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Abstract

This thesis elaborates on several topics on multidimensional BSDEs and FBSDE:s.
In the first part, we consider multidimensional quadratic BSDEs with gener-
ators which can be separated into a coupled and an uncoupled part allowing to
analyse the degree of coupling of the system in terms of the growth coefficients.
We provide conditions on the relation between the size of the terminal condition
and the degree of coupling which guarantee existence and uniqueness of solutions.
In the second part, we derive two existence and uniqueness results for multi-
dimensional and coupled systems of forward-backward SDEs when the generator
of the backward equation may have quadratic growth in the control variable and the
parameters of the forward equation are Lipschitz continuous. In the Markovian set-
ting, we show existence and uniqueness in the superquadratic case for unbounded
terminal conditions. Furthermore, the Markovian setting can be dropped if the gen-
erator can be separated into a quadratic and a subquadratic part, and the terminal
condition is bounded. In this case the solution exists on a small time interval.

In the last part, we consider a BSDE with a generator that can be subjected
to delay, in the sense that its current value depends on the weighted past values
of the solutions, for instance a distorted recent average. Existence and uniqueness
results are provided in the case of possibly infinite time horizon for equations with,
and without reflection. Furthermore, we show that when the delay vanishes, the
solutions of the delayed equations converge to the solution of the equation without
delay. We argue that these equations are naturally linked to forward backward sys-
tems, and we exemplify a situation where this observation allows to derive results
for quadratic delayed equations with non-bounded terminal conditions in multi-
dimension.
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Zusammenfassung

Diese Arbeit beschéftigt sich mit mehreren Themen auf dem Gebiet von mehrdi-
mensionale BSDEs und FBSDE:s.

Im ersten Teil betrachten wir mehrdimensionale quadratische BSDEs mit Gen-
eratoren, die eine Zerlegung in einen zusammenhéngenden und einen nicht zusam-
menhingenden Teil erlauben. Damit kann der Kopplungsgrad des Systems in
Bezug auf den Wachstumskoeffizienten analysiert werden. Wir liefern Bedingun-
gen an die Relation zwischen der Endbedingung und dem Kopplungsgrad, welche
die Existenz und Eindeutigkeit von Losungen sichern.

Im zweiten Teil zeigen wir zwei Resultate zur Existenz und Eindeutigkeit fiir
mehrdimensionale und zusammenhéngende Systeme von Forward-Backward-SDE:s,
wobei der Generator der Backward Gleichung quadratischen Wachstum in dem
Control Prozess haben darf und die Parameter der Forward Gleichung Lipschitz-
stetig sind. Im Markov Fall zeigen wir Existenz und Eindeutigkeit fiir den su-
perquadratischen Fall bei unbeschrinkten Endbedingungen. Weiterhin kann die
Markov Bedinung aufgehoben werden, sofern der Generator in einen quadratis-
chen und einen subquadratischen Teil getrennt werden kann, und die Endbedin-
gung beschrinkt ist. In diesem Fall existiert die Losung auf einem kleinen Zeitin-
tervall.

Im letzten Teil betrachten wir eine BSDE mit einem verzdgerten Generator,
in dem Sinne, dass der aktuelle Wert von den gewichteten vergangenen Werten
abhingt, z.B. ein verzerrter Mittelwert. Existenz und Eindeutigkeit der Losung
werden im Fall von moglicherweise unendlichen Zeithorizont fiir Gleichungen
mit und ohne Reflexion bewiesen. Dariiber hinaus zeigen wir die Konvergenz
der Losungen der verzogerten Gleichungen gegen die Losung der Gleichung ohne
Verzogerung, sofern die Verzdgerung verschwindet. Wir argumentieren noch, dass
diese Gleichungen mit Forward-Backward-SDEs verbunden sind, und damit ver-
anschaulichen wir eine Situation, wo die Ergebnisse der quadratischen verzdgerten
Gleichungen aus FBSDEs mit unbeschrinkte Endbedingungen ableitbar sind.
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Chapter 1

Introduction

Backward stochastic differential equations (BSDEs) were first introduced by Bis-
mut [9] as adjoint equations in stochastic optimization problems. On a filtered
probability space, a BSDE usually takes the form:

T T

Y, =§+/g(s,Y;,Zs)ds—/ZSdWS, (1.0.1)
t t

where W is a standard Brownian motion, £ is called the terminal condition and ¢
the generator. A solution is a pair of predictable processes (Y, Z) such that (1.0.1)
holds, Y is called the value process and Z the control process. The first general
solvability result is due to Pardoux and Peng [63] for square integrable terminal
conditions and Lipschitz continuous generators. Since then, BSDEs have been
intensively studied and used as a powerful tool in applied and theoretical areas,
particularly in mathematical finance. In their survey paper, El Karoui et al. [28]
presented possible applications of BSDEs in stochastic control theory and finan-
cial modeling. For instance, BSDEs naturally appear in the theory of contingent
claim valuation in complete market. It is pointed out that the works by Black
and Scholes [10], Duffie [27], Harrison and Kreps [34], Harrison and Pliska [35],
Karatzas [45] and Merton [59] can be expressed as BSDEs. BSDE also connects
to the theory of risk measure. Peng [67] defined g-expectation and conditional
g-expectation through the solution of a BSDE with g as the generator. Rosazza Gi-
anin [70] showed that g-expectation corresponds to a coherent (resp. convex) risk
measure if g is sublinear (resp. convex). She suggested a conditional g-expectation
as a dynamic risk measure and proved that a dynamic coherent or convex risk mea-
sure can be represented as a conditional g-expectation under strictly monotone and
dominated conditions. Delbaen et al. [21] represented the penalty term of general
dynamic concave utilities (hence of dynamic convex risk measures) in the context
of a Brownian filtration and with a fixed finite time horizon. Their approach relies
on the theory of g-expectation.

Moreover, considerable works have been done to weaken the assumptions on
the terminal conditions and the generators. Among them, Kobylanski [48] ob-
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Introduction

tained the existence and uniqueness of the solution of a BSDE when the generator
can grow quadratically in the control process and the terminal condition is bounded
for the 1-dimensional case. The main technique is to use an exponential change of
variable. She also proved the comparison theorem and established the stability re-
sult and its relation with PDEs. By an approximation procedure based on Malliavin
calculus, Briand and Elie [13] provided a simple approach to construct the solution
to a quadratic BSDE with bounded terminal condition. This method allows them
to consider a delayed quadratic BSDE whose generator depends on the recent past
of the value process. Briand and Hu [14, 15] obtained the existence of the solu-
tion by relaxing the boundedness on the terminal conditions to the existence of
exponential moments. By additionally assuming the generator to be convex in the
control process, the uniqueness holds. Barrieu and El Karoui [7] studied the sta-
bility and convergence of some general quadratic semimartingales. They proved
the existence of solutions of general quadratic BSDEs under minimal exponential
integrability assumptions relying on their convergence result. When the generator
has superquadratic growth in the control process. The first result is due to Delbaen
et al. [22] who consider a generator which is convex in z and bounded terminal
conditions. They showed that there exists a bounded terminal condition such that
the associated BSDE does not admit any bounded solution and if the BSDE has a
bounded solution, there exist infinitely many of them. When the terminal condi-
tion and the generator are deterministic functions of a forward SDE, they obtain an
existence result. Richou [69] studied the existence and uniqueness of solutions to
quadratic and superquadratic Markovian BSDEs with unbounded terminal condi-
tions. Based on a priori estimate on the control process, he proved the existence of a
viscosity solution to a semilinear parabolic PDE having quadratic or superquadratic
growth in the gradient of the solution and gave explicit convergence rates for time
approximation of quadratic or superquadratic Markovian BSDEs. His solvability
result was later extended by Masiero and Richou [58] where the regularity assump-
tion on the terminal condition is weakened. Cheridito and Nam [16] obtained the
existence and uniqueness of solutions of BSDEs when the generator can grow ar-
bitrarily fast in z and the terminal condition has bounded Malliavin derivative.

A predominant area of applications of quadratic BSDEs is utility maximization
and indifference pricing. In a financial market with constrains on the portfolios,
Rouge and El Karoui [71] characterized the price for a claim as a quadratic BSDE.
Sekine [72] studied the maximization problem for the exponential and power util-
ity functions based on a duality result obtained by Cvitanic and Karatzas [19]. He
derived a quadratic BSDE as a necessary and sufficient condition for optimality via
a variational method and dynamic programming. Their results are extended by Hu
et al. [42] by applying the theory of BMO martingales. They obtained appropriate
quadratic BSDEs for the value processes of several constrained utility maximiza-
tion problems. Morlais [60] studied the existence and uniqueness of solutions for a
kind of quadratic BSDEs driven by a continuous martingale and gave applications
to the utility maximization problem. Building on the work by Mania and Tevzadze
[56, 57], Nutz [62] investigated the respective BSDE for a power utility function
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in a more general setting. He established a one-to-one correspondence between
solutions to BSDEs and solutions to the so-called primal and dual problems of
utility maximization. Mania and Schweizer [55] studied the dynamics of the ex-
ponential utility indifference valuation. They obtained that the indifference value
process is the unique solution of a quadratic BSDE and provided BMO estimates
for the components of this solution. Becherer [8] considered the same problem
in a discontinuous setting. Bordigoni et al. [12] studied a stochastic control prob-
lem arising in the context of utility maximization under model uncertainty. They
characterized the dynamic value process as the unique solution of a generalized
quadratic BSDE. Their approach is extended to an infinite time horizon in Hu and
Schweizer [40]. Heyne et al. [36] studied the utility maximization problem of an
agent with non-trivial endowment and whose preferences are modeled by the max-
imal subsolution of a BSDE. They proved that the utility maximization problem
can be seen as a robust control problem admitting a saddle point if the generator of
the BSDE is convex and satisfies a quadratic growth condition.

Multidimensional quadratic BSDEs naturally arise in equilibrium pricing mod-
els in financial mathematics. Cheridito et al. [18] solved a problem of valuing a
derivative in an incomplete market in a discrete setting. They closed their work by
considering the continuous case which leads to a fully coupled multidimensional
quadratic BSDE whose solvability is unknown. Kramkov and Pulido [49] consid-
ered a financial model where the prices of risky assets are quoted by a represen-
tative market maker who takes into account an exogenous demand. These prices
can be characterized as a system of quadratic BSDEs. They obtained a unique so-
lution of this system for bounded terminal condition when the market maker’s risk
aversion is sufficiently small. They also proved that the established equilibrium is
unique in the global sense. Kardaras et al. [46] studied existence an uniqueness of
continuous time stochastic Radner equilibria in an incomplete markets model. This
problem is equivalent to solving a fully coupled system of quadratic BSDEs. By
introducing the notion of distance to Pareto optimality, they proved the existence
and uniqueness of the equilibrium when the distance is small enough.

However, a general existence theory does not exist for multidimensional quadr-
atic BSDEs. Frei and dos Reis [30] and Frei [29] provided counterexamples which
show that multidimensional quadratic BSDEs may fail to have a global solution.
The main difficulty is that the comparison theorem may fail to hold for BSDE
systems (see [39]). Tevzadze [73] proved that when the terminal condition is small
enough, one has a unique solution for multidimensional quadratic BSDE. The main
idea is to construct a contraction mapping on S*° x BM O. Cheridito and Nam [17]
and Hu and Tang [41] obtained local solvability on [T'—&, T'| for some € > 0 of sys-
tems of BSDEs with subquadratic generators and diagonally quadratic generators
respectively, which under additional assumptions on the generator can be extended
to global solutions. Cheridito and Nam [17] provided solvability for Markovian
quadratic BSDEs and projectable quadratic BSDEs. Frei [29] introduced the notion
of split solution and studied the existence of multidimensional quadratic BSDEs by
considering a special kind of terminal condition. In Bahlali et al. [6] existence is
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shown when the generator g(s, y, z) is strictly subquadratic in z and satisfies some
monotonicity condition. In this thesis, we study multidimensional quadratic BS-
DEs with separated generators. Sufficient conditions are provided which guarantee
the existence and uniqueness of solutions.

Similar to stochastic differential equations (SDEs), BSDEs are related to par-
tial differential equations (PDEs). Peng [66] showed that the solution of a BSDE
provides a probabilistic interpretation of a solution for a quasilinear PDE in the
spirit of the well-known Feynman-Kac formula when the BSDE is Markovian, i.e.,
the randomness of the terminal condition and the generator comes form a forward
SDE. We usually call this system decoupled forward-backward stochastic differ-
ential equation (FBSDE). When the drift and diffusion coefficients in the forward
SDE depend on the solution of the BSDE, we call this system coupled FBSDE.
Antonelli [4] obtained the first solvability result of a coupled FBSDE over a small
time horizon. He also constructed a counterexample which shows that for coupled
FBSDEs, large time horizon may lead to non-solvability. This method is later de-
tailed by Pardoux and Tang [64]. They studied the existence and uniqueness of
the solution for a coupled FBSDE. Continuous dependence of the solution on a
parameter is obtained. They also provided the connection between FBSDEs and
quasilinear parabolic PDES. Ma et al. [53] studied Markovian FBSDEs by using
the so-called "Four Step Scheme". By requiring the non-degeneracy of the forward
diffusion coefficient and non-randomness of the coefficients, they proved that the
backward component of the solution are determined explicitly by the forward com-
ponent via a quasilinear PDE. This method works for arbitrarily large time hori-
zon. Another method is the "Method of Continuation" initialed by Hu and Peng
[38], Peng and Wu [65], developed by Yong [74, 75]. Under monotonicity con-
ditions on the coefficients, they obtained solvability for non-Markovian FBSDEs
with arbitrary duration. In a Markovian setting with forward diffusion process be-
ing uniformly non-degenerate, Delarue [20] obtained the existence and uniqueness
of the solution of an FBSDE over arbitrary time horizon by combining contrac-
tion mapping method and the "Four Step Scheme" method and some delicate PDE
arguments. This result was later extended to non-Markovian case by Zhang [76].
Recently, Ma et al. [54] established a unified approach to study the wellposedness
of general non-Markovian FBSDEs. They introduced the concept of "Decoupling
Fields". They provided sufficient conditions under which the associated charac-
teristic BSDE is wellposed which leads to the existence of decoupling fields, and
ultimately to the solvability of FBSDE. This method is significantly refined and
extended to multi-dimensional systems by Fromm and Imkeller [32]. The above
mentioned results on coupled FBSDEs assume Lipschitz continuity of the genera-
tor g. However, FBSDEs appearing in the study of stochastic control problems are
typically of quadratic growth in Z. For instance, this class of systems are shown
to characterize solutions of utility maximization problems with non-trivial termi-
nal endowment, see Horst et al. [37]. In this thesis, we consider the existence and
uniqueness of solutions of coupled FBSDEs, with quadratic or even superquadratic
growth and in the multi-dimensional case.
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BSDEs with time-delayed generators were introduced in Delong and Imkeller
[24]. In this type of equation, the generator may depend on the path of the value
and control processes with some weighted measures. They obtained existence and
uniqueness of a solution for a sufficiently small time horizon or for a sufficiently
small Lipschitz constant of the generator. For some special classes of generators,
they obtained that the existence and uniqueness may still hold for arbitrarily large
time horizon and Lipschitz coefficient. They also showed that solutions of BSDEs
with time-delayed generators do not in general inherit the boundedness and BMO
properties. Delong and Imkeller [25] investigated BSDEs with time delayed gener-
ators diven by Brownian motions and Poisson random measures. The existence and
uniquess of solutions were obtained when the time horizon or the Lipschitz coef-
ficient is sufficiently small. They also studied differentiability in the variational or
Malliavin sense and derived equations that are satisfied by the Malliavin gradient
processes. This class of equations turned out to have natural applications in pricing
and hedging of insurance contracts, see Delong [23]. dos Reis et al. [26] provided
sufficient conditions for the solution of a BSDE with time delayed generator to ex-
ist in LP. They also considered the decoupled systems of SDEs and BSDEs with
time delayed generators. Sufficient conditions for their variational differentiabil-
ity were provided. By usual representation formulas, variational derivatives and
the Malliavin derivatives are connected. Some path regularity results are obtained.
Zhou and Ren [77] established the existence and uniqueness of the solution for a
reflected BSDE with time delayed generator for a sufficiently small Lipschitz coef-
ficient of the generator and a continuous barrier process. In this thesis, we consider
BSDEs with time delayed generators on finite and infinite time horizon. Moreover,
we study reflected BSDE with time delayed generator and a RCLL (right contin-
uous with left limits) barrier process. We also study quadratic and superquadratic
BSDEs with delay only in the value process from the connection between BSDEs
with time delayed generators and FBSDE:s.

Structure and Main Results of the Thesis: This thesis consists of three main
chapters which have resulted in three preprints: Jamneshan et al. [44], Luo and
Tangpi [51] and Luo and Tangpi [52].

In chapter 2, we will study the existence and uniqueness of solutions of multidi-
mensional quadratic BSDEs. We start with coupled system with partial dependence
where the generator is sum of squares of the control processes. We will study the
interplay between terminal conditions and coefficients which guarantees solvability
of this system. The idea is that we first solve a family of 1-dimensional parameter-
ized BSDEs by using Pardoux and Peng [63] or an extension of Lemma 2.5 in [41].
We provide conditions such that we can define a functional which maps a bounded
subset of S x BMO into itself. Later, under some additional conditions, we
can obtain a unique solution by applying Banach fixed point theorem. When the
generator only has coupledness in the value process, i.e., the i-th component of the
generator only depends on the i-th component of the control process, we obtain the
existence and uniqueness of the solution for arbitrarily large terminal condition and
time horizon. The main technique is to obtain a contraction mapping on S°° when
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time duration is small by using Girsanov’s theorem. We then obtain the solvability
for arbitrarily large time horizon by a pasting technique. For the general case, we
consider generators which can be separated into a coupled part and an uncoupled
part. Two kinds of sufficient conditions are provided which yield the existence
and uniqueness of solutions of multidimensional quadratic BSDEs with separated
generators.

In chapter 3, we will study multi-dimensional and coupled systems of forward-
backward SDEs when the generator of the backward equation may have quadratic
growth in the control variable and the parameters of the forward equation are Lip-
schitz continuous. In the Markovian setting, we consider superquadratic gener-
ator and unbounded terminal condition. The generator is assumed to have only
coupledness in the value process. The drift coefficient of the forward part does
not depend on the control process, and the diffusion coefficient is assumed to be
bounded and Borel measurable. We first assume that all the coefficients are contin-
uously differentiable. Given (X%, Y?, Z%) = (0,0, 0), we can obtain a sequence
of solutions (X™, Y™, Z") of a family of decoupled FBSDEs. The main tech-
nique is that we first show that X! is Malliavin differentiable and then we solve
the backward part by using an extension of the existence result of Cheridito and
Nam [16] to multidimension. Moreover, we have Z! is bounded. By induction, we
obtain (X", Y™ Z™) such that Z" is uniformly bounded from which we show that
(X™, Y™ Z™)is a Cauchy sequence in S? x §2 x H? whenever the time horizon is
sufficiently small. For the general case, by considering a sequence of nonnegative
C*° operators, we can obtain a sequence of continuously differentiable coefficients
by defining the convolution with these operators. From the first step, we have a
sequence of solutions (X", Y™, Z™). We show that (X", Y" Z™) converges to
(X,Y, Z) which is the unique solution of our original FBSDE. Under additional
growth conditions on the coefficients and the strictly positive definiteness of the
diffusion coefficient, we can extend the solvability result to arbitrarily large time
horizon. Since Z is uniformly bounded, by a transformation, we are actually con-
sidering coupled FBSDEs with Lipschitz generators. By the uniqueness of solution
and a pasting technique, the result follows. For the non-Markovian case, we con-
sider generators which can be separated into a quadratic and a subquadratic part,
and bounded terminal conditions. The diffusion coefficient is assumed to be a given
process in H2. For any (y,z - W) € 8® x BMO, we solve a decoupled FBSDE.
By using the results in Hu and Tang [41] or chapter 2, we obtain a contraction
mapping on a bounded subset of S x BM O if the time horizon is sufficiently
small. The existence and uniqueness of the solution follows from Banach fixed
point theorem. Moreover, the continuity and differentiability of the solution with
respect to the initial value are presented.

In chapter 4, we will investigate a new kind of BSDEs with time-delayed gen-
erators. Except the weighted measures, we also consider the existence of weighting
functions in the delay. We assume the generator to satisfy the standard Lipschitz
condition and we allow the time horizon to be infinity. If the Lipschitz coefficient
or the mass of weighted measures or the norm of the weighting functions is suffi-
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ciently small, we obtain the existence and uniqueness of the solution to BSDE with
time-delayed generator. The result holds similarly for BSDEs with time-delayed
generators and constrained above a RCLL barrier. When the time horizon is fi-
nite and the generator has no delay in the control process, we establish the link
between FBSDEs and BSDEs with time-delayed generators from which we obtain
some solvability results for BSDE with quadratic and superquadratic growth and
with delay only in the value process by using the results in chapter 3. Compared
to Briand and Elie [13], we consider multidimensional case and a different kind of
delay. Moreover, our argument allows to consider a superquadratic generator.



Introduction




Chapter 2

Multidimensional Quadratic
BSDEs with Separated
Generators

2.1 Introduction

Backward stochastic differential equations (BSDEs) were introduced by Bismut
[9]. A BSDE is an equation of the form

T T

Y, :f—|—/g(s,YS,Zs)ds—/ZSdWS, telo,T, 2.1.1)
t t

where W is a d-dimensional Brownian motion, the terminal condition £ is an n-
dimensional random variable, and g : Q x [0, T] x R x R"*¢ — R™ is the genera-
tor. A solution consists of a pair of predictable processes (Y, Z) with values in R"
and R™*?, called the value and control process, respectively. The first existence
and uniqueness result for BSDEs with an L2-terminal condition and a generator
satisfying a Lipschitz growth condition is due to Pardoux and Peng [63]. In case
that the generator satisfies a quadratic growth condition in the control z, the situ-
ation is more involved and a general existence theory does not exist. Frei and dos
Reis [30] and Frei [29] provided counterexamples which show that multidimen-
sional quadratic BSDEs may fail to have a global solution. In the one-dimensional
case the existence of quadratic BSDE was shown by Kobylanski [48] for bounded
terminal conditions, and by Briand and Hu [14, 15] for unbounded terminal condi-
tions. Solvability results for superquadratic BSDEs are discussed in Delbaen et al.
[22], see also Masiero and Richou [58], Richou [69] and Cheridito and Nam [16].

The focus of the present work lies on multidimensional quadratic BSDE:s,
which naturally arise in equilibrium pricing models in financial mathematics. In
case that the terminal condition is small enough the existence and uniqueness of
a solution was first shown by Tevzadze [73]. Cheridito and Nam [17] and Hu

9



Multidimensional QBSDEs

and Tang [41] obtained local solvability on [T' — &, T for some £ > 0 of sys-
tems of BSDEs with subquadratic generators and diagonally quadratic generators
respectively, which under additional assumptions on the generator can be extended
to global solutions. Cheridito and Nam [17] provided solvability for Markovian
quadratic BSDEs and projectable quadratic BSDEs. Frei [29] introduced the notion
of split solution and studied the existence of multidimensional quadratic BSDEs by
considering a special kind of terminal condition. In Bahlali et al. [6] existence is
shown when the generator g(s, y, 2) is strictly subquadratic in z and satisfies some
monotonicity condition.

For the sake of illustration of our results we consider the following system of
quadratic BSDE:s:

T T

v =¢! +/01\Z31|2 + 91|22 %ds — /ZsldWS,
t t
T T

Y2 = g2+/192|Zsl2+92\Z§|2ds—/Z52dW3,
t t

2.1.2)

where t € [0, 71, € e L™ and 6;,9; € R, i = 1,2. In the case that ¥; = o = 0,
the system (2.1.2) reduces to decoupled one-dimensional quadratic BSDEs, which
by Kobylanski [48] have solutions for every terminal conditions & € L° and
0; € R, i = 1,2. Moreover, by Tevzadze [73] the system (2.1.2) has a solution
whenever the terminal conditions &' and ¢2 are small enough. In the present work
we give two different sets of conditions on the interplay between the parameters
#%, 9% and the terminal conditions 51, i = 1,2, which guarantee the solvability of
system (2.1.2) in Section 2.2. For instance, given 6’ and ¢° the system (2.1.2) has
a solution if |¢9¢| is small enough for i = 1,2. To the best of our knowledge there
is no literature which can answer this question.

The general case is treated in Section 2.3. We consider generators which can
be separated into two parts: the coupled and the uncoupled part. We use the growth
coefficients of the coupled part to characterize the degree of the coupling. In the
first step of the construction of the solution we view the coupled part as a parameter
and solve in Lemma 2.A.1 a 1-dimensional quadratic BSDE by means of Theorem
2in [14]. This leads to a bounded set of candidate solutions where the value process
is uniformly bounded and the control process is bounded in BMO. These bounds in
combination with our conditions on the interplay between the parameters allow in a
second step to apply Banach’s fixed point theorem. If the generator is independent
of the value process, the method allows to consider unbounded terminal conditions.

This chapter is organized as follows. In Section 2.2, we state our setting and
main results for coupled systems with partial dependence. Section 2.3 is devoted to
fully coupled systems. We present an auxiliary result for 1-dimensional quadratic
BSDEs in Appendix 2.A.

10



Multidimensional QBSDEs

2.2 Coupled systems with partial dependence

Fix a real number 7" > 0, and let (W});>( be a d-dimensional Brownian motion
on a complete probability space (2, F, P). Let (F;):>0 be the augmented filtra-
tion generated by the Brownian motion W. For two real numbers a,b > 0, the
minimum and maximum of a and b are denoted by a A b and a V b respectively.
The Euclidean norm is denoted by | - | and we denote by || - || the L°°-norm. We
assume that 77 = F and denote by P the predictable o-algebra on © x [0, 7.
Inequalities and equalities between random variables and processes are understood
in the P-almost sure and P ® dt-almost sure sense respectively. For p € [1, 00)
and m,n € N = {1,2,...}, we denote by SP(R™) the space of R"-valued pre-
dictable and continuous processes X with || X ||, := E[(supsefo 7y | Xe])?] < oo,
and by HP(IR") the space of R™*?-valued predictable processes Z with || Z|5,, :=
E[(fOT | Z,|? du)P/?] < oo. For a suitable integrand Z, we denote by Z - W the

stochastic integral ( fot Z AW )eepo,r) of Z with respect to W. Let S°°(IR"™) denote
the space of all n-dimensional continuous adapted processes such that

Yoo == 1[I sup [¥i[floc < o0
0<t<T

Let 7 be the set of stopping times with values in [0, 7.

By a solution we mean a pair of predictable processes (Y, Z) such that (2.1.1)
holds and ¢ + Y; is continuous, t — Z; belongs to L?([0, T]) and t — g(t, Y3, Z:)
belongs to L'([0, 7)) P-a.s..

In the following, we give two existence results for the system (2.1.2) under two
different conditions on the interplay between terminal conditions and coefficients.
We assume 91 # 0, 92 # 0.

Theorem 2.2.1. [f0; = 62 = 0 and suppose that
(i) 892/IE15 < 11€2]|ocr 8I111IE2 (136 < 1€ [Ioc,
(ii) 16[91[[|€%(|o0 < 1, 16]02[[|€ oo < 1,

then the system (2.1.2) admits a unique solution (Y, Z) such that Y is bounded and
12 WllBrmo < 2[€ lo and | 2% - Wl|paro < 2[18% o

Proof. Forany z- W € BMO, itholds [, |25|%ds € L? Fixi = 1,2. By [63,
Lemma 2.1], the BSDE
T T
Yy :§i+/19¢\2312ds - /Z;’dWS, telo,T], 2.2.1)
t t
admits a unique solution (Y, Z%) € S?(R) x H%(R%). For t € [0,T], taking
conditional expectation with respect to F;, one obtains

T
Y, =E gi+/19i|zs|2ds Fl,
t

11



Multidimensional QBSDEs

and thus
Y] < [1€¥]lo0 + 19:lll2 - WIEaro-

By It6’s formula, it holds

T T T
VP4 [12Pds = |6+ 20, [ Vil Pas—2 [ viziaw.
t t t
Taking conditional expectation with respect to F; yields

T
g [z
t

T
<B|Ig'P +20; [ iz s
t

Fi

Fi

T

< €113 + 209 (I€'llow + 9illl2 - WliEar0) E /\Zs\2d8
t

Fi

Hence
12° - Wiao < 12 + 200il I llsellz - Wlaso + 210i%12 - Wlihaso-

Let M = {(z',2%) :||z" - WlBnmo < 2/€loc, 2* - WllBro < 2[16%[lec }. For
(21,22) € M, define I (2, 22) = (Z', Z?), where Z' is the second component of
the solution of (2.2.1) when z is replaced by 22 for i = 1, and 2! for i = 2. By
assumption (i), it is easy to check that  maps M into itself.

For (zl,z2),(21,_22) € M,let (Z4,2%) = I(zl_, 22), (21, Z?) = I(z1, 2%).
Denote 62" = Z' — 7!, 62" = 2* — 2}, 6Y = Y* — Y’ fori = 1, 2. Since

T T
5V} = /191 (22 + 22) 622ds — /6ZsldWs,
t t

it follows from It6’s formula that
T T T
15Y32+/\52;|2ds = 2191/51@1 (224 22) 5z§ds—2/1gléz;dws.
t t t

Taking conditional expectation with respect to F; and using 2ab < %aQ + 4b2, one

12
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has

T
0V 2P+ E /yaz;|2ds Fi
t

N

T
< Loy, + a2 B2 / (1221 + 22]) 1622]ds| 7,
t

Noting that

1
5 (IOYHIS + 162" - WilEaro) < 116Y 1% V162" Wiaro

<esssup < |[6Y2*+ E /]5Z1|2d3’}} ,
TET
it follows from Holder’s inequality and 2ab < a® 4 b? that

T
162" - WEumo < 8|191|2eSSS;;lpE2 /(|Z§| +1231) 1022 ds| F
TE

<1601 (12 - Wl + 12° - Wllhaso) 1182° - Wllkaso
< 128]9171€2 15 1102* - W Baso-

Similarly, one obtains

162% - W Baro < 12802 [1€ 12, 102" - W|Bas0-

By assumption (ii), I is a contraction. U

Theorem 2.2.2. If 01 > 0 and 02 > 0 and suppose that
(i) 461]01]e20218% 0 < 02, 40|09 |2011IE o < 92,

112

(ii) SLAC3|01)2e21IE % < ¢102 and 8LAGE| Wy |2e201 €M% < 2,02,

where Ly is given by Lemma A.1.4, c1,cy (resp. €1,C2) are given by Lemma A.1.3

for K equals to 27 1€1ll (resp, 2¢02112ll ),
Then the system (2.1.2) admits a unique solution (Y, Z) such that Y is bounded

1 911 oo 9 e0211€% |00
and HZ 'WHBMO < o and HZ ‘WHBMO < o

Proof. Fori=1,2and z- W € BMO with ||z - W|/%,,o < 49%\%”’ from Lemma
2.A.1, the following BSDE

T T T
Y, =€i+/9i|Z§|2d8+/Q9i|zs|st— /Z;dWs (2.2.2)
t t

t

13
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admits a unique solution (Y%, Z%) such that (Y, Z* - W) € S®(R) x BMO and

1Z¢ - W || Bamo <7ef’ ilefloe 1 ot

011" loo 6211€%[ 0o
(& &
M:{(Z]"Zz):‘zl'WHBMOSHI, ’»ZQWHBMOSHQ}

For (21, 2%) € M, define I(2%, 22) = (Z!, Z?), where Z' is the second component
of solution of equation (2.2.2) when z is replaced by 22 for i = 1, and z! fori = 2.
By assumption (i), it is easy to check that I maps M to itself.

For (21, 2?), (2',2%) € M, let (Z', Z?) = I(2', 2?) and (Z%, Z?) = I (2", Z2).
Denote 62 = Z¢ — Z%, 82 = 2' — 2/, Y =Y — Y fori = 1,2. One has

T
51@1_/9 (zt+ 2oz} ds+/191 22+ 22) 622ds — /52 AW,

T
/791 Z —l—z 522ds /62 dW,
t

where Wt =W — f(f 01 (Z 117 1) ds is a Brownian motion under the equivalent

probability measure =&r(6h (Z '+ Z 1) W). Putting the second term on the
right hand to the left hand taking square and conditional expectation with respect
to F; and P and using Holder’s inequality, one obtains

T
v+ £ | [ 1623 ds| 7

2

/191 (z? + 23) 622ds ‘]—}

[NIES

T 2 2 T 2
< |01 ]*F /(zg—FZE)st /ldzE\st ‘.7-}
t

t

Hence,

1
162" Wl 008

< 2000 (122 W1 pr0,8) + 122 Wi yi0um)) 1652 Wi pr0, 5y
Lemma A.1.4 implies

1
182" W1 o0,

< 2241012 (1122 W pro0my + 122 Wi aromy ) 1022 W0,

14
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Hence there exist constants ¢; > 0 and ¢ > 0 given by Lemma A.1.3 with K =
2e0111€ e such that

alldZ' Wikuo < 241012 (122 Wlkaro + 122 - Wlikaio) 1622 Wlharo
_ ALY 2217

||5Z§ ) WH2BMO'

Similarly there are ¢; > 0 and ¢, > 0 for K = 2e0211€% 110 g .

_ 112
362‘192’26201\\6 [

_ 4L
alloz?  Wlguo < : 2 1625 - WlBaso0-
1

Assumption (ii) implies that [ is a contraction mapping. O

We finally state an existence result for the BSDE (4.2.1) where the coupling is
only in the value process. We make the following assumptions:

(H5) g: Qx[0,T] xR" x R"*? — R" is predictable and ¢’ (t,y, z) = ¢'(t,y, 2%),
i=1,...,n,foranyy € R, z € R™*<. There exist constants C' > 0,60 > 0
and 8 > 0 such that

|9(¢,0,0)] < C,
g(t,y,2) — g(t, 4, )| < Bly — ¢/ +0(1 + |2 + |2']) |z — 2,
forallt € [0,T),y,y’ € R"and z, 2/ € R"*%,
(H6) & € L*®(Fp).

Theorem 2.2.3. If (H5) and (H6) are satisfied, then the BSDE (4.2.1) admits a
unique solution (Y, Z) such that Y is bounded and Z - W € BMO.

Proof. For any y € S°°(R™), it follows from Kobylanski [48] that for any ¢ =
1,...,n, the following BSDE

T T

V=g [ zis— [ Ziaw, (22.3)
t t

admits a unique solution (Y, Z%) such that Y is bounded and Z* - W € BMO.
Hence by defining I(y) = Y, where the i-th component of Y is given by the first
component of solution of BSDE (2.2.3), I maps S®(R") to itself. For y,y €
S®(R"), let Y = I(y) and Y = I(f). Denote 6Z' = Z' — 7, §y = y — 4,

15



Multidimensional QBSDEs

Y =Y —Y §Y' =Y’ —Yifori=1,2. One has

T
3 (5v10:70) = (5.3 Z0)ds — [ 620,
t

T
t/
T T
Z/gi(s,ys,Zﬁ) —gi(s,ys,Zi)Jrgi(S,ys,Zﬁ)—gi(s,ﬂs,Zé)ds—/éZﬁdWs
t t
T T

/ b7+ g (5,40, Z) — g (5, 5o, Z2)ds — / SZidW,,

t t

where |bs| < 6(1 + |Zi| + | Zi]) implies b - W is a BMO martingale. By Gir-
sanov’s theorem, W; := W; — fot bsds is a Brownian motion under the equivalent
probability measure % = &r(b-W). Hence

T T
5Y; = / G (5,0, Z1) — g (5, s, Z1)ds — / SZidiW,.
t t

Taking conditional expectation with respect to F; and P and using condition (H5),
one obtains

0Y| < (T = )B|6yl|oo,7—t.17

where |[6y||oo,7—t,17 = || SUPT_t<; <1 |0Ur|||co- By setting A = 2/8%, we have on
[T - >\a T]?

1
16Y || oo, 7—r1) < §||5y||oo,[T—)\,T]-

Thus I defines a contraction on [IT" — A\, T|. Then BSDE (4.2.1) has a unique
solution on [T" — X, T such that Y is bounded. Similarly, with 7" — X as terminal
time and Y7 _ as terminal condition, BSDE (4.2.1) has a unique solution on [T —
2\, T — A] such that Y is bounded. By pasting, we obtain a unique solution of
BSDE (4.2.1) on [T' — 2\, T] such that Y is bounded. Since ) is a fixed constant,
we can extend (Y, Z) to the whole interval [0, 7 in finitely many steps. Noting
that forany ¢ = 1,...,nand ¢t € [0, 7],

gi(ta Y, Z) = gl(t, Y, Zi) = gz(ta 07 Zi) + gz(ta Y, Zi) - gZ (ta Oa Zi)a
with Y € §°°(R"™), one has Z-W is a BMO martingale by using a similar argument

16
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as in Lemma 2.A.1. Hence, forany i = 1,...,nand ¢t € [0,T]

T T

Y, :§i+/gi(s,)fg,Z§)ds—/Z§dWs

t

=&t [ g'(s, Vs, Z8) — ¢'(s, Y, 0) 4 ¢'(5, Y5, 0) — g'(5,0,0) + ¢°(s,0,0)ds

ZLdW,

|
\;q W\ﬂ ~

T T
/ s 78+ g'(5,Ys,0) — g%(5,0,0) + ¢'(5,0,0)ds — /ZédWS,
t t

where |n5] < 0(1 + |Z¢|) implies that 7 - W is a BMO martingale. By Girsanov’s
theorem, W; := W; — fg nsds is a Brownian motion under the equivalent proba-
bility measure % = &p(b- W). Taking conditional expectation with respect to F;
and P and using condition (HS5), it holds

- T
Y| < ||€'|e + E /\gi(svovo)! +1°(s, Y5, 0) — ¢'(s,0,0)|ds| F;

t

< |€llso + B /c+ BIY.|ds| i

Thus |Y}| < uy, where uy is the solution of the following ODE

T

n
up = Z 1€ |00 + nCT + /nﬁusds.
i=1 f
It is easy to check that the unique solution to the preceding ODE is given by

Up = (Z ||§1Hoo + nC’T) onB(T—1)

Therefore

Y| < (Z\Ié"lloo+nCT> nA(T=h), O

=1
Remark 2.2.4. Since Y is uniformly bounded, the previous result follows from the

arguments in Hu and Tang [41]. For completeness, we give a detailed proof and
state the bound for Y explicitly. ¢
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2.3 Fully coupled systems

In this section, we consider the general case where we have coupledness both in
the value process and control process. For the sake of simplicity, we consider only
2-dimensional quadratic BSDEs, an extension to n-dimensions is straightforward.
The two dimensional system of BSDEs is given by:

T T
Y, = §i+/gi(s,Y;,Y3,Z;,Zg)ds—/zgdws, te0,7], =12, (2.3.1)
t t
where ¢g° : Q x [0, T] x R? x R?2X4 — R is P ® B(R?) ® B(R?*¢)-measurable by

B(R?) and B(R?*?) denote the Borel sigma-algebra of R? and R?*? respectively
and where the generator is of the form

We consider the following conditions. If there is no risk of confusion we write y
and z for the vectors (y',y?) and (2!, 2?) respectively. For each i = 1, 2, there are
constants C,v;, 1;,6;,9; > 0 and oy, 5; > 0 such that!

(B1) & € L>®(Fr),
(B2) |fi(t,2")| < C +ilz"%,

B3) |fi(t,2") — fi(t, 2")] < 0;(1 + || + 7)) |" — 2

’

(B4) |ri(t,yt y? 2 22) =Rt gt 52, 24 22)| < aily— gl +9i(1+ 2]+ |2]) |2 —
z

bl

B5) |h'(t,y' 2, 21, 22)| < C+ Bilyl + ni(|2'* + |2°]).
Theorem 2.3.1. Assume (BI)-(B5) and
(i) (B1+ B2)T < 1.

(ii) There exists 6 € (0,1) such that

1)
Dl + D2 S A )
2vim - 2m22

1
V < —
Y1V 72 9A”

1

02(T +2D1) V 03(T + 2D3) < =

"When the growth of the generator is purely quadratic, C'is allowed to be 0.

18
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240377 240377
1 —7203(T + 2D») Tz 7203(T + 2D>)
14493(T + 2(Dy + Dg)) + 14493(T + 2(D; + D3))
7202(T + 2(Dy + D2)) . 7203(T + 2(D1 + D5))

4803T? + 480317 + <1,

<1,
1 —7263(T +2Dy) 1— 7202(T + 2Dy)
where
D €Y%, + ACT A + 28, T A% + 4
. 1— 214 ’
D |€2]12, + 4CT A + 25, T A% + 4
° 1—27,A )
In In -1
A= Hélnoo + H€2||oo +4CT + 2;;5 + 2'1y;6
' 1—(B1+p2)T

Then the system of BSDEs (2.3.1) has a unique solution (Y, Z) such that

Y| <A and ||Z-W|pmo < /Dy + Ds.

Proof. Fix y € 8(R?) and let z - W be a BMO martingale with

Ve
z-WllBmo < .
| | V2711V V210272

Define the function I mapping (y, 2) to (Y, Z) where for eachi = 1,2, (Y?, Z¢) is
the solution of

T T
Vi=gs [ £l 2+ i zds — [ Ziaw.,
t

t

By Lemma 2.A.1, the 1-dimensional equation (2.3.1) admits a unique solution
(Y%, Z%) such that

Y| < 1€ o0 +2C(T — 1) + Bi(T — t)||ylloc + =— In ——.
2%‘ 1-6
By Itd’s formula,
T T
Y717 =I€T + / (2Y7(f1(s, Z8) + W' (s,9" 0%, 2L, 22)) — | Z1%) ds — / oY Zi AW,
t t
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By (B2) and (B4) and since y and £’ are bounded,

VPP < €2 +4CTIY oo + 26Tyl
T T
4 [ @IV il ZiP + i) - |Z3P) ds — [ 2viZiaw..
t t

By taking conditional expectation with respect to F; on both sides of the previous
inequality and using the BMO-norm of z - W,

, . , 8V loc
€402, + 4CTY oo + 2B, focllglloc + LN
1274 ‘

Thus the set of candidate solutions is given by

M= {(¥,2): |Y]loo < Aand |Z- Wgri0 < VDi + D2 }

1Z" - Wlbao <

Next we show that I : M — M mapping (y,z) — (Y, Z) is a contraction. Let
(Y,Z) =1(y,z) and (Y, Z) = I(y, z). Then by Itd’s formula,

T
Yy — Y2 = / 2YI — YI)(fi(s, Z8) + hi(s,ys, 25) — f'(5, Z8) — h'(s,Fs, Zs))ds
t

T T
- / (7 — Zi)ds / A} —ViNZE— ZD)dW.
t t

If we take conditional expectation with respect to F; on both sides of the previous
equation, the last term of the right hand side vanishes. If in the first term on the
right hand side we extract the uniform norm of (Y — Y') to the outside of the
expectation and then by Young’s inequality 2ab < ia2 + 4b%, we obtain

T
o L 1 .
Y -V B | [(Zie 2R < 41y - VIR

t
T
+4E? /|fi(8,Z§)+hi(S,ys,Zs)fi(s,Zi)hi(S,ﬂs,Zs)|d8 Fi
t

Since
1 . o
S (Y = Y% +11(2 = 27 - Wyo)
<Y =Y2 vI(Z = Z) - Wlkmo
T

<esssup! [V -V >+ E /(Zé — Z\)*ds
TET

Frl| ¢

T
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it follows from Holder’s inequality and (a + b + ¢)? < 3(a? + b2 + ¢?) that

1 . . L
SIY* = Y25+ 1(Z° = 2% - WlEwmo

T
< 8esssup B /lfi(s,Zi) + (s, s, 25) — [1(5, Z2) — h'(5,Ys, 25)|ds| Fr

TET

¥

T
< 24 ess sup {E2 /0,-(1+ |\ ZL| +1Z2))| 2L — Zi|ds
T€T

T
+ B? / ailys — Gslds
22 —112 2 ) ~1 2
< 2402T?|y — |2, + T20X(T + 2D) (2 - Z') - W|Zmi0
+ 7202(T + 2(Dy + Da)(2 = 2) - WBaro-

T
A /ﬁi(l 1zl + 12|25 — Zlds
T

= |

By assumption (ii), [ is a contraction. g

In the following theorem we obtain solvability of the system (2.3.1) under a
slightly different set of conditions.

Theorem 2.3.2. Assume (BI)-(B5) and
(i) (B1+P2)T < 1.
(ii)
A 1
Ay Anarys’
22 1 22 1 1
T 1+ — ) +a3T7 {1+ — | < -,
C1 C1 4
1
92coL3(T + 2c3 L3 (D1 + Dy)) (1 + >

C1

D1+ Dy <

1 1
+ 936 L3(T + 26, L3(Dy + D <1+)<,
52 Ly ( 2 Li(D1 2)) o 3

where

271 1€Moo
Dl = 6272 (1 + 64710T+2W151TA(8"}/1CT + 4’}/1/81TA + 1)) y
T
272(1€2 |00
Dyi= (14 eMCTH20RTA (85, CT + 43,3 TA +1) )
Y2

1€ 100 + 1600 + 4CT + 22 4 122

1L — (B + B2)T ’
where c1, ¢y (resp. 1, Ca) are given by Lemma A.1.3 with K equals to 20, D1
(resp. 202 D5), and Ly is given by Lemma A.1.4.
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Then the system of BSDEs (2.3.1) has a unique solution (Y, Z) such that

[Y|ew <A and ||Z-W]|pmo < /D1 + Ds.

Proof. In order to obtain the set of candidate solutions
M = {(Y, Z): |V < Aand | Z - Wl pyo < /D1 + D2}

we can argue analogously to the proof of Theorem 2.3.1 by applying It6’s formula
to the function u(x) = (2}7)2 (€27® — 1 — 2vx) by letting v = ~; for each i = 1,2
as in Lemma 2.A.1. Let I : M — M map (y, z) to (Y, Z) where (Y, Z%) is the

solution of

T T
V=gt [ 56,2 + 0o g z)ds — [ Ziaw.,
t t

For the contraction argument we need to proceed differently. Let (Y, Z) = I(y, 2)
and (Y, Z) = I(y, 2). Defining AY =Y! — Y!'and AZ = Z' — Z!, we obtain

T T
AY = / (F15, Z1) + 1 (5, s 25) — F1(5, Z) — B (5, s, 25)) ds — / AZ,dW,
t t

T
(bsAZy + ' (s, s, 25) — B (8, s, Z5) ) ds — /AZSdWS,
t

Tt~

where |bs| < 61(1 + |ZL| + |ZL)) which implies already that b - W is a BMO
martingale. By Girsanov’s theorem W; := W, — f[f bsds is a Brownian motion

under the equivalent probability measure % = &Ep(b-W). Hence

T T
AY :/(hl(s,ys7zs) —hl(s,ys,zs))ds—/AZSdWS,
¢ t

First taking square, second conditional expectation with respect to F; and P on
both sides of the previous equality, and third by Holder’s inequality and 2ab <
a® + b2,
T
AV 2+ E /|AZS|2ds

t

Fi

2

T
= E /(hl(s7 yS)ZS) - hl(s, /gs,gs))ds ‘Ft
t
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2

< 204%E~ /]ys — yslds ’J—}
t

T 2
+219%E~1 (/(1+ZS+23)Zszsd5) ’]:t
t

T

T
/(1 + |zs| + |28|)2d5/ |zs — ZS|2ds F
t

t

< 205(T = )*|ly = §l% + 203 E

< 20§(T — t)*|ly — 3l%

SIS

T T 2
+ 20°F /(1 + |zs| + |25))%d / |25 — 2| ds ‘]:t

t
By Lemma A.1.4 and (a + b + ¢)? < 3(a? + b? + ¢?), it holds
T 5

B /(1+|zs +12.))2ds ’]-"t

[SIES

2

[ T T
<3VBE |(T —t)?+ /|z52ds + /|25|2d8 ‘]-'t
t t

1
2 2

1 T
2 ~
ft] +3V3E /zs|2ds ’}-t
t

< 3V3E |(T —t)?

1
2 2

T
+3v3E /|ZS\2ds ’]-"t
t

<3V3 (T + 2 Wiy, + 15 W pr0y5))
gm(uLzuzs-WuBMo(P + L3z W12y 00)

and
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Therefore

IAY I3, + 1AZ - W% 05

< 40Ty yw-+mv3ﬂu(T+Lm% W2
+L421H25 ’ I/T/HBMO p)) H( ) WHBMO (P)

For two constants c¢; > 0 and ¢o > 0 given by Lemma A.1.3 with K = 26, D1, we
obtain

BMO(P)

IY'=YY2 +al(Z' = ZY) - Wlkuo < 4aiT|ly — g%
+12V392¢o L2(T + 2¢L3(Dy + D2))||(z — 2) - W[5 10-
By a similar argument, we obtain
Y2 =Y?|2, + all(Z2 = Z%) - Wlgmo < 40Ty — g%
+12V3936 L2(T + 26, L3(Dy + D2))||(z — 2) - W5 10-

By assumption (ii), I is a contraction. (|

Remark 2.3.3. When the generator is independent of the value process, we can
consider unbounded terminal condition as in (iii) of Lemma 2.A.1. By the martin-
gale representation theorem it holds that

T
e= g + [ v.dw
0
Thus Y, := Y; — E[¢|F] is bounded and
T T
Y, = /g(s,Z / s — vg)dWs, te€0,T].
t t

Applying It6’s formula to ¢(|z|) = |z|? and ¢(|z|) = (4%2 (el —1—4~|z|) and
by arguing similarly as in the Theorems 2.3.1 and 2.3.2, respectively. We obtain
similar results as the ones we obtained for the bounded case. ¢

2.A Auxiliary result for the one-dimensional BSDE

In this section, we present an extension of Lemma 2.5 in [41]. We consider the
following 1-dimensional BSDE

T T
n:ujﬁ@awmm—/AM@temﬂ, QA1)
t

t
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where f: Q x [0,T] x R? — R is a P ® B(RY)-measurable function and g : £ x
[0,7] — R is P-measurable. We assume that the function f(w, ¢, z) is continuous
in z for P ® dt-almost all (w,t) € Q x [0, 7] and that there exist constants C' > 0
and v > 0 such that

If(-,2)] < C 47|z, forall z € RY
Moreover, we consider the following conditions:

(A1) There exists a constant # > 0 such that

1f(2) = F(,2)| < 01 + |2| + |2])|z — 2|, forall z, Z € R%

(A2) E[e6+)5 9:d5l] < oo,

(A3) € € L*™(Fr) and |g| < |z|?> where z - W is a BMO martingale with |z -
WHBMO < ﬁ

(A4) E[¢|F] — E[€] is a BMO martingale with || E[¢|F.] — El¢]|lBmo, < ﬁ
and |g| < |2|? where z - W is a BMO martingale with ||z - W | gao < ﬁ.

Lemma 2.A.1.

(i) Assume that (A2) holds, then the BSDE (2.A.1) has at least a solution (Y, Z)
such that

1
_g nE {67275+270(T7t)727 JE gsds}]:t] <Y,

1
< 5 InE [em“w (T—)+27 " geds \ft} , (2.A.2)
forallt € [0,T).

(ii) Assume that (A3) holds, then the BSDE (2.A.1) has a solution (Y, Z) such
that 'Y is bounded and Z - W is a BMO martingale with

Yl€lloo INOT + 2 W12
|Z - Wl Bmo < ‘ 14 e CT ( VOT + 29| 2||BMO>.
V2y L—=29]lz- Wllga0

(2.A3)

(iii) Assume that (A4) holds, then the BSDE (2.A.1) has a solution (Y, Z) such
that Z - W is a BMO martingale.

Moreover, suppose that (Al) holds, let (f/, Z ) solve the BSDE (2.A.1) where é and
[ satisfy the set of conditions as in (ii) or (iii), and § > § and f > f. Then it holds
that Y, > Y,. In particular, under (ii) and (iii) the solution is unique.
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Proof. (i) By Theorem 2 in [14],

T T T
Y, = £+/gsds + [ f(s,Zs)ds — /stWs, t € 10,77,
0 t t
admits at least a solution (Y, Z) such that

1 _
3 InFE {6727§+270(T%)72’Y Iy gsds‘}—t] <Y

< 1 nE |:eQWE+2”/C(T_t)+27 Jo gst‘]:t} )

=5
Defining Y; := Y; — fg gsds, the pairing (Y, Z) satisfies the BSDE (2.A.1)
and Y satisfies (2.A.2).

(ii) Since Elexp(2y ftT 22ds)|F;] < oo forall t € [0,T), by Lemma A.1.2 and
& € L (Fr) it follows from (2.A.2) that Y is bounded by

1 1
Yl < llelloo + C(T — ) + 1

n . (2.A4)
2y 1-2v|z- W%u0

For n > 1 let 7, be the stopping time

t
T i=1nf{t>0: /647|YS|\Z52d5 >nyAT.
0
Letu : Ry — R be given by

1
(27)?

Then u(| - |) is a C2-function on R, and by 1td’s formula

u(x) = (eP* —1 —2yz).

u(Yinr, ) = u(|Yx,[)

Tn

/ 1 "
w [ (s 76,2+ 00 - S (VDIZ )

tATh
Tn

- / o (|Yal)sen(Ya) Zod W,

tATh

where sgn(r) = —1g,<0y + Llz>03. Since v/(x) = %(6271’ —1) > 0and
(u” —2yu')(x) = 1 forall x > 0 and by the growth condition on f and (A3)
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it holds that
u(|Yinr,|) < u(|Yr,|)

Tn 1 Tn
O G ACEAENDTA  QPARTE
tATh tATh

Tn
- [ vhsentv zaw..
tATy
By taking conditional expectation with respect to JF; on both sides of the
previous inequality, the last term vanishes whenever 7,, < ¢. On the com-
plement ¢ < 7, it is a martingale since it is a local martingale the quadratic
variation process of which is bounded by definition. Hence we obtain a uni-
form norm of the left hand term for each n by (2.A.4) and (A3) and thus the
dominated convergence theorem yields

T

1

‘B / 1Z,2ds| Fo | < u(]€]loo)
t

1 1
! CT+ —1 CT W Bao0)-
o (1€l + O + 5o oy ) T+ - W)

By taking the essential supremum over all stopping times in 7 to the left

hand side of the previous inequality, we get the the following BMO-bound
onZzZ - -W:

Y€ loo NCOT + 2 |12
12 - Wlsao < © 1+eam< NCT + 2]z 2”BMO).
1=29]z- Wllgmo

(iii) By the martingale representation theorem,

T
£=Blg + [ vy,
0
for some v € H2. By Lemma A.1.2, it follows from || E[¢ | F.]—E[€]|| mo, <
167 that
eME(I€]]

E64'Y‘5| <
) < T 6 [ F oo,

Combining the previous estimate with (2.A.2) we conclude that Yt =Y —
E[¢|F:] € 8™(R). Moreover, Y satisfies the following BSDE

T T
= [ 2+ g)ds— [(2-vpiw, te o)
t

t

>
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Applying 1t6’s formula to ¢(|x|) = (4%2 (e*1#l — 1 — 4~|z|) and arguing as

in (ii) (by using additionally the inequality (a — b)? > %bQ — a?)? we obtain
for0<s<t<T

H(Ya]) = (i) — / S ([Yal)sen(Ya) (Ze — vs)dW,

t

# [ (PO (5. 20 + ) = 5 (VD12 ) s

S

< o(I¥iD - [ ¢ (¥eDsen(¥2)(2, - va)aw,

# [ (PS5, 20 + ) + 5 (VD

S

1
- DIZE ) ds

By a similar argument as in (ii), it holds that Z - W is a BMO martingale.

(iv) Let AY :=Y — Y and AZ := Z — Z. Then

T T
N / (F(5 Ze)— F(s5, Ze)4 F (5. Zo)— (5, Zs))ds— / AZ,dW,.
t t

We can find a predictable process b such that |by| < (1 +|Z,|+|Z|) which
already implies that b - W is a BMO martingale satisfying the following
equation

T

T
AY, =€ —¢+ /(bSAZS + f(s,2) — f(s, Zs))ds — /AstWs.
t t

Let W, := W, — fg bsds and define Z—? :=Ep(b- W). Then

T T
AY, = E—¢+ /(f(s, 2.) = f(s, Z4))ds — /AZSdVT/S, te0,T).
t t

By taking conditional expectation with respect to P and F; on both sides of
the previous equation it follows that AY > 0. O

’Indeed, (a — b)2 — %b2 +a?=2a%—2ab+ %bz =2(a — %b)2 > 0.
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Chapter 3

Solvability of Coupled FBSDEs
with Quadratic and
Superquadratic Growth

3.1 Introduction

Nonlinear FBSDEs are systems of forward and backward stochastic differential
equations. They generally take the form

Xy =x+ f(;‘/ bu(Xm Yu, Zu) du + f(f Uu(Xm Yu, Zu) dWy
Yy = W(X1) + [ 9u(Xu, Ya, Zo) du — [ Z, dW,

for a given initial value z and a multi-dimensional Brownian motion W. These sys-
tems naturally appear in numerous areas of applied mathematics including stochas-
tic control and mathematical finance. Moreover, they provide solutions or viscosity
solutions to various types of parabolic partial differential equations, and as shown
recently by Fromm et al. [33], they can be used in the study of the Skorokhod
embedding problem.

In the Markovian setting, coupled FBSDEs are linked to parabolic PDEs, the
solutions of which provide existence for the FBSDE, see Ma et al. [53]. For non-
Markovian systems, existence for sufficiently small time horizons has been ob-
tained by Delarue [20] using a contraction method. Well-posedness of the system
has been investigated by Ma et al. [54] using the so-called decoupling field method,
a technique that is significantly refined and extended to multi-dimensional systems
by Fromm and Imkeller [32]. The above mentioned results on coupled FBSDEs
assume Lipschitz continuity of the generator g. However, FBSDEs appearing in
the study of stochastic control problems are typically of quadratic growth in Z.
For instance, this class of systems are shown to characterize solutions of utility
maximization problems with non-trivial terminal endowment, see Horst et al. [37].
The present chapter is concerned with existence and uniqueness of solutions of
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such coupled systems, with quadratic or even superquadratic growth and in the
multi-dimensional case.

If the system is decoupled, then the forward stochastic differential equation
(SDE) and the backward stochastic differential equation (BSDE) can be studied in-
dependently. SDEs with Lipschitz continuous coefficients are well understood, see
for instance Protter [68]. In case that the terminal condition £ = h(X7) is square
integrable and the generator Lipschitz continuous, existence and uniqueness of the
solutions of the BSDEs has been proved by Pardoux and Peng [63]. If Y is one-
dimensional and g is allowed to have quadratic growth in the control process Z,
BSDEs’ solutions have been obtained by Kobylanski [48] for the case of bounded
terminal conditions. In the superquadratic growth case Delbaen et al. [22] showed
that BSDEs with bounded terminal conditions are typically ill-posed. For a genera-
tor allowed to grow arbitrarily fast, existence of maximal subsolutions of decoupled
FBSDEs was studied by Heyne et al. [36] under convexity assumptions. BSDEs’
solutions both for linear growth and quadratic growth generators have many de-
sirable features, for instance they are Malliavin differentiable and the trace of the
Malliavin’s derivative of the value process Y is a version of the control process, see
El Karoui et al. [28] and Ankirchner et al. [2]. Based on this observation, Cheridito
and Nam [16] showed that boundedness of the Malliavin’s derivative of the ter-
minal condition of a Lipschitz BSDE ensures boundedness of the control process,
this enabled them to solve BSDEs when g can grow arbitrarily fast in Z by a trun-
cation and approximation procedure on the generator. Boundedness of the process
Z derived through the Malliavin’s derivative of the value process constitutes a key
argument in our study of coupled FBSDEs with superquadratic growth.

We first consider a Markovian system the generator of which is Lipschitz con-
tinuous in X and Y and can have arbitrary growth in Z, with non-necessarily
bounded terminal condition h. Based on an extension of the existence result of
Cheridito and Nam [16] to multi-dimensional BSDEs, we propose a Picard iter-
ation scheme for the coupled system. This iterative sequence can be proved to
be a Cauchy sequence in an appropriate Banach space under uniform bounded-
ness of the control processes derived using Malliavin calculus arguments, and for
small enough time horizon. If a stronger growth condition on the generator and
non-degeneracy of the volatility o are assumed, solvability can be extended to any
finite time horizon by a truncation of the generator and an iterative pasting of local
solutions. We further show that in the non-Markovian setting existence and unique-
ness can be obtained under a uniform boundedness assumption on the Malliavin’s
derivative of the generator and the terminal condition.

Existence of quadratic BSDEs in the multi-dimensional case is being the sub-
ject of intensive research. Recent contributions have been made for instance by
Cheridito and Nam [17] and Hu and Tang [41]. In [41], it was proved using BMO-
martingale estimates that if the terminal condition is bounded and the generator
can be decomposed into the sum of a quadratic function of Z and a function that
has linear growth in Y and subquadratic growth in Z, then the equation admits a
solution for sufficiently small time horizons. BMO-martingale estimates also play
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a central role in our investigation of coupled FBSDEs with quadratic growth.

Our second main result focuses on a non-Markovian setting, where we con-
sider an FBSDE with bounded terminal condition and a generator that does not
grow faster than the quadratic function. In this setting, we show that the stochastic
integral of the candidate control process is a BMO-martingale so that its stochas-
tic exponential defines an equivalent probability measure. Thus, the Banach fixed
point theorem can be applied using a change of measures and properties of BMO-
martingales to prove existence and uniqueness. We further show using similar
estimates that the solution (X, Y, Z) is continuous and differentiable with respect
to the initial value x.

To the best of our knowledge, the only works considering existence of coupled
FBSDEs with quadratic growth are the article of Antonelli and Hamadene [5] and
the Ph.D. thesis of Fromm [31]. In [5] the focus is on global solvability. The au-
thors consider a one-dimensional equation with one dimensional Brownian motion
and impose monotonicity conditions on the coefficient so that comparison princi-
ples for SDEs and BSDEs can be applied. A (non-necessarily unique) solution is
then obtained by monotone convergence of an iterative scheme. In [31, Chapter
3], a fully coupled Markovian FBSDE is considered with one-dimensional forward
and value processes and locally Lipschitz generator in (Y, Z) and a existence of
a unique global solution is obtained using the technique of decoupling fields. See
also [31, Chapter 4] for an extension of this result to multi-dimension and locally
Lipschitz generator in Z, for small time horizons.

The structure of the rest of this chapter is the following: In the next section we
make precise the probabilistic setting, introduce some notations and state our two
main existence and uniqueness results. Section 3.3 and Section 3.4 are dedicated
to the study of coupled FBSDE with superquadratic and quadratic growth, respec-
tively. We present an extended result of Cheridito and Nam [16] in Appendix 3.A.
We provide some results for multidimensional BSDEs with superquadratic growth
in Appendix 3.B.

3.2 Preliminaries and main results

We work on a filtered probability space (2, F, (Ft)epo, 7], P) with T' € (0, 00).
We assume that the filtration is generated by a d-dimensional Brownian motion W
and it is complete and right continuous. Let us also assume that 7 = Fp. We
endow  x [0, T] with the predictable o-algebra and R* with its Borel o-algebra.
Unless otherwise stated, all equalities and inequalities between random variables
and processes will be understood in the P-a.s. and P ® dt-a.e. sense, respectively.
Forp € [1,00) and m, m’ € N, we denote by SP(R™) the space of predictable and
continuous processes X valued in R™ such that || X ||'s, := E[(supsejo 77 |Xe])?] <
oo and by Hp(Rm'Xd) the space of predictable processes Z valued in R™ >4 guch
that | Z|%,, = E[(fOT | Zy|* du)P/?] < co. For a suitable integrand Z, we denote
by Z - W the stochastic integral ( fg Zy AWy )iejo,r) of Z with respect to . From
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Protter [68], Z - W defines a continuous martingale for any Z € HP. Let us further
define by BMO the martingales Z - W valued in R™ such that

T
1Z - Wllgmo = sup || E /ZZ du | Fr < 00,
T z -
where the supremum is taken over all stopping times valued in [0,7]. We are

interested in studying existence and uniqueness of predictable solutions (X, Y, Z)
of a coupled system of the form

t t
{Xt =+ [ bu(Xu, Yo, Zu) du+ [§ 0u(Xu, Yo, Z) AW, (3.2.1)

Yy = h(Xr) + [ gu(Xu, Y, Zo) du — [ Z, dW,,

in the case where the generator g has at least quadratic growth in the control vari-
able Z.
Let M be the class of smooth random variables of the form

T T
E=F /h;dWS,...,/h;”dWs
0 0
where F' € Cp° (R™>d), the space of infinitely continuously differentiable func-
tions whose partial derivatives have polynomial growth, and h', ..., ™ € L2([0, T]; R%).
For any ¢ € M, consider the operator D = (D!,..., D%) : M — L*(Q x [0,T])
given by

T T

ng::zai“ /h;dWS,...,/h;”dWS !, 0<t<T, 1<i<d
j=1 "

0

and the norm ||{]]; 5 := (E[|¢)* + fOT |D:£|? dt])/2. As shown in Nualart [61],
the operator D extends to the closure D2 of the set M with respect to the norm
|]l; - A random variable ¢ will be said to be Malliavin differentiable if £ € D12
and we will denote by D,¢ its Malliavin derivative. Note that if £ is F; measurable,
then D,§ = 0 for all u € (¢,T]. By L&2(R™"), we denote the space of processes
X € H*(R™) such that X; € (D%2)™ for all t € [0,T], the process DX (w)
admits a square integrable progressively measurable version and

T T 1/2
IIXIIZ;,z = || X |32 + //\DTXAQ dr dt < .
00 12
We refer to Nualart [61] for a thorough treatment of the theory of Malliavin calcu-
lus.

A crucial observation in BSDEs has been that assumptions on the derivatives
of the parameters of the equation allow to give bounds for the control process Z
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and thereby solvability in the local Lipschitz case. See for instance Cheridito and
Nam [16] and Richou [69], where BSDEs and decoupled Markovian FBSDEs are
studied in such frameworks. Now consider the conditions

(A1) b:[0,T] x R™ x R™ — R™ is a continuous function such that there
exist k1, ko, A1 > 0 such that

|be(z,y) — b2, y)| < ki |z — 2| + ko |y — o/| and
[be(@,y)| < AL(1+ [z| + [y])
forall 2,2/ € R™ and y,y/ € R™.

(A2) ¢ : [0,T] — R™*% is a Borel measurable function such that there exists
Ao > 0 such that |o(t)] < Ay forall ¢ € [0,T7.

(A3) g: [0, T] xR™x R™ x R™*d _y R™ 5 a continuous function such that
g:(0,0,0) € L3(dt), g'(x,y,2) = g*(x,vy,2") and there exist k3, kg > 0
as well as a nondecreasing function p : Ry — R such that

\9t(x,y,2) — gi(2', 9, 2")| < ks |z — 2| + ka |y — /|
+o(ll V] o - 7]

forall 2,2’ € R™, 3,y € R™ and z, 2/ € R™ %4,
(A4) There exists a constant & > 0 such that
\ge(z,y,2) — ge(@’,y, 2) — ge (2,9, ') + g2y, 2))|
<Kle—a[(ly =y +]z =)
forallt € [0,T], z, 2 € R™, y,y/ € R and z, 2 € R" %,

(A5) h : R™ — R™ is a continuous function such that there exists k5 > 0
such that

‘h(:n) - h(m')’ < ks }:17 - a:"
for all z, 2’ € R™.

Under these assumptions, we obtain an existence and uniqueness result for
fully coupled FBSDEs with generators of superquadratic growth.

Theorem 3.2.1. If (A1) - (A5) hold, then there exists a constant Cy, ) ' 4 only
depending on ki, Ao,m’,d, i = 1,...,5, such that if T < Cj x4 then the
FBSDE

{Xt—:m-fo (X Vo) du+ [ 0y AW,

3.2.2
Y, = h(X7) + [ 9u(Xu, Yu, Zy) du — [ Z, dW, S

33



Quadratic and Superquadratic FBSDEs

has a unique solution (X,Y, Z) € S2(R™) x S2(R™) x §®(R™ *%) such that
1Z| < 2xgm/ M THMRT (ks 4 ks T) P @ dt-ace. (3.2.3)

If in addition there exist A1, A3, \y > 0 and A5 > 0 as well as a nondecreasing
Sfunction p : Ry — Ry such that

be(z, )l < M@+ yl),  [h(2)] < Ag

l9e(z,y,2)| < As(L+ 1yl + p(]2]) |2]) (3.2.4)
(x,op07z) > Nslx|?

forallz € R™, y € R™ and z € R™ %%, then the solution (X,Y, Z) exists for
any T € (0,00).

The following counter example shows that the condition (3.2.4) cannot be dropped
without violating global solvability. Consider the FBSDE

{Xt = 1Y, du

Y, = [T kXudu— [ Z,dw,.
This equation can be rewritten as

s T

T
Y, ://k:Yududs—/Zuqu. (3.2.5)
t

0 t

It has been shown in [24, Example 3.2] that if TVk < 5 then the time-delayed
BSDE (3.2.5) has a unique solution whereas if Tvk = 5, (3.2.5) may not have
any solutions and if it does have one, there are infinitely many.

We will also show that in the non-Markovian case the fully coupled system
(3.2.1) can be solved under boundedness conditions on the Malliavin’s derivative of
the generator and the terminal condition. This is Theorem 3.3.1 below. Moreover,
still in the non-Markovian setting, such boundedness conditions are not needed for
existence of (3.2.2) provided that the generator has at most quadratic growth and
the time horizon is sufficiently small. In fact, consider the conditions

(B1) b: Qx[0, T]xR™ xR™ — R™ is measurable and there exist k1, ko, A\; >
0 such that

|be(z,y) — be (2", )| < by |z — 2/ |+ k2 |y — /| and
b1 (2, y)| < M(L+ |z + [yl)

forall z, 2’ € R™ and y,y € R™.

(B2) o : Qx[0,T] — R™*%is a predictable process such that ¢ € H2(R™*4).
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(B3) g: Q2 x[0,T] x R™ x R™ x R™*d _y R™ is measurable, gt(x,y,2) =
f:(2) + ly(z,y, z) where f and [ are measurable functions with f/(z) =
fi(zY), i = 1,...,m/ and there exists k3, k4, ks, k6, A2, A3, A4 > 0 such
that

[fe(2) = fi(N)] < ks(L+ [2] + |'])]2 = &),

|lt(l’,y, Z) - lt(xlv ylv Z/)| S k‘4|l’ - :E/| + k5|y - y/|
+ke(1+ |2]° + [2]) ]z — 2,

fi(2)] < (141217,

[le(a,y, 2)] < As(1+ [2]1F9) + Aay]

for some 0 < & < 1 and for all z,2/ € R™, y,y/ € R™ and 2,7 €
Rm’xd.

(B4) h:Q x R™ — R™ is measurable and there exist k7, A5 > 0 such that
[h(x) = h(z")] < kr |z —a'| and  |h(2)] < A5
for all z, 2’ € R™.

The second main result of this work is the following:

Theorem 3.2.2. If (B1) - (B4) hold, then there exists a constant Cy, ) depending
only on the coefficients k; and X\; such that if T < C}, », then there exist two
constants Cy and Co such that FBSDE (3.2.2) has a unique solution (X,Y,Z)
such that (X,Y,Z - W) € S*(R™) x S®(R™) x BMO and ||Y || goe (gm'y < C1,
and ||Z - W || gy < Co.

3.3 FBSDEs with superquadratic growth

3.3.1 Proof of Theorem 3.2.1

Step I: We first assume that h, b, g are continuously differentiable in all variables.
We will show that the sequence (X", Y™, Z") givenby X? =0,Y? =0, 2° =0
and

XpH = [Jo(XPTL Y du+ [ oy dW,

Yot = aXY [T gl (Xt Yzt du — [T 20 AW, >
is well defined and that there exists a constant C' > 0 which does not depend on n
such that |Z"| < C for all n.

By [68] and [61] the process X1 is well defined, belongs to DLQ(Rm) and its
Malliavin’s derivative satisfies
DiX!'=0,0<r<t<T,
DX} = /(&EthX; + 8betY£) du + Dy /au AWy, 1,0<t<r<T,

t t

35



Quadratic and Superquadratic FBSDEs

with Dt(f[ oy dWy) = o1y, see [61, Theorem 2.2.1]. Hence, since b is Lips-
chitz continuous, by Gronwall’s inequality we have

|DX}| < ™.

Moreover, by the chain rule, see [61, Proposition 1.2.4] it follows that h(X+) €
DY2(R™) and D(h(X})) = 0,h(X})DX}. Therefore, h(X1) has bounded
Malliavin derivative since J,h is bounded. We then deduce from Theorem 3.A.2
and its proof that (Y, Z!) exists, (Y, Z!) € DV2(R™) x DM2(R™*4), DY'!
is bounded and Z} = D,Y;!. Now let n € N, assume that (X", Y™ Z") €
DL2(R™)x DL2(R™ ) x DV2(R™ %), DX™, DY™ are bounded and Z}* = D;Y;".
The process X" is well defined, belongs to D'2(R™) and its Malliavin deriva-
tive satisfies

D XMl =0, 0<r<t<T,

,
DX =0l + / (00D X2 + 9,bD Y ) du, 0 <t <7 <T.

t

Since 9;b, Oyb and o are bounded by k1, k2 and A respectively, it follows from
Gronwall’s inequality that

T
DX < e | Xo + ke / |D Y| du
0
Hence,
| De X | oo < €™M (A2 + kT | DY ™| 5o ) < 00. (3.3.1)

By the chain rule, D(h(X/:*!)) exists and is bounded. It then follows again from
Theorem 3.A.2 and its proof that (Y"1, Z"*1) exists and Z"! is bounded. In
addition, (Y"1, Z"*+1) are Malliavin differentiable and the derivatives satisfy, for
j=1,....d,

DIyMt =0, DIZzr =0, 0<r<t<T,
T
DIy = 9, (XD Xt 4 / (&ch{X;}“ + 9,gD] Y+

r

T
+ aZng'Z{j“) du — /D{Z{j“ dW,, 0<t<r<T.
T

By (A3)-(A5) and the boundedness of Z"t1and DXt it follows from the same
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procedure of the proof of Lemma 3.A.1 thatfori =1,...,m/;5=1,...,d.

[DFYEmH
T

<’ | ks | DeX ™| oo + k3 / | DX | g e BT s | e RalTH),
t

Hence
HDtyn-i-lusoo < em’k4Tm/ '/ d (k5 4 kgT) HDtXTH_lHSoo )
Plugging the above estimate in (3.3.1), we obtain
DX g0 < M+ M| DX" g

with M := \oeT* and M’ := koTm//m/de*+™' Tk (ks 4 k3T). Choosing T
small enough so that M’ < 1/2, we have

DX g <20 and |27 < 2Mm'e M1 T (ks + kyT).

_ | piyin
~ Dl

Hence | Z"| < Q, where Q = 2Mm/e™ *T (k5 4 ksT) v/m/d.

Step 2: Now we show that (X" Y™, Z™) is a Cauchy sequence in S?(R™) x
S2(R™') x H2(R™ *%). Indeed, using (A1) we can estimate the norm of the dif-
ference X't — X7 as

t 2 t 2
| X X2 <2 /klyxg“ — XMds | +2 /kg]Ys" — Y ds
0 0
Thus
T 2 T
sup | XM — X712 <2 /klst”H — XMds | +2 /kgmn — Y Yds

0<t<T
0 0

Taking expectation on both sides and using Cauchy-Schwarz’ inequality, we have

E | sup |XPH — X7

0<t<T ]

T T
< 2TK}FE /\Xg“ — X"2%ds| + 2Tk3E /yY;‘ — Y1 2ds
0 0

<2T%K2E | sup | X — X7

0<t<T

+ 2T%K3E

sup |V} — VP
0<t<T
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Choosing 7" to be small enough so that 27%k7 < 3, it follows

E| sup |X7H - xpP

0<t<T

< AT?*KIE (3.3.2)

sup [V — Y/ H?
0<t<T

On the other hand, applying It6’s formula to e%|Y;"™! — Y*|2, 8 > 0, we have

eﬁtnftn—l—l o Y;/n|2

T
=T |h(XE) — -2 / Py Yy (20 — Z)d W,
t

T
eﬂs Z7L+1 Zn st /IBeﬂs Yn+1 Yn) ds
t

”\ﬂ

T
+ 2/658 (Y — YD) [go (X2 YL 20700 — g (X2, Y, Z7)] ds.

t
Hence, due to the condition (A3) and the boundedness of (Z"), it holds

T
eﬁt‘ytn-i-l _ Yin’2 + /eﬂs(Z;z+1 - Z;L)st

t
T
< 7 [h(x3) - Pz [ oyt - zaw.
t

T
/6655 Yn+1 Yn 2d8+2/668,0 Yn+1 _Y;n‘ ‘Z;”Hrl —Zg‘ds

t
T T

+2/eﬂsk7lysn+1 _st‘ ]X;‘“—X;l‘ds+2/eﬂsk:4]YS”H—YS“|2ds.

t t

With some positive constants a1, aa, it follows from (AS5) and Young’s inequality
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that

T
eﬁt‘Ytn-i-l _ Ytn’2 + /655(Z§+1 _ Z?)st < e'BTkg‘X;—i_l _ X%P

t
T

T
- 2/658(1”!”rl Y23 = 27w +a2/665|X?+1 — X7|*ds
t t

T
+ <(P(Q))2 + kj + 2k, —5> /eﬁs(}/SnJrl _st)ZdS
t

aq a2
T
+ay /eﬁﬂzgﬂ — Z"%ds. (3.3.3)

t

Letting 5 = % + % + 2kg and taking expectation on both sides above, we
have

T
E [eﬂt|ytn+l _ Y;n|2} ) /G’BS(Z;H'I _ Z;L)2d5 < 6BT]€§E [|X§f+1 _ X%|2]
t

T T
+a E /eBS\Zg“ — Z"2ds| + wE /e'85|X§‘+1 — X"|%ds
t t

Putting oy = % and aig = 1, the previous estimate yields

T
E / Pz — Z2M)2 (s
0

T
<2TR2E [| X3 — X7 + 2B /eﬁsyxgﬂ — X"|%ds
0

Next, taking conditional expectation with respect to F; in (3.3.3),

T
eﬁt’Ytnﬁ—l_YtnP_}_E /eﬂS(Z;LJrl N Zg)QdS Al < eﬁTk?)E [|X%+1 _ X’?"|2‘Ft]
t

T A
+ o E /6’85|Z;‘+1 — Z"%ds|Fi| + wE /eﬁS\Xg“ — X"?ds|F;

t Lt
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Thus, by Burkholder-Davis-Gundy’s inequality, with a positive constant ¢; and
o] = %, a9 = 1, we have

E | sup e'Bt|Ytn+1 Y| < 6165Tk§E UX?H - X%ﬂ
0<t<T
T T
1
oy | [zt - zopas| v | [ Xt - xopds

0 0

T
< 201 TR2E [| X2 — X722 + 20, E /eﬁs!XQ“ — X7|*ds

0

It now follows from (3.3.2) that

E sup D/;n-‘rl o }/tn’2

0<t<T

T
+FE /(ZQ“ — Z")%ds
0

< 8(cy + 1) (k2 + T)T2E | sup [V — Y2

0<t<T

Taking 1" small enough so that

1
8(e1 + 1)eT (k2 + T)T%k; < -,

[\

we obtain that (X", Y™ Z") is a Cauchy sequence in S2(R™) x S2(R™') x
HQ(Rm/Xd). By continuity of b,g and h we have the existence of a solution
(X,Y, Z) in S2(R™) x S2(R™) x H2(R™ *%) of FBSDE (3.2.1) and it follows
from the boundedness of (Z"™) that Z satisfies (3.2.3). The uniqueness follows from
the boundedness of Z and by repeating the above arguments on the difference of
two solutions.

Step 3: Let us now turn to the general case. For n € N, let 3}, 32 and 33
be nonnegative C*™ functions with support on {z € R™ : |z| < 1}, {z €
R x| < 1} and {o € R H+m/xd ;1) < 1} respectively, and satis-
fying [om Ba(r)dr =1, [gmim B2(r)dr =1 and [gonimsmixa Bo(r)dr = 1. We
define the convolutions

h"(z) = /h(x')ﬂ}l(x’ — z)da’,
R'm
b?(l‘, y) = / bt(‘/l"/’ y,)52($l - T, y/ - y)dl’,dy/,

Rm+m’

9" (u,,y,2) := / glu. 2’y 2")Bo (e’ —w,y —y, 2 — z)da'dy'dz’.

Rm+m’+m’ xd
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It is easy to check that b™ satisfies (A1) with the constants k1, ko and 2)\; and that
g™ and h" satisfy (A3) - (A4) and (AS), respectively, with the same constants.
From the above argument, there exists C’k, A,m’,d independent of n such that if 7" <
Ch. Am’,d» FBSDE (3.2.1) with parameters (b",h", ¢g") admits a unique solution
(X", Y™, Z") € SHR™) x SER™) x S®(R™*?) and

|sz,n‘ < 2)\2m/ek1T+m’k4T (ks + ksT) P ® dt-ae.

By the Lipschitz continuity conditions on b and h and the locally Lipschitz condi-
tion of g, the sequences (b") and (h™) converge uniformly to b and k on R™+"
and R™, respectively, and (¢") converges to g uniformly on R"*™ x A for any
compact subset A of R™ %4 Combining these uniform convergences with the
boundedness of Z", similar to above, we can show that there exists a constant
C’k,k,m’,d depending only on ]{21, kQ, kg, k4, k5, AQ, m’, d such that if T’ < C’k,)\,m’,d’
(X™, Y™, Z") is a Cauchy sequence in S2(R™) x S?(R™') x H2(R™ *¢). Hence
with Ck,/\,m’,d = C’k,)\,m’,d A ék,A,m’,da for any T < Ck,)\,m’,d, the FBSDE (3.2.2)
admits a solution (X,Y,Z) € S2(R™) x S2(R™) x S®(R™*%) and |ZJ7| <
2Agm/eF T+m'kaT (ko 4 5T, The uniqueness follows from similar arguments.
Step 4: Now, assume T' > C}; » ., ¢ and the additional growth conditions on b,

g and h given by (3.2.4) hold. Let ﬁQ : R — R be a continuously differentiable
function whose derivative is bounded by 1 and such that fL/Q(a) = 1forall —-Q <
a < @ and

Q+1) if a>Q+2

hola) = a it ol <Q
—(Q+1) if a<—(Q+2).

An example of such a function is given by

- (-Q*+2Qa—a(a—4) /4 if acQQ+2
hq(a) = .
(@ +2Qa+ala+4)) /4 if [—(Q+2),-Q),
see [43]. By the assumptions (A3) the function § : [0, T]xR™xR™ xR™*¢ — R
defined by
9t(2,y, 2) == gi(@, y, hq(2)) (3.3.4)

with hg(2) := (hg(2¥))s; is Lipschitz continuous in all variables. Thus, it follows
from [20, Theorem 2.6] that the equation

{Xt_a?—i—fo WX Vo) du+ [ o dW, 333)

Vi = h(Xr) + [ Gu(Xu, Ya, Zu) du — [ Z,dW,, t € [0,T]
admits a unique solution (X,Y, Z) € S2(R™) x S®(R™') x H*(R™ *¢). More-
over, there exists a bounded function 8 : [0, 7] x R™ — R™ which is Lipschitz

continuous in z such that Y; = 0(¢, X;) forall t € [0, T]. Put N = (T/Cr A,qm' d)>
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where [a] denotes the integer part of a, and t; := iCy a4 gm/.d» ¢ = 0,..., N and
tnyy1 =T. Since t; < C) ; g’ d° by the first part of the proof the FBSDE

{Xt =2+ [} bu( X, Ya) du+ [} 00 dW,

Yo=Y + [ 9u(Xu, Yo, Zo) du — [[* ZdWo, 1€ [0,1]

admits a unique solution (X', Y, Z1) such that |Z}| < Q forall t € [0,¢].
Therefore, '(Xl, Y, Zl)l[om = (X,Y, 2)1[07,51]. Similarly, we obtain a family
(X", Y", Z") of solutions of the FBSDEs

X=Xy, 1—+—ft u(Xu, Ya) du—i—ft oy AWy,
Y, = Y;fl +ft Gu Xu7Yu7Z du ft Z AWy, te [ti—17ti]

such that (X*, Y, Z)1 i1t = (X,Y Z)l[t i=1,...,N + 1. Define

7,17}

N+l N+l N+l
X = Z Xy Y= Z Y9y, 4 and Z = Z Z' )
= i=1 i=1

Then, (X,Y, Z) € S?(R™) x S®(R™) x S®(R"™ *4) is the unique solution of
the FBSDE (3.3.6) satisfying |Z;| < @ for all ¢ € [0,7]. In fact, it is clear that
(X,Y, Z) € S2(R™) x S®(R™) x S®(R™ *%) as a finite sum of elements of the
same space. Let ¢t € [0,7] andi = 1,..., N + 1 such that ¢t € [t;_1,t;]. We have

¢ ¢ ; tint tint
x—i—/bu Xu, Yu) du+/0udu:x+z /b (X7,Y7) du + / oy dW,
0 0 =1\, ti 1
=X/ =X,
and
T T
W)+ [ (XY Z)du— [ Zoam,
t t
N1 [ Y b
=h(XPT+ ) / 9u(X3, VI Z3) du — / Z1 dw,
ti—1Vt tj_1Vt
=Y =Y.

That is, (X, Y, Z) satisfies Equation (3.3.6). Uniqueness follows from [20, Theo-
rem 2.6]. This concludes the proof.

3.3.2 Fully coupled systems

In order to consider the fully coupled forward-backward system, i.e., we allow
the dependence in (x,y, z) of b and o, we assume boundedness conditions on the
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Malliavin derivatives of the generator and the terminal condition. Under this as-
sumption, we can obtain solvability on any time interval [0, 7], T € (0, co) for the
Markovian case. Now, consider the following conditions

(A17) b:Qx[0, T] xR™xR™ x R™*? _ R™ is a continuous and measurable
function such that there exist k1, ko, k3, A1 > 0 such that

|be(2,y,2) = be(2', 9, )| < ki |z — 2| + ko [y — o/ | + k3 |2 — 2/
and  [b(2,y,2)] < Ai(L+ Jz] + [y| + |z])

forall z,2’ € R™, y,y/ € R™ and z, 2/ € R™' 4,

(A2) 0 : Q x [0,T] x R™ x R™ x R™*d _ R™* j5 a continuous and
measurable function such that there exist kg, k5, kg, A2 > 0 such that

|O't(x7y72) - Ut(x/7ylaz/)‘ < k4 ‘l’ - SU/} + k5 ‘y - y/‘ + kG ‘Z - Z/|
and |oy(z,y,2)| < Aa(1 + || + [y| + |2])

forall z,2’ € R™, y,y/ € R™ and z, 2/ € R™' %4,

(A3%) g: Qx[0, T]xR™xR™ xR™ >4 —s R™ is a continuous and measurable

function such that g(z,y, z) = gi(x,y,2%) fori = 1,...,m’ and there
exist k7, kg, A3 > 0 as well as a nondecreasing function p : R, — R,
such that

\ge(z,y,2) — ge(@', 9, )| < kr | — o' | + ks |y — |
+o(l2lvI|Z]) |2 =4

forall z, 2 € R™, y,y € R™ and 2,2’ € R"™ %4,
) U,y

(A4’) For every X € S2%, we have ¢.(X.,0,0) € H* and there exist Borel-
measurable functions g;; : [0,7] — R satisfying fOT qu(t)dt < oo such
that for every pair (y, z) € R™ x R™ %4 with

2

d m’ m’ T
2| < Q= |m/ > Ay + Z/ gy (D)]e-m'ks(T=0 g | em'ksT,
j=1 \i=1 i=1Y

one has g'(X'vyaZ) € ﬁég(Rm/) and ‘Dljtg%(Xtvyvz)‘ S Q’Lj<t)9 T =
1,...,m55=1,...,dand u € [0,T],

|Duge(Xt,y, 2) = Duge(Xe, ¢/, 2')| < Ku (Jly —¢/| + |2 = 2|)

for some R, -valued adapted process (K, (t))sc[o,7] such that f(;‘r \|Ku||;l_[4 du <
0.
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(A5°) h:QxR™ — R" is continuous and Fr-measurable such that h(Xr) €
DLQ(R’”/) for any X7 € L?(Fr) and there exist constants kg > 0 and
A;; > 0, such that

‘Djhz (Xr) ‘ Ag,i=1,...,m', j=1,....d, and
|h(z) = h(z")] < kolx — 2],
for all z, 2’ € R™.

Theorem 3.3.1. If (A1’) - (A5’) hold, then there exist two constants Ci 4 q.m’ d
and €y, a q.m/ q depending only on ki, ko, k3, ka, ks, k7, ks, ko, A, ¢, m/, d such that
ifT < Cy aqm,aand kekyg < €k 4.gm d then the FBSDE (3.2.1) has a unique
solution (X,Y, Z) € S2(R™) x S2(R™') x S®(R"™ *%) such that

m’ m! T
12| < ZAz] + /qw e ks (T=8) s | k(T P @ dt-a.e.
=1 i=17%

Proof. Letting X° = 0,Y°? = 0, Z° = 0, we consider the sequence (X", Y", Z"),
solution of the FBSDE

Xn+1 —£E+f0 Xn+1 Yn Zn +f0 Us Xn+1 Yn Zn)dW

YU = R [ g (XY 2 — [ 2w,

Under (A1°)-(A5’), it follows from [68] and Theorem 3.A.2 that (X", Y™ Z") is
well defined in S2(R™) x S2(R™') x H2(R™ *?) and

ml m/ T
(Z7)9] < ZAij + Z/qij(s)e_m/kS(T_s)ds emks(T=1) P& dt-ae.
j= =1

For simplicity, we give only the estimation for | X" — X ™|, as that of |[Y "1 —Y™|
and |Z"+1 — Z7| follows from exactly the same procedure as in the the proof of
Theorem 3.2.1. Indeed, we have

t 2 t 2
|XPH - X2 <6 /kl\Xg“ — XMds | +6 /kngs” — Y ds

0 0
¢ 2

+6 /k3|Zg — 7" Yds
t

+2 /[J(S,XS"H,YS”,Z?)—a(s,XS",Ys”_l,Z?_l)] dW,
0
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Taking supremum with respect to ¢, then expectation to both sides and using Cauchy-
Schwarz’ and Burkholder-Davis-Gundy’s inequalities, we have

E | sup \Xf"'l—XmZ

< (6T°ki + 24Tk3) E
0<t<T

0<t<T

sup [ X[ — th|2]

+ (6T%k3 + 24Tk2) E | sup |Y;" — Y/ !)?

0<t<T

T
+ (6Tk3 + 24k§) E / \Z — Z 2t
0

Choosing T" to be small enough so that (6T 2k2 + 24Tk:4) % we have

E sup [Y; - YL

0<t<T

sup | X7 — Xt”\?] < (127°k3 + 48Tk3) E
0<t<T

+ (12Tk3 + 48k3) E / \Z — 27 Pat
Hence the result follows directly from the arguments in the proof of Theorem
3.2.1. 0

Consider the conditions

(A1) b : [0,T] x R™ x R™ x R™*4 — R™ is continuous and there exist
k1, ks, k3, A1 > 0 such that

‘bt(x,y,z) — bt(z’,y',z')’ <k |:E - fc" + ko |y - y" + k3 }z - z"
and  |by(z,y, 2)] < A(1+ |yl + [2])

forall 2,2’ € R™, y,y/ € R™ and z, 2/ € R™ %4,

(A2”) o : [0, T] xR™ x R™ — R™*d ig continuous and there exist ka, ks, Ao >
0, A5 > 0 such that

|ov(x,y) — ov(a', )| < ka|o— 2| + ks |y — /]
loe(z,y)] < A2(1+[y[) and
(@, ou(x,y)of (z,y)2") = X2/ |?

forall 2,2/ € R™ and y,y € R™.

(A3”) g : [0,T] x R™ x R™ x R™*4 _ R™ is continuous and continu-
ously differentiable in y and z, and is such that g (z,y, z) = gi(z,y, 2%)
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i = 1,...,m' and there exist k7, kg, A\3 > 0 as well as a nondecreasing
function p : Ry — R such that

\9:(z,y,2) — (2,9, 2)| < kel — 2|+ ks |y — /|
+o(lzlvI]]) |z =7
and  |g¢(2,y, 2)| < A3(1+ |y| + p(l2]) [2])

forall z, 2’ € R™, y,y € R™ and z, 2’ € R"™' %4,

(A4”) For every X € S?, we have ¢.(X.,0,0) € H* and there exist Borel-
measurable functions g;; : [0, 7] — R satisfying fo ng t)ds < oo such
that for every pair (y, z) € R™ xR™ %4 one has g.(X.,y, z) € Lo (R™)
and ’Dugt (Xt,y,2)| < qij(t),i=1,...,m';5=1,...,dand, for every
u € (0,7,

|Duge(Xt,y, 2) = Duge(Xe, ¢/, 2')| < Ku (Jy = ¢/| + |2 = 2|)

for some R, -valued adapted process (K (t)):c[o,7] such that fOT || K, ]\3{4 du <
0.

(A5”) h : R™ — R™ is continuously differentiable and such that h(X7) €
DY2 for any X7 € L?(Fr) and there exist constants kg, Ay, Ajj 0
such that

‘thi(XT)‘ <Ay, i=1,...m, j=1,....4d
|h(x) = h(a")] < kolw — 2],
and |h(x)| < Ay forall z, 2" € R™.
Theorem 3.3.2. If(A1”) - (A5”) hold, then the FBSDE

{Xt =2+ fy bu(Xu, Y, Zu) du+ [y 0u(Xy, Yy) dW, (3.3.6)

Yy = h(Xr) + [ gu(Xu, Yu, Z) du— [[ Z,dW,, t € [0,T]

has a unique solution (X,Y, Z) € S2(R™) x S2(R™') x S®(R™ *4) satisfying

2

d m/
|Z)| < Q := mrz Z’AZJ’+Z/|QU |€—m’kg(T e | em'ksT
= =1 =1 0
where
m’ m L
A= D A+ / gij (e ™0t | em T
i=1 i=1 0
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Proof. Consider the constant Cj, 4 4’ 4 introduced in Theorem 3.3.1. If T' <
Ck,A,q,m’,d» the result follows from Theorem 3.3.1.

In the rest of the proof let us assume that T > C}, g q.m’q4- The function g
defined by (3.3.4) is Lipschitz continuous and differentiable in (y, z), and satisfies
(A4”). Hence, by [20, Theorem 2.6] the FBSDE

Xt—x—i—fo (Xu, Yu, Zy du—i—foau us Yu) dW, (3.37)
Y, = h(X7) +ft Gu( X, Yu, Zy) du — ft ZydW,, tel0,T] o

admits a unique solution (X Y, Z) € S2(R™) x S®(R™) x H(R™ *%). More-
over, by [28] the processes Y and Z are Malliavin differentiable and we have for
j=1,...,d,

DY, =0, DiZ=0, 0<t<r<T,

T
DIY, = Din(Xr) + / 0yiu DIV + 0.3 Zu + Digu(X . Vs Zu) du
t

T
/ Diz,d 0<r<t<T.
t

Since § is Lipschitz in 2, 9,§(Xy, Yy, Z,) is bounded. By (A4”) and (A5”), it
follows from the same procedure as in the proof of Lemma 3.A.1 that

m/ 77,_[’/ T
DIV < | DA+ / qij(s)e ™R T=3)gs | k(T8 P di-ae.,
i=1 =17
i=1,....,m55 =1,...,d. Let Cl.. A,q.m q be the constant given by Theorem

3.3.1 replacing~ A;j by flij. One can easily check that Ck,A,q,m/,d < Craqm' d
since A;; < Aj;j. Considering a sequence 0 = tg < t; < --- <ty = T with
maxi<;<n |t —ti—1| < C; 3 ey similar to the last part of the proof of Theorem
3.2.1. Since Drffti € L™ forallr € [t;_1,t;] we can get that fori = 1, ..., N that

Xe= Ko, + 1 bu(XuYar Zo) du+ [! 0u(X, V) dW,

Y, = Y;fl + _/;5 Gu XU7Y”LL7Z1L du - ft Zy qua te [ti—17ti]
has a unique solution (X, V% Z¥) € S%(R™) x S*(R™) x S®(R™*4) and
‘Zﬂ < @ forall t € [tj_1,t;]. By the uniqueness of FBSDE (3.3.7), we have

(X4 Y4 71 )1[,51 Lt = (X,)N/,Z)l[tiihti]. The result follows from a recursion
and pasting procedure as above. U
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3.4 FBSDEs with quadratic growth

3.4.1 Proof of Theorem 3.2.2

Consider the function ¥ mapping any processes (y, z) such that (y, z- W) € S x
BMO to the solution (Y, Z) of the following decoupled FBSDE:

{Xt =2+ [l by(Xs,ys)ds + [i osdW, G

Y; —hXT +ft fs +l( s>y3728)d5_ftTstWs-

By (B1) and (B2), the process X exists and is unique, see for instance [68]. The
backward equation in (3.4.1) is composed of m’ times 1-dimensional quadratic
BSDEs. Due to (B3) and (B4), it admits a unique solution, see [41, Lemma 2.5].
Thus, U is well defined. Furthermore, for 7' small enough there exist two positive
constants C'; and Cy depending only on 7" and A;, ¢ = 2,...,5, such that ¥ maps
the set

B:={(y,2): lylls= < Cr; ||lz- Wllprmo < Ca}

to itself, see [41] or chapter 2. Let (y, 2),(y,2) € B. Put ¥(y,z) = (Y, Z) and
U(y,2) = (Y,Z) and let X and X be the solution of the forward equation in
(3.4.1) associated to (y,z) and (g, z), respectively. By the Lipschitz continuity
property of b, we have

X=X < [ 5o ) )

§k‘1/|XS—Xs} ds+k2/|ys—gsds.
0

Hence Gronwall’s inequality yields

t
‘Xt_Xt’ < kgeklt/‘ys_gs|d87

thus B
1X = X|ls= < koTeM Ty — gllsee.
On the other hand, for every i = 1,...,m/,

= hi(XT) — hY(X7)

T
/fz Zl ]”(ZZ)“‘ZZ( s,ys,zs)—l( S7ySaZS /Z
t
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T
/HZ ZZ ZZ)_'—ZZ( S>y8728)_l( 3,3/3723 /Z
t

where 0] < k3(1+ | Z¢| + |Z%|) which implies that 6% - W is a BMO-martingale.
By Girsanov’s theorem, Wt’ = Wy — fot 9§ds is a Brownian motion under the
A2 = £(6° - W)r. Hence

T T

V=Yt [ 2 = X))t [ B0 20— 15(Xes e ),
t t

Letusdenote by Y := Y Y §2' := 7' — 7', 6X =X — X, 0y ==y — 7

and 4z =z—-Z Taking the square and the conditional expectation with respect to

F: and P* on both sides of the previous equality, we have

OV 4 B /y(szgy?ds 7

T
- EZ hZ(XT) - hl(XT> + /li(XsaysazS) - lé(Xsyﬂmzs)ds -Ft
t

- ,
} + AR E /|6X8|ds ’]—"t
t

< 4KZE! {

2

+ 4k2E! / |0ys|ds ‘.7-}

T 2
+ 4K2E! /(1+|z55+|zs|€)lézslds ‘-Ft ;

t

where we used the Lipschitz and local Lipschitz continuity properties of h and I,
and 2ab < a? + b2. By Holder’s inequality and 2ab < a? + b? again, it holds

T
0V ? + E /|5Zg|2ds Fi

< 4KZE! [

] +4Kk3(T — t)?E* | sup |6X,|%ds|F;

t<s<T

t| + 4RE(T — ) [loy13
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T T
+ 4K2E! /(1 + |zs|° + |zs|5)2ds/ |625|2ds|F;
t t
< 4kZE! [|5XT]2 ]-"t] +4E3(T — t)?E" | sup [6X,|%ds|Fy| + 4k3(T — t)?||0y|>%
t<s<T
T 2 3 T 2 2

Fi

b AR2E /(1+]25]5+z5]5)2ds ‘]—} Pou /]525]2d3

t t

sup |6X,|2ds|Fy | + 4R2(T — ¢)%|6y|%

t<s<T

< 4KZE! [|5XT]2 ]—‘t] + 4K3(T — t)*E"

2 3

Fi

2

T % T
+12k2E /(1 F ol + |5 F)ds | |F| B /\525\%13
t t

(34.2)

Now, we can further estimate the last term of the right hand side above as follows:

n 2 : T 2 3
E' /(1+\z5\25+\z512~€)ds Fi| E /]525]2ds F
t ¢
T e
<B||r-t+@-t /yzsy%zs
t
T e\ 2 3 T 2 3
s -0 | [alas) ) (B B | [onpas) (R
0 t
- ) ,
<VB(T — )" | T° + 2+ eE' /|z5\2ds Fi
L t
T 2 3 T 2 3
+ eE /Izs|2ds Fi E /|5zs|2ds F
13 t

Therefore, (3.4.2) and Lemma A.1.4 yield
1Y Y3 + 1627 - W20
< 8k (16X Toe + 8KET?[|0X || S0 + 8KET?(|0y] |5
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+24V/3R2L3T S <T5+2+5L4||z W2y o0

+eLl?|z- W 16z - W*

[ oy

< (ST (k3 4 K2) + 8KT?) oy

+ 24v/3K2LAT' 5<T5+2+6L4I|Z W gm0 (P)

+eL?|z - W2 62 - W2

BMO(P ) | BMO(Pi)

With the strictly positive constants ¢, co depending only on k3 and Cs from Lemma
A.1.3,

16Y [|E + 1102 - WH]23MO(P)
<m/ <8k%T262k1T (ki + k?) + 8k‘§T2> 69| %0
+ 24VBKELIT' “Fcom’ (T° + 2+ 2¢L3eaC3) 1|62 - W [Eyo(p)
Letting T" be small enough so that
m (14 L) (ST (k3 + k2) + SK2T?)
24/3KZL3T ~ cymy/ (1 + %) (T° + 2+ 2eL2c5C3)

IN

IN
NI N

(3.4.3)

)

it follows that ¥ defines a contraction mapping. Then, there exists a fixed point
(Y, Z) € B. Hence there exists a constant C}, , which depends only on k;, A; such
that when 7' < Cj, », FBSDE (3.2.2) admits a unique solution (X, Y, Z) such that
(X,Y, Z - W) belongs to S*(R™) x §*(R™) x BMO and [|Y | goe(gmry < Ch,
1Z - Wllgmo < Ca-

3.4.2 Regularity of solutions

For any initial value z € R™, we denote by (X*,Y* Z%) the unique solution of
the FBSDE (3.2.2). The following two results provide regularity of the solution
upon the parameter x.

Theorem 3.4.1 (Continuity). Assume (B1) - (B4). With the same constant C},
as in Theorem 3.2.2, if T' < Cy, », the function x — (X*,Y* Z%) is continuous.

Proof. Let T < Cy, » and (X*,Y*, Z") be the solution of the FBSDE (3.2.2) for
any = € R. Notice that X*—X 7’ js bounded. In fact, using the Lipschitz continuity
condition on b, we have

X7 - XF| < |:c—x'+k1/|Xff—X5’|du+k2/|xf—zf’|du
<z — ') + kT Y* = Y || g0 + k1 / X2 — XY | du
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< (yg; — | + koT||Y" — Y‘T'HSOQ) ekit,
by Gronwall’s lemma. Thus
X7 — X%'|| g0 < <|x — | + ko T||Y® — W’Hsm) kit (3.4.4)

On the other hand, arguing such as in the proof of Theorem 3.2.2, we have, for

eachi=1,...,m/,

T
}/tlax _Y;WU +/zi,m —Zqi’z dWZ
t

T
= hH(XE) — (X&) +/z (XE, Y2 Z5) — (X%, Y, Z5) du
t

wr tuo

where Wi = W — Jo it ds with [t < k(14 | Z0%) + |Z§’m/) is a Brownian motion
under the equivalent measure P° = £(n' - W)z - P. Hence, similar to Theorem
3.2.2, with the same constants cq, co and Co,

V" =Y )% + el (2% = 27) - WlEmo
<m (16k§T2e2k1T (k2 + k2) + 8k§T2> IYe — v*||2,
+ 16m/ 1T (ki + k%) |z — ' |2
+ 24V3BKZLAT “Scom’ (T° + 2 + 2eL3caC3) (27 — Z%) - W |[Emo-
Therefore, it follows from (3.4.3) that

16m/e21 T (k:i + k%)

Ve -V < x—a'|% (345
| s < T e enT (12 ) v o) O G4
and
c1l|Z” — Z% Emo < 32m/e2M T (ki + k) |z — 2|2 (3.4.6)
Combining with (3.4.4)
IX7 = X' s
16m/ 2k1T k2 4 k}2
< | 1+ kT 2m6 ( 3 72) P ez =],
1 —m/ (16k3T%e1 T (k3 + k2) + 8k2T?)
(3.4.7)
This proves continuity of the solution. (|

(B5) The functions b; h; f and [ are continuously differentiable.
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(B6) The functions h'; 9;b; 0yb; 0,1; 0yl; 0.1 and f’ are Lipschitz continuous
in all variables with Lipschitz constant K.

Theorem 3.4.2 (Differentiability). Assume (B1) - (B6). With the same constant
Ch as in Theorem 3.2.2, if T < C}, », the function x — (X*, Y, Z%) is differen-
tiable.

Proof. Let T < Cy», z,2’ € R™ and \,\ > 0. Lete; = (0,...,1,...,0)
be the unit vector in R™ the jth component of which is 1 and all the others 0.
Given (Xer/\ei’ yatie; , Z:):+/\ej)7 (Xa:’+)\’e]~ , yz'+XNe; , Z:):’+)\’ej), (Xx’ Yye, Zz)
and (X*', Y Z*") solutions of the FBSDE (3.2.2), we define the processes N :=
(XI+)\6] Xx)/)\ Nx’ A (Xx’Jr/\’ Xx )/)\/ T - (Yx+)\e] Yx)/)\’
Ur A (Yx "+Nej Ya: )/)\/ and VoA - (Zm+)\e] Zm)/)\ Vr’ PN (Zx'+)\’ej _
z7y/ )\’ . Furthermore, for 6 € [0, 1],)\ > 0,z € R™, we define the processes
AP = XT L OANTA, T2 .= YT + OAU and A := Z% + AV, Let
NBZA heA A AL2A THEA and A% be the ith component of N¥A, U4,
VEA ATA T2 and A, respectively for each i = 1,...,m/. Let us first show
that there exists a constant C' independent of = and A such that

INMZoe + U500 + VA - W lEpo < C. (3.4.8)

Since

1
=e + / Dpby (XT + 0(XITA — XT) V2 4+ 9(YITA — YV2) NP d du
0

Oybu (X2 +0(XTTA% — XT) VE 4+ (VI — YVI)US db du,

+
o
o —__ o —_.

and 0,.b and 0,b are bounded, it follows from Gronwall’s inequality that
INPA| < ekt (1 + k2T||U‘”7’\||goo) . (3.4.9)

We have

T 1
Ut = /a hi( A“)N“d9+//a FL(ALmA e
t
+ &J;(Ai’)‘, Fi)\a A£7A)N5’A + ayl; (Ag)\v F£7A7 Aij’)\)U;f’)\
T
+ 0L (AN T0A, ATV d6 du — / VimAdW,,.

t
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Hence, similar to the proof of Theorem 3.2.2, we have
T
Uyt / ViAW,
t
T 1

1
= / Ouh (AN df + / / Ol (AL, T2 ALY N
0 t 0
+ OylL (AN TLA, ADMUTA + 0,15 (AL, T2, APV dO du,
where Wi = W — [ Ci ds with |¢/| < ks(1 +2|(1 — 8,) 25" + 6,25779)) for
some predictable process 05 € [0, 1] is a Brownian motion under the equivalent
measure P* = £(¢* - W) - P. Therefore similar to Theorem 3.2.2, with the same
constants cq, co and Cy,

U= 13 + e [VEA - WlEwo
<m/ (16k§T262’ﬁT (ki +K2) + 81<:§T2) U2 + 16m M T (k3 + k)
+ 24VBE LT Fcom/ (T° + 2 + 2eLicC3) ||V - W[ Bumo-
Therefore, it follows from (3.4.3) that
16m/e2 T (ki + k%)

UM% < : 3.4.10
1757l < 1—m' (16k3T%eM 7T (k3 + k2) + 8k2T?) ( )
and

a|[VEMEmo < 32m'e®™ T (kF + k32) . (3.4.11)

Combining with (3.4.9),

16m'e?MT (k3 + k2
[N s < {14 kT e
1 —m' (16k3T%e?M T (k3 + k2) + 8k2T?)

(3.4.12)

Now, estimating the difference gives
i1
NP = NEY| = | / / Oabu (NN T )N + 0ybu (A, T U
0 0
— Dby (ALY TN )NE Y = 0yby (ALY, T ) U A dfdul
t 1
= //Iﬁxbu(Ai’*,Fi’*)llNF - NN

0 0

+ 10abu (AZA, T2Y) = O,by (ALY T2 |NZ|

+ [0,bu (AP TENU = U]

10y bu (A5 TR = b (A5 T3 |U3 Y | dbdw.
(3.4.13)
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Then, using (B1) and (B6) and applying Gronwall’s lemma, we have
||N:B,)\ B Nz’,)\’ HS‘X’

E(IN* s> + [T ] s)

5 X7 = X7 o

< ele (kZTHUz,)\ N Ux’,XHSOo +

! ! ! !
K ([N ||so + U™ 5) X HAes _ x= X

+ 5 5o

St B i B TR

RN Xl 107 5%) s,y |,Sw> |
On the other hand,

T
Ui Utz',x',,\’ n /(Vui,x,A i N gy
t
1
= / Oph! (AEMYNEA — 0,0 (X AZAYNE Y df
0
(0 Fu(AF™Y) = 0 fu(AFT )V Y db du

+

+ Dol (MG T ARYNGA + 9,1, (ALA, T, AR UL

Tty T T
o o~

A T, AT\ T/T,A iax' N opx' N Az N ' N
u(Au ) Fu ) Au )Vu - aivlu(Au ’ Fu ’ Au )Nu
; / ’ / ! / / ! !/ ; / ’ ! ! / / / /
— QI (AT TN AT TEAN 911 (AT TT A AT AY YA g du,

+ 9,1

where Wi = W — fo' Clds is defined as above. Rearranging the terms on the
right hand side such as in (3.4.13) using successively (B3), (B4), (B6) and using
Cauchy-Schwarz’ inequality, similar to Theorem 3.2.2, with the same constants
c1, co, C, we have

U2 = UM + e (VA = VEY) W Go
<m (16k§T262’“1T (k3 +K2) + 16k§T2> U — U N |2, + 1) + I
+ 243K LT “Scom’ (T° + 2 + 2eL3caC3) (VA — VXY - W30,
where

YU Y 2 /
I = AK*m/eM T (k] + k7) (HN”” Mlge + [|UTA Hsm> (HXg” — X s

2
+“Xx+)\5j B Xx/"")‘/ej Hsoo + HYz _ Yx/HSoo + Hyl’-i-/\@j _ Yx’—i-/\/@j ||Soo> s
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VARV ’ . / P 2
I = 24m' K* (HN% Vi3 (1XF = XF lls + X7 = X7 |5

+ (1GLHIV - Wlo + 2ca (167 s + 107 )
(102 = 27) Wllkwio + 12752 = 27 73) - Wy )
(el Wi + 72 (17 L + 107 s
_ (HXx _ XIIHSOO F| X — Xz’+>\’ejHSOO

’ Y 2
+HYI _y® HSOO + HYIJF)\ej —v® +X ejHS“’) ) )

Hence, it follows from the I:unations (3.4.3), (3.4.5), (3.4.6), (3.4.7) and (3.4.8)
that there exists a constant C' > 0 which does not depend on z, z’ and A, \' such
that

INTA = NN 3w 4 U = U [[Foe + (VO = V) W0
< C(Jo—a'l+ A= N]).

This proves the differentiability of x — (X*,Y* Z%). O

3.A Multidimensional BSDEs with terminal condition of
bounded Malliavin derivative

In this section, we extend the existence result of Cheridito and Nam [16] to the
multidimensional case where the i*" component of the generator depends only on
(y,2"). For simplicity, we prove the crucial boundedness of Z in this setting and
leave out the existence since it follows as in [16, Theorem 2.2]. We consider the

BSDE
T

T
t t

We make the following assumptions:
(D1) g: Q2 x [0,T] x R™ x R™*4 s R™ is a continuous and measurable

function such that gi(y, 2) = gi(y,2%),i = 1,...,m’ and there exists a
constant B € R, and a nondecreasing function p : R4 — R such that

909, 2) — e/, ) < Bly =/ | + o (12l V[Z]) |2 =
forallt € [0,T),y,5 € R™ and z, 2’ € R™ >4,
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(D2) ¢.(0,0) € H* and there exist Borel-measurable functions g;; : [0,7] —
R satisfying fOT quj (t)dt < oo such that for every pair (y,z) € R™ x
R™ >4 with

2

m’ T
\Az‘j\+Z/’qij(t)!€‘m'B(T‘“dt e BT
=1 =1 0

ml

d
2| < Q= m’z
j=1
one has g.(y, z) € E}f(Rm,) and ‘Dﬂg%(y,z)‘ <gjt),i=1,...,m;j=
1,...,d and, for every u € [0,T],
|Dugi(y, 2) = Duge(y', 2")| < Ku (Jly —o'| + |2 = 2'])

for some R | -valued adapted process (K, (t))sc[o,r) such that fOT | K., H;L_LLL du <
0.

(D3) The terminal condition £ € D'?(R™) and there exist constants A;; > 0
such that ‘Dg{i < Ajjforalli=1,....mj=1,...,d

We first prove a useful lemma under the following stronger conditions:

(D1°) g is continuously differentiable in (y, z) is such that gi(y, z) = gi(y, 2%),
i =1,...,m' and there exist constants B € R, p € R such that

|8ygt(?/’ Z)| < B’ ‘azgt(yv Z)| < P
forallt € [0,T],y,y/ € R™ and z, 2 € R"™ %4,
(D2’) Condition (D2) holds for all (y, z) € R™ x R™'*d,

Lemma 3.A.1. If (D1’), (D2’) and (D3) hold, then the BSDE (3.A.1) admits a
unique solution (Y, Z) € S*R™') x H*(R™ *9), and

m’ m' L
AR DIEEDS / lgij (s)le™™ BTV ds | "' BI0 P g di-ae.
i=1 i=1"

Proof. By [16, Lemma 2.5], condition (D3) implies E|{[P < +oo, for all p €
[1,00). It follows from [28, Theorem 5.1 and Proposition 5.3] that the BSDE
(3.A.1) has a unique solution (Y, Z) € S*(R™ ) xHA(R™ *4). Moreover, (Y, Z) €
LEAR™M A5 for i =1, ... m/;s j=1,...,d,

(DY}, DIZY) = (UP" V7" P@dt®drae. and ZY = U?' P ® dt-ae.,

where N N
Ut =0, V;"=0, for 0<t<r<T,
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and for each fixed r, denoting (Utj’T7 th’r) = (DIY;, D} Z,), then (UIr, VIiry is
the unique solution in S(R™) x H2(R™ *¢) of the BSDE

T
Utjm = qunf + /aygs(}/sv Zs)Ug’T + azgs(YSa Zs)vsj’T + Dq]n‘gs(}/m Zs)ds
t

T

—/WMm.
t

Using the conditions (D1”), we have

T
U/ = Dig' + / 0y9.(Ye, Z)UL" + 0,:9. (Y, Zo)VI" + Digi(Ye, Zs)ds
t

T

—:/vgmdwg
t
T

T
=Dl [ 04k 2003+ DY, Zgds — [ viirai,
t t

where Wt’ =W;— fg 0,:9%(Ys, Zs)ds is a Brownian motion under the probability
measure P’ := £(d,:g"(Y., Z.) - W) - P. Taking conditional expectation with

respect to F; and P*, using condition (D1”) and (D3)
T
uﬁﬂgﬁi%+/mwf
t

Fi

+ qij(s)ds

Hence, Utij "< ug where u{ is the solution of the following ODE

' m/ T ‘ m/
ul = ZAij + /m’Bué + Zqij(s)ds.
i=1 / i=1

It is easy to see that the unique solution of the above ODE is given by

' m’ m’! T
ui = Z Aij + Z qij(s)efm B(T=s)qg | em' B(T=1),
i=1 i=1
Hence
B m/ m/ T
U < Z A+ Z gij(s)e ™ BI=9gs | MBI P dt-ae. O
i=1 i=1
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Theorem 3.A.2. If(D1) - (D3) hold, then the BSDE (3.A.1) has a unique solution
in SHR™) x H>(R™*9) and

m! m! T
|z < ZAz‘j + Z/qij(s)e_m,B(T_s)ds em/B(T_t), P ® dt-a.e.
i=1 =17
Proof. Using Lemma 3.A.1, following the same procedure foreach g, i = 1,...,m/
as in the proof of [16, Theorem 2.2] and in combination with [28, Proposition 5.1]
the result follows. O

3.B Multidimensional BSDEs with superquadratic growth

In this section, we will drop the assumption that the i*" component of the generator
depends only on (y, z*). We obtain solvability for small time horizon. Under an ad-
ditional condition on the growth function p, the existence result hold for arbitrarily
large time horizon. We consider the BSDE

T T

Yi=¢+ / Gu (Vs Zu)du — / ZudW,. G.B.1)
t t

We make the following assumptions:

(H1) g : Q x [0,T] x R™ x R™*4 _ R™ is a continuous and measurable
function such that there exists a constant B € R, and a nondecreasing
function p : Ry — R, such that

l9:(y.2) —ae (/. 2| < Bly—o/| +p (2| v |Z]) |z = 7|
forallt € [0,T],y,y/ € R™ and z, 2 € R"™ %4,
(H2) ¢.(0,0) € H* and there exist Borel-measurable functions g;; : [0,7] —

R satisfying fOT quj (t)dt < oo such that for every pair (y,z) € R™ x
R™ >4 with

Q= |2

d /
J]=

" T
) |Aij|2+/|qij(t)l2dt :
1i=1 5
one has g.(y, 2) € L5 (R™) and | Digi(y, 2)| < aig (1), = 1,.... m'5j =
1,...,d and, for every u € [0,T],

|Dugi(y: 2) = Duge(y', 2| < Ku (Jy —y/| + |2 = '])

for some R, -valued adapted process (K (t))sc[o,7] such that f(;‘r \|Ku||;l_[4 du <
0.
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(H3) The terminal condition & € D"?(R™) and there exist constants A;; > 0
such that )D{fi‘ < Ajjforalli=1,...,m55=1,...,d.

We first prove a useful lemma under the following stronger conditions:

(H1”) g is continuously differentiable in (y, z) is such that there exist constants
B € Ry, p € Ry such that

‘6ygt(yaz)| S B7 lazgt(yaz)‘ S P

forallt € [0,7),y,y/ € R and z, 2 € R"™ %,
(H2’) Condition (D2) holds for all (y, z) € R™ x R™ x4,
Lemma 3.B.1. If (H1’), (H2’) and (H3) hold, then the BSDE (3.B.1) admits a
unique solution (Y, Z) € SHR™) x H*(R™*9), and
T

|Zg|2 < Z A?j + /qgj(S)e_(QB+p2+l)(T_s)ds e(QB+p2+1)(T_t), P&dt-a.e.
i=1

t

Proof. By [16, Lemma 2.5], condition (H3) implies F|{[P < +oo, for all p €
[1,00). It follows from [28, Theorem 5.1 and Proposition 5.3] that the BSDE
(3.B.1) has a unique solution (Y, Z) € S*(R™ ) xH*(R™ *4). Moreover, (Y, Z) €
LR XD for i =1,...,m/s j=1,...,d,

DY} DIZH) = (U V9" P@dt®drae. and Z7 = U P dt-ae.,
r-t r<t t t t t

where
Utij’T:0, Vtij’r:O, for 0<t<r<T,

and for each fixed r, denoting (U™, V") = (DLY;, DL Z;), then (U, Vi) is
the unique solution in S(R™) x H2(R™ *¢) of the BSDE
T
Utjm = qug + /aygs(}/& Zs)Ug’r + 8zgs()/37 Zs)vsj’r + qu;gs(yvs, Zs)ds
t

T

— / VITdW.
t
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Applying It6’s formula to |U7""|? yields
T T
Ui = Digf? - [2viviraw. + [ 2uieg. (v 20Ul
¢ ¢
+ 2037 0:95(Ys, Z6) V3" + 203" Dlgs(Yi, Zs) — |V *ds

T
<IDjgf - [avirviraw,
t

T m/
+ [ 2Bl 20U VT 2, Y B (U~ Vi
p i=1
T T m!
< |Di¢)? — /2Ugv’”vgfdws + / 2B+ p* + 1) [UZ"> + D g}i(s)ds.
t t i=1

Taking conditional expectation with respect to F; and P, using condition (H3)

! T m’
U< E ZA?j+/(2B+p2+1) U2+ a5y (s)ds | Fi
i—1 f i=1

Gronwall’s inequality implies that

m’ T
U7 < Z A?j + /qv?j(s)e_(w“z“)(:r_s)ds e<23+p2+1)(T_t), P®dt-a.e.
i=1

t

Theorem 3.B.2. If(H1) - (H3) hold andT' < w&%, then the BSDE (3.B.1)

has a unique solution in S*(R™) x H>®(R™ *4) and

T
m
21| §2Z A?j+/q3j(8)ds , P®dtae

i=1 9

Proof. Define

gt(y Z) — gt(yaz) if |Z| S Qv
’ 9:(y,Qz/|2]) if 2] > Q.

Denote z = (y, z) € R ™% and let 8 € C°°(R™ +™'*4) be the mollifier

Blx) = {)\exp (—ﬁ) if |z] <1,

0 otherwise,
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where the constant A € R, is chosen such that [,/ mxa 8(x)dz = 1. Set
B(x) == n™ T X3 (ng), n € N\ {0}, and define

9t (w, ) = / Gt(w, 23" (x — 2’)dx’.
Rm/ +m/ xd

Then all g™ satisfy (H1”) and (H2’). Therefore by Lemma 3.B.1 there exist unique
solutions (Y, Z") € S*(R™) x H*(R™*%) to the BSDEs corresponding to
(9", €), and

V4 ,J|2 < Z /qz (3)67(2B+p2(Q)+1)(Tfs)d8 e(ZBerQ(Q)Jrl)(Tft)

S

. log 2 .
Since T' < SBER Q)T We obtain

ZM2 < 9 ZA +Z/q3]

1,10

Thus, following the same procedure as in the proof of [16, Theorem 2.2] and in
combination with [28, Proposition 5.1] the result follows. O

Theorem 3.B.3. If (H1), (H3) hold and p is such that 37" 5oy > T,

(H2) holds for all (y,z) € R™ x R™*4 such that |z| < 2NQ where N is the

smallest integer such that Zn -0 2B+p120(723QH1 > T. Then the BSDE (3.B.1) has

a unique solution in S*(R™') x H®(R™ *%) and

1z, <2NQ, P @ dt-ae.

Proof. From Theorem 3.B.2, the BSDE (3.B.1) has a unique solution in S* (Rm/) X

HoO(R™*4) and |Z,| < Q on [T — ZBJFI;’Q%, T]. By Lemma 3.B.1, we have

IDIY, w2 \2 < Zz\AU\MZ/mqw )[2dt.
2B+p2(Q)+1 =19

By similar arguments as in Lemma 3.B.1 and Theorem 3.B.2, the BSDE (3.B.1) has

a unique solution in S*(R™" ) x 1 (R™ *?) on [T— QBJFl;)gg(é)H - QBJF;;%;Q)H ,T—
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log 2 . . ..
BT Q)T +1] with terminal condition Y., 25+1;2g(i? - and
m! T
DIy, og o 2<N 22147 + /22+2 dt,
| D] T— 2B+1p28(2)+1 2B+;2E<I2QQ | Z | A4 Z |35 (t |
19
log 2 log 2 log 2 ]

Zy| <2Q, te|T — — , T — .
2] =20 | 2B+ p2(Q)+1 2B+ p%(2Q) +1 2B+ p?(Q) +1
By recurrence, for m > 2, the BSDE (3.B.1) has a unique solution in S* (]Rm/) X

log 2 log 2 . .
HO®™ ) on [T =30y spratmgrn I — Lonco spr(rgyTa) With termi-

nal condition YTizm 1 log 2 , an
n=0 23+p2(2"Q)+1

! m Lot
DIY,. <m log 2y oM A2+ / 2%) dt,
| rdp_ ":Om| ; | z]| ; ; |sz |
- =17y k=
m m—1
log 2 log 2
Zy| < 2™ te |l —
2] =27Q, tel Z2B+p(2nQ EQB—H) Q1
Hence the existence follows from a pasting argument. The uniqueness follows
from a similar argument as in the proof of [16, Theorem 2.2]. g
log 2
Remark 3.B4. If p(z) = \/log(1 +z) for z > 0, then > - 023+p°*‘°;"@ =
oo. Indeed, since p(2" Q) < y/log(27(1+ @)), we have
oo
= 2B+ p%(2°Q) +1 =~ £ 2B +1og(2"(1 +Q)) + 1
o0

= = 0.
= 2B +log(1+ Q) +nlog2+1
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Chapter 4

BSDESs on Finite and Infinite
Horizon with Time-delayed
Generators

4.1 Introduction

In Delong and Imkeller [24, 25], the theory of backward stochastic differential
equations (BSDEs) was extended to BSDEs with time delay generators (delay BS-
DEs). These are non-Markovian BSDEs in which the generator at each positive
time ¢ may depend on the past values of the solutions. This class of equations
turned out to have natural applications in pricing and hedging of insurance con-
tracts, see Delong [23].

The existence result of Delong and Imkeller [24], proved for standard Lips-
chitz generators and small time horizon, has been refined by dos Reis et al. [26]
who derived additional properties of delay BSDEs such as path regularity and ex-
istence of decoupled systems. Furthermore, existence of delay BSDE constrained
above a given continuous barrier has been established by Zhou and Ren [77] in a
similar setup. More recently, Briand and Elie [13] proposed a framework in which
quadratic BSDEs with sufficiently small time delay in the value process can be
solved.

In addition to the inherent non-Markovian structure of delay BSDEs, the dif-
ficulty in studying these equations comes from that the inter-temporal changes of
the value and control processes always depend on their entire past, hence making it
hard to obtain boundedness of solutions or even BMO-martingale properties of the
stochastic integral of the control process. This suggests that delay BSDEs can ac-
tually be solved forward and backward in time and in this regard, share similarities
with forward backward stochastic differential equations (FBSDEs), see Section 4.4
for a more detailed discussion.

The object of the present chapter is to study delay BSDEs in the case where
the past values of the solutions are weighted with respect to some scaling function.
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In economic applications, these weighting functions can be viewed as representing
the perception of the past of an agent. For multidimentional BSDEs with possibly
infinite time horizon, we derive existence, uniqueness and stability of delay BSDE
in this weighting-function setting. In particular, we show that when the delay van-
ishes, the solutions of the delay BSDEs converge to the solution of the BSDE with
no delay, hence recovering a result obtained by Briand and Elie [13] for different
types of delay. Moreover, we prove that in our setting existence and uniqueness
also hold in the case of reflexion on a cadlag barrier. We observe a link between
delay BSDEs and coupled FBSDE and, based on the findings in chapter 3, we de-
rive existence of delay quadratic BSDEs in the case where only the value process
is subjected to delay. We refer to Briand and Elie [13] for a similar result, again for
a different type of delay and in the one-dimensional case.

In the next section, we specify our probabilistic structure and the form of the
equation, then present existence, uniqueness and stability results. Sections 4.3
and 4.4 are dedicated to the study of reflected delay BSDEs and quadratic and
superquadratic BSDEs with delay in value process, respectively.

4.2 BSDEs with time delayed generators

We work on a filtered probability space (2, F, (Ft)¢eo,), P) with T € (0, oc].
We assume that the filtration is generated by a d-dimensional Brownian motion
W and it is complete and right continuous. Let us also assume that 7 = Fr.
We endow €2 x [0, 7] with the predictable o-algebra and R* with its Borel o-
algebra. Unless otherwise stated, all equalities and inequalities between random
variables and stochastic processes will be understood in the P-a.s. and P & dt-
a.e. sense, respectively. For p € [1,00) and m € N, we denote by SP(R") the
space of predictable and continuous processes X valued in R™ such that || X %3, :=
E[(supyepo 7 | Xt])P] < oo and by HP(R™) the space of predictable processes Z
valued in R™*? such that || Z|},, := E[(fOT | Zu|* du)P/?] < oo. For a suitable
integrand Z, we denote by Z - W the stochastic integral ( fot Z AWy )iejo,r) of Z
with respect to W. From Protter [68], Z - W defines a continuous martingale for
every Z € HP(R™). Processes (¢¢);c(o,r] Will always be extended to [—T',0) by
setting ¢; = 0 for t € [~T,0). We equip R with the o-algebra B(R) consisting of
Borel sets of the usual real line with possible addition of the points —oo, 400, see
Bogachev [11].

Let £ be an Fp-measurable terminal condition and g an R™-valued function.
Given two measures «; and ag on [—o0, o0, and two weighting functions u, v :
[0,7] — R, we study the existence of the BSDE

T

T
Y; =£+/g(8,F(s))d8 - /ZSdWS, te[0,T7], 4.2.1)
t t
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where
0 0
I'(s) := /u(s + 7) Yoo (dr), / v(s+ 1) Zsyran(dr) | . (4.2.2)
T -7

Example 4.2.1. 1. BSDE with infinite horizon: If u = v = 1 and a1 = @y = g
the Dirac measure at 0, then Equation (4.2.1) reduces to the classical BSDE with
infinite time horizon and stantard Lipschitz generator.

2. Pricing of insurance contracts: Let us consider the pricing problem of an insur-
ance contract £ written on a weather derivative. It is well know, see for instance [3]
that such contracts can be priced by investing in a highly correlated, but tradable
derivative. In the Merton model, assuming that the latter asset has dynamics

dSt = St(utdt + O'tth)a

then the insurer chooses a number 7; of shares of S to buy at time ¢ and fixes a cost
¢ to be paid by the client. Hence, he seeks to find the price V{ such that

dV;g = Ct dt + Wtdt(th + (915 dt)

with 0; = o}(oy04) " . It is natural to demand the cost ¢; at time ¢ to depend on
the past values of the insurance premium V4, for instance to account for historical
weather data. A possible cost criteria is

0
¢t = M, / cos(%(t +5))Vigsds
-T
where P accounts for the weather periodicity and M is a scaling parameter. Thus,
the insurance premium satisfies the delay BSDE

T

T /0

2

\/254-/( Mucos(%(u+s))Vu+Sds+Zuau9u du—/ZudI/Vu. O
t T

t

4.2.1 Existence

Our existence result for the BSDE (4.2.1) is obtained under the following assump-
tions:

(A1) aq, a9 are two deterministic, finite valued measures supported on [T, 0].

(A2) u,v : [0,T] — R are Borel measurable functions such that u € L'(dt)
and v € L2(dt).
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(A3) g: Qx[0, T]xR™xR™*? — R™ is measurable, such that fOTg(s, 0,0)ds €
L?(R™) and satisfies the standard Lipschitz condition: there exists a con-
stant K > 0 such that

lg(t y.2) — gty 2 < K(ly —¢/| + 2 = 2'))

for every y,y' € R™ and z, 2/ € R™*¢,
(A4) ¢ € L*(R™) and is Fr-measurable.

Theorem 4.2.2. Assume (Al)-(A4). If

K2a3([=T0)) lul 33y < 3. w23
K2a3([=T,0) o] F2(ay < 3.

then BSDE (4.2.1) admits a unique solution (Y, Z) € S?(R™) x H2(R™*9),

For the proof we need the following lemma on a priori estimates of solutions of
4.2.1).

Lemma 4.2.3 (A priori estimation). Assume (A1)-(A3). Forevery§ €€ L2(R™),
(y,2), (7, 2) € S2HR™) x H2(R™*) and (Y, Z), (Y, Z) € SE2(R™) x H2(R™*9)
satisfying

€+j; S, sds—ft Z AW
=&+ [ g(s,7(5))ds — [ ZsdWy, te0,T]

with

v(s) = (Sopuls + r)yseran(dr), [Op o(s +1)zesraz(dr)
~(s) = fET u(s + r)yserar(dr), fBT V(s + 1) Zsqraa(dr)

Then, one has

1Y = T2 gm + 12 = 22 gy
< 20K ([T, 0]) |l 7 ar) 1y — 91l em)
112 _
+10[|€ = &[> gy + 20K 3 ([T, 0]) 0] Z2(ar) 12 = 2132 mnay-
Proof. Let (y,2) € S?2(R™) x H2(R™*%), by assumptions (A1) and (A3), using
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2ab < a? + b2 and [26, Lemma 1.1], we have

0 2
b K /v(s—i—r)szrrag(dr)ds)
T

T 2 T
<3E (/ lg(s,0 0)ds> + K? (/
0 0
T 0
e (//v(s—i—r)zSJrrag dr)d
0 -T

T 2 2
<3E (/ g(s,0,0)ds) + K? (/041([5 - T, 0])“(5)113615)
0

0

T 2
2 — vl S Z S
(0/a2([3 7,0)Ju(s)]| sd)

T 2 T 2
< 3E (/ g(s,0,0)ds) + 3K2%02([-T,0)) (/u(s)ds) E
0

0
T T

+ 3K262([-T, 0]) (/v(s)zds) E /zs%zs] .
0 0

Hence, it holds fOTg(s,’y(s)) ds € L.
Now, for t € [0, 7], we have

T T

Yi=e- £+ / 9(5,7(5)) — g(s,7(s))ds — / Zo— Z.dW,  (42.4)

t t

2
|u(s + 7)|[Ystrloa(dr)ds )

/
)

sup Iyt2]
0<t<T

and taking conditional expectation with respect to F; yields
T

Ele—i+ / 9(5,74(5)) — g5, 7(s))ds

t

Y — Fi

69
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By Doob’s maximal inequality and 2ab < a? + b?, we obtain

E| swp |V V2
0<t<T
T 2
_ B sw |E|e—i+ / 9(5,7(5)) — g(5,7(s))ds| F
0<t<T

9\ 2

Fi

0<t<T

T
<EB| sup E|le—8+ / 19(,7(5)) — g(s,7(s))ds
0

2

T
<85 [le= 2+ | [ latsr(5) — gls7(5))] ds
0

On the other hand, for ¢ = 0 in (4.2.4), bringing [, Zs — ZsdWj to the left hand
side, taking square and expectation to both sides and 2ab < a® + b%, we have

T T 2

B O/ Z— ZPat| =B (e é+ 0/ 9(5,7(5)) — g(s,7(s))ds | — Yo — Tof?
T 2
<Ble-é+ / 9(,7(5)) — 9(5,7(s))ds
0

2

T
<oF || &2+ / 19(5,7()) — g(s,7(s))ds
0

By assumption (A3), using [26, Lemma 1.1] and the inequality 2ab < a? + b2, we
have
2

T
B / 19(s,7(3)) — g(s,3(s)\ds
0

T 0
<K [ [ 1uls+0)lomt = usrlen(ar)as
0 -T

2

T 0
+//\v(s—l—r)stJrr—zs+r|a2(dr)ds
0

T
T T
= K?E (/al([s —T,0])|u(s)||ys —§S|ds—|—/0¢2([s—T,O])|v(s)||zS — Zs|ds
0 0
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2 _12 2 12
< 2K2ai (=T, 0)) [[ull 2 any v — Flls2 + 2K2a3([=T, 0) [Vl Z2(ap) 12 — Zll32 -
Hence,

1Y = YZ2m) + 12 = Zl32gmeay < 20K23 ([T, 0]) [|ul|Faary 1y — 9llZ2gom)
10E [|€ — €%] + 20K2a3 ([~ T, 0]) l0[172ary |2 = Zl32 gemway-

This concludes the proof. U

Proof ( of Theorem 4.2.2). Let (y, z) € S>(R™) x H2(R™*?) and define the pro-
cess y(s) = (fET u(s + 7)yssrar(dr), fET v(s+ T)Zs+r052(dT)>. Similar to
Lemma 4.2.3, it follows from (A1)-(A4) that

T 2

E {—F/g(s,’y(s))ds < 0.
0

According to the martingale representation theorem, there exists a unique Z €
H2(R™*9) such that for all ¢ € [0, 77,

t

T
Fl=Eler / 9(s,1(s))ds | + / Z,dW,.
0 0

T
E §+/g(s,’y(8))ds
0

Putting
T

Yim B¢+ [glsn(e)as| 7|, 0<t<,
t
the pair (Y, Z) belongs to S?(R™) x H2(R™*4) and satisfies

T

T
Yi=¢+ /g(s,'y(s))ds - /ZSdWS, 0<t<T
t t
Thus we have constructed a mapping ® from S?(R™) x H2(R™*?) to itself such

that ®(y, 2) = (Y, Z). Let (y,2),(7,2) € S*(R™) x H2(R™* ), and (Y, Z) =

O(y,2), (Y,Z) = ®(y, z). By Lemma 4.2.3, we have

1Y = ¥ 1Zem + 12 = 213 gmnay < 10K203(=T,0) ullf a1y — 73e(zem)
+ 10K %a3([-T,0]) ||U\|%2(dt) |z — 2||3—[2(Rm><d)

so that if condition (4.2.3) is satisfied, ® is a contraction mapping which therefore

admits a unique fixed point on the Banach space S?(R™) x H2(R™*%). This
completes the proof. O
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4.2.2 Stability

In this subsection, we study stability of the BSDE (4.2.1) with respect to the delay
measures. In particular, in Corollary 4.2.5 below we give conditions under which
a sequence of solutions of BSDEs with time delayed generator converges to the
solution of a standard BSDE with no delay. Given two measures « and 3, we write
a < Bif a(A) < B(A) for every measurable set A.

Theorem 4.2.4. Assume (A2)-(A4). Fori = 1,2and n € N, let o}, o; be mea-
sures satisfying (A1); with o satisfying (4.2.3) in Theorem 4.2.2 and such that
al'([=T,0]) converges to o;([—T,0]). If o} < aq (or oy < af) and af <
(or ag < af), then [|[Y" — Y| s2mmy — 0 and | Z" — Z||32(gmxay — O, where
(Y™, Z™) and (Y, Z) are solutions of the BSDE (4.2.1) with delay given by the
measures (o, o) and (a2, a2), respectively.

Proof. From Theorem 4.2.2, for every n, there exists a unique solution (Y™, Z™)
to the BSDE (4.2.1) with delay given by the measures (af, o). Since o', i =
1, 2 satisty (4.2.3) in Theorem 4.2.2 and o' ([T, 0]) converges to o;([—1',0]), it
follows that «; satisfy (4.2.3) and by Theorem 4.2.2 there exists a unique solution
(Y, Z) to the BSDE with delay given by («, ). Using

T T
V'"-Y, = /g(s,I‘"(s)) —g(s,T(s))ds — /Zf;‘ — ZsdWs,
t t

it follows similar to the proof of Lemma 4.2.3 that

2

T
E| sup |V~ Y| <4E /Ig(s,T"(S))—Q(SI(S))Ids ;
0

0<t<T

and

2

T T
B / Zr -z | <E / 19(s, T (s)) — g(s,T(s))|ds
0 0

On the other hand, using 2ab < a? + b%, we get

T 2

B[ [ lats.17(5) ~ gl (5 ds

0

T 0 0
<2K*E / ‘ /u(s + )Y/, ol (dr) — / u(s +7)Ysprar(dr)|ds
0 T -7
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2

T 0 0
+2K*F /' /v(s + )2 o (dr) — /v(s + 1) Zsyraz(dr)|ds
0 -1 -7

Without loss of generality, we assume a1 < of and s < «f. Hence o] — a;,
1 = 1, 2, define positive measures satisfying (A1). Therefore,

T 0 0
E / /u s+ )Y\ af (dr) — /u(s + 7)Yy (dr)|ds
0 -T -T
T 0 2
<2E //|us+7’ )Yy = Yeir| o (dr)ds
0 -T

27

T 0

Y //|us+r||YS+T|( — on)(dr)ds
0o —-T
1.

Using [26, Lemma 1.1], we obtain

o

=
—
@
+
3
CIJ
+
k!
V)
+
=
Q
s
L
3
~—
U

2

4
=
S
N~—c
=
®
+
=
oS
+
=
|
=}
s
=
=
QL

T
+ B /(a?al)([sT,O])IU(S)IIKIdS
0

< (@ (=T, 0D)* [[ull B gy Y™ = YISz
+ ((af = an)([=T,00))* 7 ) 1Y |3 om)-
Similarly, for the control processes we have
0 0 2

/T‘ /v(s+r)Z?+,a§(dr)— /v(s—l—r)ZerTQQ(dr) ds
0o -7 o7

< 2(a3([=T,0)) [[vl72(an) | 2" = Z N5 2(memxa
+2((af = a2) (=T, 0))* [0 2a0) 12 132 gy
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Hence
Y™ — Y”?S?(Rm) + 12" - Z\I%Q(Rmxd>
< 20K (4 (=T, 0))° 1l 2y 1Y ™ = Y 52 geomy
+ 20K ((aff — a)([-T,0]))° HUH%I(dt)HYH?SQ(Rm)
+ 20K (a5 ([T, 01)* 10]| 24 | 2" = ZII32 omca
+20K7 (o — a2)([=T,00)* 0117 240y | Z 1132 a
< IV = Y g + 2127 = 21
+20K° (o — an)([=T,0D)* [[ull 1 (4o 1Y 132 (g
+20K7 ((af — a2)([=T, 00)* 10117240y | Z 1132 may
Therefore, the result follows from the convergence of o' ([-7,0]), s =1,2. O

The following is a direct consequence of the above stability result. We denote by
do the Dirac measure at 0.

Corollary 4.2.5. Assume (A2)-(A4). Fori = 1,2and n € N let o be measures
satisfying (A1) and (4.2.3) in Theorem 4.2.2 and such that o' ([T, 0]) converges
to 1. If o < af (or ay < &) and dg < af (or ay < &o), then [|[Y" =Y || s2mm) —
0and | Z" — Z||32(gmxay — 0, where (Y™, Z") is the solution of the BSDE (4.2.1)
with delay given by (o, o) and (Y, Z) is the solution of BSDE without delay.

We conclude this section with the following counterexample which shows that the
condition o1 < af (or of < «1) and az < af (or a < ag) is needed in the
above theorem.

Example 4.2.6. Assume that m = d = 1. We denote by dy and d_; the Dirac
measures at 0 and —1, respectively. It is clear that do([—1,0]) = d_1([—1,0]).
Consider the delay BSDEs

1 0 1
Y, =1+ / 1/5 (/ Yoirr + Zory | So(dr)ds — / Zy dW, (4.2.5)
t 1 0

and
1 0 1
Y, =1+ / 1/5 (/ Yoir + Zsir | 6_1(dr)ds — /ZS dWs. (4.2.6)
t 1 0

Since BSDE (4.2.6) takes the form Y; = 1 — [, Z,, dW,, it follows that ¥; = 1 for
all ¢ € [0,1]. On the other hand, (4.2.5) is the standard BSDE without delay, its
solution can be written as Y; = E[H! | F;], where the deflator (H!)s>; at time ¢ is
given by dH! = —HT;(ds—i—dWS). Thus, Y; = exp(—1/5(1—t)) and for ¢t € [0,1),
Y; < Y. O
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4.3 Reflected BSDEs with time-delayed generators

The probabilistic setting and the notation of the previous section carries over to the
present one. In particular, we fix a time horizon 7" € (0, oo] and we assume m = 1.
For p € [1, 00), we further introduce the space MP(RR) of adapted cadlag processes
X valued in R such that || X[/}, ,, := E[(sup;efo 77| X:¢|)P] < oo and by AP(R), we
denote the subspace of elements of MP(R) which are increasing processes starting
at 0. Let (St)te[o,T] be a cadlag adapted real-valued process. In this section, we
study existence of solutions (Y, Z, K') of BSDEs reflected on the cadlag barrier S
and with time-delayed generators. That is, processes satisfying

T T
Y, = g+/g(s,r(s))ds+KT ~ K, —/ZSdWS, te[0,7](43.1)
t

t
Yy >S5 (4.3.2)

ST (Yie = Si)dK; =0 4.3.3)
with I' defined by (4.2.2). Consider the condition
(A5) E [supg;<7(Si)?] < oo and Sp < &
Theorem 4.3.1. Assume (A1)-(AS). If

K203 ([=T,0]) [Jull £ gy <
K?a3([=T,0)) [[v] 72 <

1
567 (4.3.4)
367

then RBSDE (4.3.1) admits a unique solution (Y, Z,K) € M?(R) x H?(R%) x
A2(R) satisfying

T

Y, = esssup B /Q(SI(S))dS + S liery + =y | 2|
TET:

where T is the set of all stopping times taking values in [0,T] and T, = {T € T :
T >t}

Proof. For any given (y, z) € M?(R) x H?(R?), similar to the proof of Lemma

4.2.3, we have
2

T
B+ [gonis| <o
0

with  defined as in Lemma 4.2.3. Hence, from [50, Theorem 3.3] for 7' < oo and
[1, Theorem 3.1] for T' = oo the reflected BSDE

T T
}/t:£+/g(sa7(s))dS+KT_Kt_/stWs

t t

75



Time-delayed BSDEs

with barrier S admits a unique solution (Y, Z, K') such that (Y, Z) € B, the space
of processes (Y, Z) € M?(R) x H%(R?) such that Y > S, and K € A%(R).
Moreover, Y admits the representation

T

Y; = esssup E /g(s,’y(s))ds + S 1oy + 1oy | |  t€[0,T].
TET:

Hence we can define a mapping ® from B to B by setting ®(y, z) := (Y, Z). Let
(y,2),(y,2) € Band (Y, Z) = ®(y, 2), (Y, Z) = ®(y, Z). From the representa-
tion, we deduce

Y; — Yy

Fi

< csssup / 19(s,7(5)) — g(s,7(s))Ids

T

<E / 9(5,74(5)) — 9(5,7(5))ds

0

Fi

Doob’s maximal inequality implies that
2

E| sup | —Y?

T
<4E / 19(5,7(5)) — g(s,3(s))|ds
0<t<T >

Applying It6’s formula to |Y; — Y;|?, we obtain

T

T
Y- T2+ / 2, — Z,Pds =2 / (Y — Ta)(g(5.7(5)) — gs,7(5)))ds

T T
+2 / (Yoo — Vo )d(K, — Ky) — 2 / (Y — Vo) (2 — Zo)dW,

T T
—2 / (Y — V) (g(s,7(s)) — g(s,7(s)))ds — 2 / (Y — Va)(Zs — Z,)aw,

T T
(Yts— - Ss—)sz - 2/(}/8— - Ss—)dl_{s -2 /()_/s— - Ss—)sz

T

t t t
T

t
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Since (Y, K) and (Y, K) satisfy (4.3.2) and (4.3.3), we have
T T
i~ Yift+ [ 12, ZPds <2 [ (V.- Vlgs19(9)) - 957 (5))ds
t t

T
- 2/‘(1{9 - YS)(ZS - Zs)dWs~

Hence
T
E /yZS—ZSdes
0
T 2
<8 | swp [vi- TP+ B | | [ lo(sr(s) ~ gl 7(s)ds
0<t<T 0

In view of the proof of Lemma 4.2.3, we deduce

2

T
1Y = Y@ + 12 = Z|32ge) < 9E /Ig(s,v(S)) —9(s,7(s))|ds
0

< 18K?af([-T,0)) HUH%l(dt) ly = 7l 32 e
+18K2a3 ([T, 0)) v Z2(ap 12 — 213 ey

By condition (4.3.4), ® is a contraction mapping and therefore it admits a unique
fixed point which combined with the associated process K is the unique solution
of the RBSDE (4.3.1). g

4.4 Quadratic and superquadratic BSDEs with delay in
value process

In this section, we study quadratic and superquadratic BSDEs with delay in value
process through the connection between BSDEs with time-delayed generators and
FBSDEs. We work in the probabilistic setting and with the notation of Section 4.2.

Standard methods to solve BSDEs with quadratic growth in the control variable
often rely either on boundedness of the control process, see for instance [69] and
[16], or on BMO estimates for the stochastic integral of the control process, see for
instance [73]. However, as shown in [24], solutions of BSDEs with time-delayed
generators do not, in general, satisfy boundedness and BMO properties so that
new methods are required to solve quadratic BSDE with time-delayed generators.
Recently, [13] obtained existence and uniqueness of solution for a quadratic BSDE
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with delay only in the value process. We show below that using FBSDE theory, it
is possible to generalize their results to multidimension and considering a different
kind of delay. Moreover, our argument allows to solve equations with generators
of superquadratic growth.

Let ; be the uniform measure on [—7',0], ca the Dirac measure at 0. Put
u(s) = v(s) = 1, for s € [0,T]. We are considering the following BSDE with
time delay only in the value process:

T T

Y, = §+/g(s,/mr, Zs)ds—/ZSdWS, te[0,7]. @4.1)
0

t t

We denote by D2 the space of all Malliavin differentiable random variables and
for & € D2 denote by D;¢ its Malliavin derivative. We refer to Nualart [61] for
a thorough treatment of the theory of Malliavin calculus, whereas the definition
and properties of the BMO-space and norm can be found in [47]. We make the
following assumptions:

(B1) g : [0,T] x R™ x R™*¢ — R™ is a continuous function such that
g'(y, 2) = g'(y, 2*) and there exists a constant K > 0 as well as a nonde-
creasing function p : Ry — R such that

19(s,y,2) = g(s,9/, )| < Kly —y/| + p(|2| V[])]z = 2,
9(s,9,2) = g(5, 9, 2) = g(5,9,2") + g(s,4, ") < K(ly — y/| + |z — 2|)

forall s € [0,T),y,y’ € R™and z, 2’ € R™*4,

(B2) ¢ is Fp-measurable such that £ € DLQ(Rm) and there exist constants
A;; > 0 such that

DI < A, i=1,...m; j=1,....d,
forall t € [0,T].
(B3) g: Qx[0,T]xR™xR™*% is measurable, g(s,y, z) = f(s,2)+1(s,y, 2)
= i

where f and [ are measurable functions with fi(s,z) = fi(s,2%), i
1,...,m and there exists a constant /' > 0 such that

f(s,2) = f(s,2)] < K(1+ 2| + ['])]z = 2,

U(s,y,2) = Us,y, &) < Kly —y/| + K(1+ 2] + [2[9)]2 = #/],
f(s,2)] < K(1+|2),

15,9, 2)] < K(1+ [2'F),

for some 0 < ¢ < 1and forall s € [0,T],y,y € R™ and 2, 2 € R™*4,
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(B4) £ is Fp-measurable such that there exist a constant KX > 0 such that
€| < K.

(BS) g : Q x [0,T] x R x R* — R is progressively measurable, continuous
process for any choice of the spatial variables and for each fixed (s,w) €
[0,T] x Q, g(s,w,-) is continuous. g is increasing in y and for some
constant K > 0 such that

l9(s,y,2)| < K(1+ |z]),
forall s € [0,7],y € Rand z € RY.
(B6) ¢ is Fr-measurable such that ¢ € L.

(B7) g : Q x [0,T] x R x R? — R is progressively measurable, continuous
process for any choice of the spatial variables and for each fixed (s,w) €
[0,7] x €, g(s,w,-) is continuous. g is increasing in y and for some
constant &K > 0 such that

l9(s,y,2)| < K(1+ |2,
forall s € [0,7],y € Rand z € R%

Proposition 4.4.1. Assume T € (0, 00).

1. If (B1)-(B2) are satisfied, then there exists a constant C > 0 such that
for sufficiently small T, BSDE (4.4.1) admits a unique solution (Y,Z) €
S2(R™) x H2(R™ ) such that |Z| < C.

2. If (B3)-(B4) are satisfied, then there exist constants C1,Cy > 0 such that
for sufficiently small T, BSDE (4.4.1) admits a unique solution (Y,Z) €
S2(R™) x H2(R™ ) such that |Y| < Cy and || Z - AW ||gmo < Co.

3. If m =d = 1and (B5)-(B6) are satisfied, then BSDE (4.4.1) admits at least
a solution (Y, Z) € S?(R) x H2(R?).

4. If m = d = 1 and (B4) and (B7) are satisfied, then BSDE (4.4.1) admits
at least a solution (Y,Z) € S*(R) x H*(R?) such that Y is bounded and
Z - W is a BMO martingale.

Proof. Define the function b : R™ — R™ by setting for y € R™, bi(y) = ¢,
i=1,...,m.Fort € [0,T], put

t

X, = / b(Y.)ds.

0
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Thus BSDE (4.4.1) can be written as the coupled FBSDE

Xy = [y b(Ys)ds,
T T 4.4.2)
Y :g"i_ft 9(37X87Z5)d3_ft ZsdW

so that 1. and 2. follow from chapter 3, and 3. and 4. from [5]. ]

The above theorem provides an explanation why it is not enough to solve a time-
delayed BSDE backward in time, one actually needs to consider both the forward
and backward parts of the solution due to the delay.
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Appendix A

Appendix

A.1 BMO martingales

We recall some results and properties of BMO martingales, for a thorough treat-
ment, we refer to Kazamaki [47]. For any uniformly integrable martingale M with
My =0andp € [1,00), define

1
1Ml 8310, = sup | E[(M)7 - (M)7]2 Fr]7 | oo
TE

We will use BM O, (P) when it is necessary to indicate the underlying probability
measure, and just write BM O when p = 2. We recall the following results from
the literature.

Lemma A.1.1. Let M be a BMO martingale. Then we have:
(1) The stochastic exponential E(M ) is uniformly integrable.

(2) There exists a number r > 1 such that E(M)r € L". This property follows
from the Reverse Holder inequality. The maximal r with this property can
be expressed explicitly in terms of the BMO norm of M. There exists as
well an upper bound for ||E(M ) 7|} - depending only on T, r and the BM O
norm of M.

(3) For probability measures P and Q satisfying dQ = E(M)pdP for M €
BMO(P), the process M = M — (M) is a BMO(Q) martingale.

(4) Energy inequalities imply the inclusion BMO C HP for all p > 1. More
precisely, for M = [ adW with BMO norm C, the following estimate

holds
T p

E /|ozs|2ds < 2pl(4C?)P.
0
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Lemma A.1.2 (John-Nierenberg inequalities). Ler M be a local martingale such
that My = 0.
(i) If |M||Brro, < 1/4, then for any stopping time T € T

< ! -
1 — 4| M| o,

E [exp (|My — M) | F;]

(ii) If | M| amo < 1, then for any stopping time T € T

1
E [eXP«M)T - <M>T) ‘]:r] < %

Lemma A.1.3. For K > 0, there are constants c1 > 0 and ca > 0 such that for
any BMO martingale M, we have for any BMO martingale N such that |N || garop) <
K!

Cl||MHQBMO(P) < HM||2BMO(p) < 02||M”23M0(P)
where M := M — (M, N) and g—]é = E&p(N).
Define

1 20 —1 ]2
0] =<1+ —log — —1 1.
() { TR ng(x—n} y &>

By Lemma 2.4 in [41], the constants in the previous lemma are given by

1
1 = 2
4 P
4,0}
4 2
Cy = L2qcﬁ,

where % + % = 1land % + % = 1, C, and Cj are given by Lemma A.1.5, Ly, and
Log are given by Lemma A.1.4, and p, p are constants such that ®(p) > K and
®(p) > K, where K = /2(q — 1)log(C, + 1).

Lemma A.1.4. Let 1 < p < oo. There is a positive constant Ly, such that for any
uniformly integrable martingale M

M| Brroy < M| Bro, < Lyl M| Baro,-
Ifp €N, Ly is given by 8 - 21/p(ph)/p,
Lemma A.1.5. Let 1 < p < oo. If | M || prmo, < @(p), then
B [gr (M) 7] < G, (M)

for any stopping time T € T with a constant C), depending only on p. Indeed,
Cp = ; with n(M) = 2||M||prvo, + M| B0,

1-2(p—1)(2p—1)~! exp{p*n(M)}
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A.2 Malliavin Calculus

We briefly recall some definitions and results in the theory of Malliavin calculus.
We refer to Nualart [61] for a thorough treatment. Let S be the class of smooth
random variables of the form

T T
E=F /h;dWS,...,/h;ﬂdWS
0 0
where F' € Cgo(Rde), the space of infinitely continuously differentiable func-

tions whose partial derivatives have polynomial growth, and h', ..., h™ € L?([0,T]; R%).
For any £ € S, consider the operator D = (D',..., D) : S — L?(Q2 x [0,T))
given by

T T
/h;dWS,...,/h?dWS hyl, 0<t<T, 1<i<d
0
and the norm ||€]|, 5 == (E[|€*+ [ |D:&|* dt])"/2. As shown in Nualart [61], the
operator D extends to the closure D2 of the set S with respect to the norm ||- |12-
A random variable ¢ will be said to be Malliavin differentiable if ¢ € D2 and we
will denote by D¢ its Malliavin derivative. Note that if £ is F; measurable, then
D¢ =0forallu e (¢,T].
The following result is the chain rule ([61, Proposition 1.2.4]).

" OF

Dj¢ :=
= axi,j

Proposition A.2.1. Let ¢ : R™ — R be a function such that

lp(z) — p(y)| < K|z —y

for any x,yy € R™. Suppose that F = (F*,..., F™) is a random vector whose
components belong to the space DV2. Then p(F) € D2, and there exists a
random vector G = (G, ..., Gy,) bounded by K such that

D (p(F)) =) G;DF'.
i=1

By L&*(R™), we denote the space of processes X € H2(R™) such that X, €
(DY2)™ for all t € [0,T], the process DX;(w) admits a square integrable pro-
gressively measurable version and

T T 1/2
1X 11202 = 1 Xl + //|DTX,5|2 dr dt < 0.
0 0

L2
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Let {X;,t € [0,T]} be the solution of the following SDE

t t
X :x—l—/b(s,XS)ds—i—/a(s,Xs)dWS, x e R™.
0 0

Then we have the following result.

Proposition A.2.2. Suppose that b, o are globally Lipschitz continuous functions
with linear growth and continuously differentiable. Then X; € (Dl’z)m for any
t € [0,T] and the derivative D, X, satisfies for 0 < 0 <t < T the SDE

t t
D, X =o(r, X,) + / Vab(s, Xs) Dy Xds + / Voo (s, Xs) Dy X o dWs.

T
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