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Abstract
Quantum metrology offers a quadratic advantage over classical approaches to parameter estimation
problems by utilising entanglement and nonclassicality. However, the hurdle of actually implementing the necessary quantum probe states and measurements, which vary drastically for different
metrological scenarios, is usually not taken into account. We show that for a wide range of tasks in
metrology, 2D cluster states (a particular family of states useful for measurement-based quantum
computation) can serve as ﬂexible resources that allow one to efﬁciently prepare any required state for
sensing, and perform appropriate (entangled) measurements using only single qubit operations.
Crucially, the overhead in the number of qubits is less than quadratic, thus preserving the quantum
scaling advantage. This is ensured by using a compression to a logarithmically sized space that contains
all relevant information for sensing. We speciﬁcally demonstrate how our method can be used to
obtain optimal scaling for phase and frequency estimation in local estimation problems, as well as for
the Bayesian equivalents with Gaussian priors of varying widths. Furthermore, we show that in the
paradigmatic case of local phase estimation 1D cluster states are sufﬁcient for optimal state
preparation and measurement.

1. Introduction
Quantum metrology is positioned at the forefront of modern quantum sciences, spearheading the development
of future quantum technologies. By utilising the power of quantum mechanics to gain advantages over
previously known techniques in practical tasks such as parameter estimation [1–4], state discrimination [5], or
hypothesis testing [6], quantum-enhanced measurement procedures have already led to breakthrough
discoveries [7, 8]. Moreover, nonclassical effects can be harnessed to enhance the precision of determining
quantities of interest, including magnetic ﬁelds [9, 10], forces [11, 12], phases [13, 14], or frequencies [15–17].
For many different applications, the quantum advantage manifests as a quadratic scaling gap in terms of the
relevant resources [18–21], e.g., the number of sensing systems, with respect to the best classical approaches.
However, to achieve this so-called Heisenberg scaling, different tasks require different resource states as well as
different (potentially non-local) measurements, which have to be separately determined for any speciﬁc case,
rendering the design of a universally applicable, optimal sensing device difﬁcult. Moreover, this still leaves open
the important (and often ignored) question of how the desired states and measurements can be implemented
efﬁciently.
Here we report on the design of a ﬂexible device that allows one to obtain a quantum scaling advantage for a
large class of different metrological problems by using only a speciﬁc entangled state and single-qubit
operations. We show that a 2D cluster state [22, 23]—a particular entangled state associated with a rectangular
lattice that can be prepared by commuting, nearest-neighbour (NN) interactions among qubits on the lattice—
allows achieving Heisenberg scaling for an important group of paradigmatic metrology problems. This includes
the sensing of local observables such as magnetic ﬁelds [9, 10], as well as the estimation of phases [18, 19],
© 2017 IOP Publishing Ltd and Deutsche Physikalische Gesellschaft
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Figure 1. Cluster state for metrology. 2D cluster states can be efﬁciently used for quantum metrology if the numbers of qubits used for
state preparation (Np ) and measurement (Nm ) increase less than quadratically with N, the number of qubits used for sensing.

frequencies [15–17], and certain interaction strengths [24]. Crucially, we show that this can be done both in the
local (frequentist) approach with arbitrarily many repetitions, and in the (single-shot) Bayesian approach for
arbitrary cost functions and priors (see, e.g., [25]), including ﬂat [19–21] and Gaussian priors with varying width
[26, 27]. The key difference between these estimation problems lies in the incorporation of a priori available
knowledge about the estimated parameter. In local estimation, no quantiﬁcation of prior knowledge is required
in principle, but it is often assumed that ﬂuctuations around a well-known value of the parameter are being
estimated in order to make use of the quantum Fisher information (QFI) as a relevant ﬁgure of merit. In
Bayesian estimation, the initial information is encoded in a prior probability distribution that is updated
according to Bayes’ law after each individual measurement.
The optimal probe state for these different problems vary strongly, ranging from Greenberger–Horne–
Zeilinger (GHZ) states in the case of local phase estimation, to certain superpositions of states with different
Hamming weights (e.g., with sine-shaped proﬁles for the coefﬁcients [19]) for Bayesian phase estimation (for ﬂat
priors). Moreover, also the corresponding optimal measurements are vastly different, including simple local
measurements for GHZ states, but also complicated, entangled measurements on all qubits [28, 29], e.g.,
discrete Fourier basis measurements for Bayesian estimation with ﬂat priors [19]. In particular, some states and
measurements may be signiﬁcantly more difﬁcult to realise than others.
The 2D cluster state allows one to deal with all of these problems. On the one hand, the fact that it is a
universal resource for measurement-based quantum computation (MBQC) [30, 31] trivially enables arbitrary
state preparation and measurements on a subset of the qubits in the cluster, provided the latter is large enough.
On the other hand, MBQC provides a simple, unifying framework in which state preparation and measurements
can be assigned an unambiguous resource cost in terms of the overall number of qubits in the cluster5, as
illustrated in ﬁgure 1. To guarantee a quantum scaling advantage for metrological applications, the probe
preparation and measurements must be efﬁciently executable. That is, any metrological scaling advantage is lost
if the size of the cluster required for a given estimation strategy with an N-qubit probe grows as N2 or stronger, in
which case it becomes favourable to use all qubits in the cluster as individual, classical probes instead.
We show that the preparation of optimal probe states and corresponding suitable measurements for local as
well as Bayesian phase and frequency estimation can indeed be carried out efﬁciently using 2D cluster states. For
the local scenario, we explicitly construct the preparation and measurement strategy achieving optimality. For
the Bayesian scenario, we present a construction that can generate all optimal probe states with a linear overhead
in N. We then introduce a compression procedure that can be implemented on a 2D cluster with O (N log 2N )
qubits, which enables one to efﬁciently perform measurements even when the circuit descriptions of the
corresponding unitaries are of exponential size in the number of qubits of the compressed space. These
constructions allow achieving Heisenberg scaling for phase and frequency estimation scenarios using the 2D
cluster in a ﬂexible manner. Crucially, this ﬂexibility holds the potential for yielding (nearly) optimal scaling
performance for a variety of estimation problems, and hence goes beyond the capabilities of architectures
dedicated to speciﬁc individual tasks [33]. To further illustrate these general results, we discuss a particular
choice of probe states and measurements that can be efﬁciently implemented in our framework, for which
Heisenberg scaling can be achieved for Gaussian priors of varying widths.
This paper is structured as follows. In section 2 we ﬁrst discuss the basic structure of parameter estimation
problems and the general form of all optimal probe states. We then argue that 2D cluster states provide ﬂexible
resources to achieve Heisenberg scaling in phase and frequency estimation problems by using an efﬁcient
5

Note that, in a different context, cluster states have previously also been used for speciﬁc metrology tasks directly (i.e., using all qubits for
sensing) [32].
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compression to the subspace of the optimal probes. In section 3 we then show how Heisenberg scaling can be
achieved in Bayesian phase (and frequency) estimation, before demonstrating in section 4 how the necessary
probe states can be prepared in a measurement-based architecture consisting of O(N) qubits. Finally, we
introduce the explicit construction of the efﬁcient compression algorithm required for the measurements in
section 5. At last, we discuss our ﬁndings and their implications in section 6, including generalisation to the
estimation of quantities other than phases and frequencies.

2. 2D Cluster states as universal resources for phase and frequency estimation
2.1. Parameter estimation problems
In typical parameter estimation procedures, one wishes to determine an unknown parameter θ that is not
directly measurable. To this end, a probe state described by a density operator ro is prepared, which undergoes a
dynamical evolution governed by θ, encoding the parameter in the resulting state r (q ). The evolution can in
principle be an arbitrary quantum channel but we are here mainly interested in pure states ro = ∣ yñá y ∣ and
unitary channels, where
r (q ) = Uq∣ yñá y ∣ Uq†,

(1)

for a unitary Uq = exp (-iqH ) generated by the Hamiltonian6 H = H †. For example, in phase (and frequency)
estimation, one considers a local Hamiltonian for N qubits, i.e.,
H=

N

å Hi

(2)

i=1

and Hi acts nontrivially only on the ith qubit. Typically, one has
1

Hi º 2 Z " i,

(3)

where Z is the usual Pauli operator, but other local Hamiltonians can be brought to this form by local unitaries.
After the encoding, a measurement of the probe state r (q ) is performed, which can be represented by a positiveoperator valued measure (POVM), i.e., a set {Em} of positive semi-deﬁnite operators Em  0 satisfying
åm Em =  , where  is the identity operator. For an introduction to POVM measurements see, e.g., [34, p 90]
or [35].
From the measurement outcomes, labelled m, an estimate of the parameter in question can be obtained. The
precise nature of the estimator depends on the type of estimation scenario, distinguishing, for example, between
local and Bayesian estimation mentioned previously. All these scenarios have in common that the precision of
the estimation (as quantiﬁed by some ﬁgure of merit, e.g., the mean-square error (MSE)) improves with the
number N of probe systems. For classical strategies based on product states, this increase is at most linear in N,
which is referred to as the standard quantum limit (or shot noise scaling). However, using approaches based on
the optimal quantum mechanical probes the improvement in this ﬁgure of merit can be quadratic in N, i.e.,
achieving (optimal) Heisenberg scaling. For reviews of parameter estimation techniques and quantum
metrology we direct the reader to, e.g., [1, 3, 4] or the appendix.
In local phase (and frequency) estimation one typically considers many repetitions of the same measurement
that provide an estimate, whose variance one is interested in minimising using the available resources. In this
scenario, the optimal N-qubit probe state is a GHZ state
∣ yGHZñ =

1
2

( ∣ 0ñÄN + ∣ 1ñÄN ) ,

(4)

and the accompanying optimal measurements are local X measurements. This can be determined via the QFI,
the relevant ﬁgure of merit for local estimation, as we explain in more detail in appendix A.1. In Bayesian
parameter estimation (see, e.g., [4, 36] or appendix A.2), the situation is somewhat different. Here one quantiﬁes
the initial knowledge (or belief) about the parameter by a prior probability distribution that is updated after each
single measurement. In this case, a ﬁgure of merit is the average variance of the updated distribution. In the
Bayesian estimation scenario, the optimal probes and measurements depend on the shape of the prior and the
cost function used. For instance, for phase estimation with ﬂat priors (i.e., no prior knowledge), the optimal
probe state achieving Heisenberg scaling is given by
6

We work in units where  = 1. In addition, we adopt the usual convention of Hamiltonian estimation where the eigenvalues of H (and
hence θ) are taken to be dimensionless. For example, for frequency estimation one then has q = wt , where the time t is assumed to be known
precisely.
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∣ yoptñ =

N

å yn ∣nñ ,

(5)

n= 0

where ∣ nñ are eigenstates of H corresponding to its N + 1 different eigenvalues, and the coefﬁcients yn have a
sinusoidal proﬁle (see, e.g., [19]), i.e.,
yn =

⎛ (n + 1) p ⎞
2
⎟.
sin ⎜
⎝ N+2 ⎠
N+2

(6)

Although different from the optimal measurement, we ﬁnd that for the state in equation (5) a projective
measurement in the basis obtained via the quantum Fourier transform (QFT) of the basis {∣ nñ} allows for
Heisenberg scaling for Bayesian phase and frequency estimation with Gaussian priors of varying widths, as we
discuss in section 3, as well as in appendices A.4 and A.5.
The crucial observation required to extend the applicability of this approach to arbitrary priors (and cost
functions) lies in noticing that in N-qubit phase (and frequency) estimation scenarios of any kind, H only has
N + 1 different eigenvalues. For each of these values, only one representative eigenstate needs to be selected.
Moreover, within the subspaces corresponding to ﬁxed eigenvalues one may choose those eigenstates that can be
prepared most efﬁciently. Instead of the typical Dicke states that are symmetric with respect to the exchange of
the qubits, we therefore employ eigenstates corresponding to a unary encoding of n, i.e.,
∣ nñun = ∣ 1ñÄn ∣ 0ñÄN - n .

(7)

All optimal probe states can hence be chosen to be of the form of equation (5) with ∣ nñ º ∣ nñun for some choice
of the coefﬁcients yn . Most importantly, all of these probe states have support in an (N + 1)-dimensional
subspace of the 2N-dimensional overall Hilbert space.
Therefore, the problem of optimal state preparation and measurements for N qubits can be translated to that
of l ≔ ⌈ log (N + 1)⌉ qubits (where the logarithm is understood to be base 2), provided that one can efﬁciently
and coherently convert the unary encoding ∣ nñun to a binary encoding in λ qubits. More precisely, one can
initially prepare a state of λ qubits and convert it (efﬁciently) to the desired N-qubit state for sensing (using at
least N - l auxiliary qubits). After the parameter has been encoded, one performs the reverse procedure before
carrying out the ﬁnal measurement on λ qubits. In section 5 we present a quantum circuit of size O (N log 2N )
(and its MBQC representation) achieving exactly such a unary-to-binary compression. On the logarithmically
small space of these λ qubits the probe state preparation and measurement can then be carried out even with
exponential overhead in λ while maintaining Heisenberg scaling.
2.2. Parameter estimation in MBQC architectures
The premise for taking advantage of the quadratic scaling gap in resources (here, the number of qubits) between
the quantum strategy described in the previous section and the best classical strategy is that the required probe
states and measurements can be implemented efﬁciently. Here, we will take efﬁciency to mean that the overhead
in the number of qubits used for the execution of the quantum strategy, including preparation and
measurement, must grow less strongly than N2. To illustrate this requirement, consider a situation where an
array of qubits is provided and one is given the task of using the array most efﬁciently for the estimation of a
parameter. For instance, an array of spins (which may otherwise be used for quantum computation or quantum
simulation) could be exposed to a magnetic ﬁeld with ﬁxed direction but unknown strength for this purpose. If
one has the ability to prepare arbitrary quantum states of these (spin) qubits, then one may initialise a GHZ state
for local phase estimation, or the corresponding optimal state for Bayesian phase estimation (or any other
estimation problem for that matter). However, as we have seen in the previous section, states and measurements
that offer advantages for different metrological problems are in general quite distinct, and the conversion from
one to the other may involve arbitrarily long sequences of entangling operations. The preparation and
measurement hence comes at a cost that we wish to quantify.
An approach that allows for preparing arbitrary quantum states and performing any measurements on
them, while naturally including a resource count for these tasks is MBQC. In this paradigm, introduced in [30],
an array of qubits is initialised in a particular (entangled) quantum state, typically a so-called cluster state [22]. A
cluster state is a type of graph state, i.e., it can be represented by a graph (a set of vertices vi and edges eij
connecting the vertices). Each vertex represents a qubit initialised in the state ∣+ñ, and controlled phase gates
CZ , given by
CZ ij = ∣ 0ñá 0∣i Ä  j + ∣ 1ñá 1∣i Ä Z j = CZ ji ,

(8)

are applied to each pair of qubits connected by an edge. For simplicity, we will here only consider 2D cluster
states where the underlying graph is a regular, rectangular lattice, but in principle, also other graph states [37]
could be considered for our purposes. By applying only single-qubit gates and carrying out local measurements
on a subset of all qubits in a 2D cluster, arbitrary unitary operations can be implemented on the remaining qubits
4
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Figure 2. Local phase estimation in MBQC. (a) The circuit representation of an efﬁcient local phase estimation procedure based on a
seven-qubit architecture for MBQC is shown. The vertical lines ( )represent controlled phase gates CZ ij applied to the respective
qubit pairs (i, j). Here, the rounded boxes correspond to applications of single-qubit gates, where H = (X + Z ) 2 is the Hadamard
indicates a measurement in the computational basis {∣ sñ ∣s = 0, 1} with outcome s. In the preparation
gate, and the symbol
stage (green), the resource state, a four-qubit GHZ state, is created by measurements of the three qubits of a 1D seven-qubit cluster
state. Given the measurement outcome sn of the qubit labelled 2n , the qubit (2n + 1) is corrected locally by a Pauli-X operation if
å ni = 1 sn is odd. After the local corrections, the encoding transformation Uq is applied, imprinting the parameter that is to be estimated.
In the ﬁnal measurement stage (orange), the remaining qubits in the cluster are locally measured. In (b), the preparation and sensing
stages are illustrated as MBQC measurement patterns in a graphical notation (see, e.g., [38]). Measured qubits are represented by
circles inscribed with the corresponding measurement angle in the x–y plane (here j = 0 ), while output qubits are indicated by
diamonds( ). The connecting lines between qubits indicate the initial application of CZ gates, and all qubits are assumed to have
been initialised in the state ∣+ñ.

[31]. Performing a unitary transformation in the circuit model of quantum computation hence translates to a
sequence of measurement angles for single-qubit measurements in the cluster. For a more detailed introduction
to MBQC see [38, 39], or appendix A.6.
In other words, a number of the initial qubits can be sacriﬁced to obtain a probe state of fewer qubits, which
is more suitable for a given metrological task at hand. Note that using the unmodiﬁed cluster state as a probe
state itself does not provide a scaling advantage with respect to classical strategies, i.e., its QFI is O(N). Similarly,
additional qubits can be used to implement arbitrary measurements by performing appropriate unitaries
followed by computational basis measurements. Here, one needs to ensure that only the part of the cluster used
to prepare the probe state is subjected to the transformation encoding the parameter. This can be achieved, e.g.,
by appropriately timed Pauli-X operations on the qubits used for the measurement at the middle and at the end
of the interaction period. For spins this corresponds to the general practice of refocusing of the magnetisation,
i.e., a spin echo.
Crucially, the overall number of qubits required for the preparation and measurement of this N-qubit probe
state must grow less than quadratically with N to maintain a potential metrological scaling advantage. This is
possible, for instance, for local phase estimation, where the optimal measurement strategy can be carried out
with 2N - 1 qubits in a 1D cluster state as shown in ﬁgure 2. As we will show in the following, such efﬁcient
constructions also exist for Bayesian phase (and frequency) estimation problems. In section 4, we demonstrate
that all probe states (including the optimal ones) of the form of equation (5) can be efﬁciently prepared from a
2D cluster state using only local operations. In section 5 we then present the unary-to-binary compression
requiring O (N log 2N ) qubits of the cluster to reduce the problem of implementing optimal measurements to
the subspace of l ≔ ⌈ log (N + 1)⌉ qubits. On this subspace, projective measurements in any basis can be
carried out efﬁciently, provided that the unitary transformation relating it to a computational-basis
measurement requires no more than O (2l) (nearest neighbour) gates. This is the case, for instance, for the QFT
measurement, which performs optimally for ﬂat priors [19] and achieves Heisenberg scaling for Gaussian priors
of varying widths as we will show next.

3. Quantum advantage in Bayesian estimation
We now brieﬂy discuss the Bayesian phase estimation scenario, more details on which can be found in
appendix A.2, and show that the combination of sine states and QFT measurements can achieve Heisenberg
scaling. In Bayesian parameter estimation, the initial knowledge about the parameter is encoded in a prior
probability distribution p (q ). When a measurement with POVM elements {Em} is performed on the parameterencoded state r (q ), the conditional probability of obtaining the outcome labelled m is
5
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p (m∣ q ) = tr(Em r (q )).

(9)

To obtain the unconditional probability for the same outcome, these values are weighed according to one’s prior
belief, i.e.,

ò

p (m) = dq p (q ) p (m∣ q ).

(10)

The information obtained in a measurement with outcome m is then used to update this belief via Bayes’ law,
obtaining the posterior distribution p (q∣m) given by
p (m∣ q ) p (q )
.
p (m )

p (q∣m) =

(11)

In turn, the posterior distribution provides an estimate q̂ (m) for the parameter via

ò

qˆ (m) = dq p (q∣m) q.

(12)

As a ﬁgure of merit for this estimation procedure one then quantiﬁes the width of the posterior by a suitable
(m )
and averages over all possible outcomes, such that
measure Vpost
Vpost =

(m)
.
å p (m) V post

(13)

m

For instance, when the parameter in question has support over all of  (e.g., for frequency estimation, see
appendix A.5), one may use the MSE
(m)
V post
= V [ p (q∣m)] =

ò dq p (q∣m)(q - qˆ (m))2.

(14)

Here, we want to focus on phase estimation, i.e., the case where the parameter has support on the interval
[-p, p ] Ì . When the prior is appropriately narrow, one may still use the MSE, which allows the use of some
simple techniques (e.g., a Bayesian version of the Cramér–Rao (CR) inequality, see the appendix A.2.2 and [25])
for the comparison with classical strategies. Nonetheless, wrapped distributions and covariant measures of their
width are in general more suitable for phase estimation. As an example, one can consider the wrapped Gaussian
distribution of the form
1
2p s

p (q ) =

¥

å

e-

(q - qo+ 2pq) 2
2s 2

,

(15)

ò-pdq p (q) = qo.

(16)

q =-¥

where q Î  , and the mean angle is
arg (áe iqñp (q ) ) =

p

The non-negative parameter σ can be identiﬁed with the circular standard deviation
S=

ln (1 ∣ áe iqñp (q ) ∣2 ) = s ,

(17)

corresponding to the width of the underlying Gaussian distribution. However, for our purposes, it is more useful
to quantify the width of this wrapped distribution by the Holevo phase variance [40] Vf , given by
Vf = ∣ áe iqñp (q ) ∣-2 - 1 = e s - 1.
2

(18)

Likewise, we will quantify the width of the posterior by
)
Vf(m,post
= ∣ áe iqñp (q ∣ m) ∣-2 - 1.

(19)

For the probe states of equation (5) with the sinusoidal proﬁle of equation (6), and the QFT measurement
represented by the basis {∣ ekñ}, where
∣ e kñ =

1
N+1

N

å ein

2pk
N+1

∣ nñun ,

(20)

n= 0

)
we then calculate the average phase variance Vf,post = åm p (m) Vf(m,post
. The results for various values of σ and
for up to 100 qubits are shown in ﬁgure 3. The numerical results indicate that for all widths of the priors the
example quantum strategy exhibits Heisenberg scaling. In appendix A.4 we discuss the performance of this
measurement strategy in more detail and give a comparison with the performance of classical strategies, which
can be shown to exhibit shot noise scaling.

6
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Figure 3. Example for quantum strategy. The inverse of the average phase variance Vf,post of the posterior is shown for up to N=100
qubits for the measurement strategy using probe states with coefﬁcients as in equation (6) and QFT measurements. Although N is an
integer with N  1, the curves have been plotted for continuous values of N for the purpose of illustration. The prior is chosen to be a
p
p
wrapped Gaussian with qo = 0 and curves are shown for values of σ from 8 (blue) to π (green) in steps of 8 . The curves, although
difﬁcult to tell apart visually, are distinct. Additional analysis of this measurement strategy using the MSE and comparisons with
classical strategies can be found in ﬁgure A5, whereas similar results for Bayesian frequency estimation are presented in appendix A.5.

Figure 4. Circuit preparing the sine state. After an initial single-qubit Y-rotation on the ﬁrst qubit, a sequence of controlled Yrotations, where the black dots (•) indicate the control qubits, creates a state of the form of equation (5).

4. Efﬁcient preparation of probe states
In this section we present a method that allows for the efﬁcient preparation of the probe state of equation (5),
which immediately generalises to any state in the subspace of optimal probes spanned by {∣ nñun } n = 0, ¼ , N . This
method relies on the simple observation that in the bit-string (u1 u2 u3 ¼ uN ) representing the state
∣ nñun = ∣ 1ñÄn ∣ 0ñÄN - n = ∣ u1ñ ∣ u2ñ ¼ ∣ uN ñ ,

(21)

i.e., where uk Î {0, 1} and n = åk uk , the n entries u1, u2,¼,un = 1 are always to the left of the entries
un + 1,¼,uN = 0. In other words, the kth qubit can only be in the state ∣1ñ, if all of the k - 1 qubits before are also
in the state ∣1ñ.
Focussing on the sine state of equation (6) as an example, note that the coefﬁcients are all real and positive.
Initialising all qubits in the state ∣ 0ñ, the circuit preparing the sine state must hence be a cascade of N (controlled)
single-qubit Y-rotations CR y (fi ), whose angles {fi}i = 1, ¼ , N determine the weights yn , see ﬁgure 4. This becomes
apparent when inspecting the single-qubit Pauli-Y rotations
R y (f) = exp

f
i 2Y

( )

⎛
⎜ cos
=⎜
⎜- sin
⎝

f
2

()
()
f
2

( )⎞⎟.
⎟
cos ( )⎟⎠
sin

f
2

(22)

f
2

The action of the circuit in ﬁgure 4 then transforms the kth qubit to the state cos

fk
2

fk
2

( )∣0ñ + sin ( )∣1ñ if the

(k - 1)th qubit is in the state ∣ 1ñ. All together, these N rotations are parametrised by angles fn Î [0, p 4), such
that both the sine and the cosine in the above expression are non-negative. It is straightforward to verify that the
output of the circuit is the state of equation (5) with amplitudes

7
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Figure 5. MBQC pattern for sine state. In (a) the measurement pattern for the preparation of the sine state of equation (5) is shown (in
part). The measurement angles ji (i = 1, 2, 3) determine the angle f1 of the ﬁrst rotation R y (f1) in ﬁgure 4, while the angles ai and
bi are chosen to realise R y (-f2 2) and R y (f2 2), respectively, which combine with the CZ gate of the cluster to realise the ﬁrst
controlled operation in ﬁgure 4. The initial Hadamard gates to switch the qubits initialised in ∣+ñ to ∣ 0ñ are also included in this
measurement pattern. (b) shows the pattern as part of an initial 2D cluster. Assuming that each qubit in the cluster is initially
connected to its nearest neighbours, the qubits indicated by isolated grey disks have to be disconnected from the remaining cluster by
Z-measurements. The qubits indicated by (blue) diamonds represent the probe state qubits, which are subsequently exposed to the
transformation Uq .
n
⎧
fn + 1
cos
sin
P
⎪
⎪
2
k=1
yn = ⎨ N
⎪ P sin fk
⎪
2
⎩
k=1

( )
()

fk

()
2

" n Î {0, 1,¼,N - 1}
.
for n = N

(23)

+1
Note that y0 uniquely determines f1 and that each of the yn depends only on {fk}nk =
1 . This allows inverting
equation (23) and expressing the angles fn as

⎧
⎪ 2 arccos (y0)
⎪
⎪
⎛
⎞
fn = ⎨
⎪
⎜
⎟
yn - 1
⎪ 2 arccos ⎜
⎟
n
2
⎜ 1⎪
å k = 0 y 2k ⎟⎠
⎝
⎩

for n = 1
,

(24)

for n Î {2, 3,¼,N}

which allows reconstructing the rotation angles for any real, non-negative choice of {yn}.
Having found the circuit shown in ﬁgure 4, the only difﬁculty is to arrange the required measurements such
that the overall preparation procedure can be embedded efﬁciently in a rectangular 2D structure, which is shown
in appendix A.6.2. We hence arrive at the MBQC measurement pattern depicted in ﬁgure 5, which generates the
sine state of equation (5) with weights as in equation (6). It requires a square 2D cluster of (at most)
3 ´ (4N - 2) qubits to prepare an N-qubit probe state. Crucially, the number of qubits in the cluster increases
only linearly with the size of the probe. Moreover, any other probe state in the subspace spanned by the vectors
{∣ nñun } n = 0, ¼ , N can be prepared with the same efﬁciency in a similar way by replacing the Pauli-Y rotations by
other single-qubit unitaries.
Next, we will show in section 5 how a large class of useful measurements of the encoded probe states
(including the QFT measurement) can be carried out efﬁciently.

5. Efﬁcient unary-to-binary compression
Finally, we turn to the implementation of the measurements required to achieve Heisenberg scaling. In
principle, the optimal measurement for a given prior and cost function may be an arbitrarily complicated
measurement in an entangled basis of N-qubit states, for example, a projective measurement in the QFT basis
(see, e.g., [34, chapter 5] or [42, 43]).
Fortunately, closer inspection reveals that we do not require arbitrary measurements on N but only on
l ≔ ⌈ log (N + 1)⌉ qubits, where the logarithm is understood to be to base 2. This is the case because all encoded
information about the phase is stored within the (N + 1)-dimensional subspace spanned by the vectors
{∣ nñun } n = 0, ¼ , N . All optimal measurements can hence be restricted to this subspace. To exploit this observation,
8
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Figure 6. Unary-to-binary compression and Bayesian estimation in MBQC. The circuit depicted in (a) coherently compresses the N(N )
qubit unary encoding ∣ nñun = ∣ u1, u2,¼,uN ñ of the number n (for 0  n  N ) to the binary representation ∣ b0(N ), b1(N ),¼,bl1ñ on

l = ⌈ log (N + 1)⌉ qubits. In each of the N steps k , one of the unary bits is added to the bits of the binary representation by way of λ
half adder circuits. Each of the latter consists of a Toffoli gate writing the carry bit on one of the l - 1 auxiliary qubits initialised in the
state ∣ 0ñ, and a CNOT gate carrying out the modulo-2 addition. The ﬁnal half adder does not require its own auxiliary qubit or Toffoli
gate, since the last carry bit always takes the value 0. After the binary addition, the carry bits and the respective unary register are
uncomputed, i.e., coherently erased. For the carry bits this is achieved by Toffoli gates, while the register carrying the value uk is
switched to 0 by a generalised Toffoli (a CNOT gate with multiple controls) conditioned on the binary encoding of the number k
(shown in 1 for k=1, where ◦and •, indicate conditioning on the states ∣ 0ñ and ∣ 1ñ, respectively). A ﬁnal parallel application of
nearest neighbour swap gates ( ) arranges the auxiliary and binary register qubits appropriately for the application of the next step
 k + 1. The circuit depth and size of each  k is O (l ) . In (b), the complete measurement pattern for Bayesian phase estimation in
MBQC is shown, incorporating the preparation scheme (green) of ﬁgure 5 into the same 2D cluster as the measurement procedure.
Note that for the parameter encoding, only the preparation part (green) should be exposed to the transformation, while the remaining
cluster must be shielded or dynamically decoupled (see, e.g., [41]). Each of the  k circuits from (a) can be translated to a measurement
pattern kMBQC on O (l2) qubits of the cluster, which are connected to the kth output qubit of the preparation phase (blue disks). Black
lines indicate ‘teleportation wires’ of length O (l ), i.e., that additional qubits have to be introduced to connect the correct input qubits
(blue) to the corresponding parts kMBQC of the cluster. After the unary-to-binary compression, measurements (e.g., the QFT) can be
carried out efﬁciently on the logarithmically small subspace even if their MBQC implementation requires O (2l) qubits.

we will now present an efﬁcient algorithm that coherently compresses the information encoded in the probe
state on the 2N-dimensional Hilbert space of N qubits to the exponentially smaller space of l ≔ ⌈ log (N + 1)⌉
qubits.
The principle of operation of this N-step compression algorithm, shown in ﬁgure 6 (a), is to switch from the
unary encoding of the number n in the state
∣ nñun = ∣ 1ñÄn ∣ 0ñÄN - n = ∣ u1, u2,¼,uN ñ

(25)

to a binary encoding of the same number via a unitary transformation and extend the result to superpositions of
different states ∣ nñun by linearity. The unary-to-binary conversion is achieved by successive binary addition of
each bit in the string (u1, u2,¼,uN ) to the bit string of an auxiliary register of length λ initially representing the
number 0. The corresponding qubits are initialised in the state
∣ bl(0-) 1, bl(0-) 2,¼,b1(0), b0(0)ñ = ∣ 0ñÄl .

(26)
(k - 1)
(k - 1)
(bl) of the
1 ,¼,b0

In the kth step of the procedure, the bit uk is added to the binary representation
number n(k - 1) = åli =-01 bi(k - 1) 2i , where n(k ) = k for 0  k  n and n(k ) = n for n < k  N .
The binary addition of uk to the least signiﬁcant digit b0(k - 1) of n(k - 1) is performed by a half adder circuit, see
ﬁgure 6(a). It, in turn consists of a CNOT gate for the modulo-2 addition, producing the original value uk and the
new binary digit b0(k ) = uk Å b0(k - 1) , where ⊕ denotes addition modulo 2. The CNOT is preceded by a Toffoli
gate whose target is an additional auxiliary qubit which stores the carry bit (see, e.g., [44–46] for quantum
9
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arithmetic operations). This carry bit is then added to the next binary digit b1(k - 1) by another half adder. The
(k - 1)
procedure carries on until reaching the ﬁnal binary digit bl1 , where the half adder can be replaced by a simple
CNOT gate, since the register size was chosen such that the ﬁnal carry bit is always 0.
Subsequently, the qubits corresponding to the carry bits and uk have to be disentangled from the qubits
carrying the binary encoding. For the carry bits, this is achieved by another cascade of Toffoli gates (see
ﬁgure 6(a)), since the carry bit can only have the value 1, if both of the previously added bits have the value 1 as
(k )
(k )
well. To coherently erase uk, note that the binary string (bl1,¼,b0 ) encodes the number k only if uk = 1. We
can hence ﬂip the corresponding qubit conditioned on the binary encoding of k using a generalised Toffoli gate.
Using the already existing ancillas (which have previoulsy been returned to the state ∣ 0ñ), this multi-controlled
CNOT gate can be realised in a standard construction using l - 1 NN SWAP gates, preceding and following an
array of 2 (l - 1) Toffolis on three adjacent qubits along with a single CNOT [34, p 184]. Conditioning on states
∣ 0ñ rather than ∣ 1ñ requires at most 2l additional single-qubit X gates. Having disentangled all other qubits from
the λ qubits storing the binary encoding, we perform another λ NN SWAPS in anticipation of inputting the next
unary digit uk + 1.
Taking into account that each Toffoli or NN SWAP gate can be realised with a constant overhead in NN
CNOT and single-qubit gates, we ﬁnd that the circuit for k requires at most O (l ) NN CNOT and single-qubit
gates. The entire unary-to-binary compression algorithm consists of N such elements, resulting in a circuit size
of O (N log N ) on an input of length O (log N ), which can hence be realised with at most O (N log 2N ) qubits in
MBQC, see ﬁgure 6(b).
On the logarithmically sized (in N) output, any measurement can then be performed efﬁciently as long as the
corresponding unitary on l ≔ ⌈ log (N + 1)⌉ qubits requires no more than 2l NN gates. While this does not
cover all possible unitaries (e.g., the construction discussed in [34 p193] requires O (l222l) two-qubit and singlequbit gates), some particularly useful unitaries may be much less costly. For instance, an implementation of the
QFT on a λ-qubit linear NN architecture presented in [43] has circuit size O (l log l ) and depth O (l ), meaning
an overhead of only O (l2) qubits (depth times input length) in a measurement-based setting.

6. Discussion
In summary, we have shown that 2D architectures for MBQC provide ﬂexible resources for quantum-enhanced
metrology tasks. That is, an initial array of qubits prepared in a 2D cluster state and local operations are used to
achieve Heisenberg scaling for phase and frequency estimation in both the local (frequentist) and the Bayesian
approach to parameter estimation. In the Bayesian scenario, the preparation procedure presented can be applied
to execute strategies with optimal states for arbitrary priors and cost functions. This ﬂexibility allows
outperforming other approaches where a ﬁxed probe state (e.g., an array of differently sized GHZ states) is used
for different task without adaption to the speciﬁc problem at hand. The efﬁcient compression algorithm further
allows to perform measurements with up to exponential circuit sizes. This includes the QFT measurement that is
optimal for ﬂat priors, provides Heisenberg scaling for Gaussian priors of varying widths, and is expected to
perform similarly well also for other priors under certain regularity conditions.
In principle, our results can be generalised also to scenarios beyond phase and frequency estimation. For all
local Hamiltonians that are not proportional to Z, appropriate local corrections can be applied on the sensing
qubits before and after the encoding such that the overall transformation commutes with the controlled phase
gates used to create the cluster. For instance, when H = 12 X , Hadamard gates before and after Uq produce an
encoding transformation that commutes with CZ and can hence be applied after the entire cluster for sensing
and measurements has been prepared. Moreover, when the corresponding states and measurements giving
Heisenberg scaling are known, a similar method can also be employed for nonlocal interaction Hamiltonians,
provided that they are proportional to a product of Pauli operators, or linear combinations of products of only
one type of Pauli operators. For example, for parameter estimation with Ising-type couplings of the form
H = å i, jcij X i Ä X j , GHZ states and local measurements achieve Heisenberg scaling [24], which can hence be
efﬁciently implemented in our scheme. Nonetheless, many interesting questions regarding the applicability to
general dynamics and scaling beyond the Heisenberg limit [47–51] remain.
Our results are of practical signiﬁcance since they suggest that a single platform, 2D cluster states, can be
ﬂexible enough for a plethora of precision-enhanced parameter estimation tasks. In addition, this platform
could in principle also be part of an integrated device, where a parameter estimation strategy is used to learn
about, e.g., stray ﬁelds or the particular form of noise processes. For this purpose, part of the 2D cluster state can
be used for sensing, while the remaining qubits are used to perform MBQC. The gathered information from the
parameter estimation can then be used to improve the performance of the computation: by learning stray ﬁelds,
one can compensate for systematic errors. By learning the particular shape of a noise process, one can adapt to an
optimised error correction code, thereby reducing the overhead for fault-tolerant implementations.
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At the same time, this connection between computational and metrological resources provides interesting
insights. The advantage in metrology is provided by the entanglement of the cluster state, i.e., the CZ gates
applied to neighbouring pairs of qubits, which ensures the improved performance with respect to an array of
unentangled, individual qubits. At the same time, it is known that metrological advantages can, but need not
arise solely from entanglement [52–54]. For example, nonclassicality in terms of squeezing can lead to
Heisenberg scaling in precision [55, 56] without any entanglement when the average energy is considered as the
resource. This work hence also contributes to the discussion of the required physical resources for parameter
estimation [57], and the relationship between computational power and metrology [58].
Finally, open questions remain regarding the role of noise [59–61], especially in connection with adaptive
approaches to computation and error-correction involving metrology [62–67]. Although noise is known to be
problematic in the limit of inﬁnitely many qubits since it is known to restrict to a linear scaling of precision, i.e.,
  kN for some constant κ, the approach presented here holds the promise of signiﬁcantly outperforming
classical strategies for ﬁnite system sizes. Indeed, this follows from the observation that the constant κ strongly
depends on the strength and type of the noise [60, 64] and can be arbitrarily large if the noise is weak enough.
Meanwhile, the overhead needed for preparation and measurement of the optimal state does not depend on the
noise, leaving room for an arbitrarily large advantage of our scheme over classical strategies for any ﬁxed N. In
addition, techniques that deal with errors and maintain a metrological advantage are known (see, e.g., [62–64])
and may be applicable here. We leave such extensions for future work, along with the explicit determination of
optimal [68, 69] and ‘pretty good’ states [70] for speciﬁc metrological tasks in our framework, where recent
algorithmic approaches [71] may prove to be useful.
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Appendix
A.1. Local parameter estimation
In this appendix, we give a detailed description of the local parameter estimation scenario and show how
Heisenberg scaling can be achieved using a GHZ state and local measurements.
A.1.1. The local estimation scenario. We consider a typical parameter estimation scenario, where θ, the quantity
of interest, is encoded in a density operator r (q ) by a dynamical (unitary) transformation Uq = e-i q H , i.e.,
r (q ) = Uq r (0) Uq†.

(A.1)

We then perform a measurement with POVM elements {Em} which yields an outcome m. The (conditional)
probability of obtaining the measurement outcome m (given that the parameter has the value θ) is then
p (m∣ q ) = tr(Em r (q )).

(A.2)

To each measurement outcome m, an estimator q̂ (m) assigns a corresponding estimate for the value of θ. The
estimator is called unbiased if it assigns the value θ on average, that is, if the expected value of the estimator
satisﬁes
áqˆ (m)ñ =

å

p (m∣ q ) qˆ (m) = q.

(A.3)

m

This requirement ensures the accuracy of the measurement procedure, but not its precision, which is determined
by the variance V [qˆ (m)] of the estimator. We use the MSE given by
V [qˆ (m)] =

å

p (m∣ q )(qˆ (m) - q )2 ,

(A.4)

m

and s = V [qˆ (m)] is the associated standard deviation. Unfortunately, it is often the case that a given
estimator offers high precision only within a small range of the parameter θ, but not globally, as we shall discuss
for a simple example in appendix A.1.4. Such estimators are hence useful locally, i.e., for estimating small
ﬂuctuations of the parameter around some known value. In such local estimation scenarios, accuracy is
11

New J. Phys. 19 (2017) 063044

N Friis et al

guaranteed even when unbiasedness as speciﬁed in equation (A.3) is required to hold only in the vicinity of this
value.
To increase the precision, the procedure consisting of preparation, encoding, and measurement may be
repeated a number of times, say ν, providing estimates q (i) (i = 1,¼,n ), from which the mean value
1
q¯n =
n

n

å q (i)

(A.5)

i=1

and the associated MSE
Vn [q (i )] =

1
n

n

å (q (i) - q¯n )2

(A.6)

i=1

can be calculated. As ν increases, the mean and variance computed from the measurement data converge to the
expected value áqˆ (m)ñ of the estimates and the expected value of the corresponding variance, V [qˆ (m)],
respectively. Trusting that the results of the individual runs are independent and identically distributed, the
variance of the distribution of mean values with ν samples decreases linearly with ν. The overall expected
precision associated to the result q¯n is hence quantiﬁed by the standard error of the mean, given by
sn = s n = V [qˆ (m)] n . In other words, the precision increases with the number of runs, but the options
for choosing a probe state, measurement, and estimator still leave room for improvement.
It is here that measurement strategies using genuine quantum features such as entanglement and
nonclassicality can provide advantages with respect to classical strategies. To determine the potential gain and to
allow comparisons with the best classical protocol it is useful to eliminate the choice of estimator, and consider
the important CR bound, before discussing an example estimation scenario in appendix A.1.4.
A.1.2. The CR bound. For any unbiased estimator the variance V [qˆ (m)] can be shown (see, e.g., [72–74] or
appendix A.1.3) to satisfy the CR inequality
1
V [qˆ (m)] 
,
(A.7)
I (r (q ))
where I (r (q )) is the Fisher information (FI) given by
I (r (q )) =

å
m

⎛¶
⎞2
p (m∣ q ) ⎜
log p (m∣ q ) ⎟ =
⎝ ¶q
⎠

å
m

(tr[Em r (q )])2
.
tr(Em r (q ))

(A.8)

Here it is noteworthy that, on the one hand, the FI does not depend on the choice of the estimator (as long as it is
unbiased), and one can hence determine a lower bound for the variance based solely on the initial state and the chosen
measurement. On the other hand, the FI typically depends on the value of the parameter and an unbiased estimator
for which the CR inequality globally becomes an equality may not exist for all values. However, estimators can be
found for which the bound is tight locally, and globally in the asymptotic limit of n  ¥, see, e.g., [75].
One may then further ask, what the optimal measurement strategy is for a given probe state and parameter
encoding. The maximisation of the FI over all possible POVMs then yields (see, e.g., [76]) the QFI  (r (q )), given
by
 (r (q )) = 2 tr(Sˆq r˙ (q )) ,

(A.9)

where the operator Sˆq º Sˆ [r (q )], called the symmetric logarithmic derivative (SLD) is implicitly given by the
relation
Sˆq r (q ) + r (q ) Sˆq = r˙ (q ) ,

(A.10)
¶
r . The corresponding quantum
¶q

and where the dot indicates the partial derivative with respect to θ, i.e., r˙ =
CR bound is hence simply V [qˆ (m)]  1  (r (q )). The optimal measurement for which the FI and the QFI
coincide is a projective measurement in the eigenbasis of the SLD Sˆq [76].
For unitary encodings that we consider here, see equation (A.1), the QFI is independent of the value of the
parameter,  (r (q )) =  (r (q ¢)) " q, q ¢. To see this, simply note that in such a case r (q ¢) = Uq¢- q r (q ) Uq†¢- q and
r˙ (q ) = i [r (q ) , H].

(A.11)

Therefore the derivative appearing in the QFI in equation (A.9) is just r˙ (q ¢) = Uq¢- q r˙ (q ) Uq†¢- q . Using
equation (A.10) one then ﬁnds that the SLDs are related in the same way, i.e., Sˆq ¢ = Uq¢- q Sˆq Uq†¢- q . Cyclically
permuting the unitary operators in the trace then gives the result,  (r (q )) =  (r (q ¢)).
If we additionally restrict to pure probe states ∣ yñ as before, the QFI takes the simple form (see, e.g., [4])
 (∣ yñ) = 4(áy q∣y qñ - ∣áy q∣yqñ∣2 ) ,

12

(A.12)
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where ∣ yqñ = Uq∣ yñ is the encoded state and the dot indicates a partial derivative with respect to θ. Since
Uq = e-iqH , a simple computation then reveals that the QFI for such scenarios is proportional to the variance of
the Hamiltonian generating the dynamics, i.e.,
 (∣ yñ) = 4 (áH 2ñyq - áHñ2yq ) = 4(DH )2

(A.13)

and the SLD coincides with r˙ (q ). The QFI is hence maximal for pure states that maximise the variance of H, see,
e.g., [4, 77].
Let us now consider an estimation scenario where a probe state of N qubits is subject to a local
transformation, i.e., where the Hamiltonian is of the form H = å i = 1, ¼ , N Hi and Hi acts nontrivially only on the
ith qubit. For simplicity, we assume that each qubit undergoes the same local transformation,
Hi = Hj º H1 " i , j , and that the local Hamiltonian has eigenvalues7  12 with the corresponding eigenstates

denoted by ∣ 0ñ and ∣ 1ñ. We may further align our reference frame such that H1 = Sz = 12 Z , where Si is the spin- 12
angular momentum operator for direction i = x , y , z and X , Y , Z denote the usual Pauli operators. A
comment on estimation scenarios for other Hamiltonians can be found in section 6 of the main text, but here we
are restricting our discussion to phase estimation scenarios where Uq = ⨂nN= 1 Uq(n), such that
Uq(n) = exp (-iqSz(n)) acts only on the nth qubit. For ease of notation, we will drop the superscript (n) in the
following when referring to single-qubit operations and there is no risk of confusion.
If the probe state is classical, i.e., a product state of the form ∣ y1ñ Ä ∣ y2ñÄ ¼ Ä ∣ yN ñ, then the QFI becomes
maximal when the local single-qubit probe states are all chosen to be ∣+ñ = (∣ 0ñ + ∣ 1ñ) 2 , maximising the
variance of H1 = Sz . From equation (A.13) it then follows immediately that the largest possible value of the QFI
for a classical probe of N qubits is
 (∣ +ñÄN ) = 4 N (áH12ñ - áH1ñ2 ) = N .

(A.14)

The corresponding SLD is easily found to be Sˆq = (cos q Sy - sin q Sx )ÄN , i.e., the optimal measurement is
realised by single-qubit projective measurements in the basis Uq + p 2∣ ñ, where ∣ ñ are the eigenstates of
1
Sx = 2 X . It hence becomes obvious that classical measurement strategies can (at most) decrease the variance
linearly with the number of qubits. This scaling behaviour is referred to as the standard quantum limit. As we
shall discuss next, a different scaling behaviour can be achieved for quantum probes.
A.1.3. A proof of the CR bound. In this section we present a proof of the CR bound of equation (A.7) following
[73, 74]. For an unbiased estimator q̂ (m), we can write the unbiasedness condition of equation (A.3) as

å

p (m∣ q )(qˆ (m) - q ) = 0,

(A.15)

m

where we have used that the conditional probability is normalised, i.e., åm p (m∣ q ) = 1. Differentiating the
condition of equation (A.15) with respect to the parameter we have

å
m

¶p (m∣ q ) ˆ
(q (m ) - q ) ¶q

å

p (m∣ q ) = 0,

(A.16)

m

which we can rewrite as
¶

å (qˆ (m) - q) p (m∣ q ) ¶q

log p (m∣ q ) = 1.

(A.17)

m

Then, we deﬁne the quantities x ≔

p (m∣ q ) (qˆ (m) - q ) and
y≔

p (m∣ q )

¶
log p (m∣ q ) ,
¶q

(A.18)

and use the Cauchy–Schwarz inequality

⨋x y

2

 ⨋∣ x ∣2 ⨋∣ y ∣2

(A.19)

to arrive at

å p (m∣ q )(qˆ (m) - q)2 ´ å
m

7

n

⎛¶
⎞2
p (n∣ q ) ⎜
log p (n∣ q ) ⎟  1.
⎝ ¶q
⎠

(A.20)

Any deviation from this assumption enters the problem as a constant factor multiplying the parameter θ, and can hence be absorbed into θ.
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The ﬁrst factor on the left-hand side of equation (A.20) is just the variance

å

V [qˆ (m)] =

p (m∣ q )(qˆ (m) - q )2.

(A.21)

m

Dividing by the second factor, which we identify with the Fisher information
I (r (q )) =

⎛¶
⎞2
p (m∣ q ) ⎜
log p (m∣ q ) ⎟ ,
⎝ ¶q
⎠

å
m

(A.22)

we ﬁnally obtain the CR inequality
V [qˆ (m)] 

1
.
I (r (q ))

(A.23)

A.1.4. Heisenberg scaling in local metrology. Let us now revisit the local phase estimation scenario for an
entangled state, for instance, the N-qubit GHZ state, given by
1
2

∣ yGHZñ =

( ∣ 0ñÄN + ∣ 1ñÄN ).

(A.24)

A quick calculation of the QFI of equation (A.12) for this state provides the result  (∣ yGHZñ) = N 2. The
precision may hence quadratically increase with the number of qubits. This optimal scaling behaviour is usually
called the Heisenberg limit. To see how one can practically achieve Heisenberg scaling, let us consider a simple
parity measurement, that is, a projective measurement with outcomes m = +1 (even) and m = -1 (odd), and
associated POVM elements
E even =

å

å

En and Eodd =

n even

E n,

(A.25)

n odd

where En projects into the subspace where n qubits are in the state ∣-ñ and (N - n) qubits are in the state ∣+ñ.
Denoting the single-qubit projectors as P = ∣ ñá∣, we can write
En =

å pi (P-Än P+ÄN- n) ,

(A.26)

i

where the sum is over all

( ) permutations p . One then straightforwardly ﬁnds
N
n

i

tr(En r (q )) =

1 ⎛⎜ N ⎞⎟
(1 + ( - 1)n cos (Nq )) ,
2N ⎝ n ⎠

(A.27)

which in turn yields the conditional probabilities
Nq
2

(A.28a)

2 Nq
2

(A.28b)

( ),
r (q )) = sin ( ).

p ( + ∣ q ) = tr(E even r (q )) = cos2
p ( - ∣ q ) = tr(Eodd

Using the deﬁnition in equation (A.8) one can then verify that this measurement is optimal, i.e., the FI and QFI
coincide, I (∣ yGHZñ) =  (∣ yGHZñ) = N 2.
We then only need to ﬁnd a suitable estimator. We can construct such an estimator from the expected value
of the associated observable M, which has the spectral decomposition M = Eeven - Eodd = X ÄN , such that
áMñ = cos (Nq ). Crucially, note that the required measurements are just local X-measurements, the results of
which are multiplied to obtain the overall measurement result in each run, i.e., m = m1 m2 ¼ mN . For
p
q Î [0, N ] we then assign the estimator
qˆ (m) =

1
N

arccos (m) =

⎧ 0 if m = + 1
= ⎨p
.
⎩ N if m = - 1

1-m
p
2N

(A.29)

Computing the mean and variance for this estimator one ﬁnds,

V [qˆ (m)] = q 2

The estimator is only unbiased for q =
p2

p
N

Nq
2

( ),
+ sin ( ) (

áqˆ (m)ñ =

sin2

2 Nq
2

p2
N2

(A.30a)

-

2pq
N

).

(A.30b)

p
, but in this case the variance admits Heisenberg scaling and takes the
2N

value 4N2 . However, one can do better than this by averaging over the outcomes before assigning an estimate,
rather than averaging the individual estimates. Practically speaking, one can view this as estimating
m (q ) = cos (Nq ) followed by a simple reparametrization using q (m) = arccos (m) N . This estimator is
unbiased by deﬁnition, since m (q ) = áMñ and one ﬁnds the variance
14
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V [m (q )] =

å

p (m∣ m (q ))(m - áMñ)2 = sin2(Nq ).

(A.31)

m

Propagating the error through the reparameterization then yields
⎛ ¶q ⎞2
1
⎟ =
.
V [q (m)] = V [m (q )] ⎜
⎝ ¶m ⎠
N2

(A.32)

One can hence get a quadratic scaling advantage for local phase estimation using an N-qubit GHZ state and local
measurements. By extension via error propagation, Heisenberg scaling is also maintained for frequency
estimation by reparameterizing q = wt for any ﬁxed interrogation time t. As shown in ﬁgure 2 in the main text,
the preparation of an N-qubit GHZ state can be realised using a (2N - 1)-qubit 1D cluster state, which hence
constitutes a resource for local phase and frequency estimation at the Heisenberg limit.
A.2. Bayesian parameter estimation
In appendix A.2.1, we ﬁrst review the basic structure of Bayesian parameter estimation problems. We then
discuss an inequality that serves as a Bayesian analogue of the CR bound in appendix A.2.2 and present a simple
proof in appendix A.2.3, before highlighting an interesting connecting between Bayesian estimation and noisy
local estimation in appendix A.2.4. Finally, we investigate the limitations of the MSE cost function for Bayesian
estimation in appendix A.2.5.
A.2.1. The Bayesian estimation scenario. Much like in the local estimation scenario discussed in appendix A.1,
the Bayesian scenario considers the estimation of a parameter θ that has been encoded onto a quantum state
r (q ) by performing a measurement given by some POVM {Em}. As before, the conditional probability to obtain
the outcome m given that the parameter has the value θ is
p (m∣ q ) = tr(Em r (q )).

(A.33)

However, where the local estimation scenario requires only that the parameter be close to values for which an
unbiased estimator is available, the Bayesian estimation scenario captures all previously held belief about θ in a
probability distribution referred to as the prior p (q ). Performing a single measurement, the probability to obtain
the outcome m is then simply
p (m ) =

ò dq p (q) p (m∣ q ) = tr(Em G),

(A.34)

where we have deﬁned the quantity

ò dq p ( q ) r ( q ) ,

G=

(A.35)

following the notation of [36]. Given some outcome m, we then want to provide an estimate q̂ (m) for the value
of the parameter. To this end, note that Bayes’ law lets us determine p (q∣m), the probability that the parameter
had the value θ given the outcome m, as
p (q∣m) =

p (m∣ q ) p (q )
.
p (m )

(A.36)

As an estimate we then simply average the possible values of θ weighted with the corresponding probabilities
p (q∣m), i.e.,
qˆ (m) =

ò dq p (q∣m) q = ò dq

p (m∣ q ) p (q )
tr(Em h )
,
q=
p (m )
tr(Em G)

(A.37)

where we have inserted from equations (A.36) and(A.34), and deﬁned the new quantity [36]
h=

ò dq p ( q ) r ( q ) q .

(A.38)

Thus, the estimate for θ given that the outcome m was observed, depends on the prior p (q ) and the encoding of
the parameter in the state r (q ) via the quantities Γ and η from equations (A.35) and(A.38), respectively, and on
the chosen POVM {Em}. Note that the estimator used for the Bayesian estimation scenario need not be unbiased
in the sense of equation (A.3). Instead, on average, we now expect the estimator to assign the same mean value as
the prior, i.e.,
q¯ =

å p (m) qˆ (m) = å tr(Em h) = tr(h) = ò dq p (q) q.
m

(A.39)

m

As a ﬁgure of merit for the precision of the estimate, we then wish to quantify how close q̂ (m) is to θ
(m )
according to our updated belief. We are hence interested in the variance Vpost
of the posterior p (q∣m) given the
outcome m. Using the MSE approach as in equation (A.4), but now with the posterior instead of the conditional
15
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probability p (m∣ q ), we write
(m)
V post
= V [ p (q∣m)] =

=

1 ⎡
⎢tr Em
p (m ) ⎣

(

ò dq p (q∣m)(q - qˆ (m))2

ò dq p ( q ) r ( q ) q 2 ) -

(tr(Em h ))2 ⎤
⎥,
tr(Em G) ⎦

(A.40)

where we have used(A.36) and(A.37). In general, the width of the posterior may decrease or increase with
respect to the width of the prior, depending on the measurement outcome. It is therefore more useful to average
over different outcomes and deﬁne
Vpost =

å

(m)
p (m) V post
=

m

ò

dq p ( q ) q 2 -

å
m

(tr(Em h ))2
.
tr(Em G)

(A.41)

Here, a comment on the choice of Vpost as a ﬁgure of merit for the average increase in the knowledge is in order.
For parameters (and priors) that have support on the entirety of  , the MSE is certainly a useful choice.
However, when estimating parameters with bounded support other quantiﬁers of the width of the posterior may
be more appropriate. For instance, for phase estimation one may consider the Holevo phase variance as
discussed in section 3. We will nonetheless consider the MSE in the following. This has several reasons. First, the
MSE can still be useful for phase estimation when the priors are suitably narrow (see appendix A.2.5) and it
allows to establish some simple bounds (see appendix A.2.2) for the optimal classical estimation strategies, as we
shall explain in appendix A.3.2. Second, the MSE is of course useful for frequency estimation problems (see
appendix A.5), where the parameter range is not bounded. We hence allow the parameter to take values
q Î [-¥ , ¥] for the remainder of this work.
As a simple example, consider a Gaussian prior of width s > 0 centred at q = qo , that is,
(q - q o ) 2
1
p (q ) =
(A.42)
e- 2s2 ,
2p s

(

with q¯ = qo and V [ p q )] = ò dq p (q )(q - qo
then evaluates to

2

)

= s 2 . The ﬁrst term on the right-hand side of equation (A.41)

ò dq p (q) q 2 = s 2 + q o2,

(A.43)

while the remaining term
q o2 

å
m

(tr(Em h ))2
< s 2 + q o2
tr(Em G)

(A.44)

determines the average decrease in width of the posterior with respect to the prior.
A.2.2. A Bayesian CR bound. The average variance of the posterior can be bounded from below using the
vanTrees inquality (see, e.g., [74, 78] or appendix A.2.3)
Vpost 

1
,
I ( p (q )) + I¯ (r (q ))

(A.45)

which can be viewed as a type of CR bound for Bayesian estimation, where
I ( p (q )) =

ò

⎛¶
⎞2
dq p ( q ) ⎜
log p (q ) ⎟ ,
⎝ ¶q
⎠

(A.46)

is the classical Fisher information of the prior and
I¯ (r (q )) =

ò

dq p (q ) I (r (q )) =

ò

⎛¶
⎞2
dq p (q ) å p (m∣ q ) ⎜
log p (m∣ q ) ⎟ .
⎝ ¶q
⎠
m

is the averaged (over the unknown parameter θ) FI associated to the state r (q ) and the POVM {Em} as speciﬁed
in equation (A.8).
Since the QFI  (r (q )) arises as a maximisation of the FI I (r (q )) over all POVMs, we have
 (r (q ))  I (r (q )). If, as before for the local case, we consider the parameter to be encoded by a unitary
transformation of the form of equation (A.1), the QFI is independent of θ, as we have shown in appendix A.1.2.
This allows us to bound the average FI by the QFI, i.e.,
I¯ (r (q )) 

ò dq p (q) (r (q)) = (r (q)),
16
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and consequently we can modify the vanTrees inequality to
Vpost 

1
.
I ( p (q )) +  (r (q ))

(A.48)

In contrast to the (quantum) CR inequality(A.7), the bounds in(A.45) and(A.48) are generally not tight, so
they do not allow us to conclude that a measurement strategy exists such that 1 Vpost grows quadratically with N.
And while it can indeed be shown [25] that Heisenberg scaling is asymptotically achievable for arbitrary priors in
the Bayesian regime we require an explicit description of the involved states and measurements to determine
whether these can be efﬁciently implemented.
Nonetheless, a simple consequence of the van Trees inequality pertains to the classical scaling behaviour.
Recall from equation (A.14) that the maximal value of the QFI for product states is proportional to N. This
implies that Vpost decreases at most linearly with N for classical strategies, i.e., 1 Vpost  N + I ( p (q )), where
I ( p (q )) is a constant independent of N. For instance, for the Gaussian prior of equation (A.42), which we want to
focus on in the following, we have I ( p (q )) = 1 s 2.
At this point, two comments on the choice of Gaussian priors are in order. First, note that there exists an
interesting connection between Bayesian estimation with Gaussian priors and local estimation subject to
parallel, Gaussian noise [26]. As is outlined in appendix A.2.4, this connection provides an alternative way of
computing the variance Vpost via the (quantum) Fisher information of the probe state after a noisy channel. Here,
we do not explicitly consider the problem of noisy metrology in more detail, but we refer the interested reader
to [59, 60].
The second comment concerns the fact that the probability distribution of equation (A.42) has support on
the entire real line, whereas for phase estimation, θ only takes values in an interval of length 2p . In addition, the
use of the MSE means that differences between estimates and parameter values larger than π are
disproportionately penalised. Intuitively it is clear that this becomes an issue when the width of the Gaussian
prior becomes comparable with (half of) the length of the interval for θ. In appendix A.2.5 this problem is
discussed in more detail.
For sufﬁciently narrow priors the MSE is hence still a useful cost function for the variance and (nonwrapped) Gaussians can be employed instead of the more complicated wrapped Gaussians to simplify
calculations. Moreover, the use of the MSE (rather than some circular statistics equivalent or covariant cost
function, see [4]) as a measure for the precision of the estimate allows us to remain within the framework of [36].
It also permits us to apply the Bayesian CR bound of inequation (A.48), which provides a straightforward
comparison with classical strategies, as we shall discuss in appendix A.3.2. Finally, note that these considerations
arise for the phase estimation problem discussed in this section, but are no cause for concern in the frequency
estimation paradigm, which is presented in appendix A.5.
A.2.3. A proof of the Bayesian CR bound. We now want to present an explicit proof that the average variance
Vpost of the posterior p (q∣m) can be bounded from below by the van Trees inequality [78], which is the Bayesian
equivalent of the CR bound, given by
Vpost 

1
,
I ( p (q )) + I¯ (r (q ))

(A.49)

where I ( p (q )) is the classical Fisher information of the prior, given by
I ( p (q )) =

ò

⎛¶
⎞2
dq p ( q ) ⎜
log p (q ) ⎟ ,
⎝ ¶q
⎠

(A.50)

and I¯ (r (q )) = I¯ (r (q ), {Em}) is the Fisher information associated to the state r (q ) and the POVM {Em},
averaged over the (unknown) parameter θ. That is, it is given by
I¯ (r (q )) =

ò

dq p (q ) I (r (q )) =

ò

⎛¶
⎞2
dq p (q ) å p (m∣ q ) ⎜
log p (m∣ q ) ⎟ .
⎝ ¶q
⎠
m

(A.51)

In the frequency estimation scenario, the parameter θ is typically allowed to take on any value in , but the prior
is assumed to have compact support, such that p (¥) = 0. In the phase estimation scenario, on the other
hand, the parameter can take values in the interval [a , a + 2p ] for some a Î  and w.l.o.g. one may pick a=0.
In this case, one may assume that the probability densities are either wrapped, e.g., the prior satisﬁes
p (q ) = p (q mod 2p ) and θ is to be understood as q mod 2p . Alternatively, one can also treat θ to be any real
number, and require that the prior be sufﬁciently narrow. In the latter scenario, one can still use the MSE
approach for the variance, but care needs to be taken with the initial width of the prior, as discussed in
appendix A.2.5. With this in mind, we now discuss a proof of equation (A.49). First, note that
17
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¶

b

òa dq qˆ (m) ¶q ( p (q) p (m∣ q )) = qˆ (m)[ p (q) p (m∣ q )]a = 0,
b

(A.52)

due to the assumptions above for (a , b ) = (0, 2p ) or (a , b ) = (-¥ , +¥), respectively. Similarly, integration
by parts immediately lets us evaluate the integral
b
¶
( p (q ) p (m∣ q )) = - dq p (q ) p (m∣ q ) ,
a
a
¶q
where we have eliminated the boundary term using the previous assumptions. Using Bayes’ law (see
equation (A.36)) and the preliminary results of equations (A.52) and(A.53), we can then calculate

ò

b

ò

dq q

(A.53)

¶

ò dq (qˆ (m) - q) ¶q ( p (q) p (m∣ q )) = ò dq p (q) p (m∣ q ) = p (m) ò dq p (q∣m) = p (m),

(A.54)

since p (q∣m) is normalised. When we sum over the possible measurement outcomes, we must hence just get
¶

å ò dq (qˆ (m) - q) ¶q ( p (q) p (m∣ q )) = å p (m) = 1.
m

(A.55)

m

On the other hand, we can rewrite parts of the integrand as
¶
¶
( p (q ) p (m∣ q )) = p (q ) p (m∣ q )
log ( p (q ) p (m∣ q ))
¶q
¶q
and use the Cauchy–Schwarz inequality from equation (A.19) with x = (qˆ (m) - q ) p (q ) p (m∣ q ) and
y=

p (q ) p (m∣ q )

¶
log [ p (q ) p (m∣ q )]
¶q

(A.56)

(A.57)

to arrive at the inequality
1

⎛ ¶

⎞2

å ò dq p (q) p (m∣ q )(qˆ (m) - q)2 ´ å ò dq¢ p (q¢) p (n∣ q¢ ) ⎜⎝ ¶q¢ log [ p (q¢) p (n∣ q¢ )] ⎟⎠
m

.

(A.58)

n

The ﬁrst factor on the right-hand side of equation (A.58) is just Vpost from equation (A.41). The second factor can
be split into three terms by squaring
¶
¶
¶
log [ p (q ) p (m∣ q )] =
log p (q ) +
log p (m∣ q ).
¶q
¶q
¶q
Summing over the normalised conditional probability p (m∣q ), the ﬁrst term gives the classical Fisher
information for the prior, i.e.,

ò

⎛¶
⎞2
dq p ( q ) ⎜
log p (q ) ⎟ = I ( p (q )) ,
⎝ ¶q
⎠

(A.59)

(A.60)

while the term containing the square of ¶¶q log p (m∣ q ) gives I¯ (r (q )) as deﬁned in equation (A.51). The
remaining cross term is of the form
⎛¶

⎞⎛ ¶

⎞

⎛¶

å ò dq p (q) p (m∣ q ) ⎜⎝ ¶q log p (q) ⎠⎟ ⎝⎜ ¶q log p (m∣ q ) ⎠⎟ = å ò dq ⎝⎜ ¶q
m

m

⎛¶
⎞⎛ ¶
= dq ⎜
p (q ) ⎟ ⎜
⎝ ¶q
⎠ ⎝ ¶q

ò

å
m

⎞
p (m∣ q ) ⎟ = 0,
⎠

⎞⎛ ¶
⎞
p (q ) ⎟ ⎜
p (m∣ q ) ⎟
⎠ ⎝ ¶q
⎠
(A.61)

which vanishes since the sum over p (m∣ q ) is independent of θ, i.e.,

å

p (m∣ q ) =

m

å tr(Em r (q)) = tr(r) = 1.

(A.62)

m

Dividing both sides of the inequality in(A.58) by the sum of the nonzero terms of the second factor, we arrive at
the Bayesian CR bound
Vpost 

1
.
I ( p (q )) + I¯ (r (q ))

(A.63)

A.2.4. Relating noisy local estimation with Bayesian estimation for Gaussian priors. In this appendix we discuss
an interesting connection between noisy local estimation and Bayesian estimation for Gaussian priors. We hence
consider a local estimation scenario as in section A.1.1, where ‘parallel’ noise is present on top of the unitary
encoding of equation (A.1). That is, the noise is generated by the same Hamiltonian as the encoding of the
parameter but distributed according to some probability distribution p˜ (q ). The state encoding the parameter is
then given by
18
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r˜(q ) = Uq r˜(0) Uq†,

(A.64)

where the noise can be understood as part of preparing the initial state

ò

r˜(0) = dq ¢ p˜ (q ¢) Uq ¢ ∣ yñá y ∣ Uq†¢

(A.65)

starting from some pure state ∣ yñ. We further assume that the noise has a Gaussian proﬁle centred around zero,
that is, the noise distribution is
p˜ (q ) = p (q + qo) ,

(A.66)

where qo is the mean of the Gaussian prior p (q ) of equation (A.42). We can now see how the encoded state of this
noisy local scenario corresponds to the quantity Γ from equation (A.35) in the Bayesian scenario, i.e.,

ò dq p (q) r (q) = ò dq p (q) Uq ∣yñáy ∣ Uq†
= ò dq ¢ p (q ¢ + qo) Uq ¢+ q ∣ yñá y ∣ Uq†¢+ q = r˜(qo) ,

G=

o

o

(A.67)

where we have substituted q ¢ = q - qo . To establish a similar connection for η from equation (A.38), we make
use of the fact that the prior (and the noise distribution in the local scenario) are Gaussian, such that
d
q - qo
p (q ) = p˙ (q ) = p (q ).
dq
s2

(A.68)

With this, we ﬁnd

ò dq q p (q) r (q) = qo ò dq p (q) r (q) - s 2ò dq p˙ (q) r (q)
= qo G + is 2ò dq p (q )[r (q ) , H] = qo G + s 2r˜˙ (qo) ,

h=

(A.69)

where the dot indicates a partial derivative w.r.t. θ. Reinserting the expressions for Γ and η into equation (A.41),
the last term gives

å
m

(tr(Em h ))2
(tr[Em r˜˙ (qo)])2
= s4 å
+ q o2.
tr(Em G)
tr(Em r˜(qo))
m

(A.70)

The ﬁrst term on the right-hand side of equation (A.70) can easily be recognised as the Fisher information
I (r˜(qo )) from equation (A.8) for the POVM {Em} in the local scenario with parallel Gaussian noise. Combining
this result with equations (A.41) and(A.43), we ﬁnd
Vpost = s 2 - s 4 I (r˜(qo)).

(A.71)

s 2, one arrives at the conclusion that the

Since the variance of the initial Gaussian prior is just V [ p (q )] =
average decrease in variance in the Bayesian scenario with Gaussian prior, DV = V [ p (q )] - Vpost for any given
POVM is proportional to the Fisher information at q = qo for the same POVM in the local scenario with parallel
Gaussian noise, DV = s 4I (r˜(qo )). In particular, for the optimal POVM one obtains the QFI, which is
independent of the value of the parameter for the unitary encoding with parallel noise, and hence
DVopt = s 4  (r˜ ).

(A.72)

This result immediately informs us about an important property of the Bayesian scenario. Since  (r˜ ) is the QFI
in a scenario with parallel noise that can be viewed as dephasing, one cannot expect Heisenberg scaling of  (r˜ ),
i.e., that  (r˜ ) increases quadratically with N, see [59, 60]. Instead, it is clear that  (r˜ )  1 s 2 since Vpost  0.
On the other hand, one expects that  (r˜ ) approaches the bound 1 s 2 from below as N increases. As suggested in
[61], it is reasonable to assume that
1
K
 (r˜ ) = 2 - a
(A.73)
N
s
for some positive constant K and some power a  1, such that Vpost = K s 4 N a . Therefore, a scaling advantage
of a quantum strategy with respect to a classical strategy is obtained if one ﬁnds an (efﬁciently preparable) state
and POVM such that a > 1.
A.2.5. Limitations of the MSE approach. Here, we aim to discuss the limitations of applicability of the MSE cost
function for Bayesian phase estimation, i.e., for a scenario where the parameter θ is encoded by a unitary
1
Uq = e-iqH , with H = 2 Z for each qubit. Since the difference between the two eigenvalues of H is 1, it is
immediately apparent that values of θ that differ by 2p cannot be distinguished in such a scenario. This
periodicity is not accurately reﬂected in the use of the MSE, since estimates that differ by integer multiples of 2p
are unduly penalised. In a local estimation scenario where small ﬂuctuations around a ﬁxed value of the
parameter are being estimated, this is not an issue. Similarly, this is of no concern for Bayesian estimation when
19
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Figure A1. Limitations of the MSE approach. The minimally achievable MSE Vmin of the posterior, normalised by the variance s 2 of
the prior, is plotted against σ. For small θ, the width of the optimal posterior is close to zero and the MSE appropriately captures the
increase in knowledge about θ. However, when the width of the prior reaches a threshold value close to p 2 , the minimal MSE of the
posterior drastically increases and quickly saturates at the initial width of the prior. In this regime the MSE does not reﬂect the increase
in knowledge about θ in a meaningful way.

the prior is sufﬁciently localised, but can become an issue for larger values of σ (where we focus on Gausian
priors as in equation (A.42)). We are therefore interested in quantifying for which values of σ the approach using
the MSE cost function becomes problematic.
We will take a pragmatic point of view and consider the MSE approach as useful, if this post-processing of
the measurement data provides an increase in knowledge in the sense of an average decrease of the width of the
posterior p (q∣m). We therefore ask, what the minimal MSE of the posterior can be in principle, given a ﬁxed
Gaussian prior of width σ. When obtaining a measurement outcome m, the corresponding estimate may in
principle only be understood modulo 2p . In other words, if no prior knowledge is available, and one were to
trust the estimate of the parameter unconditionally, the posterior would be a ‘comb’ of Dirac delta functions
d (q - 2pk ) for all values k such that q - 2pk lies within the allowed range of parameters. For an unrestricted
range, q Î , we hence have inﬁnitely many side-peaks at distances 2pk for k Î . If we take into account the
q2
prior information, some of these peaks are suppressed by its shape, e.g., as exp - 2s 2 for a Gaussian prior. The

( )

optimally reachable posterior is then given by
q2

popt (q ) =  å e- 2s2 d (q - 2pk) ,

(A.74)

kÎ

(

where the normalisation is given by  -1 = åk Î  exp Vmin =  å e-

(2pk )2
2s 2

(2pk ) 2
2s 2

). The MSE of this distribution is

(2pk)2.

(A.75)

kÎ

As illustrated in ﬁgure A1, the MSE of this optimal posterior strongly increases from around s » p 2 , and from
around 5p 4 the width stays virtually constant as compared to the MSE of the prior. Of course this does not
mean that the measurement process does not provide information about the parameter. Clearly, knowing the
value of θ exactly modulo 2p is more useful than a uniform prior. However, the MSE simply fails to capture this
distinction. We hence have to keep this limited applicability of the approach using (non-wrapped, Gaussian)
priors and the MSE cost function in mind. Speciﬁcally, we restrict our analysis to Gaussian priors of widths
smaller or equal than 1.
A.3. Classical Bayesian estimation strategies
After introducing the quantities of interest for Bayesian parameter estimation in the previous appendix, we now
want to illustrate these techniques for classical Bayesian estimation. This provides the opportunity to establish a
direct comparison with the results obtained for a strategy exploiting quantum features that we will present in
appendix A.4.
We consider a strategy to be classical, if no quantum correlations are used for the state preparation or
measurement, which corresponds to the choice of product states for N qubits along with single-qubit
measurements. The Bayesian approach allows updating the estimation strategy based on the outcomes of
previous measurements. Consequently, a parallel strategy of N individual probes that are prepared and
measured in the same way may not be optimal even among the classical measurement schemes. At the same
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time, the explicit evaluation of a sequential measurement strategy with intermediate updates is computationally
extremely demanding. To give a fair representation of the performance of classical strategies we hence consider a
bound for the sequential measurement scheme in appendix A.3.2, and compute the average variance explicitly
for the optimal parallel strategy in appendix A.3.3. In preparation for these scenarios, we begin with the singlequbit Bayesian estimation problem in appendix A.3.1
A.3.1. Single-qubit measurements. For the scenario that we consider here, i.e., Gaussian priors as in
equation (A.42) and unitary parameter encodings as in equation (A.1), the optimal single-qubit measurement
strategy for Bayesian estimation is similar to that of the local scenario. That is, the probe state is chosen to be ∣+ñ,
i.e., a uniform superposition of the eigenstates of H. The optimal accompanying measurement is a projective
measurement with POVM elements
E˜ = Uqo+ p

2

∣ ñá ∣ Uq†o+ p 2,

(A.76)

which corresponds to a measurement in a direction on the equatorial plane of the Bloch sphere that is orthogonal
to the direction obtained by rotating ∣ ñ by the expected value qo of the prior. This can be seen by noting that
probe states and measurement directions can be restricted to the equatorial plane, followed by an optimisation
over the angle deﬁning their relative orientation. For this combination of state and measurement, the conditional
probabilities to obtain the outcomes ‘+’ or ‘−’ are
p (  ∣ q ) = tr(E˜r (q )) =

1
(1  sin (q - qo)) ,
2

(A.77)

such that p (∣qo ) = 1 2. We further compute
1
tr(E˜G) = p (m =  ) = 2 ,
1
tr(E˜h ) = 2 (qo  s 2 e

-s 2

2).

(A.78a)
(A.78b)

The corresponding estimates are then easily found by inserting into equation (A.37), yielding
qm = = qo  s 2e-s

2

2.

(A.79)

Together with equations (A.41) and(A.43) we then ﬁnd the average variance of the posterior
Vpost = s 2 (1 - s 2 e-s ).
2

(A.80)

Since 0 < s 2 e-s < 1 for ﬁnite, nonzero σ, the variance decreases on average, Vpost < s 2, but it becomes
apparent that the decrease in width quantiﬁed by DV ≔ s 2 - Vpost has a maximum for s = 2. This signiﬁes
that the MSE approach using Gaussian priors is not useful for priors of large width when considering phase
estimation (see appendix A.2.5 for a discussion of this issue). It is also interesting to note that the posterior
distributions conditional on the outcomes m =  are given by
2

p (q∣m =  ) =

(q - q o ) 2
1
(1  sin (q - qo)) e- 2s2 .
2p s

(A.81)

Unlike the prior, the posterior distributions illustrated in ﬁgure A2 are no longer Gaussian, and they are not
symmetric around their mean values q = qm =.
A.3.2. Bound for multi-qubit measurements. We are now interested in making statements about the optimal
strategy for Bayesian estimation using a sequence of N consecutive single-qubit probes. Unfortunately, the
posterior even after one measurement is no longer Gaussian (or symmetric). Therefore, determining the optimal
single-qubit measurements and updating the prior becomes problematic for large numbers of measurements.
This may not be an issue in an actual measurement, where each qubit gives a single outcome based on which the
next measurement is chosen. However, we are interested in the variance of the posterior averaged over all
possible sequential measurement outcomes, the set of which grows exponentially. Having 2N potentially
different posterior distributions makes such an approach computationally infeasible.
We shall therefore refrain from obtaining the exact expression for the optimal expected variance Vpost after N
sequential single-qubit measurements with updated directions. Instead, we construct a bound based on the
Bayesian CR inequality(A.48). We note that the updating procedure can be entirely thought of as part of the
choice of measurement direction, while the probe state ∣+ñ remains the same throughout. Further recall that the
QFI entails an optimisation over all possible measurements including correlated measurements that can depend
on previous outcomes. A lower bound for Vpost in the classical case is hence obtained from the QFI for the state
∣+ñÄN , which we have previously determined in equation (A.14) to be given by  (∣+ñÄN ) = N . Inserting into
inequation (A.48) we arrive at the bound
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Figure A2. Posterior distributions for single-qubit probe. The posterior distributions for the outcome m = +for the optimal singlequbit measurement are shown when starting from a Gaussian prior of width σ (shown for s = 0.1,¼,1 in steps of 0.1). The prior is
centred at q = qo , while the mean value of the posterior p (q∣m = +) is just the estimator qm =+ from equation (A.79), indicated by the
vertical dashed lines.

Vpost 

s2
,
1 + Ns 2

(A.82)

where we have used that I ( p (q )) = 1 s 2. Any classical strategy, may it consist of parallel or sequential
measurements, must give an expected variance larger than this bound. This result also extends to the
(asymptotic) behaviour of the Holevo phase variance Vf of equation (18) since Vf reduces to the MSE as s  0
(see, e.g., [79, p 7]). Consequently, the Holevo phase variance of any successful sequential measurement strategy
will approach the behaviour of the MSE. The faster (in terms of the number of measurements) the strategy
decreases the phase variance, the sooner one will enter a regime where the bound of inequation (A.63) applies.
Moreover, the bound in inequation (A.82) is not tight and might signiﬁcantly overestimate the performance of
classical strategies since the optimisation in the QFI also includes entangled measurements. We therefore
complement this bound by an investigation into the optimal parallel strategy in section A.3.3.
A.3.3. Optimal parallel strategy. Having obtained the previous lower bound for Vpost for the optimal classical
strategy, one may wonder, how close a practical classical strategy may come to this bound. To address this
question, we now consider the optimal classical, parallel strategy for Gaussian priors. That is, we compute Vpost
in the case where N qubits are identically prepared and measured (i.e., without intermediate updates) with the
optimal single-qubit strategy based on the prior information (see section A.3.1). The probe state is hence ∣+ñÄN
and for each qubit we perform the POVM with elements E˜ as in equation (A.76). Since the state is invariant
under the exchange of qubits, it is irrelevant, which of the N qubits give results ‘+’, and which give results ‘−’, we
note that there are only N + 1 qualitatively different measurement outcomes.
We label these outcomes by m = 0, 1,¼,N , which we take to be the number of outcomes ‘−’. In other
words, for the given state this measurement is equivalent to the POVM with element Em from equation (A.26).
The conditional probability to obtain the outcome m, given that the parameter takes the value θ is then
⎛N ⎞
p (m∣q ) = p ( + ∣ q ) N - mp ( - ∣ q )m ⎜ ⎟.
⎝m ⎠

(A.83)

We then insert for p (∣ q ) from equation (A.77) and ﬁnd
⎛N ⎞
tr(Em G) = ⎜ ⎟
⎝m ⎠
=

ò dq p ( q ) p ( + ∣ q ) N - m p ( - ∣ q ) m

1 ⎛⎜ N ⎞⎟ N - m m ⎛⎜ N - m ⎞⎟ ⎛⎜ m ⎞⎟
( - 1)k ¢ Ik + k ¢,
å å
2N ⎝ m ⎠ k = 0 k ¢= 0 ⎝ k ⎠ ⎝ k ¢ ⎠

(A.84)

where the quantity Ik + k ¢ is given by
In =

1
2p s

ò dq e-

q2
2s 2

sinn q

(A.85)

and powers of the sine function arise from the binomial expansion of (1  sin (q - qo )) followed by a
substitution q - qo  q . Now it is easy to see that the integral In vanishes for odd n. To solve the integral in
equation (A.85) for even n, we use the trigonometric identity (which holds only for even n)
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sinn q =

⎛ ⎞
1 ⎜n ⎟
2
+ n
n
2n ⎜⎝ 2 ⎟⎠
2

n -1
2

å ( -1)

⎛n ⎞
⎟ cos ([n - 2l ] q ) ,
⎝l⎠

n -l
⎜
2

l=0

(A.86)

as well as the integral formula
1
2p s

¥

ò-¥dq e-

q2
2s 2

cos (aq ) = e-a s

2 2

2.

(A.87)

Combining equations (A.84) to(A.87) we obtain
tr(Em G) =

N-m m

å å

k = 0 k ¢= 0

(( - 1)k ¢ + ( - 1)k ) N!
2N + k + k ¢+ 1k!k ¢!(N - m - k)!(m - k ¢)!

⎫
⎧
k + k ¢- 2
(k + k ¢- 2l ) 2s 2
k + k ¢- 2l
2
⎪ (k + k ¢)!
( - 1) 2 e- 2
(k + k ¢)! ⎪
⎬
´⎨
+ 2å
2
l!(k + k ¢ - l )!
⎪
⎪ ⎡( k + k ¢ )!⎤
l=0
⎭
⎩⎣ 2 ⎦

(A.88)

For the Gaussian prior we then need to further compute
Vpost = s 2 + q o2 -

å
m

(tr(Em h ))2
= s2 tr(Em G)

å
m

2
gm
,
tr(Em G)

(A.89)

where
gm =

⎛N ⎞
⎜
⎟
⎝m ⎠

ò

dq q p ( q ) p ( + ∣ q ) N - m p ( - ∣ q ) m =

1 ⎜⎛ N ⎟⎞ N - m m ⎛⎜ N - m ⎟⎞ ⎜⎛ m ⎟⎞
( - 1)k ¢ Jk + k ¢.
å å
2N ⎝ m ⎠ k = 0 k ¢= 0 ⎝ k ⎠ ⎝ k ¢ ⎠

Here we have a different integral, Jk + k ¢ , which is of the form
q2
1
Jn =
dq q e- 2s2 (sin q )n .
2p s

ò

q2

¶

(A.90)

(A.91)

q2

Since q exp (- 2s 2 ) = -s 2 ¶q exp (- 2s 2 ) we can easily integrate by parts and write
q2
ns
Jn =
dq e- 2s2 (sin q )n - 1 cos q.
2p

ò

(A.92)

When k + k ¢ = n is even, the integral vanishes. When k + k ¢ = n is odd, on the other hand, then (n - 1) is
even and we can use the trigonometric identity from equation (A.86) along with the formula
1
1
cos q cos ([n - 1 - 2l ] q ) = cos ([n - 2 - 2l ] q ) + cos ([n - 2l ] q ).
(A.93)
2
2
This, together with the Gaussian integral of equation (A.87) allows us to rewrite Jn as
Jn =

⎧
⎛
⎞
ns 2 [1 - ( - 1)n ] ⎪ - s2 ⎜ n - 1 ⎟
⎨e 2 n - 1 +
⎜
⎟
⎪
2n
⎝
⎠
⎩
2

n-3
2

å ( -1)
l=0

⎫
⎛ n - 1 ⎞ - (n - 2 l - 2 ) 2 s 2
(n - 2 l ) 2 s 2 ⎪
⎟ (e
2
+ e- 2 )⎬.
⎝ l ⎠
⎪
⎭

n - 2l - 1
⎜
2

(A.94)

With this, the average variance of the posterior of equation (A.89) can be computed, which we have done for up
to N=200 qubits. The results, depicted in ﬁgure A3, show that Vpost decreases at most as 1 N , as expected.
Moreover, the data suggests that the parallel classical strategy is close the bound of inequation (A.82) when the
width of the prior is much smaller than p 2 . For instance, when s = 0.1, the relative deviation of the data for
Vpost from the bound Vmin = s 2 (1 + Ns 2) as quantiﬁed by DV ≔ (Vpost - Vmin ) Vmin is DV < 5 ´ 10-7
for N=1 and DV < 1.65 ´ 10-5 for N=90. For s = 0.5 the corresponding deviations are already at
DV » 6.6 ´ 10-3 and 2.9 ´ 10-2 for N=1 and N=90, respectively, and for larger values of σ the deviation
of 1 Vpost from a function increasing linearly with N is already clearly visible in ﬁgure A3.
Having thoroughly investigated the performance of classical estimation strategies in Bayesian scenarios, we
will next turn to strategies involving genuine quantum features.
A.4. Quantum advantage in Bayesian estimation
With respect to the local estimation scenario, Bayesian estimation is made considerably more complicated by the
in principle arbitrary shape of the prior. Consequently, results on optimality are scarcely available apart from
very special cases such as phase estimation for ﬂat priors [19], for which an optimal (albeit with respect to a
different cost function for the variance) pair of probe state and measurement have been determined. Here, we
will discuss a slightly modiﬁed version of the scheme of [19] as an example and show that it can lead to a scaling
advantage also for other choices of priors (and cost functions).
The probe state in question is a superposition of N-qubit computational basis states, where one
representative ∣ nñun = ∣ 1ñÄn ∣ 0ñÄN - n is selected for each Hamming weight, i.e., from each subspace with a ﬁxed
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Figure A3. Optimal parallel classical strategy. The inverse expected variance of the posterior 1 Vpost is shown for the optimal, classical,
parallel strategy when starting from a Gaussian prior of width σ (shown for s = 0.1,¼,1 in steps of 0.1) as functions of the qubit
number N. As indicated by the different curves for 1 Vpost , the variance decreases as 1 N for small widths, but decreases less strongly
for larger values of σ. Note that the decrease in performance may be attributed to the choice of the MSE cost function and the Gaussian
priors.

number of qubits in the state ∣ 1ñ. That is, ∣ nñun is a unary encoding of the integer n. For ﬂat priors (and using the
Holevo phase variance [40] instead of the MSE of equation (A.40)), the optimal probe state ∣ ysineñ is of the form
∣ ysineñ =

N

å yn

∣ nñun ,

(A.95)

n= 0

where the coefﬁcients are chosen with a sinusoidal proﬁle (see, e.g., [19]), i.e.,
yn =

⎛ (n + 1) p ⎞
2
⎟.
sin ⎜
⎝ N+2 ⎠
N+2

(A.96)

For the sake of illustration, we will study the performance of this particular state that we will refer to as the sine
state for the MSE and Gaussian priors of ﬁnite width. Nonetheless, it is crucial to note that the optimal probe
state for phase estimation with any prior (and variance) must be of the form of equation (A.95) for some choice
of coefﬁcients. This is due to the fact that ∣ ysineñ already contains one representative eigenvector of Uq (and H) for
each of its different eigenvalues. Adding any other components outside of the span of {∣ nñun } n = 0, ¼ , N would
hence not provide any more information about the phase θ. After the unitary dynamics Uq , the probe state is thus
of the form
Uq∣ ysineñ = e-iNq

N

2

å yn e i n q

∣ nñun .

(A.97)

n= 0

Also note that the probe state we have chosen is not symmetric with respect to the exchange of the different
qubits. However, relinquishing this symmetry requirement allows us to operate in an (N + 1)-dimensional
subspace of the total Hilbert space of dimension 2N, which will prove to be crucial for the efﬁcient
implementation of the estimation scheme in MBQC.
As a measurement strategy for our example, we will consider a QFT in the subspace spanned by the vectors
∣ nñun , followed by computational basis measurements. This measurement can be represented by a POVM with
elements Ek = ∣ ekñá ek ∣ for k = 0, 1, 2,¼,N and EN + 1 =  - åk = 0, ¼ , N Ek , where
∣ e kñ =

1
N+1

N

å ein

2pk
N+1

∣ nñun .

(A.98)

n= 0

Practically, we can ignore the POVM element EN + 1, as the corresponding outcome never occurs for the chosen
probe state (in the absence of noise). With this, we are now in a position to compute Vpost from equation (A.41)
where we again assume a Gaussian prior as in equation (A.42). We hence need to calculate
Vpost = s 2 + q o2 -

å
k

(tr(Ek h ))2
.
tr(Ek G)

(A.99)

To rewrite this quantity, it is useful to ﬁrst determine tr (Ek r (q )) where r (q ) = Uq∣ ysineñá ysine ∣ Uq†, for which we
obtain
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Figure A4. Example for quantum strategy. The inverse average variance of the posterior 1 Vpost is plotted against the qubit number N
for the quantum measurement strategy using the sine states from equation (A.96) with QFT measurements for qo = 0 and for values
of σ from 0.1 (blue) to 1 (green) in steps 0.1. Additional plots for other values of qo and comparisons with classical strategies can be
found in ﬁgure A5.

tr(Ek r (q )) =

N

å

m, n = 0

y*myn i(m - n) ( 2pk - q )
N+1
e
.
N+1

(A.100)

With this, we quickly ﬁnd
y*myn i(m - n) ( 2pk - qo) - (m - n)2s2
2
N+1
e
e
,
N+1

(A.101)

(m - n) 2s 2
y*myn
2pk
(qo - i (m - n) s 2) ´ e i(m - n) ( N + 1 - qo) e- 2 .
N+1

(A.102)

N

å

tr(Ek G) =

m, n = 0

tr(Ek h ) =

N

å

m, n = 0

Inserting equations (A.101) and(A.102) back into(A.99) and making use of åk Ek =  , and the normalisation
2pk

(

)

of r (q ) and p (q ), as well as the identity åk exp i (m - n) N + 1 = (N + 1) dmn, one arrives at
Vpost = s 2 -

å
k

g 2k
tr(Ek G)

,

(A.103)

where gk is given by
gk =

is 2
N+1

N

å y*myn (m - n) e i(m - n) (

2pk - q
o
N+1

2 2

) e- (m -2n) s .

(A.104)

m, n = 0

Finally inserting equations (A.100) and(A.104) into the formula for Vpost in equation (A.103), the average
variance of the posterior for the sine state and the QFT measurement can be evaluated numerically. The results
for up to N=200 qubits and for the prior centred at qo = 0 are shown in ﬁgure A4.
The plots in ﬁgure A4 indicate that for narrow priors (e.g. for s = 0.1,¼,0.5) the example quantum strategy
exhibits a quadratic scaling gap with respect to all classical measurements schemes, meaning that the variance in
the quantum strategy decreases more strongly with N than classically possible. As discussed in [25], this is
possible for all priors under certain regularity assumptions, but the explicit form of the optimal states and
measurements is generally not known. Indeed, we cannot conclude that the strategy that we discuss here is
optimal, but (at least) for narrow Gaussian priors (s  0.5) we ﬁnd that it directly outperforms even the (overly
optimistic) bound on classical strategies from inequation (A.82) already for N=6 qubits. For broader priors, we
can not report a scaling advantage for this example, but this is to be expected using the MSE. However, recall that
the measurement strategy we discuss here is known to be optimal in the case of ﬂat priors for an appropriately
chosen cost function [19], and our results are hence complimentary in the sense that we provide numerical
evidence for optimal scaling in a regime of narrow priors. Additional plots for direct comparison with the
classical bounds can be found in ﬁgure A5.
A.5. Bayesian frequency estimation
In this appendix we investigate on Bayesian frequency estimation, i.e., the case where the parameter to be
estimated is the angular frequency, ω, rather than the phase θ, i.e., such that q = wt . The key difference of
frequency estimation compared to phase estimation is that in the former we have the freedom to optimise over
the interrogation time t. We shall do this for some of the states and measurement previously considered for
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Figure A5. Quantum strategy versus classical bound. The inverse average variance of the posterior 1 Vpost is plotted (dots) against the
qubit number N for the quantum measurement strategy using the sine states from equation (A.96) with QFT measurements for
qo = 0 and values of s = 0.1, 0.5, and 1 in (a), (b), and (c), respectively. The solid lines correspond to the Bayesian Cramér–Rao
bound of inequation (A.82), which overestimates the best sequential classical strategy. The dashed lines correspond to the optimal
classical parallel strategy from ﬁgure A3. As can be seen in (a) and (b), the quantum strategy using the sine states may outperform the
best classical strategy for small prior widths σ, providing a scaling advantage, i.e., 1 Vpost increases stronger than linearly with N.
However, for larger σ it performs worse, that is, it still outperforms the optimal classical parallel strategy, but only by a constant
improvement, as can be seen in (c).

phase estimation. Speciﬁcally, for the optimal classical parallel measurement strategy and for the quantum
strategy using the sine states and QFT measurements from equations (A.96) and(A.98), respectively.
More precisely, the dynamical evolution of each qubit is described by the unitary transformation
U (wt ) = e-iwtZ 2, and our prior information about ω is given by the normal distribution
p (w ) =

-w 2
1
e 2D2 ,
2
2pD

(A.105)

where we have assumed without loss of generality that the mean frequency is centred at w0 = 0. With the initial
state as in equation (A.95) the matrix elements of the operators Γ and η of equations (A.35) and(A.38),
respectively, read
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Figure A6. Optimal classical parallel frequency estimation. The inverse expected variance of the posterior 1 Vpost , optimised over the
interrogation time, is shown for the optimal, classical, parallel strategy (with probe state ∣+ñÄN and POVM with elements Em as in
equation (A.26)) when starting from a Gaussian prior (in frequency space) of width Δ in units of D2 . The horizontal axis shows the
qubit number N.

Figure A7. Frequency estimation: sine states and QFT measurements. The inverse average variance of the posterior 1 Vpost , optimised
over the interrogation timet, is plotted against the qubit number N for the quantum measurement strategy using the sine states from
equation (A.96) with QFT measurements for wo = 0 and for values of Δ from 0.1 (blue) to 1 (green) in steps 0.1, in units of D2 .

G=

N

å

-(m - n) 2t 2
2

yn y*me

∣nñám∣ ,

(A.106)

-(m - n) 2t 2
2

(A.107)

n, m = 0

h = - it D

N

å

(m - n) yn y*me

∣nñám∣ ,

n, m = 0

where we have deﬁned the dimensionless parameter t º t D. The ﬁnal average variance is again given by
equation (A.99). However, due to the dependence of the Fisher information on τ, we need to optimise the
average ﬁnal variance over all τ. The results for the optimal, classical parallel strategy (see appendix A.3.3) and for
the quantum strategy using the sine states and QFT measurements (see appendix A.4) are plotted in ﬁgures A6
and A7, respectively, and a comparison is shown in ﬁgure A8.
A.6. Measurement-based quantum computation
A.6.1. Basics of MBQC. In this appendix, we will brieﬂy review the basic concepts of MBQC, but we direct the
interested reader to more detailed reviews in [38, 39]. In this computational paradigm, established in [30, 80], a
speciﬁc entangled state (e.g., a cluster state) is prepared in an array of qubits. Using the entanglement present in
the system along with local measurements on a subset of the qubits, (arbitrary) unitary transformation may be
implemented on the remaining qubits (if the cluster is large enough). Here, we will focus on MBQC based on 1D
and 2D cluster states, i.e., graph states [37] based on regular, linear or rectangular lattices. Each vertex of the
graph corresponds to a qubit initialised in the state ∣+ñ, while edges connecting the vertices indicate that
controlled phase gates CZ , given by
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Figure A8. Frequency estimation comparison. The inverse average variance of the posterior D2 Vpost , optimised over the interrogation
timet and plotted against the qubit number N, is compared for the optimal classical parallel strategy (red, dashed) and the quantum
strategy using the sine states and QFT measurements (blue, solid). For the plotted range one can clearly see that the quantum strategy
provides a scaling advantage with respect to the best parallel classical measurements, that is, the solid blue curve for D2 Vpost increases
quadratically with N, while the the dashed, red curve only increases linearly with N.

Figure A9. Two-dimensional cluster states. In (a) the circuit representation of a two-dimensional (2D) cluster state with 4 qubits is
shown. Each horizontal line represents a qubit, initialised in ∣+ñi (i = 1, 2, 3, 4 ), and time goes from left to right. The vertical lines
( ) represent controlled phase gates CZ ij applied to the respective qubit pairs (i,j). Figure A9 shows the graph structure of the 2D
cluster of (a), with vertices vi on a square lattice connected by edges vij.

CZ ij = ∣ 0ñá 0∣i Ä  j + ∣ 1ñá 1∣i Ä Z j = CZ ji ,

(A.108)

have been applied to these pairs of qubits. A simple example for a cluster state is shown in ﬁgure A9.
The essence of the working principle of a measurement-based computation is captured by single-qubit gate
teleportation [81]. That is, by measuring one of the qubits of an entangled pair in a suitable local basis and
applying local correction operators dependent on the outcome on the other qubit, a desired quantum gate can be
effectively implemented on the remaining qubit, as illustrated in ﬁgure A10. Concatenating this procedure for a
chain of qubits in a 1D cluster state, arbitrary single-qubit gates may be performed in such a way that only local
corrections on the ﬁnal qubit are required.
Although the measurement-based implementation of the CNOT gate [CX ] in the notation of
equation (A.108) is not possible in a 1D cluster, it can be achieved in two dimensions [31], as is demonstrated by
a simple example in ﬁgure A11. Since the combination of arbitrary single-qubit gates with the CNOT gate is
computationally universal, one may hence prepare an arbitrary quantum state (e.g., for performing parameter
estimation) from a 2D cluster.
A.6.2. Probe state preparation in MBQC. In this last appendix, we present details on the conversion of the
circuit for generating probe states (shown in ﬁgure 4 of the main text) to an MBQC measurement pattern. To do
this, let us ﬁrst see how a Y-rotation can be performed in MBQC, and consider the concatenation of three steps
of single-qubit gate teleportation (see ﬁgure A10) as shown in ﬁgure A12. That is, we prepare a one-dimensional
four-qubit cluster state, where the ﬁrst qubit is initialised in an arbitrary state ∣ yñ. The ﬁrst three qubits are then
measured with angles j1, j2, and j3, respectively, leaving the fourth qubit in the state (up to a global phase)
X s1+ s3 Z s2 HRz (( - 1)s2 j3 ) Rx (( - 1)s1 j2 ) Rz (j1)∣ yñ.
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Figure A10. Single-qubit gate teleportation. (a) After the entangling CZ operation on a pair of qubits prepared in the states ∣ yñ and
∣+ñ, respectively, the ﬁrst qubit is measured in the basis {Rz (j ) H∣ sñ ∣s = 0, 1}, where j speciﬁes an angle in the x–y plane. Here,
the rounded boxes correspond to applications of single-qubit gates, where H = (X + Z ) 2 is the Hadamard gate, and the
indicates a measurement in the computational basis {∣ sñ ∣s = 0, 1} with outcome s. The remaining qubit is then left in
symbol
the state HZ sRz (j )∣ yñ. Up to the outcome-dependent local correction HZ s (and an irrelevant global phase) the output qubit hence
carries the result of the computation, Rz (j )∣ yñ. (b) In a graphical notation (see, e.g., [38]) for the circuit in (a), measured qubits are
represented by circles inscribed with the corresponding measurement angle j, while output qubits are indicated by diamonds( ).
The connecting lines between qubits indicate the initial application of CZ gates, and the symbols for input qubits, which may be
prepared in arbitrary states are coloured in red, whereas all other qubits are assumed to have been initialised in the state ∣+ñ.

Figure A11. CNOT gate in MBQC. The four-qubit circuit in (a), and the corresponding measurement pattern in (b) illustrate how the
measurement of two of the qubits in a 2D cluster, followed by local Pauli corrections on the two remaining qubits dependent on the
measurement outcomes si (i = 1, 2) can realise an effective CNOT gate in an MBQC architecture. The notation is as in ﬁgure A10. Note
that of the two input qubits marked red in (b) one is measured, but the other is also an output qubit.

Figure A12. Pauli-Y rotation in MBQC. (a) The circuit representation of the MBQC realisation of a Pauli-Y rotation is shown.
p
Measuring the ﬁrst three qubits in bases in the x–y plane rotated with respect to the X-basis by j1 = 2 , j2 = (-1)s1 f , and
p
s
1
+
s
+
s
s
2
1
3
2
j3 = (-1)
, respectively, and applying the local Pauli corrections X
Z H dependent on the measurement outcomes
2
si = 0, 1 (i = 1, 2, 3) leaves the fourth qubit in the desired state. (b) Graphical representation of the circuit in (a) following the
notation of ﬁgure A10.

Noting that a Y-rotation about an arbitrary angle f can be written as R y (f ) = Rz (- p2 ) R x (f ) Rz ( p2 ), selecting
measurement angles j1 = p2 , j3 = (-1)s2+ 1 p2 , and j2 = (-1)s1 f in ﬁgure A12 realises R y (f ) up to appropriate
local corrections on the last qubit.
With this strategy, we are able to implement R y (f1). One may even commute the Hadamard correction with
the Y-rotation to switch the initial state of the qubit from ∣+ñ to ∣ 0ñ, as required in ﬁgure 4 of the main text. For
the remaining controlled rotations, we make use of the simple identity R y (f ) Z = ZR y (-f ), which allows us to
utilise the CZ -gates naturally appearing in the cluster state to perform the operation CR y (f ), as shown in the
circuit in ﬁgure A13(a). The spurious application of the operator Z before the rotation can be disregarded, since
all qubits in the circuit in ﬁgure 4 are assumed to be in the state ∣ 0ñ in the beginning. This initialisation step can be
included as for R y (f1) before.
Since we already know from the circuit in ﬁgure A12 how to implement rotations R y (f ) for arbitrary angles,
all that is left to do to translate the preparation circuit in ﬁgure 4 to MBQC is to commute the local X-corrections
past the CZ -gate appearing on the left-hand side of ﬁgure A13(a), as shown in ﬁgure A13(b), such that all local
29
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Figure A13. Circuit identities. The circuit in (a) implements the controlled R y (f ) Z rotation by incorporation of a controlled phase
gate CZ . In (b) a circuit identity for commuting single-qubit X-operations past the controlled phase gates (featuring, e.g., in cluster
* indicates equality up to a possible global phase.
states) is shown. The symbol =

corrections can be applied in the ﬁnal step of the state preparation. We hence arrive at the MBQC measurement
pattern generating the sine state ∣ ysineñ, which is shown in ﬁgure 5 of the main text.
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