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Eﬀect of conﬁnement on the mode dynamics of
dipole clusters
André Schella,†*a André Melzer,a Christoph Julyb and Clemens Bechingerb
Dynamical properties of colloidal clusters composed of paramagnetic beads are presented. The clusters
were trapped either in a parabolic trough or in a hard-wall conﬁnement. In order to access the dynamics
of the ensembles, the instantaneous normal mode (INM) approach is utilized, which uses cluster
conﬁgurations as an input. The peaks in the mode spectra weaken when the system size is increased and
when the coupling strength is lowered. The short-time diﬀusive properties of the clusters are deduced
using the INM technique. It is found that angular diﬀusion is always larger than radial diﬀusion regardless
of the shape of the external trap. Further, short-time diﬀusion seems to be almost independent of the
coupling strength in the solid regime, but decreases with increasing packing fraction and size of the
ensembles. In general, it is found that diﬀusion is larger for parabolically conﬁned than for hard-wall
trapped clusters.

1

Introduction

Colloidal systems allow the study of diverse physical processes
on the “atomistic” level by direct imaging of the individual
beads.1,2 Considerable progress has been made in studying for
instance the transport properties in colloidal systems,3,4 the
phase behaviour of colloidal monolayers,5 8 and the mode
properties of extended suspensions.6,9 11
Beside these advances made with large ensembles, nite
systems have raised immense interest in various eld of physics
during the past decades, whereas studying nite colloidal
systems has just started recently.12 23 In particular, they provide
useful insights since they bridge the gap between single particles and extended systems, therefore oﬀering the possibility to
investigate the interplay between the particle interaction and
the systems' boundary.
Dynamical information of the observed ensembles can be
revealed using mode analysis techniques. The normal modes of
colloidal crystals were obtained from nearest neighbour uctuations,9 the displacement correlation matrix10,11 or via
harmonic approximation.6 However, in experiments, modes are
massively damped due to the viscous coupling of the colloidal
particles to the surrounding media, making an interpretation
rather sophisticated. Alternatively, the normal modes of parabolically and hard-wall conned clusters were analysed by Kong
et al. for various types of interaction by means of
simulations.14,15
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A common approach to calculate the diﬀusion coeﬃcient of
colloidal systems is studying the mean square displacement
(MSD).3,4,23 26 However, for nite systems, calculating the MSD
has its diﬃculties, since diﬀusive processes can become time
dependent and crucially inuenced by the external connement.27,28 Beside that, Hunter et al. have shown that the mobility
of the particles in a conned colloidal system strongly depends
on the packing fraction of the colloidal clusters and the physical
properties of the boundary.23
In this paper, we present a method that connects the mode
properties of the system with the diﬀusion coeﬃcient. In particular, we make use of the so-called instantaneous normal mode
(INM) technique.29 31 The INM approach has been extensively
used to study extended liquid-like Lennard-Jones (LJ)-systems
and supercooled water,32 36 to probe the dynamics of LJ-clusters30,37 or even to analyse DNA.38 In INM, it is argued that liquids
show solid-like behaviour on short time scales and hence the
transport coeﬃcient can be deduced from INM using momentary
“instantaneous” particle congurations as an input.29
Recently, the INM technique has been successfully applied to
analyse the diﬀusive properties of nite 2D and 3D dust clusters
in plasmas.39 41 Here, we adopt the INM technique to reveal
mode properties of nite colloidal clusters by making use of
momentary cluster congurations, only. Thus, INM provides an
alternative access in studying the dynamics of nite colloidal
suspensions. Additionally, subsequent analysis of the INM
mode spectra allows to gain information about the transport
properties of nite ensembles were usually direct calculation via
MSD provides insuﬃcient conclusions. The impact of diﬀerent
types of connement onto the cluster dynamics will be
addressed by conning particles either in parabolic or hard-wall
traps.

† Present address of A. S. is MPI DS Gottingen.
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2 Physical properties of dipole
clusters
The phase behaviour of a dipole system consisting of N identical
paramagnetic beads is completely described by the dimensionless coupling parameter6,8
G¼

m0 M 2 1
4pbWS 3 kB T

(1)

with m0 and M being the magnetic eld constant and magnetip
zation, bWS ¼ 1= pn is the Wigner–Seitz distance in 2D at
particle density n and kBT the thermal energy of the system with
T ¼ 295 K, in our case. Even though it is peculiar to assign a
coupling parameter for nite systems, experiments have shown
that G can still serve as a good measure even in the case of small
particle numbers.20
In the experiments presented here, the whole sample cell is
embedded in between a Helmholtz arrangement with the
sample being in the centre of the Helmholtz coils. Thus, the
interaction between the paramagnetic particles can be tuned
using magnetic elds. In particular, the relation given by Blickle
et al.,42 M(B) ¼ M0 [coth(aB) 1/(aB)], was used to describe the
magnetization M as a function of the magnetic eld B of the
Helmholtz coils (M0 ¼ 1.204  1012 A m2, a ¼ 76 T1 are the
parameters for our beads). Thus, by varying B, one can tune the
coupling parameter of the colloidal cluster via M, see eqn (1).
Typically, the magnetic eld B was controlled precisely between
10 mT as a lower limit and 55 mT as a higher limit.
The Hamiltonian of a N particle cluster with dipole interaction is given as13,15
E¼

N
X
 
m0 M 2
þ Vext ~
ri ;
3
4prij
i\j

(2)

with i and j denoting the particles, rij ¼ |~
ri ~
r j| being the interparticle distance and ~
r i being the distance to the trap centre.
The second term Vext is the external conning potential. Various
types of conning geometries exist, covering the full range from
circular or elliptical geometries and diﬀerent functional
forms12,16,43 to rectangular or even pentagonal connement.20,44
Here, the particles were conned either in parabolic traps
X
1
para
¼ mu0 2
ri 2 ;
Vext
2
i

the nite ensembles. For clusters in parabolic traps, the
frequencies are simply normalized to the frequency of the
conning potential u0, whereas the frequencies
p of the hard-wall
conned clusters are given in units of u0 ¼ m0 M 2 =ð4pmR5 NÞ,
which is a slightly modied version of the normalization presented by ref. 15. To get a sense of the characteristic frequency
scales, numerical estimates for the conning frequency for two
clusters discussed in detail in Section 5 will be given. For a
cluster consisting of N ¼ 105 particles conned at a magnetic
eld strength of B ¼ 15 mT and in a hard-wall compartment
with a radius of roughly R ¼ 41.3 mm one nds a typical
frequency scale of about u0 ¼ 4.3 s1. Using the denition of r0
as the equilibrium distance of two dipole – interacting particles
in a parabolic trap, one gets u0 ¼ 2.3  103 s1 for the parabolically trapped N ¼ 71 dipole cluster at B ¼ 25 mT.13,45

3 Experiment
To create potential traps for colloidal particles, glass microscope slides have been spin coated with SU8 2007 before
exposing the slides with UV light which hardens the thin SU8layer. Hard-wall connement was achieved by placing a photo
mask directly on top of the unhardened SU8-layer before UV
exposure. To obtain a harmonic trough, a spacer was placed
between mask and coating before the UV exposure, thus leading
to diﬀuse shadowing at the mask edges. In both manners,
compartments of diﬀerent shape and size (ranging between 50
and 135 mm) have been generated (see Fig. 1 and 2). The spinning speed controls the thickness of the layer and thus the
depth of the potential traps. Here, the depth of the hard-wall
compartments was adjusted to roughly 8 mm.46 This is much
larger than the gravitational length of the particles2,25 and validates the assumption of “hard-wall” traps. For the parabolic
traps, a thin and curved SU8-layer remains aer UV exposure.
The colloidal suspension consists of paramagnetic particles
of 2a ¼ 4.5 mm size (Dyna Beads, m ¼ 7.63  1014 kg)47 in
2.24 g l1 SDS solution. Typically, 25–30 ml solution were
pipetted onto the sample. A cover slide protects the sample
from the environment and the samples equilibrated within a
few minutes. To prevent dri motion due to tilting, each sample

(3)

with m and u0 being the particles' mass and the frequency of the
conning potential, or via a hard-wall connement

0 if r # R
hw
;
(4)
Vext ¼
N if r . R
where R is the size of the hard-wall compartment. As can be seen
from the diﬀerent types of connement, diﬀerent length scales
are needed to appropriately describe the trapped ensembles.
Here, we use the normalization factors given by Kong et al.,15 i.e.
r0 ¼ (m0M2/4p)1/5(mu02/2)1/5 in the case of parabolic traps and
r0 ¼ R as the characteristic length scale in the case of hard-wall
connement. Additionally, diﬀerent connements result in
diﬀerent frequency scales to describe the spectral properties of
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Still images of (a) a parabolically conﬁned N 71 cluster and (b)
of a N 105(70) cluster in hard-wall conﬁnement. The number of the
inner particles which are not attached to the walls is given in
parentheses.
Fig. 1

wall would yield non-physical, innite eigenmodes.15 However,
these particles contribute to the particle–particle interaction
term of eqn (2) for all inner particles. Consequently, the interaction of the i-th inner particle is inuenced by all – including
the wall particles – other particles. Hence, for our mode analysis, the interaction of all N cluster particles is taken into
account when calculating the modes of each particle but the
eigenmodes of the wall particles were excluded for our further
analysis.

4 Instantaneous normal modes

Fig. 2 Examples of reconstructed particle trajectories over a time span
of 240 seconds. (a d) Particle trajectories of parabolically conﬁned
clusters and (e h) particle trajectories of hard-wall trapped clusters. (a)
N 6, G 71; (b) N 36, G 98; (c) N 71, G 93; (d) N 123, G
115; (e) N 20(7), G 90; (f) N 75(44), G 114; (g) N 105(70), G
80; (h) N 204(154); G 81. In (e h), the particles attached to the wall
are coloured in black and the number of the inner particles is given in
parentheses. These wall particles are neglected for the analysis of the
dynamical properties.

has been carefully adjusted.12 Particles sediment into the traps
and, depending on the local density of the suspended particles
and on the shape of the connement, formed nite 2D monolayers as can be seen from the still images in Fig. 1(a) and (b).
The number of trapped particles varies statistically from
compartment to compartment and with the size of the traps.12
The colloidal clusters were imaged by a CCD camera connected
to a microscope and the beads were traced individually using
standard routines.48 The frame rate of the camera was chosen to
be in the range 8–12.5 Hz, high enough to capture the diﬀusive
behaviour of the particles.1,2,49
For our analysis, clusters with diﬀerent particle numbers
and in diﬀerent external connement were realized. To achieve
good statistics, we performed long run experiments with about
12 000 frames per sample for the parabolically trapped clusters
and 6000 frames per experiment for the hard-wall conned
ensembles. The interaction between the beads was tuned via the
magnetic eld generated by the Helmholtz coils as described
above.
Fig. 2 depicts reconstructed trajectories over a time span of
240 seconds for parabolically conned (a–d) and hard-wall
trapped (e–h) colloidal clusters of various particle numbers and
coupling strength. The particles perform localized Brownian
motion in the potential cage created by the neighbouring
particles and the external connement. To distinguish inner
particles and particles attached to the wall in the case of hardwall connement, the trajectories of mobile inner particles are
coloured in red whereas the trajectories of the outer particles
are coloured in black. Here and henceforth, the number of
inner particles of the hard-wall conned clusters will be given in
parentheses. A mode analysis of the particles attached to the

Starting point of the INM analysis is the 2N  2N dynamical
matrix, i.e. the second derivative of eqn (2),
 
v2 E ~
r; t 
HðtÞ ¼
;
(5)
vra;i vrb;j 
~
rðtÞ

which has to be calculated at each instant of time using
momentary particle congurations ~
r(t). Then, a momentary set
of the 2N eigenvectors and eigenvalues ei,l(t) and ll of each
eigenmode l can be governed by solving the corresponding,
instant eigenvalue problem of eqn (5). Due to the polar
symmetry, it is convenient to calculate the eigenmodes of the
system in polar coordinates by applying the transformation
(x, y) / (r, q).14,15 However, one must bear in mind that the
choice of a set of coordinates has a profound inuence on the
INM eigenvalues.50,51
To achieve a density of states (DOS) of the ensemble, the
p
eigenfrequencies ul ¼ ll are summed up along the time series
*
+
X
rðuÞ ¼
dðu ul Þ :
(6)
l

The density of states has to be normalized accordingly
ð
1
rðuÞdu ¼ 1. The eigenfrequencies can be either purely real
u0
or purely imaginary, depending on the sign of the eigenvalues.
Real eigenfrequencies describe the solid properties in the
system, for instance when a particle oscillates in the potential
cage of the nearest neighbour.52 Imaginary eigenfrequencies
describe transient hopping events from one stable cluster
conguration into an other. They mainly allow to deduce the
uid properties of the ensemble.33 35 Thus, the DOS consists of
two parts, r(u) ¼ rs(u) + ru(u) denoting the stable and unstable
modes, respectively. The frequency of the hopping events can be
quantitatively described by the hopping rate
ð
u ru ðuÞ
rðuÞdu;
(7)
sh 1 ¼ c
2p rs ðuÞ
where the parameter c z 3 is used.39,40 Diﬀerent models exist to
approximate the fraction ru(u)/rs(u).32,33 Here, we have calculated the hopping rate directly from eqn (7). Finally, one can
obtain the diﬀusion coeﬃcient D using the INM technique by
ð
kB T
sh
D¼
:
(8)
durðuÞ
1 þ sh 2 u2
m
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Since the INM technique only relies on the momentary
particle congurations and neglects eﬀects of the viscosity of
the surrounding media, the calculated diﬀusion coeﬃcients
can be interpreted as the diﬀusion of the corresponding frictionless system. Changes in the particle congurations are
captured on a time scale given by the frame rate of the camera,
which is of the order of 10 Hz an hence on the scale of shorttime diﬀusive motion.3,24,49
We have performed the INM analysis to obtain the density of
states for various clusters at diﬀerent coupling strength and in
hard-wall and parabolic connement. Typical INM density of
states are shown in Fig. 3 for the dipole clusters with comparable coupling strengths highlighted in Fig. 2 representing
small N # 16, medium 16 < N < 50 and large clusters N > 50. The
DOS are given in units of the normalized frequency and the
unstable mode branch is plotted onto the negative frequency
axis by convention. The number of freely moving particles in the
hard-wall connement is approximately that of the corresponding cluster in the parabolic case. Hence, small, medium
and large clusters in diﬀerent connement should be directly
compared to each other. It should be noted, that the x-axis is
stretched by a constant factor for the small clusters as marked
in Fig. 3. As already mentioned, the interaction of an arbitrary
inner particle in the hard-wall compartment depends on all
other particles, and hence, the dynamical matrix and the modes
were computed using all particles but the modes of the particles
located at the edges of the hard-wall were excluded for our
subsequent INM analysis.
Let us start with the small N ¼ 6 parabolically and N ¼ 20(7)
hard-wall conned cluster, see upper row in Fig. 3(a) and (b) and

(a) INM density of states of the parabolically conﬁned colloidal
clusters and (b) INM density of states of the hard-wall conﬁned
colloidal clusters highlighted in Fig. 2. Real eigenfrequencies are
plotted on the positive frequency axis, imaginary eigenfrequencies are
plotted on the negative frequency axis. The frequency axis was
stretched by a factor of ﬁve for the N 6 and by a factor of 2 for the N
20(7) cluster. For the clusters in hard-wall conﬁnement, the number
of the inner particles is given in parentheses. Increasing the size of the
system leads to diminishing of mode peaks in the density of states. See
text for details.

Fig. 3
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2. Both clusters have a coupling parameter close to G z 70 and
G z 90, which is above the melting point of an extended dipole
interacting colloidal system (Gc z 61).5,7 The DOS shows
distinct, sharp peaks in the stable as well as in the unstable
branch for both clusters. This is due to the nite size of the
ensembles, where discrete modes are excited instead of bulk
phonons.37 In INM, the position of the peaks are dened by the
equilibrium congurations, whereas the width of the peaks are
a closely related to the particle uctuations.53 In case of hardwall connement N ¼ 20(7), stable modes are excited up to
approximately u/u0 ¼ 10. Moreover, two domains at low and
high frequency are clearly separated at u/u0 z 4 in the stable
part of the DOS. This is diﬀerent for the parabolic connement
where stable modes are grouped in a single domain with only
a small dip between the low and the high frequency
modes. The overall fraction of unstable modes, dened by
ð N
fu ¼
ru ðuÞdu, is roughly 25% for the parabolic N ¼ 6
0

cluster. For the N ¼ 20(7) hard-wall cluster one nds fu ¼ 0.19.
These fractions are decisively larger than the unstable mode
fractions of nite 2D dust clusters in plasmas,39,40 but comparable to 3D Lennard-Jones clusters37 and nite 3D dust clouds.41
The corresponding DOS of the medium-sized N ¼ 36 parabolically and N ¼ 75(44) hard-wall conned clusters that is
shown in the second row in Fig. 3(a) and (b) has still peaked
features representing discrete eigenmodes. However, the peaks
are not as pronounced as for the smaller systems. The stable
DOS of the hard-wall conned N ¼ 75(44) cluster has again two
groups of high and low frequency modes with their maxima at a
normalized frequency of about 11 and 22, whereas the parabolically trapped N ¼ 36 dipole cluster has no gap between
stable high and low frequency modes. For both clusters, the
fraction of unstable modes is found to be about fu ¼ 0.19.
For the larger clusters, N ¼ 71 and in case of parabolic
connement and N ¼ 105(70) in case of hard-wall trapping,
both density of states have no sharp peaks any more. The mode
spectra of the N ¼ 71 dipole cluster in parabolic connement is
almost structureless and reminds of the density of states of an
extended Lennard-Jones liquid, compare ref. 34. Contrary, one
nds a splitting of low and high frequency modes with their
maxima at u/u0 ¼ 17 and 32 in the stable DOS of the hard-wall
trapped N ¼ 105(70) cluster. The gap between the stable low
frequency and high frequency modes for the N ¼ 105(70) hardwall cluster is not as prominent as for the smaller hard-wall
conned clusters. The fraction of unstable modes for these
medium sized clusters are found as fu ¼ 0.22 (0.20) for the
parabolically (hard-wall) conned N ¼ 71 (N ¼ 105(70)) dipole
system. Since the DOS is not peaked and continuous, it seems
that the mode spectra already resembles the spectral properties
of an extended bulk system.6,38
For the largest analysed clusters, stable modes are excited up
to even higher frequencies of u/u0 ¼ 100 for the hard-wall
trapped N ¼ 204(154) cluster. Like for the parabolically trapped
N ¼ 71 cluster, the mode spectra of the N ¼ 123 dipole cluster in
parabolic connement is again structureless. For comparison,
the density of states of the N ¼ 204(154) hard-wall cluster has
still a low and a high frequency domain, both for the stable and

the unstable mode branch. The fraction of unstable modes for
this cluster was found to be fu ¼ 0.5, whereas fu ¼ 0.22 is
revealed for the parabolically trapped N ¼ 123 cluster. Continuous spectra conrm previous results on large Coulomb clusters in parabolic traps. There, it has been revealed that discrete
normal modes coincide with continuous hydrodynamic modes
as the system size increases.54
It can be stated that increasing the number of particles leads
to the diminishing of a peaked mode structure. Thus, the
spectral characteristics reect the evolution from the excitation
of discrete eigenmodes to bulk-like modes. In the case of hardwall connement, the eigenmodes are grouped in a low
frequency and a high frequency domain regardless of the
particle number of the cluster. However, calculating the
instantaneous normal modes from the full Hessian (eqn (5))
does not allow to decide whether the specic eigenmodes have a
pronounced radial or angular character.
Before focussing to radial and angular modes in detail, we
aim to address whether the modes have a pronounced
compression-like or shear-like character. A good measure for
nite systems is given by the divergence and vorticity created by
the eld of eigenvectors.55 Following e.g. ref. 15 and 40, we
calculated the local divergency and vorticity in the eld of
eigenmode l as
Jc ðlÞ ¼

N
X

Jc;i 2 ðl Þ;

i 1

Js ðlÞ ¼

N
X

(9)
Js;i 2 ðl Þ;

Fig. 4 Histogram of compressional Jc (a) and shear Js contribution
(b) of the INM modes of the parabolically trapped N 71 dipole cluster
(G 93) and histogram of compressional Jc (c) and shear Js contribution of the INM modes of the mobile inner particles of the hard-wall
conﬁned N 105(70) dipole cluster (G 80) as a function of the INM
frequencies. Darker colours indicate higher abundance of modes.
Both clusters show a comparable histogram. The diﬀerent y-scale
results from diﬀerent normalizations. Higher abundance is found
mainly for Jc for both types of conﬁnement.

i 1

where the contribution of the i-th particle surrounded by M
neighbours is given by
Jc;i ðl Þ ¼

M 
X
~
ri

~
rj


~
ei;l

~
ej;l

.

|~
ri

2

~
rj | ;

j 1

Js;i ðlÞ ¼

M 
X
~
ri

 
~
rj  ~
ei;l

~
ej;l

.

|~
ri

2

~
rj | :

(10)

j 1

Fig. 4 shows the relative abundance of compressional Jc and
shear contribution Js as a function of the INM frequencies
calculated from all INM modes for the parabolically trapped N ¼
71 (G ¼ 93) and the hard-wall conned N ¼ 105(50) dipole
cluster (G ¼ 80) shown in Fig. 1 and 3. Again, only the inner,
mobile particles of the hard-wall trapped cluster were taken into
account for the calculation of Jc and Js.15 Both histograms
show qualitatively the same behaviour. Signicant higher
contributions are found mainly for Jc for both clusters,
whereas the modes do not show strong shear-like contributions
in Js at all. A gap in Jc is found for the parabolically conned
dipole cluster at u/u0 ¼ 8 Hz. Most of the previous calculations
for 2D systems focussed on frictionless simulations or weakly
damped dust clusters were it was found that compressional
modes are excited at higher frequencies than shear-like
modes.15,40,55,56 Here, damping eﬀects lead to the blurred
histograms of Jc and Js and it seems as if a more complicated
motion of the particles in the eld of eigenvectors is involved

than that captured by eqn (9) and (10). However, from Fig. 4 it is
seen that the modes of the analysed dipole clusters seem to have
a stronger compressional character. Since one can not distinguish angular and radial modes from the histograms of Jc and
Js alone, the nature of angular and radial modes for both types
of investigated connement will be discussed in the next
section.

5 Radial and angular modes
Derivation of the radial and angular eigenmodes requires a
decomposition of the dynamical matrix, eqn (5), in a radial and
an angular part. In polar coordinates (r, q), the dynamical matrix
can be rewritten as a block matrix of the form38

Hrr ðtÞ Hrq ðtÞ
:
(11)
HðtÞ ¼
Hqr ðtÞ Hqq ðtÞ
The sub-matrices contain purely radial modes Hrr(t), purely
angular modes Hqq(t) as well as mixed radial-angular modes
Hrq(t) and Hqr(t). The elements of the sub-matrices are given as
 
v2 E ~
r;t
(12)
Hri rj ðtÞ ¼
vri ; vrj
for the radial Hessian Hrr(t),
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Hqi qj ðtÞ ¼

 
r;t
1 v2 E ~
ri rj vqi ; vqj

for the angular Hessian Hqq(t) and
0
 
2
r;t 1
B1 v E ~
B
B ri vqi ; vri rj
Hrq ðtÞ ¼ B
 
B
B 1 v2 E ~
r;t 1
@
ri vqi ; vrj rj

1
 
v2 E ~
r;t C
C
vri ; vqj C
C
 C
2
vE ~
r;t C
A
vrj ; vqj

(13)

(14)

for the mixed Hessian Hrq(t), accordingly. Symmetry of the full
Hessian is ensured via Hqr(t) ¼ Hrq(t)T. First-order derivatives
occurring in Hrq(t) and Hqr(t) are neglected due to the fact that
the system is assumed to be in equilibrium.
We evaluated the density of states for the purely radial and
angular eigenmodes for all clusters in both types of connement. Accordingly, one can calculate separately the radial and
angular hopping rate and diﬀusion constant, see eqn (7) and (8)
relying on the angular and radial eigenmodes. However, the
spectra itself might be aﬀected by the used coordinate system
since the INM eigenfrequencies depend on the chosen coordinate basis, too.51
Fig. 5 shows the radial and angular eigenmodes for a parabolically trapped N ¼ 71 and a hard-wall conned N ¼ 105(70)
colloidal cluster at three diﬀerent coupling strength G. The
coupling strength was varied by changing the magnetization of
the particles via tuning the magnetic eld of the Helmholtz
coils.
The coupling strength of the parabolically conned cluster,
see Fig. 5(a) and (b), changes between 142 and 93, whereas the
coupling strength varies between 465 and 80 for the hard-wall
case as sketched in Fig. 5(c) and (d), thus covering a wider range
of coupling. This can be understood from the denition of G,
see eqn (1): in the case of hard-wall connement, the trap is
xed in size and the particles in the cluster do not feel external,
inward directed restoring forces ~
F hw
VVhw
ext,i ¼
ext ¼ 0 as in the
case of the parabolic potential trap where ~
F para
VVpara
ext,i ¼
ext ¼
2
mu0 ~
r i. Consequently, the density n of the system, which
enters in eqn (1) via bWS, does not change when altering the
interaction strength M if the particles are trapped in a hard-wall
compartment. Otherwise, when lowering the interaction
strength of the colloids in a parabolic potential, also the particle
density increases due to the persistent restoring forces of the
trap that push the particles together into the centre of the
connement.13
The DOS for the radial eigenmodes of the N ¼ 71 cluster in
the parabolic trap is shown in Fig. 5(a). Stable modes are excited
up to normalized frequencies of roughly 12 for the highest
coupling strength (G ¼ 142), unstable modes up to a normalized
frequency of 5. A few peaked features are seen in the stable and
unstable mode branches reecting the localized particle
dynamics. When lowering the coupling strength, modes are
excited up to higher stable and unstable frequencies. In addition, the peaked structure disappears and the density of states
of the radial eigenmodes becomes almost structureless at the
lowest coupling strength of G ¼ 93. A similar behaviour was
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Fig. 5 (a) Radial modes and (b) angular modes for a parabolically
conﬁned N
71 cluster for diﬀerent coupling strength. (c) Radial
modes and (d) angular modes for a hard-wall conﬁned N
105(70)
cluster. For better visibility, the spectra are plotted with a constant
oﬀset and multiplied by a constant factor in (b). Lowering the coupling
strength leads to diminishing of peaked structures in the mode
spectra. Note the diﬀerent frequency axis for angular and radial
eigenmodes in both types of conﬁnement.

found previously for Lennard-Jones clusters and nite 2D dust
clusters in plasmas.37,39 The lower the coupling strength, the
higher the amount of uctuations of the particle positions
within time, see ref. 20 and Section 6. Hence, the positions of
the cluster particles are not as localized as for high coupling and
slight changes in the particle positions already change the
eigenfrequencies calculated from INM. Consequently, the mode
spectra get blurred.
The evolution of the angular eigenmodes for the parabolically trapped N ¼ 71 dipole cluster can be seen from Fig. 5(b).
Contrary to the radial modes, stable angular modes are excited
up to a normalized frequency of 6 for the highest coupling
strength. The unstable angular mode branch does not show a
well dened structure for all coupling strengths. The maximum
in the density of states for the stable angular modes is found at
u/u0 z 1.9 regardless of the coupling strength. Again as for the
radial modes, lowering the coupling strength leads to the excitations of modes at higher frequencies.
The spectra of radial eigenmodes under hard-wall connement and for N ¼ 105(70) as a function of the coupling strength
are depicted in Fig. 5(c). Modes are excited up to higher
normalized frequencies of about 50. As before, for the highest
coupling strength, the corresponding mode spectra shows
sharp peaks in both, stable and unstable, regimes. With
lowering the coupling strength, the radial mode spectra become

more and more structureless as for the parabolic case and like
in ref. 37 and 39.
A similar behaviour is seen for the spectra of the angular
hard-wall modes of a N ¼ 105(70) cluster shown in Fig. 5(d).
Here and in contrast to the parabolically conned clusters,
several peaks are found at high coupling strength. Again, the
spectra become blurred when coupling is lowered. Instead of
the parabolically conned cluster, the maximum of the DOS of
the stable angular modes is shied to the high frequency part.
Contrary to the radial modes, angular modes are excited up to a
normalized frequency of roughly 20. For the lowest coupling
strength achieved in the experiment, G ¼ 80, the highest
contribution in the stable part of the density of states is found at
u/u0 ¼ 32 for the radial and roughly 17 for the angular modes.
These are exactly the low and high frequency regimes for the
overall density of states calculated from the full Hessian (eqn
(5)) of the N ¼ 105(70) dipole cluster highlighted in the middle
row of Fig. 3(b). For the corresponding parabolic case, radial
and angular modes are excited in the same frequency region.
How can the splitting of angular and radial modes for dipole
clusters be interpreted? In classical conned systems, less
energy is necessary to excite angular modes compared to radial
modes due to the strong radial constraints.15,55,57 As a consequence, angular modes are less stable than radial modes and
more unstable angular modes should be excited than unstable
radial modes at the same energy level. We have observed for our
colloidal dipole clusters that the fraction of unstable angular
ð N
ru;q ðuÞdu is always higher than the fraction
modes fu;q ¼
0
ð N
¼
ru;r ðuÞdu. For the systems
of unstable radial modes fu;r

urel

vD E
u
u r 2
u ij
2
t
¼
2
NðN 1Þ 1 # i\j
rij
N
X

1;

(15)

with N being the total number of particles in the ensemble and
rij being the distance between particles i and j.
Fig. 6 shows the IDF values obtained via eqn (15) for both
types of connement as a function of the coupling strength and
the packing fraction. In the case of parabolic connement, see
Fig. 6(a) and (b), the IDFs are grouped in two populations, either
for small clusters with N # 16 or for larger clusters with N > 16.
The smaller dipole clusters show a larger scatter in the data.
Here, except one outlier, IDF values of roughly 7–12% are
measured for N # 16 whereas IDF values of about 3–6% are
found for the population of larger parabolically trapped dipole
clusters with N > 16. For comparison, if urel exceeds 18%, 3D
Yukawa clusters are said to be in the molten state.62 Hence, the
observed dipole clusters are well in the solid regime, conrming
the visual impression of Fig. 2. For both populations, uctuations decrease with increasing coupling strength. This stands in
contrast to the behaviour of the uctuations as a function of the
packing fraction. Here, one observes a strongly increasing trend
for the small clusters with N # 16 and almost no dependence for
the larger clusters with increasing F. Again, this can be

0

presented here, on average, one nds fu,r z 17.4% and fu,q z
19.4% for the parabolically conned N ¼ 71 cluster and fu,r z
16.4% and fu,q z 23.3% for the hard-wall trapped N ¼ 105(70)
cluster, conrming the above mentioned arguments.
The sensitivity of angular modes to instabilities was previously observed for nite 2D dust clusters that interact via the
screened Coulomb potential.56,58 However, in nite dust clusters, the inter-particle spacing exceeds by far the grain diameter
(bWS [ a) validating the assumption of a point-charge model.
Instead, for our colloidal clusters, the Wigner–Seitz distance is
of comparable magnitude (bWS z a). Thus, the nite size of
each individual colloidal particle should inuence the
dynamics of the cluster, especially when the packing fraction
F ¼ (a/bWS)2 exceeds a critical value. The impact of F on the
transport properties of the clusters will be discussed in Section 7.

6

Inter-particle distance ﬂuctuations

In INM, the uid-like behaviour of a system is related to the
unstable modes housed in ru (u). An alternative way to describe
the onset of uid-like behaviour is oen in terms of Lindemann-like parameters.5,59 In nite systems, the so-called interparticle distance uctuations (IDFs) are used instead.60,61 To
emphasize the role of the coupling strength and the packing
fraction onto the particle uctuations, we calculate the relative
IDF via the denition used in ref. 61 and 62

Fig. 6 (a) Inter-particle distance ﬂuctuations urel as a function of the
coupling strength and (b) as a function of the packing fraction for
parabolically conﬁned clusters. (c) IDFs urel as a function of the
coupling strength and (d) as a function of the packing fraction for hardwall trapped clusters. For the parabolic case, the IDFs are grouped for
small clusters with N # 16 and larger clusters with N > 16. In (a) and (c),
the dashed lines are to guide the eye and the urel results for the
parabolically trapped N 71 and the hard-wall conﬁned N 105(70)
cluster are added as a special example.
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attributed to the complex interplay between mutual particle
interaction and external conning force.
The inter-particle distance uctuations for hard-wall trapped
clusters are depicted in Fig. 6(c) and (d). Again, uctuations
decrease with increasing coupling strength from about 2% at
high coupling strength to about 4.5% at very low coupling. In
contrast to the previous case of parabolic trapping, no clear
trend is observed for the relative inter-particle distance uctuations with increasing packing fraction. For the hard-wall
trapped systems, the packing fraction is calculated using the
inner particles and thus F might slightly change upon variation
of the coupling strength.
The urel values for the parabolically conned N ¼ 71 cluster
decrease from roughly 6.3% at low coupling strength to 3.9% at
high coupling. For the hard-wall trapped N ¼ 105(70) cluster, a
decrease from 3.5% to 2.2% is observed as the coupling
strength is lowered. Even though the change in urel seems
negligible, uctuations have a strong impact on the spectral
properties, as discussed in the previous section. In this respect,
uctuations can be seen as a precursor of uid-like behaviour.

7

Transport coeﬃcient from INM

We have calculated the diﬀusion coeﬃcient on the basis of the
INM technique for various dipole clusters in parabolic and
hard-wall potentials. Typical results are shown in Fig. 7. The
relative error in calculating the diﬀusion coeﬃcient via INM was
found to be up to 11%. For all clusters analysed via INM, the
resulting diﬀusion coeﬃcient stays nearly constant over the
entire range of coupling achieved in the experiment. This is the
expected behaviour for the short-time diﬀusion coeﬃcient
accessible via INM. Additionally, most observed clusters had a
coupling parameter that would refer to the solid state of a corresponding extended crystal.5 In this phase, the diﬀusion
coeﬃcient of a colloidal dipole crystal scales only weakly with G,
whereas signicant diﬀerences between angular and radial
diﬀusion were found for clusters in hard-wall pots at low G.25,45
In Fig. 7(a), angular diﬀusion Dpara
(N ¼ 71) z (3.3 4.2) 
q
9
10 m2 s1 is found higher than radial diﬀusion Dpara
(N ¼ 71)
r
z 1  109 m2 s1 for the parabolically conned N ¼ 71 cluster.
In this particular example, both angular and radial diﬀusion
tend to higher values as the coupling parameter falls below a
critical value of roughly G ¼ 68 which is close to the melting
point for extended dipole crystals.7 Such a behaviour could not
be seen for all investigated clusters.
Fig. 7(b) shows the angular and radial diﬀusion coeﬃcient
for the hard-wall trapped N ¼ 105(70) cluster. Angular and
radial diﬀusion are smaller than for the parabolic cluster,
reaching values of about Dhw
8.5)  1011
q (N ¼ 105(70)) z (7
2 1
hw
11
m s and Dr (N ¼ 105(70)) z (2
3.8)  10
m2 s1. In
general, diﬀusion in hard-wall traps is found to be roughly one
to two orders of magnitudes lower than for the parabollically
conned dipole ensembles. It seems that both radial and
angular diﬀusion coeﬃcients have a slightly increasing trend as
the coupling strength increases. Such a behaviour was found for
most of the analysed hard-wall conned clusters. This can be
understood by the fact that with increasing coupling parameter,
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Fig. 7 (a) Diﬀusion coeﬃcients as function of coupling strength for

the parabolically conﬁned N
71 cluster and (b) for the hard-wall
trapped N 105(70) dipole cluster. Typical uncertainties for estimating
the diﬀusion coeﬃcients are added as error bars. Note that diﬀusion is
about one to two orders of magnitude higher in the parabolic trap.

each particle undergoes more vivid positional uctuations due
to interactions with nearby particles which then lead to an
increased eﬀective diﬀusion coeﬃcient. Because in case of the
parabolic connement particles can escape laterally with
increasing G, the increase of the diﬀusion coeﬃcient is less
pronounced under such conditions (Fig. 7).
At high densities, the size of the individual beads can not be
neglected.2,24,26 Hence, a higher packing fraction should lead to
a lower mobility and hence lower diﬀusion of the particles.23
Zahn et al. pointed out that hydrodynamic interactions may
enhance diﬀusion of the particles in dense suspensions.4 Even
more complex dependencies on hydrodynamic interactions
were found when the particles are subject to periodic
potentials.19
The diﬀusion coeﬃcient as a function of the packing fraction
is imaged in Fig. 8 for all analysed dipole clusters. The results
are shown for the parabolic trap in Fig 8(a). At low packing
fraction, F < 0.1, angular diﬀusion exceeds the radial diﬀusion
and the values for Dq and Dr have a large scatter. With increasing
packing fraction, angular diﬀusion tends to lower values and
converges to the trend of the radial diﬀusion coeﬃcient at
roughly F $ 0.2. Van Megen et al. investigated the impact of the
packing fraction on the short-time diﬀusion coeﬃcient of hardsphere colloids.3,24 They have revealed that the self-diﬀusion
coeﬃcient tends to lower values as the volume fraction

(a) Diﬀusion coeﬃcients as function of the packing fraction F
for parabolically and (b) for hard-wall conﬁned dipole clusters. With
increasing packing fraction, angular diﬀusion converges with radial
diﬀusion for particles in parabolic traps.

Fig. 8

increases, which seems to be the case for the dipole interacting
particles in parabolic traps, too. As already noted, the parabolic
trap leads to restoring forces of each individual particle. With
decreasing magnetic eld strength, i.e. diminishing dipole
interaction between the beads, the grains sediment to the
“bottom” of the potential trap. There, the packing fraction is
highest and the particle motion seems to be collective and
“glassy”.10,52
In the case of hard-wall connement the angular diﬀusion
has again the tendency to be higher than the radial diﬀusion in
the range of the accessible packing fractions, see Fig. 8(b).
When the packing fraction exceeds the value F ¼ 0.17, the
angular diﬀusion coeﬃcient drops one order of magnitude.
However, one should bear in mind that also the exact particle
number might alter the diﬀusive properties since nite systems
always show a competition between surface and volume
eﬀects.15,63,64 To hint at these, the radial and angular diﬀusion
coeﬃcients as a function of the particle number are depicted in
Fig. 9. The diﬀusion coeﬃcients of the parabolically conned
clusters, see Fig. 9(a), in general decrease with increasing
particle number. Additional eﬀects are seen at particle numbers
below N # 16 where the diﬀusion coeﬃcients have a larger
scatter and are generally higher. This is the regime where the
uctuations urel were found higher and the mode spectra
showed a pronounced, peaked structure due to discrete eigenmodes. Angular diﬀusion changes much stronger with the
particle number and tends to lower values as the particle
number increases. Moreover, the distance in magnitude
between angular and radial diﬀusion shrinks with increasing

(a) Angular and radial diﬀusion coeﬃcient as function of particle
number for parabolically conﬁned clusters. At low particle numbers,
ﬁnite size eﬀects become important. When the particle number is
increased, the distance between angular and radial diﬀusion shrinks.
(b) Angular and radial diﬀusion coeﬃcient as function of particle
number for hard-wall trapped clusters. For very large clusters with N >
100, radial and angular diﬀusion are no longer separated and the
ensembles behave like bulk material. To guide the eye, the mean
angular and radial diﬀusion coeﬃcients obtained when averaging over
G for each cluster are added as dashed lines together with the corresponding error bars.
Fig. 9

system size. Again, this conrms that the dynamical behaviour
of a nite ensemble is inuenced by the exact particle
number.15,20 Nelissen et al.54 found that a transition to bulk-like
behaviour for Coulomb clusters in parabolic traps takes place in
the region between 120 and 200 particles.
Angular and radial diﬀusion coeﬃcients as a function of the
particle number of the hard-wall conned clusters are sketched
in Fig. 9(b). Due to the lower number of investigated dipole
ensembles especially at low particle number, no statement can
be given concerning the nite size uctuations, here. However,
a the gap between radial and angular diﬀusion that was seen for
parabolically clusters diminishes here when the ensembles are
larger than roughly N > 100. Hence, neither angular nor radial
directed motion is “preferred”, as in the case of small
systems,12,13 and the larger dipole clusters already behave like
extended monolayers. This picture is fully consistent with the
previous ndings and moreover shows the impact of the
external connement on the diﬀusive properties of the
particles.
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8 Conclusions
Dynamical properties of nite 2D colloidal clusters were presented. The particles were trapped either in parabolic or hardwall connement. The dipole interaction of the paramagnetic
beads was varied using an external magnetic eld. The method
of instantaneous normal modes was introduced for colloidal
dipole clusters. A density of states for the normal modes was
derived from long-run time series by using the instant particle
congurations as an input. Small clusters show a discrete mode
spectra for stable and unstable modes. With increasing size of
the system, the mode peaks in the spectra diminish. For hardwall conned clusters, two groups of stable high and lowfrequency modes are found even for large clusters, whereas the
DOS becomes almost structureless in the case of large ensembles in parabolic connement. With decreasing interaction
strength, a peaked mode structure of the conned clusters
diminishes due to enhanced uctuations in the particle
congurations. For both types of connement, angular modes
are excited at lower frequencies than the radial modes.
The diﬀusive properties of the system have been calculated
from the unstable modes governed by the INM technique.
Radial and angular diﬀusion have been revealed using only
radial and angular modes. In general, diﬀusion is one to two
orders of magnitude higher for parabolically conned systems.
No pronounced dependence of the short-time diﬀusion coeﬃcient with the coupling strength was found. In contrast, mainly
angular diﬀusion is altered with increasing packing fraction
and tends to lower values.
The exact particle number dominates the diﬀusive properties primarily at low particle numbers and in the case of parabolic connement. As the system size increases, the diﬀerence
in magnitude between radial and angular diﬀusion shrinks.
Due to the lack of statistics, no statement can be given for hardwall connement concerning the nite size eﬀects. Contrary to
the parabolic case, the gap between radial and angular diﬀusion
diminishes in the limit of high particle numbers, hinting
toward bulk behaviour of the large hard-wall trapped clusters.
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