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Introduction and Summary

This dissertation consists of three self-contained research papers, all of
which were written in fulfilment of the requirements for a Ph.D in the “Doctoral Programme in Quantitative Economics and Finance” at the University
of Konstanz.
These three papers make up the three chapters in this dissertation. Each
focuses on a specific topic in game theory. Chapter 1 applies a gametheoretical approach to the endogenous timing problem in industrial organization, with a particular emphasis on the role of asymmetric information.
Chapters 2 and 3 are related to learning in games, which is an increasingly
prominent branch of game theory. It explores the evolution of human behavior according to Darwinian principles. A brief overview is presented here
to introduce the following chapters and summarize the main results.
Chapter 1 is based on the research paper entitled “Endogenous Timing
with Demand Uncertainty”. It develops two models where two firms engaging in quantity competition have to decide on the timing of production.
The innovation of these models is not only the introduction of imperfect
information about market demand, but also the possibility of endogenously
resolving this uncertainty by carrying out market research. In both models, the timing choices turn out to depend on the cost of market research
relative to demand uncertainty. I show that the well-established results in
Hamilton and Slutsky (1990) and Sadanand and Sadanand (1996) represent
two particular cases, corresponding to high and low costs of market research
respectively. Furthermore, I demonstrate that endogenous leadership is the
unique outcome when the cost of market research is intermediate, a situation, which to the author’s knowledge, is not found in any previous literature.
This provides a new explanation for the appearance of Stackelberg duopoly
and inefficient leadership.
Chapter 2 is the result of a joint work with Carlos Alós-Ferrer (University
of Konstanz) entitled “Imitation with Asymmetric Memory”, forthcoming
in Economic Theory. We develop a general model of imitative learning
with asymmetric memory, and investigate several applications within such a
1
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framework. We show that the demographic configuration of memory affects
the long-run consequences of interactions among decision-makers in a nontrivial way. In the learning dynamics of Cournot oligopoly, we find that as
long as there is at least one firm without memory, the unique stochastically
stable state is the Walrasian equilibrium, which is consistent with the result
of the non-memory case in Vega-Redondo (1997), and is contrary to the result of the case of identical memory length in Alós-Ferrer (2004). We extend
this result to aggregative games. In coordination games with a trade-off between efficiency and risk, we show a more complex picture. The selection
of the long run equilibrium depends not only on the number of players with
memory, but also on their nontrivial memory length. We provide cut-off
values of the two parameters above, and show how they determine which
equilibrium will be selected in the long run.
Chapter 3 is based on the research paper entitled “Social Planners and
Local Conventions”, and investigates the interaction between policies and
social conventions. A model of “asymmetric rationality” in the sense of AlósFerrer, Kirchsteiger, and Walzl (2010) is developed here, where the rational
social planners set policies to control the coordination and migration of
boundedly rational residents in two locations. If the social planners are
only concerned with the efficiency of their respective locations, multiple
Nash equilibria will exist in the game among social planners, leading to
either globally-unified risk-dominant and yet inefficient conventions, or coexistence of conventions. Nevertheless, the symmetric policy arrangements,
which lead to the co-existence of conventions in Anwar (2002) or a globallyunified efficient convention in Ely (2002) are not stable. If the scale of the
locations is in any way important to the social planners, then it is likely that
the social planners will completely forbid migration, leading to inefficient
coordination in both locations.

2

Einleitung und Zusammenfassung

Diese Doktorarbeit besteht aus drei eigenständigen Forschungsarbeiten,
die ich als Promotionsstudent im Laufe meiner Teilnahme am “Doctoral
Programme in Quantitative Economics and Finance” an der Universtität
Konstanz verfasst habe. Jede dieser Forschungsarbeiten, welche jeweils als
eigenes Kapitel vorgestellt werden, beschäftigt sich mit einem speziellen
Thema in der Spieltheorie. Kapitel 1 folgt einem spieltheoretischen Ansatz
um ein endogenous timing Problem in der Industrieökonomik zu lösen, wobei
ein besonderes Augenmerk auf die Rolle der asymmetrischen Information
gelegt wird. Kapitel 2 und 3 beschäftigen sich mit Lernen in Spielen, einem
Gebiet in der Spieltheorie, dem eine immer größere Bedeutung zukommt.
Untersucht wird die auf darwinistischen Prinzipien basierende Evolution
menschenlichen Verhaltens. Es folgt eine kurze Übersicht, die die nächsten
Kapitel kurz einführt und deren jeweilige Hauptresultate zusammenfasst.
Kapitel 1 basiert auf der Forschungsarbeit mit dem Titel “Endogenous
Timing with Demand Uncertainty”. Es umfasst zwei Modelle, in denen
zwei Firmen, die untereinander in einem Mengenwettbewerb stehen, über
den Zeitpunkt ihrer Produktion entscheiden müssen. Die Innovation dieses
Modells besteht nicht nur in der Einführung von imperfekter Information
bezüglich der unsicheren Marktnachfrage, sondern auch in der Möglichkeit
diese Unsicherheit endogen über Investitionen in Marktforschung aufzulösen.
In beiden Modellen hängt der Zeitpunkt der Entscheidung von den Marktforschungskosten relativ zur Nachfrageunsicherheit ab. Es wird gezeigt, dass
das Modell die bekannten Resultate von Hamilton and Slutsky (1990) und
Sadanand and Sadanand (1996) als Spezielfälle, nämlich hohe beziehungsweise
niedrige Marktforschungskosten, umfasst. Ausserdem wird gezeigt, dass endogene Führerschaft bei mittleren Marktforschungskosten das einzige Ergebnis ist. Dieses in der bestehenden Literatur bisher nicht erwähnte Ergebnis liefert eine neue Erklärung für das Auftreten von Stackelberg-Duopolen
sowie ineffizienter Führerschaft.
Kapitel 2 ist das Ergebnis einer gemeinsamen Arbeit mit Carlos AlósFerrer (Universität Konstanz) und trägt den Namen “Imitation with Asym3

Einleitung und Zusammenfassung

metric Memory”. Diese Arbeit wird demnächst in Economic Theory erscheinen. Wir entwickeln ein allgemeines Model zu Lernen durch Imitation
mit asymmetrischem Erinnerungsvermögen und untersuchen mehrere Anwendungen in diesem Modellrahmen. Wir zeigen, dass die demographische
Anordnung des Erinnerungsvermögens die langfristigen Folgen der Interaktion zwischen Entscheidungsträgern auf nicht triviale Weise beeinflusst. In
der Lerndynamik des Cournot Oligopols zeigen wir, dass, solange mindestens
eine Firma kein Erinnerungsvermögen besitzt, der einzige stochastisch stabile Zustand das Walrasianische Gleichgewicht ist. Dieses Resultat stimmt
mit dem Ergebnis von Vega-Redondo (1997) ohne Erinnerung überein, widerspricht allerdings dem Ergebnis unter homogener Erinnerungslänge von AlósFerrer (2004). Wir erweitern dieses Resultat auf aggregativen Spiele. In
Koordinationspielen, in denen ein Trade-off zwischen Effizienz und Risiko
besteht, ergibt sich ein komplexeres Bild. Die Auswahl des langfristigen
Gleichgewichts hängt nicht nur von der Anzahl der Spieler mit Erinnerung,
sondern auch von deren nicht-trivialer Erinnerungslänge ab. Wir geben
Schranken für diese beiden Parameter an und zeigen, inwieweit sie ihrerseits
die Auswahl eines langfristigen Gleichgewichts beeinflussen.
Kapitel 3 basiert auf der Forschungsarbeit mit dem Titel “Social Planners and Local Conventions” und untersucht die Beziehung zwischen Politik
und gesellschaftlichen Konventionen. Dieses Kapitel entwickelt ein Modell “asymmetrischer Rationalität” nach Alós-Ferrer, Kirchsteiger, and Walzl
(2010), in dem hyperrationale soziale Planer politische Entscheidungen treffen um die Koordination und Migration von beschränkt rationalen Einwohnern in zwei Standorten zu steuern. Falls die sozialen Planer sich nur
um die Effizienz ihres eigenen Standorts sorgen, existieren mehrere Nash
Gleichgewichte im Spiel der sozialen Planer, was entweder zu einer global
einheitlichen risiko-dominanten aber ineffizienten Konvention oder zu einer
Koexistenz von Konventionen führt. Die symmetrischen Politik-Entscheidungen, die zur Koexistenz von Konventionen in Anwar (2002) und zur global
einheitlichen effizienten Konvention in Ely (2002) führen, sind jedoch nicht
stabil. Solange sich die sozialen Planer auch nur ein wenig für die Größe ihres
Standorts interessieren, ist es wahrscheinlich, dass sie Migration vollständig
verbieten, was zu ineffizienter Koordination an beiden Standorten führt.
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Chapter 1

1.1

Endogenous Timing with Demand Uncertainty

Introduction

In classical duopoly models, the timing of firms’ choices (e.g. production) is
exogenously given. For instance, firms are assumed to act simultaneously in
Cournot and Bertrand duopolies, and one firm is arbitrarily chosen to take
action first in the Stackelberg game or the price leadership model. Of course,
the industrial organization literature has long questioned whether and when
such settings are realistic, giving rise to a large number of studies which aim
to explain the firms’ timing choices endogenously. Furthermore, the issue of
endogenous timing is important for many other situations beyond oligopoly
models (e.g. bargaining1 ). From the purely game-theoretic point of view,
it is important to understand which situations give rise to equilibria where
simultaneous actions or sequential play result endogenously, rather than
simply regarding them as modeling assumptions.
One of the pioneering works in this area comes from Hamilton and Slutsky (1990) (HS henceforth). They develop two different two-period duopoly
models. The first is a game of timing with observable delay, which requires
each firm to announce its timing choice first and then to commit to it.
For quantity competition, they find a unique pure-strategy subgame-perfect
Nash equilibria (SPNE) with simultaneous production in the first period.
For price competition, there are two pure-strategy SPNE with endogenous
leadership. The second of HS’s models is a game of timing with action
commitment, which makes leadership possible only if a firm produces first
and commits to its quantity. In this model, they find two pure-strategy
SPNE with endogenous leadership and a pure-strategy SPNE with simultaneous production, independently of whether competition is in prices or in
quantities.
Amir and Grilo (1999) reconsider the action commitment model with
quantity competition and provide a different set of minimal conditions on
demand and cost functions, yielding Stackelberg and Cournot equilibria respectively. The action commitment model is revisited by van Damme and
Hurkens (1999, 2004) as well, but for the purpose of equilibrium selection.
Based on the risk dominance considerations and using the tracing procedure,
they find that the equilibrium in which the more efficient firm behaves as a
1
In bargaining models, a stochastic “pie”, monetary surplus to be shared, can be
interpreted as a downward-sloping demand function for a homogeneous good (see Güth,
Ritzberger, and van Damme (2004)).

9
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Stackelberg leader is risk dominant, regardless of whether competition is in
prices or in quantities.
A natural extension of HS’s models is to consider asymmetric information
on market demand. For instance, Sadanand and Sadanand (1996) introduce
demand uncertainty into HS’s action commitment model. The information
about market demand is obscure in the first production period, but automatically becomes clear in the second period. Therefore, the first mover
can never be better informed, and there is a trade-off between leading the
market and knowing more. In the end, Cournot equilibria appear if either
there is no market uncertainty or it is sufficiently large, while Stackelberg
equilibria survive if the uncertainty is small.
Güth, Ritzberger, and van Damme (2004) also draw on HS’s modeling of
information uncertainty, they specifically consider timing choices in a bargaining game. In their models, two parties have to divide a pie whose size
is uncertain in the first period. In the action commitment model, they show
that if the uncertainty is sufficiently small, sequential play will appear in the
equilibrium. In the model of observable delay, however, if the uncertainty
is small, both parties would commit to produce according to expected market demand; if the uncertainty is large, the choice for both parties in the
equilibrium will be “wait and see”.
Güth and Güth (2001) develop a model about capacity and price determination, based upon the same idea as HS’s action commitment model.
Here two firms, facing uncertain production costs, have to decide when to
choose capacities and when to choose prices. Although an exhaustive analytical result is not available, numerical examples show that either a Cournot
or non-Cournot result could happen, depending on the cost distributions.
Another class of models allow the better-informed firm to move in the
first period, hence bringing about signaling problems. The works in this direction include Mailath (1993), Daughety and Reinganum (1994) and Normann (2002).
Here we briefly single out a few other relevant contributions to the endogenous timing literature. Saloner (1987) and Pal (1991) allow firms to
produce in both periods and the output levels in period 1 become public
information before production at period 2. Maggi (1996) analyzes a twoperiod investment game based on the same structure. Pal (1998) studies
the endogenous timing problem of a mixed oligopoly, meaning an oligopoly
10
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with a welfare-maximizing public firm and several profit-maximizing private
firms. A related paper from Lu (2006) introduces foreign competitors into
the endogenous timing model for a mixed oligopoly. Hirokawa and Sasaki
(2001) consider an infinite horizon model where firms have to decide in which
period to enter and then commit to an output level for all future periods.
Ishibashi (2008) discusses the endogenous timing problem for collusive price
leadership with capacity constraints. Finally, Berninghaus and Güth (2004)
consider the timing choices of threats of two parties in a bargaining problem.
In this paper, we explore firms’ timing choices in a quantity-setting
duopoly model with stochastic demand and costly market research. The
innovation of this paper, in our view, is that not only the timing of market
decisions is endogenous, but also the resolution of demand uncertainty. In
the existing literature, information acquisition is always assumed to be costless (see e.g. Güth, Ritzberger, and van Damme (2004) and Sadanand and
Sadanand (1996)). When there is demand uncertainty, the accurate information on market demand is automatically revealed to firms after waiting
for one period. In this paper, however, we assume that firms have to decide
whether or not to invest effort (costing both time and money), to acquire
accurate information on market demand. We believe it is a more realistic
assumption.
The basic structure of the model is based on HS’s endogenous timing
models. The structure of our first model corresponds to HS’s game of action commitment. In our case, two firms have to decide whether they will
commit to certain quantity in the first period, carry out market research,
or just wait and see. Such a modeling structure applies to the situations
where irrevocable commitments are related to actions. For instance, firms
with strict capacity constraints (e.g. steel production) would like to commit to their output levels, because substantial costs will be incurred when
adjusting the production capacities. If firms sell their goods through retailers, the demands are often predetermined in the contract, hence, they will
also lack adjustment flexibility (see e.g. Hirokawa and Sasaki (2001)). For
sales of durable consumption goods, e.g. automobiles, retailers may post
prices, also representing a commitment (see e.g. Güth, Ritzberger, and van
Damme (2004)). Our second model is built on HS’s game of observable delay. This framework applies to the situations where players only announce
when actions will be taken, but not the action themselves. For instance,
11
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shopkeepers know that retailers in mail-order distribution systems have to
decide on prices when printing catalogues, but the prices are unknown until
the catalogues are published (see e.g. Güth, Ritzberger, and van Damme
(2004)). In our case, there is an initial stage, where firms will announce
whether they will produce in the first period, carry out market research, or
just wait and see.
As to the timing of information acquisition, the model is similar to Güth,
Ritzberger, and van Damme (2004) and Sadanand and Sadanand (1996), in
the sense that accurate information on market demand becomes available
only at period 2, therefore, there is no signaling problem.2 The main difference concerns information acquisition. In this paper, obtaining information
is costly. In view of the widespread existence of market research departments
in most firms and large number of independent market research companies,
this assumption is probably more realistic than the costless revelation of
information. Hence, in this aspect, our model is related to Daughety and
Reinganum (1994), wherein firms have to pay for information. However,
there is an important difference in the nature of the market research process. In Daughety and Reinganum (1994)’s model, information is bought
from market research institutes, hence it is assumed to be an activity requiring only negligible time compared to production. In this paper, however,
we consider market research to be a time-consuming activity, requiring an
amount of time comparable with that necessary for production activities.
This assumption is sensible for the following reasons. A professional and accurate market research is not a simple task. It normally includes objective
setting, planning of investigation procedure, data collection, data analysis,
reporting and decision making in the end (see Hague (2002)). Sometimes,
even one step in the whole procedure takes a long time, for instance, interviewing a large number of potential consumers. For firms facing a global
market, obtaining accurate market information becomes even more difficult,
due to the huge economic, cultural, and political differences in different
countries and regions. Therefore, the time involved in market research is
significant, which gives rise to a choice between starting production right
away or performing market research first.
The timing choices of both firms depend on a trade-off. Each firm can
2

Abstracting from signaling considerations will allow us to encompass HS’s seminal
model as a particular case.
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either carry out market research in the first period to obtain accurate market
information, or produce first aiming to obtain a “first mover advantage”. We
will show that the qualitative characteristics of the SPNE are determined
by the combined effects of market conditions (measured by the expectation and variance of market capacity), technology (measured by production
costs), and market research costs. For the model featured by action commitment, if the market research cost K is too high relative to the variance of
market capacity, market research never plays a role. This case encompasses
HS’s model of action commitment as a particular case. The intuition is simply that it does not pay to eliminate the uncertainty. For an intermediate
value of K, we find two SPNE with endogenous leadership, independently
of production costs. This is a relatively clear-cut case, in which one firm
takes the trade-off and receives more information but becomes a follower,
and the other firm obtains the first-mover advantage but pays the price of
facing an uncertain demand.
If K is low enough relative to the variance of market capacity (the extreme case K = 0 corresponds to Sadanand and Sadanand (1996)), the situation is more complex. For given market conditions, there are two SPNE
exhibiting endogenous leadership, provided the production cost of both firms
are low enough. If the production cost of one firm is low enough but that of
the other one is very high, then there is a unique SPNE with the more efficient firm as a leader. If production costs of both firms are too high, there is
a SPNE involving simultaneous production in the second period. If market
conditions becomes more favorable (higher expectation and lower variance
of the market capacity), the SPNE with endogenous leadership survives even
if the production of the leader is less efficient. The appearance of the SPNE
with simultaneous production also requires much higher production costs of
both firms. The converse is true if market conditions are unfavorable.
For the model with observable delay, if K is high, both firms will produce
as in a Cournot duopoly in the first period. If K is low or intermediate,
both the Cournot outcome in the first period and the Stackelberg outcome
with market research can be SPNE, depending on market research cost,
production costs, and market conditions.
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The Model with Action Commitment

We consider a quantity-setting duopoly in a market with stochastic demand.
The inverse demand function is given by P (Q) = a − Q (i.e. we normalize
the slope of market demand to 1, as in Daughety and Reinganum (1994) and
Sadanand and Sadanand (1996)). Market capacity, given by the parameter
a > 0, is a random variable with support contained in an interval [aL , aH ],
assumed to have expectation E[a] and variance V [a] 6= 0. In particular,

a might be a continuous random variable or take only a finite number of
values. Firm i (i = 1, 2) has a constant marginal cost ci , which satisfies
0 < c1 ≤ c2 < aL .

(1.1)

To simplify the analysis, we also assume that
1
c2 < (2aL − E[a] + 2c1 )
3

(1.2)

to ensure that all the quantities used in the model are strictly positive.3
There are two time periods.4 The (unknown) market demand does not
change during the two periods, or, equivalently, it is realized at the end of
the second period. At the beginning of the first period, firms have commonly known prior beliefs on a as stated above and can choose among three
different choices: (i) to produce a certain quantity; (ii) to carry out market
research; and (iii) to wait.
If a firm decides to produce a certain quantity in the first period, it
observes neither the realized market demand nor the choice of its opponent.
We assume that production is final, that is, a firm which produces in the
first period cannot produce additional units in the second period.5
3

This inequality guarantees the perfect-information Stackelberg follower quantity of
firm 2 to be positive. It also ensures that all other quantities used in the analysis are
positive.
4
A period is treated as an indivisible time unit in which firms can start and finish their
actions. A detailed discussion about the effect of time length on strategic timing choices
is in Pacheco-de-Almeida and Zemsky (2003), where each period is further subdivided in
T subunits.
5
Thus, in this model, firms producing in the first period commit to a quantity. Commitment issues can of course be discussed at length, but are not very pertinent to the
issue of endogenous timing. Henkel (2002) studies the issue of commitment in a model of
alternating moves (i.e. exogenous timing) where a player announces a decision and fixes
a deviation cost; this player can revise the initial decision after a second player acts, by
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If a firm decides to carry out market research, it will find out the realization of market capacity at a cost K ≥ 0, and observe the first period’s
choice of its opponent. In the second period, the firm will choose a quantity

with full knowledge of the market demand. We say that this firm has perfect
information on market demand. If a firm decides simply to wait, it observes
its opponent’s first-period choice, but cannot update its market information.
In the second period, it has to choose a quantity without additional knowledge of the market demand. We say that this firm has imperfect information
on market demand.
Since market research completely reveals the information on market conditions, the value of market research is simply the difference of profits a firm
obtains under perfect and imperfect information, given the action of its opponent. Firms will compare this value with K, and then decide whether or
not to carry out market research.6
In short, information on the market demand is updated only after market
research and each firm produces in one period only. Thus our model is quite
different from two-period production models as Saloner (1987), where firms
can accumulate outputs in two periods. It is an extension of HS’s game of
timing with action commitment allowing for stochastic market demand and
market research.
Formally, the model gives rise to an extensive-form game. The set of
players is I = {1, 2}. For each firm i ∈ {1, 2}, let Mi denote the choice of

carrying out market research and Wi the choice of waiting in the first period.

The action of firm i in the first period is denoted by
s1i ∈ Si1 = R+ ∪ {Mi , Wi },
paying the deviation cost. In equilibrium, the chosen cost becomes a device to make the
commitment credible. If actions are strategic substitutes, in the unique SPNE player 1
announces the Stackelberg leader action and a large deviation cost, player 2 responds with
the Stackelberg follower action, and player 1 does not revise his action. Player 1 obtains
the so-called “1.5th mover advantage”.
6
Ponssard (1976) discusses the value of information in competitive situations in the
case where an experiment fully reveals the state of nature. It is, of course, not completely
realistic that market research resolves all uncertainty about demand. More generally, one
could investigate cases where market research reduces more or less the variance, e.g. by
producing a more or less noisy signal â. We stick to our assumption for the purpose of
simplicity and tractability.
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and the second period decision is given by a mapping
s2i : ([aL , aH ] ∪ {Wi }) × (R+ ∪ {M−i , W−i }) → R+ .
For example, s2i (a|q) is the output level of firm i in period two, given that
in the first period this firm carried out market research revealing market
capacity a, but its opponent produced q. Analogously, s2i (Wi |M−i ) is the

output level of firm i in period two, given that in the first period this firm
decided to wait, but its opponent carried out market research.
Denote by Si2 the set of all functions s2i as above. The strategy set of
firm i is given by Si = Si1 × Si2 , with typical element si = (s1i , s2i ). The
payoff function of firm i is πi : Si × S−i → R+ .
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Figure 1.1: The extensive form when a can only take two values. Dashed
lines and boxes indicate information sets.
Figure 1.1 shows the extensive-form of this game for the particular case
where the random variable a follows a Bernoulli distribution, with a = aH
with probability p and a = aL with probability 1 − p.

In studying the extensive-form game, we make the modeling decision to
have nature move at the beginning of the second period. This does not
change the economic model at all, but generates an extensive-form game,
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in which every possible strategic situation in the second period corresponds
to a proper subgame. Thus the appropriate equilibrium concept is simply subgame-perfect Nash equilibrium (SPNE). An alternative treatment
following Harsanyi’s transformation would be to have nature move at the
beginning of the first period. Under such a setup, many second-period situations would fail to give rise to proper subgames and we would have to
resort to the use of Perfect Bayesian Equilibrium (PBE) as a solution concept. This added complication is void of economic content. A PBE consists
of a belief system and a strategy profile, but the belief system in this model
is trivial, since the beliefs on market capacity are exogenously given. Given
these beliefs, one would use sequential rationality to derive the equilibrium
strategy profiles, which are identical with those of the SPNE in the first
treatment. Thus our choice allows us to greatly simplify the notation.

1.3
1.3.1

Equilibrium Analysis
Equilibrium Behavior in the Second Period

We first determine both firms’ decisions in the second period; that is, we
find the Nash Equilibria in each proper subgame.
Two informed firms. If both firms choose market research in the first
period, the second-period subgames (one for each possible realization of a)
are such that both firms produce simultaneously with perfect information on
the market demand. The Nash equilibrium of one of these subgames corresponds to the Cournot-Nash equilibrium of the perfect-information duopoly.
The equilibrium quantity of each firm i for each state a ∈ [aL , aH ] is denoted
by qic (a). that is, the equilibrium strategy must prescribe

1
s2i (a|M−i ) = qic (a) = (a − 2ci + c−i ), i = 1, 2
3

(1.3)

which is always a strictly positive quantity.7
Two uninformed firms. If both firms choose to wait, neither of them
is informed on the realized market demand. This leads to a second-period
(Bayesian) subgame where both firms produce simultaneously with imper7
For the more efficient firm’s quantity q1c (a), this follows from 0 < c1 ≤ c2 < aL . For
the other firm, q2c (a) > 0 ∀ a if c2 < 12 (aL +c1 ). This condition follows from the assumption
c2 < 31 (2aL −E[a]+2c1 ), because 12 (aL +c1 )− 13 (2aL −E[a]+2c1 ) = 61 (2E[a]−aL −c1 ) > 0.
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fect information on the market demand. The Nash equilibrium corresponds
to the Cournot-Nash equilibrium of the imperfect-information duopoly, where
the equilibrium quantity of each firm i is given by qic (E[a]). Thus, the equilibrium strategies are such that
1
s2i (Wi |W−i ) = qic (E[a]) = (E[a] − 2ci + c−i ), i = 1, 2.
3

(1.4)

One informed firm. If firm i choose to carry out market research and
firm −i to wait, in the second-period subgame both firms produce simul-

taneously with asymmetric information. In equilibrium, the informed firm
conditions on the realization of a, but the uninformed firm does not. Denote
the equilibrium quantity of the informed firm by qiIc (a). It is easy to show
that
s2i (a|W−i ) = qiIc (a) =

1
(3a − E[a] − 4ci + 2c−i ), ∀ a ∈ [aL , aH ], i = 1, 2(1.5)
6

which is always strictly positive.8 From the point of view of the uninformed
firm −i, the expected equilibrium output of firm i is qic (E[a]). Thus the

c (E[a]). Hence, in
equilibrium quantity of the uninformed firm is equal to q−i

equilibrium
s2i (Wi |M−i ) = qic (E[a]), i = 1, 2.

(1.6)

A leader and an informed follower. If firm i chose to carry out market research and firm −i to produce a certain quantity, in the corresponding
second-period subgame only firm i plays, choosing a certain quantity knowing both the demand and the quantity of its opponent. The equilibrium
strategy of firm i is thus to adopt a best response to its opponent’s quantity.
That is,
1
s2i (a|s1−i ) = max{0, (a − ci − s1−i )} , ∀ s1−i ∈ R+ , i = 1, 2.
2

(1.7)

A leader and an uninformed follower. If firm i chose to wait and
firm −i to produce a certain quantity, in the corresponding second-period
subgame only firm i plays, choosing a certain quantity knowing the quantity
8

For the more efficient firm, q1Ic (a) > 0 if c1 < 14 (3aL −E[a]+2c2 ). This follows from the
assumptions c1 ≤ c2 < 31 (2aL −E[a]+2c1 ) and the fact that 13 (2aL −E[a]+2c1 )− 41 (3aL −
1
E[a]+2c2 ) = − 12
[(6c2 −6c1 )+(aL +E[a]−2c1 )] < 0. For the less efficient firm, q2Ic (a) > 0
L
1
if c2 < 4 (3a − E[a] + 2c1 ). This follows from the assumption c2 < 31 (2aL − E[a] + 2c1 ),
1
(aL + E[a] − 2c1 ) < 0.
because 13 (2aL − E[a] + 2c1 ) − 14 (3aL − E[a] + 2c1 ) = − 12
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of its opponent but not the demand. The equilibrium strategy is
1
s2i (Wi |s1−i ) = max{0, (E[a] − ci − s1−i )}, ∀ s1−i ∈ R+ , i = 1, 2.
2

(1.8)

Lemma 1.1 summarizes our computations.
Lemma 1.1. In any SPNE, if a firm i = 1, 2 decides not to produce in the
first period, in the second period its action s2i must be such that

s2i (a, s1−i ) =







1
3 (a − 2ci + c−i )
1
6 (3a − E[a] − 4ci
1
1
2 (a − ci − s−i )

+ 2c−i )

if

s1−i = M

if

s1−i = W

if

s1−i

∈

(1.9)

R+

for all a ∈ [aL , aH ], and
s2i (Wi , s1−i )

1.3.2

=

(

1
3 (E[a]
1
2 (E[a]

− 2ci + c−i )
− ci − s1−i )

if

s1−i = M or W

if

s1−i ∈ R+

(1.10)

Equilibrium Behavior in the First Period

Let s̄2i ∈ Si2 be the functions defined in Lemma 1.1. Taking them as given

(i.e. applying backwards induction), the extensive-form game can be simplified to a reduced normal-form game in which both firms only have to decide
(in the first period) whether to produce, carry out market research, or wait.
We would like to emphasize again that “produce in the first period” is not
a single choice, but merely a simplified expression that we use to indicate
that the firm chooses some quantity in R+ . Hence in the reduced normalS
form game, the choice set of each firm is R+ {Mi , Wi }. Table 1.1 shows

the expected payoffs for a firm9 in this reduced normal-form game, where qi
stands for a quantity in R+ for both i ∈ {1, 2}.

We use this reduced normal-form game to find the possible pure-strategy
equilibria.10 We proceed as follows. First we find equilibrium candidates,
e.g., assuming that there is an equilibrium where both firms produce in
the first period, we determine what the optimal production plans should
be. Later on we will check whether these candidate equilibria are actually
9

Since the game is symmetric, only firm i’s payoff is shown in the table.
In mixed-strategy equilibria, firms randomize between producing first, carrying out
market research, and waiting. Thus, there are no clear-cut timing choices that could be
used to explain the appearance of endogenous leadership or simultaneous production.
10
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q−i
qi
Mi
Wi

M−i

(E[a] − qi − q−i − ci )qi
1
E[(a
4

− ci − q−i )2 ] − K

1
(E[a]
4

1
(E[a]
2

− qi − 2ci + c−i )qi

1
E[(a
9

− 2c−i + ci )2 ] − K

− ci − q−i )2

1
(E[a]
9

W−i
1
(E[a]
2
1
E[(3a
36

− 2ci + c−i )2

− qi − 2ci + c−i )qi

− E[a] − 4ci + 2c−i )2 ] − K

1
(E[a]
9

− 2ci + c−i )2

Table 1.1: The reduced normal-form game
equilibria, e.g., whether firms have an incentive to deviate to either wait or
carry out market research.
Both firms research. When both firms choose to carry out market
research, the equilibrium candidate corresponds to the Cournot-Nash equilibrium quantities with perfect information. In each state, each firm i will
produce qic (a) and receive net profits πic (a) − K, where
1
πic (a) = (a − 2ci + c−i )2 , ∀ i ∈ {1, 2}
9

(1.11)

Then the expected net profit of firm i is E[πic (a)] − K.

Both firms produce. When both firms choose production, the unique

equilibrium candidate is the profile where each firm produces qic (E[a]). Expected profits are then πic (E[a]), that is,
1
πic (E[a]) = (E[a] − 2ci + c−i )2 .
9

(1.12)

Both firms wait. When both firms choose to wait, the equilibrium
candidate again involves the Cournot-Nash equilibrium quantities with imperfect information. Each firm i will produce qic (E[a]) and receive expected
profits πic (E[a]). The only difference with the previous case is that these
quantities are actually produced in the second period.
Production vs. Research. When firm i chooses to produce and firm
−i carries out market research, the unique equilibrium candidate corre-

sponds to the Stackelberg equilibrium where the follower has superior information. We denote the equilibrium quantity of the uninformed leader by
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f
qiℓ and that of the informed follower by q−i
(a).

qiℓ =
f
q−i
(a) =

1
(E[a] − 2ci + c−i ),
2
1
(2a − E[a] − 3c−i + 2ci ).
4

(1.13)
(1.14)

f
We also denote πiℓ the expected profit of the leader and π−i
(a) the gross

profit of the informed follower in state a. That is,
πiℓ =
f
π−i
(a) =

1
(E[a] − 2ci + c−i )2 ,
8
1
(2a − E[a] − 3c−i + 2ci )2 .
16

(1.15)
(1.16)

f
Hence the expected net profit of the informed follower −i is E[π−i
(a)] − K.

Production vs. Waiting. When firm i chooses to produce and firm

−i to wait, the equilibrium candidate corresponds to the Stackelberg equilibrium with imperfect information. The uninformed Stackelberg leader will

produce qiℓ and receive expected profits πiℓ . The uninformed follower will
f
f
produce q−i
(E[a]) and receive expected profits π−i
(E[a]). That is,
f
π−i
(E[a]) =

1
(E(a) − 3c−i + 2ci )2
16

(1.17)

Research vs. Waiting. When firm i carries out market research and
firm −i chooses to wait, the informed firm i will produce qiIc (a) for each

c (E[a]). The gross profit of the
state a ∈ {1, 2} and firm −i will produce q−i

informed firm in each state is denoted by πiIc (a).
πiIc (a) =

1
(3a − E[a] − 4ci + 2c−i )2
36

(1.18)

The expected net profit of this firm is E[πiIc (a)] − K. The expected profit
c (E[a]).
of the uninformed firm is equal to π−i

Table 1.2 shows the payoffs of the equilibrium candidates.
Now we can use the reduced normal-form game in Table 1.1 to check
whether the nine equilibrium candidates enumerated above are actually
Nash equilibria. By Lemma 1.1, the NE of the reduced normal-form game
give rise to the SPNE of the extensive-form game. Of course, the structure of
the set of NE depends crucially on the market research cost K. The follow-
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q2
q1 π1c (E[a]), π2c (E[a])

M2

W2

π1ℓ , E[π2f (a)] − K

π1ℓ , π2f (E[a])

M1 E[π1f (a)] − K, π2ℓ E[π1c (a)] − K, E[π2c (a)] − K E[π1Ic (a)] − K, π2c (E[a])
π1f (E[a]), π2ℓ

W1

π1c (E[a]), E[π2Ic (a)] − K

π1c (E[a]), π2c (E[a])

Table 1.2: The payoffs of equilibrium candidates
ing three subsections discuss the cases with large, small, and intermediate
K, respectively.

1.3.3

High Market Research Costs

Clearly, the incentives for carrying out market research decrease as K increases. Intuitively, if the market research cost is high enough, it will offset
the gains from obtaining accurate market information. A cutoff value is
derived from the following proposition, above which waiting is always better
than market research in the reduced normal-form game.
Proposition 1.1. When K > 41 V [a], conducting market research is strictly
dominated by waiting in the reduced normal-form game, for both firms i ∈
{1, 2}. There are three pure-strategy SPNE: in one of the equilibria, both
firms produce the Cournot-Nash equilibrium quantities in the first period.

In the other two equilibria, firms behave as Stackelberg leader and follower
respectively.
The proofs of all propositions and theorems are relegated to the Appendix.
The fact that the cutoff value is related to the variance of market capacity
is very intuitive, since the variance is a natural measure of the value of the
information obtained through market research. According to Proposition
1.1, when K > 41 V [a], the strictly dominated strategy, market research, can
be eliminated in the reduced normal-form game. In this case, the model
becomes a generalization of HS’s model with action commitment, where
market demand is allowed to be stochastic. Since firms are unable to update
their information, each firm has the same strategic incentives as in a perfect
information context. Hence, the equilibria are the same as those of the HS’s
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action commitment model. This is the less interesting case for our analysis,
because market research plays no role.

1.3.4

Low Market Research Costs

A lower market research cost K increases the likelihood that a firm will carry
out market research rather than waiting. In the extreme case with K = 0,
market research is costless, which corresponds to Sadanand and Sadanand
(1996). In this case, no firm would strictly prefer waiting if market research
is feasible. In the next proposition, we find a cutoff value for K, below which
carrying out market research always outperforms waiting.
Proposition 1.2. When K < 91 V [a], waiting is strictly dominated by market research in the reduced normal-form game, for both firms i ∈ {1, 2}.
Again, the fact that the cutoff value is related to the variance of market
capacity is very intuitive. For a large variance, information is very valuable
and hence market research pays off.
Proposition 1.2 greatly simplifies the analysis whenever K < 91 V [a]. In
this case, we can eliminate the strictly dominated strategy, waiting, in the
reduced normal-form game. In order to find out the pure-strategy NE in the
reduced normal-form game, only four equilibrium candidates remain. Table
1.3 shows the payoffs of these candidates.
q2

M2
π1ℓ , E[π2f (a)] − K

q1 π1c (E[a]) , π2c (E[a])
M1

E[π1f (a)] − K, π2ℓ

E[π1c (a)] − K, E[π2c (a)] − K

Table 1.3: The payoffs of equilibrium candidates for K < 91 V [a]
The next theorem summarizes the results.
Theorem 1.1. Assume (1.1) and (1.2). When K < 19 V [a], for any purestrategy subgame-perfect Nash equilibrium (s1i , s2i )i=1,2 , second-period decisions are given by s2i = s̄2i as in Lemma 1.1. Furthermore:
(i) a SPNE with s1 = (q1ℓ , M2 ) exists, if and only if c1 ≤

1
2

(c2 + E[a] − β);

(ii) a SPNE with s1 = (M1 , q2ℓ ) exists, if and only if c2 ≤

1
2

(c1 + E[a] − β);
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(iii) a SPNE with s1 = (M1 , M2 ) exists, if and only if c1 ≥ 21 (c2 + E[a] − β);
√ p
where β = 2 2 V [a] − 9K. Note that the condition in (ii) implies the one
in (i).

We now briefly discuss this result. First note that the theorem implies
that, for K < 19 V [a], the equilibrium candidate where both firms produce
the imperfect-information Cournot-Nash equilibrium quantity qic (E[a]) in
the first period cannot give rise to a SPNE. The reason is that for each firm
i, the deviation from qic (E[a]) to Mi changes the firm’s expected profit from
πic (E[a]) to E[πiIc (a)] − K. When K < 19 V [a], this deviation pays off. In
other words, the gains from market research offset the cost K.

Item (i) identifies the necessary and sufficient condition for the strategy
profile, where firm 1 chooses to produce the Stackelberg leader quantity and
firm 2 chooses to carry out market research in the first period, to be a SPNE.
Clearly, firm 2 (the follower) will not deviate to any other quantities in the
second period if market research is chosen, since s̄22 prescribes the optimal
output level. Nor will it deviate to producing in the first period, because
the gains from market research, i.e. the expected gross profit of being a
follower minus the expected profit from a first-period best response against
the Stackelberg leader quantity of firm 1,
E[π2f (a)] − π2 (q2f (E[a])|q1ℓ ),
offsets the market research cost K in this case. On the other hand, firm 1
(the leader) will not deviate from q1ℓ if it has chosen to produce in the first
period. The inequality in (i) guarantees that it will also not deviate to carry
out market research in order to form a perfect-information Cournot duopoly
with firm 2. This inequality implies that the production cost of firm 1 should
be low enough. The intuition is simply that firm 1’s leadership entails a low
production cost to pay the price of market uncertainty and prevent the
deviation to low-cost market research. However, the more favorable market
conditions are, the less efficient the leader must be for the condition to be
fulfilled. To see this, simply note that the inequality in (i) implies that the
maximal production cost of firm 1 that supports this SPNE is increasing in
E(a) but decreasing in V [a].
The reason for this last observation is simple. Given V [a], the increment
of π1ℓ induced by E[a] is larger than the increment of E[π1c (a)] − K, the ex24
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pected net profit of firm 1 when deviating to carrying out market research.11
If E[a] is large enough, the expected profit gained through leading the market
will be higher than that from market research. Given E[a], firm 1’s incentive
to deviate from producing first diminishes as V [a] becomes smaller, because
a low V [a] indicates a relatively stable market capacity (low uncertainty).
For small V [a], firm 1’s prior belief in the market demand, without added
market research, already enables firm 1 to earn a higher profit than that
following market research.
In short, firm 1 prefers producing first, given that its opponent conducts market research, whenever its production is efficient enough, relative
to market conditions, for the “first mover advantage” to dominate the “informational advantage” of market research. As a result, endogenous leadership
with an efficient leader and an informed inefficient follower appears in the
equilibrium path.
Item (ii) shows the necessary and sufficient condition for the converse
situation to the one in (i) to be a SPNE, that is, endogenous leadership
with an inefficient leader and an informed efficient follower. Firm 2 (the
inefficient firm) produces the Stackelberg leader quantity and firm 1 carries
out market research in the first period. The analysis is analogous to that
for (i). The follower will not deviate for the same reason given for (i). The
leader will not deviate either, if its marginal cost is small enough. The
only difference is that, for given c1 and c2 , market conditions need to be
more favorable for the inefficient firm to assume the leader role than for the
efficient one. This is implicitly contained in the inequality in (ii). Comparing
it to the inequality in (i), one finds that, ceteris paribus, it entails a higher
E[a] or a lower V [a]. The reason is simply that firm 2, without carrying
out market research, will suffer a higher loss than firm 1 for given market
conditions, simply because it is less efficient. In other words, whenever an
endogenous-leadership SPNE with an inefficient leader exists, there is also
a SPNE with an efficient leader.
The SPNE with simultaneous production in the second period appears
11

Technically,

i = 1, then

∂πiℓ
∂E[a]

∂πiℓ
∂E[a]
∂πiℓ
∂E[a]

−

=

1
4
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∂
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∂E[a]
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∂
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∂
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+
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[(E[a]
36
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2
(c
9 j

− 2ci ). If

− c1 ) + (c2 − c1 )] > 0. If

1
1
7
−
− K) = 36
c1 + 18
(E[a] − c2 ) + 36
E[a] > 0. When
q
E[a] > 2ci − c−i + 2 15 (V [a] − 9K), πiℓ is always larger than (E[πic (a)] − K).

i = 2, then
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if the condition in item (iii) is fulfilled. This condition requires the marginal
costs of both firms to be high enough, relative to market conditions. The
reason is that inefficient firms will suffer large losses due to market uncertainty, hence both firms would like to carry out market research. It should be
pointed out that for very unfavorable market conditions, even if both firms
have relatively low costs, no firm will produce in the first period. To see
this explicitly, note that the inequality implies that the minimal production
cost of firm 1 that supports this SPNE is increasing in E[a] and decreasing
in V [a]. For unfavorable market conditions, the information about demand
becomes so important that both firms would like to investigate the market and assume both the market research cost K and the ensuing harsher
competition (firms become Cournot duopolist forgoing the possibility to become Stackelberg leaders). That is, “informational advantage” dominates
the “first mover advantage.”
Another way to interpret Theorem 1.1 is to take c1 , c2 and E(a) as
given and see how the market uncertainty affects the timing choices of the
firms. Clearly, when the market research cost is low enough, if the market
uncertainty is sufficiently small so that the inequality in item (ii) is fulfilled,
the sequential plays with either firm to commit can appear in the equilibrium. If the uncertainty is intermediate, so that only the condition in item
(i) is fulfilled, the sequential play where the low-cost firm commits is the
unique equilibrium. Finally, if the uncertainty is sufficiently large, so that
the condition in item (iii) is satisfied, both firms would choose to wait. This
result is similar to that of Güth, Ritzberger, and van Damme (2004), where
one party chooses to commit and the other to wait if the uncertainty is
sufficiently small. A difference in technique is that, we simply use the variance of market capacity to evaluate the magnitude of uncertainty. In Güth,
Ritzberger, and van Damme (2004), however, they propose a parametric
condition on the distribution of the surplus size, so that if a certain parameter ε is sufficiently small, most of the mass is concentrated around the mean.
Therefore, one can use ε to measure the uncertainty of the surplus size.
Figure 1.2 illustrates Theorem 1.1 using a numerical example. In this
example, a is assumed to follow a Bernoulli distribution; that is with a
probability of 0.7, a = 10 and with a probability of 0.3, a = 20. Hence
E[a] = 13 and V [a] = 21. The market research cost is assumed to be 1.
It shows the areas where the three possible SPNE exist, in the coordinate
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Figure 1.2: A numerical example for K < 91 V [a].
system of marginal costs for K <

1
9V

[a]. In this example, a follows a

Bernoulli distribution taking the value a = 10 with probability 0.7 and
the value a = 20 otherwise. The line through OCE represents the function
c1 = c2 . The line through BDE shows the function c2 = 31 (2aL −E[a]+2c1 ).

Since we assume (1.1) and (1.2), the relevant area is the triangle OEB. In
this region, the line through CD is the function c1 = 12 (c2 + E[a] − β). The
line through AC shows the function c2 = 12 (c1 + E[a] − β). According to

Theorem 1.1, the strategy profile in which firm 1 produces first is a SPNE
if c1 and c2 fall in the OCDB region. In the area OAC, the strategy profile

in which firm 2 produces first is a SPNE. In the CDE region, the strategy
profile where both firms carry out market research is a SPNE. We see that
if c1 and c2 are such that a SPNE with an inefficient leader exists, then the
existence of a SPNE with an efficient leader follows automatically.

1.3.5

Intermediate Market Research Costs

We now turn to the case of intermediate market research costs, i.e. 91 V [a] ≤

K ≤ 14 V [a]. In this case, no strategy is strictly dominated in the reduced

normal-form game, thus we need to discuss all nine equilibrium candidates.
We first explore the case with strict inequalities, 19 V [a] < K < 41 V [a].

This rules out the situations where waiting is weakly dominated by market
research (K = 19 V [a]) and where market research is weakly dominated by
waiting (K = 14 V [a]). Theorem 1.2 lists the SPNE for this scenario.
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Theorem 1.2. Assume (1.1) and (1.2). When 91 V [a] < K < 41 V [a], there
are two pure-strategy SPNE, where second-period decisions are given by s2i =
s̄2i as in Lemma 1.1, and the first-period decisions are (q1ℓ , M2 ) and (M1 , q2ℓ )
respectively.
According to Theorem 1.2, two SPNE with endogenous leadership appear
independently of the production costs. The leader, who produces qiℓ , will not
deviate to waiting, because giving up leadership without obtaining accurate
market information never pays off. Nor will it deviate to market research.
The proof of Theorem 1.2 in the Appendix shows that the market research
cost in this case is high enough to ensure that the deviation to market
research is not worthwhile. The follower also has no incentive to deviate. As
long as K < 14 V [a], market research generates a higher profit than waiting,
regardless of the quantity produced by the other firm in the first period
(shown in the proof of Proposition 1.2). The follower has no incentive to
deviate to producing the best reply to the leader’s quantity in the first period
either. The reason is that the gain from carrying out market research is the
expected gross profit of the informed follower minus the expected profit of
the uninformed follower, and this difference is larger than an intermediate
market research cost (see inequality (1.30)).
The equilibrium candidate with simultaneous production in the first period is not a SPNE, as long as K < 14 V [a]. Given the imperfect-information
Cournot-Nash equilibrium quantity of the opponent, one firm can benefit
from market research, even though the market research cost is relatively
high. We would also like to emphasize that, for K > 19 V [a], none of the four
equilibrium candidates with simultaneous production in the second period
can be a NE. Neither (M1 , M2 ) nor (W1 , W2 ) can give rise to a SPNE, since
both firms have an incentive to deviate to producing the Stackelberg leader
quantity in the first period (shown in the proof of Theorem 1.2). Finally,
(Wi , M−i ) ∀ i ∈ {1, 2} cannot give rise to a SPNE, because as shown in the

proof of Proposition 1.1 (equation (1.22)), the firm choosing market research
always has an incentive to deviate to wait when K > 91 V [a].

Figure 1.3, generated by the same example as in Figure 1.2, illustrates
the last result. All lines in this figure represent the same functions as in
Figure 1.2. For instance, the line through BE shows the function c2 =
1
L
3 (2a

− E[a] + 2c1 ) in the region c1 ≤ c2 . The two SPNE with endogenous

leadership appear in the area OBE.
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Figure 1.3: A numerical example for 19 V [a] < K < 41 V [a].

Consider now the knife-edge scenarios where K = 91 V [a] or K = 14 V [a].
In both cases, we have payoff ties and hence firms are indifferent among
two choices. For K = 19 V [a], all the SPNE in Theorems 1.1 and 1.2 remain
valid. Further, in this case πi (Wi |M−i ) = πi (Mi |M−i ), ∀i ∈ {1, 2} and it

follows that (Wi , M−i ) ∀ i ∈ {1, 2} are equilibria, which give rise to two

SPNE with simultaneous production in the second period. For K = 41 V [a],

all the SPNE in Proposition 1.1 and Theorem 1.2 remain valid.

1.4

The Model with Observable Delay

We now turn our attention to the model structure with observable delay.
Within this framework, players first announce when they will take actions,
which becomes common knowledge before actions are really taken. Then,
players move according to their announcements.
In our model, we assume that there is an initial stage, where firms announce whether they will produce in the first period (but not how much),
carry out market research, or just wait and see. The announcements become
public information, and then firms implement what they have announced in
the following two periods. As in the model with action commitment, the
information on market demand is revealed only if a firm carries out market
research.
This gives rise to an extensive-form game with nine subgames, which
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include simultaneous production in the first (second) period with (without)
market research and sequential plays with (without) market research, as
shown in section 1.3.2. Using backward induction, we can solve for the
equilibria in all the subgames to obtain the following reduced normal-form
game, where Prodi (i = 1, 2) denotes the announcement to produce in the
first period.
Prod2
Prod1 π1c (E[a]), π2c (E[a])

M2

W2

π1ℓ , E[π2f (a)] − K

π1ℓ , π2f (E[a])

E[π1f (a)] − K, π2ℓ E[π1c (a)] − K, E[π2c (a)] − K E[π1Ic (a)] − K, π2c (E[a])

M1

π1f (E[a]), π2ℓ

W1

π1c (E[a]), E[π2Ic (a)] − K

π1c (E[a]), π2c (E[a])

Table 1.4: The reduced normal-form game with observable delay
Clearly, Wi is strictly dominated by Prodi , for i = 1, 2, because πil >
πic (E[a]) > πif (E[a]) for i = 1, 2. Therefore, wait can never be an equilibrium
strategy in this game, regardless of market research cost. Eliminating the
strictly dominated strategy, we only have to consider the first two strategies
in the payoff matrix above.
The relationship between πic (E[a]) and E[πif (a)]−K is important for the

results. A straightforward computations shows that πic (E[a]) ≤ E[πif (a)] −
K, i = 1, 2, if and only if
(ci − 2cj + E[a])(17ci − 10cj − 7E[a]) ≥ 144K − 36V [a]

(1.19)

with i 6= j, while πic (E[a]) ≥ E[πif (a)] − K if and only if the converse holds

with ≥.

By the assumption on c2 , if K ≥ 41 V [a], conditions (1.19) always hold for

both i = 1 and j = 1. To see this, just notice that when c2 < 31 (2aL − E[a] +

2c1 ), ci − 2cj + E[a] > 0 and 17ci − 10cj − 7E[a] < 0 for i = 1, 2, while if
K ≥ 41 V [a], 144K − 36V [a] ≥ 0. This is very intuitive, as no one would like

to carry out market research if K is too high. Furthermore, both conditions
show that large market uncertainty gives firms incentive to market research,
while small uncertainty leads firms to produce in the first period.
Comparing the payoffs in the matrix above, we can obtain the NE of the
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reduced normal-form game, which are summarized in the following theorem.
Theorem 1.3. Consider the game of observable delay. The NE of the reduced normal-form game (and hence the announcements in the SPNE of the
original game) are the following:
(1) when K ≥ 41 V [a], (Prod1 , Prod2 ).
(2) when K ≤ 91 V [a],
(2.1) (M1 , M2 ) whenever c1 ≥ 12 (E[a] + c2 − β).
(2.2) (Prod1 , Prod2 ), whenever the converse of condition (1.19) holds
for both i = 1 and j = 1.
(2.3) (M1 , Prod2 ) whenever c2 ≤ 12 (E[a] + c1 − β) and condition (1.19)
holds for i = 1.

(2.4) (Prod1 , M2 ) whenever c1 ≤ 12 (E[a] + c2 − β) and condition (1.19)
holds for i = 2.

(3) when 19 V [a] < K < 14 V [a],
(3.1) (Prod1 , Prod2 ), whenever the converse of condition (1.19) holds
for both i = 1 and j = 1;
(3.2) (M1 , Prod2 ), whenever condition (1.19) holds for i = 1;
(3.3) (Prod1 , M2 ), whenever condition (1.19) holds for i = 2.
It is very intuitive that when K is sufficiently high, both firms will choose
to produce simultaneously in the first period. This result corresponds to that
of HS’s game of observable delay, where market demand is fixed and any
positive research cost will be too high. In contrast, when K is sufficiently
low, each of the four strategy profiles can be equilibrium in the reduced
normal-form game, depending on production costs and market uncertainty.
If K is intermediate, there is no equilibrium where both firms carry out
market research simultaneously, because the payoff of the Cournot outcome
with market research is always lower than that of the leader without market
research as long as K > 19 V [a]. Moreover, if K is not too high, Stackelberg results appear in the equilibrium, where, for a relatively poor market
condition, the efficient firm is more likely to become a leader. Finally, if
production costs of both firms are low relative to market uncertainty, both
firms will choose to produce in the first period.
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Discussion

Real-world firms always face a certain degree of uncertainty about market
demand. This creates an incentive for market research. In the previous
literature on firms’ endogenous timing choices, firms either face a deterministic market demand (e.g. HS), have predetermined asymmetric information
(Mailath (1993) and Normann (2002)), or can automatically update information without any cost (e.g. Sadanand and Sadanand (1996)). Daughety
and Reinganum (1994) does make information acquisition costly, however,
the whole procedure of market research is simplified as a one-shot trade for
information, leaving no room for the choice between market research and
production.
This paper develops two endogenous timing models, which help understand the appearance of endogenous leadership or simultaneous production
when market research explicitly plays a role. The first model is an extension of HS’s action commitment model allowing for stochastic market demand and information updating and also similar to Sadanand and Sadanand
(1996) and Güth, Ritzberger, and van Damme (2004), except for the fact
that information acquisition is costly. The second model is built on HS’s
game of observable delay. The models of HS and Sadanand and Sadanand
(1996) are encompassed in the present models as particular cases (see below).
Our models provide a new explanation for the appearance of endogenous
leadership or simultaneous production. Namely, market research induces a
trade-off between the “informational advantage” and the “first mover advantage”, which eventually determines firms’ timing choices. If a firm decides
to produce in the first period, it has a chance to obtain the “first mover
advantage” but lose the “informational advantage”. The converse is true for
a firm carrying out market research and producing later.
The model of action commitment delivers clear-cut predictions in a variety of parameter constellations. When the market research cost is small,
there is a unique SPNE with simultaneous production in the second period,
provided production costs of both firms are high and market capacity has a
small expectation and large variance. For the same level of market research
costs, if the production cost of the efficient firm is small enough but that of
the inefficient one is large, there is a unique pure-strategy SPNE with the efficient firm as endogenous leader, as long as market capacity has a relatively
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small expectation and large variation, so that only the efficient firm can be
the leader. For intermediate values of K, simultaneous production does not
appear in equilibrium; only two pure-strategy SPNE with endogenous leadership exist, independently of production costs. When K is large, there are
two SPNE with Stackelberg outcomes, wherein the follower chooses to wait
in period 1. Besides, there is a SPNE with Cournot outcome in period 1.
The model of action commitment generalizes several results in the related
literature. HS’s action commitment model can be treated as a particular case
of our model when market research cost is high (i.e. K ≥ 41 V [a]). The reason

is that when there is no market uncertainty, any K > 0 is too large. Hence,
in HS’s model, there are two SPNE where one firm chooses to wait and the
other firm chooses to produce in the first period and a SPNE where both
firms produce simultaneously in the first period. In Sadanand and Sadanand
(1996)’s symmetric model, the revelation of information is costless, hence
it becomes a special case of our model where K = 0. Therefore, in this
model, there are two pure-strategy SPNE with Stackelberg outcomes when
the market uncertainty is small and a unique pure-strategy SPNE where
both firms choose to produce in the second period when the uncertainty is
large, corresponding to the case where K ≤ 19 V [a] in our model.
Moreover, this result is also comparable to Güth, Ritzberger, and van

Damme (2004)’s action commitment model, although they concern a bargaining game. They show that, if market research cost is sufficiently low
(in their model K = 0) and the information uncertainty is also sufficiently
small, sequential plays appear in the equilibria, which is exactly consistent
with our result summarized in Theorem 1.1. The mechanism leading to
their result is also analogous to us. In their model, both parties committing
could not be an equilibrium, since one can always choose waiting to avoid
the risk and collect the residual. Both parties choosing to wait could not be
an equilibrium either, since deviating to pre-commitment can always generate higher payoff, as long as the uncertainty is sufficiently small. Therefore,
only sequential plays survive as equilibria.
Furthermore, our result is parallel to Hirokawa and Sasaki (2001) to
some extent, although the mechanisms behind both models are different.
In our model, there are only two periods and the market clears at the end
of period 2. The equilibrium timing, essentially, is determined by market
uncertainty relative to the market research cost. In their model, there are
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infinitely many periods and markets clear at the end of each period. As a
result, the equilibrium timing is determined by market uncertainty relative
to the inverse of the discount factor. Nonetheless, we share very comparable
results. When relative market uncertainty (although relative to different
references in the two models) is small (i.e. case 1 in our model where V [a] ≤

4K), both firms entering simultaneously in period 1 results in a SPNE. When

relative uncertainty is large (i.e. case 2 in our model where V [a] ≥ 9K),

Stackelberg outcome appears in equilibrium.

In our model, however, when relative uncertainty is small, Stackelberg
outcome also appears in equilibrium, which, in contrast, does not hold in
Hirokawa and Sasaki (2001), because, with a relatively small discount factor and small market uncertainty, firms will be worse off if they change to
produce as followers. When uncertainty is relatively large, in our model,
both firms carrying out market research and producing simultaneously in
period 2 results in a SPNE. But this can never lead to a SPNE in Hirokawa
and Sasaki (2001). Since they assume that market information becomes observable only if at least one firm enters the market and firms cannot adjust
their output levels once decided in the first production period. Hence, if
both firms decide to simultaneously produce later, market information is
still unavailable in their first production period, which leads to large losses,
so that delaying production becomes more profitable.
Finally, in the model of observable delay, the results crucially depend on
parameters, i.e. production costs, market research cost and market condition. When K ≥ 41 V [a], we obtain the same result as in HS, i.e. simulta-

neous production in the first period, since HS’s model of observable delay
without market uncertainty is a particular case of ours. Simultaneous market research can occur in a SPNE only if K ≤ 19 V [a], since for any larger K,
Stackelberg leadership always leads to higher payoff. Sequential plays can

be equilibria when K < 41 V [a]. If market uncertainty is small even relative
to the less efficient firm, either firm can be a leader. But if the uncertainty
is small only in terms of the efficient firm, only the efficient firm can be a
leader.
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Appendix: Proofs
Proof of Proposition 1.1. Let K > 41 V [a]. We want to show that market
research is strictly dominated by waiting in the reduced normal-form game.
Denote by πi (·|·) the payoffs in this game (as given in Table 1.1).
Suppose first that firm −i chooses some output level s1−i ∈ R+ in the

first period. Firm i strictly prefers Wi rather than Mi if and only if
1
1
)
πi (Wi |q−i
) > πi (Mi |q−i


2
1
1
1
1
2
⇔
E[a] − s−i − ci > E (a − s−i − ci ) − K
4
4
1
⇔ K > V [a]
4

(1.20)

Second, if firm −i decides to wait, Wi is strictly better than Mi for firm i if

and only if

πi (Wi |W−i ) > πi (Mi |W−i )



(E[a] + c−i − 2ci )2
1 
> E (3a − E[a] − 4ci + 2c−i )2 − K
⇔ E
9
36
1
⇔ K > V [a]
(1.21)
4
Last, if firm −i conducts market research, then for firm i, Wi is strictly
preferred to Mi if and only if

πi (Wi |M−i ) > πi (Mi |M−i )


1
(a + c−i − 2ci )2
2
⇔
(E[a] + ci − 2c−i ) > E
−K
9
9
1
⇔ K > V [a]
9
Combining conditions (1.20), (1.21) and (1.22), if K >

1
4V

(1.22)

[a], market re-

search is strictly dominated by waiting (for both firms) in the reduced
normal-form game.



Proof of Proposition 1.2. The proof follows form conditions (1.20), (1.21)
and (1.22), simply reversing all inequalities. It follows that, if K < 19 V [a],
waiting is strictly dominated by market research (for both firms) in the
reduced normal-form game.
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Proof of Theorem 1.1. We look for all the pure-strategy Nash equilibria
for K < 91 V [a] in the reduced normal-form game. We only need to check
which of the four equilibrium candidates, shown in Table 1.3, are actually
Nash equilibria.
Both firms produce qic (E[a]) in the first period. When each firm uses this
strategy, the expected profit of firm i is πic (E[a]). Since waiting is strictly
dominated by market research according to Proposition 1.2, we only need to
check whether a deviation to Mi would pay off. This deviation would enable
c (E[a]) in each
firm i to adopt the best response to its opponent’s quantity q−i

state a ∈ [aL , aH ],
c
BRi (a, q−i
(E[a])) = qiIc (a) =

1
(3a − E[a] + 2c−i − 4ci )
6

(1.23)

Hence the expected net profit of firm i would be E[πiIc (a)] − K. Thus,

c (E[a]) is a NE if and only if π c (E[a]) ≥ E[π Ic (a)] − K for both
(qic (E[a]), q−i
i
i
i ∈ {1, 2}. That is,

πic (E[a]) − E[πiIc (a)] + K ≥ 0
1
1
⇔
(E[a] + c−i − 2ci )2 − E[(3a − E[a] + 2c−i − 4ci )2 ] + K ≥ 0
9
36
1
(1.24)
⇔ K ≥ V [a]
4
Therefore, when K <

1
9V

[a], both firms have an incentive to deviate to

c (E[a]) is not a NE in the
market research. It follows that (qic (E[a]), q−i

reduced normal-form game.
Firm 1 produces q1ℓ and firm 2 chooses M2 in the first period. The
profits of firm 1 when producing q1ℓ are π1ℓ . Again, the best deviation of
firm 1 is to choose M1 , which, given that firm 2 chooses M2 , results in a
perfect-information Cournot duopoly in the second period and generates the
expected net profit E[π1c (a)] − K for firm 1. Therefore, firm 1 will have no
incentive to deviate from q1ℓ to M1 if and only if π1ℓ ≥ E[π1c (a)] − K. That
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is,


1
1
(E[a] − 2c1 + c2 )2 ≥ E (a − 2c1 + c2 )2 − K
8
9

⇒ 9(E[a] − 2c1 + c2 )2 − 8E[(a − 2c1 + c2 )2 ] + 72K ≥ 0

⇒ (2c1 − c2 )2 − 2E[a](2c1 − c2 ) + E[a]2 ≥ 8V [a] − 72K

⇒ (2c1 − c2 − E[a])2 ≥ 8(V [a] − 9K)

(1.25)

For K ≤ 19 V [a], the last inequality holds if and only if

c1 ≤
c1 ≥


√ p
1
E[a] + c2 − 2 2 V [a] − 9K
or
2

√ p
1
E[a] + c2 + 2 2 V [a] − 9K
2

(1.26)
(1.27)

Inequality (1.27) implies that c1 > c2 , which contradicts the assumption
that c1 ≤ c2 . Thus, inequality (1.26) is the necessary and sufficient condition
for firm 1 not to have an incentive to deviate from q1ℓ .

The expected net profit of firm 2 when choosing M2 is E[π2f (a)] − K.

If firm 2 deviates to producing in the first period, the optimal quantity is
given by
BR2 (q1ℓ ) = q2f (E[a]) =

1
(E[a] − 3c2 + 2c1 )
4

(1.28)

which generates the expected profit
π2 (q2f (E[a])|q1ℓ ) =

1
(E[a] − 3c2 + 2c1 )2
16

(1.29)

Hence, firm 2 will have no incentive to deviate if and only if
E[π2f (a)] − K ≥ π2 (q2f (E[a])|q1ℓ )


(2a − E[a] − 3c2 + 2c1 )2
1
⇔ E
− K − (E[a] − 3c2 + 2c1 )2 ≥ 0
16
16
1
⇔ K ≤ V [a]
(1.30)
4
Since we assume K < 91 V [a] here, firm 2 will not deviate from M2 . Hence,
when K < 19 V [a], the strategy profile (q1ℓ , M2 ) is a NE in the reduced normalform game if and only if (1.26) is satisfied.
Firm 2 produces q2ℓ and firm 1 carries out market research in the first
37

Chapter 1

Endogenous Timing with Demand Uncertainty

period. This situation is analogous to the previous one. Firm 2 (the leader)
will not have an incentive to deviate if π2ℓ ≥ E[π2c (a)]−K. When K < 91 V [a],

this condition holds if and only if
c2 ≤
c2 ≥


√ p
1
E[a] + c1 − 2 2 V [a] − 9K
or
2

√ p
1
E[a] + c1 + 2 2 V [a] − 9K
2

(1.31)
(1.32)

Inequality (1.32) implies that c2 > 12 (E[a] + c1 ), which contradicts our assumption that c2 < 31 (2aL − E[a] + 2c1 ) < 12 (E[a] + c1 ) (it would imply a
negative q2f (E[a])). Hence, inequality (1.31) is the necessary and sufficient
condition for firm 2 not to deviate from q2ℓ .
Firm 1 (the follower) will not have an incentive to deviate if its profits as a
follower are larger than or equal to the profit from taking a best reply against
q2ℓ without market research, i.e. if π1ℓ ≥ π1 (q2f (E[a])|q2ℓ ). This condition holds
if and only if K ≤ 14 V [a]. Thus when K < 19 V [a] firm 1 will not deviate.

The strategy profile (M1 , q2ℓ ) is a NE in the reduced normal-form game if
and only if condition (1.31) is satisfied.
Both firms carry out market research in the first period. In this case, the
expected profit of each firm i is E[πic (a)] − K. The best deviation of firm

i, given that its opponent chooses M−i , is to produce qiℓ in the first period.
Firm i will not have an incentive to deviate if E[πic (a)] − K ≥ πiℓ for each

i ∈ {1, 2}. That is,



1
1
2
E (a − 2ci + c−i ) − K ≥ (E[a] − 2ci + c−i )2
9
8

⇒ 8E[(a − 2ci + c−i )2 ] − 72K − 9(E[a] − 2ci + c−i )2 ≥ 0
⇒ (2ci − c−i − E[a])2 ≤ 8(V [a] − 9K)

(1.33)

For K < 91 V [a], this condition holds if and only if
1
1
(E[a] + c2 − β) ≤ c1 ≤ (E[a] + c2 + β) and
2
2
1
1
(E[a] + c1 − β) ≤ c2 ≤ (E[a] + c1 + β)
2
2

(1.34)
(1.35)

The RHS of equation (1.34) is (weakly) larger than that of equation (1.35),
because c1 ≤ c2 . Recalling our assumption on the positivity of all rele-

vant quantities (i.e. c2 < 13 (2aL − E[a] + 2c1 )), and the fact that 31 (2aL −
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E[a] + 2c1 ) − 21 (E[a] + c1 ) = − 16 (4aL + c1 − 5E[a]) ≤ 0, we see that

c2 ≤

1
2

(E[a] + c1 + β) is automatically fulfilled. It is also easy to verify

that the LHS of equation (1.34) is (weakly) larger than that of equation
(1.35). Since c1 ≤ c2 , we conclude that (1.34) and (1.35) are fulfilled if and

only if

c1 ≥

1
(E[a] + c2 − β) .
2


Proof of Theorem 1.2. We want to prove that, for 91 V [a] < K < 14 V [a],
the only SPNE correspond to the two equilibrium candidates with endogenous leadership in the reduced normal-form game, independently of c1 and
c2 .
Suppose firm i produces qiℓ and firm −i chooses M−i in the first period,

where i ∈ {1, 2}. Firm −i will not have an incentive to deviate to producing

in the first period as long as its profits as informed follower are larger than

or equal to the profits from adopting a best response to qiℓ in the first period,
f
f
(a)] − K ≥ π−i (q−i
i.e. E[π−i
(E[a])|qiℓ ). As shown in (1.30) in the proof of

Theorem 1.1, this inequality holds if and only if K ≤ 41 V [a]. The proof of

Proposition 1.1 shows that, for K < 14 V [a], market research always generates

higher profits than wait, for any output level of the leader. Hence, firm −i
has no incentive to deviate to W−i either.

Firm i will not have an incentive to deviate from qiℓ to Mi if its expected
profits as leader are larger than or equal to the expected net profit generated
by market research, i.e. if πiℓ ≥ E[πic (a)] − K. This condition is always

fulfilled for K ≥ 91 V [a]. To see this, note that the expected profit difference
πiℓ − (E[πic (a)] − K) =

1
1
[E[a] + c−i − 2ci ]2 − E[(a + c−i − 2ci )2 ] + K (1.36)
8
9

is an increasing function of K and, for K = 19 V [a], attains the value
πiℓ − E[πic (a)] =

1
(E[a] − 2ci + c−i )2 ≥ 0
72

(1.37)

independently of ci ∀ i ∈ {1, 2}. Thus firm i has no incentive to deviate
to market research for

1
9V

[a] < K <

1
4V
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πiℓ ≥ πic (E[a]) either, because
πiℓ =

1
1
(E[a] − 2ci + c−i )2 < (E[a] − 2ci + c−i )2 = πic (E[a]).
8
9

(1.38)

We conclude that the strategy profiles (qiℓ , M−i ) for both i ∈ {1, 2} are NE
of the reduced-form game.

None of the strategy profiles with simultaneous production in the second
period is a NE for

1
9V

[a] < K <

1
4V

[a]. Let us start with (M1 , M2 ). As

shown in (1.36) and (1.37) above, E[πic (a)] − K < πiℓ for K > 19 V [a]. Thus

both firms have an incentive to deviate to qiℓ . The profile (W1 , W2 ) is not
a NE either, because by (1.38) above, firms have an incentive to deviate to

producing qiℓ . The profiles (Wi , M−i ) ∀ i ∈ {1, 2} are not NE either, because
the waiting firm has an incentive to deviate to qiℓ , since πiℓ > πic (E[a]) by

(1.38).
c (E[a])) is not a NE for
Finally, we have to prove that (qic (E[a]), q−i
1
9V

[a] < K <

1
4V

[a]. This is immediate from (1.24) in the proof of The-

orem 1.1, which implies that deviating to market research pays off if K <
1
4V

[a].



Proof of Theorem 1.3. The NE in the reduced normal-form game are
obtained by comparing the payoffs in table 1.4. The relationship between
πic (E[a]) and E[πif (a)] − K is determined by condition (1.19). The relation-

ship between πil and E[πic (a)] − K is shown by condition (1.26) and (1.27).

Given those conditions, one can easily compare the payoffs and obtain the
results in the statement.
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2.1

Imitation with Asymmetric Memory

Introduction

Evolutionary models rely on the Darwinian principle that, in a population
framework, agents obtaining higher payoffs would thrive at the expense of
those who fare worse (Hofbauer and Sigmund, 1998; Weibull, 1995). In a
biological context, this amounts to the assumption that individuals die and
are replaced by their offspring, and payoffs can be identified with offspring.
In a socioeconomic framework, this Darwinian principle can be reformulated as follows. Behavior that has given high payoffs in the recent past
should spread in the population at the expense of other kinds of behavior. This allows for the interpretation that individuals do not die and are
replaced, but rather adjust their behavior in response to the observed evidence. Thus, it becomes possible to apply the Darwinian approach sketched
above to the spread and extinction of behavior as a result of individual
learning (see Fudenberg and Levine, 1998). The simplest way to model
this is through imitation:1 if agents tend to mimic behavior that has given
high payoffs, such behavior will spread (see e.g. Rhode and Stegeman, 2001,
Section 2). Not surprisingly, seminal models of learning in games have examined individual behavior based on imitation rules. A prominent example
is Kandori, Mailath, and Rob (1993) (hereafter KMR), which establishes the
by-now classical selection result of risk-dominant equilibria in coordination
games by means of stochastic stability analysis.2
It is now well understood that, in a finite population, just following high
payoffs may have surprising implications. For instance, a Nash equilibrium
can be quickly discarded in favor of other outcomes because of the effect
of spite (Hamilton, 1970; Schaffer, 1988; Crawford, 1991). An agent deviating from a Nash equilibrium will have worse payoffs than before, but
it is still possible that the payoffs of other agents after this deviation are
even worse, leaving the deviant better in relative terms. Relative payoffs,
and not absolute ones, become the relevant quantities for imitation. This
is especially relevant for economics, because non-Nash outcomes favored by
imitation often turn out to be economically relevant. Building on Schaf1

See Alós-Ferrer and Schlag (2009) for a review of the various normative reasons for
imitative behavior.
2
In spite of similarities with best-reply dynamics, the KMR model was formulated and
is best interpreted as a model of imitation. See KMR (p.31), Rhode and Stegeman (1996),
and Sandholm (1998).
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fer (1989), Vega-Redondo (1997) shows that imitation leads to the selection of perfectly competitive outcomes in oligopolies, a result generalized
to aggregative games in Alós-Ferrer and Ania (2005); see also Rhode and
Stegeman (2001) for a related approach.
In the usual learning models based on imitation, though, the effects
of spite rely on the assumption that previous outcomes (e.g. the payoffs
of a Nash equilibrium) are immediately forgotten and only current payoffs
matter. Hence, it might be worth considering learning models where agents
are allowed to remember at least the most recent periods of play, i.e. to
introduce (bounded) memory.
The impact of memory in learning models has been explored in AlósFerrer (2004, 2008). In both papers, players remember not only current
actions and payoffs, but also those of the last K periods. Alós-Ferrer (2008)
shows that (in the absence of decision inertia), if memory is introduced in
KMR’s model, then Pareto-efficient equilibria, rather than risk-dominant
ones, are selected if memory is long enough. In other words, KMR’s result
is essentially reversed in the presence of memory. Alós-Ferrer (2004) shows
that, in Vega-Redondo’s (1997) oligopoly model, once firms remember more
than one period, all quantities between the Walrasian (perfectly competitive)
and the Cournot-Nash one become stochastically stable. This is of course
in sharp contrast with Vega-Redondo’s (1997) selection of the Walrasian
quantity.
These results raise legitimate concerns on the relevance of well-established
selection results based on imitation. Even though the learning models considered in this literature are rather stylized, the introduction of memory
is undoubtedly a necessary step towards a realistic theory of human learning in games. This paper takes a further step in this direction by raising
a further concern, namely the fact that one can hardly expect all agents
to exhibit identical memory, not even identical memory length. This goes
beyond the natural observation that human decision makers differ in their
memory. Even in a business environment, it is natural to consider firms or
institutional agents which operate with records of differing length, due to
different information storage conventions or even manager tenure.
From the purely theoretic point of view, we are concerned here with
robustness. Given that selection results in learning models in games depend
crucially on whether memory is explicitly incorporated or not, how does
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the consideration of asymmetric memory affect those results? To answer
this question, we consider a simple framework where agents follow imitative
behavioral rules and base their decisions on bounded memories with different
lengths across individuals. Some agents might exhibit zero-memory and
hence be identical to the agents in KMR or Vega-Redondo (1997). Other
agents will exhibit memory of nontrivial lengths, similar to the agents in
Alós-Ferrer (2004, 2008).
Even though we are concerned exclusively with memory length asymmetries, it is worth noticing that other models of memory have been examined in individual decision-making contexts. An interesting example is
Mullainathan (2002), who explicitly models memory imperfections based on
rehearsal and associativeness. Unlike our paper, where memory is described
as a profile of past actions in a limited time length, here memory is modeled
as a stochastic map, which transforms true history into perceived history.
The individual is assumed to have imperfect recall, so that he may forget
some previous events. He then takes the recalled history as the true history.
Another example is Hirshleifer and Welch (2002), where a model of memory
loss is considered. The agent receives a sequence of (stochastic) partially
informative signals on the true state of the world. After each signal, the
agent has to choose an action whose payoff depends on the real state. The
agent can remember past actions but not past signals.3 The authors argue that this kind of memory loss is realistic, because “actions are more
visible, salient, and memorable than underlying justifications. Information
transmission, absorption, and retention is costly, so the full reasons for past
decisions are often forgotten.” In our framework, however, signals are actually either own actions or actions of other decision-makers facing the same
decision problem.
The paper is organized as follows. Section 2.2 discusses the imitation rule
and presents the basic framework. Section 2.3 considers a Cournot oligopoly
and shows that the selection of Walrasian equilibria is surprisingly robust.
As long as there is at least one memoryless agent, the Walrasian outcome
is uniquely selected. It is then shown that this result can be generalized
to the broader class of aggregative games. In turn, this can be seen a
particular case of a stability property of finite population ESS in symmetric
3

See also Wilson (2004) for a conceptually related model where the agent can recall a
limited number of past signals.
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games. Section 2.4 reconsiders coordination games as in KMR and AlósFerrer (2008) and shows a more complex picture, where the answer to the
question of which equilibrium is selected depends on both the length of
memory and the proportion of memoryless agents. Section 2.5 concludes.
Proofs are relegated to the Appendix.

2.2

The Model

2.2.1

Stage Model

Consider a finite population of N agents who repeatedly interact according
to a pre-specified stage model. Agents are symmetric, in the sense that
they face the same possibilities and payoffs do not depend on the agents’
names. Specifically, each agent has a finite strategy set S (e.g. the strategies
of the games mentioned above). At the beginning of each period each agent
chooses a pure strategy. The strategies chosen and the stage model will
determine the payoffs agents receive at the end of the period.
Given N and S, a stage model can be summarized by a mapping
Π : S N −→ RN
such that Πi (σ(s)) = Πσ(i) (s) ∀s ∈ S N , i = 1, ..., N, σ ∈ ΣN , i.e. permuting

the strategies among players also permutes the payoffs. ΣN is the symmetric group of permutations of N elements, and σ(s) denotes the vector
(sσ(1) , ..., sσ(N ) ).
For example, the stage model can simply be an N -player game (playing
the field situation, as in Vega-Redondo, 1997), or it might specify that agents
play a bilateral finite game sequentially against each other agent in the
population (round robin tournament, as in KMR). Of course, the stage model
(N, S, Π) itself defines a symmetric game.

2.2.2

Imitation Rules

Time is discrete, t = 0, 1, 2, . . .. Agents have finite memory, recalling exactly
Li ≥ 0 periods in addition to the current one. The particular case Li = 0

represents a memoryless agent.

A vector s = (s1 , ..., sN ) ∈ S N is called a population profile. Let K =
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max{L1 , . . . , LN }. The profile of strategy choices in the population in the

last K + 1 periods is represented by a state ω ∈ Ω = S N (K+1) , whose

interpretation is as follows:

−K
0
0
ω = (s−K
1 , ..., sN , ..., s1 , ..., sN )

where s−k
is the strategy that agent i chose k periods ago.4 We also denote
i
−k
s−k = (s−k
1 , ..., sN ) for convenience. With this convention, given a state ω,

is the strategy that agent i chose k periods ago, we denote by
where s−k
i
−k
πi the payoff that he obtained, i.e. πi−k = Πi (s−k ).
After payoffs are realized, agents update their strategies according to behavioral rules that prescribe an action based on the information available in
the current state and some stochastic element. Formally, a behavioral rule
for agent i is a mapping Bi : Ω 7→ ∆(S), where ∆(S) represents the prob-

ability distributions on S. In the sequel, we will consider behavioral rules
that prescribe to mimic strategies that have yielded the highest remembered
payoffs. Formally, rules with memory length L are characterized by
BiL ((s−K , ..., s0 ))(s) > 0

⇐⇒

∃k ∈ {0, . . . , L}, j ∈ I, such that s = s−k
j
′

′
′
and πj−k ≥ πj−k
′ ∀k ∈ {0, . . . , L}, j ∈ I.

For L = 0 these rules particularize to the ones used in e.g. KMR, Robson
and Vega-Redondo (1996), Vega-Redondo (1997), and Alós-Ferrer, Ania,
and Schenk-Hoppé (2000). For L > 0, they correspond to Alós-Ferrer (2004,
2008).
One interpretation is that these rules capture (in an extreme way) the
standard evolutionary argument that strategies that fare better should thrive
at the expense of other strategies. Another, more learning-oriented interpretation is that they are imitation rules, used by boundedly rational agents
to try and single out the best strategies. These are indeed the simplest possible imitative rules, which prescribe to mimic those actions that have led
to the highest remembered payoffs. In particular, agents might mimic the
actions of other agents, or revert to past actions which proved better than
the current ones.
We refer to these as imitate-the-best rules. They might appear to be
4
This specification does not need to include the payoffs realized in each state. Since
the stage model Π is deterministic, payoffs are uniquely determined by the strategies.
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naive, since they allow for example that a single occurrence of a prominent
high payoff leads agents to favor the associated strategy for some time.
That is, high payoffs are salient.5 However, it is well-known, starting with
KMR and Vega-Redondo (1997), that imitate-the-best rules are rich enough
to generate interesting behavioral patterns, while still yielding a tractable
model. Moreover, they impose a minimal computational burden on the
agents.6 In order to follow imitate-the-best, agents do not need to process
information; it is enough that they remember a single payoff and strategy
and make sequential comparisons with observed data. All the intuitions
gained with this simple rule can then be used to analyze more complex
imitative behavior (for a discussion of other imitative rules, see also AlósFerrer and Schlag, 2009).
Two further comments are in order. First, from the conceptual point of
view, it must be noted that imitation rules where a player has information on
several different payoffs for a single strategy (as might be the case in a model
of imitation with memory) implicitly incorporate a model of how decision
makers aggregate these multiple observations and how they compare the
aggregates for different strategies. An imitate-the-best rule is optimistic in
the sense that players can be seen as focusing on the maximum observed
payoff for each strategy. Of course, one might consider other rules, as e.g.
rules which involve computing averages (see Sarin, 2000 for a discussion of
the possible ways of aggregating different payoffs in models with memory).
In any case, players necessarily compare payoffs that result from different
strategy profiles. Given this basic (and unavoidable) difficulty, and as argued
above, imitate-the-best rules are simple enough to keep the model tractable
while reflecting empirically relevant features of human behavior. We refer
the reader to Alós-Ferrer (2004, Section 2.4) for a more detailed discussion.
Second, we would like to point out that our setup bears a number of
similarities with the work of Young (1993a, 1993b, 1998a). Young’s “adaptive play” model considers potentially asymmetric games. Each player role
corresponds to a separate population, and players best-respond to a random
sample from a bounded record of past play. The model is fundamentally dif5
If a strategy yields high payoffs once and it consistently delivers low payoffs afterwards,
though, the high-payoff occurrence will eventually be forgotten.
6
Conlisk (1980) and Pingle and Day (1996), among others, have pointed out that
imitation plays an important role in real-world economic problems because it allows agents
to economize on decision costs.
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ferent from ours, but we share with it an interest in bounded memory and
a basic interest in player heterogeneity. In Young (1993b), heterogeneity
appears in the sampling ratios for a fixed memory length, while in our case
heterogeneity appears in the memory lengths. Since the models consider
different behavioral rules (best response vs. imitation), a direct comparison
is not possible beyond these basic similarities.

2.2.3

Stochastic Stability

N
The system described is characterized by N, S, Π, {Bi }N
i=1 and {Li }i=1 . Abus-

ing notation, we refer to such a system simply as the asymmetric memory
model with stage model Π and parameters {Li }N
i=1 . Further, we will denote

by ℓ ≥ 0 the number of memoryless agents (Li = 0). Hence, the remaining

N − ℓ agents have nontrivial memory length (Li ≥ 1). We will use this general structure to investigate how memory heterogeneity affects the selection
of long-run equilibria.
Any such dynamics gives rise to a finite Markov chain, to which standard

treatment applies. Given two states ω, ω ′ it is possible to compute the
probability of transition from ω to ω ′ in one period. Call it P (ω, ω ′ ). The
transition matrix of the process is given by P = [P (ω, ω ′ )]ω,ω′ ∈Ω .
We rely on standard Markov chain and stochastic stability techniques to
analyze these processes. The “solution concept” used is an invariant distribution, i.e. a distribution of strategies which, if adopted by the population,
would be reproduced after updating (more precisely, a vector of probabilities
µ such that µ · P = µ). If such an invariant distribution is unique – we call

then the process ergodic –, and under standard technical conditions, this
distribution summarizes the limit time averages with which each strategy is
played along any sample path, independently of initial conditions.
In general, however, the learning processes postulated above give rise to
non-ergodic Markov chains, with several (sometimes many) invariant distributions, whose support corresponds to sets of states called absorbing sets,
or, more properly, recurrent communication classes. The situation is analogous to one of multiplicity of equilibria. In order to solve the multiplicity
problem, and following the literature (see e.g. KMR; Young, 1993b; or Ellison, 2000), we perform a stability analysis. The basic process P is perturbed
by a mutation process in the following way. With fixed probability ε > 0, independent across agents and across time, each agent “mutates” and chooses
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a strategy by a different process than that prescribed by his behavioral rule.
Typically, it is assumed that he simply “trembles” and picks up any strategy
at random (more formally, according to a pre-specified distribution with full
support), which makes the perturbed process irreducible.
In the presence of memory, the mutation process carries enough randomness to make the perturbed Markov chain, denoted P (ε), irreducible
(hence ergodic), although not all entries in the transition matrix are strictly
positive. The corresponding (unique) invariant distribution is denoted µ(ε).
We want to consider small perturbations. It is a well-established result
that µ∗ = limε→0 µ(ε) exists and is an invariant distribution of the unperturbed process P . It singles out a stable prediction of this original process,
in the sense that, whenever an arbitrarily small perturbation is applied to
it, the play approximates that described by µ∗ in the long run.
We call µ∗ limit invariant distribution.
{ω|µ∗ (ω)

The states in its support,

> 0} are called stochastically stable states (sometimes also long-

run equilibria). It is easy to see that the set of stochastically stable states
is a union of recurrent communication classes (absorbing sets) of the unperturbed process P . We rely on the characterization of the stochastically
stable states detailed in e.g. KMR or Ellison (2000).

2.2.4

Absorbing Sets

The first step of the analysis of a (Π, {Li }N
i=1 )-dynamics is to determine the
recurrent communication classes of the unperturbed process.

Definition 2.1. Let s ∈ S. We denote by mon(s, K) ∈ S N (K+1) the state

[(s, ..., s), ..., (s, ..., s)], where all players choose the strategy s for K + 1 periods. We call these states K-monomorphic or, when there is no possible
confusion, simply monomorphic.
For imitation dynamics, it is intuitive that only (singletons of) monomorphic states can be absorbing states. This result is immediate with memoryless agents and straightforward when all agents have the same memory
length. It is, however, far from trivial for the asymmetric memory case,
as the following proof illustrates. The difficulty is in showing that memory
asymmetries cannot lead the dynamics into deterministic cycles. The proof
(see Appendix) relies crucially on the finiteness of the state space.
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Lemma 2.1. The recurrent communication classes of the unperturbed asymmetric memory model are the singletons {mon(s, K)}.

2.2.5

An Illustrative Example

We use the following example to illustrate the concepts introduced above
and the basic approach we will use later. The example will also provide a
first intuition on how different memory structures might affect the selection
of long run equilibria.
The stage model is a four-player symmetric game as follows. Agents have
a common strategy set S = {A, B}. The payoffs of an agent playing A or B

when n agents playing A are denoted by Π(A, n) and Π(B, n), respectively.
Table 2.1 shows the payoffs in all possible situations.
4 3 2 1 0
A 2 0 3 1 B - 1 3 2 0
Table 2.1: The payoffs of the stage model in the illustrative example.

Players have memory lengths Li ≥ 0 and the learning dynamics is gen-

erated by imitate-the-best behavior and experimentation. According to

Lemma 2.1, the absorbing states are mon(A, K) and mon(B, K), which are
then the only candidates for long run equilibria.
Now, we want to investigate the long run equilibria of this learning dynamics with different memory structures by employing the basic approach
that will be used in the rest paper. Roughly, an absorbing state is stochastically stable if it is easier to reach than to leave by mutations (see e.g. Ellison,
2000). For the particular case of only two absorbing states, we simply need
to compare the minimal number of mutants that allow for successful transitions from one absorbing state to the other.
If Li = 0 for all i, that is, no player has nontrivial memory, mon(B, 0)
is the long run equilibrium. The reason is simply that the transition from
mon(A, K) to mon(B, K) entails one mutant, while the transition to the
reverse direction needs more than one mutant.
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If Li = K ≥ 1 for all i, that is, all players have identical and nontrivial

memory length, both mon(A, K) and mon(B, K) are stochastically stable,
because two mutants are necessary and sufficient for transitions in both directions. To see this, consider the transition from mon(A, K) to mon(B, K).
It is immediate that one mutation does not suffice for a successful transition,
for the payoffs of the mutant are lower than the pre-mutation payoffs. If two
players mutate to B, we reach a state with Π(A, 2) = Π(B, 2) = 3, which
is the highest payoff available. Hence, all the players randomize between A
and B, and there is a positive probability that all the players will choose B
and reach mon(B, K). The transition in the other direction is analogous.
If 1 ≤ ℓ < N , i.e. there is at least one memoryless player and at least

one player with nontrivial memory, mon(B, K) is the unique long run equilibrium. The transition from mon(A, K) to mon(B, K) entails one mutant
only. Indeed, after one agent mutates to B, the memoryless player(s) will
change to B. If there is more than one memoryless player, B players earn
the largest remembered payoffs and the transition is completed. If there is
only one memoryless player, the remaining players will all keep playing or
revert to A (because it gave larger payoffs in the previous period), but the
memoryless player will stick to B, since he still earns larger payoffs than Aplayers in the current period. After K periods, the only recalled payoffs are
Π(A, 3) = 0 and Π(B, 3) = 1, and hence all players switch to B, completing
the transition. However, one mutant does not suffice for a successful transition from mon(B, K) to mon(A, K). For, after mutation, Π(A, 1) < Π(B, 1)
will lead the mutant to switch back to B.

2.3

Asymmetric Memory in Cournot Oligopolies
and Aggregative Games

2.3.1

Cournot Oligopolies

Consider a market for a homogeneous good where N ≥ 2 firms compete in
quantities. The market demand is given by the inverse demand function

P : R+ 7→ R+ , assumed strictly decreasing in an interval [0, Qmax ], with

P (0) = Pmax > 0 and P (Q) = 0 for all Q ≥ Qmax . All firms have an

identical cost function C : R+ 7→ R+ , assumed strictly increasing. The
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Cournot oligopoly game delivers a stage model with


N
X
Π(qi , q−i ) = P 
qj  qi − C(qi )

(2.1)

j=1

in which qi is the output level of firm i, for all i = 1, 2, ..., N .
We directly assume the existence of a unique Cournot-Nash and a unique
Walrasian equilibriun. This is guaranteed under mild additional assumptions, including e.g. convexity of costs and marginal costs at zero smaller
than Pmax .)
The Walrasian quantity is the one which maximizes a firms’ profits when
all firms take the resulting market price as given.
Definition 2.2. The Walrasian quantity q W is such that P (N q W )q W −

C(q W ) > P (N q W )q − C(q) for all q 6= q W .

The Cournot quantity is the one corresponding to the symmetric CournotNash equilibrium.
Definition 2.3. The Cournot quantity q C is such that P (N q C )q C −C(q C ) >

P ((N − 1)q C + q)q − C(q) for all q 6= q C .

In each period, firms are assumed to choose their output from a common finite grid ∆ = {0, δ, ..., vδ}, with arbitrary δ > 0 and v ∈ N. Those
quantities of interest will be assumed to be in the grid (e.g. Walrasian and
Cournot quantities).
Vega-Redondo (1997) studies the case without memory (K = 0) and
shows that the Walrasian equilibrium is the only stochastically stable state.
This result mainly hinges on the strong relative advantage of the Walrasian
quantity, namely, spite. A deviation to (from) the Walrasian quantity may
decrease (increase) the payoff of the deviator, but it hurts (benefits) the opponents more. Alós-Ferrer and Ania (2005) further show that the Walrasian
quantity is a (strictly) globally stable ESS in the sense of Schaffer (1988,
1989), i.e. it maximizes the relative payoffs between itself and its opponents,
and is robust against any mutant of any fraction. This property is reflected
in the following Lemma, proved by Vega-Redondo (1997).
Lemma 2.2. For all q 6= q W , 1 ≤ m < N ,
P ((N − m)q + mq W )q W − C(q W ) > P ((N − m)q + mq W )q − C(q)
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To see this, just notice that, since P is decreasing in total output, P ((N −

m)q +mq W )(q W −q) is always larger than P (N q W )(q W −q), for any q 6= q W .

According to Definition 2.2, P (N q W )(q W − q) > C(q W ) − C(q). Hence we
have P ((N − m)q + mq W )(q W − q) > C(q W ) − C(q).

Alós-Ferrer (2004) introduces symmetric memory in Vega-Redondo’s (1997)

model. Then, relative payoffs are not the only concerns of the firms. Nontrivial memory enables them to carry out intertemporal comparisons (based
on absolute payoffs) besides comparing interpersonal (i.e. relative) payoffs.
As a result, monomorphic states outside the set {mon(q, K)/q C ≤ q ≤

q W , q ∈ ∆} are not stable. For any q < q C , a mutation “up” towards

q C is enough to increase both relative and absolute payoffs. Analogously,

monomorphic states with q > q W are not stable because mutations “down”
towards q W increase both relative and absolute payoffs. For states within
this set, a mutation in either direction will result in a trade-off between relative and absolute payoffs, and hence cannot destabilize them. Alós-Ferrer
(2004) proves that {mon(q, K)/q C ≤ q ≤ q W , q ∈ ∆} is the stochastically
stable set.

Now consider our model with asymmetric memory. In each period t + 1,
the ℓ memoryless firms choose output levels among those yielding maximum
profits in period t. The N − ℓ firms with memory, however, choose output
levels among those yielding maximum profits in the t + 1 periods they can
recall. Hence, memoryless firms are only concerned with relative payoffs,
while firms with memory care about both relative and absolute payoffs, in
the memory range. Surprisingly, we find that the result in Alós-Ferrer (2004)
does not hold in this setting. As long as there is at least one memoryless
firm, none of the stochastically stable states in Alós-Ferrer (2004), except
the Walrasian equilibrium, can be sustained in the long run.
Theorem 2.1. Consider the asymmetric memory model where the stage
model is a Cournot oligopoly with N ≥ 2 firms, in which ℓ firms are memo-

ryless and N − ℓ firms have memory lengths Li ≥ 1. As long as there is at

least one memoryless firm, ℓ ≥ 1, the Walrasian equilibrium is the unique
stochastically stable state.

The case ℓ = 1 is particularly striking. Even if there is only one firm
(maybe one with a very young manager) which is concerned with relative
payoffs only, the other firms’ usage of memory (managers’ experience, stor55
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age and review policy of past market situations, etc.) becomes ineffective
in the long run. Of course, the result crucially hinges upon the relative
advantage of the Walrasian quantity. The interesting insight is that, in the
presence of asymmetric memory, absolute payoff considerations are effectively washed away. Once a firm experiments with q W , the memoryless firm
will imitate q W immediately and, seeing that this strategy turns the firm’s
manager into the “best performer”, keep it forever. After at most K + 1
periods, the profit generated by q W will be the highest in both relative and
absolute senses. Thus all other firms will ultimately imitate the Walrasian
quantity.

2.3.2

ESS and Aggregative Games

Alós-Ferrer and Ania (2005) consider the following class of symmetric games.
Definition 2.4. A (generalized, symmetric) aggregative game with aggregate g is a tuple Γ ≡ (N, S, π) where N is the number of players, S ⊆ R+

is the common strategy set, π : S × R+ → R is a real-valued function,

and g : S N → R is a symmetric and monotone increasing function, such

that individual payoff functions are given by πi (s) ≡ π(si , g(s)) for all s =

(s1 , . . . , sN ) ∈ S N and i = 1, . . . , N .

Aggregative games were first introduced by Corchón (1994). Examples
P
include Cournot oligopolies (with aggregate g(s) = N
i=1 si ), rent-seeking
PN r 1/r
games (with aggregate g(s) = ( i=1 si ) ), minimum-effort games (with
aggregate g(s) = min(s1 , . . . , sN )), and other examples like the tragedy of

the commons. See Alós-Ferrer and Ania (2005) for more detailed examples.7

An aggregative game Γ ≡ (N, S, g, π) is quasisubmodular in individual

strategy and the aggregate if π satisfies the dual single-crossing property in
(s, x) ∈ S × X; i. e. if, for all s′′ > s′ and x′′ > x′
π(s′′ , x′ ) ≤ π(s′ , x′ ) ⇒ π(s′′ , x′′ ) ≤ π(s′ , x′′ )

π(s′′ , x′ ) < π(s′ , x′ ) ⇒ π(s′′ , x′′ ) < π(s′ , x′′ )
The dual single-crossing property is an ordinal generalization of the concept of decreasing differences, which captures the notion of substitutability
—the incentive to increase s decreases with the level of the aggregate x.
7

See also Jensen (2010) for a recent, further generalization beyond symmetric settings.
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The dual single-crossing property merely requires that, if the incentive does
not exist, neither should it exist for larger values of the aggregate. Cournot
oligopolies, rent-seeking games, the tragedy of the commons, etc, are easily
seen to satisfy the quasisubmodularity requirement.
In aggregative games, it is possible to define the analogous of price-taking
behavior, called “aggregate-taking behavior” (see also Possajennikov, 2003).
Definition 2.5. Let Γ ≡ (N, S, g, π) be a symmetric aggregative game. s∗ ∈
S is an optimal aggregate-taking strategy (ATS) if

s∗ ∈ arg max π(s, g(s∗ , .N. ., s∗ ))
s

(2.2)

A strict ATS is an ATS which is a strict maximizer of this problem.
Alós-Ferrer and Ania (2005, Proposition 3) show that, for quasisubmodular aggregative games, if s∗ ∈ S is an ATS, then s∗ is also a finite-population
ESS and it is globally stable in the sense of Schaffer (1988). If s∗ is a strict

ATS, then s∗ is the unique ESS (and hence also the unique ATS) and it is
strictly globally stable. In our context, global stability of s∗ means that for
all s′ ∈ S, s′ 6= s∗ ,
π(s∗ |s′ , .m. ., s′ , s∗ , . . . , s∗ ) ≥ π(s′ |s′ , m−1
. . . , s′ , s∗ , . . . , s∗ )

(2.3)

for all m ∈ {1, . . . , N −1} . s∗ is strictly globally stable if the inequalities are
strict. In other words, a globally stable strategy earns larger payoffs than
any alternative strategy in any profile where only those two strategies are
present. In the case of a Cournot oligopoly, this corresponds to Lemma 2.2.
Hence, in models of imitation without memory, any strictly globally stable
strategy (and hence any strict ATS of an aggregative games) is the unique
long run equilibrium (see Alós-Ferrer and Ania, 2005, Proposition 4).8
Relying on Ellison’s (2000) Radius-Coradius result as used in Alós-Ferrer
and Ania (2005), it is possible to generalize Theorem 2.1 to strictly globally stable strategies and, as a Corollary, to aggregate-taking strategies in
aggregative games.
8

Alós-Ferrer and Schlag (2009) show that this result can be generalized to other imitation rules as long as actions with maximal payoffs are imitated with positive probability
and actions with worse payoffs than the own are never imitated. This includes e.g. gametheoretic versions of the Proportional Imitation Rule of Schlag (1998).
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Proposition 2.1. Consider the asymmetric memory model where the stage
model is a finite, symmetric N -player game (with N ≥ 2) with a strictly

globally stable strategy s∗ . Suppose there are ℓ memoryless players and N −

ℓ players have memory lengths Li ≥ 1. As long as there is at least one
memoryless player, ℓ ≥ 1, s∗ is the unique stochastically stable state.

This result generalizes Alós-Ferrer and Ania (2005, Proposition 4) and
allows us to further generalize Theorem 2.1. Consider an aggregative game
as above with a strict ATS s∗ . Assume that players choose strategies from
a common finite grid ∆ ⊆ S, such that s∗ ∈ ∆. Applying Alós-Ferrer and
Ania (2005, Proposition 3) now yields the following result.

Corollary 2.1. Consider the asymmetric memory model where the stage
model is a quasisubmodular aggregative game with a strict ATS s∗ . Suppose
there are N ≥ 2 players, of which ℓ players are memoryless and N −ℓ players

have memory lengths Li ≥ 1. As long as there is at least one memoryless
player, ℓ ≥ 1, s∗ is the unique stochastically stable state.

2.4

Asymmetric Memory and Coordination Games

We turn to the learning dynamics in coordination games, first explored by
KMR. Alós-Ferrer (2008) introduces symmetric memory to this model. Here
we will consider the impact of asymmetric memory.
We assume that a finite population of N agents recurrently play a coordination game as in Table 2.2 against each other. The payoff parameters
are assumed to be such that a > c, d > b, a > d and a + b < c + d. Hence
(P, P ) is the Pareto-efficient equilibrium and (R, R) is the risk-dominant
equilibrium.
P

R

P

a, a

b, c

R

c, b

d, d

Table 2.2: The payoff table of the coordination game.
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In the KMR model, in each period, agents adjust their strategies by imitating the behavior that generates the highest payoff in the last period, and
then suffer occasional mutations. In the long run, all agents coordinate on
risk-dominant equilibria. However, when symmetric memory is introduced
(and inertia is excluded) as in Alós-Ferrer (2008), players will coordinate on
Pareto-efficient equilibria if memory is long enough, because the memory
of high-payoff coordinations can help the players to revise the “mistakes”
caused by mutation and go back to the high-payoff equilibria remembered.
Consider the asymmetric memory model. We are interested in the following question. How does the long run equilibrium depend on the configuration of heterogenous players? It turns out that the relationship between
the distribution of memory lengths in the population and the long-run equilibria is a complex one. In this section, we consider a simplified framework
with two groups of agents. The first group is made of memoryless agents,
Li = 0. The second group exhibits memory of nontrivial but identical length,
Li = K > 0.
Since there are only two strategies in the underlying bilateral game,
we use a reduced form to represent the state space and further simplify the
analysis. Define Ω = {1, 2, ..., N } and denote by n ∈ Ω the number of players

who choose P in a period. The state space is ΩK+1 , that is, a state lists

the number of players playing P in K + 1 consecutive periods, and the Kmonomorphic states are (0, . . . , 0) (all agents choosing R) and (N, . . . , N )
(all agents choosing P ). According to Lemma 2.1, the two monomorphic
states are the only candidates for long run equilibria. In order to determine
which one is stochastically stable, we will need two threshold values, which
we introduce below.
Let Π(P, n) and Π(R, n) be the payoffs of an agent playing P or R when
exactly n agents are playing P (Π(P, 0) and Π(R, N ) are left undefined).
That is,
Π(P, n) = (n − 1)a + (N − n)b and Π(R, n) = n · c + (N − n − 1)d
Consider the transition from (0, ..., 0) to (N, ...N ). Suppose that n simultaneous mutants (playing P ) appear. The ℓ memoryless players will choose
P with positive probability in the next period if Π(P, n) ≥ Π(R, n), which
requires
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n≥

N (d − b) + (a − d)
= n∗
(a − c) + (d − b)

(2.4)

Risk-dominance implies that n∗ > 12 N and hence n∗ > N − n∗ .

For the N − ℓ players with memory, three payoffs are remembered,

Π(R, 0), Π(P, n) and Π(R, n). Hence, they will choose P in the next period if inequality (2.4) is fulfilled and Π(P, n) ≥ Π(R, 0), or, equivalently,
n≥

N (d − b) + (a − d)
= n̂
a−b

(2.5)

A straightforward computation shows that, if c ≥ (<)d, n∗ ≥ (<)n̂.

Given n∗ and n̂, we can establish the following theorem, which illustrates

how the long run equilibrium depends on the distribution of memory lengths
in the population. First, to avoid integer problems, let N be such that
N ≥ N implies N > ⌈n∗ ⌉, N > ⌈n̂⌉, and ⌈n∗ ⌉ > ⌈N − n∗ ⌉.9
Theorem 2.2. Let N ≥ N . Consider the asymmetric memory model where

the stage model is the coordination game in Table 2.2, in which ℓ agents

have Li = 0 and N − ℓ agents have Li = K > 0. Let n∗ and n̂ be as above.

Then, if ℓ ≥ N − n∗ , the only stochastically stable state corresponds to the

risk-dominant equilibrium. If ℓ < N − n∗ , the Pareto-efficient equilibrium is
selected provided that

K >1+

⌈n̂⌉ − ⌈N − n∗ ⌉
.
⌈N − n∗ ⌉ − max{1, ℓ}

(2.6)

Contrary to Theorem 2.1, the last result shows a natural, gradual transition from the results in models without memory as KMR to those in models
with symmetric memory as Alós-Ferrer (2008). If the number of agents who
have access to an even very long memory is small, risk-dominant equilibria
are selected, exactly as in the memoryless case. The selection of Paretoefficient equilibria illustrated here and in Alós-Ferrer (2008) relies on the
effective use of memory. That in turn requires that a sufficiently large proportion of the population is endowed with a sufficiently long memory.
The long-run outcomes when ℓ < N − n∗ and K is below the given
9

⌊n⌋ and ⌈n⌉ denote the largest integer weakly smaller than n and the smallest
integer weakly
larger than n, respectively.

 Straightforward computations show that
a−b
a−b
d−c
N = max 1 + a−c
, 1 + a−d
, 2 + 2 c+d−a−b
, which in particular implies N ≥ 3.
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bound depend crucially on the exact values of the parameters. We provide
two examples illustrating that, for different parameter configurations, either
the risk-dominant or the Pareto-efficient equilibrium can be selected in the
long run.
Example 1. Selection of the Pareto-efficient equilibrium.
Consider the following game.
P

R

P

9, 9

0, 6

R

6, 0

4, 4

There are N = 100 > N = 4 players, of which ℓ = 10 are memoryless. A
computation shows that ⌈n∗ ⌉ = 58, therefore ℓ < N − n∗ . The remaining 90

players have memory length K = 1. Another computation shows that, for

this game, the bound given in (2.6) is equal to

35
33

> 1. For the transition

from (0, 0) to (100, 100), 58 mutants are enough, simply because Π(P, 58) ≥
Π(R, 58) and Π(P, 58) ≥ Π(R, 0).

However, the same number of mutants is not enough for a successful

transition from (100, 100) to (0, 0). To see this claim, note that there must
be a period with at least ⌈N − n∗ ⌉ = 43 mutants. If not, P -players always

earn more than R-players, and the transition can not be successful. Hence,
let at least 43 mutants occur in period t. With a total maximum of 58
mutations, in the other remembered period there might be at most most 25
R-players (the remaining 15 mutants plus 10 memoryless players). Thus,
R-players earn at most Π(R, 57) and P -players earn at least Π(P, 75). A
computation shows that Π(P, 75) > Π(R, 57), and hence all players will
revert to P , leading back to the state (100, 100).
Example 2. Selection of the risk-dominant equilibrium.
Consider the following game.
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P

R

P

5, 5

0, 4

R

4, 0

2, 2

There are again N = 100 ≥ N = 6 players, of which ℓ = 25 are mem-

oryless. The remaining 75 players have memory length K = 1; the condition given by (2.6) reduces to K > 2. In this case, ⌈n∗ ⌉ = 68 and hence

ℓ < N − n∗ . One can readily see that the minimum cost for the transition
from (0, 0) to (100, 100) is 68 simultaneous mutants.

Now we show that the transition from (100, 100) to (0, 0) can be completed with less than 68 mutants. Consider 33 R-mutants in period t. The
state becomes (100, 67), and all memoryless players choose R in the next
period. Suppose there are 8 R-mutants in period t + 1. Then the state becomes (67, 67) and all players will choose R, because Π(R, 67) > Π(P, 67).
That is, 41 mutants are enough for a successful transition. Therefore, the
risk-dominant equilibrium will be selected in the long run.

2.5

Conclusion

Previous research has shown that the explicit modeling of memory, even
in rather naive ways, has an important impact on equilibrium (and nonequilibrium) selection for learning models in games. One is hence led to
the conclusion that learning models, especially those based on Darwinian
paradigms or, more explicitly, imitative behavioral rules, should carefully
justify their approach to the issue of information use and storage.
This paper raises the point that heterogeneity in memory capabilities
across agents does again affect the results in nontrivial ways. Thus, models
of learning in games have to undergo multiple robustness tests, first with
respect to memory, and then with respect to heterogeneity.
The impact of these robustness tests varies depending on the specific
model considered. For instance, our results show that the selection of Paretoefficient or risk-dominant equilibria in coordination games depends on the
exact distribution of memory lengths in the population of agents, with an
overall tendency in favor of Pareto efficiency with long memory lenghts even
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if a small part of the population is memoryless. Other well-established
results appear to be more robust, in particular the selection of aggregatetaking strategies (including Walrasian equilibria in Cournot games) survives
as long as there is at least one memoryless agents.
In our opinion, future research should concentrate on developing more
realistic models of memory, in order to better understand the relevance of
established selection results. This paper contributes to this research agenda
by illustrating that issues of memory length will have an impact in general,
and that a proper discussion of bounded memory must consider not only
memory capabilities at the individual level, but also the distribution of such
capabilities at the population level.

Appendix: Proofs
Proof of Lemma 2.1. These singletons are recurrent aperiodic communication classes, since there is probability one of remaining in them once they
are reached (the only remembered strategy is s, so that is the only possibility to imitate). To complete the proof, we need to show that any other
state is transient, i.e. there exists a positive-probability path leading to some
monomorphic state.
Consider thus an arbitrary state ω ∈ Ω = S N (K+1) . Suppose by con-

tradiction that there exists no positive-probability path leading from ω to a
monomorphic state. Consider an arbitrary (infinite) path of the dynamics
starting at ω. Since the state space Ω is finite, this infinite path necessarily
contains a cycle, ω1 , . . . , ωr , ω1 . That is, (i) there is positive probability of
reaching ω1 from ω; (ii) there is positive probability of reaching ωt+1 from
ωt in one step, for t = 1, . . . , r − 1; and (iii) there is positive probability of

reaching ω1 from ωr in one step. Hence, we can conclude that starting at
ω, the dynamics reaches the sequence of states ω1 , . . . , ωr , ω1 , . . . , ωr with
positive probability. Without loss of generality, we can assume r > K + 1,

because, otherwise, we can just repeat the cycle as often as needed.
Note that each state in this twice-repeated cycle includes the memory
of the last K + 1 periods. The cycle generates a cycle of strategy profiles
s1 , . . . , sr , s1 , . . . , sr which the dynamics goes through with positive probability. Further, the dynamics repeats this cycle with positive probability
as often as we need. Let s∗ ∈ S be a strategy that has reached maximal
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payoffs in the whole cycle. Let the dynamics repeat the cycle again until
the instance of s∗ where maximal payoffs are obtained. Let this period be
denoted t∗ . At t∗ +1, memory-Li (Li ≥ 1) agents will mimic s∗ with positive

probability, because s∗ yields maximal payoffs (at t∗ ) in the latest remem-

bered Li + 1 periods (notice that, because the dynamics allows for random
tie-breaking, this might not lead to a further repetition of the cycle). Memoryless agents will also mimic s∗ , because it yields maximal payoffs in the
latest period. At period t∗ + 2, memoryless agents keep playing s∗ , because
this was the only strategy observed in the previous period. Agents with
memory (Li ≥ 1) also stay with s∗ as long as t ≤ t∗ + Li + 1, because it is

the strategy yielding maximal payoffs (at t∗ ) in all remembered Li periods

except maybe the last one, where only s∗ is observed. For each agent with
Li ≥ 1, after t∗ + Li + 1 periods, the only observed strategy is s∗ , then they

will remain at s∗ afterwards for ever. The argument can be repeated as long

as t∗ is remembered, i.e. until t∗ + K + 1 (K is the longest memory length).
That is, for t∗ + 1 to t∗ + K + 1, only strategy s∗ has been played. In other
words, the dynamics has reached a monomorphic state, a contradiction.



Proof of Theorem 2.1. We use Ellison’s (2000) Radius-Coradius approach.
We only need to consider the transitions among monomorphic states. First,
we show that for any state mon(q, K) ∀q 6= q w , one mutation is enough for

the transition to mon(q w , K).

Suppose, indeed, that one firm (memoryless or not) mutates to q W .
After this mutation, by Lemma 2.2, all other memoryless firms will change
their output levels to q W , and subsequently stay with that quantity forever.
Consider firms with Li ≥ 1. If a typical firm’s profit before mutation was less

than the profit of the memoryless firm after mutation, i.e. P (N q)q − C(q) <

P ((N − 1)q + q W )q W − C(q W ), they will imitate q W in the next period,
thus completing the transition. Otherwise, they will stick to q. In the next
period, if P (N q)q − C(q) < P ((N − ℓ)q + ℓq W )q W − C(q W ), all the firms
with Li ≥ 1 will imitate q W , completing the transition. Otherwise, they

will keep producing q in the next Li ≥ 1 periods. In the worst case, q is
recalled for K periods, but after that, the state mon(q, K) is forgotten and
the K-memory firms will also imitate q W . Thus the minimum cost for the
transition from any other monomorphic state to mon(q W , K) is equal to 1.

In Ellison’s (2000) terms, the Radius is R(mon(q W , K)) = 1.
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We now show that no transition from mon(q W , K) to any other mon(q, K)
q 6= q W , can be successful with one mutation only. Independently of whether

the mutant firm has memory Li ≥ 1 or 0, Lemma 2.2 (take m = N − 1)
implies that, first, no firm will imitate the mutant, and second, the mutant

firm will change back to q W in the next period. Hence, the maximum of the
minimal costs for the transition from mon(q W , K) to other monomorphic
states is larger than 1. In Ellison’s (2000) terms, the Coradius is larger than
1, CR(mon(q W , K)) > 1, and hence R(mon(q W , K)) < CR(mon(q W , K)).
It follows from Ellison (2000, Theorem 1) that the state mon(q W , K) is the
unique stochastically stable state.



Proof of Proposition 2.1. First we show that a single mutation suffices
for a successful transition from an arbitrary monomorphic state mon(s, K)
to the state mon(s∗ , K). To see this, suppose a memoryless player mutates
to s∗ . By the strict version of (2.3), the mutant earns strictly larger payoffs
than the incumbents. Hence, next period all memoryless players will imitate
s∗ . Again by global stability, memoryless players will keep playing s∗ , while
players with memory either stay with s or switch to s∗ . In any case, after
K + 1 periods, the state is such that in every remembered period the s∗ players have earned strictly larger payoffs than the s-players, and hence all
players will imitate s∗ .
Second, global stability directly implies that a single mutation does not
suffice to destabilize the state mon(s∗ , K), for the mutant would earn strictly
less than the incumbents and hence all players would imitate s∗ next period.
In Ellison’s (2000) terminology, the state mon(s∗ , K) has coradius one and
radius strictly larger than one, and hence it is the only stochastically stable
state by Ellison (2000, Theorem 1).



Proof of Theorem 2.2. The proof consists of three steps. In Step 1, we
show the minimum cost for the transition from (0, ..., 0) to (N, ..., N ). To do
this, we consider two cases, c ≥ d and c < d. We need to consider transitions

with simultaneous and with non-simultaneous mutations. In Step 2, we
follow the same procedure to compute the minimum cost for the transition
from (N, ..., N ) to (0, ..., 0). In Step 3, we compare the minimum costs of
the two transitions above and find the LRE. The whole analysis is still built
on Ellison’s (2000) Radius-Coradius approach.
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Step 1. Minimum-cost transition from (0, ..., 0) to (N, ..., N ).
We claim that any successful transition from (0, ..., 0) to (N, ..., N ) must
involve at least ⌈n∗ ⌉ simultaneous mutations at some period. To see this,

suppose that strictly less than ⌈n∗ ⌉ mutations (from R to P ) have occurred

in each of the last K + 1 periods. By (2.4), no player switches to P by
imitation. Hence we reach a state (n1 , . . . , nK+1 ) with nj < ⌈n∗ ⌉ for all

j = 1, . . . , K + 1. Again by (2.4), all players will play R the following K + 1
periods and hence the system reaches state (0, . . . , 0) again.
This has two consequences. First, any successful transition with simultaneous mutations must involve at least ⌈n∗ ⌉ mutants. Second, no transition

with non-simultaneous mutations can be successful with a total number of
mutations smaller than this quantity. For, if the total number of mutations
in the last K + 1 periods is less than or equal to ⌈n∗ ⌉, but not all mutations

have happened simultaneously, there must be strictly less than ⌈n∗ ⌉ mutants

per period and the argument above applies.
Case 1.1: c ≥ d.

Start with state (0, ..., 0) and consider n simultaneous mutants (playing
P ). As shown above, the ℓ memoryless players will choose P in the next
period if n ≥ n∗ . The remaining N − ℓ players with memory K will choose
P if n ≥ n∗ and n ≥ n̂. Since c ≥ d, n∗ ≥ n̂. Hence, if n ≥ n∗ , all players

will choose P , otherwise they will choose R, regardless of ℓ. Then, we have

shown that ⌈n∗ ⌉ simultaneous mutants are enough for the transition from
(0, ..., 0) to (N, ..., N ). By the argument above, it is not possible to construct

a successful transition involving a smaller total number of mutations. Thus
the minimum-cost transition from (0, ..., 0) to (N, ..., N ) involves exactly
⌈n∗ ⌉ simultaneous mutations.
Case 1.2: c < d.
When c < d, n̂ > n∗ . Memoryless players will choose P if n ≥ n∗ , and

the remaining N − ℓ players will choose P if n ≥ n̂. Hence, if there are ⌈n̂⌉

simultaneous mutants, the transition will succeed regardless of ℓ. As above,

no successful transition is possible with a total number of mutations strictly
smaller than ⌈n∗ ⌉. We conclude that, in this case, the minimum cost falls
in the interval [⌈n∗ ⌉, ⌈n̂⌉].

Step 2. Minimum-cost transition from (N, ..., N ) to (0, ..., 0).
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We will distinguish three cases.
Case 2.1: ℓ ≥ N − n∗ .
In this case, we claim that the transition can be completed with ⌈N −n∗ ⌉

(simultaneous) mutations, and hence the minimum cost is smaller than or
equal to this quantity.
To see this, consider N − n simultaneous mutants with n ≤ n∗ , i.e. the
number of mutants is N −n ≥ N −n∗ . Since n ≤ n∗ , we have that Π(R, n) ≥
Π(P, n) and hence all memoryless players might play R next period. All

the players with memory will still play P , since Π(P, N ) > Π(R, n) for all
n < N . The state becomes (N, ..., N, n, N − ℓ). Since ℓ ≥ N − n∗ , Π(R, N −

ℓ) ≥ Π(P, N − ℓ) and hence all memoryless players stay with R, while
players with memory stay with P as long as some period without R-players

is remembered. The system thus reaches the state (n, N − ℓ, . . . , N − ℓ).

In this state, every remembered period R-players earn (weakly) more than
P -players and hence the transition to (0, . . . , 0) can be completed without
further mutations.
Case 2.2: ℓ < N − n∗ and c ≥ d.
In this case, Π(P, n) is strictly increasing and Π(R, n) is weakly increasing in n, with Π(P, n) > (≥)Π(R, n) if and only if n > (≥)n∗ . Denote by nt
the number of P -players in period t.
First, we claim that, if nt > n∗ for any period t, then players with
memory will imitate P for the next K + 1 periods. To see this, let nr be the
number of P -players in one of the other periods, r, remembered by a player
taking a decision at some point between t + 1 and t + K + 1. If nr > n∗ ,
then Π(P, nr ) > Π(R, nr ); if nr ≤ n∗ , then Π(R, nr ) ≤ Π(R, nt ) < Π(P, nt ).
In any case, players with memory will not imitate the period r R-players.

Consider a transition from (N, . . . , N ) to (0, . . . , 0) involving a minimal
number of mutations. It follows that, in some period along the transition,
the number of P -players must be smaller than or equal to n∗ , else no player
would ever imitate R. Let t0 be the first such period. Note that all R-players
at t0 are mutants by construction.
We now claim that, for every period t = t0 + 1, . . . , t0 + K, we must
have nt ≤ n∗ . To see this, suppose nt > n∗ for some such period. By the
observation above, from t + 1 onwards, no player (with or without mem-

ory) will imitate any R players from a period strictly before t. Hence the
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transition, if successful, would also be completed eliminating the N − nt0

mutations at t0 and letting all R-players in t adopt R by mutations. Since
N − nt < N − nt0 , this contradicts minimality.

Thus a successful transition must involve one period t0 with at least

⌈N − n∗ ⌉ mutants (implying nt0 ≤ n∗ ) followed by K periods with at most
n∗ P -players. Since players with memory only adopt R by mutation in these

periods (because nt0 −1 = N ), this implies at least ⌈N − n∗ ⌉ − ℓ mutants per

period. Hence the minimal number of mutations for a successful transition
from (N, . . . , N ) to (0, . . . , 0) is at least
⌈N − n∗ ⌉ + K (⌈N − n∗ ⌉ − ℓ) .

(2.7)

Case 2.3: ℓ < N − n∗ and c < d.
In this case, Π(P, n) is strictly increasing in n, but Π(R, n) is strictly
decreasing in n. The analysis is slightly more involved and we need to
introduce an auxiliary quantity. Denote by h(r) the smallest integer r ′ such
that Π(P, N −r ′ ) ≤ Π(R, N −r). A straightforward computation shows that

h(r) = ⌈X(r)⌉ where X(r) =

1
a−b ((N

− 1)(a − c) − (d − c)(r − 1)). Since

X(r) is a linear, strictly decreasing function, h(r) is weakly decreasing.

Since N − ⌈N − n∗ ⌉ = ⌊n∗ ⌋ ≤ n∗ and Π(R, n) is strictly decreasing in n,

for any r ≥ ⌈N −n∗ ⌉ we have that Π(P, N −⌈N −n∗ ⌉) ≤ Π(R, N −⌈N −n∗ ⌉) ≤

Π(R, N − r). Hence, by definition, h(r) ≤ ⌈N − n∗ ⌉ for all r ≥ ⌈N − n∗ ⌉.

Consider a successful minimum-cost transition from (N, . . . , N ) to (0, . . . , 0).

Let nt be the number of P -players, rt the number of R-players, and mt the
number of mutants in period t.
We first establish some basic facts about a minimum-cost transition. Let
T be the first period where players with memory adopt R by imitation, i.e.
before T , players with memory only adopt R by mutation. This implies
that for all t < T , if rt > ℓ, then mt ≥ rt − ℓ. Since Π(P, N ) is the highest
possible payoff, it also implies that rt > 0 for all t = T − K − 1, . . . , T − 1.

Let t0 = T − K − 1 be the oldest period remembered by the players at

T . At t0 , all R-players except at most ℓ are mutants. If the ℓ memoryless

players at t0 copy R (as opposed to mutating), this means that there must
exist a t < t0 such that mt ≥ ⌈N − n∗ ⌉ > ℓ. But then one could obtain a

successful transition with strictly less mutants as follows. Set mt = 0 and
let the ℓ memoryless players mutate to R at t0 , resulting in a smaller total
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number of mutants. Since rt0 is unchanged, the behavior of memoryless
players for t > t0 is unchanged. The behavior of players with memory is
unchanged as well, since they simply copy P before T and will not remember
any period before t0 at T . That is, if the original transition was successful,
so must be the new one. We conclude that all R-players at t0 are mutants,
rt0 = mt0 . An analogous argument shows that nt = N for all t < t0 , i.e.
there are no mutations before t0 .
Let t∗ be the first period from t0 to t0 + K such that rt∗ ≥ rt for all

t ∈ {t0 , ..., t0 + K}. Necessarily, rt∗ ≥ ⌈N − n∗ ⌉, for, if not, all players
would play P in T , a contradiction. Further, rt should be (weakly) larger

than h(rt∗ ) for all t ∈ {t0 , ..., t0 + K}. If not, again, players with memory

would play P in T , a contradiction. In a minimum-cost transition, for

all t ∈ {t0 , . . . , t0 + K} and t 6= t∗ , rt ≤ ⌈N − n∗ ⌉. This is because, if
rt > ⌈N − n∗ ⌉ > ℓ, dropping rt − ⌈N − n∗ ⌉ mutants at t would not change

the behavior of any player during the transition. Memoryless players still
copy R at t + 1, and players with memory still copy P from t + 1 to T − 1

and then copy R at T .

We now further distinguish two subcases depending on the value of
h(rt∗ ).
Case 2.3.a: ⌈N − n∗ ⌉ − ℓ ≤ h(rt∗ )
At t∗ , we have rt∗ ≥ ⌈N − n∗ ⌉, where at least rt∗ − ℓ are mutants. At

t∗ − 1, there should be at least h(rt∗ ) R-players. For the memoryless players
to adopt R at t∗ , there are two possibilities. If they adopt R by mutation,

ℓ mutants are required. If they imitate (which implies t > t0 ), we have
rt∗ −1 = ⌈N − n∗ ⌉. Since rt∗ −1 ≥ h(rt∗ ), at most ⌈N − n∗ ⌉ − h(rt∗ ) additional

mutants are required in t∗ − 1. Since ⌈N − n∗ ⌉ − h(rt∗ ) < ℓ, a minimum-cost
transition requires setting rt∗ −1 = ⌈N − n∗ ⌉, i.e. having memoryless players

imitate at t∗ . This argument can be iterated backwards until t0 is reached.
Hence, a minimum-cost transition implies ⌈N − n∗ ⌉ − ℓ mutants in each

period from t0 + 1 to t∗ − 1. At t∗ , there are rt∗ − ℓ mutants. At t0 (since
in this period all R-players are mutants), ⌈N − n∗ ⌉ mutants are required.

In t∗ + 1, the ℓ memoryless players will imitate R. Recall that we need

to guarantee rt ≥ h(rt∗ ) for every period from t0 to T − 1. The number of

mutants from t∗ + 1 to T in a minimum-cost transition differs depending on
whether ℓ ≥ h(rt∗ ) or ℓ < h(rt∗ ).
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If ℓ ≥ h(rt∗ ), there are two possibilities. Either one considers h(rt∗ )

mutants at t∗ +2 (and no additional mutant at t∗ +1), or one adds ⌈N −n∗ ⌉−ℓ

further mutants at t∗ + 1, leading the ℓ ≥ h(rt∗ ) memoryless players to
imitate R at t∗ + 2. Again, since ⌈N − n∗ ⌉ − ℓ < h(rt∗ ), the minimum-cost
possibility implies adding ⌈N − n∗ ⌉ − ℓ at t∗ + 1. The same argument can

be iterated forward until t0 + K = T − 1. That is, ⌈N − n∗ ⌉ − ℓ are required

in each period from t∗ + 1 to t0 + K − 1.

Hence, if ℓ ≥ h(rt∗ ) the total number of mutants must be at least rt∗ +

(K − 1)(⌈N − n∗ ⌉ − ℓ). Since rt∗ ≥ ⌈N − n∗ ⌉, the number of mutants is

larger than

⌈N − n∗ ⌉ + (K − 1)(⌈N − n∗ ⌉ − ℓ)

(2.8)

If ℓ < h(rt∗ ), in order to have rt∗ +2 ≥ h(rt∗ ), we need to either add

⌈N − n∗ ⌉ − ℓ mutants in t∗ + 1 (leading memoryless players to imitate R

next period) and h(rt∗ ) − ℓ mutants in t∗ + 2, or add h(rt∗ ) − ℓ mutants in

t∗ + 1 and h(rt∗ ) mutants in t∗ + 2. Since ⌈N − n∗ ⌉ − ℓ < h(rt∗ ), the former
possibility requires less mutants. The same argument can be iterated until

t0 + K. Hence, in each period from t∗ + 1 to t0 + K − 1, ⌈N − n∗ ⌉ − ℓ
mutants are required. Therefore, the minimum total number of mutants is

larger than the bound given in (2.8).
Case 2.3.b: ⌈N − n∗ ⌉ − ℓ > h(rt∗ )
Suppose first that ℓ < h(rt∗ ). In this case, for all t ∈ {t0 , . . . , t0 + K},

there are at least h(rt∗ )−ℓ mutants. In t0 , all memoryless R-players must be
mutants. In t0 + 1, either ℓ additional mutations occur, or the ℓ memoryless
players imitate R. The latter case requires ⌈N − n∗ ⌉ − h(rt∗ ) additional

mutants in t0 . Since ⌈N − n∗ ⌉ − ℓ > h(rt∗ ), having only h(rt∗ ) mutants in
t0 and letting ℓ additional players mutate in t0 + 1 implies a smaller total

number of mutations. The same argument can be iterated forward until t∗ .
That is, there are h(rt∗ ) mutants in each period from t0 to t∗ − 1. In t∗ ,

all rt∗ R-players are mutants. In t∗ + 1, the ℓ memoryless players imitate

R, because rt∗ ≥ ⌈N − n∗ ⌉. Hence, there are h(rt∗ ) − ℓ R-mutants. From
t∗ + 2 onwards, the same argument shows that a minimum cost transition
will involve ℓ additional players mutating each period rather than imitating,
because the latter possibility requires ⌈N − n∗ ⌉ − h(rt∗ ) additional mutants

the previous period. The argument can be iterated until t0 + K. Hence,
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there are h(rt∗ ) mutants in each period from t∗ + 2 to t∗ + K. Therefore,
the total number of mutants in this case must be at least
rt∗ + Kh(rt∗ ) − ℓ,

(2.9)

which is larger than rt∗ + (K − 1)h(rt∗ ), because h(rt∗ ) > ℓ.

Suppose now that ℓ ≥ h(rt∗ ). The analysis is similar. Each period, it

requires less mutations to have h(rt∗ ) players adopt R by mutation than
letting memoryless players imitate R, because the latter requires at least
⌈N − n∗ ⌉ − ℓ > h(rt∗ ) additional mutations the previous period. The only

difference is that at t∗ + 1, ℓ ≥ h(rt∗ ) players can adopt R by imitation, and

hence, no additional mutants are required at t∗ + 1. Then, the total number
of mutants must be weakly larger than
rt∗ + (K − 1)h(rt∗ )

(2.10)

We conclude that, independently of whether ℓ ≥ h(rt∗ ) or ℓ < h(rt∗ ),

the number of mutations required in a minimum-cost transition is above

rt∗ + (K − 1)h(rt∗ ). Note that rt∗ + (K − 1)h(rt∗ ) ≥ rt∗ + (K − 1)X(rt∗ ).
The latter expression is a linear function of rt∗ . Depending on the parameter

constellations, it may be increasing or decreasing in rt∗ . If it is decreasing in
rt∗ , the minimum value is N + (K − 1)X(N ) > N , and hence the minimum-

cost transition from (N, . . . , N ) to (0, . . . , 0) is strictly larger than N . If it
is increasing in rt∗ , the minimum value is ⌈N − n∗ ⌉ + (K − 1)h(⌈N − n∗ ⌉),

which is weakly larger than

⌈N − n∗ ⌉ + (K − 1)(⌈N − n∗ ⌉ − 1)

(2.11)

Let us recapitulate the analysis in this step. If ℓ ≥ N − n∗ , the transition

from (N, . . . , N ) to (0, . . . , 0) requires at most ⌈N − n∗ ⌉ mutations (Case

2.1). If ℓ < N − n∗ , this transition requires a number of mutations which is
bounded below by one of the bounds given in (2.7) (Case 2.2), (2.8) (Case
2.3a), and either N or (2.11) (Case 2.3b). We claim that the number of
mutations is then strictly larger than ⌈n̂⌉. This is true if the lower bound
is N . Since the expression in (2.7) is strictly larger than the one in (2.8),

it suffices to consider the bounds (2.8) and (2.11). Both are strictly larger
than ⌈n̂⌉ under the condition in the statement of the Theorem.
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Step 3. Stochastically stable states.
We are now ready to characterize the stochastically stable states. Relying
on KMR or Ellison (2000), it is clear that we only need to compare the
minimum costs of transitions in both directions. Denote by C(R, P ) the
minimum cost for the transition from the state mon(R, K) to the state
mon(P, K), and by C(P, R) the minimum cost for the reverse transition.
Suppose first ℓ ≥ N − n∗ . For any K ≥ 1, we have that C(P, R) ≤

⌈N − n∗ ⌉. Further, C(R, P ) ≥ ⌈n∗ ⌉ (with equality in the case c ≥ d). Since
⌈N −n∗ ⌉ < ⌈n∗ ⌉ for N ≥ N , we conclude that the risk-dominant equilibrium

is selected in the long run.

Suppose now ℓ < N − n∗ . By Step 2, for K fulfilling (2.6), C(P, R) >

⌈n̂⌉. By Step 1, C(R, P ) ∈ [⌈n∗ ⌉, ⌈n̂⌉]. Hence, C(P, R) > C(R, P ) and the
Pareto-efficient equilibrium is selected in the long run.
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3.1

Social Planners and Local Conventions

Introduction

In an organized society, social conventions, as a result of the long-run interactions among decision-makers, both influence the development of policies,
regulations, and laws, and are in turn, reciprocally influenced by these same
factors. For instance, walking along one side of the road is a consequence
of long-run interactions among people. However, which side to walk along
is regulated by laws that usually, but not absolutely, follow the local traditions. As another example, a single computer operating system is usually
used within a firm. However, which one to use is affected by firm policies.
When the firm manager decides not to buy the latest Windows system in
order to save on expenditures, the employees may coordinate by themselves
to use some free operating system.
The argument about the interaction between policies and social conventions is not new (see, for example, Young (1998b)). Nevertheless, there are,
thus far, few studies that explicitly model this interaction. How will social planners use policy instruments to affect social conventions? How will
the manner of the interactions among decision-makers influence social planners’ choices? What will be the end result of this mutual influence? Will
a convention only prevail locally, or spread globally? This paper seeks to
investigate these questions and provide new insights from an evolutionary
game-theoretical point of view.
Following the idea of “asymmetric rationality” first proposed by AlósFerrer, Kirchsteiger, and Walzl (2010), we consider a two-stage, two-location
model. Stage 1 is a static game among social planners. The social planners
in both locations are assumed to be rational, in the sense that they can
completely foresee the long-run future as determined by the outcome of the
agent-learning dynamics, and take the actions appropriate to optimize their
objective functions. In our context, the social planners have to choose a
capacity and a mobility constraint of their locations. It is reasonable to
assume rational planners. When it comes to countries, governments can be
treated as rational agents, since they can collect detailed information and
rely on expert advice when making decisions. Similar reasoning leads us
to consider managers as rational agents. Stage 2 consists of a dynamics,
and is based on Ely (2002) and Anwar (2002). Taking the policies in both
locations as given, boundedly rational players interact within each location
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by playing a coordination game, and relocate when such an opportunity
arises. The within-location dynamics and migration flows are considered to
be the result of learning or evolutionary forces. We are interested in the
following questions. What are the optimal strategies of the social planners?
Given the optimal strategies, what will be the long run equilibria of the
learning dynamics?
The structure of the model is closely related to Alós-Ferrer, Kirchsteiger,
and Walzl (2010), where the platform designers are rational and try to maximize the profits of their platforms, while the traders are boundedly rational
in the sense that they imitate the most successful behavior in the previous
period.
The dynamics in stage 2 is built on Ely (2002) and Anwar (2002). Ely
(2002) develops a two-location model where players play a coordination game
with a Pareto-efficient equilibrium and a risk-dominant one. Players in the
same location randomly match to play the game, and also have opportunities
to relocate. He suggests that if all players can freely move and there are no
capacity constraints for locations, myopic best reply would lead all players
to coordinate on the Pareto-efficient equilibrium in the long run. Such a
result is intriguing, not only because it is contrary to the classic prediction
from Kandori, Mailath, and Rob (1993) (KMR hereafter) that inefficient
but risk-dominant equilibrium is stochastically stable, but also because it
has important policy implications, namely, that free mobility can improve
efficiency.
Anwar (2002) considers symmetric restrictions on both the capacity of
locations and the mobility of players, and shows that if the effective capacity of each location is relatively large, the co-existence of conventions (i.e.
players coordinate on different equilibria in different locations) is the long
run equilibrium. This result is appealing, since it explains how two initially
identical locations may end up attaining different conventions.
In both Anwar (2002) and Ely (2002), the capacity of locations and mobility of players are exogenously given. This assumption might be justified
in a short-run model, where these constraints are rigid. However, it becomes
problematic when one attempts to look at less stylized models. If the locations refer to countries, each country’s government can (and typically will)
set policies to control immigration and out-migration. If the locations represent firms, the manager in each firm may have the authority to decide the
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firm’s scale and restrict workers’ mobility by specifying contract duration,
contract termination clauses, and so on. Within a theoretical framework,
these considerations lead to endogenous capacity and mobility constraints,
which become strategies of location planners.
The paper relies on the literature on stochastic learning in games, initiated by the seminal work of KMR and Young (1993b). This literature
provides a framework well-suited to the investigation of the long run consequences of interactions among boundedly rational players, and serves as a
powerful tool to select among (strict) Nash equilibria. This paper is especially closely related to one of the focal questions in this literature, namely,
equilibrium selection in 2 × 2 coordination games with a trade-off between

efficiency and risk-dominance (see, for example, Ellison (1993), Robson and
Vega-Redondo (1996), Goyal and Vega-Redondo (2005), and Alós-Ferrer and
Weidenholzer (2006)).
The paper is organized as follows. Section 3.2 provides a complete analysis for the case with exogenous and symmetric capacity and mobility constraints, as in Anwar (2002). We find that contrary to Anwar (2002), global
coordination on the Pareto-efficient equilibrium can be selected in the long
run. Furthermore, for a specific parameter constellation, it is more likely to
select global coordination on the risk-dominant equilibrium as stochastically
stable.
Section 3.3 analyzes the model with endogenous capacity and mobility
constraints. Subsection 3.3.1 describes the model setup. In stage 1, rational
planners choose capacity and mobility constraints. In stage 2, boundedly
rational individuals choose a location and interact with others by playing
a coordination game. Backward induction (in the asymmetric rationality
sense, see Alós-Ferrer, Kirchsteiger, and Walzl (2010)) is used to solve the
model.
Subsection 3.3.2 computes the long run equilibria of the learning dynamics, given the choices of the social planners. If the effective capacities in
both locations are relatively small, global coordination on the risk-dominant
equilibria is the long run equilibrium. If at least one of the locations has relatively large effective capacity, the co-existence of conventions is selected in
the long run, where the location with a smaller effective capacity coordinates
on the Pareto-efficient outcome.
Subsection 3.3.3 investigates the optimal choices of the social planners.
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Two different objective functions are discussed. If the social planners are
only concerned with efficiency, there is a large set of Nash equilibria (NE).
However, neither the symmetric constraint setting, which leads to the coexistence of conventions in Anwar (2002), nor the unconstrained setting,
which leads to the globally efficient outcome in Ely (2002), is a NE. If the
social planners are concerned with scale as well as efficiency, it is likely that
both planners will completely eliminate individuals’ mobility. The two isolated locations will then end up coordinating on the less efficient equilibrium.
Section 3.4 concludes. All proofs are relegated to Appendices I, II and III.

3.2
3.2.1

Symmetric Capacity and Mobility Constraints
The Model

Consider the model in Anwar (2002). There are a total of 2N individuals
distributed in two locations. Each location k ∈ {1, 2} is characterized by
a pair of parameters (p, c) with 0 < p < 1 and 1 < c < 2, such that
⌈pN ⌉ is the number of immobile individuals and ⌊cN ⌋ is the capacity of

location k.1 Hence, the effective capacity in each location is ⌊dN ⌋, where

d = min{c, 2 − p}. That is, a location has the maximum number of residents

either by reaching its capacity constraints, or by having all individuals, apart
from the immobile ones in the other location, accommodated there.
Time is discrete, i.e. t = 1, 2, . . .. In each period t, individuals are randomly matched in the same location and play the coordination game in
Table 3.1, where e, r, g, h > 0, e > h, r > g, e > r and h + r > e + g. Hence,
(P, P ) is the Pareto-efficient equilibrium and (R, R) is the risk-dominant
equilibrium. Let Π : S × S → R+ be the payoff function, where S = {P, R}
is the strategy set of each player. Π(si , sj ) denotes the payoff of playing

si against sj . Additionally, we define Π(si , ∅) = 0, i.e. the payoff of an individual who cannot find a partner to play the game is zero. We denote

by q ∗ the probability of playing P in the mixed-strategy NE. Since (R, R)
is risk-dominant, q ∗ is strictly larger than 1/2. To facilitate the discussion
later, we also define q̂ through the equality Π(P, (q̂, 1 − q̂)) = r. That is,
q̂ is the probability of playing P in a mixed-strategy, such that playing P

against it gives the same payoff as in the risk-dominant equilibrium.
1

We denote by ⌈x⌉ the minimum integer that is weakly larger than x, and by ⌊x⌋ the
maximum integer that is weakly smaller than x.
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P

R

P

e, e

g, h

R

h, g

r, r

Table 3.1: The basic coordination game

Across periods, each individual can adjust his strategy. Further, each
mobile individual has an opportunity to relocate with an independent and
identical positive probability. However, even those who have an opportunity
to relocate may not be allowed to reside in another location because of the
capacity constraint. When the number of individuals who have an opportunity to relocate is more than the maximum capacity of the other location, it
will be randomly decided who can move in. Those who lose the opportunity
to relocate will simply behave as the immobile players.
As in Anwar (2002), we assume that the behavioral rule used by individuals is myopic best response, taking the population proportions of both locations as given. That is, individuals adopt a best response to the state in the
previous period, given the capacity and mobility constraints. More specifically, an individual who cannot relocate will choose a strategy sit+1 ∈ {P, R}

in period t + 1 given his current location, such that

∈ arg max
st+1
λt (kit )Π(s′i , P ) + (1 − λt (kit ))Π(s′i , R),
i
′
si

(3.1)

where kit denotes individual i’s location in period t, and λt : {1, 2} → [0, 1] is

a function of kit , showing the proportion of P -players in location kit in period

t. An individual who can relocate, in period t + 1, will choose a strategy
st+1
and a location kit+1 , such that
i
t+1
(st+1
λt (ki′ )Π(s′i , P ) + (1 − λt (ki′ ))Π(s′i , R).
i , ki ) ∈ arg max
′ ′
(si ,ki )

(3.2)

When computing the myopic best response in the current residence, this
approach corresponds to Oechssler’s (1997) best response for large population. That is, if the population is large enough, it is innocuous for an
individual to include himself in the strategy profile of the opponents when
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he computes his maximal expected payoff, so that it looks as if he also plays
against himself. For small populations, though, this kind of behavior can
differ from best reply, as the individual ignores the fact that changing his
strategy also changes the population proportions at his location. In the end,
if several choices give a player the same payoff, he will play each of them
with a positive probability.
Following Anwar (2002), let ω = (q1 , q2 , n1 ) represent a state, where
qk denotes the proportion of P -players in location k, for k = 1, 2, and n1
denotes the total number of players in location 1. Hence, the state space is
Ω = {(q1 , q2 , n1 )|q1 ∈ [0, 1], q2 ∈ [0, 1], n1 ∈ [2N − ⌊dN ⌋, ⌊dN ⌋]}.
The stochastic dynamics above gives rise to a Markov process, whose
transition matrix is given by P = [P (ω, ω ′ )]ω,ω′ ∈Ω . An absorbing set is a
minimal subset of states, such that once the process reaches them, it never
leaves.
Lemma 3.1. If ⌊dN ⌋ < 2N − 1, the unperturbed dynamics has four absorbing sets. They are: Ω(P R) = {(1, 0, ⌊dN ⌋)}, Ω(RP ) = {(0, 1, 2N − ⌊dN ⌋)},

Ω(RR) = {(0, 0, n1 )|n1 ∈ [2N − ⌊dN ⌋, ⌊dN ⌋]} and Ω(P P ) = {(1, 1, n1 )|n1 ∈

[2N − ⌊dN ⌋, ⌊dN ⌋]}. If ⌊dN ⌋ = 2N − 1, there is a unique absorbing set

Ω(P R, P P, RP ) = Ω(P R) ∪ Ω(P P ) ∪ Ω(RP ).

We introduce mutations in this Markov dynamics. As in Anwar (2002),
we assume that, in each period, with an independent and identical probability ε, each agent randomly chooses a strategy in his current location.
The perturbed Markov dynamics is irreducible, i.e. there is a unique invariant distribution µ(ε). We want to consider small perturbations. It is
a well-established result that µ∗ = limε→0 µ(ε) exists and is an invariant
distribution of the unperturbed process P . It describes the time average
spent in each state when the original dynamics is slightly perturbed and
time goes to infinity. The states in its support, {ω|µ∗ (ω) > 0}, are called

stochastically stable states or long-run equilibria (LRE).

3.2.2

Long-run Equilibria

The standard approach to finding the LRE in the literature of learning
in games relies on the graph-theoretical techniques developed by Freidlin
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and Wentzell (1988) and applied by Foster and Young (1990), KMR, VegaRedondo (1997), etc. Here we summarize the approach.
An ω-tree, h, for any state ω ∈ Ω defines a set of ordered pairs (ω ′ →

ω ′′ ), ω ′ , ω ′′ ∈ Ω, such that: (1) each state ω ′ ∈ Ω/{ω} is the first element of

only one pair; (2) for each ω ′ ∈ Ω/{ω}, there exists a path connecting ω ′
with ω. The set of all ω-trees is denoted as Hω .

Denote by c(x, y) the minimum number of mutations required for the
transition from x to y. The minimum cost of an ω-tree is denoted as
C(ω) = min
′

h ∈Hω

X

c(x, y)

(3.3)

(x→y)∈h

Freidlin and Wentzell (1988) show that the stochastically stable states ω are
such that
ω ∈ min
C(ω ′ )
′
ω ∈Ω

(3.4)

That is, the set of states whose transition trees have the lowest cost among
all the states are stochastically stable.
In fact, we only have to include absorbing sets in minimum-cost transition trees. The states which are excluded from all absorbing sets are called
transient. They represent the states that, with a positive probability, the
dynamics will never move back to. Hence, by definition, for every transient
state there exists a mutation-free transition to some absorbing set. However, every transition from an absorbing set to any transient state requires
at least one mutation.
Further, since the transitions among elements in an absorbing set have
zero cost, we can also define transition trees for an absorbing set. The minimum cost for the transition from an absorbing set Ωa to another absorbing
set Ωb is then defined by the minimum number of mutants required to succeed a transition from a state in Ωa to a state in Ωb . If the cost of an
absorbing set is the lowest among those of all the absorbing sets, then all
the elements in this absorbing set are stochastically stable.
We first consider the case where ⌊dN ⌋ = 2N − 1. Since there is a unique

absorbing set Ω(P R, P P, RP ), the LRE must be the elements in this set.
Hence, the elements in Ω(P P ) are stochastically stable in this case.

Proposition 3.1. If ⌊dN ⌋ = 2N − 1, the LRE are the elements in Ω(P R,
P P, RP ). Hence, the elements in Ω(P P ) are stochastically stable.
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Then, we consider the case where ⌊dN ⌋ < 2N − 1. Anwar (2002, Lemma

1) shows that, because the location model is symmetric, when constructing

minimum-cost transition trees, it is enough to consider only three absorbing
sets, ruling out either Ω(P R) or Ω(RP ). Without loss of generality, we will
rule out Ω(RP ) from now on.
The analysis in Appendix II shows the minimum-cost transitions. A
remarkable finding is that there are two possible minimum-cost transition
procedures from Ω(P R) to Ω(RR). The first one is to have
c1 = ⌈⌊dN ⌋(1 − q ∗ )⌉

(3.5)

R-players as mutants in location 1, so that the best reply for players in
location 1 is to play R. Then, in the next period, all players in location 1
will play R and complete the transition. We call it transition procedure 1
(hereafter TP1).
Now consider the following transition procedure involving consecutive
mutations. At period t, let
c12 = ⌈⌊dN ⌋(1 − q̂)⌉

(3.6)

R-mutants occur in location 1. Then, in period t + 1, a best reply for the
mobile players in location 1 is to move to location 2 and play R. For those
who cannot relocate, they will adopt a best reply to the state where the
proportion of P -players is q̂. If q̂ ≤ q ∗ , a best reply is to play R. However,

in this case, we have c12 ≥ c1 , hence TP1 will lead to minimum costs. If
q̂ > q ∗ , then c12 ≤ c1 and the best reply for those immobile players is to play

P . As a result, in period t + 1, there will be 2N − ⌊dN ⌋ players in location

1, and all of them will play P . In location 2, there will be ⌊dN ⌋ players and
all of them will play R. Now, let ⌈(2N − ⌊dN ⌋)(1 − q ∗ )⌉ R-mutants occur in

location 1. Then, with a positive probability, all the P -players will play R,
hence completing the transition. We call it transition procedure 2 (hereafter
TP2). In this case, the minimum number of mutants is
c2 = c12 + ⌈(2N − ⌊dN ⌋)(1 − q ∗ )⌉.

(3.7)

If h < r, it is possible that c2 is smaller than c1 .
Hence, we discuss two cases in the following two subsections. In case
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1, we consider the situation where h ≥ r. Because q ∗ ≥ q̂, TP1 must have

the minimum cost. In case 2, we consider the situation where h < r. Since
q ∗ < q̂, TP2 may have the minimum cost. We are going to show that, the
elements in Ω(P P ) can be selected in the long run within certain parameter
configurations in both cases. However, when N is large enough, our result
for case 1 is consistent with Anwar (2002). In case 2, we have different
predictions. If the payoff of the risk-dominant equilibrium is large enough,
the elements in Ω(RR) are more likely to be selected in the long run even
for a large enough N .
Case 1: h ≥ r
Based on the analysis in Appendix II, if h ≥ r and ⌊dN ⌋ < 2N − 1, the

minimum-cost transition tree of each absorbing set is the same as that in
Anwar (2002). Particularly, TP1 leads to the minimum-cost transition from
Ω(P R) to Ω(RR), simply because q ∗ > q̂. However, the costs may be
different from those in Anwar (2002), because the number of the residents
in each location and the number of mutants have to be integers. For this
reason, the minimum cost of the Ω(P R)-tree may be the same as that of
the Ω(P P )-tree, which is ruled out in Anwar (2002). Table 3.2 shows the
minimum-cost transition tree for each absorbing set.
Ω(P R)

Ω(RR)

Ω(P P )

minimum-cost tree Ω(RR) ← Ω(P R) ← Ω(P P ) Ω(RR) → Ω(P R) ← Ω(P P ) Ω(RR) → Ω(P R) → Ω(P P )
C(x)

⌈⌊dN⌋(1 − q ∗ )⌉

⌈(2N − ⌊dN⌋)q ∗ ⌉

⌈(2N − ⌊dN⌋)q ∗ ⌉

+⌈(2N − ⌊dN⌋)(1 − q ∗ )⌉

+⌈(2N − ⌊dN⌋)(1 − q ∗ )⌉

+⌈(2N − ⌊dN⌋)q ∗ ⌉

Table 3.2: The minimum-cost transitions for each class

Using the table above, one can easily derive the conditions supporting
the selection of different LRE. In particular, one can immediately see that
C(Ω(P P )) is weakly larger than C(Ω(P R)). When the two costs are equal,
it is possible to select the elements in Ω(P P ) as LRE.
Proposition 3.2. If h ≥ r and ⌊dN ⌋ < 2N − 1, the elements in Ω(P P )
will be selected in the long run provided that

⌈(2N − ⌊dN ⌋)(1 − q ∗ )⌉ = ⌈(2N − ⌊dN ⌋)q ∗ ⌉ ≤ c1
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Example 1. Consider the following coordination game.
P

R

P 17, 17 0, 10
R 10, 0 8, 8
The global population is 2N = 40. The probability of playing P in
the mixed-strategy Nash equilibrium is q ∗ =

8
15 .

Let d = 1.75, then the

effective capacity in one location is dN = 35. Since d > 2q ∗ , Anwar (2002)
predicts that only the elements in Ω(P R) and Ω(RP ) will be selected in the
long run. However, a straightforward computation shows that c1 = 20 and
C(Ω(P R)) = C(Ω(P P )) = 6. Hence, the elements in Ω(P P ) will also be
selected in the long run.
The integer problem above will diminish as N becomes large enough.
The reason is that when N goes to infinity, C(Ω(P R)) = C(Ω(P P )) if and
only if d = 2. Hence, for a large enough N , it is very unlikely that the
elements in Ω(P P ) will be selected for d < 2. When h ≥ r, for N large

enough, our prediction is consistent with Anwar (2002). Let d∗ = 2q ∗ .

Proposition 3.3. If h ≥ r, for any η > 0, there exists an integer N̄ such

that for all N > N̄ , the LRE are: the elements in Ω(RR), if 1 < d ≤ d∗ − η;
the elements in Ω(P R) and Ω(RP ), if d∗ + η ≤ d ≤ 2 − η.

Case 2: h < r
If h < r, q ∗ < q̂. The minimum-cost transition from Ω(P R) to Ω(RR) may
vary, depending on whether or not c1 > (≤)c2 . If c1 ≤ c2 , we have the

same transition cost as in case 1. If c1 > c2 , C(Ω(RR)) = c2 + ⌈(2N −

⌊dN ⌋)(1 − q ∗ )⌉. Nevertheless, the minimum costs for other absorbing sets
do not change.

The integer problem is independent of the quantities of h and r. As long
as C(Ω(P R)) = C(Ω(P P )), it is possible to select the elements in Ω(P P )
in the long run.
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Proposition 3.4. If h < r and ⌊dN ⌋ < 2N − 1, the elements in Ω(P P )
will be selected in the long run provided that

⌈(2N − ⌊dN ⌋)(1 − q ∗ )⌉ = ⌈(2N − ⌊dN ⌋)q ∗ ⌉ ≤ min(c1 , c2 )

(3.9)

However, the prediction about the long-run equilibria may change even
if we disentangle the integer problem by assuming a large enough N . Since
it is possible to have a smaller cost for an Ω(RR)-tree, the intuition would
suggest that, when c2 < c1 , it is more likely to select the elements in Ω(RR)
in the long run.
Proposition 3.5. If h < r, for any η > 0, there exists an integer N̄ , such
that for all N > N̄ ,
(i) if q̂ ≤ 1/q ∗ − 2 + 2q ∗ , the LRE are: the elements in Ω(RR) if d ∈
(1, d∗ − η]; the elements in Ω(P R) and Ω(RP ) if d ∈ [d∗ + η, 2 − η].

(ii) if q̂ > 1/q ∗ − 2 + 2q ∗ , the LRE are: the elements in Ω(RR) if d ∈
(1, d˜ − η]; the elements in Ω(P R) and Ω(RP ) if d ∈ [d˜ + η, 2 − η],
∗
where d˜ = 2(2q∗ −1) . If h < r, then d˜ > d∗ .
2q −q̂

Therefore, if q̂ is relatively large, indicating a high payoff of the riskdominant equilibrium, the elements in Ω(RR) will be selected in the long
run even if d > 2q ∗ , which is in contrast with the prediction in Anwar (2002).
We illustrate it with the following example.
Example 2. Consider the following 2 × 2 coordination game.
P

R

P 10, 10 0, 4
R 4, 0 9, 9
The global population is assumed to be 2N = 200 and the maximum population in one location is dN = 125, i.e. d = 1.25 > 2q ∗ = 1.2. It is easy
to see that q̂ = 9/10 > q ∗ = 0.6. Because c1 = 50 > c2 = 43, TP2 leads to
the minimum cost for the transition from Ω(P R) to Ω(RR). A straightforward computation shows that C(Ω(RR)) = 73 < C(Ω(P R)) = 75, so the
elements in Ω(RR) will be selected in the long run even though d > 2q ∗ .
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When is the Result in Anwar(2002) True?

The analysis above shows that the result in Anwar (2002) is incomplete.
First, globally efficient coordination can be selected in the long run. Second,
if the payoff of the risk-dominant equilibrium is close to that of the Paretoefficient equilibrium (i.e. q̂ is large enough), the elements in Ω(RR) are more
likely to be selected than Anwar’s (2002) prediction. Based on Propositions
3.3 and 3.5, it is a straightforward matter to provide a condition under which
the result is consistent with Anwar (2002).
Corollary 3.1. If h > r or q̂ ≤ 1/q ∗ − 2 + 2q ∗ , for any η > 0, there exists

an integer N̄ such that for all N > N̄ the LRE are: the elements in Ω(RR)
if 1 < d ≤ d∗ − η; the elements in Ω(P R) and Ω(RP ) if d∗ + η ≤ d ≤ 2 − η.
Let u =

h−g
e−g

and v =

r−g
e−g .

The coordination game in Table 3.1 can be

normalized as following.
P

R

P 1, 1 0, u
R u, 0 v, v
Figure 3.1 shows the areas in the (u, v)-space, where different cut-off
values of d are used to select the LRE. In the shadowed area, the selection of
˜ In the remaining area, the cut-off value corresponds
the LRE depends on d.
to d∗ . In fact, the value of v in the shadowed area is close to 1, implying
that the efficiency level of the risk-dominant equilibrium is close to the
Pareto-efficient equilibrium. Therefore, it becomes relative easy to reach
the elements in Ω(RR) and relatively difficult to leave them. Hence, they
are more likely to be selected in the long run.

3.3
3.3.1

Endogenous Capacity and Mobility Constraints
Model Setup

In this model, a total of 2N individuals are distributed in two different locations, initially with N players in each location k ∈ {1, 2}. The locations can
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Figure 3.1: Areas corresponding to different cut-off values of d
be described as, for instance, working groups, firms, residence communities,
countries, etc. We assume that each location k has a rational planner (or
policy-maker), and refer to the planner in location k as planner k.
Stage 1 is a static game between two planners. The planners can neither relocate nor interact with the residents. Instead, to optimize certain
objective functions, they will choose a capacity constraint ck ∈ [1, 2] and
a mobility constraint pk ∈ [0, 1] for the location that they are staying in,
such that ⌊ck N ⌋ determines the maximum capacity and ⌈pk N ⌉ determines

the number of immobile players in location k. Hence, the effective capacity

(or, the realized maximum number of individuals) in location k is ⌊dk N ⌋

and the minimum number of players in location k is 2N − ⌊dℓ N ⌋, with
dk = min{ck , 2 − pℓ }, ∀ k, ℓ ∈ {1, 2}, k 6= ℓ.

Stage 2 of the model consists of a discrete-time dynamics.

Taking

the strategies of the planners (ck , pk ), k = 1, 2 as given, in each period
t = 1, 2, 3, . . ., individuals in each location randomly match to play the
coordination game described in Table 3.1.
Across periods, individuals can update their strategies in the coordination game (without inertia). The mobile players can also relocate with an
identical and positive probability. However, if the number of the individuals
who have an opportunity and would like to move to location i is more than
the maximum capacity of this location, then it will be randomly decided
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who can move in. Furthermore, if several choices give a player the same
payoff, he will choose each of them with a positive probability.
The individuals are assumed to be boundedly rational, in the sense that
each individual will adopt a best response to the state in the last period,
given the capacity and mobility constraints, and the opportunity to relocate.
Hence, in period t + 1, the individuals who cannot relocate will choose a
strategy sit+1 ∈ {P, R} which fulfills (3.1). The individuals who can relocate

will choose a strategy st+1
and a location kit+1 which satisfies (3.2).
i

Let ω = (q1 , q2 , n1 ) represent a state, where qk denotes the proportion
of P -players in location k, for k = 1, 2, and n1 the total number of players
in location 1. The state space is
Ω = {(q1 , q2 , n1 )|q1 ∈ [0, 1], q2 ∈ [0, 1], n1 ∈ [2N − ⌊d2 N ⌋, ⌊d1 N ⌋]}.
The stochastic dynamics above gives rise to a Markov process, with
transition matrix P = [P (ω, ω ′ )]ω,ω′ ∈Ω . The absorbing sets, or recurrent
communication classes, are the minimal subsets of states, such that once
the dynamics reaches them, it will remain forever.
Lemma 3.2. The absorbing sets of the unperturbed process above depend
on dk for k = 1, 2.
(1) If ⌊d1 N ⌋, ⌊d2 N ⌋ < 2N − 1, there are four absorbing sets. They are:

Ω(P R) = {(1, 0, ⌊d1 N ⌋)}, Ω(RP ) = {(0, 1, 2N − ⌊dN2 ⌋)}, Ω(RR) =

{(0, 0, n1 )| n1 ∈ [2N − ⌊d2 N ⌋, ⌊d1 N ⌋]} and Ω(P P ) = {(1, 1, n1 )|n1 ∈
[2N − ⌊d2 N ⌋, ⌊d1 N ⌋]}.

(2) If ⌊d1 N ⌋ = 2N − 1 and ⌊d2 N ⌋ < 2N − 1, there are two absorbing sets:

Ω(RP ) and Ω(P R, P P ) = Ω(P R) ∪ Ω(P P ). Similarly, if ⌊d2 N ⌋ =
2N − 1 and ⌊d1 N ⌋ < 2N − 1, there are two absorbing sets: Ω(P R) and

Ω(RP, P P ) = Ω(RP ) ∪ Ω(P P ). If ⌊d1 N ⌋ = ⌊d2 N ⌋ = 2N − 1, there is
a unique absorbing set Ω(P R, P P, RP ) = Ω(P R) ∪ Ω(P P ) ∪ Ω(RP ).

(3) If d1 = 2 and ⌊d2 N ⌋ < 2N −1, there are three absorbing sets: Ω(RO) =
{(0, 0, 2N )}, Ω(P O) = {(1, 0, 2N )}, and Ω(RP ) = {(0, 1, 2 − ⌊d2 N ⌋)}.
Similarly, if d2 = 2 and ⌊d1 N ⌋ < 2N − 1, the absorbing sets are:

Ω(OR) = {(0, 0, 0)}, Ω(OP ) = {(0, 1, 0)}, and {Ω(P R)} = {(1, 0, 2 −
⌊d1 N ⌋)}.
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(4) If d1 = 2 and ⌊d2 N ⌋ = 2N − 1, there are two absorbing sets: Ω(RO)
and Ω(P O). Similarly, if d2 = 2 and ⌊d1 N ⌋ = 2N − 1, the absorbing
sets are: Ω(OR) and Ω(OP ).

(5) If d1 = d2 = 2, there are four absorbing sets: Ω(RO), Ω(OR), Ω(P O)
and Ω(OP ).
We introduce mutations into this dynamics to model mistakes or experimentations. We assume that, with a small probability ε, mobile players can
randomly choose a strategy and a location. In this “mistakes model”, we
are looking for the LRE.

3.3.2

Long-run Equilibria

We still use the approach introduced in Section 3.2.2. Again, we will distinguish two cases h ≥ r and h < r, because the minimum-cost transition

procedures may differ, and this will lead to different predictions of the LRE.
In the following two subsections, we will construct minimum-cost transition
trees for the absorbing sets, and then find the LRE.
Case 1. h ≥ r

Case 1a: ⌊dk N ⌋ < 2N − 1 ∀ k = 1, 2.

There are eight basic transition

procedures, which are the transitions between Ω(RR) and Ω(P R) (Ω(RP )),
and the transitions between Ω(P P ) and Ω(P R) (Ω(RP )). All these share
the common property that the state has to be changed by mutations in only
one location. One can immediately see that no minimum-cost transition
trees involves a direct transition between Ω(P P ) and Ω(RR), or between
Ω(P R) and Ω(RP ). These direct transitions require mutations in both
locations simultaneously. However, an indirect transition, for example, from
Ω(P P ) through Ω(P R) (or Ω(RP )) to Ω(RR), only requires mutations in
the location with minimum population in each step, hence having a lower
cost.
According to Appendix II, each of these basic transitions has a unique
pattern of minimum-cost transition procedure. We summarize the minimum
costs for these basic transitions in Table 3.3.
Now we can use the minimum-cost basic transitions to construct transition trees for different absorbing sets. Table 3.4 shows all the possible
candidates.
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Ω(RR) → Ω(P R)(Ω(RP )) Ω(P R)(Ω(RP )) → Ω(P P )
⌈(2N − ⌊d2(1) N ⌋)q ∗ ⌉

⌈(2N − ⌊d2(1) N ⌋)q ∗ ⌉

Ω(P P ) → Ω(P R)(Ω(RP )) Ω(P R)(Ω(RP )) → Ω(RR)
⌈(2N − ⌊d1(2) N ⌋)(1 − q ∗ )⌉

⌈⌊d1(2) N ⌋(1 − q ∗ )⌉

Table 3.3: The minimum costs for the basic transitions in Case 1a
One can immediately compute the costs for all the candidates of the
minimum-cost transition trees above, which are summarized in Table 3.5.
Case 1b: ⌊dk N ⌋ = 2N − 1 and ⌊dℓ N ⌋ ≤ 2N − 1, k, ℓ ∈ {1, 2}, k 6= ℓ.

If

⌊dℓ N ⌋ < 2N − 1, there are two absorbing sets as stated in Lemma 3.1. Ac-

cording to Appendix II, if k = 1, the minimum-cost transition from Ω(RP )
to Ω(P R, P P ) is to move the dynamics into the set Ω(P P ), which requires at
least ⌈(2N − ⌊d2 N ⌋)q ∗ ⌉ mutants. In the minimum-cost transition in the re-

verse direction, the mutations should occur when the dynamics is in Ω(P P ).
Therefore, the minimum cost for this transition is ⌈(2N − ⌊d2 N ⌋)(1 − q ∗ )⌉.

Similarly, if k = 2, the transition from Ω(P R) to Ω(RP, P P ) needs at

least ⌈(2N − ⌊d1 N ⌋)q ∗ ⌉ mutants. To have a successful transition in the

reverse direction, ⌈(2N − ⌊d1 N ⌋)(1 − q ∗ )⌉ mutants are required.
If ⌊dk N ⌋ = 2N − 1 for all k = 1, 2, there is a unique absorbing set

Ω(P R, P P, RP ). Hence, in this case, the LRE are the elements in this
absorbing set.
Case 1c: dk = 2 and ⌊dℓ N ⌋ < 2N − 1, j, k ∈ {1, 2}, j 6= k.

According to

Lemma 3.1, there are three absorbing sets in this case. Based on Appendix
II, we show the minimum-cost transition trees and their costs in Table 3.6.
Case 1d: dk = 2 and ⌊dℓ N ⌋ = 2N − 1.

There are only two absorbing

sets. If k = 1, they are Ω(P O) and Ω(RO). The transition Ω(RO) → Ω(P O)

requires one mutant. Let one player move to location 2 and play P , in the

next period, this player will move back and play R, while all the others
will move to location 2 and play P . Then there will be a unique player in
location 1, and he cannot relocate. Hence, he will randomize his strategy.
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Ω(RR)-tree

Ω(P R)-tree

1 Ω(P R) → Ω(P P ) → Ω(RP ) → Ω(RR) Ω(RR) → Ω(RP ) → Ω(P P ) → Ω(P R)
2 Ω(P P ) → Ω(P R) → Ω(RR) ← Ω(RP ) Ω(P P ) → Ω(P R) ← Ω(RR) ← Ω(RP )
3 Ω(P P ) → Ω(RP ) → Ω(RR) ← Ω(P R) Ω(P P ) → Ω(RP ) → Ω(RR) ← Ω(P R)
4 Ω(RP ) → Ω(P P ) → Ω(P R) → Ω(RR) Ω(RP ) → Ω(P P ) → Ω(P R) ← Ω(RR)
Ω(RP )-tree

Ω(P P )-tree

1 Ω(P R) → Ω(P P ) → Ω(RP ) ← Ω(RR) Ω(RR) → Ω(RP ) → Ω(P P ) ← Ω(P R)
2 Ω(P P ) → Ω(P R) → Ω(RR) → Ω(RP ) Ω(RP ) → Ω(RR) → Ω(P R) → Ω(P P )
3 Ω(P R) → Ω(RR) → Ω(RP ) ← Ω(P P ) Ω(P R) → Ω(RR) → Ω(RP ) → Ω(P P )
4 Ω(RR) → Ω(P R) → Ω(P P ) → Ω(RP ) Ω(RR) → Ω(P R) → Ω(P P ) ← Ω(RP )

Table 3.4: The minimum-cost transition trees in Case 1a

With a positive probability, he will play P , and all the others will move to
location 1 and play P . This moves the dynamics to Ω(P O). The transition
in the reverse direction requires ⌈2N (1 − q ∗ )⌉ mutants. The same results
hold for k = 2.

Case 1e: d1 = d2 = 2.

There are four absorbing sets as shown in Lemma

3.2. Appendix II exhibits that the transitions between Ω(P O) and Ω(OP )
(in both directions) only need one mutant, just as in the transitions between
Ω(RO) and Ω(OR). The transition from Ω(OR)(Ω(RO)) to Ω(P O)(Ω(OP ))
only requires one mutant.
Consider the following Ω(P O)-tree.
Ω(RO) → Ω(OR) → Ω(P O) ← Ω(OP )
It is easy to see that the minimum cost of this transition tree is 3. For a transition tree with four absorbing sets, it is the possible minimum cost. Hence,
the element in Ω(P O) is a LRE. Since the transition from Ω(P O) to Ω(OP )
needs only one mutant, one can build an Ω(OP )-tree by simply reversing
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Ω(RR)

Ω(P R)

⌈(2N − ⌊d2 N⌋)(1 −
1

q ∗ )⌉

+⌈(2N − ⌊d1 N⌋)q ⌉

+⌈(2N − ⌊d1 N⌋)q ∗ ⌉

+⌈⌊d2 N⌋(1 − q ∗ )⌉

+⌈(2N − ⌊d1 N⌋)(1 − q ∗ )⌉

+⌈(2N − ⌊d2 N⌋)(1 − q ∗ )⌉

+⌈(2N − ⌊d2 N⌋)q ∗ ⌉

∗

∗

∗

⌈(2N − ⌊d1 N⌋)(1 − q )⌋

⌈(2N − ⌊d1 N⌋)(1 − q )⌉

⌈(2N − ⌊d1 N⌋)q ⌉

+⌈⌊d1 N⌋(1 − q ∗ )⌉

+⌈⌊d2 N⌋(1 − q ∗ )⌉

+⌈⌊d1 N⌋(1 − q ∗ )⌉

∗

⌈⌊d2 N⌋(1 − q ∗ )⌉
+⌈(2N − ⌊d2 N⌋)q ∗ ⌉

+⌈⌊d2 N⌋(1 − q )⌉

+⌈(2N − ⌊d2 N⌋)q ⌉

+⌈(2N − ⌊d1 N⌋)(1 − q )⌉

+⌈(2N − ⌊d1 N⌋)q ∗ ⌉

⌈(2N − ⌊d2 N⌋)(1 − q ∗ )⌉

⌈(2N − ⌊d2 N⌋)(1 − q ∗ )⌉

⌈⌊d1 N⌋(1 − q ∗ )⌉

⌈⌊d1 N⌋(1 − q ∗ )⌉

∗

∗

∗

+⌈⌊d1 N⌋(1 − q )⌉

+⌈⌊d2 N⌋(1 − q )⌉

+⌈(2N − ⌊d1 N⌋)q ⌉

+⌈(2N − ⌊d1 N⌋)q ∗ ⌉

+⌈⌊d2 N⌋(1 − q ∗ )⌉

+⌈(2N − ⌊d2 N⌋)q ∗ ⌉

+⌈(2N − ⌊d2 N⌋)(1 − q ∗ )⌉

+⌈(2N − ⌊d2 N⌋)q ∗ ⌉

∗

4

⌈(2N − ⌊d1 N⌋)q ∗ ⌉

+⌈(2N − ⌊d2 N⌋)q ⌉

∗

3

⌈(2N − ⌊d1

∗

Ω(P P )

N⌋)q ∗ ⌉

+⌈(2N − ⌊d1 N⌋)q ⌉

∗

2

⌈(2N − ⌊d1

∗

Ω(RP )

N⌋)q ∗ ⌉

∗

∗

∗

⌈(2N − ⌊d1 N⌋)(1 − q )⌉

⌈(2N − ⌊d2 N⌋)q ⌉

+⌈⌊d1 N⌋(1 − q ∗ )⌉

+⌈(2N − ⌊d2 N⌋)q ∗ ⌉

∗

+⌈(2N − ⌊d2 N⌋)q ⌉

⌈(2N − ⌊d2 N⌋)q ∗ ⌉

⌈(2N − ⌊d2 N⌋)q ⌉

∗

+⌈(2N − ⌊d1 N⌋)(1 − q )⌉

+⌈(2N − ⌊d1 N⌋)q ∗ ⌉
∗

+⌈(2N − ⌊d2 N⌋)(1 − q )⌉

+⌈(2N − ⌊d2 N⌋)q ∗ ⌉
+⌈(2N − ⌊d1 N⌋)q ∗ ⌉

Table 3.5: The costs for the minimum-cost transition trees in Case 1a

k = 1 Ω(RO) → Ω(RP ) → Ω(P O) Ω(RO) → Ω(RP ) ← Ω(P O)
C(·)

1 + ⌈(2N − ⌊d2 N⌋)q ∗ ⌉

k = 2 Ω(OR) → Ω(P R) → Ω(OP ) Ω(OR) → Ω(P R) ← Ω(OP )
C(·)

1 + ⌈(2N − ⌊d1 N⌋)q ∗ ⌉

Ω(P O) → Ω(RO) ← Ω(RP )

1 + ⌈(2N − ⌊d2 N⌋)(1 − q ∗ )⌉ ⌈2N(1 − q ∗ )⌉ + ⌈⌊d2 N⌋(1 − q ∗ )⌉
Ω(OP ) → Ω(OR) ← Ω(P R)

1 + ⌈(2N − ⌊d1 N⌋)(1 − q ∗ )⌉ ⌈2N(1 − q ∗ )⌉ + ⌈⌊d1 N⌋(1 − q ∗ )⌉

Table 3.6: The minimum-cost transition trees and their costs in Case 1c.
the direction of the arrow between Ω(OP ) and Ω(P O) in the Ω(P O)-tree
above. Therefore, the minimum cost of this Ω(OP )-tree is also 3. Hence,
the element in Ω(OP ) is a LRE as well.
Nevertheless, if N is large enough, it is not possible to complete the
transition from either Ω(P O) or Ω(OP ) to either Ω(RO) or Ω(OR) by one
mutant. Hence, the minimum cost of any Ω(RO)- or Ω(OR)-tree must be
larger than 3. Therefore, for N large enough, neither the element in Ω(RO)
nor that in Ω(OR) is a LRE.
We combine all the cases together and consider the situation where N is
large enough. The condition of a large N smooths the integer problems, and
provides clear-cut predictions of LRE in the main part of the (d1 , d2 )-space.
Denote Ψ(dk ) = 2 −

1−q ∗
q ∗ dk

for k = 1, 2. Let η > 0, denote

A1 (η) = {(d1 , d2 )|d1 ≤ Ψ(d2 ) − η, d2 ≤ Ψ(d1 ) − η}
A2 (η) = {(d1 , d2 )|d1 ≥ Ψ(d2 ) + η, d1 ≥ d2 + η}
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A3 (η) = {(d1 , d2 )|d2 ≥ Ψ(d1 ) + η, d1 ≤ d2 − η}
V (η) = [1, 2]2 \ (A1 (η) ∪ A2 (η) ∪ A3 (η))

Note that V (η) is vanishing as η decreases: V (η) will shrink to the empty
set as η → 0.
Theorem 3.1. Let h ≥ r. For any η > 0, there exists an integer N̄ , such
that for all N > N̄ , there exist clear-cut LRE for each (d1 , d2 ) ∈
/ V (η); the

LRE are as follows:

(1) the elements in Ω(RR), if (d1 , d2 ) ∈ A1 (η);
(2) the element in Ω(RP ), if (d1 , d2 ) ∈ A2 (η); and
(3) the element in Ω(P R), if (d1 , d2 ) ∈ A3 (η).
The LRE in V (η) are less clear-cut. Multiple LRE may exist. However,
it is still possible to provide a result in this “vanishing” area. We need
this result to look for NE in Stage 1. First, we split the vanishing area in
sub-regions as follows (see Figure 3.2).
Va (η) = V (η) ∩ {(d1 , d2 )|d1 ≥ d2 + η, d2 ≤ Ψ(d1 ) − η}
Vb (η) = V (η) ∩ {(d1 , d2 )|d1 ≤ d2 − η, d1 ≤ Ψ(d2 ) − η}
Vc (η) = {(d1 , d2 )|d1 ≥ 2 − η, d2 ≥ 2 − η}
Vd (η) = V (η) ∩ {(d1 , d2 )|d1 ≥ Ψ(d2 ) + η, d2 ≥ Ψ(d1 ) + η} \ Vc (η)
Ve (η) = V (η) \ (Va (η) ∪ Vb (η) ∪ Vc ∪ Vd (η))
Proposition 3.6. Let h ≥ r. For any η > 0, there exists an integer N̄ ,
such that for all N > N̄ , if (d1 , d2 ) ∈ V (η), the LRE form a subset of
(1) Ω(RP ) ∪ Ω(RR) if (d1 , d2 ) ∈ Va (η);
(2) Ω(P R) ∪ Ω(RR) if (d1 , d2 ) ∈ Vb (η);
(3) Ω(P R)∪Ω(RP )∪Ω(OP )∪Ω(P O)∪Ω(P P ) if (d1 , d2 ) ∈ Vc (η)\{(2, 2)};
(4) Ω(P R) ∪ Ω(RP ) if (d1 , d2 ) ∈ Vd (η); and
(5) Ω(P R) ∪ Ω(RP ) ∪ Ω(RR) if (d1 , d2 ) ∈ Ve (η).
(6) Further, the LRE are the elements in Ω(P P ) if d1 = d2 = 2.
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d1

Vc (η)

2
A2 (η) Ω(RP )
Vd (η)
Va (η)
Ve (η)

A3 (η)
A1 (η)

Vb (η)

Ω(P R)

Ω(RR)

(1, 1)

2 d2

Figure 3.2: A graphic illustration of the LRE for h ≥ r.

Case 2. h < r
As argued in Appendix II, if h < r, the minimum-cost transitions from an
absorbing set with co-existence of conventions to the an absorbing set with
global coordination on the risk-dominant equilibrium (i.e. Ω(P R) or Ω(RP )
to Ω(RR) or Ω(RO) or Ω(OR)) may be different from those where h ≥ r.

There are two candidates for minimum-cost transition procedures for

each of the transitions mentioned above. We have discussed them in the
symmetric case in Section 3.2.2. Suppose k is the location where individuals
play P . The first candidate is to have a proportion of at least 1 − q ∗ Rmutants in location k, which immediately moves the dynamics to global

coordination on R. We refer to this type of transition procedures as TP1.
Their cost is
⌈dk N (1 − q ∗ )⌉.
Another candidate is to have at least a proportion of 1− q̂ players in location
k mutate to R, so that myopic best response would suggest that all individuals who have an opportunity to relocate would move to location ℓ 6= k and
play R, and all the individuals who cannot relocate would remain in loca96
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tion k and play P . Hence, another ⌈(2N − ⌊dℓ N ⌋)(1 − q ∗ )⌉ R-mutants are

required in location k to complete the transition. The cost of this transition
procedure, denoted as TP2, is
⌈⌊dk N ⌋(1 − q̂)⌉ + ⌈(2N − ⌊dℓ N ⌋)(1 − q ∗ )⌉
The cost of TP2 is smaller than that of TP1 if and only if
dℓ > 2 −

∆ℓ (d1 , d2 )
q ∗ − q̂
dk +
, for k = 1, 2, k 6= j
1 − q∗
N

(3.10)

This condition divides the (d1 , d2 )-space into four areas. These are the area
where condition (3.10) holds for both k = 1, 2, the areas where it holds
either for k = 1 or k = 2, and the area where it holds for neither k = 1 nor
k = 2. Clearly, in the last area, all the results in the case h ≥ r hold. In the

other three areas, one can compare the minimum-cost transition trees for
different absorbing sets, and then find the LRE. We find that the prediction
of LRE depends on the value of q̂.
Let Υ(dk ) = 2 −

1−q̂
2q ∗ −1 dk ,

for k = 1, 2. For any η > 0, denote

B1 (η) = {(d1 , d2 )|d1 ≤ Υ(d2 ) − η, d2 ≤ Υ(d1 ) − η}
B2 (η) = {(d1 , d2 )|d1 ≥ Υ(d2 ) + η, d1 ≥ d2 + η}
B3 (η) = {(d1 , d2 )|d2 ≥ Υ(d1 ) + η, d1 ≤ d2 − η}
U (η) = [1, 2]2 \ (B1 (η) ∪ B2 (η) ∪ B3 (η))

Similarly to the analysis of the case h ≥ r, this splits the (d1 , d2 )-space in
three main areas. U (η) is vanishing as η decreases: it will shrink to the
empty set as η → 0.
Theorem 3.2. Let h < r. For any η > 0, there exists an integer N̄ , such
that for all N ≥ N̄ ,
(1) if q̂ > 1/q ∗ −2+2q ∗ , there exist clear-cut LRE for each (d1 , d2 ) ∈
/ U (η);
the LRE are as follows:

(1.1) the elements in Ω(RR), if (d1 , d2 ) ∈ B1 (η);
(1.2) the element in Ω(RP ), if (d1 , d2 ) ∈ B2 (η); and
(1.3) the element in Ω(P R), if (d1 , d2 ) ∈ B3 (η).
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(2) if q̂ ≤ 1/q ∗ − 2 + 2q ∗ , the LRE are the same as stated in Theorem 3.1.
Theorem 3.2 says that in the case where h < r, if q̂ is small, implying
that the payoff of the risk-dominant equilibrium is low, the prediction of the
LRE is the same as the case where h ≥ r. However, if q̂ is large, i.e. the

payoff of the risk-dominant equilibrium is close to that of the Pareto-efficient

equilibrium, then the transition towards Ω(RR) requires less mutant than
in the case where h ≥ r. Therefore, it is more likely than the case h ≥ r

that the elements in Ω(RR) will be selected in the long run.

The LRE in the vanishing area may not be unique. For any η > 0,
denote
Ua (η) = Q(η) ∩ {(d1 , d2 )|d1 ≥ d2 + η, d2 ≤ Υ(d1 ) − η}
Ub (η) = Q(η) ∩ {(d1 , d2 )|d1 ≤ d2 − η, d1 ≤ Υ(d2 ) − η}
Uc (η) = Vc (η)
Ud (η) = Q(η) ∩ {(d1 , d2 )|d1 ≥ Υ(d2 ) + η, d2 ≥ Υ(d1 ) + η} \ Uc (η)
Ue (η) = Q(η) \ (Qa (η) ∪ Qb (η) ∪ Uc (η) ∪ Ud (η))
Proposition 3.7. Let h < r. For any η > 0, there exists an integer N̄ ,
such that for all N > N̄ ,
(1) if q̂ > 1/q ∗ − 2 + 2q ∗ , for (d1 , d2 ) ∈ U (η), the LRE form a subset of
(1.1) Ω(RP ) ∪ Ω(RR) if (d1 , d2 ) ∈ Ua (η);
(1.2) Ω(P R) ∪ Ω(RR) if (d1 , d2 ) ∈ Ub (η);
(1.3) Ω(P R) ∪ Ω(RP ) ∪ Ω(OP ) ∪ Ω(P O) ∪ Ω(P P ) if (d1 , d2 ) ∈ Uc (η) \
{(2, 2)};

(1.4) Ω(P R) ∪ Ω(RP ) if (d1 , d2 ) ∈ Ud (η); and
(1.5) Ω(P R) ∪ Ω(RP ) ∪ Ω(RR) if (d1 , d2 ) ∈ Ue (η).
(1.6) Further, the LRE are the elements in Ω(P P ) if d1 = d2 = 2.
(2) if q̂ ≤ 1/q ∗ − 2 + 2q ∗ , for (d1 , d2 ) ∈ V (η), the LRE are the same as in
Proposition 3.6.

3.3.3

Nash Equilibria in Stage 1

The social planners in both locations are rational. They have perfect information about the learning dynamics, and can accurately predict the long-run
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consequences affected by the capacity and mobility constraints of both locations. Hence, given the knowledge of how these constraints will influence the
long-run consequences, each planner makes a one-shot decision on these constraints (ck , pk ) ∈ [1, 2] × [0, 1] of his own location to achieve the particular

objective that he is pursuing.

It is often the case that governments or firm managers set policies to
realize long-term goals. A government may implement a policy to stimulate
the economy in order to, say, triple the GDP per capita in several decades.
A firm manager may adopt a certain strategy to achieve the goal of, for
instance, becoming one of top three in the industry over the course of the
next few years. Hence, as in Alós-Ferrer, Kirchsteiger, and Walzl (2010),
it is reasonable to focus on the planners’ payoffs associated with the limit
invariant distribution of the learning dynamics.
To analyze the interaction of the planners, we use an approach similar to
backward induction. Knowing the effect of capacity and mobility constraints
on the long-run consequences, the planners choose a strategy to optimize a
certain objective function.
We consider two scenarios here. In the first one, the social planners are
only concerned with the expected payoff per person in their locations. We
show that there is a set of Nash equilibria, corresponding to either global coordination on the risk-dominant equilibria or the co-existence of conventions
in the long run. In the second scenario, we consider the possibility that the
planners care about scale as well as efficiency. In this case, the planners may
completely restrict the mobility of the residents, hence leading the dynamics
to a profile where each location has the identical number of individuals who
play the risk-dominant strategy.
Planners only care about efficiency
If the social planners only care about efficiency in the long run, only the
average expected payoff in their own location in the LRE matters. For any
state ω = (q1 , q2 , n1 ), denote location k’s social welfare in state ω as
πk (ω) = qk Π(P, (qk , 1 − qk )) + (1 − qk )Π(R, (qk , 1 − qk ))
≡ Π((qk , 1 − qk ), (qk , 1 − qk )),
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for k = 1, 2. Let nk (ω) be the number of individuals in location k in state
ω. It is natural to assume that, if a location k has no individual, then the
social welfare of location k is zero. That is, if nk (ω) = 0, then πk (ω) = 0.
The limit invariant distribution µ∗ is a function of the capacity and
mobility constraints. Hence, we have µ∗ ((c1 , p1 ), (c2 , p2 )) ∈ Σ(Ω), where
Σ(Ω) is the set of probability distributions over Ω. Then, we can define the
long-run social welfare function of location k = 1, 2 as
WkE ((c1 , p1 ), (c2 , p2 )) =

X

µ∗ ((c1 , p1 ), (c2 , p2 ))(ω)πk (ω),

(3.12)

ω∈Ω

where µ∗ ((c1 , p1 ), (c2 , p2 ))(ω) is the probability of ω in the limit invariant
distribution given (c1 , p1 ) and (c2 , p2 ).
We consider two new alternative partitions of the (d1 , d2 )-space as follows
∗
(see Figure 3.3). Let d∗ = 2q ∗ , d˜ = 2(2q∗ −1) , and, for any η > 0,
2q −q̂

D1 (η) = {(d1 , d2 )|d1 ≥ Ψ(d2 ) + η, d2 ≤ d∗ − d∗ η}
D2 (η) = {(d1 , d2 )|d2 ≥ Ψ(d1 ) + η, d1 ≤ d∗ − d∗ η}
D3 (η) = {(d1 , d2 )|d1 ≥ d∗ + d∗ η, d2 ≥ d∗ + d∗ η}
˜
G1 (η) = {(d1 , d2 )|d1 ≥ Υ(d2 ) + η, d2 ≤ d˜ − dη}
˜
G2 (η) = {(d1 , d2 )|d2 ≥ Υ(d1 ) + η, d1 ≤ d˜ − dη}
˜ d2 ≥ d˜ + dη}
˜
G3 (η) = {(d1 , d2 )|d1 ≥ d˜ + dη,

Theorem 3.3. For h ≥ r or q̂ ≤ 1/q ∗ − 2 + 2q ∗ , for any η > 0, there exists

an integer N̄ , such that for all N ≥ N̄ ,

(1.1) any (d1 , d2 ) ∈ (A1 (η) ∪ D1 (η) ∪ D2 (η)) corresponds to at least one NE;
and

(1.2) if (d1 , d2 ) ∈ D3 (η), there is no NE corresponding to (d1 , d2 ).
For h < r and q̂ > 1/q ∗ − 2 + 2q ∗ , for any η > 0, there exists an integer N̄ ,
such that for all N ≥ N̄ ,

(2.1) any (d1 , d2 ) ∈ (B1 (η) ∪ G1 (η) ∪ G2 (η)) corresponds to at least one NE;
and

(2.2) if (d1 , d2 ) ∈ G3 (η), there is no NE corresponding to (d1 , d2 ).
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d1
2
D1 (η)

D3 (η)

A1 (η)

D2 (η)

(1, 1)

2 d2

Figure 3.3: A graphical illustration of Theorem 3.3 for h ≥ r or q̂ ≤
1/q ∗ − 2 + 2q ∗ .

To maximize the average expected payoff in his location, each planner
would need to choose a strategy (ck , pk ), k = 1, 2 which leads to a (d1 , d2 )
stated in (1.1) or (2.1) in the theorem such that either the co-existence of
conventions or global coordination on the risk-dominant equilibrium will be
selected as stochastically stable. If the effective capacities (dk ) for both
locations are small in an equilibrium, individuals in both locations would
coordinate on the risk-dominant equilibrium in the long run. If the effective
capacity of one location is small and that of the other location is large, the
individuals in the location with a small effective capacity will coordinate on
the Pareto-efficient equilibrium, while those in the location with a large effective capacity will coordinate on the risk-dominant equilibrium. The latter
result is interesting, since it shows how two social planners with the same
objective function in two initially identical locations may choose different
strategies and end up with different profiles in each location in the long run.
It also provides a new explanation to a commonly observed phenomenon in
everyday life: it is easier to achieve efficient coordination in a small group
than in a large one.
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Another remarkable finding is that, having large effective capacities in
both locations simultaneously will not be stable. If such a thing were to
occur, the LRE would be either the co-existence of conventions or global
coordination on the Pareto-efficient equilibrium. However, the planner in
the location with weakly lower social welfare would always have an incentive
to decrease the effective capacity of his location. The set of (d1 , d2 ), which
does not correspond to any Nash equilibrium, covers two situations: the
case there are no capacity and mobility constraints as in Ely (2002); and
the case where both locations have large and identical capacity and mobility
constraints. This latter case leads to the co-existence of conventions in the
long run, as in Anwar (2002). Hence, with endogenous capacity and mobility
constraints, it is not possible to select global coordination on the Paretoefficient equilibrium. Additionally, for N large enough, a symmetric setting
of capacity and mobility constraints is unstable if it leads to the co-existence
of conventions in the long run.
The planners care about scale
In this part, we assume that the planners are concerned with the total
expected payoffs of the individuals in their locations. In some situations,
scale is an important concern. For example, a country with a large total
GDP attracts more attention and plays a more important role in global
economic activities, even if the GDP per capita of this country is still low. A
firm with a large scale has more influence on its respective industry, although
its performance may be less efficient. To reflect this concern, we denote the
long-run social welfare function of location k = 1, 2 as
WkS ((c1 , p1 ), (c2 , p2 )) =

X

µ∗ ((c1 , p1 ), (c2 , p2 ))(ω)[αnk (ω)πk (ω)+(1−α)πk (ω)],

ω∈Ω

(3.13)

where α ∈ (0, 1] models the intensity of planner k’s concern with the scale.
Theorem 3.4. For any η > 0, there exists an integer N̄ , such that for all
N ≥ N̄ ,
(1) d1 = d2 = 1 corresponds to at least one NE;
(2) there is no NE corresponding to (d1 , d2 ) ∈ [1, 2]2 \ ({(1, 1)} ∪ E(η)),

where E(η) = Ve (η) if h ≥ r or q̂ ≤ 1/q ∗ − 2 + 2q ∗ , and E(η) = Ue (η)
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if h < r and q̂ > 1/q ∗ − 2 + 2q ∗ .
What this theorem says is that, except for a small, vanishing area (whose
position depends on the parameters of the game), the only point in the
(d1 , d2 )-space which can correspond to a NE is (1, 1). Of course, in the vanishing area, there might be points that correspond to NE as well. However,
which point is a projection of NE crucially depends on the parameters of
the model. Hence we cannot provide a general result here.
Comparing this result with that of the case where the social planners
only care about efficiency, one can see a remarkable difference in the NE
of stage 1. Even if the planners are only slightly concerned with the scale
of the locations, this will destabilize the strategy profiles projected on the
(d1 , d2 )-space that are proven to be NE in the former case, except for those
projected on (1,1). For (d1 , d2 ) which corresponds to the co-existence of
conventions in the long run, the planner in the location with less efficient
coordination always has an incentive to decrease the effective capacity of
his location to change the LRE to global coordination on the risk-dominant
equilibrium. In such a way, the expected population in this location will
increase, hence, improving the social welfare. For (d1 , d2 ) which leads to the
selection of the elements in Ω(RR) in the long run, being afraid of losing
residents, the planner in location k = 1, 2 always has an incentive to increase
the mobility constraint pk to restrict out-migration. In the end, it reaches
a state where no individuals can move out of his current location, and they
will coordinate on the risk-dominant equilibrium in both locations in the
long run.

3.4

Conclusion

Real-life examples and a general perception in the literature of learning
in games suggest that, in a social-economic environment, policies interact
with social conventions. The behavior of an individual is not only regulated
by personal behavioral rules, but also restricted by public policies; and in
turn, the aggregate behavior of individuals in a society is a foremost concern
when social planners design policies to achieve certain objectives. However,
the exact mechanism and effect of this interaction has yet to be thoroughly
investigated in a formal way. The intention of this paper is thus to explicitly
model rational policy-making in the context of learning in games.
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Within a theoretical framework, this task is about endogenizing parameters reflecting policy concerns. Hence, we introduce social planners into our
model and let them set these parameters. To capture the fact that, in reality, policy-makers, compared with the common individuals, are usually much
more far-sighted, have more access to information, and can use information
efficiently to achieve their objectives, we assume that the policy-makers are
rational, while the common individuals are boundedly rational, which gives
rise to a model of “asymmetric rationality”. The policy-makers make decisions first, with perfect knowledge of the effect of different policies on the
future of the whole society, and the common individuals take the policy as
given and establish social conventions through a learning dynamics. To our
knowledge, this is one of the few works that explores the interactions among
individuals with different rationality levels.
Clearly, the objective of social planners has a significant effect on shaping
social conventions. In the context of our location model, we investigate two
different objective functions. In the first one, the efficiency of coordination
in respective locations is the only concern of policy makers. In this case,
multiple NE exist, however, a set of symmetric policy arrangements exogenously given in Ely (2002) and Anwar (2002) are not stable. The second
objective function is concerned with both scale and efficiency. An interesting
finding is that, as long as the policy makers care about scale, even if only a
little, this will have the effect that most of the profiles of policy parameters
will be unstable. It is very likely that the planners will completely restrict
the mobility of the residents and this will lead to the coordination on the
less efficient equilibrium in the long run. Hence, our work puts to test the
validity of the assumptions of policy constraints that have appeared in the
related literature, and also demonstrates how slight policy adjustments may
change the long-run consequences dramatically.
There are many situations in social and economic activities where individuals with different rationality levels interact with each other. Hence,
in our opinion, further research should focus on developing more realistic
models to analyze such interactions in different contexts. A deeper understanding of these issues will allow us to obtain better insights into the
consequences of the interactions among heterogenous individuals in reality.
This paper takes a step forward by illustrating that policies interact with
social conventions in a nontrivial way, hence, it is necessary to explicitly
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treat policy parameters and their optimality as important factors for the
establishment of social conventions in an organized society.

Appendix I. The absorbing sets of the unperturbed
dynamics
Proof of Lemma 3.2. We show that all the sets listed in lemma 3.2 are
absorbing, i.e. once they are there, the dynamics will remain there forever,
and all the other states are transient, i.e. there is a positive probability
that the dynamics will never move back to them. Suppose, in period t, the
dynamics reaches an arbitrary state ω. Let (k∗ , s∗ ) be a myopic best reply
to ω for the individuals who can relocate. Hence, a myopic best reply for
the individuals who are currently located in k∗ and cannot relocate is s∗ .
Denote s′ a myopic best reply to ω for those who are not in location k∗
and cannot relocate. Then, with a positive probability, the individuals in
location ℓ∗ 6= k∗ who can relocate will move to location k∗ and play s∗ , while
those residing in location ℓ∗ who cannot relocate will play s′ . The players

in location k∗ will remain there and play s∗ . Hence, in t + 1, individuals in
location k∗ will coordinate on s∗ , while those in location ℓ∗ will coordinate
on s′ .
Case I.1: ⌊dk N ⌋ < 2N − 1 for all k ∈ {1, 2}. If s∗ = s′ , in t + 2, all the

players will play the same strategy and randomly choose their locations if
such an opportunity arises. This corresponds to the set Ω(RR) or Ω(P P ).
They are absorbing, because (R, R) and (P, P ) are Nash equilibria. Once
the dynamics reaches any one of the states in the set Ω(RR)(Ω(P P )), myopic best reply will always lead players to play R (P ), and randomize their
location choices given the capacity and mobility constraints.
If s∗ 6= s′ , players in one location k ∈ {1, 2} must coordinate on P . Then,

all the players in the other location who have an opportunity to relocate will

move to location k and play P until the population in location k reaches
⌊dk N ⌋. This corresponds to Ω(P R) or Ω(RP ). Once there, myopic best
reply will lead all the P -players to stay in the current location and play P .
The R-players would have an incentive to move to the other location and
play P , but are not allowed because of the constraints. Hence, they will
play R in their current location.
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Case I.2: ⌊dk N ⌋ = 2N − 1 and ⌊dℓ N ⌋ < 2N − 1, k, ℓ ∈ {1, 2}, k 6= ℓ.

Consider the case where k = 1. If the individuals in location 1 coordinate

on R and those in location 2 coordinate on P , the dynamics will move to
Ω(RP ) and remain there forever as explained in Case 1.
If s∗ = s′ = R, the dynamics will move to the set Ω(RR). Then, with a
positive probability, the dynamics will move to a state in Ω(RR) where there
is only one individual in location 2, who will play R. In the next period, this
player will randomize his strategy in the current location. With a positive
probability he will play P , and then the dynamics will move to Ω(RP ) and
remain there forever.
If s∗ = s′ = P , the dynamics will first move to the set Ω(P P ). In this
set, once the state where only one individual is in location 2 is reached, the
player in location 2 will randomize his strategy. Hence, the dynamics must
either remain in Ω(P P ) or move to Ω(P R). If the dynamics moves to state
Ω(P R), there are 2N − 1 players in location 1 and one player in location 2.
Hence, the payoff of the player in location 2 is zero regardless of his choice,

and he will randomize his strategy. Hence, the dynamics must either remain
at Ω(P R) or move to Ω(P P ). Therefore, the set Ω(P R, P P ) consisting of
Ω(P R) and Ω(P P ) is absorbing.
Similarly, if the individuals in location 1 coordinate on P and those
in location 2 coordinate on R, the dynamics will move to Ω(P R, P P ) and
remain there forever.
The argument is symmetric for the case with k = 2.
Case I.3: ⌊dk N ⌋ = 2N − 1 for k = 1, 2. If s∗ = s′ = R, the dynamics

will move to Ω(RR). Then, with a positive probability, the dynamics will
move to a state where there is only one individual playing R in one location.

After that, this R-player will randomize his strategy. Hence, with a positive
probability, the dynamics will move to Ω(RP ) or Ω(P R), and never come
back to Ω(RR). In the singleton set Ω(RP ) or Ω(P R), the R-player is the
single individual in his location. Therefore, he will randomize his strategy.
As a result, the dynamics must either remain at the current state or move to
Ω(P P ). If the dynamics moves to Ω(P P ), with a positive probability, it can
reach a state where there is a single player in a location playing P . Then,
this player will randomize his strategy, hence leading the dynamics either to
remain, or to move to Ω(P R) or Ω(RP ). Hence, the unique absorbing set is
Ω(P R, P P, RP ).
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Case I.4: dk = 2 and ⌊dℓ N ⌋ < 2N −1. If s∗ = s′ , with a positive probability,

all the players will move to location k and play s∗ . Once there, the dynamics
will remain there forever. This corresponds to Ω(P O) or Ω(RO) for d1 = 2,
or Ω(OP ) or Ω(OR) for d2 = 2. If s∗ 6= s′ , individuals will coordinate on P

in one location, and R in the other location. If the individuals in location k
coordinate on P , while those in location ℓ coordinate on R, all the players
in location ℓ will move to k and play P . If the individuals in location k
coordinate on R, while those in location ℓ coordinate on P , the dynamics
will remain there forever. Therefore, the absorbing sets in this case are
Ω(P O), Ω(RO) and Ω(RP ).
Case I.5: dk = 2 and ⌊dℓ N ⌋ = 2N − 1. If s∗ = s′ , players in both locations

coordinate on the same equilibrium. Then, with a positive probability, all
the players will reside in location k and coordinate on the same equilibrium.
If the individuals in location k play P , while those in location ℓ play R, all
the players in location ℓ will move to location k and play P , and then the
dynamics will stay there forever. If the individuals in location k play R, while
those in location ℓ play P , note that the R-player is the single individual
location k, hence, in the next period, he will randomize his strategy. With a
positive probability, he will play P , and then the dynamics will come to the
state where all the individuals reside in location k and play P , and remain
there forever. Hence, the absorbing sets are Ω(P O) and Ω(RO) for d1 = 2,
or Ω(OP ) and Ω(OR) for d2 = 2.
Case I.6: d1 = d2 = 2. Similarly to Case I.5, if s∗ = s′ , all the players will
move to one location and coordinate on s∗ . If s∗ 6= s′ , all the players will

move to the location with P -players and play P . Once there, the dynamics
will stay there forever. Hence, the absorbing sets in this case are Ω(RO),
Ω(P O), Ω(OR) and Ω(OP ).



Proof of Lemma 3.1. If both locations have identical capacity and mobility constraints, we have d1 = d2 = d. Clearly, all the corresponding
arguments and results in the proof of Lemma 3.2 hold for this particular
case. As a result, we obtain the statements in Lemma 3.1.
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Appendix II. The basic minimum-cost transitions
among the absorbing sets
Case II.1: ⌊d1 N ⌋, ⌊d2 N ⌋ < 2N − 1
Ω(P R)(Ω(RP )) → Ω(P P ).

Consider Ω(P R) → Ω(P P ). In the set Ω(P R),

the R-players in location 2 would have an incentive to move to location 1
and play P , but are not allowed to because of the capacity and mobility

constraints. Hence, the only way to reach Ω(P P ) is to have enough P players in location 2 such that the share of the P -players is weakly larger
than q ∗ . Then, it is not possible to complete the transition with less than
⌈(2N − ⌊d1 N ⌋)q ∗ ⌉ mutants, because ⌈2N − ⌊d1 N ⌋⌉ is the minimum population in location 2. Note that in state Ω(P R) the population in location

2 is exactly 2N − ⌊d1 N ⌋. Hence, the minimum cost for this transition is
⌈(2N − ⌊d1 N ⌋)q ∗ ⌉. Similarly, the minimum cost for the transition from
Ω(RP ) to Ω(P P ) is ⌈(2N − ⌊d2 N ⌋)q ∗ ⌉.
Ω(P P ) → Ω(P R)(Ω(RP )).

The argument is analogous to that for the

transitions above. Consider the transition from Ω(P P ) to Ω(P R). The
only possibility to complete the transition is to have enough R-players in
location 2 such that the share of the R-players is weakly larger than 1 − q ∗ .

Any transition with less than ⌈(2N − ⌊d1 N ⌋)(1 − q ∗ )⌉ R-mutants cannot be

successful, because the minimum population in location 2 is 2N − ⌊d1 N ⌋. In

the absorbing set Ω(P P ), n2 ∈ [2N − ⌈d1 N ⌉, ⌈d2 N ⌉]. Hence, one can pick a
state in Ω(P P ) such that the population in location 2 is exactly 2N −⌊d1 N ⌋,
and then having ⌈(2N − ⌊d1 N ⌋)(1 − q ∗ )⌉ R-mutants in location 2 leads to
a successful transition. Similarly, for the transition from Ω(P P ) to Ω(RP ),
the minimum cost for the transition is ⌈(2N − ⌊d2 N ⌋)(1 − q ∗ )⌉.
Ω(RR) → Ω(P R)(Ω(RP )).

A similar argument holds here. Consider the

transition from Ω(RR) to Ω(P R). The only possibility to complete the
transition is to have enough P -players in location 1 such that the share of
the P -players is weakly larger than q ∗ . We claim that any transition with
less than ⌈(2N − ⌊d2 N ⌋)q ∗ ⌉ mutants cannot be successful, since the mini-

mum population in location 1 is 2N − ⌊d2 N ⌋. In the absorbing set Ω(RR),
n1 ∈ [2N − ⌊d2 N ⌋, ⌊d1 N ⌋]. Hence, one can pick a state in Ω(RR), such that
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the population in location 1 is exactly 2N − ⌊d2 N ⌋, then ⌈(2N − ⌊d2 N ⌋)q ∗ ⌉

mutants can complete the transition. Similarly, to have a successful transi-

tion from Ω(RR) to Ω(RP ), at least ⌈(2N −⌊d1 N ⌋)q ∗ ⌉ mutants are required.
Ω(P R)(Ω(RP )) → Ω(RR).

This situation is more complex than the tran-

sitions above. Consider the transition from Ω(P R) to Ω(RR). To have a
successful transition, the population share of the R-players in location 1
has to be weakly larger than 1 − q ∗ . Hence, any transition with less than
⌈(2N − ⌊d2 N ⌋)(1 − q ∗ )⌉ mutants cannot be successful.

There are only three ways to move players from location 1 to location 2.

The first one is to have mutants in location 1 who directly move to location
2 and play P . Denote nP the number of those mutants in location 1. Then,
a successful transition requires at least nP +⌈(⌊d1 N ⌋−nP )(1−q ∗ )⌉ mutants,

which has the minimum when nP = 0.

The second one is to have enough R-players in location 1 such that the
share of the R-players is weakly larger than ⌈⌊d1 N ⌋(1 − q̂)⌉. If h ≥ r,

q ∗ ≥ q̂. Then, ⌈⌊d1 N ⌋(1 − q̂)⌉ ≥ ⌈⌊d1 N ⌋(1 − q ∗ )⌉. Hence, this transition

cannot lead to the minimum cost. If h < r, q ∗ < q̂. After the mutations
above, the R-players in location 2 have the globally highest payoff and the
P -players in location 1 have the locally highest payoff. Hence, the best
response for the players in location 1 is to move to location 2 and play R
until the population in location 2 reaches ⌊d2 N ⌋. Those who cannot relocate

in location 1 would have an incentive to play P . To prevent them from
playing P , let another ⌈(2N − ⌊d2 N ⌋)(1 − q ∗ )⌉ R-mutants occur in location

1. The dynamics is then moved from Ω(P R) to Ω(RR). The transition
requires ⌈⌊d1 N ⌋(1 − q̂)⌉ + ⌈(2N − ⌊d2 N ⌋)(1 − q ∗ )⌉ mutants in total.
The last one is the combination of the two ways above. That is, to have

nP mutants in location 1 directly moving to location 2 and playing R, and
then have ⌈(⌊d1 N ⌋−nP )(1− q̂)⌉ R-mutants in location 1. Afterwards, let another ⌈(2N − ⌊d2 N ⌋)(1− q ∗ )⌉ R-mutants occur in location 1. This transition

procedure has the minimum cost when nP = 0, giving the same transition
cost as the second procedure. To summarize, if h ≥ r, the minimum cost
for this transition is ⌈(⌊d1 N ⌋)(1 − q ∗ )⌉; if h < r, the minimum cost is either

⌈⌊d1 N ⌋(1 − q ∗ )⌉ or ⌈⌊d1 N ⌋(1 − q̂)⌉ + ⌈(2N − ⌊d2 N ⌋)(1 − q ∗ )⌉, depending on

the parameter configurations. The analysis is similar for the transition from
Ω(RP ) to Ω(RR).
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In the end, we show that direct transition from Ω(RR) to Ω(P P ) costs
at least as much as indirect transitions through Ω(P R) or Ω(RP ). Consider a direct transition from Ω(RR) to Ω(P P ). A direct transition requires ⌈n1 q ∗ ⌉ + ⌈n2 q ∗ ⌉ ≥ ⌈2N q ∗ ⌉ mutations to occur. Then, both locations

will simultaneously change to coordinate on P . The cost for the transition
through, say, Ω(P R) is ⌈(2N − ⌊d2 N ⌋)q ∗ ⌉ + ⌈(2N − ⌊d1 N ⌋)q ∗ ⌉ ≤ ⌈2N q ∗ ⌉,

which is smaller than the direct transition. Hence, in any Ω(P P )-tree ,

c(Ω(RR), Ω(P P )) > c(Ω(RR), Ω(P R)) + c(Ω(P R), Ω(P P )). In any Ω(P R)
or Ω(RP )-tree, c(Ω(RR), Ω(P P ))+ c(Ω(P P ), Ω(P R) (Ω(RP ))) > c(Ω(RR),
Ω(P R) (Ω(RP ))) +c(Ω(P P ), Ω(P R) (Ω(RP ))). Therefore, no minimumcost transition tree would involve the direct transition from Ω(P P ) to Ω(P R).
A similar argument holds for the reverse transition and the transition between Ω(P R) and Ω(RP ).
Case II.2: ⌊dk N ⌋ = 2N − 1 and ⌊dℓ N ⌋ < 2N − 1, k, ℓ ∈ {1, 2}, k 6= ℓ.

Consider the case where k = 1. There are two absorbing sets: Ω(RP )
and Ω(P R, P P ). The minimum cost transition from Ω(RP ) to Ω(P R, P P )
is to move the dynamics to the absorbing set Ω(P P ), because, as argued
above, the transition from Ω(P R) to Ω(RP ) always costs more. Hence, the
minimum cost for this transition is ⌈(2N − ⌊d2 N ⌋)q ∗ ⌉ as explained in Case

II.1. Similarly, the transition from Ω(P R, P P ) to Ω(RP ) requires at least

⌈(2N − ⌊d2 N ⌋)(1 − q ∗ )⌉ mutants. If k = 2, the results are analogous. The

transition from Ω(P R) to Ω(RP, P P ) requires at least ⌈(2N − ⌊d1 N ⌋)q ∗ ⌉
mutants, and the reverse transition requires at least ⌈(2N − ⌊d1 N ⌋)(1 − q ∗ )⌉

mutants.

Case II.3: dk = 2 and ⌊dℓ N ⌋ < 2N − 1, k, ℓ ∈ {1, 2}, k 6= ℓ. Consider
the case where k = 1. There are three absorbing sets in this case, Ω(RO),

Ω(P O) and Ω(RP ).
Ω(RO) → Ω(RP ).

One mutant is enough for the transition. Let one player

move to location 2 and play P , then all the players in location 1 will move
to location 2 and play P . Those who cannot relocate will keep playing R in
location 1.
Ω(RP ) → Ω(RO).

To complete the transition, all the players in location 2

have to play R. Hence, this case is the same as the transition from Ω(RP )
to Ω(RR) in Case II.1. All the results in that case hold here.
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A successful transition requires all the players in lo-

cation 1 to play P . Hence, it is the same as the transition from Ω(RP )
to Ω(P P ) in Case II.1. Therefore, the minimum cost for this transition is
⌈(2N − ⌊d2 N ⌋)q ∗ ⌉.
Ω(P O) → Ω(RP ).

Any transition with less than ⌈(2N − ⌊d2 N ⌋)(1 − q ∗ )⌉

mutants cannot be successful, because the minimum population in location

1 is ⌈(2N − ⌊d2 N ⌋)⌉, and the population share of the R-players in location 1
required for a successful transition has to be larger than 1 − q ∗ . To complete
the transition by ⌈(2N − ⌊d2 N ⌋)(1 − q ∗ )⌉ mutants, the population in loca-

tion 1 has to be the minimum. However, without additional mutants, the
population in location 1 cannot decrease. Hence, ⌈(2N − ⌊d2 N ⌋)(1 − q ∗ )⌉

mutants cannot complete the transition. To have the minimum population in location 1, one mutant is needed. Let one mutant move to location 2 and play P . With a positive probability, the dynamics will move
to a state in Ω(P P ) where the population in location 1 is 2N − ⌊d2 N ⌋.

Then, let ⌈(2N − ⌊d2 N ⌋)(1 − q ∗ )⌉ mutants play R in location 1; the dynamics will move to Ω(RP ). Hence, the minimum cost for this transition is
1 + ⌈(2N − ⌊d2 N ⌋)(1 − q ∗ )⌉.
Ω(P O) → Ω(RO). To have a successful transition, the population share
of R players in location 1 has to be larger than 1 − q ∗ . Let nP be the

number of P -players who move to location 2. Then, the transition requires

nP + ⌈(2N − nP )(1 − q ∗ )⌉ mutants, which has the minimum when nP = 0.
Hence, the minimum cost for this transition is ⌈2N (1 − q ∗ )⌉.

Ω(RO) → Ω(P O).

Clearly, a direct transition requires at least ⌈2N q ∗ ⌉

mutants. Then, we show that the direct transition from Ω(RO) to Ω(P O)
costs more than an indirect transition through Ω(RP ). To have a successful
direct transition, the population share of the P players in location 1 has to
be larger than q ∗ . As argued above, the most efficient way is to directly have
⌈2N q ∗ ⌉ P -mutants in location 1. However, an indirect transition requires
1+⌈(2N −⌊d2 N ⌋)q ∗ ⌉, which is smaller than the cost for the direct transition.
Case II.4: dk = 2 and ⌊dℓ N ⌋ = 2N − 1. Consider first k = 1. There are two

absorbing sets, Ω(RO) and Ω(P O). One mutant is enough to complete the
transition from Ω(RO) to Ω(P O). Consider one player move to location 2
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and play P . Next period, all the players in location 1 will move to location 2
and play P , while the single player in location 2 will move to location 1 and
play R. After this period, there is only one player in location 1 and he cannot
move to location 2 because of the constraints, hence he will randomize his
strategy. With a positive probability, he will play P and all the players in
location 2 will move to location 1 and play P , which moves the dynamics to
Ω(P O).
To complete the transition in the reverse direction, the population share
of the R-players in location 1 must be at least 1 − q ∗ , and the players in
location 2, if any, must play R. Let nP the number of P -players who move

from location 1 to 2 and play R. The transition requires nP +⌈(2N −nP )(1−

q ∗ )⌉ mutants, which has the minimum when nP = 0. Hence, the minimum
cost for this transition is ⌈2N (1 − q ∗ )⌉. The results are similar for k = 2.
The analysis for this case gives the results in Table 3.6.

Case II.5: dk = 2 for all k = 1, 2. There are four absorbing sets, Ω(RO),
Ω(P O), Ω(OR) and Ω(OP ).
Ω(RO) → Ω(OP )(Ω(OR) → Ω(P O)).

One mutant is enough for this tran-

sition. Let one player move to location 2 and play P . In the next period,
this player will move back to location 1 and play R, while all the players
in location 1 will move to location 2 and play P . After this period, this
R-player in location 1 will move to location 2 and play P . Similarly, the
transition from Ω(OR) to Ω(P O) also requires only one mutant.
Ω(RO) ↔ Ω(OR)(Ω(P O) ↔ Ω(OP )).

One mutant is enough to complete

the transition. Consider Ω(RO) → Ω(OR) first. Let one player move to
location 2 and play R. In the next period, with a positive probability, all
the players in location 1 will move to location 2 and play R, and the single
player in location 2 will move to location 1 and play R. After this period,
with a positive probability, this player will move back to location 2 and play
R. The same argument holds for the transition in the reverse direction and
the transition between Ω(P O) and Ω(OP ).
Ω(P O) → Ω(RO)(Ω(OP ) → Ω(OR)).

As explained in Case II.3, the min-

imum cost for this transition is ⌈2N (1 − q ∗ )⌉.
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To have a successful transition, the proportion of the

P -players in location 1 has to be at least q ∗ . Hence, a direct transition
requires ⌈2N q ∗ ⌉ mutants. Consider an indirect transition through Ω(OP ).

As shown above, the transitions Ω(RO) → Ω(OP ) and Ω(OP ) → Ω(P O)
require one mutant respectively. Hence, the total cost is two. As long as N

is larger than 2, ⌈2N q ∗ ⌉ > 2. The same arguments hold for the transition
from Ω(OR) to Ω(OP ).

Ω(OP ) → Ω(RO). A direct transition requires 2N mutants. Since as long

as there is at least one P -player in location 2, all the R-players will be
attracted to location 2 and play P . Consider an indirect transition through
Ω(P O). Then the transition Ω(OP ) → Ω(P O) needs one mutant, and the

transition Ω(P O) → Ω(RO) entails ⌈2N (1 − q ∗ )⌉ mutants. Clearly, the cost
for the indirect transition is less than that of the direct transition.

An important finding is that, if ⌈dk N ⌉ ≤ 2N − 1 for both k = 1, 2, the

minimum-cost transitions share a common characteristic that mutants only
change their strategies, not their locations. Hence, in Anwar’s (2002) model
where ⌈dk N ⌉ ≤ 2N − 1 for both k = 1, 2, the minimum-cost transitions,

under the assumption that mutants randomize their strategies in their current locations, are the same as those under the assumption that mutants
randomly choose their strategies and locations.

Appendix III. Other Proofs
Proof of Proposition 3.2. The elements in Ω(P P ) will be selected in the
long run if and only if C(Ω(P P )) has the minimum cost among all the
absorbing sets. One can immediately obtain the condition using Table 3.2.

Proof of Proposition 3.3. The elements in Ω(RR) will be the LRE if and
only if C(Ω(RR)) ≤ C(Ω(P R)). Rearranging the inequality, one can obtain
d ≤ 2q ∗ +

∆A (d)
,
N

where ∆A (d) ∈ (−1, 2) is a function of d.
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To select the elements in Ω(P P ) as stochastically stable requires ⌊dN ⌋ =

2N − 1 or C(Ω(P R)) = C(Ω(P P )). The first equation can be rearranged as
d=2−

∆B (d)
,
N

(3.14)

where ∆B (d) ∈ (0, 1]. The second requirement can be presented as
d=2+

∆C (d)
,
N

(3.15)

where ∆C (d) has a negative lower bound and a positive upper bound.
Consider the function f (d) = 2q ∗ +

∆A (d)
N ,

(3.14) and (3.15). Let b1 be

the maximum of the absolute values among the lower bounds and upper
bounds of ∆A (d), ∆B (d) and ∆C (d). Then, the following conditions hold
simultaneously.
b1
≤ 2q ∗ + ∆AN(d)
N
b1
2−
≤ 2 − ∆BN(d)
N
b1
2−
≤ 2 + ∆CN(d)
N

2q ∗ −

≤ 2q ∗ +

b1
N

≤2
≤2+

(3.16)
(3.17)

b1
N

(3.18)

Hence, for any η > 0, there exist an integer N̄ > b1 /η, such that for all
N > N̄ ,

b1
N

< η, and hence,
∆A (d)
N
∆B (d)
N
∆C (d)
N

2q ∗ − η < 2q ∗ +
2−η <

2−

2−η <

2+

< 2q ∗ + η

(3.19)

<2

(3.20)

<2+η

(3.21)

Therefore, for any η > 0, there exist an integer N̄ , such that for all
N > N̄ ,
(1) the elements in Ω(RR) will be selected if d ≤ 2q ∗ − η;
(2) the elements in Ω(P R) and Ω(RP ) will be selected if 2q ∗ + η ≤ d ≤
2 − η.


Proof of Proposition 3.4. If c1 ≤ c2 , TP1 has the minimum cost for the

transition from Ω(P R) to Ω(RR). Hence, the elements in Ω(P P ) will be
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selected if and only if C(Ω(P P )) ≤ C(Ω(P P )) and C(Ω(P P )) ≤ C(Ω(RR)),

which implies ⌈(2N − ⌊dN ⌋)(1 − q ∗ )⌉ = ⌈(2N − ⌊dN ⌋)q ∗ ⌉ ≤ c1 . If c1 > c2 ,

TP2 has the minimum cost for the transition. The same argument indicates

⌈(2N − ⌊dN ⌋)(1 − q ∗ )⌉ = ⌈(2N − ⌊dN ⌋)q ∗ ⌉ ≤ c2 . Combining the two cases
gives the result in the statement.



Proof of Proposition 3.5. Let CT P 1 (Ω(RR)) be the minimum cost of
Ω(RR) through TP1, and CT P 2 (Ω(RR)) that of Ω(RR) through TP2. For
∗

2(1−q )
∆D (d)
h < r, CT P 1 (Ω(RR)) ≤ CT P 2 (Ω(RR)) if and only if d ≤ 1−2q
∗ +q̂ +
N ,
∗)
2(1−q
3
). Denote d¯ =
, and f ¯(d) =
where ∆D (d) ∈ (− 1∗ ,
∗
∗
1−2q +q̂ 1−2q +q̂

d¯ +

∆D (d)
N .

1−2q +q̂

d

The value of d which solves
d=

∆D (d)
2(1 − q ∗ )
+
1 − 2q ∗ + q̂
N

(3.22)

must be in the range of fd¯(d).

∗

−1)
∆E (d)
CT P 2 (Ω(RR)) ≥ C(Ω(P R)) if and only if d ≥ 2(2q
2q ∗ −q̂ +
N , where
2(2q ∗ −1)
∆E (d)
˜
˜
∆E (d) is bounded. Denote d = 2q∗ −q̂ , and fd˜(d) = d + N . Hence, the
value of d which fulfills

d=

2(2q ∗ − 1) ∆E (d)
+
2q ∗ − q̂
N

(3.23)

must be in the range of fd˜(d). A straightforward computation shows that if
d¯ ≥ (<)2q ∗ , then d˜ ≤ (>)2q ∗ .
Selecting the elements in Ω(P P ) in the long run entails ⌊dN ⌋ = 2N − 1

or C(Ω(P P )) = C(Ω(P R)), which requires (3.14) or (3.15).

Let b2 be the maximum of the absolute value of lower bounds and upper
bounds of ∆X (d) for all X ∈ {B, C, D, E}. The following conditions must

hold.

b2
d¯ −
≤
fd¯(d)
N
b2
d˜ −
≤
fd˜(d)
N
b2
2−
≤ 2 − ∆BN(d)
N
b2
2−
≤ 2 + ∆CN(d)
N

b2
≤ d¯ +
N
b2
≤ d˜ +
N
≤2
≤2+

(3.24)
(3.25)
(3.26)

b2
N

(3.27)

Therefore, given any η > 0, there exists an N̄ > b2 /η, such that for all
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N > N̄ the following conditions hold.
d¯ − η <

d˜ − η <

fd¯(d)

< d¯ + η

(3.28)

fd˜(d)

< d˜ + η

(3.29)

<2

(3.30)

< 2+η

(3.31)

2−η < 2−
2−η < 2+

∆B (d)
N
∆C (d)
N

Consequently, given any η > 0, there exists an N̄ , such that for all
N > N̄ ,
¯
(1). CT P 1 (Ω(RR)) < CT P 2 (Ω(RR)) if d ≤ d−η,
CT P 1 (Ω(RR)) > CT P 2 (Ω(RR))
if d ≥ d¯ + η;
(2). CT P 1 (Ω(RR)) < C(Ω(P R)) if d ≤ 2q ∗ −η, CT P 1 (Ω(RR)) > C(Ω(P R))
if d ≥ 2q ∗ + η.

(3). CT P 2 (Ω(RR)) < C(Ω(P R)) if d ≤ d˜ − η, CT P 2 (Ω(RR)) > C(Ω(P R))
if d ≥ d˜ + η.
(4). C(Ω(P P )) > C(Ω(P R)), if d ≤ 2 − η.
Case 1.

¯
d¯ ≥ 2q ∗ if and only if q̂ ≤ 1/q ∗ − 2 + 2q ∗ . Then, d˜ ≤ 2q ∗ ≤ d.

Hence, if d ≤ 2q ∗ − η, CT P 1 (Ω(RR)) < C(Ω(P R)), hence, the elements

in Ω(RR) are selected. If d ≥ 2q ∗ + η, C(Ω(P R)) < CT P 1 (Ω(RR)) and

C(Ω(P R)) < CT P 2 (Ω(RR)). Hence, the elements in Ω(P R) and Ω(RP )
will be selected.
˜ if
Case 2. d¯ < 2q ∗ if and only if q̂ > 1/q ∗ − 2 + 2q ∗ . Then, d¯ < 2q ∗ < d.
d ≤ d˜ − η, CT P 2 (Ω(RR)) < C(Ω(P R)). Hence, the elements in Ω(RR) will
be selected. If d ≥ d˜ + η, CT P 1 (Ω(RR)) > C(Ω(P R)) and CT P 2 (Ω(RR)) >

C(Ω(P R)). Hence, the elements in Ω(P R) and Ω(RP ) will be selected.



Proof of Lemma 3.1. Appendix II exhibits the absorbing sets in the case
with asymmetric capacity and mobility constraints. The case with symmetric constraints is simply a particular situation and is contained in the
asymmetric case. All the results involving the symmetric constraints still
hold, which gives the statement in this lemma.
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Proof of Theorem 3.1. Case III.1: ⌊dk N ⌋ < 2N − 1, for all k = 1, 2.

In this case, there are two absorbing sets and two non-singleton absorbing
sets, and, for each of them, there are four candidates for the minimum-cost
transition tree. For each class of Ω(φ)-trees (φ ∈ Φ = {RR, P R, RP, P P }),
one can compare the costs of the four candidates presented in Table 3.5,
which gives the following result.
(1a) The Ω(φ)1 -tree has minimum cost if and only if d1 ≥ Ψ(d2 )+
d1 ≥ d2 +

∆φ
14 (d1 ,d2 )
,
N

and d1 ≥ 2q ∗ +

∆φ
d1 (d1 ,d2 )
.
N

(1b) The Ω(φ)2 -tree has minimum cost if and only if d1 ≤ Ψ(d2 )+
d1 ≥ d2 +

∆φ
23 (d1 ,d2 )
,
N

and d2 ≤ 2q ∗ +

∆φ
d2 (d1 ,d2 )
.
N

(1c) The Ω(φ)3 -tree has minimum cost if and only if d2 ≤ Ψ(d1 )+
d1 ≤ d2 +

∆φ
23 (d1 ,d2 )
,
N

and d1 ≤ 2q ∗ +

∆φ
d1 (d1 ,d2 )
.
N

(1d) The Ω(φ)4 -tree has minimum cost if and only if d2 ≥ Ψ(d1 )+
d1 ≤ d2 +

∆φ
14 (d1 ,d2 )
,
N

and d2 ≥ 2q ∗ +

∆φ
d2 (d1 ,d2 )
.
N

∆φ
12 (d1 ,d2 )
,
N

∆φ
12 (d1 ,d2 )
,
N

∆φ
34 (d1 ,d2 )
,
N

∆φ
34 (d1 ,d2 )
,
N

One can show that ∆φγ (d1 , d2 ) are bounded for all γ ∈ Γ = {12, 23, 34, 14,

d1 , d2 } and φ ∈ Φ. Hence, for any η > 0, there exists an integer N̄ , such

that for all N > N̄ , |∆φγ (d1 , d2 )/N | < η, for all γ ∈ Γ, φ ∈ Φ and for all
(d1 , d2 ) such that dk ≥ 1 and ⌊dk N ⌋ < 2N − 1 for both k = 1, 2.

Hence, for any η > 0, there exists an integer N̄ , such that for all N > N̄ ,

(2a) The Ω(φ)1 -tree has minimum cost if d1 ≥ Ψ(d2 ) + η and d1 ≥ d2 + η,
which ensures d1 ≥ 2q ∗ +

∆φ
d1 (d1 ,d2 )
.
N

(2b) The Ω(φ)2 -tree has minimum cost if d1 ≤ Ψ(d2 ) − η and d1 ≥ d2 + η,
which ensures d2 ≤ 2q ∗ +

∆φ
d2 (d1 ,d2 )
.
N

(2c) The Ω(φ)3 -tree has minimum cost if d2 ≤ Ψ(d1 ) − η, d1 ≤ d2 − η and
, which ensures d1 ≤ 2q ∗ +

∆φ
d1 (d1 ,d2 )
.
N

(2d) The Ω(φ)4 -tree has minimum cost if d2 ≥ Ψ(d2 ) + η d1 ≤ d2 − η and ,
which ensures d2 ≥ 2q ∗ +

∆φ
d2 (d1 ,d2 )
.
N
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Then, for each ξ ∈ {1, 2, 3, 4}, we compare the minimum costs among the

Ω(φ)ξ -trees for all φ ∈ Φ. The element(s) in the absorbing sets which have

the lowest cost among the minimum costs of Ω(φ)ξ -trees will be selected as
stochastically stable. A straightforward computation shows that Ω(RP ) has
the minimum cost if the condition in (2a) holds, Ω(RR) has the minimum
cost if the conditions in (2b) and (2c) hold, and Ω(P R) has the minimum
cost if the condition in (2d) hold. For the area between the sets in (2b) and
∗

(2c), that is {(d1 , d2 )|d1 ≥ d2 − η, d1 ≤ d2 + η, d1 ≤ 2 − 1−q
q ∗ d2 − η, and d1 ≥
2q ∗
1−q ∗

−

q∗
1−q ∗ d2

+ η}, one can see that Ω(RR) has the minimum cost.

Case III.2: ⌊dk N ⌋ = 2N − 1 and ⌊dℓ N ⌋ < 2N − 1, for k, ℓ = 1, 2, k 6= ℓ.
Consider first the case where k = 1. According to Appendix I and II, there

are two absorbing sets: Ω(RP ) and Ω(P R, P P ). Further, C(Ω(RP )) =
⌈(2N − ⌊d2 N ⌋)(1 − q ∗ )⌉, C(Ω(P R, P P )) = ⌈(2N − ⌊d2 N ⌋)q ∗ ⌉. C(Ω(RP )) <

C(Ω(P R, P P )) if

d2 < 2 +

∆C (d2 )
.
N

(3.32)

Since ∆C (d2 ) are bounded, for any η > 0, there exists an integer N̄ such
that for all N > N̄ , | ∆CN(d2 ) | < η, and hence,
2−η <2+

∆C (d2 )
.
N

Therefore, if ⌊d1 N ⌋ = 2N − 1 and ⌊d2 N ⌋ < 2N − 1, for any η > 0, there
exists an integer N̄ such that for all N > N̄ , the element in Ω(RP ) is selected
as stochastically stable if d2 ≤ 2 − η.

The same argument holds for k = 2. Hence, for ⌊d2 N ⌋ = 2N − 1 and

⌊d1 N ⌋ < 2N − 1, for any η > 0, there exists an integer N̄ such that for all
N > N̄ , Ω(P R) is selected as stochastically stable if d1 ≤ 2 − η.

If ⌊dk N ⌋ = 2N − 1 for both k = 1, 2, there is a unique absorbing set

Ω(P R, P P, RP ). Rearranging ⌊dk N ⌋ = 2N − 1, we have
dk = 2 −

∆B (dk )
.
N

Because ∆B (dk ) is bounded, for any η > 0, there exists an integer N̄ , such
that for all N > N̄ , | ∆BN(dk ) | < η, and hence 2 − η < 2 −

∆B (dk )
,
N

for both

k = 1, 2. Therefore, the elements in Ω(P R, P P, RP ) can be selected only if
dk > 2 − η for both k = 1, 2. Equivalently, the elements in Ω(P R, P P, RP )
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cannot be selected if d1 ≤ 2 − η or d2 ≤ 2 − η.
Case III.3: dk = 2 and ⌊dℓ N ⌋ < 2N − 1, for k, ℓ = 1, 2 and k 6= ℓ. Con-

sider the case where k = 1 first. There are three absorbing sets, Ω(P O),
Ω(RO) and Ω(RP ). According to Table 3.6, the minimum costs of the each
absorbing set are
C(Ω(P O)) = 1 + ⌈(2N − ⌊d2 N ⌋)q ∗ ⌉

C(Ω(RP )) = 1 + ⌈(2N − ⌊d2 N ⌋)(1 − q ∗ )⌉

C(Ω(RO)) = ⌈2N (1 − q ∗ )⌉ + ⌈⌊d2 N ⌋(1 − q ∗ )⌉
A straightforward comparison shows that C(Ω(RO)) > C(Ω(RP )) and
C(Ω(RO)) > C(Ω(P O)) if N >

1
2(1−q ∗ ) .

Hence, if N is large enough, Ω(RO)

can never be selected.
C(Ω(RP )) < C(Ω(P O)) if d2 ≤ 2 +

∆C (d2 )
.
N

Again, since ∆C (d2 ) is

bounded, for any η > 0, there exists an integer N̄ , such that for all N > N̄ ,
| ∆CN(d2 ) | < η, and hence 2 − η < 2 + ∆CN(d2 ) . Therefore, if N is large enough,
the element in Ω(RP ) is the unique LRE in this case. The same argument
holds for the case where k = 2, hence, Ω(P R) is the unique LRE there.
Case III.4: dk = 2 and ⌊dℓ N ⌋ = 2N − 1. Consider first the case k = 1.

According to Lemma 3.1, there are only two absorbing sets, Ω(P O) and
Ω(RO). The analysis in Appendix II shows that the transition Ω(P O) →
Ω(RO) only requires one mutant. The transition in the reverse direction
needs ⌈2N (1 − q ∗ )⌉ mutants. Hence, if N >

1
2(1−q ∗ ) ,

the element in Ω(P O)

is the unique LRE. The condition ⌊d2 N ⌋ = 2N − 1 can be rearranged as
d2 = 2 −

∆B (d2 )
.
N

Since ∆B (d2 ) is bounded, for any η > 0, there exists an

integer N̄ , such that for all N > N̄ , 2 − η < 2 −

∆B (d2 )
,
N

and hence, the

element in Ω(P O) can be selected only if d2 > 2 − η. The same argument

holds for the case where k = 2. Therefore, for any η > 0, the element in
Ω(OP ) can be selected only if d1 > 2 − η.
Case III.5: d1 = d2 = 2. There are four absorbing sets, Ω(RO), Ω(P O),

Ω(OR) and Ω(OP ). As explained in section 3.3.2, the minimum cost of
Ω(P O)- or Ω(OP )-tree is 3.
We have shown in Appendix II (Case II.5 ) that, a minimum-cost Ω(RO)
(Ω(OR))-tree must involve a direct transition from Ω(P O)(Ω(OP )) to Ω(RO)
(Ω(OR)), which requires ⌈2N (1 − q ∗ )⌉ mutants.
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1
2(1−q ∗ ) ,

the minimum transition cost of Ω(RO)- or Ω(OR)-

tree must be larger than 3. Therefore, Ω(P O) and Ω(OP ) are LRE for N
large enough.
Consider all the five cases above together. For any η > 0, there exists an
integer N̄ ′ , which is the maximum of all the N̄ s in all the cases, such that
when N > N̄ ′ , all the results above hold simultaneously. Renaming N̄ ′ as
N̄ , we have the statement in the theorem.



Proof of Proposition 3.6. We show in the proof of Theorem 3.1 that (1)
the LRE are the elements in Ω(P P ) if d1 = d2 = 2, and (2) the LRE
form a subset of Ω(RP ) ∪ Ω(P R) ∪ Ω(OP ) ∪ Ω(P O) ∪ Ω(P P ), if (d1 , d2 ) ∈
Vc (η) \ {(2, 2)}.

Then we are looking for the LRE in the remaining area of V (η). Con-

sidering a large enough N , we use a similar approach to that in the proof
of Theorem 3.1. After comparing the minimum costs of different transition
trees presented in Table 3.5, one can see that for any η > 0, there exists an
integer N̄ , such that for all N > N̄ , the following results hold.
Area Va (η). In this area, Ω(RR)1 - or Ω(RR)2 -tree has the minimum transition cost among all Ω(RR)-trees. Similarly, Ω(RP )1 - or Ω(RP )2 -tree has the
minimum transition cost among all Ω(RP )-trees. Let Z1 = {Ω(RR)1 , Ω(RR)2 ,

Ω(RP )1 , Ω(RP )2 }. Then, one can obtain that, for (d1 , d2 ) ∈ Va (η), C(z) <

C(Ω(P R)ξ ) and C(z) < C(Ω(P P )ξ ) for all z ∈ Z1 and for all ξ ∈ {1, 2, 3, 4}.
Hence, the LRE in Va (η) form a subset of Ω(RR) ∪ Ω(RP ).

Area Vb (η). In this area, Ω(RR)3 - or Ω(RR)4 -tree has the minimum transition cost among all Ω(RR)-trees. Meanwhile, Ω(P R)3 - or Ω(P R)4 -tree
has the minimum cost among all Ω(P R)-trees. Denote by Z2 = {Ω(RR)3 ,
Ω(RR)4 , Ω(P R)3 , Ω(P R)4 }. After a series of comparisons, one can obtain

that, for (d1 , d2 ) ∈ Vb (η), C(z) < C(Ω(RP )ξ ) and C(z) < C(Ω(P P )ξ ) for

all z ∈ Z2 and for all ξ ∈ {1, 2, 3, 4}. Hence, the LRE in Va (η) form a subset

of Ω(RR) ∪ {Ω(P R)}.

Area Vc (η). In this area, Ω(RP )1 - or Ω(RP )4 -tree has the minimum transition cost among all Ω(RP )-trees. Meanwhile, Ω(P R)1 - or Ω(P R)4 -tree has
the minimum cost among all Ω(P R)-trees. Denote by Z3 = {Ω(RP )1 , Ω(RP )4 ,
Ω(P R)1 , Ω(P R)4 }. After a series of comparisons, one can obtain that, for
(d1 , d2 ) ∈ Vc (η), C(z) < C(Ω(RR)ξ ) and C(z) < C(Ω(P P )ξ ) for all z ∈ Z3
120

Chapter 3

Social Planners and Local Conventions

and for all ξ ∈ {1, 2, 3, 4}. Hence, the LRE in Va (η) form a subset of

Ω(RP ) ∪ Ω(P R).



Proof of Theorem 3.2. When h < r, the costs for the transition from
the co-existence of conventions to global coordination on the risk-dominant
equilibrium may have less cost through TP2 than those in the case where
h ≥ r through TP1. For the transition from Ω(P R) to either Ω(RR) or
Ω(RO), TP2 cost less than TP1 if

⌈⌊d1 N ⌋(1 − q̂)⌉ + ⌈(2N − ⌊d2 N ⌋)(1 − q ∗ )⌉ ≤ ⌈⌊d1 N ⌋(1 − q ∗ )⌉

(3.33)

Similarly, for the transition from Ω(RP ) to either Ω(RR) or Ω(OR), the
cost through TP2 is lower than that of TP1 if
⌈⌊d2 N ⌋(1 − q̂)⌉ + ⌈(2N − ⌊d1 N ⌋)(1 − q ∗ )⌉ ≤ ⌈⌊d2 N ⌋(1 − q ∗ )⌉
Denote Λ(dk ) = 2 −

q̂−q ∗
1−q ∗ dk ,

(3.34)

for k = 1, 2. Rearranging the conditions

above, we obtain respectively
∆2 (d1 , d2 )
,
N
∆1 (d1 , d2 )
≥ Λ(d2 ) +
,
N

d2 ≥ Λ(d1 ) +

(3.35)

d1

(3.36)

where both ∆1 (d1 , d2 ) and ∆2 (d1 , d2 ) are bounded. Hence, for any η > 0,
there exists an integer N̄ , such that, for all N > N̄ , | ∆1 (dN1 ,d2 ) | < η and

| ∆2 (dN1 ,d2 ) | < η.

If both (3.35) and (3.36) hold, TP2 leads to the minimum cost for both

Ω(RP ) → Ω(RR) and Ω(P R) → Ω(RR), hence we have to replace the costs
of both transitions in the case h ≥ r by those through TP2. If only (3.35)

or (3.36) holds, TP2 has the minimum cost only for Ω(RP ) → Ω(RR) or
Ω(P R) → Ω(RR) respectively. Hence, we have to use the minimum cost of

Ω(RP ) or Ω(P R) generated by TP2 in each of the corresponding cases. If
neither of them holds, the costs are the same as in the case h ≥ r. Hence,

comparing the minimum costs of all the transition trees in each of the areas

mentioned above, we can find the LRE. There are two cases involving the
transitions mentioned above, ⌊dk N ⌋ < 2N − 1 for both k = 1, 2, and dk = 2
and ⌈dℓ ⌉ < 2N − 1 for k, ℓ = 1, 2, k 6= ℓ.
Case 1: q̂ ≤ 1/q ∗ − 2 + 2q ∗ .
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Case1.1: ⌊dk N ⌋ < 2N − 1 for both k = 1, 2. In this case, Λ(dk ) ≥ Ψ(dk ) for

both k = 1, 2, dk ∈ [1, 2]. If neither (3.36) nor (3.35) holds, the LRE is the
same as stated in Theorem 3.1.

If (3.36) holds, the element in Ω(RP ) will be selected if and only if
d1 ≥ d2 +

∆a (d1 ,d2 )
N

and d1 ≥ Υ(d2 ) +

∆b (d1 ,d2 )
.
N

Similarly, if (3.35) holds, Ω(P R) will be selected if and only if d1 ≤

d2 +

∆a (d1 ,d2 )
N

and d2 ≥ Υ(d1 ) +

∆c (d1 ,d2 )
.
N

∆y (d1 , d2 ) are bounded for all y ∈ Y = {a, b, c}. Hence, for any η > 0,

there exists an integer N̄ , such that, for all N > N̄, |∆y (d1 , d2 )| < η, for all

y ∈ Y . Note that, if q̂ ≤ 1/q ∗ − 2 + 2q ∗ , Υ(dk ) ≤ Ψ(dk ) ≤ Λ(k) for dk ∈ [1, 2]

and for both k = 1, 2. Building on the notations introduced in the symmetric
case, let CT P 1 (Ω(·)) be the minimum cost of Ω(·)-tree where T P 1 leads to
the minimum cost for the transition from both Ω(RP ) and Ω(P R) to Ω(RR),
and CT P 2 (Ω(·)) be the minimum cost of Ω(·)-tree where T P 2 leads to the
minimum cost either from Ω(RP ) to Ω(RR), or from Ω(P R) to Ω(RR), or
both. After a series of comparisons of minimum transition costs of different
absorbing sets in respective areas, one can obtain that, for any η > 0, for N
large enough, the following results hold.
(1.1) CT P 1 (Ω(RP )) or CT P 2 (Ω(RP )) is the minimum among the costs for all
the transition trees of absorbing sets if d1 ≥ Ψ(d2 ) + η and d1 ≥ d2 + η;
(1.2) CT P 1 (Ω(P R)) or CT P 2 (Ω(P R)) is the minimum among the costs for all
the transition trees of absorbing sets if d2 ≥ Ψ(d1 ) + η and d1 ≤ d2 + η.
(1.3) CT P 1 (Ω(RR)) is the minimum if d1 ≤ Ψ(d2 ) − η and d2 ≤ Ψ(d1 ) − η.
Case 1.2: dk = 2 and ⌈dℓ N ⌉ < 2N − 1 for k, ℓ = 1, 2, k 6= ℓ. Consider the
case k = 1. Using Table 3.6, if TP2 lead to the minimum cost, the cost of

Ω(RO)-tree will change to ⌈2N (1−q ∗ )⌉+⌈⌊d2 N ⌋(1− q̂)⌉+⌈(2N −⌊d1 N ⌋)(1−

q ∗ )⌉. As long as N is large enough, this cost is still larger than the minimum
cost of Ω(RP )-tree. Hence, the element in Ω(RP ) is still selected. The same
argument holds for k = 2. If N is large enough, Ω(P R) will still be selected
for k = 2.
In all the other situations, the results are the same as in the case h ≥ r.

Consider all the cases altogether, we obtain the same results as in Theorem
3.1 for q̂ < 1/q ∗ − 2 + 2q ∗ .
Case 2: q̂ > 1/q ∗ − 2 + 2q ∗ .
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Case 2.1: ⌊dk N ⌋ < 2N − 1 for both k = 1, 2. The analysis in Case 1.1 still

holds. If (3.36) holds, the element in Ω(RP ) will be selected if and only if
d1 ≥ Υ(d2 ) +

∆d (d1 ,d2 )
N

∆e (d1 ,d2 )
.
N
∆f (d1 ,d2 )
Υ(d1 ) +
N

and d1 ≥ d2 +

be selected if and only if d2 ≥

If (3.35) holds, Ω(P R) will
and d1 ≤ d2 +

∆g (d1 ,d2 )
.
N

However, the difference in this case is Υ(dk ) > Ψ(dk ) > Λ(dk ) for dk ∈

[1, 2] and for both k = 1, 2, which lead to the different predictions.

The approach is the same as in Case 1. One has to compare the minimum
transition costs of different absorbing sets in different areas. Then, one can
obtain that, for any η > 0, there exists an integer N̄ , such that for all
N ≥ N̄ , the following results hold.
(2.1) CT P 2 (Ω(RP )) is the minimum if d1 ≥ Υ(d2 ) + η and d1 ≥ d2 + η;
(2.2) CT P 2 (Ω(P R)) is the minimum if d2 ≥ Υ(d1 ) + η and d1 ≤ d2 + η;
(2.3) CT P 1 (Ω(RR)) or CT P 2 (Ω(RR)) is the minimum if d1 ≤ Υ(d2 ) − η and
d2 ≤ Υ(d1 ) − η.

Case 2.2: dk = 2 and ⌈dℓ ⌉ < 2N − 1 for k, ℓ = 1, 2, k 6= ℓ. All the results in
Case 1.2 hold. That is, for N large enough, if k = 1, the element in Ω(RP )
is the unique LRE; if k = 2, Ω(P R) is the unique LRE.
In all the other cases, the result is the same as in the case h ≥ r.

Combine the results in all the cases together, we have the statement in the
theorem.



Proof of Proposition 3.7. The proof is similar to that of Proposition 3.6.
The LRE in Uc (η) = Vc (η) and on (2, 2) are presented in the proof of Theorem 3.1. The LRE in the remaining area of U (η) are derived by comparing
the minimum costs of different transition trees. The only difference is that
one has to use the costs generated by TP2 when they are proven to be the
minimum. After a series of comparisons of the minimum costs of different
transition trees, one can obtain the result in Proposition 3.7.



Proof of Theorem 3.3. Consider first the case that h ≥ r or q̂ ≤ 1/q ∗ −

2−2q ∗ . The LRE in this case are presented in Theorem 3.1. (d1 , d2 ) ∈ D1 (η)

leads to the selection of the element in Ω(RP ) in the long run. Planner 2 has
no incentive to change d1 or d2 by changing (c2 , p2 ), because the individuals
in location 2 are coordinating on the Pareto-efficient equilibrium. Planner
1 has no incentive to only change d1 , because changing d1 can only move
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the LRE from Ω(RP ) to Ω(RR) or Ω(RP ) and the elements in Ω(RR).
In either case, the individuals in location 1 would coordinate on the riskdominant equilibrium. However, planner 1 has an incentive to increase d2 ,
because if d2 is large enough, the LRE would become Ω(P R). Note that
planner 1 cannot directly change d2 . The only possible way to change d2 is
to change p1 , because d2 = min{c2 , 2 − p1 }. Any intention to decrease d1

is always feasible, because planner 1 can increase p1 and make 2 − p1 = d2 .

However, the effort to increase d2 is not always effective. 2 − p1 will increase

by decreasing p1 , but, as long as 2 − p1 > c2 , d2 = c2 , and decreasing p1

cannot increase d2 any more. Hence, let c2 = d2 and 2 − p1 ≥ d2 . Then
planner 1 has no incentive to change d2 . Therefore, any strategy profile
((c1 , p1 ), (c2 , p2 )) projected on D1 (η) such that d1 = min{c1 , 2 − p2 }, d2 = c2
and 2 − p1 ≥ d2 is a Nash equilibrium.

(d1 , d2 ) ∈ D2 (η) leads to the selection of Ω(P R) in the long run. The

argument is the same as above. Planner 1 has no incentive to change his
strategy. By setting d1 = c1 < 2 − p2 , planner 2 has no incentive to deviate

either. Hence, for (d1 , d2 ) ∈ D2 (η), any strategy profile ((c1 , p1 ), (c2 , p2 ))
projected on D2 (η) such that d2 = min{c2 , 2 − p1 }, d1 = c1 and 2 − p2 ≥ d1
is a Nash equilibrium.

If (d1 , d2 ) ∈ A1 (η), the LRE are the elements in Ω(RR). Each planner k

would have an incentive to increase dℓ (ℓ 6= k) by decreasing pk . However,

this effort would be ineffective if dℓ = cℓ < 2−pk . Hence, any strategy profile
((c1 , p1 ), (c2 , p2 )) projected on A1 (η) such that dk = ck and 2 − pℓ ≥ dk for
both k = 1, 2, ℓ 6= k, is a Nash equilibrium.

Lastly, we consider the area D3 (η). If (d1 , d2 ) ∈ (D3 (η) ∩ A2 (η)), the

LRE is the element in Ω(RP ). In this case, planner 1 will have an incentive

to decrease c1 to the extent that d1 < d2 − η. It changes the LRE to Ω(P R)
and increases the social welfare of location 1.

If (d1 , d2 ) ∈ (D3 (η) ∩ A3 (η)), the LRE is the element in Ω(RP ). In

this case, planner 2 will have an incentive to decrease c2 to the extent that
d2 < d1 − η. It leads to the selection of Ω(RP ) in the long run, and increases

the social welfare of location 2.

If (d1 , d2 ) ∈ (D3 (η) ∩ Vd (η)), the LRE form a subset of Ω(RP ) ∪ Ω(P R).

We have shown that any strategy profile leading to the element in Ω(RP )
or Ω(P R) is not a NE. Hence, any strategy profile leading to the selection
of the elements in both Ω(RP ) and Ω(P R) in the long run is not stable
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either, because each social planner k will have an incentive to decrease ck
for k = 1, 2.
If d1 = d2 = 2, the elements in both Ω(P O) and Ω(OP ) will be selected
in the long run. Each of them will occur with probability 1/2. Hence, each
social planner k will have an incentive to decrease ck so that dk < dℓ − η

(k 6= ℓ). Then, the players in location k will coordinate on the efficient

equilibrium with probability one, and the social welfare of location k will
increase.
If (d1 , d2 ) ∈ Vc (η) \ {(2, 2)}, the LRE form a subset of Ω(OP ) ∪ Ω(RP ) ∪

Ω(P R)∪ Ω(P O)∪ Ω(P P ). Note that there are no LRE which only consist of
the elements in Ω(P P ). If the elements in Ω(P P ) are selected, the element

in either Ω(RP ) or Ω(P R) (or both) will be selected as well. Then, in
any possible subset of the set above, with a positive probability, at least one
location will either have players coordinating on the less efficient equilibrium
or have no players at all. Then, the social planner in this location k can
always improve the social welfare by decreasing ck so that dk < dℓ − η

(k 6= ℓ). Therefore, any strategy profile projected on this area is not stable.

An analogous argument holds for the case with h < r and q̂ > 1/q ∗ −
2 + 2q ∗ . We only have to replace D1 (η), D2 (η), D3 (η), A2 (η), and A3 (η) by
G1 (η), G2 (η), G3 (η), B2 (η), and B3 (η) respectively in the analysis above.
Hence we obtain the result in the theorem.



Proof of Theorem 3.4. Consider a strategy profile ((c1 , p1 ), (c2 , p2 )) such
that c1 = c2 = 1 and p1 = p2 = 1. Planner k = 1, 2 has no incentive
to deviate from his strategy. Changing ck has no effect, because all the
individuals in location ℓ 6= k are immobile, hence cannot move to location k.
Changing p1 has no effect either, because the maximum capacity of location
ℓ is N , hence, the mobile players in location k cannot move to location
ℓ. Hence, this strategy profile is a Nash equilibrium, which corresponds to
d1 = d2 = 1.
For h ≥ r or q̂ ≤ 1/q ∗ − 2 + 2q ∗ , consider any (d1 , d2 ) ∈ [1, 2]2 \ ({(1, 1)} ∪

Ve (η)). We first claim that any strategy profile projected on A1 (η) \ {(1, 1)}

is not a NE. In this area, the LRE are the elements in Ω(RR). The social
planner of location k will always have incentive to decrease dℓ (ℓ 6= k) by
increasing pk . The reason is that the population in location k fluctuates
between 2N − ⌊dℓ N ⌋ and ⌊dk N ⌋. Decreasing dℓ will increase the lower
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bound of the population in location k, hence improving the social welfare.
For (d1 , d2 ) ∈ A2 (η), the LRE is the element in Ω(RP ), and the popula-

tion in location 1 is 2N − ⌊d2 N ⌋. The social planner in location 1 will have

an incentive to decrease d1 by setting a lower c1 , so that the LRE form a
subset of Ω(RR) ∪ Ω(P R). Denote by d′k the parameter of effective capacity

of location k = 1, 2 after a deviation. If such a deviation leads the elements
in Ω(RR) to be selected, the population in location 1 will fluctuate between
2N − ⌊d2 N ⌋ and ⌊d′1 N ⌋, hence the social welfare will increase. If the devia-

tion leads Ω(P R) to be selected, the players in location 1 will coordinate on
P , and the population will increase to ⌊d′1 N ⌋, which improving the social

welfare of location 1. Based on the results above, any deviation that results
in the selection of the elements in Ω(RR) and Ω(P R) also increase the social
welfare of location 1. Hence, any strategy profile projected on A2 (η) is not

a NE.
Symmetrically, any strategy profile projected on A3 (η) is not a NE. The
argument is analogous to the case above. Here, the social planner of location
2 will always have an incentive to decrease d2 . Such a deviation can at least
increase the population in location 2, hence improving the social welfare.
If (d1 , d2 ) ∈ Va (η), Ψ(d2 )−η < d1 < Ψ(d2 )+η. The LRE form a subset of

Ω(RR)∪Ω(RP ). We have argued that if the LRE are the elements in Ω(RR)
or Ω(RP ), the social planner of location 1 will always have an incentive to
deviate. If the LRE are the elements in Ω(RR) and Ω(RP ), with a positive
probability the population in location 1 will fluctuate between 2N − ⌊d2 N ⌋
and ⌊d1 N ⌋, and with the remaining probability the population in location 1
is 2N − ⌊d2 N ⌋. In this case, the social planner of location 1 will always have

an incentive to decrease c1 at most to the extent that d′1 = Ψ(d2 ) − η. Then,

the LRE are the elements in Ω(RR) and the population in location 1 will at
worst fluctuate between 2N − ⌊d2 N ⌋ and ⌊(d1 − η)N ⌋ with probability one.
For η small enough, this will increase the social welfare of location 1.

Symmetrically, for (d1 , d2 ) ∈ Vb (η), the same argument holds for the

social planners of location 2. Hence, he will have incentive to decrease d2 .

If (d1 , d2 ) ∈ Vd (η), the LRE form a subset of Ω(RP ) ∪ Ω(P R). We have

shown above that the strategy profiles which lead to the selection of the
element in either Ω(RP ) or Ω(P R) are not NE. If the LRE are Ω(RP ) and
Ω(P R), the expected population in each location k should fall in the interval
]2N − ⌊dℓ N ⌋, ⌊dk N ⌋[ where dℓ − η < dk < dℓ + η, and the individuals in
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location k will either coordinate on R or on P . The social planner of location
k will have an incentive to decrease ck , at most to the extent that d′k = dℓ −η.

Then, the players in location k will coordinate on P with probability one,

and the population will be at at least ⌊(dk − η)N ⌋. For η small enough, this
deviation will increase the social welfare of location k.

If d1 = d2 = 2, the elements in both Ω(P O) and Ω(OP ) will be selected
in the long run. Each of them will occur with probability 1/2. Hence, the
average expected payoff of location k is lower than the payoff of the Paretoefficient equilibrium, and the expected population will fall in the interval
]0, 2N [. The social planner of location k = 1, 2 will have an incentive to
decrease ck at most to the extent that d′k = 2 − η. Then, the players in
location k will coordinate on P with probability one, and the population of

location k will be at least ⌊(2 − η)N ⌋. For η small enough, this will increase
the social welfare of location k.

If (d1 , d2 ) ∈ (Vc (η) \ {(2, 2)}), dk ∈ (2 − η, 2) for both k = 1, 2, and the

LRE form a subset of Ω(OP )∪Ω(RP )∪Ω(P R)∪Ω(P O)∪Ω(P P ). The same
argument applies to show that the strategy profiles leading to the selection of

the element in an singleton absorbing set (Ω(RP ), Ω(P R), Ω(OP ) or Ω(P O))
are not NE. We have pointed out in the proof of Theorem 3.3 that if the
elements in Ω(P P ) are selected, the element(s) in either Ω(RP ) or Ω(P R)
(or both) must be selected as well in the long run. Hence, in any possible
subset of the set above, with a positive probability, at least one location k
will either have players coordinating on R or have no players at all. In such
a case, the average expected payoff for the players in location k will be less
than that of the Pareto-efficient equilibrium, and the expected population
will be in the interval ]0, 2N [. Hence, the social planner of location k will
have an incentive to decrease ck at most to the extent that d′k = 2−η. Then,
the players in location k will coordinate on P with probability one, and the
population will be at least ⌊(2 − η)N ⌋. For η small enough, this deviation
will increase the social welfare of location k.

The analysis is analogous for the case with h < r and q̂ > 1/q ∗ − 2 + 2q ∗ .

Hence we have the result in the statement.
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