial p over um,ν .
In the next theorem the convergence to the range of p over u is stated when subdivision for
u is performed.
Theorem 3.18. For all ν ≥ 1, it holds




dist  min

(d)



0≤i≤d,
1≤m≤2nν

(d)

bi (p, um,ν ), max

0≤i≤d,
1≤m≤2nν



bi (p, um,ν ) , p(u) ≤ γ(2−ν )2 ,


(3.102)



where γ is a constant independent of ν.
Proof. We give the proof only for
max

(d)

0≤i≤d,
1≤m≤2nν

bi (p, um,ν ) − max p(x) ≤ γ(2−ν )2 ,
x∈u

the proof for the lower bound is completely analogous. Assume that

(d)

max

0≤i≤d,
1≤m≤2nν

bi (p, um,ν ) =

(d)

max bi (p, um0 ,ν0 ) for some ν0 ≥ 1 and m0 ∈ {1, . . . , 2nν0 }. Then, we have

0≤i≤d

max

(d)

0≤i≤d,
1≤m≤2nν

(d)

bi (p, um,ν ) − max p(x) ≤

max bi (p, um0 ,ν0 ) − max
p(x)
m ,ν

x∈u

0≤i≤d

≤ ω

x∈u

0

0

κ − 1 −ν0 2
(2 ) .
κ2

The second inequality follows from Theorem (3.17), where ω is defined in (3.101).
By the inclusion isotonicity propertyof the Bernstein form, see Subsection
3.3.7, and Theo

rem 3.18, we obtain that the sequence

(d)

max bi (um,ν ), m = 1, . . . , 2nν

0≤i≤d

is monotonically

ν≥1

decreasing, bounded below and converges to max p(x). A similar statement holds for the
x∈u

sequence



min

0≤i≤d

(d)
bi (um,ν ), m

=

1, . . . , 2nν



.
ν≥1

In the early sixties, de Casteljau from the French car company Citroen developed an algorithm, now called the de Casteljau algorithm [dC59]. It provides a very powerful, efficient,
and stable algorithm for evaluating and subdividing Bézier curves [LR80], see also [Far12],
[PBP02], and gives also insight into the behaviour of the Bézier curves [Far88]. Whenever
u is subdivided, the de Casteljau algorithm is used for computing the Bernstein coefficients
over generated subboxes without need to transform them to u. Subdivision of u in the s-th
coordinate direction, s ∈ {1, . . . , n}, produces two subboxes u1 and u2 ,
u1 := [0, 1] × . . . × [0, λ] × . . . × [0, 1],

(3.103a)

u2 := [0, 1] × . . . × [λ, 1] × . . . × [0, 1],

(3.103b)

for some λ ∈ (0, 1). Assume that d = l. The Bernstein coefficients over u1 and u2 , denoted
(l)
(l)
(l)
by bi (u1 ) and bi (u2 ), respectively, can be computed from the Bernstein coefficients bi over
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u by using the de Casteljau algorithm, which is summarized in Algorithm 3.3. Denote by
[ν]
bi , i = 0, . . . , l, ν = 0, . . . , ls , s = 1, . . . , n, the i-th intermediate value obtained in the ν-th
step of the de Casteljau algorithm.
Algorithm 3.3 The de Casteljau algorithm for the computation of the Bernstein coefficients
over u1 and u2
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:

(l)

Input: The Bernstein coefficients of p of degree l over the unit box u, which are given by bi ,
i = 0, . . . , l.
Output: The Bernstein coefficients of p over the two subboxes u1 and u2 , defined in (3.103),
(l)
(l)
which are denoted by bi (u1 ) and bi (u2 ), i = 0, . . . , l.
[0]
(l)
Step 1: Put bi := bi , 0 ≤ i ≤ l.
Step 2: Computation of the Bernstein coefficients over the subboxes u1 and u2
for ν = 1, . . . , ls do
for i = 0, . . . , l do
if is ≤ ν then
[ν]
[ν−1]
Put bi := bi
.
else
[ν]
[ν−1]
[ν−1]
Compute bi := (1 − λ)bis,−1 + λbi
.
end if
end for
end for
Step 3: Obtaining the Bernstein coefficients of p over the two subboxes u1 and u2
(l)
[l ]
(l)
[ls −is ]
bi (u1 ) := bi s , bi (u2 ) := bi[s,l
, 0 ≤ i ≤ l.
s]
Step 4: End of the algorithm.
(l)

The Bernstein coefficients bi (u2 ) over u2 are obtained as intermediate values in this computation, see [Gar93], since for ν = 0, . . . , ls the following relation holds
(l)

bi[s,l

[ν]

s −ν]

(u2 ) = bi[s,l ] .
s

(3.104)

3.9. Tensorial Subdivision in Matrix Form
3.9.1. A Matricial Representation of the de Casteljau Algorithm
We assume that n ≥ 2 and we are given a polynomial p as in (3.13) with its Bernstein
coefficients over the unit box u arranged in a matrix B(u) as in (3.39). The box u is now
subdivided in the s-th coordinate direction, s ∈ {1, . . . , n}, into the subboxes u1 and u2 . We
arrange their Bernstein coefficients likewise in matrices B(u1 ) and B(u2 ) of the form (3.39).
We perform the de Casteljau algorithm, see Section ??, with the matrix B(u) instead of the
Bernstein patch B(u) and get then ls +1 matrices B [ν] (u). In the ν-th step, B [ν] (u) is obtained
as follows: The first ν rows are identical with the first ν rows in the (ν − 1)-th step and the
remaining rows are obtained as a convex combination of two consecutive rows. The Bernstein
coefficient matrix B(u1 ) over the subbox u1 is provided by the last matrix B [ls ] (u). The i-th
row, i = 1, . . . , ls + 1, of the Bernstein coefficient matrix B(u2 ) over the subbox u2 is equal
to the last row in B [ls −i+1] (u). In matrix language, these manipulations are described by
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pre-multiplication of the matrix B(u) by the following matrices. Without loss of generality
we subdivide u in the direction perpendicular to the first coordinate direction (s = 1). In the
case of subdivision in a general direction s, s ∈ {2, . . . , n}, we firstly apply (s − 1)-fold cyclic
ordering that is defined in Subsection 3.5.2. For simplicity we assume that l1 = · · · = ln = κ.
For µ = 1, 2, . . . , κ we define the bidiagonal matrices Lµ and Rµ ∈ Rκ+1,κ+1 (δ denotes the
Kronecker delta) as follows
if i = 0, . . . , κ −µ,
if j = i − 1, 

if j = i,
for i = κ − µ + 1, . . . , κ,


otherwise,


δi,j ,



 1 − λ,
(Lµ )ij :=
 λ,




0,

(3.105)

and


1 − λ,
λ,
(Rµ )ij :=

0,



δi,j ,


if j = i,

if j = i + 1, for

otherwise, 
if i = µ, . . . , κ.







i = 0, . . . , µ − 1,

(3.106)

Let S ∈ Rκ+1,κ+1 be the permutation matrix defined by
(

(S)ij :=

1,
0,

if i = κ − j + 1,
otherwise.

(3.107)

Then we obtain the Bernstein coefficient matrices over u1 and u2 by
B(u1 ) = L1 L2 · · · Lκ B(u),

(3.108)

B(u2 ) = R1 R2 · · · Rκ B(u).

(3.109)

Equation (3.109) can be derived from equation (3.108) as follows: First we map x1 to
(d)
(d)
1 − x1 and keep the other variables. By the identity Bi (1 − x1 ) = Bd−i (x1 ), see (3.5), this
corresponds to forming SB(u). Now we apply (3.108) with the subdivision point 1−λ and get
back (again by multiplying the resulting matrix by the matrix S). Note that this procedure
corresponds to the relation Rµ (λ) = SLµ (1 − λ)S, µ = 1, . . . , κ.

3.9.2. A novel method for the calculation of the Bernstein coefficients on
subboxes
a) On the left subbox
We define the lower triangular matrix L† ∈ Rκ+1,κ+1 by
†

(L )ij :=

( i
j
i−j ,
j λ (1 − λ)

0,

i ≥ j,
otherwise.

(3.110)

Then the factorization
κ
Y

L† =

µ=1
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Lµ

(3.111)

holds [BS11, p.10121]. It is easy to see that
L† = D(1 − λ)P D(

λ
).
1−λ

(3.112)

Then by using (3.108), (5.46), and (3.112), B(u1 ) can be represented as
B(u1 ) = D(1 − λ)P D(

λ
)B(u).
1−λ

(3.113)

b) On the right subbox
We define the upper triangular matrix R† ∈ Rκ+1,κ+1 by
†

(R )ij :=

( κ−i
j−i (1 − λ)κ−j ,
j−i λ

0,

j ≥ i,
otherwise.

(3.114)

Then, we get
R† =

κ
Y

Rµ .

(3.115)

µ=1

The matrix R† can also be factorized as
1
λ
R† = (1 − λ)κ D( )P 0 D(
),
λ
1−λ

(3.116)

where the upper triangular matrix P 0 is defined as
0

(P )ij :=

( κ−i
j−i ,

j ≥ i,

0,

otherwise.

(3.117)

By using the permutation matrix S, see (5.43), and the symmetry of the binomial coefficients, we easily see that P 0 = SP S. By (3.53), we factorize P 0 as follows
P0 =

κ
Y

Kµ0 ,

(3.118)

µ=1

with the matrices Kµ0 := SKµ S, µ = 1, . . . , κ. After substituting (5.55) in (3.109) and
employing (5.54), we get
1
λ
B(u2 ) = (1 − λ)κ D( )P 0 D(
)B(u).
λ
1−λ

(3.119)

3.9.3. Comparison of the amount of arithmetic operations for the several
methods
In the following comparison of the amount of arithmetic operations for the several methods,
cf. Tables 3.6 and 3.7, we are giving only the terms which are depending on κ or n and
neglect the trivial multiplications. The applicationn of the de Casteljau algorithm requires for
the computation of both B(u1 ) and B(u2 ) κ(κ+1)
additions and κ(κ + 1)n multiplications.
2
The same amount needs the calculation of B(u1 ) by (3.108) or of B(u2 ) by (3.109) because
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they are merely matrical representations of this algorithm. The amount of arithmetic operations for each of the computations of B(u1 ) and B(u2 ) according to (3.113) and (3.119)
n
consists of κ(κ+1)
additions for the factorizations (3.53), (5.57) and 2κ(κ + 1)n−1 + 2κ and
2
n−1
(κ + 1)
(2κ + 1) + 3κ multiplications / divisions for the computation of the diagonal matrices and forming the products with them in (3.113) and (3.119), respectively. If only one
of both patches is needed, (3.113) and (3.119) are superior to the de Casteljau algorithm for
κ > 1 (if κ = 2, (3.119) for n ≥ 3), see Table 3.7. If both patches are needed
the
 amount

λ
can be reduced by noting that both formulae share common factors, e.g., D 1−λ B(u), and
that the last row in B(u1 ) and the first row of B(u2 ) are identical so that we can shorten the
λ
matrices D( λ1 ), D( 1−λ
), and P 0 in (3.119) by deletion of their first rows and columns. The
amount of arithmetic operations for both formulae consists then of κ2 (κ + 1)n−1 additions
and 3κ(κ + 1)n−1 + 4κ multiplications / divisions. Therefore, the use of the de Casteljau
algorithm is preferable for κ ≤ 3, whereas for κ ≥ 4 the use of (3.113) and (3.119) is superior
(if κ = 4, then n ≥ 3), see Table 3.7.

Table 3.6.: Comparison between de Casteljau algorithm and the computation according to
(3.113) and (3.119)
number of
Calculation of
number of additions
multiplications/divisions
de Casteljau algorithm

κ

(κ+1)n
2

κ(κ + 1)n

(3.113)

κ

(κ+1)n
2

2κ(κ + 1)n−1 + 2κ

(3.119)

κ

(κ+1)n
2

(κ + 1)n−1 (2κ + 1) + 3κ

(3.113) and (3.119) together

κ2 (κ + 1)n−1

3κ(κ + 1)n−1 + 4κ

Table 3.7.: The superiority of using (3.113) and (3.119) to the use of the de Casteljau algorithm for the computation of the Bernstein patches over u1 and u2
Calculation of

κ

number of variables

(3.113)

κ≥2

n ≥ 2 (κ = 2), ∀ n (κ > 2)

(3.119)

κ≥2

n ≥ 3 (κ = 2), ∀ n (κ ≥ 3)

(3.113) and (3.119) together

κ≥4

n ≥ 3 (κ = 4), ∀ n (κ > 4)

Remark 3.19. If u0 is a subbox of u then we can use repeated subdivision and the above
methods to compute the Bernstein patch B(u0 ). We consider first the case that u0 is contained
in the interior of u. Then we are needing two subdivisions in each coordinate direction, where
in each coordinate direction the Bernstein patches over exactly one left and one right subbox
are required. So we may use (3.113) as well as (3.119) in each direction. This procedure (and
therefore the de Casteljau algorithm, too) is inferior to the use of Method 1 for the compu-
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tation of B(u0 ). If u0 has common faces with u then fewer subdivisions are required and the
superiority of Method 1 may be lost. In the extreme case that u0 has n faces of dimension
n − 1 in common with u, only one subdivision in each coordinate direction is necessary. We
can draw the following conclusion: Method 1 is superior to the de Casteljau algorithm for
κ ≥ 4; otherwise the de Casteljau algorithm is preferable. The use of (3.113) and (3.119) is
always superior to Method 1.

3.9.4. Numerical Examples
We have run some test problems listed in the Appendix A (but in contrast to the results
presented in Table 3.2 without the variant designed in Subsection 3.5.6 for the three Reimer
problems). The results in Table 3.8 are in close agreement with our findings in Table 3.7.
However, the single use of (3.113) and (3.119) is not superior to the use of the de Casteljau algorithm to such an extend like the superiority of Method 1 to Ray and Nataraj0 s method.

Table 3.8.: Time (in ms) required for the computation of the Bernstein patchs B(u1 ) and
B(u2 ) given B(u) by using the de Casteljau algorithm, (3.113), and (3.119)
de
(3.113)
Test case
n
l
Casteljau (3.113) (3.119)
and
algorithm
(3.119)
Booth

2

(2, 2)

0.0531

0.0455

0.0736

0.0780

Himmelblau

2

(4, 4)

0.1391

0.1038

0.1047

0.1845

L. V. 3

3

(1, 2, 2)

0.0365

0.0331

0.0336

0.0588

R. D. 3

3

(1, 2, 1)

0.0358

0.0351

0.0357

0.0564

L.V. 4

4

(1, 2, 2, 2)

0.0836

0.0565

0.0584

0.0845

Cap 4

4

(1, 1, 3, 3)

0.0470

0.0461

0.0465

0.0736

Wrig 5

5

(1, 1, 1, 1, 2)

0.0465

0.0435

0.0462

0.0691

Reim 5

5

(6, 6, 6, 6, 6)

0.3627

0.1881

0.1915

0.3380

Mag 6

6

(2, 2, 2, 2, 2, 2)

0.2104

0.1931

0.1971

0.3127

But 6

6

(1, 2, 2, 3, 1, 1)

0.0779

0.0736

0.0784

0.1086

Reim 6

6

(7, 7, 7, 7, 7, 7)

0.7500

0.3030

0.3273

0.6151

Mag 7

7

(2, 2, 2, 2, 2, 2, 2)

0.5243

0.5035

0.5137

0.7664

Reim 7

7

(8, 8, 8, 8, 8, 8, 8)

0.9572

0.4210

0.4522

0.5321
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3.9.5. Changing the Underlying Box
We turn to the situation that we have to change the box over which we want to find an
enclosure for the range of the given polynomial p. For the computation of the Bernstein
patch over the new box we can use the Bernstein patch over the original box without recourse
to the power representation of p and apply again the procedure in Subsection 3.5.2. The
procedure described below applies also to the case that we know the Bernstein patch B(u)
of p over u and want to find the power representation of p. Without loss of generality we
assume that we change the domain of xs , s ∈ {2, . . . , n − 1}, from [0, 1] to [xs , xs ]. Then the
new box is u? := [0, 1]s−1 × [xs , xs ] × [0, 1]n−s . To obtain B(u? ), we distinguish the following
cases:
Case (i): xs > 01 : Firstly, we affinely map [0, 1] to [0, xs ] by introducing the new variable
(3.120)

xs xs .

After substituting (3.120) in (3.13), we get a polynomial, ps say, over ũ := [0, 1]s−1 × [0, xs ] ×
[0, 1]n−s . By some arrangements, using the binomial expansion, equating the resulting formula
with the Bernstein representation of p over [0, 1]n , and solving for the Bernstein coefficients,
its Bernstein coefficients matrix B(ũ) is obtained as (we first apply the cyclic ordering s − 1
times starting from B(u))
B(ũ) = Ds (

xs − 1
1
)Ps Ds (
)B(u).
xs
xs − 1

By using (3.119) (starting from B(ũ)) with λ =

xs
xs

(3.121)

we get B(u? ).

Case (ii): xs < 0: We replace in (3.120) and (3.121) xs by xs and affinely map in this way
[0, 1] to [xs , 0] and compute B(ũ) from which we get B(u? ) by using (3.113) with λ = xxs .
s

Case (iii): xs < 0 < xs : The matrix Λ(u) is obtained from A? as
Λ(u) = (Dn00 (· · · (D200 (D100 A? )c )c · · · )c )c ,
where Ds00 is defined in Remark 3.12. Let Bs0 (u) = (b0i ) be the (ls + 1) ×
which is computed by using (3.56) and (3.122) as

(3.122)
n
Q
w=1,
w6=s

(lw + 1) matrix

Bs0 (u) := (Ds00 )−1 Ps−1 B(u).

(3.123)

The coefficients b0i appear also in the representation of the polynomial p as
l[s,0]

p(x) =

X

b0i1 ,...,is ,...,in xiss ,

(3.124)

xs − xs T
)Ps Ds (xs )Bs0 (u).
xs

(3.125)

Bi[s,0] (x[s,0] )

i[s,0]

ls
X
is =0

Then B(u? ) is given by
B(u? ) = Ps Ds00 Ds (
1

If xs = 1 we may apply subdivision with λ = xs and obtain B(u? ) from (3.119) as B(u2 ).
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Let Ds? := Ds (xs )(Ds00 )−1 and Ds?? := Ds00 Ds (
and (3.125) as follows

xs −xs
xs ):

Then B(u? ) is obtained by using (3.123)

B(u? ) = Ps Ds?? PsT Ds? Ps−1 B(u).

(3.126)

Let the bidiagonal matrices Kµ?s , µ = 1, . . . , ls , be given by

(Kµ?s )i,j

:=




 1,

−1,



 0,

if i = j,
if i = j + 1, ls − µ ≤ j ≤ ls ,
otherwise.

(3.127)

Then Ps−1 allows the factorization
Ps−1 =

ls
Y

(3.128)

Kµ?s .

µ=1

By substituting (3.53) and (3.128) in (3.126) the number of the arithmetic operations can
be reduced.

3.10. The Tensorial Rational Bernstein Form
Let p and q be two n-variate real polynomials with the Bernstein coefficients over x given by
(d)
(d)
bi (p) and bi (q), 0 ≤ i ≤ d, respectively. We assume that the two polynomials have the
same degree l since otherwise we can elevate the degree of the Bernstein expansion of either
polynomial by component where necessary to ensure that their Bernstein coefficients are of
the same order d ≥ l. We consider the multivariate rational function
p
q

f :=

(3.129)

over x. A naive method for bounding the range of f over x is by employing interval arithmetic
to compute B (d) (p, x)/B (d) (q, x). This approach may give a gross overestimation of the range
of f over x, due to the dependence between the variables of the two polynomials p and q, see
Subsection 2.2.1. A method for bounding the range of f , given in (3.129), over x relies on the
expansion of p and q into Bernstein polynomials was presented in [NGSM12] as follows. In
(d)
the sequel we assume that all bi (q), i = 0, . . . , d, have the same strict sign (and without loss
of generality we may assume that all of them are positive). For the negative case, we replace
q by −q. We use the notation
(d)

(d)
bi (f )

:=

bi (p)
(d)

bi (q)

,

i = 0, . . . , d.

(3.130)

Then, an enclosure for the range of f over u is given by the following theorem.
Theorem 3.20. [NGSM12, Theorem 3.1] The range of f over u is bounded by
(d)

(d)

min bi (f ) ≤ f (x) ≤ max bi (f ), x ∈ u.

0≤i≤d

0≤i≤d
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(3.131)

The interval spanned by the lower and the upper bounds of (5.63) is called the tensorial
rational Bernstein form of f over u, and it is denoted by B (d) (f, u),
(d)

(d)

B (d) (f, u) := [ min bi (f ), max bi (f )],
0≤i≤d

0≤i≤d

(3.132)

(d)

where bi (f ), i = 0, . . . , d, is defined in (3.130). In [NGSM12], an example was reported
which shows that the convex hull property, which is given in Subsection 3.3.4 for multivariate
polynomials, does not hold in general in the case of rational functions.
In [GH14], it was shown that the vertex condition for a rational function over a box x holds.
Also, the convergence of the tensorial rational Bernstein form of the given rational function
f to the range of f over x, with respect to degree elevation of the Bernstein expansion and to
subdivision were investigated. Furthermore, the inclusion isotonicity property of the tensorial
Bernstein form was proven.

3.11. Extension to Interval Polynomials
In this section, we extend our results in Subsection 3.5.2 to polynomials with intervals as
coefficients. In the sequel the interval arithmetic operations, see (2.3), are used. Let [ai ] =
[ai , ai ] ∈ IR, i = 0, . . . , l, be given. Then the polynomials
p(x) =

l
X

[ai ]xi ,

(3.133)

i=0

is called an interval polynomial. In the robust control area there is a vast literature on the
origin and use of interval polynomials, see [Far12], [ZG98] and the references therein.
Replacing in an algorithm real numbers by intervals and the real arithmetic operations
by the corresponding interval arithmetic operations results in general in gross overestimation
due to the dependency problem of interval arithmetic, see Subsection 2.2.1. Rather surprisingly, the performance of the algorithms developed in this chapter for the computation of
the Bernstein coefficients (with the exception of the computation of the Bernstein coefficients
over a general box not restricted to the nonnegative orthant of Rn ) provides the set of the
Bernstein coefficients of all members of the family without overestimation. The reason is that
the real matrices involved in the methods are (entry-wise) nonnegative, so that in each step
the infimum and supremum of the resulting interval matrices are attained by respective point
problems, see [Neu90, Proposition 3.1.5, (15d)] in this regard. This means that the sequence
of interval computations can be reduced to two sequences of real computations involving the
endpoints of the coefficient intervals. Since this argument applies to most of the problems
we can keep the discussion of the performance of the methods in interval arithmetic to a
minimum. The above formulation ’without overestimation’ means that we obtain the smallest interval matrix which contains the Bernstein coefficients matrices of all members of the
family. So, in general, not each coefficient matrix contained in the resulting interval matrix
is realizable as the Bernstein coefficients matrix of any polynomial in the interval family, see
Example 3.21 below.
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3.11.1. Calculation of the Bernstein Coefficients of an Interval Polynomial
Let p be the interval polynomial given in (3.133) and x be a box in Rn . To apply the method
introduced in Subsection 3.5.3 we proceed as follows. Firstly, we replace the matrix A on the
right-hand side of (3.66) by the interval matrix A comprising the interval coefficients of p.
Then we perform (3.66) in interval arithmetic yielding the matrix A? . This step does not
suffer from overestimation if x is restricted to the nonnegative orthant of Rn because in this
case all the matrices being involved are nonnegative. If this assumption is not fulfilled, we are
able to compute the Bernstein coefficients of all members of the family without overestimation
by direct computation after a suitable reformulation, see below. Now we perform our method
in interval arithmetic starting from A? . This step itself produces no overestimation since
all the matrices involved continue to be nonnegative. So if x is restricted to the nonnegative
orthant we have all together no overestimation and obtain from the entries of the resulting interval matrix exactly the set of the Bernstein coefficients of all members of the interval family.
We now turn to the case that the box x is not restricted to the nonnegative orthant. The
representation (3.14) can be extended to a representation of p over the box x. Then the i-th
Bernstein coefficient of p is given by
(l)
bi

i
i
l
X
X
j
j
=
(x
−
x)

l
j=0 j

t=j

!

t t−j
x at , 0 ≤ i ≤ l.
j

(3.134)

If in the case of an interval polynomial we replace the real coefficients by the respective
intervals we will be faced by overestimation of the set of the Bernstein coefficients of all
members of the interval family since each coefficient appears more than once in the representation. Following a reformulation of (3.134) in the univariate case [Rok82], we may represent
the Bernstein coefficients in the following form
l1 X
l2
X

(l)

bi1 ,...,in =

t1 =0 t2 =0

...

ln
X

at1 ,...,tn χit11 χit22 · · · χitnn ,

(3.135)

tn =0

where
min(is ,ts )

χitss

:=

X

(xs − xs )ks
ts −ks
xs
ls 

ks =0

is  ts 
ks ks

(3.136)

ks

and ts = 0, . . . , ls , s = 1, . . . , n.
The advantage of this representation is that now each polynomial coefficient appears only
once in the formula of each Bernstein coefficient. If we replace now the real coefficients by the
respective interval coefficients then no overestimation will occur, see, e.g., [MKC09, Theorem
6.2], [Neu90, Corollary 1.4.4].
We define for s = 1, . . . , n the matrices Us ∈ Rls +1,ls +1 by
(Us )ij := χij , i, j = 0, . . . , ls .

(3.137)

Then by using the matrices Ds0 , see Remark 3.12, and Qs , see (4.68), the matrices Us can
also be represented as
Us = Ps Ds0 Qs .
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(3.138)

The Bernstein patch of p over x (arranged as in (3.39)) can be represented as
(Un (. . . (U2 (U1 A)c )c . . .)c )c .

(3.139)

We then replace in (3.139) the real matrix A by the interval matrix A and obtain the set
of the Bernstein coefficients of all the member of the interval family.
Example 3.21. Let p be the bivariate interval polynomial (3.133) with l = (1, 2) and coefficients arranged in the interval matrix A as follows
[−1, 1] [1, 3] [−1, 0]





(3.140)

A=
.
[−1, 2] [1, 2] [0, 2]




The application of our method in interval arithmetic yields the interval matrix
5
[−1, 1] [ −1
2 , 2]

[−1, 4]



B(u) := 
[−2, 3] [−1, 11
2 ]



.



[−1, 10]

(3.141)

Each interval entry of this matrix provides the exact range of the respective Bernstein
coefficient for all members of the interval family. Denote by q the polynomial which has the
Bernstein patch
−1
2



−1




3

−1

4





10

(3.142)

which is contained in B(u). Then q is (uniquely) represented in the Bernstein basis over u
and in the power basis as
−1
2(1 − x1 )x2 (1 − x2 ) + 4(1 − x1 )x22
2
+ 3x1 (1 − x2 )2 − 2x1 x2 (1 − x2 ) + 10x1 x22

q(x) = −(1 − x1 )(1 − x2 )2 +

= −1 + x2 + 4x22 + 4x1 − 9x1 x2 + 11x1 x22 .
The representation in the power basis shows that the polynomial q is not a member of the
interval family p. So not all points in B(u) are realizable as Bernstein coefficients of a
polynomial contained in p.

3.11.2. Tensorial subdivision for an interval polynomial
The Bernstein coefficient matrices B(u1 ) and B(u2 ) of p over the subboxes u1 and u2 can
be obtained by performance of (3.113) and (3.119) in interval arithmetic. Since all matrices
involved are nonnegative we get the Bernstein coefficients over both subboxes of all members
of the polynomial family without overestimation.
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3.12. Evaluation of Multivariate Polynomials
The wide use of polynomials in diverse fields, such as CAGD, cryptography, digital circuits,
communications, etc, requires a high accuracy for the evaluation of polynomials and their
derivatives. This motivates the interests for developing efficient and reliable algorithms to
optimize and to accelerate these evaluations. Once a polynomial has been expanded into a
given basis and using computers to evaluate it at a point, the computed values may contain
a perturbation because of rounding errors. Such errors may inherent due to floating point
representation of the polynomial coefficients themselves and when the arithmetic during the
evaluation is performed by using the floating point arithmetic. The sensitivity of polynomial evaluation with respect to perturbations that may occur in its coefficients is a major
concern. Assume that a given polynomial to be evaluated is expressed in a specific basis.
Then the chosen basis is suitable for evaluation if the resulting value is insensitive to the
effect of committed perturbations in its coefficients. A basis with this property is said to be
well-conditioned or stable.
To be more precise, let p be an n-variate polynomial of degree l and let Γ := {Γ0 (x), . . . , Γl (x)}
be a basis of the vector space of all polynomials of degree at most l. Then, p can be uniquely
expressed over a general box x as
p(x) =

l
X

cj Γj (x),

(3.143)

j=0

where cj ∈ R, j = 0, . . . , l. Here, we are concerned with the stability of the representation
(3.143), i.e., how sensitive a value of p(x) is to random perturbations in the coefficients
cj , j = 0, . . . , l, which are corresponding to the basis Γ. Assume that these coefficients suffer
from perturbations of maximum relative magnitude ε, such that the perturbed coefficients
are ĉj , j = 0, . . . , l. Mathematically, we have for j = 0, . . . , l
ĉj − cj
≤ ε, cj 6= 0.
cj

(3.144)

We regard the quantity p̂(x) as the perturbed value of p(x) by a specified perturbation
$p(x) > 0, i.e., p̂(x) = p(x)+$p(x). The condition number is commonly used to characterize
the sensitivity of the computed value to perturbations in the coefficients by providing an upper
bound for $(p(x)) by
|$(p(x))| ≤ C(Γ, p)ε,

(3.145)

where
C(Γ, p(x)) :=

l
X

|cj Γj (x)|

(3.146)

j=0

is the condition number for evaluation of p at x with respect to the basis Γ [FR87]. Note that
C(Γ, p(x)) depends on the adopted basis for the representation of p. Moreover, it is clear
from (3.145) that the condition number of the chosen basis for evaluating a given polynomial
measures how sensitive the computed value is to small perturbations in the coefficients of the
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polynomial. Indeed, if a basis with a small condition number is chosen, then the stability
in evaluating p increases. When comparing condition numbers in arbitrary bases without
imposing suitable restrictions on the bases, no systematic inequality can be expected. We
shall be concerned here only with bases which are nonnegative over an interval [x, x]. The
following theorem consider such bases.
Theorem 3.22. [Far12, Theorem 1], [FG96, Proposition 1] Let Γ := {Γ0 (x), . . . , Γl (x)}
and Φ := {Φ0 (x), . . . , Φl (x)} be two nonnegative bases for the vector space of polynomials of
degree l at most over an interval [x, x], such that the former can be expressed as a nonnegative
combination of the latter, i.e.,
Γm (x) =

l
X
(m)

cj

Φj (x),

(3.147)

j=0
(m)

where cj

≥ 0, for all j, m = 0, . . . , l. Then, for any x ∈ [x, x] it holds
C(Φ, p(x)) ≤ C(Γ, p(x)).

(3.148)

Let Pl and Bl be the power and the Bernstein bases for the vector space of all polynomials
of degree at most l over the unit interval [0, 1], see Subsection 3.2.1. As an immediate consequence of Theorem 3.22, we get the following corollary.
Corollary 3.23. [Far12, Corollary 1], [DP12, Theorem 2.2 1] Let C(Bl , p(x)) and C(Pl , p(x))
be the condition numbers for evaluation p at x ∈ [0, 1] in the power and Bernstein bases,
respectively. Then,
C(Bl , p(x)) ≤ C(Pl , p(x)), for all x ∈ [0, 1].

(3.149)

In other words, evaluating the polynomial p over [0, 1] by using its Bernstein representation,
given in (3.14), is more stable with respect to perturbations in its coefficients than using its
power representation, defined in (3.13).
A basis Γ is optimal among the nonnegative bases of its space if there does not exist any
other basis Φ such that C(Φ, p(x)) ≤ C(Γ, p(x)), for all x ∈ [0, 1], i.e., Γ is the least sensitive
to random perturbations in the coefficients, from within all bases which are comparable to
it. The optimal stability of the Bernstein basis Bl was investigated in [PS00], see also [FG96],
[DP12, Theorem 2.2], and [Far12, Section 6.3].

3.12.1. Evaluation of Multivariate Polynomials in the Power Representation
There are several algorithm for polynomial evaluation, see [MW67], which mainly depend
on the initial representation that the polynomial is given, i.e., on the selected basis for the
polynomial representation. Finding efficient algorithm in this regard is a major task. Indeed,
it is desired to evaluate a given polynomial with an algorithm that guarantee a high stability
with the fewest number of arithmetic operations.
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Let p be an n-variate polynomial of degree l with power representation is given by
p(x) =

l
X

(3.150)

ai xi .

i=0

The polynomial p can be directly evaluated by computing all the powers of x and then multiply
xi with the corresponding ai , for all i = 0, . . . , l. Finally, take the sum over i. This method
is not efficient for polynomials with high degree, because of a large number of multiplications
that is needed, which is time-consuming.

Horner0 s Scheme
In polynomial evaluation, Horner0 s scheme [Hor19], which is conventionally named after
William George Horner 1819, is widely used. Horner0 s scheme is a nested reformulation
of p into multiply-add instructions, by which p can be evaluated with the smallest number of
arithmetic operations (additions and multiplications). Indeed, evaluating a univariate polynomial p, given in (3.150), requires l additions and l multiplications. An extension of Horner0 s
scheme to the evaluation of multivariate polynomials was generalized by Peña and Sauer in
[PS00]. Other nested multiplication algorithms for the Horner0 s scheme were proposed by,
e.g., Carnicer and Gasca [CG90] and Ceberio and Kreinovich [CK04].
In the following, a description of the multivariate Horner0 s scheme that was introduced in
[SC05, p.240], see also [PS00], is given. Let us define p[s] := p(xs , . . . , xn ), s = 1, . . . , n, i.e.,
p[s] is an (n − s + 1)-variate polynomial of degree l(s) := (ls , . . . , ln ). Then (3.150) can be
written as
p(x1 , . . . , xn ) = p[1] (x1 , . . . , xn ) =

l1
X

xr1 p[2]
r (x2 , . . . , xn ),

(3.151)

r=0
[2]

where pr is the r-th (n − 1)-variate polynomial of degree l(2) that corresponds to xr1 , r =
[2]
0, . . . , l1 , i.e., xr1 pr consists of all terms of p such that x1 has power r, r = 0, . . . , l1 . Therefore,
p is written as a univariate polynomial of degree l(1) , with powers xr1 and coefficients that are
[2]
[2]
given as pr , r = 0, . . . , l1 . Once the values of pr , r = 0, . . . , lr , are given, then the univariate
Horner0 s scheme can be employed for evaluating p at x. Proceeding with the coefficients
[2]
pr (x2 , . . . , xn ) recursively yields for s ∈ {2, . . . , n}
p[s] =

ls
X

xrs pr[s+1] .

(3.152)

r=0

The following theorem provides the number of arithmetic operations that is required for
evaluation a multivariate polynomial given in power representation at a given point by using
the Horner0 s scheme.
Theorem 3.24. [SC05, Theorem 1] The evaluation of an n-variate polynomial p of degree l
in the power representation (3.150) requires at most (κ + 1)n − 1 additions and (κ + 1)n − 1
multiplications, where κ := max ls .
1≤s≤n
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Analyzing the error propagation of the polynomial evaluation by using the Horner0 s scheme
subject to possible perturbations of the coefficients ai , i = 0 . . . , l, and to rounding errors
occurring in the arithmetic operations using floating point arithmetic were extensively investigated, see [PS00], [CS15], [Hig96, Chapter 5].

Matrix Description of the Horner0 s Scheme
In [Rey10], difficulties to implement variants of the multivariate Horner0 s scheme [PS00] were
reported. In this subsection, we present a matrix description for the evaluation of a multivariate polynomial by the Horner0 s scheme which can be easily implemented. Formula (3.150)
can be rewritten as
p(x) =

l
X
i=0

ai

n
Y

(3.153)

xiss .

s=1

For s = 1, . . . , n and µ = 1, . . . , ls , we define the matrices Hµ (xs ) ∈ Rµ,µ+1 by using (3.75).
Then (3.153) can be written as
p(x) =
where

c
n
s=1 (H1 (xs ) · · · Hls −1 (xs )Hls (xs )) A,

(3.154)

denotes the composition of the induced linear mappings. After multiplication by

H1 (xs−1 ), s = 2, . . . , n, we obtain a row vector w of length

n
Q

(lt +1) which we order cyclically,

t=s

i.e., we build from this vector a matrix C of order (ls + 1) ×
(C)i,j = wi+j(ls +1)+1 , i = 0, . . . , ls , j = 0, . . . ,

n
Q

(lt + 1) by

t=s+1

n
Y

(lt + 1) − 1.

(3.155)

t=s+1

Without loss of generality, we assume in the sequel that ls = κ, for all s = 1, . . . , n. The
number of arithmetic operations for the evaluation of p at x by (3.154) is presented in Table
3.9, which equals to the number of the arithmetic operations that are required for the evaluation of p at x by the multivariate Horner0 s scheme, see Theorem 3.24. We deduce that the
presented matricial method has complexity O(κn ), see, e.g., [LG97].
Table 3.9.: Number of arithmetic operations for the evaluation of p by the Horner0 s scheme
number of
Calculation of
number of additions
multiplications
Hµ (xs )(. . .), µ = 1, . . . , κ, for
fixed s ∈ {1, . . . , n}

κ(κ + 1)n−s

κ(κ + 1)n−s

p(x)

(κ + 1)n − 1

(κ + 1)n − 1

3.12.2. Evaluation of Multivariate Polynomials in the Tensorial Bernstein
Representation
Let p be an n-variate polynomial of degree l, and its power representation be given in (3.153).
Then, expansion p into Bernstein polynomials of degree d, d ≥ l, over x is given by
p(x) =

d
X
(d) (d)

bi Bi (x),

i=0
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(3.156)

(d)

where Bi , i = 0, . . . , d, is defined in (3.5). Using the Bernstein representation (3.156) for the
evaluation of p over x, the de Casteljau algorithm [dC85], [Far88] is widely used. Even though
the de Casteljau algorithm is more stable for the evaluation of a given polynomial with respect
to perturbations of its coefficients [FR87], [MP99] compared to Horner0 s scheme, it has still
complexity O(κn+1 ), see, e.g., [LG97], [MP06a]. More efficient algorithms have been designed
in this regard, e.g., the algorithm by Schumaker and Volk [SV86]. Schumaker and Volk0 s
algorithm, which has the same nested nature as the Horner0 s scheme, was proposed for the
evaluation of bivariate polynomials over a triangle that are written in the so-called BernsteinBézier representation. Schumaker and Volk0 s algorithm starts from the modified BernsteinBézier representation of the polynomial, see [MP06a], [MP06b]. It was reported in [SV86] that
the evaluation of a bivariate polynomial of degree l over a triangle by using Schumaker and
Volk0 s algorithm has time complexity O(κ2 ), where κ := l1 + l2 . Running error analysis of the
de Casteljau and Schumaker and Volk0 s algorithms was given in [MP06b], see also [MP06a],
[Pe00]. It was documented in [MP06b] that Schumaker and Volk0 s algorithm exhibits several
advantages over the de Casteljau algorithm. On the other hand, both algorithms are better
conditioned than the Horner0 s scheme, see [Pe00].
Several alternative methods for the evaluation of p over x using (3.156) have been developed.
Such methods require fewer arithmetic operations, see, e.g., [LG97], [PD00], [Bez13], and the
references therein. These include matrix methods like [BS11], [Bez13]. In [BS11], Bezerra
and Sacht proposed a method of complexity O((κ + 1) log2 (κ + 1)) for the evaluation of a
univariate polynomial in the tensorial Bernstein representation. Their method relies on the
spectral factorization of a matrix comprising the Bernstein polynomials, some properties of the
Pascal matrix and its factorizations like (3.62). In [Bez13], a method was introduced which
employes the Bernstein-Fourier representation of the Bernstein representation and utilizes
the FFT. For more efficient algorithms than the de Casteljau algorithm for the evaluation of
polynomials in the simplicial Bernstein representations, see [Pet94], [CS15], [TG18].

3.12.3. Matrix Method for the Evaluation of Multivariate Polynomials in the
Tensorial Bernstein Representation
Let p be an n-variate polynomial of degree l, and its power representation is given in (3.150).
Assume that p is expanded into Bernstein polynomials of degree l over u, such that its
Bernstein representation is expressed as in (3.156), which can be rewritten with d = l as
p(x) =

n
Y

(1 − xs )

s=1

ls

l
n
X
(l) Y

bi

i=0

s=1

ls
is

!

xs
1 − xs

is

.

(3.157)

By applying (3.154) to (3.157) with A replaced by the Bernstein matrix B(u) yields
p(x) =

n
Y

(1 − xs )ls

n
s=1

(H1 (θs,1 ) · · · Hls −1 (θs,ls −1 )Hls (θs,ls ))c B(u),

(3.158)

s=1
xs
where θs,µ := ls −µ+1
µ
1−xs , µ = 1, . . . , ls , s = 1, . . . , n. We assume again that ls = κ for all s =
1, . . . , n. In Table 3.10, the number of arithmetic operations required for the evaluation of p(x)
by using (3.158) is presented. The multiplication by H1 (θs,1 ) · · · Hls −1 (θs,ls −1 )Hls (θs,ls ), s ∈
{1, . . . , n}, requires κ(κ + 1)n−s additions and the same amount of multiplications besides
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those (of order O(nκ)), which are required for the computation of the matrices and the
multiplication by (1 − xs )κ in (3.158). So the evaluation of p(x) according to (3.158) totally
requires (κ + 1)n additions and (κ + 1)n multiplications/ divisions, which are identical to the
number of arithmetic operations of the Horner0 s scheme, see Table 3.9.
Table 3.10.: Number of arithmetic operations required for the evaluation of p(x) by using
(3.158) in case that ls = κ, s = 1, . . . , n
number of
number of
multiplications/
Calculating
additions
divisions
θs,µ , µ = 1, . . . , ls , s = 1, . . . , n

n

nκ + n + κ − 1

H1 (θs,1 ) · · · Hls −1 (θs,ls −1 )Hls (θs,ls ), s ∈ {1, . . . , n}

κ(κ + 1)n−s

κ(κ + 1)n−s

1)n

(κ + 1)n − 1

c
n (H (θ
1 s,1 ) · · · Hls −1 (θs,ls −1 )Hls (θs,ls )) B(u)
s=1
n
(1 − xj )κ
j=1

Q

Total for evaluation p(x)
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(κ +

−1

0

n−1+(κ−1) (at most)

n + (κ + 1)n − 1

(κ + 1)n + nκ + 2(κ −
1) + 2(n − 1) − 1

4. The Bernstein Expansion of a Complex Polynomial
Over a Rectangular Region
Complex polynomials form a broad class of functions, which arise in many areas such as
control systems, image and signal processing, coding theory, and electrical networks. The
regions over which the range of such polynomials are sought are axis-aligned compact regions
in the complex plane called complex intervals. One approach of computing enclosures for
such ranges is the expansion of the given polynomial into Bernstein polynomials. As for multivariate real polynomials, the convex hull of the coefficients of this expansion, the so-called
Bernstein coefficients, provides an enclosure for the range of the given polynomial over the
rectangular region. In contrast to the case of real polynomials, the use of the Bernstein polynomials for finding an enclosure for the range of a complex polynomial over a region in the
complex plane has been considered in only a few papers so far. The first papers in this regard
were [CS66], [Riv70] in which the range of a complex polynomial over the interval [0, 1] is
enclosed. Rokne [Rok79b] and Grassmann and Rokne [GR79] extended this result to range
enclosures over rectangles and discs in the complex plane. Furthermore, they considered enclosures for the range of complex polynomials with coefficients which are not exactly known
but can located within intervals or discs. Alternative methods to the Bernstein expansion
include the so-called circular complex forms [RW82], [RW83], and [PP98, Chapter 2] which
use circular arithmetic [GH71], [PP98, Section 1.3].
This chapter is organized as follows. The next section provides some basic definitions and
the notions of complex analysis that are needed in the forthcoming sections. In Section 4.2,
we present the expansion of a univariate complex polynomial into Bernstein polynomials over
a line segment in the complex plan and clarify how a polynomial can be written by using
two bivariate real polynomials; one for the real part and the other for the imaginary part.
Section 4.3 focuses on computing the Bernstein coefficients of a degree elevated expansion
from those of the real part of the lower degree expansion. The Bernstein coefficients of
the real and imaginary part polynomials of a given complex polynomial over a complex
interval are employed in Section 4.4 for finding an upper bound for the modulus of the
polynomial, which is generalized later for the multivariate case. The convergence behaviour
of the obtained upper bound with respect to degree elevation and subdivision is explored
as well. In Section 4.5, the problem of obtaining an enclosure for the range of a univariate
complex polynomial over a complex interval is addressed. It turns out that such an enclosure
is provided by considering the convex hull of the Bernstein coefficients of the polynomial over
the four line segments that are bordering the corresponding box. This leads us to introduce
Rokne0 s method and to propose three matrix methods for computing the Bernstein coefficients
thereupon. A comparison between all the presented methods according to the required number
of arithmetic operations and test examples are included as well. Such methods are extended
in Section 4.6 to multivariate complex polynomials. Furthermore, this section contains a
study of the convergence of the convex hull of the Bernstein coefficients that are computed
over the faces of the box with respect to degree elevation, a proof of the inclusion isotonicity
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property of the obtained convex hull of the Bernstein coefficients, and an investigation of
the convergence of the Bernstein enclosures for the range of a complex polynomial over a
complex box with respect to subdivision. Moreover, it is demonstrated that such enclosures
are inclusion isotonic. In Section 4.7, complex rational functions are considered and an
extension of the proposed method to such functions is introduced.

4.1. Basic Definitions and Notions of Complex Analysis
The real and the imaginary parts of a complex number z = x + y i ∈ C, i2 = −1, are denoted
by Re(z) and Im(z).
Definition 4.1 (Unary Complex Arithmetic Operations). Let z = x + iy ∈ C. Then,
z̄ := x − y i,
z̄
z −1 :=
, if x2 + y 2 6= 0.
x2 + y 2
For z −1 we also write z1 .
Definition 4.2 (Binary Complex Arithmetic Operations). Let z1 , z2 ∈ C be such that z1 =
x1 + iy1 and z2 = x2 + iy2 . Then
z1 + z2 = (x1 + x2 ) + (y1 + y2 )i,
z1 − z2 = (x1 − x2 ) + (y1 − y2 )i,
z1 ∗ z2 = (x1 x2 − y1 y2 ) + (x1 y2 + x2 y1 )i,
z1
(x1 x2 + y1 y2 ) (y1 x2 − x1 y2 )
=
+
i, x2 + y 2 6= 0.
z2
x22 + y22
x22 + y22
Definition 4.3 (Line Segment in the Complex Plane). Let z1 = x1 +y1 i and z2 = x2 +y2 i ∈ C.
The line segment between z1 and z2 is the set
hz1 , z2 i := {z ∈ C | z = (1 − t)z1 + tz2 , 0 ≤ t ≤ 1} .
Definition 4.4 (Rectangular Complex Interval). Let z1 = x1 + y1 i and z2 = x2 + y2 i ∈ C be
such that z1 ≤ z2 , i.e., x1 ≤ x2 and y1 ≤ y2 , then we call
z = [z1 , z2 ] := {x + y i | x1 ≤ x ≤ x2 , y1 ≤ y ≤ y2 }
a (rectangular) complex interval. The set of all complex intervals is denoted by IC.
If z ∈ IC, then it may also be written as z = [x] + [y]i with [x], [y] ∈ IR. Geometrically, z is
a compact axis-aligned region in the complex plane. Any complex number z = x + y i can be
expressed as an interval [x + y i, x + y i]. Moreover, any real interval [x, x] can be considered
as a complex interval z = [x + 0i, x + 0i]. The Cartesian product of complex intervals is called
a complex box.
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4.2. Univariate Complex Bernstein Expansion
In this section, we recall from [Rok79b] the Bernstein representation of univariate complex
polynomials over a complex interval. Let p be a univariate complex polynomial of degree
κ ∈ N with the power representation
p(z) =

κ
X

(4.1)

aj z j ,

j=0

where aj ∈ C, j = 0, . . . , κ. Let z ∈ hz1 , z2 i. Then p can be written as
p(z) =

κ
X

cj (z − z1 )j .

(4.2)

j=0

where cj , j = 0, . . . , κ can be computed by
cj =

κ
X
r

!

(z1 )r−j ar .

j

r=j

(4.3)

We expand p into complex Bernstein polynomials of degree d ≥ κ over hz1 , z2 i as
p(z) =

d
X
(d) (d)

bj Bj (z),

(4.4)

j=0

where

(d)
Bj

is the j-th Bernstein polynomial of degree d over hz1 , z2 i, defined as
(d)
Bj (z)

(d)

and bj

:=

d
j

(z2 − z1 )d

(z − z1 )j (z2 − z)d−j ,

j = 0, . . . , d,

(4.5)

is the j-th Bernstein coefficient of p of degree d over hz1 , z2 i given by
(d)
bj

=

j
X

ci (z2 −

i=0

j
i i
z1 ) d ,
i

j = 0, . . . , d.

(4.6)

We call (4.4) the Bernstein representation of p over hz1 , z2 i. Without loss of generality we
(d)
assume in the sequel that d = κ. Note that for j = 0, . . . , d, Bj (z) is real over hz1 , z2 i.
Let z1 ≤ z2 , where z1 = x1 + y1 i, z2 = x2 + y2 i. For z = x + y i ∈ [z1 , z2 ], it follows that
(x, y) ∈ x, where x := [x1 , x2 ] × [y1 , y2 ]. Therefore, p can be written as
p(z) = p(x, y) = R(x, y) + I(x, y)i,

(4.7)

where R and I are two real bivariate polynomials of degrees l(R) and l(I), respectively. Let
b0j , b00j , j = 0, . . . , l, denote the j-th Bernstein coefficients of R and I of degree l = (κ, κ) over
x, respectively. We arrange these coefficients in Bernstein patches B(R, x) = (b0j )0≤j≤l and
B(I, x) = (b00j )0≤j≤l , respectively. For later reference we introduce the index set I by
I := {(0, 0), (0, κ), (κ, 0), (κ, κ)} .

(4.8)

By expanding R and I in (4.7) into Bernstein polynomials of degree l over x, we obtain
p(z) = p(x, y) =

l
X

(l)

(b0j + b00j i)Bj (x, y),

j=0
(l)

where Bj is the j-th Bernstein polynomial of degree l over x that defined in (3.20).
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(4.9)

4.3. Computation of the Bernstein Coefficients of the Degree
Elevated Expansion Using Those of the Real or Imaginary
Part of Lower Degree
Let p be a univariate complex polynomial of degree κ with its power representation given
in (4.1), which allows the representation (4.7). In this section, we present a method for
computing the Bernstein coefficients of the degree elevated Bernstein expansion of p by using
those of its real or imaginary part over a box x, i.e., by utilizing B(R, x) or B(I, x). Without
loss of generality, assume that R is expanded into Bernstein polynomials of degree l = (κ, κ)
over x, and that its Bernstein coefficients are arranged in the Bernstein patch B(R, x). The
Bernstein patch B̃(I, x) which comprises the Bernstein coefficients of degree ˜l := (κ, κ + 1) of
I over x can be calculated by using B(R, x) as follows. Our method is based on the method
introduced in Section 3.6 and the Cauchy-Riemann equations
∂R
∂I
=
,
∂x
∂y
∂I
∂R
=− .
∂y
∂x

(4.10a)
(4.10b)

(l̆)
Let us define ˘l := (κ + 1, κ), and let bj (R, x), j = 0, . . . , ˘l, be the j-th Bernstein coefficient
of R of degree ˘l over x, which are obtained by elevating the degree of the Bernstein expansion
of R from l to ˘l, i.e., elevating the degree with respect to x. Arrange these coefficients in
∂R
the Bernstein patch B̆(R, x). Let B( ∂R
∂x , x) be the Bernstein patch of ∂x . From (3.73), we
conclude that its entries can be computed by performing successive differences between the
rows of B̆(R, x) and multiplying each entry by κ + 1.
∂I
Since B( ∂R
∂x , x) equals B( ∂y , x), see (4.10a), we may apply the method presented in Section
3.6 (starting from B( ∂R
∂x , x) and using the partial derivative with respect to y) to obtain the
Bernstein patch B̃(I, x) which contains the Bernstein coefficients of degree ˜l of I over x. Finally, we arrive at the Bernstein patch of p of degree ˜l over x by elevation of the degree of the
Bernstein expansion of R from l to ˜l, i.e., elevating the degree with respect to y. In Figure
4.1 we present a flowchart of the procedure, where we give besides the Bernstein patches also
their degrees. In a similar manner, we can also use the Bernstein expansion of degree l of I
to obtain the Bernstein expansion of degree ˜l of p. In either case, the number of arithmetic
operations is roughly the half of those which are required by Method II given in Subsection
4.5.2 to compute of the Bernstein coefficients of both the real and imaginary parts, see Table
4.3.
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B(R, x), (κ, κ)

B̆(R, x), (κ + 1, κ)

∂I
B( ∂R
∂x , x) = B( ∂y , x), (κ, κ)

B̃(R, , x), (κ, κ + 1)

B̃(I, x), (κ, κ + 1)

B̃(p, x), (κ, κ + 1)
Figure 4.1.: Flowchart of the procedure presented in Section 4.3

4.4. An Upper Bound for the Modulus of a Complex Polynomial
Let p be a complex polynomial of degree κ as given in (4.1). We consider p over a complex
interval z = [z1 , z2 ], such that p is written in the form (4.9) over x. Since the Bernstein
polynomials (4.5) all are reals and nonnegative on z and sum up to 1, e.g., [Far12, p.390], it
is easy to see that
|p(z)| ≤ max |b0j + b00j i|, for all z ∈ z.

(4.11)

0≤j≤l

As in the real case, the following vertex condition holds.
Proposition 4.5. The upper bound in (4.11) is attained if and only if max |b0j + b00j i| =
0≤j≤l

|b0j ? + b00j ? i| for some j ? ∈ I given in (4.8).
Proof. Assume that max |b0j + b00j i| = |b0j ? + b00j ? i| for some j ? ∈ I. Then there exists z ? =
x? + y ? i ∈ z with

j=0,...,l



(x? , y ? ) = x1 +

j1?
j?
(x2 − x1 ), y1 + 2 (y2 − y1 )
κ
κ

and we get
p(z ? ) = p(x? , y ? ) = b0j ? + b00j ? i.
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It follows that
max |p(z)| = max |b0j + b00j i|.
z∈z

0≤j≤l

Conversely, suppose that for some z ? ∈ z we have
|p(z ? )| = max |p(z)| = max |b0j + b00j i|.
z∈z

0≤j≤l

If all |b0j + b00j i|, j = 0, . . . , l, are equal, then the statement trivially holds. Otherwise, from
(4.9) we get
p(z ) = p(x , y ) =
?

?

?

l
X

(l)

(b0j + b00j i)Bj (x? , y ? ).

j=0

Hence,
|p(z ? )| = |

l
X

(l)

(b0j + b00j i)Bj (x? , y ? )| ≤

j=0

l
X

(l)

|b0j + b00j i|Bj (x? , y ? )

j=0

<

max |b0j + b00j i|.

0≤j≤l

(4.12)
(l)

The first inequality holds by the nonnegativity property of the Bernstein polynomials Bj , j =
0, . . . , l, whereas the strict inequality holds by the partition of unity. If (x? , y ? ) is lying on a
(l)
proper face v of x, the value at (x? , y ? ) of at least one of the Bernstein polynomials Bj is zero.
In this event, we employ an inductive argument and the fact that the Bernstein coefficients
of p on v are just the Bernstein coefficients of the respective face of the Bernstein patch of p
over x, see Subsection 3.3.3. From (4.12) we have a contradiction to our assumption.
An upper bound for the range of the modulus of p over z can be obtained by the following
theorem.
Theorem 4.6 (Maximum Modulus Principle Theorem). Let U ⊂ C be a bounded domain and
let f be a continuous function on the closed set Ū that is analytic on U. Then the maximum
value of |f | on Ū (which always exists) occurs on the boundary ∂U. In other words,
max |f (z)| = max |f (z)|.
z∈Ū

z∈∂U

Let us consider the complex polynomial p, given in (4.1), of degree κ over a rectangular
complex interval z. Define L the set that comprises the four line segments bordering z, i.e.,
L is defined by
L := {hx1 + y1 i, x2 + y1 ii , hx1 + y2 i, x2 + y2 ii , hx1 + y1 i, x1 + y2 ii , hx2 + y1 i, x2 + y2 ii} .(4.13)
By employing Theorem 4.6, it suffices to calculate the maximum modulus of the Bernstein
coefficients of p over the four edges in L to find an upper bound for the modulus of p over z.
By the face value property, see Subsection 3.3.3, these coefficients are identical to the ones
lying on the respective edges of the Bernstein patch B(p, x). Alternatively, let p1 , p2 , p3 , and
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p4 be the four univariate complex polynomials of degree κ obtained when p is restricted to
the edges in L, which are given by
p1 (x) := p(x, y1 ),

(4.14a)

p2 (x) := p(x, y2 ),

(4.14b)

p3 (y) := p(x1 , y),

(4.14c)

p4 (y) := p(x2 , y).

(4.14d)

Then, the Bernstein coefficients of these polynomials can be separately computed by applying
Method 1, which is presented in Subsection 3.5.2, using complex arithmetic (addition). Then,
the maximum modulus over all the coefficients is taken.
Another approach for finding an upper bound for the maximum modulus of p is as follows:
Let H(x, y) be the bivariate polynomial of degree at most (2κ, 2κ) defined by
H(x, y) := |p(z)|2 = R2 (x, y) + I 2 (x, y).

(4.15)

Four univariate polynomials of degree κ, say H1 , H2 , H3 , and H4 , are defined when H is
restricted over the four edges given in L. We calculate their Bernstein coefficients, where
we have again two choices as above. Then we take the maximum square root instead of the
maximum modulus.
The question arises whether it requires less effort when the Bernstein coefficients of R2 and
I 2 are calculated directly from the Bernstein coefficients of R and I and then by the linearity
of the Bernstein coefficients, see Subsection 3.3.2, their sum is formed or when R and I are
firstly squared in their power representation, then the Bernstein coefficients of the squared
polynomials are computed, and finally their sum is formed. From the results of Section 3.6,
it follows that the first method is more favorable. In all these variants, we recommend the
method presented in Subsection 3.5.2 for the computation of the respective Bernstein coefficients.
Another approach relies on formalizing the range bounding problem of the polynomials
Hs , s = 1, . . . , 4, as global optimization problems, which are formulated by
max

Hs (x)

subject to x ∈ [x1 , x2 ],
where s = 1, 2, and by

max

Hs (y)

subject to y ∈ [y1 , y2 ],

(4.16)

(4.17)

where s = 3, 4. The problems (4.16) and (4.17) can be solved by employing Algorithm 7.1,
which will be discussed in Section 7.4.1. In this event, Algorithm 7.1 is applicable after replacing the objective function of (4.16) and (4.17) by −Hs (x) for s = 1, 2 and s = 3, 4, respectively,
i.e., we firstly convert the considered problem into a minimization problem. Algorithm 7.1
provides upper bounds for the maximum value of the objective functions (polynomials) of the
problems (4.16) and (4.17) and encloses their global maximizers within boxes of a specified
tolerance. Assume that x?1 , x?2 , y1? , and y2? be maximizers of (4.16) and (4.17), which are used
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to define the complex numbers z1 , z2 , z3 , and z4 as the corresponding points of such maximizers. This means that z1 , z2 , z3 , and z4 are lying on the four edges given in (4.13), which are
explicitly expressed as
z1 = x?1 + y1 i,

(4.18a)

z2 =

(4.18b)

x?2

+ y2 i,

z 3 = x1 +
z 4 = x2 +

(4.18c)

y1? i,
y2? i,

(4.18d)

Consequently, from the definition of the polynomials Hs , s = 1, . . . , 4, and their maximizers,
which are given in (4.18), we obtain by using (4.15)
H1 (x?1 ) = |p(z1 )|2 ,
H2 (x?2 ) = |p(z2 )|2 ,
H3 (y1? ) = |p(z3 )|2 ,
H4 (y2? ) = |p(z4 )|2 .
Then, an upper bound for max |p(z)| is given by
z∈z

max

q



|p(zs )|2 , s = 1, . . . , 4 .

4.5. Enclosure of the Range of Univariate Complex Polynomials
By the representation (4.6), the Bernstein coefficients of a complex polynomial p are complex
numbers and it can be shown that the range of p over a real interval is enclosed by the convex
hull of its Bernstein coefficients, see [CS66], [Riv70, Section 3]. In this section, we focus on
computing an enclosure for the range of a univariate complex polynomial over a complex
interval. First, let us recall from [Riv70] and [Rok79b], how to provide an enclosure for the
range of a given univariate complex polynomial p of degree κ, as given in (4.1), over a line
segment hz1 , z2 i in the complex plane. Let A be the convex hull of the range of p over hz1 , z2 i,
and Ad be the convex hull of the Bernstein coefficients of p of degree d over hz1 , z2 i, d ≥ κ.
By Ad one obtains an enclosure of A.
Theorem 4.7. [Riv70, Lemma 2 and Theorem 5], [Rok79b, Theorems 1 and 4] Let hz1 , z2 i
be a line segment in the complex plane and p be a univariate complex polynomial of degree
κ, given in the Bernstein representation of degree d, d ≥ κ, see (4.4). Then, the following
relations are valid
A ⊆ Ad+1 ⊆ Ad ,
A=

∩∞
d=κ Ad .

(4.19a)
(4.19b)

From (4.19), we conclude that the enclosure of the range of p over a line segment provided
by the Bernstein coefficients of p can be improved by elevating the degree of the Bernstein expansion. Step by step degree elevation results in a sequence of enclosures which approximates
the convex hull of the range of the polynomial better and better. However, the convergence of
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the sequence to the true range is only linear, see [Riv70] and [Rok79b]. Quadratic convergence
can be expected when subdivision is applied, see Subsection 3.8.2.
Now, we consider p over a complex interval z = [z1 , z2 ]. Then the convex hull of the range
of p over z is equal to the convex hull of the range of p over the four line segments bordering
z. This is a consequence of the following theorem.
Theorem 4.8. [Rok79b, Lemma] Let F be a bounded domain in Cn and let f be a function,
analytic on F, and continuous on F. Then conv(f (F)) is equal to conv(f (∂F)).
Proof. If f is a constant function, then the assertion holds trivially. In the following we
assume that f is a non-constant function. From the open mapping theorem we have that
f (F) is open and since f is continuous and F is bounded we have
f (F) = f (F).
We conclude that f (F) is the interior of f (F) and the latter is closed since f (F) is open and
f (F) is closed. Therefore,
∂(f (F)) = f (F) \ f (F) ⊂ f (∂F).
Because f (F) is bounded, its convex hull is equal to the convex hull of its boundary and
therefore contained in the convex hull of f (∂F). Since obviously the convex hull of f (∂F) is
also contained in the convex hull of f (F) we obtain that conv(f (F)) = conv(f (∂F)). This
completes the proof.
Hence, the problem of finding an enclosure for the range of p of degree κ given in (4.1) over
the complex interval z is reduced to the problem of finding an enclosure for the convex hull
of the range of p over the four edges of z. In the sequel we present some methods which can
be used for the computation of the Bernstein coefficients over these edges. When comparing
the required number of real arithmetic operations we count a complex addition as two real
additions and a complex multiplication as two real additions and four real multiplications.
Numerically, in general much sharper upper bounds for the range of p over the edges can be
obtained by solving global optimization problems for the four edge polynomials by employing
the branch and bound algorithm using the Bernstein approach, see [NA07], [NA11b]. Solving these problems yields upper bounds for the maximum value and bounds for the global
maximizers of the objective functions (polynomials) of the related problems.

4.5.1. Rokne0 s Method
In this subsection, we briefly present Rokne0 s method [Rok79b]. Translating p from z1 to the
origin and from z2 to the origin are required. Then the resulting polynomials, considered over
the complex interval z0 := [0, z2 − z1 ], are referred as p1 and p2 , respectively, and cj (p1 ) and
cj (p2 ), j = 0, . . . , κ, are the j-th coefficients of p1 and p2 , respectively, such that
p1 (z) =

κ
X

cj (p1 )z j

(4.20)

cj (p2 )z j

(4.21)

j=0

and
p2 (z) =

κ
X
j=0
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where for j = 0, . . . , κ, we have
cj (p1 ) =

κ−j
X

j+i
aj+i z1i ,
i

(4.22)

j+i
aj+i (−1)j z2i .
i

(4.23)

i=0

!

and
cj (p2 ) =

κ−j
X
i=0

!

The two line segments
I1 := h0, x2 − x1 i ,

(4.24a)

I2 := h0, (y2 − y1 )ii

(4.24b)

are edges of z0 . Denote by bj (pm , Ih ) the j-th Bernstein coefficient of the polynomial pm over
the h-th line segment Ih , j = 0, . . . , κ, m, h ∈ {1, 2}, which can be computed by using (4.6).
Then an upper bound for the range of p over z is obtained by
max {Re(bj (pm , Ih ))} + max {Im(bj (pm , Ih ))} i.

0≤j≤κ
m,h=1,2

0≤j≤κ
m,h=1,2

(4.25)

Replacing the max by min yields a lower bound. In Table 4.1, the number of the real arithmetic operations for the computation of the Bernstein coefficients of p1 and p2 by Rokne0 s
method is presented (note that z1j , z2j , and cj , j = 0, . . . , κ, are complex numbers). We assume that the binomial coefficients are precomputed. In total, Rokne0 s method requires
22κ2 + 36κ − 12 real arithmetic operations (additions and multiplications/divisions). A matrix method based on Rokne0 s method is presented in Subsection 4.5.2.

Table 4.1.: Number of real arithmetic operations for the computation of the Bernstein coefficients (BC) by Rokne0 s method
number of
Calculation of
number of additions
multiplications/divisions
z1j , z2j , cj (p1 ), and
cj (p2 ), j = 0, . . . , κ

2[2(κ − 1) + 2κ(κ + 1)]

2[4(κ − 1)] + 3κ(κ + 1)

Bernstein coefficients of p1
and p2 over I1 and I2

2[2(κ(κ + 1)) + 1]

2[2(2κ(κ + 1)) + κ − 1]

total

8κ2 + 12κ − 2

14κ2 + 24κ − 10

4.5.2. Proposed Matrix Methods
In this subsection, we present three matrix methods for the computation of an enclosure for
the range of p over z.
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Method I
Denote for j = 0, . . . , κ

as

a0j := Re(aj ),

(4.26a)

a00j

(4.26b)

:= Im(aj ).

Since p can be represented as in (4.7), the two real bivariate polynomials R and I are given

R(x, y) =

κ κ−j
X
X

(−1)

j
2

j=0, i=0
j even

κ κ−j
X
X
j+1
i+j 0
i + j 00 i j
ai+j xi y j −
(−1) 2
ai+j x y ,
j
j
j=0, i=0

!

!

(4.27)

j odd

and
I(x, y) =

κ κ−j
X
X
j=0, i=0
j even

(−1)

j
2

κ κ−j
X
X
j−1
i + j 00 i j
i+j 0
ai+j x y +
(−1) 2
ai+j xi y j .
j
j
j=0, i=0

!

!

(4.28)

j odd

Let AR and AI be the (κ + 1) × (κ + 1) real matrices that contain the coefficients of R and
I, respectively, such that for jν = 0, . . . , κ, ν = 1, 2, we have

j2
j1 +j2 

(−1) 2 a0j1 +j2 ,


j2
j2 +1
j1 +j2 
(AR )j1 ,j2 =
(−1) 2 a00j1 +j2 ,

j2



0 ≤ j1 ≤ κ − j2 , j2 even,


j2
j1 +j2 

(−1) 2 a00j1 +j2 ,


j2
j2 −1
j1 +j2 
(AI )j1 ,j2 =
(−1) 2 a0j1 +j2 ,

j2



0 ≤ j1 ≤ κ − j2 , j2 even,

0,

0 ≤ j1 ≤ κ − j2 , j2 odd,
otherwise,

(4.29)

and

0,

0 ≤ j1 ≤ κ − j2 , j2 odd,
otherwise.

(4.30)

We arrange the coefficients of p in the (κ + 1) × (κ + 1) complex matrix Ap . Then from (4.7),
(4.27), and (4.28), we get that
(Ap )j1 ,j2 = (AR )j1 ,j2 + (AI )j1 ,j2 i, jν = 0, . . . , κ, ν = 1, 2.
In Method I, the computation of the Bernstein coefficients of R and I over each edge of x is
required. Let Et , t = 1, . . . , 4, denote the t-th edge of x, i.e.,
E1 := [x1 , x2 ] × {y1 } ,

(4.31a)

E2 := [x1 , x2 ] × {y2 } ,

(4.31b)

E3 := {x1 } × [y1 , y2 ],

(4.31c)

E4 := {x2 } × [y1 , y2 ].

(4.31d)

Denote bj (R, Et ) and bj (I, Et ) the j-th Bernstein coefficient of R and I of degree (κ, κ) over
the t-th edge of x, respectively. These coefficients can be obtained by reducing R and I to two
univariate polynomials over the edges given in (4.31a)-(4.31d) and using the matrix method

80

presented in Subsection 3.5.2 as follows: Without loss of generality, we consider the case that
we freeze R over the edges E3 and E4 . Let R(xρ , y), ρ ∈ {1, 2}, be the polynomial which
results when freezing R on E3 , for ρ = 1, or on E4 , for ρ = 2. For ρ = 1, 2, assume that the
coefficients of R(xρ , y) are arranged in the row vector A(R, xρ ) of order κ + 1. Then
A(R, xρ ) = H1 (xρ ) · · · Hκ−1 (xρ )Hκ (xρ )AR ,

(4.32)

where the matrix Hµ (x) ∈ Rµ,µ+1 , µ = 1, . . . , κ, ρ = 1, 2, is defined by (3.75). After that, the
method from Subsection 3.5.2, is applied for the computation of the Bernstein coefficients of
R(xρ , y) over the respective edge. Note that for freezing R on the edges E1 and E2 , we firstly
need to apply the cyclic ordering once, then employ the same method as in (4.32) to obtain
A(R, yρ ), and then apply the cyclic ordering again. By (4.9), we have for j = 0, . . . , l, that
the j-th Bernstein coefficient of p over the t-th edge Et , t ∈ {1, . . . , 4}, is obtained as
bj (p, Et ) = bj (R, Et ) + bj (I, Et )i, j = 0, . . . , l.

(4.33)

From the coefficients (4.33) we are able to get an enclosure of the range of p over z as follows




 min {bj (R, Et )} + min {bj (I, Et )} i, max {bj (R, Et )} + max {bj (I, Et )} i .
0≤j≤l
t=1,...,4

0≤j≤l
t=1,...,4

0≤j≤l
t=1,...,4

0≤j≤l
t=1,...,4

(4.34)

In Table 4.2, the number of real arithmetic operations for the computation of the Bernstein
coefficients of R and I by Method I are presented.

Table 4.2.: Number of real arithmetic operations for the computation of the Bernstein coefficients (BC) by Method I
number of
Calculation of
number of additions
multiplications/divisions
AR and AI by (4.29) and
(4.30)

0

specification of R and I over
the four line segments

4κ(κ + 1)

4κ(κ + 1)

BC of R and I over the four
line segments by the method
from Subsection 3.5.2

4[2[κ(κ + 1) + 1]]

4[2[3(κ + 1) + 2(κ − 1) + 1]]

total

12κ2 + 12κ + 8

5κ2 + 43κ + 16

2

κ(κ−1)
2

The total number of real arithmetic operations for Method I is 17κ2 + 55κ + 24.
Method II
In this method, the Bernstein coefficients of R and I over the entire box x = [x1 , x2 ] × [y1 , y2 ]
are computed. Here, we use the method presented in Subsection 3.5.2 starting from AR and
AI . Recall that the Bernstein coefficients of R and I over x are arranged in the Bernstein
patches B(R, x) and B(I, x). Then the coefficients bj (R, Et ) and bj (I, Et ) over the edges
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Et , t = 1, . . . , 4, given in (4.31), are obtained by taking those lying at the four faces of
B(R, x) and B(I, x) (using the face values property of the Bernstein coefficients, see Subsection 3.3.3). Then an enclosure of the range of p over z is obtained by (4.33) and (4.34).
In Table 4.3 the number of real arithmetic operations for the computation of the Bernstein
coefficients of R and I by Method II is presented.

Table 4.3.: Number of real arithmetic operations for the computation of the Bernstein coefficients (BC) by Method II
number of
Calculation of
number of additions
multiplications/divisions
AR and AI by (4.29) and
(4.30)

0

BC of R and I by the method
from Subsection 3.5.2

2[2κ(κ + 1)2 + 2]

2[6(κ + 1)2 + 4(κ − 1) + 2]

total

4κ3 + 8κ2 + 4κ + 4

13κ2 + 31κ + 8

2

κ(κ−1)
2

The total number of real arithmetic operations for Method II is 4κ3 + 21κ2 + 35κ + 12.

Method III
We present here a matrix method based on Rokne0 s method given in Subsection 4.5.1. Let
A0p , Cp1 , and Cp2 ∈ Cκ+1 contain the coefficients of p, p1 , and p2 , which are given in (4.2),
(4.22), and (4.23), respectively. Let H1 and H2 be two square upper triangular matrices of
order κ + 1 defined for jν = 0, . . . , κ, ν = 1, 2, by

(Hm )j1 ,j2 :=

( j 
j2 −j1 ,
2
j1 zm

0,

if j2 ≥ j1 ,
otherwise.

(4.35)

D(z) := diag(1, z, . . . , z κ ). Then, we have
Cp 1
Cp 2

= H1 A0p ,
=

D(−1)H2 A0p .

(4.36)
(4.37)

It is easy to see that for m = 1, 2
Hm = D(

1
)P T D(zm ),
zm

(4.38)

where P is the lower triangular Pascal matrix of order κ + 1, see (3.52). Recall that
bj (pm , Ih ) is the j-th Bernstein coefficient of the polynomial pm over the h-th line segment
Ih , j = 0, . . . , κ, m, h ∈ {1, 2}, see (4.24). Then, by using the method presented in Subsection 3.5.2 starting from Cp1 and Cp2 , which are given in (4.36) and (4.37), respectively, one
can compute the Bernstein patches that contain the coefficients of p1 and p2 over I1 and I2 .
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Finally, an enclosure of the range of p over z is obtained from (4.25).
In Table 4.4 the number of real arithmetic operations for the computation of the Bernstein
coefficients of p1 over I1 and I2 by Method III is presented. The number of the operations
for the computation of the Bernstein coefficients of p2 over I1 and I2 is the same with the
exception that the computation of D(x2 − x1 ) and D(y2 − y1 ) is not required, i.e., the number
of multiplications/divisions is 2κ − 2 less.

Table 4.4.: Number of real arithmetic operations for the computation of the Bernstein coefficients (BC) of p1 over I1 and I2 by Method III
number of
number of
Calculation of
multiplicaadditions
tions/divisions
D(z1 )A0p and D( z1 )(. . .)

8κ − 4

16κ − 8

P T (. . .)

κ(κ + 1)

0

D(x2 − x1 )Cp1 and
D(y2 − y1 )Cp2

0

2(κ − 1) + 2[2(κ + 1)]

1

BC of p1 over [0, x2 − x1 ] and
[0, y2 − y1 ]
total

2[2(

κ(κ+1)
)]
2

3κ2 + 11κ − 4

2[2(κ + 1)]
26κ − 2

The total number of arithmetic operations for Method III is 6κ2 + 72κ − 10.

4.5.3. Comparison of the Number of Arithmetic Operations and Examples
In Table 4.5, the total number of arithmetic operations for the several methods are given
which allow to draw the following conclusions: Rokne0 s method is superior to Method I for
κ ≤ 5, Method II is superior to Method I for κ = 1, 2, Method III is superior to Rokne0 s
method for κ ≥ 3, Method III is superior to Methods I, II for all κ. We recommend Rokne0 s
method for κ = 1, 2 and Method III for κ ≥ 3.
In Table 4.6, we present the timings of running the several methods for the seven polynomials listed in Appendix B. In the second column, the degree of the polynomials is displayed,
which we have chosen as the degree of their Bernstein expansion, and in columns three to six
and seven to ten the time (in ms) for the computation of the Bernstein enclosure over the
complex intervals z1 := [0, 1+ i] and z2 := [−2−3i, 2− i], respectively, is given. The enclosures
themselves are listed in Table B.1 in Appendix B. In [Rok79b], the range is considered over
z1 and in [GR79] over the disc of radius 1 centered at the origin. In both references, also
an approximation of the contour of the respective range is presented which allows to judge
upon the quality of the enclosure. Such enclosures can be tightened by degree elevation of
the Bernstein expansion as well as by subdivision (preferred), see Section 3.8. The test polynomials pi , i = 1, 4, 5, are taken from [Rok79b], pi , i = 2, 3, from [GR79], and pi , i = 6, 7, from

83

[RW82]. The timings presented in Table 4.6 clearly document the superiority of Method III.
Finally, in Table 4.7 we quantify this superiority by giving the reduction of the timings for
Method III compared to the ones for Rokne0 s method. The results in Table 4.6 are obtained
on a laptop with Intel(R) Core(TM) i5-5200U CPU@ 3.30 GHz 2.20 GHz, 16.00 GB RAM.
The computations are done in Visual Studio 2010.

Table 4.5.: Total number of real arithmetic operations for the computation of an enclosure of
the range of p over z by the presented methods
total number of real
Calculation of
arithmetic operations
Rokne0 s method

22κ2 + 36κ − 12

Method I

17κ2 + 55κ + 24

Method II

4κ3 + 21κ2 + 35κ + 12

Method III

6κ2 + 72κ − 10

Table 4.6.: Time (in ms) required for computing the Bernstein enclosure over z1 and z2 by
the presented methods
Test
l
z1 = [0, 1 + i]
z2 = [−2 − 3i, 2 − i]
case
Rokne0 s Method Method Method Rokne0 s Method Method Method
method
I
II
III
method
I
II
III
0.410
0.417
0.730
0.683
0.378
0.423
0.808
0.786

p1

3

p2

4

0.546

0.887

0.896

0.456

0.595

1.014

1.081

0.505

p3

4

0.544

0.887

0.899

0.456

0.599

0.991

1.101

0.505

p4

5

0.711

1.021

1.072

0.565

0.710

1.184

1.336

0.638

p5

5

0.705

1.020

1.079

0.534

0.715

1.157

1.345

0.609

p6

6

1.195

1.195

1.301

0.641

1.379

1.385

1.668

0.745

p7

9

1.713

1.014

2.378

0.960

1.749

1.303

3.117

1.137
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Table 4.7.: Reduction in time of Method III compared to Rokne0 s method
Test case
Reduction over z1 Reduction over z2
p1

9.35

3.07

p2

16.48

15.13

p3

16.18

15.69

p4

20.53

10.14

p5

24.26

14.83

p6

46.36

45.98

p7

43.96

34.99

As an intermediate consequence of the representation (4.7) and the inclusion isotonicity of
the tensorial Bernstein form, see Subsection 3.3.7, we obtain the following theorem.
Theorem 4.9. The enclosure of the range of a complex polynomial given in Subsection 4.5.1,
see (4.25), is inclusion isotonic.

4.6. Enclosure of the Range of Multivariate Complex Polynomials
Let z = (z1 , . . . , zn ) ∈ Cn be such that zs = xs + ys i, s = 1, . . . , n. We set x = (x1 , . . . , xn )
and y = (y1 , . . . , yn ) and consider the complex box z :=
γs + δs i, s = 1, . . . , n.

n
Q

[z1,s , z2,s ], z1,s := αs + βs i, z2,s :=

s=1

Let p be a multivariate complex polynomial of degree k 0 = (k10 , . . . , kn0 ), where k 0 is defined
similarly as in (3.12), with the power representation
0

p(z) =

k
X

(4.39)

aj z j ,

j=0

where aj ∈ C, j = 0, . . . , k 0 . Let z ∈ z be such that x ∈

n
Q

[αs , γs ] and y ∈

s=1

n
Q

[βs , δs ].

s=1

For s = 1, . . . , n, we define xs+n := ys , and rename x := (x1 , . . . , x2n ) ∈ R2n . Substituting
zs = xs + xs+n i, s = 1, . . . , n, into (4.39), allows us to represent p over
x :=

n
Y

[αs , γs ] ×

s=1

n
Y

[βs , δs ]

(4.40)

s=1

in the form
p(z) = p(x) = R(x) + I(x)i.
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(4.41)

Expanding R and I into Bernstein polynomials of degree d ≥ k = (k1 , . . . , k2n ) over x gives
p(z) = p(x) =

d
X

(d)

(b0j + b00j i)Bj (x),

(4.42)

j=0

where b0j , b00j , j = 0, . . . , d, are the j-th Bernstein coefficient of R and I of degree d over
x, respectively. Theorem 4.7 carries over to the multivariate case. In the remainder of this
section we present two extensions of Methods I and II given in Subsections 4.5.2 and 4.5.2
for the computation of an enclosure of the range of p over z. For simplicity, we choose in the
sequel d equal to the degree of p. We use the representation (4.42) of p. Let AR and AI be
the two (d1 + 1) × d?? real matrices that contain the coefficients aj (R) and aj (I) of R and
I, respectively, where d?? :=

2n
Q

(ds + 1). Arrange the coefficients of p in the (d1 + 1) × d??

s=2

complex matrix Ap , then from (4.41), we may represent the entries of Ap for j1 = 0, . . . , d1
and j2 = 0, . . . , d?? − 1 as
(Ap )j1 ,j2 = (AR )j1 ,j2 + (AI )j1 ,j2 i.
In both methods, the computation of R and I over the 4n faces of x of dimension 2n − 1 is
required. In Methods I and II, this is accomplished in the way that is described in Subsection
4.5.2. Then an enclosure for the range of p over z is obtained as in (4.34). In the sequel, we
assume that ds = κ, s = 1, . . . , 2n, and that the coefficients of R and I are given and they are
arranged in the matrices AR and AI , respectively.
In Table 4.8, the number of real arithmetic operations for the computation of the Bernstein
coefficients of R and I by Method I is presented.

Table 4.8.: Number of real arithmetic operations for the computation of the Bernstein coefficients (BC) by Method I
Calculation of
number of additions
number of multiplications
specification of R and I over
the 4n faces

4nκ(κ + 1)2n−1

4nκ(κ + 1)2n−1

BC of R and I over the 4n
faces by the method from
Subsection 3.5.2

2[4n[(2n − 1)κ(κ + 1)2n−1 +
2n − 1]]

2[4n[3(2n − 1)(κ + 1)2n−1 +
2(2n − 1)(κ − 1) + 2n − 1]]

total

4nκ(κ + 1)2n−1 (4n − 1) +
8n(2n − 1)

4n(κ + 1)2n−1 (κ + 12n − 6) +
8n(2n − 1)(2κ − 1)

The total number of real arithmetic operations for Method I is 4n(4nκ + 12n − 6)(κ +
1)2n−1 + 16nκ(2n − 1). Method II requires 2[2nκ(κ + 1)2n + 2n] additions and 2[6n(κ + 1)2n +
4n(κ − 1) + 2n] multiplications, in total 4n(κ + 3)(κ + 1)2n + 8nκ. Thus, Method II is superior
to Method I if 1 ≤ κ ≤ 4n − 2 and Method I is superior to Method II if κ ≥ 4n − 1.
It is worth to mention that Theorem 4.9 remains valid in the multivariate case. Assume
that p is a multivariate complex polynomial of degree k 0 as given in (4.39). For the rest of this
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section, we assume that p is a multivariate complex polynomial of degree k 0 with its power
representation given in (4.39), which allows the representation (4.42), where the corresponding real box x is defined in (4.40). As in Section 4.4, we obtain by max b0j + b00j i an upper
0≤j≤d

bound for |p(z)|, z ∈ z, where z :=

n
Q

[0, 1+ i]. The following theorem demonstrates the linear

s=1

convergence of this bound to max |p(z)| when the degree of the Bernstein expansion of R and
z∈z

I is elevated, see (4.42).

Theorem 4.10. Assume that ds ≥ 2 for s = 1, . . . , 2n and put κ := max ds . Then
1≤s≤2n

max b0j + b00j i − max |p(z)| ≤ Γ
z∈z

0≤j≤d

κ−1
,
κ2

(4.43)

where
Γ :=

q

2 + η2,
ηR
I

(4.44)

with
ηS =

2n
d X
X

(max {0, js − 1})2 |aj (S)|, S ∈ {R, I} .

(4.45)

j=0 s=1

Proof. Assume that max |b0j + b00j i| = |b0j ? + b00j ? i| for some 0 ≤ j ? ≤ d. Then for the related
0≤j≤d

grid point

x?

=

j?
d

∈ u := [0, 1]2n we may estimate

max b0j + b00j i − max |p(z)| ≤

0≤j≤d

z∈z

b0j ? + b00j ? i − |p(x? )|

≤

b0j ? + b00j ? i − p(x? )

=



=
≤







b0j ? − R(x? ) + b00j ? − I(x? ) i

r

2

b0j ? − R(x? ) + b00j ? − I(x? )

2

κ − 1q 2
ηR + ηI2 .
κ2

The second inequality is obtained by using the reverse triangle inequality, the first equality
is a consequence from (4.41), the last inequality and ηR and ηI , that are given in (4.45), are
provided by application of Theorem 3.16 to R and I, respectively.
Remark 4.11. As in [Riv70, Theorem 4] and [Gar86, p.42], we obtain under the hypothesis
of Theorem 4.10
j
κ−1
|p( ) − (b0j + b00j i)| ≤ Γ 2 , j = 0, . . . , d.
d
κ

(4.46)

In the next theorem, the quadratic convergence of the bounds to the maximum modulus
when z is subdivided is stated. The proof is similar to the one of Theorem 4.10 and uses
Theorem 3.17.
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Theorem 4.12. Assume that z is subdivided into ς subboxes zm , m = 1, . . . , ς, i.e., z =
∪ςm=1 zm , where the interiors of the subboxes are disjoint. Let xm denote the box that corresponds to zm , m = 1, . . . , ς. Define by b0j (xm ) and by b00j (xm ) the j-th Bernstein coefficients
of R and I of degree d over xm , respectively, where j = 0, . . . , d and m = 1, . . . , ς. Let
H := max wid(xm ). Then under the hypothesis of Theorem 4.10 we obtain the following
1≤m≤ς

estimate

max

0≤j≤d,
m=1,...,ς

b0j (xm ) + b00j (xm )i − max |p(z)| ≤ ΩH 2 ,
z∈z

(4.47)

where
Ω=

κ − 1q 2
ωR + ωI2
κ2

with
ωS =

d X
2n
X

0

(max {0, js − 1})

2

j=0 s=1

k
X
t=j

!

t
|at (S)|, S ∈ {R, I} .
j

(4.48)

Denote by B (d) (R, x) and B (d) (I, x) the Bernstein forms of R and I of degree d over x. An
enclosure for the range of p over z, which is denoted by B (d) (p, z), is provided by
B (d) (p, z) = B (d) (R, x) + B (d) (I, x)i,

(4.49)

p(z) ⊆ B (d) (p, z).

(4.50)

i.e., we have

Once the complex box z is subdivided into subboxes, we can get a tighter enclosure for the
range of p over z as it is stated in the following theorem, which is a simple consequence of
the inclusion isotonicity of the Bernstein form, see Subsection 3.3.7.
Theorem 4.13. Assume that z is subdivided into ς subboxes zm , m = 1, . . . , ς, i.e., z =
∪ςm=1 zm , where the interiors of the generated subboxes are disjoint. Let B (d) (p, zm ) denote
the enclosure for the range of p of degree d over zm , m = 1, . . . , ς, which is given by using
(4.49) with zm and xm . Then
p(z) ⊆ ∪ςm=1 B (d) (p, zm ) ⊆ B (d) (p, z).

(4.51)

By Theorems 4.7 and 4.8, the convex hull of the Bernstein coefficients of a univariate
complex polynomial over an arbitrary complex box z provides an enclosure for the range of
the polynomial over this box. Now, we consider the multivariate case. Let
A := conv (p(z)) ,
Ad := conv

n

(4.52a)

b0j + b00j i | j = 0, . . . , d

o

.

(4.52b)

Let z0 ∈ z arbitrarily be chosen. Then for the related x0 ∈ x we may represent
p(z0 ) =

d
X

(d)

(b0j + b00j i)Bj (x0 ).

j=0

88

(4.53)

(d)

Since Bj (x0 ), j = 0, . . . , d, are nonnegative and form a partition of unity it follows from
(4.53) that p(z0 ) is written as a convex combinations of b0j +b00j i, j = 0, . . . , d. Hence, p(z0 ) ∈ Ad
and we may conclude that p(z) ⊆ Ad , and thus A ⊆ Ad .
By elevating the degree of the Bernstein expansion of the given polynomial over a complex
box z, we obtain a sequence of enclosures that approximates A better and better as the following theorem states. Its proof, see (4.59), reveals that this sequence converges linearly to A.
Theorem 4.14. Denote by b0j (s) and b00j (s) the j-th Bernstein coefficients of R and I, respectively, of degree ds,1 over x, s = 1, . . . , 2n. Then for all d ≥ k and s = 1, . . . , 2n, it holds that
(4.54a)

A ⊆ Ads,1 ⊆ Ad ,
A=

∩∞
d=k Ad .

(4.54b)

Proof. We begin with the proof of (4.54a). Assume that s ∈ {1, . . . , 2n} and suppose that
ds = κ, s = 1, . . . , 2n. Then, we obtain by [Far12, p.391] that
b0j (s) =

js b0js,−1 + (κ + 1 − js )b0j
κ+1

(4.55)

,

and similarly for b00j (s) with the convention that b0j[s,w] = b00j[s,w] = 0, where w ∈ {−1, ds,1 }.
Then we get
h

b0j (s) + b00j (s)i =

i

h

i

js b0js,−1 + b00js,−1 i + (κ + 1 − js ) b0j + b00j i
κ+1

,

(4.56)

which means that b0j (s) + b00j (s)i, j = 0, . . . , ds,1 , are expressed as convex combinations of
b0j + b00j i, j = 0, . . . , d. This implies that
b0j (s) + b00j (s)i ∈ Ad ,

(4.57)

and thus (4.54a). Now, we turn to the proof for (4.54b) following the one of Theorem 4 in
[Rok79b]. Since A ⊆ Ad , for all d ≥ k, we obtain the inclusion in (4.54b). Now assume that
z0 ∈ z is such that z0 ∈ ∩∞
/ A. Then by the compactness of A, it holds that the
d=k Ad and z0 ∈
smallest distance between z0 and any z ∈ A, denoted by δ, is positive. Choose d ≥ k such
that κ−1
Γ < δ, where Γ is defined in (4.44). Since z0 ∈ Ad , there exist λj ≥ 0, j = 0, . . . , d,
κ2
with

d
P
j=0

λj = 1, such that
z0 =

d
X

λj (b0j + b00j i).

(4.58)

j=0

Now using Remark 4.11, it follows that
d
X

d
X
j
j
|
λj p( ) − z0 | ≤
λj |p( ) − (b0j + b00j i)|
d
d
j=0
j=0

j
max p( ) − (b0j + b00j i)
0≤j≤d
d
κ−1
≤ Γ 2 ,
κ
≤
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(4.59)

which is smaller than δ, a contradiction to the assumption.
We are nown
taking into account the dependency
of Ad from the underlying box z by writing
o
0
00
Ad (z) = conv bj (x) + bj (x)i | j = 0, . . . , d . The following theorem states that Ad has the
inclusion isotonicty property.
Theorem 4.15. For two complex boxes z1 , z2 , it holds that
if z1 ⊆ z2 , then Ad (z1 ) ⊆ Ad (z2 ).

(4.60)

Proof. We obtain z1 from z2 by a finite sequence of subdivision steps. In each subdivision
step we calculate the Bernstein coefficients of R and I over the corresponding real box by
the de Casteljau algorithm, see, e.g., [Far12, Subsection 4.2]. Since in each step of this
algorithm we are forming convex combinations, the Bernstein coefficients on a subdivided
box are convex combinations of the Bernstein coefficients of the parent box and the proof is
thus completed.
Let Et denote the t-th face of the faces of dimension 2n − 1 of x given in (4.40) which
are arranged in any order, t = 1, . . . , 4n. Define by b0j (Et ) and b00j (Et ) the j-th Bernstein
coefficients of R and I, respectively, of degree d, d ≥ k, over Et . Put
A0 := conv (p(∂z)) ,
A0d := conv

n

(4.61a)

b0j (Et ) + b00j (Et )i | j = 0, . . . , d, t = 1, . . . , 4n

o

(4.61b)

.

Then, the following theorem demonstrates that A0d provides an enclosure for A, see (4.52a),
which is not wider and often tighter than Ad and B (d) (p, z) given in (4.49). For a given
(0)
(d)
z0 ∈ ∂z, let Et denote the t-th face of x, where z0 is lying. Define by Bj,t the j-th Bernstein
basis polynomial of degree d over the t-th face of x, j = 0, . . . , d, t = 1, . . . , 4n.
Theorem 4.16. The following inclusions hold for all d ≥ k
A ⊆ A0d ⊆ Ad .

(4.62)

Proof. By Theorem 4.8, it is enough to show that A0 ⊆ A0d , where A0 is defined in (4.61a).
Let z 0 ∈ A0 . Then, z 0 can be represented as
z0 =

ρ
X

λr p(zr ),

(4.63)

r=1

where

ρ
P
r=1

λr = 1, λr ≥ 0, and zr ∈ ∂z, for all r = 1, . . . , ρ. Then
0

z =

ρ X
d
X



(d)

(r)

(r)



λr Bj,t (zr ) b0j (Et ) + b00j (Et )i .

(4.64)

r=1 j=0
(d)

By the partition of unity property of Bj,t (zr ), j = 0, . . . , d, r ∈ {1, . . . , ρ}, and
1, it follows that
(r)

ρ P
d
P
r=1 j=0

(d)

ρ
P
r=1

λr =

λr Bj,t (zr ) = 1. Thus, z 0 is written as a convex combination of

(r)

b0j (Et ) + b00j (Et )i, j = 0, . . . , d, r = 1, . . . , ρ, which proves A0 ⊆ A0d . Since
n

o

n

o

b0j (Et ) + b00j (Et )i | j = 0, . . . , d, t = 1, . . . , 4n ⊆ b0j + b00j i | j = 0, . . . , d ,

it holds that A0d ⊆ Ad .
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4.7. Enclosure of the Range of Rational Complex Functions
Let q1 and q2 be two n-variate complex polynomials. We may assume that the two polynomials
have the same degree since otherwise we can elevate the degree of the Bernstein expansion of
either polynomial by component where necessary to ensure that their Bernstein coefficients
are of the same order. From (4.41), q1 and q2 can be written as
qr (z) = qr (x) = Rr (x) + Ir (x)i, r ∈ {1, 2} ,

(4.65)

where Rr , Ir , r = 1, 2, are real 2n-variate polynomials. We consider the rational function
q1
f :=
(4.66)
q2
over z. From (4.65), f can be written as
f (z) = f (x) = Q1 (x) + Q2 (x)i,

(4.67)

where
Qr (z) = Qr (x) =

Qr1 (x)
, r = 1, 2,
Q22 (x)

(4.68)

with
Q11 (x) = R1 (x)R2 (x) + I1 (x)I2 (x),

(4.69a)

Q21 (x) = I1 (x)R2 (x) − R1 (x)I2 (x),

(4.69b)

Q22 (x) = R22 (x) + I22 (x).

(4.69c)

Then, for j = 0, . . . , d, let bj (Q11 ), bj (Q21 ), and bj (Q22 ) be the j-th Bernstein coefficient
of Q11 , Q21 , and Q22 of degree d over z, respectively, which can be computed by using the
first method for squaring, see Subsection 3.7.1, and the linearity property of the Bernstein
coefficients, see Subsection 3.3.2. We use the following notations
bj (Qr ) :=

bj (Qr1 )
, j = 0, . . . , d; r = 1, 2.
bj (Q22 )

(4.70)

Under the assumption that the bj (Q22 ) either all are positive or all negative, we obtain by
[NGSM12, Theorem 3.1] that for all x ∈ x
min bj (Qr ) ≤ Qr (x) ≤ max bj (Qr ), r = 1, 2,

0≤j≤d

(4.71)

0≤j≤d

and thus an enclosure for the range of f over z is obtained by




min bj (Q1 ) + min bj (Q2 )i, max bj (Q1 ) + max bj (Q2 )i .

0≤j≤d

0≤j≤d

0≤j≤d

(4.72)

0≤j≤d

2

3

+z
Example 4.17. We consider the univariate rational function f (z) = 1+2z
over z =
2−z+3z 2
[0.6 − 1.4i, 1.4 − 0.6i] [PP98, Example 2]. By the application of the method presented in this
section, we obtain in 0.793 ms the enclosure [0.846 − 0.547i, 1.257 − 0.244i] for the range of
f over z. The area of this enclosure is less than 0.131, whereas in [PP98] the application of
the centered form to f over the disc centered at 1 − i of radius 0.4 inscribed in z provides a
disc as enclosure of the much larger area 3.141. An inner estimate for the range of f over z
(obtained by evaluation of f at 5000 point in z) is [1.068 − 0.517i, 1.206 − 0.244i].

91

5. Simplicial Bernstein Expansion
During the last decades, solving polynomial global optimization problems over simplices has
attracted the interest of many researchers, see, e.g., [BLR09, BCR08], [Gar86], [JP10], [dK08],
[dKdHE08], [dKLP06], [Ler08], [Ler12], [Ler]. Applications of such problems include portfolio optimization, population dynamics, genetics, finding maximum stable sets in graphs,
and lower bounds for the crossing number of certain classes of graphs, see [dKdHE08]. A
commonly used method for solving such problems is the branch and bound algorithm. This is
summarized as splitting of the considered simplex into subsimplices and using suitable tests
to discard subsimplices that cannot contain any global minimizer. The latter ones require
the ability to compute tight bounds for the range of the objective function and the functions
describing the constraints (polynomials) over the simplex. The expansion of the objective
function and constraints polynomials of a given problem into Bernstein polynomials over the
simplex, the so-called simplicial Bernstein expansion, can be used for this task. Indeed, as in
the case of the tensorial Bernstein expansion, the minimum and the maximum Bernstein coefficients of this expansion, the so-called simplicial Bernstein coefficients, provide an enclosure
for the range of the polynomial over the simplex, called the simplicial Bernstein form, see
[Gar86], [HG98], [HG00], [Ler], [THG15], [TG17a]. Applications of such enclosures include
reachability analysis for differential equations [Dan06], Lyapunow stability analysis [SW14],
[SW15], solving a system of multivariate polynomials over a simplex, and in CAGD, e.g., in
[NPL99].
This chapter is composed of seven sections that are organized in the following manner.
In Section 5.1, we introduce the notation that is used throughout this chapter and recall
basic definitions, concepts, and notions that are related to a simplex. In Section 5.2, the
definitions and the basic properties of the Bernstein polynomials and Bernstein expansion of
a multivariate polynomial over a simplex are provided. The basic properties of the simplicial
Bernstein coefficients are given in Section 5.3. In Section 5.4, two efficient matrix methods
for computing the Bernstein coefficients over the standard simplex are proposed. Section
5.5 discusses the use of the simplicial Bernstein coefficients for providing enclosures for the
range of a multivariate polynomial over a simplex, the so-called the simplicial Bernstein
form. We address two approaches to improve such enclosures, namely, degree elevation and
subdivision. Furthermore, we present basic features of the simplicial Bernstein form, like
monotonicity and inclusion isotonicity properties and we discuss their convergence behaviour
to the range of the underlying polynomial. Efficient matrix methods for the calculation of
the Bernstein coefficients over subsimplices generated by subdivision are provided. Section
5.6 is an extension of the results to rational functions over a simplex. We explain how
an enclosure for the range of a given rational function over a simplex called the simplicial
rational Bernstein form can be obtained from the Bernstein coefficients of the numerator
and denominator over the simplex. The convergence of the simplicial rational Bernstein form
to the range of the rational function with respect to degree elevation and subdivision are
presented and its sharpness and monotonicity properties are addressed. At the end of this
chapter, a matrix method for the evaluation of multivariate polynomials in the simplicial
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Bernstein representation is introduced in Section 5.7

5.1. Notation, Simplex, and Barycentric Coordinates
Let v0 , . . . , vn be n + 1 points in Rn . The ordered list V = [v0 , . . . , vn ] is called simplex
of the vertices v0 , . . . , vn . The realization |V | of the simplex V is the set of Rn defined as
conv {v0 , . . . , vn }. The diameter of V is the length of a largest edge of |V |, and it is denoted
by diam(V ).
Suppose that the points v0 , . . . , vn are affinely independent in which case the simplex V
is called non-degenerate. Let e1 , . . . , en and 1 , . . . , n+1 be the canonical bases of Rn and
Rn+1 , respectively, and denote by e0 and 0 the zero vectors in Rn and Rn+1 , respectively.
We will often consider the standard simplex ∆ := [e0 , e1 , . . . , en ] in Rn . This is no restriction
since any non-degenerate simplex V in Rn can be mapped affinely upon ∆, see, e.g., [Ler],
[PS00, Section 3], [THG15]. In the sequel, we assume i = (i0 , i1 , . . . , in ) ∈ Nn+1 , we put
î := (i1 , . . . , in ), and define |i| := i0 + i1 + . . . + in . If |i| = k, k ∈ N, we further use the
notation
k
i

!

:=

k!
.
i0 ! . . . in !

(5.1)

For x = (x1 , . . . , xn ) ∈ Rn and î = (i1 , . . . , in ) ∈ Nn , the monomials are defined as xî :=
n
Q
s=1
d1
P

xîss . For d = (d1 , . . . , dn ) ∈ Nn such that î ≤ d, we use the compact notations

d
P

:=

î=0
dn
P

...

î1 =0

and

în =0

d
î

:=

n
Q
ds 
s=1

îs

.

5.2. Simplicial Bernstein Expansion
In this section, we present the definitions and the main properties of the Bernstein basis
polynomials and Bernstein expansion of a multivariate polynomial over ∆.
Definition 5.1. The i-th Bernstein basis polynomial of degree k over ∆ is the polynomial
(k)
(Bi )|i|=k , defined as
!

(k)
Bi (λ)

:=

k i
λ , |i| = k,
i

where λ = (λ0 , λ1 , . . . , λn ) such that (λ1 , . . . , λn ) ∈ ∆, λ0 = 1 −

(5.2)
n
P
s=1

λs , and i0 = k − |î|.

Recall that for a given non-degenerate simplex V = [v0 , . . . , vn ] any vector x ∈ Rn can
be written as an affine combination of the vertices v0 , . . . , vn with weights λ0 (x), . . . , λn (x)
called barycentric coordinates. If x = (x1 , . . . , xn ) ∈ ∆, then λ = (λ0 (x), . . . , λn (x)) =
(1 −

n
P

s=1

xs , x1 , . . . , xn ). Therefore, we interchangeably use (5.2) in terms of x, see Section 5.3

and Section 5.7.
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Basic Properties of the Bernstein Polynomials
In the following, we recall the main properties of the Bernstein basis polynomials, defined in
(5.2), which can be easily proved by using simple algebra. For more details, see, e.g., [Ler08,
Section 1.3], [PBP02, p.143].
(k)

i. Nonnegativity: The Bernstein polynomials Bi , |i| = k, are nonnegative over ∆.
(k)

ii. Partition of unity: The Bernstein polynomials (Bi (λ))|i|=k form a partition of unity,
i.e.,

P
|i|=k

(k)

Bi (λ) = 1.
(k)

iii. Recursion: The i-th Bernstein polynomial Bi
from those of degree k − 1 as
(k)
Bi (λ)

n
X

=

of degree k can be generated recursively
(k−1)

λt Bi−t+1 (λ).

(5.3)

t=0
(k)

where Bi (λ) = 0 if it < 0 for some t ∈ {0, . . . , n}.
iv The Bernstein polynomials of degree k, given in (5.2), form a basis of the vector space of
the polynomials of total degree (see (5.5) below) at most k, see, e.g., [Ler08, Proposition
1.6], [Ler], [PS00]. Therefore, any polynomial can be written in the simplicial Bernstein
representation, which is given in (5.7), where the coefficients of this representation are
called the simplicial Bernstein coefficients, which are defined in (5.8).
Let l ∈ Nn and p be an l-th degree n-variate polynomial with the power representation
p(x) =

l
X

(5.4)

aî xî .

î=0

We call
n

o

l0 := max |î| | î = 0, . . . , l with aî 6= 0

(5.5)

the total degree of p. Let p(∆) denote the range of p over ∆, which is given by
p(∆) = {p(x) | x ∈ ∆} ,

(5.6)

= [min p(x), max p(x)].
x∈∆

x∈∆

By expanding p into Bernstein polynomials of degree l0 ≤ k over ∆, we have
p(x) =

X (k) (k)

bi Bi ,

(5.7)

|i|=k
(k)

where bi , |i| = k, is the i-th Bernstein coefficient of p of degree k over ∆. The Bernstein co(k)
efficients are arranged in a multidimensional array B(∆) = (bî )|i|=k , the so-called Bernstein
patch. The coefficients are represented in a compact way as
(k)
bi

=

X
m̂≤î,
|m|=k
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î 
m̂
a
k  m̂
m

(5.8)

with the convention that
am̂ := 0 for m̂s > ls for at least one s ∈ {1, . . . , n} .

(5.9)

We call the representation (5.7) the Bernstein representation of p (more precisely, the simplicial Bernstein representation to distinguish it from the similar representation with respect
to the basis of Bernstein polynomials over a box, which is presented in details in Chapter 3).

5.3. Properties of the Simplicial Bernstein Coefficients
The Bernstein coefficients of degree k over ∆, given in (5.8), have many useful properties
that allow to employ these coefficients in many applications [dKLP06], [dKdHE08], [Ler12].
Their ability to bound the range of a given polynomial over a simplex enables us to use the
Bernstein approach to solve polynomial global optimization problems over a simplex [NPL99],
[Ler12], see also Subsection 7.4.5.
In this section, we first introduce some geometric definitions that are associated with the
Bernstein coefficients of a polynomial over a simplex V and then present the basic properties
of these coefficients.
Definition 5.2. [Ler12, Definition 2.6] Let V = [v0 , . . . , vn ] be a non-degenerate simplex in
Rn and p be an n-variate polynomial with the power representation given in (5.4). Then
• The grid points of degree k associated to V are defined by
(k)

vi

:=

1
(i0 v0 + . . . + in vn ) ∈ Rn , |i| = k.
k

(5.10)
(k)

• The control points of degree k with respect to V associated to p are the points bi :=
(k) (k)
(vi , bi ) ∈ Rn+1 . The set of the control points of degree k of p forms its control net of
degree k. The shape of the curve of p is mimiced by a polygon which is formed by the
line segments between every two adjacent control points, i.e., the control polygon of p
over V .
(k)

(k)

• The discrete graph of p of degree k with respect to V is formed by the pairs (vi , p(vi )),
for all |i| = k.
In the following, the properties of the Bernstein coefficients over a non-degenerate simplex
V , defined in (5.8), are summarized.
i. Endpoint Interpolation Property (Vertex Values) [Ler12, Proposition 2.7]: The
Bernstein coefficients occurring at the vertices of the Bernstein patch coincide with the
values attained by p at the corresponding vertices of V , i.e.,
(k)

bkj = p(vj−1 ),

j = 1, . . . , n + 1.

95

(5.11)

ii. Linearity: Let p = αp1 + βp2 , and α, β ∈ R, where the total degree of p1 and p2 is less
than or equal to k. Then
(k)

(k)

(k)

bi (p) = αbi (p1 ) + βbi (p2 ), for all |i| = k,
(k)

(5.12)

(k)

where bi (p1 ) and bi (p2 ) are the i-th Bernstein coefficients of degree k of p1 and p2
with respect to V , respectively.
iii. Face Values [TG17b, Section 4.2]: Without loss of generality we consider the standard
simplex ∆. Let p be an n-variate polynomial with the power representation that is
given by (5.4). Then the Bernstein coefficients of p over an r-dimensional face of ∆,
where 1 ≤ r ≤ n − 1, are the same as the Bernstein coefficients that are located at the
corresponding r-dimensional face of B(∆). To show this, it suffices to consider the case
r = n − 1. Denote p? be an (n − 1)-variate polynomial that is defined for t ∈ {1, . . . , n}
by
p(x1 , . . . , xt−1 , 0, xt+1 , . . . , xn ) =

l
X

aî xî ;

î=0,
it =0

Denote by ∆u the u-th (n − 1)-dimensional face of ∆ for some u ∈ {0, . . . , n}, which is
given as
∆u := [e0 , e1 , . . . , eu−1 , eu+1 , . . . , en ].

(5.13)

Then the Bernstein coefficients of p∗ over ∆µ , µ ∈ {1, . . . , n}, are
X
m̂≤î,
mµ =0,
|m|=k

î 
m̂
a ,
k  m̂
m

(5.14)

which coincide with the Bernstein coefficients bi[µ,0] of p over ∆. Now, if

n
P
s=1

xs = 1,

then we have ∆0 that is defined in (5.13). In this case, the only monomial terms in
the Bernstein representation that are not identical zero are those containing the term
(1 −

n
P

s=1

xs ) with a zero power, i.e., for which |î| = k holds. Therefore, we obtain

p(x1 , . . . , xn−1 , 1 −

n−1
X
s=1

xs ) =

X (k) k

bî

|î|=k

î

!
i

n−1
xi11 · · · xn−1
(1 −

n−1
X

xs )k−i1 −...−in−1 .

s=1

By the uniqueness of the Bernstein representation over ∆0 , it follows that the Bernstein
coefficients of p over ∆0 are just the Bernstein coefficients lying in the Bernstein patch
of p over ∆ on the face given by |î| = k.
Now, let V = [v0 , . . . , vn ] be an arbitrary non-degenerate simplex of Rn . Consider the
affine transformation which maps vs to es , s = 0, . . . , n. It maps V onto ∆ and any face
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of V onto the respective face of ∆. Since the Bernstein coefficients are invariant under
an affine transformation, see [Ler08, p.24], [Ler, p.19], the above result on the Bernstein
coefficients on a face of ∆ extends to any non-degenerate simplex of Rn .
iv. Convex Hull Property [Ler12, Proposition 2.7]: For a given polynomial p over V , the
(k)
graph of p is contained in the convex hull of its associated control points bi , |i| = k, see
Theorem 3.7, and consequently it is contained in the convex hull of its control polygon,
i.e.,
n
o
(k)
conv ({(x, p(x)) | x ∈ V }) ⊆ conv bi | |i| = k .
(5.15)
v. Range Enclosure Property [Ler08, Formula 1.4]: Let B (k) (p, ∆) denote the interval
spanned by the minimum and maximum Bernstein coefficients of p of degree k, k ≥ l0 ,
over ∆, which is called the simplicial Bernstein form of p of degree k over ∆ and is
defined as
(k)

(k)

B (k) (p, ∆) := [min bi , max bi ].
|i|=k

|i|=k

(5.16)

Then, the range of p over ∆, i.e., p(∆), which is defined in (5.6), is contained within
B (k) (p, ∆), i.e.,
(k)

min bi

|i|=k

(k)

≤ p(x) ≤ max bi , for all x ∈ ∆,
|i|=k

(5.17)

and consequently, we have
p(∆) ⊆ B (k) (p, ∆).

(5.18)

vi. Sharpness Property (Vertex Condition) [Gar86, HG98],[THG15, Proposition 2]:
The following proposition provides necessary and sufficient conditions, by which the
equality in the left (right)-hand side of (5.17) holds.
Proposition 5.3. [THG15, Proposition 2] Let p be an n-variate polynomial of degree l
with its power representation given in (5.4). Then for k ≥ l0
(k)

max p(x) = max bi
x∈∆

|i|=k

if and only if
(k)

max bi
|i|=k

(k)

= bi?

such that i? = kj0 , j0 ∈ {1, . . . , n + 1} .

A similar statement holds for the minimum.
Proof. Without loss of generality we consider the standard simplex (of dimension n).
If the maximum is attained at an index i = kj0 , for some j0 ∈ {1, . . . , n + 1}, then
the statement holds trivially by the endpoint interpolation property of the Bernstein
(k)
coefficients, see (5.11). Conversely, suppose first that the bi are equal for all |i| = k.
(k)
Then the statement is trivial. Otherwise, assume that not all bi , |i| = k, are equal.
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Suppose that the maximum of p(x) occurs at x? ∈ ∆ with barycentric coordinates λ? .

(k)
If x? is in the interior of ∆, then Bi (λ? ) := ki λ? ∈ (0, 1) for |i| = k and hence
p(x? ) =

X (k) (k)

bi Bi (λ? )

|i|=k
(k)

< max bi
|i|=k

X

(k)

(k)

Bi (λ? ) = max bi ,
|i|=k

|i|=k

a contraction. If x? is lying on the boundary of ∆, then it is contained in a subsimplex
∆u , for some u ∈ {0, . . . , n}, which is defined by (5.13). The Bernstein coefficients of
p over ∆u coincide with the Bernstein coefficients of the respective face of B(∆) (see
the face values property of the Bernstein coefficients over ∆ above). By employing an
inductive argument, we decrease the dimension of the simplices to be investigated step
by step and arrive finally at the situation in which x? is a vertex of ∆ which completes
the proof.
If Proposition 5.3 is satisfied for the minimum or the maximum Bernstein coefficients,
then there is no overestimation between the lower (upper) bound of the simplicial Bernstein form given in (5.16) and the minimum (maximum) of p over ∆. If it is verified
that Proposition 5.3 holds for the the minimum and the maximum Bernstein coefficients,
then we deduce that B (k) (p, ∆) is identical to p(∆) and thus the equality in (5.18) will
be obtained.

5.4. Matrix Methods for the Computation of the Bernstein
Coefficients over the Standard Simplex
In this section, two novel efficient matrix methods are proposed for computing the Bernstein
coefficients of a given multivariate polynomial over ∆. These methods solely involve matrix
operations such as multiplication, transposition, and reshaping. They are faster than the
computations according to (5.8). Let the polynomial p be given by (5.4). In this section, and
also in Subsection 5.5.3 we put k = l0 , defined in (5.5). The investigated methods are easily
extended to k > l0 .

5.4.1. Outline of the Proposed Matrix Methods
a) Bivariate Case
Equation (5.8) can be rewritten as
!

(k)
bi

=

X
m̂≤î,
|m|=k
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î
a0 ,
m̂ m̂

(5.19)

where a0m̂ :=

am̂
. Keeping our convention (5.9), we embed the coefficients of p of total degree
(mk )
0
l ≤ k in the (k + 1) × (k + 1) matrix A as follows:





a0,0 a0,1
a
 1,0 a1,1
A=
..
 ..
 .
.
ak,0 ak,1

. . . a0,k
. . . a1,k 

.. 
,
...
. 

(5.20)

. . . ak,k

where aj1 ,j2 := N aN (not a number) for j1 + j2 > k. Define the (k + 1) × (k + 1) matrix
C(∆) by
(C(∆))j1 ,j2 :=


a0

j1 ,j2

=

aj1 ,j2 (k−j1 −j2 )!j1 !j2 !
,
k!

aj ,j ,
1 2

j1 + j2 ≤ k,
otherwise.

(5.21)

Then the Bernstein coefficients (5.19) of the polynomial p over ∆ are obtained as the entries
above and on the antidiagonal of the matrix
(Pk (Pk C(∆))T )T ,

(5.22)

where Pk is the lower triangular Pascal matrix of order k + 1, see (3.52).
b) Multivariate Case
We extend the procedure introduced in a) for the n-variate polynomial p of total degree
l0 ≤ k given in (5.4). The coefficients of p are arranged in an (k + 1) × (k + 1)n−1 matrix A.
The correspondence between the coefficients aî of p and the entry of A in row α and column
β is as follows:
α = î1 ,
β = î2 +

(5.23a)
n
X

îs (k + 1)s−2 .

(5.23b)

s=3

The matrix A can be represented explicitly as in (3.39), where aî := N aN for |î| > k.
The matrix C(∆) is obtained from A by dividing aî by ki for |i| = k and |î| ≤ l0 . The
Bernstein coefficients (5.8) of the polynomial p of degree k over ∆ can be obtained as follows.
We put C0 (∆) := C(∆) and define for t = 1, . . . , n


Ct (∆) := (Pk Ct−1 (∆))c .

(5.24)

Let B(∆) be the (k + 1) × (k + 1)n−1 matrix, which is given as
B(∆) := Cn (∆).

(5.25)

B(∆) = (Pk (· · · (Pk (Pk C(∆))c )c · · · )c )c .

(5.26)

Therefore, we have
|

{z

n

times

}
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The Bernstein coefficients of p of degree k over ∆ are the non-NaN entries of B(∆), the
so-called Bernstein matrix, which are comprised in the Bernstein patch B(∆). The correspondence between the entries of B(∆) and B(∆) is determined by using (5.23)
For larger n, the matrix C0 (∆) may contain a huge number of NaN entries. In order to
avoid operations with such entries, we reduce the computation of (5.26) to the calculation of
(z)
products of the Pascal matrices Pk−z and matrices Bt−1 (see below). In details, we start in
the general multivariate case with the matrix C(∆), defined by (5.21). For t = 1, . . . , n, we
(z)
collect in a (k + 1) × ψt−1 (z) matrix Ct−1 in the same order as they appear in Ct−1 (∆) all its
columns (except the columns whose entries are all NaN) which contain exactly z NaN entries,
where ψt−1 (z) is the number of such columns in Ct−1 (∆), z = 0, . . . , k. Then we delete the
(z)
(z)
last z rows of Ct−1 and name the resulting matrix Bt−1 . For z = 0, . . . , k, we put
(z)

(z)

Dt−1 := Pk−z Bt−1 , t = 1, . . . , n,

(5.27)

wherein we use the factorization (3.53) of Pk−z (such that the upper index of the matrices
Kµ , µ = 1, . . . , k, is suppressed, ls is replaced by k, and the lower index of the Pascal matrix
is reserved as its order). Then, we append z rows containing only NaN entries to the bottom
(z)
row of Dt−1 and replace each column of Ct−1 (∆) (except the columns whose entries are all
(z)

NaN) by the corresponding column of the enlarged matrix Dt−1 . Finally, we apply the cyclic
ordering. It is not hard to see that the resulting matrix equals Ct (∆).
We obtain C(∆) from A by n+k
divisions by the binomial coefficients ki , |i| = k, which
n
we consider as precomputed. In the following, we present two methods by which the multiplication in (5.27) can be carried out.




Method 1
In this method, we sequentially perform the multiplication in (5.27) by using the factorization
(z)
(3.53), i.e., we firstly multiply Kk−z and Bt−1 , multiply the resulting matrix by Kk−z−1 , and
so on. In Table 5.1 we present the number of arithmetic operations for the computation of
(z)
Dt−1 , t = 1, . . . , n, z = 0, . . . , k, by using Method 1.
Table 5.1.: Number of arithmetic operations required for the computation of (5.27) for t − 1
by using Method 1, t = 1, . . . , n
number of additions for
number of
Calculation of
each column
columns

k+1−0
(0)
Dt−1
ψt−1 (0)
2

k+1−1
(1)
Dt−1
ψt−1 (1)
2
..
..
..
.
.
.

k+1−(k−1)
(k−1)
Dt−1
ψt−1 (k − 1)
2
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In total, we obtain the following number of additions
n k−1
X
X

k+1−z
ψt−1 (z)
2
t=1 z=0

!

=

n k−1
X
X n−2+z
t=1 z=0
k−1
X

= n

z=0

!

n−2
n−2+z
n−2

!

k+1−z
2
k+1−z
2

!

!

n+k
=n
.
n+1
!

n−2+z 

We note that ψn−1 (z) = n−2 . For fixed n and n variable with n ≤ k, the complexity is
O(k n+1 ). Otherwise (k < n), the complexity is O((2k)n ) [TG17b, Appendix A].

Method 2
Let Gk be the diagonal matrix of order k + 1, which is defined in (3.61) (by replacing ls by
k) and C 0 (∆) be the (k + 1) × (k + 1)n−1 matrix, which is obtained from A by multiplying aî
by ik!0 ! . Then, C(∆) can be computed as
C(∆) = (Gk (· · · (Gk (Gk C 0 (∆))c )c · · · )c )c .
|

{z

n

}

times

Therefore, (5.26) can be written as
B(∆) = (Pk Gk (· · · (Pk Gk (Pk Gk C 0 (∆))c )c · · · )c )c .
|

{z

n

(5.28)

}

times

By the factorization (3.62), (5.28) will be
B(∆) = (Gk Tk (· · · (Gk Tk (Gk Tk C 0 (∆))c )c · · · )c )c .
|

{z

n

(5.29)

}

times

Now, B(∆) can be obtained from (5.29) by using with C 0 (∆) the reformulation that is employed when we deal with C(∆) (see previous page), i.e., for t = 1, . . . , n and z = 0 . . . , k, we
compute
(z)

0(z)

Dt−1 = Gk Tk Bt−1 , t = 1, . . . , n,
0(z)

(5.30)
(z)

0 (∆) in the same way of extracting B
where Bt−1 is obtained from Ct−1
t−1 from Ct−1 (∆), with
T defined in (3.60). Then, (5.30) yields the matrix in (5.27).

Method 2 employs factorization (3.62) and relies on the fact that the computation of a
matrix-vector multiplication with the matrix T can be carried out by using the FFT [TDG04,
Theorem 1.6], see [CG00, Chapter 13]. At a first glance, it seems that by the use of Method
2 the number of operations required for the computation of B(∆) could significantly be reduced. However, to apply the FFT the order of the matrices being involved has possibly
to be increased. Specifically, the multiplication of a vector of length w by the matrices
Kµ , µ = 1, . . . , n, requires w(w+1)
arithmetic operations, whereas the application of the FFT
2
needs 5m log2 m + w operations [CG00, Section 3.1], where m is the smallest natural number
greater than or equal to 2w − 2 such that m = 2σ for some σ [CG00, Chapter 13]. Thus,
Method 2 is superior to Method 1 when w(w+1)
> 5σ2σ + w. This inequality is fulfilled only
2
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(z)

for w ∈ [216, 257] and for all w ≥ 321. Since the number of the rows of the matrices Bt−1 is
decreasing from k +1 to 1 when z is increased, we propose a mixed method in which Method 1
or Method 2 is chosen depending on which method is preferable for the actual number of rows.
In Table 5.2 we present the results for Method 1 on some test problems listed in the
Appendix A. In all cases we have chosen k = l0 , see (5.5), and ∆ as the underlying region.
This is the original domain in the examples given by Leroy, see Ler1 - Ler5 below; in the other
cases the polynomials are originally considered over a box which contains ∆ in the test cases
nos. 1 − 4, 10, 11, 16 − 19, where n = 5 is taken in 18, or is related to ∆ in the cases nos. 15
and 20. According to the last paragraph, Method 1 outperforms Method 2 in all these cases.
Table 5.2.: Time (in ms) required for computing the Bernstein patch over ∆ by Method 1
Test case
n
k
Method 1
Booth
2
2
0.11
Ler1
2
2
0.11
Himmelblau
2
4
0.31
Rosenbrock
2
4
0.31
Ler2
2
4
0.31
Ler3
2
4
0.31
Camel 2
2
6
0.52
Ler4
2
6
0.52
Ler5
2
8
0.89
Trid 3
3
2
0.24
Schwefel
3
4
0.79
L. V. 4
4
3
1.31
Cap 4
4
4
4.93
Wrig 5
5
2
1.5
Cyc 5
5
4
13.31
Reim 5
5
6
62.81
Mag 6
6
2
4.79
But 6
6
3
22.23

5.5. Improvements of the Simplicial Bernstein Form
One can improve the simplicial Bernstein form B (k) (p, V ) of a given polynomial p over a
simplex V , which is defined in (5.16), and even achieves convergence to the range of p over
V by using two techniques, which are degree elevation of the Bernstein expansion and subdivision of V into subsimplicies. In [HG98], [HG00], a scheme of subdividing the unit triangle
into subtriangles and subsquares was presented, and the computation of the Bernstein coefficients over the generated subregions from those over regions of the preceding level was given.
Recall that by the convex hull property of the Bernstein coefficients of p over V , see Section
5.3, a polynomial curve is mimiced by the control polygon of its control net. The convergence
of the simplicial Bernstein form to the range of p over V is somehow related to the convergence
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of the control net and the discrete graph of p over V . So, it is worth to illustrate the later
relation. R. Leroy [Ler12], [Ler08] suggested to use the so-called second differences, which are
defined as follows.
Definition 5.4. [Ler12, Definition 2.6] Let V = [v0 , . . . , vn ] be a non-degenerate simplex in
Rn . For |γ| = k − 2 and 1 ≤ i < j ≤ n + 1, define the second differences of p of degree k with
respect to V as
(k)

(k)

(k)

(k)

(k)

O2 bγ,i−1,j−1 (p, V ) := bγ+i +j−1 + bγ+i−1 +j − bγ+i−1 +j−1 − bγ+i +j ,
with the convention 0 := n+1 . The second differences constitute the collection
(k)

O2 b(k) (p, V ) := (O2 bγ,i−1,j−1 (p, V )), |γ| = k − 2, 1 ≤ i < j ≤ n + 1.

(5.31)

The maximum of the second differences, given by
||O2 b(k) (p, V )||∞ =

max

|γ|=k−2,
1≤i<j≤n+1

(k)

|O2 bγ,i−1,j−1 (p, V )|,

(5.32)

will play a significant role in our analysis of the convergence properties of the two techniques
for improving the simplicial Bernstein form that will be presented in the two subsequent
subsections, which are degree elevation and subdivision.

5.5.1. Degree Elevation
(k)

Assume the Bernstein coefficients bi , |i| = k, of p of degree k over ∆ are given. Then, the
(ϑ)
Bernstein coefficients of p of degree ϑ over ∆, which are bi0 , |i0 | = ϑ, can be obtained as
(k)
convex combinations of bi , |i| = k. This means that for ϑ ≥ k
(ϑ)
bi0



X ki ϑ−k
i0 −i (k)
=
bi , for all |i0 | = ϑ,
ϑ

(5.33)

i0

|i|=k

see [Ler08, Proposition 1.12]. Now, we choose ϑ = k + 1. Let x ∈ ∆ and recall that the
associated s-th barycentric coordinate λs of x equals xs , for all s = 1, . . . , n and λ0 = 1−
By multiplying both sides of (5.7) with 1 =
the result we obtain
p(x) =

n
P
s=0

λs = (1 −

(k+1)

X

bi0

(k+1)

B i0

n
P
s=1

xs ) +

n
P
s=1

n
P

s=1

xs .

xs , and rearranging

,

|i0 |=k+1

where, for f ∈ {1, . . . , n + 1}, we have
(k+1)

bi0

(k+1)

= bi+f =

X
if + 1 (k)
1 n+1
(k)
is b
+
b .
k + 1 s=0, i+f −s
k+1 i

(5.34)

s6=f

We note from (5.34) that the Bernstein coefficients of degree k + 1 are convex combinations
of the coefficients of degree k. The following proposition is an immediate consequence of this
observation.
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Proposition 5.5. [THG15, Proposition 3] Let p be an n-variate polynomial of degree l. Then
for k ≥ l0 , it holds that
(k+1)

max bi0

|i0 |=k+1

(k)

≤ max bi .

(5.35)

|i|=k

For the minimum Bernstein coefficients a similar inequality in (5.35) holds. It follows that
for k ≥ l0
B (k+1) (p, ∆) ⊆ B (k) (p, ∆),

(5.36)

i.e., the simplicial Bernstein form, which is given in (5.16), is monotonic with respect to degree
elevation. The convergence of the control net of a polynomial p of degree l to its discrete graph
with respect to degree elevation is expressed in the following theorem, see [NPL99], [Ler12].
Since any simplex can be mapped upon the standard simplex by an affine transformation, we
present the following statements only for ∆.
Theorem 5.6. [Ler, Theorem 4.2], Let p be an n-variate polynomial of degree l, and k > l0 .
Then
n(n + 2)l0 (l0 − 1) 2 (l0 )
(k)
(k)
max |p(vi ) − bi | ≤
||O b (p, ∆)||∞ .
24(k − 1)
|i|=k
Theorem 5.6 shows that under degree elevation the control net of the polynomial p converges
linearly to its discrete graph. As as immediate consequence of Theorem 5.6, we have the
following corollary.
Corollary 5.7. [THG15, Corollary 1] Let p be an n-variate polynomial of degree l. If k > l0 ,
then
ω
dist(B (k) (p, ∆), p(∆)) ≤
,
(5.37)
k−1
where
n(n + 2)l0 (l0 − 1) 2 (l0 )
ω :=
||O b (p, ∆)||∞ .
(5.38)
24
Proof. We give the proof only for
ω
(k)
max bi − max p(x) ≤
,
x∈∆
k−1
|i|=k
(k)

the proof for the lower bound is completely analogous. Assume that max bi
|i|=k

(k)

= bi? for some

i? such that |i? | = k. Then we have
(k)

max bi
|i|=k

(k)

(k)

− max p(x) ≤ bi? − p(vi? )
x∈∆

=

(k)

(k)

bi? − p(vi? ) ≤

ω
.
k−1

(k)

The first inequality follows since vi? is a grid point in ∆, while the second inequality follows
by using Theorem 5.6.
In other words, the simplicial Bernstein form of p of degree k over ∆ exhibits linear convergence (in k1 ) to the range of p over ∆ as the degree of the Bernstein expansion is elevated.
Using (5.37) and (5.38), we can determine how large k should be to obtain a given discrepancy
in (5.37).
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5.5.2. Simplicial Subdivision
Let p be an n-variate polynomial of degree l with the power representation as in (5.4). Assume
(k)
that the Bernstein coefficients bi , |i| = k, of p of degree k over ∆ are given and suppose
that ∆ is subdivided into σ subsimplices ∆m , m = 1, . . . , σ, such that
∆ = ∪σm=1 ∆m ,
where the interiors of the generated subsimplices are disjoint. The Bernstein coefficients
over ∆m , m = 1, . . . , σ, can be computed by successive calls of the de Casteljau algorithm
[Nov96], [PBP02], [Ler], by which the Bernstein coefficients over the subsimplices are obtained
(k)
as convex combinations of bi , |i| = k. Without loss of generality, let Y be an interior point
of ∆ and assume that ∆ has been subdivided with respect to Y into n + 1 subsimplicies ∆[w] ,
which are defined for w = 0, . . . , n, by
∆[w] := [e0 , e1 , . . . , ew−1 , Y, ew+1 , . . . , en ],
such that ∆ = ∪nw=0 ∆[w] .
Denote by λs (Y ) the s-th barycentric coordinates of Y , s = 0, . . . , n, and define the Bern(k)
stein coefficients of degree k over ∆[w] , w ∈ {0, . . . , n}, by bi (∆[w] ) for all |i| = k, which
can be calculated by using the de Casteljau algorithm. The de Casteljau algorithm in [Ler,
p.24] is applicable for computing the Bernstein coefficients over all n + 1 subsimplices that
are generated when a non-degenerate simplex V is partitioned with respect to an interior
point. In Algorithm 5.1 a pseudocode of the de Casteljau algorithm is presented in the case
[ν]
that the standard simplex ∆ is to be subdivided. Let bi , |i| = k − ν, ν = 0, . . . , k, be the
i-th intermediate value obtained in the ν-th step of the de Casteljau algorithm, and consider
(3.25) with w = 0, . . . , n. Then, Algorithm 5.1 provides the Bernstein coefficients over the
n + 1 subsimplices generated when ∆ is partitioned with respect to Y .
We observe from Algorithm 5.1 that the Bernstein coefficients over the w-th subsimplex
∆[w] , w ∈ {0, . . . , n}, can be computed by calling the de Casteljau algorithm k + 1 times, such
that the intermediate values obtained in each call are convex combinations from the Bernstein
coefficients over ∆ [Ler, Remark 4.7]. It is worth to mention that Y may be a point on an
edge of ∆. Then subdividing ∆ with respect to Y generates two subsimplices. Furthermore,
computing the Bernstein coefficients over these subsimplices can be performed by using Ù
Algorithm 5.1. This case will be tackled in Subsection 5.5.3.
Let us introduce the following definition for some related concepts of a given simplex V .
Definition 5.8. [Ler, Definition 5.5] Let M(V ) be a subdivision scheme of V , i.e., a rule
for subdividing V into σ subsimplices Vm , m = 1, . . . , σ, such that V = ∪σm=1 Vm . Then
• Denote by diam(M) the largest diameter of all subsimplices Vm , m = 1, . . . , σ.
• The subdivision scheme M is said to have a shrinking factor C, 0 ≤ C ≤ 1, if for every
simplex V ,
diam(M) ≤ C diam(V ).
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(5.39)

Algorithm 5.1 The de Casteljau algorithm for the computation of the Bernstein coefficients
over ∆[w] , w = 0, . . . , n
1:
2:
3:
4:
5:
6:
7:
8:

Input: The Bernstein coefficients of p of degree k over the standard simplex ∆
(k)
which are given by bi , |i| = k
Output: The Bernstein coefficients of p of degree k over the n + 1 subsimplices
(k)
∆[w] , w = 0, . . . , n, which are denoted by bi (∆[w] ), |i| = k
[0]
(k)
Step 1: Put bi := bi , |i| = k.
Step 2:
for ν = 1, . . . , k do
for |i| = k − ν do
[ν]

bi :=

9:
10:
11:
12:
13:
14:

n
P

u=0

[ν−1]

λu (Y )bi+u+1

end for
end for
Step 3:
(k)
[iw ]
bi (∆[w] ) := bi[w,0]
, |i| = k, w = 0, . . . , n.
Step 4: End of the algorithm.

An example of a subdivision scheme is the so-called binary splitting, by which the subdivision is performed at the midpoint of a longest edge of each simplex to give two subsimplices.
In this event, the execution of the de Calsteljau algorithm, which is given in Algorithm 5.1,
is not slower than if an arbitrary interior point of the simplex under consideration is chosen
as a subdivision point [Pet94]. In view of the fact that every simplex V in Rn of diameter
diam(V ) has n(n+1)
edges and after applying the binary splitting at most n(n+1)
times, then
2
2
diam(V )
the diameters of all subsimplices will be at most
. From (5.39), we get that the shrink2
ing factor of the binary splitting scheme is 21 , see [Ler, Lemma 4.13].
The following theorem gives an upper bound for the distance between the discrete graph
of a polynomial p and its control net over ∆ with respect to the subdivision.
Theorem 5.9. [Ler, Theorem 4.9] Let M(∆) be a subdivision scheme of ∆, i.e., ∆ = ∆1 ∪
. . . ∪ ∆σ , and let h be an upper bound on the diam(∆m ), for all m = 1, . . . , σ. Then
(k)

(k)

|p(vi (∆m )) − bi (∆m )| ≤ h2 k

n2 (n + 1)(n + 2)2 (n + 3) 2 (k)
||O b (p, ∆)||∞ , |i| = k.
576

Theorem 5.9 shows that the control net of p over ∆ has quadratic convergence to its discrete
graph with respect to the diameter of its subdivision scheme. The same result holds for the
convergence of the Bernstein enclosures of p that are computed over the subsimplices of ∆ to
its range as it is stated in the following corollary.
Corollary 5.10. [THG15, Corollary 2] Let M(∆) be a subdivision scheme of ∆, i.e., ∆ =
∆1 ∪ . . . ∪ ∆σ , and let h be an upper bound on the diam(∆m ), for all m = 1, . . . , σ. Then



(k)

(k)



dist  min bi (p, ∆m ), max bi (p, ∆m ) , p(∆) ≤ h2 ϕ,


|i|=k,
m=1,...,σ

|i|=k,
m=1,...,σ
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where
n2 (n + 1)(n + 2)2 (n + 3)
O2 b(k) (p, ∆)
576
Corollary 5.10 can similarly be proven as Corollary 5.7.
ϕ := k

∞

.

5.5.3. Simplicial Subdivision in Matrix Form
Let p be the n-variate polynomial given in (5.7) with the Bernstein coefficients of degree
(k)
k bi , |i| = k, over the standard simplex ∆ arranged in the matrix B(∆), see (5.26). In
this section, we consider the subdivision of ∆ into two subsimplices with respect to a point
Y , which lies on an edge between ef and eg , f, g ∈ {0, 1, . . . , n}. Then subdividing ∆ with
respect to Y generates the following two subsimplicies
∆[f ] := [e0 , e1 , . . . , ef −1 , Y, ef +1 , . . . , en ],

(5.40a)

∆[g] := [e0 , e1 , . . . , eg−1 , Y, eg+1 , . . . , en ].

(5.40b)

Without loss of generality we assume that Y lies on the edge between e0 and e1 . This implies
that λ2 (Y ) = · · · = λn (Y ) = 0. In the case that Y lies between another pair of vertices of
∆ we firstly arrange the Bernstein matrix B(∆) in such away that this pair plays the role of
(e0 , e1 ). Subdivision of ∆ with respect to Y produces the two subsimplices ∆[0] and ∆[1]
∆[0] := [Y, e1 , . . . , en ],
∆[1] := [e0 , Y, . . . , en ],
such that ∆ = ∆[0] ∪ ∆[1] . Recall that the Bernstein coefficients of p over the w-th subsimplex
(k)
∆[w] are bi (∆[w] ), |i| = k, w = 0, 1. Assume that these coefficients are arranged likewise
in matrices B(∆[0] ) and B(∆[1] ), which can be represented by using B(∆[0] ) and B(∆[1] ), respectively. The correspondences between entries of B(∆[0] ) and B(∆[1] ) and those of B(∆[0] )
and B(∆[1] ) are determined by (5.23).
We perform the de Casteljau algorithm, see Subsection 5.5.2, with the matrix B(∆), which
is computed by using (5.26), instead of the Bernstein patch B(∆) and get then k + 1 matrices
B [ν] (∆). In the ν-th step, ν ≥ 1, B [ν] (∆) is obtained as follows: The first ν rows are identical
with the first ν rows in the (ν − 1)-th step and the remaining rows are obtained as a convex
combination of two consecutive rows. In matrix language, these matrices are obtained from
the following matrices, see Example 5.11 below for an illustration. Let the columns of Fz (∆) ∈
Rk+1,ψn−1 (z) be the columns of B(∆) such that each column has exactly z NaN entries and let
(1)
ψn−1 (z) be the number of such columns, z = 0, . . . , k. Then we form the matrices Fz (∆) ∈
Rk−z+1,ψn−1 (z) from Fz (∆) by deleting the last rows which contain exactly z NaN entries (if
any), z = 0, . . . , k. Since Y is a point on the edge between e0 and e1 , λ0 (Y ) and λ1 (Y ) are
related by λ0 (Y ) = 1 − λ1 (Y ). In the sequel, we write λ1 and 1 − λ1 for λ1 (Y ) and λ0 (Y ),
respectively. For µ = 1, . . . , k − z, z = 0, . . . , k, we define the bidiagonal matrices Lµk−z and
µ
Rk−z
∈ Rk−z+1,k−z+1 as follows (δ denotes the Kronecker delta)

δi,j ,



1−λ ,
1
(Lµk−z )i,j :=

λ
,
1




0,

if i = 0, . . . , k− z − µ,
if j = i − 1, 

if j = i,
for i = k − z − µ, . . . , k − z,


otherwise,
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(5.41)

and

µ
(Rk−z
)i,j :=





 1 − λ1 ,

λ ,


if j = i,

if j = i + 1, for i = 0, . . . , µ − 1,

otherwise, 
if i = µ, . . . , k − z.

1


0,




δi,j ,

(5.42)

Let Sk−z ∈ Rk−z+1,k−z+1 be the permutation matrix defined by
(

(Sk−z )i,j :=

1,
0,

if i = k − z − j,
otherwise.

(2)

(5.43)

(1)

The matrices Fz (∆) ∈ Rk−z+1,ψn−1 (z) are formed from Fz (∆) as follows:
Fz(2) (∆) :=

k−z
Y

Lµk−z Fz(1) (∆),

(5.44)

µ=1
(3)

(2)

where z = 0, . . . , k. The matrices Fz (∆) ∈ Rk+1,ψn−1 (z) are obtained from Fz (∆), see
(5.44), by appending at their bottom row z rows containing only NaN entries. Then we re(3)
place the columns in B(∆) by the corresponding resulting columns from Fz (∆). It is not
hard to see that we get in this way B(∆[1] ) and the Bernstein coefficients over ∆[1] are the
non-NaN entries of B(∆[1] ).
We define the lower triangular matrix L†k−z ∈ Rk−z+1,k−z+1 by
(L†k−z )i,j

:=

( i j
j

λ1 (1 − λ1 )i−j ,

i ≥ j,

0,

otherwise.

(5.45)

Then, the factorization
L†k−z =

k−z
Y

Lµk−z , z = 0, . . . , k,

(5.46)

µ=1

holds [BS11, Proposition 3]. It is easy to see that
L†k−z

= Dk−z (1 − λ1 )Pk−z Dk−z




λ1
.
1 − λ1


(5.47)



λ1
where Dk−z (1 − λ1 ) and Dk−z 1−λ
are two diagonal matrices of order k − z, which are
1
defined as in (3.64). Then by using (5.47), (5.44) becomes



λ1
Fz(1) (∆).
1 − λ1


(5.48)

Fz(2) (∆) = Dk−z Tk−z Dk−z Fz(1) (∆),

(5.49)

Fz(2) (∆) = Dk−z (1 − λ1 )Pk−z Dk−z
After substituting (3.62) in (5.48), we have
(2)

(1)
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(2)

(1)

where Dk−z := Dk−z (1 − λ1 )Gk−z and Dk−z := G−1
k−z Dk−z
as in (3.61) with order k − z.



λ1
1−λ1



, such that Gk−z is defined
0(1)

(1)

To get the Bernstein coefficients matrix over ∆[0] we first replace Fz (∆) by Fz
defined by
Fz0(1) (∆) := Sk−z Fz(1) (∆),

(∆)

(5.50)

i.e., we permute the rows of Fz (∆). We replace in Lµk−z λ1 by 1 − λ1 to obtain L0µ
k−z and
(1)

0(2)

define Fz

(∆) ∈ Rk−z+1,ψn−1 (z) by
Fz0(2) (∆) :=

k−z
Y

0(1)
L0µ
k−z Fz (∆).

(5.51)

µ
0(3)

0(2)

Then we form the matrices Fz (∆) ∈ Rk+1,ψn−1 (z) from Fz (∆) by permutation of the
0(2)
rows of Fz (∆) by the matrix Sk−z . Note that this procedure corresponds to the relation
µ
Rk−z = Sk−z L0µ
k−z Sk−z . In this way, (5.51) can be written as
Fz0(2) (∆)

=

k−z
Y

µ
Fz(1) (∆).
Rk−z

(5.52)

µ=1
0(2)

0(2)

Then we append z rows of NaN entries to the bottom of Sk−z Fz (∆) or Fz (∆) if we
µ
use the matrices L0µ
k−z and Rk−z , respectively. Then we replace the columns in B(∆) by the
0(3)

corresponding resulting columns from Fz (∆). It is not hard to see that we get in this way
B(∆[0] ) and the Bernstein coefficients over ∆[0] are the non-NaN entries of B(∆[0] ).
†
We define the upper triangular matrix Rk−z
∈ Rk−z+1,k−z+1 by
†
(Rk−z
)i,j

( k−z−i j−i
k−z−j ,
j−i λ1 (1 − λ1 )
:=

0,

j ≥ i,
otherwise.

(5.53)

Then we get
†
Rk−z
=

k−z
Y

µ
Rk−z
.

(5.54)

µ=1
†
The matrix Rk−z
can also be factorized as
†
Rk−z
= (1 − λ1 )k−z Dk−z (

1
λ1
)P 0 Dk−z (
),
λ1 k−z
1 − λ1

(5.55)

0
where the upper triangular matrix Pk−z
is defined as

0
(Pk−z
)i,j :=

( k−z−i
j−i ,

0,

j ≥ i,
otherwise,
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(5.56)

λ1
and Dk−z (1 − λ1 ) and Dk−z ( 1−λ
) are two diagonal matrices of order k − z, which are given
1
by (3.64). By using (5.43) and the symmetry of the binomial coefficients, we can easily see
0
0
that Pk−z
= Sk−z Pk−z Sk−z . By (3.53), we factorize Pk−z
as follows

0
Pk−z
=

k−z
Y

Kµ0

(5.57)

µ=1

with the matrices Kµ0 := Sk−z Kµ Sk−z , µ = 1, . . . , k − z, z = 0, . . . , k. After substituting
(5.55) in (5.51) by using (5.54), we get
Fz0(2) (∆) = (1 − λ1 )k−z Dk−z (

λ1
1
0
)Pk−z
Dk−z (
)F (1) (∆).
λ1
1 − λ1 z

(5.58)

It is easy to see that
0
T
Pk−z
= G0k−z Tk−z
G0−1
k−z ,

(5.59)

where G0k−z is defined by (??) with order k − z. After substituting (5.59) in (5.55) and using
(5.54), formula (5.51) can be written as
0(2)

0(1)

T
Fz0(2) (∆) = Dk−z Tk−z
Dk−z Fz(1) (∆),
0(2)

(5.60)

0(1)

λ1
where Dk−z := (1 − λ1 )k−z Dk−z ( λ11 )G0k−z and Dk−z := G0−1
k−z Dk−z ( 1−λ1 ).

Now we are going to derive the amount of work needed by the presented methods for the
simplicial subdivision. The number of arithmetic operations required for the multiplication
(1)
0(1)
0
of Fz (∆) and Fz (∆) by the two diagonal matrices and the matrix Pk−z and Pk−z
in (5.48)
k−z
and (5.58), (neglecting the multiplication by (1 − λ1 ) ), respectively, is as follows:
(1)

For z = 0, . . . , k, the matrix Fz (∆) has ψn−1 (z) = n−2+z
columns. The number of
n−2
k+1−z 
additions and multiplications for each of these columns is
and 2(k − z), respectively.
2
Summing over all columns and using [Gro07, p.222, 4.1.6.a] results in

additions:

k
X
z=0
k
X



k+1−z
2

!

n−2+z
n−2

n−2+z
multiplications: 2
(k − z)
n−2
z=0

!

!

n+k
,
n+1
!

=

n+k−1
=2
.
n
!

For the total number of arithmetic operations required to obtain the Bernstein patch over
∆[1] by using (5.48), we have to add to the given number of additions and multiplications
the amount of work for the computation of the two diagonal matrices, i.e., 1 addition and
2k − 1 multiplications/divisions. The number of arithmetic operations required to obtain the
Bernstein patch over ∆[0] by using (5.58) is presented in Table 5.3.
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Table 5.3.: Number of arithmetic operations required to obtain the Bernstein patch over ∆[0]
by using (5.58)
number of multiplicaCalculation of
number of additions
tions/divisions
λ1
)
(1 − λ1 )k Dk ( λ1 ), Dk ( 1−λ
1

(1

1

1

0(1)
λ1
Dk−z ( 1−λ
)Fz (∆),
1
k−z
− λ1 )
Dk−z ( λ1 )(. . .),
1

3k + 2
n+k−1
n

0



n+k
n

+



z = 0, . . . , k
n+k
n+1

0
Pk−z
(. . .), z = 0, . . . , k


n+k

total

n+1



0


n+k−1

+1

n

+

n+k
n



+ 3k + 2

In Table 5.4 we assume that we want to compute the Bernstein patch over ∆[0] as well as over
by using (5.48) and (5.58) together. Then we can reduce the amount of the arithmetic

(1)
λ1
operations by noting that both formulae share common factors, e.g., Dk−z 1−λ
Fz (∆),
1
∆[1]

0(2)

(2)

and that the last row in Fz (∆) and the first row of Fz (∆) are identical so that we can
λ1
0
in (5.58) by deletion of their first rows
shorten the matrices Dk−z ( λ11 ), Dk−z ( 1−λ
), and Pk−z
1
and columns.
Table 5.4.: Number of arithmetic operations required to obtain the Bernstein patch over ∆[1]
and ∆[0] by using (5.58) and (5.48) together
number of multiplicaCalculation of
number of additions
tions/divisions
λ1
Dk (1 − λ1 ), Dk ( 1−λ
),

(1 − λ1 )k Dk ( λ1 )

1

1

4k + 1

1

(1)

λ1
)Fz (∆),
Dk−z ( 1−λ
1
Dk−z (1 − λ1 )(. . .),
z = 0, . . . , k

0

2



Pk−z (. . .), z = 0, . . . , k

n+k
n+1

0
Pk−z
(. . .), z = 0, . . . , k

n+k−1
n+1

(1 − λ1 )k−z Dk−z ( λ1 )(. . .),
1
z = 0, . . . , k

total



+

n+k−1
n+1
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0



0
n+k−1
n

0

n+k
n+1

n+k−1
n



+1

3

n+k−1
n





+ 4k + 1

Table 5.5.: Comparison between the de Casteljau algorithm and the new methods
number of multiplicaCalculation of
number of additions
tions/divisions
de Casteljau algorithm

n+k
n+1



+1

(5.48)

n+k
n+1



+1

2

(5.58)

n+k
n+1



+1

n+k−1
n

(5.48) and (5.58) together


n+k
n+1

+


n+k−1
n+1

2

+1

3

n+k
n+1

n+k−1
n



+



+ 2k − 1

n+k
n


n+k−1
n





+ 3k + 2

+ 4k + 1

In the following comparison of the amount of arithmetic operations for the several methods,
see Table 5.5, we compare only the terms which are depending on k or n and neglect the
trivial multiplications. The application of the de
Casteljau algorithm 5.1, requires for the
n+k
[1]
[0]
computation of both B(∆ ) and B(∆ ) n+1 additions and 2 n+k
n+1 multiplications, see
[PS00]. We need the same amount in (5.44) and (5.51), respectively, if we carry out the
matrix multiplication from the right to the left. The amount of arithmetic operations for
each of the computations
of B(∆[1] ) and B(∆[0] ) by usingthe factorizations
(3.53), (5.57)
n+k
n+k−1
n+k
consists of n+1 additions and 2 n+k−1
+
2k
and
+
+
3k
multiplications
/
n
n
n
divisions for (5.44) and (5.51), respectively. If only one of both patches is needed, (5.48) and
(5.58) (in case k = n, if n > 4) are superior to the de Casteljau algorithm for k > 2, n > 1 and
k > 6, n > 3, respectively. If both patches
are needed, the amount of arithmetic
operations for
n+k
n+k−1
n+k−1
both formulae consists then of n+1 + n+1 additions and 3 n
+ 4k multiplications/
divisions. Therefore, for k < n + 2, n ≤ 3 the use of the de Casteljau algorithm is preferable,
e.g., when the degree of at least two variables is at least two and the other degrees are at
least 1, the use of (5.48) and (5.58) is superior. If instead (5.49) and (5.60) are employed, the
amount of arithmetic operations can be reduced by using the FFT, see Subsection 5.4.1.
In Table 5.6, we compare the different methods on the basis of our test cases, where we have
chosen λ1 = 0.5. In all cases, the de Casteljau algorithm is inferior to the use of (5.48) as
well of (5.58); in only three cases the de Casteljau algorithm outperforms the joint use of
(5.48) and (5.58) although the superiority is very small. This shows that the number of the
arithmetic operations should not be the sole basis for the choice of the procedure.
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Table 5.6.: Time (in ms) required for the computation of the Bernstein patchs B(∆[1] ) and
B(∆[0] ) given B(∆) by using the de Casteljau agorithm, (5.48), and (5.58)
de
(5.48)
Test case
n
k
(5.48)
(5.58)
Casteljau
and
algorithm
(5.58)
Booth
2
2
0.12
0.09
0.10
0.14
Ler1
2
2
0.12
0.09
0.10
0.14
Himmelblau
2
4
0.71
0.25
0.25
0.41
Rosenbrock
2
4
0.69
0.25
0.25
0.41
Ler2
2
4
0.66
0.24
0.25
0.41
Ler3
2
4
0.68
0.25
0.25
0.41
Camel 2
2
6
0.86
0.42
0.44
0.61
Ler4
2
6
0.84
0.43
0.42
0.60
Ler5
2
8
1.41
0.50
0.50
0.82
Trid 3
3
2
0.20
0.11
0.11
0.21
Schwefel
3
4
1.10
0.74
0.74
1.27
L. V. 4
4
3
1.82
0.39
0.40
0.52
Cap 4
4
4
11.85
0.71
0.75
1.33
Wrig 5
5
2
2.26
0.25
0.26
0.31
Cyc 5
5
4
26.15
1.50
1.51
2.58
Reim 5
5
6
152.96
5.50
5.66
6.19
Mag 6
6
2
4.19
0.61
0.61
1.00
But 6
6
3
32.25
2.35
2.37
3.75

Example 5.11. Let n = 2 and k = 4 such that B(∆) has the following form


b00 b01
b02
b03
b
b
b
b13
11
12
 10

b22 NaN
B(∆) = b20 b21

b30 b31 NaN NaN
b40 NaN NaN NaN



b04
NaN


NaN .

NaN
NaN

We want to illustrate how to calculate B(∆[1] ) by using (5.48). Starting from




















b00
b01
b02
b03
b04
b 
 b 
 b 
 b 
NaN
 10 
 11 
 12 
 13 


 








F0 (∆) = b20  , F1 (∆) =  b21  , F2 (∆) =  b22  , F3 (∆) = NaN , F4 (∆) = NaN ,
 








b30 
 b31 
NaN
NaN
NaN
b40
NaN
NaN
NaN
NaN
and




 
b00
 
b01
b 
" #
b02
 10 
b 
h i
b
(1)
(1)
(1)
(1)
(1)
 
 11 
 
F0 (∆) = b20  , F1 (∆) =   , F2 (∆) = b12  , F3 (∆) = 03 , F4 (∆) = b04 ,
 
b21 
b13
b30 
b22
b31
b40
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(2)

we use (5.48) with the factorization of Pk−z to calculate Fz , z = 0, . . . , 4. Then we add z
(2)
rows with NaN entries to the matrices Fz at their bottom. Finally, we arrange the columns
in the same way that we have extracted them from B(∆) to get B(∆[1] ).

5.6. The Simplicial Rational Bernstein Form
In this section, we present our results in the case of rational functions. Let f be a multivariate
rational function that is given as
f :=

p
q

(5.61)

where p and q are two n-variate real polynomials. We expand p and q into Bernstein polyno(k)
(k)
mials of degree k over ∆. Let bi (p) and bi (q), |i| = k, denote the i-th Bernstein coefficients
(k)
of p and q of degree k over ∆, respectively, and let all the bi (q), |i| = k, have the same sign
and be non-zero (we may assume that all of them are positive). We put
(k)

(k)

bi (f ) :=

bi (p)
(k)

bi (q)

, for all i, |i| = k.

(5.62)

An enclosure for the range of the rational function f over ∆, which is denoted by f (∆),
can be found by the quantities that are defined in (5.62) as the following theorem states.
Theorem 5.12. [NGSM12, Theorem 3.1, Remark 6] The range of f over ∆ can be bounded
by
(k)

(k)

min bi (f ) ≤ f (x) ≤ max bi (f ), x ∈ ∆.

|i|=k

|i|=k

(5.63)

Let B (k) (f, ∆) denote the interval spanned by the lower and the upper bound of the inequality given in (5.63), i.e.,
(k)

(k)

B (k) (f, ∆) := [min bi (f ), max bi (f )],
|i|=k

|i|=k

(5.64)

which is named by the simplical rational Bernstein form of f of degree k over ∆. As an
immediate consequence of Theorem 5.12, we have
f (∆) ⊆ B (k) (f, ∆).

(5.65)

The following theorem is an extension of Proposition 5.3 to the rational case.
Theorem 5.13. [THG15, Theorem 4] Equality holds in the right inequality in (5.63) if and
only if
(k)

(k)

max bi (f ) = bi? (f ) for some i? = kj0 , j0 ∈ {1, . . . , n + 1} .
|i|=k

By replacing max by min, a similar statement holds for the equality in the left inequality in
(5.63).
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Proof. Here, we only prove the statement on the right inequality in (5.63). Put M :=
max f (x). Suppose that the equality holds in the right inequality of (5.63). Then there
x∈∆

(k)

(k)

exists x? ∈ ∆ and i? with |i? | = k such that f (x? ) = M = max bi (f ) = bi? (f ). Hence
|i|=k

(k)

S(x) := p(x) − M q(x) ≤ 0 for all x ∈ ∆, bi (S) ≤ 0 for all i with |i| = k (by linearity of
the Bernstein coefficients), and S(x? ) = 0. By the range enclosing property of the Bernstein
coefficients, see Section 5.3 and Proposition 5.3, there exists j0 ∈ {1, . . . , n + 1} such that
(k)
(k)
(k)
i? = kj0 and S(x? ) = bi? (S) = 0. By linearity, we get bi? (p) = M bi? (q). Hence the
first implication follows. The converse holds by the endpoint interpolation property of the
Bernstein coefficients that is introduced in Section 5.3.
Theorem 5.14. [THG15, Theorem 5] The simplicial rational Bernstein form, which is defined in (5.64), is monotone, i.e., the lower bound and the upper bound increase and decrease
monotonically, respectively. Thus, it holds that
B (k+1) (f, ∆) ⊆ B (k) (f, ∆).

(5.66)

Proof. We give the proof only for the upper bound. For the lower bound the proof proceeds
in the same manner. We want to show that
(k+1)

max bi0

|i0 |=k+1

(k)

(f ) ≤ max bi (f ).
|i|=k

Put
(k)

M (k) := max bi (f ), and S(x) := p(x) − M (k) q(x).
|i|=k

Then by the linearity of the Bernstein coefficients, we have for all i0 with |i0 | = k + 1
(k+1)

bi0

(S) ≤

(k+1)

max (bi0

|i0 |=k+1

(k)

(k+1)

(p) − M (k) bi0

(q))

(k)

≤ max(bi (p) − M (k) bi (q)) ≤ 0.
|i|=k

The second inequality follows by application of Proposition 5.5 to the polynomial S and the
last inequality is a consequence of the definition of M (k) . This implies
(k+1)

bi0

(k+1)

(p) ≤ M (k) bi0

(q), for all |i| = k + 1,

from which the result follows.
In view of Corollary 5.7, the following theorem demonstrates that the simplicial rational
Bernstein form of a given rational function f over ∆, which is defined in (5.64), has linear
convergence (in k1 ) to f (∆) if the degree of the Bernstein expansion of the numerator and
demonstrator is elevated.
Theorem 5.15. [THG15, Theorem 6] For l0 < k it holds that
χ1
dist(B (k) (f, ∆), f (∆)) ≤
,
k−1
where
n(n + 2)l0 (l0 − 1)
(l0 )
2 (l0 )
2 (l0 )
χ1 :=
(||O
b
(p,
∆)||
+
max
|b
(q, ∆)||∞ ).
∞
0
i (f )| ||O b
(l )
0
|i|=l
24 min0 bi (q)
|i|=l
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(5.67)

(5.68)

Proof. The proof follows by using Corollary 5.7 and arguments similar to that given in the
proof of Theorem 5.17 (see below).
Once the degree of the Bernstein expansion is determined, a specific discrepancy between
and f (∆) can be computed by using (5.67) as follows.

B (k) (f, ∆)

Remark 5.16. [THG15, Remark 1] For any 0 <  we can guarantee that
dist(B (k) (f, ∆), f (∆)) < 
if we choose

χ1


+ 1 < k, where χ1 is given in (5.68).

Subdividing ∆ into subsimplices and computing the Bernstein enclosures of a given rational
function f over the generated subsimplices yields quadratic convergence to f (∆), where the
convergence is with respect to the maximum diameter of the subsimplices, as it is stated in
the following theorem.
Theorem 5.17. [THG15, Theorem 7] Let ∆ = ∆1 ∪ . . . ∪ ∆σ be a subdivision scheme of the
standard simplex ∆ and h be an upper bound on the diameter of ∆m , for all m = 1, . . . , σ.
(k)
(k)
Denote by bi (p, ∆m ) and bi (q, ∆m ) the i-th Bernstein coefficients of p and q of degree k
over the m-th subsimplex ∆m , m = 1, . . . , σ, respectively. Then, we have





(k)

(k)

dist  min bi (f, ∆m ), max bi (f, ∆m ) , f (∆) ≤ h2 χ2 ,






|i|=k,
m=1,...,σ

|i|=k,
m=1,...,σ

where
χ2 := k

n2 (n + 1)(n + 2)2 (n + 3)
(k)
576 min bi (q)
|i|=k

(||O2 b(k) (p, ∆)||∞ + χ02 ||O2 b(k) (q, ∆)||∞ )

(5.69)

(k)

and

χ02

:=

max |bi (p)|
|i|=k
(k)

min bi (q)
|i|=k

.

Proof. We only present the proof of
(k)

max bi (f, ∆m ) − max f (x) ≤ h2 χ2 .

|i|=k,
m=1,...,σ

x∈∆

(k)

Suppose that

(k)

max bi (f, ∆m ) is attained at bi? (f, ∆m0 ) with |i? | = k, for some m0 ∈

|i|=k,
m=1,...,σ

{1, . . . , σ}. Then

(k)

(k)

max bi (f, ∆m ) − max f (x) ≤ bi? (f, ∆m0 ) − max f (x)

|i|=k,
m=1,...,σ

h

≤

(k)

(k)

i

(k)

h

(k)

(k)

i

p(vi? (∆m0 )) − bi? (p, ∆m0 ) − bi? (f, ∆m0 ) q(vi? (∆m0 )) − bi? (q, ∆m0 )
(k)

q(vi? (∆m0 ))
(k)

≤

x∈∆m0

x∈∆

(k)

(k)

(k)

(k)

|p(vi? (∆m0 )) − bi? (p, ∆m0 )| + |bi? (f, ∆m0 )||q(vi? (∆m0 )) − bi? (q, ∆m0 )|
(k)

|q(vi? (∆m0 ))|

≤ h2 χ2 ,
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(k)

where the second inequality follows since vi? (∆m0 ) is a grid point in ∆m0 , the third follows
by using the triangle inequality, and the fourth is a consequence of Theorem 5.9 and the fact
that the Bernstein coefficients of a polynomial over ∆m are contained in the interval spanned
by the Bernstein coefficients over ∆.
A lower bound on the number of subdivision steps N that are needed in order to obtain
(k)
a tolerance  > 0 between the maximum of the quantities bi (f ), |i| = k, of the given rational function f over the subsimplices and its maximum over ∆ is given in the following theorem.
Theorem 5.18. [THG15, Theorem 8] Let S be a subdivision scheme with shrinking factor
C, see Definition 5.8, 0 < C < 1. Then
(k)

max bi (f, ∆m ) − max f (x) < ,

|i|=k,
m=1,...,σ

if

ln


2χ2

2 ln C

x∈∆

< N , where χ2 is given in (5.69).

Proof. For any 0√<  take N such that √
2C 2N χ2 < . By using Definition 5.8 and the fact
that diam(∆) = 2 we may choose h = 2C N , see Definition 5.8. Hence by using Theorem
5.17 and 0 < C < 1 the result follows.

5.7. Evaluation of Multivariate Polynomials in the Simplicial
Bernstein Representation
Section 3.12 was devoted to present methods for the evaluation of multivariate polynomials in
both the power and the tensorial Bernstein representations. In this section, we are interested
in evaluating a multivariate polynomial that is given in the simplcial Bernstein representation
(5.7).

Matrix Method for the Evaluation of Multivariate Polynomials in the Simplicial
Bernstein Representation
In the following, a matrical description of the Volk and Schumaker algorithm is presented.
Let p be an n-variate polynomial of degree l as given in (3.150). Assume that p is expanded
into Bernstein polynomials of degree k ≥ l0 , where l0 defined in (5.5). Then its Bernstein
representation, given in (5.7), can be rewritten as
p(x) =

xk0

X (k) k

bi

|i|=k

where x0 = 1 −

n
P
s=1

! n  
Y xs i s

i

s=1

x0

(5.70)

,

(l)

xs . We divide in the Bernstein patch each entry bi by

k!
i0 ! ,

replace NaN

entries, see Subsection 5.4.1, by zeros, and arrange the resulting patch in a matrix B 0 (∆) as
in (3.39). Application of the representation (3.154) to (5.70) with A replaced by the matrix
B 0 (∆) yields
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p(x) = xk0
where θs,µ :=

1 xs
µ x0

n
s=1

(H1 (θs,1 ) . . . Hk−1 (θs,k−1 )Hk (θs,k ))c B 0 (∆),

(5.71)

for µ = 1, . . . , k, s = 1, . . . , n.

The number of arithmetic operations for the evaluation
of a multivariate
polynomial in

n+k
Bernstein representation according to (5.71) is n+k
additions
and
2
multiplications.
k
 k

If we assume that the matrix B 0 is precomputed, then we need n+k
additions and n+k
k
k
multiplications which are identical to the number of arithmetic operations of the de Boor
evaluation algorithm [dB00], see also [CS15, Theorem 3.1].
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6. Fast Determination of the Tensorial and Simplicial
Bernstein Forms
Utilizing the tensorial and simplicial Bernstein forms for bounding the range of a multivariate
polynomial over a box and a simplex is presented in Chapters 3 and 5, respectively. Furthermore, their extensions in the case of multivariate rational functions are introduced as well.
However, using the traditional method for computing such forms, see, e.g., [Gar86], [Ler08],
requires that all Bernstein coefficients over the given box or simplex to be computed. This
is not recommended since their number is exponentially growing with respect to the number
of the variables. It turns out that by the matrix methods for the calculation of the tensorial
Bernstein coefficients the computation of the tensorial Bernstein form can be made more efficient, with time complexity O(nκn+1 ) and space complexity (equal to the number of Bernstein
coefficients) (κ + 1)n , where κ := ls , for all s = 1, . . . , n, l being the degree of the polynomial
under consideration. Obtaining the simplicial Bernstein form requires time complexity equals
O(k n+1 ) for fixed n and n variable with n ≤ k, otherwise (k < n), the complexity is O((2k)n ),
n
and space complexity equals O( kn! ) , where k = l0 with l0 defined in (5.5). However, by
these exponential complexities employing the traditional and the proposed matrix methods
for computing the tensorial and simplicial Bernstein forms is infeasible for polynomials with
moderately many (typically, 10 or more) variables, which is, in general, the case for many
real-world problems. In this event, the number of terms of such polynomials is much less than
the number of their Bernstein coefficients. Therefore, there is a need to reduce the number of
the Bernstein coefficients to be calculated without recourse to compute all the Bernstein coefficients. In other words, it is required to reduce the number of the Bernstein coefficients that
have to be searched as much as possible in order to determine the minimum and the maximum
Bernstein coefficients. In [Smi09], three tests were proposed to speed up the determination
of the tensorial Bernstein form of a multivariate polynomial that will be discussed and will
be formulated in the simplicial case and for rational function over a box and a simplex as well.
This chapter consists of three sections, which are organized as follows. Section 6.1 recalls
briefly the implicit Bernstein representation given in [Smi09] as a method for representing and
computing the Bernstein coefficients of a multivariate polynomial over a box. The monotonicity property of the Bernstein coefficients of multivariate monomials over a single-orthant box
of Rn is addressed. Additionally, we present for the tensorial Bernstein form three tests, by
which the search space for the minimum and the maximum Bernstein coefficients is reduced.
At the end, we show that combining those tests with Method 1, which is presented in Chapter
3 for the computation of the Bernstein coefficients over a box, improves the complexity of
the implicit Bernstein representation. In Section 6.2, we formulate the tests to localize the
minimum and the maximum coefficients of the Bernstein expansion of a polynomial over a
simplex, which is extended to rational functions in Section 6.3.
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6.1. Determination of the Tensorial Bernstein Form for
Multivariate Polynomials
In this section, we recall from [Smi09] the implicit Bernstein representation, the monotonicity
property of the Bernstein coefficients of multivariate monomials over a single-orthant box, and
the three tests by which the determination of the tensorial Bernstein form can be speeded up.

6.1.1. Implicit Bernstein Representation
We assume that p is a multivariate polynomial of degree l consisting of a single term, with
the power representation
p(x) = al xl .
(6.1)
From (6.1), the i-th Bernstein coefficient of p of degree d, d ≥ l, over a box x is expressed as
min{i,l}
(d)
bi

=

X
j=0

i
j
(x
d
j

!

− x)

j

l l−j
x al , i = 0, . . . , d.
j

(6.2)

The following theorem shows that the Bernstein coefficients of a multivariate monomial over
a box can be computed by the Bernstein coefficients of each univariate monomial components
of that monomial. In the sequel we assume that d = l.
Theorem 6.1. [Smi09, Theorem 1] Let q(x) = xl . The Bernstein coefficients of degree l of
q over a box x are given for i = 0, . . . , l by
(l)
bi

=

n
Y
(ls )

bis ,

(6.3)

s=1
(l )

where biss is the is -th Bernstein coefficient of degree ls of the univariate monomial xlss over
the interval [xs , xs ], where is = 0, . . . , ls , s = 1, . . . , n.
Theorem 6.1 suggests to compute the Bernstein coefficients of a multivariate polynomial p
as follows. The Bernstein coefficients of the univariate monomial components of each term of
p are required. Multiplication of such coefficients gives the Bernstein coefficients of each corresponding multivariate monomial. Then, the Bernstein coefficients of the polynomial itself
are obtained as a sum of the Bernstein coefficients of its multivariate monomials.
In [Smi09, Section 3.1], a simplified expression for the Bernstein coefficients of a univariate monomial xiss , is = 0, . . . , ls , s ∈ {1, . . . , n}, is given, which facilitates the computation
of the Bernstein coefficients of a given monomial. From Theorem 6.1, it is easy to see that
the calculation of a single Bernstein coefficient requires (n + 1)t − 1 arithmetic operations,
(l )
where t is the number of terms of p, given that biss , is = 0, . . . , ls , s = 1, . . . , n, are already
n
computed. Consequently, we have O(nt(κ + 1) ) and O(nt(κ + 1)) as time and space complexity, respectively. Clearly, the computational complexity of this method is nearly linear with
respect to the number of the terms of p instead of the exponential complexity with respect
to the number of the variables of p if the traditional method and even the proposed matrix
methods are employed, see Subsection 3.5.2. This representation is especially efficient for
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sparse multivariate polynomials, i.e., when the number of the terms is much less than the
number of the Bernstein coefficients, which is typically the case of many real-world problems
that are widely used in global optimization problems and nonlinear systems of polynomial
equations.
Let p be an n-variate polynomial of degree l. Assume that p has t terms (multivariate
monomials) and let l(m) denote the degree of the m-th term of p, m = 1, . . . , t. Then for
a(m) ∈ R, m = 1, . . . , t, the power representation of p is given as:
p(x) =

t
X

a(m) xl

(m)

.

(6.4)

m=1

Once the Bernstein coefficients of each term of p are computed, the Bernstein coefficients
of the polynomial itself are finally obtained by using the linearity property of the Bernstein
coefficients of its terms, see Subsection 3.3.2. Simth gives in [Smi09, p.453] an example
for computing and representing the Bernstein coefficients of a bivariate polynomial that has
two terms, where the two variables explicitly appear in both terms, i.e., they have non-zero
degrees. Motivated by that example, a question of significant interest is how to compute
the Bernstein coefficients of a multivariate monomial over a given box, such that there is at
least one variable absent, i.e., it has zero degree. In Appendix C, we propose a pseudocode
of a method for computing, arranging, and representing the Bernstein coefficients of a given
polynomial p of degree d ≥ l over x, see Algorithm C.1. The performance of Algorithm C.1
mainly depends on the notion of the implicit Bernstein representation, which is introduced in
Subsection 6.1.1, and on the partition of unity property of the Bernstein polynomials. Indeed,
computing the Bernstein coefficients of p of degree d over x starts by firstly considering the
univariate monomials that explicitly appear in each term (multivariate monomial) of p and
then taking into account the absent variables.

6.1.2. Monotonicity of the Bernstein Coefficients of Monomials
Let p be an n-variate polynomial of degree l. Assume that p has t terms, which allows
the power representation (6.4). The next theorem states that the Bernstein coefficients of
a multivariate monomial of p over a single-orthant box are monotone with respect to each
variable.
Theorem 6.2. [Smi09, Theorem 2] Let q(x) = al xl and let x be a single-orthant box. Then
(l)
the Bernstein coefficients bi , i = 0, . . . , l, of q of degree l over x are monotone increasing or
decreasing with respect to each variable, i.e.,
 (l)
(l)

bi ≤ bis,1 ,










al > 0, 0 ≤ xs ,
)
ls even, al < 0,
xs ≤ 0,
ls odd, al > 0,

(l)
(l)

bis,1 ≤ bi ,










al < 0, 0 ≤ xs ,
)
ls even, al > 0,
xs ≤ 0.
ls odd, al < 0,

(6.5)

If the first or the second case in (6.5) is satisfied for s ∈ {1, . . . , n}, then it is said that the
(l)
Bernstein coefficients bi , i = 0, . . . , l, are monotone increasing or decreasing with respect to

121

the variable xs , respectively.
The Bernstein coefficients of a multivariate monomial components are monotone over a
single-orthant box, therefore the vertex condition for each monomial holds. Observe that
Theorem 6.2 imposes the requirement on the given box to be a single-orthant box. In the
case that the box x lies within multiple orthants of Rn , then subdivision of x around the
origin into two or more subboxes is required in order to use Theorem 6.2. Then the Bernstein
enclosure over each subbox can be computed separately. In the reminder of this section we
assume that we have a single-orthant box x.
However, Theorem 6.2 is no longer applicable for multivariate polynomials with more than
one term. Hence, the sharpness property of its Bernstein coefficients is not guaranteed in
general. Assume the Bernstein form of a given polynomial over a box is desired, and the
number of the polynomial terms is much less than the number of its Bernstein coefficients.
Therefore, an effective determination of the minimum and the maximum Bernstein coefficients
requires to reduce the number of the Bernstein coefficients to be computed. Let the minimum
and the maximum Bernstein coefficients of the polynomial are referenced throughout this
chapter by multiindices that are labeled by imin and imax . In the sequel, the determination
of imin in each coordinate direction is wanted. For determining imax we proceed similarly.
Theorem 6.2 and the three tests that are addressed below are aiming at to facilitate such
determination. The three tests are summarized as follows, see [Smi09, p.454].
• Uniqueness: If a variable xs , for some s ∈ {1, . . . , n}, appears in only one monomial
term of p, then imins is either 0 or ls , see Theorem 6.2.
• Monotonicity: If a variable xs , for some s ∈ {1, . . . , n}, appears in t0 monoimal terms
of p and the Bernstein coefficients of all these terms are likewise monotone with respect
to xs , then imins is either 0, if all terms are increasing or ls if they are decreasing.
• Dominance: Otherwise, let all the terms containing xs be partitioned into two sets,
depending on whether they are increasing or decreasing with respect to xs . If the width
of the Bernstein enclosure of one set is less than the minimum difference between the
Bernstein coefficients among the terms of the other set, then the first set can make no
contribution to the determination of imins , and then we apply the monotonicity clause.
The following two theorems constitute the three tests.
Theorem 6.3 (Location of minimum Bernstein coefficient under uniqueness / monotonicity). [Smi09, Theorem 4] Let p be an be given by (6.4), the multiindex imin of the minimum
Bernstein coefficient of p over a single-orthant box x, must satisfy
(m)

(m)

min imin ≤ imin ≤ max imin .

1≤m≤t

1≤m≤t

(6.6)

(m)

where imin denotes the imin of the m-th term of p over x, m = 1, . . . , t.
Theorem 6.4 (Location of minimum Bernstein coefficient under dominance). [Smi09, Theorem 5 ] Let p be an n-variate polynomial given by (6.4). Assume that p1 and p2 be the
polynomials that contain all the terms of p such that the Bernstein coefficients over a singleorthant box x of these terms are increasing and decreasing with respect to xs , s ∈ {1, . . . n},
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(d)

(d)

respectively. Denote the Bernstein coefficients of p1 and p2 by bi (p1 ) and bi (p2 ), respectively. If
(d)

(d)

(d)

(d)

∀i = 0, . . . , l, is 6= ls : bis,1 (p1 ) − bi (p1 ) > bi[s,0] (p2 ) − bi[s,l ] (p2 ),
s

(6.7)

then imins = 0. If
(d)

(d)

(d)

(d)

∀i = 0, . . . , l, is 6= ls : bi (p2 ) − bis,1 (p2 ) > bi[s,l ] (p1 ) − bi[s,0] (p1 ),
s

(6.8)

then imins = ls .
Example 6.5. Consider the polynomial
p(x1 , x2 , x3 , x4 , x5 ) = 20x1 x22 − x33 x4 x35 − 4x1 x23 + 70x1 x34 − 2x63 − x24
over the box x := [2, 4]5 . The degree of p is l = (1, 2, 6, 3, 3) and the number of the Bernstein
coefficients is 672 (2 × 3 × 7 × 4 × 4). We can make the following observations:
The variable x2 appears only in the first term, i.e., the uniqueness test holds in the case
of x2 . Since the coefficient of this term is positive we conclude that imin2 = 0 (note that
x2 ∈ [2, 4], see Theorem 6.2. The second term is the only one that contains the variable x5 ,
therefore, x5 satisfies the uniqueness test. The coefficient of this term is negative, we deduce
that imin5 = l5 = 3. We note that the variable x3 appears in the second, third, and fifth term,
where the coefficients of these terms are all negative. Hence, the monotonicity test holds in
the case of x3 and we get that imin3 = l3 = 6. By the face values property, the Bernstein
coefficients of p with imin2 = 0, imin3 = 6, and imin5 = 3 are the Bernstein coefficients of p
over the three dimensional face of x with x2 = 2, x3 = 4 and x5 = 4, which are identical with
the Bernstein coefficients of bivariate polynomial g given by
g(x1 , x4 ) = 16x1 − 4096x4 + 70x1 x34 − x24 − 8192.
The terms of g that contain the component x1 are the first and the third term, where the
coefficients of these terms are all positive. Hence, the monotonicity test holds in the case of
x1 , and we get that imin1 = 0. The Bernstein coefficients of g with imin1 = 0 are the Bernstein
coefficients of p over the four dimensional face of x with x1 = 2, x2 = 2, x3 = 4 and x5 = 4.
These coefficinets conicide with the Bernstein coefficients of a univariate polynomial h, which
is obtained by substituting x1 = 2 in the polynomial g, i.e.,
h(x4 ) = 140x34 − x24 − 4096x4 − 8160.
Now, define h41 and h42 as the two univariate polynomials which comprises the terms of h
that contain x4 , such that h41 and h42 comprise all the terms of h with positive and negative
sign coefficients, respectively. Then, h41 and h42 are given by
h41 (x4 ) := 140x34 ,
h42 (x4 ) := −4096x4 − x24 .
The Bernstein matrices of h41 and h42 , respectively, are
1120
2240


B(h41 , x) = 

4480
8960
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and




8196



B(h42 , x) = − 
12296 .
16400
We can draw the following conclusions from B(h41 , x) and B(h42 , x). The Bernstein coefficients of h41 and h42 are all positive and all negative, respectively. This yields that the
Bernstein coefficients of h41 and h42 are increasing and decreasing, respectively, with respect
to x4 . However, neither (6.7) nor (6.8) holds. Therefore, imin4 cannot be determined by
Theorem 6.4. At the end, we have imin = (0, 0, 6, imin4 , 3); the dimension of the search space
has been reduced from 5 to 1, and the number of the Bernstein coefficients to be computed
is consequently reduced from 672 to 4.

6.1.3. Improvements on the Determination of the Tensorial Bernstein Form
The determination of the tensorial Bernstein form of a multivariate polynomial over a box is
developed in [TG17a]. The proposed method relies on a combination of Method 1, which is
presented in Subsection 3.5.2 for the computation of the Bernstein coefficients of the polynomial over the box and the three tests, which are introduced in the previous subsection for
speeding up the determination of the tensorial Bernstein form. Using this method we can
determine imin and imax in each coordinate direction with a smaller number of arithmetic
operations compared to the method given in Subsection 6.1.2. Without loss of generality, we
consider the determination of imin , for imax , we proceed similarly. We explain the application
of Method 1 by an expository example.
Let p be an n-variate polynomial of degree l with its power representation
p(x) =

l
X

ai xi .

i=0

Assume that p is expanded into Bernstein polynomials of degree l over u. For simplicity, we
assume that ls = κ, s = 1, . . . , n, and we have already determined the first two components
of the multiindex sought, imin = (0, κ, i3 , . . . , in ) say. The i-th Bernstein coefficient of degree
l given by (6.2) over the unit box u can be explicitly represented as
(l)
bi1 ,...,in

=

in 
jn
κ
jn =0 jn
in
X


i2  i1
i2
X ji1
X
j2
1
···
κ
κ  aj1 ,j2 ,...,jn .
j2 =0 j2

(6.9)

j1 =0 j1

We start with our knowledge of the first two components. Since imin1 = 0 we need to compute
(l)
all the Bernstein coefficients b[1,0] , is = 0, . . . , κ, s = 2, . . . , n. Therefore, the first inner-most
(l)

sum in (6.9) does not contribute to the calculation of bimin and we fix i1 = 0. So we only
multiply the first row in P , which is [1 0 . . . 0], by A which requires no arithmetic operations.
After that we apply the cyclic ordering and we get an (κ + 1) × (κ + 1)n−2 matrix named A0 .
(l)

Now by imin2 = κ, the computation of all the Bernstein coefficients b0,κ,i3 ,...,in is required.
Therefore, in the second inner-most sum we fix i2 = κ. So, we need to multiply the matrix
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A0 by the row vector which is obtained
by division of each entry in last row of P by the

corresponding binomial coefficient jκ2 , j2 = 0, . . . , κ, i.e., by [1 1 . . . 1]. Then we need κ
additions for each column of A0 which makes κ(κ + 1)n−2 additions. After the application of
the cyclic ordering we obtain a (κ + 1) × (κ + 1)n−3 matrix that we will denote by A00 .
The remaining indices are not determined. We need to compute all the Bernstein coef(l)
ficients b0,κ,i3 ,...,in , is = 0, . . . , κ, s = 3, . . . , n. We define Λ00 (u) from A00 by dividing each


of its entries by ji33 . . . jinn . Then we apply Method 1 from Subsection 3.5.2 and use the
factorization (3.53) of the Pascal matrix n − 2 times. The number of arithmetic operations
n−2
that are required to calculate these Bernstein coefficients is (n − 2) κ(κ+1)
additions and
2
(n − 2)(κ + 1)n−2 multiplications /divisions, cf. Table 3.1.
In the general situation, we first rearrange the matrix A in such a way that zero indices
appear first followed by the ones which are equal to κ, and that the remaining ones are
undetermined. Let σ and ζ be the number of the variables xs with imins = 0 and imins = κ,
respectively. Then the complexity for the proposed method is for κ ≥ 2

n−σ+1 ),


O((n − σ)κ

n−σ ),
O( n−σ+1
2 nκ
o


O(max κn−σ , n−σ−ζ κn−σ−ζ+1 ),
2

if ζ = 0,
if ζ = 1,
if ζ > 1.

The case ζ = 0 follows immediately from the case of n undetermined variables by replacing
n by n−σ. If ζ ≥ 1 we need κ(κ+1)n−σ−1 additions for the first variable xs with imins = κ and
O(κn−σ−ζ+1 ) for the ζ-th of such variables (if there is any). The amount of operations for the
n − σ − ζ undetermined variables is n−σ−ζ
κ(κ + 1)n−σ−ζ additions and (n − σ − ζ)(κ + 1)n−σ−ζ
2
multiplications.

6.2. Determination of the Simplicial Bernstein Form for
Multivariate Polynomials
In this section, we consider the determination of the simplicial Bernstein form of multivariate
polynomials. In the sequel, assume that p be an n-variate polynomial of degree l with its
power presentation given by
p(x) =

l
X

ai xi ,

(6.10)

i=0

In the following, assume that p is expanded into Bernstein polynomials of degree k over ∆,
k ≥ l0 , where l0 is defined in (5.5), as
p(x) =

X (k) (k)

bi Bi .

|i|≤k
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6.2.1. Monotonicity of the Simplicial Bernstein Coefficients of Multivariate
Monomials
Recall that the Bernstein coefficients of p of degree k ≥ l0 over ∆, are given for |i| ≤ k as
(k)
bi

=

i
m
a
k m
m

X
m≤i,
|m|≤k

(6.11)

with the convention that
am := 0 for ms > ls for at least one s ∈ {1, . . . , n} .
where
!

k
m

:=

k!
.
(k − |m|)!m1 ! . . . mn !

(6.12)

Because of the linearity property of the Bernstein coefficients that are given in (6.11), we
may consider the case that p consists of a single monomial term and may assume without
loss of generality that the coefficient of the monomial is 1. In the following proposition, the
monotonicity property of the Bernstein coefficients of p with respect to i is addressed.
Proposition 6.6. Let p(x) = xr , x = (x1 , . . . , xn ), and |r| = r0 ≤ k. Then its Bernstein
(k)
coefficients bi , |i| ≤ k, of degree k are increasing with respect to i.
Proof. From (6.11) it is easy to see that the first nonzero Bernstein coefficient appears for
i = r (with respect to lexicographical order). We have for s = 1, . . . , n and 0 ≤ t ≤ k − |r|
(k)
br+tes

=

rs +t
rs
k
r

(6.13)

and therefore
(k)

(k)

br+tes ≤ br+(t+1)es ,

(6.14)

provided that t + 1 ≤ k − |r|.
Remark 6.7. From Proposition 6.6 we conclude that the maximum Bernstein coefficient is
attained at one of the following Bernstein coefficients
(k)
br+y

=

r+y 
r
,
k
r

where |r + y| = k with y ∈ Nn .
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(6.15)

6.2.2. Determination of the Bernstein Form over the Standard Simplex
In this subsection, we make use of Proposition 6.6 and Remark 6.7 in order to determine the
simplicial Bernstein form of a polynomial p given by (6.10) over ∆. As in the tensorial case
we employ the following tests:
• Uniqueness: If a component of x, e.g., x1 , appears in only one monomial term of p,
then p can be divided into two polynomials g and h, i.e., p = g + h, where g is the
monomial term containing x1 and h contains all the other monomial terms. By Remark
6.7, the Bernstein coefficients of g are monotone with respect to i1 . The Bernstein
(k)
patch of h can be calculated from (5.8) by only computing the subpatch bi[1,0] (h); then
(k)

the remaining Bernstein coefficients bi (h) are equal to the corresponding coefficients
(k)
bi[1,0] (h).
After having added the two Bernstein patches of g and h, then by Remark 6.7 the
maximum Bernstein coefficient of p is attained at imax with |imax | = k if g is increasing,
i.e., the coefficient of g is positive. Define the function f of the variable y ∈ Nn with
|y| = k

X y
ν
f (y) :=
a .
k ν

(6.16)

ν≤y ν

If y ∗ is a maximizer of f , then imax = y ∗ . Whereas the minimum Bernstein coefficient
is attained at imin with imin1 = 0. If g is decreasing, i.e., the coefficient of g is negative,
then imin = y ∗ and so |imin | = k and imax1 = 0.
• Monotonicity: In extension of the uniqueness test let xs be contained in t0 monomial
terms of p and the Bernstein coefficients of all these terms are likewise monotone with
respect to xs . Then imins = 0 and imax = y ∗ , i.e., |imax | = k, if all these terms are
increasing and imin = y ∗ , i.e., |imin | = k, and imaxs = 0 if all these terms are decreasing,
where y ∗ is a maximizer of f in (6.16).
• Dominance: Otherwise, let all the terms containing xs be partitioned into two sets,
depending on whether they are increasing or decreasing with respect to is . Then the
following theorem constitutes the dominance test, cf. [Smi09].
Theorem 6.8 (Location of minimum Bernstein coefficient under dominance). Let the polynomial p be given by (6.10). Let p1 and p2 be the polynomials that contain all the terms of p
such that the Bernstein coefficients of these terms are increasing and decreasing with respect
to xs , s ∈ {1, . . . n}, respectively. Denote the Bernstein coefficients of p1 and p2 of degree k
(k)

(k)

over ∆ by bi (p1 ) and bi (p2 ), respectively. Define v := k −

n
P

r=1,
r6=s

ir .

(k)

(k)

(k)

(k)

(6.17)

(k)

(k)

(k)

(k)

(6.18)

If for all i, |i| < k, bis,1 (p1 ) − bi (p1 ) > bi[s,0] (p2 ) − bi[s,v] (p2 ),
then imins = 0.
If for all i, |i| < k, bi (p2 ) − bis,1 (p2 ) > bi[s,v] (p1 ) − bi[s,0] (p1 ),
then imins = v.
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Proof. We present the proof only for the first statement (6.17); the proof of the second one
(6.18) is entirely analogous. For all i, |i| < k, we obtain by the linearity of the Bernstein
(k)
coefficients, the monotonicity of the bi (p2 ) with respect to is , and (6.17)
(k)

(k)

(k)

(k)

(k)

(k)

(k)

(k)

(k)

bis,1 (p) = bis,1 (p1 ) + bis,1 (p2 )
≥ bis,1 (p1 ) + bi[s,v] (p2 )
> bi (p1 ) + bi[s,0] (p2 )
≥ bi (p1 ) + bi (p2 )
(k)

= bi (p).
Thus the Bernstein coefficients of p are increasing with respect to xs , and the claim follows.
In other words, the statement of Theorem 6.8 means the following: If the width of the
Bernstein form of one set (treated as the polynomial comprising its terms) is smaller than the
minimum absolute difference between the Bernstein coefficients of the terms of the other set,
then the first set can make no contribution to the determination of imins and the monotonicity
test applies.
We demonstrate the application of the three tests for the determination of the minimum
(k)
Bernstein coefficient, denoted by bimin , by the following example. The determination of the
maximum Bernstein coefficient is similar. We make use of the face values property of the
Bernstein coefficienst over ∆, see Section 5.3, which states that the Bernstein coefficients of
p over an ν-dimensional face of ∆, where 1 ≤ ν ≤ n − 1, are the same as the Bernstein
coefficients that are located at the corresponding ν-dimensional face of the Bernstein patch
of p over ∆.
Example 6.9. Consider the polynomial
p(x1 , x2 , x3 , x4 ) : = x1 x22 x23 − x21 x22 x4 + 104x21 x2 − x1 x22 + x22 x3 + 105x1
+ 105x2 .
The degree of p is l = (2, 2, 2,1). We choose k = l0 = 5. The number of the Bernstein
coefficients of p is k+n
= 94 = 3125. An estimate for an upper bound on the number
n
of the arithmetic operations required for the computation of the Bernstein coefficients is of
magnitude 104, see [TG17b, Appendix 1]. We observe the following:
The component x3 appears in the first and fifth term. Since the coefficients of these terms are
positive we conclude that x3 satisfies the monotonicity test and that imin3 = 0. The Bernstein
coefficients with i3 = 0 are just the Bernstein coefficients of p over the face of ∆ given by
x3 = 0, i.e., these coefficients are located at a three-dimensional face of ∆. Hence these
Bernstein coefficients are identical with the ones of the polynomial
f (x1 , x2 , x4 ) := −x21 x22 x4 + 104x21 x2 − x1 x22 + 105x1 + 105x2 ,
which is obtained by substituting x3 = 0 in p. In f , the component x4 appears only in the first
term; therefore, x4 satisfies the uniqueness test. Since the coefficient of this term is negative
we conclude that imin4 = k − i1 − i2 . The Bernstein coefficients of f with i4 = k − i1 − i2 are
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just the Bernstein coefficients of f when x4 = 1 − x1 − x2 , which are the Bernstein coefficients
of p over the two-dimensional face of ∆ given by x3 = 0, x4 = 1 − x1 − x2 . These coefficients
are the Bernstein coefficients of
g(x1 , x2 ) := −x21 x22 + x31 x22 + x21 x32 + 104x21 x2 − x1 x22 + 105x1 + 105x2 ,
which is obtained by substituting x4 = 1 − x1 − x2 in f . We note that g is divided into the
two polynomials p1 and p2 , where p1 (x1 , x2 ) := x31 x22 + x21 x32 + 104x21 x2 + 105x1 + 105x2 and
p2 (x1 , x2 ) := −x21 x22 − x1 x22 . Their Bernstein patches are as follows (rounded to five decimal
places)
0
21
42
63
84 105

 21
42
63
84
105



 42 66.46667 90.93333 115.5


B(∆, p1 ) = 
,

 63
94.4
125.9



 84
125
105




0
0

0

B(∆, p2 ) = 
0

0
0


0
0
0
0
0
0 −0.03333 −0.10000 −0.20000 


0 −0.10000 −0.30000

.

0 −0.20000


0


We note that all the Bernstein coefficients of p1 and p2 are nonnegative and nonpositve,
respectively. Inequality (6.17) is fulfilled for x1 and x2 . Therefore, we may conclude that
imin = (0, 0, 0, 5).
Alternatively, after we have (only) verified that (6.17) is fulfilled for x1 we may conclude
that the Bernstein coefficients of g with i1 = 0 are just the Bernstein coefficients of p over
the edge of ∆ provided by x1 = x3 = 0, x4 = 1 − x1 − x2 . These coefficients are the Bernstein
coefficients of
h(x2 ) := 105x2
(k)

over [0, 1]. So in order to determine bmin , it suffices to compute only the two Bernstein coef(k)
(k)
ficients of h and then to take the smallest one. Since b0 (h) = h(0) = 0 and b1 (h) = h(1) =
105 we find again imin = (0, 0, 0, 5).
Since the Bernstein coefficients at the vertices of B(∆) are the values of p at the respective
vertices of ∆, see, e.g., [Ler, Proposition 3.2 (ii)] we obtain
min p(x) = p(0, 0, 0, 1) = 0.
x∈∆
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6.3. Determination of the Tensorial and Simplicial Rational
Bernstein Forms
Let f be a multivariate rational function that is given by
f :=

p
,
q

(6.19)

where p and q be two n-variate real polynomials. In the sequel, we assume that the two
polynomials have the same degree since otherwise we can elevate the degree of the Bernstein
expansion of either polynomial by component where necessary to ensure that their Bernstein
coefficients are of the same order.

6.3.1. Tensorial Rational Bernstein Form
(l)

(l)

Assume p and q have the same degree l and let bi (p) and bi (q), 0 ≤ i ≤ l, be the Bernstein
coefficients of p and q, respectively, over a box x which is contained in a single orthant of Rn .
We recall from Section 3.10 the assumption on the Bernstein coefficients of q, i.e., we assume
(l)
that bi (q) have the same strict sign and without loss of generality we assume that they are
positive.
Let the minimum and the maximum of the quantities that are defined in (3.130) or (5.62)
are referenced throughout this Section by imin (f ) and imax (f ), respectively. Now we extend
the three tests given in Section 6.2 to the rational case. We consider here only the determination of imin (f ); the determination of imax (f ) is analogous. Also we do not consider the
uniqueness test since this test is included in the monotonicity test.
• Monotonicity: Assume that the Bernstein coefficients of all monomial terms containing xs in p are likewise monotone with respect to xs and those in q are monotone in
opposite sense, for some s ∈ {1, . . . , n}. Then,
– if the Bernstein coefficients of p are increasing and those of q are decreasing with
respect to xs , then imins (f ) = 0,
– if the Bernstein coefficients of p are decreasing and those of q are increasing with
respect to xs , then imins (f ) = ls .
• Dominance: Assume that all the terms containing xs , for some s ∈ {1, . . . , n}, in both
p and q can be partitioned into two sets, depending on whether they are increasing or
decreasing with respect to xs such that the Bernstein coefficients of the two polynomials
are likewise monotone.
Theorem 6.10 (Location of the minimum tensorial Bernstein coefficient under dominance for
rational functions). Let polynomials p and q of maximum degree l be given and let p1 and p2
be the polynomials that comprise all the terms of p such that the Bernstein coefficients of these
terms are increasing and decreasing with respect to xs , respectively, for some s ∈ {1, . . . , n}.
Then for i = 0, . . . , l, is 6= ls , the following statements are true:
If for p
(l)

(l)

(l)

(l)

bis,1 (p1 ) − bi (p1 ) > bi[s,0] (p2 ) − bi[s,l ] (p2 )
s
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(6.20)

is satisfied and for q the inequality
(l)

(l)

bi (q) > bis,1 (q)

(6.21)

is fulfilled, then imins (f ) = 0.
If for p
(l)

(l)

(l)

(l)

bi (p2 ) − bis,1 (p2 ) > bi[s,l ] (p1 ) − bi[s,0] (p1 )
s

(6.22)

is satisfied and for q the inequality
(l)

(l)

bis,1 (q) > bi (q)

(6.23)

is fulfilled, then imins (f ) = ls .
Proof. We will present the proof only for the first statement; the proof of the second one is
entirely analogous. For all i = 0, . . . , l, is 6= ls , it follows similarly as in the proof of Theorem
6.8 that
(l)

(l)

(6.24)

(l)

(l)

(6.25)

bis,1 (p) > bi (p),
and by (6.21) we may conclude that
bis,1 (f ) > bi (f ).
Therefore, imins (f ) = 0.

6.3.2. Simplicial Rational Bernstein Form
The tests for the tensorial rational case carry over to the simplicial case with only minor
modifications. We assume that p and q are polynomials in n variables with Bernstein coef(k)
(k)
ficients bi (p) and bi (q), |i| ≤ k, respectively, over ∆. We assume again that all Bernstein
(k)
coefficients bi (q) are positive. Then, the Bernstein coefficient of f is given by (5.62). We
employ the same tests as in Subsection 6.3.1. Then Theorem 6.10 remains in force with the
necessary changes to be made if we replace therein the reference to (6.20) and (6.22) by the
reference to (6.17) and (6.18), respectively.
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7. Global Optimization Using the Bernstein Approach
Optimization has many remarkable applications in almost every field of sciences, business,
economy, technology, etc. A problem in such fields can be usually modeled as a function of
certain design variables under stated circumstances and specific conditions to be met by all
the acceptable decision variables. The obtained models usually aim either to minimize efforts
and wastes or to maximize benefits and profits. Hence, optimization is the process of finding
all values of the decision variables that optimize (minimize or maximize) the value of the
corresponding function. For a given a nonempty closed set F and a function f : D → R,
D ⊆ Rn and F ⊆ D, the standard form of an optimization problem is given as
min

f (x)

subject to x ∈ F,

(7.1)

where f is the objective function or the cost function, x ∈ Rn is the decision variable, and
F is the feasible region of the problem (7.1), which is often specified by a set of constraints,
equalities or inequalities that the elements of F have to satisfy.
On the strict mathematical point of view, with respect to the components of a given problem (7.1), it can be classified in several ways. The classification is computationally useful,
because there are many special methods and algorithms that are designed to solve particular types of optimization problems. Classification with respect to the nature of the variable
includes continuous, discrete, integer and mixed integer optimization problems. Another important distinction is between constrained problem, which is subject to one or more constraint
functions otherwise it is called unconstrained. The constraints can vary widely from simple
bounds to systems of equalities and inequalities. Constrained optimization problems can be
furthered classified according to the nature of the objective function and the constraint functions into linear, nonlinear, convex, nonconvex, and quadratic optimization problems. Based
on the number of the objective functions, (7.1) can be classified as single objective and multiobjective optimization problems. Now, the classification depending on the type of the solution
of (7.1) to be searched takes two forms, which are local optimization and global optimization.
In a global optimization problem we are concerned with the best solution among all those
that are determined from local search.
In the presence of convexity of the objective function and the feasible region of (7.1) every
obtained local solution is also a global one. However, for most real-world problems, which may
have a large number of variables, nonconvex terms are often required to be introduced either
in the objective function or in the constraint of the models of such problems. This may yields
that the number of local solutions may drastically increase and thus it is required to find all
local solutions in order to determine a global one. This makes the task of finding a global
minimum solution very challenging. Motivated by a large number of applications of global
optimization problems, many algorithms have been developed and approaches have been proposed for solving such problems, which are classified into two classes: stochastic methods and
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deterministic methods. In general, stochastic methods usually require sampling the objective
function at a finite number of points until a specific criterion is satisfied. Moreover, there
are difficulties in studying the convergence properties of stochastic methods and the solutions
that may be found are only local ones and they are far from the global ones [HPR02]. In
contrast, the deterministic methods are more reliable and easy to handle comparable to the
stochastic methods. These methods provide a mathematical guarantee for convergence to a
global solution in a finite number of steps. Algorithms that use the deterministic methods
include complete search methods, Bayesian search algorithms, branch and bound algorithms,
etc., see, e.g., [HT90], [Flo99], [Wei08].
This chapter is devoted to applications of the Bernstein approach to the solution of polynomial global minimization problems. We should mention that most of material in this chapter,
in which the importance of the Bernstein approach for bounding the range of multivariate
polynomials over a box and solving unconstrained polynomial global optimization problems
is highlighted, is recalled from the literature. In order to keep this chapter self-contained, we
first introduce the general form of global optimization problems and some related optimality
conditions. Then, our discussion is restricted to the solution of unconstrained polynomial
global optimization problems. Our contribution here is a branch and bound algorithm that
is based on the Bernstein approach. In addition, we give an overview on rules and criteria
for selecting a subdivision direction and a subdivision point that are different from the ones
used in the proposed algorithm.
This chapter consists of five sections that are arranged as follows. Section 7.1 contains
basic definitions, concepts, and some notions from optimization and convex analysis that will
be used throughout this chapter. Section 7.2 is devoted to the discussion of the problem of
bounding the range of a multivariate function over a box by means of several Bernstein forms,
which are shown to exhibit high order convergence to the range of the a given function over
an underlying box. In Section 7.3, we are interested in unconstrained global optimization
problems, therein we describe some of their necessary and sufficient optimality conditions.
Moreover, in this section the basic structure of interval branch and bound algorithms is
given. Section 7.4 is concerned with unconstrained polynomial global optimization problems
and provides a branch and bound algorithm for solving such problems by employing the
Bernstein approach, the so-called the Bernstein algorithm. Furthermore, an overview of some
selection strategies for a new box to be investigated by the Bernstein algorithm and rules for
determination the point, where the box under consideration is to be subdivided. We end this
section by introducing some accelerating tests that are used to speed up the performance of
the Bernstein algorithm. In Section 7.5, we give a brief introduction to constrained polynomial
global optimization problems and discuss how the feasibility of a given box can be tested by
using the Bernstein expansion of the polynomial constraints of the given problem.

7.1. Overview of Global Optimization
The purpose of this section is to summarize the basic definitions, concepts, and some notions from optimization and convex analysis that will be used throughout this chapter. For
a complete introduction, the reader is referred to, e.g., [Ber99], [BSS93], [Rus06]. Classical
references on convex analysis is Rockafeller0 s book [Roc70], see also [H4].
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Assume that x? ∈ F, a so-called feasible point for (7.1), is given. Then, it may be either
a local or global minimizer (in the latter case x? is called an optimum point (solution) of
(7.1)), or neither a local nor global minimizer. In the following, we give a description of
these concepts. We should mention that we interchangeably use local (global) minimizer and
solution.
Definition 7.1 (Global Minimizer). A feasible point x? ∈ F is a global minimizer for (7.1)
if f (x? ) ≤ f (x), for all x ∈ F.
Definition 7.2 (Local Minimizer). A feasible point x? ∈ F is a local minimizer for (7.1)
if there exists  > 0 such that f (x? ) ≤ f (x), for all x ∈ B (x? ) ∩ F, where B (x? ) is the
-neighborhood of x? .
Trivially, every global minimizer of (7.1) is a local minimizer, but the converse is not true.
The value of the objective function f of (7.1) at its global minimizer x? is called the optimal
or global minimum value of (7.1) and is denoted by f ? . If ’min’ in (7.1) is replaced by ’max’,
then a global and a local maximizer for the resulting problem is defined by reversing the inequalities given in Definitions 7.1 and 7.2, respectively. Any maximization problem can be
transformed to a minimization problem simply by changing the sign of the objective function.
Henceforth, we will concentrate on minimization problems.
The optimal value f ? of (7.1) is the infimum of f over F. If a global minimizer x? for (7.1)
exists, then f ? is simply equals f (x? ).
Under certain conditions, as stated in the following theorem, the existence of a global
minimizer for (7.1) can be assured.
Theorem 7.3 (Weierstrass Theorem). [BSS93] Let F ⊂ Rn be a nonempty and compact set
and let f : F → R be a continuous function. Then, f attains its minimum and its maximum
value on F.
The crucial part of this theorem is that the set F has to be compact set. It follows from
Theorem 7.3 that if one locates all local minimizers of the objective function of a given
problem (7.1), then a point that corresponds to the minimal (optimal) value of f can be
considered as one of its global minimizer. Note that this may occur at more than one point.
If the objective function f of (7.1) is convex over a convex set F, then (7.1) is called a convex
optimization problem. Such a problem is tractable both theoretically and practically with
a firm theoretical basis provided by convex analysis. Indeed, in this case the located local
minimizers are all global ones. This motivates us to recall some definitions and properties
that are associated with convex sets and functions. Recall what we mean by a convex set C in
Rn , see Definition 3.5. We are now ready to turn our attention to a special type of functions,
which are the convex functions. The domain of a convex function is always assumed to be a
convex set. In the following, the definition of convex functions and some theorems related to
them are introduced.
Definition 7.4 (Convex Function). Let C ⊆ Rn be a convex set. A function f : C → R is
convex if and only if for all x, y ∈ C and for all α ∈ [0, 1] we have
f ((1 − α)x + αy) ≤ (1 − α)f (x) + αf (y).
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The geometric interpretation of Definition 7.4 is as follows: a function f defined over a
convex set C is convex if the line segments joining any two points on the graph of f lies on
or above the portion of the graph between these points.
Assume that f is continuously differentiable. Then, the convexity of f can be alternatively
characterized by its gradient.
Theorem 7.5 (First Order Condition). [BSS93, Theorem 3.3.3], [Ber99, Proposition B.3]
Let C ⊆ Rn be a convex open set and let f be a continuously differentiable function over C.
Then, for every x, y ∈ C, f is convex if and only if
f (y) ≥ f (x) + ∇f (x)T · (y − x).

(7.2)

Definition 7.6. A symmetric matrix A ∈ Rn,n is called positive semidefinite, which is denoted
by A  0, if xT Ax ≥ 0 for all x ∈ Rn .
The next theorem provides a necessary and sufficient characterization for convexity of a
twice continuously differentiable function.
Theorem 7.7 (Second Order Condition). [BSS93, Theorems 3.3.7 and 3.3.8], [Ber99, Proposition B.4] Let C ⊆ Rn be a convex open set and let f be a twice continuously differentiable
function over C. Then, f is convex if and only if Hf (x)  0 for all x ∈ C.
The fact that the positive semidefiniteness of Hf (x) for all x ∈ x is a necessary condition for
f to be convex over x is employed when a branch and bound algorithm is used to solve (7.1).
Indeed, for a given box x, if there exists a point x ∈ x such that the positive semidefiniteness
of Hf (x) does not hold, then we conclude that f is not locally convex over x. A necessary and
sufficient condition for the positive semidefiniteness of Hf (x) is the nonnegativity of all its
principal minors. Therefore, if (Hf (x))s−1,s−1 < 0, for some s ∈ {1, . . . , n}, then the interior
of x cannot contain a global minimizer for (7.1) and thus it can be safely discarded from
further consideration.
It has been discussed in Chapter 2 that Hf (x) is an inclusion function for Hf over x,
which is obtained by employing interval arithmetic, given in (2.3), component-wisely, i.e., for
2 (x)
s1 , s2 = 1, . . . , n, (Hf (x))s1 −1,s2 −1 is an inclusion function for ∂x∂s f∂x
over x and it follows
s2
1
from (2.14) that
∂ 2 f (x)
⊆ (Hf (x))s1 −1,s2 −1 .
∂xs1 ∂xs2

(7.3)

In the case that a multivariate polynomial p of degree l is considered, an enclosure for the range
of Hp (x) that is denoted by Hp (x) can be component-wisely obtained by exploiting the range
2p
of enclosure property of the Bernstein coefficients of ∂xs∂ ∂x
over x for all s1 , s2 = 1, . . . , n,
s2
1
see Subsection 3.3.5. Such coefficients can be sequentially computed by applying (3.33) with
the Bernstein coefficients of p to obtain those for ∂x∂ps , and then using the obtained coefficients to compute the coefficients of
2

∂2p
∂xs1 ∂xs2 .

1

Symbolically, we have for s1 , s2 = 1, . . . , n,
2

p
p
(Hp (x))s1 −1,s2 −1 := B (d−2) ( ∂xs∂ ∂x
, x), where B (d−2) ( ∂xs∂ ∂x
, x) is the Bernstein form of
s
s
1

2

1
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2

∂2p
∂xs1 ∂xs2

over x, cf. (3.29).

For a given Hessian matrix Hf of a multivariate function f over a box x, Theorem 7.9
below gives a necessary and sufficient condition for f to be convex over x if Hf (x) is taken
into account. Before presenting the theorem, we introduce some notation that will be used.
Let C ∈ IRn,n be a symmetric interval matrix, see Subsection 2.1.2. Then, C is said to be
positive semidefinite, which is denoted by C  0, if for each symmetric matrix C ∈ C, it
holds that C  0. Define the set Y by
Y := {x ∈ Rn | |xs | = 1, s = 1, 2, . . . , n} .

(7.4)

The set Y has 2n elements. For each x ∈ Y , define the diagonal matrix D(x) of order n as
D(x) := diag(x1 , . . . , xn ). Let C(x) ∈ Rn,n be given by
C(x) := mid(C) − D(x) rad(C)D(x),

(7.5)

where mid(C) and rad(C) are defined in (2.10) and x ∈ Y , given in (7.4). Because rad(C)
and mid(C) are symmetric matrices, we have at most 2n−1 different C(x) matrices. It is easy
to see that C(x) ∈ C and C(x) is symmetric for all x ∈ Y . Now, we give a necessary and
sufficient condition for the positive semidefinitness of C.
Theorem 7.8. [BG84] [Roh94, Theorem 2] Let C ∈ IRn,n be a symmetric interval matrix.
Then, C  0 if and only if C(x)  0 for each x ∈ Y , where C(x) is defined in (7.5).
By specifying Theorem 7.8 for Hf and defining for x ∈ Y the matrix H(x) ∈ Rn,n as
H(x) := mid(Hf (x)) − D(x) rad(Hf (x))D(x),

(7.6)

we have the following theorem that provides a necessary and sufficient condition by which
one can determine whether a given function f is convex over a box x or not.
Theorem 7.9. Let f be a twice continuously differentiable function over x and suppose that
Hf is an inclusion function of the Hessian matrix of f over x. Then f is convex over x if
and only if H(x)  0 for all x ∈ Y , where H(x) is defined in (7.6).

7.2. Bounding the Range of Multivariate Functions Using Higher
Order Bernstein Forms
Motivated by the importance of bounding the range of multivariate functions over a box in
solving a broad class of problems that are relevant to enormous investigations and applications in numerical analysis, control theory, optimization, etc., many algorithms have been
proposed for this purpose. Those algorithms that employ interval analysis can be found in,
e.g., [RR84], [MR88], [Han92], [Kea96]. A great deal of attention has been paid to utilize the
centered forms [Moo66] in such algorithms. These forms provide often tighter enclosures for
the range of a given function over a box than the enclosures obtained by the natural interval
extension of the underlying function [Neu90]. Moreover, the centered forms offer quadratic
convergence to the range of multivariate functions over a box [Han69b].
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In the case that the given function is a polynomial defined over a box, the use of the Bernstein expansion of the polynomial provides enclosures for its range over this box, which are, in
general, tighter than those obtained when interval arithmetic is employed [Sta95]. Depending
on this approach several algorithms have been proposed that aim to obtain range enclosures
for multivariate polynomials over a box, see, e.g., [GR79], [LR81], [Rok82], [Gar86], [Fis90],
[Gar93], [Sta95]. The centered forms of higher order convergence give, in general, tighter
enclosures than those of first and second order, which are presented in Section 2.3. Enclosure
methods with convergence order higher than the second order were first considered for the
univariate case in [CL84], see also [Ale90].
A combination between the higher order convergence forms and the Bernstein approach
was considered by Lin and Rokne in [LR96] for bounding the range of multivariate functions
over a box as follows. Let f be an n-variate (m + 1) differentiable function. To bound the
range of f over a box x, Lin and Rokne suggested to use the Taylor expansion of f of order
(m + 1), to express f as follows
f (x) = p(x) + R(x),

(7.7)

where p is the Taylor polynomial that approximates f and R is the error in this approximation,
which are for c, ζ, and x ∈ x, given by
p(x) = f (c) +

m
X
1

∂ |i| f (c)
(x − c)i ,
i1
in
i!
∂x1 . . . ∂xn
|i|=1

(7.8)

1 ∂ |i| f (ζ)
(x − c)i .
i1
in
i!
∂x1 . . . ∂xn
|i|=m+1

R(x) =

(7.9)

X

Let ∂ |i| f be an inclusion function for
|i| = m + 1. Then R that is given by
R(x) =

∂ |i|
f
i
∂x11 ...∂xinn

X

over x, which exists and bounded for all

∂ |i| f(x)(x − c)i

|i|=m+1

is an inclusion function for R over x. The Taylor form of f of order m + 1 over x, which is
[m+1]
denoted by fT
(x), is defined as
[m+1]

fT

(x) := p(x) + R(x),

(7.10)
[m+1]

where p(x) is the range of p over x. The convergence of order m + 1 of fT
to f (x) with
respect to the width of x was demonstrated in [LR96, Theorem 5]. As a consequence of (2.18)
and Definition 2.19,
[m+1]

wid(fT

(x)) − wid(f (x)) = O(wid(x)m+1 ).

(7.11)

It is notable from (7.10) that using the Taylor form reduces the problem of bounding the
range of f over x to the problem of bounding the range of the multivariate polynomial R
thereon. The capability of bounding the range of a multivariate polynomial over a box by
employing its Bernstein expansion was exploited in [LR96]. Indeed, it was suggested therein
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to replace p(x) in (7.10) by its Bernstein form of degree η over x, which is given by B (η) (p, x),
where for s = 1, . . . , n
ηs := max {ls , vs } ,

(7.12)

such that


vs ≥

1
wid(x)

m+1

, for all s = 1, . . . , n.

(7.13)

[m+1]

Let fT B
be the resulting interval-valued function after replacing p(x) by B (η) (p, x). Then
the interval obtained from
[m+1]

fT B

(x) = B (η) (p, x) + R(x)

(7.14)

is called the Taylor-Bernstein form of f of order m + 1 over x. In [LR96, Theorem 6]
[m+1]
and [NK02, Theorem 2.4], it was shown that fT B (x) converges to f (x) with order m + 1.
However, we note from (7.13) that as the width of x becomes smaller, the degree of the
Bernstein expansion becomes larger. This motivates the improved Taylor-Bernstein form
and other forms in [NK02], where the convergence of order m + 1 of these forms is preserved
[NK02, Theorem 3.1]. In [NK04, NK05], branch and bound algorithms for bounding the range
of multivariate functions over a box with these forms were proposed. Moreover, comparison
between the performance of these algorithms themselves and between the Moore-Skelboe
algorithm [Moo79] (with some slight modifications), see Subsection 7.3.2, were addressed.
Such comparison showed that the algorithms with higher order Bernstein forms are more
efficient than the Moore-Skelboe algorithm.

7.3. Unconstrained Global Optimization Problems and Interval
Branch and Bound Algorithm
Many of the difficulties encountered in optimization problems are due to the presence of
constraints, but even when there are no constraints a number of important issues arise as to
the nature of the solutions and the possible ways they might be determined. Although these
problems are seldom used in applications, as in real-world problems the decision variables are
subject to constraints, the techniques of unconstrained optimization are instrumental to solve
more general problems. To be more precise, unconstrained optimization problems correspond
to the case where F in (7.1) is considered as Rn or a box x in Rn . In the sequel, we denote by C
the feasible region of an unconstrained optimization problem, which should be understood to
be Rn or a box x ⊆ Rn . For a given function f : C → R, an unconstrained global optimization
problem can be formulated as
min
f (x)
(7.15)
subject to x ∈ C.
In the case that C is considered as a box x, (7.15) is sometimes termed in the literature as a
box-constrained global optimization problem.
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7.3.1. Optimality Conditions for Unconstrained Optimization Problems
Theoretically, studying the behaviour of the objective function f of (7.15) and its gradient
at an optimum point, yields a characterization of the optimality conditions of (7.15). A
condition that must be satisfied at an optimum point is called necessary condition. In other
words, the satisfaction of a necessary condition does not mean that the given point is an
optimum point. In contrast, if a given point satisfies a sufficient condition, then it is indeed
to be an optimum point. Otherwise, we may not be able to conclude the optimality of the
point.
If C coincides with Rn , then investigating the global optimality of a given function f at an
optimum point is not applicable because of unboundedness of the domain, see Theorem 7.3.
Under additional assumptions on f in the neighborhood of a given point, practical optimality
conditions can be obtained. All of these conditions are derived by using the Taylor series
expansion of f at the point. In the following, the first and second order necessary conditions
for local optimality of (7.15) are addressed.
Theorem 7.10 (First Order Necessary Condition). [Ber99, Proposition 1.1.1] If x? is a local
minimizer of (7.15) and f is continuously differentiable at x? , then
∇f (x? ) = 0.

(7.16)

Remark 7.11. A point that satisfies (7.16) is named as a stationary point or a critical
point. Such a point can be local minimizer or maximizer, or neither minimizer nor maximizer.
Therefore, every local minimizer of a continuously differentiable function is a stationary point,
but the converse is not true. This lead us to restrict our search on local (global) minimizers of
f only to its stationary points, which can be obtained by solving a linear or nonlinear system
of equations that is given in (7.16). One approach for seeking all the stationary points of f
over x is to construct tight boxes that enclose all such points. This can be performed by using
the interval Newton method, see, e.g., [Moo66], [Neu90], [Han92], with (7.16), see Subsection
7.4.4.
A local minimizer of a twice differentiable function can be distinguished from other stationary points by using an extra condition as it is stated in the following theorem.
Theorem 7.12 (Second Order Necessary Condition). [BSS93, Theorem 4.1.3], [Ber99, Proposition 1.1.1], [Rus06, Theorem 3.1] If x? is a local minimizer of (7.15) and f is twice continuously differentiable, then
∇f (x? ) = 0 and Hf (x? )  0.

(7.17)

If (7.15) is a convex optimization problem, then the first order necessary condition, which
is stated in Theorem 7.10, is also a sufficient condition. Moreover, the local optimality of a
convex optimization problem implies global optimality as the following theorem shows.
Theorem 7.13. [BSS93, Theorem 3.4.2] Let f be a convex function defined over a convex
set C. Then, if x? is a local minimizer of f over C, then it is also a global minimizer.
Therefore, by Theorems 7.10 and 7.13, we conclude that every stationary point of a convex
function f over a convex set C is a global minimizer as well.
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7.3.2. Interval Branch and Bound Algorithms for Solving Unconstrained Global
Optimization Problems
For several global optimization problems, particularly of high dimension encountered in most
real-world problems, seeking a global minimizer is extremely time-consuming due to the inherent complexity of such problems [FP09]. Therefore, it is required to find only an approximation of a global minimizer x? ∈ x of the problem (7.15) and thus to determine, within a
specified tolerance of accuracy, an approximation of its optimal value f ? .
Widely used algorithms to solve various kinds of optimization problems are the so-called
branch and bound algorithms (abbreviated henceforth as BB algorithms). The framework
of these algorithms was first proposed by Lord and Doig [LD60], [FS69]. The basic BB algorithm admits endless variations, depending on how its two key steps, namely, branching
(subdividing) and bounding steps, are implemented. For solving (7.15), it is needed, in general,
to compare a continuum of values of the objective function f in order to determine f ? . It
was earlier discussed in Chapter 2 that interval arithmetic is a powerful tool for bounding
the range of functions over a box. Hence, combining a BB algorithm with interval arithmetic
yields a means to enclose, with certainty, a global minimizer x? of (7.15) within a given box
x and to determine an approximation for f ? . Interval-based BB algorithms for solving (7.15)
are called interval BB algorithms. These algorithms provide theoretical and computational
guarantees that a global minimizer of a considered problem will be founded [RR84], or at
least an approximate global minimizer to within a prescribed tolerance, in a finite number of
steps. In an interval BB algorithm, the feasible region (initial box) is successively subdivided
such that at each iteration new subboxes are generated by branching those that are more
promising, i.e., which may contain a global minimizer. Typically, a current box is partitioned
into two subboxes by bisecting its longest edge, see Subsection 7.4.2, Rule R1 . Moreover, the
algorithm make use of an inclusion function of the objective function to compute enclosures
of its range over the generated subboxes. Based on these enclosures, we obtain a lower and an
upper bound for its optimal value. Indeed, we keep a track of the current best upper bound
for f ? computed so far that enables us to discard subboxes that are proven not to contain a
global minimizer. That is, a subbox is eliminated if the lower bound for the range enclosure of
f over it is greater than the current upper bound for f ? . Otherwise, it is retained for further
processing.
Moore [Moo66] and Skelboe [Ske74] developed the first interval BB algorithm to solve
(7.15), see [Moo79, p.49], [RR88, Section 3.2]. After some slight improvements on Skelboe0 s
algorithm, which were given in [Moo76] and [Moo79], the resulting algorithm is known as
Moore-Skelboe algorithm. Prototypes of interval BB algorithms, which are based on MooreSkelboe algorithm (with some slight modifications), were introduced in [Rat85] and [MR88]
and their convergence behaviour were also investigated therein. Several variants of the MooreSkelboe algorithm have been proposed in, e.g., [IF79], [Han79], [Han80], [ASM82]. These
variants include additional devices to accelerate the performance of the algorithm. Such
devices include strategies for selecting a box to be processed, a direction in which a chosen
box to be subdivided, and acceleration tests that can be used to speed up the execution of
algorithms by earlier elimination of subboxes that cannot contain a global minimizer of a
problem to be solved, see, e.g., [RR88], [MR88].
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7.4. Polynomial Global Optimization Using the Bernstein Approach
Solving optimization problems is of paramount importance in many real-life and scientific
problems; polynomial global optimization problems form a significant part of them. In this
section, the problem of solving unconstrained polynomial global optimization problems over
boxes is addressed. Such a problem has the following form:
min

p(x),

subject to x ∈ x,

(7.18)

where p is a polynomial. Polynomial global optimization problems of forms (7.18) have applications in a wide range of areas; they appear in robust control, robotics, chemical engineering,
signal processing, and structural engineering problems with uncertain parameters, see, e.g.,
see [LHZ12], [MKC09]. Such problems are typically nonconvex and highly nonlinear. In
[dKdHE08] complexity results for (7.18) were reviewed; the derivative free algorithms presented therein provide polynomial-time approximations but are not really practical since they
require a number of function evaluations which become prohibitively large if high accuracy is
needed. Perhaps the most immediate attempt for solving problem (7.18) is to simply regard
it as a nonlinear optimization problem and to apply one of the many existing algorithms
and software packages that are applicable to solve this kind of problems. However, these
algorithms and solvers are not tailored for polynomial optimization problems, and so their
performance may vary greatly from problem to another.
Define X ? as the set that comprises all the global minimizers of (7.18) over x. Once
a BB algorithm is employed to solve (7.18), then all its global minimizers will be enclosed
within boxes depending on a prescribed tolerance of accuracy of the optimal value p? of (7.18).
Different variants of interval BB algorithms have been proposed, which are applicable to solve
(7.18). However, these algorithms, in general, tend to be slow due to the high computational
costs since the complexity rises exponentially with the number of variables of the considered
problem. One approach for solving (7.18) depends on utilizing the Bernstein expansion of its
objective function (polynomial) over the considered box. The key feature of the Bernstein
approach in solving (7.18) is that enclosures for p? can be found to the prescribed tolerance
of accuracy. Moreover, if there exists multiple global minimizers, then all are also guaranteed
to be enclosed in boxes. In this section, a BB algorithm using the Bernstein approach, the
so-called Bernstein algorithm, for solving (7.18) is presented. The convergence behaviour of
a such algorithm is discussed as well.

7.4.1. The Bernstein Algorithm for Solving Unconstrained Polynomial Global
Optimization Problems
The basic Bernstein algorithm was first proposed in [MMTG92], [MMTG97]. After that,
several Bernstein algorithms have been designed in the literature, see, e.g., [Gar86], [Gar93],
[NK02], [NK04], [NK05]. These algorithms have applications in, e.g., CAGD [HMSP96] and
in seeking solutions of a system of polynomial inequalities, see [GS01] and [GJS03b]. The
algorithms with high order Bernstein forms, which are introduced in Section 7.2, were given
in, e.g., [NK02], [NK04], [NK05], [PN15].
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In this subsection, a pseudocode of a Bernstein algorithm for solving (7.18) is presented
in Algorithm 7.1. The coefficients of the power representation of the objective function p
of (7.18) of degree l, the initial box x, which forms the feasible region of the problem to be
handled, the degree d of the Bernstein expansion of p over x, and a desired accuracy parameter
ε on the values of p that is used in the stopping criterion of the algorithm are the input of
Algorithm 7.1. After executing Algorithm 7.1, an approximation p̃ of the optimal value p? of
(7.18) and a set of boxes that enclose all its global minimizers are guaranteed to be obtained
within tolerance ε. Moreover, two sequences of lower and upper bounds that converge to p?
will be generated by the algorithm.
We introduce the following notation that we are using throughout Algorithm 7.1. For a
(d)
given box y, y ⊆ x, let bi (y) denote the i-th Bernstein coefficient of p of degree d, d ≥ l,
over y, i = 0, . . . , d, and define
(d)

(7.19a)

(d)

(7.19b)

py := min bi (y),
0≤i≤d

py := max bi (y),
0≤i≤d

(d)

p̆y := min bi (y).

(7.19c)

i∈I

At the ν-th iteration of Algorithm 7.1, ν = 1, 2, . . ., the list Lν that comprises all subboxes,
which are created by the algorithm and have not been discarded yet, is generated. For ν = 1,
L1 is initialized to contain the item (x, px , px , p̆x ), cf. Steps 1 and 3. Assume that at the
[ν]

ν-th iteration, the list Lν consists of l[ν] items (yt , pt [ν], pt [ν], p̆t [ν]), t = 1, . . . , l[ν] , where
[ν]

yt ⊆ x, t = 1, . . . , l[ν] , such that
(d)

[ν]

(7.20a)

(d)

[ν]

(7.20b)

pt [ν] := min bi (yt ),
0≤i≤d

pt [ν] := max bi (yt ),
0≤i≤d

(d)

[ν]

p̆t [ν] := min bi (yt ).

(7.20c)

i∈I

We call the first item (t = 1) the leading item and yν the leading box of Lν , ν = 1, 2, . . ..
[ν]
[ν]
Let w1 and w2 are the two subboxes that are obtained after subdividing the leading box
yν at the midpoint (bisecting) of its longest edge in the direction perpendicular to this edge,
cf. Steps 6 and 7, i.e., the rule R1 , see Subsection 7.4.2, is chosen. The entries of the items
[ν]
that are corresponding to wr , r = 1, 2, are defined as
(d)

(7.21a)

(d)

(7.21b)

αr(ν) := min bi (w[ν]
r ),
0≤i≤d

βr(ν) := max bi (w[ν]
r ),
0≤i≤d

(d)

γr(ν) := min bi (w[ν]
r ).

(7.21c)

i∈I

[ν]

(ν)

(ν)

(ν)

At the ν-th iteration, the list Lν may be enlarged by at most two items (wr , αr , βr , γr ),
r = 1, 2, cf. Steps 10.1, 10.2, and 10.3. Define for ν = 1, 2, . . .
n

(ν)

(ν)

p̃ν := min p̃ν−1 , γ1 , γ2
p̃ := p̃ν ,

o

,

(7.22a)
(7.22b)
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and as a convention define p̃0 := p̆x , see Step 3. It is notable from (7.21c) and (7.22) that
p̃ is constructed to be the current minimum estimate of p? , which is employed in Step 9 to
prune all items in lists Lν and Lsol in which their second entries are greater than p̃. Such
estimate is computed as the minimum among all the Bernstein coefficients that occur at the
vertices of the subboxes that are generated so far, which are corresponding to the values of p
at those vertices (vertex values), see Subsection 3.3.1. As a consequence, p̃ presents the best
upper bound for p? that is computed so far. When the algorithm terminates, p̃ is considered
as an approximation of the optimal value of (7.18) within tolerance ε, i.e., p̃ − p? < ε.
Algorithm 7.1 generates the list Lsol , which contains subboxes that enclose all the global
minimizers of (7.18) and over which the optimal value of p agrees up to tolerance ε with the
approximated optimal value p̃ of (7.18). Indeed, for all yν ∈ Lsol it holds p̃ − py < ε. At
ν
the end of each iteration, the lists Lν and Lsol are sorted in Step 11, such that the second
entries of their items are always increasing and when two or more items have the same value
of their second entries, then the order of such items will be with respect to the age of the
corresponding subboxes, i.e. the newborn subbox comes first.
Algorithm 7.1 and, in general, all BB algorithms that are used for solving (7.18) often visit
a large number of boxes in the neighborhood of a global minimizer x? ∈ x that cannot be
eliminated by the algorithm, resulting in the so-called cluster problem [KD94]. This problem
was first analyzed and studied in [DK92] for the univariate case and in [KD94] for the multivariate case. It was shown that the efficiency of the used BB algorithm in view of this problem
is mainly related to the behaviour of the objective function near a global minimizer and to
the convergence order of the chosen inclusion function for the objective function. Indeed,
employing an inclusion function with at least second order of convergence aids in mitigating
the effects of the cluster problem, which is the case with the Bernstein form in Algorithm 7.1.
Assume for a moment that the termination criterion in Step 10.3 is removed and that
Algorithm 7.1 will not be terminated.
In this case,oan infinite sequence of leading boxes will
n
∞
be produced, which is given as (yν , py , pyν , p̆yν )
. The following theorem provides a
ν
ν=1
?
guarantee for the convergence of Algorithm 7.1 to p of (7.18).
o∞

n

Theorem 7.14. The sequence py

ν

ν=1

is monotonically increasing and converges to p? from

?
below and the sequence {p̃ν }∞
ν=1 is monotonically decreasing and converges to p from above.

Proof. Without loss of generality, assume that the feasible region of (7.18) is considered to
be the unit box u. As an immediate consequence of the construction of the algorithm,
n
o∞ in
is
particular, using the sorting of the list Lν for all ν = 1, 2, . . ., the sequence py
ν ν=1
?
monotonically increasing and bounded above by p . Assume that for sufficiently large ν
, where ω is defined in (3.101) and
wid(yν )2 < γε holds, for some ε > 0 and γ = ω κ−1
κ2
κ := max ds . Then,
1≤s≤n

(d)

p? − min bi (p, yν ) = p? − py
0≤i≤d

< ε,
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ν

(7.23)

where
n o∞the strict inequality holds by Theorem 3.17. Since ε can be chosen arbitrarily small,
pν
converges to p? .
ν=0

Now, by the endpoint interpolation property of the Bernstein coefficients, see Subsections
3.3.1 and the definition of p̃ν , ν = 1, 2, . . ., that is given (7.22), see also (7.21c), the sequence
?
{p̃ν }∞
ν=1 is monotonically decreasing and it is bounded from below by p . Since for ν large,
i.e., after a large number of successive subdivisions, the width of the leading box yν will be
arbitrarily small, see [Rat85, Lemma], it follows from (3.21) that wid(B (d) (p, yν )) < ε, for
some ε > 0. Moreover, it holds for yν that
p̃ν ≤ pyν and py ≤ p? ,
ν

and thus
p̃ν − p? ≤ pyν − py = wid(B (d) (p, yν ))
ν

(7.24)

from which the claim follows.
It is worth to mention that at the ν-th iteration of Algorithm 7.1, in particular in Step
7, the computation of the Bernstein coefficients over the generated subboxes by bisection of
the leading box yν , is performed by employing the proposed matrix method given in Section
3.9. Let us term Algorithm 7.1 without Steps 9 and 11 and with utilizing the de Casteljau
algorithm for the computation of the Bernstein patches over the two subboxes obtained by
subdivision as the basic Bernstein algorithm.
In Table 7.1, a comparison is made between the performance of the basic Bernstein algorithm and Algorithm 7.1 for solving (7.18) with objective functions taken as the test cases
listed in Appendix A nos. 1-4, 10-12, 14, 15. Such a comparison is done with respect to the
computational time (in s) and the number of subdivisions. Therein in the first four columns
the abbreviated name of the example, the number n of the variables, the multiindex l of the
degree of the objective function, and the optimal value of each problem are displayed. An
accuracy of ε = 10−7 is prescribed for computing the optimal value in each test problem.
From Table 7.1, we can draw the following observation: In all test cases with the exception of
L. V. 3 and L. V. 4, the number of subdivisions and the execution time for Algorithm 7.1 are
less than the ones required by the basic Bernstein algorithm. This emphasizes the role of the
pruning and sorting steps and accelerating tests, cf. Steps 9, 10.1, 10.2, and 11, in reducing
the number of subdivisions by discarding subboxes that cannot contain a global minimizer of
an underlying problem and thus preventing unnecessary subdivisions to be performed. For L.
V. 3 and L. V. 4, both algorithms have the same number of subdivisions but the superiority of
the basic Bernstein algorithm with respect to the computational time is very small. In view
of the comparison, which is given in Table 3.7 and is supported by the timings in Table 3.81
we expect that if Algorithm 7.1 would be used to solve (7.18), where the objective function
is taken as a polynomial with n ≥ 3 and κ ≥ 4, e.g., the test case listed in Appendix A
no. 18, then the efficiency of Algorithm 7.1 as compared to the basic algorithm will be more
pronounced2 . Finally, in Table 7.2 we quantify this superiority by giving the reduction of
1

On the superiority of the proposed matrix method to the de Casteljau algorithm with respect to the computation of the Bernstein coefficients over the two subboxes generated by subdivision.
2
Unfortunately, the capacity of the computer that is used for executing both algorithms is too small.
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the execution time and number of subdivisions for Algorithm 7.1 compared with the basic
Bernstein algorithm.
Table 7.1.: Comparison of the execution time (in s) and the number of subdivisions required
by the basic and the proposed Bernstein algorithms for solving (7.18) with different
objective functions
Test case

n

l

Optimal
value
(p? )

Basic Bernstein algorithm

Algorithm 7.1

Booth

2

(2, 2)

0

1.0123

296

0.5238

Number of
subdivisions
125

Himm

2

(4, 4)

0

1.4696

354

1.1806

253

Rosenbrock

2

(4, 2)

0

0.6197

1906

0.4622

1024

Camel

2

(4, 4)

-1.0316

1.3435

277

0.8475

149

Trid 3

3

(2, 2, 2)

-7

10.7973

1748

1.7623

227

Schwefel

3

(2, 4, 4)

0

3.4166

723

3.0762

558

L. V. 3

3

(1, 2, 2)

-9.35

0.0161

6

0.0168

6

Cap 4

4

(1, 1, 3, 3)

-3.28241

1.4310

305

1.1279

204

L. V. 4

4

(1, 2, 2, 2)

-20.8

0.1918

41

0.1977

41

Trid 4

4

(2, 2, 2, 3)

-16

40.376

8192

20.110

2285
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Time

Number of
subdivisions

Time

Table 7.2.: Reduction in time and in the number of subdivisions of Algorithm 7.1 compared
with the basic Bernstein algorithm
Reduction in the
Reduction in
number of
Test case
time
subdivisions
57.77
Booth
48.31
Himm

19.67

28.53

Rosenbrock

25.42

46.27

Camel

36.92

46.21

Trid 3

24.26

14.83

Schwefel

9.96

22.82

L. V. 3

-4.35

0

Cap 4

21.18

33.11

L. V. 4

-3.08

0

Trid 4

50.19

72.11

7.4.2. Subdivision Direction Selection Rules Using the Bernstein Approach
Strategies for selecting a direction in which a box under consideration is to be subdivided using
the Bernstein approach are inspired from those that are using interval arithmetic, see, e.g.,
[ASM82], [CR97], [Rat96]. Here, we present some rules that are proposed in this regard. Each
strategy has its own merit function that is used to determine the s-th coordinate direction as
the subdivision direction, which is selected as




s := min j ∈ {1, . . . , n} | D(j) = max D(v) ,
1≤v≤n

(7.25)

where D(v), v ∈ {1, . . . , n}, is the merit function of the selected rule that can be chosen as
one of the rules that are presented below. We note that in (7.25) the maximum may occur
in more than one coordinate direction. Conventionally, the direction of the smallest index is
chosen as the subdivision direction, see [CR97].

Cyclic Subdivision Rule
This rule was suggested by Moore when interval arithmetic is employed to solve global optimization problems, see [Moo79, p.49]. By this rule, a current box x is subdivided in the s-th
direction, where s ∈ {1, . . . , n} is changed cyclically, i.e., we initially set r = 0, then
(

s :=

r + 1, if r < n,
1,
if r = n.

Other rules, which depend on the merit function that is defined in (7.25), are introduced in
the following.
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Rule R1
In [ASM82], it was reported, in which the cyclic subdivision rule gives a sequence of thinner
and thinner slit-shaped regions. Such a behaviour may effect the performance of the algorithm.
This motivates to propose a rule with merit function of the form
D(v) := wid([xv ]), v = 1, . . . , n.

(7.26)

Note that this rule, which is utilized in Algorithm 7.1, cf. Step 6, is a derivative free rule that
divides a box x into two subboxes by subdividing one of its longest edges.

Rule R2
This rule is built on the use of the Bernstein expansion of the first partial derivatives of a
given polynomial, i.e., it is a derivative based rule. Let p be an n-variate polynomial of degree
l, which is expanded into Bernstein polynomials of degree d ≥ l over a box x. Recall that the
first partial derivative of p with respect to xv , v = 1, . . . , n, is given by
X [dv,−1 ] (dv,−1 )
∂p
= dv
bi
Bi
(x),
∂xv
i≤d

(7.27)

v,−1

[d

]

∂p
of degree dv,−1 over x, i = 0, . . . , dv,−1 ,
where bi v,−1 is the i-th Bernstein coefficient of ∂x
v
which can be recursively obtained from (3.33). In [ZG98], see also [GG99], Zettler and Garloff
proposed an upper bound of

max
x∈x

∂p(x)
, v = 1, . . . , n,
∂xv

(7.28)

which can be computed by defining the merit function D(v) of this rule (where the coefficient
dv in (7.27) and (7.28) is neglected) as
[dv,−1 ]

D(v) = bi

, i = 0, . . . , dv,−1 .

(7.29)

In other words, for v = 1, . . . , n, see Definition 2.6,
D(v) = mag(B (dv,−1 ) (
∂p
where B (dv,−1 ) ( ∂x
, x) is the Bernstein form of
v

∂p
∂xv

∂p
, x)),
∂xv
of degree dv,−1 over x.

Rule R3
This is a derivative based rule which was first proposed by using interval arithmetic in [Rat92].
∂p
In [NA07], the merit function was formulated by using the Bernstein form of ∂x
of degree
v
∂p
(d
)
v,−1
dv,−1 over x that is given by B
( ∂xv , x), i.e.,
D(v) := wid(B (dv,−1 ) (

∂p
, x))(xv − xv ), v = 1, . . . , n.
∂xv
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(7.30)

7.4.3. Subdivision Point Selection Rules Using the Bernstein Approach
Subdividing a given box at the midpoint of its longest edge (Rule R1 ) is the most widely used
strategy, which is employed in Algorithm 7.1 as well. This rule was first proposed in [ASM82].
Other rules for the selection of the subdivision point by using the Bernstein approach were
first proposed in [NA07] and [RN10]. In the following, we describe two of these rules.

Rule J1
Assume that a multivariate polynomial p of degree l is given, its Bernstein coefficients of
degree d ≥ l over a box x are computed, and are arranged in the Bernstein matrix B(x). Let
us suppose that the s-th coordinate direction is chosen as the subdivision direction by using
one of the rules that are given in Subsection 7.4.2. The authors in [NA07] suggested to select
the subdivision point as a point that corresponds to the place where the minimum Bernstein
coefficient occurs in B(x). In the sequel, we assume that d = l. Then, the subdivision point
(d)
is determined as follows. Let bi? := min {(B(x))q1 ,q2 , 0 ≤ q1 ≤ l1 , 0 ≤ q2 ≤ l? }, where l? is
defined in (3.37) and the correspondences between (q1 , q2 ) and i? can be determined by (3.38).
Let cs ∈ [xs , xs ] be the point that corresponds to i? , which is given as
cs = xs +

i?s (xs − xs )
.
ls

(7.31)

cs − xs
.
xs − xs

(7.32)

Define λs by
λs =

If i?s equals 0 or ls , then cs equals to xs or xs , which leaves x unchanged. Otherwise, λs ∈ (0, 1),
and we subdivide x in the s-th direction cs . In order to avoid unnecessary subdivisions that
may occur, a modification to the criteria that are introduced in Subsection 7.4.2, was proposed
in [NA07]. Let us define for v = 1, . . . , n, γv := λv (1 − λv ). Then, for γv 6= 0, 1, the merit
functions of R1 , R2 , and R3 , are multiplied by γv .

Rule J2
Assume that it is decided to subdivide x in the s-th direction, s ∈ {1, . . . , n}. It was proposed
in [RN10] to carry out the subdivision in the s-th direction at a point that is close to a point,
where ∂p(x)
∂xs vanishes. Then p is nearly monotonic (increasing or decreasing) over at least one
of subboxes generated by subdivision. Assume that p is expanded into Bernstein polynomials
of degree d ≥ l over x. By the convex hull and the variation diminishing properties of the
[d
]
∂p
Bernstein coefficients of ∂x
[Far12], which are given as bi s,−1 , i = 0, . . . , ds,−1 , it is deduced
s
that the subdivision point will be near a point, where the control polygon of these coefficients
[d
]
intersects the abscissa. By observing the sign changes in bi s,−1 , i = 0, . . . , ds,−1 , one can
compute the intersection points associated to the control polygon of these coefficients with
the abscissa. Let S be the set that comprises the pairs of successive control points associated
[d
]
to bi s,−1 , such that the line segment connecting each pair intersects the abscissa, i.e., S can
be expressed as
((

S=

i
ds,−1

[d
]
, bi s,−1

!

is,1 [ds,−1 ]
,
,b
ds,−1 is,1

!)
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|

[d
] [ds,−1 ]
bi s,−1 bis,1

)

< 0, i = 0, . . . , d .

(7.33)

If the control polygon crosses the abscissa in more than one point (in this case S contains
∂p
more than one pair), then the intersection point λs is chosen, where ∂x
attains its most
s
rapid variation; in this event λs corresponds to the line segment of maximum slope. The
[ds,−2 ]
∂2p
, i=
desired slope can be obtained by using the Bernstein coefficients of ∂x
2 , which are bi
s
0, . . . , ds,−2 , as follows. For every pair located in S, we compute
[ds,−2 ]

bi



[d

[ds,−1 ]

]

s,−1
− bi
= ds,−1 bis,1



(7.34)

.

Then, we choose the pair of control points that gives the maximum absolute value among all
coefficients, which are computed by using (7.34). From the obtained pair, λs is determined
by
[d

λs =

[ds,−1 ]

]

s,−1
− is,1 bi
ibis,1

[d

]

[ds,−1 ]

s,−1
ds,−1 (bis,1
− bi

)

(7.35)

.

7.4.4. Accelerating Tests Using the Bernstein Approach
Locating and identifying all the global minimizers of (7.18) within subboxes by exploring all
the search space can be a very tedious and time-consuming task. Therefore, it is practically important to combine pure BB algorithms with additional tests, the so-called accelerating tests.
These tests help to improve the performance of the algorithms by discarding all subboxes
that cannot contain a global minimizer of the given problem and thus avoiding unnecessary
subdivisions to be performed. In this subsection, we give an overview of some accelerating
tests, namely, cut-off, monotonicity, nonconvexity, and interval Newton tests using the Bernstein approach. Those test that are using interval arithmetic can be found in, e.g., [RR88],
[Han92], [Kea96]. We should mention that in Algorithm 7.1 the cut-off and monotonicity
tests are utilized, see Steps 10.1 and 10.2 in Algorithm 7.1.

Cut-Off Test
This test is applied to determine subboxes that cannot contain a global minimizer for (7.18)
as follows. Assume that y is a subbox of x under consideration. If py exceeds the best upper
bound for p? known so far, i.e., p̃ < py , then y cannot contain a global minimizer and need
not be considered further and thus it can be eliminated, cf. Step 10.1.

Monotonicity Test
∂p
, y) be the Bernstein form (of degree
Assume a subbox y of x is given and let B (ds,−1 ) ( ∂x
s
ds,−1 ) of the first partial derivative of p with respect to xs , over y, which is explicitly given
for s = 1, . . . , n by, cf. (3.29),

B
[d

(ds,−1 )

∂p
(
, y) =
∂xs



min

0≤i≤ds,−1

[d
]
bi s,−1 ,

]

max

0≤i≤ds,−1

[d
]
bi s,−1



,

(7.36)

∂p
where bi s,−1 , i = 0, . . . , ds,−1 , are the Bernstein coefficients of ∂x
of degree ds,−1 , s =
s
1, . . . , n, which can be computed by using (3.33). Suppose for some s ∈ {1, . . . , n} that
∂p
0∈
/ B (ds,−1 ) ( ∂x
, y). Then, we conclude that p is strictly monotone over y with respect to xs .
s
Thus, it follows that the interior of y does not contain a global minimizer of (7.18); however,
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the boundary of y may still contain a global minimizer for (7.18). In this event, y can only be
discarded if the face, where the minimum may be attained over y, is not a common face with
x, i.e., y lies completely in the interior of x. Otherwise, we replace y by the corresponding
face of y that may contain a global minimizer and p can be converted into an (n − 1)-variate
polynomial by freezing it over this face, see [RR88]. If y is to be replaced by one of its faces,
then the Bernstein coefficients of p over that face can be calculated as face values of p, see
Subsection 3.3.3.

Nonconvexity Test
This test examines whether the polynomial p is convex over a current box y ⊆ x or not by
using the Bernstein coefficients of its second order partial derivatives as it is illustrated in the
following. Recall from Section 7.1 that Hp (y) forms the Bernstein enclosure for Hp (x) over
y. Indeed, for s1 , s2 = 1, . . . , n, it holds that
∂ 2 p(y)
∂2p
⊆ (Hp (y))s1 −1,s2 −1 = B (d−2) ( 2
, y).
∂xs1 ∂xs2
∂ x s1 x s2

(7.37)

As a consequence of our discussion therein, the convexity of p over y is ensured if Hp (x)
is positive semidefinite for all x ∈ y, which is sufficiently and necessarily to be satisfied by
the nonnegativity of all principal minors of Hp (x). This condition can be checked by using
Hp (y) as follows. Assume that the upper bound of (Hp (y))s−1,s−1 is less than zero for some
s ∈ {1, . . . , n}. Then, p is not convex over y, and consequently the interior of y cannot
contain a global minimizer of p. Concerning the question whether y can be discarded or has
to replaced by one of its faces, where a minimizer may occur, we refer to our discussion in
Monotonicity Test, see above. By specifying Theorem 7.9 for Hp , one can verify the positive
semidefiniteness of Hp (y).
Interval Newton Test
One approach for seeking the global minimizers for (7.18) is first to determine all stationary
points of p over x. This determination can be handled by solving the nonlinear system of
equations given by
∇p(x) = 0,

(7.38)

see Remark 7.11. After having found all the roots of (7.38), one can then evaluate p over
all these roots and those that give the minimum value of p are its global minimizers. The
interval Newton method provides subboxes that enclose all the roots of (7.38), see [Han92].
In [NA11a], The Newton method using the Bernstein approach was employed to solve (7.38),
which gives tighter enclosures than those obtained when interval arithmetic is used. A comparison between the performance of the proposed method and existing interval methods is
given in [NA11a], which shows the superiority of the proposed Bernstein algorithm.
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Algorithm 7.1 Branch and Bound Algorithm for unconstrained global optimization
1: Input: The coefficients of the power representation of the objective function
2: (polynomial) p of (7.18), degree d of the Bernstein expansion, the initial box x,
3: and accuracy parameter 
4: Output : The global minimum p̃ and boxes that contain all the global minimizers of p
5: over x within tolerance 
6: Step 1: Put ν := 1.
7: Step 2: Compute the Bernstein patch B(p, x).
8: Compute p , px and p̆x as given in (7.22).
x
9: Step 3: Initialize lists and the current minimum estimate.
10: Insert (x, p , px , p̆x ) → L1 .
x
11: Put p̃0 := p̆x .
12: Put Lsol = ∅.
13: Step 4: Check the width of the Bernstein enclosure of p over x.
14: if px − p < ε then
x
15:
Insert (x, px , p̆x ) → Lsol .
16:
Go to Step 14.
17: end if
18: Step 5: Select item for processing.
19: if Lν is empty then
20:
Go to Step 14.
21: else
22:
Pick the leading item of Lν , denote it as (yν , py , pyν , p̆yν ).
ν
23:
Remove (yν , py , pyν , p̆yν ) from Lν .
ν
24: end if
25: Step 6: Choice of the s-th coordinate direction by using Rule R1
26: Step 7: Bisection and finding two new items
[ν]
[ν]
27: Bisect yν in the s-th coordinate direction into two subboxes w1 and w2 .
28: for r = 1, 2 do
(ν)
(ν)
(ν)
29:
Compute αr , βr , and γr by using (7.21).
30: end for
31: Step 8: Updating
the current
n
o minimum estimate
(ν) (ν)
.
32: p̃ν := min p̃ν−1 , γ1 , γ2
33: Put p̃ := p̃ν .
34: Step 9: Pruning of lists Lν and Lsol
35: Find the first items in Lν and Lsol (if they are nonempty sets) such that their
36: second entries are greater than p̃ and then delete all the items that are coming
37: after these two items.
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Algorithm 7.1 Branch and Bound Algorithm for unconstrained global optimization (continued)
38:
39:
40:
41:
42:
43:
44:
45:
46:
47:
48:
49:
50:
51:
52:
53:
54:
55:
56:
57:
58:
59:
60:
61:
62:
63:
64:
65:
66:
67:
68:
69:
70:
71:

Step 10:
for r = 1, 2 do
Step 10.1: Cut-off test of the r-th item
(ν)
if p̃ < αr then
[ν]
(ν)
(ν) (ν)
Discard (wr , αr , βr , γr ).
End of r-loop
end if
Step 10.2: Monotonicity test of the r-th item
if monotonicity test is satisfied then
[ν]
(ν)
(ν) (ν)
Discard (wr , αr , βr , γr ).
End of r-loop
end if
[ν]
Step 10.3: Check of the width of the Bernstein enclosure of p over wr
(ν)
(ν)
if βr − αr < ε then
[ν]
(ν)
Insert (wr , αr ) → Lsol .
End of r-loop
else
Step 10.4: Add new item to Lν
[ν]
(ν)
(ν) (ν)
Add (wr , αr , βr , γr ) → Lν .
End of r-loop
end if
end for
Step 11: Sorting of the items in Lν and Lsol
Sort the items in Lν and Lsol in ascending order of their second entries.
are always increasing.
Step 12: Updating
Put ν = ν + 1.
Put Lν+1 = Lν .
Step 13: Return to Step 5.
Step 14: Determination of boxes that contain all the global minimizers within tolerance ε
Determine the first entries of the items in Lsol which provide the boxes that
contain the global minimizers of p over x within tolerance ε.
Step 15: Return these boxes and p̃.
Step 16: End of the algorithm.

7.4.5. Variants of Algorithm 7.1
In this subsection, we discuss the capability of Algorithm 7.1, with some slight modifications,
to solve several unconstrained global optimization problems, where the objective function of
such a problem is given as a polynomial or a rational function, or the modulus of a complex
polynomial, and the feasible region is considered as a box or the standard simplex.
• An unconstrained polynomial global optimization problem over the standard simplex
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∆ is a problem of the form given by
min

p(x),

(7.39)

subject to x ∈ ∆.

Problems (7.39), where the objective polynomial is quadratic, have many applications
include portfolio optimization, population dynamics, genetics, finding maximum stable
sets in graphs, and lower bounds for the crossing number of certain classes of graphs,
see [dKdHE08]. For seeking a global minimizer and the optimal value of (7.39), let us
define, cf. (5.11),
I∆ = {i | i = kj , j = 1, . . . , n + 1} .

(7.40)

Then, the entries of an item in the list Lν , ν = 1, 2, . . ., are defined in the same manner
as in (7.20) by using the Bernstein coefficients of p over a current subsimplex. We choose
the binary splitting as a subdivision scheme in the algorithm which has shrinking factor
equals 21 . The convergence of the algorithm to a global minimizer x? and the optimal
value p? of (7.39) is guaranteed in the same sense as for the BB algorithm in [Ler12], see
[Ler12, Remark 3.5]. From the subdivision, two subsimplices will be generated and the
Bernstein coefficients of p over these subsimplicies are computed by using the proposed
method in Subsection 5.5.3.
• Consider the problem of minimizing a rational function f (x) =
is formally defined as
p(x)
min
f (x) :=
,
q(x)
subject to x ∈ x,

p(x)
q(x)

over a box x, which
(7.41)

where p and q are two n-variate polynomials. For solving (7.41), one can employ the
tensorial rational Bernstein form that is introduced in Section 3.10, where the entries
(d)
of an item, see (7.20), can be defined by using the quantities bi (f ), which are given in
(3.130). If the feasible region of (7.41) is considered as the standard simplex ∆, then we
(k)
can use the simplicial rational Bernstein form and utilize the quantities bi (f ), |i| = k,
given in (5.62).
It should be mentioned that when Algorithm 7.1 is employed for solving (7.41), Rule
R1 can be considered as the rule for selecting a subdivision (bisection) direction in
Step 7. The rules R2 and R3 , the rules for choosing the subdivision point, and the
accelerating tests like monotonicity and the nonconvexity tests have to be modified
since the formulae given in Subsection 3.3.8 do not apply in the rational case. This will
form a part of our future work.
• Finding an upper bound for the modulus of a multivariate complex polynomial p over
a complex box z can be formulated as a maximization problem given by
max

|p(z)|,

subject to z ∈ z.
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(7.42)

By considering the Bernstein coefficients of the real and imaginary part polynomials of
p over a current leading complex box zν at the ν-th iteration of the algorithm, we define
the corresponding leading item as (zν , pxν , p̆xν ), such that
pxν := max |b0j (R, xν ) + b00j (I, xν )i|,

(7.43a)

p̆xν := max |b0j (R, xν ) + b00j (I, xν )i|.

(7.43b)

0≤j≤l
j∈I

7.5. Constrained Polynomial Global Optimization Problems
Many important real world problems can be expressed in terms of a set of nonlinear
constraints that restrict the real domain over which a given performance criterion is optimized. In this section we are concerned with constrained polynomial global optimization
problem, which takes the following form
min

p(x)

subject to g(x) ≤ 0,
h(x) = 0,

(7.44)

x ∈ x,
where g := (g1 , . . . , gm )T and h := (h1 , . . . , ht )T , such that gµ and hν are n-variate
polynomials of degrees l(gµ ) and l(hν ), respectively, µ = 1, . . . , m, ν = 1, . . . t. The
conditions gµ (x) ≤ 0 and hν (x) = 0 are called the µ-th inequality and ν-th equality constraints, respectively, and consequently gµ , hν : Rn → R are named by µ-th inequality
and ν-th equality constraint polynomials, respectively, µ = 1, . . . , m, ν = 1, . . . , t.
Several interval BB algorithms have been proposed to solve general constrained optimization problems, in which p, g, and h are given as nonlinear functions, see, e.g.,
[HT90], [Flo99], [HPR02]. Such algorithms can be also used to solve (7.44). Roughly
speaking, interval BB algorithms for solving (7.44) work in a reliable way, which means
that a box that has a possibility to contain a global minimizer of (7.44) will not be discarded. Basically, by these algorithms we continue to subdivide a current box until it is
proven to be either infeasible or it contains a global minimizer. Once the objective function (polynomial) p and the inequality and equality constraints polynomials of (7.44),
which are gµ and hν , µ = 1, . . . , m, ν = 1, . . . t, are expanded into Bernstein polynomials
over x, the Bernstein approach can be used to solve (7.44). Moreover, it can be employed to determine the (in)feasibility of a box under consideration as follows [NA11b].
Let d be the degree of the Bernstein expansion of p, gµ , hν , µ = 1, . . . , m, ν = 1, . . . t,
over x, such that
d := max {l, l(gµ ), l(hν ), µ = 1, . . . , m, ν = 1, . . . , t} .

(7.45)

For a given box y, let B (d) (gµ , y) and B (d) (hν , y) be the Bernstein forms of gµ and
hν , µ = 1 . . . , m, ν = 1, . . . , t, of degree d over y. Then, we say that y certainly satisfies
the µ-th inequality constraint gµ (x) ≤ 0, for some µ ∈ {1, . . . , m} if B (d) (gµ , y) ≤ 0.
If B (d) (gµ , y) > 0, then it is said that y does not certainly satisfy the µ-th inequality constraint gµ (x) ≤ 0. It is called certainly satisfies the ν-th equality constraint
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hν (x) = 0, within prescribed tolerance εh , for some ν ∈ {1, . . . , t}, if 0 ∈ B (d) (hν , y)
and wid(B (d) (hν , y)) < εh . Otherwise, we say that y does not certainly satisfy the ν-th
equality constraint hν (x) = 0. A box y ⊆ x is called certainly feasible if it certainly
satisfies all the inequality and equality constraints, certainly infeasible if it does not certainly satisfy at least one of the inequality and equality constraints, and undetermined
otherwise.
Considerable attention has been paid to propagate the constraints of a constrained
global optimization problem, which may be helpful to narrow an underlying box into a
new box by contracting the domain of the variables, to prove that it is infeasible, or to
ensure that it cannot contain a global minimizer. The so-called contraction algorithms
or constraint propagation algorithms [BGGP99] have been proposed for this purpose.
The hull consistency and the box consistency algorithms are examples of contraction
algorithms, which were employed with interval BB algorithms for solving constrained
global optimization problems in [HW03]. Using the Bernstein approach in hull and box
consistency algorithms to solve (7.44) was addressed in [NA11b]. The superiority of
such algorithms to those using interval analysis was reported and supported by examples, see [NA11b, pp. 195-197].
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A. Description of the Real Polynomial Test
Problems
In the following, we list the abbreviated and full names, the polynomials, the boxes x,
and the dimensionality of the problems used in our tests. Test cases nos. 1, 2 are taken
from [NA07], nos. 3 − 11 from [RN12], where the number appended to the abbreviation
refers to the number of the variables chosen.
1. Booth: Booth function, n = 2,
p(x1 , x2 ) = 74 − 38x1 − 34x2 + 5x21 + 5x22 + 8x1 x2 ,
where xi ∈ [−10, 10], i = 1, 2.
2. Himmelblau: Himmelblau function, n = 2,
p(x1 , x2 ) = (x21 + x2 − 11)2 + (x1 + x22 − 7)2 ,
where xi ∈ [−5, 5], i = 1, 2.
3. Rosenbrock: Rosenbrock function, n = 2
p(x1 , x2 ) = 100(x21 − x2 )2 + (x1 − 1)2 .
where xi ∈ [0, 5], i = 1, 2.
4. Camel 2: Six hump camel back function, n = 2
1
p(x1 , x2 ) = 4x21 − 2.1x41 + x61 + x1 x2 − 4x22 + 4x42 .
3
where xi ∈ [−5, 5], i = 1, 2.
The five Leroy functions:
5. Ler1: n = 2
p(x1 , x2 ) = 625x21 + 2550x1 x2 + 2601x22 − 1700x1 − 3468x2 +

9249
.
8

6. Ler2: n = 2
p(x1 , x2 ) = 25x41 + 20x31 x2 + 14x21 x22 + 4x1 x32 + x42 + 20x31 + 28x21 x2
25
+ 12x1 x22 + 4x32 − 16x21 − 8x1 − 8x2 + .
6
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7. Ler3: n = 2
p(x1 , x2 ) = 2401x41 − 1078x31 x2 − 8993x21 x22 + 2046x1 x32 + 8649x42 + 3822x31
− 1642x21 x2 − 7078x1 x22 + 1488x32 − 5045x21 + 850x1 x2 + 12526x22
35913
− 5226x1 + 1072x2 +
.
8
8. Ler4: n = 2
p(x1 , x2 ) = −2x21 x2 + 6x51 + 4x41 x2 − 3x61 + 3x31 x32 + 5x62 .
9. Ler5: n = 2
p(x1 , x2 ) = x41 x42 − 4x41 x32 + 4x21 x52 + 8x41 x22 − 8x21 x42 + 4x62 − 8x41 x2 + 4x21 x32
1
.
+ 4x41 + 8x21 x22 − 8x42 − 8x21 x2 + 4x22 +
100
10. Trid 3: 3-variable Trid function, n = 3
p(x1 , x2 , x3 ) = (x1 − 1)2 + (x2 − 1)2 + (x3 − 1)2 − x1 x2 − x2 x3 .
where xi ∈ [−9, 9], i = 1, 2, 3.
11. Schwefel: Schwefel function 2.25, n = 3
p(x1 , x2 , x3 ) = (x1 − x22 )2 + (x2 − 1)2 + (x1 − x23 )2 + (x3 − 1)2 .
where xi ∈ [−10, 10], i = 1, 2, 3.
12. L. V. 3: A neural network modeled by an adaptive Lotka-Volterra system, n = 3,
p(x1 , x2 , x3 ) = x1 x22 + x1 x23 − 1.1x1 + 1,
where xi ∈ [−1.5, 2], i = 1, 2, 3.
13. R. D. 3: A 3-dimentional reaction diffusion problem, n = 3,
p(x1 , x2 , x3 ) = x1 − 2x2 + x3 + 0.835634534x2 (1 − x2 ),
where xi ∈ [−5, 5], i = 1, 2, 3.
14. L. V. 4: A neural network modeled by an adaptive Lotka-Volterra system, n = 4,
p(x1 , x2 , x3 , x4 ) = x1 x22 + x1 x23 + x1 x24 − 1.1x1 + 1,
where xi ∈ [−2, 2], i = 1, . . . , 4.
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15. Cap 4: Caprasse’s system, n = 4,
p(x1 , x2 , x3 , x4 ) = −x1 x33 + 4x2 x23 x4 + 4x1 x3 x24 + 2x2 x34 + 4x1 x3
+ 4x23 − 10x2 x4 − 10x24 + 2,
where xi ∈ [−0.5, 0.5], i = 1, . . . , 4.
16. Cyc 5: Cyclic 5-roots problems, n = 5
p(x1 , x2 , x3 , x4 , x5 ) = x1 x2 x3 x4 + x1 x2 x3 x5 + x1 x2 x4 x5 + x1 x3 x4 x5 + x2 x3 x4 x5 .
where xi ∈ [−10, 10], i = 1, . . . , 5.
17. Wrig 5: System of A. H. Wright, n = 5,
p(x1 , x2 , x3 , x4 , x5 ) = x25 + x1 + x2 + x3 + x4 − x5 − 10,
where xi ∈ [−5, 5], i = 1, . . . , 5.
18. Reim 5-7: The n-dimensional system of Reimer, n = 5, 6, 7,
p(x1 , . . . , xn ) = −1 − 2

n
X

(−1)i xn+1
,
i

i=1

where xi ∈ [−1, 1], i = 1, . . . , n, for n = 5, 7 and xi ∈ [−5, 5], i = 1, . . . , 6, if n = 6.
19. Mag 6: System of magnetism in physics, n = 6,
p(x1 , x2 , x3 , x4 , x5 , x6 ) = 2x21 + 2x22 + 2x23 + 2x24 + 2x25 + x26 − x6 ,
where xi ∈ [−5, 5], i = 1, . . . , 6.
20. But 6: Butcher’s problem, n = 6,
1
4
p(x1 , x2 , x3 , x4 , x5 , x6 ) = x6 x22 + x5 x23 − x1 x24 + x34 + x24 − x1 + x4 ,
3
3
where x1 ∈ [−1, 0], x2 ∈ [−0.1, 0.9], x3 ∈ [−0.1, 0.5], x4 ∈ [−1, −0.1],
x5 ∈ [−0.1, −0.05], x6 ∈ [−0.1, −0.03].
21. Mag 7: System of magnetism in physics, n = 7,
p(x1 , x2 , x3 , x4 , x5 , x6 , x7 ) = x21 + 2x22 + 2x23 + 2x24 + 2x25 + 2x26 + 2x27 − x1 ,
where xi ∈ [−5, 5], i = 1, . . . , 7.
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B. Description of the Complex Polynomial Test
Problems
1. p1 (z) = (1 + i) − (1 + i)z + (1 + i)z 2 + iz 3

[Rok79b, Example 4],

2. p2 (z) = (1 + 0.5i)z + 0.5iz 2 + 0.6z 3 + (4 + i)z 4
3. p3 (z) = 1 + i + (0.4 + i)z 2 + 0.5iz 3 + 0.6z 4

[GR79, Example 2],

[GR79, Example 3],

4. p4 (z) = 0.5 + 0.5i + (0.0032 − 0.0012i)z + (−0.006 + 0.012i)z 2 + (0.02 + 0.047i)z 3 +
(−0.3 − 0.15i)z 4 + 0.2z 5
[Rok79b, Example 5],
5. p5 (z) = 0.5 + 0.5i − 0.1476z + (0.5 − 0.5i)z 2 + iz 3 − (0.5 + 0.5i)z 4 + 0.2z 5
Example 6],1

[Rok79b,

6. p6 (z) = 0.8439 − 0.3312i + (0.1146 − 0.9919i)z + (0.3695 − 0.0198i)z 2 + (0.2170 −
0.0027i)z 3 + (0.5042 − 0.9094i)z 4 + (0.3355 − 0.0222i)z 5 + (0.1987 − 0.0227i)z 6
[RW82, Example 3],
7. p7 (z) = 0.2646 − 0.0352i + (0.6742 − 0.0056i)z + (0.1471 − 0.7941i)z 2 + (0.8776 −
0.2919i)z 3 + (0.2863 − 0.9307i)z 4 + (0.7096 − 0.0342i)z 5 + (0.1840 − 0.2115i)z 6 +
(0.8061−0.0060i)z 7 +(0.0577−0.0711i)z 8 +(0.9947−0.6284i)z 9 [RW82, Example
1].

1

According to the deduction in [Rok79b, Example 6], the coefficients of p5 are not correctly given therein.
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Table B.1.: The Bernstein enclosure over z1 := [0, 1 + i] and z2 := [−2 − 3i, 2 − i], respectively.
Test
Bernstein enclosure over z1
Bernstein enclosure over z2
case
[−54.667 − 61i, 24 + 59i]
p
[−3 − 2i, 2 + 2.333i]
1

p2

[−17.7 − 8.575i, 5.6 + 10.317i]

p3

[−4.4 − 1.383i, 2 + 3.683i]

[−79.9 − 83.7i, 78.767 + 67.7i]

p4

[0.254 + 0.236i, 0.890 + 0.837i]

[−158.175 − 138.742i, 132.485 +
175.593i]

p5

[0.450 + 0.450i, 0.602 + 0.602i]

[−227.722 − 204.056i, 152.722 +
294.344i]

p6

[−2.068−2.300i, 3.533+2.376i]

[−389.225 − 529.526i, 570.424 +
475.814i]

p7

[−7.481 − 13.160i, 28.842 +
15.356i]

[−117250.429 −
117822.949i, 120539.093 +
110938.291i]
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[−614.1 − 610.9i, 677.5 + 698.2i]

C. Implicit Bernstein Representation
Let p be an n-variate polynomial of degree l. Assume that p has t terms (multivariate
monomials) and let l(m) denote the degree of the m-th term of p, m = 1, . . . , t. Then
for a(m) ∈ R, m = 1, . . . , t, the power representation of p is given as:
p(x) =

t
X

a(m) xl

(m)

.

(C.1)

m=1

Once the Bernstein coefficients of each term of p are computed, the Bernstein coefficients of the polynomial itself are finally obtained by using the linearity property of the
Bernstein coefficients of its terms, see Subsection 3.3.2. In order that the sum of the
Bernstein coefficients of these terms is well-defined, the Bernstein coefficients of degree
d, d ≥ l, are required to be computed for each term. In the sequel, we consider d = l.
In Algorithm C.1, a pseudocode of a method for computing, arranging, and representing the Bernstein coefficients of the m-th term of p, m = 1, . . . , t, of degree l over x
is presented. The performance of Algorithm C.1 mainly depends on the notion of the
implicit Bernstein representation that is introduced in Subsection 6.1.1 and on the partition of unity property of the Bernstein polynomials, see Section 3.1. In the following,
an explanation of Algorithm C.1 is given.
Denote the m-th term of p, m ∈ {1, . . . , t}, of degree l(m) by gm , i.e.,
gm (x) := a(m) xl

(m)

.

(C.2)

Assume that the computation of the Bernstein coefficients of gm of degree l over x, which
(l)
is denoted by bj (gm ), j = 0, . . . , l, cf. (6.2), and its arrangement in the (l1 + 1) × l?
Bernstein matrix, say B(gm , x), where l? is defined in (3.37), are required. Suppose
that the number of univariate monomials in gm that explicitly appear in gm , i.e., with
non-zero degree, equals w(m) and, without loss of generality, assume that they appear
in ascending order with respect to their indices. We define the row vector v (m) of order
w(m) that comprises the indices of the univariate monomials of gm . For simplicity of
notation, we suppress in the sequel the superscript (m) in a(m) , v (m) , and w(m) .
(l̃)
Let bα , α = 0, . . . , ˜l, denote the α-th Bernstein coefficient of gm of degree ˜l, where
˜l := (lv , . . . , lv ). Such coefficients can be obtained by employing the principle of the
w
1
implicit Bernstein representation in Step 2 as follows. We first embed the coefficient
(m)

lv

a in the univariate monomial xv11 , for some v1 ∈ {1, . . . , n}, see (C.2), and name the
resulting monomial by x0v1 , i.e.,
(m)

lv

x0v1 := axv11 .
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(C.3)

(l̃)
Starting the computation of bα , α = 0, . . . , ˜l, by this embedding yields a reduction
in the number of arithmetic operations; this step requires (lv1 + 1) multiplications,
(m)
whereas if a is multiplied after computing the Bernstein coefficients of xl , see (C.2),

then

n
Q

(ls + 1) multiplications are required.

s=1

(l)

Algorithm C.1 proceeds for computing bj (gm ), j = 0, . . . , l, by firstly considering the
univariate monomials that explicitly appear in gm . Taking then into account those terms
with zero degree allows to further reduce the number of the arithmetic operations. Such
(lv )
a reduction will be illustrated below. Let bγ 1 , γ = 0, . . . , lv1 , be the Bernstein coefficients of x0v1 of degree lv1 over [xv1 , xv1 ], which are organized in Step 2 in the column
vector, say M1 , of order (lv1 + 1). Let Mτ , τ = 2, . . . , w, be the (lv1 + 1) ×
(l

τ
Q

(lvr + 1)

r=2

)

matrix, which is obtained by putting the lvτ + 1 matrices bγ vτ Mτ −1 , γ = 0, . . . , lvτ ,
in one matrix of order (lv1 + 1) ×

τ
Q

(lvr + 1), cf. line 9 of Algorithm C.1. Note that

r=2

the computation of Mτ , τ = 2, . . . , w, is performed as a generalization of the implicit
Bernstein representation. At the end of Step 2, Mw that consists of the coefficients
(l̃)
bα , α = 0, . . . , l( m), is obtained and is named in Step 3 as Bv1 to be processed in Step
4.
(l̀)
Define bη , for all η = 0, . . . , `l, as the Bernstein coefficients of gm of degree `l, where
`l := (lv , . . . , ln ), such that the variable xs , s 6= vr for all r = 1, . . . , w, has degree equals
1
zero. Such coefficients are computed in Step 4 as follows. Let us introduce the notation
that is used in Step 4. We define for τ = 1, . . . , w,

vτ +1 − vτ − 1, τ = 1, . . . , w − 1,
n − vw ,
τ = w.

(

mτ :=

(C.4)

Note that by using mτ , τ = 1, . . . , w − 1, we are able to determine the number of the
absent variables between xvτ and xvτ +1 or between xw and xn , see (C.4), i.e., the number
of the variables which have degree zero. For mτ > 0, y = 1, . . . , mτ , and τ = 1, . . . , w,
we define
ατ,y :=
βτ

:=

vτ +y−1
Y

(lq1 + 1),

(C.5)

q1 =v1 +1
vw
Y

(lq2 + 1),

(C.6)

q2 =vτ +1

and, as a convention, we put α1,1 := 1. Without loss of generality, let v1 ≥ 1 and assume
that v1 + 1 6= v2 . Then the variable xv1 +1 is of degree 0 in gm and thus m1 > 0. Define
l[v1 + 1] := (lv1 , lv1 +1 , lv2 , . . . , lw ).
(l[v1 +1])

Let bµ

(C.7)

, for all µ = 0, . . . , l[v1 +1], be the Bernstein coefficients of gm as it comprises
(l̃)

the variable xv1 +1 with degree equals zero, which can be computed by using bα , α =
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0, . . . , ˜l, and exploiting the partition of unity property of the Bernstein polynomials.
Indeed, we have
(l̃)

1 +1])
b(l[v
= bj 0 , for µ1 = j10 , µ2 = 0, . . . , lv1 +1 , and µr+1 = jr0 , r = 2, . . . , w.
µ

(C.8)

Computing the Bernstein coefficients of gm by taking into account all the variables of
degree equal zero proceeds in the same manner. In the following, a clarification of the
improvement that is gained if the computation of the Bernstein coefficients of gm starts
by firstly considering the univariate monomials that explicitly appear in gm is given.
It is notable form (C.8), that there is no arithmetic operation needed to compute the
(l[v +1])
Bernstein coefficients bµ 1
, for all µ = 0, . . . , l[v1 + 1]. Now, assume that M1 is already computed, see above. In order to compute Mv2 , we only need (lv1 + 1) × (lv2 + 1)
multiplications. Whereas if we want to consider the univariate monomial xv1 +1 , which
has a zero degree, we need (lv1 + 1) × (lv1 +1 + 1) multiplications and consequently for
computing Mv2 we need (lv1 + 1) × (lv1 +1 + 1) × (lv2 + 1).
(l̀)
The matrix B0 that comprises the Bernstein coefficients bη , η = 0, . . . , `l, is the outcome
of Step 4. If v1 > 1, then it is needed to compute the Bernstein coefficients, where the
variables x1 , . . . , xv1 −1 , are considered by using B0 , cf. Step 4.6. We observe that the
order of the variables in the resulting matrix is (xv1 , . . . , xn , x1 , . . . , xv1 −1 ). By applying
the cyclic ordering n − v1 + 1 times, we get the matrix B(gm , x), in which the variables
in their initial order appear.
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Algorithm C.1 The computation of the Bernstein coefficients of the m-th multivariate
monomial of an n-variate polynomial p of degree l by the implicit Bernstein representation
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:
37:
38:
39:
40:
41:

Input: The box x , the coefficient of the m-th multivariate monomial of gm , given in (C.2),
the degree of the monomial, and the degree of p
Output: The matrix B(gm , x) containing the Bernstein coefficients of degree l of a multivariate
monomial of p over x
Step 1: Compute vector v.
Step 2: Computation of Mw
(lv )
Compute (M1 )j = bj 1 (x0v1 ), j = 0, . . . , lv1 .
for τ = 2, . . . , w do
(l )
(l )
(l )
Compute Mτ = [b0 vτ Mτ −1 |b1 vτ Mτ −1 | . . . |blvvττ Mτ −1 ].
end for
Step 3: Put Bv1 = Mw .
Step 4: Computation of B(gm , x)
if v1 = 1 or v1 > 1 then
for τ = 1, . . . , w do
Compute mτ from (C.4).
if mτ > 0 then
for y = 1, . . . , mτ do
Step 4.1: Divide Bvτ +y−1 into βτ matrices.
Step 4.2: Formalize Aγ := Bvτ +y−1 [−|γατ,y , . . . , (γ + 1)ατ,y − 1],
where γ = 0, . . . , βτ − 1.
Step 4.3: Computation of Bvτ +y
for k = 1, . . . , βτ (lvτ +y + 1) do
Compute Bvτ +y [−|(k − 1)ατ,y , . . . , kατ,y − 1] = Aη , where η = lv k−1
.
τ +y +1
end for
end for
else
Go to Step 4.4.
end if
Step 4.4:
if τ < w then
Put Bvτ +1 = Bvτ +mτ .
else
Step 4.5:
Put B0 = Bvτ .
Go to Step 4.6.
end if
end for
Step 4.6:
if v1 > 1 then
for ζ = 1, . . . , v1 − 1 do
Bζ = [Bζ−1 | . . . |Bζ−1 ]
|

{z
lζ +1

42:
43:
44:
45:
46:
47:
48:
49:

times

}

end for
Apply cyclic ordering n − v1 + 1 times and call the resulting matrix by B(gm , x).
else
Step 4.7: Put B(gm , x) = B0 .
Go to Step 5.
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end if
end if
Step 5: End of the algorithm.

Example C.1. Let n := 3, p(x) := 5x22 x3 + 8x21 x23 , d := (2, 2, 2), and the box x :=
[−2, 2] × [1, 3] × [−1, 2]. Define the first and the second term of p as g1 and g2 , respectively. Let B(g1 , x), B(g2 , x), and B(p, x) denote the Bernstein matrices of order 3 × 9
of g1 , g2 , and p itself, respectively. By applying Algorithm C.1, B(g1 , x) and B(g2 , x)
will be obtained as follows:
Let us first consider g1 (x) = 5x22 x3 . It is easy to deduce that v (1) = (2, 3). Then, by
step 2 of Algorithm C.1, we get
5


M1 =  15  ,
45




followed by
5

 
= −1 15
45


M2





5
1 
2 15
45




5
 
2 15
45




−5 2.5 10


=  −15 7.5 30 
−45 22.5 90




(C.9)

which is identical to B2 , see Step 3. Since m2 and m3 are zero, see (C.4), implementing
Steps 4.1-4.5 yields that B0 = B2 = B3 = M2 . Step 4.6 provides
−5 −15 −45 2.5 7.5 22.5 10 30 90


B(g1 , x) =  −5 −15 −45 2.5 7.5 22.5 10 30 90  .
−5 −15 −45 2.5 7.5 22.5 10 30 90




For the second term, g2 (x) = 8x21 x23 and thus v (2) = (1, 3). For τ = 1, 2, M1 and M2
are given after executing Steps 1 and 2, respectively, as follows
32


M1 =  −32 
32




and
32
 

= 1 −32
32
 

M2

32


−2 −32
32







32


4 −32
32




32 −64 128


=  −32 64 −128  .
32 −64 128




(C.10)

As a result of Step 3, B1 is identical to M2 that is given in (C.10). Applying Step 4
with m1 = 1 and m2 = 0 gives B3 = B2 , where B2 is computed as
32
32
32 −64 −64 −64 128
128
128


64
64 −128 −128 −128  .
B2 =  −32 −32 −32 64
32
32
32 −64 −64 −64 128
128
128
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(C.11)

which is B(g2 , x) as well. By the linearity property of the Bernstein coefficients, the
Bernstein matrix of p over x is given by
B(p, x) = B(g1 , x) + B(g2 , x),
27
17 −13 −61.5 −56.5 −41.5 138 158 218


71.5
86.5 −118 −98 −38(C.12)
.
B(p, x) =  −37 −47 −77 66.5
27
17 −13 −61.5 −56.5 −41.5 138 158 218
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List of Symbols
A general comment on the numbering of indices: It turned out that most of the formulae
in the presentation of the matrix methods become simpler when the indices of matrices
are starting running at 0 instead of running at 1. Therefore, we are using this unusual
numbering.

General Notation

∂r f
∂xrs

The union of sets
The intersection of sets
The inclusion set-theoretic relation
Empty set
An open ball of radius  centered at x (-neighborhood of x)
The convex hull of the set C
The boundary of the set C
The closure of the set C
A small number or tolerance
The first order derivative of a univariate function f
The first partial derivative of an n-variate function f
with respect to xs , s ∈ {1, . . . , n}
The r-th partial derivative of f with respect to xs , s ∈ {1, . . . , n}

∇f

:=

Jf

:=

∪
∩
⊆
φ
B (x)
conv(C)
∂(C)
C
ε
f 0 (x)
∂f
∂xs

Hf
ln

A−1

AT
Iκ
A0
D := diag(x1 , . . . , xn )
δ
C(Γ, p(x))
O







∂f
∂xi+1 0≤i≤n−1 ,



the gradient of f

∂fi+1
∂xj+1 0≤i≤m−1 , the Jacobian matrix of f
0≤j≤n−1


∂2f
∂xi+1 ∂xj+1 0≤i≤m−1 , the Hessian matrix of f
0≤j≤n−1

= (f1 , . . . , fm )

The natural logarithmic function
The inverse of the matrix A
The transpose of the matrix A
The identity matrix of order κ
Positive semidefinite matrix A
The composition of the induced linear mappings
Diagonal matrix with diagonal entries x1 , . . . , xn
Kronecker delta
The condition number of evaluating p at x with respect
to the basis Γ
Order of convergence
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Notation for One Dimension
N
Z
R
C
IR
IC
[x] := [x, x]
f :R→R
f : IR → IR
p:R→R

The set of natural numbers
The set of integer numbers
The set of real numbers
The set of complex numbers
The set of compact, non-empty real intervals
The set of all non-empty complex intervals
A real interval, where x is the lower bound (left endpoint)
and x is the upper bound (right endpoint) of [x]
A univariate real-valued function
A univariate interval-valued function
A univariate real polynomial

Notation for Multiple Dimensions
n
Rn
Nn
Cn
Rr,t
IRn
IRr,t
Rn+
x = (x1 , . . . , xn )
f : Rn → R
f : IRn → IR
p : Rn → R
F : Rn → Rn
ei
i
e0
0
is,r
i[s,r]
î
|i|

Dimension and/or number of variables
The set of n-dimensional vectors in R
The set of n-dimensional vectors in N
The set of n-dimensional vectors in C
The set of r × t real matrices
The set of n-dimensional interval vectors
The set of r × t interval matrices
The set of n-dimensional nonnegative vectors in Rn
A variable taking values from Rn
A multivariate real-valued function
A multivariate interval-valued function
An n-variate polynomial
A system of functions
The i-th canonical basis vector in Rn
The i-th canonical basis vector in Rn+1
The zero vector in Rn
The zero vector in Rn+1
:= (i1 , . . . , is−1 , is + r, is+1 , . . . , in ), r ∈ Z
:= (i1 , . . . , is−1 , r, is+1 , . . . , in ), r ∈ Z
:= (i1 , . . . , in ), where i = (i0 , i1 , . . . , in )
:= i0 + i1 + . . . + in , where i = (i0 , i1 , . . . , in )
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Interval Analysis
⊗
x :=

n
Q

[xs , xs ]

s=1

u = [0, 1]n
A := (Ai,j )
wid([x]), wid(x), wid(A)
mid([x]), mid(x), mid(A)
rad([x]), rad(A)
mag([x])
mig([x])
|[x]|
A
A
dist([x], [y])
f (x)
f(x)
wid(E(x))
∇f(x)
JF (x)
Hf (x)
fc (x)
fM (x)
[m]
fT (x)

Real arithmetic operation
a box (interval vector, hyper-rectangle) in IRn
The unit box in IRn
An r × t interval matrix, where Ai,j := [Ai,j , Ai,j ]
The width of the interval [x], the box x, and the interval
matrix A, respectively
midpoint of the interval [x], the box x, and the interval
matrix A, respectively
The radius of the interval [x] and the interval matrix A, respectively
The magnitude of the interval [x]
The mignitude of the interval [x]
The absolute value of the interval [x]
:= inf(A), the infimum of the interval matrix A
:=sup(A), the supremum of the interval matrix A
(Hausdorff) distance between [x] and [y]
The range of f over x
Interval extension or an inclusion function of f over x
the excess width
An inclusion function for the gradient of f over x
An inclusion function for the Jacobian matrix JF over x
An inclusion function for the Hessian matrix Hf over x
Centered form for f over x at a point c
Mean value form for f over x
Taylor form of f of order m over x
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Tensorial Bernstein Expansion
l = (l1 , . . . , ln )
d = (d1 , . . . , dn )
(d)
Bi
Pl

∆j b0
κ

The degree of a polynomial given in power representation
The degree of the tensorial Bernstein expansion of a polynomial
The i-th Bernstein basis polynomial of degree d
The power basis for the vector space of all polynomials of
degree at most l over u
The Bernstein basis for the vector space of all polynomials
of degree at most l over u
i-th node of a uniform grid of u, where i = 0, . . . , d
The i-th coefficient of a polynomial in power representation
The i-th Bernstein coefficient of degree d of a polynomial over a box
The i-th Bernstein coefficient of degree d of g over a box x0
The i-th Bernstein coefficient of degree ds,−r of the r-th
partial derivative of a polynomial with respect to the variable xs
The Bernstein approximation for f of degree d over x
The Bernstein form of degree d of a polynomial p over the box x
(d)
The i-th control point of degree d associated with bi
The Bézier curve of degree d
The matrix comprising polynomial coefficients given in
power representation
The forward difference operator
:= max ls

Pκ
Tκ
B(x)
B(p, x)
I

Pascal matrix of order κ + 1
Toeplitz matrix of order κ + 1
The Bernstein patch of a multivariate polynomial over the box x
The Bernstein matrix of a multivariate polynomial p over the box x
The set comprising all the indices of Bernstein patch vertices

Bl
i
d
ai
(d)
bi
(d)
bi (g, x0 )
[d
]
bi s,−r

B (d) (f ; x)
B (d) (p, x)
bi (d)
(d)
Bz
A

l?
superscript c
0
1
xi
d
P
i=0
l
i

imin
imax

1≤s≤n

:=

n
Q

(ls + 1), the number of columns of a Bernstein matrix

s=2

cyclic ordering
:= (0, . . . , 0) (multiindex)
:= (1, . . . , 1) (multiindex)
:=
:=

n
Q

s=1
d1
P

xiss (a multivariate monomial)

i1 =0

···

dn
P
in =0

:= il11 · · · ilnn (generalized binomial coefficient)
The index of a minimum Bernstein coefficient
The index of a maximum Bernstein coefficient
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Complex Analysis
i

z := x + y i
Re(z) = x
Im(z) = y
hz1 , z2 i
[z1 , z2 ]
z
|p(z)|
R(x)
I(x)
b0j
b00j
U
A
Ad
B (d) (p, z)
B (d) (p, zm )

The imaginary unit in C
Complex number in C
The real part of z
The imaginary part of z
Line segment in the complex plane
Rectangular complex interval (shortly complex interval)
The Cartesian product of complex intervals (complex box)
The modulus of p at z
The multivariate polynomial forming the real part of a complex polynomial
The multivariate polynomial forming the imaginary part of a complex polynomial
The j-th Bernstein coefficient of R of degree d over z
The j-th Bernstein coefficient of I of degree d over z
A bounded domain in Cn
The convex hull of the range of a complex polynomial p over a complex box z
The convex hull of b0j + b00j i, j = 0, . . . , d, over a complex box z
The Bernstein enclosure of p of degree d over z
The Bernstein enclosure of p of degree d over the subbox zm

Simplicial Bernstein Expansion
l0
k
i

k
V := [v0 , v1 , . . . , vn ]
∆ := [e0 , e1 , . . . , en ]
∆[w]
diam(V )
h
λ
P
|i|=k
(k)
Bi (λ)
(k)
bi

B(∆)
B(∆)
p(∆)
(k)
B (p, ∆)
M(V )
NaN

n

o

:= max |î| | î = 0, . . . , l with aî 6= 0 (total degree)
k!
:= i0 !...i
n!
The degree of the simplicial Bernstein expansion
Simplex in Rn of the vertices v0 , v1 , . . . , vn
Standard simplex in Rn
:= [e0 , e1 , . . . , ew−1 , Y, ew+1 , . . . , en ] the w-th subsimplex of ∆
The diameter of simplex V
Upper bound of diam(V )
:= (λ0 (x), . . . , λn (x)) (barycentric coordinates associated to ∆

:=

i0 k−i
0 −i1
P
P0 k−iP
α0 =0 α1 =0 α2 =0

...

k−i0 −...−i
P n−1
αn =0

The i-th Bernstein basis polynomial of degree d
The i-th Bernstein coefficient of degree k of a polynomial given in simplicial
Bernstein representation
The Bernstein patch of a multivariate polynomial over ∆
The Bernstein matrix of a multivariate polynomial over ∆
The range of a polynomial p over ∆
The Bernstein form of the polynomial p of degree k over ∆
Subdivision scheme of a simplex V
Not a number
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Notation for Global Optimization
f
F
f?
X?
p̃
Lν
yν
py

Objective function
Feasible region of an optimization problem
The global minimum value (optimal value) of an optimization problem
The set of all global minimizers of an optimization problem
best upper bound for p? computed so far
The list of items generated at ν-th iteration of an algorithm
The leading box of Lν
(d)
:= min bi (y)
0≤i≤d

(d)

py

:= max bi (y)

p̆y

:= min bi (y)

0≤i≤d

(d)

i∈I
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Index
Absolute Value, 12
accelerating tests, 149
Additive Identity Element, 14
adjacent control points, 95
affine transformation, 22, 97
affinely independent, 93
Associativity, 13
Bézier curves, 31
barycentric coordinates, 93
Bernstein algorithm, 141
Bernstein approach, 136
Bernstein Approximation Theorem, 22
Bernstein basis polynomial, 24, 27, 94
Bernstein enclosure, 29
Bernstein matrix, 34, 37, 99
Bernstein patch, 27, 95
Bernstein-Bézier representation, 68
best upper bound, 143
bidiagonal matrices, 60, 107
Binary Complex Arithmetic Operations, 71
binary splitting, 106
bounded domain, 78
bounding the range, 16, 136
Box, 15
box consistency, 155
box-constrained optimization problem, 138
branch and bound algorithms, 16, 132
CAGD, 31
cancellation law, 14
Cauchy-Riemann equations, 73
Centered Forms, 19
certainly feasible, 155
certainly infeasible, 155
Commutativity, 13
compact set, 134
complex Bernstein polynomial, 72
complex box, 71, 85
complex interval, 71
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componentwise, 15
computational complexity, 32
condition number, 65
constrained optimization problem, 132
constraint propagation algorithms, 155
constraints, 132
continuous real-valued function, 22
continuously differentiable function, 135
contraction algorithms, 155
control net, 95
control points, 28, 95
control polygon, 31, 95
Convergence Order, 18
Convex Function, 134
convex hull, 28, 77, 97
Convex Hull Property, 28, 97
convex optimization problem, 134
Convex Set, 28
correspondence between the coefficients, 33
cost function, 132
critical point, 139
current minimum estimate, 143
Cut-Off Test, 149
cyclic ordering, 34
Cyclic Subdivision Rule, 146
de Casteljau algorithm, 54, 106
decision variable, 132
Degenerate interval, 11
Degree Elevated Expansion, 73
Degree elevation, 25, 51, 73, 103
Dependence Problem, 18
derivative based rule, 147
desired accuracy parameter, 142
deterministic methods, 132
diameter, 93
discarding, 12
discrepancy, 116
discrete graph, 95
Distance, 11

Dominance, 122, 127
elementary bidiagonal matrices, 45
elementary functions, 17
enclosure for the range, 77
Endpoint Interpolation Property, 27, 95
equality constraint, 154
equality constraint polynomial, 154
excess width, 18
Existing Methods, 32
exponential complexity, 29, 33, 121
extended interval arithmetic, 12
face, 28, 96
Face Values, 28, 96
Fast Fourier Transform (FFT), 37, 101
feasible point, 134
feasible region, 132
First Method, 47
First Order Condition, 135
floating point arithmetic, 10
floating point numbers, 10
forward difference operator, 32
four edges, 75
four line segments, 75
freezing, 45, 80, 150
Fundamental Theorem of Interval Analysis, 17
Garloff0 s Method, 32
Generalized Bernstein Representation, 26
generated subboxes, 19
global maximizer, 76
global minimizer, 134
global optimality, 139
global optimization problems, 76, 133
global solution, 134
grid point, 51, 95, 148
Hessian matrix, 21, 135
higher convergence order, 19
Higher order Bernstein forms, 136
Horner0 s scheme, 33, 66
hull consistency, 155
hyper-rectangle, 15

Implicit Bernstein Representation, 120
inclusion isotonic, 30
inclusion function, 16
inclusion isotonic, 16, 30
inclusion isotonicity, 12
inclusion monotonicity, 12
index set, 27
inequality constraint, 154
inequality constraint polynomial, 154
interior point, 105
intermediate values, 54, 105
Interval, 11
interval arithmetic, 12
interval arithmetic operation, 12
Interval Branch and Bound Algorithms, 140
Interval Extension, 16
Interval Functions, 15
Interval matrix, 14
interval Newton method, 139
Interval Newton Test, 150
interval polynomial, 61
Interval vector, 14
interval-valued function, 16
Kronecker delta, 107
leading box, 142
leading item, 142
Line segment in the Complex Plane, 71
Linear Combinations, 43
linear convergence, 52, 104, 115
Linearity property, 27, 96
list Lν , 142
list Lsol , 143
local minimizer, 134
local optimality, 139
local optimization, 132
lower triangular Pascal matrix, 36
lower triangular Toeplitz matrix, 38
machine numbers, 10
Magnitude, 12
Matricial Representation, 54
Matrix Form, 54
matrix method, 33
matrix-valued functions, 16
maximization problem, 134
Maximum Modulus Principle Theorem, 75

identity elements, 14
IEEE 754 standard, 10
Imaginary Part, 73
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mean value form, 20
merit function, 146
Method 1, 100
Method 2, 101
Method I, 80
Method II, 81
Method III, 82
Midpoint, 12
Mignitude, 12
modified Bernstein-Bézier representation, 68
modulus of a complex polynomial, 74
Monotonicity, 122, 127
Monotonicity Test, 149
Moore-Skelboe algorithm, 140
multidimensional array, 27, 94
Multiplicative Identity Element, 14
Multivariate complex polynomial, 85
Multivariate monomial, 120
multivariate rational function, 60
NaN, 99
necessary conditions, 139
nested multiplication algorithms, 66
non-degenerate simplex, 93
Nonconvexity Test, 150
nonlinear system of equations, 12
nonnegative bases, 65
Nonnegativity, 24, 94
objective function, 132
optimal stability, 31, 65
optimal value, 134
Optimality Conditions, 139
optimization problem, 132
optimum point, 134
orthant-restricted box, 121
overestimation, 18, 30
parallelepiped, 15
parametric representation, 31
partial derivative, 30, 45
Partition of unity, 24, 94
permutation matrix, 108
perturbations, 64
perturbed coefficients, 64
piecewise linear polynomial functions, 31
polynomial curve, 31
polynomial evaluation, 64

186

Polynomial Global Optimization, 141
positive semidefiniteness, 135
Power Basis, 26
power representation, 26
principal minors, 135
Product of two multivariate polynomials, 46
quadratic convergence, 20, 52, 78, 116
Radius, 12
range, 18, 29
Range Enclosure Property, 29, 97
Rational function, 60, 114, 130
Rational Interval Function, 17
Ray and Nataraj0 s method, 34
Real Part, 73
real-valued function, 16
realization of the simplex, 93
Rectangular complex interval, 71
Recursion, 25, 94
reshaping, 33
Rokne0 s Method, 78
rounding errors, 10
Schumaker and Volk0 s algorithm, 68
Second differences, 103
Second Method, 48
Second Order Condition, 135
second order Taylor form, 21
sensitivity of polynomial evaluation, 64
set-theoretic operations, 13
Sharpness Property, 30, 97
shrinking factor, 106
simplicial Bernstein coefficient, 94
Simplicial Bernstein Expansion, 93
Simplicial Bernstein form, 102, 125
simplicial Bernstein representation, 94
Simplicial Rational Bernstein Form, 114, 131
Simplicial Subdivision, 105
single-orthant box, 121
sparse multivariate polynomial, 121
stability, 64
standard simplex, 93
stationary point, 139
stochastic methods, 132
stopping criterion, 141
subdistributive law, 14
subdividing, 16

subdivision direction, 146
Subdivision Direction Selection Rules, 146
subdivision point, 148
Subdivision Point Selection Rules, 148
subdivision scheme, 106
subregions, 12
subsimplex, 105
successive differences, 45, 73
sufficient conditions, 139
sufficiently small boxes, 29
symbolic expression, 17
symmetric matrix, 15

well-conditioned, 64
Width, 12

Taylor expansion, 136
Taylor form, 21, 137
Taylor polynomial, 136
Taylor series, 17
Taylor-Bernstein form, 138
Tensorial Bernstein coefficients, 27
Tensorial Bernstein Expansion, 25
tensorial Bernstein form, 29
Tensorial Bernstein representation, 26
Tensorial Rational Bernstein Form, 60, 130
Tensorial Subdivision, 52
termination criterion, 143
The composition of the induced linear mappings, 67
the modulus of a complex polynomial, 74
The natural interval extension, 17
tighter enclosure, 19, 29
Total degree, 94
Traditional Method, 32
Unary Complex Arithmetic Operations, 71
unconstrained optimization problem, 132, 138
uniform grid, 28
Uniqueness, 122, 127
univariate complex polynomial, 72
univariate monomial, 43, 120
variation diminishing property, 148
vector space, 25
vector-valued functions, 16
Vertex Condition, 30, 97
Vertex Values, 27, 95
Weierstrass Theorem, 134
Weierstrass0 s Approximation Theorem, 22
weighted sum, 22
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