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Propagation of thermally induced magnonic spin currents
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The propagation of magnons in temperature gradients is investigated within the framework of an atomistic spin
model with the stochastic Landau-Lifshitz-Gilbert equation as underlying equation of motion. We analyze the
magnon accumulation, the magnon temperature profile, as well as the propagation length of the excited magnons.
The frequency distribution of the generated magnons is investigated in order to derive an expression for the
influence of the anisotropy and the damping parameter on the magnon propagation length. For soft ferromagnetic
insulators with low damping a propagation length in the range of some micrometers can be expected for exchange
driven magnons.
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I. INTRODUCTION

Spin caloritronics is a new, emerging field in magnetism
describing the interplay between heat, charge, and spin
transport [1,2]. A stimulation for this field was the discovery
of the spin Seebeck effect in Permalloy by Uchida et al. [3].
Analog to the Seebeck effect, where in an electric conductor
an electrical voltage is created by applying a temperature
gradient, in a ferromagnet a temperature gradient excites a
spin current leading to a spin accumulation. The generated
spin accumulation was detected by measuring the spin current
locally injected into a platinum contact using the inverse spin
Hall effect [3,4]. A first explanation of these effects was based
on a spin-dependent Seebeck effect, where the conduction
electrons propagate in two different channels and, due to a
spin-dependent mobility, create a spin accumulation in the
system [5].
Interestingly, it was shown later on that this effect also
appears in ferromagnetic insulators [6]. This shows that
in addition to conduction-electron spin currents, chargeless
spin currents exist as well, where the angular momentum is
transported by the magnetic excitations of the system, so-called
magnons. A first theoretical description of such a magnonic
spin Seebeck effect was developed by Xiao et al. [7]. With a
two temperature model including the local magnon (m) and
phonon (p) temperatures the measured spin Seebeck voltage
is calculated to be linearly dependent on the local difference
between magnon and phonon temperature, Tmp = Tm − Tp .
This temperature difference decays with the characteristic
length scale λ. For the ferromagnetic material yttrium iron
garnet (YIG) they estimate the length scale in the range of
several millimeters.
The contribution of exchange dominated magnons to the
spin Seebeck effect was investigated in recent experiments
by Agrawal et al. [8]. Using Brillouin light scattering the
difference between the magnon and the phonon temperature in
a system with a linear temperature gradient was determined.
They found no detectable temperature difference and estimate
a maximal characteristic length scale of the temperature
difference of 470 μm. One possible conclusion from this result
might be that instead of exchange magnons, magnetostatic
modes mainly contribute to the spin Seebeck effect and are
responsible for the long-range character of this effect. Alternatively, phonons might contribute to the magnon accumulation
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as well via spin-phonon drag [9,10]. A complete understanding
of these different contributions to the spin Seebeck effect is
still missing.
In this paper thermally-excited magnonic spin currents
and their length scale of propagation are investigated. Using
an atomistic spin model simulation which describes the
thermodynamics of the magnetic system in the classical limit
including the whole frequency spectra of excited magnons,
we describe spin currents by exchange magnons in the
vicinity of a temperature step. After introducing our model,
methods, and basic definitions in Sec. II we determine the
magnon accumulation as well as the corresponding magnon
temperature and investigate the characteristic length scale of
the decay of the magnon accumulation in Sec. III. In Sec. IV
we introduce an analytical description which is supported by
our simulations shown in Sec. V and gives insight into the
material properties dependence of magnon propagation.
II. MAGNETIZATION PROFILE
AND MAGNON TEMPERATURE

For the investigation of magnonic spin currents in temperature gradients we use an atomistic spin model with localized
spins Si = μi /μs representing the normalized magnetic moment μs of a unit cell. The magnitude of the magnetic moment
is assumed to be temperature independent. We simulate a
three-dimensional system with simple cubic lattice structure
and lattice constant a. The dynamics of the spin system
is described in the classical limit by solving the stochastic
Landau-Lifshitz-Gilbert (LLG) equation,
γ
∂Si
=−
Si × [Hi + α (Si × Hi )] ,
∂t
μs (1 + α 2 )

(1)

numerically with the Heun method [11] with γ being the
gyromagnetic ratio. This equation describes a precession of
each spin i around its effective field Hi and the coupling with
the lattice by a phenomenological damping term with damping
constant α. The effective field Hi consists of the derivative of
the Hamiltonian and an additional white-noise term ζ i (t),
Hi = −

∂H
+ ζ i (t).
∂Si

(2)

The Hamiltonian H in our simulation includes exchange
interaction of nearest neighbors with isotropic exchange
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FIG. 1. (Color online) Steady state magnetization m and equilibrium magnetization m0 over space coordinate z for a given phonon
temperature profile and for different damping parameters α in a small
section around the temperature step.

constant J and a uniaxial anisotropy with an easy axis in z
direction and anisotropy constant dz ,

J 
2
H=−
Si Sj − dz
Si,z
.
(3)
2 i,j 
i
The additional noise term ζ i (t) of the effective field Hi
includes the influence of the temperature and has the following
properties:
ζ (t) = 0,



j
ζηi (0)ζθ (t) =

2kB Tp αμs
δij δηθ δ(t).
γ

(4)
(5)

Here i,j denote lattice sites and η and θ Cartesian components
of the spin.
We simulate a model with a given phonon temperature Tp
which is space dependent and includes a temperature step
in z direction in the middle of the system at z = 0 from a
temperature Tp1 in the hotter area to Tp2 = 0 K (see Fig. 1). We
assume that this temperature profile stays constant during the
simulation and that the magnetic excitations have no influence
on the phonon temperature. The system size is 8 × 8 × 512,
large enough to minimize finite-size effects.
All spins are initialized parallel to the easy axis in z
direction. Due to the temperature step a nonequilibrium in
the magnonic density of states is created. Magnons propagate
in every direction of the system, but more magnons exist in the
hotter rather than in the colder part of the system. This leads
to a constant net magnon current from the hotter towards the
colder area of the system. Due to the damping of the magnons
the net current appears around the temperature step with a
finite length scale. After an initial relaxation time the system
reaches a steady state. In this steady state the averaged spin
current from the hotter towards the colder region is constant
and so the local magnetization is time independent. We can
now calculate the local magnetization m(z) depending on the
space coordinate z as the time average over all spins in the
plane perpendicular to the z direction.
We use the phonon temperature Tp1 = 0.1J /kB in the heated
area, the anisotropy constant dz = 0.1J , and vary the damping
parameter α. The resulting magnetization versus the space

FIG. 2. (Color online) Equilibrium magnetization m0 over the
magnon temperature Tm . Red points show the simulated equilibrium
magnetization and the black line shows a fit of the data.

coordinate z for different damping parameters in a section
around the temperature step is shown in Fig. 1. For comparison
the particular equilibrium magnetization m0 of the two regions
is also calculated and shown in the figure.
Far away from the temperature step on both sides the
amplitudes of the local magnetization m(z) converge to the
equilibrium values, only in the vicinity of the temperature
step deviations appear. These deviations describe the magnon
accumulation, induced by a surplus of magnons from the
hotter region propagating towards the colder one. This leads
to a less thermal excitation in the hotter area and the value
of the local magnetization increases. In the colder area the
surplus of incoming magnons decrease the value of the local
magnetization. For smaller values of α the magnons can
propagate over larger distances before they are finally damped.
This leads to a damping-dependent magnon accumulation
which increases with decreasing damping constant α.
For a further analysis in the context of the spin-Seebeck
effect we define a local magnon temperature Tm (z) via
the magnetization profile m(z). For that the equilibrium
magnetization m0 (T ) is calculated for the same model but
homogeneous phonon temperature Tp . In equilibrium magnon
temperature Tm and the phonon temperature Tp are the same
and we can determine the (magnon) temperature dependence
of the equilibrium magnetization m0 (Tm ) of the system. The
magnetization of the equilibrium system decreases for increasing magnon temperature as shown in Fig. 2 and the behavior
can be described phenomenologically with a function [12]
m0 (T ) = (1 − Tm /Tc )β , where Tc is the Curie temperature.
Fitting our data we find Tc = (1.3326 ± 0.000 15)J /kB and
for the exponent we get β = 0.329 84 ± 0.000 65. This fit of
the data is also shown in Fig. 2 and it is a good approximation
over the whole temperature range. The inverse function is used
in the following to determine the magnon temperature for a
given local magnetization and with that a magnon temperature
profile Tm (z).
The resulting magnon temperature profiles are shown in
Fig. 3. Far away from the temperature step the magnon
temperature Tm (z) coincides with the given phonon temperature Tp , and deviations—dependent on the damping constant
α—appear only around the temperature step. These deviations
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FIG. 3. (Color online) Magnon temperature Tm over the space
coordinate z for different damping parameters α corresponding to the
results in Fig. 1.

FIG. 4. (Color online) Magnon accumulation m over space
coordinate z in the colder region of the system at Tp = 0 K for
different damping constants α shows exponential decay with magnon
propagation length ξ . The points show the data from our simulation
and the lines the results from an exponential fit.

correspond to those of the local magnetization discussed in
connection with Fig. 1.
III. MAGNON PROPAGATION LENGTH

To describe the characteristic length scale of the magnon
propagation around the temperature step we define the magnon
accumulation m(z) as the difference between the relative
equilibrium magnetization m0 (z) at the given phonon temperature Tp (z) and the calculated local magnetization m(z):
(6)

We investigate the magnon propagation in the colder part of
the system, where Tp (z) = 0. For a small magnon temperature,
the temperature dependence of the magnetization can be
approximated as
m(Tm ) ≈ 1 −

β
Tm .
Tc

(7)

This linear equation is in agreement with an analytical solution
for low temperatures presented by Watson et al. [12]. For low
phonon temperatures one obtains for the difference between
phonon and magnon temperature
T = Tm − Tp =

β
m.
Tc

m(z) = m(0)e−z/ξ .

(9)

We define the fitting parameter ξ as the propagation length of
the magnons. Here, the deviations from the exponential decay
at the beginning of the system are neglected. The fits for the
data are shown in Fig. 4 as continuous lines.
The propagation length dependence on the damping parameter α is shown in Fig. 5. The values of the propagation
length from our simulations, shown as points, are inversely
proportional to the damping constant α and, furthermore,
show also a strong dependence on the anisotropy constant
dz . This behavior will be discussed in the next two sections
with an analytical analysis of the magnon propagation and an
investigation of the frequencies of the propagating magnons.
A simple approximation for the propagation length leads to
Eq. (19) which is also shown as solid lines in Fig. 5.

(8)

Note, that the proportionality between magnon accumulation
and temperature difference holds for higher temperatures
as well, as long as the magnon and phonon temperatures
are sufficiently close so that a linear approximation applies,
though the proportionality factor increases. Note also, that this
proportionality was determined in theoretical descriptions of a
magnonic spin Seebeck effect [7]. Our results for the magnon
accumulation should hence be relevant for the understanding
of the magnonic spin Seebeck effect where the temperature
difference between the magnons in the ferromagnet and the
electrons in the nonmagnet plays a key role.
We further investigate our model as before with a temperature in the heated area of Tp1 = 0.1J /kB , anisotropy constant
dz = 0.1J , and different damping parameters. The magnon
accumulation m versus the space coordinate z in the colder
region of the system at Tp = 0 K is shown in Fig. 4. Apart

propagation length ξ/a

m(z) = m0 (z) − m(z).

from a sudden decay close to the temperature step the magnon
accumulation m(z) then decays exponentially on a length
scale that depends on the damping constant α. To describe this
decay we fit the data with the function
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FIG. 5. (Color online) Propagation length ξ over the damping
constant α for different anisotropy constant dz . Numerical data is
shown as points and the solid lines are from Eq. (19).
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IV. ANALYTICAL DESCRIPTION WITH LINEAR
SPIN-WAVE THEORY

For the theoretical description of the magnon accumulation,
excited by a temperature step in the system, we solve the LLG
equation [Eq. (1)], analytically in the area with Tp = 0 K. We
consider a cubical system with lattice constant a where all
spins are magnetized in z direction parallel to the easy axis of
the system. Assuming only small fluctuations in the x and y
y
directions we have Siz ≈ 1 and Six ,Si  1. In that case we can
linearize the LLG equation and the solution of the resulting
equation consists of a sum over spin waves with wave vectors
q and the related frequency ωq which decay exponentially in
time dependent on their frequency and the damping constant
α of the system,
1  ±
Si± (t) = √
Sq (0)e∓iqri ±iωq t e−αωq t .
(10)
N q
The frequency ωq of the magnons is described by the usual
dispersion relation



1
2dz + 2J
ωq =
[1 − cos(qθ aθ )] . (11)
(1 + α 2 )
θ
The dispersion relation includes a frequency gap due to the
anisotropy constant and a second wave-vector-dependent term
with a sum over the Cartesian components [13].
Considering now the temperature step, magnons from the
hotter area propagate towards the colder one. We investigate
the damping process during that propagation in order to
describe the propagating frequencies as well as to calculate the
propagation length ξ of the magnons for comparison with the
results from Sec. III. The magnon accumulation will depend on
the distance to the temperature step and—for small fluctuations
of the Sx and Sy components—can be expressed as
m(z) = 1 − Sz (z) ≈ 12 Sx (z)2 + Sy (z)2 ,

(12)

where the brackets denote a time average. We assume that the
local fluctuations of the Sx and Sy components can be described
with a sum over spin waves with different frequencies and
damped amplitudes aq (z),
Sx (z) =



aq (z) cos(ωq t − qr),

(13)

aq (z) sin(ωq t − qr).

(14)
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frequency of the magnons. In the next step we describe the
damping process during the propagation of the magnons. In the
one-dimensional limit magnons only propagate in z direction
∂ω
with velocity vq = ∂qq . Then the propagation time can be
rewritten as t = z/vq and we can describe the decay of the
amplitude with aq (z) = aq (0)f (z) with a damping function
f (z) = exp −

αωq z
∂ωq
∂qz

(17)

.

The amplitudes are damped exponentially during the
propagation which defines a frequency-dependent propagation
length
ξωq =

2a J 2 −

1
(1
2

+ α 2 )(ωq − 2dz ) − J

α(1 + α 2 )ωq

2

,

(18)

where we used γ = μs /. In the low anisotropy limit this
reduces to ξωq = λ/π α, where λ = 2π/q is the wavelength of
the magnons.
The total propagation length is then the weighted average
over all the excited frequencies. The minimal frequency is
defined by the dispersion relation with a frequency gap of
ωqmin = 2dz /[(1 + α 2 )]. For small frequencies above that
minimum the velocity is small, so the magnons are damped
within short distances. Due to the fact that the damping process
is also frequency dependent higher frequencies will also be
damped quickly. In the long wavelength limit the minimal
damping is at the frequency ωqmax ≈ 4dz /[(1 + α 2 )] which
can be determined by minimizing Eq. (17).
In a three-dimensional system, besides the z component of
the wave vector, also transverse components of the wave vector
have to be included. The damping of magnons with transverse
components of the wave vector is higher than described in
the one-dimensional case, because the additional transverse
propagation increases the propagation time. In our simulations
the cross section is very small, so that transverse components
of the wave vectors are very high and get damped quickly. This
fact and the high damping for high frequencies described in
Eq. (17) can explain the very strong damping at the beginning
of the propagation shown in Fig. 4.

q

Sy (z) =



V. FREQUENCIES AND DAMPING
OF PROPAGATING MAGNONS

q

In that case for the transverse component of the magnetization
one obtains



2
2
2
Sx (z) + Sy (z)  =
aq (z) ,
(15)
q

where mixed terms vanish upon time averaging. The magnon
accumulation can be written as


1 
2
m(z) =
aq (z) .
(16)
2 q
The amplitude aq (z) of a magnon decays exponentially as
seen in Eq. (10) dependent on the damping constant and the

In this section we investigate the frequency distribution
of the magnonic spin current while propagating away from
the temperature step. First we determine the frequencies of
the propagating magnons in our simulations with Fourier
transformation in time to verify our assumptions from the
last section. As before a system of 8 × 8 × 512 spins with a
temperature step in the center of the system is simulated with
an anisotropy of dz = 0.1J . The temperature of the heated area
is Tp1 = 0.1J /kB and the damping constant is α = 0.1. After
an initial relaxation to a steady state the frequency distribution
of the propagating magnons in the colder area is determined
by Fourier transformation in time of S ± (i) = Sx (i) ± iSy (i).
The frequency spectra are averaged over four points in the x-y
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FIG. 6. (Color online) Amplitude |S + (ωq )| versus the frequency
ωq for a system with 8 × 8 × 512 spins. (a) After propagation over
short distances from 1 to 20 lattice constants. (b) After propagation
over longer distances from 80 to 100 lattice constants.

FIG. 7. (Color online) (a) Wavelength λ and group velocity vq of
the magnons in a one-dimensional model dependent on the frequency
ωq . (b) Damping ratio as explained in the text versus the frequency
ωq for different distances  and compared to the damping function
[Eq. (17)].

plane and analyzed depending on the distance z of the plane
to the temperature step.
The results for small values of z are shown in Fig. 6(a) and
for higher values of z, far away from the temperature step, for
the regime of the exponential decay, in Fig. 6(b). For small
values of z, near the temperature step, the frequency range
of the propagating magnons is very broad. The minimum
frequency is given by ωqmin = 2dz /[(1 + α 2 )] and far away
from the temperature step the maximum peak is around
ωqmax = 4dz /[(1 + α 2 )]. These characteristic frequencies are
in agreement with our findings in Sec. IV.
Furthermore, a stronger damping for higher frequencies can
be observed. This effect corresponds to the strong damping of
magnons with wave-vector components transverse to the z
direction and it explains the higher initial damping, which was
seen in the magnon accumulation in Fig. 4. A much narrower
distribution propagates over longer distances and reaches the
area shown in Fig. 6(b). In that area the damping can be
described by one-dimensional propagation of the magnons
in z direction with a narrow frequency distribution around the
frequency with the lowest damping ωqmax = 4dz /[(1 + α 2 )].
The wavelength and the belonging group velocity of the
magnons depending on their frequency in the one-dimensional
analytical model are shown in Fig. 7(a). In the simulated
system magnons with the longest propagation length have
a wavelength of λ = 14a. Depending on the ratio dz /J the
wavelength increases for systems with lower anisotropy. As
discussed in the last section, magnons with smaller frequencies

are less damped in the time domain, but due to their smaller
velocity the magnons very close to the minimum frequency
also have a smaller propagation length.
To investigate the frequency-dependent damping process
during the propagation of the magnons we calculate the ratio
of the amplitude of the magnons |S + (ωq ,z)| for z = 80a
and z = 80a +  with  = 10a,20a,50a and normalize it
to a damping per propagation of one spin. The resulting
ratios [|S + (ωq ,z)|]/[|S + (ωq ,z − )|]1/ are shown in Fig. 7
in comparison with the frequency-dependent damping function [Eq. (17)]. The figure shows good agreement between
simulation and our analytical calculations.
These results explain the dependence of the magnon
propagation length on the model parameters. The frequency
with the maximal amplitude is determined by the anisotropy
constant. Under the assumption that the frequency with the
lowest damping is dominant and the contribution of other
frequencies can be neglected the propagation length can be
calculated as

a
J
ξ=
,
(19)
2α 2dz
where the square-root term is the domain wall width of the
model. This formula is also plotted in Fig. 5.
The comparison with our simulations shows good agreement though the equation above gives only the propagation
of those magnons with the smallest damping during the
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propagation. In the considered system with α = 0.1 and
dz = 0.1J we get a propagation length of about ξ = 11a at
a wavelength of the magnons λ = 14a. For smaller values of
the anisotropy and smaller damping parameters the frequency
distribution of the thermal magnons is broader and Eq. (19)
is an overestimation of the real propagation length since the
magnon accumulation is no longer exponentially decaying due
to the broader spectrum of propagating frequencies. However
we would expect for soft ferromagnetic insulators with a small
damping constant of 10−4 –10−3 and an anisotropy constant in
the range of 10−3 J –10−2 J a propagation length of 103 a–105 a
which would be in the micrometer range.

VI. SUMMARY AND DISCUSSION

Using the framework of an atomistic spin model we
describe thermally-induced magnon propagation in a model
containing a temperature step. The results give an impression
of the relevant length scale of the propagation of thermallyinduced exchange magnons and its dependence on system
parameters as the anisotropy, the exchange, and the damping
constant. In the heated area magnons with a broad frequency
distribution are generated and because of the very strong
damping for magnons with high frequency, especially those
with wave-vector components transverse to the propagation
direction in z direction, most of the induced magnons are
damped on shorter length scales. Behind this region of
strong damping near the temperature step, the propagation of
magnons is unidirectional and the magnon accumulation decays exponentially with the characteristic propagation length
ξ . This propagation length depends on the damping parameter
but also on system properties as the anisotropy of the system,
because of the dependence on the induced frequencies.
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In contrast to long-range magnetostatic spin waves, which
can propagate over distances of some millimeters [14,15],
we find that for exchange magnons the propagation length
is considerably shorter and expect from our findings for
soft ferromagnetic insulators with a low damping constant
a propagation length in the range of some micrometers for
those magnons close to the frequency gap and the lowest
damping. These findings will contribute to the understanding
of length-scale-dependent investigations of the spin Seebeck
effect [8,16–18].
Recent experiments investigate the longitudinal spin Seebeck effect, where the generated spin current longitudinal to
the applied temperature gradient is measured [19–22]. In this
configuration Kehlberger et al. show that the measured spin
current is dependent on the thickness of the YIG layer and
they observe a saturation of the spin current on a length scale
of 100 nm [16]. This saturation can be explained by the length
scale of the propagation of the thermally excited magnons.
Only those magnons reaching the YIG/Pt interface of the
sample contribute to the measured spin current and—as shown
here—exchange magnons thermally excited at larger distances
are damped before they can reach the interface. In this paper,
we focus on the propagation length of those magnons with
the lowest damping, however, the length scale of the magnon
accumulation at the end of a temperature gradient is dominated
by a broad range of magnons with higher frequencies which
are therefore damped on shorter length scales.
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