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1- Referent: Prof. Dr. Jürgen Garloff, Universität Konstanz und HTWG
Konstanz
2- Referent: Marie-Françoise Roy, Université de Rennes 1
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Abstract

This thesis considers bounding functions for multivariate polynomials and
rational functions over boxes and simplices. It also considers the synthesis of
polynomial Lyapunov functions for obtaining the stability of control systems.
Bounding the range of functions is an important issue in many areas of
mathematics and its applications like global optimization, computer aided
geometric design, robust control etc. The expansion of a given polynomial
into Bernstein polynomials provides bounds for the range of this polynomial
over the given domain. The Bernstein expansion is used due to the tightness
of the enclosure and its rate of convergence to the true range. Bounds for the
range of a rational function can easily obtained from the Bernstein expansions
of the numerator and denominator polynomials of this function. The main
achievements of this thesis are as follows:

Firstly, we show that the ’enclosure’ bounds converge monotonically and
linearly to the range of the (polynomial and rational) function if the degree
of the Bernstein expansion is elevated. If the region is subdivided then the
convergence is quadratic with respect to the width of the subregions. The
inclusion isotonicity and the sharpness property of the related enclosure func-
tion are investigated for polynomials and rational functions given over boxes
or simplices. We provide a representation for computing the Bernstein co-
efficients and the enclosure bound of polynomials over a simplex. Algebraic
identities certifying the positivity of polynomials and rational functions over
boxes and simplices are given, i.e., certificates of positivity in the (tensorial
and simplicial) Bernstein basis. Subdivision of a simplex is a widely ap-
plied scheme, wherein a starting region is successively subdivided into sub-
regions. It follows that the simplicial Bernstein form is inclusion isotone and
the certificates of positivity are local. The Lyapunov stability of systems is
addressed over boxes and simplices. We consider the stability by developing
algorithms to search for Lyapunov functions that demonstrate stability of
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CHAPTER 0. ABSTRACT

control systems. We then extend these algorithms for obtaining the stability
of the feedback controller design. Subsequently, the control synthesis prob-
lem is reduced to finite number of evaluations of a polynomial within a real
bound in the space of parameters representing controls and Lyapunov func-
tions. These results provide theoretical foundations for analysis and design
of polynomial control systems, i.e., control systems with polynomial vector
fields. Minimization of polynomials and rational functions over a given box
or simplex is considered, too. Finally, several new methods are presented
for the construction of affine lower bounding functions for polynomials and
rational functions over boxes and simplices. The convergence properties of
these bounds are shown.
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Zusammenfassung

Thema dieser Dissertation sind Schrankenfunktionen für multivariate Poly-
nome und rationale Funktionen über Quadern und Simplexen sowie die Syn-
these polynomialer Lyapunov-Funktionen, um die Stabilität von Regelkreisen
sicherzustellen. Die Einschließung des Wertebereichs von Funktionen ist eine
wichtige Aufgabe in vielen Bereichen der Mathematik, wie z. B. in der Glob-
alen Optimierung, im Computer Aided Geometric Design und in der Ro-
busten Regelung. Die Entwicklung eines Polynoms in Bernstein-Polynome
liefert Schranken für den Wertebereich des Polynoms über dem gegebenen
Gebiet. Die Bernstein-Entwicklung wird häufig verwendet, da sie eine beson-
ders enge Einschließung liefert bei günstiger Konvergenzgeschwindigkeit der
Folge der Einschließungen gegen den exakten Wertebereich. Schranken für
den Wertebereich einer rationalen Funktion erhält man leicht aus den Bernstein-
Entwicklungen der Zähler- und Nennerpolynome dieser Funktion. Die Hauptergeb-
nisse dieser Arbeit sind die folgenden. Wir zeigen, dass die Schranken mono-
ton und linear gegen den Wertebereich eines Polynoms oder einer rationalen
Funktion konvergieren, wenn der Grad der Bernstein-Entwicklung erhöht
wird. Wenn der zugrundeliegende Bereich unterteilt wird, ist die Konver-
genz sogar quadratisch bezüglich eines bestimmten Maßes für die Weite der
erhaltenen Unterbereiche. Die Inklusionsisotonie und die Schärfe der geliefer-
ten Einschließung der entsprechenden Funktionen werden für Polynome und
rationale Funktionen über Quadern und Simplexen untersucht. Wir präsen-
tieren eine Möglichkeit zur Berechnung der Bernstein-Koeffizienten und der
Schranken für Polynome über einem Simplex sowie algebraische Identitäten,
die die Positivität von Polynomen und rationalen Funktionen über Quadern
und Simplexen sicherstellen. Unterteilung eines Quaders oder eines Sim-
plexes ist ein häufig verwandtes Verfahren, wobei die Startregion sukzessiv
in Teilregionen unterteilt wird. Es folgt, dass die simpliziale Bernstein-
Form inklusionsisoton ist und lokale certificates of positivity gültig sind.
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CHAPTER 0. ABSTRACT

Wir beschäftigen uns auch mit der Lyapunov-Stabilität von Systemen über
Quadern und Simplexen. Dazu entwickeln wir Algorithmen, mit deren Hilfe
Lyapunov-Funktionen zum Stabilitätsnachweis gesucht werden. Wir erweit-
ern dann diese Algorithmen, um die Stabilität des rückgekoppelten Systems
zu erhalten. Nachfolgend ist das Reglersyntheseproblem auf eine endliche
Anzahl von Polynomauswertungen beschränkt. Diese Polynome befinden
sich innerhalb von Schranken im Parameterraum und repräsentieren den Re-
gler und die Lyapunov-Funktionen. Diese Ergebnisse liefern eine theoretische
Grundlage für die Analyse und den Entwurf von polynomialen Regelkreisen,
d.h. Regelkreisen mit polynomialen Vektorfeldern. Minimierung von Poly-
nomen und rationalen Funktionen über einem Quader oder einem Simplex ist
ebenfalls Gegenstand dieser Arbeit. Schließlich präsentieren wir verschiedene
neue Methoden für die Konstruktion von affinen unteren Schrankenfunktio-
nen für Polynome und rationalen Funktionen über Quadern und Simplexen
und beweisen die Konvergenzeigenschaften dieser Schrankenfunktionen.
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Notation

General Notation

R the set of real numbers

IR the set non-empty bounded and closed interval over R

n number of dimensions

Rn n-array Cartesian product of R

IRn n-array Cartesian product of IR

N the set of natural numbers

x a real-value variable

x = (x1, ..., xn) a variable taking values from Rn

p : Rn −→ R a multivariate polynomial

c : Rn −→ R a lower bound function for p

u : Rn −→ Rm unknown control functions

g : Rn −→ Rn×m a given matrix function

f : Rn −→ R a multivariate rational function

L : Rn −→ R a lower bound function for f

xj :=
∏n

µ=1 x
jµ
µ (a multi-power / multivariate monomial)

conv convex hull

σ(+), σ(r) error bounds

L the Lie derivative

ẋ, F the vector field (affine control system)
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Y Lyapunov function

ε a small number or tolerance

Notation for the Tensorial Case

I the unit interval

X = [x, x] an interval from IR
x, x lower respectively upper endpoint of the interval X

X a box in IRn (a Cartesian product of n intervals)

I := [0, 1]n th unit box

q(X, Y ) Hausdorff distance between two intervals X, Y(
l
i

)
:= l!

i!(l−i)! (the binomial coefficient)

i a multi-index n of nonnegative integers

0 := (0, ..., 0) (multi-index)

l̂ := (l1, ..., ln) the degree of a multivariate polynomial

k̂ := (k1, ..., kn) the degree of the Bernstein expansion

k the maximum degree of the Bernstein expansion

p(X), f(X) the ranges of p and f on X∑l̂
i=0 :=

∑l1
i1=0 ...

∑ln
in=0 (a nested sum)(

l̂
i

)
:=
(
l1
i1

)
...
(
ln
in

)
(the generalized binomial coefficient)

B
(k̂)
i the ith Bernstein basis of degree k̂

b
(k̂)
i (p) the ith tensorial Bernstein coefficient of p of degree k̂

m(k̂),m(k̂) the minimum and maximum rational Bernstein coeffi-

cients of degree k̂ on X

ai ith coefficient of a polynomial in power form

bi control point associated with b
(k̂)
i (p)

ζ, ζ ′, ζ ′′, δ, δ′, δ′′ real constants

w width of an interval
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Notation for the Simplicial Case

V the general non-degenerate simplex

(e1, ..., en) the canonical basis of Rn

∆ the n−dimensional standard simplex

∆′ the (n− 1)−dimensional simplex

U = (v̂0, ..., v̂n) a sub-simplex of ∆

h the maximum of the diameters of subsimplices

λ := (λ0, ..., λn) the barycentric coordinates associated to
∆

l a natural degree

|β̂| := β1 + ...+ βn∑
|β̂|≤l :=

∑l
β1=0 .

∑l−β1

β2=0 ...
∑l−(β1+...+βn−1)

βn=0 (a nested sum)

p(∆), f(∆) the range of p and f on ∆

ω, ω′ϑ, ϑ′ real constants

α, β̂ a multi-index (n+ 1, n, respectively, of nonnegative inte-
gers)(

l
α

)
:= l!

α0!...αn!
(the multinomial coefficient)(

l
β̂

)
:= l!

β1!...βn!.(l−|β̂|)! (the multinomial coefficient)

bα(p, k,∆) the αth simplicial Bernstein coefficient of p of degree k

bα control point associated with bα(p, k,∆)

m(k),M (k) the minimum and maximum rational Bernstein coeffi-
cients of degree k on ∆

O the determinant of (n× n)-matrix
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Chapter 1

Introduction

This thesis gives quantitative answers to the questions in terms of the range
of polynomials and rational functions over intervals, boxes and simplices.
Many relationships and issues in real-world and abstract problems have a
natural expression in polynomial and rational forms. We consider the prob-
lems of stability analysis and controller synthesis for nonlinear systems with
polynomial dynamics. Our approach uses the primary tool of nonlinear con-
trol and Lyapunov functions. Polynomials and rational functions problems
almost tend to be somewhat more tractable than those involving arbitrary
functions. The Bernstein expansion, e.g., [CS66], [Rok77], [Riv70], [NPL99],
is now a well established tool for computing bounds for the range of multivari-
ate polynomials over different given domains, cf. [CS66], [Rok77], [Gar86],
[GH15], [THG15], [Pet94], [Ler08], etc. This expansion is intimately related
to Bernstein polynomials, see, e.g., [Lor53], [Far86], [Far02]. The first appli-
cation to the range of univariate polynomials was given by Cargo and Shisha
[CS66]. Rivlin [Riv70] improved upon the bounds obtained in [CS66]. Grass-
mann and Rokne [GR79] and Rokne [Rok77], [Rok82] applied the results of
Rivlin to real and complex interval polynomials. Lane and Riesenfeld [LR81],
and Fischer [Fis90] studied subdivision in the univariate case. In [ZG98] a
standard approach to robustness analysis of linear dynamic systems is to
examine the characteristic polynomials in the presence of parametric un-
certainties, furthermore a sweep procedure to subdivision of intervals based
on the preliminary results in [Gar86], [Gar93]. The tight range-enclosing
property of the Bernstein expansion can also be used to effective boxes in a
branch and bound scheme. On the other hand, finding a Lyapunov function
of polynomial vector fields has attracted the interest of many researchers in
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CHAPTER 1. INTRODUCTION

the past, e.g., [HM07], [Ack93], [NH06], [Zac01]. The key to finding a Lya-
punov function for a polynomial system is to find a certificate of positivity.
A certificate of positivity in the Bernstein basis always exists if a polyno-
mial is positive, and the Bernstein basis is well conditioned. The inclusion
isotonicity property improved the certificate of positivity under subdivision.
Computing of control functions and using certificates of positivity lay a foun-
dation of an algorithm for designing control systems. In the content of this
work, the effort is on developing control algorithms for safety verification for
new applications characterized by large scale and vast amount of data. A
major challenge in deriving controller design algorithms of this type is to find
a numerically tractable parameterization of the problem.

In this thesis we consider the following problems:

• Bounding the range of polynomials and stability of the designed feedback
systems. Specifically, we consider the stability verification of polynomial
controls with coefficients depending polynomially on parameters varying on
a given domain. Important properties like sharpness and monotonicity are
also considered.

• The inclusion isotonicity of the tensorial and simplicial Bernstein forms. In
[HS95] a lengthy proof that the univariate polynomial Bernstein form is in-
clusion isotone. The authors in [GJS03a] gave a brief proof of this property
in the tensorial polynomial Bernstein form.

• Computing the simplicial Bernstein coefficients. Several algorithms to com-
pute the range of polynomials over a box are proposed and tested in [Pet94],
[Gar93], [FR88], [NA07], [Rum88], [Smi09], etc. These algorithms are based
on ideas by Cargo and Shisha [CS66] and Rivlin [Riv70].

• Certificates of positivity, i.e., a polynomial identity which gives an imme-
diate proof of the positivity of polynomials over a given domain. In recent
years, much work has been devoted to the study of certificates of positiv-
ity for polynomials, e.g., [PR00], [BLR09], [JP10], [PR01], [Sze33], [Str08].
In [Ler08], [Ler09a], [Ler12], Leroy,s gave results on degree elevation and
subdivision of simplex by the simplicial Bernstein expansion. These results
gave the certificates of positivity in the simplicial polynomial Bernstein basis.

• Bounding the range of a rational function. The authors in [NGSM12] in-
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CHAPTER 1. INTRODUCTION

troduced bounds for the range of rational functions, however, without any
convergence to the range. The sharpness and monotonicity of the bounds
are also considered.

• Minimizing a real polynomial and a rational function by using the tensorial
and simplicial Bernstein expansion. During the last decade, polynomial min-
imization over simplices has also attracted the interest of many researchers,
e.g., [BLR09], [JP10], [Ler08], [Ler09a], [Ler12].

• Affine lower bounding functions for polynomials and rational functions over
boxes and simplices. The author in [Smi12] has explored a series of methods
for the computation of guaranteed affine lower bounding functions for polyno-
mials. Such bounding functions can be applied to the solution of constrained
global optimization problems and the solution of systems of polynomial (and
rational) functions.

1.1 Outline

This thesis provides systematically new results on bounding polynomials and
rational functions with applications of the bounds in different areas of math-
ematics. Here follows a description of the related work and our contributions.
The thesis is divided into two main parts. In the first part we present the
background material and current state of the art in greater depth and re-
view the existing literature with several contributions on the related work
which includes Chapters 2-3. The second part of the thesis consists of our
main achievements and results for polynomials and rational functions over
boxes and simplices which includes Chapters 4-7. This second part includes
results which appear in the references [GH15], [THG15], [HW17b], [HW17a],
[HA17]. The conclusion contains some applications of Bernstein expansion
and summary of our thesis. We present a brief outline as follows:

Chapter 2 (Basics and background)
We recall the main concepts of interval arithmetic, and the most important
background material such convergence and interval functions. We also re-
call the definitions of barycentric coordinates, general simplex and stability
which are used throughout the thesis.

7
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Chapter 3 (Bernstein expansion)
We introduce the expansion of polynomials over intervals, boxes and sim-
plices into Bernstein polynomials with some important basic features of this
expansion as follows: The Bernstein basis, conversion between power basis
and Bernstein basis, and range enclosure property. The convex hull of the
control points associated with the coefficients of this expansion is addressed.
We also address systems of multivariate polynomials in Bernstein forms. A
polynomial in Bernstein form is expressed as a linear combination of Bern-
stein basis polynomials. We give extra properties of Bernstein coefficients
which enclose the range of one and n−variables polynomials over intervals,
boxes and simplices.

Chapter 4 (Tensorial and simplicial polynomial Bernstein forms)
In this chapter, we use the Bernstein expansion to present bounds for the
range of multivariate polynomials over boxes and simplices. We show the
important properties, sharpness, monotonicity, and convergence properties
with respect to degree elevation, width of the domain and subdivision. We
also provide a minimization for polynomials and certificates of positivity in
the tensorial polynomial Bernstein basis. Subsequently, we use certificates
of positivity to provide an algorithm that computes a polynomial Lyapunov
function and estimates a polynomial control function over a box. We use the
barycentric subdivision strategy and prove the inclusion isotonicity of the
simplicial Bernstein form under this strategy, which improves the certificates
of positivity. Face values of the simplicial Bernstein form on a simplex in
n−dimensions are investigated. Finally, we develop an algorithm for obtain-
ing the stability of the feedback controller design on a simplex. In Chapter
5 we extend results from this chapter to the multivariate rational case.

Chapter 5 (Tensorial and simplicial rational Bernstein forms)
In this chapter, we present bounds for the range of a (multivariate) rational
function over boxes and simplices. We show the convergence of the bounds
to the range of the rational function with respect to degree elevation, width
of the domain and subdivision. Additionally, we show the sharpness, mono-
tonicity and inclusion isotonicity of these bounds. Minimization of a multi-
variate rational function is given. At the last, certificates of positivity in the
simplicial rational Bernstein basis are given.

8
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Chapter 6 (Affine lower bounding functions for polynomials)
This chapter presents a brief series of affine lower bounding functions for
polynomials over a box. We provide a method, multi-linear least squares
lower bounding functions, of bounding functions for polynomials over boxes
and simplices. We show that the lower bounds converge linearly and quadrat-
ically to the polynomial over a box and a simplex. Furthermore, we prove
that the error bound is decreasing with respect to raising the degree (degree
elevation).

Chapter 7 (Affine lower bounding functions for rational functions)
In this chapter, we go beyond the goal of bounding the range of rational func-
tions. Mainly, we address a new method for constructing affine lower bound-
ing functions for rational functions. The minimum absolute error bounds are
decreasing with respect to raising the degree. Finally, numerical results and
figures are given.

Chapter 8: (Conclusions, Bernstein applications and future work)
This chapter comprises a review of the main contributions and results of the
thesis, some applications of Bernstein expansions in different fields, and out-
line possible directions for further related work.

9



Chapter 2

Basics and Background

We recall the most important background of interval arithmetics and current
state of the existing literature [MKC09], [Kea96]. We also recall the inclu-
sion isotonicity and convergence properties. Additionally, we present some
definitions and remarks which are related to simplices and barycentric coor-
dinates. Some elementary definitions of stability are subject of Subsection
2.2.4. Starting the following section is with analysis and properties of the set
of intervals X := [x, x], Y := [y, y] which induces important concepts like
convergence, inclusion isotonicity, etc.

2.1 Interval Analysis and Properties

This section presents a brief introduction to the main concepts of interval
arithmetic [Moo66]. Interval computations are becoming increasingly pop-
ular, but cannot yet be considered to be mainstream. As the technology
improves, this trend should continue. Efforts to realize interval arithmetic in
hardware are ongoing by Oracle (Formerly Sun Microsystems) and others.

Definition 2.1.1. (Interval) An intervalX = [x, x] where x ≤ x and x, x ∈ R
denotes the set of real numbers {x ∈ R | x ≤ x ≤ x}.

The distance between two intervals is usually defined as the Hausdorff
distance, which is given in the following definition:

Definition 2.1.2. (Distance) Let X, Y belong to the real interval IR. The
distance between X and Y is defined as

10
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q(X, Y ) = max{|x− y|, |x− y|}. (2.1)

Remark 2.1.1. (Interval arithmetic) For all X, Y ∈ IR it holds that

XY = [min{xy, xy, xy, xy},max{xy, xy, xy, xy}]

X/Y = X(1/Y ), where

1/Y = [1/y, 1/y], if 0 < y or y < 0 (otherwise undefined)

−X = [−x,−x].

Remark 2.1.2. (Midpoint, Width)

mid(X) =
1

2
(x+ x)

w(X) = x− x.

Definition 2.1.3. (Interval relations)

X = Y ⇐⇒ x = y and x = y

X ⊆ Y ⇐⇒ x ≥ y and x ≤ y.

Definition 2.1.4. (Infimum, Supremum)

inf(x) = x

sup(x) = x.

Definition 2.1.5. (Absolute value) The absolute value of X, denoted |X|,
is the maximum of the absolute values of its endpoints:

|X| = max{|X|, |X|}.

Definition 2.1.6. (Box) A Cartesian product of n intervals, where n ≥ 1,
is termed a box X = [x1, x1]× ...× [xn, xn] ∈ IRn.

11
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For X,Y ∈ IRn we define

q(X,Y ) = max
i=1,...,n

q(Xi, Yi).

Definition 2.1.7. (Maximum norm) The maximum norm of X ∈ IRn is

||X||∞ = max(|X1|, ..., |Xn|).

Definition 2.1.8. If X,Y ∈ IRn, we have

X ⊆ Y if Xi ⊆ Yi for i = 1, ..., n.

Definition 2.1.9. (Inclusion isotone) An interval function F : IRn −→ IR
is inclusion isotone if

X1 ⊆X2 =⇒ F (X1) ⊆ F (X2), ∀X1,X2 ∈ IRn. (2.2)

Definition 2.1.10. A sequence 〈X(k), k ≥ 1〉 converges to X ∈ IRn if and
only if

lim
k−→∞

X
(k)
i = X i, and lim

k−→∞
X

(k)

i = X i

for all i = 1, ..., n.

2.2 Barycentric Coordinate System

The purpose of this section is to introduce the notions of a simplex and as-
sociated barycentric coordinates. The barycentric coordinates are defined
uniquely for every point belongs to the simplex. The polynomials and ra-
tional functions can be studied in the barycentric coordinates case instead
of the usual Cartesian coordinates. In the context we recall the most im-
portant properties of simplices, which will be used throughout the simplicial
case. For further details see [Ler08], [Pet94], [PBP13].

2.2.1 Convex Combination

Given a set of points v0, ..., vn, we can form affine combinations of these points
by selecting λ0, ..., λn with λ0 + ...+ λn = 1 and form the point

12
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x =
n∑
i=0

λivi.

If each λi is such that 0 ≤ λi ≤ 1, then the point x is called a convex
combination of the points v0, ..., vn.

2.2.2 Barycentric Coordinates

Barycentric coordinates system is a coordinates system in which the location
of a point of a simplex. The barycentric coordinates are also known as area
coordinates or areal coordinates, because, for example, the coordinates of
any point x ∈ R2 with respect to triangle T = abc are equivalent to the
(signed) ratios of the areas of xbc, xca and xab to the area of the reference
triangle abc. Areal and trilinear coordinates are used for similar purposes
in geometry. Barycentric coordinates are extremely useful in engineering
applications involving triangular subdomains. These make analytic integrals
often easier to evaluate, and Gaussian quadrature tables are often presented
in terms of area coordinates.

Let T be a reference triangle in the plane, defined by vertices v0 = (x1, y1),
v1 = (x2, y2) and v2 = (x3, y3). If these vertices are not collinear, the deter-
minant, O say, is

O =

∣∣∣∣∣∣
1 1 1
x1 x2 x3

y1 y2 y3

∣∣∣∣∣∣
and T has area A = 1

2
O. If T1, T2, T3 are subtriangles of T , their areas are

A1 = 1
2
O1, A2 = 1

2
O2, A3 = 1

2
O3, where Oj, j = 1, 2, 3, is obtained from O by

replacing the elements 1, xj, yj by 1, x, y. We may then write

x = λ0v0 + λ1v1 + λ2v2,

where the barycentric coordinates (λ0, λ1, λ2) of the point x with respect to
T being defined by the area-ratios

λ1 =
O1

O
, λ2 =

O2

O
, λ0 =

O3

O
,

which satisfy the condition
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λ0 + λ1 + λ2 = 1.

2.2.3 General Simplex

In geometry, a simplex (plural: simplexes or simplices) is a generalization of
the notion of a triangle or tetrahedron to arbitrary dimensions. We suppose
the n + 1 points v0, ..., vn ∈ Rn are affinely independent, which means v1 −
v0, ..., vn − v0 are linearly independent.

Definition 2.2.1. [Ler09a, Definition 1.1] Let v0, ..., vn be n + 1 points of
Rn. The ordered list V = [v0, ..., vn] is called simplex of vertices v0, .., vn.
The realization |V | of the simplex V is the set of Rn defined as the convex
hull of the points v0, ..., vn. The diameter of V is the length of the largest
edge of |V |.

Remark 2.2.1. Let λ0, . . . , λn be the associated barycentric coordinates to
V , i.e., the linear polynomials of R[X] = R[X1, . . . , Xn] such that

∑n
i=0 λi(x) =

1 and for x ∈ Rn, x = λ0(x)v0 + · · ·+ λn(x)vn. We recall that V is charac-
terized by its barycentric coordinates as follows:

V =
n⋂
i=0

{x ∈ Rn : λi(x) ≥ 0}.

Remark 2.2.2. Let x ∈ Rn and V be a non degenerate simplex, then x
can be written as an affine combination of the vertices v0, ..., vn with weights
λ0, . . . , λn.

Remark 2.2.3. An n simplex has n(n+1)
2

edges connecting every vertex with
every other vertex.

In the following remark, we consider the standard simplex ∆.

Remark 2.2.4. (Standard simplex) Let (e1, ..., en) denote the canonical basis
of Rn, and e0 = (0, ..., 0) the origin. The simplex ∆ = [e0, e1, ..., en] is called
standard simplex of Rn.

The barycentric coordinates of x with respect to ∆ are given as

λ0 = 1− (x1 + ...+ xn) (2.3)
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Figure 2.1: Standard simplices in dimensions n = 0, 1, 2, 3.

λi = xi, i = 1, ..., n. (2.4)

Standard simplices for dimensions 0, 1, 2 and 3 are illustrated in Figure 2.1.

Finally, the problem of approximating the minimum value of a polynomial
or a rational function, f say, on ∆ or I, can be stated as follows:

min f(x)

s.t. x ∈ {∆, I}
where f is a polynomial or a rational function of degree l in n variables.

2.2.4 Stability Background

The set of polynomials with real coefficients and common independent vari-
ables, say, x1, ..., xn, is often denoted as R[x1, ..., xn] to emphasize that these
polynomials form a ring. To eliminate reference to a particular set of inde-
pendent variables, we will denote the set of all polynomials in n variables
with real coefficients as Rn. Consider the system

ẋ(t) = F (x(t)) (2.5)

for x(t) ∈ Rn with F ∈ Rn
n as well as F (0) = 0.

Define the flow of the system (2.5) starting from a point x0 ∈ Rn and
evolving forward for t time units to be φt(x0). We provide the following
definitions from [Zac01].

Definition 2.2.2. (Stability) The system (2.5) is stable about x = 0 if for
every ε > 0 there exists δε > 0 such that if ||x0|| < δε, then ||φt(x0)|| < ε for
all t ≥ 0.
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Definition 2.2.3. (Asymptotic stability) The system (2.5) is asymptotically
stable about x = 0 if it is stable about x = 0 and, additionally, there exist
h > 0 such that if ||x0|| < h, then limt−→∞ ||φt(x0)|| = 0. Furthermore, if
∀x0 ∈ Rn, limt−→∞ ||φt(x0)|| = 0 then the system is globally asymptotically
stable.
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Chapter 3

Bernstein Expansion

In this chapter, we recall the expansion of polynomials into Bernstein poly-
nomials over intervals, boxes and simplices with some important basic fea-
tures and properties of this expansion. The Bernstein basis is optimal in
dealing with the problem of inaccuracy and numerical instability, which has
been proved by several authors, see, e.g, [Far02], [FR87]. Computing a valid
bounding function for a polynomial or a rational function is thus of great im-
portance in global optimization and stability. In [PBP13] constant bounding
functions are throughly used when interval computation techniques are ap-
plied to global optimization. These functions are constructed by using the
expansion of the given polynomials into Bernstein form, where the polyno-
mial and its Bernstein form are closely related. On the other hand, many
previous studies revealed that the bounding methods using Bernstein expan-
sion need much less subdivision steps than the naive methods (the interval
arithmetic methods). An explanation of the theory of Bernstein polynomials
is presented in [Zum08, Chapter 4].

3.1 The Tensorial Bernstein Form

This section recalls the most important features of the tensorial Bernstein
expansion over boxes. Every polynomial p with degree l ≤ k can be written
as a linear combination of kth order Bernstein polynomials. The coefficients
of such a linear combination have an important property, namely the largest
and the smallest coefficient bound the range of p on the interval [0, 1]. That
can be generalized to bound the range of p on an arbitrary interval X.
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3.1.1 Bernstein Basis

The ith Bernstein basis polynomial of degree l is given by

B
(l)
i (x) =

(
l

i

)
xi(1− x)l−i, i = 0, ..., l. (3.1)

For l = 4, the Bernstein basis polynomials are given explicitly in Table 3.1,
and a graph in Figure 3.1.

Table 3.1: The Bernstein basis polynomials B
(l)
i (x) for l up to 4.

Lemma 3.1.1. [Sta95, Lemma 3.4.7] For l ≤ k it holds that

(x−X)j = w(X)j
k∑
i=j

(
i
j

)(
k
j

)B(k,X)
i (x), (3.2)

and

(x−X)j = −w(X)j
k∑
i=j

(
k−i
j

)(
k
j

) B(k,X)
i (x), (3.3)

where

B
(k,X)
i (x) =

(
k

i

)
(x−X)i(X − x)k−i

w(X)k
.

3.1.2 Univariate Bernstein Form

We start with the fundamentals of a univariate Bernstein polynomial and its
form.

The following binomial expansion

1 = (x+ (1− x))k =
k∑
i=0

(
k

i

)
xi(1− x)k−i (3.4)
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Figure 3.1: Graphs of the Bernstein basis polynomials Bl
i(x) for l up to 4.

leads to Bernstein polynomials of degree k over a general interval X in the
real interval I(R),

X = [x, x]

with

x < x.

It is possible to firstly apply the affine transformation which maps X on
the unit interval I. However, in some cases it will be useful to consider the
direct computation. Here, the ith Bernstein polynomial of degree k ≥ l is
given by

B
(k)
i (x) =

(
k

i

)
(x− x)i(x− x)k−iw(X)−k, 0 ≤ i ≤ k. (3.5)

Lemma 3.1.2. A polynomial p of degree l is expressed as
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p(x) =
l∑

j=0

cjx
j (3.6)

where

cj = w(X)j
l∑

τ=j

(
τ

j

)
aτx

τ−j. (3.7)

Proof. Let x̂ ∈ [x, x] with x̂ = x+ x(x− x) and x ∈ [0, 1], then we have

p(x̂) =
l∑

j=0

aj
(
x+ x(x− x)

)j
=

l∑
j=0

aj

j∑
τ=0

(
j

τ

)
xτ (x− x)τxj−τ

=
l∑

j=0

(
(x− x)j

l∑
τ=j

(
τ

j

)
aτx

τ−j
)

︸ ︷︷ ︸
cj

xj

=
l∑

j=0

cjx
j. �

A univariate polynomial p can be represented for l ≤ k as

p(x) =
k∑
i=0

b
(k)
i (p) B

(k)
i (x), x ∈ X, (3.8)

where B
(k)
i (x) is given in (3.5) and the Bernstein coefficients b

(k)
i of p of

degree k over X are given by

b
(k)
i (p) =

i∑
j=0

(
i
j

)(
k
j

) cj, 0 ≤ i ≤ k. (3.9)

with the convention aj := 0 for l ≤ j, l 6= j.
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3.1.3 Recursive Definition and Degree Elevation

These two concepts play an important role in many results of our thesis.

Theorem 3.1.3. A Bernstein polynomial of degree k can be generated re-
cursively from lower-degree polynomials as

B
(k)
i (x) = xB

(k−1)
i−1 (x) + (1− x)B

(k−1)
i (x). (3.10)

Proof.

B
(k)
i (x) =

(
k

i

)
xi(1− x)k−i

=

[(
k − 1

i

)
+

(
k − 1

i− 1

)]
xi(1− x)k−i

=

(
k − 1

i

)
xi(1− x)k−i +

(
k − 1

i− 1

)
xi(1− x)k−i

= (1− x)

(
k − 1

i

)
xi(1− x)(k−1)−i + x

(
k − 1

i− 1

)
xi−1(1− x)(k−1)−(i−1)

= xB
(k−1)
i−1 (x) + (1− x)B

(k−1)
i (x). �

The partition of unity property is a very important when utilizing Bernstein
polynomials in geometric modeling and computer graphics. Hence, we have

k∑
i=0

B
(k)
i (x) =

k−1∑
i=0

B
(k−1)
i (x) =

k−2∑
i=0

B
(k−2)
i (x) = ... =

1∑
i=0

B
(1)
i (x) = (1−x)+x = 1.

Theorem 3.1.4. A Bernstein polynomial of degree k can be expressed as a
linear combination of two Bernstein polynomials of degree k + 1 as

B
(k)
i (x) =

k + 1− i
k + 1

B
(k+1)
i (x) +

i+ 1

k + 1
B

(k+1)
i+1 (x). (3.11)

Proof. Using Theorem 3.1.3 and rearranging the sums:

k∑
i=0

B
(k)
i (x) =

k−1∑
i=0

[
(1− x)B

(k−1)
i (x) + xB

(k−1)
i−1 (x)

]
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= (1− x)
[ k−1∑
i=0

B
(k−1)
i (x) +B

(k−1)
k (x)

]
+ x
[ k∑
i=1

B
(k−1)
i−1 (x) +B

(k−1)
−1 (x)

]
(since B

(k−1)
−1 (x) = B

(k−1)
k (x) = 0)

= (1− x)
k−1∑
i=0

B
(k−1)
i (x) + x

k∑
i=1

B
(k−1)
i−1 (x)

= (1− x)
k−1∑
i=0

B
(k−1)
i (x) + x

k−1∑
i=0

B
(k−1)
i (x)

=
k−1∑
i=0

B
(k−1)
i (x). �

By repeated application of (3.11), a Bernstein polynomial of degree k can
be expressed as a linear combination of Bernstein polynomials of degree k+r,
where r ∈ N:

B
(k)
i (x) =

i+r∑
j=i

(
k
i

)(
r
j−i

)(
k+r
j

) B
(k+r)
j (x). (3.12)

3.1.4 Derivatives

The derivative of Bernstein polynomial of degree k can be written as a linear
combination of Bernstein polynomial of degree k − 1 as

d

dx
B

(k)
i (x) = k(B

(k−1)
i−1 (x)−B(k−1)

i (x)), 0 ≤ i ≤ k.

3.1.5 Bernstein Form over a Box

We introduce the general tensorial Bernstein form over a box X.
Let p(x) be a (multivariate) polynomial of degree l̂ = (l1, ..., ln) over a

general n-dimensional box X in I(R)n,

X = [x1, x1]× · · · × [xn, xn]

with
xµ < xµ, µ = 1, . . . , n,
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and the width of X is denoted by w(X),

w(X) = x− x.

Comparisons on multiindices i = (i1, . . . , in)T are defined componentwise
Also the arithmetic operators on multiindices are defined componentwise
such that i � l̂ := (i1 � l1, ..., in � ln)T , for � = +,−,× and /. For x ∈ Rn

its monomials are xj := xj11 . . . x
jn
n . Define the compact notation

k̂∑
i=0

:=

k1∑
i1=0

· · ·
kn∑
in=0

and (
k̂

i

)
:=

n∏
µ=1

(
kµ
iµ

)
.

Remark 3.1.1. The vector 0 (sometimes 1 or 2) denotes the multiindex with
all components equal to 0 (to 1 or 2), which should not cause ambiguity.

An n-variate polynomial p (the power form),

p(x) =
l̂∑

j=0

cjx
j, (3.13)

can be represented for l̂ ≤ k̂ as

p(x) =
k̂∑
i=0

b
(k̂)
i (p) B

(k̂)
i (x), x ∈X, (3.14)

where the ith (multivariate) Bernstein polynomial of degree k̂ is given by

B
(k̂)
i (x) =

(
k̂

i

)
(x− x)i(x− x)k̂−iw(X)−k̂, 0 ≤ i ≤ k̂, (3.15)

and the Bernstein coefficients b
(k̂)
i of p of degree k̂ over X are given by

b
(k̂)
i (p) =

i∑
j=0

(
i
j

)(
k̂
j

) cj, 0 ≤ i ≤ k̂, (3.16)
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cj = w(X)j
l̂∑

τ=j

(
τ

j

)
aτx

τ−j. (3.17)

The ith Bernstein polynomial of degree k̂ is given as a product of univariate
Bernstein polynomials as follows:

B
(k̂)
i (x) =

n∏
µ=1

B
(kµ)
iµ

(xµ).

Consider the unit box I = [0, 1]n, hence an n−variate polynomial p,

p(x) =
l̂∑

j=0

ajx
j, (3.18)

can be represented as (3.14), where

B
(k̂)
i (x) =

(
k̂

i

)
xi(1− x)k̂−i, (3.19)

and b
(k̂)
i (p) are given by

b
(k̂)
i (p) =

i∑
j=0

(
i
j

)(
k̂
j

)aj, 0 ≤ i ≤ k̂. (3.20)

3.1.6 Conversion Between Power Basis and Tensorial
Bernstein Basis

We derive formulae for converting between the coefficients ai of a polynomial
in the power basis and the coefficients bi in the Bernstein basis.

Theorem 3.1.5. Let a multivariate polynomial p of degree l̂ be in the power
form. The polynomial Bernstein form of p of degree l̂ ≤ k̂ on I is given as

p(x) =
k̂∑
i=0

b
(k̂)
i (p) B

(k̂)
i (x), x ∈ I,

where

b
(k̂)
i (p) =

i∑
j=0

aj

(
i
j

)(
k̂
j

) , (3.21)
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and

B
(k̂)
i (x) =

k̂∑
i=0

(
k̂

i

)
xi(1− x)k̂−i.

Proof.

p(x) =
l̂∑

j=0

ajx
j(x+ (1− x))k̂−j

=
l̂∑

j=0

ajx
j

k̂−j∑
r̂=0

(
k̂ − j
r̂

)
xr̂(1− x)(k̂−j)−r̂

(j + r̂ =: i, r̂ ∈ Nn)

=
l̂∑

j=0

k̂∑
j=i

aj

(
k̂ − j
i− j

)
xi(1− x)k̂−i

=
l̂∑

j=0

k̂∑
j=i

aj

(
i
j

)(
k̂
j

)(k̂
i

)
xi(1− x)k̂−i

=
k̂∑
i=0

i∑
j=0

aj

(
i
j

)(
k̂
j

)(k̂
i

)
xi(1− x)k̂−i. �

Example 3.1.1. Let a polynomial

p(x1, x2) = 3x1x
3
2 + 4x2 − 6x2

1x
2
2 + 2x1 + 5, (3.22)

be of degree l̂ = (l1, l2) = (2, 3). Its Bernstein coefficients {bi1i2(p)} over
[0, 1]2 calculated according to (3.21) are given in Table 3.2.

Theorem 3.1.6. Let p be a polynomial in Bernstein form of degree l̂. Then
its power form is given as

p(x) =
l̂∑

i=0

aix
i

where

ai =
i∑

j=0

(−1)i−j
(
l̂

i

)(
i

j

)
b

(l̂)
j , 0 ≤ i ≤ l̂.
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{bi1i2(p)} i1 = 0 i1 = 1 i1 = 2
i2 = 0 5 6 7
i2 = 1 6.3 7.3 8.3
i2 = 2 7.6 8.6 7.6
i2 = 3 9 11.5 8

Table 3.2: Bernstein coefficients of the polynomial (3.22).

Proof.

p(x) =
l̂∑

j=0

b
(l̂)
j (p) B

(l̂)
j (x)

=
l̂∑

j=0

b
(l̂)
j

(
l̂

j

)
xj(1− x)l̂−j

=
l̂∑

j=0

b
(l̂)
j

(
l̂

j

)
xj

l̂−j∑
r=0

(
l̂ − j
r

)
(−1)rxr

=
l̂∑

j=0

b
(l̂)
j

(
l̂

j

) l̂∑
i=j

(
l̂ − j
i− j

)
(−1)i−jxi (by setting r + j = i)

=
l̂∑

j=0

l̂∑
i=j

b
(l̂)
j

(
l̂

i

)(
i

j

)
(−1)i−jxi

=
l̂∑

i=0

{ i∑
j=0

(−1)i−j
(
l̂

i

)(
i

j

)
b

(l̂)
j

}
xi. �

Example 3.1.2. (Conversion) The polynomial p(x) = 6x2−1 is described in
the Bernstein form (3.14) of degree 2, where the list of Bernstein coefficients
on the interval I = [0, 1] are given by b(2) = (−1,−1, 5). Expanding the
description in the Bernstein form reveals the description in the power form
as

p(x) =
2∑
i=0

b
(2)
i (p) B

(2)
i = −(1− x)2 − 2x(1− x) + 5x2 = 6x2 − 1.
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If instead p(x) = 6x− 1 is described in the Bernstein form of degree 3 on the
same interval, the list of coefficients b(3) = (−1,−1, 1, 5). Again, we have

p(x) =
3∑
i=0

b
(3)
i (p) B

(3)
i = −(1− x)2− 3x(1− x) + 3x2(1− x) + 5x3 = 6x2− 1.

This expansion reveals an inherent feature of the Bernstein form. The
actual degree of a polynomial is not directly evident by looking at the coef-
ficients. This is in contrast to the power form where the degree is directly
evident from the highest power of polynomials with non-zero coefficients.

3.1.7 Convex Hull

The convex hull is a generalization of the range enclosing property, which
states that the graph of p over X is contained within the convex hull of the
control points derived from the Bernstein coefficients, e.g., Figure 3.2 which
is taken from [Ler08].

The convex hull property follows by firstly applying an affine transformation
to the unit box.

Definition 3.1.1. (Control points) Given the Bernstein coefficients of degree
l of a (multivariate) polynomial p over the unit box I = [0, 1]n, the control

point associated with the ith Bernstein coefficient b
(l̂)
i is the point bi ∈ Rn+1

given by

bi :=

(
i1
l1
, ...,

in
ln
, bi

)
. (3.23)

Remark 3.1.2. (Convex hull property) The graph of a polynomial p over
I is contained within the convex hull of the control points derived from the
Bernstein coefficients, i.e.,{(

x

p(x)

)
: x ∈ I

}
⊆ conv

{
bi : 0 ≤ i ≤ l̂

}
. (3.24)

Figure 3.2 illustrates the convex hull property for a univariate polynomial
of degree 6 over the unit interval.
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Figure 3.2: The graph of a degree 6 univariate polynomial and the convex
hull (colored blue) of its control points (marked by points), which is taken
from [Ler08].

3.1.8 Vertex Values

It is readily apparent that the 2n Bernstein coefficients occurring at a vertex
of the array are identical to the values attained by p at the corresponding
vertices of X. This property is state in the univariate case over the unit
interval that:

b0 = a0 = p(0),

bl =
l∑

i=0

ai = p(1).

The general case is given as follows: If iµ ∈ {0, lµ} ∀µ = 1, ..., n, then
bi = p(ν) where

ν =

{
xµ if iµ = 0,
xµ if iµ = lµ,

∀µ = 1, ..., n.

The following lemma investigates the face values over boxes.

Lemma 3.1.7. [GS01, Lemma 2] Let p be a polynomial of degree l̂ over a
box X. Then the Bernstein coefficients of p over the m−dimensional faces
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of X, where 0 ≤ m ≤ n − 1, are the same as the coefficients located at the
corresponding m−dimensional faces of the array of Bernstein coefficients of
p over X.

3.1.9 Range Enclosure

The range of a polynomial p over X is contained within the interval spanned
by the minimum and maximum Bernstein coefficients (which is called the
Bernstein enclosure), given by Cargo and Shisha [CS66]

min
0≤i≤l

bi(p) ≤ p(x) ≤ max
0≤i≤l

bi(p), for all x ∈ X, (3.25)

wher the degree l can be elevated to be k, l ≤ k. These bounds are in
general tighter than those given by interval arithmetic and many centered
forms. The Bernstein form is monotone with respect to l, i.e.,

max b
(l)
i (p) ≥ max b

(l+1)
i (p), min b

(l)
i (p) ≤ min b

(l+1)
i (p).

This property will be widely studied throughout the thesis for polynomials
and rational functions over a box and a simplex.

A disadvantage of the direct use of the general Bernstein coefficients rep-
resentation is that the number of the Bernstein coefficients to be computed
explicitly grows exponentially with the number of variables n. Therefore, it
is advantageous to use a method [Smi09] by which the number of coefficients
which are needed for the enclosure only grows approximately linearly with
the number of the terms of the polynomial. When the number of terms of
the (multivariate) polynomial is much less than the number of Bernstein co-
efficients, it is often possible in practice to dramatically reduce the number of
coefficients which have to be computed, by reducing the number of Bernstein
coefficients which have to be computed. The minimum Bernstein coefficient
is referenced by a multi-index, which we label î, 0 ≤ î ≤ l̂. In order to reduce
the search space (Bernstein coefficients) we can employ a method by [Smi09].

Theorem 3.1.8. [Smi09, Theorem 5] Given p is a polynomial of degree l̂ and
a single-orthant box X. For some j ∈ {1, ..., n}, let pinc be the polynomial
comprising the sum of the terms of p which are increasing with respect to xj,
and let pdec be the polynomial comprising the sum of the terms of p which
are decreasing with respect to xj, with Bernstein coefficients binci and bdeci ,

respectively, 0 ≤ i ≤ l̂. If
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∀i = 0, ..., l̂, ij 6= lj : binci1,...,ij+1,...,il
− binci1,...,ij ,...,il > bdeci1,...,0,...,il − b

dec
i1,...,lj ,...,il

(3.26)

then îj = 0. If

∀i = 0, ..., l̂, ij 6= lj : bdeci1,...,ij ,...,il− b
dec
i1,...,ij+1,...,il

> binci1,...,lj ,...,il− b
inc
i1,...,0,...,il

(3.27)

then îj = lj.

Example 3.1.3. Consider the polynomial

p(x) = x1 + x5
1x

2
2 − 2x4

2x
7
3x

2
4 − x2x

8
4 + 2x3

2x
5
5 − 20x5

2x
7
6 + x2

6 (3.28)

over the box

X = [1, 3]6. (3.29)

The degree, l̂, is (5, 5, 7, 8, 5, 7) and the number of Bernstein coefficients
(
∏n

j=1(lj + 1)) is thus 124416 (6 × 6 × 8 × 9 × 6 × 8). We make the fol-
lowing observations:

- Uniqueness: x3 (resp. x5), appears only in term 3 (resp. term 5), which
is decreasing (resp. increasing) with respect to it. Therefore î3 = 7 (̂i5 = 0).

- Monotonicity : x1 (resp. x4) appears in terms 1 and 2 (resp. terms 3
and 4), both of which are increasing (resp. decreasing) with respect to it.
Therefore î1 = 0 (̂i4 = 8).

- Dominance: x6 appears in terms 6 and 7, one of which is decreasing and
one of which is increasing with respect to it. However, the condition (3.27)
is hold. Therefore î6 = 7.

Variable x2 appears in terms 2, 3, 4, 5 and 6. A determination of î2 seems to
be non-trivial. The dimensionality of the search space has thus been reduced
from 6 to 1.

Remark 3.1.3. For a polynomial p of degree l̂ ≤ 1, we have

b
(l̂)
i (p) = p(

i

l̂
), ∀iµ = 0, ..., lµ.
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3.1.10 General Range Enclosure

The enclosure bound of polynomials may be computed by the general rep-
resentation of Bernstein coefficients. The Bernstein coefficients over X are
given by

b
(l̂,X)
i (p) =

i∑
j=0

(
i
j

)(
l̂
j

)w(X)j
l̂∑

τ=j

(
τ

j

)
aτx

τ−j. (3.30)

Example 3.1.4. Consider the polynomial

p(x) = x3
1x

2
2 − 10x1x

3
2 + 5x2

1x
3
2 (3.31)

over the box
X = [1, 3]2. (3.32)

This polynomial does not satisfy any test of the method [Smi09]. Hence, in
order to compute the enclosure bound, we suggest using the general repre-
sentation of Bernstein coefficients.

Input the degree l̂ = (3, 3), the box [1, 3]2 and the initial coefficients of p.
Then

{bi(p)} =


−4 −12.6 −40 −126
−2 −8 −30 −108
10.6 26 60 126
42 108 270 648

 ,

from which bî(p) = −126.

3.1.11 Sharpness

The enclosure bound of the range of p over X provided by the minimum,
maximum, respectively, Bernstein coefficient is sharp, i.e., there is no under-
estimation, overestimation, respectively, if and only if these coefficient occur
at the vertices of X.

3.1.12 Inclusion Isotonicity

We recall that F : IRn −→ IR is inclusion isotone if

X1 ⊆X2 =⇒ F (X1) ⊆ F (X2), ∀X1,X2 ∈ IRn.
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A property which is essentially important in this thesis is the convex hull
property, see Subsection 3.1.7. If one shrinks the box X then the convex hull
of the control points on the smaller boxes is contained in the convex hull of
the control points over the original X.

Fischer in [Fis90] provided a representation to compute the Bernstein coef-
ficients on subintervals of I which gives linear combinations of the Bernstein
coefficients on I: Let I = [0, 1] be the unit interval. The Bernstein coeffi-

cients b
(l,I1)
i (p), b

(l,I2)
i (p) of p over I1 := [0, 1

2
] and I2 := [1

2
, 1], respectively,

can be computed by

b
(l,I1)
i (p) =

1

2i

i∑
j=0

(
i

j

)
b

(l,I)
j , (3.33)

b
(l,I2)
l−i (p) =

1

2i

i∑
j=0

(
i

j

)
b

(l,I)
l−j . (3.34)

The coefficients b
(l,I1)
i (p) and b

(l,I2)
l−i (p), i = 0, . . . , l, may also be obtained

by repeated computation of mean values [LR80]: b
(l,I1)
i (p) = bi0(p) and

b
(l,I2)
l−i (p) = bil−i(p) (i = 0, . . . , l), where brj(p) is given recursively for 0 ≤ r ≤ l

by

b
(r)
j (p) =

{
b

(l,I)
j r = 0;

1
2
(b

(r−1)
j + b

(r−1)
j+1 ) 0 < r ≤ l.

(3.35)

Theorem 3.1.9. [GJS03a, Theorem 1] The convex hull of the control points
associated with the Bernstein coefficients of a polynomial is inclusion isotone.

Figure 3.3, which is taken from [Smi09], illustrates this property, after
performing a bisection about the midpoint. From Theorem 3.1.9 it follows
that the tensorial Bernstein form is inclusion isotone.

3.1.13 Linearity

A polynomial in Bernstein form is expressed as a linear combination of Bern-
stein basis polynomials. Let p(x) = α1p1(x) + ...+ αnpn(x), where p1, ..., pn
are (multivariate) polynomials of degree l̂. Then

b
(k̂)
i (p) = α1b

(k̂)
i (p1) + ...+ αnb

(k̂)
i (pn), ∀ 0 ≤ i ≤ k̂,
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Figure 3.3: The graph of degree 6 polynomial with the convex hull (colored
blue) of its control points and its Bernstein enclosure, together with the
smaller convex hulls (shaded dark) and enclosures over sub-domains arising
from a bisection, which is taken from [Smi09].

where b
(k̂)
i (p1), ..., b

(k̂)
i (pn) are the ith coefficients of the degree l̂ ≤ k̂ Bernstein

expansions of p1, ..., pn, respectively.

Note that each Bernstein coefficient is equal to the sum of the corresponding
Bernstein coefficients of each term.

Example 3.1.5. Let p(x) := 4x2
1x

2
2 − 10x1x

2
2, l̂ := (2, 2), and the box X :=

[2, 5]×[1, 3]. The sum of the corresponding Bernstein coefficients of each term
gives the Bernstein coefficients of p :

bi(p) =

 16 48 144
40 120 360
100 300 900

+

 −20 −60 −180
−35 −105 −315
−50 −150 −450



=

 −4 −12 −36
5 15 45
50 150 450

 .
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3.2 The Simplicial Bernstein Form

We recall the most important notation and properties of the Bernstein ex-
pansion over a simplex, for further details see [Ler08], [Far02], [PBP13].

3.2.1 Notation for the Simplicial Case

Notation and definitions that have been used in [Ler09a] and [Ler12] will be
followed in the simplicial case.

Notation 3.2.1. Let v0, . . . , vn be n + 1 points of Rn (n ≥ 1), we have
the ordered list V = [v0, . . . , vn] is a simplex of vertices v0, . . . , vn, where
V = [v0, . . . , vn] denotes the non-degenerate simplex of Rn. Let λ0, . . . , λn
be the associated barycentric coordinates to V , i.e., the linear polynomials
of R[X] = R[X1, . . . , Xn] such that

∑n
i=0 λi(x) = 1 and ∀x ∈ Rn, x =

λ0(x)v0 + · · · + λn(x)vn. For every x = (x1, ..., xn) ∈ Rn and λ ∈ Rn+1 we
write |x| := x1 + ...+ xn, λα :=

∏n
i=0 λ

αi
i , and λ̂ := (λ1, ..., λn).

For α ∈ Nn+1 and a natural number l, we use the notation(
l

α

)
:=

(
l

α0, ..., αn

)
=

l!

α0!.α1!, ..., αn!
, if |α| = l.

For α̂, β̂ ∈ Nn with β̂ ≤ α̂, we use(
α̂

β̂

)
:=

n∏
i=1

(
αi
βi

)

and (
l

β̂

)
:=

(
l

β1, ..., βn

)
=

l!

β1!...βn!.(l − |β̂|)!
, if |β̂| ≤ l.

For β̂ ≤ α̂, we have (
α̂
β̂

)(
l
β̂

) ≤ (α̂+ei
β̂

)(
l
β̂

) , i ∈ {0, ..., n}. (3.36)
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3.2.2 Simplicial Bernstein Basis

Recall that any vector x ∈ Rn can be written as an affine combination of the
vertices v0, ..., vn with weights λ0, ..., λn called barycentric coordinates. Let
p be a (multivariate) polynomial of degree l,

p(x) =
∑
|β̂|≤l

aβ̂x
β̂. (3.37)

Since the simplicial Bernstein polynomials of degree l ≤ k form a basis
of the vector space Rk[X] of polynomials of degree at most k, see [Ler08,
Proposition 1.6], p can be uniquely expressed as

p(x) =
∑
|α|=k

bα(p, k, V )B(k)
α , (3.38)

where

B(k)
α =

(
k

α

)
λα, |α| = k, (3.39)

and bα(p, k, V ) are the Bernstein coefficients of the polynomial p of degree k
with respect to V given if V = ∆ by (4.48).

Remark 3.2.1. ([PBP13]) The simplicial Bernstein polynomials of degree k
satisfy:
• Form a basis for all n−variate polynomials of degree ≤ k.
• The Bernstein polynomials B

(k)
α are positive for λ > 0 (positivity).

• Summation of the Bernstein polynomial for |α| = k is equal one (partition
of unity).
• The recursion formula

B(k)
α (λ) = λ0B

(k−1)
α−ê0 + ...+ λnB

(k−1)
α−ên , (3.40)

where êi = (0, ..., 0︸ ︷︷ ︸
i

, 1, 0, ..., 0︸ ︷︷ ︸
n−i

), i = 0, ..., n.

• The grid points of degree k associated to V are the points

vα(k, V ) =
α0v0 + ...+ αnvn

k
∈ Rn (|α| = k). (3.41)

• The discrete graph of p of degree k with respect to V is formed by the points(
vα(k, V ), p(vα(k, V ))

)
|α|=k.
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3.2.3 Convex Hull

The graph of p over V is contained within the convex hull of the control
points derived from the Bernstein coefficients over V . We firstly need to
define the control points associated with the Bernstein coefficients.

Definition 3.2.1. (Control points) Given the Bernstein coefficients of degree
l ≤ k of a (multivariate) polynomial p over a simplex, the control point
associated with the αth Bernstein coefficient bα(p, k, V ) is the point bα ∈
Rn+1 given by

bα :=
(
vα(k, V ), bα(p, k, V )

)
∈ Rn+1. (3.42)

The set of control points of p forms its control net of degree k .

Remark 3.2.2. (Convex hull) The graph of a polynomial p over V is con-
tained within the convex hull of the control points derived from the simplicial
Bernstein coefficients, i.e.,{(

x

p(x)

)
: x ∈ V

}
⊆ conv

{
bα : |α| = k

}
. (3.43)

3.2.4 Barycentric Bernstein Basis

The expansion of (multivariate) polynomials into Bernstein form over an
n-dimensional simplicial domain based on polynomial representation in the
barycentric Bernstein basis. The αth Bernstein basis polynomial of degree k
is given as

(
k
α

)
λα, where ∑

|α|=k

(
k

α

)
λα = 1.

For a more complete treatment of the barycentric Bernstein polynomials, re-
fer to [Far86], [Far87] and [HLS93].

3.2.5 Vertex Values

The Bernstein coefficients occurring at a vertex of the array are identical to
the values attained by p at the corresponding vertices of V . For p ∈ Rl[X],
we have the interpolation property

bke0 = p(v0),
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bkei = p(vi), i ∈ {1, ..., n}.

Proposition 3.2.1. ([PBP13]) Keeping the same notations, we have:

(i) linear precision: if deg p ≤ 1, then:

∀|α| = k, bα(p, k, V ) = p(vα(k, V )). (3.44)

(ii) interpolation at the vertices: if (e0, ..., en) denotes the canonical
basis of Rn+1, then:

∀i ∈ {0, ..., n}, bkei(p, k, V ) = p(vi). (3.45)

3.2.6 Range Enclosure

The range of a given polynomial p over V is contained within the inter-
val spanned by the minimum and maximum simplicial Bernstein coefficients
(which is called the range enclosure property).

min
|α|=k

bα(p, k, V ) ≤ p(x) ≤ max
|α|=k

bα(p, k, V ), for all x ∈ V. (3.46)

The proof of (3.46) follows by observing that for all x ∈ V , p(x) is a linear
combination of bα(p, k, V ), from which

p(x) =
∑
|α|=k

bα(p, k, V )B(k)
α

≤ max
|α|=k

bα(p, k, V )
∑
|α|=k

B(k)
α

= max
|α|=k

bα(p, k, V ),

and

p(x) =
∑
|α|=k

bα(p, k, V )B(k)
α

≥ min
|α|=k

bα(p, k, V )
∑
|α|=k

B(k)
α

= min
|α|=k

bα(p, k, V ).

These bounds, in general, enclose polynomials over any given simplex.
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Remark 3.2.3. Without loss of generality, we assume throughout the thesis
that V is the standard simplex ∆. This is no restriction since any simplex
V in Rn can be mapped affinely upon ∆.
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Chapter 4

The Tensorial and Simplicial
Polynomial Bernstein Forms

In this chapter, we discuss the evaluation of the range of polynomials over
intervals, boxes and simplices. The expansion of a given (multivariate) poly-
nomial p into (tensorial and simplicial) Bernstein polynomials is a well-
established tool as documented in [Gar86], [Far00]. We extend the con-
vergence properties to the multivariate case and address a minimization of a
(multivariate) polynomial over boxes and simplices. We show further proper-
ties like sharpness, inclusion isotonicity and face values in the simplicial case.
On the other hand, bounding of the solution set of systems of polynomial
equations provides general certificates of positivity over a given domain. We
investigate certificates of positivity in the tensorial Bernstein basis which are
derived from the convergence properties. At the last, we consider the stabil-
ity of the designed feedback system in the tensorial and simplicial Bernstein
forms.

4.1 Overview

A fundamental problem in computer-aided design and manufacturing is the
efficient computation of all solutions of a system of nonlinear polynomial
equations within some finite domain. This rather difficult task can be very
unstable and prone to errors even in the univariate case. Lane and Riesen-
feld [LR80] first approached the computation of roots of univariate functions
by using robust subdivision techniques, employing Bernstein basis functions.
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Sherbrooke and Patrikalakis [SP93] have developed a method for solving such
systems in higher dimensions within an n-dimensional rectangular domain,
relying on the representation of polynomials in the tensor product Bernstein
basis. The problem of computing the range of values of a univariate polyno-
mial over an interval has also received a good deal of attention in the past, cf.
[Rok77], [CS66], [Gar86], etc. Peters [NPL99] provided the convergence prop-
erties of the sequence of control polygons to the simplicial Bernstein-Bezier
segment with respect to subdivision and degree elevation. Tight bounds on
the range of a univariate polynomial over an interval has been computed in
[CS66]. In [NPL99], [Dah86] and [PK94] the approach has given for a given
polynomial over an interval. Convergence of the bounds to the range with
respect to degree elevation of the Bernstein expansion, width of the interval
and subdivision has been extremely studied, e.g., [Rok77], [Riv70], [Fis90],
[Sta95]. A method for solving systems within an n-dimensional simplex,
which relies on the representation of polynomials in the barycentric Bern-
stein basis is given in [RMS+08]. A similar approach has been applied to
more general B-spline representations by Elber and Kim [EK01], who rely
only on subdivision but manage to eliminate redundant subdivisions at the
final stage by switching to Newton-Raphson iterations. Mourrain and Pavone
[MP09] improved upon the interval projected polyhedron algorithm by using
efficient univariate solvers and a preconditioning step to optimize the reduc-
tion steps. The inclusion isotonicity of the related enclosure function has
been shown in [GJS03a] and [HS95]. This property in the barycentric case
is addressed in this thesis. We apply the barycentric subdivision strategy,
which is essentially used in Lyapunov stability. In fact, we will move to con-
troller synthesis using Lyapunov techniques. The Lyapunov based approach
to controller synthesis has produced many notable results and design proce-
dures, and much of their history is given in [KA99]. Most of these results
center on designing a controller from a provided control Lyapunov function,
while in our approach we use estimation to compute both the controller and
the Lyapunov function. A related approach using convex optimization to
design a controller with a dual to the standard Lyapunov theorem is shown
in [RP00].
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4.2 The Univariate Case

We provide some related properties for univariate polynomials over an inter-
val. These properties are extended in the same chapter to the multivariate
case. Define the range of p over X as p(X) := [minx∈X p(x),maxx∈X p(x)].

4.2.1 Basic Properties

Firstly, we recall some properties of the univariate Bernstein expansion. Let
I = [0, 1] be the unit interval. A univariate polynomial p, p(x) =

∑l
j=0 ajx

j,

can be represented as p(x) =
∑k

i=0 b
(k)
i (p) B

(k)
i (x), x ∈ I, where B

(k)
i (x) is

the ith Bernstein polynomial of degree k ≥ l, cf. Chapter 3,

b
(k)
i (p) =

i∑
j=0

(
i
j

)(
k
j

)aj =
i∑

j=0

(
k−j
i−j

)(
k
i

) aj, 0 ≤ i ≤ k.

For an efficient computation of the Bernstein coefficients, see [Gar86].
We recall the univariate endpoint interpolation property

b
(k)
i (p) = p(

i

k
), for i, 0 ≤ i ≤ k, (4.1)

with i ∈ {0, k}, (4.2)

and the interval enclosing property (3.25).

The following theorem provides the sharpness property in the univariate
case.

Theorem 4.2.1. [Sta95, Theorem 3.4.5] Equality holds on the left or right
hand side of (3.25), if the minimum or maximum is attained at an index i
satisfying (4.2), i.e.,

max
x∈I

p(x) = max
0≤i≤k

b
(k)
i (p)⇔ max

0≤i≤k
b

(k)
i (p) = max{b(k)

0 (p), b
(k)
k (p)} (4.3)

min
x∈I

p(x) = min
0≤i≤k

b
(k)
i (p)⇔ min

0≤i≤k
b

(k)
i (p) = min{b(k)

0 (p), b
(k)
k (p)}. (4.4)

The condition above is called the vertex condition.
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Remark 4.2.1. The interval

B(k)(p,X) := [min b
(k)
i ,max b

(k)
i ]

encloses the range of p over X.

Finally, if the degree of the Bernstein expansion is elevated, the Bernstein
coefficients of order k + 1 can easily be computed as convex combinations of
the coefficients of order k, e.g., recursion [Fis90]. It follows that

B(k+1)(p,X) ⊆ B(k)(p,X). (4.5)

4.2.2 Linear Convergence with Respect to Degree El-
evation

In this section, we give the linear convergence of B(k)(p,X) to p(X) with
respect to degree elevation [Riv70].

Theorem 4.2.2. (Convergence w.r.t degree elevation, [Riv70]) For l ≤ k,
the following bound holds

q(p(X), B(k)(p,X)) ≤
∑l

j=0[max(0, (j − 1))]2|cj|
k

, (4.6)

where the coefficients cj are given by (3.7).

Proof. For x ∈ X, assume that δi := p( i
k
) − b

(k)
i (p), i = 0, ..., k, and

B(k)(p, x) :=
k∑
i=0

p( i
k
)
(
k
i

)
xi(1− x)k−i. Then

q(p(X), B(k)(p,X)) ≤ max
x∈X
|B(k)(p, x)− p(x)|

= max
x∈X

∣∣ k∑
i=0

δiB
(k)
i (x)

∣∣ ≤ max
0≤i≤k

|δi|.

Put δi(j) := ( i
k
)j − (ij)

(kj)
, hence δi =

∑i
j=0 cjδi(j). Since δi(0) = δi(1) = 0, we

assume j ≥ 2.

42



CHAPTER 4. THE TENSORIAL AND SIMPLICIAL POLYNOMIAL
BERNSTEIN FORMS

If 0 ≤ i < j. We have

δi(j) = (
i

k
)j ≤ (

j − 1

k
)j

≤ (
j − 1

k
)2 ≤ (j − 1)2

k
.

If 2 ≤ j ≤ i. Then

δi(j) =

(
(
i

k
)j − i!(k − j)!

(i− j)!k!

)
=

(
(
i

k
)j − i(i− 1)...(i− (j − 1))

k(k − 1)...(k − (j − 1))

)

= (
i

k
)j
(

1−
(1− 1

i
)...(1− j−1

i
)

(1− 1
k
)...(1− j−1

k
)

)

≤ (
i

k
)j
(

1− (1− 1

i
)...(1− j − 1

i
)

)

≤ (
i

k
)j
(

1−
(
1− j − 1

i

)i−1
)
.

Applying the mean value theorem, we obtain

1−
(
1− j − 1

i

)i−1 ≤ (j − 1)2

i
,

hence
(j − 1)2

k
(
i

k
)j−1 ≤ (j − 1)2

k
,

from which the statement follows.

4.2.3 Quadratic Convergence with Respect to the Width
of an Interval

By the linear convergence we can extract the square from the constant∑l
j=0[max(0, (j − 1))]2|cj| in (4.6). The observation can be generalized to

bound the range of p over arbitrary interval X. Stahl in [Sta95] has shown
the quadratic convergence of the bounds to the range with respect to the
width of X.
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Theorem 4.2.3. [Sta95, Corrollary 3.4.16] Let A ∈ IR be fixed. Then for
X ∈ IR, X ⊆ A, and l ≤ k it holds that

q(p(X), B(k)(p,X)) ≤ 1

k

l∑
j=2

(j − 1)2|a(A)
j |w(A)j−2w(X)2, (4.7)

where a
(A)
j = max{a(X)

j , X ∈ IA}.

4.2.4 Quadratic Convergence with Respect to Subdi-
vision

The convergence of the bounds to the range with respect to degree elevation
is only linear, so we will choose k = l in the sequel and reserve the upper
index of the Bernstein coefficients for the subdivision level. For subdivision
of interval, we consider the unit interval I. Repeated bisection of I(0,1) := I
at subdivision level 1 ≤ d in subintervals I(d,ν) of edge length 2−d, ν =
1, . . . , 2d. Denote the Bernstein coefficients of p over I(d,ν) by b

(d,ν)
i (p). For

their computation see [Fis90], [ZG98].
A (univariate) polynomial p,

p(x) =
l∑

j=0

cjx
j,

can be represented as

p(x) =
l∑

i=0

b
(d,ν)
i (p) B

(l,I(d,ν))
i (x), x ∈ I(d,ν), (4.8)

where the Bernstein coefficients b
(d,ν0)
i (p), for some ν0, ν0 ∈ {1, ..., 2d}, of

degree l over I(d,ν0) are given by

b
(d,ν0)
i (p) =

i∑
j=0

(
i
j

)(
l
j

) c(d,ν0)
j , 0 ≤ i ≤ l, (4.9)

and

c
(d,ν0)
j = w(I(d,ν0))j

l∑
τ=j

(
τ

j

)
aτx

τ−j
(d,ν0). (4.10)
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put
B(d)(p) := [ min

0≤i≤l,
1≤ν≤2d

b
(d,ν)
i (p), max

0≤i≤l,
1≤ν≤2d

b
(d,ν)
i (p)]. (4.11)

We provide the following convergence with respect to subdivision I.

Theorem 4.2.4. (Quadratic convergence w.r.t. subdivision, [Fis90]). For
each 1 ≤ d it holds

q(p(X), B(d)(p)) ≤ B(l − 1)2(2l − 1)

6l
(2−d)2, (4.12)

where

B := max
j=2,...,l

l∑
τ=j

(
τ

j

)
|aτ |. (4.13)

Proof. We give the proof of the lower bound, the proof of the upper bound
is analogous. Let

min
0≤i≤l,

1≤ν≤2d

b
(d,ν)
i (p) = min

0≤i≤l
b

(d,ν0)
i (p), ν0 ∈ {1, ..., 2d}.

Then

min
x∈I

p(x)− min
i=0,...,l

b
(d,ν0)
i (p) ≤ min

x∈I(d,ν0)
p(x)− min

i=0,...,l
b

(d,ν0)
i (p)

≤ l − 1

l2

l∑
j=2

(j − 1)2|c(d,ν0)
j | ≤ l − 1

l2

l∑
j=2

(j − 1)2(
1

2d
)j

l∑
τ=j

(
τ

j

)
|aτ |

≤ l − 1

l2
B

l∑
j=2

(j − 1)2(
1

2d
)j

≤ (l − 1)

l2
B(

1

2d
)2

l∑
j=2

(j − 1)2

=
(l − 1)2(2l − 1)

l

B

6
(

1

2d
)2. �
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4.3 The Tensorial Polynomial Bernstein Form

In this section, we recall some properties (sharpness, monotonicity and inclu-
sion isotonicity) of the enclosure bound of a multivariate polynomial over a
box. Subsequently, we extend the convergence properties to the multivariate
case with respect to degree elevation, width of a box and subdivision. At the
last, we provide certificates of positivity in the tensorial Bernstein basis. This
allows an algorithm that computes unknown polynomial control and poly-
nomial Lyapunov functions. The Bernstein form considered in this work is
called the tensorial polynomial Bernstein form. For simplicity we sometimes
use the term ’Bernstein form’. Let the range of p on X be p(X) =: [p, p].

We define the total degree of a Bernstein form of p on X as

k = max{kµ : µ = 1, ..., n}.

4.3.1 Properties

We recall some essential properties of the Bernstein expansion, which will be
used in the multivariate case over a box. Consider the unit box I = [0, 1]n.

An n-variate polynomial p, p(x) =
∑l̂

j=0 ajx
j, can be represented as (3.14),

where the ith Bernstein polynomial of degree l̂ ≤ k̂, is given in (3.19) and

the Bernstein coefficients b
(k̂)
i (p) are given by (3.20).

In particular, we have the multivariate endpoint interpolation property

b
(k̂)
i (p) = p(

i

k̂
), for all i, 0 ≤ i ≤ k̂, (4.14)

with iµ ∈ {0, kµ}. (4.15)

A fundamental property for the approach is the convex hull property, see
Subsection 3.1.7. This implies the general enclosing property

min
0≤i≤k̂

b
(k̂)
i (p) ≤ p(x) ≤ max

0≤i≤k̂
b

(k̂)
i (p), for all x ∈ I. (4.16)

Remark 4.3.1. A simple proof is given in [GJS03a], states that the convex
hull is inclusion isotone.

Recall the distance q between (the general enclosure bound) B(k)(p,X)
and p(X) is given as

q(p(X), B(p,X)) = max{| min
0≤i≤k̂

b
(k̂)
i (p)− p|, | max

0≤i≤k̂
b

(k̂)
i (p)− p|}.
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Remark 4.3.2. Let a (multivariate) Bernstein form of degree l̂ be over X.
Performing repeatedly form [FR88] the well known degree elevation process,
we see that Bernstein coefficients of degree l̂ ≤ k̂ are convex linear combina-
tions of Bernstein coefficients of degree l̂ and we conclude that

B(k̂)(p,X) ⊆ B(l̂)(p,X). (4.17)

4.3.2 Convergence Properties

The computation of the range of values of a multivariate polynomial p(x) over
a box is important for many applications, e.g., [FM12], [GS12]. In [LR81] an
algorithm for isolating the enclosure bound and real roots of a polynomial
is presented. Bounds for the range may be used to test if p changes its sign
over X [MMTG92].

Convergence of the bounds to the range with respect to degree elevation
of the Bernstein expansion of p is given in the following extension of [Gar86,
Theorem 3] to the multivariate case.

Theorem 4.3.1. For l ≤ k, the following bound holds for the overestimation
of the range p(X) of p over X by the Bernstein form

q(p(X), B(k̂)(p,X)) ≤ ζ

k
, (4.18)

where

ζ :=
l̂∑

j=0

n∑
µ=1

[max(0, jµ − 1)]2|cj|, (4.19)

and the coefficients cj are given by (3.17).

Proof. The proof follows by using arguments similar to that given in the
proof of Lemma 4.3.3 and Theorem 4.3.4.

Remark 4.3.3. Let x
(k̂)
i be a grid point given in the unit box I, 0 ≤ i ≤ k̂.

Then by [Gar86, page 42], we have

|p(x(k̂)
i )− b(k̂)

i | <
ζ

k
, ∀i, 0 ≤ iµ ≤ kµ. (4.20)
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Quadratic Convergence with Respect to the Width of a Box

In this subsection, we extend Theorem 4.2.3 to the multivariate case.
Since Lemma 3.1.1 is valid in the multivariate case. Then

a
(X)
j =

pj(X)

j!
,

a
(X)
j =

pj(X)

j!

be the j−th Taylor coefficient of p. Hence

p(x) =
l̂∑

j=0

a
(X)
j (x−X)j (4.21)

=
l̂∑

j=0

a
(X)
j (x−X)j.

Thus,

p(x) =
l̂∑

j=0

a
(X)
j (x−X)j =

l̂∑
j=0

a
(X)
j

l̂∑
i=j

(
i
j

)(
k̂
j

)w(X)jB
(k̂,X)
i , l̂ ≤ k̂,

=
k̂∑
i=0

i∑
j=0

a
(X)
j

(
i
j

)(
k̂
j

)w(X)jB
(k̂,X)
i ,

where

B
(k̂,X)
i (x) =

(
k̂

i

)
(x−X)i(X − x)k̂−i

w(X)k̂
.

Also

p(x) =
l̂∑

j=0

a
(X)
j (x−X)j =

l̂∑
j=0

a
(X)
j

k̂∑
i=j

(
k̂−i
j

)(
k̂
j

) (−w(X))jB
(k̂,X)
i

=
k̂∑
i=0

k̂−i∑
j=0

a
(X)
j

(
k̂−i
j

)(
k̂
j

) (−w(X))jB
(k̂,X)
i .
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The polynomial p (4.21) has Bernstein coefficients given by

b
(k̂,X)
i (p) =

i∑
j=0

a
(X)
j

(
i
j

)(
k̂
j

)w(X)j. (4.22)

The enclosing property is given as

min
0≤i≤k̂

b
(k̂,X)
i (p) ≤ p(x) ≤ max

0≤i≤k̂
b

(k̂,X)
i (p), for all x ∈X. (4.23)

First we show that the vertex condition remains in force. It is possible
to apply the affine transformation which maps X on the unit box I and to
apply (3.20) using the coefficients of the transformed polynomial.

Proposition 4.3.2. It holds that

max
0≤i≤k̂

b
(k̂)
i (p) = p

if and only if

max
0≤i≤k̂

b
(k̂)
i (p) = b

(k̂)

î
(p) with î satisfying îµ ∈ {0, kµ}.

A similar statement holds for the minimum.

Proof. By the interpolation property, b
(k̂)

î
(p) with îµ ∈ {0, kµ}, is a value

of p at a vertex of I. It follows that max0≤i≤k̂ b
(k̂)
i (p) is sharp if it is attained

at such a Bernstein coefficient.
Conversely, assume that

max
0≤i≤k̂

b
(k̂)
i (p) = p = p(x̂), for some x̂ ∈ I,

and
max
0≤i≤k̂

b
(k̂)
i (p) > b

(k̂)

î
with îµ ∈ {0, kµ}.

If 0 < x̂iµ < 1, µ = 1, ..., n, then 0 < Biµ(x̂µ) < 1 and

p(x̂) =
k̂∑
i=0

b
(k̂)
i (p) B

(k̂)
i (x̂)
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< max b
(k̂)
i (p)

k̂∑
i=0

B
(k̂)
i (x̂)

= max b
(k̂)
i (p),

a contradiction. The proof of the other cases is analogous. �

We will use the following lemma in the proof of the quadratic convergence.

Lemma 4.3.3. Let δi(j,X) := ( i
k̂
w(X))j − (ij)

(k̂j)
w(X)j, and j, i = 0, ..., k̂.

Then

0 ≤ δi(j,X) ≤ k − 1

k2

n∑
µ=1

[max(0, jµ − 1)]2w(X)j. (4.24)

Proof. Since some of our considerations follow Stahl,s proof for the univari-
ate case [Sta95] we only give an outline of the proof. Since ( iµ

kµ
w(Xµ))jµ −

(iµjµ)
(kµjµ)

w(Xµ)jµ = 0 for jµ ≤ 1, then we have δi(j,X) = 0, for 0 ≤ i ≤ k̂, and j

with jµ ≤ 1, µ = 1, ..., n.

Assume that jµ0 ≥ 2, for some µ0 ∈ {1, ..., n}.
If 0 ≤ iµ0 < jµ0 , we have

δi(j,X) = (
i

k̂
w(X))j −

(
i
j

)(
k̂
j

)w(X)j = (
i

k̂
w(X))j

= w(X)j
n∏
µ=1

(
iµ
kµ

)jµ ≤ w(X)j(
iµ0

kµ0

)jµ0 .

It follows

δi(j,X) ≤ (
jµ0 − 1

kµ0

)jµ0w(X)j ≤ (jµ0 − 1)2

kµ0

(
kµ0 − 1

kµ0

)w(X)j.

If iµ ≥ jµ ≥ 2, ∀µ = 1, ..., n, we get after some algebraic manipulations

δi(j,X) =

( n∏
µ=1

(
iµ
kµ

)jµ −
n∏
µ=1

(
iµ
jµ

)(
kµ
jµ

))w(X)j
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with

n∏
µ=1

(
iµ
kµ

)jµ −
n∏
µ=1

(
iµ
jµ

)(
kµ
jµ

) ≤ n∏
µ=1

(
iµ
kµ

)jµ
[
1−

n∏
µ=1

(
1− (jµ − 1)

iµ

)jµ−1]
.

Applying the mean value theorem to
(
1− (jµ−1)

iµ

)jµ−1
, we obtain

n∏
µ=1

(
iµ
kµ

)jµ
[
1−

n∏
µ=1

(
1− (jµ − 1)

iµ

)jµ−1] ≤ n∏
µ=1

(
iµ
kµ

)jµ
( n∑

µ=1

(jµ − 1)2

iµ

)

= (
i1
k1

)j1−1 (j1 − 1)2

k1

n∏
µ=2

(
iµ
kµ

)jµ + ...+ (
in
kn

)jn−1 (jn − 1)2

kn

n−1∏
µ=1

(
iµ
kµ

)jµ

≤ (
iµ0

k
)jµ0−1

n∑
µ=1

(jµ − 1)2, µ0 ∈ {1, ..., n}

≤ k − 1

k2

n∑
µ=1

(jµ − 1)2.

The bound is also true in the remaining cases. �

Theorem 4.3.4. Let A ∈ IRn be fixed. Then for all X ∈ IRn, X ⊆ A, and
l ≤ k it holds that

q(p(X), B(k̂)(p,X)) ≤ ζ ′||w(X)||2∞, (4.25)

where ζ ′ is a constant which can be given explicitly not depending on X.

Proof. For x ∈X, put B(k̂)(p,x) :=
∑k̂

i=0 p(
i

k̂
w(X) +X)B

(k̂,X)
i . Then

B(k̂)(p,x)− p(x) =
k̂∑
i=0

p(
i

k̂
w(X) +X)B

(k̂,X)
i −

k̂∑
i=0

b
(k̂,X)
i B

(k̂,X)
i

=
k̂∑
i=0

l̂∑
j=0

a
(X)
j (

i

k̂
w(X))jB

(k̂,X)
i −

k̂∑
i=0

b
(k̂,X)
i B

(k̂,X)
i
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=
k̂∑
i=0

l̂∑
j=0

a
(X)
j δi(j,X)B

(k̂,X)
i .

Let A ∈ IRn be fixed and X ⊆ A, with a
(A)
j = max{|a(X)

j |, X ∈ IA}.
Then it follows by Lemma 4.3.3,

(
i
j

)
= 0 if iµ0 < jµ0 , that

q(p(X), B(k̂)(p,X)) ≤ k − 1

k2

l∑
j=0

( n∑
µ=1

[max(0, jµ − 1)]2
)
|a(A)
j |w(X)j

≤ k − 1

k2

l∑
j=0

( n∑
µ=1

[max(0, jµ − 1)]2
)
|a(A)
j |||w(X)||j∞.

If
∑n

µ=1[max(0, jµ − 1)]2 6= 0, then there exist at least one µ0 with jµ0 ≥
0. Then ||w(X)||2∞ can be extracted. Estimate the remaining powers of
||w(X)||∞ by the respective powers of ||w(A)||∞. Then the resulting constant
is not depending on X. �

Remark 4.3.4. If 2 ≤ kµ the bound on the right hand side of (4.25) can be

improved slightly, see the proof of Theorem 4.3.4. Let x
(k̂)
i be the grid point

the µth component of which is given by

x
(kµ)
i,µ = xµ +

iµ
kµ

(xµ − xµ), µ = 1, . . . , n. (4.26)

Then by the proof of Theorem 4.3.4 the difference |p(x(k̂)
i )− b(k̂,X)

i | can be
bounded from above for all i, 0 ≤ iµ ≤ kµ, by ζ ′||w(X)||2∞.

Quadratic Convergence with Respect to Subdivision

Consider the unit box I and choose k̂ = l̂ in the sequel. The enclosure
is improved by subdividing the unit box I into subboxes and computing
enclosures for the range of p over these subboxes. Repeated bisection of
I(0,1) := I in all n coordinate directions results at subdivision level 1 ≤ d in
subboxes I(d,ν) of edge length 2−d, ν = 1, . . . , 2nd. An n-variate polynomial
p,
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p(x) =
l̂∑

j=0

cjx
j, (4.27)

can be represented as

p(x) =
l̂∑

i=0

b
(d,ν)
i (p) B

(l̂,I(d,ν))
i (x), x ∈ I(d,ν), (4.28)

where the Bernstein coefficients b
(d,ν)
i (p) of degree l̂ over I(d,ν) are given by

b
(d,ν)
i (p) =

i∑
j=0

(
i
j

)(
l̂
j

) c(d,ν)
j , 0 ≤ i ≤ l̂, (4.29)

and

c
(d,ν)
j = w(I(d,ν))j

l̂∑
τ=j

(
τ

j

)
aτx

τ−j
(d,ν). (4.30)

Assume that

B(nd)(p) := [ min
0≤i≤l̂,

1≤ν≤2nd

b
(d,ν)
i (p), max

0≤i≤l̂,
1≤ν≤2nd

b
(d,ν)
i (p)].

The following theorem extends Theorem 4.2.4 to the multivariate case.

Theorem 4.3.5. [MMTG92, Theorem 2] For each 1 ≤ d it holds

q(p(I), B(nd)(p)) ≤ ζ ′′(2−d)2, (4.31)

where ζ ′′ is a constant which can be given explicitly independent of d.

4.3.3 Certificates of Positivity in the Tensorial Bern-
stein Basis

The stability of the designed feedback system is translated to certificates
of positivity. We study the positivity of real multivariate polynomials over
boxes. Certificates of positivity for polynomials over intervals have been
considered, e.g., [PR00]. The simplicial case has been recently studied in
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[PR05], [BCR08], [Pow11], [Ler08]. Specifically, we aim at deciding whether p
is positive and obtaining certificates of positivity over a boxX, i.e., algebraic
identities certifying the positivity of a given polynomial over X. In order to
do so, we use the tensorial Bernstein polynomials, which are more suitable
than the usual monomial basis. The idea came since there are polynomials of
degree l̂ which are positive onX and some Bernstein coefficients are negative.
Consider for example the polynomial

p(x) = 7x2 − 3x+ 5.

It is immediate to check that p is positive on [−1, 1], but the list of coeffi-
cients (b(2)(p)) = (15,−2, 9) has a negative coefficient. However, the polyno-
mial p does have a global certificate of positivity in degree 3 on [−1, 1], since
(b(3)(p)) = (15, 3.6, 1.6, 9).

The Bernstein polynomials of p of degree k on [x, x]

B
(k)
i (x) =

(
k

i

)
(x− x)k−i(x− x)i

w(X)k
, i = 0, ..., k,

take positive values over (x, x). Note that B
(k)
0 (x) is positive at x and B

(k)
k (x)

is positive at x. The Bernstein coefficient b
(k)
0 is the value of p at x and

b
(k)
k is the value at x. Without loss of generality, we can assume that p

is studied over the unit box I. Denote by (b(k̂)(p)) the ordered list of the
Bernstein coefficients of a (multivariate) polynomial p of degree k̂, we define

Cert(b(k̂)(p)) by:

Cert(b(k̂)(p)) :

{
b

(k̂)
i (p) ≥ 0 for all 0 ≤ i ≤ k̂

b
(k̂)
i (p) > 0 for all i, iµ ∈ {0, kµ}, µ = 1, ..., n.

Cert(b(k̂)(p)) implies that p is positive over I, and the expression of p in
the Bernstein basis of degree l̂ over I provides a certificate of positivity for
p over I.

Certificates By Sharpness

The sharpness property satisfies the certificate of positivity for polynomials
over a box.
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Lemma 4.3.6. Let a polynomial p be positive on I. If min0≤i≤k̂ bi(p) =

b
(k̂)

î
(p) with îµ ∈ {0, kµ}. Then p satisfies the certificate of positivity.

Proof. The proof follows since the equality holds in the left hand side of
(4.16) if

min
0≤i≤k̂

bi(p) = bî(p) for î, îµ ∈ {0, kµ}.

By the interpolation property p satisfies Cert(b(k̂)(p)). �

Certificates by Degree Elevation

let p be a polynomial of degree l̂ with a total degree of its expansion, k. By
raising k enough, the minimum Bernstein coefficient of p converges to the
minimum of the range of p, and then satisfies the certificate of positivity
Cert(b(k̂)(p)). In the following theorem the total degree is estimated and p
satisfied the global certificate of positivity.

Theorem 4.3.7. Let p be a polynomial of (total) degree l ≤ k, positive on
the unit box I. Assume that

k >
ζ

p
,

where ζ is the constant (4.19) and k is the total degree of the Bernstein

expansion of p. Then p satisfies the certificate of positivity Cert(b(k̂)(p)).

Proof. Let l ≤ k so that

|p− min
0≤i≤k̂

b
(k̂)
i (p)| ≤ p.

Then all the Bernstein coefficients (b(k̂)(p)) are nonnegative. By Theorem
4.3.1,

|p− min
0≤i≤k̂

b
(k̂)
i (p)| ≤ ζ,

and the interpolation property shows that p satisfies Cert(b(k̂)(p)). �

A lower bound [JP10] on the minimum of a positive polynomial is also
addressed in the following proposition.

Proposition 4.3.8. [JP10, Proposition 8] For every p ∈ Z[X1, ..., xn] with
total degree l and coefficients of bitsize at most τ , whose minimum p over I
is positive, we have

p ≥ 2−(τ+1)ln+1

l−(n+1)ln+1

.
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Certificates by the Width of a Box

We aim at deciding if p is positive on X and obtaining the certificate of

positivity. The interpolation property shows that b
(k̂,X)
i > 0 for all i, iµ ∈

{0, kµ}.
The following theorem is an immediate consequence of Theorem 4.3.4.

Theorem 4.3.9. Let p be a polynomial of degree l̂, positive on X. Let p be
the minimum of the range of p on X. Assume that

||w(X)||2∞ <
p

ζ ′
.

Then p satisfies the certificate of positivity.

Certificates by Subdivision

We will not increase the degree in this section, so we will choose k̂ = l̂. This
will lead to the local certificates of positivity. As before we consider the unit
box I(0,1) = I with subboxes I(d,ν), 1 ≤ d, of edge length 2−d, ν = 1, . . . , 2nd.
Recall that the Bernstein coefficients of p over I(d,ν) are given by b

(d,ν)
i (p).

Definition 4.3.1. If p satisfies the certificates of positivity Cert(b(d,ν)(p))
for all ν = 1, ..., 2nd, we say that p satisfies the local certificate of positivity
associated to the subdivision level of I(d,ν).

Theorem 4.3.5 implies that∣∣min
x∈I

p(x)− min
0≤i≤l̂,

1≤ν≤2nd

b
(d,ν)
i (p)

∣∣ ≤ ζ ′′(2−d)2,

which yields the following theorem.

Theorem 4.3.10. Let p be a polynomial of degree l̂, positive on I. Assume
that

2d >

√
ζ ′′
√
p
,

where p is the minimum of the range of p over I. Then p satisfies the local

certificate of positivity associated to the subdivision level of I(d,ν).

An algorithm for deciding if a polynomial p is positive and if so, providing
a certificate of positivity is given in [Ler09a]. In general, if a positive poly-
nomial p satisfies the certificate of positivity on a sub-box, then this sub-box
will not be subdivided.
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Polynomial Minimization over a Box

We continue with choosing k̂ = l̂. By repeatedly subdividing X, the min-
imum of p over X can then be approximated within any desired accuracy.
In this subsection, we will bound the number of subdivision steps of a box.
Again, we consider the unit box I(0,1) with subdivision level 1 ≤ d in subboxes
I(d,ν) of edge length 2−d, ν = 1, . . . , 2nd.

Remark 4.3.5. (cut-off-test) Let I ′ be a subbox of I, and p∗ an upper

bound on the minimum of the range of p over I. If min b
(l̂,I′)
i (p) > p∗, then

the minimum of p can not occur in I ′. Hence, I ′ can be deleted from the list
of subboxes to be subdivided.

In the process of minimizing a polynomial, we extend Remark 3.3 in [Ler12]
to the tensorial case:

Remark 4.3.6. Let the minimum Bernstein coefficient of p of degree l̂ on
I(d,ν), ν = 1, ..., 2nd, be attained at i0 and ν0, 1 ≤ ν0 ≤ 2nd, with the

corresponding grid point x
(l̂,I(d,ν0))
i0

in I(d,ν0). The value mx is defined for

0 ≤ i ≤ l̂ as

mx = min{p(x(l̂,I(d,ν0))
i0

), b
(I(d,ν0))
i (p) with i, iµ ∈ {0, lµ}, ∀µ = 1, ..., n}.

Then by (4.14), (4.15) and (4.16), one can deduce that

min
0≤i≤l̂,

1≤ν≤2nd

b
(d,ν)
i (p) ≤ min

x∈I
p(x) ≤ mx. (4.32)

Theorem 4.3.11. Let ε > 0 be a real number satisfying

1

(2−d)2
>
ζ ′′

ε
.

Then
mx − min

0≤i≤l̂,
1≤ν≤2nd

b
(d,ν)
i (p) < ε. (4.33)

Proof. Let x
(l̂,I(d,ν0))
i0

be a grid point in I(d,ν0). Then

mx − min
0≤i≤l̂,

1≤ν≤2nd

b
(d,ν)
i (p) ≤ |p(x(l̂,I(d,ν0))

i0
)− min

0≤i≤l̂,
1≤ν≤2nd

b
(d,ν)
i (p)|
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= |p(x(l̂,I(d,ν0))
i0

)− b(d,ν0)
i0

(p)|

≤ (2−d)2ζ ′′,

where the last inequality follows by the proof of Theorem 4.3.5. �

Corollary 1. Under the assumptions of Theorem 4.3.11, a given polynomial
p on I satisfies the local certificate of positivity if p ≥ ε.

4.3.4 Synthesis of Polynomials Controllers in the Ten-
sorial Bernstein Basis

It is a long-standing challenge to design control systems that stabilize non-
linear dynamical systems. Some methods have been developed for han-
dling classes of nonlinear systems [Isi13], [ADL+95]; however, the current
algorithms for designing controllers suffer from complexity issues. Immense
progress has been seen for the class of polynomial systems, but only low to
medium sized polynomial systems can be handled [RTAL13]. In this work,
we go beyond the traditional concept of control design. We consider systems
which dynamics are captured by polynomials. Specifically, we aim at esti-
mation of the control functions and using certificates of positivity to derive
algorithms for designing control systems. To reach this goal, we lack certain
knowledge in algebraic geometry, being developed in the pure-mathematics
community, methods for certificates of positivity. Wind energy, water sup-
ply networks, and refrigeration systems call for efficient methods in control
design, all three being examples of non-linear control systems. Specifically,
we develop methods for solving fundamental control problems for non-linear
systems. The aim of this work is to facilitate the transition from manual con-
troller design to algorithm (software) based design. In switched systems, dif-
ferent kinds of stability are characterized by Lyapunov function, e.g., [LW12].
Here we address the problem of computing a polynomial Lyapunov function
and provide theory for solving fundamental control problems for non-linear
systems.

Lyapunov Stability

Various types of stability may be discussed for the solutions of differential
equations or difference equations describing dynamical systems. The most
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important type is that concerning the stability of solutions near to a point of
equilibrium. This may be discussed by the theory of Lyapunov. In this sub-
section, we estimate the control functions for computing a Lyapunov function.
Our method derives polynomial Lyapunov functions but also benefits from a
subdivision of the state space to increase accuracy. We construct algorithms
to design stabilizing polynomial controllers for polynomial systems.

The affine control system (vector field) is given by ẋ1
...
ẋn

 =

 F1(x)
...

Fn(x)

 =

 p1(x)
...

pn(x)

+

 g11(x) . . . g1m(x)
...

...
gn1(x) . . . gnm(x)

 .

 u1(x)
...

um(x)


=: F (x) = p(x) + g(x)u(x), (4.34)

where u is the unknown control function, and p, g are given. We study
the stability of an equilibrium point x0. To this end, we give the following
definition, see [RWS16, Proposition 1].

Definition 4.3.2. Let x0 be an equilibrium point for (4.34) and let D ⊆ Rn

be a domain containing x0 as an interior point. Let Y : D −→ R be a
continuously differentiable function such that Y (x0) = 0,

Y (x) > 0, ∀x ∈D\{x0},

LF (x) :=
∂Y

∂x1

(x)F1(x) + ...+
∂Y

∂xn
(x)Fn(x) < 0, ∀x ∈D\{x0},

where L denotes the Lie derivative. Then Y is called a Lyapunov function
for F and x0 is asymptotically stable.

We will let the domainD is a collection of boxes around the equilibrium and
study the stability (without loss the generality) on the unit box I. We assume
that all functions are polynomials, and the affine control (polynomial) system
F is given over I. We ask the question if we can find u = (u1, ..., um) and (a
positive) Y within real interval bounds so that LF is negative. Otherwise,
there is no feasible solution within these bounds.

Remark 4.3.7. By application of the first subdivision step of I at x0, we
will have I = ∪2n

ν=1I
(1,ν) such that, for all j ∈ {1, ...,m},

min
0≤i≤k

b
(k̂)
i (uj) ≤ min

0≤i≤l,
1≤ν≤2nd

b
(1,ν)
i (uj) ≤ uj(x) ≤ max

0≤i≤l,
1≤ν≤2nd

b
(1,ν)
i (uj)
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≤ max
0≤i≤k

b
(k̂)
i (uj), ∀x ∈ I. (4.35)

From Remark 4.3.7 we have for any polynomial function p:

zp := min
0≤i≤k̂

b
(k̂)
i (p) ≤ p(x) ≤ max

0≤i≤k̂
b

(k̂)
i (p) =: zp. (4.36)

Choose zuj , zuj ∈ R such that Remark 4.3.7 estimates uj. It follows for all
j ∈ {1, ...,m}

zuj ≤ uj(x) ≤ zuj , ∀x ∈ I.
Apply (4.36) to p(x) and g(x), then the affine control system F (x) can be
estimated within the computed bounds

zFi ≤ Fi(x) ≤ zFi , ∀i ∈ {1, ..., n}.

Pick zFi ∈ {zFi , zFi} such that zFi ≥ 0. Otherwise, we multiply zFi by
−1 to guarantee that it is nonnegative. Choose Y ′i (x) := ∂Y

∂xi
(x) = zFixi,

∀i ∈ {1, ..., n}, and represent the polynomial LF (x),

LF (x) = Y ′1(x)p1(x)+Y ′1(x)(
m∑
j=1

g1j(x)uj(x))+...+Y ′n(x)pn(x)+Y ′n(x)(
m∑
j=1

gnj(x)uj(x)).

Put

Ji(x) := Y ′i (x)pi(x) and Qi(x) := Y ′i (x)
m∑
j=1

gij(x)uj(x), ∀i ∈ {1, ..., n}.

By noting Remark 4.3.7 and formula (4.36), we may estimate

LF (x) ≤
n∑
i=1

(zJi + zQi) =: B.

If B < 0, then compute∫
zFixidxi = zFi

x2
i

2
+ ri.

For
∑n

i=1 ri = 0,

Y (x) =
n∑
i=1

zFi
x2
i

2
. (4.37)
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Otherwise (B ≥ 0), we shrink [zuj , zuj ] at its left or/and right endpoint.
Without loss of generality we consider only the first case:

[δuj , zuj ] (4.38)

δuj = zuj + (zuj − zuj)ε, 0 < ε < 1. (4.39)

From our method, we can now compute a Lyapunov function, and estimate
control functions within a finite number of interval bounds, where shrinking
of these intervals is trivial.

Remark 4.3.8. By Theorem 4.3.7, for any polynomial p of degree l̂, there

exist k̂ ≥ l̂ such that b
(k̂)
i (p) are positive for 0 ≤ i ≤ k̂ if and only if p of

degree l̂ is positive.

Controller Synthesis

In this subsection, we provide an algorithm that computes a control function
u and a Lyapunov function Y . This ensures asymptotic stability of the
designed feedback system. Within the work, the grid points and Bernstein
coefficients provide the control points associated to polynomial functions.
The control points are important objects because of the convex hull property.
Suppose the positive Lyapunov function is a polynomial expressed in the
power form of degree l̂, where Y (x0) = 0. Without loss of generality, we
compute the control and Lyapunov functions over one box I and assume
that x0 = 0 is the origin. The procedure can be generalized to a collection of
boxes around the equilibrium by taking the union of bounds over boxes. Let
u : Rn −→ Rm with the given p : Rn −→ Rn and g : Rn −→ Rn×m. Given
Y (x) is a non negative polynomial function with Bernstein coefficients belong

to [0, zY ], zY ∈ R+ such that b
(k̂)

î
(Y ) = 0 if îµ = 0 for all µ = 1, ..., n. The

Bernstein form of Y of degree l̂ ≤ k̂ is given as

Y =
k̂∑
i=0

b
(k̂)
i (Y )Bk̂

i . (4.40)

Let b
(k̂)
i (uj) ∈ [zuj , zuj ], zuj , zuj ∈ R, and rearrange LF (x) < 0:

u1(x)
n∑
i=1

Y ′i (x)gi1(x) + ...+ um(x)
n∑
i=1

Y ′i (x)gim(x) < −
n∑
i=1

Y ′i (x)pi(x).
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As before, we can apply (4.40) to p and g, and estimate

u1(x)
n∑
i=1

Y ′i (x)gi1(x) + ...+ um(x)
n∑
i=1

Y ′i (x)gim(x) <
n∑
i=1

z−Ji . (4.41)

Suppose that zu = min{zu1 , ..., zum} and zu = max{zu1 , ..., zum}. Hence,
we have

zu ≤ uj(x) ≤ zu, ∀j ∈ {1, ...,m}. (4.42)

Put

Hj(x) := uj(x)
n∑
i=1

Y ′i (x)gij(x), j ∈ {1, ...,m}. (4.43)

In order to verify that LF is negative, we follow the following algorithm.

Algorithm 4.3.4.
Input: zY ∈ R+, and zu, zu ∈ R (zu < zu).

Initialize: b
(k)
i (Y ) ∈ [0, zY ] and b

(k)
i (uj) ∈ [zu, zu], ∀j.

Compute: The strict inequality (4.41) such that

zH1 + ...+ zHm <
n∑
i=1

z−Ji . (4.44)

Otherwise: ((4.44) is not obtained) we shrink at least one bound of [zu, zu]
and [0, zY ] by (4.39).

Finally, from Algorithm 4.3.4 and formula (4.42) we can compute Y (x)
and uj(x).

Remark 4.3.9. The advantage of using Algorithm 4.3.4 is to shrink just two
interval bounds in the space of parameters representing admissible control
and Lyapunov functions over boxes. This improved the control synthesis
problem.

Subdivision of Bounds

From (4.38), shrinking [zu, zu] leads, automatically, to shrinking the bounds
[zuj , zuj ], j = 1, ...,m, which gives uj(x). This subdivision strategy is a
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particular way, since the specific direction of subdivision is still unclear. Here
we provide a valid procedure for shrinking of these bounds: Assume that
(4.44) is not obtained, i.e., zH1 + ... + zHm ≥

∑n
i=1 z

−Ji . From (4.41) and
(4.43), pick the set of Hs(x) such that

s∑
r=1

Hr(x) <
n∑
i=1

z−Ji . (4.45)

The procedure can be explained by terms as follows: Choose first a large
bound for Y from the state space to guarantee that (4.44) is satisfied with
the chosen interval bounds. Every time we will add Hj0(x), for some j0 ∈
{1, ...,m}, j0 6= r, to (4.45). This makes the left hand side of (4.45) to be
greater than or equal the right hand side. It follows that one can shrink just
one interval bound of {us, uj0} to obtain (4.45). For simplicity, we consider
the subdivision bound of the added uj0 . Finally, we obtain (4.44).

4.4 The Simplicial Polynomial Bernstein Form

Bernstein polynomials over a simplex V are considered, the so-called sim-
plicial Bernstein expansion. For simplicity we also sometimes use the term
’Bernstein expansion’. We show the monotonicity of the enclosure bound
and the sharpness property of a multivariate polynomial over a simplex. A
generalization of known results on a univariate polynomial [NPL99], [Rei00],
has been given by Leroy [Ler09a]. These results state as an explicit bound
on the gap between the control net and the discrete graph of the considered
polynomial. We provide the convergence properties of the enclosure bound
to the range with respect to degree elevation and with respect to the max-
imum of the diameters of the subsimplices. Furthermore, we consider the
barycentric subdivision of a simplex at a point. It follows that the barycen-
tric Bernstein form in this case is inclusion isotone and the certificates of
positivity are local. At the last, the stability of the designed feedback system
in the simplicial case is addressed.

4.4.1 Properties of the Simplicial Form

We recall that the points v0, . . . , vn are affinely independent in which case
the simplex V is non-degenerate. We then follow the notation that are given
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in Subsection 3.2.1. Let p be a polynomial of degree l, p(x) =
∑
|β̂|≤l aβ̂x

β̂.
Put the range of p on ∆ as

p(∆) := [p∆, p∆] := [min
x∈∆

p(x),max
x∈∆

p(x)].

The case of the standard simplex ∆ is considered in the thesis without loss
of generality, since any nonempty simplex can be mapped affinely thereupon.
Let V = (v0, ..., vn) and vj = (xj1, ..., x

j
n) for all j ∈ {0, ..., n}. Hence x =

(x1, ..., xn) = λ1(v1− v0) + ...+λn(vn− v0) + v0, and x1 = (λ1(x1
1−x0

1) + ...+
λn(xn1 − x0

1) + x0
1), ..., xn = (λ1(x1

n − x0
n) + ...+ λn(xnn − x0

n) + x0
n).

The transformation between the barycentric coordinates and Cartesian co-
ordinates is given as x1

...
xn

 =

 x1
1 − x0

1 . . . xn1 − x0
1

...
...

x1
n − x0

n . . . xnn − x0
n

 .

 λ1
...
λn

+

 x0
1
...
x0
n

 ,

from which we have

 λ1
...
λn

 =

 x1
1 − x0

1 . . . xn1 − x0
1

...
...

x1
n − x0

n . . . xnn − x0
n


−1

.

( x1
...
xn

−
 x0

1
...
x0
n

).
In the following proposition, we derive a formula for converting the coeffi-

cients of a polynomial in the power basis to the coefficients in the simplicial
Bernstein basis over ∆.

Proposition 4.4.1. The simplicial Bernstein form of p of degree l ≤ k on
∆ is given as

p(x) =
∑
|α|=k

bα(p, k,∆)B(k)
α (4.46)

where

B(k)
α =

(
k

α

)
λα (4.47)

and

bα(p, k,∆) =
∑
β̂≤α̂

(
α̂
β̂

)(
k
β̂

)aβ̂, |α| = k. (4.48)
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Proof. Let p be a polynomial of degree l,

p(x) =
∑
|β̂|≤l

aβ̂x
β̂

=
∑
|β̂|≤l

aβ̂x
β̂(|x|+ 1− |x|)k−|β̂|

=
∑
|β̂|≤l

aβ̂x
β̂
∑

|γ̂|≤k−|β̂|

(
k − |β̂|
γ̂

)
xγ̂(1− |x|)k−|β̂|−|γ̂|

=
∑
|β̂|≤l

∑
|γ̂|≤k−|β̂|

aβ̂

(
k − |β̂|
γ̂

)
xγ̂+β̂(1− |x|)k−|β̂|−|γ̂|

(γ̂ + β̂ =: α̂)

=
∑
|β̂|≤l

∑
|α̂|≤k

aβ̂

(
k − |β̂|
α̂− β̂

)
xα̂(1− |x|)k−|α̂|

=
∑
|β̂|≤l

∑
|α̂|+α0=k

aβ̂

(
α̂
β̂

)(
k

α̂,α0

)(
k
β̂

) xα̂(1− |x|)α0

=
∑

|α̂|+α0=k

∑
β̂≤α̂

aβ̂

(
α̂
β̂

)(
k
β̂

)( k

α̂, α0

)
xα̂(1− |x|)α0

=
∑
|α|=k

∑
β̂≤α̂

aβ̂

(
α̂
β̂

)(
k
β̂

)(k
α

)
λα. �

The range enclosing property is extended to the simplicial multivariate case
by (3.46).

Example 4.4.1. Let

p(x1, x2) = 4x1 + 3x1x2 − 2x2
2 + 3 (4.49)

be a polynomial of degree l = 2. Its simplicial Bernstein form is p(x1, x2) =∑
|α|=l bα(p, l,∆)B

(l)
α (x1, x2), and the Bernstein coefficients {bα(p, l,∆)} with

respect to ∆ calculated according to (4.48) are given in Table 4.1.
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{bα1,α2(p)} α1 = 0 α1 = 1 α1 = 2
α2 = 0 3 5 7
α2 = 1 3 13/2
α2 = 2 1

Table 4.1: Simplicial Bernstein coefficients of the polynomial p (4.49).

Remark 4.4.1. The interval

B(p, l,∆) := [min bα(p, l,∆),max bα(p, l,∆)]

encloses the range of p over ∆.

Remark 4.4.2. Let p(x) be a bivariate polynomial of degree l. The Bern-
stein coefficients bα(p, k,∆) are give by

bα̂(p, k,∆) =


b00 b01 b02 b03

b10 b11 b12

b20 b21

b30


and

b(α̂,α0)(p, k,∆) =


b003 b012 b021 b030

b102 b111 b120

b201 b210

b300

 .

It is easy to see that the Bernstein coefficients are linear with respect to
p. In the following proposition we present the linear combination property
[Ler08, Proposition 1.12].

Proposition 4.4.2. The Bernstein coefficients of degree k are given as linear
combinations of Bernstein coefficients of degree l.

Proof. Given the simplicial Bernstein form of p of degree l is on ∆,

p(x) =
∑

|α̂|+α0=l

b(α̂,α0)(p, l,∆)B
(l)
(α̂,α0).

We can conclude from the Bernstein polynomial of degree l that

B
(l)
(α̂,α0) =

(
l

α̂, α0

)
xα̂(1− |x|)α0
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=

(
l

α̂, α0

)
xα̂(1− |x|)α0(|x|+ 1− |x|)k−l, l ≤ k,

=

(
l

α̂, α0

)
xα̂(1− |x|)α0

∑
|γ̂|+γ0=k−l

(
k − l
γ̂, γ0

)
xγ̂(1− |x|)γ0

=
∑

|γ̂|+γ0=k−l

(
l

α̂, α0

)(
k − l
γ̂, γ0

)
xα̂+γ̂(1− |x|)α0+γ0

(α̂ + γ̂ =: τ̂ , α0 + γ0 =: τ0)

=
∑

|τ̂ |+τ0=k

(
l

α̂, α0

)(
k − l

τ̂ − α̂, τ0 − α0

)
xτ̂ (1− |x|)τ0

=
∑

|τ̂ |+τ0=k

(
l

α̂,α0

)(
k−l

τ̂−α̂,τ0−α0

)(
k
τ̂ ,τ0

)(
k
τ̂ ,τ0

) xτ̂ (1− |x|)τ0

=
∑

|τ̂ |+τ0=k

(
l

α̂,α0

)(
k−l

τ̂−α̂,τ0−α0

)(
k
τ̂ ,τ0

) Bk
(τ̂ ,τ0),

from which we have

b(τ̂ ,τ0)(p, k,∆) =
∑

|α̂|+α0=l

(
l

α̂,α0

)(
k−l

τ̂−α̂,τ0−α0

)(
k
τ̂ ,τ0

) b(α̂,α0)(p, l,∆). �

By multiplying of both sides of (4.46) with 1 = (|x| + 1 − |x|)k+1, and
rearranging the result we obtain, see [Far86, Lemma 1.1]

p =
∑
|β|=k+1

bβ(p, k + 1,∆)B
(k+1)
β ,

where

bβ(p, k + 1,∆) =
1

k + 1

n∑
i=0

αibα−êi(p, k,∆). (4.50)

It is easy to see from (4.50) that the coefficients bβ(p, k + 1,∆) are convex
combinations of the coefficients bβ(p, k,∆). Hence

B(p, k + 1,∆) ⊆ B(p, k,∆). (4.51)
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Proposition 4.4.3. [THG15, Proposition 2] For k ≥ l the inequality (3.46)
holds that

max
x∈∆

p(x) = max
|α̂|+α0=k

b(α̂,α0)(p, k,∆) (4.52)

if and only if

max
|α̂|+α0=k

b(α̂,α0)(p, k,∆) = b(α̂∗,α∗0)(p, k,∆) for some α̂∗ = kei0 , i0 ∈ {0, ..., n},

(4.53)
and α∗0 = k − |α̂∗|. A similar statement holds for the equality in the left
inequality.

Proof. If the maximum is attained at an index kei0 then the statement holds
trivially by (3.44). Conversely, suppose first that the bα(p, k,∆) are equal for
all |α| = k . Then the statement is trivial. Otherwise not all bα(p, k,∆) are
equal. Suppose that the maximum of p(x) occurs at x∗ ∈ ∆ with barycentric
coordinates λ∗. If x∗ is in the interior of ∆ then 0 < Bk

α(λ∗) < 1 for all
|α| = k and hence

p(x∗) =
∑
|α|=k

bα(p, k,∆)B(k)
α (λ∗)

< max
|α|=k

bα(p, k,∆)
∑
|α|=k

B(k)
α (λ∗) = max

|α|=k
bα(p, k,∆),

a contraction. If x∗ is lying on the boundary of ∆ then it is lying in a
subsimplex of n − 1 dimension simplex, ∆′ say. The Bernstein coefficients
of p over ∆′ coincide with the respective coefficients contained in the part of
the array b(α̂,α0)(p, k,∆) between the (extreme) coefficients associated with
the vertices of ∆′ according to (3.44). Now we can apply the arguments
used above to ∆′. Continuing in this way of examining all possible cases, we
decrease the dimension of the simplices to be investigated step by step and
arrive finally at the situation in which x∗ is a vertex of ∆ which completes
the proof.

4.4.2 Computation of Bounds

The coefficients of the Bernstein form of a given polynomial over a spec-
ified simplex of interest tightly bound the range of the polynomial over a
simplex. The traditional approach requires that all Bernstein coefficients
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are computed, and their number is often very large for polynomials with
moderately-many variables. We propose a method of storing and represent-
ing the Bernstein coefficients of multivariate polynomials with a fast compu-
tation of the enclosure bound for monomials. The recent fast determination
of the Bernstein enclosure of the range of a multivariate polynomial and a
rational function over a box and a simplex is presented in [TG].

The Implicit Bernstein Form

In this subsection, we propose storing the Bernstein coefficients over ∆.
Let

p(x) = p(x)(1) + ...+ p(x)(t)

be a given polynomial comprising the monomials p(x)(r), r ∈ {1, ..., t}. Let
β̂(r) ∈ Nn denotes the degree of the rth term, then p can be written as

p(x) = aβ̂(1)x
β̂(1)

+ ...+ aβ̂(t)x
β̂(t)

, with |β̂(r0)| = l, for some r0 ∈ {1, ..., t}.
(4.54)

In order to avoid a constant term we assume that |β̂(r)| > 0 for all r = 1, ..., t.
De Casteljau algorithm which gives the efficient computation of Bernstein

coefficients over a simplex is presented in Subsection 4.4.5. There are
(
l+n
l

)
such Bernstein coefficients of the n-variable polynomial of degree l.

Since the Bernstein form is linear, if a polynomial p consists of t terms, then
each Bernstein coefficient is equal to the sum of the corresponding Bernstein
coefficients of each term as follows:

b(α̂,α0)(p, l,∆) =
t∑

r=1

b
(α̂(r),α

(r)
0 )

(p(r), l,∆), |α̂(r)|+ α
(r)
0 = l, (4.55)

where b
(α̂(r),α

(r)
0 )

(p(r), l,∆) are the Bernstein coefficients of the rth term of p

of degree l.

Example 4.4.2. Let n = 2, p(x) := 2x1x2 − 0.1x3
1 + 5, l = 3, and the

standard simplex ∆ = [e0, e1, e2]. The sum of the corresponding Bernstein
coefficients of each term gives the Bernstein coefficients of p :

bα̂(p, l,∆) =


0 0 0 0
0 1/3 2/3
0 2/3
0

+


0 0 0 0
0 0 0
0 0
−0.1

+


5 5 5 5
5 5 5
5 5
5
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=


5 5 5 5
5 16/3 17/3
5 17/3

4.9

 .

Bernstein Coefficients of Monomials

Any Bernstein coefficient of p is equal to the sum of the corresponding Bern-
stein coefficients of each (monomial) term. Here we assume t = 1 and
p̂(x), x ∈ Rn, is an n−variable monomial.

The following lemma follows by (3.36).

Lemma 4.4.4. Let p̂(x) = aβ̂x
β̂, x ∈ Rn, be a multivariate monomial and let

(e1, ..., en) denote the canonical basis of Rn. Then the Bernstein coefficients
b(α̂,α0)(p̂, l,∆), α̂ ∈ Nn, are monotone with respect to α̂, i.e.,

bα̂(p̂, l,∆) ≤ bα̂+ei(p̂, l,∆), if aβ̂ > 0, (4.56)

bα̂(p̂, l,∆) ≥ bα̂+ei(p̂, l,∆), if aβ̂ < 0. (4.57)

4.4.3 Linear Convergence

We turn to the convergence of the bounds for the range of polynomials pro-
vided by the Bernstein coefficients under degree elevation. The convergence
of the bounds to the range is linear (in k) if we elevate the degree.

In order to relate the control net and the discrete graph of a given polyno-
mial, R. Leroy [Ler09a], [Ler12] suggested to use the so-called second differ-
ences which are given in the following definition.

Definition 4.4.1. Let V = [v0, ..., vn] be a non-degenerate simplex of Rn.
For |γ| = k−2 and 0 ≤ i < j ≤ n, define the second differences of p of degree
k with respect to V as

52bγ,i,j(p, k, V ) := bγ+êi+êj−1
+ bγ+êi−1+êj − bγ+êi−1+êj−1

− bγ+êi+êj ,

with the convention ê−1 := ên. The second differences constitute the collec-
tion

52bγ,i,j(p, k, V ) := (52bγ,i,j(p, k, V ))|γ|=k−2,0≤i<j≤n.
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The maximum of the second differences, i.e.,

|| 52 b(p, l, V )||∞ := max
|γ|=k−2,0≤i<j≤n

| 52 bγ,i,j(p, k, V )|

plays an important role in the subsequent convergence properties. The fol-
lowing theorem gives the convergence of the control net to the discrete graph
of a given polynomial with respect to degree elevation. Again, since any
simplex can be mapped upon the standard simplex, we present the following
statements only for ∆.

Theorem 4.4.5. [Ler09a, Theorem 3.12] Let p ∈ Rl[X] and l < k. Then

max
|α|=k
|p(vα(k,∆))− bα(p, k,∆)| ≤ n(n+ 2)l(l − 1)

24(k − 1)
|| 52 b(p, l,∆)||∞. (4.58)

The following corollary is an immediate consequence of Theorem 4.4.5.

Corollary 2. [THG15, Corollary 1] Let p ∈ Rl[X] and l < k. Then

q(p(∆), Bα(p, k,∆)) ≤ ϑ

k − 1
, (4.59)

where

ϑ :=
n(n+ 2)l(l − 1)

24
|| 52 b(p, d,∆)||∞. (4.60)

Proof. We give the proof of the upper bound, the proof of the lower bound
is analogous. Assume that the maximum of bα(p, k,∆) such that |α| = k is
attained at bα∗(p, k,∆). Then we have

max
|α|=k

bα(p, k,∆)−max
x∈∆

p(x) ≤ bα∗(p, k,∆)− p(vα∗)

= |bα∗(p, k,∆)− p(vα∗)| ≤
ϑ

k − 1
.

The first inequality follows since vα∗ is a grid point in ∆, while the last
inequality follows by Theorem 4.4.5.
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4.4.4 Quadratic Convergence

If ∆ is subdivided then we show that the bounds converge quadratically to
the range of the polynomial with respect to the maximum of the diameters
of the subsimplices.

We give the following notation from [Ler09a].

Notation 4.4.5. If ∆ is the standard simplex of Rn and v̂ ∈ Rn, the simplices
V [i] (i = 0, ..., n) are defined as follows:

V [i] = [v0, ..., vi−1, v̂, vi+1, ..., vn].

In what follows, if α ∈ Nn+1 and 0 ≤ i ≤ n, we write

α[i] = (α0, ..., αi−1, 0, αi+1, ..., αn).

Recall that the barycentric coordinates of v̂ ∈ Rn w.r.t. ∆ are denoted by

λ0(v̂), ..., λn(v̂).

Assume that ∆ has been subdivided with respect to a point v̂ in ∆, ∆ =
V [1] ∪ ... ∪ V [σ], where the interiors of the simplices |V [i]|(1 ≤ i ≤ σ) are
disjoint, and l = k in the sequel.

Figure 4.1, which is taken from [Ler08], illustrates the binary splitting of
the standard simplex.

Denote the union of the enclosure bounds over V [i], i = 1, ..., σ, byB(p, k, V [∆]).

Lemma 4.4.6. [Ler09a, Lemma 4.13] After at most n(n+1)
2

steps of binary
splitting, e.g., Figure 4.1, of a simplex of diameter h, the diameter of the
subsimplices is less that h/2.

The following theorem gives the convergence of the control net to the dis-
crete graph with respect to h.

Theorem 4.4.7. [Ler09a, Theorem 4.9] Let ∆ = V [1] ∪ ... ∪ V [σ] be a subdi-
vision of the standard simplex ∆ and h be an upper bound on the diameters
of the V [i],s. Then, for each i ∈ {1, ..., σ} and |α| = k, we have

|p(vα(k, V [i]))−bα(p, k, V [i])| ≤ h2k
n2(n+ 1)(n+ 2)2(n+ 3)

576
||52b(p, k,∆)||∞.

(4.61)
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Figure 4.1: Successive binary splittings: 59 simplices, which is taken from
[Ler08].

The following corollary can similarly be proven as Corollary 2.

Corollary 3. [THG15, Corollary 2] Let p ∈ Rl[X], ∆ = V [1] ∪ ... ∪ V [σ]

be a subdivision of the standard simplex ∆ and h be an upper bound on the
diameters of the V [i],s. Then

q(p(∆), Bα(p, k, V [∆])) ≤ h2ϑ′, (4.62)

where

ϑ′ := k
n2(n+ 1)(n+ 2)2(n+ 3)

576
|| 52 b(p, k,∆)||∞. (4.63)

4.4.5 De Casteljau Algorithm

The simplicial Bernstein coefficients are found in all coordinate directions by
repeated application of the de Casteljau algorithm.

Algorithm 4.4.5. (De Casteljau [Ler08], [Pet94])
Input: The standard simplex ∆, the Bernstein coefficients bα(p, l,∆), and
v̂ ∈ Rn.
Output: The Bernstein coefficients bα(p, l, V [i]), for every i ∈ {0, ..., n}.
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Algorithm: ∀|α| = l, b
(0)
α := bα(p, l,∆).

for j = 1, ..., l do

for |α| = l − j do

b(j)
α =

n∑
i=0

λi(v̂)b
(j−1)
α+êi

(4.64)

end for

end for

return bα(p, l, V [i]) = b
(αi)

α[i] (|α| = l, i = 0, ..., n).

Proposition 4.4.8. [Ler08, Proposition 1.10] Let ∆ = V [1] ∪ ... ∪ V [σ] be
a subdivision of the standard simplex and V [i] = [v0, .., v̂, ..., vn], for all i ∈
{1, ..., σ}. Then

∀j ∈ {0, ..., l}, ∀|α| = l − j, b(j)
α =

∑
|β|=j

bα+βB
(j)
β (v̂). (4.65)

4.4.6 Face Values

We show that the Bernstein coefficients of a polynomial p over the faces
of a simplex ∆ are the same as the coefficients located at the correspond-
ing faces of the array of Bernstein coefficients of p over ∆. This prop-
erty for polynomials over boxes is addressed in [GS01, Lemma 2]. For
α̂ ∈ Nn, let α̂[i] = (α1, .., αi−1, αi+1, ..αn) be a multi-index of Nn−1. If
x′ = (x1, ..., xi, ..., xn) is lying on the boundary of ∆ then it is contained
in a subsimplex of dimension n− 1, ∆′.

Lemma 4.4.9. Let x′ = (x1, ..., xi, ..., xn) be lying on the boundary of ∆,
xi = 1−

∑n
j=1,j 6=i xj. Let 0 < xj < 1, for all j = 1, ..., n. Then the Bernstein

coefficients of p w.r.t. the (n− 1)-dimensional simplex ∆′ are given by

b(α̂[i],l−|α̂[i]|)(p, l,∆
′) =

∑
β̂[i]≤α̂[i],βi≤l−|α̂[i]|

(
α̂[i]

β̂[i]

)(l−|α̂[i]|
β̂i

)(
l
β̂

) aβ̂. (4.66)
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Proof. Put (x[i]) := (x1, ..., xi−1, xi+1, ..., xn) and β̂[i] = (β1, ..., βi−1, βi+1, ..., βn).
Since x′ is lying on the boundary of ∆ and 0 < xj < 1, for all j = 1, ..., n,
then λ0(x′) = 0. The Bernstein expansion of p with respect to ∆′ is given as
follows:

p(x1, ..., xi, ..., xn) =
∑
|β̂|≤l

aβ̂(x[i])β̂
[i]

(1− |(x[i])|)βi
(
|x′|+ 1− |x′|

)l−|β̂|

=
∑
|β̂|≤l

∑
|γ̂[i]|≤l−|β̂|

aβ̂

(
l − |β̂|
γ[i]

)
(x[i])β̂

[i]+γ̂[i]

(1− |(x[i])|)l−|β̂|−|γ̂[i]|+βi

=
∑
|β̂|≤l

∑
|γ̂[i]|≤l−|β̂|

aβ̂

(
l − |β̂|
γ̂[i]

)
(x[i])β̂

[i]+γ̂[i]

(1− |(x[i])|)l−|β̂[i]|−|γ̂[i]|

(
β̂[i] + γ̂[i] =: α̂[i]

)
=
∑
|β̂|≤l

∑
|α̂[i]|+αi=l

aβ̂

(
l − |β̂|

(α̂[i] − β[i]), (αi − βi)

)
(x[i])α̂

[i]

(1− |(x[i])|)l−|α̂[i]|

=
∑
|β̂|≤l

∑
|α̂[i]|+αi=l

aβ̂

(
α̂[i]

β̂[i]

)(
αi
βi

)(
l
β̂

) (
l

α̂[i], αi

)
(x[i])α̂

[i]

(1− |(x[i])|)αi

=
∑

|α̂[i]|+αi=l

∑
β̂≤α̂

aβ̂

(
α̂[i]

β̂[i]

)(
l−|α̂[i]|
βi

)(
l
β̂

) (
l

α̂[i], αi

)
(x[i])α̂

[i]

(1− |(x[i])|)αi . �

We define the patch G(∆) := (bα(p, l,∆))|α|=l and investigate the face
values of the Bernstein form over simplices. In [TG17] a brief proof of the
face values property was given. In the following lemma we provide another
proof of this property.

Lemma 4.4.10. Let p be an n-variate polynomial and let G(∆) be the
patch of its Bernstein coefficients on ∆. Then Bernstein coefficients of p
on m-dimensional faces of ∆ are just the coefficients on the respective m-
dimensional faces of G(∆).
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Proof. Let x′ ∈ Rn be lying on a face of ∆. Then it is lying in a subsimplex
of an (n− 1)-dimensional simplex ∆′. Let (x[i]) = (x1, ..., xi−1, xi+1, ..., xn) ∈
Rn−1. If x′ = (x1, ..., xi, ..., xn), xi = 0, then the polynomial

p(x1, ..., 0, ..., xn) =
∑

|α̂|≤l,αi=0

aα̂(x[i])α
[i]

has Bernstein coefficients

b(α̂,α0)(p, l,∆
′) =

∑
β̂≤α̂,βi=0

(
α̂[i]

β̂[i]

)(
l
β̂

) aβ̂
coincide with the respective coefficients contained in the part of the array

b(α̂,α0)(p, l,∆) =
∑

β̂≤α̂,αi=0

(α̂β̂)
( lβ̂)
aβ̂ of the polynomial p.

Similarly, if

x′ = (x1, ..., xi, ..., xn), xi = 1−
n∑

j=1,j 6=i

xj, (4.67)

where x′ =
∑n

j=1 λj(x
′)ej and λj 6= 0, ∀j = 1, ..., n. Then by Lemma 4.4.9

the polynomial

p(x1, ..., xi, ..., xn) =
∑

|α̂[i]|≤l,αi≤l−|α̂[i]|

aα̂x
αi
i (x[i])α̂

[i]

has Bernstein coefficients

b(α̂[i],l−|α̂[i]|)(p, l,∆
′) =

∑
β̂[i]≤α̂[i],βi≤l−|α̂[i]|

(
α[i]

β̂[i]

)(
l−|α̂[i]|
βi

)(
l
β̂

) aβ̂ (4.68)

coincide with the respective coefficients contained in the part of the array

b(α̂,0)(p, l,∆) =
∑

β̂≤α̂,|α̂|=l

(
α̂
β̂

)(
l
β̂

)aβ̂, with aβ̂ = 0 if |α̂| < |β̂|,

of the polynomial p. As before, start decreasing the dimension of the sim-
plices by applying the same arguments above to ∆′ to investigate all the
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possible cases and arrive finally at x′ = ei0 , i0 ∈ {0, ..., n}, which by the
interpolation property completes the proof. �

An application of the face values of a box for bounding of a polynomial
over a union of edges was given in [ZG98]. An application of Lemma 4.4.10
for the control to facet problem for arbitrary polynomial vector fields on a
simplex is addressed in [SW14].

4.4.7 Inclusion Isotonicity

Here we address the inclusion isotonicity of the simplicial Bernstein form,
a property which is of fundamental importance in interval computations,
see, e.g., [Neu90, Section 1.4]. Leroy [Ler09a] investigated this property
by reparametrization and successive calls to de Casteljau algorithm. De
Casteljau algorithm computes the Bernstein coefficients over subsimplices
in all coordinate directions. As in [Ler09a], we will call to de Casteljau
algorithm but in a particular coordinate direction. We apply the barycentric
subdivision strategy, which is a particular way of dividing ∆ at points. These
points are vertices of an extracted subsimplex from ∆. Subdivision of a
simplex leads to local certificates of positivity. In Lyapunov stability, the
equilibrium point for the vector field is an interior point with respect to the
given domain. The key to finding a Lyapunov function for a polynomial
system is to find a certificate of positivity, where the inclusion isotonicity
allows the local certificates of positivity. We apply the barycentric subdivision
strategy to subdivide V at v̂ ∈ Rn into subsimplices.

Let

v̂ =
n∑
i=0

λi(v̂)vi. (4.69)

Without loss of generality we assume that V = ∆. Specifically, we aim at
computing the Bernstein coefficients over U = [v̂0, ..., v̂n], which is extracted
from ∆ by the barycentric subdivision strategy, as convex combinations of the
Bernstein coefficients over ∆. In order to do so, we compute the Bernstein
coefficients in a particular coordinate direction, r, since the de Casteljau
algorithm computes the coefficients in all coordinate directions: Let v̂r, r ∈
{0, ..., n}, be a non edge point with respect to ∆. Then we set

U [v̂r] = [e0, ...., v̂r, ..., en], (4.70)
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(en+1 := e0, e−1 := en)

where

v̂r = λ0(v̂r)e0 + ....+ λi(v̂r)ei + ...+ λn(v̂r)en. (4.71)

Let v̂r be an edge point with respect to ∆. Then

v̂r = λi(v̂r)ei + (1− λi(v̂r))ei+1. (4.72)

If we subdivide ∆ at an edge point, v̂r, then ∆ will be subdivided into
two subsimplices, V [r], V [r+1], constructed from λi(v̂r), λi+1(v̂r), and we call
them the constructed subsimplices. Otherwise (non-edge point), ∆ can be
subdivided into ≤ n+ 1 (constructed) subsimplices, e.g., Figure 4.2.

It is sufficient to show that the inclusion isotonicity holds true if we compute
the coefficients in rth coordinate direction, 0 < λr(v̂r) < 1, with respect to
the constructed simplices. In other words, by subdivision at v̂0 we proceed
into λ0, at v̂1 we proceed into λ1, and so on (need not to be successive).

Let for some r ∈ {0, ..., n}, 0 < λr(v̂r) < 1, then for all i, i 6= r,
1 > λi(v̂r) ≥ 0. The following algorithm computes the Bernstein coeffi-
cients in rth coordinate direction to extract a new subsimplex U , where the
barycentric subdivision is applied.

Algorithm 4.4.7:
Given: Simplices W [v̂r] and ∆ with W [v̂r] contained in ∆, and the Bernstein

coefficients on ∆.

Wanted: The Bernstein coefficients on W [v̂r] as convex combinations of the
ones on ∆.

Ensure: 1 ≥ λi ≥ 0, i = 0, ..., n, with 1 > λi0 > 0, i0 ∈ {0, ...., n}.

Initialize: ∀|α| = l, b
(0)
α := bα(p, l,∆).

Choose r ∈ {0, ..., n}, r 6= i0, 1 > λr(v̂r) > 0.
for d = 1, ..., l do

for |α| = l − d do

if λr + λi0 = 1 then

78



CHAPTER 4. THE TENSORIAL AND SIMPLICIAL POLYNOMIAL
BERNSTEIN FORMS

b(d)
α = λrb

(d−1)
α+êr

+ (1− λr)b(d−1)
α+êr+1

else

b(d)
α = λ0b

(d−1)
α+ê0

+ ...+ λrb
(d−1)
α+êr

+ ...+ λnb
(d−1)
α+ên

end if

end for
end for
return

bα(p, l, U [v̂r]) = b
(αr)

α[r] (|α| = l).

Theorem 4.4.11. [HW17a, Theorem 3.1] Let U be a subsimplex of ∆, which
is extracted by the barycentric subdivision strategy. Then

B(p, l, U) ⊆ B(p, l,∆).

Proof. Let U [v̂r] be the constructed subsimplex, from λr(v̂r), by subdividing
at v̂r, r ∈ {0, ..., n}. We proceed into rth coordinate direction and return to
Algorithm 4.4.7 at all v̂r (full algorithm). Let (for simplicity) r = 0, then we
have

U [v̂0] = [v̂0, e1, ..., en]

be a constructed subsimplex of ∆. By Algorithm 4.4.7, the Bernstein coeffi-
cients on U [v̂0] are convex combinations of the coefficients on ∆.

Repeatedly splitting at the remaining v̂r, r = 1, ..., n, with respect to the
constructed simplices, then we will have finally at v̂n the Bernstein coefficients
on

U [v̂n] = [v̂0, ..., v̂n]

as convex combinations of the coefficients on U [v̂n−1], which completes the
proof. �

Our selection rule is based on the observation that in many cases it may
be advantageous to follow a particular coordinate direction to increase the
probability for finding a nonnegative Bernstein coefficient, thus proving that
the polynomial is positive.
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Figure 4.2: Subsimplices are constructed by subdivision steps at edge points
(colored red) and a non edge point (colored blue).

Corollary 4. Denote the union of the enclosure bounds over V [i], i = 0, ..., n,
by B(p, k, V [∆]). For V [0] ∪ ... ∪ V [n] ⊆ ∆, it follows from Algorithm 4.4.7
that

B(p, l, V [∆]) ⊆ B(p, l,∆).

Example 4.4.3. The polynomial p = 5x2 − 2x + 1 is positive on the sim-
plex ∆ = [−1, 1] but b(p, 2, [−1, 1]) = (8,−4, 4), so representation of p in the
Bernstein form over [−1, 1] is not sufficient to determine the certificate of pos-
itivity. However, by the first binary splitting of ∆, the certificate of positivity
of p follows since b(p, 2, [−1, 0]) = (8, 2, 1) and b(p, 2, [0, 1]) = (1, 0, 4).

Remark 4.4.3. We have from the edge splitting just two, η = 2 say, barycen-
tric coordinates of v̂ with respect to ∆. At the non edge splitting step we
have η ≤ n+ 1.

In the following lemma we compute the (Complexity) number of Bern-
stein coefficients and the computation steps needed to perform one call to
Algorithm 4.4.7. A similar computation of complexity is given in [RMS+08,
Lemmas 6, 8].

Lemma 4.4.12. Let 2 ≤ η ≤ n + 1. The number of multiplication steps
needed to perform one call to Algorithm 4.4.7 at v̂ with respect to ∆ is

η(l + n)!

(l − 1)!(n+ 1)!
.

Proof. The number of Bernstein coefficients describing an n-dimensions
simplicial Bernstein polynomial of degree l is:
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S(l, n) :=

(
l + n

n

)
=

(l + n)!

l!n!
.

In one call to Algorithm 4.4.7 over n-simplex, the Bernstein coefficients
of n variables of degrees 0 to l − 1 must be computed. Therefore the total
number of the calculated Bernstein coefficients is

D(t, n) :=
l−1∑
t=0

S(t, n) =

(
l + n

l − 1

)
=

(l + n)!

(l − 1)!(n+ 1)!
.

Thus only
η(l + n)!

(l − 1)!(n+ 1)!

multiplications are needed to complete one subdivision step.

4.4.8 Lyapunov Stability Analysis

This subsection provides an algorithm for arbitrary polynomial vector fields
defined on simplices. Without loss the generality, we consider the standard
simplex ∆. To this end, we use the representation of the given control system
in the simplicial Bernstein basis. Specifically, we strive to develop an algo-
rithm that simultaneously computes a polynomial control and a Lyapunov
function in the simplicial Bernstein form. Again, the affine control system is
given by

ẋ = F (x) := p(x) + g(x)u(x), (4.73)

where the vector field F : Rn −→ Rn is defined by the given drift p : Rn −→
Rn and u : Rn −→ Rm is the unknown control with the given input matrix
function g : Rn −→ Rn×m.

We also assume that all functions are polynomials which can be given in the
Bernstein form. Here, we will let the domainD in Remark 4.3.2 is a collection
of simplices around the equilibrium and study the stability (without loss the
generality) on the standard simplex ∆. Recall that any function Y obtains
the conditions of Remark 4.3.2 is a Lyapunov function for F . Suppose the
candidate Lyapunov function Y is a non negative polynomial expressed in
the power form of degree l, where Y (x0) = 0. Without loss of generality,
we also compute the control and Lyapunov functions over one simplex ∆
and assume that x0 = e0 is the origin. The procedure can be generalized
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to a collection of simplices around the equilibrium by taking the union of

bounds over simplices. Choose bα(Y, k,∆) ∈ [0, b
Y

α ], b
Y

α ∈ R+, such that
bα∗(Y, k,∆) = 0 for some |α∗| = k with α∗0 = k. The simplicial Bernstein
form of Y of degree l ≤ k is given as

Y =
∑
|α|=k

bα(Y, k,∆)Bk
α.

From Subsection 4.3.3, if all Bernstein coefficients of Y are non negative
over a given simplex, the (multivariate) polynomial Y provides certificates
of positivity for Y over the same simplex.

Remark 4.4.4. By application of the first interior subdivision step of ∆ at
x0, we will have ∆ = V [0] ∪ ... ∪ V [n], such that by Algorithm 4.4.7, for all
i ∈ {0, ..., n},

min
|α|=k

bα(p, k,∆) ≤ min
|α|=k

bα(p, k, V [i]) ≤ p(x)

≤ max
|α|=k

bα(p, k, V [i]) ≤ max
|α|=k

bα(p, k,∆), ∀x ∈ V [i].

Define (the Lie derivative)

LF =
(∂Y
∂x

(x)
)T

(p(x) + g(x)u(x))

= (Y ′(x))Tp(x) + (Y ′(x))T
(
g(x)u(x)

)
,

where u is the control polynomial function. Then we have

LF =
∑
|α|=k

bα(Y ′Tp, k,∆)Bk
α +

∑
|α|=k

bα(Y ′Tgu, k,∆)Bk
α

=
∑
|α|=k

(bα(Y ′Tp, k,∆) + bα(Y ′Tgu, k,∆))Bk
α =

∑
|α|=k

bα(LF , k,∆)Bk
α, (4.74)

where bα(LF , k,∆) : Rn −→ R.

In the following algorithm, we will compute u(x) and Y (x) so that LF (x)
is negative for all x ∈ ∆.
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Algorithm 4.4.8 ([HW17a]):

Input: For |α| = k, b
Y

α ∈ R+, and bujα , b
uj
α ∈ R, j = 1, ...,m (bujα < b

uj
α ).

Initialize: bα(Y, k, V [i]) ∈ [0, b
Y

α ] and bα(uj, k, V
[i]) ∈ [bujα , b

uj
α ], i = 0, ..., n.

Compute: By Remark 4.4.4 and (4.74), (bα(Y, k, V [i]))|α|=k and (bα(u, k, V [i]))|α|=k,
V [i] ⊆ ∆, such that (bα(LF , k, V [i]))|α|=k are negative.

Otherwise: ((bα(LF , k, V [i]))|α|=k have positive coefficients) Proceed to Sub-
section 4.4.9.

From Algorithm 4.4.8, we guarantee that LF (x) of degree l is negative for
all x ∈ V [i] by the following two ways:

- Degree elevation which obtains the global certificates of positivity, see
Corollary 4.3.8.

- Subdivision of ∆ at (for simplicity) the corresponding grid point vα∗ of
max|α|=k bα(LF , k, V [i]), l = k, which obtains the local certificates of pos-
itivity. We apply for that the subdivision strategy in Subsection 4.4.7. In
particular, if we work with the fixed value λ(v̂) = 1/2 for the binary splitting,
then it is usually the most efficient subdivision scheme, regarding the running
time, see [Ler09a]. Following the rth coordinate direction of 0 < λr(v̂r) < 1
with respect to the constructed simplices computes the Bernstein coefficients
over the first extracted subsimplex U , where application of the certificates of
positivity [Ler09a] (cf. Theorem 4.4.11) to LF (x) obtains the result.

4.4.9 Estimation of Control and Lyapunov Functions

Here we estimate a polynomial control function u and a polynomial Lyapunov
function Y in a finite number of coefficient bounds. Let u : Rn −→ Rm with
the given p : Rn −→ Rn and g : Rn −→ Rn×m, which can be given in the
polynomial Bernstein form.

The polynomial LF can be expressed in the power form as

LF (x) = Y ′1(x)p1(x) + Y ′1(x)(
m∑
j=1

g1j(x)uj(x)) + ...
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+Y ′n(x)pn(x) + Y ′n(x)(
m∑
j=1

gnj(x)uj(x)),

where Y ′i (x) = ∂Y
∂xi

(x), i ∈ {1, ..., n}.
From Remark 4.4.4 we also have for any polynomial function p:

cpα := min
|α|=k

bα(p, k, V [i]) ≤ p(x) ≤ max
|α|=k

bα(p, k, V [i]) =: cpα, x ∈ V [i]. (4.75)

Firstly, we pick bounds from the state space for u and Y to apply (4.75)
as an arbitrary way. We can pick c

uj
α , c

uj
α ∈ R and cYα ∈ R+. Subsequently,

we choose, ∀j ∈ {1, ...,m},

bα(uj, k, V
[i]) ∈ [cujα , c

uj
α ] and bα(Y, k, V [i]) ∈ [0, cYα ], ∀|α| = k.

It follows, by Algorithm 4.4.8, that

cujα ≤ bα(uj) ≤ cujα and 0 ≤ bα(Y ) ≤ cYα , ∀|α| = k. (4.76)

Put

Ji(x) = Y ′i (x)pi(x) and Qi(x) = Y ′i (x)
m∑
j=1

gij(x)uj(x), i ∈ {1, ..., n}.

By application of (4.75) to J(x) and Q(x), we may estimate

LF (x) ≤ cJ1 + cQ1 + ..+ cJn + cQn =: E.

If E is negative, then LF (x) < 0 for all x ∈ V [i]. Otherwise, we shrink at
least one bound of {[0, cYα ], [c

uj
α , c

uj
α ]}, j = 1, ...,m, and this is also done in

turn separately at its left or/and right endpoint. Without loss of generality
we consider only the second case:

{[cujα , cujα ], [0, δ
Y

α ]} (4.77)

δ
Y

α = cYα − (cYα − cYα )ε, 0 < ε < 1. (4.78)

By application of the negativity to E within the new bounds (4.77), from
(4.76) we can estimate u and Y .
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Remark 4.4.5. Computing a polynomial control and a polynomial Lya-
punov function in the simplicial case is improved. This is done since the
control synthesis problem is reduced to a finite number of interval bounds
(to be shrinked) in the space of parameters representing controls and Lya-
punov functions (cf. Subsection Subdivision of Bounds).

Example 4.4.4. Let

ẋ1 = −x3
1 + u1, ẋ2 = −x1 − x2

2 + u2

be over V = V [0]∪V [1]∪V [2]∪V [3], where V [0] = (e0, (−1,−1), (1,−1)), V [1] =
(e0, (1,−1), (1, 1)), V [2] = (e0, (1, 1), (−1, 1)) and V [3] = (e0, (−1, 1), (−1,−1)).
In order to compute Y (x) and u(x), we choose by an arbitrary way bα(Y, l, V ) ∈
[0, 5], bα(u1, l, V ) ∈ [3, 20] and bα(u2, l, V ) ∈ [−2, 2], ∀|α| = l. Hence, we can
take (sparse) positive polynomials Y (x) within the chosen bound such that
Y (e0) = 0, and u1(x), u2(x) are also within the chosen bounds. Note that E
of the function

∂Y

∂x1

(x)(−x3
1 + u1(x)) +

∂Y

∂x2

(x)(−x1 − x2
2 + u2(x))

is positive in many cases of the approximated control functions. So, we shrink
(without loss the generality) the bound [3, 20] from the right endpoint and
then assume bα(u∗1, l, V ) ∈ [3, δ

u1
], by (4.78) δ

u1
< 20. Again, we can take

u∗1(x) within the new bound and conclude that E of

∂Y

∂x1

(x)(−x3
1 + u∗1(x)) +

∂Y

∂x2

(x)(−x1 − x2
2 + u2(x))

is negative over the given simplex. Eventually, we have
(
∂Y
∂x

(x)
)T
F (x) <

0, ∀x ∈ V \{e0}. It follows that u∗(x) and Y (x) are contained within the
shrinked bounds.
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Chapter 5

The Tensorial and Simplicial
Rational Bernstein Forms

A method is investigated by which tight bounds on the range of a multivariate
rational function over a box and a simplex can be computed. The approach
relies on the expansion of the numerator and denominator polynomials in
Bernstein polynomials. Consider the multivariate rational function f := p/q.
The expansion of the given polynomials p and q into Bernstein polynomials
provides bounds for the range of f over X and V . Properties like sharpness,
monotonicity and inclusion isotonicity of the related rational Bernstein form
will be shown. Convergence of the bounds to the range with respect to degree
elevation of the Bernstein expansion, to the width of the domain and to
subdivision are proven. Furthermore, we address the question of minimizing
a rational function over a simplex.

On the other hand, we will study the positivity of real multivariate rational
functions over a simplex V . Certificates making visible that a rational func-
tion is positive on a simplex follow by elevation of the degree and subdivision
of V . The certificates of positivity can be extended to the tensorial rational
case. We may assume that both p and q have the same degree l since other-
wise we can elevate the degree of the Bernstein expansion of either polynomial
by component where necessary to ensure that their Bernstein coefficients are
of the same order k ≥ l. Without loss of generality we prove the statements
only for the upper bounds since the proofs for the lower bounds are entirely
analogous.

We start with the following method for the computation of constant bound-
ing functions for the range of rational functions over a box.
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5.1 Method RLS (Rational Least Squares)

A simple way is to divide the Bernstein enclosures P and Q of the ranges of
the polynomials p and q, respectively. This method, termed the naive method
below, neglects the dependency between the variables of both polynomials
and may therefore result in gross overestimation in the range of f .

Following a suggestion by Arnold Neumaier [Neu09], and as given in [GSS12],
f can be represented in the following form

f(x) = ĉ(x) +
p(x)− ĉ(x)q(x)

q(x)
. (5.1)

The rational least squares method (RLS) [GSS12] requires to compute the
linear least squares approximation ĉ of the control points ( i

l̂
, bi(f)), 0 ≤

i ≤ l̂, associated with the vertices of the unit box I. The advantages of
the representation (5.1) are that the range of ĉ over I can be given exactly
and the Bernstein enclosure of the range of p − ĉq is often tighter than the
Bernstein enclosure P . As in the naive method, we employ the Bernstein
enclosure Q.

The improved least squares method is obtained by using the enclosure
bound of a rational function given by the Bernstein expansion, instead of the
naive method, to obtain an enclosure for (p(x)− ĉ(x)q(x))/q(x) in (5.1).

5.2 The Tensorial Rational Bernstein Form

In [NGSM12] the approach is extended to rational functions, however, with-
out any proof of the convergence of the bounds to the range. In this work, we
aim at filling this gap for the multivariate case, see [GH15]. Furthermore, we
show that the related rational Bernstein form is inclusion isotone. Further
properties like sharpness and monotonicity of the bounds will also be proven.
Let the range of f over X be f(X) := [f, f ]. The polynomial r(x),

r(x) = p(x)−m(k̂)q(x), (5.2)

will serve as a vehicle to convey the results from the tensorial multivariate
polynomial to the tensorial multivariate rational case. The Bernstein coeffi-
cients of r of degree k̂ are given by
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b
(k̂)
i (r) = b

(k̂)
i (p)−m(k̂)b

(k̂)
i (q). (5.3)

Without loss of generality we assume throughout the thesis that

0 < b
(k̂)
i (q), for all i, 0 ≤ i ≤ k̂. (5.4)

5.2.1 Properties of Tensorial Bounds

Starting with properties of the Bernstein expansion on a box, which are
important in the tensorial rational case. Let p and q be polynomials in

variables x1, . . . , xn with Bernstein coefficients b
(k̂)
i (p) and b

(k̂)
i (q), 0 ≤ i ≤ k̂,

over a box X. We call

b
(k̂)
i (f) :=

b
(k̂)
i (p)

b
(k̂)
i (q)

, 0 ≤ i ≤ k̂, (5.5)

the tensorial rational Bernstein coefficients of a rational function f of degree
k̂ = (k1, ..., kn) over X.

Example 5.2.1. Let a rational function

f(x1, x2) =
2x3

1

2x2
1x

2
2 + x1 + 1

(5.6)

be of degree l̂ = (3, 2). Its rational Bernstein coefficients over [1, 4]2 calcu-

lated according to b
(3,2)
i (f) (5.5) are given in Table 5.1

{b(l̂)
i (f)} i2 = 0 i2 = 1 i2 = 2

i1 = 0 0.5 0.2 0.0588
i1 = 1 0.888 0.2962 0.0808
i1 = 2 1.6 0.4705 1.2305
i1 = 3 3.4594 0.9624 0.2475

Table 5.1: Rational Bernstein coefficients of the rational function f (5.6) on
[1, 4]2.

Remark 1. The convex hull property (3.24) does not in general carry over to
rational functions and control points formed from the rational Bernstein coef-
ficients even in the multivariate case. For a counterexample see [NGSM12].
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Theorem 5.2.1. [NGSM12, Theorem 3.1] Assume that all Bernstein coeffi-

cients b
(k̂)
i (q), l̂ ≤ k̂, have the same sign and are non-zero (this implies that

q(x) 6= 0, for all x ∈X). Then the following bound of f over X holds:

m(k̂) := min
0≤i≤k̂

b
(k̂)
i (f) ≤ f(x) ≤ max

0≤i≤k̂
b

(k̂)
i (f) =: m(k̂), for all x ∈X. (5.7)

Proof. The proof follows by using arguments similar to that given in the
proof of Theorem 5.3.1.

The interval spanned by the left and right hand sides of (5.7) constitutes

the rational Bernstein form Bk̂(f,X),

Bk̂(f,X) := [m(k̂),m(k̂)].

Proposition 5.2.2. [GH15, Proposition 3] For x ∈ Rn it holds that m(k̂) =

f (m(k̂) = f) if and only if m(k̂) (m(k̂)) = b
(k̂)
i (f) with i satisfying (4.15).

Proof. By (4.14), b
(k̂)
i (f) with i satisfying (4.15) is a value of f at a vertex

of X. It follows that m(k̂) is sharp if it is attained at such a Bernstein
coefficient. Conversely, assume that m(k̂) = f,

m(k̂) = b
(k̂)
i0

(f), for some i0, 0 ≤ i0 ≤ k̂, (5.8)

and f = f(x̂) for some x̂ ∈X. Then we can conclude that

r(x̂)

q(x̂)
= f(x̂)−m(k̂) = 0,

hence r(x̂) = 0. Since r is non-positive on X it attains its maximum at x̂.
On the other hand, we have by (5.3)

b
(k̂)
i (r) ≤ 0, for i, 0 ≤ i ≤ k̂, (5.9)

and by (5.8) b
(k̂)
i0

(r) = 0. So we can conclude that

max
x∈X

r(x) = b
(k̂)
i0

(r). (5.10)

By the polynomial vertex condition it follows that the index i0 satisfies (4.15).
�

We also observe that the monotonicity property carries over to the multi-
variate rational function on X.
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Proposition 5.2.3. [GH15, Proposition 4] For l̂ ≤ k̂ it holds that

B(k̂)(f,X) ⊆ B(l̂)(f,X). (5.11)

Proof. Put

m := max
0≤i≤l̂

b
(l̂)
i (p)

b
(l̂)
i (q)

. (5.12)

By application of (4.17) to p(x)−mq(x) and noting (5.12) we obtain for all
j, 0 ≤ j ≤ k̂,

b
(k̂)
j (p)−mb(k̂)

j (q) ≤ max
0≤j≤k̂

{b(k̂)
j (p)−mb(k̂)

j (q)}

≤ max
0≤i≤l̂
{b(l̂)
i (p)−mb(l̂)

i (q)} ≤ 0,

hence b
(k̂)
j (f) ≤ m. �

5.2.2 Linear Convergence with Respect to Degree El-
evation

In this subsection it is shown that the enclosure bound converges linearly to
the range of the rational function if the degree of the Bernstein expansion is
elevated.

Without loss of generality we consider the unit box I = [0, 1]n.

Theorem 5.2.4. [GH15, Theorem 5] For l̂ ≤ k̂ it holds that

q(f(I), B(k̂)(f, I)) ≤ δ

k
, (5.13)

where

δ :=
β′ζ(q) + ζ(p)

min b
(l̂)
i (q)

, (5.14)

and β′ is a constant not depending on the total degree k, with ζ(p), ζ(q) are
constants which can be given explicitly by (4.18) independent of k.
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Proof. Assume that (5.8) holds and use the corresponding grid point x
(k̂)
i0

,
see (4.26).

By (5.11) we may estimate for l̂ ≤ k̂

m(k̂) ≤ max{|m|,m} = β′, (5.15)

where

m = min
0≤i≤l̂

b
(l̂)
i (p)

b
(l̂)
i (q)

, and m = max
0≤i≤l̂

b
(l̂)
i (p)

b
(l̂)
i (q)

.

We can conclude from (5.8) that

m(k̂) − f ≤ m(k̂) − f(x
(k̂)
i0

)

=
m(k̂) · q(x(k̂)

i0
)− p(x(k̂)

i0
) + b

(k̂)
i0

(p)−m(k̂) · b(k̂)
i0

(q)

q(x
(k̂)
i0

)

=
m(k̂)(q(x

(k̂)
i0

)− b(k̂)
i0

(q)) + b
(k̂)
i0

(p)− p(x(k̂)
i0

)

q(x
(k̂)
i0

)
.

Taking absolute values and using Remark 4.3.3 and formula (4.17) we can
estimate

m(k̂) − f ≤
β′ ζ(q)

k
+ ζ(p)

k

min b
(l̂)
i (q)

, (5.16)

which completes the proof.

Remark 5.2.1. For any 0 < ε we can guarantee that

q(f(I), B(k̂)(f, I)) < ε (5.17)

if we choose δ
ε
< k.

5.2.3 Quadratic Convergence with Respect to the Width
of a Box

Inspection of (5.16) shows that we also can extract the square of maxnµ=1(xµ−
xµ) from the constant δ (5.14), cf. (3.17), (4.18). Therefore, we obtain the
following extension of Theorem 4.3.4.
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Theorem 5.2.5. [GH15, Theorem 6] Let A ∈ I(R)n be fixed. Then for all
X ∈ I(R)n, X ⊆ A, and l̂ ≤ k̂ it holds that

q(f(X), B(k̂)(f,X)) ≤ δ′ ||w(X)||2∞, (5.18)

where

δ′ :=
β′′ζ ′(q) + ζ ′(p)

min b
(l̂,A)
i (q)

(5.19)

and β′′ is a constant independent of X, with ζ ′(p), ζ ′(q) are constants which
can be given explicitly by (4.25) not depending on X.

Proof. Assume that

b
(k̂,X)
i0

(p)

b
(k̂,X)
i0

(q)
= max

0≤i≤k̂
b

(k̂,X)
i (f) =: m(k̂,X)

and use the corresponding grid point x
(k̂,X)
i0

in X. Let max0≤i≤l̂ b
(l̂,X)
i (f) =:

m(l̂,X) and min0≤i≤l̂ b
(l̂,X)
i (f) =: m(l̂,X).

Again, we can estimate

m(k̂,X) ≤ max{|m(l̂,A)|,m(l̂,A)} = β′′. (5.20)

Hence, we conclude that

m(k̂,X) − f ≤ m(k̂,X) − f(x
(k̂,X)
i0

)

=

∣∣∣∣m(k̂,X) · q(x(k̂,X)
i0

)− p(x(k̂,X)
i0

) + b
(k̂,X)
i0

(p)−m(k̂,X) · b(k̂,X)
i0

(q)

q(x
(k̂,X)
i0

)

∣∣∣∣
≤
∣∣m(k̂,X)(q(x

(k̂,X)
i0

)− b(k̂,X)
i0

(q))
∣∣+
∣∣b(k̂,X)
i0

(p)− p(x(k̂,X)
i0

)
∣∣

q(x
(k̂,X)
i0

)
.

Using Remarks 4.3.2, 4.3.4 and noting Theorem 3.1.9 we can estimate

m(k̂,X) − f ≤ β′′ζ ′(q) + ζ ′(p)

min b
(l̂,A)
i (q)

||w(X)||2∞, (5.21)

which completes the proof.
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5.2.4 Quadratic Convergence with Respect to Subdi-
vision

Since the convergence with respect to degree elevation is only linear we will
choose k̂ = l̂ in the sequel. For simplicity we consider the unit box I. As
before repeated bisection of I(0,1) in all n coordinate directions results at
subdivision level 1 ≤ d in subboxes I(d,ν) of edge length 2−d, ν = 1, . . . , 2nd.
Denote the Bernstein coefficients of f over I(d,ν) by b

(d,ν)
i (f).

Put
B(d)(f) := [ min

0≤i≤l̂,
1≤ν≤2nd

b
(d,ν)
i (f), max

0≤i≤l̂,
1≤ν≤2nd

b
(d,ν)
i (f)]

=: [m(d), m(d)].

We provide the following extension of Theorem 4.3.5.

Theorem 5.2.6. [GH15, Theorem 7] For each 1 ≤ d it holds

q(f(I), B(d)(f)) ≤ δ′′(2−d)2, (5.22)

where

δ′′ :=
β′ζ ′′(q) + ζ ′′(p)

min b
(l̂)
i (q)

, (5.23)

and β′ is the constant in (5.15), with ζ ′′(p), ζ ′′(q) are constants which can be
given explicitly from (4.31) independent of d.

Proof. Assume that (5.12) holds and

max
0≤i≤l̂,

1≤ν≤2nd

b
(d,ν)
i (f) = max

0≤i≤l̂
b

(d,ν0)
i (f), for some ν0, 0 ≤ ν0 ≤ 2nd.

It follows by the proof of Theorem 5.2.5 and since the rational Bernstein
form is inclusion isotone

max
0≤i≤l̂,

1≤ν≤2nd

b
(d,ν)
i −max

x∈I
f(x) ≤ max

0≤i≤l̂
b

(d,ν0)
i − max

x∈I(d,ν0)
f(x)

≤ ζ ′′(p) + β′ζ ′′(q)

min b
(l̂)
i (q)

(2−d)2. � (5.24)
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Remark 5.2.2. Let a rational function f be given on I. Let the minimum
Bernstein coefficient of f of degree l̂ on I(d,ν), ν = 1, ..., 2nd, be attained at i0

and ν0, 1 ≤ ν0 ≤ 2nd, with the corresponding grid point x
(l̂,I(d,ν0))
i0

in I(d,ν0).

The value mx is defined for 0 ≤ i ≤ l̂ as

mx = min{f(x
(l̂,I(d,ν0))
i0

), b
(I(d,ν0))
i (f) with i, iµ ∈ {0, lµ}, ∀µ = 1, ..., n}.

Then by (4.14) and (4.16), minx∈I f(x) can be bounded from above by mx.

5.2.5 Inclusion Isotonicity

We continue with choosing k̂ = l̂. We show that the inclusion isotonicity
carries over to multivariate rational functions over a box.

Theorem 5.2.7. [GH15, Theorem 8] The rational Bernstein form on X is
inclusion isotone.

Proof. We consider without loss of generality the unit box I and denote
the Bernstein coefficients of the rational function f over I by bi(f), 0 ≤
i ≤ l̂. It suffices to show that the inclusion isotonicity holds if we shrink
only one edge of I and this is done in turn separately at its left and right
endpoint. Without loss of generality we consider only the first case and the
first component interval of I and denote by b∗i (f), 0 ≤ i ≤ l̂, the Bernstein
coefficients of f over [ε, 1]× [0, 1]n−1, 0 < ε < 1. Put

m∗ := max
0≤i≤l̂

b∗i (f).

We proceed by contradiction and assume that

m∗ = b∗i0(f), for some i0, 0 ≤ i0 ≤ l̂, (5.25)

and
m = max

0≤i≤l̂
bi(f) < m∗. (5.26)

Since the Bernstein form of the polynomial p−m∗q is inclusion isotone we
obtain from (5.26) that

b∗i0(p)−m∗b∗i0(q) ≤ max
0≤i≤l̂
{b∗i (p)−m∗b∗i (q)}
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≤ max
0≤i≤l̂
{bi(p)−m∗bi(q)}

< max
0≤i≤l̂
{bi(p)−m bi(q)} ≤ 0

from which we get a contradiction to (5.25). �

Remark 5.2.3. Certificates of positivity in Subsection 4.3.3 can be extended
to the tensorial rational case.

5.3 The Simplicial Rational Bernstein Form

The rational Bernstein form considered in this section is called the simplicial
rational Bernstein form. We show that the enclosure bound of a multivariate
rational function on V converges monotonically and linearly to the range of
the multivariate rational function if the degree of the Bernstein expansion is
elevated. If V is subdivided then the convergence is quadratic with respect
to the maximum of the diameters of the subsimplices. Additional properties
like sharpness and inclusion isotonicity of the bounds are carried over to the
simplicial rational case. The case of the standard simplex ∆ is also considered
without loss of generality. With the exception of the range enclosing property
of the rational form, we also state the results in each case only for

bα(q, l,∆) > 0, ∀|α| = l, (5.27)

and prove the statements only for the upper bounds since the proofs for
the lower bounds are entirely analogous. As before we assume throughout
this work that p and q are polynomials of degree less than or equal to l
with Bernstein coefficients bα(p, k,∆) and bα(q, k,∆), |α| = k, respectively,
over the standard simplex ∆, where l ≤ k. Let the range of f over ∆ be

f(∆) := [f∆, f
∆

].

5.3.1 Properties of Simplicial Bounds

Related results for the simplicial polynomial Bernstein form which relies on
the expansion of a polynomial into Bernstein polynomials over a simplex are
given in [THG15]. We call

bα(f, k,∆) :=
bα(p, k,∆)

bα(q, k,∆)
, for all α, |α| = k, (5.28)
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the rational Bernstein coefficients of a rational function f of degree k with
respect to ∆.

The following theorem extends Theorem 5.2.1 to the simplicial case.

Theorem 5.3.1. [NGSM12, Theorem 3.1] The following bounds of f over
∆ holds:

m(k) := min
|α|=k

bα(f, k,∆) ≤ f(x) ≤ max
|α|=k

bα(f, k,∆) =: M (k), x ∈ ∆. (5.29)

Proof. Assume that the strict inequality holds in (5.27). We prove the
statement f(x) ≤ M (k). Let the Bernstein coefficients of p(x) −M (k)q(x)
are given by

bα(p, k,∆)−M (k)bα(q, k,∆). (5.30)

Since bα(f, k,∆) ≤ M (k), ∀|α| = k, then bα(p, k,∆)−M (k)bα(q, k,∆) ≤ 0.
It follows that p(x)−M (k)q(x) is non-positive for all x ∈ ∆. Therefore

p(x)−M (k)q(x)

q(x)
= f(x)−M (k) ≤ 0. �

It follows by Theorem 5.3.1 that B(f, k,∆) = [m(k),M (k)] encloses f(∆).

We now extend results from the (multivariate) polynomials to the (multi-
variate) rational functions.

Theorem 5.3.2. [THG15, Theorem 4] For k ≥ l the inequality (5.29) holds
that

max
x∈∆

p(x) = max
|α̂|+α0=k

b(α̂,α0)(p, k,∆) (5.31)

if and only if

max
|α̂|+α0=k

b(α̂,α0)(p, k,4) = b(α̂∗,α∗0)(p, k,4) for some α̂∗ = kei0 , i0 ∈ {0, ..., n},

(5.32)
and α∗0 = k − |α̂∗|. A similar statement holds for the equality in the left
inequality.

Proof. Suppose that the equality holds in (5.32). Then there exists x∗ ∈
∆ and α∗, with |α∗| = k such that f(x∗) = f

∆
= max|α|=k bα(f, k,∆) =

bα∗(f, k,∆). Put

s(x∗) := p(x∗)− f∆
q(x∗).
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Hence bα∗(s, k,∆) = 0, from which bα∗(p, k,∆) = f
∆
bα∗(q, k,∆). Hence

(5.31) follows. Conversely, if the equality (5.31) is hold, then the statement
(5.32) follows trivially by (3.45). �

Theorem 5.3.3. [THG15, Theorem 5] The enclosure bound of a rational
function of degree k + 1 is monotone

B(f, k + 1,∆) ⊆ B(f, k,∆). (5.33)

Proof. We proceed by contradiction and assume

M (k+1) = max
|β∗|=k+1

bβ∗(f, k + 1,∆), for some β∗ ∈ Nn+1, (5.34)

and
M (k) < M (k+1). (5.35)

Since the enclosure bound of p(x) − M (k+1)q(x) is monotone we obtain
from (5.35) that

bβ∗(p, k+1,∆)−M (k+1)bβ∗(q, k+1,∆) ≤ max
|β|=k+1

(bβ(p, k+1,∆)−M (k+1)bβ(p, k+1,∆))

≤ max
|α|=k

(bα(p, k,∆)−M (k+1)bα(p, k,∆))

< max
|α|=k

(bα(p, k,∆)−M (k)bα(p, k,∆)) ≤ 0,

from which we get a contradiction to (5.34). �

Now we turn to the convergence of the bounds for the range of multivariate
rational functions over a simplex provided by the Bernstein coefficients under
degree elevation and subdivision.

5.3.2 Linear Convergence with Respect to Degree El-
evation

In this subsection, we show that the enclosure bound of f converges linearly
to the range if the degree of the Bernstein expansion is elevated.

Theorem 5.3.4. [THG15, Theorem 6] For l < k it holds that

q(f(∆), B(f, k,∆)) ≤ ω

k − 1
, (5.36)

where ω is a constant independent of k.
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Proof. We also give the proof of the upper bound, the proof of the lower

bound is analogous. Suppose that M (k) is attained at bβ∗(f, k,∆) =
bβ∗ (p,k,∆)

bβ∗ (q,k,∆)

with |β∗| = k, and use the corresponding grid point vβ∗ in ∆. Let m =
min|α|=l bα(f, l,∆) and M = max|α|=l bα(f, l,∆).

We can estimate

bβ∗(f, k,∆) ≤ max{|m|,M} =: B′.

It follows that

max
|β|=k

bβ(f, k,∆)−max
x∈∆

f(x) ≤ bβ∗(f, k,∆)− f(vβ∗)

=
bβ∗(f, k,∆).q(vβ∗)− p(vβ∗)− bβ∗(f, k,∆).bβ∗(q, k,∆) + bβ∗(p, k,∆)

q(vβ∗)

=
bβ∗(p, k,∆)− p(vβ∗(k,∆)) + bβ∗(f, k,∆)(q(vβ∗(k,∆))− bβ∗(q, k,∆))

q(vβ∗)
.

Taking absolute values and using Theorems 4.4.5 and 5.3.3 we can estimate
for |α| = l,

max
|β|=k

bβ(f, k,∆)−max
x∈∆

f(x)

≤
n(n+2)l(l−1)

24 min bα(q,l,∆)

(
|| 52 b(p, l,∆)||∞ +B′|| 52 b(q, l,∆)||∞

)
k − 1

. �

Remark 5.3.1. For any ε > 0 we can guarantee that

q(f(∆), B(f, k,∆)) ≤ ε, (5.37)

if we choose ω
ε

+ 1 < k.

Theorem 5.3.4 shows that the convergence of the bounds to the range is
only linear (in k ) if we elevate the degree. Instead, if we subdivide ∆ we
obtain quadratic convergence with respect to the maximum diameter of the
subsimplices.
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5.3.3 Quadratic Convergence with Respect to Subdi-
vision

The quadratic convergence of the control net to the discrete graph of a poly-
nomial leads to the quadratic convergence of the range of a multivariate
rational function to the enclosure bound with respect to the maximum of the
diameters of the subsimplices. Here we choose k = l and V = ∆.

Denote the union of the enclosure bounds over V [i], i = 1, ..., σ, byB(f, k, V [∆]).

Theorem 5.3.5. [THG15, Theorem 7] Let ∆ = V [1]∪...∪V [σ] be a subdivision
of the standard simplex ∆ and h be an upper bound on the diameters of the
V [i],s. Then we have

q(f(∆), B(f, k, V [∆]) ≤ h2ω′, (5.38)

where

ω′ = k
n2(n+ 1)(n+ 2)2(n+ 3)

576 min bα(q, k,∆)
(|| 52 b(p, k,∆)||∞ +B′|| 52 b(q, k,∆)||∞),

(5.39)
and

B′ = max{|min
|α|=k

bα(f, k,∆)|,max
|α|=k

bα(f, k,∆)}. (5.40)

Proof. Put max|α|=k,i=1,...,σ bα(f, k, V [i]) = bα∗(f, k, V
[i0]), |α∗| = k, i0 ∈

{1, ..., σ}. It follows by Theorem 4.4.7 that

max
|α|=k,i=1,...,σ

bα(f, k, V [i])−max
x∈∆

f(x) ≤ bα∗(f, k, V
[i0])− max

x∈V [i0]
f(x)

≤ |p(vα
∗(k, V [i0]))− bα∗(p, k, V [i0])|+ |bα∗(f, k, V [i0])||q(vα∗(k, V [i0]))− bα∗(q, k, V [i0])|

q(vα∗(k, V [i0]))
.

≤ h2kn
2(n+ 1)(n+ 2)2(n+ 3)

(
|| 52 b(p, k,∆)||∞ +B′|| 52 b(q, k,∆)||∞

)
576 min bα(q, k,∆)

,

where vα∗(k, V
[i0]) is the corresponding grid point of bα∗(f, k, V

[i0]) in V [i0],
and the Bernstein coefficients of a polynomial over V [i0] are contained in the
interval spanned by the Bernstein coefficients over ∆. �
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Results in [THG15] are concluded with a lower bound on the number of
subdivision steps needed in order to obtain a tolerance ε > 0 between the
maximum of the Bernstein coefficients of the given rational function over the
subsimplices and its maximum over ∆.

5.3.4 Inclusion Isotonicity

Here we extend the inclusion isotonicity from the simplicial polynomial Bern-
stein form to the rational case. Let U be a subsimplex of ∆, which is ex-
tracted by the barycentric subdivision at v̂0, ..., v̂n (cf. Subsection 4.4.7). We
continue with choosing k = l and suppress therefore the upper index for the
Bernstein coefficients.

Theorem 5.3.6. For U ⊆ ∆ it holds that

B(f, l, U) ⊆ B(f, l,∆). (5.41)

Proof. Let bα(f, l,∆) be the Bernstein coefficients of the rational function
f w.r.t. ∆. Put

max
|α|=l

bα(f, l,∆) =: M. (5.42)

Assume that

max bα(f, l, U) =
bα∗(p, l, U)

bα∗(q, l, U)
with |α∗| = l.

Since the simplicial Bernstein form of the polynomial p(x)−Mq(x) is inclu-
sion isotone, we obtain that

bα∗(p, l, U)−Mbα∗(q, l, U) ≤ max
|α|=l
{bα(p, l, U)−Mbα(q, l, U)}

≤ max
|α|=l
{bα(p, l,∆)−Mbα(q, l,∆)} ≤ 0,

from which the result follows.

5.4 Rational Certificates of Positivity

In this work, we study the positivity of a rational function over a non-
degenerate simplex V . In order to do so, we use the simplicial rational
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Bernstein form. Finding certificates of positivity of rational functions is an
important subject, which can be employed in many applied areas such global
optimization and stability of a collection of rational functions. Without loss
the generality we study the certificates of positivity in the simplicial rational
Bernstein form of f over ∆ and bα(q, l,∆) > 0, ∀|α| = l. If all Bernstein
coefficients of f are positive over ∆, the rational Bernstein form of f provides
certificates of positivity for f over ∆.

Denote by b(f, k,∆) the ordered list of Bernstein coefficients of a rational
function f over ∆, we define Cert(b(f, k,∆)) by:

Cert(b(f, k,∆)) :

{
bα(f, k,∆) ≥ 0 for all |α| = k
bkei(f, k,∆) > 0 for all i ∈ {0, ..., n}.

We assume the rational function f is positive, and decide if it gives cer-
tificates of positivity in the rational Bernstein form by sharpness, degree
elevation (global certificates), subdivision (local certificates) and minimiza-
tion of a rational function. Additionally, we provide a bound which does not
depend on the given dimension.

5.4.1 Overview

The problem to decide whether a given rational function in n−variables is
positive, in the sense that all its coefficients are positive, goes back to [SZ15],
[Sze33]. A rational functions p/q is positive if and only if p.q is positive. This
problem has been investigated by many authors in [Ask74], [AG72], [PR01],
[RN09] and [Str08]. The same topic in the Bernstein basis has been recently
addressed in [BCR08] and [Ler08]. We extend results to the simplicial ratio-
nal Bernstein case [HW17b].

On the other hand, we investigate the problem of minimizing and ap-
proximating the minimum value of a rational function over a simplex. The
expansion of a given (multivariate) polynomial p into Bernstein polynomials
has been used over a simplex, the simplicial Bernstein expansion, [BLR09],
[Far12], [Ler09a, Ler12]. The enclosure property shows that if all Bernstein
coefficients of f over ∆ are positive, then the rational function f is positive
over ∆. The converse need not to be true: there are rational functions which
are positive over ∆ and some Bernstein coefficients bα(f, l,∆) are negative.

Example 5.4.1. Let

f(x) =
7x2 − 5x+ 1

x2 − 2x+ 7
,
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which is positive over [−1, 1], but the list of Bernstein coefficients b(f, 2, [−1, 1]) =
(1.3,−1, 0.5) has a negative value at b1(f).

5.4.2 Certificates by Sharpness

The sharpness property in Theorem 5.3.2 satisfies the certificate of positivity
of a rational function over ∆. The equality holds in the left hand side of
(5.29) if

min
|α̂|+α0=k

bα̂(f, k,∆) = bkei(f, k,∆) for some i ∈ {0, ..., n}.

This implies the following theorem.

Theorem 5.4.1. Given f is positive on ∆. If min|α̂|+α0=k b(α̂,α0)(f, k,∆) =
bkei(f, k,∆) for some i, i ∈ {0, ..., n}. Then f satisfies the certificate of
positivity.

5.4.3 Global Certificates

If k ≥ l big enough, the minimum rational Bernstein coefficient of f converges
linearly to the minimum of the range f∆ of f . Here we show that the positive
rational function has a global certificate of positivity at the degree k over ∆.

The Bernstein degree is estimated in the following theorem.

Theorem 5.4.2. [HW17b, Theorem 5.2] Given f is a rational function of
degree l, positive over ∆. If

k >
ω

f∆
+ 1,

where ω is the constant (5.36) and k is the degree of the Bernstein expansion
of f . Then f satisfies the certificate of positivity Cert(b(f, k,∆)).

Proof. Let k ≥ l so that

f∆ −m(k) ≤ f∆.

Then bα(f, k,∆) are nonnegative. Theorem 5.3.4 implies that

f∆ −m(k) ≤ ω

k − 1
,
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and the interpolation property shows that bkei , ∀i ∈ {0, ..., n}, are positive.
�

Example 5.4.2. Let a rational function

f(x) =
5x2 − 3x+ 1

x2 + 1
(5.43)

of degree l = 2, which is positive over [0, 1]. The minimum coefficient
min bi(f, 2, [0, 1]) = −0.5 is negative. The rational Bernstein form of f (5.43)
has the local certificate of positivity at k = 3, since min bi(f, 3, [0, 1]) = 0
and b0(f, 3, [0, 1]) = 1, b3(f, 3, [0, 1]) = 1.5.

Observing the obtained global certificate of positivity, we give in the fol-
lowing theorem a consequence of Theorem 5.3.4.

Theorem 5.4.3. If f is a rational function of degree l positive over ∆, then
there exist some k ≥ l such that the minimum rational Bernstein coefficient
of f of degree k is positive.

From Theorems 5.4.2 and 5.4.3, Theorem 2 in [PR01] will be extended to
the rational case in the following corollary.

Corollary 5. Given f of degree l is positive over ∆. Then for some k ≥ l,
f can be given by

f =

∑
|α|=k bα(p, k,∆)B

(k)
α∑

|α|=k bα(q, k,∆)B
(k)
α

,

with bα(p,k,∆)
bα(q,k,∆)

≥ 0 for all |α| = k.

In the following section, we will not elevate the degree any more. This will
lead to local certificates of positivity.

5.4.4 Local Certificates

We will choose k = l. Then we study the local certificate of positivity when
subdividing ∆.
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Definition 5.4.1. [Ler09a, Definition 5.4] Let S(∆) = (V [1], ..., V [σ]) be
a subdivision of the simplex ∆, i.e., ∆ = V [1] ∪ ... ∪ V [σ] and the interi-
ors of the simplices |V [i]| are disjoint. If f satisfies the certificate of pos-
itivity C(bα(f, l, V [i])) for all i = 1, ..., σ, we say that f satisfies the local
certificate of positivity associated to the subdivision S(∆), which we write
Cert(b(f, l, S(∆))).

We recall that the subdivision scheme consisting in n(n+1)
2

steps of binary
splitting has a shrinking factor 1/2.

Definition 5.4.2. [Ler09a, Definition 5.5] Let V be a non-degenerate simplex
of Rn, S(V ) be a subdivision of the simplex V , i.e., S(V ) = (V [1], ..., V [σ])
with V = V [1] ∪ ... ∪ V [σ].
- By m̂(S(V )) the largest diameter of the subsimplices V [i] is denoted.
- The subdivision scheme S is said to have a shrinking factor C, 0 ≤ C ≤ 1,
if for every simplex V,

m̂(S(V )) ≤ Cm̂(V ).

- If S is a subdivision scheme, we write SN(V ) the subdivision of V obtained
after N successive subdivision steps.

From Theorem 5.3.5, the following theorem can be similarly shown as The-
orem 5.4.2.

Theorem 5.4.4. [HW17b, Theorem 5.4] Let f be a rational function of
degree l, positive over ∆. Let N be an integer and S a subdivision scheme
with shrinking factor C < 1. Assume that

1

CN
>

√
2ω′√
f∆

,

where ω′ is the constant (5.39). Then f satisfies the local certificate of posi-
tivity associated to SN(∆).

Example 5.4.3. We consider the rational function f (5.43) over I = [−1, 1].
The coefficients of f over subintervals of width 1/2 are given as follows:

b(f, 2, [−1,−1/2]) = (1.3, 0.91, 0.63), b(f, 2, [−1/2, 0]) = (0.63, 0.3, 0.14),

b(f, 2, [0, 1/2]) = (0.14,−0.03, 0.04), b(f, 2, [1/2, 1]) = (0.04, 0.12, 0.5).

104



CHAPTER 5. THE TENSORIAL AND SIMPLICIAL RATIONAL
BERNSTEIN FORMS

The rational function f still has a negative value over [0, 1/2]. Therefore,
halving the interval [0, 1/2] and finding the coefficients over the new subin-
tervals of [0, 1/2]

b(f, 2, [0, 1/4]) = (0.14, 0.05, 0.02) and b(f, 2, [1/4, 1/2]) = (0.02, 0, 0.4),

satisfy the local certificate of positivity at the second subdivision step.

5.4.5 Minimization of Rational Functions

Minimizing a polynomial p over a non-degenerate simplex ∆ has been ad-
dressed in [NGSM12], [BLR09], [BCR08], [Far12], [Ler08]. The enclosure
bound leads to a lower bound of f on ∆. By repeatedly subdividing ∆, the
minimum of f over ∆ can then be approximated within any desired accu-
racy. Choosing l = k, the number of subdivision steps is bounded in Theorem
5.4.5.

Remark 5.4.1. (cut-off test) Let U be a subsimplex of ∆, and f ∗ an up-
per bound on the minimum of f over ∆. If min bα(f, l, U) > f ∗, then the
minimum of f cannot occur in U . Hence, U can be deleted from the list of
simplices to be subdivided.

Ramark 3.3 in [Ler12] can also be extended to the rational case.

Remark 5.4.2. Let f = p/q be a rational function of degree l. Let the
minimum Bernstein coefficient of f of degree l over ∆ be m. The value mV

is defined as
mV = min

{
f(vα∗), blei(f), i = 0, ..., n

}
,

where m is attained at α∗. Then by (3.45) and Theorem 5.3.1 one can deduce
that

m ≤ min
x∈∆

f(x) ≤ mV . (5.44)

Theorem 5.4.5. Let f be a rational function of degree l, and S a subdivision
scheme with shrinking factor C < 1. Let ε > 0 is a real number, and N an
integer satisfying:

1

C2N
>

2ω′

ε
.

where ω′ is the constant (5.39). Then

|mV −m| < ε. (5.45)
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Proof. Assume that

m =
bα∗(p, l,∆)

bα∗(q, l,∆)
, for some |α∗| = l,

is a nonnegative value, the negative case is analogous, and

max
|α|=l

bα(f, l,∆) = M.

Hence
|mV −m| = mV − bα∗(f, l,∆)

≤ |f(vα∗)− bα∗(f, l,∆)|

≤ |p(vα
∗)− bα∗(p, l,∆)|+ |bα∗(f, l,∆)||bα∗(q, l,∆)− q(vα∗)|

min bα(q, l,∆)

≤ C2N l
n2(n+ 1)(n+ 2)2(n+ 3)

288 min bα(q, l,∆)

(
|| 52 b(p, l,∆)||∞ +M || 52 b(q, l,∆)||∞

)
,

where the first inequality follows since vα∗ is the corresponding grid point of
m in ∆, and the last one follows by the proof of Theorems 5.3.5 and 5.4.4,
which completes the proof. �

Corollary 6. Given, under the assumptions of Theorem 5.4.5, f is a rational
function of degree l, positive over ∆. If N and f∆ are satisfying:

1

C2N
>

2ω′

f∆
.

Then f satisfies the local certificate of positivity.

5.4.6 Independent Bounds

In this subsection, we extend a bound which does not depend on the number
of variables to the rational case. This bound in the polynomial case is the
best in high dimensions as explained in [Ler08], [PR01] and [PR05].

Theorem 5.4.6. [PR01, Theorem 3] Let p be a polynomial of degree l, pos-
itive on the standard simplex ∆. Let p∆ be the minimum of p on ∆. Then
for

k >
l(l − 1)

2

max |bα(p, l,∆)|
p∆

, (5.46)

the Bernstein form of p of degree k has positive coefficients.
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The following corollary extends Theorem 5.4.6, and Proposition 4 in [PR05]
to the rational case. This bound also extends results from [PR01] to the
rational case.

Corollary 7. [HW17b, Corollary 5.7] Let f = p/q be a positive rational
function over ∆. Let p∆ be the minimum of p on ∆. If

k >
l(l − 1)

2

max |bα(p, l,∆)|
p∆

, (5.47)

then f satisfies the global certificate of positivity.

Proof. Let k be large enough and p(x)
q(x)

> 0 =: a, hence h(x) := p(x) −
aq(x) > 0 allows from Theorem 5.4.6 and [PR05, Proposition 4] the (global)
certificate of positivity. Hence, If

k >
l(l − 1)

2

max |bα(h, l,∆)|
h∆

.

Then bα(p, l,∆) − abα(q, l,∆) > 0. It follows that bα(f, l,∆) are positive,
∀|α| = l. �

Corollary 8. Let D1 = ω
min f(x)

+ 1 and D2 = l(l−1)
2

max |bα(p,l,∆)|
p∆ . Then the

positive rational function f satisfies the (global) certificate of positivity over
∆ if k > max{D1, D2}.

Remark 5.4.3. Given f is a rational function of degree l, negative on ∆.
Then we can define certificates of negativity for f , and obtain the certificates
by application of the same arguments above to the upper bounds.
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Chapter 6

Affine Lower Bounding
Functions for Polynomials

There are many possible lower bounding functions for polynomials over a
box and a simplex, but we wish to define a construction in a way to tightly
approximate the polynomial from below, so that the minimum discrepancy
between the values attained by the bounding function and the polynomial
over the given domain is small. Bernstein polynomials have two main prop-
erties: their sum equals 1, and B

(l)
i (x) are positive for x ∈ (0, 1). These two

properties lead us to the convex hull property, which implies affine lower and
upper bounds for polynomials. In this work, we wish to find an affine lower
bounding function c(x) such that

c(x) ≤ p(x), ∀x ∈ {X, V }.

Given a method for a lower bounding function, an upper bounding function
for p over X and V can usually be obtained in a completely analogous way:
an upper bounding function for p can be defined by −c(x), where c is a valid
lower bounding function for −p(x).

The convex hull of the control points associated with the Bernstein coeffi-
cients has been provided a natural extension to the use of l upper and lower
affine functions in [Jan00] and [GJS03b]. In [GS08] the authors used the fact
that the coefficients of the expansion yield a control point structure whose
convex hull contains the graph of the given polynomial over a given box,
e.g., Figures 6.1 and 6.2, which are taken from [GS08]. The simplest type
of an affine bounding function is a constant function obtained by choosing
the minimum Bernstein coefficient. In fact, the bound should preserve the
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broad shape of the function over a given domain, approximate the original
function as tightly as possible and be simpler to evaluate than the origin
function. Most of the methods of affine bounding function rely on a control
point associated with the minimum Bernstein coefficient, and a determina-
tion of n other control points. These are generally chosen in such a way that
the linear interpolate of these points coincides with one of the lower facets of
the convex hull of the control points and therefore constitutes a valid lower
bounding function for the given polynomial. Here we construct tight affine
lower bounding functions for multivariate polynomials over boxes and sim-
plices. Convergence properties, using the minimum absolute error bound,
with respect to degree elevation, width of the domain and subdivision are
shown. A principal application of such bounding functions is in stability of
polynomial systems. Our results lean upon the well-known certificates of pos-
itivity given by Bernstein,s theorem, where the positivity of a polynomial is
certified by checking the Bernstein coefficients of its lower function of degree
one. Additionally, the problem of finding tight affine lower bounding func-
tions for polynomials may be employed when global optimization problems
involving polynomials are solved with a branch and bound methods.

We start the chapter with a brief summary of previous methods for affine
bounding functions, and provide a new method (MLLS) over boxes and sim-
plices, where the unit box and the standard simplex are considered.

6.1 Method C (Constant Bound Function)

The left hand side of the range enclosing property for polynomials

min
i=0,...,l̂

bi(p) ≤ p(x)

provides a constant bound function,

c(x) := min
i=0,...,l̂

bi(p). (6.1)

This bound does not, in general, approximate a polynomial as closely as
other types of bounding functions, e.g., Figure 6.1.
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Figure 6.1: The graph of the polynomial in Figure 3.3, convex hull of its
control points and the constant lower bound function c(x) = b2, which is
taken from [GS08].

6.2 Method LP (Linear Programming Prob-

lems)

Suppose the minimum Bernstein coefficient is attained at î. This method
computes a bounding function passing through the control point bî and relies
upon the computation of slopes and the solution of a linear programming
problem.

This method has demonstrated an improved error bound relative to con-
stant bounding functions, see [Smi12, Table 10.2], but is slow.

6.3 Method LE (Linear Equations)

This method [GS04] finds hyperplanes passing through the chosen control
point b0 = bî which approximate the lower part of the convex hull of the
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control points increasingly well. The method requires the computation of
slopes, the solution of systems of linear equations and a sequence of back
substitutions. Starting with c0(x) := bî, we construct from additional control
points b1, ..., bn a sequence of affine lower bounding functions c1, ..., cn. End
up with cn, a hyperplane which passes through a lower facet of the convex hull
spanned by the control points b0, ..., bn. In the course of this construction,
the method generates a set of linearly independent vectors {u1, ..., un}, and
computes slopes from b0 to bj in direction uj, see [GS04].

This method has been delivered a slightly better average error bound than
the linear programming method (LP). Moreover, it is much faster, the solu-
tion of systems of linear equations is less computationally intensive than LP
problems.

6.4 Method MinBC (Minimum Bernstein Co-

efficients)

Two issues need to be addressed before a lower bounding function is ob-
tained. Firstly, the choice of control points may be need to modified to
avoid the degenerate cases either where they do not define a unique inter-
polating hyperplane or where the hyperplane has infinite gradient, see the
example of Figure 10.4 in [Smi12]. Secondary, the interpolating hyperplane
is not guaranteed to be a valid lower bounding function. In this case it must
be corrected by the computation of an error term followed by a downward
shift. Determine the minimum Bernstein coefficient bî and n smallest others,
b1, ..., bn, defining a non-degenerate lower bounding function c∗ as their in-
terpolate. Compute the maximum nonnegative discrepancy between c∗ and
the control points:

ρ = max
0≤i≤l̂
{c∗(i

l̂
)− bi}. (6.2)

Assuming ρ is non-zero, a valid bounding function is obtained by performing
a downward shift:

c(x) = c∗(x)− ρ. (6.3)

This scheme does not always yield a tight bounding function as tested in
[Smi12].
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6.5 Method MinS (Minimum Slops)

As above a lower bounding function [GS03] is obtained by interpolating the
designated control points as the solution of a system of linear equations.
Also, degenerate cases should be avoided and this bounding function may
be invalid, in which case it is corrected by the computation of an error term
followed by a downward shift ρ as in (6.2) and (6.3). Again, a tight bounding
function is not always obtained, see [Smi09, Table 10.2].

6.6 Method LLS (Linear Least Squares Ap-

proximation)

The Bernstein expansion of a given polynomial introduces a method for com-
puting tight affine lower bounding functions based on the control points,
using a linear least squares approximation of the entire control point struc-
ture. This is demonstrated to have superior performance to previous methods
based on a linear interpolation of certain specially chosen control points. This
method [GS08] proposes the use of the linear least squares approximation.
This yields an affine function which closely approximates the graph of the
polynomial over the whole box. It be adjusted by a downward shift ρ so that
it passes under all the control points, yielding a valid lower bound function.

Let A be the matrix with
∏n

i=1(li + 1) rows and n + 1 columns where the
i, jth element is defined as

ai,j = ij/lj, for 1 ≤ j ≤ n, ai,n+1 = 1.

Let b be the vector consisting of the corresponding
∏n

i=1(li + 1) Bernstein
coefficients. Then the coefficients of the linear least squares approximation
of all the control points are given by the solution γ to

ATAγ = AT b, (6.4)

yielding the affine function

c∗(x) =
n∑
i=1

γixi + γn+1. (6.5)

As before we compute the maximum positive discrepancy, ρ, between the
affine linear function c∗ and the control points and perform a downward shift
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c∗ − ρ to obtain the lower bounding function

c(x) = c∗(x)− ρ, x ∈ I. (6.6)

Figure 6.2, which is taken from [GS08], illustrates the construction of an
affine lower bounding function using this method and LE method.

Figure 6.2: The curve of the polynomial from Figure 3.3, the convex hull
(colored blue) of its control points (marked by squares), the intermediate
affine function c∗ and the affine lower bounding function c from Method LLS
versus the affine lower bounding function cn from Method LE, which is taken
from [GS08].

Theorem 6.6.1. [GS08, Theorem 1] The following error bound is valid:

0 ≤ max
x∈I

(p(x)− c(x)) ≤ max
0≤i≤l̂

(
bi − c(

i

l̂
)
)
, ∀x ∈ I. (6.7)

Proof. It can be seen from (4.14) that

bi = p(
i

l̂
), for all i = 0, ..., l̂ with iµ ∈ {0, lµ}, µ = 1, ..., n.
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This property divides the surface of the convex hull of the control points into
a lower and an upper part, in a natural way. The function describing the
upper surface is piecewise affine over the uniform grid for the abscissae of the
control points; let us denote it by g. The discrepancy g − c is the difference
of a piecewise affine and an affine function and must therefore assume its
maximum at a point i∗

l̂
at which the associated control point is an exposed

vertex of the convex hull, hence g( i
∗

l̂
) = bi∗ . So we may conclude that

max
x∈I

(p(x)− c(x)) ≤ max
x∈I

(g(x)− c(x))

= max
i=0,...,l̂

(g(
i

l̂
)− c(i

l̂
))

= max
i=0,...,l̂

(bi − c(
i

l̂
)). �

Unfortunately, this method was given in [GS08] without any proof of the
convergence properties.

6.7 MLLS (Multi-Linear Least Squares Ap-

proximation)

In this work, we improve the linear least squares method by application of
Remark 3.1.3 to the linear least squares function and decreasing the down-
ward shift which allows the convergence properties. If the degree of Bernstein
expansion of c∗(x)−p(x) is elevated, the Bernstein coefficients of order l̂+ r̂,
r̂ ∈ Nn, can easily be computed as convex combinations of the coefficients of
order l̂. It follows for rµ ≥ 0, µ = 1, ..., n, that

ρ ≥ max
0≤j≤l̂+r̂

{b(l̂+r̂)
j (c∗)− b(l̂+r̂)

j (p)} =: ρ(r̂). (6.8)

Assuming ρ(r̂) is non-zero, a valid bounding function is obtained by per-
forming a downward shift:

c(r̂)(x) := c∗(x)− ρ(r̂), x ∈ I. (6.9)

This method approximates the original function well, preserves the broad
shape of the function on the whole box, e.g., Figure 6.3, easier to be evaluated
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than the original polynomial, and allows the convergence properties. By
elevating the degree, the lower bound from this method converges linearly to
the polynomial p. This lower bound also converges quadratically to p with
respect to width of the domain and with respect to subdivision.

Figure 6.3: The curve of a polynomial of fifth degree, the convex hulls (col-
ored) of its control points (marked by colored points) and the affine lower
bound functions c(r) for r = 0, 1, 2.

Theorem 6.7.1. The following error bound is valid:

0 ≤ max
x∈I

(p(x)− c(r̂)(x)) ≤ max
0≤j≤l̂+r̂

(b
(l̂+r̂)
j (p)− c(r̂)(

j

l̂ + r̂
)) (6.10)

≤ max
0≤i≤l̂

(b
(l̂)
i (p)− c(i

l̂
)). (6.11)

Proof. The proof of (6.10) follows by using arguments similar to that
given in the proof of Theorem 6.6.1, while (6.11) follows by (4.17). �
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Certificates of positivity in the tensorial Bernstein basis for designing con-
trol systems for polynomial dynamic systems should be simplified by using
linear lower bounding functions for the negative Lie derivative of degree l.
These linear bounds can be given in the Bernstein form and the coefficients
are computed for linear functions.

6.7.1 Polynomial Error Bound over a Box

To guarantee that the bounding function approximates the polynomial from
below well, we show that the minimum error bound, which denotes the min-
imum absolute discrepancy between p and c(r̂), is decreasing with respect to
raising r̂ (degree elevation). It follows from (6.8) that ρ(0) ≥ ρ(r̂), rµ ≥ 0,
which implies the following lemma.

Lemma 6.7.2. The minimum error bound is decreasing with respect to rais-
ing r̂,

0 ≤ min
x∈I, rµ≥0

|p(x)− c(r̂)(x)| ≤ min
x∈I, rµ=0

|p(x)− c(r̂)(x)|, µ = 1, ..., n. (6.12)

6.7.2 Linear Convergence

Here we prove the linear convergence of the lower bound c(r̂)(x) to p with
respect to raising r, r = max{rµ, µ = 1, ..., n}.

Theorem 6.7.3. [HA17, Theorem 3.3] Let a polynomial p of (total) degree
l be bounded from below by c(r̂)(x). Then it holds

min
x∈I
|p(x)− c(r̂)(x)| ≤ ζ

l + r
, (6.13)

where l + r is the total degree of the Bernstein expansion of p and ζ is the
constant (4.19) not depending on r.

Proof. Assume that ρ(r̂) = b
(l̂+r̂)
j0

(c∗)−b(l̂+r̂)
j0

(p), for some j0, 0 ≤ j0 ≤ l̂+ r̂,

with the corresponding grid point x
(l̂+r̂)
j0

in I. Then we may estimate (cf.
Remark 3.1.3)

min
x∈I

∣∣p(x)− c(r̂)(x)
∣∣ ≤ min

0≤j≤l̂+r̂

∣∣p(x(l̂+r̂)
j )− c(r̂)(x

(l̂+r̂)
j )|
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≤
∣∣p(x(l̂+r̂)

j0
)− c(r̂)(x

(l̂+r̂)
j0

)
∣∣

=
∣∣p(x(l̂+r̂)

j0
)−

(
c∗(x

(l̂+r̂)
j0

)−
(
c∗(x

(l̂+r̂)
j0

)− b(l̂+r̂)
j0

(p)
))∣∣

=
∣∣p(x(l̂+r̂)

j0
)− b(l̂+r̂)

j0
(p)
∣∣ ≤ ζ

l + r
,

where the last inequality follows by Remark 4.3.3. �

6.7.3 Quadratic Convergence with Respect to the Width
of a Box

In this subsection, the convergence of the affine lower bounding function
c(r̂)(x) to p is quadratic with respect to the width of X. The proof of the
following theorem follows by using arguments similar to that given in the
proof of Theorem 6.7.5.

Theorem 6.7.4. [HA17, Theorem 3.4] Let A ∈ I(R)n be fixed. Then for all
X ∈ I(R)n, X ⊆ A it holds that

min
x∈X
|p(x)− c(r̂)(x)| ≤ ζ ′||w(X)||2∞, (6.14)

where ζ ′ is the constant (4.25) independent of X.

6.7.4 Quadratic Convergence with Respect to Subdi-
vision

We show that the bound c(r̂)(x) converges quadratically when subdivision of
I is applied. Consider the subboxes I(d,ν) of edge length 2−d, ν = 1, ..., 2nd,
1 ≤ d. Assume that

c
(r̂)
(d,ν)(x) = c∗(x)− ρ(r̂,I(d,ν)), x ∈ I(d,ν)

is an affine lower bounding function of p over I(d,ν).
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Theorem 6.7.5. [HA17, Theorem 3.5] Given p(x) is a polynomial of degree

l̂ with its lower bounding function c
(r̂)
(d,ν)(x) over I(d,ν). For each 1 ≤ d it

holds
min

x∈I(d,ν)
|p(x)− c(r̂)

(d,ν)(x)| ≤ ζ ′′(2−d)2, (6.15)

where ζ ′′ is a constant independent of d.

Proof. Put

ρ(r̂,I(d,ν)) = b
(d,v0)
j0

(c∗)− b(d,v0)
j0

(p) for some 0 ≤ j0 ≤ l̂ + r̂ and 0 ≤ ν0 ≤ 2nd,

with the corresponding grid point x
(l̂+r̂,v0)
j0

in I(d,ν0). It follows by the proof
of Theorem 6.7.3 that

min
x∈I(d,ν)

∣∣p(x)− c(r̂)
(d,ν)(x)

∣∣ ≤ ∣∣p(x(l̂+r̂,v0)
j0

)− c(r)
(d,ν0)(x

(l̂+r̂,v0)
j0

)
∣∣

=
∣∣p(x(l̂+r̂,v0)

j0
)− b(d,v0)

j0
(p)
∣∣ ≤ ζ ′′(2−d)2,

where the last inequality follows by Theorem 4.3.5 (cf. Theorem 4.2.4). �

6.7.5 Multi-Affine Function

In this subsection, we improve the linear least squares function c∗(x) which is

computed from the control points

(
i1
l1
, ..., in

ln
, bi

)
of degree l̂. We compute the

linear least squares function c(∗,r̂)(x) from the control points

(
j1

l1+r1
, ..., jn

ln+rn
, b

(l̂+r̂)
j

)
of degree l̂+ r̂. Compute the maximum positive discrepancy between c(∗,r̂)(x)
and the control points:

ρ(∗,r̂) := max
0≤j≤l̂+r̂

{b(l̂+r̂)
j (c(∗,r̂))− b(l̂+r̂)

j (p)}. (6.16)

A valid bounding function is obtained by performing a downward shift:

c(l̂+r̂)(x) := c(∗,r̂)(x)− ρ(∗,r̂), x ∈ I. (6.17)

Finally, the proof of the convergence properties of (6.17) to p follows by
using arguements similar to that given in the proof of Theorems 6.7.3, 6.7.4
and 6.7.5.
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6.8 Bounding Functions for Polynomials over

a Simplex

In this section, we extend the approach to polynomials over a simplex. The
simplest type of bounding function (a constant bound function) is also the
fastest on a simplex. However, constant bounding functions do not approxi-
mate the broad shape of the function over the whole simplex. Method MLLS
is the tightest, and faster than all the methods above except (in some cases)
Method C. It has good average error bound. Hence, we provide the best two
methods for polynomials over the standard simplex.

6.8.1 SC (Simplicial Constant Bound Function)

We can derive a constant affine lower bounding function from the value of
the minimum Bernstein coefficient of p over ∆:

c(∆) := min
|β|=l

bβ(p, l,∆).

Then, the left hand side of the range enclosure property (3.46)

c(∆)(x) ≤ p(x), ∀x ∈ ∆, (6.18)

yields the bound.
The following lemma can be similarly proven as Lemma 7.2.1.

Lemma 6.8.1. The following error bound is valid:

min
x∈∆

(p(x)− c∆(x)) ≤ min
|β|=l

∣∣p(vβ(l,∆))− c∆(vβ(l,∆))
∣∣. (6.19)

Again, this bound does not, in general, approximate polynomials on the
whole domain, e.g., Figure 6.4.

6.8.2 SLLS (Simplicial Linear Least Squares Approxi-
mation)

Computing the linear least squares approximation of the control points of
polynomials on a simplex derives bounding functions approximate the given
polynomial on the whole simplex. The best method of bounding polynomials
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Figure 6.4: The convex hull and graph of the polynomial from Figure 3.2,
and a constant lower bound function.

until now is most often method multi-linear least squares approximation
(MLLS) which tights the polynomial on the whole given region. Hence,
we extend this method for polynomials over ∆, and show the convergence
properties with respect to degree elevation and with respect to subdivision.
A simplicial linear least squares bounding function follows by computations
similar to that in MLLS, using the grid points vα(l,∆) and the

(
l+n
n

)
Bernstein

coefficients bα(p, l,∆). Let c∗(∆)(x) be the affine function of the linear least
squares approximation of the control points (vα(l,∆), bα(p, l,∆)). Compute
the maximum positive discrepancy between c∗(∆)(x) and the control points:

ρ(k,∆) := max
|α|=l+k

{bα(c∗(∆), l + k,∆)− bα(p, l + k,∆)}, k ≥ 0. (6.20)

A valid bounding function (SLLS) is obtained by performing a downward
shift:

c(k,∆)(x) = c∗(∆)(x)− ρ(k,∆). (6.21)

The proof of the following theorem follows by using arguments similar to
that given in the proof of Theorems 6.6.1 and 6.7.1.
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Theorem 6.8.2. The following error bound is valid:

0 ≤ max
x∈I

(p(x)− c(k,∆)(x)) ≤ max
|α|=l+k

(bα(p, l + k,∆)− c(k,∆)(vα(l + k,∆)))

(6.22)
≤ max
|β|=l

(bβ(p, l,∆)− c(0,∆)(vβ(l,∆))). (6.23)

Polynomial Error Bound over a Simplex

Here we show that the minimum error bound between p and c(k,∆)(x) is
decreasing with respect to raising k (degree elevation). We refer from (4.51)
to ρ(0,∆) ≥ ρ(k,∆), k ≥ 0. This implies the following lemma.

Lemma 6.8.3. The minimum error bound is decreasing with respect to rais-
ing k, i.e.,

min
x∈∆
|p(x)− c(k+1,∆)(x)| ≤ min

x∈∆
|p(x)− c(k,∆)(x)|. (6.24)

Linear Convergence

The linear convergence property is important for improving the lower bound-
ing function. We show this property for c(k,∆)(x) to p with respect to raising
the degree k.

Theorem 6.8.4. For k ≥ 0 it holds that

min
x∈∆
|p(x)− c(k,∆)(x)| ≤ ϑ

l + k − 1
, (6.25)

where l + k is the degree of the simplicial Bernstein expansion of p and ϑ is
the constant (4.60) independent of k.

Proof. Noting (3.44), we assume that

ρ(k,∆) = c∗(∆)(vα∗)− bα∗(p, l + k,∆), for some |α∗| = l + k,

where vα∗ is a grid point of degree l + k in ∆. Then

min
x∈∆

∣∣p(x)− c(k,∆)(x)
∣∣ ≤ ∣∣p(vα∗)− c(k,∆)(vα∗)

∣∣
=
∣∣p(vα∗)− (c∗(∆)(vα∗)−

(
c∗(∆)(vα∗)− bα∗(p, l + k,∆)

))∣∣
=
∣∣p(vα∗)− bα∗(p, l + k,∆)

∣∣ ≤ ϑ

l + k − 1
,

where the last inequality follows by Theorem 4.4.5. �
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Quadratic Convergence

Let p be a polynomial of degree l over the standard simplex ∆. Assume ∆
has been subdivided, i.e.,

∆ = V [1] ∪ ... ∪ V [σ].

Let h be an upper bound on the diameter of V [i]. We show the quadratic
convergence of the lower bound c(k,∆)(x) to p with respect to the maximum
of the diameters h of the subsimplices. Let

c(k,V [i])(x) = c∗(V
[i])(x)− ρ(V [i]),x ∈ V [i]

be a lower bounding function for p over V [i], i = 1, ..., σ.

Theorem 6.8.5. Let ∆ = V [1] ∪ ... ∪ V [σ] be a subdivision of the standard
simplex ∆ and h be an upper bound on the diameters of the V [i],s. Then

min
x∈V [i]

|p(x)− c(k,V [i])(x)| ≤ h2ϑ′, (6.26)

where ϑ′ is the constant (4.63) not depending on h.

Proof. Assume that k = 0, and

ρ(V [i]) = bα∗(c
∗(V [i0]), l, V [i0])−bα∗(p, l, V [i0]) for some, |α∗| = l, i0 ∈ {1, ..., σ},

with the corresponding grid point vα∗(l, V
[i0]). Then

min
x∈V [i]

∣∣p(x)− c(l,V [i])(x)
∣∣ ≤ min

|α|=l, i=1,...,σ

∣∣p(vα(l, V [i]))− c(l,V [i])(vα(l, V [i]))
∣∣

≤ |p(vα∗(l, V [i0]))− c(l,V [i0])(vα∗(l, V
[i0]))|

= |p(vα∗(l, V [i0]))−
(
c∗(V

[i0])(vα∗(l, V
[i0]))−(c∗(V

[i0])(vα∗(l, V
[i0]))−bα∗(p, l, V [i0]))

)
|

=
∣∣p(vα∗(l, V [i0]))− bα∗(p, l, V [i0])

∣∣ ≤ h2ϑ′,

where the second inequality follows since vα∗(l, V
[i0]) is a grid point in V [i0],

and the last one by Theorem 4.4.7. �

In order to construct a continues lower bounding function, application of
the linear equations method LE is also possible to polynomials over a simplex.
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Remark 6.8.1. The linear least squares function c∗(∆)(x) can also be im-
proved by raising the degree and number of control points. This allows
c∗(k,∆)(x) to be computed from (vα(l + k,∆), bα(p, l + k,∆)), cf. Subsection
6.7.5. From Theorems 6.8.4 and 6.8.5, the bound (6.21) within c∗(k,∆)(x)
converges linearly and quadratically to p.
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Chapter 7

Affine Lower Bounding
Functions for Rational
Functions

This chapter considers affine lower bounding functions for rational functions
which may be derived from the Bernstein expansion. We wish to find an
affine lower bounding function L(x) such that

L(x) ≤ f(x), ∀x ∈ {X, V }.

Again, given a method for a lower bounding function, an upper bounding
function for f over X or V can be obtained in a completely analogous way:
an upper bounding function for f can be given by −L(x), where L is a valid
lower bounding function for −f(x). In this work, we construct bounding
functions for a rational functions over boxes and simplices that approximate
the origin rational function well and preserve its broad shape over the whole
domain. There are many possible such functions, but we wish to define a
construction in such a way as to tightly approximate the rational function
from below, so that the minimum absolute discrepancy between the values
attained by the bounding function and the rational function over the given
domain is small. The approach also relies on the expansion of the numerator
and denominator polynomials into Bernstein polynomials.

The affine lower bounding function for a rational function in a rigorous
fashion should be guaranteed to stay below the given rational function. In
the (best) case of method rational linear least squares (RLLS) below, we have
constructed a lower bounding function based upon Bernstein coefficients and
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degree elevation. In each case it is assumed that we have a multivariate
rational function and its Bernstein coefficients have been computed.

7.1 Bounds for Rational Functions over a Box

Throughout this work, f is a rational function of degree l̂ with Bernstein
coefficients bi(f) = bi(p)

bi(q)
, 0 ≤ i ≤ l̂, of the same degree l̂. We also assume

that bi(q) > 0, for all i = 0, ..., l̂. We provide new affine lower bounding
functions for multivariate rational functions based on the control points and
degree elevation. Monotonicity of the lower bounds to f is investigated with
respect to degree elevation. Decreasing of the error bound is also shown if
the degree is elevated.

We start with the following method for the computation of affine lower
bounding functions for rational functions over a box.

7.1.1 Method RC (Rational Constant Bound Function)

The coefficients of the Bernstein expansion of a given rational function over
a specified box bound the range of the rational function (cf. Chapter 5). In
other terms, the easiest type of affine lower bounding function is one equal
to a constant; we can simply assign it the value of the minimum rational
Bernstein coefficient,

L(x) := min bi(f), i = 0, ..., l̂. (7.1)

Then, according to Theorem 5.2.1

L(x) ≤ f(x), ∀x ∈ I. (7.2)

In general, this method is used principally as a control any method which
does not deliver a noticeably tighter approximation than it is likely to be of
no benefit, e.g., Figure 7.1 and Table 7.3.

Example 7.1.1. [NGSM12, Examples] Given the following two rational
functions are

f :=
a(w2 + x2 − y2 − z2) + 2b(xy − wz) + 2c(xz + wy)

w2 + x2 + y2 + z2
, (7.3)
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and

g :=
2(xz + wy)

w2 + x2 + y2 + z2
, (7.4)

where
a ∈ [7, 9], b ∈ [−1, 1], c ∈ [−1, 1]

x ∈ [−0.1,−0.2], y ∈ [0.3, 0.7], z ∈ [−0.2, 0.1], w ∈ [−0.9,−0.6]. (7.5)

The box (7.5) was given to span 16 different orthants of R7. The naive
method, the least squares method, the improved least squares method, the
constant bounding method, and the true enclosure are compared in Tables
7.1 and 7.2. In the first instance the Bernstein coefficients over the whole
box (7.5) are computed. Subsequently and alternatively, the range enclo-
sures and Bernstein coefficients over each orthant separately and form the
union of the single orthant ranges are computed. For a single orthant, the
implicit Bernstein form [Smi09] is used. The resulting enclosures for f and
g, outwardly rounded to 4 decimal places of precision, are given in the same
two tables. The authors in [NGSM12] have shown by these two examples
that the rational constant method is superior to the least squares method.

Bernstein expansion over whole box separate orthants
Naive method [-6.6830, 18.5610] [-5.9112, 16.8223]
RLS method [-5.8760, 11.2601] [-5.4357, 10.9533]
Improved RLS [-4.0403, 9.6863] [-3.9753, 9.5292]
RC method [-3.1495, 8.3484] [-2.9888, 8.0550]
True range [-2.9561, 8.0094] [-2.9561, 8.0094]

Table 7.1: Range enclosures for the rational function f (7.3) over the box
(7.5).

Lemma 7.1.1. Let f = p/q be a rational function of degree l̂. Then the
following error bound is valid:

min
x∈X

(f(x)− L(x)) ≤ min
0≤i≤l̂

∣∣f(x
(l̂)
i )− L(x

(l̂)
i )
∣∣ =: σ(+). (7.6)

7.1.2 Method RLLS (Rational Linear Least Squares
Approximation)

Solving nonlinear systems and global optimization problems involving ra-
tional functions requires bounding the functions from below. We provide a

126



CHAPTER 7. AFFINE LOWER BOUNDING FUNCTIONS FOR
RATIONAL FUNCTIONS

Bernstein expansion over whole box separate orthants
Naive method [-3.2683, -0.2318] [-2.9778, -0.2370]
RLS method [-1.3835, -0.4074] [-1.3302, -0.4250]
Improved RLS [-1.2333, -0.5175] [-1.2086, -0.5175]
RC method [-1.1416, -0.5263] [-1.0878, -0.5263]
True range [-1, -0.5263] [-1,-0.5263]

Table 7.2: Range enclosures for the rational function g (7.4) over the box
(7.5).

method to construct a lower bounding function based on the control points
and degree elevation of the Bernstein expansion. An error bound is exhibiting
monotonicity in the multivariate case.

The rational Bernstein form of f of degree l̂ + r̂ is expressed on the unit
box I as

f(x) =

∑l̂+r̂
j=0 b

(l̂+r̂)
j (p)B

(l̂+r̂)
j∑l̂+r̂

j=0 b
(l̂+r̂)
j (q)B

(l̂+r̂)
j

=:
p(r̂)(x)

q(r̂)(x)
, r̂ ≥ 0. (7.7)

We recall from Proposition 5.2.3 that

b
(l̂+r̂)
j (p)

b
(l̂+r̂)
j (q)

≤ max
0≤j≤l̂+r̂

b
(l̂+r̂)
j (p)

b
(l̂+r̂)
j (q)

≤ max
0≤i≤l̂

b
(l̂)
i (p)

b
(l̂)
i (q)

= m.

The polynomial W (x),

W (x) = p(x)−mq(x), (7.8)

plays an important role in deriving a lower bounding function for f over a
box.

A non-positive affine lower bounding function of W is given by

cW (x) = c∗W (x)− ρW , (7.9)

where
ρW = max

0≤i≤l̂

{
c∗W (x

(l̂)
i )− b(l̂)

i (W )
}
.

By application of (7.9) to W , a lower bounding function of the rational
function f of degree l̂ is given as

L(x) =
cW (x)

min b
(l̂)
i (q)

+m. (7.10)
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From (7.7) the Bernstein form of W of degree l̂ + r̂ is given as

W (x) = p(r̂)(x)−mq(r̂)(x) ≤ 0,

where the Bernstein coefficients of W of degree l̂ + r̂ are given by

b
(l̂+r̂)
j (W ) = b

(l̂+r̂)
j (p)−mb(l̂+r̂)

j (q). (7.11)

The (MLLS) non positive affine lower bounding function of W is given as

c
(r̂)
W (x) = c∗W (x)− ρ(r̂)

W , (7.12)

where
ρ

(r̂)
W = max

0≤j≤l̂+r̂

{
bj(c

∗
W )− b(l̂+r̂)

j (W )
}
.

By noting (4.51) and application of (7.12) to W , a valid lower bounding
function (RLLS) of the rational function f on a given box is obtained for
r̂ ≥ 0 (rµ ≥ 0, ∀µ = 1, ..., n) by:

L(r̂)(x) =
c

(r̂)
W (x)

min b
(l̂+r̂)
j (q)

+m. (7.13)

In Figure 7.1 a plot of a univariate rational function with its linear lower
bound L(r), r = 0, 1, 2, is shown.

Remark 7.1.1. The lower bounding function L(r̂) can also be improved

by application of c
(l̂+r̂)
W (6.17) to W , and then constructing an affine lower

bounding function L(l̂+r̂) for f .

The following lemma can be similarly proven as Lemma 7.2.1.

Lemma 7.1.2. The following error bound is hold:

min
x∈I

(f(x)− L(r̂)(x)) ≤ min
0≤j≤l̂+r̂

∣∣f(x
(l̂+r̂)
i )− b(l̂+r̂)

i (L(r̂))
∣∣ =: σ(r). (7.14)

Rational Error Bound over a Box

This subsection shows that the minimum error bound, which denotes the
minimum absolute discrepancy between the rational function f and L(r̂)(x),
is decreasing with respect to degree elevation.
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Figure 7.1: The curve of a rational function of second degree, and the example
of affine lower bounding functions L(r) for r = 0, 1, 2.

Remark 7.1.2. By application of (7.9) and (7.12) to W we get for rµ ≥
0, µ = 1, ..., n,

c∗W (x)− ρ(r̂)
W ≤ c∗W (x)− ρ(0)

W . (7.15)

Corollary 9. [HA17, Corollary 2] The minimum error bound of f on I is
decreasing with respect to raising r̂

min
x∈I,rµ≥0

|f(x)− L(r̂)(x)| ≤ min
x∈I,rµ=0

|f(x)− L(r̂)(x)|, µ = 1, ..., n. (7.16)

Proof. Let L(r̂)(x) be a lower bounding function of f . From (7.15) and
since the enclosure bound of q is monotone with respect to degree elevation,
we obtain

L(r̂)(x) = m+
c∗W (x)− ρ(r̂)

W

min b
(l̂+r̂)
j (q)

≥ m+
c∗W (x)− ρ(0)

W

min b
(l̂)
i (q)

. (7.17)
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By application of (7.17) to the minimum absolute error bound the result
follows. �

Numerical Results

The simplest method of bounding a rational function (a rational constant
bound function) is in some examples the tighter. However, constant bounding
functions are crude and we would expect them to exhibit the mediocre error
bounds, in general, which do not approximate the rational function on the
whole box as closely as our method. The naive method is unreliable, giving
extremely poor bound functions in many cases. Presently, the best bounding
function which approximates and preserves the broad shape of the rational
function over the whole domain is the rational linear least squares bounding
function (RLLS).

Example 7.1.2. Consider f (7.3) and g (7.4) are given in Example 7.1.1
on the box (7.5). Table 7.3 lists σ(r) (7.14) and σ(+) (7.6) for the given two
rational functions over the given box, for r = 0, 1, 2:

σ(+)/σ(r) f g

σ(+) 0.238319 0.143718
σ(0) 1.37662 0.0611941
σ(1) 1.15619 0.0262508
σ(2) 0.95121 0.0192906

Table 7.3: Numerical results for the rational functions f (7.3) and g (7.4)
over the box (7.5).

The new method RLLS is superior to the rational constant method RC for
g at r̂ = 0 (rµ = 0, ∀µ = 1, ..., 4). The method RC is superior to RLLS for
f at r̂ = 0, 1, 2. Fortunately, the absolute error bound between L(r̂) and f
is decreasing as long as we elevate the degree. This allows the advantage for
RLLS afterward, e.g., Figure 7.1.

We implemented our numerical results and figures using C++, Opencv and
QT libraries. Bernstein coefficients were computed by the representation of
general Bernstein coefficients.
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7.2 Bounding Functions for Rational Func-

tions over a Simplex

Due to the tightness of the Bernstein enclosure over a simplex and the convex
hull property of polynomials, we can construct bounding functions for a ra-
tional function over V which are tight and approximate the original function.
The Bernstein bounding functions may be applied to the solution of systems
of (multivariate) rational functions over a given simplex. We give our results
without loss of generality for rational functions over the standard simplex ∆.

7.2.1 Simplicial Rational Constant Bound Function

Recall the convex hull property does not, in general, carry over to the rational
case. Theorem 5.3.1 may be used for finding bounds for the range of a rational
function of degree l. Hence

L(∆)(x) := min bβ(f, l,∆), |β| = l, (7.18)

is a constant lower bounding function for the rational function f on ∆.

We now set the minimum error bound.

Lemma 7.2.1. Let f = p/q be a rational function of degree l, given over ∆.
Then the following error bound holds

min
x∈∆

(f(x)− L(∆)(x)) ≤ min
|β|=l

∣∣f(vβ(l,∆))− L(∆)(vβ(l,∆))
∣∣. (7.19)

Proof. Assume that

min
|β|=l

(
f(vβ(l,∆))− L(∆)(vβ(l,∆))

)
= f(vβ∗)− L(∆)(vβ∗), for some |β∗| = l,

where vβ∗ is a grid point in ∆. Then we can estimate

min
x∈∆

(f(x)− L(∆)(x)) ≤ |f(vβ∗)− L(∆)(vβ∗)|. �

7.2.2 Simplicial Linear Least Squares Approximation

The affine linear least squares bounding function is the best method, would
seem to be impossible to adapt, since the linear least squares approximation
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requires all control points (Bernstein coefficients) explicitly. We extend the
method to the rational case over ∆.

We recall from Theorem 5.3.3 that

max
|α|=l+k

bα(p, l + k,∆)

bα(q, l + k,∆)
≤ max
|β|=l

bβ(p, l,∆)

bβ(q, l,∆)
= M.

Put Z(x) = p(x)−Mq(x), where the Bernstein coefficients of Z of degree
l + k with respect to ∆ are given by

bα(Z, l + k,∆) = bα(p, l + k,∆)−Mbα(q, l + k,∆). (7.20)

The simplicial linear lower bounding function (SLLS) of Z is given as (k ≥
0)

c
(k,∆)
Z (x) = c

∗(∆)
Z (x)− ρ(k,∆)

Z , (7.21)

where

ρ
(k,∆)
Z = max

|α|=l+k

{
bα(c

∗(∆)
Z , l + k,∆)− bα(Z, l + k,∆)

}
.

By application of (7.21) to Z, a valid lower bounding function of the ratio-
nal function f of degree l over ∆ is given as:

L(k,∆)(x) =
c

(k,∆)
Z (x)

min bα(q, l + k,∆)
+M. (7.22)

Rational Error Bound over a Simplex

We show that the error bound is decreasing with respect to degree elevation.
The following error bound is valid for f over ∆.

Lemma 7.2.2. Let a rational function f of degree l be given on ∆. Then
the following error bound holds for k ≥ 0,

0 ≤ min
x∈∆

(f(x)− L(k,∆)(x)) ≤ min
|α|=l+k

∣∣f(vα(l + k,∆))− bα(L(k,∆), l + k,∆)
∣∣.

Corollary 10. The minimum error bound is decreasing with respect to rais-
ing k,

min
x∈∆,k≥0

|f(x)− L(k,∆)(x)| ≤ min
x∈∆,k=0

|f(x)− L(k,∆)(x)|. (7.23)
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Proof. From (6.20) and (4.51), we have

ρ
(0,∆)
Z ≥ ρ

(k,∆)
Z . (7.24)

Using (4.51) and (7.24), we can estimate

M +
c
∗(∆)
Z (x)− ρ(k,∆)

Z

min bα(q, l + k,∆)
≥M +

c
∗(∆)
Z (x)− ρ(0,∆)

Z

min bβ(q, l,∆)
, k ≥ 0. (7.25)

By application of (7.25) to the minimum (absolute) discrepancy between f
and L(k,∆) the result follows. �

Remark 7.2.1. Application of c
∗(k,∆)
Z (x), which is computed from the control

points of degree l+k (cf. Subsection 6.7.5), to Z may also improve the affine
lower bound of f over X and V .
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Chapter 8

Conclusions and Applications

In this final chapter we shall summarize the work in this thesis and present
conclusions that can be drawn from the progress made. We then recall from
the literature some applications of Bernstein expansion in different fields. In
the end, we provide an outline of future directions in which the subject can
be taken, either related directly to the work covered in the thesis or natural
extensions to the work which have not been previously covered.

8.1 Summary

This thesis considered bounding polynomials and rational functions in the
tensorial and simlicial Bernstein forms. It also considered the problem of
using a polynomial Lyapunov function to analyze the stability of polynomial
systems and to synthesize polynomial feedback controllers.

In Chapter 3 we introduced a treatment of the Bernstein expansion. We
dealed with the Bernstein basis polynomials, and conversions to and from the
Bernstein and power bases over intervals, boxes and simplices. The major
properties of the Bernstein coefficients and the general representations with
barycentric coordinates are then given.

In Chapter 4 we provided constant bounds (the enclosure bound) on the
range of a multivariate polynomial over boxes and simplices. Some founda-
tions from the literature and further properties are extended to the multivari-
ate case. We addressed a minimization for a (multivariate) polynomial. We
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also studied the certificates of positivity in the tensorial Bernstein basis by
sharpness, degree elevation, width of a box and subdivision. By the particu-
lar Barycentric subdivision strategy, we proved that the simplicial Bernstein
form is inclusion isotone. This property allowed the local certificate of posi-
tivity and an algorithm to do analysis and controller synthesis (cf. Subsection
4.3.4). Finally, the control design algorithm involves Lyapunov and control
functions in the Bernstein form is developed (cf. Subsection 4.4.9).

In Chapter 5 we considered the multivariate rational function f = p/q.
The expansion of the numerator and denominator polynomials into Bern-
stein polynomials was applied. We improved the bounds on the range of a
rational function, derived from the Bernstein expansion. We proved proper-
ties such sharpness, monotonicity and inclusion isotonicity for the range of
a multivariate rational function. We also gave the linear and the quadratic
convergence of the bounds to the range of a rational function over boxes and
simplices. We addressed a minimization of a (multivariate) rational function
over a simplex. At the last, we investigated certificates of positivity in the
simplicial rational Bernstein basis by sharpness, degree elevation and subdi-
vision.

In Chapter 6 we explored several methods of affine bounding functions for
polynomials, based upon Bernstein expansion. We improved a method for
the computation of affine lower bounding functions for multivariate polyno-
mials over boxes and simplices based on Bernstein expansion, linear least
squares approximation and degree elevation. We also proved the conver-
gence properties of the new bounds with respect to degree elevation, width
of the domain and subdivision. Such bounding functions can be applied for
the solution of constrained global optimization problems within a branch
and-bound framework; if they are used to construct relaxations for a global
optimization problem, then sub-problems over boxes or simplices can be re-
duced to linear problems, which are easier to solve. Furthermore, stability of
polynomial systems by subdivision of boxes at the corresponding grid point
of the minimum absolute error bound can also be employed.

In Chapter 7 we constructed new affine lower bounding functions for multi-
variate rational functions over boxes and simplices based on Bernstein expan-
sion, linear least squares approximation and degree elevation. Additionally,
we showed the decreasing of the error bound with respect to degree elevation.
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We gave some examples and numerical results. The Bernstein expansion of
these bounding functions can also be employed for stability of a collection of
rational functions. This is a suggestion for a future work.

8.2 Bernstein Applications in Different Fields

Many problems in pure and applied mathematics and their applications can
be reduced to the problem of finding bounds for the range of a given function
over a prescribed domain. Often this domain is an axis parallel box X.
In robust control and computer aided geometric design it is often required
to check whether the determinant of a matrix with entries depending on
parameters varying in intervals is of like sign for all parameter combinations.
The fact that the enclosure bound remains in force in the multivariate case
opened the way for a broad application of the Bernstein expansion in many
fields where verification of the results is required.

The aim of this section is to present various applications of the Bernstein
expansion in different fields. We recall applications on robust stability prob-
lems, to the enclosure of the solution set of systems of polynomial inequalities
and equations, respectively, as well as to the solution of constrained global
optimization problems, etc. In [FM12] an introduction for using the tensorial
Bernstein basis to compute sharp ranges for the values of a multivariate poly-
nomial inside a box and for solving well-constrained systems of polynomial
equations is given.

8.2.1 Computer-Aided Geometric Design (CAGD)

The (tensorial and simplicial) Bernstein form provides sharp enclosures for
the value of a multivariate polynomial inside a given region. The superi-
ority of Bernstein basis over the naive interval arithmetic is illustrated in
[MSV+02] and [MFLS06], where implicit algebraic curves f(x, y) = 0 are
displayed with the classical subdivision method, using both the naive inter-
val arithmetic and a more optimized interval arithmetic that relies on the
tensorial Bernstein basis for bound computations. These studies revealed
that the latter method needs much less subdivision to cull domains which
are not crossed by the curve. Bernstein basis is optimal in dealing with
the problem of inaccuracy and numerical instability, which has been proved
by several authors, in particular by Farouki’s theorem on condition num-
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bers [Far02], [FR87], [FM12]. Bernstein basis brings geometric insight and
intuition to algebraic and numerical problems. Examples of naive interval
and Bernstein-based arithmetic applied to different polynomials are shown
in [FM12]. Finally, CAGD involves the modelling of a real or virtual three-
dimensional scene on a computer, cf. [Far02]. In [HMSP96] the authors
have considered systems of polynomial equations appearing in geometric in-
tersection computations. In a model, two surfaces will very commonly just
touch, which is an inherent cause of numerical ill-conditioning. This makes
them unsuitable for solution by non-robust methods. They have extended
an earlier interval nonlinear polynomial solver for balanced system based on
Bernstein subdivision method coupled with rounded interval arithmetic to
solve unbalanced systems.

8.2.2 Robust Control

In control theory, the question whether a given polynomial with coefficients
depending on parameters is D-stable is of great importance. Here a polyno-
mial is termed D-stable if all its zeros lie inside the prescribed subset D of
the complex plane. Of practical relevance are especially the cases in which D
is the open left half of the complex plane (Hurwitz or asymptotic stability),
the open unit disk (Schur stability), or a sector lying symmetric to the real
axis with vertex at the origin (damping). From the literature, e.g., [Ack93],
many results are known in the case in which the coefficients of the given
polynomial depend affinely or multiaffinely on parameters. But these are the
simplest instances appearing in practice. Garloff in [Gar00] concerned with
the far more general case of polynomial parameter dependency. Bernstein
expansion is applicable to the solution of the robust stability problem if we
use algebraic stability criteria: In the case of Hurwitz stability, we have to
test the so-called Hurwitz determinant for positivity over a box, see, e.g.,
[Ack93, Section 4.3]. On the other hand, various types of stability may be
discussed for the solutions of differential equations or difference equations de-
scribing dynamical systems. The most important type is that concerning the
stability of solutions near to a point of equilibrium. This may be discussed
by the theory of Lyapunov (cf. Subsection 4.3.4). In simple terms, if the
solutions that start out near an equilibrium point x0 stay near x0 forever,
e.g., [Che10], then x0 is Lyapunov stable. More strongly, if x0 is Lyapunov
stable and all solutions that start out near x0 converge to x0, then x0 is
asymptotically stable.
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8.2.3 Constrained Global Optimization

A constrained global optimization problem is considered, e.g., [EW92], [Las01],[Zum08].

Such problems arise in chemical process engineering at many places, viz.
in
- pooling and blending,
- multicomponent separation,
- phase stability analysis,
- parameter estimation.

Constrained global optimization problems stemming from practical ap-
plications are often very complex. Larger problems can have over a hun-
dred variables and constraints. Methods which are based on traditional
approaches of nonlinear optimization often guarantee only convergence to
a local minimum and the solution to which they tend is depending on the
starting point of the iteration process. Our thesis is important for solving
the global optimization problems in which the objective function and the
functions describing the constraints are all multi-variate polynomials. Then
we can use the Bernstein expansion to determine a lower bounding function
for the polynomial (and the rational function) under consideration. In the
simplest case this is a constant function provided by the minimum Bernstein
coefficient, cf. Figures 6.2 and 7.1. Additionally, from the convex hull prop-
erty of polynomials we have lower bound functions with an increasing degree,
cf. Figure 8.1 from [GS04].

8.2.4 The Bernstein Polytope

This subject has been studied in the tensorial case in [FM12]. The size of
the elements (coefficients) in the tensorial case is

∏n
µ=1(lµ + 1) where n is

the number of variables and each lµ, µ = 1, ..., n, is the partial degree of the
polynomial in the variable number µ. A difficulty is that Bernstein based
solvers compute all control points, which prevents them being used beyond a
small number of unknowns. The authors in [FM12] presented a polynomial
time method to bypass the difficulty due to the exponential number of the
Bernstein basis functions [FMF10]. The existing Bernstein based solvers
compute all control points, i.e., all coefficients and only the smallest and the
greatest ones are needed. Resorting to linear programming (LP) allows to
bypass the above mentioned difficulty.
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Figure 8.1: The curve of a polynomial of fifth degree, the convex hull (shaded)
of its control points (marked squares), and an example lower bound function.

Computing a lower and an upper bound of a polynomial p(x) reduces to
finding the vertex of the Bernstein polytope which minimizes or maximizes
the linear objective function p(x), obtained after replacing the monomials
not equal to 1 with the corresponding LP variables. This is a LP problem
with polynomial size, see [SL09].

8.2.5 Solution of Nonlinear Polynomial Equations

Bernstein expansion allows a simple method for the solution of polynomial
equations. Let p(x) be a multivariate polynomial over I. It is important to
find the set of solutions to the polynomial p(x) = 0, within I = I1×...×In. If
all the Bernstein coefficients of a polynomial p are either positive or negative
over I, then this box can not contain a solution. Otherwise, this box may
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contains at least a zero of p. After eliminating the subboxes that contain no
solution we end up with a set of subboxes of sufficiently volume.

Finally, the Bernstein basis has also been used in the following fields:
Enclosure of the solution set of a system of strict polynomial inequalities
pi(x) > 0, i = 1, ..., r, x ∈ X, resolution of algebraic systems and isolating
real roots, economical sciences, neural networks, wind energy, refrigeration
systems and water supply networks.

8.3 Future work

In the future work, we will consider mainly tensorial and simplicial Bernstein
polynomials and rational functions, and we wish to treat the following points:

• Determination of a lower bound for the minimum of a polynomial over a box
depending only on the number of the variables, an upper bound for the bitsize
of the coefficients and the degree of the polynomial, a lower bound for the
degree of the Bernstein polynomial (in the case of degree elevation) and the
number of subdivision steps (in the case of subdivision) which are required to
ascertain positivity of a rational function in the tensorial Bernstein form over
a box (similar bounds we obtained for the simplicial rational Bernstein form).

• Positivity of a polynomial plays an important role in the analysis and design
of control systems. A simple method for this purpose can be considered by
using the lower bounding function c(x) of a polynomial function over a given
domain. We aspire to find the set of all negative points of p. We apply taking
away from the domain all the sub-domains generated for which a polynomial
being negative. Apply for that the Bernstein coefficients of the linear lower
bounding function c(x) and a subdivision strategy. It may be advantageous
to sweep in a particular coordinate direction [ZG98] to increase the possi-
bility for finding non positive Bernstein coefficients of c. Using linear lower
bounding functions decreases the domain and the calculation steps we need
to find non-positive coefficients.

• Bounds for Polya,s theorem with applications to positivity of polynomials on
polyhedra have been given in [PR01]. For the stability of systems in Polya,s
form, we may provide certificates of positivity for Polya,s functions in the
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Bernstein form over a simplex.

• Positivity of Szegö,s rational function has been addressed in [Str08]. Cer-
tificates of positivity in the rational Szegö Bernstein form on a box should
also be studied. This allows the certificates of positivity for a collection of
rational functions, which are given in the Szegö form.

• Matlab tools. The new developed methods will be implemented in such a
way that data uncertainties can be taken into account and that the enclo-
sure of the range and the bounding functions can be guaranteed also in the
presence of the bounding errors appearing in the computations. This should
be accomplished by the use of interval arithmetic and interval programming
languages.
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thesis, École polytechnique, France, 2008.

153




