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Abstract

In this thesis we consider fundamental problems in relation to the development of a quantum computer. Early on, it was postulated by researchers
like Feynman and Deutsch that only a computer obeying quantum mechanical laws of physics would be efficient enough to simulate any physical system.
Since then much effort has been made to build devices that would allow to
coherently control a quantum two-level system or qubit (quantum bit), which
is the quantum counterpart of a classical bit. Although remarkable achievements have been made towards the ultimate goal of having a functional quantum computer, there are still several obstacles that must be overcome. One
of these is decoherence induced via the interaction of the quantum two-level
system with its environment.
Here, we focus on spin-based quantum computing. It was proposed to
confine electrons in electrically defined quantum dots and use their spin, a
natural quantum two-level system, to encode information. One of the major
problems with this approach is that if the quantum dot is made out of III-V
semiconductor materials, like GaAs (as it is often the case in experimental
implementations), then the spin of the electron interacts with the host nuclear
spins via hyperfine interactions. This undesirable interaction leads to fast
loss of coherence of the spin system turning it into a mere classical system.
However, the situation is not as hopeless as it appears, since it is possible to
increase coherence times by manipulating nuclear spins.
In chapter 2, we study a nuclear-state preparation scheme that increases
the coherence time of a two-spin qubit in a double quantum dot. The twoelectron system is tuned repeatedly across a singlet-triplet level-anticrossing
i

ii

with alternating slow and rapid sweeps of an external bias voltage. Using a
Landau-Zener-Stückelberg-Majorana (LZSM) model, we find that in addition
to a small nuclear polarization that weakly affects the electron spin coherence,
the slow sweeps are only partially adiabatic and lead to a weak nuclear spin
measurement and a nuclear-state narrowing which prolongs the electron spin
coherence. Based on our description of the weak measurement, we simulate
a system with up to n = 200 nuclear spins per dot.
In chapter 3, we theoretically demonstrate that nuclear spins can be harnessed to coherently control two-electron spin states in a double quantum
dot. Hyperfine interactions lead to an avoided crossing between the spin
singlet state and the ms = +1 triplet state, T+ . We show that a coherent
superposition of singlet and triplet states can be achieved using finite-time
Landau-Zener-Stückelberg-Majorana interferometry. In this system the coherent rotation rate is set by the Zeeman energy, resulting in ∼ 1 nanosecond
single-qubit rotations. We analyze the coherence of this spin qubit by considering the coupling to the nuclear spin bath and show that T2∗ ∼ 16 ns,
in good agreement with experimental data. Our analysis further demonstrates that efficient single qubit and two qubit control can be achieved using
Landau-Zener-Stückelberg-Majorana interferometry.
In chapter 4, we show that the concatenation of three linear pulses with
different rise times forming a fast-slow-fast sequence improves the adiabatic
transition in a Landau-Zener-Stückelberg-Majorana problem compared to the
traditional single linear pulse. We demonstrate that the developed method
allows to achieve better control over a singlet S - triplet T+ based qubit and
enables measurement of finite-time effects as predicted by a finite-time LZSM
model. While the manipulation times remain on nanosecond scales, the visibility of the oscillations is improved compared to what has been demonstrated
recently.
In chapter 5, we use the master equation formalism developed in chapter
4 to quantitatively compare experimental and theoretical results. Experimental values for the singlet energy and charge admixture coefficient as a
function of detuning are used to solve the master equation describing the
dynamics of the S - T+ system in the vicinity of the hyperfine mediated
anti-crossing. A good agreement between both is demonstrated for realistic
parameters describing relaxation and dephasing.
Finally, in chapter 6, we present preliminary results of a finite-time LandauZener-Stückelberg-Majorana theory in presence of noise. We hope to develop
a rigorous theory which aims at quantifying charge noise influencing the dynamics of two-spin states in double quantum dots. Although we instigate this
theory to explore the dynamics of a specific system, its general formulation
will in the end allow to apply it to a variety of systems.

Zusammenfassung

Diese Doktorarbeit befasst sich mit grundlegenden Problemen in der Entwicklung von Quantenrechnern. Wissenschaftler wie Feynman und Deutsch
postulierten schon in den Anfängen, dass nur Computer, deren Arbeitsweise
auf den Gesetzen der Quantenphysik basiert, in der Lage sind, ein beliebiges
physikalisches System effiziert zu simulieren. Seitdem wurde viel an der Herstellung eines Systems gearbeitet, das es erlauben würde, in kohärenter Weise
ein quantenmechanisches Zwei-Niveau-System oder Qubit (Quantenbit) zu
konstrollieren. Dabei ist das Qubit das quantenmechanische Gegenstück zum
klassischen Bit. Obwohl bemerkenswerte Ergebnisse auf dem Weg zu einem
funktionierenden Quantencomputer erzielt wurden, gibt es noch einige Hindernisse, die überwunden werden müssen. Eine davon ist die Dekohärenz aufgrund der Wechselwirkung des quantenmechanischen Zwei-Niveau-Systems
mit dessen Umgebung.
Diese Arbeit befasst sich mit Spin-basierten Quantencomputern. Es wurde dabei vorgeschlagen, Elektronen in elektrostatisch definierten Quantenpunkten einzusperren und deren Spin, welcher ein natürliches Zwei-NiveauSystem darstellt, zur Informationskodierung zu verwenden. Eines der grössten
Probleme bei diese Realisierung des Qubits ist, dass wenn die Quantenpunkte
aus III-V Halbleitern wie GaAs hergestellt werden (wie bei den meisten experimentellen Verwirklichungen), dann der Spin des Elektrons mit den Kernspins
im Gitter über die Hyperfeinstrukturwechselwirkung wechselwirkt. Diese
unerwünschte Wechselwirkung führt zu einem schnellen Kohärenzverlust des
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Spins und macht es zu einem klassischen System. Die Situation ist allerdings nicht so hoffnungslos wie sie zu sein scheint, weil es möglich ist, die
Kohärenzzeiten durch Manipulieren der Kernspins zu verlängern.
In Kapitel 2 wird ein Schema zur Präparation des Kernspinzustands untersucht, welches die Kohärenzzeit eines Zwei-Spin-Qubits in einem DoppelQuantenpunkt verlängert. Durch das abwechselnd langsame und schnelle
Durchfahren der angelegten Spannung, wird das Zwei-Elektronen-System
mehrmals durch eine vermiedene Kreuzung zwischen Singulett und Triplett
getrieben. Um das Sytem zu beschreiben, verwenden wir das Landau-ZenerStückelberg-Majorana-Modell (LZSM) und zeigen, dass außer einer kleinen
Kernspin-Polarisierung, welche die Elektron Spin-Kohärenz nur schwach beeinflusst, das langsame Durchfahren der Spannung nur zum Teil adiabatisch
ist und zu einer schwachen Messung des Kernspinzustands führt. Dies wiederum verringert die Breite der Verteilung der Kernspinzustände und verlängert
die Kohärenzzeit des Elektronspins. Wir simulieren ein System mit bis zu
n = 200 Kernspins pro Quantenpunkt unter Verwendung der von uns entwickelten Beschreibung der schwachen Messung.
In Kapitel 3 wird ein theoretisches Modell dargestellt, das zeigt, wie Kernspins zur kohärenten Kontrolle von Zwei-Spin-Zuständen in einem DoppelQuantenpunkt benutzt werden können. Die Hyperfeinstrukturwechselwirkung führt zu einer vermiedenen Kreuzung zwischen dem Singulett-Spinzustand und dem ms = +1 Triplett-Spinzustand T+ . Es wird gezeigt, dass eine
kohärente Überlagerung von Singulett- und Triplett-Zustand erzeugt werden kann unter Verwendung von LZSM Interferometrie für endliche Zeiten.
Die kohärente Rotationsrate ist in diesem System durch die Zeeman-Energie
gegeben, was zu Ein-Qubit-Rotationen von ∼ 1 ns führt. Wir untersuchen die
Kohärenz von diesem Spin-Qubit, wenn es an ein Kernspinensemble gekoppelt ist und zeigen, dass T2∗ ∼ 16 ns, was gut mit experimentellen Daten
übereinstimmt. Außerdem zeigen unsere Betrachtungen, dass eine effiziente
Kontrolle von Ein-Qubit und Zwei-Qubit-Systemen durch LZSM Interferometrie erreicht werden kann.
In Kapitel 4 wird gezeigt, dass eine Verkettung von drei linearen Pulsen
mit unterschiedlichen Aufstiegszeiten, welche eine schnell-langsam-schnell
Folge bildet, im Vergleich zum traditionellen, einzelnen linearen Puls den adiabatischen Übergang im Landau-Zener-Stückelberg-Majorana-Problem verbessern kann. Es wird gezeigt, dass die entwickelte Methode eine bessere
Kontrolle über das Singulett-Triplett (S-T+ ) Qubit erlaubt und die Messung
von Effekten ermöglicht, die vom LZSM-Model für endliche Zeit vorhergesagt werden. Während die Manipulationszeiten im Nanosekunden-Bereich
bleiben, verbessert sich die Sichtbarkeit der Oszillationen im Vergleich zu
kürzlich gezeigten Ergebnissen.

v

In Kapitel 5 wird die Beschreibung mit Hilfe einer Mastergleichung verwendet, die in Kapitel 4 entwickelt wurde, um die experimentellen und
theoretischen Ergebnisse quantitativ zu vergleichen. Die experimentell bestimmten Werte der Singulett-Energie und des Ladungszusatzkoeffizienten als
Funktion der Verstimmung werden benutzt, um die Mastergleichung zu lösen,
welche die Dynamik des S-T+ -Systems in der Nähe der vermieden Kreuzung
beschreibt, welche von der Hyperfeinstrukturwechselwirkung verursacht wird.
Eine gute Übereinstimmung zwischen den experimentell und theoretisch gewonnenen Ergebnissen wird erzielt, wenn realistische Parameter für Relaxations- und Dephasierungsraten verwendet werden.
Schließlich werden in Kapitel 6 die vorläufigen Ergebnisse der LandauZener-Stückelberg-Majorana-Theorie für endliche Zeiten in der Gegenwart
von Rauschen gezeigt. Wir hoffen darauf, eine rigorose Theorie entwickeln zu können, die den Einfluss des Ladungsrauschens auf die Dynamik des
Zwei-Spin-Zustands in Doppelquantenpunkten quantifiziert. Obwohl diese
Theorie auf ein spezifisches System angewendet wird, erlaubt ihre allgemeine
Formulierung die Anwendung auf eine Vielzahl weiterer Systeme.
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1
Introduction

It was theorized thirty years ago that only a physical system obeying
quantum laws of Nature would be efficient enough to simulate any physical
system [1, 2, 3]. In an era where innovative and faster technologies, which
are based on classical paradigms, facilitate our access to information and its
processing, it might be difficult to grasp such a concept. Actual developments
are intimately linked to the perfectionism of photolithographic methods allowing to pattern digital CMOS circuits with smaller half-pitch (half the
distance between identical features). According to the International Technology Roadmap for Semiconductors, the typical half-pitch for a memory cell
in 2011 is 22 nm. This technology node specifies NMOS transistors with a
physical length of 9 nm. However, there is a physical length that limits how
small a transistor can be scaled to neglect any quantum effect in electron
transport. In Ref. [4], a length limit of 5 mn beyond which the location of
an electron cannot be classically distinguished anymore was reported. But
there is not only a necessity to understand quantum phenomena to design
error proof classical systems, there is also an imperative in realizing reliable
information processing devices based on quantum mechanical laws to solve
problems that cannot be handled by a classical computer.
Even though the idea of quantum computing has already appeared three
decades ago, there are several hindrances that have to be overcome in order
to actually build a functional quantum device. In this thesis, we focus on
one of these obstacles, the nuclear spin problem. It has been, until not so
long ago, the main obstruction to the realization of a spin-based quantum
computer in certain semiconductor devices. Interestingly, it has turned out
that gaining deeper understanding on nuclear spin dynamics in solids revealed
their unexpected potential to achieve fast quantum control of electron spins.
1
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We start this thesis by discussing in more detail what is meant by quantum information. We then consider the seminal work that has postulated
the spin of an electron trapped in a quantum dot as a system for quantum
information, and present the main physical mechanism preventing the later
to become a viable device. We finally introduce the necessary physical concepts that have allowed the implementation of quantum control of electron
spins.

1.1

Quantum information

Computers, like any other automaton, are nowadays based on classical
laws of physics. For instance, an elementary building block of classical information, which is called bit (binary digit), can only be in a given state out
of two. These are generally denoted 0 and 1. An example of physical device
would be a system consisting of two wells separated by an energy barrier in
which a carrier (electron) is trapped. This system can be considered a switch
with two distinguishable states if the tunneling probability of the carrier is
very low. In this example, the 0 state corresponds to a zero probability of
transition between the wells whereas the 1 state to a transition taking place
with certainty. Control over the states of the switch can be achieved by
lowering the energy barrier between the wells. This basic control allows to
design specific algorithms to solve a given problem by physically manipulating the states of the bit. This is the basic task of a CPU (central processing
unit) of a computer, which processes information encoded in a register of
bits by realizing a series of operations, called logical gates. At the end of the
computation the state of the register is changed, and contains the solution
of a given problem. The fact that all algorithms can be implemented results
from the condition that classical information can be copied and distributed
along with the existence of universal gate, e.g. the NAND gate.
In spite of the success of classical information, some problems have remained intractable for a classical computer. To understand what “intractable”
means in this context, let us associate an execution time to a logical gate. By
doing so, it is possible to study the total time needed to solve a problem as
a function of the size of the initial register (the n bits needed to encode the
initial information). If the total execution time is upper-bounded by some
polynomial in n, then the designed algorithm to solve a specific problem is
called efficient or tractable. The factorization of a number into prime numbers is an example of a problem that cannot be efficiently solved by using
a classical computer, since there is no algorithm scaling polynomially yet.
This is why public key cryptosystems rely on the RSA [5] scheme to secure
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private communications.
Coincidently, the question arising shortly after the advent of RSA was to
know if a classical computer could simulate any physical system efficiently.
Researchers such as Deutsch and Feynman were convinced that this was not
possible, and that only a quantum computer could achieve this [1, 2, 3].
This postulate was based on the fact that the physical world cannot alone be
described by classical physics only; to fully explain some observed phenomena
it is necessary to use another physical language: quantum mechanics. This
became clear at the time when one of the most controversial properties of
Nature, entanglement [6, 7], was experimentally observed [8]. Shor, finally,
demonstrated the existence of a quantum algorithm able to factorize large
integers in polynomial time [9].
In turn, the concept of decoherence, which explains why the physical
world we experience is governed by classical laws of physics, has become
important. It has been understood that a quantum system interacting with
an environment loses his fundamental properties, like coherence, and behaves
like a classical system. We will see later on that decoherence is also preventing
the achievement of a quantum computer.
Although the idea of a quantum computer is almost thirty years old,
it was only ten years ago that the criteria for its implementation, known
as the five DiVincenzo criteria [10], were formally stated. They represent
fundamental requirements a physical system must fulfill to achieve quantum
computing.

1.1.1

DiVincenzo criteria for scalable quantum computing

The first prerequisite expresses the need to have a scalable physical system
with well defined qubits. The qubit (quantum bit) is the elementary building
block to process quantum information. Although possessing two fundamental
states (levels), the qubit, unlike its classical counter part, can be in any
superposition state
|ψ⟩ = α|0⟩ + β|1⟩.
(1.1.1)
It is this feature that renders quantum algorithms so efficient. Here α and β
are any complex numbers, the amplitudes of states |0⟩ and |1⟩, obeying the
fundamental relation |α|2 + |β|2 = 1. According to Born’s rule, |α|2 is the
probability that the qubit has to be in state |0⟩ while |β|2 is the probability to
be in sate |1⟩. In addition to have a physical system defining a qubit, it is also
necessary to understand which mechanisms influence its dynamics, including
the joint dynamics of coupled qubits as well as the dynamics induced by the

4
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Figure 1.1: Blochsphere representation of a qubit. By mapping the north
pole to |0⟩ and the south pole to |1⟩, then Eq. (1.1.1) can be written as
|ψ⟩ = cos(θ/2) + e−iφ sin(θ/2)|1⟩.
environment. Finally, scalability implies that it must be possible to use a
large number of identical qubits in a quantum computer.
The second requirement asks for the ability to initialize the state of the
qubits to a simple fiducial state. This is equivalent to knowing the initial state
with which a computation is starting, for example |00 · · · 0⟩. Although this
seems to be a triviality, it hides the necessity to quickly initialize the register
in order to be able to perform quantum error correction. It was proposed
in Ref. [10] to use a qubit replacement scheme, taking the qubit in need to
be initialized away from the computational register and replacing it by an
initialized one, if fast initialization is not available.
The third prerequisite demands long relevant decoherence times, much
longer than the gate operation time. We have already mentioned the effect
on a quantum system due to its coupling with the environment: it ultimately
becomes a classical system. However, the time needed for a quantum system
to lose its coherence (decoherence time) is not what determines the duration
of a quantum computation, but the time needed for quantum error correction.
It is indeed possible to correct errors due to decoherence or imperfect gates
by encoding information into logical qubits (a qubit made out of several
others) instead of single qubits. However, there is an accuracy threshold
limiting the error probability per gate with typical values comprised between
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10−5 − 10−3 [11, 12]. This implies that decoherence times must be a hundred
to a thousand times longer than gating times.
The fourth requirement formulates a concept also known for classical information; the need of a universal set of quantum gates in order to implement
any algorithm. It turns out that universal quantum computation can be performed e.g. by means of single qubit gates and the two-qubit gate CNOT
(controlled NOT) [13].
The last criterion requires the ability of a qubit-specific measurement capability. This is not only needed to reveal the outcome of an algorithm, but
to check the steps of quantum error correction.
Among the different proposals to implement quantum computation devices and showing how to physically realize the DiVincenzo criteria, there is
one that can be considered as being the origin of this thesis. For this reason, we would like to present in the following the Loss-DiVincenzo spin-qubit
proposal for universal quantum computation [14].

1.1.2

Loss-DiVincenzo proposal

The physical system chosen to encode a qubit is the spin of an electron confined in an electrically gated semiconductor quantum dot (see Chapter 1.2). The computational basis states are mapped to the spin states according to |0⟩ ≡ | ↑⟩ and |1⟩ ≡ | ↓⟩, where the quantization axis is chosen
along the direction of the external magnetic field B. An array of quantum
dots, with one qubit per dot, would constitute a scalable quantum computer
since it is possible to achieve local operations through exchange coupling.
Moreover, since the coupling among qubits can be tuned by external gates to
allow only two adjacent spins to couple at a time, the physics of the system is
reduced to the case of single and double quantum dots. Initialization of the
quantum register was proposed to be realized at low temperatures T and in
the presence of an external magnetic B field whose magnitude should fulfill
|gµB B| ≫ kB T , where g is the Landé g-factor, µB the Bohr magneton, and kB
the Boltzmann constant. The idea was to let the spins reach their thermodynamic equilibrium, ≈ | ↑⟩. The method being potentially slow to reinitialize
a qubit, the authors of Ref. [14] also proposed to use spin-polarized currents
for initialization.
The realization of single-qubit gate operations was proposed to be done
by varying the Zeeman splitting individually in each dot, which can be done
by generating magnetic field gradients [15, 16], engineering the g-factor [17],
or including magnetic layers [18]. Two-qubit gates are realized by pulsing
external gates defining the electrostatic barrier between neighboring qubits.
The idea being to achieve a considerable overlap between the wave functions
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Figure 1.2: Loss-Divincezo quantum dots array for spin-based quantum computation. The top gates are used to form quantum dots and to control the
exchange interaction between two neighboring quantum dots.
of both electrons in order to obtain a Heisenberg exchange coupling J between the spins. In these conditions, the dynamics of the system is described
through the Hamiltonian
H(t) = J(t)S 1 · S 2 ,
which defines the unitary evolution operator
[
]
∫
i tg
U =T −
dt H(t) .
ℏ 0

(1.1.2)

(1.1.3)

Here, have supposed the interaction to ∫last for a time tg , and T is the timeordering operator. If tg is such that dt J(t)/ℏ = J0 tg /ℏ = π, then the
action of U results in the exchange of the spin states. In computer science
language, this is known as SWAP gate. More interesting is the gate√resulting
from a gating time equal to tg /2, known as square-root of swap SWAP ,
which allows in combination with single-qubit gates to realize the CNOT
gate [14],
π z
π z√
z√
UCNOT = ei 2 S1 e−i 2 S2 SWAP eiπS1 SWAP .
(1.1.4)
This construction of the CNOT gate also demonstrates that universal quantum computing can be achieve with single-qubit gates and a two-qubit gate,
which is not
√ necessary a CNOT but equivalent up to single gate operations.
While the SWAP has been experimentally realized [19], there is yet no direct implementation of a CNOT gate based only on the exchange interaction.
There are however a few physical constraints on Eq. (1.1.2) such that it describes accurately the double dot system. The thermal energy kB T must be
smaller than the level spacing ∆E between the ground state orbital and the
excited state orbital such that it cannot constitute an efficient mechanism
to mediate transitions among orbital levels. Another mechanism that could
induced orbital excitation is a sudden change of the gate potentials, it is thus
required that tg ≫ ∆E/ℏ.
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Since the Loss-DiVincenzo proposal for quantum computing, much progress, resulting from breakthrough experiments and deeper theoretical understanding, has been made. A review presenting most of the latest achievements in GaAs quantum dots, but also alternative proposals for quantum
computing can be consulted in Ref. [20].

1.2

Quantum dots

A quantum dot is a zero-dimensional structure that can be filled with
electrons or holes that will occupy the discrete levels of the system. Usually,
the dot is coupled to electron reservoirs via tunnel barriers. These tunnel
contacts allow electrons to tunnel on and off the dot at a rate which can
be controlled via gate electrodes capacitively coupled to the system. The
electric gates can also be used to tune the electrostatic potential of the dot
with respect to the reservoirs.
There are two physical effects that govern the electronic properties of
quantum dots. A three-dimensional confinement inducing the zero-dimensionality of the system and characterized by a discrete energy spectrum,
which belongs to discrete quantum states. For this reason, it is common to
call quantum dots artificial atoms [21]. The second effect originates from
the Coulomb interaction between electrons filling the dot, which leads to an
energy cost to put an extra electron inside of the dot. This phenomenon
allows to precisely control the number of electrons occupying the dot, since
it suppresses tunneling from or to the reservoirs at low temperature. Because
of its physical origin, this is referred to as Coulomb blockade [22, 23].
Since we would like to focus on the double quantum system, which is
the physical system studied throughout this dissertation, we will not discuss
spin phenomena associated to single quantum dots. A review can be found
in Ref. [24].

1.2.1

The double quantum dot system

The Hamiltonian describing confined electrons in a double quantum dot
defined in a two-dimensional electron gas (2DEG) in the presence of a magnetic field perpendicular to the 2DEG plane is given by
Section 1.2.1 is adapted from a chapter written by H. Ribeiro and G. Burkard in
quantum dots : optics, electron transport and future applications, in press.

8

Chapter 1. Introduction

)
)
∑ (
∑ †
∑( †
1 ∗
†
†
H0 =
εi + g µB σ ciσ ciσ + u
ci↑ ci↑ ci↓ ci↓ + τ
c1σ c2σ + h.c. .
2
σ
i=1,2
i
σ=↑, ↓

(1.2.1)
The indices i = 1, 2 and σ =↑, ↓≡ ±1 label the dot number and spin,
respectively. The operators ciσ and c†iσ annihilate and create an electron in
dot i with spin σ, g ∗ denotes the effective Landé g-factor. The first term
of H0 accounts for the single-particle energy of the confined electrons in the
presence of a magnetic field, the second for the intra-dot Coulomb energy
u when two electrons occupy the same quantum dots, and the last for the
electron tunneling with strength τ between the dots.
In most recent experiments the double quantum dot system is operated
in a regime with at most two electrons, which is achieved by tuning external
gate voltages to adjust the confinement potential and the chemical potential of the leads, thus we first concentrate on the states with exactly two
electrons. The projection of Eq. (1.2.1) into the subspace spanned by the
charge configurations (0, 2), (2, 0), and (1, 1) and its diagonalization leads to
six low-energy states. There are three superposition states of singlets S(0, 2),
S(2, 0), and S(1, 1) and three triplet states T0 (1, 1), T+ (1, 1), and T− (1, 1),
where (l, r) denotes the number of electrons in the left and right dot. The
triplet states with two particles in the same dot must have electrons occupying different orbitals levels (Pauli principle). Consequently their energies are
much higher than the low-energy states and they can be safely neglected in
the following discussions.
The degeneracy between the spin singlet S and spin triplet T0 is lifted due
to the exchange interaction√(1.1.2) [15], which has been used in these systems
to generate the necessary SWAP [19] for universal quantum computation
with spins confined in quantum dots (see Eq. (1.1.4)). The degeneracy of the
singlets S(1, 1) and S(2, 0) at ε = u, as well as between S(1, 1) and S(0, 2)

Figure 1.3: Schematic representation of a double quantum dot systems with
electrons in a (1, 1) charge configuration.
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Figure 1.4: Low-energy levels of a double quantum dot system as a function
of the detuning ε = ε1 − ε2 obtained after diagonalizing the projection of
Hamiltonian Eq. (1.2.1) onto the relevant charge states (0, 2), (2, 0), and
(1, 1).

at√ε = −u, is lifted due to tunneling and results in an energy difference of
2 2 τ . We have defined the detuning ε of the double quantum dot system
as ε = ε1 − ε2 . As already mentioned, it can be adjusted by modifying the
voltage of the electric gates build on top of the system. In Fig. 1.4 we present
the energy levels as a function of ε as obtained from the diagonalization of
Eq. (1.2.1) for the relevant spin states.
We have observed earlier how important Coulomb blockade was, since it
makes possible to control exactly the number of electrons inside of the dot.
Another equally important physical process can be observed in the double
quantum dot system when operated in the transport regime [25]. Let us
consider the transport cycle (0, 1) → (1, 1) → (0, 2) → (0, 1), which has been
experimentally realized e.g. in [26] and theoretically studied e.g. in [27]. The
first and last processes are incoherent tunnel transitions from and to the leads
respectively. The process of interest is the coherent transition (1, 1) → (0, 2)
due to the tunnel coupling between the dots. Such a transition can only occur
if the (1, 1) state is the singlet S(1, 1), assuming that tunneling preserves
the spin and the only available spin state with a (0, 2) charge configuration
is the singlet S(0, 2). If the system is in any (1, 1)-triplet state, there is
no transition possible to the final (0, 2) state and thus no current can flow
through the double quantum dot. This mechanism, known as spin blockade
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or Pauli blockade [25], has allowed to develop a scheme to measure the spin
states of the double quantum dot via a charge-to-spin conversion.
This type of measurement is used to probe the final state of the system
in any gate-pulsed experiment, independently of what is to be achieved [28,
29, 30, 19, 31, 16, 32]. These experiments present common steps that can be
depicted as follows: preparation of singlet S(0, 2), detune the system to the
(1, 1) region, allow for time evolution, pulse back the system to (0, 2), measure
charge state. Because of the spin blockade mechanism, a measurement of the
charge of the right dot via a quantum point contact allows to know the final
spin state. A (1, 1) charge configuration indicates a triplet state, since the
system remains blocked in (1, 1) during the bring-back pulse, whereas a (0, 2)
charge state corresponds to a singlet state.
Even though the reasoning we have used to describe spin blockade is correct, it does not correspond to the experimentally observed average current,
which is non-zero when the applied external magnetic field does not exceed
≈ 10 mT (in GaAs double quantum dots). The leakage current arises from
the mixing of the triplet states with the singlet states due to the contact
hyperfine interaction of the electron spin with the nuclear spins, which was
omitted in our previous attempt of an explanation. The hyperfine interaction plays a major role in the dynamics of spins confined in semiconductor
quantum dots. It is the main source of decoherence for spin based qubits
confined in quantum dots.

1.3

Magnetic hyperfine Hamiltonian

We have discussed earlier that quantum dots are interesting for quantum
information processing, their physical properties allowing to confine single
electrons. But, as any other physical system, quantum dots possess an environment with which the confined electron spin interacts. This unavoidable
interaction constitutes a source of decoherence for the qubit. For quantum
dots made out of III-V semiconductors, there are two important mechanisms
that affect the dynamics of the confined spin, one being spin-orbit mediated
phonon relaxation and the other hyperfine interactions with the host material nuclear spins. The latter being the main source of decoherence in these
systems, we review in this section the origin of hyperfine interactions, and
how effective Hamiltonians can be derived for nano-structures such as quantum dots. Finally, we consider a physical realization of a spin qubit, namely
the S-T0 qubit, for which the interaction with the nuclear spins leads to fast
decoherence of the spin system.
There are two possible approaches to obtain an expression for the hy-
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perfine Hamiltonian, a non-relativistic derivation whose advantage lies in its
treatment of the coupling between an electronic spin and a nuclear spin,
which is interpreted as a coupling between magnetic moments. Although
conceptually satisfying, this approach requires to compute the magnetic field
associated to a proton of radius ρ0 , and then take the limit ρ0 → 0. Although this last step can be justified, it can be considered as artificial. The
second approach is a relativistic approach that starts with the Dirac equation. The hyperfine interaction being a relativistic phenomenon, the result
emerges naturally from the calculations, but it does not stimulate an intuitive understanding of the coupled dynamics of the spin system. For these
reasons, we decided to present both derivations. Extended discussions of
the non-relativistic derivation can be found in [33, 34], while a relativistic
derivation is presented in [35, 36].

1.3.1

Non-relativistic derivation

We consider as a heuristic guide the hydrogen atom, or the coupling
between one nuclear spin and one electron spin. The dynamics of the electron
with spin is described through the Hamiltonian
H=

1
µB
(p − qAn (r))2 + qU (r) − g S · ∇ × An (r),
2me
ℏ

(1.3.1)

where r, p, and S are respectively the position, momentum and spin operator
of the electron with mass me and charge q, g is the Landé factor, and µB is
the Bohr magneton. The quantity ∇ × An (r) = B n (r) is the magnetic field
produced by the proton. Since the hyperfine interaction is a small correction
to the hydrogen atom Hamiltonian, the terms proportional to A2n (r) can be
safely ignored, and we obtain
Hhf = −

q
µB
(p · An (r) + An (r) · p) − g S · ∇ × An (r).
2me
ℏ

(1.3.2)

The vector potential An (r) can be expressed using the magnetic dipole moment M n of the proton
An (r) =

µ0 M n × r
.
4π
r3

(1.3.3)

We start by computing the expression of the first term of Eq. (1.3.2) after
replacing An (r) by Eq. (1.3.3). We have
)
(
1
µ0
1
p · An (r) + An (r) · p =
p · (M n × r) 3 + 3 (M n × r) · p . (1.3.4)
4π
r
r
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We can develop Eq. (1.3.4) using the fundamental equation for a mixed vector
product. But since we are dealing with vector operators, we have to be
careful to not change the order of non-commuting operators. Moreover, since
[L, 1/r3 ] = 0, we can write
1
L · Mn
1
(M n × r) · p = p · (M n × r) 3 =
,
3
r
r
r3

(1.3.5)

where we used the definition of the angular momentum operator L = r × p.
The first term of Eq. (1.3.2) becomes after substitution
L
Hhf
=−

µ0 q M n · L
µ0 gµB M n · L
g
g
=−
= − M n · BL.
3
3
4π 2me
r
4π ℏ
r
2

(1.3.6)

This term is referred to as nuclear-orbital interaction and it describes the
interaction between the nuclear magnetic moment M n with the magnetic
field B L originating from the motion of the electron.
The second term of Eq. (1.3.2) describes the coupling of the magnetic
moment associated to the electron spin with the effective magnetic field generated by the nuclear spin. We derive in the following an expression for
B n (r) = ∇ × An (r). Since the vector potential defined in Eq. (1.3.3) is ill
behaved when r → 0, we assume the proton to have a radius ρ0 and take the
limit ρ0 → 0 at the end of the derivation.
For r > ρ0 , B n (r) can be calculated by evaluating the curl of Eq. (1.3.3).
By choosing a coordinate system such that M n = Mn ez , we find for the
components of B n (r)
µ0
xz
Bnx =
3Mn 5 ,
4π
r
µ0
yz
y
Bn =
3Mn 5 ,
(1.3.7)
4π
r
µ0
3z 2 − r2
Bnz =
Mn
.
4π
r5
For r ≤ ρ0 , we can use Gauss’s
∮ law for magnetism, the magnetic flux
through a closed surface is zero, ∂V B · dS = 0, to derive an expression of
the magnetic field B i = Bi ez “inside” of the proton, and which is assumed
uniform. The orientation of B i must be for symmetry reasons parallel to M n .
By choosing the closed surface formed by the intersection of the xy-plane and
a hemisphere of infinite radius centered at the origin we have
Φhsp + Φxy = 0.

(1.3.8)

The flux through the hemisphere of infinite radius is zero since |B n | ∝ 1/r3 ,
we are then left with the flux through the xy-plane which can be decomposed

13

1.3. Magnetic hyperfine Hamiltonian

into the sum of a flux Φi (ρ0 ) through a disk of radius ρ0 and a flux Φe (ρ0 )
through the rest of the plane. Using Eqs. (1.3.7), it is straightforward to
evaluate Φe ,
)
(
∫ 2π
∫ ∞
1
µ0
2π
µ0
(1.3.9)
Φe (ρ0 ) =
dθ
dr r − Mn 3 = − Mn .
4π
r
4π
ρ0
0
ρ0
As for the flux Φi (ρ0 ) associated to B i , we get
Φi (ρ0 ) = πρ20 Bi .

(1.3.10)

From Eqs. (1.3.8), (1.3.9), and (1.3.10) we find
Bi =

µ0
2
Mn 3 .
4π
ρ0

(1.3.11)

The contribution originating from the external magnetic field of the proton given by Eq. (1.3.7) results in the effective Hamiltonian,
(
)
µ0 gµB 1
(S · r)(M n · r)
dip
Hhf =
S · Mn − 3
,
(1.3.12)
4π ℏ r3
r2
which is obtained by substituting Eq. (1.3.7) into the second term of the
Hamiltonian Eq. (1.3.2). The resulting operator is known as hyperfine dipoledipole Hamiltonian. It describes the interaction between the nuclear and
electronic spin magnetic moments.
In order to find the contribution coming form the internal magnetic field
B i Eq. (1.3.11), we compute the matrix elements of the term −(gµB /ℏ)S · B i
using as a basis the eigenstates {|φk,l,m,s ⟩} of the hydrogen atom Hamiltonian,
gµB
⟨φk,l,m,s |S · B i |φk′ ,l′ ,m′ ,s′ ⟩ =
ℏ
∫ ∫ ρ0
µ0 gµB Mn
′ 2
−
⟨s|Sz |s ⟩ 3
dΩ dr φ∗k,l,m (r)φk′ ,l′ ,m′ (r)
4π ℏ
ρ0 Ω 0
8π
µ0 gµB Mn
⟨s|Sz |s′ ⟩ φ∗k,l,m (0)φk′ ,l′ ,m′ (0).
≃−
4π ℏ
3
−

(1.3.13)

Since the dimensions of the proton are much smaller than the Bohr radius
a0 , characterising the extent of the electronic wave function, it is possible
to consider the proton as a point particle, and consequently take the limit
ρ0 → 0, which leads to the final step in Eq. (1.3.13). Finally, we can write
the contact hyperfine Hamiltonian as
c
=−
Hhf

µ0 8π gµB
M n · Sδ(r).
4π 3 ℏ

(1.3.14)
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This form is equivalent to the one obtained in Eq. (1.3.13), since its matrix
elements are the same.
By combining the differently derived contribution from Eqs. (1.3.6), (1.3.12),
and (1.3.14) and writing the dipole moment of the nuclear spin as
Mn =

gn µn
I,
ℏ

(1.3.15)

where gn and µn are respectively the nuclear Landé factor and magneton, and
I the nuclear spin operator. We arrive at the expression for the hyperfine
Hamiltonian,
µ0 gµB gn µn
Hhf = −
4πℏ2

(

)
I ·L
(I · r)(S · r) I · S 8π
+3
− 3 +
I · Sδ(r) .
r3
r5
r
3
(1.3.16)

We have derived the hyperfine Hamiltonian by considering the hydrogen
atom model to which we have added the magnetic coupling between the spins
of the electron and proton, which has a spin-1/2. This property, although
not mention earlier, allows to express the vector potential Eq. (1.3.3) using
only the magnetic dipole moment of the proton, since all other higher multipole terms are identically equal zero. This raises the question of validity
of Hamitlonian Eq. (1.3.16) for a spin I > 1/2. Let us first consider the
case I = 1. The multipole expansion has an additional term called electric
quadrupole moment. As it name suggests, this term generates an electrical
interaction that does not directly affect the spin of the electron, but its orbitals only. If I > 1, there can be several more electric moments, which only
act on orbitals, and several more magnetic moments, which act on both spin
and orbitals. Although these contributions are present in a physical system,
they represent corrections that are small compared to the magnetic dipole
moment and electric quadrupole moment, and thus can be safely neglected.
We have obtained the expression Eq. (1.3.16) by regarding the effect of the
proton spin as an effective magnetic field. It is important to mention that our
choice for B(r) is not unique and more complicated forms yield the same
result. The fundamental physical argument for all these derivations being
that the spatial extension of the proton is smaller than the Bohr radius a0 .
It is however possible to derive the same expression for the hyperfine
Hamiltonian without making any considerations about the magnetic field
associated to the proton. In order to do so, one has to consider the Dirac
equation for a relativistic electron.
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Relativistic derivation

The Dirac Hamiltonian for a relativistic electron is given by
HD = cα · π + βmc2 − |e| V (r),

(1.3.17)

where m is the rest mass of the electron, − |e| its charge, V (r) is the electric
potential due to the nucleus, π = p + (|e| /c)An , with An the nuclear vector
potential, α is a vector of gamma matrices and β = γ0 ,
(
)
(
)
0 σ
1 0
α=
, β = γ0 =
.
(1.3.18)
σ 0
0 −1
The Dirac equation for a particle with energy E = ϵ + mc2 , reads
HD Ψ = EΨ,

(1.3.19)

where Ψ is a four-component spinor which we decompose into two twocomponent spinors ψ1 and ψ2 . This decomposition leads to a pair of coupled
linear equations
(ϵ + |e| V (r))ψ1 − σ · πψ2 = 0,
−σ · πψ1 + (ϵ + 2mc2 + |e| V (r))ψ2 = 0.

(1.3.20)
(1.3.21)

This system of equations can be rearranged into an eigenvalue problem for
ψ2 ,
H2 ψ2 = ϵψ2 ,
(1.3.22)
where H2 contains terms depending on the nuclear spin through An , and on
the electronic spin through σ. These are the different contributions to the
hyperfine Hamiltonian and there is an additional term corresponding to the
spin-orbit interaction. We have
2 |e| c
An · p,
(ϵ + 2mc2 + |e| V (r))2
|e| ℏc
dip
Hhf
=
(∇ × An ) · σ,
ε + 2mc2 + |e| V (r)
e2 ℏc
c
=
Hhf
(E × An ) · σ,
(ϵ + 2mc2 + |e| V (r))2
L
Hhf
=

(1.3.23)
(1.3.24)
(1.3.25)

and the spin-orbit Hamiltonian is given by
HS0

ℏ |e| c2
=
(E × p) · σ.
(ϵ + 2mc2 + |e| V (r))2

(1.3.26)
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Here, E is the electric field generated by the nucleus,
E = −∇V (r)
1 Z |e|
=∇
4πϵ0 r
Z |e| r
,
=
4πϵ0 r3

(1.3.27)

where Z |e| is the nuclear charge.
It is possible to bring the different hyperfine contributions to identical
forms as the ones derived in the previous section. We show the general
method for the contact term, a similar approach being applicable to the
dipole-dipole and nuclear-orbital Hamiltonian. We introduce in Eq. (1.3.25)
the expressions for E and V (r) given by Eq. (1.3.27) and the vector potential
An defined in Eq. (1.3.3) and make use of the triple-product formula a ×
(b × c) = b(a · c) − a(b · c) to obtain
(
)
σ · M n − (σ · r̂)(M n · r̂)
µ0
Z |e|3 ℏc
c
Hhf =
. (1.3.28)
(
)2
16π 2 ϵ0
r4
Ze2
2
ϵ + 2mc + 4πϵ0 r
By omitting relativistic corrections to the electron rest mass, ϵ ≪ mc2 , and
defining the length scale d = Ze2 /(8πϵ0 mc2 ) ≃ 1.5 × 10−15 Zm, the contact
hyperfine Hamiltonian becomes
(
)
σ · M n − (σ · r̂)(M n · r̂)
µ0 µB
d
c
Hhf =
.
(1.3.29)
4π (1 + dr )2
r4
The matrix elements of Eq. (1.3.29) with respect to wave functions φi (r) and
φj (r) are given by
∫
∫ ∞
µ0 µB
d
c
dΩ
⟨φi |Hhf |φj ⟩ =
dr
f (r),
(1.3.30)
4π Ω
(r + d)2
0
where we have defined
f (r) = ϕ∗i (r) [σ · M n − (σ · r̂)(M n · r̂)] ϕj (r).

(1.3.31)

Since the radial integral is dominated by the region r ≲ d, we can approximate f (r) by its value at the origin such that
∫
∫ ∞
µ0 µB
d
c
⟨φi |Hhf |φj ⟩ ≃
f (0) dΩ
dr
4π
(r + d)2
Ω
0
(1.3.32)
µ0 µB
=
σ · M n f (0).
3
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By replacing σ by gS/ℏ and M n by Eq. (1.3.15), and introducing the projector |r = 0⟩⟨r = 0| = δ(r), we arrive at 1
2
c
Hhf
= µ0 gµB gn µn S · Iδ(r).
(1.3.33)
3

1.3.3

Hyperfine interactions in quantum dots

This section shows how to extend the hyperfine Hamiltonian derived previously to the case of many nuclei. For completeness, we present a generalization of all terms, however, we extend discussions of the contact term
which plays a major role in quantum dots whose electronic wave functions
are s-type. The generalization Eq. (1.3.16) to the case of many electrons and
nuclei can be obtained by summing over all the electrons and nuclei. Here
we consider only the coupling of an electron spin to many nuclear spins, as
it is the case in quantum dots.
The nuclear-orbital interaction becomes
Lk · I k
µ0 gµB ∑
orb
gjk µjk
,
(1.3.34)
Hhf
=−
2
4πℏ k
|r − r k |3
where the sum runs over all the nuclear spins and the index k labels the
atomic sites. I k is the spin operator of the k-th nucleus and Lk = (r −r k )×p
describes the electron orbital angular momentum at the nuclear site r k . The
nuclear magneton and Landé factor are written with an index jk , which labels
the nuclear species at site k.
The nuclear-orbital interaction only plays an important role in the dynamics when the electron has a nonzero angular momentum. This typically
happens when the electron (or hole) occupies a p-type valence band [37, 38,
39, 40].
The anisotropic hyperfine (dipole-dipole) interaction is best written as
∫
∑
a
Hhf =
dr
S T (r) · T k (r) · I k ,
(1.3.35)
k

where the tensor T k (r) is defined component-wise by
(
)
µ0 gµB gjk µjk
−δab
(ra − rka )(rb − rkb )
ab
Tk (r) = −
+3
,
4πℏ2
|r − r k |3
|r − r k |5
1

(1.3.36)

There is sign difference between the contact hyperfine Hamiltonian derived in this
section and the one given by Eq. (1.3.14). This difference comes from the definition of the
Bohr magneton used in Ref. [33] and which reads µB = qℏ/2me , where q is the negative
charge of the electron. This also explains the sign in front of the magnetic Hamiltonian in
Eq. (1.3.1). From now on, we use the standard definition µB = |q| ℏ/2me .
Section 1.3.3 is adapted from a chapter written by H. Ribeiro and G. Burkard in
quantum dots : optics, electron transport and future applications, in press.
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where a, b ∈ {x, y, z} and we have introduced the electron spin density
operator
1 ∑
S(r) =
ψ † (r)σ ss′ ψs′ (r),
(1.3.37)
2 s, s′ =↑, ↓ s

∑
written in terms of field operators ψs (r) = l φl (r)cl, s , with cl, s the annihilation operator of an electron with spin s and single-particle orbital φl (r),
and σ ss′ = ⟨s|σ|s′ ⟩.
The anisotropic hyperfine Hamiltonian, along with the orbital hyperfine
Hamiltonian, constitute the main interactions between the spin of electrons
occupying a p-orbital and a nuclear spin. They are also the relevant interactions for electrons occupying the π-orbital of graphene and carbon nanotubes [41, 42].
The remaining term, the hyperfine contact interaction, plays a major role
in the dynamics of materials where the electron occupies a s-type orbital.
This interaction is responsible for the loss of coherence of a conduction band
electron-spin confined in GaAs quantum dots [15, 43, 44, 45, 46, 19], as well
as for the leakage current in transport experiments in double quantum dots
setups [26, 27].
The generalization to many nuclear spins is obtained by substituting the
spin operator in Eq. (1.3.16) by the spin density operator in Eq. (1.3.37) and
summing over all nuclei, which yields
c
Hhf
=

8π µ0 gµB ∑
gj µj S(r k ) · I k .
3 4πℏ2 k k k

(1.3.38)

Since a confined electron in a III-V semiconductor quantum dot consists of s-wave atomic orbitals, an effective spin Hamiltonian describing the
coupling between one electron spin and many nuclear spins can be derived
from Eq. (1.3.38). This is possible if the electron orbital levels are such
that ∆E orb ≫ kB T, ⟨Hhf ⟩, where ⟨Hhf ⟩ denotes the magnitude of the hyperfine coupling. The condition ∆E orb ≫ kB T is fulfilled at low temperatures where the wave function of a single electron can be expressed in the
√
envelope-function approximation as φ0 (r) = ν0 u(r)ψ0 (r), when neglecting any possible valley degeneracy. Here ν0 is the atomic volume, u(r) is
the k = 0 Bloch amplitude, and ψ0 (r) is the ground-state envelope function.
The projection of Eq. (1.3.38) onto the orbital ground-state φ0 (r) provides
the effective spin Hamiltonian
c
c
Heff,
hf = ⟨φ0 |Hhf |φ0 ⟩ =

∑
k

Ak S · I k = S · h,

(1.3.39)
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which is commonly used to describe the electron-nuclear spin system dynamics in the conduction band of III-V semiconductors. In Eq. (1.3.39) we have
introduced the Overhauser operator
∑
h=
Ak I k
(1.3.40)
k

with inhomogeneous hyperfine coupling constant
Ak = Ajk ν0 |ψ0 (r k )|2 ,

(1.3.41)

where

8π µ0 gµB gnjk µnjk
|u(r k )|2 ,
(1.3.42)
2
3
4πℏ
is the total hyperfine coupling constant for a nucleus of species j at position
r k . Since the nuclear Landé factor gnjk depends on the nuclear species, it
can either be positive or negative and consequently the hyperfine coupling
constant can take either sign.
In the literature, Eq. (1.3.41) often reads Ak = Aν0 |ψ0 (r k )|2 , where A
is an average hyperfine coupling constant. For GaAs, this is usually A ≈
90 µeV.
Since the focus of this thesis is oriented to decoherence phenomena in
GaAs double quantum dots, we review next the effects of the contact hyperfine Hamiltonian on the dynamics of confined spins. However, we would like
to mention a review [47] that discusses induced spin dynamics due to the
different nuclear interactions in nano-devices.
Ajk =

1.3.4

Hyperfine induced dynamics of a S-T0 qubit

After the original proposal to use one electronic spin confined in a quantum dot as a qubit [14], it was subsequently proposed to encode a qubit with
two-electron spins confined in a DQD [48]. This setup can be operated in a
regime of detunings, where the singlet S and triplet T0 (1, 1) can be seen to
a good approximation as an isolated two-level system, whose manipulation
can be achieved via the exchange coupling J(ε) (see Fig. 1.4). Since the total
z
= S1z + S2z = 0, it was thought
magnetization of this subspace is zero, Stot
that a double quantum dot with symmetric dots would exhibit a reduced
coupling to the environment and consequently longer coherence times than
the original proposed qubit. But it was shown experimentally [19] and theoretically [46] that due to the uncorrelated noise produced by the nuclear spins
in each quantum dot this system still suffers from short coherence times.
Section 1.3.4 is adapted from a chapter written by H. Ribeiro and G. Burkard in
quantum dots : optics, electron transport and future applications, in press.
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To obtain the effective qubit Hamiltonian, Eq. (1.2.1) is projected onto the
subspace spanned by the four (1, 1) spin states. The resulting Hamiltonian
including hyperfine interaction is given up to a constant by [46]
J
S · S + S · h + δS · δh,
(1.3.43)
2
where S = S 1 + S 2 , h = h1 + h2 , S z = S1z + S2z , δS = S 1 − S 2 , and
δh = h1 − h2 . J is the Heisenberg exchange coupling between two spins,
which can be assumed positive without loss of generality. If the magnetic
field is such that B ≫ max{⟨δh⟩rms /g ∗ µB , ⟨h⟩rms /g ∗ µB } and B ≫ J/g ∗ µB ,
then Eq. (1.3.43) is to a good approximation block diagonal. Each block
corresponds to an eigenspace of the total spin S z . For an unpolarized nuclear
state in a GaAs DQD, a magnetic field B ≈ 10 mT easily fulfills the previous
requirements. The projection of Eq. (1.3.43) into the S z = 0 subspace is
eff
given for B ≫ Bn by HS−T
= J2 S · S + δhz δS z [46], which can be written
0
using the vector of Pauli matrices τ = (τ x , τ y , τ z ) for the qubit states
|S⟩ ≡ |τz = −1⟩ and |T0 ⟩ ≡ |τz = +1⟩ as
∗
z
eff
H(1,
1) = g µB BS +

J
(1 + τz ) + δhz τx .
(1.3.44)
2
A remarkable property of Eq. (1.3.44) is that its eigenstates are product
states of a superposition of the electronic states and a nuclear eigenstate of
the operator δhz . This implies that within the B ≫ Bn approximation the
electron does not induce any dynamics to the nuclei, which are therefore
static and cannot in turn influence the electron spins.
The hyperfine-induced electron spin dynamics can be best studied through
the correlator [46]
∑
2
CT0 S (t) =
ρI (n) ⟨n| ⊗ ⟨T0 |e−iHqubit t |S⟩ ⊗ |n⟩ ,
(1.3.45)
Hqubit =

n

which gives the probability to find at time t > 0 the electron spins in the
state |T0 ⟩ knowing that at time t = 0 the system was in the state |ψ(0)⟩ =
|S⟩ ⊗ |ψI ⟩, with |ψI ⟩ an arbitrary superposition of δhz eigenstates and ρI (n)
the probability of being in the eigenstate |n⟩.
The correlator (1.3.45) has been evaluated for different nuclear states
in [46]. We discuss here the case where the eigenvalues of δhz have a Gaussian
distribution with mean δh0 and variance σ0 . The asymptotic behavior of CT0 S
saturates to a finite value [46]

( )
1 1 J 2
−
, σ0 , J ≪ δh0 ,
CT0 S (∞) ∼ 2 ( 8 )2δh0
(1.3.46)
2 δh0 , σ ≪ δh ≪ J,
J

0

0

21

1.4. Decoherence

which differs from a semiclassical calculation, CTsemicl
= 1/2. The short time
0S
2
behavior t ≪ J/4σ0 of the correlator exhibits a Gaussian decay with a time
scale tG ≈ J/4δh0 σ0 when J ≫ max(δh0 , σ0 ) [46]
σ 2 + δh2 − 1
CT0 S (t) ∼ CT0 S (∞) − 2 0 2 0 e 2
J

(

t
tG

[(

)2

cos

2δh20
J+
J

) ]
t .

(1.3.47)

The long time behavior t ≫ J/4σ02 , also only valid for J ≫ max(δh0 , σ0 ), is
not governed by a Gaussian, but a power law decay [46]
(
)
(
)2
3π
δh
cos
Jt
+
− √ 0
4
2 σ0
CT0 S (t) ∼ CT0 S (∞) − e
(1.3.48)
√ 3 .
4σ0 J t 2
The acquired universal phase shift 3π/4 of the correlator is consistent with
the experimental findings reported in [49]. The results presented in [46] show
that even in the case of a static nuclear system, there is decoherence due to
quantum fluctuations of the nuclear spins.

1.4

Decoherence

We have already introduced the concept of decoherence as the phenomenon
associated to the loss of coherence of a quantum mechanical system. As we
have explained, and illustrated through the example of the S-T0 qubit, the
interaction between the system and its surroundings being responsible for it.
In semiconductor quantum dots, there are different types of processes leading
to decoherence and to which characteristic time scales are associated.
A first mechanism is relaxation accompanied with an exchange of energy between the system and the environment and associated to a relaxation time T1 , which characterises an exponential decay. A transition between two spin states separated by an energy gap, Zeeman energy for single spin qubit or exchange for S-T0 , can occur due to spin-orbit interaction [50, 51, 52, 53, 54, 55, 56]. The spin-flip is then accompanied by emission
or absorption of a phonon. As a consequence, it was shown theoretically [51]
and experimentally measured [29, 57] that phonon-induced spin-flips are suppress for small magnetic fields resulting in a relaxation time T1 ∼ 1 ms.
The second mechanism is decoherence, or dephasing, characterized by
a time T2 which describes the loss of coherence of a quantum mechanical
system. Although this is what happens to a spin qubit coupled with a nuclear
spin bath, we do not associated the time scale T2 with nuclear spin induced
dephasing. But a time scale T2∗ describing inhomogeneous dephasing, which
results from an averaging process. Since the nuclear spin state changes in
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time, an electronic spin will precess around the total magnetic field B with
different frequencies for repeated measurements. This yields an ensemble
averaged dephasing time. In the case of the S-T0 qubit, T2∗ ≈ 10 ns [19].
Echo techniques [19, 58] allowing to overcome inhomogeneous dephasing have
revealed T2 ≈ 200 µs [59]. It is also important to notice that the time scale T2
is associated to processes that lead to an exponential decay, which is usually
not the case for nuclear spin-induced decay.
To understand the effect of decoherence, and how it brings a quantum
state to a classical state, let us consider a general qubit state as given by
Eq. (1.1.1). In terms of a density matrix representation, we have
( 2
)
|α| αβ ∗
ρ = |ψ⟩⟨ψ| =
.
(1.4.1)
α∗ β |β|2
If we let this state evolve in the presence of a nuclear spin bath, then after a
time T2∗ we have
( 2
)
|α|
0
ρ → ρmix =
,
(1.4.2)
0 |β|2
which describes an incoherent mixture of the states |0⟩ and |1⟩, the system
cannot interfere anymore. After a time T1 , and under the assumption that
E1 − E0 ≪ kB T , we reach a fully mixed state
(1 )
0
ρmix → ρcl = 2 1 .
(1.4.3)
0 2
This state is identical to a classical state describing the equally likely outcome
of a bit.
A more detailed discussion of decoherence and a discussion about open
quantum systems can be found in Ref. [60].

1.5

Landau-Zener-Stückelberg-Majorana physics

Consider an interacting quantum system with only two energy levels, and
suppose that the energies of these depend on an external parameter that can
be controlled. Then, there can be a given value of the control parameter for
which the levels exhibit an avoided crossing. At this very particular point
of the energy diagram the physical properties of the system are exchanged,
the ground state of the system becoming the excited state and vice versa.
The fundamental problem that Landau [61], Zener [62], Stückelberg [63], and
Majorana [64] (LZSM) addressed was to describe what happens to the system
when a given initially prepared state is swept linearly through the avoided
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Figure 1.5: Schematic representation of the Landau-Zener-StückelbergMajorana problem. The difference in energy between the levels is assumed
to be a linear function of time, ∆(t) = αt, while the coupling λ is constant.
crossing. Although this question seems to find an answer in the formulation of
the adiabatic theorem [65] which states that “a physical system remains in its
instantaneous eigenstate if a given perturbation is acting on it slowly enough
and if there is a gap between the eigenvalue and the rest of the Hamiltonian’s
spectrum”, the answer of LZSM goes beyond the adiabatic theorem and also
fully describes what happens to the system when the passage through the
avoided crossing is neither “slow” or “fast” by giving an expression for the
non-adiabatic transition probability, commonly known as the Landau-Zener
formula,
PLZSM = e−

2πλ2
αℏ

,

(1.5.1)

where λ is the coupling strength of the levels and α is known as the LZSM
parameter or speed. The limit of the adiabatic theorem can be retrieved by
considering two limiting cases. If α → 0, then PLZSM → 0. This corresponds
to a “slow” passage through the avoided crossing and the system indeed
always remains in its instantaneous eigenstate. If α → ∞, then PLZSM → 1.
During a “fast” passage through the avoided crossing, the system cannot
adapt itself to the change of conditions and remains in its initial state. We
clearly see for 0 < α < ∞ the quantum nature of the system. A non-adiabatic
transition probability between 0 and 1, 0 < PLZSM < 1, is the signature that
the system ends up in a coherent superposition of states.
Another interesting physical property is the phase dependence that the
transition probability acquires when the system is swept back and forth periodically through the avoided crossing. The accumulated phase, or Stückel-
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berg phase, gives rise to periodic quantum interferences. This phenomenon,
known as Landau-Zener-Stückleberg interferometry, has been exploited to
achieve fast and reliable control of a two-level system. In the field of quantum information, this method has been first used to manipulate superconducting qubits [66], but recent technological developments have allowed to
use the method to manipulate spin qubits confined in a double quantum dot
system [32]. We discuss LZSM spin manipulation in Chapter 3.
The original formulation of the problem by LZSM concerns the transition
probability for the case where the system is driven from ti = −∞ to tf = ∞,
the difference in energy of the levels is a linear function of time, ∆E(t) = αt,
and the coupling is constant. As we will see in Chapter 3, this asymptotic
formulation, which in general gives a good first estimate of the dynamics of
the system, is not accurate enough to describe LZSM interferometry for a
spin system. We need a finite-time formulation of the problem [67]. The
finite-time model also solves two major physical inadequacies encountered in
the asymptotic formulation, the divergence of the energy levels and undefined
relative phase as t → ±∞.

1.5.1

LZSM finite-time propagator

We consider the LZSM Hamiltonian given by
(
)
−∆(t)
λ
HLZSM (t) =
,
λ∗
∆(t)

(1.5.2)

where λ defines the coupling strength and ∆(t) is the detuning of the system
supposed to be a linear function of time,
E2 (t) − E1 (t)
= αt.
(1.5.3)
2
The time evolution of the two-level system is described by the timedependent Schrödinger equation,
∆(t) =

d
|ψ(t)⟩ = HLZSM (t)|ψ(t)⟩
(1.5.4)
dt
with |ψ(t)⟩ = c1 (t)|1⟩ + c2 (t)|2⟩. After substitution of Eq. (1.5.2) into
Eq. (1.5.4), a coupled system of first order ordinary differential equations
governing the evolution of c1 (t) and c2 (t) is obtained,
{
iℏċ1 (t) = −∆(t)c1 (t) + λc2 (t),
(1.5.5)
∗
iℏċ2 (t) = λ c1 (t) + ∆(t)c2 (t).
(1.5.6)
iℏ

Part of Section 1.5.1 is adapted from H. Ribeiro, J. R. Petta, and G. Burkard, Phys.
Rev. B 82, 115445 (2010).
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By deriving Eq. (1.5.5) with respect to time and substituting ċ1 (t) and ċ2 (t)
by Eqs. (1.5.5) and (1.5.6) respectively into the newly obtained ordinary
second order differential equation, we obtain
(
)
i
α2 t2 |λ|2
c̈1 (t) =
α − 2 − 2 c1 (t).
(1.5.7)
ℏ
ℏ
ℏ
It is convenient to introduce dimensionless parameters√before solving
α
Eq. (1.5.7), here we introduce the dimensionless time τ =
t which we
ℏ
replace in Eq. (1.5.7) to get
(
)
d2
c1 (τ ) + −i + η 2 + τ 2 c1 (τ ) = 0,
2
dτ
where η = √|λ|
is the dimensionless coupling strength.
αℏ
The solution of Eq. (1.5.8) is
(√
)
(√ 3iπ )
iπ
c1 (τ ) = κ1 D iη2
2 e− 4 τ + κ2 D iη2
2e 4 τ ,
2

(1.5.8)

(1.5.9)

2

where Dν (z) are parabolic cylinder functions, which solve the Weber equation [68]
(
)
d2
1 1 2
Dν (z) + ν + − z Dν (z) = 0.
(1.5.10)
dz 2
2 4
To bring Eq. (1.5.8) to a similar form of the Weber equation, we write the
expression between brackets as −2i(iη 2 /2 + 1/2 + iτ 2 /2) and substitute τ by
2−1/2 exp(iπ/4)z.
The solution for c2 (t) is obtained by inserting Eq. (1.5.9) into Eq. (1.5.5)
and using the property
)
z2
d ( z2
4
e Dν (z) = νe 4 Dν−1 (z).
(1.5.11)
dz
One finds

[
)
(√
(√ 3iπ )]
iπ
iπ
η
c2 (τ ) = √ e− 4 −κ1 D iη2 −1
2 e− 4 τ + κ2 D iη2 −1
2 e 4 τ . (1.5.12)
2
2
2

To find the constants κ1 and κ2 , we consider initial conditions given by
c1 (τi ) and c2 (τi ) and the Wronskian relation
d
d
W {Dν (z), Dν (−z)} :=Dν (z) Dν (−z) − Dν (−z) Dν (z)
dz
√ dz
2π
=
.
Γ(−ν)

(1.5.13)
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We solve the system of equation given by Eqs. (1.5.9) and (1.5.12) for κ1 and
κ2 using the Wronskian property (1.5.13), we find
(
)[
2
]
√
(√ 3iπ )
(√ 3iπ )
Γ 1 − iη2
2 iπ
√
κ1 =
D iη2 −1
2 e 4 τi c1 (τi ) −
e 4 D iη2
2 e 4 τi c2 (τi ) ,
ω
2
2
2π
(1.5.14)
and
(
)[
2
]
√
)
)
(√
(√
Γ 1 − iη2
iπ
iπ
iπ
2
√
κ2 =
D iη2 −1
2 e− 4 τi c1 (τi ) +
2 e− 4 τi c2 (τi ) .
e 4 D iη2
ω
2
2
2π
(1.5.15)
Substituting Eqs. (1.5.14) and (1.5.15) into Eqs. (1.5.9) and (1.5.12), and
having in mind that we are looking for the evolution operator U (tf , ti ) giving
the final state when the initial one is known,
|ψ(tf )⟩ = U (tf , ti )|ψ(ti )⟩,

(1.5.16)

we finally find the LZSM propagator
)
(
u11 (tf , ti ) u12 (tf , ti )
,
ULZSM (tf , ti ) =
u21 (tf , ti ) u22 (tf , ti )

(1.5.17)

with
u11 (tf , ti ) = u∗22 (tf , ti )
(
)
iη 2
(√ −iπ )
(√ 3iπ )
Γ 1− 2 [
4
√
=
D iη2
2 e τf D iη2 −1
2 e 4 τi
2
2
2π
+D iη2
2

(1.5.18)

(√ 3iπ )
(√
)]
iπ
2 e 4 τf D iη2 −1
2 e− 4 τi ,
2

and
u12 (tf , ti ) = −u∗21 (tf , ti )
(
)
2
[
(√ −iπ )
(√ 3iπ )
Γ 1 − iη2
iπ
√
=
e 4 −D iη2
2 e 4 τf D iη2
2 e 4 τi
πη
2
2
+D iη2
2

(√

2e

3iπ
4

)
τf D iη2

(1.5.19)

)]
(√
− iπ
4
2 e τi .

2

In Fig. 1.6, we plot the non-adiabatic and adiabatic transition probabilities, Pna = |u11 (tf , ti )|2 and Pa = |u12 (tf , ti )|2 , as a function of τf for η = 3
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Figure 1.6: Non-adiabatic (dark red) and adiabatic (orange) transition probabilities Pna = |u11 (tf , ti )|2 and Pa = |u12 (tf , ti )|2 as a function of τf for η = 3
and τi = −10.
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Figure 1.7: Adiabatic transition probability, Pa = |u12 (tf , ti )|2 as a function
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√
and τf = α/ℏ tf .
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and τi = −10. The original LZSM model defines t = 0 at the avoided crossing, such that a situation where ti < 0 and tf > 0 corresponds to driving
the system through the avoided crossing, ti < 0 and tf < 0 corresponds to
stopping the system before it goes through the avoided crossing, and finally
ti > 0 and tf > 0 describes a system initially prepared after the avoided
crossing. From now on, and
that will become clear in the next
√ for reasons √
section, we define τi = − α/ℏ ti τf = α/ℏ tf . The most notable result
of the finite-time model is the oscillations of the non-adiabatic, respectively
adiabatic, transition probability as a function of τi,f with an amplitude vanishing as 1/τi,f for τi,f ≫ 1. The oscillations are a direct consequence of the
finite-time propagation for which the accumulated phase is well-defined. In
addition of temporal oscillations, the finite-time model also predicts an oscillatory behavior of the probabilities as a function of the coupling η, as it can
be seen in Fig. 1.7 for the adiabatic transition probability with τf = τi = 10.
For τi,f ≫ 1 and η ≫ 1, the model predicts an almost full inversion of the
population. It is however possible to achieve full population transfer by fine
tuning one the propagation times.
Although it is convenient, and also rare, to have an exact analytical result
for the time evolution operator, it is not necessarily easy to handle expressions
including parabolic cylinder functions. In the next section, we derive an
asymptotic expression for Eqs. (1.5.18) and (1.5.19) whose analytical from
provides a better understanding on how the dimensionless interaction η and
dimensionless propagation time τ influence the dynamics.

1.5.2

Asymptotic form of the LZSM propagator

We are interested in finding an asymptotic expression of Eqs. (1.5.18) and
(1.5.19) when both dimensionless times as well as the dimensionless coupling
are larger than unity, τ ≫ 1 and η ≫ 1. This is the most relevant case
for Chapters 2 and 3. However for completeness, we provide in Appendix A
expansions for the cases τ < 1 and τ ≫ 1, η 2 .
In the case of interest the parabolic cylinder functions can be expanded

Part of Section 1.5.2 is adapted from H. Ribeiro, J. R. Petta, and G. Burkard, Phys.
Rev. B 82, 115445 (2010).
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asymptotically [69] according to
(√
)
πη 2
iπ
D± iη2
2 e∓ 4 τ ≃ cos θe 8 ±iξ ,
2
) √2
(√
πη 2
π
∓ iπ
2e 4 τ ≃
D± iη2 −1
sin θe 8 ±i(ξ+ 4 ) ,
ω
2
√
(√ 3iπ )
2
3πη 2
η π
−
+iξ
− πη8 −i(ξ+ π4 )
)
D iη2
2 e 4 τ ≃ cos θe 8
+ (
sin
θe
,
2
2
Γ 1 − iη2
(√ 3iπ ) √2
3πη 2
3π
D iη2 −1
2e 4 τ ≃
sin θe− 8 +i(ξ− 4 )
η
2
√
2
2π
− πη8 −iξ
)
+ (
cos
θe
,
2
Γ 1 − iη2

(1.5.20)
(1.5.21)
(1.5.22)

(1.5.23)

where we have defined

[
]
√
1
η2 η2
τ√ 2
2
2
ξ=− +
ln √ (τ + τ + η ) +
τ + η2 ,
4
2
2
2
v (
)
u
u1
τ
cos θ = t
,
1+ √
2
τ 2 + η2

and

v (
)
u
u1
τ
sin θ = t
1− √
.
2
τ 2 + η2

(1.5.24)

(1.5.25)

(1.5.26)

In order to find appropriate expansions for the matrix elements u11 (tf , ti )
and u12 (tf , ti ), we replace in Eqs. (1.5.18) and (1.5.19) τi by its opposite,
τi = eiπ |τi |. This redefinition of the initial dimensionless time ensures that
the condition for expanding a parabolic cylinder function is always met. After
a straight forward substitution, we find
u11 (tf , ti ) = u∗22 (tf , ti )
(
(
(
)
)
iη 2
π
√
−i
ξ
+ξ
+argΓ
1−
+
i
f
2
4
≃ 1 − e−πη2 sin θf cos θi e
+ sin θi cos θf e
+ e−

πη 2
2

(

(
(
)
))
2
i ξf +ξi +argΓ 1− iη2 + π4

)
cos θf cos θi ei(ξf −ξi ) − sin θf sin θi e−i(ξf −ξi ) ,
(1.5.27)
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and
u12 (tf , ti ) = −u∗21 (tf , ti )
(
(
(
)
)
2
√
−i ξf +ξi +argΓ 1− iη2 + π4
2
≃ 1 − e−πη
sin θf sin θi e
− cos θf cos θi e

(
(
)
))
2
i ξf +ξi +argΓ 1− iη2 + π4

)
cos θi sin θf e−i(ξf −ξi ) + cos θf sin θi ei(ξf −ξi ) .
(1.5.28)
√
√
Here, τi = − α/ℏ ti and τf = α/ℏ tf , which explains the convention that
was introduced earlier. We have denoted by cos θi, f , sin θi, f , and ξi, f the value
of the functions given respectively by Eq. (1.5.25), (1.5.26), and Eq. (1.5.24)
for τ = τi , τf .
Since Eqs. (1.5.27) and (1.5.28) are valid for τi,f ≫ 1, it is possible to
take the limit τi,f → ∞ and verify that the finite-time model reproduces the
result of the standard LZSM model. We have
+ e−

πη 2
2

(

lim |u11 (tf , ti )|2

PLZSM = lim

ti →−∞ tf →∞

= lim lim |u11 (τf , τi )|2
τi →∞ τf →∞

(1.5.29)

= lim |u11 (τ, τ )|2
τ →∞
−πη 2

=e

.

The function |u11 (τ, τ )|2 , easily computed by using Eq. (1.5.27), is given by
|u11 (τ, τ )|2 ≃

e−πη

2

(√
)2
√
2 τ + −1 + eπη2 η (cos φ − sin φ)
2 (τ 2 + η 2 )2

,

(1.5.30)

where
(

)2 
√
(
)
2
2
√
iη 2
1 
 τ + τ +η

φ = τ τ 2 + η 2 + argΓ 1 −
− η 2 1 − ln 
 .
2
2
2
(1.5.31)
The calculation of the limit can be done easily and yields the result found
by LZSM. Our result differs from Eq. (1.5.1) by a factor 2. This is due to
our parametrization of the LZSM Hamiltonian defined in Eq. (1.5.2) whose
levels energy difference is equal to 2αt and not αt as considered by LZSM.
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Figure 1.8: Non-adiabatic transition probability Pna as a function of τf for
τi = 10 and η = 0.4. We compare the exact solution (blue) to the asymptotic
one (purple). In spite of the condition of validity for the expansion, we have
a good agreement whenever τ + η ≫ 1.

Replacing α by α/2 in Eq. (1.5.29) leads to the LZSM formula. Although
the asymptotic non-adiabatic and adiabatic transition probabilities are well
defined when the system is either prepared in the ground state or excited
state, it is not the case when the system is initially prepared in a superposition
state. The divergence of the factors ξf and ξi , appearing in the argument of
the complex exponential function in Eqs. (1.5.27) and (1.5.28), does not allow
in this case for definite asymptotic probabilities since the final relative phase
depends on them.
We present in Fig. 1.8 a comparison between the exact solution and the
approximated one for the non-adiabatic transition probability as a function
of τf for τi = 10 and η = 0.4. We deliberatively choose η < 1, although
it does not fulfill the conditions for the asymptotic condition. This choice
is motivated by the observation that the asymptotic expansions (1.5.20),
(1.5.21), (1.5.22), and (1.5.23) are valid for the weaker condition τ + η ≫ 1,
as already reported in Ref. [67] for the expansion of |u11 |2 and |u12 |2 .
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The LZSM propagator as a rotation

This section is devoted to mapping the LZSM propagator to a rotation.
In the field of quantum information it is common to describe the effect of
single gates as an effective rotation, which can be represented on the Bloch
sphere of the qubit. Moreover, we are going to demonstrate that there is
a class of LZSM transitions that correspond to an effective rotation of the
two-level system around an axis located in the xy-plane. This property is
extremely valuable to perform the Euler angle method to build any rotation,
since for spin systems precession around the z-axis is achieved through an
applied external magnetic field.
In quantum mechanics the rotation operator D(n̂, ϑ) by an angle ϑ around
an axis n̂ of a two-level system has the representation
ϑ

D(n̂, ϑ) = ein̂·σ 2
(
)
cos ϑ2 − inz sin ϑ2 (−inx − ny ) sin ϑ2
=
.
(−inx + ny ) sin ϑ2 cos ϑ2 + inz sin ϑ2

(1.5.32)

Identifying Eqs. (1.5.32) and (1.5.17) with uij given by Eqs. (1.5.27) and
(1.5.28) we can express the rotation angle ϑ and the rotation axis n̂ as functions of the LZSM propagator parameters τi , τf , η. We have
cos

ϑ √
= 1 − e−πη2 cos ζ (sin θf cos θi + cos θf sin θi )
2
+e

where

− πη2

2

(1.5.33)

cos ϱ (cos θf cos θi − sin θf sin θi ) ,

(
)
iη 2
π
ζ = ξf + ξi + argΓ 1 −
+ ,
2
4

(1.5.34)

ϱ = ξf − ξi .

(1.5.35)

and
The components of the rotation axis are given by (see Fig. 1.9)
1 (√
nx =
1 − e−πη2 sin ζ [sin θf sin θi + cos θf cos θi ]
ϑ
sin 2
)
2
− πη2
sin ϱ [cos θi sin θf − cos θf sin θi ] ,
+e

(1.5.36)

Part of Section 1.5.3 is adapted from H. Ribeiro, J. R. Petta, and G. Burkard, Phys.
Rev. B 82, 115445 (2010).
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Figure 1.9: (color online) (a) Cosine of the rotation angle and components
of the rotation axis (b), (c), and (d) as a function of τf for the dimensionless
parameters τi = 10 and η = 3.

ny =

1 (√
1 − e−πη2 cos ζ [− sin θf sin θi + cos θf cos θi ]
ϑ
sin 2
)
2
− πη2
+e
cos ϱ [− cos θi sin θf − cos θf sin θi ] ,

(1.5.37)

and
1 (√
nz =
1 − e−πη2 sin ζ [sin θf cos θi − cos θf sin θi ]
ϑ
sin 2
)
2
− πη2
+e
sin ϱ [− cos θf cos θi + sin θf sin θi ] .

(1.5.38)

If the propagation times are equal, τi = τf = τ , then nz = 0 has it can be
seen form Eq. (1.5.38).
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Figure 1.10: Schematic representation of the LZSM bow-tie model (a) and
multiple-crossings model (Demkov-Ostrovsky).

1.5.4

Degenerate LZSM model

A logical extension of the LZSM model would be to consider a many-level
system. In the literature there are two classes of multiple levels LZSM models;
the so-called bow-tie model in which it is assumed that all states form a single
avoided crossing [70, 71, 72, 73, 74, 75] and the multiple-crossings model, also
known as the Demkov-Ostrovsky model, in which two sets of equidistant
parallel states with linear energies cross, forming a grid of crossings [76, 77,
78, 79] (c.f. Fig. 1.10). A remarkable feature of all these soluble models is
that the transition probabilities between states can be expressed by simple
formulas as in the LZSM model. It is worth mentioning the result obtained
for the multiple-crossings model,
Pk =

k
∏

πλ2

− ℏαj

e

j

,

(1.5.39)

j=1

where Pk is the non-adiabatic transition probability at the k-th crossing and
which is given by a product of k LZSM probabilities.
Both of these generalizations cannot however describe what happens in
the limit of degenerate levels, it is this case that we would like to expose and
whose elegant solution was first reported in Ref. [80]. The idea behind the
solution is to make use of the Morris-Shore transformation [81]. It transforms
the dynamics of two sets of degenerate levels into a collection of independent
and non-degenerate two-level systems and decoupled levels.
The Hamiltonian describing a degenerate Landau-Zener problem with n1
degenerate ground states (set g) and n2 excited states (set e) can be written
as [80]
)
(
0
V
,
(1.5.40)
H(t) =
V † D(t)
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where 0 is a n1 -dimensional square zero matrix, D(t) = αt1n2 is a square
matrix of dimension n2 , and V is a n1 × n2 matrix with constant elements
vij that describe the coupling between the i-th level with the j-th level. The
model assumes that there is no direct coupling among the ground states and
among the excited states and that every vij can be different. Moreover, we
assume without loss of generality that n1 ≥ n2 .
The unitary matrix S defining the Morris-Shore (MS) transformation [81]
is found by diagonalizing the matrices V V † and V † V . By construction the
n2 eigenvalues λ2j of V † V are all non-negative, V V † has the same eigenvalues
and additionally nd = n1 − n2 zero eigenvalues. Denoting by S1 the matrix
diagonalizing V V † and by S2 the matrix diagonalizing V † V , we formally
have
HMS (t) = SH(t)S †
)(
)( †
(
)
0
V
S1 0
S1 0
=
0 S2
V † D(t)
(1.5.41)
0 S2†
(
)
0
V MS
=
.
†
V MS D(t)
The explicit form of H(t) in the MS basis is

0nd
0

0 0 · · · 0 λ1 0


0 0 ··· 0
0 λ2

..
.. . .
..
..
..

.
.
.
.
.
.


0 0 ··· 0
0 0
HMS (t) = 
 0
λ1 0 · · · 0 αt 0


0 λ2 · · · 0
0 αt


.
.
.
..
..
.

..
..
..
..
.
.
0 0 · · · λn 2 0 0


···
···
..
.

0
0
..
.

· · · λn2
··· 0
··· 0
..
..
.
.
· · · αt








.







(1.5.42)

In this basis the dynamics is reduced to a set of nd decoupled states, which
are referred to as dark states since they do not play any role in the dynamics
of the system, and a set of n2 independent two-level systems. Each twolevel system is composed of an eigenstate belonging to the g-set and e-set
corresponding to the same eigenvalue λ2j . The dynamics of such a system is
governed by the reduced Hamiltonian
)
(
0 λj
(j)
HMS =
,
(1.5.43)
λj αt
which corresponds to the LZSM Hamiltonian with coupling λj . Consequently,
the propagator defined in Eq. (1.5.17) fully determines the evolution in the
MS basis of every two-level system.
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The unitary evolution operator can be expressed in the original basis by
the transformation U = S † UMS S, it yields
(
)
∑ 2 (j)
∑n2 (j) g
e
1 + nj=1
(u11 − 1)|ψjg ⟩⟨ψjg |
u
|ψ
⟩⟨ψ
|
12
j
j
U=
,
(1.5.44)
∑ 2 (j) ∗ e g
∑nj=1
(j) ∗ e
2
e
− nj=1
u12 |ψj ⟩⟨ψj |
u
|ψ
⟩⟨ψ
j
j|
j=1 11
with |ψjg ⟩, |ψje ⟩ the jth eigenstate belonging to set g, respectively set e, and
associated to the eigenvalue λ2j .

Figure 1.11: Schematic representation of the Morris-Shore (MS) formalism
to solve a degenerate LZSM problem for n1 = 3 and n2 = 2. After changing
to the MS basis, the problem is reduced to a set of two-level systems and a set
of decoupled states (dark states). Performing the inverse MS transformation,
it is possible to compute transition matrix elements between any state.

2
Nuclear state preparation via LZSM
transitions in double quantum dots

2.1

Introduction

Since the electron spin in quantum dots has been proposed as a qubit
[14], much progress has been made to develop reliable semiconductor devices,
mostly with GaAs, in which only a single electron can be confined and its
spin can be controlled [24]. Despite the achievement of reliable control, spin
decoherence due to the hyperfine interaction with the surrounding nuclear
spins remains a major problem [43]. In double quantum dots, where the
singlet (S) and one of the triplet (T0 ) states can be chosen as an effective
two-level system to implement a qubit [48, 82, 83], it has been shown that the
probability, averaged over many runs of the experiment, to find the system
in the singlet state at time t > 0, having prepared a singlet at time t = 0, is a
decaying oscillating function ∝ cos(Jt) exp(−(t/T2∗ )2 ) [19, 46], with singlettriplet exchange splitting J and decoherence time T2∗ .
An important goal in the quest to overcome decoherence of spin qubits
in solid-state devices is to find mechanisms that allow for an increase in T2∗ .
Spin echo has been used to reveal T2 ≈ µs ≫ T2∗ [19] which sets the scale
that can be achieved by nuclear-state preparation. In principle, it is possible
to reduce the nuclear fluctuations, thus prolonging T2∗ , by projecting the
nuclear state into (approximate) Overhauser eigenstates with either electrical
or optical means [84, 85] or by polarizing the nuclear spins [15, 86]. However,
This chapter is adapted from H. Ribeiro and G. Burkard, Phys. Rev. Lett. 102,
216802 (2009).

37

38 Chapter 2. Nuclear state preparation via LZSM transitions in double quantum dots

a sizable enhancement of electron spin coherence would only be realized for
a polarization of more than 99% [45], which so far has not been achieved.
Reilly et al. [31] have experimentally studied adiabatic transitions of two
electrons in a pair of tunnel-coupled quantum dots from a spin singlet S(2, 0),
with both electrons in the same quantum dot and total spin 0, across an energy level anti-crossing to a spin triplet T+ (1, 1), with one electron in each
quantum dot and total spin 1 (see Fig. 2.1). Due to angular momentum conservation, the hyperfine-induced transition S-T+ involves an electron spin
flip accompanied by a nuclear spin flop. In the experiment, the process was
repeated many times with intermediate fast resetting to the singlet state
(200 ns). If the slow S-T+ transition was fully adiabatic and the nuclear spin
polarization sufficiently long-lived, this cycle should allow for complete nuclear polarization as the number of cycles becomes comparable to the number
of nuclear spins in the quantum dots (typically about 105 to 106 ). However,
a polarization of only about 1% was achieved. Nevertheless, the coherence
time measured in the S-T0 subspace was improved by a factor of up to 70 [31]
which can be attributed to the preparation of a suitable nuclear state. A previous theoretical model has been used to calculate the evolution of up to 36
nuclear spins per dot for an initial mixed state with fixed angular momentum
per dot [87].
Here, we propose a theoretical model of nuclear state preparation taking into account all possible angular momenta, up to 200 nuclear spins per
quantum dot, and the possibility of partially adiabatic transitions. Such transitions can explain the smallness of the nuclear polarization generated while
allowing for a weak measurement [88] of the nuclear state. The repeated
weak measurements at each cycle lead to nuclear state narrowing and, as
a consequence, to a prolongation of the spin singlet-triplet coherence. The
main feature of our theoretical model is the description of the partially adiabatic S-T+ transition by the Landau-Zener-Stückelberg-Majorana (LZSM)
theory [61, 62, 63, 64]. Due to the high degeneracy of the nuclear spin state
and the finite sweep time, we use suitable generalizations of the LZSM model
[80, 67].

2.2

Model

We derive the Hamiltonian describing the partially adiabatic dynamics
at the S-T+ anti-crossing. We start with the spin-preserving part H0 of the
Hamiltonian Eq. (1.2.1), with [H0 , Sz ] = 0, describing the coupling between
two electrons in a double quantum dot in a magnetic field B. At the degeneracy ε = ε∗ of the singlet S(1, 1) and the triplet T+ (1, 1), the hyperfine
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Figure 2.1: (a) Energy diagram for the relevant states of the double quantum
dot as a function of the bias ε. (b) The hyperfine interaction allows for flipflop processes that open a gap ∆HF at the S-T+ crossing. Driving the system
slowly from S(2, 0) can result either in an adiabatic (b) or a non-adiabatic
(c) transition. Driving the system back very fast results in a non-adiabatic
passage to two distinguishable charge states.
interaction between the electron spins S i and the nuclear spins I ki opens a
splitting ∆HF . The contact hyperfine Hamiltonian is given by
HHF = S 1 · h1 + S 2 · h2

(2.2.1)

∑n(i)
where hi = k=1 Aki I ki is the Overhauser (effective nuclear field) operator
already defined in Eq. (1.3.40). The sum runs over the n nuclear spins in dot
i, Aki = vk ν0 |Ψ(rk )|2 is the hyperfine coupling constant with the k-th nucleus
in dot i, with Ψ(rk ) the electron wave function, ν0 the volume of the unit
cell and vk the hyperfine coupling strength. Introducing

and

Si± = Six ± iSiy

(2.2.2)

y
x
h±
i = hi ± ihi ,

(2.2.3)

we write HHF as
HHF =

)
1 ∑( z z
− +
2Si hi + Si+ h−
i + Si h i .
2 i

(2.2.4)
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Since τ ≫ ∆HF , we can use H = H0 + HHF to derive an effective Hamiltonian for the subspace spanned by {|S, j1 , m1 , j2 , m2 ⟩} and {|T+ , j1 , m′1 , j2 , m′2 ⟩},
where ji is the total nuclear angular momentum in dot i and mi its projection
along B,
H(ε) =

∑

Eqχ (ε)|qχ⟩⟨qχ| +

qχ

)
1 ∑( + −
Si hi + Si− h+
i
2 i

(2.2.5)

where q = S, T and |χ⟩ = |j1 , m1 , j2 , m2 ⟩. The singlet and triplet T+ energies
are respectively given by
ES,χ (ε) = ES (ε)
ET,χ (ε) = ET (ε) + ⟨hz1 + hz2 ⟩χ /2 + g ∗ µB B.

2.3

(2.2.6)

Method

With a time-dependent bias ε = ε(t), the Hamiltonian Eq. (2.2.5) is of
the form H = H0 (t) + Hint , as the one studied by LZSM to derive the staying
and transition probabilities Pa and Pna between two levels |1⟩ and |2⟩ driven
through resonance between ti = −∞ and tf = +∞ by assuming that their
energy difference is a linear function of time, ∆(t) = |ES,χ (t) − ET,χ (t)| = αt
(see Chapter 1.5). Here, we study the effect that the transitions can have on
the nuclear difference field δhz = hz1 −hz2 and more precisely on its fluctuations
√
(z)
σ = ⟨(δhz )2 ⟩ − ⟨δhz ⟩2
(2.3.1)
that are responsible for the qubit decoherence via T2∗ = ℏ/σ (z) [24]. Writing
HHF =

1
(S · h + δS · δh) ,
2

(2.3.2)

with x = x1 + x2 and δx = x1 − x2 , xi = S i , hi , i = 1, 2, one finds that only
the difference operators lead to the decoherence (T2∗ ) of the S − T0 qubit.
To study the evolution of σ (z) , we compute the new state of the system
after each cycle, which consists of a forward and a return sweep. The state of
the system after the forward sweep results from the time evolution operator
generated by (2.2.5); the resulting state is taken as the initial condition
for the return sweep which is performed sufficiently fast to ensure a sudden
parameter change without change in the state. As in the original LZSM
model, we assume a linear dependence ∆(t) = αt throughout. Moreover,
to make the problem treatable, we assume a constant hyperfine coupling
Ak → Ā and the nuclear spins to be 1/2 (in reality the nuclear species of

41

2.3. Method

GaAs have spin 3/2). Before treating the case of many nuclear spins, we
explain the main ideas by considering the simple case of one nuclear spin
in dot 1 and none in dot 2. The initial nuclear state is assumed to be an
incoherent mixture of spin up and down; its density matrix is
(1 )
0
(0)
ρn = 2 1 ,
(2.3.3)
0 2
with populations ρ11 of spin up and ρ22 of spin down. The initial mean value
(z)
and standard deviation for δhz are ⟨δhz ⟩0 = 0 and σ0 = Ā/2. We now
assume that after a cycle, a measurement of the electron spin (via charge)
is performed to determine if a flip-flop has occurred. If a singlet is detected,
the nuclear density matrix becomes
( −ν )
1
e
0
(1),S
ρn = −ν
,
(2.3.4)
e +1 0 1
with ν = π Ā2 /αℏ and the probability to measure a singlet is
PS =

e−ν
.
e−ν + 1

(2.3.5)

In this new state, the mean has become
⟨δhz ⟩1 =

Ā e−ν − 1
2 e−ν + 1

(2.3.6)

and the standard deviation is given by
(z)

σ1 =

(ν )
Ā
cosh−1
.
2
2
(1),S

(2.3.7)

(0)

= ρn therefore the variance is
In the “fast” limit α → ∞, we find ρn
(z)
(z)
unchanged, σ1 = σ0 . In the “slow” limit α → 0, we have
(
)
0 0
(1),S
,
(2.3.8)
ρn =
0 1
(z)

such that σ1 = 0, describing a strong (projective) measurement of the
nuclear spin. For 0 < α < ∞, the detection of a singlet induces a weak
(z)
(z)
measurement which decreases the fluctuations, σ1 < σ0 . On the other
hand, if a triplet is measured, we have
(
)
0 0
(1),T
ρn
=
,
(2.3.9)
0 1

42 Chapter 2. Nuclear state preparation via LZSM transitions in double quantum dots

independently of α; in this case the nuclear spin is projected on the down
state. We conclude that it is possible to reduce the fluctuations of the nuclear spins without fully polarizing them. Below, we show that the same
mechanism works also for a system with many nuclear spins.
For n ≫ 1, the nuclear states are highly degenerate and the LZSM propagator from the simple case cannot be used anymore. An elegant solution
to derive the LZSM propagator for degenerate systems consists in applying
the unitary Morris-Shore (MS) transformation to the LZSM Hamiltonian to
reduce the dynamics into sets of decoupled single states and independent
two-level systems [80] (see also Chapter 1.5.4). Because HHF exclusively
couples states of the form |S, j1 , m1 , j2 , m2 ⟩ ≡ |0⟩ to the degenerate states
|T+ , j1 , m1 − 1, j2 , m2 ⟩ ≡ |1⟩ and |T+ , j1 , m1 , j2 , m2 − 1⟩ ≡ |2⟩, the LZSM
Hamiltonian can be brought into a block diagonal form. The MS basis is
found by diagonalizing
 2

a1 + a22
0
0
2
Ā 
0
a21 a1 a2  ,
VV† =
(2.3.10)
8
2
0
a1 a2 a2
√
where Vij = ⟨i|Hint |j⟩, ai = ji (ji + 1) − mi (mi − 1) . The eigenstates are
|0⟩ and |1′ ⟩ = (a1 |1⟩ + a2 |2⟩) /a0 associated with the eigenvalue λ2 = Ā2 /8a20 ,
and |2′ ⟩ = (a1 |1⟩ − a2 |2⟩) /a0 with eigenvalue 0, where a20 = a21 + a22 . The
states with the same eigenvalues are coupled with strength λ. The state |2′ ⟩ is
a “dark state”, as it does not couple to other states. In the subspace spanned
by |0⟩ and |1′ ⟩, the time-dependent Schrödinger equation with the initial
state |0⟩ at time ti can be solved and thus the LZSM propagator elements
U0MS
i′ can be calculated [67]. In order to express the solution in the original
basis, we perform the inverse MS transformation to find the matrix elements
U0 i = (ai /a0 )U0MS
i′ . We also account for finite time propagation and thus
avoid the unphysical situations of infinite energy that arises for couplings that
do not vanish when t → ±∞, and infinite detuning as we assume ∆(t) =
αt. The finite-time solution also allows us to model the situation in the
experiment [31] where mixing between T0 (1, 1) and the S(1, 1) states must
be avoided.
At typical operating temperatures and fields, where kB T ≫ gN µN B, the
initial nuclear density matrix can be assumed to be diagonal,
∑
=
p(χ)|χ⟩⟨χ|
(2.3.11)
ρ(0)
n
χ

with a uniform distribution of states χ. At 120 mK and 100 mT, we have
kB T ∼ 10−5 eV and gN µN B ∼ 10−9 eV. The joint probability p(χ) can be
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factorized into

p(χ) = p′ (j1 , m1 )p′ (j2 , m2 )

(2.3.12)

since the dots are initially independent. We have
p′ (ji , mi ) = g(ji )f (mi |ji ),

(2.3.13)

where g(ji ) is the probability for total nuclear angular momentum ji and
f (mi |ji ) =

θ(ji + mi ) − θ(ji − mi )
(2ji + 1)

(2.3.14)

is the equally distributed conditional probability of having a magnetization
mi given ji , and θ is the Heaviside function with θ(0) = 1. The probability
distribution
G(ji )
g(ji ) = ∑
(2.3.15)
ji G(ji )
is found by counting how many times G(ji ) an irreducible representation of
dimension 2ji + 1 occurs. It can be shown [89] that
G(ji ) =

( n2i

(2ji + 1)ni !
,
+ ji + 1)!( n2i − ji )!

(2.3.16)

with ni the total number of nuclear spins in dot i.
After the forward sweep of the k-th cycle, the state is
ρ(k+1) = U ρ(k) U † ,

(2.3.17)

(0)

with ρ(0) = |S⟩⟨S| ⊗ ρn . The back sweep will act as a measurement of
the final configuration of the electronic system. After the LZSM transition
the charge configuration of the system is (1, 1) independent of the spin, but
after the back sweep it is a superposition of T+ (1, 1) and S(2, 0) which has a
relatively fast decay time τ ∼ 1 ns [90], such that the electronic system will
evolve with probability PS to the singlet S(2, 0) and with probability PT to
the triplet T+ (1, 1) after a time τ . This provides a way to determine if the
system has evolved adiabatically or not during the forward sweep. We write
(k+1)

ρ(k+1) = PS ρS

(k+1)

+ P T ρT

(2.3.18)

to describe the mixture of the ensembles that have evolved adiabatically
and non-adiabatically in the forward sweep. After a time τ , this state will
(k+1)
(k+1)
collapse either to ρS
or ρT
with probability PS and PT , respectively,
with (q = S, T),
[
]
Pq = Tr Mq U ρ(k) U † Mq† ,
(2.3.19)
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where Mq = |q⟩⟨q| is the projection operator describing a strong measurement
in the charge sector. If a singlet (q = S) or triplet (q = T) is detected after
the (k + 1)-th sweep, we update ρn according to
ρ(k+1)
=
n

1
†
†
Mq U ρ(k)
n U Mq .
Pq

(2.3.20)

In the case of a triplet (q = T), we must also take into account the nuclear
spin flop,
(k+1)

ρj1 j2 j1 j2 →0,
(k+1)

(k+1)
ρj1 j2 m1 m2

(k+1)

ρj1 j2 ,m1 +1,m2 + ρj1 j2 m1 ,m2 +1
(
).
→∑
(k+1)
(k+1)
ρ
+
ρ
j1 j2 ,m1 +1,m2
j1 j2 m1 ,m2 +1
j1 j2 m1 m2

(2.3.21)

After a flip-flop process, the crossing point ε∗ moves slightly because of the
change in the total magnetic field B + (h1 + h2 )/g ∗ µB and affects the initial
and final times of the LZSM transitions. With the convention that t = 0 at
the initial anti-crossing point, the time shift is ti → ti + δt, tf → tf + δt, with
δt = Ā/α.
We have performed a Monte Carlo simulation where ti = −30 ns and
tf = 20 ns, such that the duration of the first sweep is the same as in [31].
Our choice for α satisfies the conditions λ ≪ αti and λ ≪ αtf ≪ g ∗ µB B
that hold for a system far from resonance at the beginning and at the end
of the first cycles, and with a final difference in energy smaller than the
Zeeman splitting. The order of magnitude of
√ λ is determined by looking
at the case of the most likely ji , which is ∼ n , with mi = 0 to consider
the strongest coupling in that subspace. The number of spins is currently
limited to n = 200 per dot by the computational power at our disposal. This
limitation has a side effect on the choice of the hyperfine coupling constant.
For large spin systems, one has Ā = An with A = 90 µeV for GaAs, but for
dilute systems Ā can be crucially smaller, therefore we choose Ā = 9 neV.
The choice of Ā is made such that the most likely λ is the same for n = 200
and n = 106 . Thus, λ ∼ 10−8 eV so that αtf must be of the order of 10−7 eV
since |g ∗ µB B| ≃ 2.3 µeV. This implies that α must be between 10 and
50 eV s−1 , which also satisfies the condition on αti .

2.4

Results

In Fig. 2.2 (a), we plot the evolution of σ (z) , averaged over 160 runs, as a
function of the number of cycles for α = 11 eV s−1 . Since the reduction of σ (z)
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persists in the average, a read-out of the charge state after each cycle√is not
required. When the polarization reaches about 8% (generally at ≈ 1/ n/2 )
the nuclear spins approach a “dark state” preventing further polarization.
We plot in Fig. 2.2 (b) the average probability PS of measuring a singlet as
a function of the number of cycles. PS can be measured in the S - T+ , as it
was done for S - T0 [19].
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Figure 2.2: (a) Averaged Overhauser field fluctuations σ (z) and electron
spin decoherence T2∗ = ℏ/σ (z) (upper inset) as a function of the number
of performed cycles. (b) Singlet return probability PS as a function of the
number of performed cycles. Error bars are smaller than line thickness. (c)
Initial (black) and final (orange) averaged probability distribution of the
nuclear spin eigenstates of δhz . Repeated cycles narrow the distribution,
showing a reduction of σ (z) .
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2.5

Conclusion

We have developed a model to explain the increase of T2∗ in double quantum dot via the tuning of two electrons across an energy level anti-crossing
between S(2, 0) and T+ (1, 1). Our model is based on the possibility of partially adiabatic transitions which are described by a generalized LZSM theory.
We have shown that the cycling combined with a spin-to-charge conversion
to the (1, 1), respectively (2, 0), configuration induces a weak measurement
on the nuclear state which strongly contributes in the suppression of the
nuclear fluctuations. An experimental confirmation of the predicted weak
measurement would be provided by measuring PS ≈ 1 and at the same time
an increase in T2∗ as a function of the number of cycles.
Using a Monte-Carlo algorithm for n = 200 nuclear spins per quantum
dot, we find an enhancement of the electron spin coherence time T2∗ = ℏ/σ (z)
√
(z)
by a factor of ∼ 1.34 after 300 cycles. While the initial σi ∝ n , the final
(z)
σf is mainly determined by the preparation mechanism and is approxima√
(z)
(z)
∗
∗
tively independent of n. Therefore, we expect T2,f
/T2,i
= σi /σf ∝ n ,
∗
∗
and we estimate T2,f
/T2,i
≈ 94 for n ≈ 106 . This scaling stops when T2∗ ≈ T2
or before if dipolar interaction effects are taken into account. Future calculations for more spins will allow more direct comparison with experiments.
Our results also apply for quantum dots with fewer nuclear spins e.g. in Si,
ZnO, carbon nanotubes, or graphene.

3
Harnessing the GaAs quantum dot nuclear
spin bath for quantum control

3.1

Introduction

Considerable effort has been made in the past few years to implement
qubits in nanoscale solid state structures. One of the most promising candidates are spin qubits confined in electrostatically defined quantum dots
embedded in GaAs structures [14, 24]. A universal set of quantum gates has
been demonstrated in GaAs double quantum dots through the achievements
of single-spin
rotations and the two-spin exchange interaction that gener√
ates the SWAP gate [91, 19, 92]. Despite these advances, coherence times
are limited by the hyperfine interaction, which couples the trapped electron
spin in the quantum dot to the spin- 32 nuclei of the GaAs substrate. The
resulting nuclear fields cause rapid electron spin dephasing, leading to an
inhomogenous dephasing time T2∗ ∼ 10 ns. As each electron spin is coupled
to approximately one million nuclei, the resulting behavior of the coupled
electron-nuclear spin system is complicated and leads to rich dynamics that
are sensitive to experimental parameters [93].
The hyperfine interaction has traditionally been viewed as a nuisance.
However, a recent experiment demonstrates that generation of a controlled
nuclear field gradient can be used to drive fast spin rotations [16]. The
development of quantum control methods in semiconductor quantum dots
that are based on nuclear spin interactions could lead to new paradigms for
single spin control.
This chapter is adapted from H. Ribeiro, J. R. Petta, and G. Burkard, Phys. Rev. B
82, 115445 (2010).
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(a)

(b)

(c)

Figure 3.1: (a) Energy diagram for the relevant states in the double quantum
dot as a function of ε. The spin states for the implementation of the qubit
are the hybridized singlet S and the triplet T+ . (b) A coherent superposition
of the qubit states is generated by LZSM interferometry. (c) The initialized
S(2, 0) is swept through the avoided crossing by means of an applied linear
gate voltage pulse εi → εf . The final state is a coherent superposition of
S and T+ generated by LZSM tunneling. At εf , the system evolves in the
external magnetic field B for a time tw before a reverse gate voltage pulse
brings the system back to εi where a QPC measurement is performed to
determine the singlet state return probability, PS .
We theoretically show that hyperfine interactions can be harnessed for
quantum control in GaAs semiconductor quantum dots. In the presence of
an external magnetic field B, which splits the triplet states, the hyperfine
interaction results in an avoided crossing between the spin singlet S and spin
triplet T+ , which form the basis of a new type of spin qubit. Coherent quantum control of this qubit has already been experimentally achieved through
Landau-Zener-Stückelberg-Majorana interferometry [32], a technique previously used to coherently manipulate superconducting qubits [94, 66] and
which is based on the interference due to repeated LZSM tunneling events [61,
62, 63, 64].
For the double quantum dot system, the usual infinite-time asymptotic
theory describing LZSM interferometry cannot be used. The avoided crossing
originates from the hyperfine interaction between the electronic spins and the
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nuclear spins whose fluctuations result in a poorly defined crossing position.
The phenomena observed in the experiments can only be properly described
using finite-time LZSM theory [67].
To prove that our formalism describes correctly the coherent manipulation
of the S-T+ based qubit, we will compare it to the experimentally measurable
quantity PS , the singlet return probability. We then show how single qubit
operations can be engineered either by the Euler angle method for rotations
or by only using LZSM interferometry. Finally, we demonstrate that a two
qubit gate can be achieved by capacitively coupling two S-T+ qubits. In
contrast to the S-T0 qubit, where the rotation rate is set by a charge-noisesusceptible exchange energy, the rotation rate in the S-T+ qubit is set by the
Zeeman energy and approaches 1 ns for modest magnetic fields of 100 mT.

3.2

Model

We consider the Hamiltonian of the double quantum dot system Eq. (1.2.1)
and the hyperfine Hamiltonian for such a system given by Eq. (2.2.4).
To determine which spin states are relevant for our theory, we consider
PLZSM from the asymptotic LZSM model and the result of Ref. [95] for multiple level crossings to estimate the order of magnitude of the transition
probabilities. The initialization of the system is done by preparing a singlet
S(2, 0) (εi > εc ), then ε is swept to achieve εf < εc . During this operation,
the system goes through three avoided crossings (cf Fig. 3.1). To estimate the
matrix element |⟨S|HHF |T+ ⟩|2 = |⟨S|HHF |T− ⟩|2 = |∆HF |2 , we use the experimentally found value of ∆HF = 60 neV from Ref. [32]. The matrix element
entering PLZSM at the avoided crossing between S(2, 0) and the excited singlet state S′ (1, 1) is given by |⟨S(2, 0)|H0 |S′ (1, 1)⟩|2 = 2τ 2 , with τ = 5 µeV.
The order of magnitude of α is taken between 10−3 − 10−2 meV/ns. We
find PT+ ≃ 0.97 − 0.99 and PS′ (1, 1) , PT− ≪ 10−8 . These results show that
population of the excited singlet and T− level are negligible. T0 can also be
neglected because it does not cross with any other level, it splits from S(1, 1)
due to the exchange coupling [83].
Near the S-T+ crossing, the dynamics can be restricted to the Hilbert
space spanned by T+ (1, 1), S(1, 1), and S(2, 0) and described by

 ∗
g µB B
0
√0
2τ
(3.2.1)
HS,T+ ≃  0
√0
0
2τ u−ε
where we can neglect an additive term ∝ ε1, with ε = ε1 − ε2 the detuning
of the dots. According to our previous estimate, we can reduce Eq. (3.2.1)
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to a 2 × 2 Hamiltonian which only takes into account the lowest hybridized
singlet
√
|S⟩ = c(ε)|S(1, 1)⟩ + 1 − c(ε)2 |S(2, 0)⟩
(3.2.2)
and the triplet
where

|T+ ⟩ = |T+ (1, 1)⟩,

(3.2.3)

√
8τ 2 + (u − ε)2
c(ε) = √
.
√
2
2
2
2
8τ + (−ε + u + 8τ + (ε − u) )

(3.2.4)

ε−u−

The energy associated with the lowest hybridized singlet is
√
1
ES (ε) = (u − ε − 8τ 2 + (u − ε)2 ),
2

(3.2.5)

and the energy of the triplet is
ET+ = g ∗ µB B.

(3.2.6)

The Hamiltonian describing the dynamics of the lowest energy states in the
vicinity of S-T+ can therefore be written as
H0 (ε) = ES (ε)|S⟩⟨S| + ET+ |T+ ⟩⟨T+ |.

(3.2.7)

Another relevant quantity derived from Eq. (3.2.1) is the degeneracy position εc of S and T+ , given by the funnel-shaped function
εc (u, B) = u +

3.3

2τ 2
− gµB B.
gµB B

(3.2.8)

Classical stochastic approach for nuclear spininduced dynamics

We model the Overhauser field classically, such that it acts on the electron
spin as a magnetic field B n, i with
hi = g ∗ µB B n, i

(3.3.1)

and its physical properties are given by a statistical distribution that reflects
the quantum fluctuations of the nuclear ensemble. At typical operating temperatures and external magnetic fields kB T ≫ gN µN B, where gN and µN are
the nuclear g factor and magneton. In this limit we can assume the nuclei
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to be completely unpolarized, resulting in a Gaussian distribution of nuclear
fields [43, 46]
2
−Bn,
i
1
2σ
√
p(Bn, i ) =
e 2 ,
(3.3.2)
2π σ
√
with σ = A/g ∗ µB n and A ≈ 90 µeV. The effective Hamiltonian describing
the qubit dynamics around the S-T+ avoided crossing is given by
∑(
)
1
−
− +
Si+ Bn,
Heff (ε) = H0 (ε) + g ∗ µB
i + Si Bn, i ,
2
i

(3.3.3)

y
±
z
z
x
where Bnz = Bn,
1 + Bn, 2 and Bn, i = Bn, i ± iBn, i . We include the nuclear
Zeeman spliting in the T+ energy,

ET+ = g ∗ µB (B + Bnz ),

(3.3.4)

The classical approximation of the Overhauser fields is possible because the
nuclear state changes only slightly after a single sweep [96]. To obtain an
analytical expression of the LZSM propagator, we linearize the difference in
energy ∆E(t) around t = 0 [67] by assuming ε(t) = γt + εc , we find
α=

(gµB (B + Bnz ))2
γ.
2τ 2 + (gµB (B + Bnz ))2

(3.3.5)

Here γ is the rate at which the external voltage gates are ramped. Control
over α can therefore be achieved by modifying γ.
To test our model we first compute the singlet return probability PS , an
experimentally observable quantity, as a function of the final detuning εf and
waiting time tw ,
∫ ∏
PS =
dBn,k p(Bn,k ) |⟨S|U (Bn, 1 , Bn, 2 )|S⟩|2 ,
(3.3.6)
k=1,2

with
U (Bn,1 , Bn,2 ) = Ub (Bn,1 , Bn,2 )Uw (Bnz )Uf (Bn,1 , Bn,2 ),
where

[ i ∫ tf
]
Ub, f = T e− ℏ ti dt Heff (ε(t))

are the backward and forward LZSM propagators and
]
[ i ∫ tw
Uw ≃ T e− ℏ 0 dt H0 (εf )

(3.3.7)
(3.3.8)

(3.3.9)

describes the evolution of the system during the waiting time tw at the final
detuning position εf with |εf − εc | ≳ ∆HF . We evaluate PS by numerical

52 Chapter 3. Harnessing the GaAs quantum dot nuclear spin bath for quantum control

(a)

1
0.9

3.985

εf [meV]

0.8
PS

3.975

0.6
0.5

PS

(b) 3.9651

0.4

0.95

0.9
0

5

10
tw [ns]

15

20

Figure 3.2: (a) The singlet return probability PS from the semi-classical
model as a function of the waiting time tw and final detuning εf . We find
nanosecond oscillation periods and the dephasing time T2∗ ∼ 16 ns, in good
agreement with experiment. We used B = 100 mT, γ = 0.015 meV/ns,
u = 4 meV and τ = 5 µeV. (b) PS (blue) as a function of tw for εf = 3.97 meV
(horizontal line in (a)). We plot (orange) C sin(ωt) exp(−(t/T2∗ )2 ) where
ω = ES (εf ) − ET+ /ℏ ∼ 2π · 0.23 GHz, C = 0.95 and T2∗ = (16.0 ± 0.4) ns is
extracted from a best fit.
sampling. Instead of estimating σ from n and A of the quantum dots, here we
use the experimentally determined [32] ∆HF = 60 neV to derive σ ∼ 1.67
√mT.
−
−
∗
2
−
2
− 2
We have ⟨∆HF ⟩ = ⟨(δBn ) ⟩ = 4σ , with δBn ≡ g µB (Bn, 2 − Bn, 1 )/2 2 =
⊥
⟨T+ |HHF
|S⟩. In Fig. 3.2 we show PS as a function of εf and tw for γ =
0.015 meV/ns, B = 100 mT, u = 4 meV, and τ = 5 µeV. We use a square
pulse with a ramping time |tf − ti | fixed to 1.5 ns and the initial detuning εi
is varied to reach different values of εf .
We identify coherent oscillations as a function of tw and εf . From a
best fit, we obtain the decoherence time T2∗ = (16.0 ± 0.4) ns, which agrees
well with experiment. The decoherence is mainly due to the fluctuations
of Bnz . The period of the temporal oscillations is T = h/ ES (εf ) − ET+ ∼

53

3.3. Classical stochastic approach for nuclear spin-induced dynamics

1

experiment
theory

0.9

PS

0.8
0.7
0.6
0.5
5

10

15

20

25

30

tw [ns]

Figure 3.3: Comparison between experimental (purple, open circles) and
theoretical values (blue, filled circles) of PS for B = 45 mT. Theoretical values
are obtained by finding the detuning εf = 3.78 meV for which the theoretical
and experimental oscillation periods match. A suitable γ = 0.12 meV/ns
is then chosen such that εi > εc . The experiments used passive filtering
of square pulses to reduce PLZSM and thereby increase the visibility of the
oscillations. As a result, oscillations in the experimental data are delayed to
longer times due to finite rise time effects. The theory points are obtained
with a perfect square pulse.
4.3 ns for εf = 3.97 meV (see Fig. 3.2(b)). For a fixed B, a shorter period
can be obtained for smaller εf , the fastest oscillations being defined by the
Zeeman energy. To further decrease the period the external B field can be
increased and hence the qubit manipulation could be done in a time scale of
100 ps for B ∼ 1.6 T, which would allow ∼ 160 coherent operations within
T2∗ . In the exchange gate demonstrated in Ref. [19], dJ/dε increases with
ε, which results in faster dephasing for faster rotations. In contrast, here
the rotation rate is set by the Zeeman energy, which is independent of ε
far from the S-T+ avoided crossing. As a result, the coherent oscillation
frequency can be increased without making the qubit more susceptible to gate
voltage fluctuations by simply increasing B. Far from the avoided crossing
the level spacing is independent of detuning, similar to the “sweet spot” in
superconducting qubits [97].
The model predicts coherent oscillations in PS for εf > εc , i.e. in the case
where the qubit has not passed the avoided crossing. It can be explained
within finite-time LZSM theory, but not with the conventional asymptotic
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2

Landau-Zener formula. Even if tf < 0, we have UijLZSM (tf , ti ) > 0, which illustrates the non-adiabatic character of the problem. For the pulse conditions
used in Ref. [32], oscillations are not observed for εf > εc , most likely due to
charge dephasing. The coherence time of an admixture of (1, 1) and (2, 0)
charge state has been measured to be ∼ 1 ns for GaAs quantum dots [90]
and sets the time scale at which the system must be driven to observe oscillations for εf > εc . A finite-time effect in agreement with the experimental
data is the dependence of the oscillation amplitude PS on the pulse length.
Finally, we show in Fig. 3.3 a comparison between experiment and theory for
B = 45 mT. The experimental data were obtained from the setup used in
Ref. [32]. The experiments used passive filtering of square pulses to reduce
PLZSM and thereby increase the visibility of the oscillations. As a result, oscillations in the experimental data are delayed to longer times due to finite
rise time effects.

3.4

Arbitrary single qubit rotations

The passage through the avoided crossing can be interpreted as a rotation, ULZSM (η, tf , ti ) = e−iσ·n̂θ/2 by an angle θ around the axis n̂, see
Fig. 3.4. Here θ =√θ(η, tf , ti ) and n̂ = n̂(η, tf , ti ) is a unit vector where
η = |⟨T+ |HHF |S⟩| / αℏ is the dimensionless coupling strength. Since n̂
and θ are functions of the same experimental parameters ti (→ εi ), tf (→
εf ), and α(→ γ), it is not straight forward to find them simultaneously in
order to build a given single qubit rotation. For instance, fixing two parameters and tuning the third one will simultaneously change n̂ and θ limiting
the achievable rotations angles. Nevertheless, the situation is not hopeless
and several composite methods can be engineered to achieve any rotation.
We present here three methods, each of them having their own advantages.
Since rotations by an angle φ around the z-axis are available by letting
the qubit evolve in an external B field, we would like n̂ to be in the xyplane in order to build any rotation by the Euler angle method. Below we
show that this is possible if for example the propagation times are equal,
−ti = tf = tLZSM . However, a π-rotation from |S⟩ to |T+ ⟩ would take an
exponentially long time with a single LZSM transition, since it corresponds
to a fully adiabatic transition. However, this problem can be circumvented
by sequentially applying several LZSM transitions. A π-rotation from |S⟩
to |T+ ⟩ can be achieved in ∼ 0.1 − 1.0 ns for two consecutive and identical
LZSM transitions.
The single qubit gates can also be implemented with a pure LZSM interferometry technique, similar to the one used to control superconducting
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Figure 3.4: Bloch sphere representation of LZSM transitions as rotations.
(a) When the propagation times are equal, −ti = tf , the rotation axis lays
in the xy-plane. In addition with the rotations generated around the z-axis
by letting the qubit evolve in the external magnetic field, any rotation can
be achieved by the Euler angle method. (b) If the propagation times are
different the rotations axis may not lay in the xy plane. In this case, a pure
LZSM interferometry technique can be used to generate any rotation.
qubits. This method requires sequential driving of the qubit through the
avoided crossing. The different passages result in a series of LZSM transitions each of them corresponding to a rotation of the qubit. By tuning γ and
choosing −ti ̸= tf with different ratios for |ti |/|tf |, any qubit rotations can be
achieved within a nanosecond.
Since finite-time effects are present in the system, we can think about a
control method where the qubit is operated on the (1, 1) charge configuration
side (“sweet region”). This requires the preparation of a T+ (1, 1) state [16]
and pulses with rise times shorter than 1 ns which do not drive the system
through the avoided crossing unless a measurement is required. The qubit
manipulation is achieved through finite-time LZSM interferometry, where
tuning γ and the propagation time ti, f allows to achieve any desirable angle.
For all those methods, an arbitrary single qubit rotation can be expressed as
a series of a forward sweep -wait -backward sweep operators,
D(θ, φ) =

l
∏

(i)

(i)

Ub (θb )Uz (φ(i) )Uf (θf ),

(3.4.1)

i=1

which reduces to Eq. (3.3.6) for l = 1. The proposed methods require a
maximum of l = 3. It is important to notice that the rotation axis and
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Figure 3.5: A conditional gate can be implemented by capacitively coupling
electrons trapped in quantum dots belonging to different qubits. The crossing
position εc has different values whenever the charge state of the control qubit
is (0 2) (a) or (1, 1) (b). The later case results in εf ≪ εc which suppresses
any LZSM transition.
∑
∑
the final measurable angles will not be n̂, θ = i θi , and φ = i φi , but
rather ⟨n̂⟩χ , ⟨θ⟩χ , and ⟨φ⟩χ , where the brackets denote the averaging over
the nuclear spin bath. A similar scheme with l = 1 has been proposed for
the S - T0 qubit [24].

3.5

Two-qubit gate

To complete the set of quantum gates, a two-qubit operation such as
CNOT is required. We consider the Hamiltonian
(1)

(2)

Hcond = Heff + Heff + Hint ,
(i)

(3.5.1)

where
∑ Heff is the single qubit Hamiltonian defined in Eq. (3.3.3) and Hint =
ũ j=2,3 nj↑ nj↓ describes the capacitive coupling [83, 82, 98] between two
adjacent quantum dots belonging to different S − T+ qubits. Tunneling
between the dots of the different qubits can be suppressed by an appropriate
gate voltage. If the control qubit, qubit-1, is in a S(2, 0) state, Hint = 0 and
the dynamics of the target qubit, qubit-2, is reduced to the case of a single
qubit, see Fig. 3.5. When the control qubit is in a (1, 1) charge configuration,
the target qubit is influenced by the interdot Coulomb interaction. In this
case, the dynamics of the target qubit can be described by Eq. (3.3.3) by
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replacing u → u + ũ. In particular, this affects the position of the avoided
crossing. For a system with two double quantum dots separated by a distance
d ≃ 2R − 10R, where R is the approximate radius of one quantum dot,
the intradot Coulomb interaction u ∼ e2 /R is comparable to the interdot
Coulomb interaction ũ ∼ e2 /d resulting in |εc (u) − εc (u + ũ)| > 1 meV. From
the previous discussion, we know that a π-rotation is possible within ∼ 1 ns
if εc = εc (u). In the case where the avoided crossing is at εc (u + ũ) the
same LZSM sequence will leave the target qubit unchanged, even within a
finite-time theory since the separation between the two avoided crossings is
> 1 meV. Therefore, we estimate the CNOT gate time to be ∼ 1 − 3 ns.
Let us consider the case where the control qubit is in the S(2, 0) state,
which is the logical |1⟩ of the qubit, such that the target and control qubit
are not capacitively coupled, u = 4 meV. For γ = 0.3 meV/ns, B = 100 mT,
εi = 3.98597 meV, and εf = 3.97991 meV we find for l = 6 and φ(i) = 0 in
Eq. (3.4.1)
(
)
−0.314
0.945 − 0.096i
(1)
D (θ, φ) ≃
.
(3.5.2)
−0.945 − 0.096i
−0.314
This example shows the almost perfect realization of a conditional iσy operation which corresponds to a CNOT gate up to single-qubit gates.
To show that this method produces a CNOT gate, we consider the case
where the control qubit is in the T+ (1, 1) state, which is the logical |0⟩ of the
qubit. We estimate a lower bound for the strength of the capacitive coupling
between the qubits to be u + ũ = 5 meV (see above). In this case, the target
qubit evolution takes the form
)
(
0.971 + 0.002i
−0.206 − 0.124i
(0)
,
(3.5.3)
D (θ, φ) ≃
0.206 − 0.124i
0.971 − 0.002i
which is close to 1 and demonstrates the possibility of generating a CNOT
gate with the proposed method.
Notice that our choice for εi, f corresponds to a propagation time tLZSM =
0.01 ns such that the total gate time to achieve controlled-iσy is 0.24 ns. The
]2
[
fidelity is F = Tr D(0) + Tr D(1) (iσy )† /16 ≃ 0.918. A more accurate
CNOT gate can be engineered by fine tuning the parameters entering the
LZSM propagator.

3.6

Conclusions

We have demonstrated that coherent control of the S-T+ qubit can be
achieved using LZSM interferometry. Hyperfine interactions lead to an avoided
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crossing between S and T+ states, which allows for efficient quantum control. Moreover, we predict that in the limit of fast rise-time pulses coherent
oscillations in PS should be observed even without going through the avoided
crossing. This phenomenon is a finite time effect which we have theoretically
described using the general finite-time LZSM theory and it can be used to
operate the qubit in the (1, 1) charge configuration side (“sweet region”).
Our scheme can be extended to double quantum dots in materials with
few nuclear spins (graphene, CNT, Si). In such cases, the avoided crossing
between the qubit states can be achieved by engineering a double quantum
dot in the presence of micro-magnets which provide the in-plane gradient
magnetic field for the realization of the LZSM based gates [99]. The qubit
will moreover benefit from the lack of the inhomogeneous broadening due to
the Overhauser fields and exhibit an extended T2∗ . In GaAs double quantum
dots the method proposed in Ref. [16] could be used to extend T2∗ without
cancelling the gradient field. Other schemes to polarize the nuclear spins [86]
or reduce their fluctuations [84, 85] also exist.

4
Can a Hadamard gate be implemented for a
S-T+ qubit?

4.1

Introduction

Spin-based qubits confined in quantum dots are promising candidates for
implementing a scalable quantum computer [14, 24], most of the requirements
having been achieved with these systems. Initialization [25], readout [29], and
more importantly, manipulation [19, 91, 92] of a single spin qubit have been
achieved. However, these methods are not yet mature enough for large scale
quantum computing with single spins. Single spin rotations based on electron
spin resonance [91] (ESR) are difficult to achieve due to the small coupling
between an electron spin magnetic moment and an ac magnetic field. This
directly impacts the gating time which reaches ∼ 100 ns in GaAs quantum
dots. Moreover, the procedure is, in the current technological state, hard to
extend to an array of quantum dots due to the difficulties in spatially localizing an ac magnetic field. The possibility to use instead electrically driven
spin resonance [92] (EDSR) by exploiting spin-orbit interaction modulated
by an ac electric field has also been explored. However, single spin operations with this method last
√ twice as long, ∼ 212 ns, as compared to normal
ESR. An exchange based SWAP [19], a two-qubit gate which in addition
with single qubit operations generates the controlled-NOT, has been realized
with gating times of ∼ 200 ps. But since the exchange energy is susceptible
to charge noise, the coherence times of the two-spin system is shorter than
This chapter is adapted from a manuscript in preparation. H. Ribeiro, J. R. Petta
and G. Burkard, in preparation.
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Figure 4.1: (a) The Landau-Zener-Stückelberg-Majorana (LZSM) problem.
(b) In its finite-time formulation, the LZSM model addresses the problem
of a two-level system swept through the avoided crossing from ti to tf and
assuming that the difference in energy between the levels is given by ∆E(t) =
αt. (c) We propose to change the degree of adiabaticity of the problem
by making use of a pulse whose ramp consists of a fast-slow-fast rise-time
sequence.
the time needed to perform a single qubit gate. However, in other systems
like InAs nanowires, where the spin-orbit interaction is larger than in GaAs,
single qubit rotations exhibiting periods of ∼ 16.7 ns were achieved [100].
The implementation of a qubit using two-spin states [48] confined in a
double quantum dot system has also been realized. For a qubit whose basis
states are encoded in a singlet and triplet T0 , single qubit gate operations
were demonstrated to be orders of magnitude faster than single spin manipulation. A recent experiment [101] has also demonstrated the possibility
of realizing a conditional two-qubit gate. Within this two-spin version of a
qubit, the two-qubit gate realized in Ref. [19] can be interpreted as a single
qubit operation. However, the exchange interaction only allows for rotations
about a single given axis, to generate arbitrary rotations two perpendicular
axes are needed. In addition to the exchange interaction, generation of an
effective nuclear magnetic gradient [16] showed the possibility to have two
independent axis. Even though remarkable, this method also presents some
difficulties when it has to be extended to a large number of qubits. It requires
that in every double quantum dot the polarization mechanism produces the
exact same (magnitude and direction) gradient field. But an advantage of
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the method is that the generation of the nuclear magnetic gradient increases
the decoherence time associated to hyperfine dephasing [43].
Recently, it has been proposed to use instead of the singlet and triplet T0
the singlet and triplet T+ to encode the qubit states [32, 102]. Along with
this new type of qubit came a new manipulation scheme, which in addition
of being all-electrical, has the advantage of being fast. The control method
relies on Landau-Zener-Stückelberg-Majorana [61, 62, 63, 64] physics, which
occurs in the system when the S-T+ qubit is swept through the nuclear spin
hyperfine mediated avoided crossing.
In this section, we present an improved scheme to manipulate the S-T+
qubit. It consists in using a pulse whose ramp consists of a fast-slow-fast risetime sequence like depicted if Fig. 4.1 (c). While keeping the gating times
in the nanosecond regime, it allows to experimentally measure finite-time
effects, predicted in Ref. [102] but not observed in Ref. [32] due to charge
dephasing and relaxation mechanisms. But more interestingly, if the pulse
is designed such that the system goes through the avoided crossing during
the slow ramp, then adiabatic transition of the singlet state to the triplet
state is enhanced. In combining this effect with free precession of the qubit
in an external magnetic field, it is possible to achieve a perfect 50 : 50 beam
splitter. Ultimately, this allows to realize the Hadamard gate,
(
)
1
1
1
H= √
,
(4.1.1)
−1
2 1
which, for example, is a key element in Shor’s quantum algorithm for factorizing large integers [9].

4.2

Adiabatic control of a quantum two-level
system

There are numerous problems in physics that deal with the physics of a
two-level system brought into resonance. The most common case is the Rabi
resonance [103] which, for instance, describes spin-magnetic resonance. In
the field of quantum computation, Rabi physics is widely used to manipulate
an electron spin confined in a quantum dot [104]. Another type of resonance
physics, as widely spread as the Rabi problem, is the adiabatic passage. It
happens when an interacting system passes through resonance. There are
several theoretical models that describe such processes [105, 106, 107, 108,
109, 110, 111], but in addition to these, there is a more well-known model
which has proven to be applicable in different fields of physics, the LandauZener-Stückelberg-Majorana [61, 62, 63, 64] model.
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Enhancing adiabatic control

The central idea of our improved scheme is based on the observation that
the biggest change of population occurs during a slow sweep through the
LZSM avoided crossing. Moreover, since a physical system cannot in general
be initialised close to the resonance point and since it is also unfavorable to let
it stay idle close to that point, we develop a scheme where the initialised state
is detuned using a fast-slow-fast pulse sequence. Ideally, the fast sequences
should fulfill τfast ≫ 1 and ηfast ≪ 1 while the slow sequence should satisfy
τslow < τfast and ηslow > ηfast . The unitary evolution of the most general
sequence can be written using Eq. (1.5.17) as
U (tf , ti ) = Ufast2 (tf , t2 )Uslow (t2 , t1 )Ufast1 (t1 , ti )
(
)
ũ11 (tf , ti ) ũ12 (tf , ti )
=
ũ21 (tf , ti ) ũ22 (tf , ti )

(4.2.1)

Here t1 = tf1 , t2 = tf1 + ts , and tf = tf1 + ts + tf2 , where tfi is the propagation
time associated to the i-th fast sequence, and ts corresponds to the slow
sequence.
To illustrate the advantage of using such a sequence over the traditional
single sweep, we plotted in Fig. 4.2 the non-adiabatic transition probability
P̃na = |ũ11 (tf , ti )|2 versus Pna = |u11 (tf , ti )|2 as a function of ti . The LZSM
speed for the single case, αsi is obtained by the condition that the system
must be detuned to the same difference in energy,
αsi =

αf1 tf1 + αs ts + αf2 tf2
.
tf − ti

(4.2.2)

We consider in Fig. 4.2 (a) a weak coupling regime, ηslow < 1, with t1 − ti =
0.1 ns, t2 − t1 = 2.0 ns, tf − t2 = 0.1 ns, λ = 50 neV, αfr1 = 1.5 · 106 eVs−1 ,
αsr = 2.5 · 104 eVs−1 , and αfr2 = 1.0 · 106 eVs−1 . This regime already shows
a clear difference between both methods, although the system is brought
into resonance with conditions that largely favor a non-adiabatic transition.
To further verify that the scheme really changes the adiabatic evolution of
the system, we double the propagation time of the slow passage while αs is
divided by two to ensure that the final difference in energy is the same. The
result can be seen in Fig. 4.2 (b). This case exhibits reduced probabilities for
both schemes and the simple sequence case is still less efficient in populating
the excited state. In Fig. 4.2 (c) we consider the case of a stronger coupling,
λ = 0.5 µeV, but ηslow < 1. Here we directly compare the effect of increasing
the slow propagation time while decreasing αs accordingly. If we think of the
two-level system as a qubit and of the propagators as gates, we notice that

4.3. Application to a S − T+ qubit

63

quantum control can simply be achieved by tuning the propagation time and
the speed at which the system is brought into resonance. Our method even
allows for fast population exchange in the case of strong coupling, Fig. 4.2
(d). In a regime where λ = 5 µeV and t2 − t1 = 4.0 ns, fine tuning of ti would
allow to achieve a population transfer, while it is impossible with the usual
method.

4.3
4.3.1

Application to a S − T+ qubit
Effective Hamiltonian

In Section 3.2 we have already derived an Hamiltonian that accounts for
spin dynamics in the vicinity of the hyperfine mediated avoided crossing.
Here, we would like to include the effect of charge dynamics which we have
previously neglected.
In order to derive the LZSM class Hamiltonian describing the dynamics
of the two-electron spin states near the hyperfine induced avoided crossing,
we consider the 3 × 3 Hamiltonian
 ∗

g µB B
0
√0
2τ,
H0 (ε) =  0
(4.3.1)
√0
0
2τ u−ε
which accounts in the presence of an external magnetic field B for the dynamics of the spin states T+ (1, 1), S(1, 1), and S(2, 0) without hyperfine
interaction.
The diagonalization of Eq. (4.3.1) yields two hybridized singlets and the
triplet state T+
|S⟩ = c(ε)|S(1, 1)⟩ +

√

1 − c(ε)2 |S(2, 0)⟩,
√
|S′ ⟩ = d(ε)|S(1, 1)⟩ + 1 − d(ε)2 |S(2, 0)⟩,
|T⟩ = |T+ (1, 1)⟩,

(4.3.2)
(4.3.3)
(4.3.4)

with respective energies
√
1
ES (ε) = (u − ε − 8τ 2 + (u − ε)2 ),
2
√
1
ES′ (ε) = (u − ε + 8τ 2 + (u − ε)2 ),
2
ET = g ∗ µB B.

(4.3.5)
(4.3.6)
(4.3.7)
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Figure 4.2: (a) Comparison of the non-adiabatic transition probability of a
fast-slow-fast detuning sequence (orange) and simple detuning (red) as function of ti for t1 − ti = 0.1 ns, t2 − t1 = 2.0 ns, tf − t2 = 0.1 ns, λ = 50 neV,
αfr1 = 1.5 · 106 eVs−1 , αsr = 2.5 · 104 eVs−1 , and αfr2 = 1.0 · 106 eVs−1 . The
condition that the system must reach the same difference in energy defines
the LZSM speed for the simple detuning case. The fast-slow-fast sequence
increases the probability of adiabatic transition, although the propagation
time remains the same in both passages. (b) Similar comparison, but with
t2 − t1 = 4.0 ns. Increasing the propagation time of the slow detuning favors
the adiabatic transition. (c) For λ = 0.5 µeV we compare the non-adiabatic
transition probability when increasing the propagation time of the slow detuning, t2 − t1 = 2.0 ns (green), t2 − t1 = 4.0 ns (purple), and t2 − t1 = 8.0 ns
(blue). The LZSM speed is decreased accordingly to fulfill the condition that
the final difference in energy is constant. (d) In the strong coupling regime
the developed scheme allows an adiabatic population transfer by fine tuning
ti . Here λ = 5 µeV and t2 − t1 = 4.0 ns, the others parameters are the same
as in (a).
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The charge admixture coefficients c(ε) and d(ε) are respectively given by
√
ε − u − 8τ 2 + (u − ε)2
c(ε) = √
,
(4.3.8)
√
2
2
2
2
8τ + (−ε + u + 8τ + (ε − u) )
√
ε − u + 8τ 2 + (u − ε)2
d(ε) = √
.
(4.3.9)
√
2
2
2
2
8τ + (ε + u + 8τ + (ε − u) )
This allows to define the following basis change


1
0
0
,
T (ε) = 0 √ c(ε)
√ d(ε)
1 − c2 (ε)
1 − d2 (ε)
0
such that

H0diag (ε) = T (ε)† · H0 (ε) · T (ε)
 ∗

g µB B 0
0
ES 0  .
= 0
0
0 ES′

(4.3.10)

(4.3.11)

We add to the Hamiltonian defined in Eq. (4.3.1) the hyperfine interaction defined in Eq. (2.2.4). Since we are not interested in describing the
nuclear spins dynamics, but its effect on the two-spin states S and T+ , we can
model the action of the Overhauser field operators by introducing a classical
stochastic variable which accounts for fluctuations of the nuclear ensemble
as we did in Section 3.3.
We find that the full Hamiltonian, in the {T+ (1, 1), S(1, 1), S(2, 0)} basis,
describing the dynamics of the singlet S and triplet T+ near the hyperfine
avoided crossing is given by


gµB B̃
λ
0
√
HST+ (ε) =  λ
(4.3.12)
0
2τ ,
√
0
2 τ (u − ε)
z
z
and the hyperfine coupling strength is given by
+ Bn,2
where B̃ = B + Bn,1

1
−
⊥
−
),
|T+ (1, 1)⟩ = √ g ∗ µB (Bn,2
− Bn,1
λ = ⟨S(1, 1)|HHF
2 2

(4.3.13)

y
−
x
− iBn,i
. In the basis that diagonalizes Eq. (4.3.1), the
= Bn,i
with Bn,i
Hamiltonian defined in Eq. (4.3.12) reads


gµB B̃ c(ε)λ d(ε)λ
H̃ST+ (ε) =  c(ε)λ ES (ε)
(4.3.14)
0 .
d(ε)λ
0
ES′ (ε)
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Figure 4.3: The effective hyperfine mediated coupling between |S⟩ and |T⟩ is
not constant as a function of the detuning. This is a consequence of the state
|S⟩ being an admixture of different charge states. If the qubit manipulation
is only done on the left of the green line, the effective Hamiltonian defined
in Eq. (4.3.15) can be reduced to a LZSM Hamiltonian.
The projection of Eq. (4.3.14) onto the Hilbert space spanned by {|S⟩, |T⟩}
leads to the effective 2×2 Hamiltonian describing the dynamics at the singlet
triplet T+ avoided crossing. The higher energy singlet state |S′ ⟩ can be safely
neglected if the pulses bringing the states |S⟩ and |T⟩ into resonance
are
√
fully adiabatic with respect to the energy separation (∆ESS′ = 2 2 τ ) of |S⟩
and |S′ ⟩ at the charge avoided crossing. With a time dependent detuning,
ε = ε(t), we finally obtain the time dependent Hamiltonian
H(ε(t)) = ES (ε(t))|S⟩⟨S| + ẼT |T⟩⟨T| + g(ε(t)) (|S⟩⟨T| + h.c) .

(4.3.15)

The triplet energy is time independent and includes the Zeeman energy
and the shift due to the longitudinal hyperfine interaction, ẼT = g ∗ µB B̃. The
coupling g(ε(t)) = c(ε(t))λ has a time dependence linked to the detuning,
which implies that the physics described by Eq. (4.3.15) is different from the
physics of a finite-time LZSM model [67, 66]. However, the peculiar form
of g(ε(t)) allows us to make some statements based on the LZSM model
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(c.f. Fig 4.3). It is expected to observe finite-time LZSM interferometry
phenomena in close vicinity of the avoided crossing where g(t) ≃ λ, or put in
other words, there is a finite transition probability from the ground state to
the excited when the system is in a detuning regime where the population of
|S(1, 1)⟩ is such that |c(ε)|2 > 0. In the system considered here, this happens
for detuning values bigger than the position of the avoided crossing. We also
anticipate that the speed at which the system is detuned allows to coherently
control the admixture of the two states.

4.3.2

Master equation

As a mean to compare the theory with the experimentally observed data,
it is not sufficient to solve the Hamiltonian dynamics provided by Eq. (4.3.15),
since some important phenomena that can influence the outcome of the experiment are not taken into account. Among these, there is the action of
spin-orbit interaction that leads to phonon mediated relaxation and the effect of charge fluctuations that lead to dephasing of a charge superposition
state. These phenomena can be taken into account in a master equation formalism for the density matrix. In the Lindblad formalism, the time evolution
of the density matrix can be expressed as
N −1
] [
])
i
1 ∑ ([
ρ̇ = − [H, ρ] +
Lj ρ, L†j + Lj , ρL†j .
ℏ
2 j=1
2

(4.3.16)

The operators Lj are called Lindblad operators [112] and they describe the
dissipative effect of the environment on the system in the Born-Markov approximation, which consists of two assumptions that lead to Eq. (4.3.16).
The Born approximation supposes a weak coupling between the system and
the bath, in our case the phonon bath, while the Markov approximation consists in neglecting any type of memory effects of the bath due to the system
evolution. To fully describe the effect of the environment, one needs N 2 − 1
operators where N is the dimension of the Hilbert space of the system [112].
For the case of a two-level system, the Lindblad operators are proportional
to the spin ladder operatoars σ+ , σ− , and to the Pauli matrix σz . They describe respectively relaxation from the excited state to the ground state with
emission of energy, reverse relaxation with absorption of energy, and pure
dephasing, which is a process that does not involve exchange of energy with
the environment.
By substituting Eq. (4.3.15) into Eq. (4.3.16) and using the Lindblad
operators for a two-level system, the first order differential equation for the
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S-T+ density matrix can be written as
(
)
i v11 v12
ρ̇ = −
,
ℏ v21 v22

(4.3.17)

where
v11 = −g(ρ12 − ρ21 ) − Γrr ρ11 + Γr ρ22 ,
1
v12 = −g(ρ11 − ρ22 ) + (ES − ẼT )ρ12 − (Γrr + Γr + 4Γφ )ρ12
2
1
v21 = g(ρ11 − ρ22 ) − (ES − ẼT )ρ21 − (Γrr + Γr + 4Γφ )ρ21 ,
2
v22 = g(ρ12 − ρ21 ) + Γrr ρ11 − Γr ρ22 .

(4.3.18)
(4.3.19)
(4.3.20)
(4.3.21)

We explicitly omitted to write the detuning dependence in Eq. (4.3.17).
The rate Γr is associated to relaxation processes, Γrr to reverse relaxation,
and Γφ to pure dephasing. This system of four coupled ordinary differential
equations can be reduced to a system of three coupled ordinary differential
equations (Bloch type equations) by introducing new variables defined by
x = ρ12 + ρ21 ,
y = i (ρ12 − ρ21 ) ,
z = ρ11 − ρ22 .

(4.3.22)

This set of variables is completed by the conservation of probability condition,
ρ11 + ρ22 = 1.

(4.3.23)

Substituting Eqs. (4.3.22) and (4.3.23) into Eq. (4.3.17), one finds the system
of ordinary differential equations for the new variables,
ES − ẼT
1
y − (Γr + Γrr ) x − 2Γφ x,
ℏ
2
g
1
ES − ẼT
x − 2 z − (Γr + Γrr ) y − 2Γφ y,
ẏ =
ℏ
ℏ
2
g
ż = 2 y − (Γr + Γrr ) z + Γr − Γrr .
ℏ

ẋ = −

(4.3.24)
(4.3.25)
(4.3.26)

Since Γr and Γrr can be related to each other by considering the limiting
case of thermal equilibrium, Eqs. (4.3.26) can be simplified to include only
two independent rates. If the system reaches thermal equilibrium then the
th
detailed balance equation ρth
11 Γrr = ρ22 Γr holds. Moreover, the populations
are given by the canonical ensemble, ρth
ii = exp(−βEi )/Z, where β = 1/kB T ,
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with kB the Boltzman constant and T the temperature, and Z is the partition
function. This yields
Γrr
ρth
= e−βℏω0 ,
(4.3.27)
= 22
Γr
ρth
11
where we used ℏω0 = ESd − ETd + . The energies ESd and ETd + are obtained by
diagonalizing Eq. (4.3.15).
Since Γr is associated with a process involving the emission of a phonon,
we can express it as
Γr = γ1 (1 + n(ω0 )) ,
(4.3.28)
where n(ω) is the Bose-Einstein occupation number, n(ω) = (exp(βℏω) −
1)−1 , and γ1 is the spontaneous decay rate, which we treat as a phenomenological parameter here. Similarly we obtain
(4.3.29)

Γrr = γ1 n(ω0 ).

Combining the results of Eqs. (4.3.27), (4.3.28), and (4.3.29), we find that
(
)
ESd (ε) − ETd (ε)
Γ1 (ε) = Γr + Γrr = γ1 coth
.
(4.3.30)
2kB T
This functions presents a peak at ε = εc where ESd (ε) − ETd ≪ kB T . This
is due to a strong thermal mixing between the spin states.
Since we expect the pure dephasing of the states |S⟩ and |T⟩ to be connected to charge dephasing, we assume
Γφ (ε) = γ2 (1 − c(ε)2 ).

(4.3.31)

This form ensures that charge dephasing is suppressed when the system is
no more in a charge superposition state. We plot in Fig. 4.4 the rates Γ1 (ε)
and Γφ (ε).
Finally, the Bloch type equations, written in a matrix form, describing
the dynamics around the S-T+ avoided crossing are
 
 
 
ẋ
x
0





ℏ ẏ = A(t) y ± ℏ 0  ,
(4.3.32)
ż
z
γ1
where
A(t) =

(

− 12 ℏ(Γ1 (ε(t))+2Γφ (ε(t)))
ES (ε(t))−ẼT
0

−ES (ε(t))+ẼT

0

− 12 ℏ(Γ1 (ε(t))+2Γφ (ε(t)))
−2λ
2λ
− 21 ℏΓ1 (ε(t))

)
.

(4.3.33)

The different signs in front of the inhomogeneous term come from the
fact that the states |S⟩ and |T⟩ exchange their roles as ground and excited
state of the system at ε = εc .
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Figure 4.4: (a) Relaxation rate Γ1 (ε) obtained for B = 100 mT. Spin-orbit
mediated flip-flops of the electron spin accompanied by emission or absorption of phonons is assumed to be the leading relaxation mechanism. The
relaxation rate is maximal for ε = εc where ESd (ε) − ETd ≪ kB T . This
results from a strong mixing of the spin states due to thermal fluctuations.
(b) Pure dephasing rate Γ2 (ε). The pure dephasing rate is assumed to have
a functional dependence proportional to 1 − c(ε)2 to ensure that dephasing
related to a charge superposition state is suppressed when the system is in a
(1, 1) charge configuration.

4.4

Results

We now compute the singlet return probability for two different detuning
functions ε(t). We first consider the case where ε(t) is obtained through
convolution of a perfect square pulse with a Gaussian pulse. We then consider
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what we call a “double hat” pulse1 , which is a pulse consisting of a fast-slowfast rise-time succeeded by a waiting time and a reverse fast-slow-fast rise
time as depicted in Fig. 4.6.
The singlet return probabiliy is obtained by solving Eq. (4.3.32) for different realizations of λ that obey the probability distribution defined in
Eq. (3.3.2). Since the actual number of nuclear spins interacting with the
electron spin is unknown, we use the experimentally measured hyperfine splitting from Ref. [32] to determine the standard deviation, σ = 30 neV. The
average value of PS is then calculated according to
N
)
1 ∑1(
1 + z (i) ,
PS =
N i=1 2

(4.4.1)

where z (i) is the i-th solution of z(t) in Eq. (4.3.32).

4.4.1

Manipulation via convoluted pulses

Although we are interested in studying our new scheme for manipulation,
we start by considering the case where ε(t) is the result of the convolution between a perfect square pulse with a rising time of 1.5 ns, a variable width, and
a maximal amplitude of 67.5 µeV with a normalized Gaussian pulse whose
standard deviation is 3.7 ns. We are interested in finding reasonable values
for the phenomenological parameters γ1 and γ2 by comparing the results of
our theory with previous experiments [32]. The results for B = 100 mT,
u = 4 meV, τ = 5 µeV, γ1 = 105 s−1 , and γ2 = 108 s−1 are shown in Fig. 4.5.
We plot the singlet return probability as a function of the waiting time tw
and nominal final waiting position εf . The obtained results show qualitatively the same features as the experimental results presented in Ref. [32].
The traces presented in Fig. 4.5 (b) and (c) show the limitation of using
convoluted pulses to manipulate the qubit. The delay time until the first
oscillations start to appear, due to the convolution which reduces the maximal amplitude for short waiting times, is increasing unnecessarily the gating
time. Ideally, a coherent superposition of the qubit states should be possible for no waiting time. It would also be most suitable that the maximal
LZSM transition amplitude associated to the final position εf corresponds
to ∆E(εf ) = g ∗ µB B, where the fastest z-rotations can be achieved. A convoluted pulse, or even a simple linear pulse, cannot fulfill at the same time
both of these conditions as expected from a finite-time LZSM model and as
1

The term “double hat” was first used by D. Huse in a private communication with J.
R. Petta.

72

Chapter 4. Can a Hadamard gate be implemented for a S-T+ qubit?

1

(a)
3.99

3.97

0.8

3.95

0.7

PS

offset [meV]

0.9

0.6
3.93

PS

(b)

PS

(c)

0.5

1
0.95
0.9
0.85
1
0.95
0.9
0.85
0.0

10

20

30

tw [ns]

Figure 4.5: (a) Singlet return probability PS as a function of the waiting
time tw and final position εf (offset) obtained for a detuning ε(t) resulting
from the convolution of a perfect square pulse and Gaussian pulse. The
other parameters are B = 100 mT, u = 4 meV, τ = 5 µeV, γ1 = 105 s−1 ,
and γ2 = 108 s−1 . The interference pattern matches qualitatively the experimental results obtained in Ref. [32]. (b) and (c) Respective traces for
εf = 3.97 meV and εf = 3.95 meV. The delay time to the first oscillation
results from the convolution which diminish the pulse maximal amplitude
for short waiting times.
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seen in Fig. 4.5 (b) and (c). A bigger oscillation amplitude corresponds to a
longer period.
For the result showed in Fig. 4.5, it is important to emphasized that PS
cannot be experimentally measured if εf ≲ ε(1,1) = 3.9325 meV. The singlet
return probability measurement relies on a charge-to-spin conversion which
works in a detuning regime where the charge state of the singlet is (2, 0). A
charge measurement performed with a quantum dot calibrate to work as a
charge sensor allows then to distinguish between singlet and triplet. A final
detuning smaller than ε(1,1) corresponds to an initial detuning in the (1, 1)
charge region.

4.4.2

“Double hat” manipulation

We consider in this section a detuning ε(t) whose ramp follows a fastslow-fast rise-time sequence as described in Sec. 4.2. In addition to the
previously discussed benefits of such a sequence that allows to pass slowly
through the avoided crossing in order to increase the adiabatic transfer. This
method applied to a S-T+ qubit permits to achieve simultaneously a large
adiabatic transition amplitude and to bring the qubit to a detuning where
the difference in energy is given by the Zeeman splitting. To demonstrate
this kind of dynamics, we engineer a detuning ε(t) with an amplitude of
εf − εi = 0.2 meV. The pulse reaches an amplitude of 0.12 meV in 0.1 ns, it
is then slowed down until it reaches an amplitude of 0.1325 meV, and finally
it is brought to its maximal amplitude in 0.1 ns. The rise-time tslow of the
slow part of the pulse can be tuned freely. Here we choose to compute PS for
tslow = 2, 4, 8, and 10 ns.
In Fig. 4.7 we present the singlet return probability as a function of the
final position εf and waiting time tw for tslow = 4 ns. The other parameters
remain the same as the ones used to compute PS when the detuning ε(t) is a
convoluted pulse. We have B = 100 mT, u = 4 meV, τ = 5 µeV, γ1 = 105 s−1 ,
and γ2 = 108 s−1 .
The interference fringes are characterized, for detunings smaller than the
position of the avoided crossing εc , by three distinct regions showing an alternate oscillation amplitude for PS . The darker regions coincide with detunings
for which the passage through the avoided crossing happened during one of
the fast ramps of the detuning ε(t). Similarly, the bright region for final
detunings εf between 3.9 − 3.915 meV is the result of crossing the resonance
during the slow ramp of ε(t). Fig. 4.7 (c) shows a trace taken in the bright
region. A comparison with Fig. 4.5 (b) and (c) shows a larger oscillation
amplitude as well as a shorter period. It is possible with double hat pulses
to have a period matching the one defined by the Zeeman energy. A pulse
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Figure 4.6: Schematic representation of the “double hat” detuning pulse. We
consider a pulse whose total amplitude is εf − εi = 0.2 meV. The amplitude
of the first ramp is 0.12 meV and its rise-time is 0.1 ns. The amplitude of the
slow ramp is 0.0125 meV and its rise-time tslow can be varied. The last fast
ramp has an amplitude of 0.0675 meV and a rise-time of 0.1 ns.

with arbitrary amplitude can be designed if the passage through the avoided
crossing happens during the slow ramp. This allows for fast rotations around
an axis in the xy-plane and for fast rotations around the z-axis [102].
Although finite-time effects were predicted [102], they were not observed
with single pulses whose rise-times are longer than charge dephasing. Here,
since the fast ramps bring the system quickly from (2, 0) to (1, 1), and vice
versa, it is possible to observe such phenomena [113]. Fig. 4.7 (b) shows
a trace taken slightly before the system passes the avoided crossing where
it is possible to see one oscillation period. Since the difference in energy
of the qubit states is small in the vicinity of the avoided crossing and the
decoherence time of the system is about 16 ns, it is impossible to see further
oscillations.
As already established when considering the finite-time LZSM model, it
is possible to further increase the oscillation amplitude by increasing tslow .
In Fig. 4.8 we present a comparison between tslow = 2, 8, and 10 ns for εf =
3.91 meV. The other parameters remain unchanged. This final detuning is
always located in the bright region of the interference pattern whose size
depends only on the amplitude of the slow ramp. The results show, as
already anticipated, a noticeable change in the oscillation amplitude while
the manipulation is kept in the nanosecond time scale.
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Figure 4.7: (a) Singlet return probability PS as a function of the waiting
time tw and final position εf obtained for a “double hat” ε(t). The slow
rise-time is 4 ns, while both fast components of the pulse have a rise-time
of 0.1 ns. We keep the same set of parameters as the ones previously used,
B = 100 mT, u = 4 meV, τ = 5 µeV, γ1 = 105 s−1 , and γ2 = 108 s−1 . The
interference fringes exhibit a brighter window coinciding with detunings for
which the passage through the avoided crossing happened during the slow
component of the pulse. (b) It is possible to observe finite-time effects, the
qubit is already in a coherent superposition state before going through the
avoided crossing, as it can been seen from a trace taken before εc . Here
εf = 3.985 meV (c) A trace taken in the bright region of the interferences
pattern, εf = 3.91 meV. Compared to the single pulse, a larger oscillation
amplitude as well as a shorter period can be seen.
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Figure 4.8: Comparison of the oscillation amplitude of the singlet return
probability PS for tslow = 2 (light green), 8 (dark green), and 10 ns (dark blue).
As discussed when considering the finite-time LZSM model, the adiabatic
transition is further favored the slower the system goes through the avoided
crossing. The “double” hat type detuning allows a slow down in the vicinity
of the resonance, while permitting to have large pulse amplitudes.

4.4.3

Hadamard gate

The remaining question concerns the ability to achieve PS = 0.5, this
particular value being a signature of a perfect 50 : 50 beam splitter. For
quantum information processing, this would mean the possibility to realize
the Hadamard gate Eq. (4.1.1), which is required to perform some quantum
algorithms [9].
This is impossible for an unpolarized nuclear state since the slower risetime of the double hat pulse would have to be longer than the inhomogeneous
dephasing time T2∗ (≈ 16 ns) of the S-T+ qubit. Although there are schemes
that would allow to increase T2∗ in double quantum dots, they would simultaneously reduce the effective coupling between the qubit basis states [96]
rendering the task to realize a 50 : 50 electronic beam splitter even more
difficult. Here, the ideal solution would be to use the method developed
in [16] to create a nuclear field gradient which simultaneously increases both
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Figure 4.9: Singlet return probability for a prepared nuclear state obtained
using a double hat pulse with tslow = 5 ns. Under such conditions it is possible
to have PS = 0.5 indicating that it is possible to realize a perfect 50 : 50 beam
splitter. The offset is εf = 3.911 meV.

effective coupling and T2∗ .
We model such a prepared nuclear state by considering a mean difference
field δ B̄n = B̄n,2 − B̄n,1 = 5 mT. The Gaussian distribution of nuclear fields
Eq. (3.3.2) is changed to reproduce the mean δ B̄n . To take into account
reduced nuclear fluctuations we consider a standard deviation σprep = σ/2.
In Fig. 4.9 we present a cut of the singlet return probability for a “double
hat” pulse along εf = 3.911 meV obtained with prepared nuclear state and
a slow rise-time tslow = 5 ns. The other pulse parameters as well as other
quantities entering the theory are kept the same as previously.
The results demonstrate that adiabaticity can be further favored by increasing the coupling between the spin states, as it was expected from the
earlier considerations made on the finite-time LZSM model. But, more importantly, it is possible to reach PS = 0.5 which indicates that an equally
weighted superposition of the spin states has been created. The total time
needed to reach such a state is about 5.4 ns.
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Conclusions

Among the different proposals for spin-based quantum computation, the
S-T+ qubit has the potential to become the fastest in terms of gating time
operations. However only small amplitude rotations, around an axis in the
xy-plane, could be achieved. In this chapter we have proposed an improved
method of control to compensate this problem. Our main idea consists in
increasing the degree of adiabaticity during the pulse sequence that brings the
spin states into resonance. We have developed a pulse with a fast-slow-fast
rise-time sequence. The slow component of the pulse allowing for a LZSM
passage with increased coupling and diminished propagation time. We have
demonstrated in the first part of this article how such a strategy increases the
adiabatic transition for the case of weakly coupled states and how it could be
used to achieve fast population transfer in the case of strong coupling when
considering the finite-time LZSM model.
In order to apply this idea to a S-T+ qubit, we derived an effective twolevel spin-charge Hamiltonian. In addition to what has been done before,
the hyperfine coupling strength depends explicitly on the detuning ε. This
property originates from the ground state singlet |S⟩ being a superposition
of different charge configurations. Although the effective Hamiltonian is not
anymore of a LZSM type, the peculiar form of the coupling constant still
allows to reason in terms of LZSM physics.
To demonstrate the applicability of the method, we set up a master equation for the density matrix to include phenomenologically relaxation due to
emission and absorption of phonons via spin-orbit interaction and pure dephasing due to charge noise. By solving the master equation for a detuning
ε(t) resulting from the convolution of a square and Gaussian pulse to compute the singlet return probability PS , we are able to find realistic values for
the phenomenological parameters γ1 = 105 s−1 and γ2 = 108 s−1 entering the
theory by comparing our results with previous experiments [32].
The singlet return probability PS for the case of a “double hat” pulse
exhibit a window of possible final detunings for which the oscillation amplitude is considerably increased resulting in a visibility of about 0.134, for
tslow = 10 ns, three times bigger than what is achieved with a single pulse.
Furthermore, such pulses permit measurement of finite-time effects. It has
been predicted that the S-T+ qubit would be a good candidate to measure
finite-time LZSM transitions [102]. The creation of a coherent superposition
is possible even if the system is not detuned through the avoided crossing,
but brought into close vicinity. However, simple pulses are usually too slow
with respect to charge dephasing times to allow such measurements. It will
only be possible to observe finite-time effects in a region where the charge
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state is (1, 1). It happens that the avoided crossing is located in this region,
but the measurement of PS can only be done in the (2, 0) region. Since the
superposition created before the avoided crossing has a relatively small population of T+ , it will have totally relaxed to the singlet while going back from
(1, 1) to (2, 0), if the operation lasts more than the charge dephasing time.
Finally, we have demonstrated that in the case of a prepared nuclear state,
with a mean gradient field δ B̄n = 5 mT, our pulse technique with tslow = 5 ns
allows to achieve PS = 0.5. This demonstrates that an equally weighted
superposition of S and T+ can be achieved. This is an important result
for quantum information processings as it corresponds to the achievement
of a Hadamard gate, which is an essential element in the implementation
of important quantum algorithms like Shor’s algorithm for large integer factorization. Although we have supposed that a gradient field is created via
the method developed in Ref. [16], it is possible to prepare the nuclear state
via weak measurements as proposed in Ref. [96] to freeze the nuclear spin
dynamics and create an artificial splitting by means of a micro-magnet [99].

5
Quantitative theory for convoluted pulses

5.1

Introduction

In the previous chapters we have developed a theory meant to explain
spin dynamics in gate-pulsed experiments at the hyperfine avoided crossing
between a singlet state S and triplet state T+ . Although our theory reproduces experimental results qualitatively, we would like to know whether it
can achieve quantitative agreement with experiments.
It is common to describe LZSM interferometry experiments using a scattering approach of the LZSM problem [66] (see also Appendix C). This
consists in assimilating the phase acquired in a single passage through the
avoided crossing to a Stokes phase [114]. This method perfectly renders experimental findings such as in experiments on superconducting qubits [94].
In the case of Ref. [32], a combination of the scattering approach describing
passage through the hyperfine avoided crossing in combination with unitary
evolution accounting for spin Larmor precession when the system is held for
a certain amount of time at a given detuning reproduces the experimental
data. Knowing this, one could easily object that there is no need for a finitetime theory describing non-adiabatic transitions since the elegant solution
of LZSM, although valid only in the asymptotic limit for an infinitely long
sweep, suffices to explain physical phenomena involved in the experiment.
Here, it is important to recall a major prediction of the finite-time theory
presented earlier (see Section 3.3 and Section 4.4.2). Unitary evolution of
the qubit including nuclear spin dynamics, predicts LZSM oscillations even
This chapter is adapted from a manuscript in preparation. H. Ribeiro, G. Burkard, J.
R. Petta, H. Lu and A. C. Gossard, in preparation.
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in situations for which the system approaches, but does not cross, the ST+ avoided crossing [102]. Although first predicted with a model that does
not take into account charge dynamics, the claim has been maintained after
considering a more elaborated model taking into account effects of charge
dephasing (see Chapter 4). This effects seemed to start being observed in
experiments that consider “double hat” detuning pulses [113] (see Fig. 4.6).
Moreover, if one wants to ultimately implement a qubit encoded in the twospin states S and T+ , it is essential to know with high fidelity what is the
state of the qubit after a given operation, which can only be done with a
finite-time theory since real pulses have a finite rise-time.

5.2

Method and results

We solve the Bloch type equations given in Eq. (4.3.32) where the unperturbed energy of the singlet state ES as well as the (1, 1) charge admixture coefficient c(ε(t)), which enters the coupling constant Eq. (4.3.13), g(t) = c(t)λ,
are replaced by experimentally measured quantities (see Appendix B and
Ref. [32]). The triplet T+ energy is given by ET = g ∗ µB (B + Bnz ), with
g ∗ = −0.44 the effective Landé g-factor, µB the Bohr magneton, B the external magnetic field, and Bnz the z-component of the effective nuclear magnetic
field generated by the nuclear spins. The standard deviation of the distribution is obtained from the experimentally measured hyperfine splitting form
Ref. [32].
The parameters γ1 and γ2 of the theory are found by fitting experimentally measured values of the singlet return probability PS for the case of a
simple detuning pulse. The pulse is obtained by convolving a square pulse
with a finite rise-time of 1.5 ns, a minimal amplitude of −1.7 mV, and a
variable width with a Gaussian pulse of mean µ = 0 and standard deviation s. To take into account the differences between the pulse at the exit
of the generator and at the sample, we determine s from the experimentally
measured singlet return probability PS . From the position of the avoided
crossing as a function of exchange time (width of the pulse), we can extract
the relation between the pulse minimal amplitude and exchange time. We
assume that for long exchange times, the convoluted pulse at the sample still
has a minimal amplitude of −1.7 mV. We find s = 3.7 · 10−9 s. In Fig. 5.1 (a)
and (b) we compare experimental data, first presented in Ref. [32], for the
singlet return probability PS for a magnetic field B = 90 mT to theory results
obtained for γ1 = 10−5 s−1 , γ2 = 10−8 s−1 , and same magnetic field. PS is
plotted as a function of exchange time and final detuning εf . In Fig. 5.1 (c),
we compare a trace taken for εf = −1.008 mV between experimental values
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and theory values. In addition to the two traces presented in Fig. 5.1 (c), we
show an additional theory result obtained for γ1 = 0 and γ2 = 0.

5.3

Conclusion

The solution of Eq. (4.3.32), which includes only experimental parameters, reproduces a good quantitative agreement with experimental data as
it can be seen from Fig. 5.1 (c) (blue and purple trace). This is a positive
indication that observation of finite-time LZSM effects with more elaborated
pulses like the “double hat” might be possible in realistic cases. The discovery
of such phenomena is not only interesting from a fundamental point of view,
it would also have a strong consequence in the case of a S-T+ based spin
qubit. It would be a confirmation that is is possible to manipulate the qubit
only in a (1, 1) charge configuration to avoid charge mediated spin dephasing.
However, preparation and measurement would still require the system to be
in a (2, 0) configuration.
Although hyperfine interaction is the main physical process affecting the
spin dynamics, other equally important phenomena such as spin-orbit and
charge dynamics have to be taken into account to fully describe experimental
observations. This can be seen in Fig. 5.1 (c) where we have compared a
theory that includes these effects (blue trace) to a theory that neglects them
(gray trace). The latter fails to reproduce a quantitative agreement with
experimental data.
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Figure 5.1: Comparison between experimental (a) and theory (b) values of
the singlet return probability PS for a single rise-time pulse convoluted with a
Gaussian distribution as a function of exchange time tw and final detuning εf
for B = 90 mT. (c) Comparison of a trace taken at −1.008 mV. Experimental
measurements are in purple, in blue theory values for γ1 = 10−5 s−1 and γ2 =
10−8 s−1 , and in gray theory values for γ1 = 0 and γ2 = 0. The quantitatively
good agreement between experiment and theory including spin-orbit assisted
phonon relaxation and charge mediated spin dephasing indicate that these
phenomena play an important role in the qubit dynamics.

6
Partial Landau-Zener transitions as indicators
of charge noise

6.1

Introduction

Independently of its physical realization, a qubit is a quantum two-level
system which inevitably interacts with its environment. This oftentimes undesirable interaction is the cause of short coherence times, sometimes shorter
than the time required to perform a quantum operation. However, several
works related to semiconductor double quantum dot systems [84, 96, 16, 59],
where electron spin states are used to encode a qubit, have demonstrated
that it is possible to extend coherence times and eventually reach the limit
set by quantum error algorithms to construct a viable quantum computer.
For spin-based qubits confined in electrically defined semiconductor quantum dots [14, 24], it turned out that the limiting factor to long coherence
times is due to the hyperfine interaction with the nuclear spins of the host
material [15, 46, 60] leading to a decoherence time T2∗ ≈ 10 ns in laterally
coupled GaAs quantum dots [19]. Subsequent works demonstrated that it
was possible to prepare the nuclear state to prolong the qubit coherence time
either by a series of weak measurements [84, 96] or by polarizing the nuclear
spins [43, 16]. Unfortunately, hyperfine interaction is not the only cause of
decoherence, and once its effect is controlled, other mechanisms inducing
decoherence become important. In a typical semiconductor based quantum
dot, the confined electron interacts with a fluctuating background of electric
charges, which constitutes a source of noise for the qubit.
This chapter is adapted from a manuscript in preparation. H. Ribeiro and G. Burkard,
in preparation.
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Although some effects of charge noise on spin-based qubits are understood
(see for instance [115]), it is still hard to determine in a given sample how
strong noise is. Here, we outline a theoretical framework which should allow to experimentally measure the noise power associated to the background
charges fluctuations. Our idea is based on the measurement of finite-time
Landau-Zener-Stückelberg-Majorana [61, 62, 63, 64] probability in a double quantum dot. It was shown that LZSM interferometry [63, 66] could
be a valid candidate for realizing local single-spin manipulation as well as
two-qubit conditional gates [32, 102, 116] on nanosecond timescales. In addition to the usual LZSM interferometry where the system is swept through
the avoided crossing, recent experiments suggest that it is possible to realize
finite-time LZSM interferometry [113], e.g. if the bias sweep is stopped before
the avoided crossing. This accomplishment opened the door for the development of new techniques capable of characterizing the noisy environment
which the qubit interacts with.
Here, we develop a general finite-time theory to study the effect that
diagonal noise has on partial non-adiabatic transitions in a quantum twolevel system. The LZSM asymptotic model cannot describe the creation of
a coherent superposition of states when the system is swept to close vicinity
of the avoided crossing without being crossed, while the finite-time model
renders these physical phenomena perfectly. It is this property that we would
like to exploit in order to quantify the noise power affecting a system.
Unlike most of previous theories, where noise was modelled as a consequence of the coupling between the two-level system and a bath of harmonic
oscillators to study the modification of the Landau-Zener formula [117, 118,
119, 120, 121, 122, 123], here we include noise into the model through a
stochastic variable that influences the energy levels. A similar approach,
leading to an elegant analytical solution of the modified non-adiabatic transition probability, was used in [124]. But all these prior models only cared
about quantifying the deviation of the final population in the asymptotic
limit where the propagation times are infinite.
Our approach consists in treating noise as a perturbation to the finite-time
LZSM problem. It is then possible to express the non-adiabatic or adiabatic
transition probability as the sum of the unperturbed probability and corrections due to noise. Within this framework, it is necessary to calculate
corrections of the finite-time LZSM propagator up to 2n-th order to obtain
an expression for the probabilities that includes corrections up to the n-th
order. In the following, we have computed the first order correction for both
probabilities. Although the results seem to indicate that in the finite-time
regime there is a deviation in the probabilities which can be measured, they
cannot be judged conclusively since the error on the total probability has
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Figure 6.1: Sketch of the noisy LZSM problem. Here, the energy levels are
affected by noise which leads to a modification of the staying and transition
probabilities. The deviation from the finite-time formula allows to extract
the noise power influencing the levels.
same order of magnitude as the effect. It will be necessary to compute corrections to higher orders to be able to make a definitive statement. However,
the result found in Ref. [124], as well as in other models considering noise,
for the asymptotic regime allows to suspect similar behavior for a finite-time
regime.
In the last part of this chapter we present how this theory could be used
to measure the noise power associated to the fluctuations of a background
of electric charges in semiconductor double quantum dots systems, if in its
final form results can be interpreted unambiguously.

6.2

Model

We consider a time-dependent two-level Hamiltonian whose energy levels
are affected by noise,
H(t) = H0 (t) + δH(t)
(
) (
)
−αt λ
−δα(t)
0
=
+
.
λ∗ αt
0
δα(t)

(6.2.1)

The Hamiltonian H0 (t) is the LZSM Hamiltonian that assumes a linear detuning and whose levels are coupled with strength λ. The effect of noise is
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included through the stochastic variable δα(t), which is characterized by a
zero mean ⟨⟨δα(t)⟩⟩ = 0, and by time correlations assumed to be instantaneous, ⟨⟨δα(t1 )δα(t2 )⟩⟩ = ℏ2 Sc δ(t1 − t2 ). Here ⟨⟨·⟩⟩ denotes the average over
all possible δα(t). Furthermore we assume the fluctuation strength to be
smaller than the energy splitting due to H0 for all times t. Since the energy
difference is the smallest for t = 0 this leads to the condition δα(t) ≪ 2 |λ|.
We will see that when the problem is formulated for the specific case of
background charge fluctuations this assumption has a physical justification.
If the exact form of each realization of δα(t) was known, then we could
solve the time-dependent Schrödinger equation defined by Eq. (6.2.1), find
the time evolution operator, and compute the non-adiabatic and adiabatic
transition probabilities as a function of ti and tf . Since this is unpractical,
we can set up a perturbation theory for the propagator U . The exact solution of the Schrödinger equation for H0 (t) being known [67], we can use
the Hamiltonian δH(t) as a perturbation. We start from the time-dependent
Schrödinger equation defined by the Hamiltonian Eq. (6.2.1),
iℏ∂t (U (t)ψ(0)) = H(t) (U (t)ψ(0)) .

(6.2.2)

∑
By writing the propagator as a series, U (t) = i U (i) (t), with U (i) ∝ (δH)i ,
we obtain an ordinary differential equation for U (i) (t),
iℏ∂t U (i+1) (t) = H0 (t)U (i+1) (t) + δH(t)U (i) (t),

(6.2.3)

which allows us to determine U (tf , ti ) up to corrections on the order of
O((δH(t)(i+2) )).
Here, the non-adiabatic
adiabatic transition
probabilitie
are respec⟨⟨ and⟩⟩
⟨⟨
⟩⟩
tively given by P11 = |u11 |2 and P21 = |u21 |2 , where uij denote
matrix elements of U , and are calculated up to corrections in (δα(t))2 ,
(0)

2

Pj1 = uj1

(
)
+ Sc πj1 + O (δα(t))3 ,

(6.2.4)

with j = 1, 2 and where
⟨⟨
πj1 =

(1)
uj1

2

⟩⟩

⟩⟩]
⟨⟨
[
(2) ∗
(0)
.
uj1
+ 2Re uj1

(6.2.5)

We omitted the time dependencies for simplicity, and analytical expressions
for πj1 are derived and shown in the next section.
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6.3

Perturbation series

We want to compute corrections to the LZSM propagator Eq. (1.5.17),
denoted U0 here, due to the perturbation
(
)
−δα(t)
0
δH(t) =
.
(6.3.1)
0
δα(t)
From Eq. (6.2.3), we get two sets of two coupled equations. The first set
(i)
(i)
(i)
(i)
couples u11 to u21 and the second u12 to u22 . It is enough to solve only one
of these sets as the other one is linked to it by the condition
U U † = U † U = 1.

(6.3.2)

In terms of a perturbation series up to second order this condition becomes
U (0) U (1)† + U (1) U (0)† + U (1) U (1)† + U (0) U (2)† + U (2) U (0)† = 0 + O(δH(t)3 ),
(6.3.3)
(0) (0)†
since we have U U
= 1. In the following we solve the coupled system
(i)
(i)
involving u11 and u21 . We get for the first order correction
(1)

(1)

(1)

(0)

iℏu̇11 (t) = −αtu11 (t) + λu21 (t) − δα(t)u11 (t),
(1)

(1)

(1)

(0)

iℏu̇21 (t) = λu11 (t) + αtu21 (t) + δα(t)u21 (t).

(6.3.4)
(6.3.5)

This inhomogeneous system of coupled ordinary differential equations can be
solved in the standard way which consists in solving the homogeneous system
and then use the variation of constants method to find the solution of the
initial problem. The homogeneous system
(1)

(1)

(1)

iℏu̇11 (t) = −αt u11 (t) + λu21 (t),
(1)

(1)

(1)

iℏu̇21 (t) = λu11 (t) + αt u21 (t),

(6.3.6)
(6.3.7)

has the same form as the one from the finite-time LZSM problem [67]. The
solutions are therefore given by
(√
)
(√ 3π )
π
(1)
u11 (t) = c1 Di η2
2 e−i 4 τ + c2 Di η2
2 ei 4 τ ,
(6.3.8)
2
2
[
(
)
(
)]
√ −i π
√ i 3π
π
η
(1)
u21 (t) = √ e−i 4 −c1 Di η2 −1
2 e 4 τ c2 Di η2 −1
2 e 4 τ , (6.3.9)
2
2
2
√
where τ =
α/ℏ t is the dimensionless time already introduced in Section 1.5.

90

Chapter 6. Partial Landau-Zener transitions as indicators of charge noise

By making the variation of the constant, i.e. c1 → c1 (t) and c2 → c2 (t)
and inserting Eqs. (6.3.8) and (6.3.9) into Eqs. (6.3.4) and (6.3.5), we now
obtain a system of coupled ordinary differential equations for the coefficients
c1 (t) and c2 (t),
ċ1 (t)Di η2
2

(√
)
(√ 3π )
π
i
(0)
2 e−i 4 τ + ċ2 (t)Di η2
2 ei 4 τ = δα(t)u11 (t),
ℏ
2

(6.3.10)

√
(√
)
(√ 3π )
π
i
2αℏ
(0)
ċ1 (t)Di η2 −1
2 e−i 4 τ − ċ2 (t)Di η2
2 ei 4 τ =
δα(t)u21 (t).
ℏ λ
2
2
(6.3.11)
A substitution of Eq. (6.3.10) in Eq. (6.3.11) yields
∫
i tf
(0)
c1 (t) =
dt fη 1 (t)δα(t),
ℏ ti
∫
i tf
(0)
c2 (t) =
dt fη 2 (t)δα(t),
ℏ ti

(6.3.12)
(6.3.13)

where
(√ 3π )
(√ −i π ) 
i 4
2
e
τ
D
2e 4τ
η2
1
i −1
(0)
2
 u(0)
(√ −i π ) −
(√ −i π2 )
fη 1 (t) = 
11 (t)
4
4
2
2
Di η
2e τ
Di η
2 e τ bη (t)
2
2
(√ 3i π )
√
4
2
2
e
τ
D
2αℏ i π i η2
(0)
+
e4
u21 (t)
λ
bη (t)


Di η 2

(0)

(0)

= gη 1 (t)u11 (t) + gη 2 (t)u21 (t),
(6.3.14)
and
(0)

fη 2 (t) =

Di η2 −1

(√ −i π )
2e 4τ

2

bη (t)
(0)

(√ −i π )
√
D
2e 4τ
η2
2αℏ i π i 2
(0)
(0)
4
u11 (t) −
e
u21 (t)
λ
bη (t)
(0)

= gη,3 (t)u11 (t) − gη,4 (t)u21 (t).
(6.3.15)
The function bη (t) is given by
bη (t) = Di η2 −1
2

(√

)
)
)
(√
(√ 3π )
(√
π
π
π
2 e3i 4 τ Di η2
2 e−i 4 τ +Di η2
2 ei 4 τ Di η2 −1
2 e−i 4 τ .
2

2

The knowledge of the functions c1 (t) and c2 (t) fully defines

2

(1)
u11 (t)

(6.3.16)
(1)
and u21 (t).
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The second order correction to u11 (t) and u21 (t) is found by carrying out
the same procedure as the one for the first order. We find
(√
(√ 3π )
)
π
(2)
u11 (t) = d1 Di η2
2 e−i 4 τ + d2 Di η2
2 ei 4 τ ,
(6.3.17)
2
2
[
(√
)
(√ 3π )]
π
π
η
(2)
u21 (t) = √ e−i 4 −d1 Di η2 −1
2 e−i 4 τ d2 Di η2 −1
2 ei 4 τ , (6.3.18)
2
2
2
where d1 (t) and d2 (t) are given by
∫
i tf
(1)
dt fη 1 (t)δα(t),
d1 (t) =
ℏ ti
∫
i tf
(1)
d2 (t) =
dt fη 2 (t)δα(t).
ℏ ti
(1)

(6.3.19)
(6.3.20)

(1)

The functions fη 1 (t) and fη 2 (t) have the same form as Eqs. (6.3.14) and (6.3.15)
(0)
(1)
(0)
(1)
but u11 (t) is replaced by u11 (t) and u21 (t) by u21 (t).

6.4

Average probability

The average non-adiabatic transition probability is found by computing
⟨⟨
(0)
u11

P11 ≃
=

(0)
u11

+

(1)
u11

+
⟨⟨

2

+

+

(1)
u11

(2)
u11
2

2

⟩⟩

⟩⟩
(0)
u11

+
⟩⟩

⟨⟨ 1 ⟩⟩ (0)∗ ⟨⟨ (2)
u11 u11 + u11

⟨⟨
⟩⟩
⟨⟨
⟩⟩
(1)∗
(0)
(2)∗
u11
+ u11
u11

(6.4.1)

( )
(0)∗
u11 + O δα3 .

⟨⟨
⟩⟩
(1)∗
In this expression the terms
u11
and ⟨⟨u111 ⟩⟩ vanish. We have indeed,
(√
)
(√ 3π )⟩⟩
⟨⟨ 1 ⟩⟩ ⟨⟨
π
u11 = c1 (t)Di η2
2 e−i 4 τ + c2 (t)Di η2
2 ei 4 τ
2
2
(√
)
(√ 3π )
−i π4
2
2
= ⟨⟨c1 (t)⟩⟩ Di η
2 e τ + ⟨⟨c2 (t)⟩⟩ Di η
2 ei 4 τ ,
2

where
i
⟨⟨ci (t)⟩⟩ =
ℏ

(6.4.2)

2

∫

tf
ti

(0)

dt fη i (t) ⟨⟨δα(t)⟩⟩ = 0,

(6.4.3)

92

Chapter 6. Partial Landau-Zener transitions as indicators of charge noise

since ⟨⟨δα(t)⟩⟩ = 0. The only contribution from the first order correction to
the non-adiabatic transition probability comes from
⟩⟩ ⟨⟨
⟨⟨
⟩⟩
2
(1) (1)∗
(1)
u11
= u11 u11
)2
(√
∗
−i π4
= ⟨⟨c1 (t)c1 (t)⟩⟩ Di η2
2e τ
2
)
(√
(√ 3π )
π
(6.4.4)
+ ⟨⟨c1 (t)c∗2 (t)⟩⟩ Di η2
2 e−i 4 τ D∗η2
2 ei 4 τ
i 2
2
(√
)
(√ 3π )
π
+ ⟨⟨c∗1 (t)c2 (t)⟩⟩ D∗η2
2 e−i 4 τ Di η2
2 ei 4 τ
i 2
2
(√ 3π ) 2
2 ei 4 τ
,
+ ⟨⟨c2 (t)c∗2 (t)⟩⟩ Di η2
2
⟨⟨
⟩⟩
where the correlators of the form ci (t)c∗j (t) can be expressed as
∫
∫ tf
⟨⟨
⟩⟩
1 tf
∗
ci (t)cj (t) = 2
dt
dt′ fη i (t)fη∗ j (t′ ) ⟨⟨δα(t)δα(t′ )⟩⟩
ℏ ti
t
∫ tf
∫ itf
= Sc
dt
dt′ fη i (t)fη∗ j (t′ )δ(t − t′ )
t
ti
∫ i tf
(6.4.5)
= Sc
dt fη i (t)×
ti
∫ ∞
dt′ fη∗ j (t′ )δ(t − t′ ) [Θ(t′ − ti ) − Θ(t′ − tf )]
−∞
∫ tf
= Sc
dt fη i (t)fη∗ j (t).
ti

Here Θ(x) is the Heaviside step function defined as
{
0
x ≤ 0,
Θ(x) =
1
x > 0.

(6.4.6)

Inserting the result obtained in Eq. (6.4.5) into Eq. (6.4.4), we find
⟩⟩
([∫ tf
]
⟨⟨
(√
)2
2
(1)
2
−i π4
dt |fη 1 (t)| Di η2
= Sc
u11 (ti , tf )
2 e τf
2
ti
]
[∫ t f
(√
)
(√ 3π )
π
∗
dt fη 1 (t)fη 2 (t) Di η2
+
2 e−i 4 τf D∗η2
2 ei 4 τf
i 2
2
t
(6.4.7)
]
[∫ i t f
)
(√
(√ 3π )
∗
∗
−i π4
i 4
dt fη 1 (t)fη 2 (t) D η2
+
2 e τ f Di η 2
2 e τf
i 2
2
ti
[∫ tf
]
(√ 3π ) 2 )
2
dt |fη 2 (t)| Di η2
.
+
2 ei 4 τ
ti

2
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⟨⟨
⟩⟩
(2)
A similar type of calculation leads to the expression of
u11
(re⟨⟨
⟩⟩
(2)∗
spectively
u11
). From the previous derivations, it is obvious that the
quantities of interest are ⟨⟨d1 (t)⟩⟩ and ⟨⟨d2 (t)⟩⟩. In the following, we give a
detailed derivation of ⟨⟨d1 (t)⟩⟩, the steps for ⟨⟨d2 (t)⟩⟩ are completely analogous. Using Eqs. (6.3.8), (6.3.9), (6.3.12), (6.3.13), (6.3.14), (6.3.15), and
(6.3.19), we can write
(
)∫ t
(√
π
−1
−i
d˙1 (t) = 2 gη 1 (t)Di η2
2e 4τ
dt′ fη 1 (t′ )δα(t′ )
ℏ
2
ti
(√ 3π ) ∫ t
+ gη 1 (t)Di η2
2 ei 4 τ
dt′ fη 2 (t′ )δα(t′ )
2
ti
(6.4.8)
(√
)∫ t
π
−i 4
′
′
′
− gη 2 (t)Di η2 −1
2e τ
dt fη 1 (t )δα(t )
2
ti
)
(√ 3π ) ∫ t
i 4
′
′
′
2e τ
+gη 2 (t)Di η2 −1
dt fη 2 (t )δα(t ) δα(t).
2

ti

This expression has now to be integrated and averaged, we show the calculations for the first term of Eq. (6.4.8)
∫ tf
∫ t
(√
)
π
⟨⟨·⟩⟩ =
2 e−i 4 τ fη 1 (t′ ) ⟨⟨δα(t)δα(t′ )⟩⟩
dt
dt′ gη 1 (t)Di η2
2
ti
t
∫ tf i
(√
)
π
2 e−i 4 τ ×
= ℏ2 Sc
dt gη 1 (t)Di η2
2
t
(6.4.9)
∫ −∞i
′
′
′
′
′
dt fη 1 (t ) [Θ(t − ti ) − Θ(t − t)] δ(t − t)
∞
∫ tf
(√
)
2
−i π4
= ℏ Sc
dt gη 1 (t)Di η2
2 e τ fη 1 (t).
2

ti

This leads to
∫

tf

⟨⟨d1 (ti , tf )⟩⟩ = −Sc
ti

(
dt gη 1 (t)Di η2

(√
)
−i π4
2 e τ fη 1 (t)

2

+ gη 1 (t)Di η2

(√ 3π )
2 ei 4 τ fη 2 (t)

2

)
(√
π
− gη 2 (t)Di η2 −1
2 e−i 4 τ fη 1 (t)
2

+gη 2 (t)Di η2 −1
2

)
(√ 3π )
2 ei 4 τ fη 2 (t) .

(6.4.10)

94

Chapter 6. Partial Landau-Zener transitions as indicators of charge noise

A similar derivation yields
∫ tf
(
(√
)
π
⟨⟨d2 (ti , tf )⟩⟩ = −Sc
dt gη 3 (t)Di η2
2 e−i 4 τ fη 1 (t)
2

ti

+ gη 3 (t)Di η2

(√ 3π )
2 ei 4 τ fη 2 (t)

2

(√
)
−i π4
2
+ gη 4 (t)Di η −1
2 e τ fη 1 (t)

(6.4.11)

2

−gη 4 (t)Di η2 −1

)
(√ 3π )
2 ei 4 τ fη 2 (t) ,

2

and the average second order correction can be written as
⟩⟩
⟨⟨
(√
)
π
(2)
u11 (ti , tf ) = ⟨⟨d1 (ti , tf )⟩⟩ Di η2
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2
(√ 3π )
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(6.4.12)
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Similarly we find the expressions contributing to the adiabatic transition
probability,
⟨⟨
⟩⟩
2
η2
(1)
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2
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(√
)2
π
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2 ei 4 τf
−
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2
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2 ei 4 τ
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and

2

⟨⟨
⟩⟩
(
)
(√
π
π
η
(2)
u21 (ti , tf )
= √ e−i 4 ⟨⟨−d1 (ti , tf )⟩⟩ Di η2 −1
2 e−i 4 τf
2
2
(√ 3π ))
2 ei 4 τf .
+ ⟨⟨d2 (ti , tf )⟩⟩ Di η2 −1

(6.4.14)

2

We can now express the non-adiabatic and adiabatic transition probabilities as
2
(0)
(6.4.15)
Pj1 (ti , tf ) ≃ uj1 (ti , tf ) + Sc πj1 (tf , ti ),
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where
⟨⟨
πj1 =

6.5

(1)
uj1

2

⟩⟩
(0)

+ uj1

⟨⟨
⟩⟩ ⟨⟨
⟩⟩
(2) ∗
(2)
(0) ∗
uj1
+ uj1
uj1 + O(δα3 ). (6.4.16)

Preliminary results

We show in Fig. 6.2 (a) P21 as a function of tf for α = 10−6 eV ns−1 ,
λ = 5 · 10−8 eV, ti = −2 ns, and Sc = 0 and Sc = 0.001 s−1 for a system
initially prepared in the ground state. The expected effect on the adiabatic
transition probability can be observed. The latter is indeed enhanced when
considering a first order correction in Sc , but the result has to be considered
as inconclusive. In Fig. 6.2 (b) we present a comparative analysis between
the error on the total probability P11 + P21 and the absolute value of the
first order correction of the adiabatic transition probability P21 . Since the
order of magnitude of both quantities is comparable, there is yet no possible
prediction that can be made with the developed model.
Higher order corrections need to be calculated to check if the model stated
in Eq. (6.2.1) can be used to make physically relevant predictions for systems
where noise plays an important role in the dynamics. From a physical point
of view, it is expected that such model should indeed predict an enhancement of the adiabatic transition probability. Independently of its origin, the
addition of noise to an idealized quantum model must result in decoherence
phenomena. Here, noise is competing against LZSM tunneling by introducing relaxation channels that favor the system to stay in its ground state. This
should have a direct repercussion on the adiabatic transition probability that
should be favored, whereas the non-adiabatic transition probability should
be inhibited. These physical expectations are compatible with previously obtained results for the asymptotic case[117, 118, 119, 120, 121, 122, 123, 124].
It would be desirable to have a noisy finite-time LZSM model since it
would allow to study the deviation from the ideal case in a regime where the
evolution of the system is short and for a fixed LZSM speed α. The former
allows to probe systems for which the time scale associated to decoherence
is shorter than the time scale for which the asymptotic LZSM formula is
valid. It would be useful to gain knowledge about the noise without the
need to study the adiabatic (or non-adiabatic) transition probability as a
function of α. Several systems have a limited range of achievable LZSM
speeds α due to technical constraints. Finally, there are systems for which
only a measurement of one of the finite-time transition probabilities, when
the system is not swept through the avoided crossing, can give a relevant
information about the noise power. This is the case of spin qubits encoded
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Figure 6.2: (a) Influence of noise on the LZSM adiabatic transition probability. We plot P21 as a function of tf for α = 10−6 eV ns−1 , λ = 5 · 10−8 eV,
ti = −2 ns, Sc = 0 (red), and Sc = 0.001 s−1 (black). The case Sc = 0
corresponds to the usual finite-time LZSM probability. (Inset) Sum of probabilities. (b) Comparison between the error on the total probability P11 +P21
(0)
and absolute value of the first order correction of P21 . Both have the same
order magnitude, which renders any predictions from the theory invalid.
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in two-electron spins and confined in a double quantum dot system. In the
following, we present a possible experiment that could be realized for such
systems if a higher order expansion would exhibit a sizeable effect on the
transition probabilities while reducing considerably the error on these.

6.6

Application to a double quantum dot system

Recent experiments on double quantum dots have demonstrated the enormous potential that these systems have for quantum information processings [19, 16, 32]. Most of the achievements were possible by gaining knowledge on the complex dynamics induced on the electron spins by the nuclear
spin bath. Although there are still some open problems concerning nuclear
spin dynamics, a point has been reached where other phenomena start to
play an important role. Preliminary experiments on the implementation of
a two-qubit gate indicate that charge noise can possibly be a limiting factor
for engineering a long-lived qubit1 . Charge noise is present in the system due
to the electrostatic coupling of the confined electrons with the fluctuating
background charges of the device.
The effect of the background charges is included in the Coulomb energy u
of two electrons occupying the same dot (see Eq. (1.2.1)) by substituting u →
u+δu(t), where δu(t) is assume to be a stochastic variable. In order to derive
a Hamiltonian of the form of Eq. (6.2.1), we start from the Hamiltonian given
by Eq. (4.3.12) and which describes the dynamics of the singlet S and triplet
T+ around the hyperfine mediated avoided crossing. Since we only want to
probe the noise power of the background charge fluctuations when the system
is operated in the (1, 1) regime (c.f. Fig 6.3 (b) and (c)), we have the charge
admixture coefficient Eq. (4.3.8) c(ε) = 1, which reduces √
Eq. (4.3.12) to a
1
LZSM class Hamiltonian. The energy ES (ε) = 2 (u − ε − 8τ 2 + (u − ε)2 )
of the singlet state is, in this model, the only quantity affect by the noise of

1

H. Bluhm, talk given at the APS March meeting 2011.
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(a)

(b)

(c)

Figure 6.3: (a) Energy diagram of the relevant spin states in a double quantum dot as a function of ε. (b) The isolated Hilbert subspace spanned by the
singlet S and triplet T+ can be controlled by Stückelberg interferometry due
to the presence of the hyperfine avoided crossing. (c) In order to measure
the effect of noise on the finite-time LZSM probability and extract the noise
strength Sc , an initialized S(2, 0) is swept through the avoided crossing by
means of a fast applied linear pulse to a detuning εf where the charge configuration is (1, 1). The system is hold at εf for a time tr until it relaxes to
the ground state. A slow linear ramp is then applied to bring the system to
εLZSM , which is still in the (1, 1) regime, creating a coherent superposition of
S and T+ . Finally the system is brought back with another fast ramp to its
initial position where the singlet state return probability PS is measured.
the background charges. It becomes
)
√
1(
2
2
ES (ε) →
u + δu(t) − ε − 8τ + (u + δu(t) − ε)
2
)
√
1(
2
2
≃
u − ε − 8τ + (u − ε)
δu(t)
≪1 2
u
(
)
u−ε
1
+ δu(t) 1 − √
2
8τ 2 + (u − ε)2
)
√
1(
u − ε − 8τ 2 + (u − ε)2 + δũ(t),
=
2

(6.6.1)
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√
where δũ(t) = δu(t)(1 − (u − ε)/ 8τ 2 + (u − ε)2 )/2. This result indicates
that the dynamics of the two-level spin system is more influenced by charge
fluctuations when the double quantum dot is detuned to a regime that favors
a superposition of T+ (1, 1) and S(2, 0) (ε ≳ u). Although charge fluctuations are reduced when the system is in a (1, 1) configuration, they are not
suppressed.
To derive the new expression for ES we used the fact that the fluctuations
strength for all times is smaller than the magnitude of u. The effective
Hamitonian describing LZSM physics in the presence of charge noise around
the vicinity of the S-T+ avoided crossing can then be written, after proper
symmetrization, as
(
) (
)
−∆ST+ (t)
λ
−δũ(t)
0
+
.
(6.6.2)
Hnoise (t) =
λ
∆ST+ (t)
0
δũ(t)
The LZSM speed α can be found by linearizing the detuning ∆ST+ (t) =
(ES (t) − ET+ )/2 at the avoided crossing (see for instance [63, 102]). Here the
time dependence comes from ε → ε(t) during a gate pulsed experiment.
The Hamiltonian defined by Eq. (6.6.2) is a physical realization of the
general Hamiltonian defined under Eq. (6.2.1). It can therefore be used to
measure PLZSM by using the following procedure (see Fig. 6.3 (c)). The
first step consists in preparing the system into one of the spin states in the
(1, 1) region. This can be done by loading a singlet S(0, 2) into the double
quantum dot. A rapid sweep across the avoided crossing brings the system
to a detuning εf deep inside the (1, 1) region. A sufficiently fast change in
the detuning ensures a non-adiabatic transition such that the final state is
a singlet S(1, 1) with probability 1. If it is not sure that the pulse is fast
enough to keep the system in a singlet state, it is possible to wait at εf for
a time tr until the system relaxes, e.g. via spin-orbit coupling, to its ground
state T+ (1, 1). After having prepared the system, a relatively slow pulse is
used to bring the system to a position εf < εM < εc , with εM still in (1, 1).
The system is finally brought back rapidly, to ensure again non-adiabaticity,
to its initial position where the singlet return probability PS is measured [32].
Depending on the initially prepared spin state in (1, 1), PS corresponds either
to the adiabatic or non-adiabatic transition probability. When repeated for
different εM , this procedure gives the transition probability as a function of
propagation time. The experimental data could ultimately be fitted to a
theoretical prediction from which the noise power could be extracted by best
fit.
In the previous discussion, we neglected the effect of hyperfine induced decoherence, since it is possible either to realize single shot measurements [125]
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or to prepare the nuclear state such that nuclear fluctuations are suppressed [16,
96].

6.7

Conclusion

We have shown preliminary results for a finite-time theory that describes
quantum adiabatic processes in the presence of noise. Starting from the finitetime LZSM model we were able to compute within a perturbation theory the
second order correction to the LZSM propagator and we have found a linear
correction in the noise power to the adiabatic and non-adiabatic transition
probabilities.
Although the results at first order are consistent with previous theories
and are compatible with the expectations for systems suffering from decoherence, they cannot be considered as conclusive since the predicted effect
is of the same order of magnitude as the error on the probabilities. Only
higher orders corrections would either allow to validate the expected result
or to infirm the theory.
Independently of the future outcome of this open question, it would be
advantageous to have a finite-time LZSM theory in presence of noise with a
wide range of applicability at disposal. An example of application would be
a possible experiment to characterize the noise affecting spin based qubits.
We have demonstrated that the Hamiltonian governing the dynamics of the
S-T+ spin system at the hyperfine mediated avoided crossing in the presence
of a fluctuating background of charges can be reduced to the LZSM Hamiltonian in the presence of noise. Such a theory could be used to interpret
experimental data and ultimately gain valuable information about charge
noise in GaAs double quantum dots, particularly on its influence on the first
two-qubit gates that are now being implemented [101].

7
Conclusion and outlook

In this dissertation, we have theoretically investigated the influence of
nuclear spins on electronic spins dynamics, and reciprocally the influence
of the electronic spin on nuclear spins, in GaAs double quantum dot systems. These systems are interesting from a practical point of view since
they are valid candidates to realize a physical implementation of a qubit,
and ultimately a quantum computer. From a physical point of view, they
have allowed to study some fundamental problems related to adiabaticity and
quantum measurements. They have also allowed new insights into hyperfine
interactions in solids.
As we have explained in the introduction, nuclear spins of the host material, via the hyperfine coupling, constitute the main hindrance to encode
a qubit in electronic spin states, and in particular in the two-electron spin
states S and T0 . Quantum fluctuations of the nuclear spin bath leads indeed
to fast dephasing of the qubit. However, as we have shown in chapter 2,
it is possible to manipulate nuclear spins in order to reduce their fluctuations and consequently increase the decoherence time of the S-T0 system. In
the proposed scheme, we have identified the possibility of realizing a weak
measurement of the nuclear spin system by measuring electronic spins states.
The measurement is performed after a slow forward and a fast return passage
of the electron spin states through the singlet-triplet T+ hyperfine mediated
avoid crossing. Although a finite-time degenerate LZSM theory allows to gain
a good understanding of the dynamics, there are still some open questions
regarding the final state of the nuclear spin ensemble. The main problem
concerns the formation of nuclear “dark states” 1 . Our theoretical model, in
1

The denomination “dark state” designates a quantum state that does not couple to
any other state.
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the limit of a constant hyperfine coupling A, indicates formation of such
a state as it can be seen from the saturation of the singlet return probability, PS → 1. But does such a state exist in reality, where each nuclear
spin is coupled with different strength Ak to the electronic spin? To answer this question it is necessary to develop ingenious theoretical methods
that go beyond a “brute force” calculation. It would perhaps be possible
to use renormalization group methods in order to reduce the dimensionality
of the problem. Another related problem is the generation of nuclear gradient fields, or the dynamical nuclear polarization problem, resulting from
the LZSM transition at the S-T+ avoided crossing. Although there is some
literature about the subject [93, 126], the considered models do not treat the
nuclear spin problem within a quantum framework.
Although nuclear spins in semiconductor quantum dots have been considered as a nuisance in the case of a qubit implemented in the S-T0 spin states,
we found that they are a useful resource for the coherent manipulation of the
S-T+ spin states. Astonishingly, they have allowed to develop an all-electric
and local control method which achieves spin manipulation in nanosecond
time scales. We have studied in chapters 3, 4, and 5 the dynamics of the
S-T+ spin states in the vicinity of the hyperfine mediated avoided crossing.
We have developed a theoretical model based on a finite-time LZSM theory
to explain recent experiments [32]. Our finite-time model has also allowed
to make some important predictions concerning the dynamics of the system,
it may be possible to observe non-adiabatic transitions even if the system
is not swept through the avoided crossing, but to close vicinity of the latter. Although this effect is known from the solution of the finite-time LZSM
model, it has never been, to the knowledge of the author, been observed
in any physical system. Based on our theoretical description, we have also
shown how quantum control could be done to achieve any rotation of the
two-level S-T+ spin system. Here, we have deliberately used the expression
“quantum control” instead of single gate operations. Although the method in
its most developed form, as presented in chapters 4 and 5, is very promising,
the question about quantum fidelity still remains. In order to be able to perform quantum error algorithms, it is necessary to have fidelities bigger than
99.9999%. This is of course impossible to realize with an unprepared nuclear
spin state. We have suggested two methods that possibly would allow to
improve fidelities : use micro-magnets [99] or polarize nuclear [16] spins to
generate gradient fields. However, it is needed to go beyond the “classical
stochastic” description of nuclear spins to make a strong claim about the benefit of these methods. As we have already mentioned, the phenomena behind
nuclear spin polarization must also be understood in more detail. Without
this, it might be impossible to achieve efficient control of the spin system
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with LZSM interferometry. Finally, to propose a qubit encoded in the S-T+
spin states, conditional evolution of two qubits must be demonstrated. In
chapter 3, we have mentioned that conditional evolution can be achieved by
capacitive coupling of two neighboring qubits. However, a more careful analysis has to be carried out to demonstrate entanglement between the qubits
and to understand the role nuclear spins will play in such dynamics.
Besides open questions related to nuclear spin dynamics in double quantum dots, there are other interesting physical phenomena that remain unexplored. In chapter 6, we have outlined a possible theoretical framework that
ultimately would give a description of the dynamics of the S-T+ spin states in
presence of charge noise. Although the model needs more refinement to make
any valid prediction, it is clear from a physical point of view that this type
of noise is also an issue that can lead to decoherence of spin based qubits. It
might be most important in the dynamics of capacitively coupled two-qubit
systems.
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A
Parabolic cylinder functions expansions

We present in this appendix different possible expansions of the parabolic
cylinder functions Dν (z). These can be used to find simpler forms of the
LZSM propagator√when the validity conditions are fulfilled. In the following
iπ
we can have z = 2 e 4 c τf,i , with c = −1, 3, and ν = iη 2 /2 or ν = iη 2 /2 − 1.
The parameters τ and η are the dimensionless time and coupling introduced
in Section. 1.5.1. Appropriate definitions of z and ν have to be chosen according to which parabolic cylinder function of Eqs. (1.5.18) and (1.5.19) has
to be expanded.

A.1

Power-series

An exact series representation of the parabolic cylinder functions is given
by [127]
( √ )n
∞
∑
− 2z
ν√
z2
).
[1
Dν (z) = 2 2 π e 4
(A.1.1)
n!Γ 2 (1 − n − ν ]
n=0
This form is particularity convenient when the dimensionless time τ of the
LZSM problem is small, τ ≪ 1. In this case, the power series can be truncated
to the desired order.

A.2

Large-argument asymptotics

If τ ≫ 1, η, then the following approximate expression of the parabolic
cylinder function, valid for |arg(z)| < 3π/4, can be used [128]
)
( N (
) (1 1 )
)
(
∑ −1ν
2
− 2ν n
2
2
ν − z4
2 −N −1
n
( 1 )
Dν (z) ∼ z e
+O z
,
(A.2.1)
n!
− 2 z2 n
n=0
106

107

A.2. Large-argument asymptotics

where we made use of the Pochhammer symbol defined as
(x)n =

Γ(x + n)
.
Γ(x)

(A.2.2)

For other values of arg(z) it is possible to use the connection formula [128]
√
2π (iν+1) π
iπν
2D
Dν (z) = e Dν (−z) +
e
(A.2.3)
−1−ν (−iz)
Γ−ν
to find appropriate asymptotics.

B
Experimentally determined parameters

B.1

Singlet energy as a function of detuning

A description of the method used to measure the singlet energy as a function of the detuning parameter can be found in the supplementary material
of Ref. [32]. Here, we report only the function ES (ε) as obtained through a
best fit of the measured data.
The energy of the singlet is given by

19.547 |ε|−0.4667
ε ≤ −1.05,




2
3
∗
3549.8 + 25000ε + 73684ε + 112820ε
g µB
ES (ε) =
×
1000 
+93967ε4 + 40350ε5 + 6989.5ε6
−1.05 < ε ≤ −0.904,



166.24 + 153.4ε
ε > −0.904.
(B.1.1)
Here, the detuning ε has units of [mV]. The fit function is of the form
ES (ε) = g ∗ µB B(ε)/1000. This indicates that the coeffcients in front of εn
(n ∈ [0, 6]) have a dimension of [T]/[mV]n .

B.2

Charge admixture coefficient c(ε)

As for the singlet energy a description of the experimental procedure can
be found in the supplementary material of Ref. [32]. The experimental data
is fitted to the theory result obtained in Ref. [129], and which reads
v
[√
]
u
4t2 +l2 (ε−ε0 )2
u
tanh
u
2kB Te
t1 1
c(ε) =
+ (ε − ε0 ) √
,
(B.2.1)
2 2
4t2 + l2 (ε − ε0 )2
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with ε0 = −0.117379 mV the measured position of the interdot charge transition, l = −156.25 µeV/mV the lever arm conversion between gate voltage
and energy, t = 16 µeV the interdot tunnel coupling, kB the Boltzmann constant, and Te ∼ 100 mK the electron temperature. Here, we have indicated
experimental values determined in Ref. [32].
We plot in Fig. B.2 the charge admixture coefficent as given by Eq. (B.2.1)
for the previously listed numerical values of the different parameters.
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B.2. Charge admixture coefficient c(ε)

0
−2
E [µeV]

−4
−6
−8
−10
−12
−2 −1.5 −1 −0.5

0

0.5

1

1.5

2

ε [mV]
Figure B.1: Experimentally determined singlet energy ES (ε) (orange). We
also plot the triplet T+ energy for a magnetic field B = 100 mT (red).
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Figure B.2: Charge admixture coefficient c(ε).

2

C
LZSM scattering matrix

C.1

Unitary evolution and stokes phase

In a LZSM problem as defined in Eq. (1.5.2), it is possible to describe a
single passage through the avoided crossing with the unitary matrix
(
)
√
√
i(φS − π2 )
P
−
1
−
P
e
LZSM
LZSM
√
π
N= √
,
(C.1.1)
1 − PLZSM e−i(φS − 2 )
PLZSM
where φS is the so-called Stokes phase [114] which is given by
φS =

π
+ η 2 (ln(η) − 1) + argΓ(1 − iη).
4

2

(C.1.2)

Here, η = |λ|
is the dimensionless coupling strength that has been introαℏ
duced in Section 1.5.1. A derivation can be found in Ref. [66].
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