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MAPPING PROPERTIES FOR OPERATOR-VALUED
PSEUDODIFFERENTIAL OPERATORS ON TOROIDAL
BESOV SPACES

BIENVENIDO BARRAZA MARTINEZ, ROBERT DENK,
JAIRO HERNANDEZ MONZON, AND MAX NENDEL

ABSTRACT. In this paper, we consider pseudodifferential operators on
the torus with operator-valued symbols and prove continuity properties
on vector-valued toroidal Besov spaces, without assumptions on the un-
derlying Banach spaces. The symbols are of limited smoothness with
respect to x and satisfy a finite number of estimates on the discrete
derivatives. The proof of the main result is based on a description of the
operator as a convolution operator with a kernel representation which
is related to the dyadic decomposition appearing in the definition of the
Besov space.

1. INTRODUCTION

In this note, we consider mapping properties of pseudodifferential oper-
ators on the n-dimensional torus T" = (R/27Z)" in vector-valued Besov
spaces. Toroidal pseudodifferential operators are defined and investigated,
e.g., in the monograph [16] by Ruzhansky and Turunen. Here, the group
structure of T™ is used to define a global quantization with covariable k € Z"
(Fourier series). This quantization is also the basis for the definition of the
Besov spaces on the torus by means of a dyadic decomposition of Z" (see
Definition 2.5 below). Compared to the other possible approach where T is
treated as a closed manifold, one has the advantage of a global quantization
without the necessity to introduce local coordinate charts. The theory of
pseudodifferential operators on the torus was developed by Agranovich [1],
McLean [13], Melo [14], Bu-Kim [6], [7] and others.

Mapping properties of toroidal pseudodifferential operators in LP-spaces
were studied studied by Delgado [10], Molahajloo-Shahla-Wong [15], Wong
[19], Cardona [9] and others. In particular, in Cardona [9] mapping properties
in Besov and Holder spaces are shown. The global quantization approach
mentioned above can be generalized to compact Lie groups, see Ruzhansky-
Turunen [17], Ruzhansky-Turunen-Wirth [18], Cardona [8] and references
therein.

The above references deal with the scalar-valued case. In the situation
where the considered functions have values in some Banach space F, the sit-
uation depends on the geometric properties of E. If E is a UMD space
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(and hence in particular reflexive), then Mikhlin-type results yield LP-
boundedness, see Arendt-Bu [3], Keyantuo-Lizama-Poblete [12], Barraza-
Gonzélez-Herndndez [5]. The case of general Banach spaces was studied by
Amann [2] on R™ and by Denk-Barraza-Hernandez-Nau [4] on T". While in
[4] only pseudodifferential operators with z-independent symbols (Fourier
multipliers) were studied, in the present note we investigate z-dependent
vector-valued symbols with values in a general Banach space.

We consider pseudodifferential operators whose symbols have limited
smoothness with respect to z and satisfy a finite number of growth con-
ditions in analogy to the conditions of Hérmander. The symbols have values
in L(FE), the space of all bounded linear operators in E, where E stands
for an arbitrary Banach space. The main result (Theorem 3.3) states that
the pseudodifferential operator op[a] related to the symbol a of order m
induces a bounded linear operator from By ™ (T", E) to By, (T", E), where
the range of s is in a natural way restricted by the smoothness of a and
where p, q € [1,00]. One of the main steps in the proof consists of a descrip-
tion of the operators op[a] op[¢;] and op[¢;] op[a] as convolution operators
(see Lemma 2.6). Here (¢;);en, is a dyadic decomposition of Z", and the
kernels of these operators can be written in form of an infinite sum adapted
to this dyadic decomposition. This allows to avoid oscillatory integrals and
sum-integrals. We note that this approach gives a new proof of the Besov
space continuity even in the z-independent case (cf. [4]), and therefore it
may serve as a basis for future generalizations to locally compact abelian
groups and to compact Lie groups (see also Remark 3.4 a)). Both the map-
ping properties and the convolution kernel description can be used to show
generation of analytic semigroups for parabolic pseudodifferential operators
on the torus. This will be the content of a subsequent paper.

2. KERNEL ESTIMATES FOR TOROIDAL PSEUDODIFFERENTIAL OPERATORS

In the following, let E be a Banach space with norm | - ||. Throughout
this paper, we fix n € N, p € Nwith p >n+1,r € [0,00) and m € R. We
consider operator-valued pseudodifferential operators on the n-dimensional
torus T" = (R/(27Z))"™, where we use [—m,7|" as a set of representatives.
Note that in this case, the euclidian norm |z| of a representative equals the
distance of z to 0 in the metric on T™. We use standard notation for smooth
vector-valued functions f € C°°(T", E) and their Fourier series (discrete
Fourier transform)

(F)(K) = f(k) = / e f(@)dr (ke 2",

n

where dz := (2m) "dz. The Fourier transform is extended by duality
to the space of vector-valued toroidal distributions v € 2'(T", E) :=
L(C*>(T™), E), see [4], Section 2 for more details.

The symbol class on the torus is defined with help of the discrete deriva-
tives (differences) Ay. For this, let j € {1,...,n}, and let 0; := (dk)r=1,..n
be the j-th unit vector in R"™. For a: Z" — F and o € Njj, we set

Apa(k) == a(k +6;) —a(k) (ke Zm),
Ci= ATLLLAGT
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We refer to [16], Sect. 3.3.1, for a more detailed discussion of the dis-
crete analysis on the torus. In the following definition, we set (k) :=
(1+ k)2 (k € 2.
Definition 2.1. a) Let S"™#" = S™P7" (T" x Z", L(E)) be the set of all
functions a : T" x Z™ — L(E) such that [z — a(x, k)] € C" (T", L(E))
for all k € Z™, and Hqu(fl’r) < 00. Here, in the case r € Ny we define

lallip™ = max max sup sup (k)" | ARO a(z, k)l 1m).

lal<p |BI<T z€Tn kezn

and in the case r € (0,00) \ N we define

lalliz™ = llall g7

Aaag k _Aaaﬁ k
+ max sup sup <k> m || k a(li )) k ya(?/ ))HL(E)

lol<p zyeT™ kezn T—y r=lr)
1Bl=lr] z#y | |

b) For a € S™" the pseudo-differential operator op[a| is defined by
(oplalf)(@) = ) e Fae, k) f(k) (f€CX(TE), zeT"). (21

kezn
Remark 2.2. a) It is easily seen that for f € C°°(T",E) we have

(f(K))kezn € L(Z", E), where .Z(Z", E) stands for the Schwartz space
of all functions ¢: Z" — E with supyczn (k)" ||¢(k)| < oo for all N € N
(see, e.g., [4], Lemma 2.2). Therefore, the sum in (2-1) converges absolutely.

b) Inserting the definition of f(k) into the right-hand side of (2-1), we

formally get

|al—

oplalf)@) = 3 [ e e aa10r )y

kezn

= /T e™a(x, k) f(x —y)dy.

kezn

(2-2)

However, this sum-integral does not converge in general. To make such in-
tegrals convergent (and to change the order of integration and summation),
one has to use either oscillatory sum-integrals (see [4], Remark 3.4) or use
integration by parts (see [16], Remark 4.1.18). In the cases considered below,
the symbols will be good enough to guarantee absolute convergence of the
sum-integrals.

The definition of toroidal Besov spaces is based on a dyadic decomposition
in the covariable space Z™. We use the following definition.

Definition 2.3. A sequence (p;) en, C -7 (Z") is called a dyadic decompo-
sition if the following conditions are satisfied.
(1) We have supp ¢ C {k € Z" : |k| < 2} and suppp; C {k € Z" : 2771 <
k| < 2/F1} for j € N.
(i) Foreachk € Z", we have 0 < ¢;(k) <1 (j € No) and ;- ¢;(k) = 1.
(iii) For each o € Ny, exists a constant ¢, > 0 independent of j and k such
that
|Afp;(k)| < calk)™ (jEN, kezm).
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Remark 2.4. A partition of unity on Z™ can be obtained as a restriction of a
partition of unity on R™ in the sense of [4], Definition 3.5, or [2], Section 4.
Here, the definition of a partition of unity (¢;)jen, on R™ includes the
condition

08GO < ca2/?1 (€ €RT).
Taking ¢; := @;|zn, we obtain condition 2.3 (iii) by [16], proof of Theo-
rem I1.4.5.3, which states that for each k € Z",

Alpjk) = 0]%;(8) ¢
with some Ee [k1, k1 + 1] X ... X [kn, kn + v). This implies
ALp; (0] < O (jeN, k ez (2-3)
using the conditions on the support of ¢;.

Throughout the following, we will fix a dyadic decomposition (¢;);en, C
S (7). We set p_1 := 0 and define

Xj = pi-1+ @i+ eir1 (€ No).
Then x; = 1 on supp ¢j, i.e., we have ;x; = ¢; for all j € Ny.

Definition 2.5. For p,q € [1,00] and s € R, the Besov space B, (T", E) is
defined as the space of all u € 2'(T", E) with [ull B3, (17, E) < 00, where

g oo 2= |2 oplgsteliorre ) ser |

For properties of vector-valued Besov spaces on the torus, we refer to [4],
Remark 3.9. For the analog spaces in R", see [2], Section 5. The Besov space
does not depend on the choice of the dyadic decomposition (in the sense of
equivalent norms).

The estimates for pseudodifferential operators on toroidal Besov spaces
below are based on their representation as integral operators and estimates
for their kernels. We adapt this representation to the dyadic decomposition
and obtain better convergence properties. In particular, there is no need to
consider oscillatory sum-integrals.

Lemma 2.6. Let a € S™", and let f € C°(T", E).
a) We have

(oplalf)(x) = )Y (opla] oplpu] f)(x) (x € T").
KENp

Here, the series on the right-hand side converges in C(T", E) (i.e., uniformly
b) For every x € T" and j € Ny,

(oplalovlp, 1)) = | KyGe0) (e = )y

where
Kj(z,y) = ) ¢™Va(z,k)p;(k). (2-4)
kezm
(Note that this is a finite sum.)
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¢) For every x € T" and j € Ny,

(oplalovlel) @) = 3 [ [ K)ol e~y - 2)aydz].
KE€Ng "I
where
K3y 2) = 3 e pn(a(e, k).
k,(eZn
d) For every x € T™ and j € Ny,
(opliey] oplal ) (x) = / K (@, 2) (oplxl )z — y - 2)itydz],
KENg m ST
where
K(2)(3: Y, z) = Z eie'yeik'zgoj(ﬁ)@,i(k)a(x—y,k).
k,(€Zn

The series over k in ¢) and d) converge in C(T™, E), the sums over k and
£ are finite.

Proof. a) Because of )y ¢x = 1, we obtain

(oplal (@) = D e Fa(w k) f(k) = Y- (D e Fa(e K)pnk)f(K)).

keZm keZ™ k€N
(2-5)

For every k € Z™, there are at most three x € Ny with ¢, (k) # 0. This and
Yr < 1 yield

Yo ez R ek FK)| <3 lla(z, k)l f &) e
keZ™, keNg kezn
<0 W™ f (k)| < co.
kezn

In the last step, we have used (f(k))kez» € #(Z", E). Therefore, the series
in (2-5) converges in C'(T", E'), and we may change the order of summation
which yields a).

b) This follows from

(opla] oplep;]f)(x) = ™ a(z, k)p;(k) f (k)

kezZn

= 3 [ [ e*rat@a0p,00 W ()]
kezn "
= 3 [ [, *a@ 190,00~ )y
kezn 71"
= Kj(z,y) f(z —y)dy.

Note that the sum is finite, and therefore we may change the order of sum-
mation and integration.

c) We use prXx = ¢ and op[e;] oplek] = oplek] op[e;] and apply a) to
get

opla] op[p;1f = Y opla] op[ek] opli;] op[xs] /-
kENp
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Here, the sum on the right-hand side converges in C(T", E') due to a). Ap-
plying b), we see that

(opla] oplex] oplews] opxklf) (x) = /Tn Ko(x, 2) (oples] oplxalf) (x — 2)d =

with K, being defined in (2-4). Another application of b) with a being
replaced by the constant symbol (z,k) — idg gives

(ople;] op[x«]f / K;(y)(oplxalf)(x — y)dy
with I~(J( )= Z%Zn e“Ypi(f). Altogether we obtain
pla] op[ K (x,y, z)(op[xu]f)(x —y — z)dyd =
(opla] ople;]f %:7 /n/ Y, 2)(op[x y

with
K](i) (z,y,2) = Kg(z, z)f(j(y).
d) Similarly, we apply a) and twice b) to get
(oplpjloplalf)(z) = Y (oplp;]opla] oplex] oplxx]f) (x)

kENp
=Y [ [ KR @i s -y -
keNp Y 1" T
with K](i) (x,y,2) = I?j (y)Kx(x —y, z) which shows the assertion in d). O

The following estimate on the kernel K; defined in Lemma 2.6 will be one
key ingredient for the proof of Besov space continuity of toroidal pseudodif-
ferential operators.

Theorem 2.7. Let b € S™0, and set
)= > e™Vp;(k)b(x, k) (j € No).

kezn
Then
||Kj(xvy)||L(E) < C2jmg],9(y)||b”£7€70) (:I"ay € Tna ] € NOa 0 e (0’ 1))7
(2-6)
where 1l)?
(2y n
9i0(y) = (yeT").
500 = oy YT

Proof. The proof follows the ideas from [4], proof of Lemma 4.8.

Note that ¢;(k) = 0 for [k| > 2/*! implies Ajp;(k) = 0 for [k| >
21 4 [7]- In the same way, ¢;(k) = 0 for [k| < 27~1 implies Alp;(k) =0
for [k| <2771 —|y].

Let ng be the smallest integer such that 270 (n + 1) < 1. Then
2j+1 + ’,.)/‘ < 2j+1 + (n + 1) < 9. 2j+1 _ 2j+2
and
—y >t —(n4+1)> <207 =272

hold for all j > ng and all |y| <n+ 1.
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Condition 2.3 (iii) and the condition a € S™* imply with the discrete
Leibniz formula that
1AL (95 (®)a(z, k)| pim) < C [lall % ()™=

for (x,k) € T" x Z", j € Ny and |y| < n+ 1. Moreover, for each = € T" and
7 = ng we have
Ai(pj(k)a(z. k) =0 (2-7)

if k| <2772 orif [k| > 2772 ‘

Let N € {n,n+ 1}, and set (e"? —1)7 :=[[}_, ("™ —1)7. Then we have
(see [4], Remark 4.7)

W <0 X - 1] et
[y =N

and

(7" = D)TKj(a,m) = 7 (€7 = DAL(g;(Wa(r, k).
kezn

In combination with the elementary inequality |e" — 1| < 2|k|?|n|? which
holds for all 6 € (0,1), we get

NI ()| neey < Cllall % 1l > K7™ (z,neT) (28)
kEBj
with B; := {k € Z": 2772 < |k| < 2972}, Due to [4], inequality (4-5), for all
> 0 the inequality

Sl < ¢

tep~tZ"\{0}
€00 <1

holds. Setting p := 2912, we obtain

ORI T DI 7 G S Ot

keZ™\{0} tepZ"\{0} tep~1z\{0}
k|<27+2 lel<1 [tloo<1
< C@Me = Cng.
Inserting this into (2-8) with N = n yields
> Ik < (sup (k)™)Y K| < €200, (2-9)
keB, keB; kEB,

Note here that for m > 0 we used the estimate
k)™ < C-20Fm — ¢ oim,
while for m < 0 we used
K™ <C-2072m = . 9m,
For (2-8) with N =n + 1 we have in the same way
Z |k‘6<k>m—n—l <C Z ’k|€—n<k>m—l <C. 93 (0+m—1) (2710)
ke B, keB;
Therefore, we obtain

"1 K ()| oy < C lla]| @0 - 2940 o,
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" (2, 0) | ey < C llal| 0 - 270 H0=1 10,

Multiplying the second inequality by 27 and adding both inequalities yields

Ki(z,n <Ca(p’0)-27 —( - z,n €T, j>ng).

3. MAPPING PROPERTIES IN TOROIDAL BESOV SPACES

In this section, we use the kernel estimates from above to show continuity
of pseudodifferential operators in toroidal vector-valued Besov spaces.

Lemma 3.1. a) Let p € [1,00], and let K: T" x T™ — L(E) be measurable.
Assume that there exists a function g € L*(T") with

1K (2, )l ey < 9(y) (93 ye T")-

Forxz € T" and f € LP(T", E), define F(x) := [p. K f(x—y)dy. Then
F(z) is well-defined for almost all x € T” and

1E] ecre, 2y < gl oy 1 f lpern, ey (f € LP(T", E)).

b) Let p € [1,00], let K: T™ x T" x T" — L(E) be measurable. Assume
that there exist functions g,h € L*(T™) with

HK(:B y7Z)HL(E) < g( )h(z) (x7y7z € Tn)

For x € T", define F(x) := [pn Jpu K(x,y,2) f(x —y — z)dydz. Then F(x)
s well- deﬁned for almost all s € T" and

1 E o crn,z) < NlgllzrmllPll oy 1 floern ey - (f € LP(T", E)).
Proof. a) Let p € [1,00). For x € T", we have

IF@I = [ Kease=na| < [ 1K)l
< [ oWl = lidy = (o171
Tn

Therefore,
1F N Leern,my < (g 11 | ogny < Nlgllpacem) 1 F llocrn, )

In particular, this yields that F'(x) is well-defined for almost all 2z € T™. The
case p = oo follows similarly.
b) This follows in the same way. By the assumption on K, we can estimate

IF@I< [ [ [ som@lse—y=2laa: = (s @ 1)) @)

This yields the desired estimate on ||F||z»(1» g) and the fact that F(z) is
well-defined for almost all z € T". O

Lemma 3.2. Let a € S™"" with r € (0,1).
a) For all j € Ny and f € C*(T", E),

lopla] oplp;1f | o(rn, 5y < Cllall " 2™ || 0px;1f | Lo rn )-
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b) For all j € Ny and f € C>*(T", E),
[l ople;] oplal f | Lo (1, k)
< CHGH%M(?”LH op[x;lfllze(Tn,B) + 2_jr”f”Bg}(T",E))-

Proof. a) By Lemma 2.6 b),

(opla] oplp;] f)(z) = - Kj(z,y)f(z — y)dy

with K being defined in (2-4). Due to Theorem 2.7, for arbitrary 6 € (0, 1),

1K (2, 9) |y < C2™|all6gjo(y)  (z,y € T).

Because of
(2ly)° o
ool = [ sy = [
PONERT = fon Tyln (1 + 29]y]) 2ire [2™(1 +2])

EN
g/ T o4z < 0o,
e 2" (1 +2])

we can apply Lemma 3.1 a) to obtain the assertion of a).
b) We consider the difference

(op[e;] opla] — opla] ople;]) f ()

= Z /]l‘n /TW an(337y>2)(op[)<n]f)($—y—z)dydz

xENp
with
2 1
Kj(,y,2) = K3 (2,y,2) — K\ (2,y,2)

= > Ve (g, (k) (a(z — y, k) — a(x, k)

k ez
- ( 3 eif~y<pj(e)) ( > e (k) (alz — y. k) — a(w,k)))
tezn KkezZn

= K;(y) KL (2,9, 2).
We apply Theorem 2.7 with b(x, k) := a(z — y,k) — a(z, k) where y € T" is
fixed. By the definition of ™" we have

[B]1$2%) = max sup sup (k)/* (| AR (a(z — y, k) — a(2, k)|l 1(p
la|<p zeTn kezn

< [y["all %"
Note that 0 < r < 1. From Theorem 2.7 we get
1K (2,9, 2) | Lim) < Clyl" 2" lall B grp,(2) (29,2 € T")

for arbitrary 6; € (0,1). Another application of Theorem 2.7 with constant
symbol b(z, k) = idg yields

1K ()| < Cion(y) (yeT™)
for all 65 € (0,1). Therefore,
1K (2,9, 2) |y < €25 al

o

Y1" gr,01 (295,00 ()
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Because of r € (0,1), we can choose 03 € (0,1 — r) and obtain for 6y :=
0y +1r € (0,1)
@y

T T
|y‘ g],@z(y) ‘y| |y|n(1 _’_2]|y‘) g],@o(y)

Therefore,
Kju(2,y.2) | nim) < C27" 277 all %) 95,00 (4) 901 (2)-
We have seen above that ||g;g, || 1 () < C < oo and ||gx.g, |1 (1n) < C < 00.
Therefore, we can apply Lemma 3.1 b) to get
H (Op[%‘] op[a] — opld] Op[@j])fHLp(ﬂrn,E)

< G277 allif 3 27 op Xl o con, -
k€N

By the definition of x,,
> 27l op[xulfllo¢n )

k€Np
= Z 2™ (]| (op[r—1] + op[ex] + op[ert1]) fll Lo (rn B)
xk€Ng
<@+ 1427) Y 27| opleu] fllLon )
k€Np
= Ol
Therefore,

(opl;] opla) = opla] oplej)) fllo(re. &y < C277" |all 7 £l By (on 12y
Together with part a) this yields the assertion of b). O

The last lemma is the essential step in the proof of Besov space continuity.
The following theorem is the main result of the present paper.

Theorem 3.3. Let m € R, p € N with p >n+1, and r € (0,00), and let
a € S™PT. Then for s € (0,1) and p,q € [1, 0], the mapping

opla]: By (T", E) = B}, (T", E)
18 continuous. Moreover,
(a > opla]) € L (S™"", L (Byi™(T", E), By, (T", E))) .
Proof. (i) We first consider the case r € (0,1). We start with showing that
opla]: By™(T", E) — By, (T", E)
is continuous. For that we will use the density of C*°(T", E) in B;fm(’]l’", E)

(see [4], Theorem 3.15). Let f € C°°(T", E). Then by Lemma 3.2 b) we
obtain that

H Op[a]f| Bf;l(T”»E) = ZQJSH Op[¢]|Zn] Op[a]fHLp(T",E)

Jj=0

< Caf " ( > 26 L opl) flleqrn.my + I fll ey D 2]'(8”).

J€No J€No
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We have seen in the proof of Lemma 3.2 that the first sum can be estimated
by C||f||B;1+m(T",E)' For the second term, we note that >y, 21(s=7) i fi-

nite because of r > s and use the continuous embedding B;fm (T", E) —
B} (T", E). Therefore,

loplal fllBs, (1n,E) < C||GH7(5’T)HJCHBS+W(T71 E)

which shows the continuity of op[a]: Bs+m(T” E) = By (T", E) as well as
the continuity of a +— opla] for ¢ = 1.

For general ¢ € [1, 00] we use real interpolation theory: For ¢ € [1, 0], we
choose some 0 < £ < 1 such that s —¢,s+¢ € (0,7). Then

B!, (T", E) = (B;;e(qr", E), Bif*(T", E))l/ for t € {s,5+m}.

)

Now the continuity of
opla]: B (1", E) = By*(T", E)
and real interpolation immediately give the continuity of
oplal: B;;m(T",E) — B (T", E).
In the same way, the continuity of the map a +— op[a] follows.

(ii) Now let r € [1,00), and let s € (0,7). We first assume that s ¢ N,
ie., s =59+ s1 with sp € N and s; € (0,1). We choose 7 € (s, r]| such that
r1:=7— 80 € (0,1). Then a € S™P7 by the definition of the symbol class.

We make use of an equivalent norm in B, (T", E'). More precisely, there
exist constants ¢, co > 0 such that

1 Z ||5§U‘|B;,§(Tn,}3) < HUHng(Tn,E) < e Z HaguHB;é(’]I‘",E) (3-1)
| <so la|<s0

for all u € B, (T", E), see [2], (5.19), for the case of R", and [3], proof of
Theorem 2.3, for the one-dimensional torus.

Let f € C°(T™", E), and let j € Ny and o € Nj with o] < sg. By
Lemma 2.6 d) and the Leibniz rule, we have

oplp;]05 oplal f = 97 op[p;] oplal f
—o[ Y [ [ K@ opbel e~y - 2y

k€Ng
_Z Z/n/n 85[{( “Ty’z)(op[X“]a:?_Bf)(f—y—Z)dydz
B<a keNg
- Z< ) ople;] oplagl (92" f)) (z)
B<a

with the symbol ag(z, k) := (85(1)(96, k) (z € T", k € Z™). Here we note that
for all |B| < so, we have ag € S™P70 with |jag| 5™ < C|la|s™ < Cla) %"
In particular, the series over k above are uniformly convergent with respect
to = by Lemma 2.6 d) and we may change the order of differentiation and
integration.
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For |a] < sp and 8 < «, we can apply part (i) of the proof and obtain
loplaglos ™ fllgoson gy < CH%H%’?’TO)||3§‘76f||B;;1+m(Tn7E)
< HGH%MHfHB;‘;m(Tn,E)'

Together with (3-1), this yields

I Op[a]fHB;q(T",E) < e Z 107 Op[a]fHB;}I(’]l‘”,E) < CHGH%’T)HfHB;;m(Tn,E)-

la[<so

This shows the desired continuity in the case s € (0,7)\ N. Finally, if s € N,
we choose € € (0,1) with 0 < s —e < s+ < r. As we have seen,

oplal: B;;mis(’ﬂ‘”, E) — szE(T”,E)
is continuous. Now the continuity of
opla]: Byf™(T", E) — By, (T", E)

again follows by real interpolation (...);/3 4. So we have seen that the con-
tinuity of the operator op[a] stated in the theorem as well as the continuity
of a — op[a] hold in all cases. O

Remark 3.4. a) As a particular case, we obtain the continuity of op[a] in the
case of z-independent symbols. In fact, this could more easily be obtained by
the observation that op[¢;] opla] = op[a] op[g;] holds in this case. Therefore,
one can apply Lemma 2.6 b) and Lemma 3.2 a) and avoid double integrals.

The case of z-independent symbols was already shown in [4], Theo-
rem 3.17. However, the proof in [4] was based on the connection between
the symbols on Z" and the symbols on R”. In fact, every symbol on Z" can
be extended to a symbol on R™ belonging to the same symbol class (see
[16], Theorem I1.4.5.3, and the transference principle in [11], Section 5.7).
In the present paper, we formulated a proof which is independent of this
fact. Therefore, the present proof might serve as a basis for generalizations
to more general groups instead of T".

b) As the symbols considered here are of restricted smoothness, we do
not obtain continuity in the full scale of Besov spaces. That the range of
continuity is restricted becomes obvious if we take a symbol a(x,k) = b(z)
independent of k, where b € C"(T", L(E)). In this case, a € S%#" and

(oplal)(@) = 3 [ *Uwf(e - )ty = b)) (€T

kezn

Taking f(x) as a constant function, we see that in general opla]f €
C"(T™, E) cannot be improved.
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