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Quantum phase slips in superconducting loops threaded by an external magnetic field provide a
coupling between macroscopic quantum states with supercurrents circulating in opposite directions.
We analyze the dynamics of the phase slips as a function of the superconducting loop length, from
fully coherent dynamics for short loops to dissipative dynamics for the long ones. For intermediate
lengths of the superconducting loop, the phase slips are coupled to a discrete bath of oscillators with
frequencies comparable to the phase-slip amplitude. This gives rise to a quasiperiodic dynamics of
the phase slips which manifests itself as a decay of oscillations between the two counterpropagating
current states at short times, followed by oscillation revivals at later times. We analyze possible
experimental implications of this non-adiabatic regime in Josephson junction chains and superconducting nanowires.
PACS numbers: 74.81.Fa, 74.50.+r, 85.25.Am, 74.78.Na

I.

INTRODUCTION

Quantum fluctuations of the superconducting order
parameter in superconductors with reduced dimensionality have attracted significant attention recently.1–18 In
nanowires, the superconducting fluctuations at low temperatures give rise to quantum phase-slip processes in
which the superconductivity is locally destroyed at some
instant of time while the superconducting phase across
the normal part changes by ±2π, similarly to quantum
phase-slips in Josephson junctions (see Fig. 1). A particularly challenging accomplishment is the recent experimental observation of coherent quantum phase slips
in Josephson junction chains1–6 and superconducting
nanowires.7–9 Coherent quantum phase slips are also the
subject of intense theoretical research.10–19 If proved feasible, coherent quantum phase slips may be used in qubits
topologically protected against decoherence20–22 and also
hold promise for the realization of a fundamental current standard in quantum metrology which is dual to the
Josephson voltage standard.12,23 A possibility to realize
quantum phase slips in superfluid atom circuits has been
analyzed recently.24,25
Albeit the interest in coherent phase slips is novel, the
incoherent phase slips have been studied for more than
two decades already.26–29 At finite temperature the phase
slips are thermally activated, whereas at vanishing temperature they are triggered by quantum fluctuations.30–40
Either thermal or quantum, the phase slips are incoherent when measured in current-biased superconducting
nanowires. The incoherent phase slips occur stochastically with a rate Γ(I) and during the phase slip the energy IΦ0 is dissipated into the environment, see Fig. 1(b).
(Here, Φ0 = h/2e is the flux quantum and I is the bias
current.) This gives rise to a finite voltage V = Φ0 Γ(I)
across the superconducting nanowire. Embedding the
system into a superconducting loop makes a flux qubit

which enables the study of coherent quantum dynamics
between few quantum states, provided the system is sufficiently decoupled from external environment,41–43 see
Fig. 1(a). One of the first examples was the flux qubit
made of a superconducting loop with a few Josephson
junctions biased with an external magnetic flux.1,10,44–46
In such system, the two distinguishable macroscopic
states with supercurrents circulating in opposite directions exhibit coherent oscillations due to mutual coupling
via quantum tunneling characterized by a quantum amplitude V. A qubit made of a one-dimensional homogeneous chain of Josephson junctions has been studied
recently.13,17 Similarly, the quantum phase slips in superconducting nanowires of finite size can also exhibit
coherent quantum dynamics when the wire is embedded
in a superconducting loop threaded by external magnetic
flux.11,12,16
In this paper, we study the crossover between coher(a)
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FIG. 1. (a): Phase-slip element (w) embedded into a superconducting loop makes a flux qubit (left). Effective potential
is shown for inductance of the phase-slip element comparable
(center) and much smaller (right) than the inductance of the
loop. Phase slips coherently couple two well-defined quantum states with supercurrents circulating in opposite directions. (b): Incoherent phase slips in current-biased Josephson
junctions (left) and thin superconducting nanowires (middle)
correspond to δθ = ±2π phase changes in the effective tiltedwashboard potential (right).
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ent and incoherent quantum phase slips in superconducting loops as a function of the size of the system. We
consider a one-dimensional ring composed of N identical Josephson junctions with an extra weak element
where the phase slips take place, or, a superconducting nanowire of length L forming a loop with a weak
inhomogeneity. Both systems are subject to an externally applied magnetic flux ΦB . First, if we neglect the
electrostatic interactions in the loop, the phase slips are
coherent, giving rise to the change of the local phase θ
across the weak element by ±2π. For the flux close to
a half flux quantum, ΦB ≈ Φ0 /2, the phase slips coherently couple two states with supercurrents circulating in
the opposite directions. The process is characterized by
an amplitude V0 which is exponentially small in the barrier strength. Restoring the electrostatic interactions in
the loop, the homogeneous part of the loop different from
the phase-slip center behaves as an ensemble of harmonic
oscillators, similarly to electrodynamic modes of a transmission line of a finite length. We denote the spectrum
of the modes by {ωk }, where ω1 is the lowest frequency
which scales with the size of the system as ω1 ∼ 1/N
(∼ 1/L). The local phase difference θ across the weak
element couples to the harmonic modes which represent
an effective (intrinsic) environment. We distinguish different regimes depending on the size of the system.
For small system, the frequency ω1 may be large such
that the adiabatic condition 2V0 ≪ ~ω1 holds. In this
case, the dynamics of the quantum phase slips is coherent and given by the one of a two-level system, that is,
it gives rise to quantum oscillations between the two supercurrent eigenstates. The effect of the high frequency
modes is only the renormalization of the bare tunneling
amplitude, V0 → V.
As the size of the system is increased, the frequencies of
the low-frequency modes decrease. A resonant condition
2V = ~ω1 is met for a certain number of junctions N ∗ in
series (length of the superconducting wire L∗ ), where 2V
is the energy splitting between the first excited state and
the ground state of a qubit. For N > N ∗ (L > L∗ ) the
system enters the non-adiabatic regime in which some
modes have frequencies smaller than the level splitting,
~ωk < 2V for k = 1, . . . , n. In this case, the dynamics
of the quantum phase slips is quasiperiodic: It exhibits
decay of oscillations at short times, followed by revival
of oscillations at longer times. Finally, for large system
size N → ∞ (L → ∞), the harmonic modes form a continuous and dense bosonic bath with linear low energy
dispersion. The quantum phase-slip dynamics is now dissipative and irreversible.
The remainder of the paper is organized as follows.
In Sec. II, we discuss coherent phase slips in different
physical systems where electrostatic interactions are neglected. In Sec. III, we analyze a simple model of a particle in a double well potential coupled to a finite discrete bath {ωk } of harmonic oscillators. The dynamics
of the particle has three qualitatively different regimes
(coherent, quasiperiodic, and dissipative) depending on

the ratio between the tunneling amplitude and the frequencies of the oscillators (~ω1 ≫ 2V, ~ω1 . 2V, and
~ω1 ≪ 2V, respectively). The dissipative regime is approached by increasing the density of the oscillators, that
is, for the continuous bath with linear spectral function.
In Sec. IV, we use the model to discuss quantum phase
slips in a finite Josephson junction ring taking into account electrostatic interaction in the system. By taking
the limit of large system size N → ∞ and keeping the
ratio ΦB /N constant, we use our results to discuss incoherent quantum phase slips in current-biased Josephson
junction chains. Similarly, in Sec. V we analyze quantum
phase slips in a superconducting nanowire in a loop. In
Sec. VI we present our conclusions.
II.

COHERENT QUANTUM PHASE SLIPS

In this section we review different setups for studying the coherent quantum phase slips. The systems in
question are superconducting loops threaded by an external magnetic flux ΦB at temperatures much smaller
than the superconducting gap, kB T ≪ ∆. The effective low-energy Hamiltonian which describes the tunneling between adjacent supercurrent eigenstates reads
X
X
Ĥ =
Em |mihm| − V
(|m + 1ihm| + h.c.), (1)
m

m

where
Em = EL (m − ΦB /Φ0 )2

(2)

is the energy of a state |mi with the supercurrent Im =
∂Em /∂ΦB , and V is the tunneling amplitude. At fixed
ΦB , the states |mi are distinguishable. Below we specify
EL and V for different superconducting systems.
Let us consider a superconducting loop with a Josephson junction.47,48 The potential energy of the system
reads
V (Φ) = (Φ − ΦB )2 /2L − EJ cos(2πΦ/Φ0 ),

(3)

where Φ is the flux through the loop, L is inductance
of the loop, and EJ = ~IJ /2e is the Josephson energy.
Here, IJ = π∆/2eRJ is the maximal supercurrent and
RJ is the junction normal-state resistance. In the limit
EJ ≫ Φ20 /2L, the potential V (Φ) in Eq. (3) has welldefined minima at Φ ≈ mΦ0 (m is an integer) which
correspond to the supercurrent states |mi with energies
given by Eq. (2) and EL = Φ20 /2L. The charging of the
junction is described by a kinetic energy C Φ̇2 /2 where
C is the junction capacitance. For ΦB ≈ Φ0 /2, the two
neighboring supercurrent states are almost degenerate.
They are coupled by quantum tunneling with the amplitude
p
VJ = 4(8EJ3 EC /π 2 )1/4 exp(− 8EJ /EC ),
(4)

where EC = e2 /2C is the charging energy. The tunneling leads to a superposition of the counterpropagating
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supercurrent states, giving rise to the anticrossing of the
energy levels observed experimentally.49 The level splitting at degeneracy point is ES = 2VJ .
Another system in which quantum fluctuations couple counterpropagating supercurrent states is a phaseslip flux qubit which consists of a thin superconducting
nanowire. For the wire with large normal-state resistance and diameter in 10 nm range, the kinetic inductance Lk is much larger than the geometric inductance
of the loop. In superconducting loops with wires thinner than magnetic penetration length, it is the fluxoid
that is quantized rather than flux. The corresponding
energies are given by Eq. (2) where EL = Φ20 /2Lk and
Lk = me L/e2 ns A = ~R/π∆. Here, me is the electron
mass, ns is the density of the superconducting electrons,
L is the length of the wire, A is the wire cross section,
and R is the wire normal-state resistance. Importantly,
due to exponential sensitivity of the phase-slip amplitude
V on the wire parameters, a weak inhomogeneity in the
wire – where local resistivity is only slightly larger – will
just localize the phase slips without spoiling the phaseslip character of the junction. In this case, the amplitude
of the phase slips is given by
rX
Yp
V=∆
1 − Tp ,
Tp
(5)
p

p

where Tp are spin-degenerate transmission eigenvalues
that characterize the inhomogeneity.16 Coherent quantum phase slips in nanowires have been observed recently
by measuring the ensuing avoided level crossing in a junction close to degeneracy point.7,8
A similar situation of localized phase slips can occur
in a superconducting loop made of N identical Josephson junctions in series with a weaker Josephson junction where the phase slips are pinned. The condition for
this is that the phase-slip amplitude V̄ at the weak element is much larger than the one in the rest of the chain,
V̄ ≫ N VJ . [V̄ is given by an expression similar to Eq. (4),
with EJ and EC replaced by ĒJ and ĒC of the weak element.] We note that this still allows for exponentially
long chains, as long as ĒJ /ĒC ≪ EJ /EC . When the
normal-state resistance of the chain is much larger than
the one of the weak element N RJ ≫ R̄ (which implies
the same relation between the Josephson inductances,
LJ = ~R/π∆), the system is in the well-defined flux
state with energy given by Eq. (2) and EL = Φ20 /2N LJ .
For EL ≫ 2V̄, the quantum phase slips effectively couple only the two neighboring supercurrent states and the
system can be described by a two-level model. The supercurrent states |mi correspond to a phase difference
θ ≈ 2πm across the weak element. The amplitude for
the phase slip δθ = ±2π is given by V̄ and is determined
by the properties of the weak element alone.
The analysis presented so far has been carried out neglecting interactions in the loop. In the next section we
develop a simple model of a particle in a double-well potential interacting with a discrete bosonic bath. Then

we use the model to study dynamics of the phase slips
coupled to electric modes of the loop.
III.

EFFECTIVE MODEL

We consider a particle moving in a double-well potential and interacting with a bosonic bath of N harmonic
oscillators, see Fig. 2. If the height of the barrier is larger
than the kinetic energy E ∼ ~2 /ma20 of a particle localized in one of the minima positioned at x = ±a0 , the
system can be reduced to the localized states |Li and
|Ri which are coupled by quantum tunneling. This is a
well-known spin-boson model50–52 with the Hamiltonian
Ĥ = V0 σ̂x + σ̂z

N
X

k=1

N

 X
αk ~ωk â†k + âk +
~ωk â†k âk . (6)
k=1

Here, σ̂x = |LihR| + |RihL|, σ̂z = |LihL| − |RihR|, â†k
(âk ) are creation (annihilation) operators of the oscillator
modes ωk , αk are the coupling constants, and V0 is the
bare tunneling amplitude between the states |Li and |Ri.
For large number of oscillators and linear low-frequency
dispersion (N → ∞, δω → 0, ωk = kδω) one recovers
the standard Caldeira-Leggett model53 which describes
the dissipative quantum dynamics of the two-level system
coupled to an ohmic environment. This system has been
studied extensively in the literature.50–54 Here we recall
the essential results which we need for further discussion.
The high-energy modes with ~ωl ≫ 2V0 quickly adjust
themselves to the slow tunneling motion of the particle
and hence can be treated adiabatically. These modes give
rise to a renormalization of the tunneling amplitude,
V = V0 e −

P

l

α2l /2

.

(7)

On the other hand, the low-frequency modes with linear dispersion are responsible for damping which can be
characterized by a friction coefficient η. The friction results in energy dissipation δE/E ∼ ηa20 /~ where δE is
the energy dissipated during an oscillation of the particle
with energy E localized in one of the wells.
In contrast to the usual dissipative case, in what follows we focus on a bath with discrete low-energy spectrum ωk = kδω, where the level spacing δω is fixed. The
adiabatic renormalization of the tunneling amplitude by

L

R

FIG. 2. Particle in a double-well potential coupled to N harmonic oscillators. States localized around the two potential
minima are denoted by |Li and |Ri, respectively.
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FIG. 3. (colors online) Bath energy spectrum in the nonadiabatic regime where several discrete modes have frequencies smaller or comparable to the tunnelling frequency 2V/~.
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high-frequency modes in Eq. (7) does not depend on the
type of the bosonic bath: it is valid for a single oscillator, a discrete set of oscillators, or a continuum dense
distribution.55 On the other hand, the low frequency
modes that are smaller or comparable to the tunneling
amplitude are responsible for a non-adiabatic dynamics
of the particle. Depending on the density of the lowfrequency modes, the dynamics can be quasiperiodic for
a few discrete modes or dissipative for a dense continuum
of modes.

A.

Next, we apply a polaron unitary
Ĥ ′ =
 transformation

P
N
†
c
αk âk − âk , in which the
eσ̂z D̂ Ĥe−σ̂z D̂ with D̂ = k=1
oscillators are displaced depending on the state of a particle. The transformed Hamiltonian reads


Nc
 X
~ωk â†k âk ,
σ̂− e−D̂ + σ̂+ eD̂ +

(8)

k=1

where σ̂− = |LihR|, σ̂+ = |RihL|, and we omitted an
unimportant additive constant in Ĥ ′ . For zero coupling
D̂ = 0 the tunneling of the free particle is recovered (σ̂− +
σ̂+ = σ̂x ). The time evolution of σ̂± with respect to H ′
is given by
i2V
σ̂± (t) = σ̂± (0) ±
~

Z

t

′

dt′ e∓D̂(t ) σ̂z (t′ ).

(9)

0

Substituting σ̂± (t) in the equation of motion for σ(t) ≡

¼

1

±! t

¼

2

3

¼

FIG. 4. The kernel G(t) for the bath with Nc = 10 modes
(dotted) and Nc = 20 modes (solid curve) and the coupling
strength αk = 0.1 (top) and αk = 0.2 (bottom). The frequencies of the modes are assumed equidistant, ωk = kδω.

hσ̂z (t)i, we obtain
E
dσ(t)
iV D D̂(t)
e
σ̂+ (t) − σ̂− (t)e−D̂(t)
=
dt
~
Z
4V 2 t ′
=− 2
dt G(t − t′ ) σ(t′ ),
~
0

Non-adiabatic dynamics

Let us first separate bath the eigenmodes into the lowenergy (ωk < ωc ) and the high-energy (ωk > ωc ) ones.
The high-energy modes renormalize the bare tunneling
amplitude according to Eq. (7), while the low energy
modes determine the details of the particle dynamics.
The choice of the cutoff frequency ωc is nonessential provided it is much larger than the frequency of particle
tunneling, ωc ≫ 2V/~ (see Fig. 3 and Appendices A and
B). In this case, the system is described by the Hamiltonian in Eq. (6) with V0 replaced by V and N replaced by
Nc , where ωk (k = 1, . . . , Nc ) are the low-energy modes.

Ĥ ′ = V

0

(10)

where

E

D
′
′
G(t − t′ ) ≡ Re eD̂(t) e−D̂(t ) = Re eJ(t−t )

(11)

PNc 2
with J(t) = − k=1
αk (1 − e−iωk t ). Here we have used
the initial condition hσ̂± (0)i = 0 and the noninteracting
blip approximation (NIBA)50,51,56–58 to factorize the average of a product of particle and bath operators. The
approximation is based on the assumption that the dynamics of the bath is weakly perturbed by the particle
(α2k ≪ 1), whereas the back-action
of the bath on the
P
particle is taken into account ( k α2k ∼ N α2k ). Equation
(10) describes the particle dynamics in a closed form for a
given kernel G(t − t′ ) characterizing the bath. The kernel
G(t) is shown in Fig. 4 for equidistant bath frequencies
ωk = kδω and different number of modes Nc and the
coupling strengths αk . At a given coupling constant αk ,
for Nc ∼ 1, kernel G(t) exhibits oscillations with a small
amplitude and period τr = 2π/δω which corresponds to
the revival time. Increasing the number of the modes Nc ,
the kernel
P G(t) decays at short times with a time constant ( k α2k ωk2 /2)−1/2 which corresponds to the typical
duration of the revivals occurring after a period τr . To
complete the analysis, we note that G(t) has also another
time scale τs for high cut-off Nc , associated with the fast
oscillationsPinside the duration of one revival, with frequency ∼ k α2k ωk .
In what follows we solve Eq. (10) assuming equidistant low-energy spectrum of the bath ωk = kδω (k =
1, . . . , Nc ). Taking the Laplace transform of Eq. (10) we

5
1.0

1.0

®k = 0:1; Nc = 20

0.9

~±!=2V = 2
~±!=2V = 0:15
~±!=2V = 0:08

0.5

Rm

0.4

(a)

0.5
0.0
-0.5
-1.0

0.3

1.0

¾(t)=¾0

0.2
0.1
0.0

(b)

0.5
0.0
-0.5

0

5

10

m =±!

15

20
-1.0
1.0

(c)

FIG. 5. Frequency spectrum for a particle coupled to a bath of
Nc = 20 modes with αk = 0.1 and the level spacing ~δω/2V =
2 (diamonds), 0.15 (circles), and 0.08 (squares).
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σ0
σ(s) =
(12)
s + (4V 2 /~2 )G(s)
P∞
2
where σ0 ≡ σ(t = 0) and G(s) = m=0 cm s/(s2 + ωm
).
The coefficients cm are given by
cm = e −

P

k

α2k

2kNc
2k2
1
X′ α2k
1 α2 · · · αNc
k1 !k2 ! · · · kNc !

(13)
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FIG. 6. Average position σ(t) for a particle coupled to a discrete bath with Nc = 20, αk = 0.1, and the level spacing (a)
~δω/2V = 2, (b) ~δω/2V = 0.15, and (c) ~δω/2V = 0.08. The
corresponding frequency spectra are shown in Fig. 5. Dashed
lines in (b) and (c) indicate the onset of revivals at t = 2π/δω.

{k}

where
PNc

′

denotes summation over kn ≥ 0 with constraint
n=1 nkn = m. The constraint takes into account the
degeneracy of the energy eigenstate
P∞~ωm of the bath.
Coefficients cm obey the sum rule m=0 cm = 1.
Equation (12) has poles at s = ±iΩm , where ωm <
Ωm < ωm+1 (m = 0, 1, . . .). Taking the inverse Laplace
transform of Eq. (12) we obtain
σ(t) = σ0

M
X

Rm cos(Ωm t)

(14)

m=0

QM
Q′
2
2
with Rm = n=1 (ωn2 − Ω2m )/ M
n=0 (Ωn − Ωm ). Here,
′
denotes that the term with n = m is omitted in the
denominator of Rm and M is a cutoff chosen sufficiently
large such that convergence is achieved.
A crossover from adiabatic to non-adiabatic dynamics
is shown in Figs. 5 and 6 for a particle coupled to a bath
with Nc = 20 modes, αk = 0.1, and the level spacing
~δω/2V = 2, 0.15, and 0.08, respectively. The average
position of a particle σ(t) is shown in Fig. 6. In the adiabatic case ~δω/2V = 2, we observe in Fig. 5 that only the
lowest frequency is relevant. It is approximately equal to
the renormalized frequency given by Eq. (7) with the
sum including all the modes (see Appendix A). In this
case the dynamics corresponds simply to coherent oscillations shown Fig. 6(a). As the density of the modes
is increased, several frequencies Ωm start to contribute,

with amplitudes Rm shown in Fig. 5. In the weak coupling regime which we consider, the particle still oscillates between the two minima with the frequency 2V/~
corresponding to the fast oscillations in Figs. 6(b) and
(c). The amplitude of these oscillations initially decays
as the bath modes are populated and the energy is transferred from p
thePparticle to P
the bath. The decay time is
τd ∝ ~2 /V 2 ( k α2k ωk2 )/( k α2k ). However, after time
τr = 2π/δω, the populated bath modes start to feed energy back to the particle and revivals of oscillations take
place. From that point on, we have two different behaviors depending on the ratio τd /τr . For τd . τr , the dynamics of a particle has a form of a quasiperiodic beating
instead of a decay. Reducing τd ≪ τr , the dynamics exhibits again a decay after a revival of the oscillation amplitude. For a dense continuum of bath modes (Nc → ∞,
δω → 0) the revival time is infinite, τr → ∞. In this case
the bath cannot feed significant amounts of energy back
to the particle and one recovers exponentially damped
oscillations characteristic for Ohmic dissipation.

IV.

JOSEPHSON JUNCTION RING WITH A
WEAK ELEMENT

Here we study quantum phase slips in a superconducting ring which consists of N identical Josephson junctions
and a weaker Josephson junction at which the phase slips
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ϕ∗k . The real and imaginary parts ϕ′k and ϕ′′k of ϕk
give rise to even and odd modes, respectively. After
the substitution in Eq. (15), we find that only ϕ′′k couple to θ while ϕ′k describe a set of decoupled harmonic
oscillators.17 Since ϕ′′N −k = −ϕ′′k , only half of the modes
are independent; we denote these modes as Xk ≡ ϕ′′k for
1 ≤ k ≤ kmax , where kmax = ⌊(N − 1)/2⌋ and ⌊x⌋ is the
integer part of x. The Lagrangian of the system reads
L = L0 + Lint where
L0 =

~2 θ̇2
− ĒJ cos(θ + δB ) + EL (θ − N δB )2 /4π 2 (16)
16EC̃

and
FIG. 7. (colors online) Superconducting ring made of N identical Josephson junctions with inductances LJ and capacitances C, and a weaker Josephson junction with inductance
L̄J and capacitance C̄. Ground capacitance of the superconducting islands between the junctions is C0 .

are localized, see Fig. 7. We show how the dynamics of
the quantum tunneling between the two counterpropagating supercurrent states discussed in Sec. II can be
mapped to the spin-boson model of Sec. III when the
electric modes of the ring are taken into account.
Let φn be the superconducting phases of N + 1 islands forming the ring. Under the conditions discussed in
Sec. II, the quantum phase slips mainly occur at the weak
junction whereas the other N junctions behave as inductances LJ = Φ20 /4π 2 EJ . This implies that the phasedifferences δφn = φn+1 − φn (n = 0, . . . , N − 1) across
the Josephson junctions in the ring remain small as compared to 2π and oscillate around their average values.
On the other hand, the phase difference θ = φ0 − φN
across the weak junction can make a 2π winding. In this
regime, the corresponding Euclidean Lagrangian of the
system reads17,59,60
~2 θ̇2
− ĒJ cos(θ + δB )
16ĒC
!
N
−1
N
X
X
~2 (δ φ̇n )2
~2 φ̇2n
EJ
2
+
+
,
(δφn + δB ) +
16EC
2
16E0
n=0
n=0
(15)

L =

where E0 = e2 /2C0 is the charging energy of the islands
and δB = 2π(ΦB /Φ0 )/(N +1) is the phase increment due
to external magnetic field.
Next we cast Eq. (15) in the form in which the coupling of θ to electric modes of the ring is manifest.17
We take as independent variables the phases between
Josephson junctions, ϕn ≡ φn for n = 1, . . . , N − 1,
the average phase ϕ0 ≡ (φ0 + φN )/2 and the phase
difference θ across the weak element. Since ϕn is periodic on the effective lattice n = 0, . . . , N − 1 composed of N
it can be Fourier transformed as
√ elements,
PN −1
ϕn = (1/ N ) k=0 ϕk exp(i2πnk/N ) where ϕN −k =

Lint =

kX
max
k=1



 µk
2

Ẋk −

fk θ̇
µk

!2

+

µk ωk2
2



2
gk θ
.
Xk −
µk ωk2

(17)
The Lagrangian L0 describes the phase θ in a doublewell potential with two degenerate minima at half flux
quantum (N LJ ≫ L̄J , where N LJ is the effective inductance of the ring; EL ≡ Φ20 /2N LJ ). The minima correspond to the counterpropagating supercurrent states
that enter the spin-boson model (cf. Sec. III and Fig. 2)
and which are coupled by the phase slips.1,13,17 Josephson junctions in the chain give rise to a renormalization
of the charging energy of the weak element EC̃ = e2 /2C̃,
where
!
kmax
1 X
C0
cos2 (πk/N )
C
1+
+
.
C̃ = C̄ +
N
2
N
sin2 (πk/N ) + C0 /4C
k=1
(18)
The term Lint in Eq. (17) describes the electric modes
in the ring and their interaction with θ. The dispersion
of the modes reads
ωp sin(πk/N )
ωk = q
sin2 (πk/N ) + C0 /4C

(19)

√
with ωp = 1/ LJ C,
µk = (8EJ /ωk2 ) sin2 (πk/N ), and
√
gk = ωp2 fk = (2EJ / N ) sin(2πk/N ). Note that interaction in Eq. (17) does not confine θ because it depends on
the relative coordinates with respect to the bath degrees
of freedom.

A.

Real-time dynamics

The harmonic modes of the ring can be integrated out
using the Feynman-Vernon influence functional in the
real-time path integral approach. The resulting influence
action which governs the dynamics of θ is a functional of
the spectral density of the modes
F (ω) =

~X 2 2
αk ωk δ(ω − ωk ).
π
k

(20)
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k

between F (ω) and the kernel Kl = K(νl ) of the
imaginary-time effective action (νl = 2πl/τ0 are the Matsubara frequencies and τ0 is the time-interval in the imaginary time axis). The latter can be obtained from the partition function of the system which is given by imaginarytime path integral over closed trajectories θ(0) = θ(τ0 )
and Xk (0) = Xk (τ0 ):
I
Ztot = DθDX e−(S0 +Sint )/~ ,
(22)
R τ0
where S0 [θ] =
dτ L0 [θ] and Sint [θ, X] =
0
R τ0
dτ Lint [θ, X].
After integrating out bath de0
grees of
freedom,
one
obtains Ztot = Zh × Z, where
Q
Zh = k [2 sinh(ωk τ0 /2)]−1 is the partition function of
harmonic oscillators and
I
Z = Dθ e−(S0 +Sinf )/~
(23)
is the partition function of the particle interacting with
the bath. The interaction is included in the influence
action
Z
∞
1 τ0
1 X
Sinf [θ] =
Kl |θl |2 ,
dτ dτ ′ θ(τ )K(τ − τ ′ )θ(τ ′ ) =
2 0
τ0
l=1
(24)
Rτ
where θl = 0 0 dτ θ(τ )eiνl τ .
After integration of the harmonic modes in Lint , we
obtain

2
kmax
∞
1 X 2X
ωk2
gk2
νl2
Sinf =
1− 2
, (25)
|θl |
τ0
νl2 + ωk2 µk ωk2
ωp
l=1

k=1

and using Eqs. (21) and (24) we extract the coupling
constants:

1/2

ω2
EJ
π
(26)
1 − k2 cos(πk/N ).
αk = √
ωp
N ~ωk
Note that the ground capacitance plays a crucial role:
For C0 = 0 the dispersion relation becomes flat with
ωk = ωp ≫ 2V̄/~ and the only effect of the ring is the

!k =!p

0.3

1.5

¾(t)=¾0

Thus, the linear coupling of the phase difference θ at the
weak element to an ensemble of harmonic oscillators affects the dynamics of θ only through F (ω), regardless the
details of the bath.50,51 Hence, from the knowledge of the
coupling constants αk and the spectrum ωk one can analyze the real-time dynamics of the quantum tunneling
between the two low-energy states in a double-well potential of Eq. (16) using the effective spin-boson model
as described in Sec. III.
Instead of carrying out calculation in the real-time formalism, we can proceed with the imaginary-time one and
make use of a relation51
Z
2~ X 2 νl2 ωk
ν 2 F (ω)
2 ∞
=
(21)
dω l 2
αk 2
Kl =
π 0
ω(νl + ω 2 )
π2
νl + ωk2

1.0

0.2

®k2

0.5

0.1
0.0
0

5

k

10

0.0

0.5
0.0
-0.5
-1.0

0
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2V¹ t=h

15

FIG. 8. Non-adiabatic dynamics of a phase-slip qubit made of
a Josephson junction chain with a weak element. Parameters
are C̄/C = 0.1, C0 /C = 0.05, ZJ /Rq = 0.18, N = 100, and
~ωp /V̄ = 3. Inset: Dispersion ωk (circles, left axis) and the
coupling constants α2k (squares, right axis) of the modes in
the chain.

adiabatic confining potential associated with the ring’s
inductance, see Eq. (16).17
Next
we focus on the regime N ≫ ω0 /ωp (ω0 =
√
1/ LJ C0 ) in which the maximum frequency ωkmax ≈
ωp and dispersion at low frequencies is linear, ωk ≈
(2πk/N )ω0 . The coupling constants at low frequencies
are given by
r
1 Rq 1
√
(k < Nc ),
(27)
αk =
2 Z0 k
where p
Rq = h/4e2 is the quantum resistance and
LJ /C0 is the low-frequency transmission-line
Z0 =
impedance of the ring.pThe cutoff frequency ωc = ωk=Nc
C0 /4C discriminates between a
with sin(πNc /N ) =
linear (low-frequency) and a nonlinear (high-frequency)
part of the spectrum. As long as 2V̄ < ~ωp , this frequency also divides the low-frequency modes responsible for the details of the phase dynamics from the highfrequency modes which only renormalize the phase slip
amplitude.
In the following we analyze the feasibility of achieving a non-adiabatic phase-slip dynamics in realistic superconducting rings made of Josephson junctions. Since
capacitance of the junction is proportional to the cross
section-area while inductance is inversely proportional to
it, we have LJ C = L̄J C̄. In this case, the condition
N LJ ≫ L̄J for the system to be in a well-defined flux
state implies C̄ ≫ C/N and the renormalization of the
capacitance of the weak element in Eq. (18) is negligible.
The hierarchy of energy scales N VJ ≪ V̄ ≪ EL discussed
in Sec. II gives the upper
N ≪
p limit of the ring length,
−1
−1
Na , Nb , where Na = Lp
/
L̄
exp[(4/π)R
(Z
−
Z̄
J
J
q
J
J )]
and Nb ≈ 3.5(L̄J /LJ ) Rqp
/Z̄J exp[(4/π)Rq /Z̄J ] with
p
L̄J /C̄. These conditions
ZJ =
LJ /C and Z̄J =
are not very restrictive and can be met in realistic de-
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vices, as demonstrated experimentally in the fluxonium
superconducting chain with N = 43 Josephson junctions
in series.4 In addition to the previous conditions, for nonadiabatic phase dynamics to occur the lowest frequency
of electric modes has to be smaller than the qubit level
splitting, ~δω = 2π~ω0 /N < 2V̄. This can be achieved,
e.g., by making the ground capacitance larger than a certain threshold, C0 > (π~/N V̄)2 L−1
J . Experimentally, the
capacitance C0 should not be too large in order to reduce decoherence caused by charge fluctuations in the
environment.
As an example, we take N = 100 junctions in series, C̄/C = 0.1, C0 /C = 0.05, and ZJ /Rq = 0.18.
The dispersion of the modes and the coupling constants
are given by Eqs. (19) and (26), respectively (see inset
of Fig. 8). The non-adiabatic dynamics of the qubit
is shown in Fig. 8 obtained by numerical simulation of
Eq.(10). The dynamics exhibits the same qualitative features (initial decay and revivals) as discussed in Sec. III
for a generic model with equidistant spectrum of the
modes and constant coupling of the phase to the bath
degrees of freedom. Increasing the number of junctions
or the strength of the coupling αk (e.g., by increasing the
capacitance C0 to the ground), the number of electric
modes that are coupled to the phase increases and the
transition from coherent non-adiabatic to fully incoherent dynamics takes place. Recent experiments reported
the fabrication of long Josephson junction chains comparable in order of magnitude to our example and operating as linear “superinductance” elements in which quantum phase slips are suppressed.61 In addition, Josephson
junction chains in the ladder geometry have been studied
experimentally.62 In this system, quantum phase slips are
prevented at the topological level which opens the route
towards realization of long Josephson junction chains behaving as perfect inductances.

(21). Since the kernel is linear in frequency, the resulting influence action in Eq. (24) corresponds to an ohmic
dissipative environment.
For large energy barrier ĒJ ≫ EC̃ , small tilting
I/2e ≪ ωp , and in the presence of dissipation, the
phase is strongly localized in the potential minima.
In this regime, at finite temperature, the dynamics of
the phase consists of incoherent hopping between the
neighboring minima with energy difference Φ0 I which
is emitted to or absorbed from the environment, cf.
Fig 1(b).63–65 The phase change δθ = ±2π occurs with
the rate Γ± = Γ(±Φ0 I). The average phase evolves
as dθ/dt = 2π(Γ+ − Γ− ), giving rise to the voltage
V = Φ0 [Γ+ (I) − Γ− (I)] across the junction. From a
two-level Hamiltonian in Eq. (8) and using the perturbation theory for tunneling between
the levels,50 one obR
2 ∞
tains the rate Γ± = (V̄/~) −∞ dt exp[J(t) ∓ iΦ0 It/~]
where the correlation function J(t) = hD̂(0)[D̂(t) −
D̂(0)]iT is evaluated for the harmonic bath at thermal equilibrium. This is the so-called dual P (E) theory for incoherent quantum phase-slips.66 The correlation function J(t) has a universal long-time behavior63–65
J(t) ≈ −2(Rq /Z0 ){ln[(~ωp /πkB T ) sinh(πkB T t/~)] +
isgn(t)π/2} (hereafter we set kB = 1). At low temperatures T ≪ ~ωp (Z0 /Rq ), the universal limit of J(t) is
valid for all times and the rates Γ± can be evaluated analytically. For the average voltage across the junction we
recover67


2g−1

2
0I
|Γ(g + iΦ
Φ0 I
2Φ0 V̄ 2 2πT
2πT )|
,
sinh
V ≈ 2
~ ωp
~ωp
Γ(2g)
2T
(29)
where g = Rq /Z0 and Γ(x) is the Euler gamma function.

B.

Quantum phase slips in a superconducting nanowire
can be pinned at a weak inhomogeneity where the local
resistivity is slightly increased. The inhomogeneity can
be modelled as a weak link with the action which is nonlocal in time.16 This leads to the bare phase-slip amplitude
V in Eq. (5), in contrast to the case of a Josephson junction ring in which V is given by Eq. (4) (with EJ and EC
replaced by ĒJ and ĒC of the weak element). The effect of the nanowire on quantum phase slips can be taken
into account by modelling the wire as an LC transmission line.68 With no external magnetic field applied, the
action of the wire reads
2 Z L 
∞ 
1 X
~
1
Sw [φ] =
|∂ φ(νl , x)|2
dx
′ (ν ) x
τ0
2e
2L
l
0
l=−∞

′ 2
C0 ω
2
(30)
|φ(νl , x)| .
+
2

Thermodynamic limit and incoherent dynamics

Let us consider a Josephson junction ring with a large
number of junctions N and large external flux ΦB such
that the ratio I = ΦB /N LJ is finite. The Eq.(16) becomes
L0 =

~2 θ̇2
− ĒJ cos(θ) − Φ0 Iθ/2π,
16EC̃

(28)

where, without loss of generality, we performed a phase
shift θ → θ − δB and omitted an unimportant additive constant. The Lagrangian L0 in Eq. (28) describes
current-biased Josephson junction with the phase θ moving in a tilted washboard potential, see Fig. 1(b). The
interaction of θ with electric modes of the ring is given
by Eq. (17). For large number of junctions N , the
low-frequency modes ωk = (2πk/N )ω0 (ωk < ωc ) form
a quasicontinuum with linear spectral density F (ω) =
(Rq /4πZ0 )~ω and kernel Kl = F (νl ), see Eqs. (20) and

V.

SUPERCONDUCTING NANOWIRE WITH A
WEAK LINK

Here, L is the length of the wire, φ(ν, x) is the superconducting phase along the wire, C0′ is the capacitance to
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the ground, and L′ (ω) is the imaginary-frequency inductance which is obtained by analytic continuation of the
impedance,69 L′ (ω) ≡ Zs′ (−i|ω|)/|ω|. (Prime ′ denotes
quantities defined per unit length.) The impedance is
Zs′ (ω) = R′ σn /σ(ω), where σn is the normal-state conductivity and σ(ω) = σ1 (ω) − iσ2 (ω) is the complex conductivity of a diffusive superconductor. At zero temperature, the real and imaginary parts σ1,2 (ω) are given
by70 σ1 (ω)/σn = (1 + 2∆/~ω)E(κ) − (4∆/~ω)K(κ) for
ω > 2∆/~, and σ1 (ω) = 0 otherwise, and σ2 (ω)/σn =
(1 + 2∆/~ω)E(κ′ )/2 − (1 − 2∆/~ω)K(κ′)/2
√ for ω > 0,
where κ = (~ω − 2∆)/(~ω + 2∆), κ′ = 1 − κ2 , and
K, E are the complete elliptic integrals of the first and
the second kind, respectively. Analytic continuation
σ(−i|ω|) is performed separately in domains |ω| < 2∆/~
and |ω| > 2∆/~. The resulting L′ (ω) is real and even
function of frequency, continuous at ω = 2∆/~, with
L′ (ω) = L′k [1−(~ω/4∆)2] for ω ≪ 2∆/~ (L′k ≡ ~R′ /π∆),
and L′ (ω) = R′ /ω for ω ≫ 2∆/~. Thus, at subgap frequencies the wire is inductive with kinetic inductance
L′k ,68 while at frequencies much larger than the gap it
acts as an ohmic resistance R′ . Since the phase-slip amplitude V ≪ ∆, we can set L′ (ν) = L′k in Eq. (30).
From Eq. (15) it follows that the wire can be mapped
into a chain of Josephson junctions with inductances
LJ = L′k L/N , capacitances to the ground C0 = C0′ L/N ,
and C = 0. In particular, low-frequency
modes in the
p
wire have dispersion ωk = 2πk/L L′k C0′ with the coupling constants given by Eq. (27),
Z0 is replaced
p where
′
′
by impedance of the wire Zw = Lk /C0 . If RC time of
the wire is large, τRC = L2 R′ C0′ ≫ ~∆/V 2 , the system
may enter a non-adiabatic regime discussed in Sec. III
and IV in which the phase dynamics is quasiperiodic.

VI.

phase-slip element as a function of the system parameters. We have discussed the experimental feasibility to
observe the quasiperiodic dynamics in realistic systems,
in the regime in which only a few low-energy modes with
frequencies less than or comparable to 2V are effectively
coupled to the phase. In the non-adiabatic regime, dynamics of the system is quasiperiodic with exponential
decay of oscillations at short times followed by oscillation
revivals at later times. This is a cross-over regime between coherent dynamics discussed in flux qubits and incoherent phase-slip processes in current-biased junctions
or superconducting wires coupled to external dissipative
environment. In our scheme, the incoherent regime is recovered for large system size (N, L → ∞), provided the
electric modes are decoupled from the external environment.
Recent experiments have shown that a larger number of degrees of freedom is not necessarily penalized
by decoherence,5,71–73 opening the possibility to explore novel dynamic regimes beyond the two-level’s one.
Therefore, observation of a quasiperiodic dynamics would
be important for understanding the mechanisms of decoherence in large quantum circuits as well as intrinsic limits on coherence posed by the circuit itself. Our results
can also be of interest for the design of models with a
tunable fictitious dissipation or, for instance, to achieve
controlled quantum evolution in superconducting qubits
by engineering the parameters of the Josephson junction
circuits. This motivates future studies of flux qubits realized in large superconducting circuits with a more complex topological structure.62 The approach we use is not
restricted to superconducting circuits and can be readily generalized for other situations in which the intrinsic
bosonic degrees of freedom couple to the phase, like in
quasi-1D superfluid condensates.24,25

CONCLUSION

In conclusion, we have studied quasiperiodic quantum
dynamics and revivals between two macroscopic supercurrent states in superconducting one-dimensional rings
with a weak element and threaded by a magnetic field.
At half flux quantum, such systems are a canonical example of persistent current or flux qubits.1,11 We have discussed possible realizations of such systems in the form
of a Josephson junctions chain and a superconducting
nanowire forming a loop.
Two collective states with supercurrents circulating in
opposite directions are associated to 0 and 2π phase difference across the weak element. For sufficiently large
system size, we have found that the quantum dynamics
can be more complex than the usual coherent oscillations
between the two states, characterized by the quantum
phase-slip amplitude V. Such a dynamics emerges due
to the intrinsic electrostatic interactions in the homogeneous part of the ring. This gives rise to electrodynamic
modes with linear low-frequency dispersion which couple to the phase. We have obtained the spectrum of the
modes and the coupling strength to the phase drop at the

ACKNOWLEDGMENTS

The research was supported by the EU FP7 Marie
Curie Zukunftskolleg Incoming Fellowship Programme,
University of Konstanz (grant No. 291784). M.V. acknowledges support by the Serbian Ministry of Science,
project No. 171027.

Appendix A: Phase dynamics and the adiabatic
regime

Here we analyze the relation between the adiabatic
renormalization of the amplitude in Eq. (7) and the time
dynamics of the phase given by Eq. (10). Let us start
with the bare Hamiltonian in Eq. (6) in the regime in
which all the frequencies satisfy the adiabatic condition
~ω1 = ~δω ≫ 2V0 . Then, by applying the same steps of
Sec. III A, we obtain Eq. (12) with V0 replacing V and for
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N harmonic oscillators. At low s ≪ δω < ωm (long time
intervals), we can approximate G(s) in the denominator
of Eq. (12) by its first term:
1
s
σ(s)
≈
= 2
,
(A1)
σ0
s + (4V02 /~2 )c0 /s
s + 4V 2 /~2
P
where c0 = exp(− k≥1 α2k ). Thus, there is a single
pole 2V/~ at low-frequencies (see Fig. 5 for ~δω/2V = 2)
whereas the other poles are relevant only at higher frequencies (∼ δω). In the time domain, Eq. (A1) corresponds to an oscillatory two-levels evolution with a
renormalized frequency 2V/~ as compared to the bare
frequency in Eq. (6) and we recover the adiabatic phase
dynamics.

PNc +1
with the new constraint n=1
nkn = m. Importantly
we notice that, for every m such that m ≤ Nc , the sum
for the two sets of coefficients {cm } and {c′m } satisfies
the same constraint because the term n = Nc + 1 is not
involved in Eq. (B2) as it can not satisfy the constraint
nkn = Nc for any integer kn . Therefore, we have simply

c′m = exp −α2Nc +1 cm

for m ≤ Nc

(B3)

In this way we have demonstrated that the product
V 2 cm = const. for

m ≤ Nc ,

(B4)

Appendix B: Dependence on the cut-off Nc

that is, it does not change under the shift of the cut-off.

Now we demonstrate that the solution associated to
the effective spin-boson model in Eq. (8) corresponds to
the low-frequency solution of the bare spin-boson system
in Eq. (6) and that such a solution is independent of the
high-frequency cut-off ωc provided that ωc is chosen sufficiently large ωc ≫ δω ∼ V. This is equivalent to show
that the product V 2 G(s) in Eq. (10) does not change at
low-frequencies s ≪ ωc .
First, we shift the cut-off ωc′ = ωc + δω, namely Nc′ =
Nc + 1, so that we have to re-scale all thePparameters ac∞
cordingly. Recalling that V/V0 = exp(− k=Nc +1 α2k /2),
we obtain for the renormalized amplitude

As second step, we demonstrate that the latter property implies that the product V 2 G(s) is also invariant at
low frequency. Similarly as in Appendix A, G(s) has a
natural time-scale separation between the (slow) dynamics of the phase and the (fast) dynamics of the oscillators
at high-frequency. At low frequency s ≪ ωc = Nc δω, we
can approximate the product

V ′ = V exp(α2Nc +1 /2) ,

(B1)

V 2 G(s) =

Nc
∞
X
X
V 2 cm s
(V 2 cm )s
≈
,
2
2
2
s + ωm m=0 s2 + ωm
m=0

(B5)

(B2)

since s ≪ ωm and the coefficients cm also decrease for
m > Nc . Because the low-frequency form of G(s) involves only the coefficients cm with m ≤ Nc , the product
V 2 G(s) is indeed invariant under a variation of the frequency cut-off.
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