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1. Introduction
Since R. Peierls [1, 2] and L. D. Landau [3] first discussed the effect of dimensionality on the
existence of phase transitions and order in general, much attention has come to the explicit
behaviour of two-dimensional systems. N. D. Mermin and H. Wagner [4] gave evidence that
there is no ferro- or antiferromagnetism in one- and two-dimensional isotropic Heisenberg
models, and the lack of long-range order in one- and two-dimensional Bose and Fermi
systems has been proved by P. C. Hohenberg [5]. In 1968, Mermin [6] gave analytical
evidence that there can be no true (translational) long-range order in two-dimensional
crystals. He proved that the Fourier component of the particle density vanishes at the
reciprocal lattice vectors in the thermodynamic limit. In the early 1970s, J. M. Kosterlitz
and D. J. Thouless [7, 8] developed a melting theory based on the interaction of topological
defects, e.g. dislocations or vortices, which are bound to pairs but eventually dissociate
at higher temperatures. They proposed a phase transition from a state with ‘topological’
order to a disordered fluid, which has a viscous response to an external perturbation, and
showed that these transition can occur in two dimensions for the crystal, the magnetic
XY model and the neutral superfluid. Kosterlitz and Thouless already realized that their
observed transition temperatures are upper bounds due to a possible self screening of the
topological defect pairs. The effect of this screening and the necessary renormalization
of the corresponding elastic constants has later been elaborated by B. I. Halperin and
D. R. Nelson [9, 10] and independently by A. P. Young [11]. Further, Halperin and Nelson
found that the crystal melts via two continuous phase transitions from a solid phase over
a ‘hexatic’ fluid with quasi-long-range orientational order into an isotropic fluid. This
scenario is known as the Kosterlitz-Thouless-Halperin-Nelson-Young (KTHNY) theory.
On the other hand, S. T. Chui [12, 13] gave analytical evidence that in the freezing process,
grain boundaries (arrays of dislocations) emerge before and instead of the KosterlitzThouless (KT) dislocation-unbinding transition, and that this transition is either strong
or weak first-order depending on whether the energy to create a dislocation (the core
energy) is smaller or larger than a critical value. In addition, he argued that the hexatic
phase only exists if grain boundaries form bound states. H. Kleinert [14, 15] a defect
mediated first-order melting with a simultaneous dislocation and disclination unbinding,
which changes to a KT type if the length scale of rotational stiffness in the crystal is large
compared to the lattice spacing. J. D. Weeks [16] proved that the melting scenario is
strongly dependent on the range of the interaction potential, which can expected to be
directly connected to the core energies of the particular topological defects.
The first numerical contributions came from B. J. Alder and T. E. Wainwright [17],
who performed molecular dynamics simulations of two-dimensional crystalline systems.
In contrast to the continuous two-step scenario of the KTHNY theory, they found one
discontinuous phase transition between a gaseous and an ordered state. Likewise, S. Toxvaerd [18, 19] observed one first-order transition from a solid to a fluid phase, equivalent to
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the liquid-gas transition in three dimensions. The first simulations in conformity with the
KTHNY scenario came from D. Frenkel [20] and J. P. McTague, who found two secondorder transitions enclosing an orientationally long-range ordered phase. In the following,
numerous numerical studies have been performed dealing mainly with two questions1 :
First, what determines the order of the phase transition(s)? And second, under which
circumstances does the hexatic phase exist? The evidence is still ambiguous and the opinions are divided: While continuous or second-order transition(s) are found for Coulomb
potentials [22], Laplacian roughening models [23], hard disks [24], Gaussian [25], LennardJones [26] and core-softened potentials [27], a first-order transition is mainly observed
only for Lennard-Jones [28–30] and hard disk systems [30, 31]. The hexatic phase, on the
other hand, exists for dipole-dipole potentials [32] but contrarily also in hard disks [24, 33]
and Lennard-Jones types [26, 34, 35]. There are also reports of crossovers between continuous and first-order regimes [36–38] as well as a phase equilibria between the hexatic
and the isotropic fluid [39–41]. Since critical fluctuations necessary for second-order phase
transitions diverge in length scales, these phase equilibria might be observed due to a
underestimation of finite size effects for long times, or caused by short-range potentials.
Subsequently, it was reported [42] that the first-order melting scenario switches to continuous if the power-law interaction decays weaker than the power of six. Thus from the
theoretical point of view, several conflicting results were predicted motivating the search
for appropriate experimental crystalline systems in two dimensions.
The first systems being suitable were atomic monolayers [43–45] or liquid crystal films [46],
all of which show characteristics of a continuous two-step scenario with an intermediate hexatic phase. Such experiments are based on ‘macroscopic’ techniques as nuclearmagnetic-resonance or X-ray scattering. However, the crucial signature of a phase transformation often becomes first apparent by studying the structure, dynamics and fluctuations
on a ‘microscopic’ scale, where the detailed melting or freezing mechanisms, e.g. mediated by defects, can be observed. Colloidal systems, suspensions of (sub)micrometer sized
Brownian particles, offer this possibility. Small enough to perform Brownian motion and
easily observable and traceable by microscopy methods, they embody perfect model systems for solid state physics. The first colloidal experiments in two dimensions have been
performed by P. Pieranski [47] who confined polystyrene beads to a water/air interphase.
In the following, various colloidal systems have been established. Many of them confirmed
the continuous KTHNY scenario in the case of long-range [48–52] as well as short-range
potentials [53, 54]. On the other hand, phase coexistence as signature for a first-order
transition was observed in uncharged [55] and charged colloidal systems [56].
Another significant indication of the order of a phase transformation is the shape of the
heat capacity in the vicinity of the transition temperature. While a sharp singularity with
a latent heat points to a discontinuous (first-order) transition, a weak excess in the heat
capacity indicates a continuous phase transition. Within the bare KTHNY theory, the heat
capacity shows only essential singularities at the respective transitions, which are difficult
to resolve in experiments and simulations. However, there are theoretical arguments [57]
for an excess in the specific heat of the two-dimensional superfluid above the critical
temperature. Peaks of different size, shape, location and number could experimentally be
1

An extensive review of the earlier works of two-dimensional melting has been given by K. J. Strandburg [21].
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observed in atomic monolayers [45, 58–61] but also in simulations of different models [23,
26, 36, 62], which keeps the discussion about two-dimensional melting still multifarious.
In the context of this ongoing debate, the first part of this thesis focuses on the clarification of the phase behavior for our experimental system2 . Within this scenario, we
determine the specific heat around the melting transitions via fluctuations of the internal
potential energy. We observe a singularity which does not coincide with symmetry switching but can be interpreted microscopically with the distribution of topological defects.
Initiated by D. R. Nelson [63], the analytic formalism of the KTHNY theory was expanded to include the effect of disorder in form of quenched impurities or external force
fields, which act as a ‘frozen-in’ temperature [64, 65]. It was found that quenched disorder
is capable to reduce transition temperatures or destroy the solid phase entirely above a
critical disorder strength. A subsequent study by M.-C. Cha and H. A. Fertig [66] suggested that the low-temperature evolution of the disorder-temperature phase boundary
is independent on the temperature itself and the solid can only be ‘melted’ by disorder.
Moreover, if the distribution of disorder is subject to sufficient short wavelengths, the
solid phase transforms into a glassy state [67]. Some of these predictions have been tested
in experiments, for example colloidal systems in which disorder was induced by enlarged
particles [68] or rough substrates [69], as well as in simulations [66, 70] by randomly
quenching centers which provide a Gaussian potential. All studies focused either only on
the temperature or only on the disorder strength as a driving parameter.
In the second part of this work, we study the effect of quenched disorder in form of fixed
colloids within an otherwise free ensemble. The disorder-temperature phase behavior is
determined quantitatively by melting the system at different pinning concentrations. In
addition, we determine the effect of pinned particles on their local environment, and their
correlation to critical fluctuations close to the phase transitions.
Another way to investigate perturbations of the idealized KTHNY scenario is to apply
finite cooling rates. In this context, spontaneous symmetry breaking is a powerful concept
to describe a variety of transformations from a high- to a low-temperature phase and applies to cosmological concepts as well as atomic systems. In the case of the early evolution
of the universe, Y. B. Zel’dovich et al. [71] and T. W. B. Kibble [72, 73] suggested that
due to spatially limited correlation, the Higgs field develops a topological defect structure
when the system is close to its critical transition temperature. They argued that the topology of the network is set by the degrees of freedom of the field order parameter, which
results in different kinds of defects like domain walls, strings, monopoles or textures. This
motivated extensive studies to work out the dynamics and importance of these networks to
cosmological evolution [74–84]. W. H. Zurek [85, 86] transferred Kibbles idea to the field
of quantum condensed matter systems like superfluid helium. He suggested that if the
system is cooled at finite rates, the correlation length is frozen out before the transition
takes place, more precisely when the correlation time exceeds the time until the critical
temperature is reached for the given rate. He also gave quantitative arguments that the
initial length scale of this frozen-out network decays algebraically with the cooling rate,
which led to various experimental studies, testing the validity of this scaling in classical
2

This has already rigorously been done in earlier works of a very similar system [49, 52].
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and quantum mechanical systems [87].
Applying finite cooling rates over roughly three orders of magnitude, we visualize the
Kibble-Zurek scenario in a two-dimensional colloidal system and illustrate the defect and
domain structures on single particle level. Our results are interpreted in the background of
the established KTHNY formalism, and we show that colloidal model systems are suitable
to transfer ‘microscopic’ aspects of cosmological evolution into the recognitional horizon
of the laboratory.

2. Experimental details
This chapter depicts the essential components and properties of the colloidal experiment
employed in this thesis. In section 2.1, the experimental realization of a two-dimensional
ensemble of superparamagnetic colloids is given, including the preparation of the colloidal
suspension and its proper long-time sealing. In section 2.2, we describe the control setup
which provides the regulation and monitoring of the colloidal system, as well as the data
processing and acquisition. Section 2.3 discusses the mobility of the particles, i.e. their
diffusion constant and Brownian time scale, and section 2.4 provides the calibration of
the interaction potential. Section 2.5 displays the modus operandi of the measurement
series and the general physical properties of the colloidal ensemble, while we illustrate the
pinning strength and distribution in section 2.6.

2.1. Colloidal system
The colloidal system is composed of a suspension of spherical particles which form a monolayer on a glass coverslip due to sedimentation. The suspension consists of superparamagnetic, epoxy-coated polystyrene beads with a diameter σ = 4.5 µm and a mass density
ρm = 1.5 g/cm3 . They are extracted from a dense stock solution1 with a concentration of
c = 4 · 108 beads/ml. To achieve the desired 2D particle density after sedimentation, 40 µl
suspension is diluted with 8 ml deionized and filtered water2 . Aggregation of the beads
is avoided by adding 18.4 mg of the surfactant sodium dodecyle sulfate (SDS), which is a
carbon chain molecule (C12 H25 NaO4 S) with a hydrophilic SO−
4 -end and a nonpolar CH3 part that attaches to the beads. This gives a sterical stabilization due to a depletion force,
avoiding an overlap of chains of neighboring beads which would increase entropy. The
amount of SDS is slightly below the critical micelle concentration c = 2.4 mg/ml, above
which the SDS chains start to aggregate in spherical micelles. To suppress the growth of
bacteria, 8 µl of a 2%-diluted solution of the toxin thimerosal is added.
The beads contain nanometer-sized particles of the ferromagnetic iron-oxide maghemite
(Fe2 O3 ). Due to their small size, the Fe2 O3 -domains are not able to maintain their macroscopic magnetization: It is flipped randomly by thermal fluctuations and appears zero in
average, so that they behave paramagnetic. In an external magnetic field Bext , the microscopic magnetic moments in the domains align parallel to Bext to minimize their magnetic
energy. The resulting macroscopic magnetic moment of every bead can be written in a
linear approximation as
m = χBext
(2.1)
1
2

Dynabeads R M-450 Epoxy, Invitrogen Corporation.
Filtered by Simpak R 2, Merck Millipore.
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Bj
r
mj

mi

Bext

Bext

Figure 2.1.: Sketch of the alignment of paramagnetic beads with magnetic moment m in an
external magnetic field Bext perpendicular to the particle layer. The magnification
illustrates the dipole-dipole interaction which results from the energy of the magnetic
moment mi of a given bead i in the field Bj (produced by mj ) of another bead j at
distance r. The direction of interaction is dependent on the angle φ: It is repulsive
for 54.7◦ < φ < 125.3◦ and attractive otherwise.

where χ is the absolute magnetic susceptibility, defined with respect to the external field3 .
As illustrated in figure 2.1, the field is applied perpendicular to the substrate, so that the
macroscopic moments of the beads align perpendicular to the monolayer. The interaction
energy between the beads is then given as follows: Every bead produces a magnetic field
B (r) =

3µ0 r (m · r) − r2 m
,
4π
r5

(2.2)

at distance r (magnification in figure 2.1). The energy of particle i in the field of particle
j is then given by
Eij = −mi · Bj .
(2.3)
which results in a magnetic dipole-dipole interaction4 .
The colloidal particles are in thermal equilibrium with the solvent, and small enough
to show Brownian motion. However, since the colloids are much heavier than the water
molecules in the solvent (both possessing the same kinetic energy kB T ), they will obey
much slower dynamics. Accompanied by the magnetic interaction, this makes them a perfect model system to study structural phase transitions since they can easily be monitored
by video microscopy due to their mesoscopic size and slow diffusion. To regulate the phase
behavior of the system, it is now more efficient to continuously change the magnetic interaction instead of the actual temperature of the suspension (which is not possible in atomic
3

The ‘magnetic field’ Bext correctly has to be denoted as the magnetic flux. This just means that the
magnetic susceptibility is given in units of [χ] = Am2 /T.
4
Since the microscopic magnetic moments in the domains are permanent, the macroscopic moments of
the beads just have to be aligned, but not induced. Therefore, the usual factor of 1/2 in the magnetic
energy disappears.
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systems). In addition, the change in the magnetic interaction is uniformly within the
whole system, in contrast to conventional systems where heat transport always originates
from the surfaces.
The strength of the interaction can be estimated by the magnetic energy of one particle
with a neighboring one at distance r. Regarding the equations above, it equals

2
µ0 χ2 Bext
1 − 3 cos2 (φ)
Emag =
,
(2.4)
4πr3
where φ is the angle between Bext and the vector r connecting the two particles (see figure 2.1). The interaction has cylindrical symmetry, and is repulsive for angles 54.7◦ <
φ < 125.3◦ and attractive otherwise. Due to the ferromagnetic character of the Fe2 O3 nanoparticles, the beads exhibit a rather strong (ferromagnetic like) susceptibility which
motivates the notation ‘superparamegnetic’. This is advantageous since already small
values Bext ≈ 1 mT provide a sufficient strong repulsion to force the ensemble in a structurally ordered (‘low-temperature’) phase. The vertical thermal movement is in the order
of several nanometers [88], hence, the approximation of a perfect horizontal alignment of
the ensemble is made. It is now convenient to characterize the system by a dimensionless
interaction parameter Γ = Emag /kB T which is given by the ratio of magnetic and thermal
energy. It acts as an inverse system temperature or a dimensionless pressure. The average
particle concentration
n = N/A ,
(2.5)
where N is the particle number, and A is the area of the field of view, is commonly used5
to define r in equation 2.4 as r := (πn)−1/2 . One then observes
Γ=

2
Emag
µ0 (πn)3/2 χ2 Bext
=
.
kB T
4πkB T

(2.6)

Controlling the magnetic field allows to achieve very large (Bext = 0 T), as well as very
low system temperatures. E.g. for Bext = 10 mT which is achievable in the experiment
and a mean particle distance in the order of a few particle diameters, the mean magnetic
energy equals ≈ 10−17 J which is four orders of magnitude larger then the thermal energy
at room temperature kB Troom ∼ 10−21 J.
The colloidal suspension is hermetically sealed in a glass cell which is illustrated in
figure 2.2. A glass cylinder with an inner diameter of 5 mm and height of ≈ 1.3 mm is
glued on a glass coverslip with an UV glue and hardened (1). The suspension is then filled
into the cylinder and the cell is closed with a second coverslip on which a glass cylinder of
larger diameter and height is glued (2). Due to their larger mass density compared to the
solvent, the beads sediment down to the bottom glass plate where they form a monolayer.
After sedimentation, the cell is sealed with an UV glue6 which is cured for several ours.
The hardening is done in a weak magnetic field to prevent the beads from aggregation.
5

This assigns every particle an ’effective’ area of πr2 which, however, does not correspond to the Voronoi
area Av = n−1 of a particle. The size of Av is dependent on the particular lattice symmetry, e.g.
 √ −1/2
r := n−1/2 in a 2D cubic lattice, or r := 23 n
in a 2D triangular lattice.

6

Norland Optical Adhesive, Norland Products.
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UV glue

Solvent

(2)
(1)

Substrate
(1)

Figure 2.2.: Illustration of the sample cell. First, the colloidal suspension is dispensed on a glass
coverslip (1), bounded by a glass cylinder with an inner diameter of 5 mm and height
of ≈ 1.3mm which was previously glued to the coverslip. After the particles sediment
to a monolayer, a second coverslip-cylinder structure (2) consisting of a higher glass
cylinder is deposited onto the first structure. The whole ‘sandwich’ is sealed with an
UV glue. The cell contains ∼ 1.5 · 105 particles in total.

The specific ‘sandwich’-structure of the cell is necessary to minimize infiltration of glue
into the inner part of the cell and ensures a hermetic sealing up to more than one year.
Hereby the particle concentration of the colloidal layer has to be set to a proper value. At
too large densities, the vertical thermal motion leads to an overbalance of the attractive
dipole interaction and particles tend to sit on top of each other. A too small value of n
might require magnetic fields above the applicable range. At the desired concentration,
the complete monolayer of the sample cell consists of approximately 1.5 · 105 particles
which corresponds to an interparticle distance of ≈ 13 µm or ∼ 3σ.

2.2. Control setup
To provide a continuous regulation and monitoring of the ensemble, the sample cell is
embedded in an elaborate control setup which has been developed and optimized for several
years [90]. The mechanical part of the setup is illustrated in figure 2.3: The sample cell
(1) is fixed horizontally on a copper block (2) with a cylindrical bore to set a good thermal
coupling between sample and its environment. It is enclosed by a coil (3) which sets an
external magnetic field perpendicular to the particle layer. The coil provides magnetic
fields up to 10 mT and is regulated by a ‘Stromkonstanter’7 , a specific power supply which
suppresses fluctuations in the current to ensure a constant interaction strength between
the particles. The actual current is additionally measured with a 6 12 -digit data logger8 .
7
8

Built by Martin Clausen (http://www.rotgradpsi.de/mc/iconst/index.html).
Model 2700, Keithley.
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(9)

(6)

(7)

(2)

(3)
(13)

(1)

(10)
(12)

y
(11)

(11)

x

(9)
(4)

(5)

(6)

(7)

(11)
(12)

(1)

(2)

(8)

(3)

(11)
(10)

(13)

z

x

Figure 2.3.: Top and lateral sight of the experimental setup: sample cell (1), copper block (2),
magnetic coil (3), CCD camera (4), microscope objective (5), LED (6), lenses (7),
mirror (8), position motors (9), inclination platform (10), inclination motors (11),
inclination sensor (12) and piezo table (13). (Taken from [89].)
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The ensemble is visualized by a gray scale 8-bit CCD camera9 (4) with a resolution of
1392 × 1040 pixels, magnified by a 4x microscopic objective10 (5). This results in a field
of view (FOV) of 1158 × 865µm2 . The illumination is given in transmission via a LED (6)
which is aligned with two lenses (7) and deflected by a mirror (8) onto the sample from
below. The lenses are set in a Köhler-configuration [91] which avoids an image of the light
source in the sample plane. The focus in z- and a desired sample region in xy-direction can
be adjusted by three motors11 (9) which can move the sample in all three spatial directions
with sub-micrometer precision. In addition, a highly accurate horizontal alignment of the
2D ensemble is crucial for long time stabilization and measurements. Even inclinations of
a few µrad might lead to particle drifts or density gradients which in general have to be
avoided. Therefore, the whole experimental setup (except for the illumination) is mounted
on a platform (10) which is fixed at the rear and can be tilted in arbitrary directions via
two sub-micrometer motors12 in the front (11). The alignment can be controlled via an
inclination sensor13 (12) which can measure the slope of the platform with an accuracy
of ±1 µrad. The inclination platform is placed on a piezo table14 (13) which suppresses
environmental vibrations >10 Hz.
The parameters of the mechanical setup are regulated by a software ‘package’ which is
written in IDL15 (Interactive Data Language) specifically for the purpose of this experiment [90]. This software additionally provides the data acquisition and preliminary (‘in
situ’) analysis which in turn supports the regulation and manipulation of the mechanical
setup and, in turn, the colloidal system. Figure 2.4a shows the raw greyscale picture of the
center of the sample cell (center FOV), collected by the camera. To save disc space, the
picture can be color-inverted and reduced to a binary image by setting a proper greyscale
cutoff (figure 2.4b). The center of mass of the resulting ‘blobs’ (binary large objects)
is identified with the particle positions whose correctness can be tested by an overlaid
‘coordinate-plot’ (figure 2.4c). A triangulation of the particle positions allows to display
the Voronoi structure16 , including an illustration of the number of next nearest neighbors
of every particle (figure 2.4c). This processing can be performed during a ‘monitoring
stage’ when no measurement is taken. It allows to directly observe structure, dynamics
and defect configurations on the time scale of seconds which is way below the inherent time
scale of the ensemble (the Brownian time scale is ≈ 200 s, see section 2.5). Additionally, it
makes it possible to draw up live trajectory plots and scan the density profile of the complete sample cell. All of this analysis is necessary to ensure the desired conditions of the
ensemble, e.g. vanishing drifts or density gradients. The actual measurements in which
only the particle positions and the blob-sizes are stored, can then be run, in principle, on
arbitrary time scales. The longest recording of positions in this work lasted ≈ 190 h under
9

Marlin F-145B IRF, Allied Vision Technologies.
PLN 4x, Olympus Corporation.
11
M-235.5DG, Physik Instrumente.
12
M-230.25, Physik Instrumente.
13
Nivel20, Leica Geosystems.
14
AVI-90 XL, JRS Scientific Instruments.
15
ITT Visual Information Solutions (http://www.ittvis.com).
16
The Voronoi construction separates space which is more close to a given particle than to all other
particles.
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a

b

c

d

Figure 2.4.: a Greyscale picture of the colloidal system at the center FOV. At a small magnetic
field (Bext ≈ 0.45 mT, Γ ≈ 23), the ensemble is in a disordered state. The snapshot
with size 1158 × 865µm2 consists of ≈ 5500 particles with a mean particle distance
of ≈ 13.1 µm. The scale bar equals 100 µm.
b Exemplary binary image, calculated from the raw greyscale image. The particle
positions are calculated from the center of mass of the ‘blobs’.
c Coordinate-plot, overlaying the greyscale picture to check the correctness of the
particle positioning.
d Voronoi construction by a triangulation of the particle positions. In addition the
number of nearest neighbors of a given particle is illustrated: grey for six, yellow for
five and green for six nearest neighbors.
Pictures (b-d) are taken from [89] and do not correspond to any measurement in this
work.

18

2 Experimental details

equilibrium and ≈ 450 h under nonequilibrium conditions. The particles are continuously
tracked up to ≈ 10 hours with a common routine 17 . This allows to perform any statistical
analysis that is based on the positional phase space of the system.

2.3. Diffusivity of the particles
The colloidal particles are subject to diffusion due to the solvent. The character of this
diffusion is best described by the mean square displacement
D
E
MSD := |ri (t) − ri (0)|2
(2.7)
where the average is taken within the ensemble. In the short-time limit (neglecting the
ballistic regime), the MSD evolves linear:
MSD
= 2dD0 ,
t→0
t
lim

(2.8)

where d is the dimension of the system and D0 the short-time diffusion constant18 . If
the (magnetic) interaction potential between the particles is switched of (Bext = 0 T), the
motion is free and solely determined by Brownian diffusion. D0 can then be used to set the
Brownian time scale, namely the time it takes for the particles to diffuse a region related
to their own size, e.g. the square of their diameter:
τB :=

(σ/2)2
.
D0

(2.9)

Figure 2.5 shows the MSD for Γ = 0 within the first 55 s and a time resolution of ≈ 1 s.
A linear fit with range [7s ↔ 50s] yields D0 = (0.0295 ± 0.0001)µm2 /s. This value is
approximately four times smaller than for a similar system at a water-air interface [92].
For the Brownian time, we thus observe τB ≈ 172 s.

2.4. Determination of the interaction strength
The interaction parameter
Γ=

2
µ0 (πn)3/2 χ2 Bext
4πkB T

(2.10)

is the only control parameter in our system. While n is given by the sample preparation
and T is fixed at room temperature, the external magnetic field Bext , or more precisely, the
current I in the magnetic coil, are solely used to tune Γ. All other quantities in equation 2.6
are constant. Nonetheless, the precise determination of Γ for our colloidal system bears
two problems: First, the magnetic susceptibility χ of the beads is not provided by the
manufacturer and thus has to be determined experimentally. This is quite challenging
17
18

Written by John C. Crocker, copyright 1999.
In the liquid state, the MSD evolves linearly also in the long-time limit. Then with a (smaller) long-time
diffusion constant.
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Figure 2.5.: Mean square displacement (MSD) in the high-temperature phase (Γ = 0). The red
curve is a linear fit with range [7s ↔ 50s]. According to equation 2.8, we observe for
the Diffusion constant D0 = (0.02950 ± 0.00005)µm2 /s.

since the magnetization of one bead is very small and χ ∼ 10−11 Am2 /T (see, e.g. [93]).
It is possible to measure χ [94] using a SQUID (superconducting quantum interference
device). Hereby, the magnetization of a dried-out colloidal sample has to be determined
as a function of an external magnetic field. To provide a consistent comparison, the driedout sample must have the same density as the suspended monolayer in the experiment.
This is difficult to prepare due to strong aggregation during a drying of the suspension.
Second, the beads might be subject to an additional offset B0 in the magnetic field due
magnetized components of the control setup or the diamagnetism of the glass substrate.
One can circumvent these effects by calibration Γ with independent simulations, as it has
been done for a similar system [92]. Here, pair distribution functions g(r) were matched
between experiment and simulation in the disordered phase. Thereby, the magnetic susceptibility was determined via a scaling of the simulation’s interaction parameter Γs , as a
2 n3/2 ). It was also found that the
function of the experimental control parameters: Γs (Bext
scaling falls on one master curve for different densities and magnetic fields, which shows
that these are the only two significant control parameters (at constant temperature). We
will use the same approach to determine the susceptibility χ of the particles and the magnetic field offset B0 . Exemplary pair distribution functions of our system are matched
with simulations by J. M. Méndez-Alcaraz [92] (aforementioned study), D. Hajnal [95],
and T. Horn [96, 97]19 .
19

The simulations by T. Horn are part of a recent collaboration, mainly motivated to be compared with
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Figure 2.6.: Comparison of the pair distribution function in the disordered phase. Black curves
correspond to simulations with rescaled interaction strength Γs , red curves to experiment where the current I was applied. Regarding the relation Γ ∝ I 2 , a parabolic fit
of the set of pairs {I, Γs } is used to determine the magnetic susceptibility χ and the
magnetic field offset B0 in the experiment (see equations 2.11 - 2.14). Simulations
are provided by J. M. Méndez-Alcaraz (a,d,f), D. Hajnal (b,c,e,g), and T. Kruppa
(i). A further comparison for Γ = 60, provided by T. Kruppa, is skipped in this
figure (but used in the analysis and displayed in figure 2.7).

The particle density n and temperature T undergo unavoidable fluctuations, due to
diffusion or temperature fluctuations in the laboratory. Both have an effect on the phase
point of the ensemble and have to be included in the scaling. Assuming an effective
magnetic field B = Bext + B0 , it is now inconvenient to analyze the scaling precisely as
described above since n and T affect both, our control parameter Bext and the offset
B0 . Regarding the definition
p of Γ, this prevents a proper fit-analysis, e.g. of a parabolic
dependency of the product n3/2 /T Bext . To consider the fluctuations in n and T anyhow,
they will be included in the interaction parameter of the simulation, defining a rescaled

the experimental efforts in this work. Their usage in the calibration of Γ is an extension, to show that
the earlier simulations [92, 95] show conformity with the recent ones [96, 97].
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the experiments, for the comparisons in figure 2.6. Distinct simulations are indicated
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curve is a parabolic fit f (x) = ax2 + bx + c, with x = I and f (x) = Γ0s . The fit
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interaction strength
Γ0s :=

T
Γs =
n3/2
=
=

µ0 π 1/2 2 2
χ B
4kB
µ0 π 1/2 2
χ (Bext (I) + B0 )2
4kB
µ0 π 1/2 2
χ (AI + B0 )2 .
4kB

(2.11)

The parameter A, which is given by the geometry of the magnetic coil, is measured via a
Hall probe in an interval from 0 and 1 A ≈ 3 mT for which we observe A ≈ 0.00318. We
will determine the scaling as a function of the current since it is directly accessible in the
experiment20 .
For the calibration, we used comparisons of the pair distribution function g(r) in the
isotropic fluid21 (a definition of g(r) is given in section 4.3). They are shown in figure 2.6,
20

We also carried out the scaling, proposed in [92]. Hereby, the fluctuations of n and T were effectively
included into the magnetic offset B0 . The resulting Γ-values differed only in the second decimal place
(compared to the alternative of equation 2.11) which is largely below our resolution of ∆Γ = ±0.5
21
The structural phase transitions for the system at hand occur around Γ ≈ 67, see section 3.3.
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ranging from Γs = 22.27 to Γs = 62 22 , and from I = 118 mA to I = 188 mA for the
experiment (the comparison for Γs = 60 is skipped in this figure). We find a precise
match for all curves in height and position of the g(r)-peaks. The resulting set of pairs
{x = I, y = Γ0s } is fitted with the function
f (x) = ax2 + bx + c .

(2.12)

The fit is displayed in figure 2.7 together with the {I, Γ0s }-sets, and fits the date very
well. For the fit parameters we find a = (1.51 ± 0.05) · 107 , b = (−5.03 ± 1.47) · 107 and
c = (0.56 ± 1.16) · 106 . Regarding equation 2.11, we can determine the susceptibility and
the magnetic field offset from the parameters a and c:

1/2
4kB
χ= a
≈ 1.9 · 10−11 Am2 /T ,
(2.13)
µ0 π 1/2 A2
and

B0 = c

4kB
µ0 π 1/2 χ2

1/2
≈ 0.061 mT .

(2.14)

2.5. Measurement series and ensemble properties
The complete experiments were performed on one sample and can be divided into three
major parts:
1. A melting series consisting of consecutive equilibrium measurements
2. A long-time measurement in the vicinity of the structural phase transitions
3. A freezing series consisting of quenches with different cooling rates.
In the first part, the system was ‘cooled’ via a stepwise increase of the interaction
strength from small (Γ ≈ 23, Bext ≈ 0.45 mT) to large values (Γ ≈ 122, Bext ≈ 0.89 mT),
to equilibrate the colloidal ensemble into an ordered state. From that state, the system
was similarly ‘melted’, down to a low interaction strength (Γ ≈ 30, Bext ≈ 0.5 mT), which
is illustrated in figure 2.8 for the Γ-values of the center FOV. For both cooling and melting,
which took approximately 5 months each, the Γ-steps were shortened from ∆Γ ≈ 20 deep
in the disordered or ordered state (small or large Γ-values, respectively), to ∆Γ ≈ 0.5 in the
vicinity of the structural phase transitions (here, structural rearrangements take more time
and the system is easily ‘quenched’ out of equilibrium for too large values of ∆Γ). After a
Γ-change, the system was left at least 12 hours for equilibration (24 hours in the vicinity
of the phase transitions), before an equilibrium measurement was performed. This can be
expect to be long enough for the system to find its energy minimum (253 to 505 Brownian
time scales). During the series, measurements were additionally taken in two other sample
regions which did not overlap with the center FOV or themselves. All measurements lasted
10 000 s (≈ 60τB ) which corresponds to approximately 7000 time-steps.
22

In [92], the definition of Γ is slightly different, namely missing the factor of π. The corresponding Γ-values
in figure 2.6 have been readjusted to our definition.
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Figure 2.8.: Stepwise ‘melting’ of the colloidal ensemble at the center FOV. The steps range
from ∆Γ ≈ 20 at very small or large interaction strengths, down to ∆Γ ≈ 0.5 for
75 < Γ < 62.5 (grey region) where structural phase transitions occur. (see section 3.3
for precise transition ‘temperatures’).

In the following, we will discuss the behavior of general parameters of the ensemble, for
a single measurement and along this (first) melting series. This shall illustrate the degree
of stability of the colloidal system. Figure 2.9 shows the time-evolution of the current I
which determines the magnetic field Bext , the number of particles N , the mean particle
distance a0 which we define by the square root of the snapshot-averaged Voronoi cell Av :
a0 := Av1/2 ,

(2.15)

and the interaction parameter Γ. The parameters are given for an intermediate interaction strength in the phase region of the structural transitions (here, the fluctuations can
expected to be largest and therefore set an upper bound). The current (a) obeys only
very weak fluctuations due to the Stromkonstanter. For this measurement we observe the
time-average I = 196.77 ± 0.01 mA. The particle number (b) shows stronger (relative)
fluctuations: N = 5547 ± 5. These are caused by the diffusion of particles in and out of
the field of view. For the mean particle distance (c) which is (inversely) affected by N , we
observe a0 = 13.448 ± 0.003 µm. The mean particle distance can also approximately been
related to the mean particle density or number:
a0 = A1/2
≈ n−1/2 = (N/A)−1/2 .
v

(2.16)

The difference is caused by border effects at the edge of the FOV (or any other subsystem)
at which Voronoi cells are cut in the definition via the density. Here, the Voronoi-approach
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Figure 2.9.: Time-evolution of the current I, the particle number N , the mean particle distance a0
(plotted for every tenth time-step), and the interaction parameter Γ, for a complete
measurement at the center FOV. The fluctuations in the interaction strength are
dominated by the fluctuations in the particle number which is caused by the diffusion
of particles in and out of the field of view.
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is more accurate. For the interaction parameter, we observe Γ = 68.4±0.1. Both, I and N
contribute to the interaction parameter, however, we can directly see that the fluctuations
in Γ are dominated by the fluctuations in N whose relative statistic error (≈ 0.1%) is
much larger than for the current (≈ 0.005%). Figure 2.10 illustrates the particle number
N and the mean particle distance a0 as a function of Γ during the complete melting series.
For the particle number (a) we observe hN i = 5545 ± 24 and for the particle distance
(b) ha0 i = 13.46 ± 0.06 µm. The fluctuations along the complete series are larger than
for a single measurement. This might be caused by global structural rearrangements in
the full ensemble due to the changes in the interaction strength, or by deflections of the
sample cell due to temperature changes. Although the relative statistic error of 0.4% in
the fluctuations is still small, one has to be aware of sudden drops or jumps in the den-
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Figure 2.11.: Applied cooling rates from deep in the high-temperature phase at Γ0 ≈ 25 into
the low-temperature phase, ending at Γend ≈ 100 (note that rates smaller than
Γ̇ = 0.0011 are not displayed in full range). The grey bar again illustrates the region
of the phase transitions. The color-indication represent the rates with respect to
the analysis in section 5.2, including the fastest (Γ̇ = 0.033 1/s) and the slowest
one (Γ̇ = 0.000042 1/s), lasting ≈ 40 minutes and ≈ 19 days, respectively.

sity, e.g. around Γ = 80 when calculating certain thermodynamic quantities. Analyzing
the equilibrium melting series, we determine the phase behavior and the specific heat (discussed in section 3.3 and 3.4), and the effect of quenched disorder (discussed in 4.2 and 4.3).
The second part of the measurements is a long-time observation of the ensemble in the
vicinity of the structural phase transitions. Therefore, we equilibrated the ensemble from
a high-temperature state (Γ ≈ 40) to the desired interaction strength of Γ ≈ 70. Hereby,
the Γ-steps were continuously decreased from ∆Γ = 5 to ∆Γ = 0.5 within a time period of
≈ 40 days. Then, a long-time measurement of ≈ 194 h ≈ 4000τB was taken, which is 70×
the length of the equilibrium measurements described before. For this long-time observation, the particles are tracked in periods of 25 000 time-steps (≈ 10 h ≈ 35 000 s ≈ 200τB )
due to computational reasons. The long-time characteristics allow us to determine critical
fluctuations around the phase transitions and how they are effected by quenched disorder
(discussed in section 4.4).
The third part of the measurements focuses on the nonequilibrium dynamics of the
ensemble, more precisely its structural evolution along a continuous cooling through the
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region of the structural phase transitions. We equilibrated the system deep in the hightemperature phase at Γ0 ≈ 25 and applied linear cooling rates
Γ(t) = Γ0 + Γ̇t ,

(2.17)

ending in the low-temperature phase at Γend ≈ 100, from which we let the system equilibrate. Figure 2.11 displays the interaction strength as a function of time for all rates,
ranging over almost three decades from Γ̇ = 0.000042 1/s up to Γ̇ = 0.033 1/s. The
slowest cooling rate corresponds to a quench time of ≈ 19 days and the fastest to ≈ 40
minutes. The results are interpreted in the context of spontaneous symmetry breaking at
finite cooling rates (discussed in section 5.2).

2.6. Pinning distribution
One major purpose of this work is to study the effect of substrate-pinned particles on the
equilibrium phase behavior of the colloidal ensemble. The pinning occurs randomly due
to interactions with the substrate, either van-der-Waals forces or a covalent binding of the
reactive groups of the epoxy coat. The pinning distribution is illustrated in a trajectory
plot in figure 2.12 for a subwindow of the center FOV at Γ = 23.3. To identify the
pinned sites, we approximate the ‘area’ which the particles cover during the respective
measurements. More precisely, we calculate the value
p
δr := ∆x2 + ∆y 2
(2.18)
where ∆x = xmax − xmin and ∆y = ymax − ymin are the differences in the maximum
and minimum x- and respective y-position of the particles during the measurement time.
δr is closely related to the square root of the MSD in which case the displacement at a
certain time t is measured with respect to t = 0. We use this different
√ measure since it
is more selective: Its value for non-pinned particles is larger than MSD at the end of
the measurement, while it remains similar for pinned sites. The number distribution of
this magnitude is illustrated in figure 2.13a, for the high-temperature (Γ = 23.3) and the
low-temperature phase (Γ = 77.8). The large peaks (at δr ≈ 32 µm for Γ = 23.3, and
at δr ≈ 15 µm for Γ = 77.8) correspond to the non-pinned particles. The peak is shifted
to lower values for larger interaction parameters since diffusion is suppressed there. The
small peaks correspond to the pinned particles with large maxima at δr ≈ 3 µm. That
these peaks occurs at finite values is due to the fact that the particles are not tightly
pinned to the substrate. The ligands of the epoxy coating have a finite length which cause
the particles to ‘fidget’. Additionally, particles which are not too tightly bound might
appear as smaller peaks at larger values, e.g. at δr ≈ 10 µm for Γ = 23.3 or at δr ≈ 7 µm
for Γ = 77.8. This partly loose bond makes their motion weakly sensitive to the repulsive
interaction and results in a marginal shift of their displacements for low to high Γ-values.
To separate the pinned particles from the non-pinned ones, we set a certain threshold
value for δrc . Due to the shift of the peaks for both pinned and non-pinned particles,
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Figure 2.12.: Trajectory plot for a subwindow (838 × 838µm2 ) of the center FOV at Γ = 23.3.
the trajectories are plotted for the complete measurement time of 10 000 s. Pinned
particles are indicated with green circles.

this threshold has to be adjusted to the corresponding number distribution. To exclude
particles which are very loosely pinned, a reasonable value would be in the middle of both
peaks. As can be see in figure 2.13a, this ‘mid-value’ decreases from small to large Γvalues, e.g. from δrc ≈ 12 µm for Γ = 23.3 (dashed red line) to δrc ≈ 6.3 µm for Γ = 77.8
(dashed blue line). For Γ = 23.3, the corresponding pinned particles are indicated in the
trajectory plot (figure 2.12) with green circles. To define the pinned sites in a statistically
uniform way for all measurements, we assume that δrc is a linear function of Γ:
δrc (Γ) = aΓ + b .

(2.19)

To determine the constants a and b, we use two ‘artificial’ {Γ, δrc }-pairs. These are
adjusted manually, consulting the distributions of δr in the region of the phase transitions
(Γ ≈ 70). We find that the pairs {Γ = 66, δrc = 7.5} and {Γ = 75, δrc = 6.5}, which lead
to a = −0.11 and b = 14.83, reasonably reproduce the appropriate values of δrc for the
measurements of the melting series discussed in section 2.5 (e.g. the value δrc ≈ 6.3 µm
for Γ = 77.8). Figure 2.13 shows the evolution of the number concentration of pinned
particles
Np
,
(2.20)
np =
N
where Np is the number of pinned sites, for the center FOV and the two other sample
regions at intermediate Γ-values. One can see that np fluctuates during the melting series
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Figure 2.13.: a Number distribution of δr which quantifies the square root of the area a given
particle is covering during time (see equation 2.18). The distribution is given exemplary for a small and a large Γ-value. The main peak corresponds to the non-pinned
particles, the smaller peak(s) to the pinned ones. The dashed lines correspond to
threshold values to separate the pinned particles statistically.
b Pinning concentration np = Np /N during the equilibrium melting series, for the
center FOV (hnp i ≈ 0.48%) and the two other sample regions (hnp i ≈ 0.72% and
hnp i ≈ 0.83%). np fluctuates since particles occasionally de- or attach to the substrate on time scales larger than the measurement time of several ours (the Γ-series
above was performed during six months).
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since pinned particles occasionally de- or attach to the substrate. This happens on time
scales which are much larger than the measurement time of the equilibrium melting series.
We attribute this to structural rearrangements after the interaction parameter is changed.
For the complete series, we observe the averages hnp i = (0.48 ± 0.06)%, hnp i = (0.72 ±
0.05)% and hnp i = (0.83 ± 0.08)%.
For the long-time measurement (see section 2.5), the identification of the pinned particles
is restricted to the track-periods of 25 000 time-steps. During the whole measurement (≈
194 h), Np fluctuates slightly which results in varying pinning distributions (see figure 4.10
in section 4.4). The right hand side of the center FOV shows a marginal number of pinned
particles (see figure A.3 in section A.3). This subwindow (648x865 µm2 , ≈ 3000 particles)
is used for the analysis in section 3.3 and 3.4 to state the melting scenario without the
effect of pinning. For the analysis in section 5.2, the effect of pinned particles on the
nonequilibrium dynamics is neglected.

3. Melting in two dimensions
This chapter is organized as follows: In the first two sections, the theoretical background
is reviewed, focusing on the effect of dimensionality on crystalline order in section 3.1
and present an established melting theory of two-dimensional solids in section 3.2. In
section 3.3, we experimentally confirm the validity of this theory for our system. Section 3.4
is dedicated to the behavior of the specific heat, where we first give a short theoretical
introduction, followed by the presentation and discussion of the experimental results.

3.1. Effect of dimensionality
The discussion on the existence of two-dimensional crystals has been started by R. Peierls [1, 2] and L. Landau [3] in the mid-1930s. Peierls discussed the effect of dimensionality
on the persistence of a periodic system on a large scale (e.g. a crystal) to proof the
existence of a phase transition to a high-temperature, disordered liquid. He considered
a system of atoms at low temperatures whose nearest neighbor distances are subject to
thermal fluctuations. Without direct interactions between particles further apart, the
positional fluctuations between neighbors sum up independently on larger distances. The
resulting superimposed fluctuations then become dependent on the dimension d of the
system since the number of shortest paths (over particles) between two distant atoms
increases with d, and for d > 1 also with the distance of the particles. For instance, in
a one-dimensional (1D) chain, there exists only one shortest path between two remote
atoms. On a two-dimensional (2D) or three-dimensional (3D) simple cubic lattice, there
are already two, respectively six shortest paths connecting next nearest neighbors, and
this number is increasing with distance (see figure 3.1). This effect influences the effective
summation of fluctuations on large distances since paths can fluctuate in phase or out
of phase: A large number of paths reduces the probability that a particle obeys a large
fluctuation from its ‘equilibrium’ position. Peierls showed that these deviations from the
perfect periodicity (or equidistance) add up linearly with the size of the system in 1D,
logarithmically in 2D, and become finite in 3D as known for a 3D crystal. Thus, with
only nearest neighbor interactions, a 1D or 2D system at any finite temperature is subject
to positional fluctuations which diverge with the system size. The weak divergence of
fluctuations in 2D suggests that the periodicity and stability of the might sustain and a
crystal can be built up to a large system size [98].
Landau [3] determined the average thermal deformation of a crystal whose density ρ
depends either on one, two or three coordinates. In a crystal with ρ = ρ(x), atoms can be
seen as arranged on parallel strings (in x-direction) which are completely disordered in the
other two directions: ρ(y, z) =const. For ρ = ρ(x, y), one can picture the crystal consisting
of parallel planes, disordered in the third direction: ρ(z) =const. Using elasticity theory,
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3

2
0

1

0

0

Figure 3.1.: aShortest paths between nearest b(left), next nearest (middle) andc second next nearest
neighbors (right) in a simple cubic lattice (if correlations are allowed only over nearest neighbors). The number of paths from atom 0 to its neighbors increases with
distance: one path to atom 1 (red arrow), two paths to atom 2 (green arrows), and
6 paths to atom 3 (blue arrows). The graphic is taken from [89].

he then calculated the energy cost ∆E due to a deformation u(x, y, z) which is a quadratic
function of the strain tensor


∂uj
1 ∂ui
+
,
(3.1)
uij =
2 ∂xj
∂xi
with x1 = x, x2 = y and x3 = z. For an, in average, pure fluctuation in x-direction
u2x where the density is only dependent on one coordinate, the contributions in the
respective other directions uxy and uxz do not add up to the free energy density since ρ
does not change due to such a deformation. Thus, the change in elastic energy ∆E is only
dependent on uxx = ∂ux /∂x.
Going to Fourier space, the strain tensor reduces to products of strain waves ũi (k) and
components ki of the corresponding wave vector k:
ũij (k) =

i
(ki ũj (k) + kj ũi (k)) ,
2

(3.2)


and if one assumes that thermal fluctuations are Boltzmann distributed ∝ e−∆E/kB T ,
the Fourier component of the average fluctuation in x-direction becomes ũx (k)2 ∝
kB T /kx2 [3]. Integrating over all wave numbers up to the Debye frequency, one observes
back in real space
Z
1 3
2
ux ∝ kB T
d k.
(3.3)
kx2
This integral diverges for kx = 0, meaning that fluctuations become arbitrary large at
long wavelengths which destroys the stability of any periodic structure. Accordingly for
ρ = ρ(x, y), u2x and u2y diverge logarithmically for kx = ky = 0, and for ρ = ρ(x, y, z),
the fluctuations stay finite [3].
Three decades later, N. D. Mermin [6] put these predictions in a more concrete and
quantitative
framework. He considered a 2D system of N particles with density ρ(~r) =
P
i δ(r − ri ), interacting via a pair potential U (r). He argued that in a periodic crystal, particles are in average confined to certain lattice points, thus, the thermodynamic
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expectation value of the density Fourier transformation ρ̃(q),
1
hρ̃(q)iE =
N

Z

e−iq·r ρ(r)d2 r


E

1
=
N

*N
X
i=1

+
e−iq·ri

,

(3.4)

E

has to be non-zero for at least one reciprocal lattice vector q ∈ {G} and zero if q ∈
/ {G}.
Mermin proved that hρ̃(G)i is bounded as
hρ̃(G)iE ≤ (ln(N ))−1/2 ,

(3.5)

following that there is no true translational long-range order in the thermodynamic limit
N → ∞ (or at infinite distances). This weak divergence again suggests a persistence of
periodicity for finite distances. Further, he showed that in a harmonic approximation, the
correlation of squared displacements diverges logarithmically with the size of the system,
D
E
[u(R) − u(0)]2 ∝ ln |R| ∝ ln(N ) for |R| → ∞ ,
(3.6)
where R = n1 e1 + n2 e2 (n1 , n2 ∈ Z) is a linear combination of the underlying Bravais
lattice vectors e1 and e2 , and the displacement is defined as r(R) = R + u(R). This
quantifies the absence of long-range translational order in real space and was also proved
numerically [99–101]. However, orientational order persists infinitely far since the long
wavelength phonons do not destroy the orientational symmetry of the lattice, i.e. no
defects are excited thermally, and the ‘orientational’ correlation
h[r(R + e1 ) − r(R)] · r(e1 )i

(3.7)

approaches a value in the order of a lattice constant at |R| → ∞, i.e. |e1 |2 . Yet Mermin’s
proof relies on some integrability conditions for the interaction potential U (r) (see [6])
which are satisfied for instance by the (short-ranged) Lennard-Jones potential, but also
for a magnetic dipole-dipole interaction (∝ r−3 ) given in the experimental system of this
work. On the other hand, this does not hold for the (long-ranged) Coulomb potential in
two dimensions (∝ r−1 ). The dependence of the existence of periodicity on the range of
the potential is reasonable since it determines the length scale of the correlation within
the system.

3.2. The KTHNY theory
In the early 1970s, J. M. Kosterlitz and D. J. Thouless [7, 8] postulated a melting theory for
certain 2D systems based on the thermal dissociation of topological defects with attractive
interaction. In the low temperatures phase, these defects are bound to pairs, but dissociate
at sufficient large temperatures while destroying the ‘topological’ order. They considered
the model of a two-dimensional, overall neutral system of particles with charges ±q at
positions ri which interact via the pair potential
U (|ri − rj |) = −2qi qj ln

ri − rj
+ 2E0
r0

for

r := |ri − rj | > r0

(3.8)
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and U (r) = 0 for r < r0 . U is cut at r0 to avoid divergence at small distances while
2E0 is the energy cost to create a pair of particles with opposite charge at distance r0 .
Kosterlitz and Thouless assumed that at low temperatures closely bound pairs of particles
are formed due to thermal excitations. Then, topological order is destroyed when their
mean separation becomes significantly large and the particles can be regarded as isolated.
If one assumes that the particles interact only pairwise and discards the mutual interaction
of pairs (which is valid for a dilute gas of pairs), one finds for the mean square separation
of the particles [8]
R∞ 3
r exp(−βU )dr
βq 2 − 1
2
r = Rr0∞
= r02 2
(3.9)
βq − 2
r0 r exp(−βU )dr
where β = 1/kB T . This quantity becomes infinite at the critical temperature
1
kB Tc = q 2 ,
2

(3.10)

above which particles can be seen as isolated. If one, on the other hand, integrates the
Boltzmann probability e−βU to find a pair over all sites ri and rj , one gets a measure for
their mean density ρp . Kosterlitz and Thouless found
Z Z
πe−2βE0
1
(3.11)
ρp ≈ 4
e−βU (|ri −rj |) = 2
rc (βq 2 − 1)
r0 ri rj
where r0−4 is a normalization factor. Thus, the (squared) ratio between mean particle and
mean pair distance (∝ 1/ρp ) is given by
ρp hri2 ≈

πe−2βE0
,
βq 2 − 2

(3.12)

and one can see the assumption of a dilute gas (ρp r2  1) only holds for sufficient large
values of E0 .
After all, this assumption breaks down close to the transition since r becomes comparable to the mean distance of pairs: The unbinding will be eased by other pairs and the
melting temperature given in Eq. 3.10 will only be an upper bound. To account for this
screening effect, Kosterlitz and Thouless [8] introduced an effective dielectric constant ε(r)
with an effective potential
 
1
r
∗
U (r) ∝
ln
.
(3.13)
ε(r)
r0
They found that above a (smaller) critical temperature Tc∗ , the system has a conductive
response to small external perturbations due to an electric field, while below Tc∗ perturbations just cause a finite displacement of the particles. Kosterlitz and Thouless postulated
that the free energy of this system has only a weak singularity at Tc∗ and all its derivatives, e.g. the specific heat, are finite or have a weak singularity at the transition. They
proposed that this kind of defect mediated melting takes place in the 2D crystal, the 2D
XY model and the 2D neutral superfluid via the respective dissociation of dislocations,
magnetic flux lines, or normal fluid vortex lines.
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Figure 3.2.: A dislocation in a triangular crystal with Burger’s vector b (blue vector) and |b| = a.
The defect can be created from a perfect lattice by performing a Volterra cut (cutting
the crystal straight from a point inside up to its edge along a crystal axis, dashed
line), and shifting both sides of the cut by a lattice spacing a with respect to each
other. While before, particles AB were nearest neighbors and particles A0 and B 0
where not, A is shifted towards the center of the cut, loses B as nearest neighbor
and A0 B 0 gain each other. Simultaneously, A and B gain a new nearest neighbor,
for instance as A0 B 0 gain each other. This happens equally along the whole cut.
However, at the tip of the cut, it causes one particle to lose a nearest neighbor on
balance (green) and another particle to gain one (orange). As a result, a lattice
line ends at the fivefold coordinated particle (red lines) for the respective other two
crystal axes. b can also be described quantitatively by a contour integral of the
displacement field u(r) around the dislocation (blue line). For triangular symmetry,
three orientations for the Burger’s vector are possible.

In a 2D crystal, the appropriate topological defects which can evolve in pairs and at
finite energy cost are dislocations. A single dislocation can be created by performing a
Volterra cut (cutting the crystal up to a point inside) and shifting both sides of the cut in
respect to each other by a multiple of the lattice constant a. This provides a continuous
reassembling of the crystal along the cut except at the tip where a defect is produced. The
orientation and strength of the defect can be quantified by the Burger’s vector b which in
principle can be any linear combination of Bravais lattice vectors:
b = n1 e1 + n2 e2

(3.14)

where n1 , n2 ∈ Z and |e1 | = |e2 | = a. A dislocation with |b| = a in a triangular lattice
is illustrated in figure 3.2. It consists of two neighboring particles of which one has 5
nearest neighbors (fivefold coordinated) and the other has seven (sevenfold coordinated)
while surrounded by eight sixfold coordinated particles.
The energy of a dislocation can be calculated within the elasticity theory which describes
the crystal as a continuum instead of a discrete system. In this continuum, a certain
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displacement or strain field u(r), with respect to a ‘perfect’ (e.g., periodic) and unstrained
configuration, introduces a stress and therefore costs elastic energy. In two dimensions,
the total (internal) elastic energy can be written as
Z
1
Hel =
(λu2ii + 2µu2ij )d2 r ,
(3.15)
2
where uij is the strain tensor defined by Eq. 3.1, and λ and µ are the two independent
Lamé coefficients: (λ + µ) is the bulk modulus and µ the shear modulus. The elastic
energy is dependent on the magnitude of u(r) and the elastic constants which measure
the rigidity of the system with respect to a deformation.
Usually, one decomposes uij into a smooth part φij containing only long-wavelength
distortions of the lattice, and a singular part u∗ij due to dislocations:
uij (r) = φij (r) + u∗ij (r) .

(3.16)

If one assumes that adding dislocations does not alter the contour of the total system
which is reasonable for large systems, couplings between φij and u∗ij vanish and Hel also
decomposes in a pure smooth and singular part (see e.g. [102]). To describe the thermodynamics of the dislocations, we will consider for the moment only the effect of u∗ij on the
elastic energy. Then the strain field caused by a dislocation in the presence of the smooth
phonons is quantitatively connected to its Burger’s vector by a contour integral of u(r) on
a closed loop around the defect. Evident from figure 3.2, and since the smooth field φ(r)
marginally destroys translational order locally, one can write
I
I
du ≈ du∗ = b .
(3.17)
In addition, the force field on the area of the solid must be zero in equilibrium. With this
condition and Eq. 3.17 one can calculate the strain field of a dislocation, and via Eq. 3.15
its energy (see e.g. [103])
 
R
Y |b|2
Edisl =
ln
+ Ec .
(3.18)
8π
ac
The first summand is the elastic part which has to be cut at the dislocation core radius
ac since elasticity theory breaks down at the origin of the defect. R ≥ ac is the linear
dimension of the system and the Young’s modulus Y is a lattice dependent coupling
constant which quantifies an uniaxial strain due to an applied tension in the same direction:
Y =

4µ(λ + µ)
.
λ + 2µ

(3.19)

The second part in equation 3.18 is the dislocation core energy Ec which has to be introduced due to the cut of the logarithmic part of Edisl and quantifies the energy cost of a
dislocation with size ac . Ec is dependent on the Young’s modulus and might be defined
differently, e.g. in [10] one finds
Ec = (B + 1)Y a2 /8π

(3.20)
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where the positive constant B is dependent on the lattice constant and is approximately
given by the ratio ac /a [10, 104].
The energy of a single dislocation diverges with the system size. However, a pair has a
finite energy cost and can be activated thermally from a perfect lattice. An ‘ideal’ formation of a pair of dislocations with antiparallel Burger’s vectors bi = −bj is illustrated in
figure 3.3. Geometrically it can be created by displacing four particles, each two antiparallel along a lattice line. This corresponds to an isolated strain field in the system which
rapidly decays to zero outside the defect pair. Thus, its energy cost (≈ 2Ec for a closely
bound pair) does not diverge with the system size. The interaction potential between the
two dislocations is attractive since the strain and therefore the stress increases while they
are dissociating (see figure 3.3). However with increasing temperature, thermal energy
can overcome the potential one and dislocation pairs start to dissociate which results in
a gas of more or less bound dislocations with Burger’s vectors bi and positions ri . The
interaction potential of two dislocations with distance vector rij = ri − rj is found [10] to
be
"
#
 
(bi · rij )(bj · rij )
rij
Y
Udisl (rij ) = −
bi · bj ln
−
+ 2Ec .
(3.21)
2
4π
ac
rij
The potential energy is dependent on the relative orientation of the Burger’s vectors (first
term), but also on the relative orientation of Burger’s vector and the distance vector
(second term) which rapidly vanishes with distance. The total energy of the dislocation
gas is given by
1X
Hdisl =
Udisl (rij ) ,
(3.22)
2
i6=j

and in order to prevent Hdisl from diverging with the system size it is required that all
Burger’s vectors of the system add up to zero:
X
bi = 0
(neutrality condition).
(3.23)
i

Comparing Eq. 3.8 with Eq. 3.21, one can see that the Burger’s vectors play the role of
a charge with a directional character. If one assumes that only dislocations with opposite
Burger’s vectors bi = −bj and |bi | = |bj | = a interact pairwise in a dilute gas, and neglects
the second term in Eq. 3.21 for rij  ac , one finds that 2q 2 is equivalent to Y a2 /4π. Hence,
regarding Eq. 3.10, the critical melting temperature Tm for the dislocation gas is given by
lim

−
T →Tm

Y a2
= 16π ,
kB T

(3.24)

where the negative subscript of Tm denotes that the limit is approached from below. This is
known as the Kosterlitz-Thouless (KT) transition for which the reduced Young’s modulus
K := Y a2 /kB T

(3.25)

acquires a universal constant of 16π at the melting temperature from a topologically
ordered solid to a respective disordered fluid. As can be seen from figure 3.3, a dislocation
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Figure 3.3.: Creation and dissociation of a dislocation pair. Consider four particles (dashed
circles) of which two are not nearest neighbors, displaced along their lattice lines
by thermal fluctuations, each two in opposite direction. The two particles which
were nearest neighbors lose this property and become fivefold coordinated (green),
the other two which where not nearest neighbors gain this property and become
sevenfold coordinated (orange). In principle, this corresponds to a Volterra cut
where both sides of the cut are shifted in the same direction but with respect to two
tips with distance ≈ a. Then the cut compensates itself except in the area between
the tips (one can wonderfully reproduce this with a cut in a piece of paper).
The shift of the particles induces a local shear stress (brown arrows). If thermal
energy is increased (+kB ∆T ), the system can overcome the elastic attraction on
a larger distance. Consecutive particles (dashed) enhance the stress field of the
initial pair and the defects dissociate. This creates two ending lattice lines for one
symmetry axis (red) and two particles of the former dislocation pair become sixfold
coordinated again without changing their location (grey). The shear stress of this
higher configuration increases and a dislocation pair can in principle be created
at arbitrary distance given that a shear stress is applied at sufficient length and
magnitude along the two lattice lines.

pair at finite distance can be created by a local, finite shear. Thus, one can expect that
as long as the pairs are bounded with a non-zero attraction force below Tm , the response
of an internal shear will be elastic and the shear modulus µ will be finite. Above Tm ,
an internal shear would move isolated dislocations without a restoring force. Regarding
Eq. 3.24, this means that µ as well as K will drop discontinuously to zero at the transition.
The melting temperature can similarly be found by an entropy argument, also given
by Kosterlitz and Thouless [7]: If the crystal has the size A, the possible locations of a
dislocation are ≈ A/a2c which results in an entropy
 
A
.
(3.26)
Sdisl ≈ kB ln
a2c
Considering Eq. 3.18, one can see that the internal energy as well the entropy of a dislocation scales with the size of the system. Thus, a transition will occur when the free
energy F = E − T S changes sign, namely when Edisl ≈ Tm Sdisl . With A ≈ R2 , |b| = a,
and neglecting the core energy for a large system, one likewise observes Eq. 3.24.
Up to now, we neglected the effect of other dislocations on the dissociation of a given
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pair (as already pointed out for the charge-model). This becomes more crucial when the
system approaches the phase transition, thus the derivation of Tm with Eq. 3.24 can again
only be seen as an upper bound (similar to Eq. 3.10). Simultaneously, only the singular
part of the elastic energy due to dislocations was considered and the smoothly varying
strain field φ(r) of the long wavelength phonons was disregarded. Including both parts,
the total energy becomes
Z
1
Hel =
(λφ2ii + 2µφ2ij )d2 r + Hdisl .
(3.27)
2
B. I. Halperin and D. R. Nelson [9, 10, 104], and A. P. Young [11] independently used
renormalization group theory to include the screening effect of dislocations into the elastic
constants such that the total energy is solely given by the smooth field φij but with
renormalized values λR and µR :
Z
1
Hel =
(λR φ2ii + 2µR φ2ij )d2 r .
(3.28)
2
They considered the smooth/singular fragmentation (as given in equation 3.27) in the
inverse elasticity tensor
−1
−1
CR
(λ̄R , µ̄R ) = C −1 (λ̄, µ̄) + Cdisl

(3.29)

(where λ̄ = λa2 /kB T and µ̄ = µa2 /kB T are the reduced Lamé coefficients), which consists
of spatial integrations of Boltzmann probabilities
P{b} ∝ e−Hdisl

(3.30)

of limited Burger’s vector complexions {b}, i.e. considering pairs includes orders of y 2 ,
−1
triplets O(y 3 ). Cdisl
is then developed in powers of the fugacity
y = e−Ec /kB T ,

(3.31)

the Boltzmann weight of the dislocation core energy1 [10, 104]. The relevant components
−1
can then be combined to define a renormalized Young’s modulus according to
of CR
equation 3.19:
−1
−1
= K −1 + Kdisl
(y, K)
(3.32)
KR
where
−1
Kdisl

∝y

2

Z

∞

ac

a−1
c



r
ac

3−K/4π

dr + O(y 3 ) .

(3.33)

−1
When K → 16π from above, Kdisl
diverges if the dislocation distance r → ∞. This is
reasonable considering the vanishing shear modulus in the hexatic liquid in connection
with the argumentation of Kosterlitz and Thouless (Eqn 3.24). The mentioned integrals
are now split into a small part [ac , ac el ] which is absorbed back into K −1 and a diverging
part [ac el , ∞]. Upcoming terms due to a necessary rescaling of the core radius ac el = a0c to
1

This is equal to the formation probability of a dislocation core only for a system with size ≈ a2c where
the possible locations of the core is limited to 1.
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retain the form of Eq. 3.32 can be included in a redefinition of y (figuratively speaking, this
is zooming out of the system so that the length scale is effectively increased). Consequently,
one observes adjusted magnitudes K 0 and y 0 , e.g. for the fugacity
y 0 = yel(2−K/8π) .

(3.34)

The iterative splitting and rescaling along an additive renormalization of the fugacity (to
include O(y 2 )-terms in equation 3.34) leads to differential recursion relations for K −1 and
y:
dK −1 (l)
dl
dy(l)
dl

3 2
K(l) 3 2
K(l)
πy (l)eK(l)/8π I1
− πy (l)eK(l)/8π I2
+ O(y 3 ) ,
2 
8π
4
8π

K(l)
K(l)
+ 2πy 2 (l)eK(l)/16π I1
= y(l) 2 −
+ O(y 3 ) ,
8π
8π

=

(3.35)
(3.36)

I1 and I2 are modified Bessel functions, l = 0 corresponds to the initial values K0 (T ) =
Y0 a2 /kB T and y0 (K0 ) given by equations 3.19, 3.20, 3.31, and l → ∞ to the renormalized
ones [10, 104]. Depending on y0 and K0−1 , the evolution of the recursion relations leads
either to a vanishing value of yR if K0−1 < Kc−1 , or to a divergence of y if K0−1 > Kc−1 .
To interpret this behaviour within the melting picture, one can rewrite the ‘effective’
fugacity y 0 on the larger length scale r := eδ : Neglecting the small positive contribution
of the O(y 2 )-term in equation 3.36, one finds


y 0 ≈ exp [−Ec /kB T ] exp ln r2 exp [−(K/8π) ln r]
 


Y
= exp −
ln r + Fc /kB T
8π
 


Y
2
= r exp −
ln r + Ec /kB T .
(3.37)
8π
Here, Fc = Ec − T Sdisl can be seen as the free energy of a dislocation core on an area
r2 . Fc is smaller than Ec , decreased by its entropy Sdisl = kB ln(r2 ) due to the statistical
weight r2 , as the number of possible locations to place the core. While the first summand
in equation 3.37 is the usual elastic contribution, the rescaled fugacity becomes the Boltzmann probability to find a single dislocation in a system with size r2 . Correspondingly,
 


Y
(y 0 )2 = r4 exp −
ln r + 2Ec /kB T
(3.38)
4π
is equal to the probability to find a dislocation pair with distance r. Hence, a renormalization flow y → 0 means that on large length scales, all dislocation pairs are bound to
distances smaller than r, while for y → ∞, separated dislocations can be found on all
length scales.
The flow ys (l) and Ks−1 (l), separating these two regimes (‘separatrix’), terminates at
K −1 = (16π)−1 which means that dislocation unbinding occurs when the renormalized
(reduced) Young’s modulus KR = K(l → ∞) satisfies
lim KR (T ) = lim

−
T →Tm

−
T →Tm

YR (T )a2
≡ Ks (l → ∞) = 16π .
kB T

(3.39)
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Figure 3.4.: A fivefold (left) and sevenfold (right) coordinated disclination in a triangular crystal,
corresponding to disclinicities of s = +π/3 and s = −π/3, respectively. The defects
can be created from a perfect lattice by performing a Volterra cut (dashed lines) and
removing or inserting a whole wedge of π/3 (60◦ ) of the crystal. Thereby, the lattice
can be reassembled continuously afterwards, creating a dislocation at the center of
the cut. The disclinicity (blue angle) can also be described qualitatively by a contour
integral of the bond order field θ(r) around the defect. θ is the angle of a bond in
respect to a certain reference axis, here represented by the corresponding bond vector
(red) which rotates by ±π/3 on an anti-clockwise path.

The transition temperature Tm is now determined by the intersection of the line of initial
conditions y0 (K0−1 ) with the separatrix ys (Ks−1 ). This intersection occurs at Kc = K0 (T =
Tm ) > 16π (a graphic illustration can be found in [10]), leading to an effectively reduced
transition temperature and Young’s modulus
kB Tm <

Y0 a2
16π

=⇒

YR (Tm ) =

16πkB Tm
< Y0
a2

(3.40)

due to the screening of dislocation pairs2 (distinct from the KT-prediction of equation 3.24).
A further analysis in the vicinity of Tm shows that


1
T − Tm ν̄
−1
KR (T ) ≈
1 − const
(3.41)
16π
Tm
where ν̄ ≈ 0.36963 [10, 11].
While the theory of Kosterlitz and Thouless closes up above Tm , Halperin and Nelson [9,
10] stated that the resulting fluid (which they called ‘hexatic’) still possesses orientational
order on a quasi-long range, and proposed a subsequent transition to an isotropic fluid with
short-range orientational order via the unbinding of dislocations into isolated disclinations.
A disclination can be created from a perfect triangular crystal by performing a Volterra
2

The renormalized Young’s modulus approaches the unrenormalized one in the limit of Ec → ∞ since
here Kc → 16π.
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cut as in the case of a dislocation, but now removing or inserting whole ‘wedges’ of the
system. To provide a reassembling of the crystal in conformance with the sixfold lattice
symmetry, these wedges have to provide angles with a multiple of π/3 (60◦ ). The strength
of a disclination can then be quantified by the disclinicity
s=n

π
,
3

(3.42)

where n is an integer which is bounded at least with a negative limit3 of n = −5. Figure 3.4
illustrates a +π/3- and −π/3-disclination in a triangular lattice, a respective fivefold or
sevenfold coordinated site at the center of the Volterra cut, surrounded by sixfold coordinated particles. Similar to the Burger’s vector, the disclinicity is connected to a bond
angle strain field θ(r) = ∂y ux (r) − ∂x uy (r) which measures the angle between of the bond
between two neighboring particles in respect to a certain fixed reference axis (e.g. the
x-axis). A contour integral around the defect then gives
I
dθ = s .
(3.43)
As a result, the energy of the system can be expected to depend on the gradient of θ(r):
Z
1
Hdisc = KA |∇θ(r)|2 d2 r
(3.44)
2
where the Frank constant KA is a temperature dependent coupling constant, quantifying
the elastic response to a torsion of the system.
As in the case of the first transition one can assume that shortly above the solid-hexatic
transition (at Tm ) disclinations are bound to pairs (dislocations) and eventually dissociate
as temperature increases. However, now the distribution of more or less bound disclinations lies in the field of dislocations which did not yet unbind. This effect is not apparent in
the solid phase. Nelson and Halperin showed that at sufficient large temperatures towards
the second transition, the effect of isolated dislocations on the dissociation of disclination
pairs can be absorbed into the Frank constant, leading to
KA ≈

2Ec a2c
.
a2

(3.45)

In the solid phase where disclinations are tightly bound in pairs (dislocations), the response
to a torsion and simultaneously KA is infinite. Close to the solid-hexatic transition, coming
+ ), the Frank constant diverges like
from higher temperatures (T → Tm
!
T − Tm −ν̄
KA (T )
.
(3.46)
∝ exp const
kB T
Tm
with the same renormalized exponent ν̄ for which the renormalized (reduced) Young’s
modulus drops to 16π approaching Tm from below [10]. Due to the dominant screening
by dislocations at Ti , a renormalization of KA at the hexatic-isotropic transition (i.e. the
effect of other dissociating disclination pairs on a given one) is not necessary.
3

For n = −6, the whole crystal would be removed.
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Neglecting long wavelength phonons, the effective interaction potential between two
disclinations with disclinities si and distance vector rij = ri − rj is then be written as

 
rij
KA
Udisc (rij ) = −
si sj ln
+ 2Es ,
(3.47)
2π
as
where, equivalent to a dislocation, as and Es are disclination core radius and energy, and
the total energy Fdisc is given as in equation 3.21 [10]. This potential has no directional
character: A disclination looks the same along every crystal axis (in contrast to a dislocation) and the interaction between two disclinations is only dependent on their mutual
orientation. Knowing Udisc , one can again apply the argument of Kosterlitz and Thouless
(equation 3.10) for a single pair of a five- and sevenfold disclination (si = π/3 = −sj ), and
finds that unbinding takes place when
lim

T →Ti−

KA
72
=
,
kB T
π

(3.48)

where Ti is the transition temperature from the hexatic to the isotropic fluid [9, 10].
Analogous to the shear and Young’s modulus in the solid phase, one can expect that a
finite dissociation of a disclination pair is the response to a local torsion of the system and
that KA drops continuously to zero above Ti where disclinations are isolated.
Pioneering works on a colloidal system similar to the experiment at hand successfully
studied the melting scenario [49, 50], the softening of the Lamé coefficients and the Young’s
modulus [51, 105], defect interactions [106], and the divergence of the Frank constant [52].
All of these studies are in agreement with the KTHNY predictions described above.

3.3. Determination of the phase behavior
The configuration and dynamics of the topological defects in the corresponding phases as
well as the long-wavelength excitations of the lattice have an influence on the global structure of the system and the correlation of order parameters at long times and distances. As
it turns out, these properties can well be tested by the spatial and temporal correlation
of an orientational order parameter [32, 34, 49, 53, 107], or the modified 2D Lindemann
criterion which is purely dynamic [50, 108]. These two are additionally able to identify the
hexatic-isotropic and the solid-hexatic transition, respectively. On the other side, there
are criteria which address the ratio of long- to short-time dynamics, to find the freezing
point of the system [109]. An extensive test of melting criteria in 2D colloidal systems
with dipole-dipole interactions is given in [110].
The structural difference of the three phases is in principle well captured by the 2D
structure factor
2+
* N
X
1
S(q) = |ρ̃(q)|2 =
(3.49)
e−iq·rj
N
j=1

where q is the vector of the reciprocal space, and the sum is running over all N particles at
positions rj . In our case, h·i is a time average of the same ensemble. In a 3D crystal, S(q)
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Figure 3.5.: Structure factor S(q) at different inverse system temperatures Γ (∝ 1/T ). In the solid
phase at Γ = 74.1 (a), in the hexatic fluid at Γ = 68.4 (b), and in the isotropic fluid at
Γ = 61.6 (c). The average in equation 3.49 is taken over the complete measurement
time and the resolution in q is 0.001 µm−1 . The peaks at the reciprocal lattice
vectors {G} can well be located in the solid phase where S(q − G) diverges algebraic
according to the KTHNY theory [10]. In the hexatic fluid, they are expected to
be finite at q = G which is reflected by a ‘blurred’ peak pattern. In the isotropic
fluid, a shaded ring appears at |q| = 2π/a0 . The numbers 1,2,3 indicate the three
peaks used for the subsequent determination of suitable reciprocal lattice vectors
(see figure 3.7a). The red arrows illustrate the corresponding optimized and time
averaged value hG1 i.

displays δ-peaks at reciprocal lattice vectors {G}. Due to the logarithmically diverging
displacement, this behaviour is replaced in a 2D crystal by power-law divergences
S(q) ∝ |q − G|−2+ηG (T ) ,

(3.50)

where the algebraic exponent ηG is dependent on temperature and the renormalized Lamé
− [10]. In the hexatic phase, the character of
coefficients and approaches 1/3 when T → Tm
an orientationally quasi-long-range ordered fluid leads to a finiteness of the S(G)-peaks,
while for the isotropic fluid, an isotropic pattern of S(q) is expected, at a |q|-vector corresponding to the mean particle distance. Figure 3.5 shows the structure factor in the three
different phases: in the solid phase at Γ = 74.1 close to the solid-hexatic transition (a),
in the hexatic fluid at Γ = 68.4 (b), and in the isotropic fluid at Γ = 61.6 (c) close to the
isotropic-hexatic transition4 . Even in the proximity of the phase transitions, the distinct
patterns in S(q) are clearly visible: While the peaks in the solid phase are well located
at the reciprocal lattice vectors, they are ‘blurred’ in the hexatic fluid, while the expected
ring at |q| = 2π/a0 appears in the isotropic fluid.
An appropriate measure of the orientational symmetry is the local bond order parameter
nj
1 X i6θk (rj ,t)
e
ψ6 (rj , t) =
nj

(3.51)

k=1

4

The inverse transition temperatures Γm and Γi are determined via the analysis of the orientational order
parameter and the 2D Lindemann parameter further below.
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where the sum runs over all nj nearest neighbors of particle j, and θk (rj , t) is the angle of
the k-th bond5 . The factor of 6 represents the sixfold symmetry of the triangular lattice:
For a perfect sixfold coordinated particle where the bonds are separated by an angle of
π/3 (60◦ ), all terms of the sums point in the same direction in complex space and |ψ6 | = 1.
At finite temperature, bonds fluctuate and the absolute value of ψ6 will be smaller than
1, and decreases further with increasing temperature. For a five- or sevenfold disclination,
the average angle between the bonds are 72◦ (2π/5) and ≈ 51◦ (2π/7), respectively, which
leads to a value of |ψ6 | ≈ 0. Thus, the bond order field ψ6 (r) not only reflects the
orientational symmetry but puts an additional emphasis on the defect configuration. The
spatial correlation of ψ6 (r),
g6 (r) = hψ6∗ (r)ψ6 (0)i ,
(3.52)
shows a distinct behaviour in the three different phases [10]. In the solid, g6 (r) approaches a non-zero but temperature dependent value at large r which decreases towards
the solid/hexatic transition: The long wavelength phonons and the bound dislocation pairs
do not destroy the correlation of the local orientational symmetry and the orientational
order is long range. However, in the hexatic phase, there is a diffusion of isolated dislocations including ending lattice lines which, qualitatively speaking, smoothly bend the
bond angle strain field θ(r) (e.g. as the long wavelength phonons do with the displacement
field). Accordingly, the orientational order is quasi-long-range and decays algebraically:
g6 (r) ∝ r−η6 (T ) ,

(3.53)

where η6 (T ) = 18kB T /πKA (T ) [10]. In the KTHNY model, the algebraic decay of g6 (r)
reflects the finiteness of the Frank constant KA in the hexatic fluid. In the isotropic fluid,
isolated disclinations reduce the orientational order to short ranges, and g6 (r) decays
exponentially:
g6 (r) ∝ e−r/ξ6 (T ) .
(3.54)
ξ6 is the orientational correlation length which diverges exponentially, approaching the
isotropic-hexatic transition from higher temperatures (T → Ti+ ), namely
!
T − Ti −1/2
ξ6 ∝ exp const
.
(3.55)
Ti
The behaviour of g6 (r) for the colloidal system is illustrated in figure 3.6 in a log-log
plot. Shown are curves for different (inverse) system temperatures Γ in the proximity of
the phase transitions. For Γ = 74.1, g6 (r) does not decay on long distances and approaches
≈ 0.5: The system is in the solid phase. As expected, this value decreases with decreasing
Γ (increasing T ). Between Γ = 71.0 and Γ = 69.7, the behaviour switches to an algebraic
decay (linear in the log-log plot) and the system enters the hexatic fluid. We postulate that
the transition temperature is in between the values of the two respective curves: Γm ≈ 70.4.
For lower Γ-values, the decay gets stronger and the algebraic exponent increases (KA
decreases). According to the KTHNY theory, η6 approaches 1/4 at the hexatic-isotropic
transition (Γi ) where KA → 72/π. This point is reached between Γ = 67.8 and Γ = 66.9
5

The nearest neighbors are determined by a Voronoi tessellation.
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Figure 3.6.: Spatial correlation g6 (r) = hψ6∗ (r)ψ6 (0)i of the bond order parameter ψ6 (r) for different (inverse) system temperatures Γ (∝ 1/T ) as a function of the mean particle
distance a0 ≈ 13.4 µm, and on a double logarithmic scale. The average is taken
over radial shells of 0.1 µm thickness and in addition over all particles and the complete measurement time. The evolution at large distances is an indicator of the
underlying phase: Approaching a constant in the solid phase (Γ > 71.0), decaying
algebraically (linear in log-log) in the hexatic fluid (69.7 > Γ > 67.8), and exponentially (non-linear in log-log) in the isotropic fluid (Γ < 66.9). According to the
KTHNY theory, the algebraic exponent η6 (T ) approaches 1/4 at the hexatic-isotropic
transition (Ti ) [10]: The solid line displays a function f ∝ r−1/4 separating the two
phases. Long-range orientational fluctuations in ψ6 (r) slightly below Γi inhibited
reliable statistics for r > 20a0 where we expect the curves for Γ = 66.9 and Γ = 66.1
to drop exponentially, too.

(see solid line in figure 3.6), and we set the hexatic-isotropic transition at Γi ≈ 67.46 .
The values of the two transition temperatures are well evaluated by two respective curves
with distance ∆Γ ≈ 1, which basically is the Γ-resolution for the system. Below Γi , g6 (r)
decays exponentially (non-linear in the log-log plot7 .
Using the spatial orientational correlation, the determination of the solid-hexatic transition temperature is rather difficult. At Γm , the Frank constant diverges and the algebraic
exponent η6 approaches zero, hence one has to discriminate between an infinitesimal slope
6

The transition temperatures Γm and Γi differ from earlier works on a similar system ([49, 50, 52]) due to
a different calibration of the interaction parameter Γ (see section 2.4). The width of the hexatic phase
(∆Γ ≈ 3) remains the same.
7
This is not yet clearly seen at Γ = 66.9 and Γ = 66.1 within the range r ≤ 20a0 . Larger distances were
statistically not accessible due to increasing orientational fluctuations slightly below Γi (divergence of
ξ6 ). The non-linear drop occurs at larger scales, which can be observed by the orientational correlation
in time (section 4.2).
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and a constant behaviour of g6 (r). Since translational order switches from quasi-long-range
to short-range upon melting across Γm , the more appropriate measure for this transition
is the (translational) order parameter
ψG (rj , t) = eiG·rj (t) .

(3.56)

This quantity reaches its maximum of 1 if the position vectors rj correspond to linear
combinations of the Bravais lattice vectors, i.e. rj = n1 e1 + n2 e2 , since a reciprocal lattice
vector is defined by
Gi · ej = 2π .
(3.57)
The aim now is to find the ‘right’ value(s) for G. In a crystal at finite temperature, the
position vectors fluctuate and can be written as r = R + u(R) where R is a vector of the
Bravais lattice and u(R) the displacement from it. If translational order is long range and
u(R) is bounded (like in a 3D crystal), R is at all distances given by a linear combination
of well defined Bravais lattice vectors {e}, and the set of reciprocal lattice vectors {G} is
also well defined via equation 3.57. In 2D, however, u(r) diverges due to long wavelength
lattice excitations [6] and {R}, {e} as well as {G} are not well defined since they vary
along space and during time (i.e. it is difficult to put a triangular grid on the ensemble to
extract {G}). Additionally in the fluid phases, a reciprocal lattice vector can hardly be
defined since translational order is short range.
To approximate suitable values for G, we consider the global parameter
Ψq =

N
X

eiq·rj

(3.58)

j=1

which should be at the maximum when q = G. We locally maximize Ψq as a function
of q in the vicinity of the three S(q)-peaks 1,2 and 3 in figure 3.5. To account for the
temporal lattice distortion due to the phonons, we do this for every time step of the
measurement and observe sets Gk (t) with k = 1, 2, 3. The red arrows in figure 3.5 display
the corresponding time averaged value hG1 i: While in the solid phase near Γm (figure 3.5a),
hG1 i coincides well with the center of the S(q)-peak. This is not the case in the hexatic
fluid (figure 3.5b), indicated by a less well defined reciprocal lattice vector. Figure 3.7a
illustrates the single components of hG1 i along the melting series: Decreasing Γ from deep
in the solid phase towards Γm , hG1,x i and hG1,y i remain more or less constant. Below
Γm they first start to fluctuate slightly, matching the corresponding distribution of S(q).
Below Γi the fluctuations strongly increase which confirms that G is not defined in the
isotropic fluid.
With these optimized values of G we calculate the spatial correlation of the positional
order parameter
∗
gG (r) = hψG
(r)ψG (0)i ,
(3.59)
where we use a mean value over the three reciprocal lattice vectors for every time step:
ψG (rj , t) = eiGk (t)·rj (t) k . The behaviour of gG (r) is sensitive to r and therefore to the
displacement field. Since u(r) diverges in 2D, gG (r) cannot stay finite at large distances,
but rather decays algebraically:
gG (r) ∝ r−ηG (T ) ,

(3.60)
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Figure 3.7.: a Time averaged components of the optimized reciprocal lattice vector hG1 i (see
figure 3.5) along the melting series. Lines connecting points are guides to the eye, and
the vertical lines correspond to the melting temperature Γm ≈ 70.4 and Γi ≈ 67.4,
found from the analysis of g6 (r). In the 2D solid phase, the reciprocal lattice vectors are not well defined due to quasi-long-range orientational order. However, they
should be assignable and approximately constant for a finite system size which is
the case above Γm . Below Γm , the reciprocal lattice vector is less well defined (see
figure 3.5b) and both components slightly start to fluctuate. Below Γi , G not defined
at all (figure 3.5c) which is indicated by the strongly increasing fluctuations.
∗
b Spatial correlation gG (r) = hψG
(r)ψG (0)i of the positional order parameter
iG·rj
ψG (rj ) = e
on a double logarithmic scale for system temperatures in the hexatic
and near solid phase (same as in figure 3.6, the indication of the phases relies on the
analysis of g6 (r)). According to the KTHNY theory, gG (r) decays algebraically in
the solid and exponentially in the fluid phases. This cannot be identified unambiguously for the curves also due to the bad statistics at large r. However, there is a
more or less sharp drop from Γ = 69.7 to Γ = 67.8, slightly below Γm .
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displaying the quasi-long-range translational order [10]. From another point of view, the
long-range order can be seen destroyed due to the ending lattice lines induced by isolated
dislocations. In the hexatic as well as in the isotropic fluid, the translational order is short
range and decays exponentially:
gG (r) ∝ e−r/ξG (T ) ,

(3.61)

where ξG (T ) is the translational correlation length which diverges approaching the hexatic+ ). Figure 3.7b illustrates g (r) for Γ-values corresolid transition from above (T → Tm
G
sponding to the hexatic and near solid phase (same as in figure 3.6). Unfortunately, it is
not possible to identify an unambiguous decay behaviour, or a significant change in it over
the transition temperature Γm ≈ 70.4. In addition, the statistics are worse than for g6 (r),
e.g. the curve for Γ = 71.7 increases again for r ≥ 10a0 . However, there seems to be a
more or less sharp drop of the curves at large r between Γ = 69.7 and Γ = 67.8 which is
slightly below Γm .
In 1910, F. A. Lindemann [111] postulated that that a crystal composed of simple
harmonic oscillators melts when the thermal vibration of the atoms leads to collisions
between them, hence when the average displacement exceeds half of the mean particle
distance minus the atomic diameter. Decades later, J. J. Gilvarry [112] modified this
criterion, stating that melting occurs when the square root of the mean-square amplitude
−1/2
u2 (ri )
is equal to a fraction of the neighboring atoms distance. Since this criterion
is not applicable in 2D where u2 diverges, Yu. E. Lozovik and V. M. Farztdinov [113]
proposed that the modified parameter
D
E
γ = [u(rj ) − u(rj+1 )]2 /a2 ,
(3.62)
which measures the relative displacement of a particle i with respect to a neighboring
particle i + 1, is bounded by a critical value γc below the melting temperature. Since
the long wavelength lattice fluctuations do not rearrange local particle distributions (e.g.
a breaking out of a ‘cage’), a neighbor-relative displacement is not sensitive to those
distortions. Using a self consistent approximation, they found γc ∼ 0.03 in a 2D system
using the Coulomb potential (∝ r−1 ). This was confirmed by 2D molecular dynamics
simulations [114], where additionally for Lennard-Jones and dipole (∝ r−3 ) potentials
γc ≈ 0.04 was found8 . Reasonably, γc does not seem to be of universal character but
dependent on the range of the interaction potential. It was also shown [115] that this
critical parameter changes for a displacement in respect to particles in a finite range.
Close to melting, these authors found a minimum of γ if the displacement is considered
relative to the average position of particles within a radius of 3a and increases for larger
radii, reasonably due to the enhanced influence of the long wavelength phonons.
For our system, we average the 2D Lindemann parameter over all N particles and all
nj nearest neighbors rj,k :
D
E
2
γ ∗ (τ ) = h∆rj (τ ) − ∆rj,k (τ )ik
/2a20 ,
(3.63)
N

8

−1/2

This value corresponds to the definition a = n
of the lattice constant or the mean particle distance,
as in the system at hand. In [114], a = (πn)−1/2 was used.
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Figure 3.8.: 2D Lindemann parameter γ ∗ (τ = 10 000 s) along the melting series. In 2D, the average displacement u2 (r) diverges in the solid phase, hence not suitable to distinguish
between fluid and solid dynamics. γ ∗ (τ ) measures the squared displacement of the
particles relative to their nearest neighbors, being insensitive to long wavelength lattice distortions. γ ∗ is clearly bound in the solid phase (above Γm ) but increases
significantly entering the fluid phases (below Γm ). The red line corresponds to the
critical threshold value at the melting transition observed by molecular dynamics
simulations [114] of a 2D system with a dipole potential.

where ∆rj (τ ) = rj (τ ) − rj (0) is evaluated at τ = 10000 s which is the full measurement
time9 . The results are illustrated in figure 3.8: While below Γm , γ ∗ increases roughly
linearly with decreasing Γ, it is bounded for Γ > Γm . For Γ < 80, it does not drop entirely
below the critical value γc predicted for dipolar MC systems (red line), but we can expect
that the precise value of γc for our system might additionally be enhanced slightly by
external perturbations due to the experimental environment or a finite polydispersity.

3.4. Specific heat
First order phase transitions are characterized by the discontinuity of certain independent
state variables, e.g. the entropy S(T ) as a function of temperature or the Volume V (p) as
a function of pressure. Examples in 3D are melting from a crystalline to a fluid state or
the compression of a gaseous to a liquid state. This leads to a discontinuity in the internal
thermodynamic energy U = U (S, V, ...) and, e.g. concerning a drop in the volume in a
9

We used the particle position instead the displacement u(r). Otherwise, one has to define the lattice sites
R by the equilibrium position hrj it of the particles (at least in the fluid phases). However, replacing
∆rj (τ ) by ∆uj (τ ) = rj (τ ) − hrj it − (rj (0) − hrj it ), the equilibrium lattice site cancels out.
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closed system, to an equilibrium of two phases with different densities ni = N/Vi . The
jump in the entropy appears if a finite heat flow ∆Q = T ∆S to the system does not increase
temperature, but for instance the degree of ‘configurational’ disorder like the number of
microstates which yield a certain (macroscopic) internal energy. This heat flow is called
the latent (‘hidden’) heat, and is an unambiguous indication of a first-order transition. It
is reflected in the ‘thermodynamic’ heat capacity of the system which is defined as the
(differential) amount of heat δQ = T dS a system can absorb when its temperature is
changed. Regarding the first law of thermodynamics for a reversible process, one finds at
constant V :
 


 2 
δQ
∂U
∂ F
CV =
=
= −T
(3.64)
dT V
∂T V
∂T 2 V
where F = U −T S = F (T, V, ...) is the free energy, usually used in a temperature controlled
system. Thus, a discontinuity in U (or a non-differentiability of F ) at the transition point
leads to a δ-like divergence of CV . At a second order transition, on the other hand, the
internal energy is continuous (but not differentiable) and the specific heat is discontinuous,
i.e. shows a finite jump at the transition.
Considering a system at constant V in thermal contact with a heat bath (compositely
isolated), its ‘microscopic’ energy E can fluctuate between microstates (eigenstates) Ej ,
as long as the condition
Ej + EB = Etot = const
(3.65)
is fulfilled. Here, EB is the energy of the heat bath and Etot the total energy of the
composite system. The mean internal energy is then given by summing up the microstates
multiplied by their probabilities pj
U = hEi =

X
j

pj Ej =

1 X
Ej e−βEj ,
Z

(3.66)

j

with the partition function Z and β = kB T . pj is the number of microstates of the composite system (provided that E = Ej ) divided by the total number of possible composite
microstates. The temperature T is then introduced microscopically through a linearisation of the entropy of the heat bath around Etot : SB (EB ) = SB (Etot − Ej ), assuming that
Ej  Etot . More precisely,
T −1 := (∂SB /∂E)
(3.67)
is the linear factor in this power expansion. In a composite system it holds
pj ∝ exp {S(Ej )/k} = exp(SB (EB )/k) ,

(3.68)

which means that the more ‘sensitive’ the entropy of the heat bath reacts to variations in
E, the more probable are microstates with low Ej with respect to states with large Ej .
In the limit of an infinitely large temperature (where SB does not change with E), every
microstate j has essentially the same probability10 .
10

A certain degree of degeneracy (e.g. E1 < E2 = E3 < E4 = E5 = E6 < ...) might additionally lead to a
preference of a certain value of E and affects the macroscopic energy hEi.
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PThe partition function Z acts as a normalization constant, and is with the constraint
j pj = 1 given by
X
Z=
exp(−Ej /kB T ) .
(3.69)
j

With this definition and hEi = −∂(ln Z)/∂β, the heat capacity can be written as
CV

∂ hEi
∂T

=

(3.70)

∂ hEi
∂ 2 (ln Z)
= kB β 2
∂β
∂β 2
"



2 #
2Z
1
∂Z
1
∂
1
∂Z
∂
= kB β 2
−
= kB β 2
∂β Z ∂β
Z ∂β 2
Z ∂β
= −kB β 2

E 2 − hEi2
= (∆E)2 .
kB T 2

=

Thus, the heat capacity is also given by the energy fluctuations (∆E)2 = E 2 − hEi2 at
constant temperature, and can be seen as the ‘susceptibility’ of the energy: For first-order
freezing from a liquid to a solid, the energy performs a step across the transition since the
different densities of the two phases lead to a different internal energy. Simultaneously,
the system can fluctuate directly at the phase transition between configurations which are
largely dominated either by the one or by the other phase. This leads to large fluctuations
of E. For a second order transition, on the other hand, the energy changes only very
weakly across the transition, e.g. due to a mere maximization of interparticle distances
at constant density. Hence, even large configurational fluctuations will not lead to large
fluctuations of E.
In an isolated system with fixed energy Ej (microcanonical ensemble), the entropy is
simply given by
Sj = kB ln Ω(Ej ) = −kB ln pj ,
(3.71)
where the statistical weight Ω(Ej ) is the number of degenerated microstates with energy
Ej . In contact with a heat bath (canonical ensemble), the system can be in different
microstates with different probabilities which all contribute to the entropy. Accordingly,
its average is
S = −kB

X
j

pj ln pj = −k

X e−βEj
j

Z

ln

e−βEj
hEi
=
+ kB ln Z ,
Z
T

(3.72)

and with the definition of the free energy one finds F = −kB T ln Z. Often, it is not possible to calculate Z analytically and one develops F in terms of a suitable order parameter.
In the KTHNY scenario, the situation is partly different. Here, the microscopic description of the defects on the underlying (non-reducible) system11 makes it convenient
11

Consider the definition of a dislocation via the displacement field (equation 3.17) or a similar connection
between a vortex charge and the corresponding spin rotation in the 2D XY model [8].
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to approximate the partition function via the defect Hamiltonian, hereby neglecting spinwaves or long wavelength phonons which only have a small and constant contribution to
the heat capacity [57]. In this context, the critical properties of the 2D XY model have
already been studied by Kosterlitz [116] who found that the correlation length ξ diverges
exponentially at the critical temperature Tc :
!
T − Tc −1/2
ξ ∝ exp const
,
(3.73)
Tc
in contrast to the usual algebraic divergence, known for 3D second-order phase transitions.
In addition, he found that the singular part of the free energy behaves like
!
−1/2
T
−
T
c
Fsing ∝ ξ −2 ∝ exp −const
,
(3.74)
Tc
and thus vanishes at Tc , as well as all its derivatives, e.g. the heat capacity. Nelson and
Halperin [10] showed that similar essential singularities in F and C appear for the 2D
crystal at the dislocation- and disclination-unbinding at Tm and Ti , respectively.
The weak singularities in C at the transition temperature (where defects first start to
unbind) are not observable. However, A. N. Berker and Nelson [57] argued that for the
2D XY model, a significant contribution to the heat capacity due to the defect unbinding
occurs above Tc : The magnitude of C is largest when the distance of bound pairs becomes
comparable to the vortex core size and C starts to drop when all pairs are unbound12 .
They postulated a broad peak in the heat capacity, approximately 38% above Tc , displaying a weak maximum whose position, height, and shape happen to be non-universal. One
can expect that the same successive unbinding of dislocation and disclination pairs (in
respect to Tm and Ti ), results in a (possibly weak) peak in the heat capacity of 2D crystals
shortly above the transition temperature(s). Further, various experiments and simulations
have been performed to relate the behavior of the peak to the order of the transition. The
experimental side is dominated by atomic or molecular monolayers on graphite, which
do not always find unambiguous results for the same systems. Argon systems show, on
the one side, a broad peak associated with a higher order, solid-fluid transition [58], on
the other, they reveal stronger singularities in the heat capacity, pointing to weak firstorder characteristics [59]. A continuous melting via a weak anomaly in C is found for
ethylene [45]. In addition to other weaker singularities, a δ-shaped first-order peak was
found for Oxygen [60] and CF2 Cl2 [61], corresponding to a melting or a structural phase
transition, respectively. Simulations have been performed for more varying systems: Interacting dislocations [36, 37] show that for small dislocation core energies, the specific
heat has a large discontinuity, consistent with a first-order transition while for large core
energies, a single moderate peak is observed, pointing to a continuous character. Laplacian
roughening models [23] (which are dual to 2D melting) and Lennard-Jones systems [26] display one non-divergent peak along a two-step, KTHNY-like scenario, whereas simulations
of non-ideal Yukawa systems [62] show two singularities associated with two transitions.
Concerning the position of an anomaly in the heat capacity with respect to the phase
12

Indeed, already Kosterlitz and Thouless [8] postulated this ‘shift’ for the neutral superfluid, corresponding
to experiments by Symonds et al. [117].
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transition temperature, D. F. Brewer et al. [117, 118] showed already in the 1960s that the
onset of superfluidity and the specific heat maximum of Helium films split up and are both
shifted to lower temperatures as the film thickness is reduced. Further, the maximum is
delayed above the superfluid temperature, caused by excitations which remain until the
ordered phase is completely destroyed. P.-G. De Gennes (comment in [117]) pointed out
that the temperature onset of superfluidity might be caused by short-range-order effects
which also become important in one- and two-dimensional salts [119, 120]. A shift of the
specific heat peak to higher temperatures has also been reported in simulations of planar
models [121–123] and 2D solids [23, 26, 36].
The experimental studies of atomic and molecular monolayers stated above are of calorimetric type which means that a precise determination of symmetry breaking is hardly
possible. Here, colloidal systems provide the advance of single particle resolution where
transition temperatures are determined by the correlation of local order parameters. In
addition, the specific heat can be calculated by energy fluctuations on a microscopic level
if the pair potential is precisely known, and its singularities can be correlated to the evolution of the microscopic defect structure.
For the colloidal system at hand, the entire ensemble of the sample is held at constant
particle number and confined by the border of the sample cell. Since the particles interact
repulsively, a melting transition is not associated with a (significant) change in density or
volume, but rather with an increase of configurational entropy along constant density. The
comprehensive control parameter is given by Γ = Emag /kB T , the ratio of mean magnetic
energy between two neighboring particles and thermal energy (which effectively acts like
2 ),
an inverse temperature). Γ will be regulated by an external magnetic field (Emag ∝ Bext
tuning the total (internal) potential energy


X
X
1
µ0 2 2  1
1

E=−
χ Bext
(3.75)
m i Bj =
2
4π
2
|ri − rj |3
i,j

i,j

where mi = χBext are the magnetic moments interacting with their own (induced) fields
Bj , and both sums run over all particles in the system provided that i 6= j (see section 2.1).
Regarding the dimensionless control parameter, it is now convenient to use an internal
energy scale which is itself dimensionless, e.g. the ratio of total potential energy and
thermal energy.
Concerning the determination of the heat capacity via a derivative of E with respect
to Γ as well as from fluctuations of E at fixed Γ, it is favorable to directly elude particle
fluctuations by dividing the internal energy by the actual particle number. Hence, we
define the (time averaged) potential energy per particle and thermal energy as
*
+


1
E(t)
1 X
1
−3/2
EN =
= Γ(πn)
.
(3.76)
kB T N (t)
2N (t)
|ri (t) − rj (t)|3
i,j

To avoid border effects, i runs over all N particles which are at least a cutoff radius rc apart
from the analyzed window, and j over all particles within this cutoff radius |ri − rj | < rc
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Figure 3.9.: a Reduced potential energy EN = E/N kB T for the cutoff radii rc = 5a0
(N ≈ 2000), rc = 10a0 (N ≈ 1300), rc = 15a0 (N ≈ 600) and rc = 20a0 (N ≈ 200).
Due to density fluctuations in combination with the weak (continuous) character of
the transition, a significant anomalous feature in the course of EN (Γ) is not resolvable.
b Specific heat cN /kB calculated via the derivative of the potential energy:
cN /kB T = −Γ2 d(EN /Γ)/dΓ. The large fluctuations around the zero line are caused
by variations of the density (and simultaneously of the potential energy EN along the
melting series), and prohibit the detection of a transition related excess or singularity
in cN .
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Figure 3.10.: a Specific heat cN /kB calculated via fluctuations of the internal potential energy
EN (per particle and kB T ) for different cutoff values rc . All show a singularity
at Γp = 68.4 whose magnitude decreases with smaller cutoffs. The peak position
(dashed line) lies within the hexatic phase, shifted below the solid-hexatic transition temperature Γm .
b Density fluctuations ∆N at constant Γ for the same cutoff values as in the
upper plot. These affect the density and therefore the fluctuations of EN , used
to calculate cN . The fact that ∆N does not peak at Γp = 68.4 ensures that the
specific heat singularity is not correlated to an anomalous behaviour of ∆N , but
caused by ‘configurational’ fluctuations.
c Specific heat averaged over all cutoffs, for the fluctuation- (black) and the
derivative-approach (grey). While the peak-to-baseline ratio is reduced for (∆EN )2 ,
the fluctuations of cN via the derivative of the energy (figure 3.9b) are rather averaged out if different cutoff values are averaged. This strongly indicates that those
peaks are not related to a phase transition.
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(provided that i 6= j). Thereby, the energy is summed within the same cutoff for all
particles. With Emag /Γ = kB T and dT = −(T /Γ)dΓ one observes for the specific heat
(per particle):
cN =

1 dE
1 d(EN N kB T )
d(EN /Γ)
=
= −kB Γ2
.
N dT
N
dT
dΓ

(3.77)

Figure 3.9a illustrates EN and cN as a function of Γ for different cutoff radii. The linear
dependence results from the proportionality to Γ and the different slopes correspond to
the increasing energy per particle with an increasing cutoff range (larger j-sum in equation 3.76). Since the melting transitions are of continuous character without a change in
density over the transition points we can assume that singularities in the heat capacity
will be very weak and exclusively of configurational (or entropic) nature. Therefore, we
expect only an marginal change in the internal potential energy, caused by a structural
transformation, either minimizing the lattice sum in the ordered crystal or maximizing the
configurational entropy in a disordered fluid phase. An excess in the specific heat should
then be visible as a weak ‘step’ in the course of EN . Unfortunately, such a step is not
resolvable or, more precisely, not separable from underlying fluctuations due to a varying
density along the melting series. This becomes more evident upon computing the specific
heat cN by a numerical derivative which is shown in figure 3.9b: cN strongly fluctuates
around the zero line, making the detection of a phase transition related singularity hardly
possible. This is caused by global density changes due to deformations of the sample
cell. These again can be related to mechanical interference in the experimental setup or
temperature fluctuations in the laboratory. In corresponding Monte Carlo simulations,
emulating our experimental system, a singularity in the specific heat via the derivative
approach can be well resolved13 [124]).
As stated before, the heat capacity can additionally be calculated by fluctuations of
the internal energy at constant temperature (or constant interaction strength). For the
repulsive colloidal system, the density does not change along the transition and the energy
fluctuations are caused by structural rearrangements which change the local order14 . Thus,
one can expect that these fluctuations are very weak. Regarding equation 3.71, the specific
heat can be calculated via the fluctuations of EN = E/(N kB T ) as


2
cN = kB N EN
− hEN i2 = kB N (∆EN )2 .
(3.78)
The results are shown in figure 3.10a for the cutoff values rc = [5a0 , 10a0 , 15a0 , 20a0 ], and
in a Γ-range [59 ↔ 79], around the two phase transitions. The cutoff value reduces the
effective field of view, so that the energy summation can be taken within the same cutoff
for every particle. To gain the best statistics, the largest possible ‘effective’ ensemble is
analyzed, hence, a small value of rc corresponds to a large system and vice versa. Within
13

Simulations were performed by Antonio M. Puertas, University of Almeria. The Monte Carlo system
consists of 2500 hard discs interacting with the same dipolar potential as in the experiment. The 2D
volume fraction is set to φ = 0.07 to be in the ‘point-like’ limit and to mimic the experimental conditions
(φ ≈ 0.088).
14
This is directly connected to the microscopic dynamics and dissociation of the topological defects which
will be discussed further below.
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the hexatic phase, a singularity is visible for all cutoff values which can be attributed to the
excess of energy cost to enforce the solid-hexatic transition. The peak position Γp = 68.4
(dashed line) is shifted below Γm ≈ 70.4 (2.8 % relative change) which will be explained
further below with the successive unbinding of dislocation pairs starting at Γm . First, we
have to ensure that the singularities are caused by ‘configurational fluctuations’ and not
by particle fluctuations
q
∆N :=

hN 2 i − hN i2

(3.79)

at constant Γ. Although these are energy fluctuations per particle, they affect the density
and therefore the summation over the particle distances. As can bee seen in figure 3.10b,
these fluctuations are much smaller than the variations of N as a function of Γ (figure 2.10a in section 2.5) since the system is already in equilibrium at the beginning of the
measurement15 . Since ∆N does not significantly peak at the cN -peak (dashed line) for all
cutoff values, we can expect that the singularities in cN are not caused by (global) density
fluctuations.
The decrease of the peak height of cN with smaller cutoff values is not surprising. It just
means that configurational fluctuations become more visible for larger cutoffs: Regarding
only nearest neighbors, the difference in potential energy between a perfectly sixfold coordinated particle and a disordered one (a disclination) is much smaller, with respect to an
energy summation on a larger range on which the defect number can fluctuate stronger.
On the other hand, if the cutoff is increased, the statistics become worse which results in
an increasing baseline of cN : Particle fluctuations are proportional to the perimeter of the
effective field of view which gains importance towards smaller systems, with respect to
the total energy which is proportional to the area. Additionally, the intrinsic density fluctuations cause an increased baseline as expected by the law of Dulong-Petit for a crystal
of classical harmonic oscillators16 : It states that every degree of freedom contributes kB T
(half for kinetic and half for potential energy) to the total energy of the system, resulting
in a value of 2kB for the specific heat in the 2D solid phase17 .
The baseline level of cN can be estimating with effect of ∆N on the density and simultaneously on the potential energy EN via
δEN =

∂EN
∂EN
δa =
∂a
∂a

∂a
δN
∂N

(3.80)

where δa is the fluctuation in the mean particle distance a(t) at fixed Γ (e.g. averaged over
all particles at a single time step). We can now approximate EN in the solid phase with
a sum over the first (six) nearest neighbors at distance r = |ri − rj | ≈ a which contribute
most to EN :
!
∂EN
3 Γ(πn)−3/2
≈6 −
(3.81)
∂a
2
a4
15

We assume that changing the interaction strength (even slightly) might induce global rearrangements
which enhance the particle variations between equilibrium states.
16
P.-L. Dulong and A.-T. Petit [125] found the same value of the specific (molar) heat for various
monoatomic solids.
17
This was indeed found for analogous simulations [124].
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Figure 3.11.: Fluctuations of the internal potential energy EN (t) (per particle and kB T ) for
three complete equilibrium measurements: at the specific heat peak Γp = 68.4
(purple) and at larger and smaller Γ-values, Γ = 73.6 (light grey) and Γ = 64.8
(dark grey). The left scale corresponds to Γp = 68.4. The other two curves are
shifted (∆EN = −3.75 for Γ = 73.6 and ∆EN = +2.65 for Γ = 64.8) to overlay
with Γp = 68.4 for a better comparison. The fluctuations at the peak position
is significantly larger than apart from it. In addition, the temporal range of the
enhanced fluctuations is much longer than the Brownian noise, which points to a
slow dynamic of configurational rearrangements close to the phase transitions: a
fingerprint of critical fluctuations.

where N cancels out with the lattice sum in the potential energy. With N/V = a−2 one
observes
∂a
V 1/2 N −3/2
a
=−
=−
.
(3.82)
∂N
2
2N
For a cutoff radius rc = 5a0 and Γ > 70 we observe δN ≈ ∆N ≈ 3.5 (figure 3.10b), and in
analogy to equation 3.78 we find a fundamental excess in the specific heat due to density
fluctuations, of
"
#2
−3/2 a
δcN
9Γ(πn)
0
≈ N (δEN )2 ≈ N
(∆N )2 ≈ 22 .
(3.83)
kB
2N
a40
Here, we have used Γ = 75 and the time averaged values a0 = 13.4 and N = 2070.
The excess of 22 is a bit overestimated compared to the baseline of ≈ 15 in figure 3.9a.
Nevertheless, it shows that relative particle fluctuations of ∆N/N ≈ 0.16% have a crucial
effect on the potential energy (per particle) which makes it experimentally challenging
to resolve weak singularities in cN via the fluctuation approach. To additionally confirm
that the singularities of cN ∝ (∆EN )2 at Γp are no artifacts (in contrast to the ‘peaks’
for the derivative approach in figure 3.9a), the four different cutoff values are averaged
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for both methods. The result is illustrated in figure 3.10c where one can clearly see that
for (∆EN )2 , the singularity sustains and the peak to baseline ratio is reduced, while for
d(EN /Γ)/dΓ, the fluctuations are rather averaged out, compared to their magnitude for
rc = 5a0 in figure 3.9a.
Further, it is fruitful to study the precise time evolution of EN . This is illustrated in
figure 3.11 for the complete measurement time and a cutoff value rc = 15a0 , for which
cN shows the largest peak height (≈ 45). The graph shows EN (t) at the peak position
and at larger and smaller values Γ = 73.6 and Γ = 64.8 where cN ≈ 10. The left scale
is true for Γp = 68.4. For Γ = 73.6 and Γ = 64.8, the curves are shifted downwards and
upwards, respectively, for a better comparison (the range of the scale is the same). As
expected, the fluctuations at Γp = 68.4 are significantly larger as apart from the peak.
More interestingly, the fluctuations at the peak position happen on a rather large time
scale. A processing of (∆EN )2 , e.g. over the first 2000 s would have let to a much smaller
value of cN . This indicates that the configurational fluctuations which drive the phase
transition are slow, compared to Brownian noise. This is not surprising, given the continuous melting picture: Approaching the critical temperatures of the transitions, structural
fluctuations due to the dynamics (and dissociation) of topological defects is slowed down
due to the divergence of the correlation time.
To explain the shift in the specific heat peak, the defect distributions are investigated
on single particle level and compare our results with standard Monte Carlo simulations.
Figure 3.12a illustrates the evolution of cN (derived from fluctuations for rc = 15a0 ) and
the overall defect concentration ρ for the experiment (filled symbols) and the simulation
(open symbols) in a combined plot. For ρ, all not sixfold coordinated sites are counted,
i.e. an isolated dislocation ‘counts’ twice. The different phases are indicated with different
background colors, and color gradients account for the range of uncertainty (δΓ ≈ 1)
between transition temperatures in experiment and simulation. Except for the peak height
and baseline of the specific heat, we find a very good agreement between both, especially
for the position of the peak (Γsim
= 68.5). The peak height can be expected to be
p
strongly non-universal [21, 57] and additionally depends sensitively on the Γ−resolution.
The baseline in the experiment, on the other hand, is increased due to (global) density
fluctuations, as discussed earlier.
In the region of the peak, between Γ = 70 and Γ = 67, ρ undergoes an increase from
≈ 5% to ≈ 20% which tells us that the significant amount of defects is created after
the solid-hexatic transition (Γm ≈ 70.4). Here, the formation rate and dissociation of
topological defects is largest which simultaneously leads to large fluctuations of the internal
potential energy18 . At the solid-hexatic transition, the number of isolated dislocations is
too small to cause large fluctuations in the energy, while in the isotropic fluid, the large
defect concentration inhibits extensive fluctuations of defect distributions. Thus, an excess
in the specific heat should be visible below Γm , (where very few isolated dislocations are
18

This can be justified by comparing a dilute gas of dislocations pairs (above Γm ) or a large number of
defects (below Γi ) with a system with an intermediate, strongly evolving defect concentration. In the
latter case, the phase space the system can pass through at constant defect density contains configurations with large variations in the potential energy, e.g. between a configuration where defects are
rather clustered (minimizing the elastic energy) and a homogeneous distribution of defects.
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a

b

Figure 3.12.: a Specific heat cN /kB T derived from energy fluctuations (right axis), the total defect concentration ρ (left axis), and the concentration of isolated disclinations (left
axis) for the experiment (full symbols) and corresponding Monte Carlo simulations
(open symbols). For the exp. specific heat (right axis on the right side), the cutoff
is rc = 15a0 , for the simulation, rc = 9a0 (left axis on the right side). The phases
are indicated with different background colors, where the color gradients demonstrate the mismatch of δΓ ≈ 1 between the respective transition temperatures. We
find a very good agreement between experiment and simulation, especially for the
position of the specific heat peak at Γp ≈ 68.4. The maximum decrease of isolated
disclinations occurs below the hexatic-isotropic transition.
b Evolution of isolated dislocations (double-counted) and disclinations. The data
is fitted with a hyperbolic tangent function (blue curve) whose derivative (red curve)
locates the largest increase (dashed red lines) in the respective defect concentration. For dislocations, this happens close to the specific heat peak (dashed black
line) and is significantly shifted past the solid-hexatic transition at Γm . The largest
increase of disclinations appears only marginally below Γi and is small compared
to disclinations.
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sufficient to break translational symmetry) and the system is not yet in an isotropic state.
Simultaneously, the costs (or increase) of internal potential energy as function of Γ should
be maximal at the largest increase of ρ due to the acquisition of defect core and unbinding
energies. In the simulations [124], this also coincidents with the derivative approach of the
specific heat.
The knowledge of the core energy of a dislocation pair in the hexatic phase Ec ≈
5.5kB T [106] allows to estimate the peak height with the change in the defect number
∆Ndef over a certain range ∆Γ. For ∆ρ ≈ −0.15 over ∆Γ = Γm − Γi ≈ 3, we find
cN ≈

5.5kB T ∆Ndef
5.5kB T ∆ρ
5.5kB Γ ∆ρ
=
=−
≈ 10kB
2N
∆T
2
∆T
2
∆Γ

(3.84)

The factor of 1/2 emerges since one defect in a dislocation pair costs 5.5kB T /2. This value
is lower than the peak height of ≈ 45kB , but has to be seen as a very rough approximation
since we neglected the energy contribution due to unbinding, and the dislocation core
energy might additionally be overestimated at large defect concentrations.
The excess in the specific heat is primarily driven by the successive unbinding of dislocation pairs below Γm and not a precursor of the disclination pair unbinding at Γi . This
can be presumed since the amount of isolated disclinations is much smaller compared to ρ,
and its maximum decrease appears below Γi (see figure 3.12a). To strengthen this finding,
the precise evolution of disclinations (ρdisc ) is compared with isolated dislocations (ρdisl )
in figure 3.12b. For a rational comparison with the overall defect concentration and the
concentration of disclinations, two defects are counted for one dislocation. To locate their
largest increase, the data is fitted with a hyperbolic tangent function to get a smooth
derivative. For dislocations, this derivative has a maximum at Γdisl = 68.2 close to the
specific heat peak, whereas the increase of disclinations peaks at Γdisc = 67.1, marginally
shifted below Γi ≈ 67.4 (red dashed lines). Further, the increase (height of the hyperbolic
tangent) of isolated disclinations and their eventual number at the hexatic-isotropic transition (Γi ), is much smaller than for isolated dislocations or overall defects (ρdisc /ρ ≈ 1.5%).
This can be attributed to the fact that we do not observe (or resolve) an indication of a
second singularity in cN due to the disclination unbinding at or below Γi .
Although the increase of dislocations has a maximum very close to the specific heat
peak, the excess in cN cannot arise from isolated dislocations alone which amount only to
a fraction of the overall defect number: ρdisl /ρ ≈ 15%. A rough estimate of the peak height
using all defects yielded actually just cN ≈ 10kB . The rest of the non-isolated defects are
arranged in clusters which is not unexpected since the defect density is rather large due to
their attractive interaction19 . This can be seen in figure 3.13 which illustrates a snapshot
of the colloidal system at the specific heat peak position Γp ≈ 68.4. As long as these
clusters do not destroy quasi-long-range orientational symmetry, they are not opposed to
the KTHNY scenario and therefore drive the solid-hexatic transition analogous to isolated
dislocations. This requires that those clusters consist of a respective equal amount of
five- and sevenfold coordinated particles (dislocation clusters) which is indeed the case:
Clusters with unequal number (dislocation-disclination clusters) are not found.
19

The KTHNY theory does not account for such clustering and assumes a dilute gas of defects.
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Figure 3.13.: Snapshot of the defect distribution in the middle of the hexatic phase where the
specific heat peaks (Γp ≈ 68.4). The field of view is 630 × 805 µm2 with N ≈ 2600.
Sixfold coordinated particles are indicated with open circles, and five- and sevenfold
particles with green and orange filled circles, respectively. Most of the defects
are clustered and isolated dislocations (pairs of smaller black dots) are diluted:
ρdisl /ρ ≈ 15%. Those clusters, however, always consist of an equal amount of fiveand sevenfold coordinated defects, respectively, and thus maintain quasi-long-range
orientational symmetry.

4. Quenched disorder
This chapter is organized as follows: In section 4.1 we review the theoretical background
of the theory of quenched disorder in two-dimensional solids. In the following, we present
our experimental results: In section 4.2 and section 4.3, the effect of pinning on the global
phase behavior and on the local structure and dynamics is determined. In section 4.4
critical fluctuations of the orientational order are studied, and additional arguments for
the continuous character of hexatic-isotropic transition are given.

4.1. Theoretical models
Starting in the early 1980s, several efforts were made to study the effect of quenched disorder on the phase behaviour of two-dimensional solids or solid films. Within the KTHNY
picture, Nelson [63] considered randomly inserted impurities which either compress or
dilate the underlying elastic matrix. The impurities are allowed to follow the phonon distortions, but have sufficient small diffusion constants so that they can be considered as
‘quenched’. They induce an additional stress witch extends the elastic energy to
Z
Z
1
2
2
2
Hel =
(4.1)
(λuii + 2µuij )d r − (µ + λ)Ω0 c(r)uii d2 r ,
2
P
where c(r) = k δ(r − rk ) is the concentration of the impurities, and Ω0 is connected to
their strength, e.g. the change in crystal area they cause. The first part of equation 4.1
corresponds to the free energy of an impurity-free system, the second part accounts for
the interaction of impurities with both, phonons and topological defects like dislocations.
With their spherical nature, impurities only couple to the diagonal terms uii of the strain
tensor, which additionally enters non-squared accounting for the different coupling to
compressions and dilations1 . To avoid the discreteness in c(r), one can assume that the
concentration smoothly varies in space:
c(r) = c0 + δc(r)

(4.2)

around an average concentration c0 , while δc(r) is fluctuating with a Gaussian probability
distribution


Z
1
2 2
p(δc) ∝ exp −
[δc(r)] d r .
(4.3)
2σ
The width σ of this distribution is identified with the strength of the quenched disorder
and therefore acts like a ‘frozen-in’ temperature. Dilating the whole lattice
u(r) → u(r) + c0 Ω0 r ,
1

(4.4)

Consider the insertion of a larger particle in a locally dilated, or a smaller particle in a locally compressed
system: both would (partly) neutralize themselves. The other way round, both particle sizes would
enhance the dilation or compression, respectively.
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one can absorb c0 and observes c(r) → δc(r). Allowing for dislocations and again splitting
the displacement field in a smooth part φij and singular one u∗ij , Nelson [63] showed that
the total energy can be written as Hel = H0 + Hdisl + Hint , where
Z

1  2
H0 =
λφii + 2µφ2ij − 2(µ + λ)Ω0 δcφii d2 r
(4.5)
2
is the interaction energy between impurities and phonons, Hdisl is the usual dislocation
coupling (see equation 3.22 with 3.21), and
Z
X ẑ [bi × (r − ri )]
Y Ω0
d2 r
(4.6)
Hint =
δc(r)
4πa
|r − ri |2
i

is the interaction between impurities and dislocations2 . ẑ is a unit vector perpendicular
to the lattice (i.e. in z-direction if the crystal is lying in the xy-plane).
H0 allows to make predictions of the lattice periodicity in the absence of isolated dislocations, e.g. in the solid phase. For a finite impurity fluctuation, it is found [63] that the
translational order remains quasi-long-range even at zero temperature (in contrast to the
impurity-free system). On the back of this, Hint will trigger the unbinding of the dislocations at finite temperatures. To get a qualitative feeling for this effect, one can consider
the interaction energy between one impurity at the origin and a single Burger’s vector at
distance r. Hint then reduces to
Eint = −

Y Ω0 ẑ(b × r)
,
4πa |r|2

(4.7)

where Ω0 can either be of positive or negative sign, depending whether the impurity is
larger or smaller than the particles of the system. Following from the vector product, a
‘left-handed’ configuration (e.g. b||x and r|| − y) leads for Ω0 > 0 to b × r < 0 and to
a positive energy, a ‘right-handed’ configuration (e.g. b||x and r||y) to b × r > 0 and
to a negative energy. The same holds vice versa for an impurity with Ω0 < 0. This correlation is illustrated in figure 4.1 and becomes evident considering the strain field of a
single dislocation (figure 3.2): Caused by the shift of the Volterra cut, the lattice is compressed ‘below’ the fivefold coordinated particle (left side of the cut) and dilated ‘above’
the sevenfold coordinated particle (right side of the cut). Thus, if the fivefold particle of
a dislocation is oriented to a large impurity (r = r1 ), the lattice is compressed on both
sides and the elastic energy is locally increased: ∆Hel > 0. If the sevenfold particle is
oriented to the impurity (r = r2 ), the strain is mutually released and the energy is locally reduced. Again, the same holds vice versa for a small impurity with Ω0 < 0 (right
side of figure 4.1). Along the Volterra cut, the crystal is glued together in a continuous
manner which preserves the lattice periodicity, except at the center of the dislocation. In
this direction (r = r3 ) which is parallel to b, the lattice region towards the impurity is
simultaneously compressed and dilated, hence the gain and the simultaneous cost of elastic
energy will cancel out for a larger as well as a smaller impurity. Accordingly, the vector
product in equation 4.7 vanishes.
2

The interaction between impurities can expected to be of order (δc)2 and is neglected.
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Figure 4.1.: Distortions of a 2D triangular lattice if dislocations with the same Burger’s vector
(blue vector) are oriented differently with respect to a ‘large’ impurity (Ω0 > 0, left
side) or a ‘small’ impurity (Ω0 < 0, right side). Local compressions are indicated
with red, local dilations with blue regions.
Around a dislocation, the underlying lattice is compressed below, but dilated above
the Volterra cut (displayed as a dashed line). Thus, a fivefold particle (green) oriented
towards a large impurity (b × r1 ∝ −z) causes a locally enhanced compression and
according to the vector product in equation 4.7 a positive interaction free energy:
∆Hel = Eint > 0. For an opposite orientation (b × r2 ∝ +z), the ‘negative’ strain
above the sevenfold particle (orange) can be released in the field of the larger impurity
which reduces the interaction free energy: ∆Hel = Eint < 0. The same holds vice
versa for a small impurity with Ω0 < 0 (right side). If the Burger’s vector is oriented
parallel (or antiparallel) to the connection vector between dislocation and impurity
(b × r3 = 0), the gain and cost in elastic energy are equal and ∆Hel = Eint = 0.

To perform a similar renormalization as for the impurity-free system, one additionally
has to include the random distribution of the quenched disorder. The average of the
partition function Z(δc) for the dislocation-dislocation and dislocation-impurity energy
for a fixed distribution of impurities over the Gaussian probability p(δc) reads [63]:
+
* 
X
hln Zip(δc) = ln 
e−(Hdisl +Hint )/kB T 
,
(4.8)
{b}

p(δc)

where the sum runs over all dislocation configurations {b} satisfying the neutrality condi-
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tion (equation 3.23). Considering this expression, Nelson approximated the free energy F
of the system using the identity


Zn − 1
F = hln Zip(δc) = lim
.
(4.9)
n→0
n
p(δc)
Based on this free energy, he built recursion relations for the reduced Young’s modulus
K −1 (α) and in particular for the fugacity:


(K − αK 2 )
dy
(K − αK 2 )
2
+ 2πy 2 e(K−αK )/16π I0
=y 2−
,
dl
8π
16π

(4.10)

both dependent on the dimensionless disorder parameter3
α = σΩ20 /a2 .

(4.11)

For the impurity-free system, it was found that depending on the initial values K0−1 and
y0 , the renormalization flow led for l → ∞ either to y → 0 and KR 6= 0, or to y → ∞ and
KR = 0, separating the solid phase and the hexatic fluid (stable or respectively unstable
to the formation of isolated dislocations). The ‘separatrix’ determined the transition
temperature Tm as well as the renormalized Young’s modulus YR (Tm ) at the transition
point. Now the separatrix becomes dependent on α and encloses a set of elliptical flows (a
graphic illustration can be found in [63]) which terminate for y → 0 between two distinct
−1
−1
−1
, with
< KR+
< KR
points KR−
i
h
−1
(α) = (32π)−1 1 ± (1 − 64πα)1/2 .
KR±

(4.12)

Different from the impurity-free case, this leads to a lower boundary for a finite value of
−1
. The inverted function
KR
−1
−1
∗
αR
= KR
(1 − 16πKR
)

(4.13)

is illustrated in figure 4.2 in a disorder-temperature phase diagram α(K −1 ∝ T ). One
−1
−1
= (16π)−1 , the latter one
= 0 and KR+
directly sees that for α = 0, one gets KR−
representing the condition KR (Tm , α = 0) = 16π for a system without quenched disorder.
Increasing α, the region of stable renormalization flows of K −1 shrinks and collapses at
a critical disorder strength αc∗ = (64π)−1 above which K −1 (l → ∞) → ∞ for any initial
condition [K0−1 , y0 ]. At this last stable point, one observes
lim KR (T ) = 32π ,

(4.14)

T →Tm
α→αc

which is two times larger than for the pure system (Eq. 3.39): Apparently, quenched
disorder increases the rigidity in terms of the renormalized Young’s modulus YR at the
transition.
3

Regarding equation 4.3, σ has the unit of a 2D concentration.
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Figure 4.2.: Disorder-temperature phase diagram, related to the renormalized Young’s modulus
−1
∗
∗
KR
= kB T /YR a2 (αR
, αR ), or to its initial value K0−1 = kB T /Y0 a2 (αR
, αR ).
∗
The -index corresponds to the (reentrant) melting, observed by Nelson [63], the
not-indicated magnitudes to newer results [66, 102]. Hatched regions correspond to
−1
finite (final) sets {α, KR
} which contain a positive renormalized Young’s modulus
YR > 0 (dark red for the approach in [63], dark green for [66, 102]). Filled regions
correspond to (initial) sets {α, K0−1 } for which the fugacity vanishes: y(l → ∞) → 0
(and consequently, YR > 0), representing the solid phase (dark grey for [63], pale
−1
grey for [102]). The white region corresponds to sets {α, KR
} for which the fugacity
−1
diverges: y(l → ∞) → ∞ (consequently, KR → ∞ and YR = 0), representing the
hexatic phase (according to [102]).
∗
The curves αR , αR
and α0 , α0∗ are boundaries separating both phases (see main text
for definitions). All correspond to the melting temperature Tm and their respective
difference results in different values of Y0 and YR at the phase transition. The ‘real’
melting temperatures can be associated with α0 and α0∗ , given that Y0 = const.
(while YR = YR (T )). For both approaches, the solid phase is shrunk coming from
high temperatures when quenched disorder is increased. Above a respective critical
disorder strength αc or αc∗ , the solid phase is unstable at any finite temperature.
While Nelson [63] predicted a reentrant melting at low T (see α0∗ for K0−1 < 1/32π),
Cha and Fertig [66] postulate a phase boundary (almost) independent of temperature
(see α0 for K0−1 < 1/32π), hence no reentrant melting at constant α. Exemplary
−1
renormalization flows at the transition point K0−1 (Tm ) → KR
(Tm ) are sketched
with black and orange arrows. Between α0 and αR , the flows rapidly expand when
α → αc from below which corresponds to an enhanced softening of the Young’s
modulus when the melting transition is approached at large disorder strengths.
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The α-dependency of the separatrix leads to an α-dependency of the (reduced) transition
temperature K0−1 (Tm ) = (kB /Y0 a2 )Tm (α). As in the pure scenario, Tm is determined by
the intersection of the separatrix with the line of initial conditions y0 (K0−1 ). Since the
−1
flows which terminate at finite KR
are elliptical, there are two different intersections and
−1
consequently to two melting temperatures Tm± (α) or K0±
(α), respectively. Because YR (∝
KR ) changes with temperature (in contrast to Y0 which stays constant), it is more intuitive
to visualize the disorder-temperature phase diagram in terms of the initial conditions. To
observe the corresponding explicit phase boundary α0∗ (K0−1 ), one has to solve the recursion
relations exactly which is not done in this experimental work. However, regarding the
flow illustrations in [63], one can sketch a possible course of α0∗ which is also displayed in
figure 4.2. The set {K0−1 , α} which is below α0∗ corresponds to a vanishing renormalized
fugacity y(l → ∞) → ∞ and to a finite renormalized Young’s modulus YR > 0, and
therefore displays the solid phase with bound dislocation pairs (dark grey)4 . Regarding
the course of α0∗ one recognizes that coming from high temperatures, quenched disorder
effectively reduces the transition temperature up to the critical disorder strength αc∗ . At
K0−1 < (32π)−1 a reentrant melting transition takes place whose temperature decreases
with decreasing disorder. This results in a stable hexatic phase at low temperatures if α
−1
(T ) will not be illustrated in detail here,
is finite. The particular flows K0−1 (T ) → KR
but it is worth mentioning that, approaching the melting transition from either side, the
∗ (K −1 > 1/32π) (black
renormalization at T = Tm always flows to the ‘right’ branch αR
R
arrows).
Motivated by Nelson’s work, various analytical investigations have been made, considering the effect of quenched disorder in terms of random fluctuations in the spatial topography [126], and random substrate potentials at zero [64] and finite [65] temperatures. In
the first study, a reentrant melting into the isotropic fluid is found at low temperatures,
from the solid as well as from the hexatic phase. In the latter two, the translational order
is found to be short-range, and the orientational long-range or quasi-long-range depending
on the disorder strength, down to arbitrarily small disorder at zero temperature. At finite
temperature, a consecutive reentrant melting is found for weak disorder, from the solid
over the hexatic into the isotropic phase.
Both renormalization procedures without [10] and with [63] the effect of impurities
assume a Boltzmann probability e−H/kB T for the formation of certain Burger’s vector
complexions. This is an approximation of the Fermi probability
p=

1
,
1 + eH/kB T

(4.15)

which is only valid if H  kB T . Regarding the ‘positive’ energy cost of pure dislocation
complexions, e.g. pairs at finite separation, this is clearly given at low temperatures where
e−Hdisl /kB T  1. However by including impurities, the interaction energy Hint between
dislocations and the quenched disorder can become negatively large, as discussed in equation 4.6 and 4.7, and the Boltzmann approximation and simultaneously the expansion in
the fugacity y = exp(−Ec /kB T ) breaks down if e−(Hdisl +Hint )/kB T  1. This was first
4

∗
αR
as well as α0∗ correspond to T = Tm . Their inequality is caused by different Young’s moduli YR < Y0
∗
at the melting transition. Except at K −1 = (32π)−1 , where αR
= α0∗ and YR = Y0 .
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recognized by M.-C. Cha and H. A. Fertig [66] who found that at low temperatures no
reentrant melting occurs and the solid phase with bound dislocation pairs is stable below
a critical disorder strength, independent on temperature. In fact, it can be shown [102]
that the flow in equation 4.10 leads to a negative entropy for K −1 (l) < 2α and α < αc∗ .
Moreover, the free energy of an isolated dislocation, subject to a Gaussian distributed
disorder fluctuation δc in a system with size R2 at T = 0, is given by
√
Y a2
(4.16)
(1 − 16πα) ln R ,
8π
where the negative term quantifies the maximal energy gain due to δc. Further, the number
of sites for which it is energetically favorable to build a dislocation pair with distance r
scales like
P (T = 0) ∝ r4 r−1/4πα .
(4.17)
F ≈

These estimations show that in contrast to above, a four times larger critical disorder
strength of αc = (16π)−1 separates the solid from the hexatic phase, below which the free
energy diverges for R → ∞, and the probability to find a dislocation pair with large r
vanishes. This indicates that a system can be ‘melted’ at zero temperature by quenched
disorder which is also found in simulations [66, 70].
P. Stahl [102] explicitly formulated normalized dislocation pair probabilities at finite
temperatures, and indeed found that they obey distinct statistics: At low temperatures
kB T < αY a2 /2

or

α > 2K −1

(4.18)

a Fermi distribution is given, while for high temperatures
kB T ≥ αY a2 /2

or

α ≤ 2K −1

(4.19)

a Boltzmann distribution is applicable. According to equations 3.37 and 3.38 the square
of the renormalized fugacity can be seen as the probability to find a dislocation pair on the
rescaled length r := el . In the above context, this directly causes recursion relations for
K −1 (l) and y(l), differing in the two temperature regimes. In particular for the fugacity,
they become
(


1
1
1
2 exp
for α > 2K −1
dy = y 2 − 8πα + 2πy
16πα I0 8πα


2
2
2
(4.20)
/4
/4
/4
dl = y 2 − K−αK
+ 2πy 2 exp K−αK
I0 K−αK
for α ≤ 2K −1 .
8π
16π
8π
Concerning the renormalization flow in equation 4.10, one first recognizes the K-independence at low temperatures. There, the Fermi statistic bounds the pair probabilities when
eventually Hint  0. These are dominated by the probability at zero temperature, i.e.
(y 0 )2 ∝ P (T = 0) if one neglects the O(y 2 )-term in equation 4.20. At high temperatures,
the flow shows the usual K-dependence, although with somewhat different factors. At
large length scales, one observes
 
−1
−1

for α < αc = (16π)−1 and α > 2KR
= 0, KR (T )

−1
−1
−2
−1
y, K −1 (l → ∞) = 0, KR
(T )
for α < 4KR
− 64πKR
and α ≤ 2KR


→ (∞, ∞)
else .
(4.21)
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Figure 4.3.: Schematic effect of quenched impurities on the dissociation of dislocation pairs at
finite temperature. Shown are different orientations of pairs in respect to a larger
(Ω0 > 0) and a smaller impurity (Ω0 < 0). Local compressions of the system are
indicated red, dilations are indicated blue (see figure 4.1 for a detailed explanation).
If the Burger’s vectors of the dislocations (blue vector) are aligned parallel or antiparallel to its connection vector to the impurity (1 and 3), the interaction energy
Eint is zero and the dissociation is solely mediated by the increase of thermal energy
(+kB ∆T ). If the Burger’s vectors are partially aligned perpendicular to the impurities, Eint becomes negative for a sevenfold site oriented towards the larger impurity
(2), or a fivefold particle oriented towards the smaller impurity (4). The same leads
to a positive interaction energy in the opposite case. The decrease of elastic energy
via a respective attraction or repulsion leads to an enhanced dissociation with respect
to the impurity-free case.
−1
= (32π)−1 , the α-restrictions for y → 0 collapse and the combined boundary
At KR

(
= (16π)−1
for
αR
−1
−1
= 4KR (1 − 16πKR ) for

−1
< (32π)−1
KR
−1
≥ (32π)−1
KR

(4.22)

−1
(plotted in dark green in figure 4.2). The
together encloses a region of finite values of KR
−1
KR -independent critical disorder αc overrules the branch KR−
of equation 4.12 by setting
−1
a horizontal phase boundary. The KR+ -branch is preserved but extended by a factor of 4.
The transition temperature in terms of K0−1 = (kB /Y0 a2 )Tm (α) is sketched by α0 (K0−1 )
which encloses the set of {K0−1 , α} that leads to y → 0 and YR > 0, representing the
solid phase (light grey). All other initial conditions {K0−1 , α} > α0 correspond to y → ∞
and YR = 0, representing the hexatic phase with isolated dislocation pairs (white). As
usual, there is a difference in the Young’s moduli YR < Y0 , and correspondingly one finds
αR > α0 at the same K −1 -value5 . However, different from the earlier scenario, the flows
5

∗
αR and αR
, as well as α0 and α0∗ have to collapse at high temperatures if σ = 0 (see figure 4.2).
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−1
K0−1 (Tm ) → KR
(Tm ) (orange arrows) remain similar in length6 down to K0−1 . (32π)−1 ,
below which they rapidly increase and approach a maximum for K0−1 (Tm ) ∝ Tm → 0.
There, the attenuation of the Young’s modulus ∆Y = Y0 (Tm )−YR (Tm ) is largest. Conform
with the impurity free case, the boundaries αR and α0 collapse in the limit Ec → ∞
where the intersection between the renormalization flows and the line of initial conditions
−1
approaches y = 0 and K −1 = KR
. In this case, one finds YR → Y0 .
As a straight result one can conclude that the interaction with randomly quenched
impurities whose concentration fluctuates smoothly, gradually reduces the transition temperature Tm up to a critical disorder strength αc . Above αc , the solid phase is unstable
down to arbitrarily low, finite temperatures. Melting seems to be possible by increasing
temperature, quenched disorder, or simultaneously both. This effect is illustrated in figure4.3: Shown on the left are four different configurations of possible mutual orientations
between a pair and a larger (1 and 2) or smaller impurity (3 and 4). On the right, their
positional evolution is shown due to increase of temperature and contemporary triggered
by the interaction Eint (equation 4.7). In a configuration where the Burger’s vectors b
(blue) are oriented (anti)parallel to the connection vector between the pair and the impurity (1 and 3), the regions of local compression (red) and dilation (blue) are equally remote
for both dislocations. Leaving the disclinations of the respective dislocation unseparated,
there is no possible gain in elastic energy and the dissociation is solely mediated by the
increase of thermal energy +kB ∆T . If b has a finite component perpendicular to the
connection vector to a larger impurity (2) with Ω0 > 0, Eint is negative for the sevenfold
particle and positive for the fivefold particle of the opposing dislocation, respectively. If
one neglects the interaction with the remaining two disclinations further apart, the system
can reduce its elastic energy via respective attraction or repulsion and the dissociation is
enhanced. The same holds vice versa for a smaller impurity with Ω0 < 0 (4)7 . As a result,
Hint competes with the interaction between dislocation pairs (which is always positive for
pairs with antiparallel Burger’s vectors) in a way as thermal energy does, hence there will
be a defect configuration which minimized the elastic energy. Including impurities, this
configuration will in average obey larger distances between dislocation pairs as without
impurities at the same thermal energy which effectively will reduce the transition temperature. In this schematic picture it also becomes obvious how the crystal can be melted by
quenched disorder at constant temperature: Increasing e.g. Ω0 , the equilibrium configuration shifts to larger and larger pair distances until all pairs are dissociated.

4.2. Global effect of pinning
To apply the scenario of the last section to the system at hand, one has to consider the
strain field which is created by pinned particles. This is illustrated in figure 4.4: If a
particle is pinned to the substrate in a not commensurable way, i.e. shifted from the ideal
lattice position regarding the surrounding particles, it produces a local strain field. In
contrast to a single impurity, the strain field always has a ‘dipolar’ character and therefore
6
7

−1
In terms of the magnitude |K0−1 − KR
| or equivalently Y0 − YR at the same α-value.
This dissociating effect appears as well for the other 4 ‘extremal’ or intermediate configurations which
are not shown.
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Figure 4.4.: Effect of pinned particles on the dissociation of a near, slightly separated dislocation
pair. If the pinned particle (filled black) is dislocated from its ideal position with respect to the neighboring sites (dashed circle), it creates a ‘dipolar’ stress field. When
a dislocation pair dissociate by increase of temperature (+kB ∆T ), the stress field
repulses the sevenfold particle of the upper dislocation and simultaneously attracts
the fivefold particle of the lower one (dashed arrow): The dissociation is larger than
it would be if solely affected by temperature (red arrow).

acts like a pinned dislocation. This is not precisely the same picture as in the case of single
(larger or smaller) impurities or an external potential (with local centers of repulsion or
attraction), and one has to consider that dislocations might completely be attracted to
pinned sites to annihilate their stress field. However, there might be configurations where
the dissociation of a more or less closely bound pair is enhanced due to a simultaneous
attraction and respective repulsion of the opposing dislocations (right side of figure 4.4).
To study this effect globally, we analyze the melting scenario in three different, non
overlapping regions within the sample cell which obey distinct number concentrations of
pinned particles
np = Np /N ,
(4.23)
and compare with Monte Carlo simulations8 . In the experiment, np fluctuates during the
melting series but remains practically constant during one equilibrium measurement (see
Sec 2.6). Along the series, the three different regions obey average values hnp i of 0.48%,
0.72% and 0.83%9 .
It turns out that incommensurably pinned particles might distort the system in the solid
8

Simulations were performed by Tobias Horn, University of Düsseldorf. The Monte Carlo system consists
of N = 16 000 hard disks, confined in a box with periodic boundary conditions and a 2D volume
fraction of φ = 0.0025, which interact with the same dipolar potential as in the experiment. Three
different (fixed) pinning concentrations np of 1%, 3% and 5% are sampled with at least 15 statistically
independent pinning configurations. For more details see [96].
9
Those values are just given to indicate the regions. They are averaged over all measurements with
Γ-values between 40 < Γ < 100 (≈ 30 measurements for every region).
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phase in a way that the lattice periodicity is not preserved globally. Simultaneously, the
spatial orientational correlation g6 (r) becomes useless to identify the solid phase since it
‘decays’ at large distances. This lattice distortions can be visualized as ‘quenched grain
boundaries’. They might appear inevitably during the equilibrated freezing procedure of
the system due to pinning, before melting can be induced. Although their occurrence is
rare, they are sufficient to cause a breakdown of g6 (r) at long distances10 . To circumvent
this effect, we use the orientational correlation in time:
g6 (t) = hψ6∗ (t)ψ6 (0)i .

(4.24)

Similar to the spatial case, g6 (t) approaches a constant value in the solid phase, decays at
large times algebraically in the hexatic fluid (but half as fast as in space):
g6 (t) ∝ t−η6 (T )/2 ,

(4.25)

and exponentially in the isotropic fluid:
g6 (t) ∝ e−t/τ6 (T ) ,

(4.26)

with an orientational correlation time τ6 [127]. The results are illustrated in figure 4.5
on a double-logarithmic scale and as a function of the Brownian time τB ≈ 172 s (see
section 2.3). For the smallest pinning strength hnp i = 0.48% (a), we find the hexaticisotropic transition well separated by g6 (t) → t−1/8 (η6 (T ) → 1/4), the theoretical limit in
the hexatic phase, resulting in a transition temperature Γi ≈ 67.411 . Concerning the solidhexatic transition, a change in the characteristics from constant to algebraic decay seems
to appear between 71.0 > Γ > 69.7. These transition temperatures do not vary from the
values obtained from g6 (r) in the ‘pure’ system in section 3.3. There, the analysis was made
on a subwindow of this ensemble which obeyed a small pinning strength in a way that the
particles were pinned commensurably in the surrounding lattice and the periodicity was not
destroyed, i.e. g6 (r) does not decay for large distances. The density of these two systems
were essentially the same which results in equal Γ-values and makes a distinction in terms of
pinning strength not possible at the given Γ-resolution. Therefore, we can not exclude that
the uncomensurable pinned sites outside of the subwindow affected the phase classification
in section 3.3. This is another possible reason for the different width of the hexatic phase in
experiment and those simulations. However, comparing with the orientational correlation
in the other sample regions with larger pinning strengths (figure 4.5b,c), an effect on the
solid-hexatic transition temperatures is indicated: For hnp i = 0.72%, a change in the long
time characteristic appears at 71.8 > Γ > 71.0 > Γm ≈ 76.4, and for hnp i = 0.83% around
Γ = 72.3. The transition from the hexatic to the isotropic fluid seems rather unaffected:
For hnp i = 0.72%, we can assess a switch from algebraic to exponential around Γ = 67.7
Γi ≈ 67.4, and for hnp i = 0.83%, at 67.7 > Γ > 65.5.
10

One can assume that the KTHNY scenario is still dominant and neglect the effect of those lattice distortions on a potential grain boundary induced melting, proposed in [12, 13, 36, 37]. Further arguments
for this will be given in the next section.
11
The hexatic-isotropic transition (and simultaneously the limit η6 (Ti ) and the value of the Frank constant
KA ∝ 1/η6 ) is expected not to be affected by quenched disorder in contrast to ηG (Tm ) [63]. This does
not necessarily hold for the critical behaviour of KA shortly below the solid-hexatic transition.
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Figure 4.5.: Temporal correlation g6 (t) = hψ6∗ (t)ψ6 (0)i of the local bond order parameter on a
double-logarithmic scale and as a function of the Brownian time τB ≈ 172 s. The
curves are given in the vicinity of the two melting transitions and for different pinning
strengths: hnp i = 0.48% (a), hnp i = 0.72% (b) and hnp i = 0.83% (a). One can see
that the transition from the solid phase to the hexatic fluid is shifted to higher Γvalues for larger pinning strengths, e.g. for hnP i = 0.48% we can estimate a complete
change from a constant limit of g6 (t) to an algebraic decay (linear on the log-log scale)
between the curves Γ = 71.0 and Γ = 69.7, for hnP i = 0.83% between Γ = 73.3 and
Γ = 72.3. The transition from the hexatic to the isotropic fluid seems to be rather
unaffected. At this crossover, the orientational correlation is expected to approach
g6 (t) → t−1/8 coming from the hexatic side, and to change to an exponential decay
when the isotropic phase is entered [10, 127]. For all three pinning strengths, we find
‘overlapping’ transition points: For 0.48% between Γ = 67.8 and Γ = 66.9, for 0.72%
around Γ = 69.7, and for 0.83% between Γ = 67.7 and Γ = 65.6.
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The estimations above are rather rough and alone not sufficient to quantify the effect
of the pinning strength on the transition temperatures. However, since g6 (t) shows a
weak decay at large Γ-values due to Brownian motion up to τB (≈ 171), we can apply a
parabolic criterion on the double-logarithmic scale12 . It provides sufficient statistical evidence whether the orientational correlation evolves linear (in log-log) or stronger/weaker,
respectively13 . We fit the curves in figure 4.5 with a parabolic functional form and assign
all fits featuring a dominant negative parabolic contribution to the isotropic fluid, those
featuring an equally positive contribution to the solid phase, and all in between to the
hexatic fluid. Hereby, the negative threshold value has to be consistent with the KTHNYcondition for the hexatic-isotropic transition: g6 (t) ∝ t−1/8 (see A.1 or the supplemental
material of [96] for more details). Applying this criterion, the corresponding experimental
curves are classified as follows: For hnp i = 0.48%, we find the curves {Γ}1 = [69.7 ↔ 67.8]
in the hexatic fluid, consequently all values above in the solid phase and all below in the
isotropic fluid. For hnp i = 0.72%, we find {Γ}2 = [71.8 ↔ 69.2], and for hnp i = 0.83%,
{Γ}3 = [72.3 ↔ 67.7]. With the algebraic and exponential fits of g6 (t) in the hexatic and
isotropic fluid, respectively, we can determine the system’s (reduced) Frank constant
KA (Γ)
18
=
kB T
πη6 (Γ)

(4.27)

and the orientational correlation time τ6 , for the different pinning strengths (see A.2 for
more details). The resulting values for the experiment (full symbols) are shown in figure 4.6 as a function of the inverse interaction parameter Γ−1 ∝ T , supplemented by
results from the [96] (open symbols). One can see that the Frank constant is (at fixed Γ)
additionally dependent on the pinning concentration: KA = KA (Γ, np ), and we observe
a general tendency that the point of divergence shifts to smaller ‘temperatures’ (Γ−1 ) for
larger pinning strengths (a slight discrepancy is visible for the basically equal pinning
strengths of ≈ 0.5% in the experiment and the simulation, respectively). Approaching the
hexatic-isotropic transition Γ−1
≈ 0.0148 from lower temperatures, KA /kB T attains the
i
theoretical value of 72/π (in the KTHNY theory predicted by equation 3.48). The correlation time τ6 strongly diverges just above Γ−1
i , however, there is no significantly distinct
tendency visible with respect to the varying pinning strengths which is in agreement with
the behaviour of KA , approaching Γ−1
from below14 .
i
12

This decay has the following origin: In the solid phase, particles are in average confined to certain
positions, hence the complex vector ψ6 fluctuates around an average value. Computing ψ6∗ (t)ψ6 (0) this
leads to an immediate decay along an initial time period until ψ6 reached its maximum fluctuation.
In other words, until the particle completely ‘tested’ its limited space which is given by its neighbors.
This is the Brownian time τB
13
The translational correlation in time has been analyzed as well, but was not significant in the presence
of pinning.
14
There is a different (larger) Γ−1 -scale for the correlation time, compared to the Frank constant, to display
the divergence of τ6 preferably in a wide range. There might be a tendency that remote from the
transition, the experimental correlation times are slightly larger than for the simulation. Nevertheless,
no correlation to the pinning strength is visible approaching Γ−1
i , e.g. the data for hnp i = 0.72% (exp)
and np = 0.1% (sim) diverge basically at the same value of Γ−1 .
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Figure 4.6.: a Reduced Frank constant KA /kB T for different pinning strengths and as a function
of the system temperature Γ−1 (∝ T ). Full symbols correspond to the experiment
(hnp i), open symbols to the simulation (np ). One can see that for increasing pinning
strengths, the point of divergence shifts to smaller temperatures Γ−1 . This implicates that the lattice distortions by pinned particles decrease the torsional stiffness
of the system, or to put it differently, the Frank constant diverges at lower temperatures if pinning is increased. Approaching the hexatic-isotropic transition (Γi )
from above, KA /kB T settles to the theoretical value 72/π, predicted for a system
without quenched disorder (equation 3.48). This already indicates that the hexaticisotropic transition is rather unaffected by quenched disorder. The simulation data
for np = 0.1% is not shown since it obeys just one data point.
b Orientational correlation time τ6 for different pinning strengths in units of the
Brownian time τB ≈ 171s. Full symbols correspond to the experiment and open symbols to the simulation. Almost equally for all pinning strengths, τ6 rapidly diverges
shortly above Γ−1
i .

To compare the results to the analytical disorder-temperature phase diagram in figure 4.2, one has to define an appropriate disorder parameter for the pinning system. One
has to take into account that the fluctuation δcp in the concentration of pinned particles
cp (r) = hcp (r)i + δcp (r)

(4.28)

not essentially has a Gaussian probability. But we can assume that the pinning distribution
is random and therefore undergoes a fluctuation which obeys a certain width σp . Due to the
small pinning concentrations (< 1%) it is basically not possible to find σp in a statistically
reasonable way. However, at small concentrations, the fluctuations become comparable
to the average concentration itself and one can assume σp ≈ hcp i = Np /A where A is
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the system size15 . Further, there is in principle no real change in the crystal area if a
particle with the same size as the rest of the system is pinned. However, one can consider
an ‘effective’ change in crystal area Ωp due to the dipolar stress field as it is given by an
equally larger and smaller impurity at close distance, for which the ‘superimposed’ value
of Ω0 is zero. Yet, we have to expect that this effective change is weak and assume that Ωp
will be similar to the average Voronoi cell or even smaller: Ωp . a20 . Regarding this, one
can estimate the upper bounds of our quenched disorder with the number concentration
np :
α ≈ σp Ω2p /a20 . hcp i a20 = Np /(A/a20 ) = np .

(4.29)

A corresponding phase diagram is given in figure 4.7 where the pinning strength np of
the equilibrium measurements is plotted as a function of their Γ−1 -values16 . Full symbols
correspond to the experiment, open symbols to the simulation, and the classification of the
different phases (blue for solid, green for hexatic, red for isotropic) is given by the parabolic
criterion on the corresponding g6 (t)-curves. As already indicated by the behaviour of
g6 (t), KA and τ6 , the solid-hexatic transition temperature shifts to lower values while the
transition from the hexatic to the isotropic fluid transition remains mainly unaffected.
Consequently, the hexatic phase simultaneously wider. The dashed line shall sketch a
possible hexatic-isotropic phase boundary: Indicated with a large negative but finite slope,
one can suppose a very small effect of the pinned sites on the dissociation of dislocations
into isolated disclinations. This was already indicated by Nelson [63] and is also found
in [65, 126] in the large-temperature regime. Regarding the solid-hexatic transition, we
estimate an appropriate phase boundary using the theoretical predictions of equation 4.22.
Since our estimations will be rough in any case, we will neglect the difference between
renormalized phase boundary αR and the unrenormalized one α0 . The temperature scale of
the theory, the inverse reduced Young’s modulus K −1 , differs from our system temperature
Γ−1 , but since both are dimensionless we can assume a linear scaling relation. Not too
close to the solid-hexatic transition where the softening of the Young’s modulus is not yet
perceivable, this linear scaling is in fact given for this kind of colloidal system [51, 105].
Further, one have to consider that the disorder strength is overestimated with the pinning
concentration: α . np (see equation 4.29). Therefore, we will assume a linear scaling
relation between np and α, as well. We scale
−1
KR
= c1 Γ−1

and

np = c2 α ,

(4.30)

with constants c1 and c2 , and define the rescaled phase boundary using the high-temperature
branch in equation 4.22:
−1
αp = c2 αR (KR
) = 4c1 c2 Γ−1 (1 − 16πc2 Γ−1 ) .

(4.31)

Provided that αp should intersect with the Γ−1 -axis at the solid-hexatic transition point
for zero pinning (Γm ≈ 70), we find the best ‘manual’ fit with values of c1 = 1.354 and
15

This argument is also given in [63]: Approaching zero concentrations, the fluctuations eventually produce
vanishing values. Then, their average amplitude is similar to the average concentration.
16
This phase diagram is also presented in [96]. There, the ordinate displays the averaged values hnp i of
the experimental data points.
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Figure 4.7.: Phase diagram of pinning strength np ∝ α vs. inverse temperature Γ−1 ∝ T ,
for experiment (full symbols) and simulation (open symbols). The different symbols for the experiment indicate the different average pinning strengths hnp i at the
different sample positions. The assignment to the distinct phases (blue for solid,
green for hexatic, red for isotropic) is motivated by a parabolic criterion applied on
the orientational correlation g6 (t) (see A.1). While the hexatic-isotropic transition
remains largely unaffected by the pinning strength (indicated by a slightly tilted
dashed line), the solid-hexatic transition significantly shifts to lower temperatures
for larger values of np . Based on the lower row of equation 4.22, a linear scaling
−1
relation between np and α, and Γ−1 and KR
, giving the rescaled phase boundary
−1
−1
−1
αp (Γ ) = 4c1 c2 Γ (1 − 16πc2 Γ ) with c1 = 1.354 and c2 = 2.700, fits the data
well for np < 0.6%. For larger pinning strengths, the data suggests a more ‘bended’
phase boundary which is well captured by a polynomial of higher order αp0 , given by
equation 4.32.

c2 = 2.700 which yields Γ ≈ 68 (Γ−1 ≈ 0.0147) for αp = 0. This is below the experimental
value of Γm , but in accordance with the simulations for np → 0, and αp maps the phase
boundary well at low pinning strengths (np < 0.6%). It would lead to a critical disorder
strength of ≈ 5% which is the maximum of αp . Further, we observe an upscaling of the
pinning strength: np > α (as proposed in Eq. 4.29). This indicates that the effective
change in crystal area due to the stress of a pinned particle is significantly less than an
average Voronoi cell.
At larger pinning strengths, αp is not following the phase boundary suggested by the
(experimental) data that shows a stronger ‘bending’. A possible reason for this might
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be the character of pinned particles: In contrast to quenched impurities or the effect of
a frozen external potential, these are fixed on an underlying substrate and not able to
follow deformations of the surrounding system. This might enhance the primal effect of a
disorder induced melting. Regarding the parabolic form of equation 4.22 (and accordingly
equation 4.31), one can naively approximate the phase boundary for our pinning-system
with a polynomial of higher order to account for the stronger bending. The artificial
boundary

10
αp0 = − 55.9(Γ−1 − 0.00289) + 0.0157
(4.32)
sufficiently follows both, the experimental as well as the simulation data (blue curve in
figure 4.7). This dependency would lead to a critical pinning strength of ≈ 1.6% above
which the system is not able to sustain the solid phase. A similar value has been found in
experiments for the concentration of small particles in a bidisperse suspension [128], above
which the system enters a glass state.
A substantial analytic study of solid films on random substrates with long-range disorder17 by D. Carpentier and P. Le Doussal [67] confirms the (reconsidered) analytic findings
of Cha and Fertig [66], and is in agreement with our results on a system with weak pinning. Thus, we can expect that for pinning concentrations below 1%, the long-wavelength
approximation holds. This is also confirmed in pioneering experiments by R. E. Kusner
et al. [68], who introduced a small amount of (freely moving) larger particles (≈ 1%) to a
monodisperse system. They found that the melting transition from the low-temperature
phase into the fluid phase is accompanied by the dissociation of dislocations (or disclination pairs) according to the continuous KTHNY scenario, but titled the ‘ordered’ phase
as a quenched hexatic glass since single dislocations, pinned to the impurities, were not
able to annihilate. However, this does not happen for our system (see A.3). A disorderinduced ‘melting’ at constant temperature has been found experimentally [69] by reducing
the mobility of a gradually increasing amount of particles between two rough surfaces.
There, a direct transition from an orientationally long- to short-range ordered system
was found, missing hexatic characteristics. Novel experiments [129] of a similar system
showed that free particles are trapped in finite pockets and their motion becomes ‘localized’ if the amount of pinned particles is increased18 . This behaviour is originally known
from glasses. In fact, considering short-range disorder, it was found analytically [67] that
the solid-hexatic transition is replaced by a transition from a glassy to a liquid regime.
This replacement has been approved in experiments already mentioned above [128], by
adding a significant large number (≥ 2%) of freely moving smaller particles to a monodisperse system of larger ones. This might indicate that increasing the concentration of the
different-sized particle species additionally reduces the range of the disorder. A ‘glass-like’
low-temperature phase is observed in Monte Carlo simulations [130], adding a sufficient
large number of randomly pinned sites with an attractive potential. A glassy ground state
has also been found for 2D phase-field-crystals [131] with random pinning, even in the
limit of weak disorder.
17
18

The initial model of Nelson [63] considered only the long-wavelength part of the disorder.
Here, a binary system of mainly small and fewer large particles were confined between two glass plates,
so that a fixed matrix (of large particles) restricted the dynamics of the smaller ones.
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4.3. Local effect of pinning
The results in the section above describe the global phase behaviour of the system. In
this section, the local effect of pinned particles will shortly be discussed [132]. Therefore,
we compare the behaviour of particles {~rc } which are close to the pinned ones {~rp }, with
particles {~rd } which are distant to them, more precisely:
{~rc } :

∆r = |~r − ~rp | < 2a0

for some ~rp

(4.33)

{~rd } :

∆r = |~r − ~rp | > 14a0

for all ~rp .

(4.34)

This subclassification is illustrated in figure 4.8 for the sample location with the lowest
pinning strength hnp i = 0.48% at an interaction strength Γ = 51.5. ‘Close’ particles are
colored red, ‘distant’ particles blue, and pinned particles are indicated with a cross. The
inset shows trajectories over 10 000 s, including two pinned particles marked with green
circles.
To observe the effect of the pinned particles on the local structure, we analyze the pair

Figure 4.8.: Illustration of the subclassification to study the influence of pinned particles (crosses)
on their close environment within (∆r < 2a0 , red particles) with respect to distant
regions (∆r > 14a0 , blue particles). The inset shows 10 000 s trajectories, including
two pinned particles (green circles).
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Figure 4.9.: a , b Pair distribution function g(r), evaluated for particles which are close to
pinned ones (∆r < 2a0 , red curve) and distant from them (∆r > 14a0 , blue curve),
illustrated for the isotropic fluid at Γ = 51.5 (a) and the solid phase at Γ = 109.6
(b). While in the isotropic phase the structure is not affected by the proximity to
pinned particles, an effect is visible in the solid phase: The population in shells which
correspond to perfect lattice sites is decreased, e.g. at r = a0 for the six next nearest
neighbors or r = 2a0 ± ∆r for the second nearest neighbors, while the distribution
shifts to inter-lattice distances, e.g. between r = a0 and r = 2a0 or directly at
r = 2a0 .
c , d Mean square displacement for the same subclassification and Γ-values as
for g(r). Due to the correlation in time, close (∆r < 2a0 , red curve) and distant
particles (∆r > 14a0 , red curve) are defined at the first time step. In both phases,
the dynamics is suppressed for close particles which appears around the Brownian
time scale (τB ≈ 171 s) and is of the same magnitude.

distribution function
1
g(r) =
n

*
X

+
δ(r − ri )

.

(4.35)

i6=0

Here, the sum runs over N − 1 particles, and h·i denotes an average over all N particles,
the polar angle ϕ, and time. g(r) reflects the local particle density n(r) at distance r
from a single particle at r = 0, with respect to the average density: g(r) = n(r)/n. The
results are given in figure 4.9a,b. In the isotropic fluid at Γ = 51.5 (a), the local density
is not affected by the pinned particles. This is reasonable since the interaction between
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particles is weak and there is no need to react structurally to a possible incommensurability
and increased stress field due to pinned sites. Deep in the solid phase at Γ = 109.6 (b),
the structural distribution is different: ‘Shells’ which correspond to neighboring lattice
sites of an undisturbed crystal are underpopulated in the vicinity of the pinned particles.
Simultaneously, regions between these ideal lattice sites are overpopulated. This reflects
the incommensurability of pinned sites which eventually leads to a correlation of close,
free particles in the in the stress field caused by the pinned ones.
To study the influence on the dynamics, we compute the MSD (defined in section 2.3).
In the case of g(r), the subclassification is performed anew for every time step. Since a
particle-specified time correlation has to be preserved, this is not possible for the MSD.
Here ‘close’ and ‘distant’ particles are exclusively defined at the first time step. Therefore,
the subclassification is only representative at short times, i.e. when particles do not leave
their assigned region. This is particularly crucial in the isotropic fluid where diffusion is
large. Here, the MSD equals ≈ 30 µm at t = 2000 s which corresponds to a distance of
0.4a0 and is small compared to the classification range of 2a0 . The results are shown in
figure 4.9c,d: For times t < 2000 s, we observe a distinct behaviour between close and
distant particles: In the isotropic (c) as well as in the solid phase (d), the dynamics is
suppressed for particles in the vicinity of pinned ones, reflecting their confining character.

4.4. Orientational order and critical fluctuations
Along the numerous analytical works, simulations and experiments on two-dimensional
melting, there always was and still is a debate concerning the character and the number of the transition(s). While several experiments [48–50, 52–54, 133, 134] and simulations [20, 23, 25, 26, 33, 34, 135] clearly observe a hexatic phase, separating the isotropic
and solid phase via two (possibly continuous) transitions, some studies also report firstorder characteristics [19, 28–31, 55, 136]. In addition, there is strong numerical evidence
that the phase behavior and structure formation depends sensitively on the density and the
strength of the confinement in the third dimension [35, 137, 138] and can lead to ‘precrystallization’ [139]. On the other side, there are analytical and numerical arguments that the
two-step, continuous scenario changes to one first-order, grain boundary induced melting
if the dislocation core energy is smaller than a certain threshold value [12, 13, 36, 37].
This might implicitly depend on the interaction potential being short or long range, which
is also pointed out in [133] for an experimental colloidal system. Further, the angular
stiffness of the crystal seems to play a crucial role [15, 140]. Novel and extensive Monte
Carlo studies [40, 41] of 10242 hard disks revealed a two-step melting scenario in which the
hexatic-isotropic transition is found to be of first-order, while the solid-hexatic transition
remains second-order. Regarding these discussions, we will give additional arguments that
a) the hexatic phase exists and is a real thermodynamic phase, and b) the hexatic-isotropic
transition is continuous (or at least second-order). The underlying analysis is made for
the system with ≈ 0.5% pinning (center FOV), to show that the continuous character of
the hexatic-isotropic transition is not destroyed by weak quenched disorder.
In principle, the criteria discriminating between first- and second- (or continuous-) order are numerous and often only suitable for the respective system. A popular measure
is the behaviour of the heat capacity which, at the transition, should show a δ-like di-
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vergence for first- and a discontinuity for second-order, caused by a discontinuity and a
non-differentiability of the internal energy, respectively. Although the functional form of
the heat capacity at the melting points is different in the KTHNY formalism [10] and the
size and position of related singularities seems to be strongly dependent on the particular
system [23, 26, 45, 58, 62], the rather weak excess in the specific heat discussed in section 3.3 points to a second-order or continuous transition. Two other phenomena which
indicate a discontinuous rather than a continuous transition is either the occurrence of a
hysteresis along a melting and subsequent freezing of the system, or a phase equilibrium
at the transition point. In the context of the latter one, there might still be a possibility
that the hexatic phase actually is a coexistence of a crystal and an isotropic fluid. In this
case, one should observe a configuration of patches with coexisting phases which, over
long times, are more or less static or fluctuate on a limited length scale (e.g. as the size of
crystalline nuclei fluctuates at the freezing point of water). Moreover, one should be able
to find a typical size and shape of those nuclei, displaying the actual correlation length
of the system. In the case of ice and water, one can visualize these fluctuations in terms
of the different densities of the two phases. For a repulsive system with constant density,
this would not be significant. Instead we will use the bond order field ψ6 (r), and study
the spatial and temporal evolution of the local orientational order on long time scales.
One has to expect that the bare ψ6 (r)-field is subject to fluctuations which, according
to the KTHNY scenario, should extend to large length and time scales in the vicinity of
the hexatic-isotropic transition. Since here, the orientational order switches from quasilong-range to short range. To resolve these long scales, we average the bond order field
over a certain time period ∆t,
1
ψ̄6 (r, t ) =
Nt
∗

t∗ +∆t/2

X

ψ6 (r, t) ,

(4.36)

t=t∗ −∆t/2

where Nt is the number of time steps within ∆t (this average is performed on identical
ensembles, or more precisely only for particles which stay in the field of view within ∆t).
On the one side, ∆t has to be chosen large enough, so that fluctuations on small time
scales (or large frequencies) are ‘cut off’, e.g. in the order of a few Brownian time scales
τB ≈ 171 s. These are not crucial for the continuous phase transition to occur globally
at the same time. On the other side, ∆t must not exceed a certain value, e.g. the
orientational correlation time τ6 at that Γ-value, or the fluctuations will be averaged out
almost completely. Inconveniently, we are interested in the fluctuation pattern within the
hexatic phase, where τ6 is formally not defined19 . However, since the hexatic phase is quite
narrow (Γm − Γi ≈ 3), we can expect to be very close to the hexatic-isotropic transition
anyway (Γ ' Γi ). There, we can assume that τ6 is of the same order as shortly below the
hexatic-isotropic transition.
Figure 4.10 shows the evolution of ψ¯6 (r, t∗ ) at an interaction strength of Γ = 69.1 (or
−1
Γ = 0.0145) which is approximately in the middle of the hexatic phase and ∆Γ ≈ 1.7
above the hexatic-isotropic transition (Γi ≈ 67.4). This data is obtained from a long time
measurement (after the regular melting series), for which the system was equilibrated
19

It cannot be extracted from the exponential decay of g6 (t).
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Figure 4.10.: Evolution of the time averaged field ψ¯6 (r, t∗ ) at Γ = 69.1 which is approximately
in the middle of the hexatic phase and close to the hexatic-isotropic transition
Γi ≈ 67.4. ψ¯6 is averaged over a time period ∆t ≈ 1.94 h ≈ 41τB , and t∗ denotes
the center of this period. The Voronoi cell of every particle is color-coded with
its value ψ¯6 (rj , t∗ ) which can vary from 0 to 1 (see scale). Pinned particles are
additionally marked with a cross. A movie, covering the complete measurement in
terms of t∗ , can be found in the supplemental material of [96].
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into the hexatic phase. The pinning concentration for this particular measurement is
np ≈ 0.50%. The averages are performed at exemplary times t∗ throughout the complete
measurement (≈ 194h), in intervals of ≈ 10h up to t∗ = 20.4h and from then on in steps of
≈ 20h. The average in equation 4.36 is taken for a period of 2500 time steps below and up to
2500 steps above t∗ , which corresponds to a time period ∆t = 7000 s ≈ 1.94 h ≈ 41τB . Regarding figure 4.6 this is similar to τ6 at Γ−1 ≈ 0.0152, shortly below the hexatic-isotropic
transition. The Voronoi cell of every particle is color-coded with its value of ψ¯6 (rj , t∗ )
which can range from 0 to 1 (see bottom of figure4.10 for the color code). Pinned particles
are additionally marked with crosses20 . Following the evolution of the ψ¯6 -field, one recognizes that the larger fraction of the system displays high values around ψ¯6 ≈ 0.8. This is
not unexpected since the system is still in the hexatic phase and the orientational correlation is quasi-long-range. Nonetheless, there are patterns of low orientational symmetry
visible, with values around ψ¯6 ≈ 0.3. First, we cannot identify a size of these regions
with low symmetry. This means that the length scales of these (orientational) fluctuations
underlie a homogeneous distribution which is typical for critical fluctuations of continuous phase transitions. Second, the pattern is non-static which indicates that there is no
phase equilibrium and the hexatic phase is a real thermodynamic phase. Such fluctuations
of orientational order have also been observed in Monte Carlo simulations [96], mimicking the experimental system at hand, and in molecular-dynamics simulations [34] with a
Lennard-Jones potential. In the first one, an extensive study of ‘orientational’ clustering has additionally been performed, which revealed that the distribution and size of the
clusters are strongly dependent on the pinning strength. In [34], the fluctuation patterns
also emerge in the spatial and temporal density distribution, denoted as dynamical heterogeneities, which are similarly found in the dynamics of two-dimensional glasses [141, 142].
It is worth noticing that the dynamics of those fluctuations might become visible only on
very large time scales (194 h ≈ 4000τB ) and therefore are easily be mistaken as a phase
coexistence at too short times.
In addition, one can study the effect of the pinned particles on the orientational fluctuations. The major evolution of the patterns is not correlated with pinning regions: The
orientational symmetry is attenuated similarly in regions without pinned particles, e.g. at
t∗ = [1.0 h, 20.4 h, 78.4 h, 136.7 h, 156.0 h] in the right half of the field of view, or even
restored in the vicinity of large pinning, e.g. at t∗ = [10.7 h, 136.7 h]. This indicates that
quenched disorder in form of weak pinning (. 1%) does not destroy the continuous character of the hexatic-isotropic transition in this kind of system21 .
Another criterion to discriminate between a phase equilibrium of orientational order and
disorder, and a continuous transition from a hexatic to an isotropic fluid is the finite-size
20

The pinning distribution is not completely fixed over the complete measurement (500 000 time steps)
since particles are only tracked over 25000 time steps (due to computational reasons). The pinning
criteria are then exclusively applied only on these tracking periods (see section 2.6). Thus, if particles
detach or attach to the substrate across such a track-window, the pinning distribution might change.
21
One recognizes that the lower left part of the field of view is increasingly affected by pinning and
there might be a slight tendency that fluctuations are rather concentrated in that region, e.g. at
t∗ = [59.1 h, 117.2 h, 192.8 h]. This effect cannot be ruled out completely, also since pinned particles
induce a stress field which intrinsically is accompanied with orientational disorder.
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Figure 4.11.: Probability distribution P (Ψ26 ) of the global orientational order parameter Ψ26 (see
equation 4.37) for subdivision of the system into 64 equal parts (see inset) of size
Lx Ly /64 where Lx Ly is the complete system size. The analysis is made for the
melting series with hnp i = 0.48% and curves are shown in the vicinity of both phase
transitions at Γm and Γi . Following the distribution from large to small Γ-values,
the distribution always remains monomodal, with a maximum at finite values of
Ψ26 in the solid phase and the hexatic fluid (up to Γ = 67.8), and a maximum at
Ψ26 = 0 in the isotropic fluid (starting at Γ = 66.9).

analysis of the distribution of orientational symmetry. For 2D hard disks and LennardJones systems, this was first introduced in [30]. Here, the probability distribution of the
global orientational order parameter
*
Ψ26 =

N
1 X
ψ6 (rj , t)
N

2+

(4.37)

j=1

was studied for different subsystems as a function of the control parameter, e.g. the
density22 . For both models a first-order transition was found, revealed by a bimodal
distribution of Ψ6 at small subsystems. More recent simulations [35] of a two-dimensional
Lennard-Jones system, allowing positional fluctuations in the third dimension, show that
the hexatic phase persists instead of a solid-fluid coexistence, as long as those fluctuations
do not exceed 0.15 particle diameters. This condition is given in our experiment: Vertical
fluctuations are ≈ 20 nm [143] which is approximately 0.004× the particle diameter of
4.5 µm.
22

For Ψ6 , the average can either be a time/sampling or ensemble average.
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Figure 4.11 shows the probability distribution P (Ψ26 ) for a subsystem size of
Lx /8 × Ly /8 = Lx Ly /64 ,

(4.38)

where Lx and Ly are the respective lengths of the field of view. Shown are curves in the
vicinity of the two phase transitions (gapless between Γ = 66.1 and Γ = 71.0) for the
melting series with hnp i = 0.48%. In the solid phase, P (Ψ26 ) shows a single peak at large
values of Ψ26 , e.g. for Γ = 121.5 we observe P (Ψ26 ) ≈ 0.067 at Ψ26 ≈ 0.70. Following
the distribution towards and inside the hexatic phase, the peak of P (Ψ26 ) decreases and
continuously shifts to smaller (but still finite) values of Ψ26 , until Γ = 67.8 where P (Ψ26 ) ≈
0.026 at Ψ26 ≈ 0.33. At the next system temperature (Γ = 66.9), the distribution has
completely shifted to a maximum value of P (Ψ26 ) at Ψ26 = 0, where it remains during
the following decrease of Γ. This transition happens across the hexatic-isotropic melting
temperature Γi ≈ 67.4 found by prior analysis, and fits well with simulations [97]. The
absence of a bimodal distribution in the vicinity of Γi (compare, e.g. with figure 2 and
figure 3 in [35]) strongly points to an absence of hexatic/isotropic as well as solid/fluid
phase equilibria23 .

23

It is not possible to rule out a phase coexistence below the given Γ-resolution of ∆Γ ≈ 1.

5. Nonequilibrium dynamics
This chapter is organized as follows: In section 5.1, we shortly depict the concept of the
Kibble-Zurek mechanism which describes the topological defect formation in systems with
spontaneous symmetry breaking. In section 5.2, we transfer these ideas to the topological
description of the KTHNY theory and present our results which visualize the Kibble-Zurek
mechanism on single particle level. (This chapter is based on [144].)

5.1. The Kibble-Zurek mechanism
In the formalism of spontaneously broken symmetry, Y. B. Zel’dovich et al. [71] and
T. W. B. Kibble [72, 73] suggested that during the cooling down of the early universe, a
cosmological phase transition leads to degenerated states of vacua below a critical temperature Tc , separated or dispersed by defect structures as domain walls, strings or monopoles.
In the course of this transition, the vacuum can be described via an N -component, real
scalar field φ (also known as the Higgs field) which acts as an order parameter for the
vacuum and is subject to an effective (Ginzburg-Landau-like) potential
V = a(T )φ2 + b φ2 − η02

2

.

(5.1)

Here, a(T ) is temperature dependent and controls the dominance of the parabolic contribution, b is a constant and η0 is the modulus of hφi at T = 0. At high temperatures
(a > 2bη02 ), V has a single minimum at φ = 0 and the system is said to be in the highsymmetry (or disordered) phase. At low temperatures (a < 2bη02 ), the potential develops
degenerated minima for which hφi is finite: the low-symmetry (or ordered) phase. Consequently, if the system is cooled from the high symmetry phase, it undergoes a transition
at a critical temperature Tc (when a = 2η02 ), below which the symmetry is ‘spontaneously
broken’. For T < Tc , the order parameter field then continuously decays to its zero temperature value:


T2
2
2
hφi = η0 1 − 2 = η 2 (T ) .
(5.2)
Tc
Caused by the finite velocity of physical information, one can expect that separated regions
which were not able to ‘align’ their fluctuating field to each other before the symmetry
breaks at Tc , settle to different (non-zero) values of hφi. Now the question arises about the
typical length scale ξd of these domains and the topology of their separation. For a finite
cooling rate, ξd is limited by the speed of propagating information1 . Independent of the
nature of the limiting causality, Kibble argued that as long as the difference in free energy
∆F (of a certain system volume) between its high-symmetry state hφi = 0 and a possible
low-symmetry state hφi =
6 0 (just below Tc ) is less than kB T , the volume can jump between
1

Ultimately, this is given by the finite speed of light which sets an event horizon.
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both phases. The temperature at which ∆F = kB T is called the Ginzburg temperature
TG and the size of the initial domains (protodomains) is supposed to be determined by
the correlation length at that temperature: ξd = ξ(TG ) [72].
The geometry of the defect network that separates the uncorrelated domains is determined by the topology of the manifold of degenerated states that can exist in the
low-symmetry phase. Thus, it depends on the dimension N of the order parameter, but
also on the dimension d of the system. This is illustrated in figure 5.1: Regarding the
square root of equation 5.2, the expectation value of a one-component order parameter
(N = 1, figure 5.1a) can only attain two different low symmetry values
hφi = ±η(T ) ,

(5.3)

e.g. as in an Ising model. One says that the manifold of the degenerated states is ‘disconnected’. This has a crucial effect if one considers a mesh of symmetry broken domains
where hφi is chosen randomly either +η or −η. If two neighboring (but uncorrelated)
domains have the same expectation value of hφi, they can merge. Alternatively, domains
with a opposite expectation value will in 3D be separated by a domain wall (or a domain
‘line’ in 2D). At the center, the domain wall attains a value of hφi = 0 to provide a continuous crossover of the expectation value between the domains2 . Illustrated in figure 5.1b,
the topology changes significantly for N = 2: The expectation value of hφi can take any
value on a circle of degenerated low-symmetry values, i.e.
hφi2 = hφx i2 + hφy i2 = η 2 (T ) .

(5.4)

In a network of symmetry broken domains, at least three domains have meet to at a mutual
edge. Since the manifold of possible low-symmetry states is now connected, hφi can vary
smoothly along a path. If again all of the pockets settle towards a similar value (on the
aforementioned circle), the closed path can continuously be reduced to a point: hφi gains
the same value everywhere and the edge disappears. However, it may also appear that
the path around the edge contains various cycles of the expectation value on the circle of
degenerated states. If the closed path is shrunk now, eventually one point at the center
of the path has to decide which value it attains, but no value will provide continuity with
respect to its surrounding. Thus, the path cannot continuously be reduced to a point and
one will be left with a string: a line of certain thickness with hφi = 0. A condensed matter
analogue of such a string is a normal fluid vortex line in superfluid helium, or a magnetic
flux line in a superconductor.
Similar considerations can be made for larger values of N . For N = 3, the degenerated
solutions of the low temperature phase lie on a sphere:
hφi2 = hφx i2 + hφy i2 + hφz i2 = η 2 (T ) .

(5.5)

If now a configuration of uncorrelated pockets meet, e.g. at a mutual point, hφi can vary
smoothly on a ‘spherical path’ around this point. This sphere cannot completely be shrunk
2

The width of the wall will be balanced between the free energy difference of the high-/low-symmetry
phase and the ∇φ-contributions in the particular Lagrange density of φ [72].
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Figure 5.1.: a Behavior of the expectation value of a one-component (N = 1) field order parameter φ across a domain wall, illustrated in the plane perpendicular to the wall. If hφi
(indicated as red ‘spins’) attains opposing values ±η in disconnected regions (or an
‘infinite path’), the growing of these regions (shrinking of the path) leads to domain
wall attaining hφi = 0 at its center (black line). The dotted red line indicates the
continuous change of hφi across the wall. This topology can simultaneously be seen
as a domain ‘line’ in two dimensions.
b Behavior of the expectation value of a two-component (N = 2) field order parameter φ around a defect string, illustrated in the plane perpendicular to the string. If hφi
2
2
curls one or several times on its low-symmetry solution-‘circle’ (hφx i + hφy i = η 2 )
along a path around three disconnected regions which meet at a mutual edge (dashed
grey lines), the shrinking of the path leads to a string which exhibits hφi = 0 at its
center (black dot). In two dimensions, this topology can simultaneously be seen as
a monopole.
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if hφi attains cycles of states (similar to N = 2), and one remains with a monopole, a 0dimensional defect [73]. Moreover, if the dimension of the order parameter exceeds the
dimension of the system, e.g. for N = 4 in 3D or N = 3 in 2D, hφi can ‘escape’ in the
additional component of φ. The corresponding defect structures are called textures [73].
The dynamics of domain walls and strings in the Higgs field is dependent on their surface/line tension and their interaction with matter. Given their growing rate, they might
now be comparable with the size of the universe [72]. However, Ya. B. Zel’dovich et al. [71]
argued that the gravitational effect of domain walls at the present time, e.g. a single wall
spanned across the universe, is too large and additionally would lead to an anisotropy in
the microwave background radiation. Such an anisotropy is still not proven unambiguously. Strings, on the other hand, have a much lower mass and might have formed in the
early stage of the universe and effected its evolution3 [73].
W. H. Zurek [85, 86] extended Kibble’s predictions and transferred them to quantum
condensed matter systems. He suggested that 4 He should intrinsically develop a defect
structure when quenched from the normal to the superfluid phase. For superfluid 4 He, the
order parameter is complex,
ψ = |ψ| exp(iΘ) ,
(5.6)
and has two independent components: magnitude |ψ| and phase Θ (the superfluid density
is given by |ψ|2 ). A nontrivial, static solution of the equation of state with a GinzburgLandau (GL) potential yields
ψn = ψ0 (r) exp(inϕ) ,

(5.7)

where r and ϕ are cylindrical coordinates, n ∈ Z and ψ0 (0) = 0. This solution is called a
vortex line, topologically equivalent to a string for the case N = 2 as we have discussed
above. In condensed matter systems, the role of the limiting speed of light is taken by
the sound velocity (in 4 He, the second sound) which leads to a ‘sonic horizon’. During a
quench from the normal fluid to the superfluid state, ψ can only be correlated within this
horizon. Beyond that, the phase of ψ will be uncorrelated and chosen randomly, forming
a domain network with different ‘orientations’. The center of all closed paths for which Θ
changes by a multiple of 2π will form a vortex line, leading to a ‘string’ network of normal
fluid vortices4 .
Furthermore, Zurek argued that the typical length scale ξd of the initial defect network
is not set in the vicinity of the transition but is rather dependent on the cooling rate. For
a second-order transition, the equilibrium correlation length diverges like
ξ = ξ0 ||−ν ,

(5.8)

where  = (T − Tc )/Tc is the reduced temperature. ξ is the typical distance over which
the correlation of the given order parameter decays. The divergence of ξ is accompanied
by the divergence of the correlation time
τ = τ0 ||−µ ,
3

(5.9)

Further analytical and numerical studies of cosmic defect structures, concerning their dynamic or importance to cosmological evolution can be found in [74–84, 145–147].
4
A graphic illustration can be found in [148].
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which quantifies the typical time it takes for the system to adapt to order parameter
changes within the correlated (ξ-sized) region. Now if cooling is infinitely slow, the system
behaves as in equilibrium. Approaching the critical point, ξ diverges and the system has
enough time to adjust the order parameter on this scale: The symmetry-broken state is
a monodomain with ξd = ξ(Tc ). For an instantaneous quench, however, the system has
vanishing time to adapt to its surrounding: The correlation length is ’frozen-out’ and
the length scale of the (initial) defect network is set by the value of ξ directly before the
quench. For all intermediate cooling rates, the system reaches a so called ‘freeze-out’ time
at which τ exceeds the time t it takes to reach Tc :
t̂ = τ (t̂) .

(5.10)

Before t̂, the system will stay in (quasi-)equilibrium. After t̂, the information emerging
in two regions beyond the present correlation length cannot be exchanged in time, before symmetry breaking takes place: The system falls out of equilibrium. Accordingly,
the initial length scale of the defect network is set by the correlation length at t̂ or the
corresponding temperature: ξd = ξ(t̂) = ξ((t̂)). For a linear temperature quench
=

T − Tc
t
=
Tc
τq

(5.11)

with the quench time scale τq , one directly observes
t̂ = τ0 τqµ

1/(1+µ)

(5.12)

and
ξd = ξ(t̂) = ξ0 (τq /τ0 )ν/(1+µ) .

(5.13)
1/4

For the GL model (ν = 1/2, µ = 1) one finds the scaling ξd ∝ τq while a renormalization
1/3
group correction (ν = 2/3) leads to ξd ∝ τq [85, 86].
Several experiments have been carried out to study the evolution of the predicted defect
structures. Experiments on nematic liquid crystals, supported by numerical studies, reveal
a variety of them: During an instant pressure quench from the isotropic to the nematic
phase, monopoles and different kinds of strings (lines and loops of disclinations) were
observed [149–151]. For the density of the string network as well as for the radius of
shrinking loops of strings, an algebraic scaling law was found as a function of time after
the quench [149, 150]. A significant formation of normal fluid vortex lines were found for
4 He when quenched globally in a pressure cell into the superfluid state [152], as well as
for 3 He quenched locally via nuclear reactions [153, 154]. The Kibble-Zurek mechanism
was also tested experimentally in optical Kerr-like media [155, 156], intrinsically out of
equilibrium systems [157], as well as in low-temperature [158, 159] and high-temperature
superconductors [160, 161]. There, a power law dependence of the density of defects and
the occurrence of flux lines could be observed as a function of the quench time scale, largely
in agreement with the theoretical predictions. Experimental verification is also found in
multiferroics [162] and quantum systems [163]. From the numerical side, several studies
have investigated the behavior of domain structures in symmetry breaking, second order
phase transitions, in one [164, 165], two [166] and three spatial dimensions [167, 168] and
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superconductors [169]. It was also shown that the Kibble-Zurek mechanism can be applied
to quantum phase transitions [170–173]. The effect of inhomogeneities (like a nonuniform
temperature distribution during the quench) has also been studied experimentally [174–
176] and theoretically [177–182]. A detailed review can be found in [87].

5.2. Symmetry breaking in the colloidal ensemble
To embed the microscopic KTHNY-description of 2D solids into the phenomenological
Kibble-Zurek formalism, one has to consider the appropriate symmetry, broken from a
high- to a low-temperature phase, and the order parameter field which characterizes this
symmetry. Given a microscopic melting formalism, we are able to define this on a microscopic scale, i.e. represented by a discrete order parameter field which is well defined for
every particle in the system. Regarding the two-step scenario, two symmetries are broken
at different temperatures: the translational one at the transition from the hexatic to the
solid phase, and the orientational one at the transition from the isotropic to the hexatic
phase. Both symmetries are characterized by two discrete order parameter fields, namely
the translational, and the orientational one
ψG (rj ) = e

iG·rj

and

nj
1 X i6θk (rj )
ψ6 (rj ) =
e
.
nj

(5.14)

k=1

These are directly determined by the reciprocal lattice vector(s) and the particle’s position
on the one, and by the angles of its bonds on the other side. Both order parameter fields
are complex with two independent components, thus one expect that the fundamental
defects are monopoles since we are in two dimensions. One can define those formally as
in the case of the Higgs field φ for N = 2 (figure 5.1b) or the superfluid 4 He.
The phase of the orientational field ψ6 (r) is invariant under the transformation of the
particular bond angles
θk → θk ± nπ/3 (n ∈ N) ,
(5.15)
which is caused by the sixfold orientation of the triangular lattice. One can consider now
a closed discrete path in the (quenched) low-orientational-symmetry phase(s), on which
the ψ6 -field stays finite, while simultaneously θk changes by means of the transformation
above. If n = 0 (∆θk = 0), the path can continuously be shrunk to a point which attains
the same (finite) value of ψ6 (r). This is the trivial case where no defect is created, and
corresponds to a region with uniform sixfold orientational order (or exclusively sixfold
coordinated particles). However, if n = ±1 (∆θk = ±π/3), the center of the path will
settle to a value that provides a continuous ψ6 -field, which in this case can only be zero:
One observes a monopole in the orientational field. This resembles the definition of isolated
disclinations, illustrated in figure 3.4 in section 3.2: Going counter clock-wise around the
defect, the bond angles change by an amount of +π/3 for an isolated fivefold and by −π/3
for an isolated sevenfold site5 , while both defects attain a value of ψ ≈ 0. Hence, isolated
disclinations are monopoles in the low-orientational-symmetry phase. Larger changes in
θ represent higher/lower coordination numbers, e.g. n = ±2 corresponds to a four- or
respective eightfold disclination.
5

This is exemplary shown only for one bond. The same change of θk occurs for the other five bonds.
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Similar considerations hold for the translational field ψG (r) which is invariant under the
transformation of the particle’s position
r → r + n1 e1 + n2 e2

(n1 , n2 ∈ N) ,

(5.16)

where e1 and e1 are lattice vectors of the crystal phase. Considering now a closed and
shrinking path in the ψG -field of the low-translational-symmetry phase, one is again left
with a trivial solution if n1 = n2 = 0 (∆r = 0), similar to the case above. However, if one
of the integers is finite, e.g. n1 = 1 and n2 = 0 (∆r = e1 ), the field at the center of the
path has to vanish: One observes a monopole in the translational field. This resembles the
definition of an isolated dislocation with Burger’s vector |b| = a, illustrated in figure 3.2:
Going on a clock-wise contour path around the defect, e.g. starting from particle A0 ,
the particle A at the end of the path is displaced by a lattice vector, compared to its
position in a defect-free displacement field (which would be the position of A0 ). Thus,
isolated dislocations can be interpreted as monopoles in the low-translational-symmetry
phase. Due to the directional character of a dislocation, there are two other possible
combinations of integers: n1 = 0, n2 = 1 and n1 = n2 = 1. Intriguingly, this monopole
can possesses an orientation and can be seen as a vector charge. Again there are larger
values possible, e.g. ∆r = 2e1 which corresponds to a dislocation with |b| = 2a.
Following the process of spontaneous symmetry breaking, one has to start in the isotropic
fluid and view the KTHNY theory as a freezing scenario. A fingerprint of 2D systems is
a local sixfold symmetry in the crystal and the fluid. Thus, the isotropic phase already
consists of a large number of sixfold coordinated particles. Together with five- and sevenfold disclinations, they form a high-symmetry orientational field ψ6 (r) & 0 (higher/lower
coordination numbers are extremely rare due to their increasing cost in elastic energy and
will be neglected in the following). If the system is now cooled under equilibrium conditions, say infinitely slow, the succeeding phase behavior can be expected to correspond to
the ‘inverted’ melting scenario. This means that all disclinations can combine to isolated
dislocations which can further annihilate pairwise into four sixfold coordinated particles.
In the case of disclinations, this is only possible for a pair of a five- and sevenfold particle, and in the case of dislocations only if their Burger’s vectors are antiparallel (see
figure 3.3). The orientational and translational correlation lengths can now be seen as
the time it takes for the corresponding defects to recombine under the given constrains
and within the respective correlation length. The constrains affect the recombination time
in terms of the translational diffusivity of the defects and in the case of dislocations also
on the rotational one. Both are coupled to system-specific properties, i.e. the diffusivity
of the individual colloidal particles. At finite cooling rates, one can now expect that the
defects are ‘uncorrelated’ beyond a certain distance and their range of possible recombination freezes out before the respective transitions. Thus, the final low-temperature state
will be a domain structure with different (degenerated) broken symmetries, e.g. a locally
well defined crystal-axis or lattice vector, interspersed by a network of defects to provide
continuous order parameter fields.
The key element of the Kibble–Zurek mechanism is a frozen-out correlation length χ
when the system falls out of equilibrium at the freeze-out time t̂. For slow cooling rates,
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Figure 5.2.: Time t, before the isotropic-hexatic transition (Γi ≈ 67.4) is reached for different
cooling rates (colored straight lines, according to Eq. 5.17), and the orientational
correlation time τ6 (experimental data and fit fτ (Γ) according to Eq. 5.19). The
points of intersection determine the freeze-out temperatures Γ(t̂), at which the orientational correlation is frozen-out on the given length scale.

the system can follow in (quasi-)equilibrium closer to the transition (large ξ) than for fast
rates, where the systems reaches t̂ earlier (small ξ). Thus, the freeze-out time (when the
time t until the transition temperature is reached is equal to the equilibrium correlation
time τ ) sets the length scale ξd of the initial defect or domain network (protodomains), and
therefore the spatial constrictions to its dynamic evolution. With respect to the resolution
of our control parameter ∆Γ = ±0.5, the isotropic-hexatic transition is very close to the
hexatic-solid transition (the hexatic phase is narrow). Approaching fast cooling rates, we
are not able to resolve the offset of the successive symmetry breaking, and solely focus
on the orientational order which is well defined in all three phases. In addition, a precise
determination of a certain (non-zero) translational symmetry requires the definition of
a reciprocal lattice vector. Regarding a degenerated domain network, this is difficult to
do locally. Therefore, we will consider only the orientational symmetry which sufficiently
discriminates the high- from the low-temperature phase and is only dependent on the local
bond order of every particle. The orientational freeze-out time is then given when the time
t until the isotropic-hexatic transition (Γi ) is reached,
t(Γ) =

Γi − Γ
,
Γ̇

(5.17)

is equal to the equilibrium correlation time τ6 .
In the KTHNY scenario, τ6 (as well as ξ6 ) diverges exponentially at Ti (see, e.g. [183]):
!
T − Ti −ν
,
(5.18)
τ6 ∝ exp const
Ti
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where ν = 1/2 is the critical exponent at the isotropic-hexatic transition. To identify the
crossover times for the different cooling rates, we determine the functional form τ6 (Γ) from
the equilibrium measurements also used in section 3.3. The correlation time is extracted
from exponential fits of the orientational correlation g6 (t) ∝ exp(−t/τ6 ) in the isotropic
fluid, and fitted τ6 via the function
!
1
1 −ν
fτ (Γ) = τ̃0 exp bτ
−
.
(5.19)
Γ Γc
Here, the transition temperature is set to a fit parameter (indicated with Γc ) and only
the critical exponent ν = 1/2 is fixed (given by the KTHNY theory). The fit parameters
yield τ̃0 = (762 ± 293) s ≈ 4.5τB , bτ = 0.05 ± 0.02 and Γc = 70.0 ± 1.6. The value of Γc
is slightly overestimated and lies between the two transitions Γi ≈ 67.4 and Γm ≈ 70.4
(within the error bar), determined in section 3.3. This is due to the fact that it is not
possible to measure infinitely close to Γi to gain an infinite correlation length. Figure 5.2
displays all the data: On the left scale, the time t which is left to the transition for the
different cooling rates, and on the right scale, the measured equilibrium correlation time,
as well as the fit. The points of intersection between the fit and t for a given Γ̇ determine
the freeze-out temperatures Γ(t̂).
We are now interested in the evolution of the length scale of the domain and defect
network for different cooling rates Γ̇, especially at the freeze-out time t̂. An intuitive
measure for the length scale of the defect structure in the ψ6 -field is simply the overall
concentration of defects ρ = Ndef /N (counting all not sixfold oriented particles). The
upper plot in figure 5.3 shows the evolution of ρ for various cooling rates Γ̇, including
the slowest and fastest one. For all rates, ρ decays linearly with Γ (and also in time) as
long as the system is not too close to the first phase transition at Γi ≈ 67.4. For fast
cooling rates (top), the linear decay persists and ρ is still quite large at Γi , which indicates
that a large amount of defects are frozen out during the quench. For slow cooling rates
(bottom), the decrease of defects performs a step in the vicinity of the transition. This is
expected coming near the equilibrium case (open symbols, data from figure 3.12) where
the defect density drops towards zero above Γm . At the beginning of cooling (far below
Γi ), the magnitudes of ρ weakly deviate for distinct cooling rates. On the other hand, their
difference is very large far beyond the phase transition. This indicates that the length scale,
crucial for the later evolution of the defect network, is set at different Γ-values before the
transition, which is essentially the (qualitative) prediction of the Kibble-Zurek picture.
This behavior of the defect concentration has also been observed in the simulations of onetwo-dimensional field models, mentioned above [164, 166] .
A way to characterize a possible domain structure of orientational symmetry is to determine regions of conformity in the orientational field ψ6 = |ψ6 | exp (iΘ). We define a
particle to be part of an (orientationally) symmetry broken domain if the following three
conditions are fulfilled for the particle itself and at least one nearest neighbor:
• The magnitude |ψ6 (rj )| of the local bond order parameter must exceed 0.6 for both
neighboring particles.
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Figure 5.3.: Defect number density ρ and average domain size hAi (in units of a20 ) as a function
of Γ for various cooling rates Γ̇, including the slowest (Γ̇ = 0.0326 1/s) and fastest
(Γ̇ = 0.000042 1/s) applied. Although the different rates sparsely differ at the
beginning of the cooling, they end up in significantly distinct magnitudes when the
final interaction strength is reached. This indicates, that their evolution after passing
the isotropic-hexatic transition (Γi ) is determined at respective different times before
the transition. The curves are averaged within a interval of 0.4Γ. Transparent big
dots mark the freeze-out temperatures Γ(t̂) (colored correspondingly to Γ̇). Open
symbols show the equilibrium melting behavior (lines are a guide to the eye).

• The bond length deviation of neighboring particles is less than 10% of the average
particle distance a0 .
• The variation in the overall bond orientation




= [ψ6 (rj )]
= [ψ6 (rl )]
∆Θ = |Θ(rj ) − Θ(rl )| = arctan
− arctan
< [ψ6 (rj )]
< [ψ6 (rl )]

(5.20)

of neighboring particles must be less than 14◦ (in real space, this corresponds to a
bond angle variation of 14◦ /6 ≈ 2.3◦ ).
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Simply connected domains of particles which fulfill all three criteria are merged to a local
symmetry broken domain. If a particle does not satisfy these conditions with respect to
a neighboring particle, it is assigned to the high symmetry phase6 (almost all defects are
identified as such due to their small value of |ψ6 |). The lower plot in figure 5.3 shows
the evolution of the ensemble-averaged domain size hAi as a function of Γ. We observe
a behavior analogue to ρ: In the high temperature phase (< Γ ≈ 60), the ensembles
behave quite comparably for different cooling rates and deviations start to appear only in
the vicinity of the phase transitions. Deep in the low-temperature phase (Γ ≈ 100), the
average domain size is much larger for slower cooling rates which is strongly pronounced
beyond the transition. In the quenched 2D XY model [185], this behavior has also been
observed for the correlation length which we can expect to scale with the domain size
as hAi ∝ ξ 2 . Their values deep in the low-temperature phase, however, are an order of
magnitude larger than in our case.
In figure 5.3, the corresponding freeze-out temperatures Γ(t̂) are marked with transparent big dots. Within the idea of a frozen-out correlation, these have to coincide with the
corresponding deviation of the nonequilibrium evolution of ρ and hAi from the equilibrium
case which is clearly observed within the noise of the data.
The single particle resolution offers the possibility to monitor the ensemble, domain
and defect structure on a ‘microscopic’ level. Figure 5.4 illustrates the network of defects
(a,c) and orientationally symmetric domains (b,d) at the freeze-out time t̂ of the extremal
cooling rates. For the fastest rate Γ̇ = 0.0326 1/s (a,b) where t̂ is already reached at
Γ(t̂) = 30.3, the defect distribution (a) is dense, but not isotropic: Due to their attractive
interaction, dislocations (colored particles) cluster, partly in chains, and already separate
occasional regions of sixfold symmetry (grey particles). The sixfold particles do not necessarily contribute to domains of orientational symmetry (colored particles) as can be seen
in (b). This is due to the fact that particles at the edge of sixfold oriented regions do not
satisfy the criteria of orientational symmetry, given their ‘defect-neighborhood’. In the domain structure, there is a large number of high symmetry particles (smaller grey circles),
and the domain size is qualitatively comparable to the size of sixfold oriented regions. For
the slowest cooling rate Γ̇ = 0.000042 1/s (c,d) where Γ(t̂) = 66.7, the density of defects
and high-symmetry is significantly smaller compared to the fastest rate. Simultaneously,
the size of sixfold regions and orientationally symmetric domains has increased. This is
not unexpected, considering the different distance to the isotropic-hexatic transition.
To compare both networks on an equivalent scale at the freeze-out time t̂, we define the
dimensionless lengths
ξdef = ρ−1/2 (t̂)

and

ξdom = (hAi (t̂)/a20 )1/2 ,

(5.21)

which display the characteristic length scales at the freeze-out time in units of a0 . For
the fastest cooling rate we observe the length scales ξdef = 1.56 ± 0.01 and ξdom = 1.56 ±
0.03. For the slowest cooling rate we find ξdef = 2.36 ± 0.07, and ξdom = 2.30 ± 0.09.
The respective good match reflects the careful choice of the threshold values determining
6

An elaborate discussion of criteria to define crystallinity in 2D on a local scale can be found in [184].
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a

b

c

d

Figure 5.4.: Snapshots of the colloidal ensemble at the center FOV (825x800µm2 , ≈ 4000 particles), illustrating the defect (a,c) and domain structure (b,d) at the particular freeze
out time Γ(t̂). Depicted are the fastest (a,b: Γ̇ = 0.0326 1/s, Γ(t̂) ≈ 30.3) and slowest
cooling rate (c,d: Γ̇ = 0.000042 1/s, Γ(t̂) ≈ 66.8). The defects are marked as follows:
particles with five nearest neighbors are colored red, seven nearest neighbors green
and other defects blue. Sixfold coordinated particles are colored grey. Domains of
different orientational symmetry are colored individually and high-symmetry particles are displayed by smaller circles. (The particles are not to scale.)
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the domain size7 . The main prediction of the Kibble-Zurek mechanism is a power-law
dependence of the protodomain length scale ξd as a function of the quench time scale τq
(see Eq. 5.13), which is inversely proportional to our cooling rate: τq ∝ Γ̇−1 . The open
symbols in figure 5.5 show the scaling of ξdef and ξdom as a function of Γ̇ on a double
logarithmic scale: For both length scales, we observe a clear algebraic decay (linear in
log-log) only for intermediate cooling rates. The dashed blue lines are power law fits of
the form
f (Γ̇) = const Γ̇−κ .
(5.22)
Both length scales yield precisely the same exponent: For the inverse defect densities
we observe κdef = 0.061 ± 0.001 and for the domain size we find κdom = 0.061 ± 0.002.
Given that in the KTHNY formalism, ξ6 and τ6 diverge exponentially, the deviations from
the algebraic scaling is not surprising. In the the Kibble-Zurek mechanism, the scaling
ν/(1+µ)
ξd ∝ τq
is a direct consequence of the algebraic divergence of ξ and τ . Inserting
equations 5.17 and 5.19 in equation 5.10, one observes the freeze-out condition for the
KTHNY behavior:


!
−1/2
−1/2
1
1
Γc − Γi + Γ̇t̂
 .
t̂ = τ̃0 exp bτ
−
(5.23)
= τ̃0 exp bτ
Γ Γc
Γc Γi − Γc Γ̇t̂
Different from the algebraic divergences, one cannot extract the freeze-out time as a function of the quench rate t̂(Γ̇) analytically from this transcendental equation, i.e. like equation 5.12. However, it can be solved numerically which we did in decadal steps from
Γ̇ = 4 · 10−5 to Γ̇ = 3 · 10−2 to obtain a set of dependencies t̂(Γ̇) in the desired range.
Using equation 5.17, t̂(Γ̇) can then again be inserted into equation 5.19 to observe the
dependency τ6 (Γ̇).
Now, the correlation length and τ6 at the freeze-out time can be related by a scaling
τ6 /τB = bz (ξˆ6 )z where τB ≈ 172 s is the Brownian time, bz is a constant of proportionality,
z a dynamical exponent [183], and ξˆ6 can be seen as the orientational correlation length in
reduced units, e.g. the mean particle distance8 . With this, one finds the scaling prediction
ξˆ6 (Γ̇) =



τ0
bz τB

1/z



bτ Γc − Γi + Γ̇t̂(Γ̇)
exp 
z Γc Γi − Γc Γ̇t̂(Γ̇)

−1/2


 .

(5.24)

This function is now simultaneously fitted to the data of ξdef and ξdom , with bz and z as
fit parameters. We find a best match for both length scales with bz = 0.83 and z = 4.5,
for which ξˆ6 is plotted in figure 5.5 as a red line. It clearly accounts for the deviation
from the algebraic decay at slow and fast cooling rates and proves that the basic idea
7

Both ξdef and ξdom are averages of the data in figure 5.3 within a window of ∆Γ = 2 around the
corresponding freeze-out temperature Γ(t̂). To accord for finite size effects, we will exclude clusters
which hit the border of the field of view.
8
In contrast to the algebraic divergences, this dynamic scaling does not effect the critical exponents (e.g.
ν = 1/2) due to the exponential character of the critical behavior. It just denotes that correlation length
and time diverge with distinct remaining parameters, i.e. ξ6 = a exp(b||−ν ) and τ6 = c exp(d||−ν )
with non-universal constants a, b, c, d.
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Figure 5.5.: Scaling of the characteristic sizes of the defect and domain network, ξdef and ξdom
(open symbols), as a function of the cooling rate Γ̇ on a double logarithmic scale.
Both length scales follow an algebraic decay (linear in log-log) only over an intermediate range of cooling rates, but with the same algebraic exponent κ ≈ 0.06 (dashed
blue lines are power law fits). Red lines, which show a much better fit to the data, are
numerical solutions accounting for the exponential critical behavior in the KTHNY
formalism.

of the Kibble-Zurek mechanism can also be applied to the KTHNY universality class9 .
In this context, a KTHNY-adjusted expression regarding t̂(τq ) as well as the density of
vortices (after the system is annealed to T = 0) has been given by A. Jelic et al. [185]
for a temperature-quenched 2D XY model. Indeed it explained deviations from the usual
algebraic scaling (which they observed over more than three orders of magnitude).
The algebraic exponent κ for our system is rather small compared to the Ginzburg1/4
1/3
Landau model (ξd ∝ τq or ξd ∝ τq ) [86], as well as for measured [155, 159] or calculated
values [164, 166, 168, 170, 171, 180] in various other systems. There, usually an exponent
9

In principle, one can also consider equation 5.17 in respect to the fitted value Γc of equation 5.19. This
would slightly simplify equations 5.23 and 5.24 but not significantly change their evolution due to very
similar values of Γc ≈ 70 and Γi ≈ 67.4
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of ∼ 1/4 was found. This is a direct consequence of the relatively large dynamical exponent z = 4.5 which regulates the ‘slope’ of ξˆ6 (Γ̇) (in [186], a value z = 2.5 was proposed
for the hard-disk system). The large value is caused by overdamping and large correlation
times (see figure 5.2) for our colloidal system (which is advantageous for analyzing large
freeze-out times). Several numerical studies have shown a decrease of the decay parameter
for overdamped systems, with respect to systems without damping [165–167].
For a second-order phase transition, it has been shown by G. Biroli et al. [187] that as
soon as the system falls out of equilibrium, the correlation length ξ is subject to different
kinds of coarse graining: When the system has reached t̂, the adiabatic regime ends
and critical coarse graining starts. Given the two-sided divergence of ξ at the critical
temperature Tc , the critical regime persists beyond the transition, until the time t(Tc ) + t̂.
From then on, the system undergoes a standard coarse graining. The authors gave analytic
arguments that at the end of the critical regime, ξ is larger than ξ(t̂) which, in addition,
is more pronounced for slower cooling rates10 . We observe the same effect in the colloidal
system. As can be seen in figure 5.3, the defect density as well as the average domain size
continue to evolve as the isotropic-hexatic transition at Γi is passed. The end of the critical
regime is indicated only for the slowest cooling rate Γ̇ = 0.000042 1/s where at Γ ≈ 75, the
defect density shows a ‘knee’. This behavior can also slightly be seen at the same Γ-value
for the average domain size at the largest rate. On the other hand, numerical studies
in which dissipative contributions and cooling rates were alternatively varied before and
after the transition indicate that the final length scale of the defect and domain network
is entirely determined below the transition temperature [188].
To allow for standard coarse graining, we equilibrate the ensemble after the final interaction strength Γend ≈ 100 is reached. Figure 5.6 shows the evolution of ρ and hAi for the
complete timescale of our measurement and the extremal cooling rates. For the fastest
rate (a,b), both magnitudes have not saturated as the final interaction strength is reached,
but reach quasi-equilibrium at the end of the measurement11 . For the slowest rate (c,d),
both magnitudes have almost reached quasi-equilibrium at Γend and do not change further
on the accessible time scales. Figure 5.7 displays the corresponding snapshots of the defect
and domain structure after the equilibration time. In this final state, the orientational as
well as the translational symmetry are broken, and the different length scales of the defect
and domain network with respect to the cooling rate are clearly visible. For the fastest rate
(a,b) the result is a polycrystalline domain structure interspersed by a dense network of
grain boundaries. The absence of isolated disclinations is caused by their strong attractive
interaction and leads to a complete recombination to dislocations immediately after the
isotropic-hexatic transition. The dislocations, on the other hand, have a weaker attraction and additionally have to undergo rotational diffusion to recombine with antiparallel
Burger’s vectors. Hence, they preferably are either completely frozen out and isolated, or
they condense to grain boundaries to release the elastic stress by separating domains with
10

This is beyond the initial Kibble-Zurek picture which assumes that the correlation is completely frozen
out during the critical regime [85, 148].
11
We denote this ‘quasi-equilibrium’ since the ground state is a monodomain, but the observation lies
beyond experimental accessible times for this system.
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Figure 5.6.: Defect density ρ and the average cluster size hAi for the complete measurement time,
at the fastest (a,b) and the slowest (c,d) cooling rate, averaged with a bin size of
20 s and 20 s, respectively. For the fastest rate, the quench time is ≈ 40 minutes and
the equilibration time ≈ 5 hours. For the slowest rate, the quench time is ≈ 19 days
and the equilibration ≈ 3 days: All magnitudes reach a stationary state at the end
of the measurement. tend marks the time when the final interaction strength Γend is
reached.

different orientational symmetry. For the slowest cooling rate, the system is very close
to equilibrium conditions and we observe two large symmetry broken domains, separated
by one grain boundary. The change in average crystal orientation h∆θi across a grain
boundary can range from 0◦ < h∆θi < 60◦ while the ’density’ of the dislocations along the
boundary is largest when the change in domain orientation is largest (e.g. for h∆θi = 30◦ ,
the boundary consists exclusively of dislocations). Thus, the symmetry broken state will
consist of monopoles and chains of dislocations which can be considered as 2D domain
walls. This shines a light on the question of the possibility of continuous freezing: At
every finite cooling rate, the system falls out of equilibrium at some point before the transition, simultaneously limiting the correlation of any order parameter on a certain length
scale. Thus, every system which is cooled from a high- to a low-temperature phase, even if
it obeys a second-order or continuous transition, falls prey to a symmetry broken domain
network on a certain length scale and has to undergo a coarse graining into an eventual
globally symmetric ground state.
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Figure 5.7.: Snapshots of the colloidal ensemble, illustrating the defect (a,c) and domain configurations (b,d) after quasi-equilibration of the system (end of the measurement).
The regions and the labeling of defects and domains are the same as in figure 5.4.
For the fastest cooling rate Γ̇ = 0.0326 1/s (a,b), the complete measurement time is
≈ 22 days, for the slowest cooling rate Γ̇ = 0.000042 1/s (c,d) it is ≈ 6 hours. In
this state, the orientational (and translational) symmetry is broken. The difference
in the defect and domain pattern originates from the frozen out correlation lengths
before the transitions. (The particles are not to scale.)

6. Summary and outlook
In this thesis, the thermodynamic phase behavior of a two-dimensional colloidal ensemble
is studied under equilibrium as well as nonequilibrium conditions. The colloidal suspension
consists of micrometer-sized, superparamagnetic polystyrene beads and is used to form a
monolayer of approximately 105 particles by sedimentation on a glass coverslip. The confinement in the third dimension is provided by gravity and the substrate. An external
magnetic field applied perpendicular to the monolayer leads to a repulsive dipole-dipole
interaction. The thermodynamic behavior of the ensemble is now sensitively dependent
on the ratio of potential energy and thermal energy. This ratio can be seen as an inverse
temperature and is used as a control parameter to probe the phase behavior between lowtemperature and high-temperature states. The mesoscopic size of the particles and the
consequential slow diffusion makes it possible to observe structure formation and dynamics
on (almost) all relevant time scales. Therefore, this colloidal ensembles is a perfect model
system to study classical solid state phenomena in reduced dimensionality.
In the first part it is shown that the phase behavior of the colloidal system is in agreement
with an analytic melting theory of two-dimensional solids established by J. M. Kosterlitz,
D. J. Thouless, B. I. Halperin, D. R. Nelson, and A. P. Young [7–11]. This so called
KTHNY theory is based on the thermal activation and dissociation of topological defect
pairs of dislocations and disclinations, respectively. Each defect type mediates a continuous
phase transition consecutively destroying translational and orientational quasi-long-range
order during a heating of the system. Separating the low-temperature solid from the
high-temperature (isotropic) fluid, both transitions additionally enclose a translationally
short-range but orientationally quasi-long-range ordered fluid called the hexatic phase.
In terms of the shear elasticity, the hexatic phase acts like a liquid, however still has a
finite response to a torsion. This successive change in the elastic behavior is not known
in typical three-dimensional solids and is caused by the distinct elastic (or non-elastic)
response of the different defect types. To prove the consistency with the KTHNY theory,
we melt our system under equilibrium conditions and analyze the spatial correlation of
the orientational order parameter at different temperatures. We show that the correlation
evolves as predicted: It approaches a constant in the solid phase, decays algebraic in the
hexatic fluid and exponential in the isotropic fluid. The crossovers between these regimes
allows us to determine the transition temperatures for the system. Further, we show that
the 2D modified Lindemann parameter [111–113], which quantifies the relative particle
displacements at long times, diverges in the fluid phases but stays finite in the solid phase.
This additionally confirms the location of the solid-hexatic transition. We also provide
a method in the reciprocal space by studying the 2D structure factor with which we are
also able to qualitatively identify the three phases as proposed in [10]: While we observe
well defined peaks at reciprocal lattice vectors in the solid phase, these are ‘blurred’ in the

109

110

6 Summary and outlook

hexatic fluid and expectedly transfer to an isotropic pattern in the isotropic fluid.
While the significance of the characteristic measures mentioned above is well established,
a more controversial behavior is discussed concerning the heat capacity of the system.
Although the bare KTHNY formalism [10] predicts only essential singularities located directly at the transition temperatures, experiments and simulations reveal anomalies which
differ in size, shape, number and location. This once more raises the question about the
continuity (or discontinuity) of the transitions and their location with respect to the singularity in the heat capacity. In terms of the precise temperatures of symmetry switching,
this questions could not be resolved in experiments up to now, which is mainly caused by
their calorimetric type. The single particle resolution available for our colloidal system
provides a ‘microscopic’ picture and allows us to address this question. We measure the
specific heat of our ensemble via fluctuations of the internal potential energy, which is a
novel approach for experimental data, and compare our results with Monte Carlo simulations [124]. We find that a single peak in the specific heat is located within the hexatic
phase and coincidents with the maximum increase of overall defects in the system but
not with the symmetry switching. This is reasonable since the process of defect creation
and dissociation is accompanied with a relatively large amount of energy while only a few
defects are sufficient to destroy quasi-long-range order. The absence of strong singularities
confirms the continuous character of both transitions.
In the second part, the effect of quenched disorder is studied in form of randomly
substrate-pinned particles. Quenched disorder has first been introduced in the KTHNY
framework by D. R. Nelson [63] by randomly replacing particles with larger or smaller
‘impurities’. He predicted the disorder-temperature phase behavior for impurity fluctuations in the long wavelength limit and found that the solid-hexatic temperature is reduced
with increasing disorder strength. Subsequent studies [66, 67, 102] have shown that in
the low-temperature regime, the solid-hexatic transition becomes independent on temperature and can solely be induced by increasing the disorder across a critical strength.
The solid-hexatic crossover at zero temperature was found to occur at the same universal value as for the pure KTHNY scenario (zero disorder). In this context, we probe the
pinning-temperature phase behavior by studying the temporal correlation and fluctuations
of orientational order in ensembles with different pinning concentrations (all below 1%).
Our results are again compared with Monte Carlo simulations [96, 97]. We give arguments
that the stress field induced by incommensurably pinned particles enhances the dissociation of nearby thermally excited dislocations pairs. Mapping the pinning-temperature
phase boundary to the theoretical disorder-temperature boundary in [66, 67, 102] by a linear rescaling of the pinning strength and our thermodynamic control parameter, we find
good quantitative agreement with the data for pinning concentrations smaller than 0.6%.
At larger concentrations, the data suggests a stronger effect of pinning than predicted by
the (rescaled) theoretical curve, which we assign to the special character of pinning disorder. The critical fluctuations of the orientational order close to the phase transitions are
studied on single particle level in a long time measurement. This lasts approximately 200
hours and equals 4000× the Brownian time scale of the system. This long-time observation reveals delocalized patterns of orientational fluctuations, whose large length and time
scales are also found in the simulations. The patterns obey the typical character of critical
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fluctuations which are found close to second-order or continuous phase transitions. We
find, that these fluctuations are neither reduced nor enhanced locally by pinned particles.
A finite-size analysis of the orientational order parameter turns out to be not bimodal,
which confirms the continuous character of the hexatic-isotropic transition. In addition,
we analyze the effect of pinned particles on the structure and the dynamics of their local
environment [124]. It is found that the mean square displacement is attenuated in the
solid phase as well as in the isotropic fluid while the pair distribution function is only
affected in the solid by a blurred density correlation.
For future works it might be interesting to study the stability of the solid and hexatic
phases at larger pinning. With increasing pinning concentrations the system becomes more
frustrated, disorder more short-ranged, and the solid and hexatic phase might transform
into a glass or an ‘hexatic glass’, respectively. This might help to understand the glass
transition via the effect of quenched disorder or the other way around. In three dimensions, there are analytical arguments [189] that a sparsely supercooled liquid can undergo
a ideal glass transition induced by pinning. In two dimensions, these effects could well be
tested by light fields trapping single particles. Suitable devices are spatial light modulators
(SLM) [190–192], which can produce arbitrary intensity patterns on the preferable (millimeter) scale. With this, it is also possible to apply light potentials at long ranges, which
would not trap but act like weak force fields. This would provide a long-wavelength character of disorder and could be used to further investigate the initial model of Nelson [63].
Such force fields could also be realized by patterned substrates [193, 194]. Combining both
light fields and substrates, one could experimentally visualize depinning dynamics which
are extensively studied in theory [195–198].
In the last part we study the nonequilibrium dynamics of the ensemble by applying finite
cooling rates and illustrate the formation of topological defect and domain networks in
two dimensions. Within the concept of spontaneous symmetry breaking, Y. B. Zel’dovich
et al. [71] and T. W. B. Kibble [72, 73] suggested that such topological defect structures
might have evolved in the Higgs field during a phase transition in the very early universe:
Due to the spatiotemporal limited correlation caused by the finite speed of light, the lowsymmetry phase of the vacuum can develop a defect network of high-symmetry phase,
whose topology strongly depends on the dimension of the order parameter field (and
the dimensionality of the system). W. H. Zurek [85, 86] considered the same effect in
quantum condensed matter systems like superfluid helium: If the system is rapidly cooled
or quenched into the superfluid phase, a network of normal fluid vortex lines is created.
Further, he argued that the formation and evolution of the network is initiated at a certain
‘freeze-out’ time before the critical temperature and is determined by the correlation length
at that time. He suggested that the initially ‘frozen-out’ length scale has to decay as
an algebraic function of the cooling rate. To prove this effect, a precise knowledge of
the symmetry breaking temperature is necessary as well as a sufficient definition and
determination of the defect and domain network during cooling. Due to the well known
equilibrium phase behavior and the single particle resolution, our system provides both.
While the inverse of the defect density directly measures the length scale of the defect
structure, we apply suitable criteria to define the average size of domains with similar
orientational order. We apply cooling rates over roughly three orders of magnitude from
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the deep isotropic into the deep solid phase, and determine the evolution of both length
scales during the quenches. We show that the length scale of the defect and domain
network at the freeze-out time decays algebraically as a function of the cooling rate only for
intermediate rates but with precisely the same exponent. Accounting for the exponential
critical character of the KTHNY formalism within the theoretical description of the KibbleZurek scaling, we find very good agreement within the whole range of the experimental
data which shows that the basic idea of the Kibble-Zurek mechanism can also be applied
to the KTHNY universality class. In addition, we study the critical coarse graining of
the system after the freeze-out time is passed and provide sufficient equilibration times to
relax the system into a stationary symmetry broken state. There we find grain boundaries
alongside a polycrystalline structure with significantly different domain sizes for slow and
fast cooling rates, respectively. Our results provide the first experimental observation
of the Kibble-Zurek mechanism in a (two-dimensional) colloidal ensemble as well as an
algebraic scaling of the dominating length scale for defects and domains determined on
the ‘microscopic’ structure of the underlying system.
In colloidal model systems, further experimental investigations can be made concerning
the precise coarse graining during the critical and the subsequent standard regime. The distinct range (and partly directional dependence) of the dislocation-dislocation, disclinationdisclination and dislocation-disclination interaction might crucially determine the geometry of the grain boundary network and the size variance of grains in the final symmetry
broken state. In addition, non-linear cooling rates or effects of the range of the colloidal
interaction potential should be studied. These insights would allow to form polycrystalline
structures with tailored geometries with desired length scales.

A. Appendix
A.1. Parabolic criterion
At the transition from the hexatic to the isotropic fluid, the orientational correlation
changes from quasi-long-range to short-range. This is accompanied by a switch of the
temporal orientational correlation parameter g6 (t) from an algebraic (∝ t−η6 (T ) ) to exponential decay (∝ e−t/τ6 (T ) ) at large times (see equations 4.25 and 4.26, and figure 4.5).
This significant change in the decay behaviour sufficiently allows to assign the respective
phase. At the solid-hexatic transition, the orientational order changes from long-range to
quasi-long-range. This results in a switch of the long-time characteristic from a constant
−
behaviour to an ‘infinitely’ weak algebraic decay (η6 → 0 for T → TM
), which makes it
difficult to discriminate between the two phases. Using the weak short-time decay of g6 (t)
in the solid phase caused by Brownian motion, we can apply a parabolic criterion on a
double-logarithmic scale which separates curves with a dominant positive from a dominant negative parabolic contribution corresponding to the solid and the isotropic phase,
respectively. Intermediate, ‘non-dominant’ contributions are assigned to the hexatic phase.
In this context, we fit the double-logarithm of the orientational correlation (ln[t] and
ln[g6 (t)]) with the parabolic function
f (x) = a1 (x − a4 )2 + a2 (x − a4 ) + a3 .

(A.1)

To align the time-axis of g6 (t) properly to the functional form of equation A.1, e.g. to
account for the parabolic decay to occur after the Brownian time, we set a positive shift in
the x-axis. In addition, the fit range of g6 (t) has to be chosen properly, so that the shorttime, as well as the long-time behaviour, which eventually contradict the artificial course
of f (x), is cut off. We then assign all fits which feature a dominant negative parabolic
contribution
a1 /|a2 | < −ε
(A.2)
to the isotropic fluid, all which feature an equally dominant positive contribution
a1 /|a2 | > ε

(A.3)

to the solid phase, and all in between to the hexatic fluid. The classification by the
lower threshold value −ε has to be consistent with the criterion for the hexatic-isotropic
transition provided by the KTHNY theory (η6 (T → Ti ) → 1/4 or equivalently g6 (t) ∝
t−1/8 ). In therms of the standard deviations of the constants a1 , a2 and a3 , we find the
best fits for a shift of a4 = ln(300) and a fit range of [102.6 s ↔ 855 s] (which corresponds
to [0.6τB ↔ 5τB ]). Simultaneously, the KTHNY condition is best fulfilled for −ε = −0.07.
The g6 (t) curves and the corresponding fits are illustrated in figure A.1a, for a pinning
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Figure A.1.: a Parabolic fits of the orientational correlation g6 (t) according to equation A.1,
for the pinning strength hnp i = 0.48%. The fit range is [102.6 s ↔ 855 s]. The affiliation to the different phases is set by discriminating between a dominant positive
(blue), non-dominant (green), or dominant negative parabolic contribution (red)
separated by an equally set threshold parameter ±ε. The exemplary functions F1
and F2 (dashed lines, equations A.4) correspond to the two respective thresholds
and underlining the applicability of the classification. The long-time behaviour of
F1 is in accordance with the KTHNY theory, which predicts an algebraic decay
g6 (t) ∝ t−1/8 at the hexatic-solid transition.
b Evolution of a1 /|a2 for all pinning strengths, quantifying the ratio of the
quadratic to the linear contribution of the parabolic fit f (x) (equation A.1). The
threshold values ±ε = ±0.07 separate the solid, hexatic and isotropic phase.
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strength of hnp i = 0.48% and the same curves as in figure 4.5a. The fits are colored similar
to the disorder-temperature phase diagram in section 4.2 (figure 4.7). To emphasis the
classification, we plot two exemplary parabolic functions (dashed lines) which separate the
three regimes:
n
o
F1 (x) = exp −0.01 [ln(x) − a4 ]2 − 0.12 [ln(x) − a4 ] − 0.95 ,
n
o
F2 (x) = exp 0.004 [ln(x) − a4 ]2 − 0.057 [ln(x) − a4 ] − 0.72
(A.4)
which satisfy a1 /|a2 | ≈ −0.07 and a1 /|a2 | ≈ 0.07, respectively. One can see that the
long-time behaviour of F1 reproduces the algebraic decay ∝ t−1/8 predicted by KTHNY
theory (dashed black line). At the same time, the evolution of F2 reasonably separates a
constant from an ‘infinitely’ weak algebraic decay.
The classification by the threshold values ±ε is additionally illustrated in figure A.1b:
The evolution of a1 /|a2 | obeys the largest increase around Γ ≈ 69 which is in the middle of
the hexatic phase. This additionally confirms the applicability of the parabolic criterion.
All values below −ε are assigned to the isotropic fluid, all values above −ε to the solid
phase, and all between to the hexatic fluid.

A.2. Algebraic and exponential fits
Figure A.2 illustrates the algebraic and exponential fits of the orientational correlation
g6 (t) exemplary for hnp i = 0.48%, within a Γ-range of [67.8 ↔ 69.7] and [59.7 ↔ 66.9],
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Figure A.2.: Algebraic (green) and exponential fits (red) of the orientational correlation g6 (t)
for the pinning strength hnp i = 0.48%. The dashed black line corresponds to the
algebraic decay at the hexatic-isotropic transition (Γi ) according to the KTHNY
theory.
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respectively. Both fits are limited to respective two fit parameters, a multiplication factor
and the corresponding physical magnitude in the exponent:
fa (t) = const t−η6 /2

and

fe (t) = const e−t/τ6 ,

(A.5)

The fit range is chosen to minimize the standard deviations of the fit parameters and
equally set for all pinning strengths to [855 s ↔ 4275 s] ([5τB ↔ 25τB ]) for the algebraic
and [855 s ↔ 1710 s] ([5τB ↔ 10τB ]) for the exponential decay.

A.3. Correlation between dislocations and pinned particles
Our picture of the effect of pinning on the 2D melting scenario is the following: In the
solid phase, the unbinding of dislocation pairs is enhanced by the elastic stress field of
incommensurably pinned particles. Thereby, the solid-hexatic transition temperature is
reduced with increasing pinning, so that the width of the hexatic phase is increased.

sixfold

fivefold

sevenfold

isolated dislocation

pinned particle

Figure A.3.: Snapshot of the defect distribution deep in the solid phase (Γ = 109.6) for hnp i =
0.48%. The field of view is 1100 × 805 µm2 with N ≈ 4650. Sixfold coordinated
particles are indicated with open circles, five- and sevenfold particles with green
and orange filled circles, respectively. Additionally, isolated dislocations are marked
with smaller black circles and pinned particles with a cross.
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However, considering the dipolar stress field of pinned particles (see figure 4.4), one has
to expect that they attract dislocations which obey a similar dipolar field. This effect
becomes more crucial either if the concentration of pinned sites is large, the system is in
the solid phase where the density of defects is small. There, the pinned particles might
preferably act as ‘annihilation partners’ which could destroy the continuous character of
the transition or even the translational (quasi-)long-range order at low temperatures.
This does not happen at the studied (small) pinning strengths: Figure A.3 illustrates a
snapshot of the system for hnp i = 0.48% deep in the solid phase at Γ = 109.6. One can see
a number of thermally excited dislocation pairs and clusters of those. Additionally, there
is a small angle grain boundary in the lower left of the field of view consisting of isolated
dislocations. This is induced during the equilibration procedure by incommensurably
pinned particles increasingly concentrated in that region. Occasionally dislocations pairs
are excited nearby a pinned particle (center of the field of view). Apart from that, there
is no significant indication that isolated dislocations are bound to pinned particles.
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Zusammenfassung
In dieser Forschungsarbeit wurde das Phasenverhalten eines zweidimensionalen kolloidalen
Ensembles unter Gleichgewichts- und Nichtgleichgewichtsbedingungen untersucht. Die
kolloidale Suspension besteht aus mikrometergroßen, superparamagnetischen Polystyrolkugeln und wird dazu verwendet durch Sedimentation eine Monolage aus mehr als 105
Teilchen auf einem Glasträger zu erzeugen. Die vertikale Einschränkung wird durch Gravitation und das Substrat gewährleistet. Ein externes Magnetfeld, welches senkrecht zu
der Monolage angelegt wird, induziert eine repulsive Dipol-Dipol Wechselwirkung. Das
thermodynamische Verhalten des Ensembles ist nun abhängig von dem Verhältnis der potentiellen zur thermischen Energie. Dieses Verhältnis kann als eine inverse Temperatur
angesehen werden und wird als Kontrollparameter verwendet um das Phasenverhalten
zwischen Zuständen tiefer und hoher Temperatur zu studieren. Die mesoskopische Größe
der Teilchen und ihre daraus folgende langsame Diffusion ermöglicht es, Strukturbildung
und Dynamik auf (fast) allen relevanten Zeitskalen zu beobachten. Dies macht das kolloidale System zu einem perfekten Modell um Phänomene der klassischen Festkörperphysik
in eingeschränkter Dimensionalität zu untersuchen.
Im ersten Teil wird gezeigt, dass das Phasenverhalten im Einklang mit einer analytischen Schmelztheorie zweidimensionaler Festkörper erfolgt, welche von J. M. Kosterlitz, D. J. Thouless, B. I. Halperin, D. R. Nelson, und A. P. Young [7–11] begründet wurde. Diese sogenannte KTHNY Theorie basiert auf der thermischen Aktivierung
und Dissoziation topologischer Defektpaare, jeweils von Dislokationen und Disklinationen. Während einer Erwärmung des Systems induzieren beide Defekte jeweils einen kontinuierlichen Phasenübergang, der zuerst die quasi-langreichweitige Translationsordnung
und später die quasi-langreichweitige Orientierungsordnung zerstört. Die Übergänge trennen die geordnete Phase bei tiefen Temperaturen von der isotrop ungeordneten Phase
bei hohen Temperaturen. Zusätzlich schließen sie eine Phase ein, die sich durch kurzreichweitige Translationsordnung aber quasi-langreichweitige Orientierungsordnung auszeichnet und hexatische Phase genannt wird. Bezüglich einer Scherung verhält sich die
hexatische Phase wie eine Flüssigkeit, zeigt jedoch eine elastische Antwort auf eine Torsion. Diese aufeinanderfolgende Veränderung des elastischen Verhaltens ist in typischen
dreidimensionalen Festkörpern unbekannt und wird durch das unterschiedliche elastische
(oder nicht-elastische) Verhalten der verschiedenen Defekte verursacht. Um die Übereinstimmung mit der KTHNY Theorie nachzuprüfen, schmelzen wir unser System unter
Gleichgewichtsbedingungen und analysieren die örtliche Korrelation der Orientierungsordnung bei unterschiedlichen Temperaturen. Die Korrelation verläuft wie nach [10] zu
erwarten ist: In der geordneten Phase nähert sie sich einem konstanten Wert an, in der
hexatischen Phase zerfällt sie algebraisch und in der isotropen Phase exponentiell. Der
Übergang zwischen diesen Bereichen erlaubt es, die Schmelztemperaturen für das System
zu bestimmen. Des Weiteren zeigen wir, dass der für zwei Dimensionen modifizierte Lin-
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demann Parameter [111–113], welcher über lange Zeiten die relativen Verlagerungen der
Teilchen beschreibt, in der hexatischen und isotropen Phase divergiert, in der geordneten
Phase jedoch endlich bleibt. Dies bestätigt unsere Übergangstemperatur von der geordneten zu der hexatischen Phase. Mit dem zweidimensionalen Strukturfaktor untersuchen
wir zusätzlich eine Meßgröße im reziproken Raum. Nach den Vorhersagen in [10], führt
auch der Strukturfaktor zu einer erfolgreichen Klassifizierung der drei Phasen: In der
geordneten Phase sehen wir wohldefinierte Peaks, welche in der hexatischen Phase verschmieren und in der isotropischen Phase erwartungsgemäß einer ringförmige Verteilung
aufweisen.
Während die Aussagekraft der eben genannten Grüßen gut fundiert ist, wird das entsprechende Verhalten der Wärmekapazität des Systems kontrovers diskutiert. Obwohl
die reine KTHNY Theorie nur an den Übergangstemperaturen Diskontinuitäten vorhersagt, werden in Experimenten und Simulationen Anomalien unterschiedlicher Größe, Form,
Anzahl und Position gefunden. Dies wirft abermals die Frage auf, ob der Charakter
der Übergänge kontinuierlich oder nicht kontinuierlich ist und wo sich die Übergänge
entsprechend der Singularität in der Wärmekapazität befinden. Bezüglich der genauen
Temperaturen bei denen die Symmetrie des Systems wechselt wurde dies aus experimenteller Sichtweise bis jetzt noch nicht beantwortet, was größtenteils auf die kalorimetrische Art der Messung zurückzuführen ist. Die Bestimmung einzelner Teilchenpositionen
in unserem System liefert ein “mikroskopisches” Bild und ermöglicht es uns diese Frage
zu beantworten. Um die Wärmekapazität zu bestimmen, messen wir die Fluktuationen
der potentiellen Energie und vergleichen unsere Ergebnisse mit Monte Carlo Simulationen [124]. Dies ist eine in Experimenten bisher noch nicht getestete Methode. Der Peak,
den wir in der Wärmekapazität messen, befindet sich in der Mitte der hexatischen Phase,
und zwar an der gleichen Stelle an der die Defektdichte ihren maximalen Abstieg hat
(an der jedoch kein Symmetriewechsel stattfindet). Dies ist zu erwarten, da Erzeugung
und Dissoziation von Defekten eine relativ große Änderung der potentiellen Energie verursachen. Andererseits reichen wenige Defekte aus, um die quasi-langreichweitige Ordnung
zu zerstören. Der kontinuierliche Charakter beider Phasenübergänge wird bestätogt, da
wir keine starken Singularitäten finden.
Im zweiten Teil wird der Einfluß von aufgezwungener Unordnung untersucht, und zwar
in Form von Teilchen, die fest mit dem Substrat verbunden sind, sogenanntes “Pinning”. Aufgezwungene Unordnung innerhalb des KTHNY Konzepts wurde als erstes
von D. R. Nelson [63] diskutiert und zwar durch ein zufällig verteiltes Vertauschen von
normalen Teilchen mit größeren oder kleineren Fremdkörpern. Er hat ein UnordnungsTemperatur-Phasendiagramm für langwellige Fluktuationen der Fremdkörperkonzentration postuliert, in welchem sich die Übergangstemperatur von der geordneten zur hexatischen Phase mit steigender Unordnungsstärke verringert. Nachfolgende Studien [66,
67, 102] haben weiterhin gezeigt, dass der Übergang von der geordneten zur hexatischen Phase bei tiefen Temperaturen unabhängig von der Temperatur selbst ist und nur
durch eine Erhöhung der Unordnung über eine kritische Stärke hinaus induziert werden kann. Bei verschwindender Temperatur findet dieser Übergang bei dem gleichen
(dimensionslosen) universellen Wert statt, bei dem auch das reine KTHNY System bei
verschwindender Unordnung schmilzt. Um diese theoretischen Voraussagen nachzuprüfen,
untersuchen wir das Phasenverhalten bezüglich Pinning-Stärke und Temperatur, indem
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wir die zeitliche Korrelation und die Fluktuationen der Orientierungsordnung für unterschiedliche Pinning-Konzentrationen (unterhalb von 1%) analysieren. Unsere Ergebnisse
vergleichen wir wiederum mit Monte Carlo Simulationen [96, 97]. Wir legen dar, warum
das von inkommensurabel gepinnten Teilchen erzeugte Spannungsfeld die Dissoziation von
nahen, thermisch angeregten Dislokationspaaren erhöht. Über eine lineare Reskalierung,
sowohl der Pinning-Stärke als auch unseres Kontrollparameters, ist es uns möglich die
theoretisch vorhergesagte Phasengrenze aus [66, 67, 102] auf unser System abzubilden,
welche für Pinning-Konzentrationen kleiner als 0.6% dem Verlauf unserer experimenteller
Daten gleicht. Bei höheren Konzentrationen, beobachten wir einen stärkeren PinningEffekt als von der theoretischen (reskalierten) Kurve vorhergesagt. Dies führen wir auf
den speziellen Charakter der Unordnung durch Pinning zurück. In einer Langzeitmessung
über 200 Stunden, untersuchen wir die kritischen Fluktuationen der Orientierungsordnung nahe den Phasenübergängen. Auf dieser Langzeitskala werden delokalisierte Muster
in den Orientierungsfluktuationen sichtbar, deren Längen- und Zeitskalen auch in Simulationen gefunden werden. Die Muster zeigen das typische Verhalten kritischer Fluktuationen, wie sie in der Nähe von Phasenübergängen zweiter Ordnung oder kontinuierlichen
Phasenübergängen gefunden werden. Wir beobachten, dass diese Fluktuationen von gepinnten Teilchen lokal weder abgeschwächt noch verstärkt werden. Die Subsystem-Analyse
des Ordnungsparameters bezüglich der Orientierung zeigt kein bimodales Verhalten, was
den kontinuierlichen Charakter des Übergangs von der hexatischen zur isotropen Phase
bestätigt. Zusätzlich dazu, analysieren wir den Effekt gepinnter Teilchen auf die Struktur
und Dynamik in ihrer unmittelbaren Umgebung [124]. Wir beobachten, dass das mittlere
Verschiebungsquadrat sowohl in der geordneten als auch in der isotropen Phase reduziert
ist, während die Paarverteilungsfunktion nur in der geordneten Phase beeinflußt wird.
Nun wäre es von Interesse, die Stabilität sowohl der geordneten als auch der hexatischen Phase für größere Pinning-Stärken zu untersuchen. Höhere Pinning-Konzentrationen
würden zu einer stärkeren “Frustrierung” des System führen, die Unordnung gleichzeitig
auf kürzeren Längenskalen verursachen, und könnte sowohl die geordnete als auch die
hexatische Phase in einen glasartigen Zustand zwingen. So könnte der Glasübergang
mit aufgezwungener Unordnung erklärt werden, beziehungsweise umgekehrt. In drei Dimensionen legen theoretische Modelle nahe, dass Pinning einen idealen Glasübergang in
einer leicht unterkühlten Flüssigkeit induzieren können [189]. In zwei Dimensionen könnte
dies durch Lichtfelder getestet werden, die einzelne Teilchen fixieren können. Geeignete
optische Bauelemente wären spatial light modulator [190–192], welche beliebige Intensitätsmuster auf der nötigen Millimeterskala erzeugen können. Mit diesen wäre es auch
möglich, lichtinduzierte Potentiale auf längeren Skalen zu formen, die Teilchen nicht fixieren sondern eher als schwache Richtungsfelder fungieren. Dies würde dem langwelligen
Charakter in Nelsons Modell [63] entsprechen, welches dadurch näher untersucht werden könnte. Solche Richtungsfelder können auch mit strukturierten Substraten realisiert
werden [193, 194]. Beide Methoden, Lichtfelder und Substrate kombiniert, würden experimentelle Einsicht in die Dynamik des “Depinning” liefern, dessen theoretisches Modell
eingehend untersucht wird [195–198].
Im letzten Teil beleuchten wir die Nichtgleichgewichtsdynamik des Ensembles indem
wir endliche Kühlraten anlegen, und beschreiben die Entstehung von zweidimensionalen
Netzwerken aus topologischen Defekten und Domänen. Im Bezug auf spontane Symme-
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triebrechung wurden solche topologischen Defektstrukturen im Higgs-Feld während eines
Phasenübergangs im frühen Universum von Y. B. Zel’dovich et al. [71] und T. W. B. Kibble [72, 73] vorgeschlagen: Durch die raumzeitlich begrenzte Korrelation aufgrund der
endlichen Lichtgeschwindigkeit, bildet die Tief-Symmetriephase des Vakuums ein Netzwerk aus Defekten aus, dessen Topologie stark von der Dimension des Ordnungsparameterfeldes, jedoch auch von der Dimensionalität des Systems abhängt. W. H. Zurek [85, 86]
hat diese Überlegungen in den Bereich der (quantenmechanischen) Festkörperphysik übertragen, wie etwa suprafluides Helium: Wenn das System schnell in die suprafluide Phase
abgekühlt wird, bildet sich ein Netzwerk aus normalflüssigen Wirbeln. Zusätzlich argumentierte er, dass die Entstehung und Entwicklung des Netzwerks schon vor dem
eigentlichen Phasenübergang eintritt und von der Korrelationslänge bei dieser Tempe-ratur
maßgeblich beeinflußt wird. Er zeigte, dass in diesem Fall die “eingefrorene” Korrelationslänge einen algebraischen Zerfall als Funktion der Kühlrate aufweist. Um dieses quantitative Verhalten nachzuprüfen, ist sowohl eine genaue Kenntnis der Übergangstemperatur
der Symmetriebrechung, als auch eine sinnvolle Definition und Bestimmung des Defektund Domänennetzwerkes während des Kühlens nötig. Durch die detailierte Untersuchung
des Schmelzszenarios unter Gleichgewichtsbedingungen und der Kenntnisse der einzelnen Teilchenpositionen, können wir beide Aspekte genau quantifizieren. Während die inverse Defektdichte ein direktes Maß für das Defektnetzwerk ist, berechnen wir die mittlere
Domänengröße indem wir geeignete Klusterkriterien anwenden. So bestimmen wir die Entwicklung beider Längenskalen während des Kühlens, insbesondere den eingefrorenen Wert
vor dem Phasenübergang, über fast drei Größenordnungen in der Kühlrate. Als Funktion
der Kühlrate erhalten wir für beide Längenskalen ein algebraisches Verhalten nur für mittlere Raten, aber mit exakt dem gleichen Exponenten. Berücksichtigen wir jedoch innerhalb der theoretischen Beschreibung des Kibble-Zurek-Skalenverhaltens den exponentiellkritischen Charakter des KTHNY-Formalismus, finden wir eine sehr gute Übereinstimmung über den gesamten Bereich der experimentellen Daten, was zeigt, dass die Grundlegende Idee des Kibble-Zurek-Mechanismus auch auf die KTHNY-Universalitätsklasse angewendet werden kann. Zusätzlich untersuchen wir die Weiterentwicklung des Netzwerkes in
der kritischen Phase nahe der Übergangstemperatur und nach der Äquili-brierung in die
Tief-Symmetriephase. Dort beobachten wir Korngrenzen innerhalb einer polykristallinen
Struktur mit jeweils stark unterschiedlichen Domänengrößen für langsame und schnelle
Kühlraten. Unsere Ergebnisse liefern die ersten experimentellen Beobachtungen des KibbleZurek Mechanismus in einem (zweidimensionalen) kolloidalen System und des algebraischen Verhaltens der eingefrohrenen Längenskalen für Defekte und Domänen, jeweils bestimmt über die “mikroskopische” Struktur des zugrundeliegenden Systems.
Im Bezug auf kolloidalen Systeme könnte das Relaxationsverhalten während des kritischen und darauffolgenden gewöhnlichen Regimes noch genauer untersucht werden. Die
unterschiedliche Reichweite (und teilweise Richtungsabhängigkeit) der Wechselwirkung
zwi-schen unterschiedlichen Defektarten könnte die Geometrie der Korngrenzen und die
Größenstreuung der Domänen in der Tief-Symmetriephase maßgeblich beeinflussen. Zusätzlich könnten nichtlineare Kühlraten und der Einfluß der Reichweite der Kolloid-Kolloid
Wechselwirkung analysiert werden. Daraus folgende Erkenntnisse könnten es ermöglichen
poly-kristalline Strukturen mit maßgeschneiderter Geometrie und erwünschter Längenskala zu erzeugen.
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[109] Löwen, H. (1996) Dynamical criterion for two-dimensional freezing. Physical Review
E , 53, R29.

134

Bibliography

[110] Dillmann, P., Maret, G., and Keim, P. (2012) Comparison of 2D melting criteria in
a colloidal system. Journal of Physics: Condensed Matter , 24, 464118.
[111] Lindemann, F. A. (1910) The calculation of molecular vibration frequencies.
Physikalische Zeitschrift, 11, 609.
[112] Gilvarry, J. J. (1956) The Lindemann and Grüneisen laws. Physical Review , 102,
308.
[113] Lozovik, Y. E. and Farztdinov, V. M. (1985) Oscillation spectra and phase diagram
of two-dimensional electron crystal: ‘new’ (3+4) self consistent approximation. Solid
State Communications, 54, 725.
[114] Bedanov, V. M., Gadiyak, G. V., and Lozovik, Y. E. (1985) On a modified
Lindemann-like criterion for 2D melting. Physics Letters, 109A, 289.
[115] Zheng, X. H. and Earnshaw, J. C. (1998) On the Lindemann criterion in 2D. Europhysics Letters, 41, 635.
[116] Kosterlitz, J. M. (1974) The critical properties of the two-dimensional XY model.
Journal of Physics C: Solid State Physics, 7, 1046.
[117] Symonds, A. J., Brewer, D. F., and Thomson, A. L. (1966) Boundary effects in liquid
helium. Brewer, D. F. (ed.), Quantum fluids, p. 267, North-Holland, Amsterdam.
[118] Brewer, D. F., Symonds, A. J., and Thomson, A. L. (1965) Gapless surface excitations in liquid helium. Physical Review Letters, 15, 182.
[119] van der Marel, L. C., van der Broek, J., Wasscher, J. D., and Gorter, C. J. (1955) On
the susceptibility of CuCl2 ·2H2 O powder in the antiferromagnetic and paramagnetic
states. Physica, 21, 685.
[120] Gijsman, H. M., Poulis, N. J., and van der Handel, J. (1959) Magnetic susceptibilities
and phase transitions of two antiferromagnetic manganese salts. Physica, 25, 954.
[121] Tobochnik, J. and Chester, G. V. (1979) Monte carlo study of the planar spin model.
Physical Review B , 20, 3761.
[122] Van Himbergen, J. E. and Chakravarty, S. (1981) Helicity modulus and specific heat
of classical XY model in two dimensions. Physical Review B , 23, 359.
[123] Solla, S. A. and Riedel, E. K. (1981) Vortex excitations and specific heat of the
planar model in two dimensions. Physical Review B , 23, 6008.
[124] Deutschländer, S., Puertas, A. M., Maret, G., and Keim, P. (2014) Specific heat in
two-dimensional melting. Physical Review Letters, 113, 127801.
[125] Petit, A.-T. and Dulong, P.-L. (1819) Recherches sur quelques points importants de
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