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Abstract
This paper analyzes an urn–ball matching model in which workers decide how intensively they
sample job openings and apply at a stochastic number of suitable vacancies. The model allows
for tractable equilibrium characterization with a continuous search intensity margin. Equilibrium
is not constrained efficient; entry is excessive, search intensity can be too high or too low, and an
inefficient discouraged–worker effect among homogenous workers emerges under adverse labor
market conditions. Unlike existing coordination–friction economies with fixed search intensity,
the model can account for the empirical relation between the job–finding rate and the vacancy–
unemployment ratio, provided that search costs are small and that search intensity is sufficiently
procyclical.
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Introduction

Search and matching models are widely used to address various labor market
phenomena, such as unemployment, worker and job flows, and wage dispersion. A large portion of the literature utilizes a reduced–form matching
function as a shortcut to capture frictions in the labor market. Yet often
it is useful to explore the microeconomic foundation of this function. What
frictions are responsible for the co–existence of unemployment and unfilled
vacancies? And how does policy affect aggregate matching rates?
There are several microeconomic models delivering well–behaved aggregate
matching functions; see section 3 of Petrongolo and Pissarides (2001) for a
survey. One prominent approach rests on coordination frictions; early contributions are Butters (1977), Hall (1977) and Montgomery (1991), more recent
ones are Burdett, Shi, and Wright (2001), Julien, Kennes and King (2000,
2006) and Albrecht, Gautier, and Vroman (2006). The key idea is simple:
since workers do not coordinate their application decisions and firms do not
coordinate their job–offer decisions, some firms end up with no applications
while others get many, and some workers obtain several job offers while others
have none. So at the end of every period, unfilled jobs and unemployed workers coexist. These models give rise to aggregate matching functions which
typically have constant returns in economies with a large number of workers
and jobs.
This paper addresses two open issues in models with coordination frictions.
First, search intensity is typically held constant. Although it is straightforward to include variable search intensity in standard search models with
exogenous matching functions (see Chapter 5 of Pissarides (2000)), it is a
less obvious matter in economies where matching frictions result explicitly
from coordination problems. Work by Albrecht, Gautier, and Vroman (2006),
Galenianos and Kircher (2009) and Kircher (2009) identifies search intensity
with the number of applications that a worker sends. However, because of
the discrete–choice nature of the worker’s decision problems, equilibrium is
cumbersome to characterize analytically. Further, discrete–choice models are
also less convenient for estimation purposes, so that continuous measures for
search intensity with differentiable cost functions may be more appealing (see
Wolthoff (2010) for such an application). Another open issue is quantitative:
can coordination–friction models match the empirical relation between the
vacancy–unemployment ratio and the job–finding rate? Recently, Mortensen
(2009) and Shimer (2007) have analyzed microfoundations of the matching
function which are based on mismatch and which generate a reasonable fit of
Published by The Berkeley Electronic Press, 2010
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the matching function and of the Beveridge curve. To my knowledge, these
quantitative features have not been explored for models with coordination
frictions thus far.1
With respect to the first issue, I formulate an urn–ball matching model in
which workers decide about the rate at which they sample job openings
(“search intensity”) and apply at all suitable jobs they observe. For a given
search intensity, the actual number of suitable jobs (and so the number of
applications) is stochastic. The expected number of applications, however, increases proportionately with search intensity. A key advantage of this model
is that search intensity is a continuous choice variable, which makes the model
tractable and allows for an explicit equilibrium characterization using first–
order conditions. When labor market conditions are good, there are many
job openings per worker and all workers search with the same intensity. With
less favorable conditions, however, there are fewer job openings and it may
happen that no symmetric equilibrium in pure search–intensity strategies exists. Instead, some workers are active and search with a common positive
intensity, while others remain inactive and decide not to search at all. Thus,
the model can describe endogenous nonparticipation in an environment where
all workers are equally productive and have the same taste for leisure. When
comparing these equilibrium outcomes to the choice of a social planner, I obtain the following results: (i) nonparticipation is never constrained efficient;
(ii) entry is always excessive; and (iii) search intensity can be too high or too
low. In particular, results (ii) and (iii) are similar to the ones obtained in
Albrecht, Gautier, and Vroman (2006).
Section 3 contains the quantitative exploration of this model. In Section 3.1 I
show that existing coordination–friction models, with fixed search intensity
and with a reasonable choice of the period length, are unable to account for the
empirical elasticity of the matching function. Specifically, the job–finding rate
responds too little to variations in the vacancy–unemployment ratio. I then
go on to examine a dynamic version of my model in which the parameters of a
reduced–form search cost function are calibrated so as to match both the mean
job–finding rate and its elasticity with respect to the vacancy–unemployment
ratio. I find that search costs are quantitatively small (less than 1% of the
utility flow of an unemployed worker) but search intensity responds strongly
and positively to productivity. Nonetheless, variable search intensity amplifies
the economy’s reaction to a productivity shock only little. Thus, I conclude
that endogenous search intensity helps to generate a plausible elasticity of
1
Julien, Kennes, and King (2006) examine a coordination–friction model quantitatively,
but their focus is wage dispersion, and not the matching–function elasticity.
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the matching function, but it does not contribute to the amplification of
business–cycle shocks for which other mechanisms must be responsible.

2
2.1

The static model
The setup

Consider a one–period economy with a large number M of identical workers
and a large number of N of identical firms, each with one vacancy. The
number of workers is fixed, but the number of firms is determined from a free–
entry condition. I consider the limit where both M and N tend to infinity
and where q = M/N, the number of workers per job opening, is positive and
finite. All agents are risk neutral and aim to maximize their expected income
net of search costs. At the end of the period, unemployment income is zero
and employed workers produce p units of output (=job surplus). I consider
the following sequence of events.
Stage I An infinity of potential firms decide about entry at marginal cost
c(1/q) where c is a weakly increasing function of the number of active
firms per worker.
Stage II Every worker decides search intensity λ at cost k(λ), where k is
increasing and convex in λ ≥ 0. If a worker searches with intensity λ, he
draws n job opportunities from a Poisson distribution with parameter
λ and applies there. In turn, each firm receives m applications drawn
from a Poisson distribution with parameter λq (see below).
Stage III Each firm makes a wage offer to at most one applicant, rejecting
all others.
Stage IV Workers credibly reveal to firms how many offers they have, and
firms can simultaneously revise their initial bids.
Stage V Workers decide what offer (if any) to accept.
I impose the usual anonymity restriction that every worker treats all (identical) firms equally (at stage V) and that every firm treats all workers equally
(at stage III).
Two remarks are in order. First, the assumption that marginal entry costs
are increasing can be justified, for example, by non–labor inputs in fixed
Published by The Berkeley Electronic Press, 2010
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supply (e.g. land) whose prices increase in the number of active firms. Strictly
increasing marginal entry costs are needed to limit entry in an equilibrium
where some workers are inactive, as I show below.
Second, the Poisson distribution of job sampling has the following interpretation. Suppose the size of the labor market is proportional to the number of
firms N (say AN) and that a worker samples a certain (random) segment of
this market whose size is proportional to search intensity (say Bλ). Then the
worker observes the job opening of any given firm with probability Bλ/(AN).
With the normalization B = A, the number of sampled job opportunities (and
hence the number of applications) is binomially distributed with parameter
λ/N, and hence Poisson with parameter λ in the limit N → ∞. Hence, a
worker with search intensity λ applies at n firms with probability


N
n



λ
N

n 

N −λ
N

N −n

≈ 1 λn e−λ .
n!

Conversely, if all workers search with intensity λ, a firm receives applications
from exactly m workers with probability


M
m



λ
N

m 

N −λ
N

M −m

1 (λq)m e−λq .
≈ m!

Thus the expected number of applications per worker is λ and the expected
number of applications per firm is λq.
The last three stages of this game have the following solution. Firms offer the
reservation wage at stage III, revising the offer at stage IV only if the worker
reveals another offer, in which case Bertrand competition drives wage offers
to the marginal product. At the last stage, anonymity implies that workers
randomize between equal offers. In this respect, my model resembles those of
Julien, Kennes, and King (2000) and Albrecht, Gautier, and Vroman (2006)
where workers with only one offer are paid the monopsony wage and workers
with multiple offers receive marginal product. The setting of Julien et al. is
the limiting case of my model where k(.) = 0 and λ/N = 1, so that every
worker applies at all jobs. In the model of Albrecht et al. all workers send the
same number of applications. Here, in contrast, the number of applications is
stochastic, reflecting the role of chance in the search process. Workers do not
decide at how many firms they apply, but rather how intensively they sample
job openings. The model of Albrecht et al. also has a wage posting stage
prior to the application stage where firms commit to a lower wage bound
which coincides in equilibrium with the reservation wage. My model has a
different interpretation in that workers do not observe any job postings at the
http://www.bepress.com/bejm
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outset. Only after sampling, they apply to all suitable vacancies at zero cost.
Therefore search in this model is random rather than directed.2

2.2

The matching function

Before solving the model, it is useful to consider the matching function of this
model. Suppose, for the time being, that all workers decide the same search
intensity λ at stage II. For any worker i the probability to get an offer from
firm j, conditional on i applying at j, is3
e−λq .
z ≡ 1 −λq

(1)

Hence, for any worker the probability to receive at least one offer (and thus
to find a job) is
(2)

X

n≥1

−λq

1 λn e−λ 1 − (1 − z)n = 1 − e−λz = 1 − e− 1−eq
n!
h

i

≡ m(q, λ) .

The matching rate for workers is increasing and concave in the job–worker
ratio 1/q (as usual), and it is strictly increasing in λ: the more applications
workers send on average, the more likely it is that every worker receives an
offer. Such a result is not obvious; in fact it does not hold in the model of
Albrecht, Gautier, and Vroman (2006) where the matching rate can be declining in the fixed (non–stochastic) number of applications. The reason for
their result is that there are two coordination frictions with multiple applications. The first friction is based on lack of coordination between workers:
some firms receive no applications while others receive multiple applications
since workers do not coordinate at the application stage. The second friction
is due to a lack of coordination between firms at the job offer stage: some
workers do not receive any offer, others have multiple offers. Raising the
number of applications mitigates the first friction but aggravates the second
one: it becomes more likely that multiple firms contact the same worker. In
my model the first effect always dominates so that the number of matches
is globally increasing in the common search intensity. The intuition for this
2

Nonetheless, in an extension of this model with heterogenous job types, workers might
“direct search” by deciding how intensively they sample jobs of different types.
3
The derivation is standard: Prob(i gets offer from j | i applies at j)Prob(i applies
at j)= z · λ/N is equal to Prob(j gets ≥ 1 appl.)Prob(i gets offer from j | j gets ≥ 1
appl.)= (1 − e−λq ) · 1/M . Solving yields z.
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result is as follows. Let function
Ψ(A) ≡ 1 +

A−1
X
k=0

A − 1 z(A)k (1 − z(A))A−1−k ≥ 1
k

denote the number of job offers for a worker who sends A applications, conditional on having at least one offer. Thus Ψ(A) is a measure of the second
coordination friction: it states how many excess job offers are “wasted” on
a worker who has already found a job. It turns out that this function is
increasing and concave in A. But concavity of Ψ implies that the second coordination friction is mitigated when the number of applications is stochastic;
if workers randomize, sending λ = A applications on average, there are fewer
excess job offers than when all workers send A applications.
When λ → ∞, workers apply at all firms at stage I and the matching function
is mJKK (q) ≡ 1 − e−1/q , the same as in the model of Julien, Kennes, and
King (2000). In this limit only the second coordination friction is at work. In
the model of Albrecht et al. (2006), the matching function is mAGV (q, A) ≡
1 − [1 − (1 − e−Aq )/(Aq)]A when all workers send A applications; again the
matching function of Julien et al. emerges as the special case A → ∞. For
finite A, it may be that mAGV (q, A) > mJKK (q), so matching is more efficient
with fewer applications. In my model, in contrast, matching is always more
efficient the more applications are sent, i.e. m(q, λ) < mJKK (q) holds for
finite λ. It can also be shown that m(q, λ) < mAGV (q, λ); matching is more
efficient when all workers send the same number of applications A = λ than
when they randomize applications from a Poisson distribution with mean λ.

2.3

Equilibrium search intensity

Consider the search intensity decision of workers at stage II after firm entry,
so the worker–job ratio q is given. A worker obtains income p if he receives
two or more offers at stage III, but he ends up with zero income otherwise.
The probability to have two or more offers, conditional on n applications, is
1 − (1 − z)n − nz(1 − z)n−1 .
When the worker’s search intensity is λ, the probability to end up with at
least two offers is
X

n≥2

n
n−1
1 n −λ
= 1 − e−λz (1 + λz) .
n! λ e 1 − (1 − z) − nz(1 − z)

h
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When an individual worker in a large market decides λ, he takes z (the
probability to get an offer, conditional on applying) as given. Hence every
worker solves
h

i

max Uz (λ) ≡ 1 − e−λz (1 + λz) p − k(λ) .
λ≥0

This objective function is typically not concave; for many cost functions it is
convex at low values of λ and concave at higher values. Moreover, λ = 0 is
always a local maximum when k ′ (0) > 0 holds. An interior (i.e. active search)
local maximum must satisfy the first–order condition Uz′ (λ) = 0, which is
(3)

k ′ (λ) = λz 2 e−λz p .

Whenever there exists a pure–strategy equilibrium where all workers choose
the same search intensity λ∗ > 0, it follows from (1) and (3) that λ∗ solves
(4)

(1 − e−λq )2 e−
k ′ (λ) =
λq 2

1−e−λq
q

p.

To obtain analytical results, consider the uniformly elastic search cost function k(λ) = kλ1+a /(1 + a) with a ≥ 0 and k > 0. Provided that the elasticity
is large enough (i.e. the function is sufficiently convex), a unique pure strategy
equilibrium must exist.
Proposition 1: Let k(λ) = kλ1+a /(1 + a) with a > 1. Then, for any given
q, there exists a unique equilibrium of the stage II subgame where all workers
search with the same intensity λ∗ > 0 which is increasing in p/k.
Proof: Appendix.
When the cost function is not sufficiently convex, existence of a pure–strategy
equilibrium with active search requires that labor market conditions are sufficiently good from the workers’ perspective; that is, productivity must be
high enough and there must be sufficiently many jobs per worker. Otherwise,
the symmetric equilibrium is either one in “mixed strategies” where only a
fraction of workers searches actively, or it is a no–activity equilibrium.
Proposition 2: Let k(λ) = kλ1+a /(1 + a) with a ∈ [0, 1), and let x be the
unique positive solution of ex = 1+x+x2 /(1+a). Further, define q ≡ zΦ(z)/x
h
x i1/(1+a)
.
where Φ(z) = ϕ is the inverse of z = (1 − e−ϕ )/ϕ, and z ≡ ke1−a
px
Then, for any given q, the unique equilibrium of the stage II subgame is as
follows.
Published by The Berkeley Electronic Press, 2010
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(a) If p > kex /x1−a and q > q, a fraction α ∈ (0, 1) of workers are active
with search intensity λA > 0 and fraction 1 − α of workers are inactive
with λ = 0.
(b) If p > kex /x1−a and q ≤ q, all workers search with the same intensity
λ∗ > 0 which is increasing in p/k.
(c) If p ≤ kex /x1−a , all workers are inactive with λ = 0.
Proof: Appendix.
The result of Proposition 2 can be visualized in Figure 1 which shows equilibrium in (λ, z) space. There are two relevant equilibrium conditions. The first
one defines the offer probability z as a downward–sloping function of search
intensity λ. When all workers participate (α = 1), this relation is defined
by equation (1). However, worker participation requires non–negative utility
(Uz (λ) ≥ 0) which happens to be equivalent to the condition λz ≥ x with the
constant x defined above (see the proof of Proposition 2). When a fraction
of workers does not participate (α ∈ (0, 1)), workers are indifferent between
search and non–participation, and hence z = x/λ is the offer probability. As
this curve is flatter than (1), the actual offer probability is the maximum
between the two, that is,
(5)

x , 1 − e−λq .
z = max λ
λq




The second equilibrium condition is the first–order condition (3) which describes optimal search intensity as a function of the offer probability z. This
condition defines an upward–sloping curve for λz < 2.4 When p/k is sufficiently low, equation (3) has no intersection with (5) at any feasible z < 1.
Then equilibrium is at point C where no worker searches (case (c) of Proposition 2). For high enough values of p/k, there are two possibilities: when
there are sufficiently many jobs per worker (q ≤ q), all workers participate
and search with the same intensity: equilibrium is at point B in Figure 1
(case (b) in Proposition 2). But when there are only few jobs (q < q), some
workers cease to search at all, whilst others search with intensity λA , as shown
at point A in Figure 1. Note that, in contrast to other models of directed
4
If the expected number of offers λz exceeds two, a greater job–offer probability reduces
search intensity. Intuitively, two offers are enough to extract full surplus, so that workers
do not search harder when z increases and λz > 2. Because of x < 2, Figure 1 only shows
the relevant upward–sloping part of condition (3).

http://www.bepress.com/bejm
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l
(5) for q<q
(5) for q>q

B
(3) for p>kex/x1-a

A
lz=x
x

1-a

(3) for p<ke /x

C

1

z

Figure 1: Equilibrium is at the intersection between the first–order condition
(3) and the equation defining the job–offer probability (5).

search, this equilibrium entails that homogeneous workers follow different
search strategies. From an ex–ante perspective, however, all workers play
the same (mixed) strategy. Hence this equilibrium does not require coordination of workers, and therefore it does not violate the standard anonymity
assumption.
In the mixed–strategy equilibrium, the fraction of active searchers is α =
Φ(z)/(qλA ), with Φ defined in Proposition 2. This shows that the number of
active searchers per job αq is independent of market tightness 1/q. Put differently, any increase in job creation triggers a proportional increase in search
activity. With the uniformly elastic search cost function, it is straightforward
to obtain
(6)

h 2 i1/(1+a)
h
x i1/(1+a)
Φ(z)
λA = pxx
, z = ke1−a
, α = qλ .
ke
px
A

Corollary: In a mixed–strategy equilibrium, search intensity of active workPublished by The Berkeley Electronic Press, 2010
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ers λA , the job–offer probability z and the ratio of active workers per job αq
are all independent of the worker–job ratio. The job–finding probability is
α(1 − e−λA z ), which increases proportionately with 1/q.
Although Proposition 2 is derived for a uniformly elastic cost function, I conjecture that results are similar for any arbitrary convex cost function with
positive slope at λ = 0 in which case the no–search strategy is a local maximum. All workers are active with the same search intensity when the labor
market is tight (small q), whilst some workers are inactive when labor market prospects are less favorable from workers’ perspective (large q). In the
following, q denotes the threshold value of the worker–firm ratio separating
an equilibrium with inactive workers from one without (where q = ∞ is a
possibility).

2.4

Free entry

If productivity is smaller than the threshold value defined in Proposition
2(c), no worker searches and then no firm enters the market. To rule out this
situation, I assume in the following that p > kex /x1−a . To determine the
endogenous number of jobs, note that a firm’s profit is p whenever it has at
least one applicant and when the chosen applicant has no other offer. Otherwise profit is zero. When sufficiently many firms enter, there are no inactive
workers and all workers search with the same intensity λ∗ (q). Expected profit
is then
h
i 1−e−qλ∗ (q)
∗
q
(7)
π(q) = 1 − e−qλ (q) e−
p, q≤q.

The expression in squared brackets is the probability that the firm has at
least one applicant, and the second term is the probability that a randomly
chosen applicant has no other offer. For fixed λ∗ , profit is strictly increasing
in q: the larger the worker–job ratio, the more likely it is that a firm finds an
applicant and the less likely it is that an applicant has multiple offers. When
the effect of q on λ∗ is taken into account, the overall impact of q on π is more
complex since both the effect of q on λ∗ and the one of λ∗ on π are generally
ambiguous. However, numerical experiments with the uniformly elastic cost
function have shown that π is strictly increasing in q for arbitrary choices of
the parameter p/k.
Conversely, when fewer firms enter, expected profit is
h

i

π(q) = 1 − e−Φ(z) e−λA z p , q > q .
http://www.bepress.com/bejm
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Again the first expression is the probability to receive at least one application
(since the number of applications at every firm is Poisson distributed with
mean αλA q = Φ(z)), and the second term is the probability that an active
searcher gets no second offer, conditional on having one (since the number of
job offers for active searchers is Poisson distributed with mean λA z). Importantly, expected profit in the range q > q does not depend on the worker–firm
ratio q, since z and λA are independent of q (note that this result does not
depend on the functional form of the search cost function). In contrast to
standard search models, more entry does not reduce the chance to find a
worker since the number of active searchers increases proportionately with
the number of jobs. For the same reason, the chance that a contacted worker
has another other offer does not increase with the number of job openings.
The equilibrium worker–job ratio balances the cost for the marginal entrant
to expected profit:
(8)
π(q) = c(1/q) .
Whenever c is strictly increasing with appropriate boundary conditions, there
is a unique solution to this equation. To summarize, an equilibrium is a
worker–firm ratio q ∗ solving equation (8) together with the following search
behavior of workers:
1. If q ∗ ≤ q, all workers search with common intensity λ∗ which is the
larger solution to equation (4).
2. If q ∗ > q, share α of workers search actively with intensity λA , while all
others remain inactive.

2.5

Comparative statics

Suppose that job surplus p increases (for example, because productivity goes
up or unemployment income falls). For a given number of firms, such a change
has the following effects on search behavior. In a pure–strategy equilibrium,
the common search intensity λ∗ increases unambiguously in p (Proposition 1,
and similarly in Proposition 2(b)).5 In a mixed–strategy equilibrium, both
the number of active workers α and their search intensity λA are increasing
in p (see equations (6)). Also the threshold value q increases; thus inactivity
disappears when productivity is high enough. A larger job surplus raises the
5

In this respect, the model differs from the one of Shimer (2004) where search intensity
can also fall with higher job surplus.
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return to search, which unambiguously increases search activity and search
intensity in this model for given q.
What is the effect of the productivity increase on job creation? The impact
on firm profit in the range q > q is unambiguously positive: a larger p raises
the chance to find a worker (because more workers become active) and raises
output in a filled job. In the range q ≤ q the effect is less clear–cut. Although
the chance to find a worker and job surplus go up again, the effect on the
middle term in (7) is negative: the higher search intensity implies that workers
are more likely to get a second offer in which case job profit would drop to
zero. However, all my numerical experiments confirm that the overall impact
of p on firm profit is positive. Hence, an increase in productivity usually
raises the job–to–worker ratio 1/q.
Figure 2 shows how job creation responds to such an increase in p, both in
a pure–strategy equilibrium where all workers are active and in a mixed–
strategy equilibrium where some workers are inactive, for different levels of
the entry cost function. In the regime without inactive workers (q ≤ q ≈ .55),
the effect of a 20 percent increase of p on q is relatively modest: q cannot fall
by more than 10 percent, even when entry costs are perfectly inelastic. In
the regime with inactive workers, however, the reaction of q to an increase in
p can be large: since π(q) is flat in the range q > q, the elasticity of q with
respect to p tends to infinity when the elasticity of c with respect to 1/q tends
to zero.

2.6

Efficiency

In the model of Albrecht et al. (2006), the decentralized equilibrium is inefficient along two margins: entry is excessive and workers send too many
applications.6 The first inefficiency also occurs in this model, but the second one must be qualified. In addition, another inefficiency emerges: it is
never socially optimal that a fraction of workers remains inactive. To obtain
these results, consider the problem of a social planner whose objective is to
maximize total surplus per worker net of the costs of search and entry, with
respect to λ and q:
max m(q, λ)p − k(λ) −
λ,q

Z

0

1/q

c(v)dv .

6

Albrecht et al. prove the first inefficiency only, but conduct numerical experiments for
the second one.

http://www.bepress.com/bejm
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c2(1/q)

pH(q)

pL(q)

c1(1/q)

q
Figure 2: The response of the worker–firm ratio q to a productivity increase
from pL = 1 to pH = 1.2 with k(λ) = .1 · λ for two exemplary entry cost
functions c1 (pure–strategy equilibrium) and c2 (mixed–strategy equilibrium).
Observe first that the planner’s objective is strictly concave in search intensity
λ. Thus, it is never optimal to let fraction α ∈ (0, 1) of workers search with
positive intensity λA while others are inactive. The planner rather prefers
that all workers search with the same common intensity αλA . Generally, the
planner’s objective depends on a distribution of search intensities, rather than
a common intensity as it is written here. However, it is easy to show that
nonparticipation of a fraction of workers is not optimal.7 The social optimum
satisfies the following first–order conditions:
(9)

k ′ (λ) = e−

(10)

c(1/q) = e−

1−e−λq
q
1−e−λq
q

e−λq p ,
h

i

1 − (1 + λq)e−λq p .

Consider first the entry margin for a given common search intensity λ of workers. In the decentralized equilibrium, the worker–firm ratio equates profit as
7
Proof: in the mixed–strategy equilibrium, net surplus is α[m(αq, λA )p − k(λA )], but if
all workers search with intensity αλA , surplus is m(q, αλA )p−k(αλA ). Weak convexity of k
implies αk(λA ) ≥ k(αλA ), and concavity of 1 − e−x implies that αm(αq, λA ) < m(q, αλA ).
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in (7) to marginal entry cost c(1/q). On the other hand, the right–hand–
side in the optimality condition (10) is strictly increasing in q and smaller
than profit π(q). Hence, the worker–job ratio q is too small in the decentralized equilibrium; entry is excessive. The explanation for the inefficiency is a
similar “business–stealing effect” as it is discussed in Albrecht et al. (2006,
p. 877): the social benefit of an additional vacancy falls short of the private benefit since the vacancy can attract workers from other firms whose
vacancies are then left unfilled. Put differently, wages do not internalize the
negative externality that an entrant exerts on incumbents who might lose all
their applicants to the entrant firm. The inefficiency could go away if the
wage for workers with one offer was greater than the monopsony wage (for
example, if there is Nash bargaining with an appropriate choice of worker
bargaining power). Obviously, in the limit λ → ∞ this business–stealing effect disappears and entry becomes efficient, reconfirming the results of Julien
et al. (2000).
Consider now the search intensity margin for a given worker–job ratio q ≤
q. Search intensity in the decentralized equilibrium is the larger solution to
equation (4). The right–hand–side of the optimality condition (9) is declining
in λ. Hence, equilibrium search intensity λ∗ is too large if and only if the
right–hand–side of (4) is smaller than the right–hand–side of (9) at λ∗ . That
is, workers search excessively, if the marginal increase in expected worker
income exceeds the marginal increase in total output,
−λz
d
d
dλ 1 − e (1 + λz) p > dλ m(q, λ)p .

h

i

With z = (1 − e−λq )/(λq), this is the same as
∗

∗q

(1 − e−λ q )2 eλ
λ∗ q 2

>1.

This inequality is true for all values of q > 0 and λ∗ ≥ 1, but it may be violated when λ∗ < 1 and q is not too large. When all workers send more than
one application on average, search is socially excessive since workers impose
a stronger negative externality on other workers: as firms cannot coordinate
their job offers, some workers receive no offers while others receive multiple
offers. Because workers desire to receive two or more offers, the private incentive to send more than one application is stronger than the social gain of
such additional applications. Indeed, with a linear search cost function, λ∗ is
always larger than 1.8 In other situations, however, search intensity can also
8
This follows from the second–order condition which requires that λz ≥ 1 and hence
λ ≥ 1/z > 1.
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be inefficiently low. For instance, with k(λ) = λ2 /4, q = 1 and p = 1, the
equilibrium at λ∗ = .38 is smaller than the social optimum at λ = .65.
Proposition 3: A mixed–strategy equilibrium where fraction α ∈ (0, 1) of
workers searches actively with intensity λA is never socially optimal: welfare
would increase if all workers searched with common intensity αλA . A pure–
strategy equilibrium (q ∗ , λ∗ ) is not socially optimal since welfare can be raised
by increasing q at given λ∗ . Moreover when λ∗ ≥ 1, welfare can be raised by
lowering λ at given q ∗ .

3

Quantitative exploration

3.1

The matching function

I will first demonstrate that this coordination–friction model with a reasonable choice of the period length and with fixed search intensity is unable
to match the empirical response of the job–finding rate with respect to the
vacancy–unemployment ratio. Any linearly homogeneous and concave matching technology gives rise to an increasing and concave relation between the
vacancy–unemployment ratio θ = 1/q and the job–finding probability ϕ(θ).
In my model this relation is given by equation (2), rewritten as
(11)

ϕ(θ) = 1 − e−θ(1−e

−λ/θ )

.

I choose the period length to be one week and set λ to pin down the average
weekly job–finding rate. A short period length is appropriate for this coordination friction model (as for the others discussed below) since workers send
applications only once in a period and since firms can contact only one worker
per period.
Robert Shimer calculates the average monthly job–finding rate in postwar
U.S. data to be around 0.45.9 On a weekly basis, this leads to10 ϕ = 1 −
.551/4.35 ≈ 0.128. As in Hagedorn and Manovskii (2008), the mean vacancy–
unemployment ratio is set at θ = 0.634 in order to be consistent with Den
9

See Shimer (2005) and http://robert.shimer.googlepages.com/flows
Note that this calculation is only an approximation which ignores that there may be
multiple transitions between unemployment and employment within a month.
10
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Haan, Ramey and Watson’s (2000) estimate of the mean job–filling rate.11
These numbers imply that λ = 0.155. Hence, an average unemployed worker
sends one application within 6.5 weeks and gets a job after after applying with
a chance of z = (1 − e−λq )/(λq) = 88.7%. The first number seems too small
and the second one too large. However, the consideration of an (irrelevant)
mismatch parameter can help explain these magnitudes. Suppose workers
sends λ0 applications on average, and that the firm observes match–specific
productivity after it receives the application. With probability µ the worker
fits the job, but with probability 1 − µ the worker’s productivity is too low
for the firm to be willing to offer the position. Then each worker sends only
λ = µλ0 “effective applications” (those that result in productive matches)
which may be much smaller than the average number of actual applications
λ0 . Similarly, λq is the average number of effective applications per vacancy,
and z is the offer probability for an effective application. The actual number
of applications and the probability to draw high match–specific productivity
are irrelevant for the quantitative analysis. All that matters are the effective
application rates.
The main result of this analysis is that the elasticity of the matching function with exogenous search intensity is too low compared to empirical measures. Shimer (2005) estimates the elasticity of the monthly job–finding rate
with respect to the vacancy–unemployment ratio to be 0.28; Petrongolo and
Pissarides (2001) conclude in their survey that the plausible range for this
elasticity is the interval [0.3, 0.5]. With my matching technology and the
empirical values for θ and λ (targeting the average ϕ using equation (11)),
I obtain an elasticity of the weekly matching function equal to 0.109 which
translates into an elasticity of the monthly matching function12 of εm
ϕ,θ = .086,
13
clearly below the range of plausible values.
The result that the elasticity of the matching function is too low is not only
11

All quantitative results are similar with θ = 0.454 which is obtained from the direct
vacancy measure of the Job Opening and Labor Turnover Survey for the period 12/2000–
07/2007.
12
The monthly matching function is defined as ϕm (θ) = 1 − [1 − ϕ(θ)]4.35, which is again
an approximation ignoring multiple transitions within a month.
13
This result critically depends on the choice of the period length. With a 14–day
period, the elasticity is εm
ϕ,θ = 0.18 and hence is still too low. At monthly frequency,
however, the elasticity becomes εm
ϕ,θ = 0.60 and is slightly above the range of plausible
values. Nonetheless, a short period length is most reasonable for this microfoundation
of matching frictions. Most newspapers and job agencies publish job advertisements at
weekly or even higher frequency. It seems implausible that job searchers sample such job
openings at a frequency which is much longer than a week.
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true in my model but in virtually all established coordination–friction models
of the literature. That is, the basic versions of such models, with homogenous
agents, with a reasonable choice of the period length, and without variable
search intensity, are unable to match the empirical elasticity of the matching
function. To see this, consider the matching function of Albrecht, Gautier,
and Vroman (2006) which is general enough to encompass those of most other
models as special cases. In their model, every worker sends A applications,
randomly (in equilibrium) to homogenous firms. After applications arrived,
each firm makes a job offer to at most one worker, rejecting all others. The
model gives rise to the job–finding rate
(12)

h

ϕ(θ) = 1 − 1 − z(A/θ)

iA

,

where z(x) = (1 − e−x )/x is the probability to receive an offer. The large–
economy model of Montgomery (1991) and Burdett, Shi, and Wright (2001)
is the special case A = 1, and the model of Julien, Kennes, and King (2000)
is the limit A → ∞. For given A (“fixed search intensity”), this matching
function is not flexible enough to match the job–finding rate at the empirical
mean value of θ, since θ is the only free parameter. However, match–specific
productivity enriches the model sufficiently to achieve this requirement (see
also Petrongolo and Pissarides (2001)).14 When the number of actual applications is a given parameter, match–specific productivity can be used to
target the job–finding rate. As above, suppose firms learn what applicants
are suitable after they receive applications and let µ be the probability that
a worker fits the job. With this modification, the job–finding rate becomes
h

ϕµ (θ) = 1 − 1 − µz(Aµ/θ)

iA

.

When I use the parameter µ to target a weekly job–finding rate of 0.128
at given θ = 0.634, I find that µ = 0.143 (A = 1), µ = 0.0742 (A = 2),
µ = 0.0153 (A = 10); hence the expected number of effective applications Aµ
is nearly constant and about the same as my calibrated value for λ. With
fixed search intensity A, the job–finding rate responds too little to variations
in the vacancy–unemployment ratio. I compute an elasticity of the monthly
job–finding rate with respect to the vacancy–unemployment ratio of 0.085
14
Alternatively, one could try to use the number of applications A as a free parameter.
However, to match ϕ = 0.128 at θ = 0.634 requires A = .039, a number which is not
compatible with this model which requires A ∈ IN.
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(for A = 1) and 0.086 (for A = 100), clearly below the range of plausible
values and about the same as with my matching function.15
These results suggest that other mechanisms are required in order to match
coordination–friction economies to the data. In the following, I consider a
dynamic extension of the static model in which parameters of a reduced–
form search cost function are calibrated to match the mean and elasticity of
the job–finding rate. The purpose of this study is to answer the following
questions.
• How large and how volatile must search costs be to be consistent with
the data?
• What are the implications of variable search intensity for the amplification of shocks?
• What are the welfare implications?

3.2

The dynamic model

I embed the static model of Section 2 in a dynamic framework in discrete time
t. The environment is stationary, so I consider a steady state equilibrium and
confine the quantitative analysis to comparative statics experiments. Since
actual productivity shocks are quite persistent and since adjustment to the
steady state is fast, the comparative statics response should be a reasonable
approximation to the dynamic response (see also Mortensen (2009)).
Existing jobs end with exogenous probability δ per period. There is no search
on the job, so q is the number of unemployed workers per vacancy. Flow output in a filled job is p and flow unemployment income is b. This term is
interpreted to encompass unemployment benefits, income from home production, and the utility value of leisure (in excess of an employed person), but
it does not include the cost of job search. Workers want to maximize their
expected utility
E

∞
X

β t [wt − k(λt )] ,

t=0

15

In this specification, firms learn worker productivity before they contact the worker.
Alternatively, if firms can only observe a worker’s qualification after contacting the worker,
the elasticity of the matching function turns out to be much higher and actually exceeds
the range of plausible values for any choice of the period length.
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where β is the discount factor, wt is wage or unemployment income in period
t, and k(λ) = k ·λ1+a /(1+a) is the utility cost of job search at search intensity
λ, with a ≥ 0 and k > 0. The search cost function is a shortcut to capture
both the opportunity cost of foregone leisure time and the hedonic cost of
job search.16 Within every period, unemployed workers and vacant jobs are
matched according to the same process as in the static model. Unmatched
agents continue search in the next period and there is no recall.
I restrict attention to a pure–strategy equilibrium where all nonemployed
workers are active searchers (so they are classified as unemployed in the usual
definition). It is straightforward to characterize mixed–strategy equilibria
with inactive workers, but they do not deliver reasonable predictions in the
numerical experiments. Specifically, in comparison with U.S. data, inactivity
(i.e. nonemployed persons who want to work but do not search) becomes
too volatile relative to unemployment, and vacancies vary too little relative
to nonemployment (unemployment plus inactivity). Also the predictions of
the corollary after Proposition 2 are at odds with the evidence. Hence the
inactivity mechanism of this model can only be quantitatively relevant when
it is coupled with substantial heterogeneity.
As in the static model, there are jobs with high and low wages, depending on
the number of offers a worker holds in his hand when leaving unemployment.
Although low–wage earners may have an incentive to search for better–paid
jobs, I assume that employers can identify the current employment status of
an applicant and that employed workers can renegotiate when they obtain
better offers later on. Under these assumptions, employers will never offer
their vacant job to an employed worker, and search on the job does not take
place.17
Let V and J j be the values of vacant and filled jobs with wages w j in job
status j = l, h. Suppose that flow costs of a vacant job are c, independent of
the number of active firms. The Bellman equations are
V

= −c + βV + (1 − e−λq )e−λz β(J l − V ) ,

16

An alternative strategy (avoiding a reduced–form search cost function but ignoring
hedonic search costs) would be to include leisure time in the utility function and to calibrate the parameters of this function using the empirical Frisch elasticity and time–use
data on work and job search. However, since the functional relationship between the observable “search time” and the unobservable “search intensity” λ is unclear, I refrained
from pursuing this approach.
17
This assumption is similar as in Julien, Kennes, and King (2006). In their model,
however, low–wage earners search on the job, but only because of between–firm productivity
differentials, which are absent here.
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J l = p − w l + β(1 − δ)J l ,
J h = p − w h + β(1 − δ)J h .
In the first equation, firms gain only when they meet an applicant with no
other offer, which happens with probability (1 − e−λq )e−λz . Otherwise they
either get no application or they offer the job to a worker who has at least
one other offer. In this case, Bertrand competition drives the wage w h so high
that the value of the filled job is equal to the value of a vacant job, which is
zero, so it follows that w h = p. The free–entry condition V = 0 is
c = (1 − e−λq )e−λz

(13)

β(p − w l )
.
1 − β(1 − δ)

For workers, let U and E j be the utility value when the current state is
unemployment or employment in a job of status j = l, h. Workers’ Bellman
equations are
h

i

U = b + βU + max γ(λz)β(E h − U) − k(λ) ,
λ≥0

l

l

l

E = w + βE + βδ(U − E l ) ,
E h = p + βE h + βδ(U − E h ) .

Here, γ(x) = 1 − (1 + x)e−x is the probability to find a high–wage job (that
is, to obtain two or more job offers) for a worker who receives x = λz offers in
expectation. Since workers with only one offer do not gain at the transition
from unemployment to employment, E l = U must hold, which gives rise to
the reservation wage equation
(14)

w l = b − k(λ) + βγ(λz)(E h − U) .

The utility increase at a transition into a high–wage job is
(15)

Eh − U =

p − wl
.
1 − β(1 − δ)

As in the static model, optimal search intensity equates marginal search costs
to the marginal return from search:
(16)

kλa = λz 2 e−λz β(E h − U) .

A steady–state equilibrium is a vector (z ∗ , λ∗ , w l∗, (E h − U)∗ , q ∗ ) solving the
five equations (1), (13), (14), (15), and (16).
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3.3

Calibration

There are seven parameters (β, δ, a, k, c, b, p) which are calibrated to the U.S.
economy. In comparison with calibration exercises of standard Mortensen–
Pissarides models, the two parameters of the aggregate matching function
(a level and an elasticity parameter) are replaced by the two parameters a
and k of the reduced–form search cost function and they play a similar role,
targeting the mean and the elasticity of the job–finding rate. Because wages
are determined by an ex–post auction, there is no wage bargaining parameter,
although the model could easily be augmented by Nash bargaining in those
matches where a worker has no alternative offers.
As above, I specify the period length to be one week. With an annual interest
rate of 5%, this implies β = .9991. With an average weekly job–finding rate of
ϕ = .128 and an average unemployment rate of 5.6%, the weekly separation
rate is fixed at δ = 0.762% which is consistent with Shimer’s (2005) measure
of the monthly separation rate of 2.6% (after adjusting for time aggregation).
Productivity is normalized at p = 1, and vacancy costs are set at Hagedorn
and Manovskii’s (2008) estimated value of c = 0.58, though I do not allow for a
productivity dependence, as they do. The remaining parameters b, k and a are
pinned down to match the following three targets; the mean job–finding rate
of ϕ = 0.128, the mean vacancy–unemployment ratio θ = 1/q = 0.634, and
the elasticity of the monthly job–finding rate with respect to θ at εm
ϕ,θ = 0.28
(see Section 3.1 for explanations). The calculation of the elasticity of the
job–finding rate is based on the premise that variations in the steady–state
value of θ are driven by productivity shocks. In principle, λ (and thus ϕ)
reacts to a shock for two reasons: job surplus E h − U changes and the job–
offer probability z changes. How much job surplus changes relative to z
depends of course on the source of the shock. However, εm
ϕ,θ does not change
much when variation in θ is driven by shocks to the separation rate or to
unemployment income. More precisely, when parameter a targets εm
ϕ,θ = 0.28
for a p shock, it can be verified that the elasticity stays the same for shocks
to δ or to b.
The calibration targets imply that b = 0.958, k = 268.7 and a = 3.6.18 As in
Section 3.1, mean search intensity is at λ = 0.155 and the chance to obtain an
18

Numerically, for given a and the targets for ϕ and θ (and hence λ and z), equation (13)
yields wl , k follows uniquely from (15) and (16) and b follows uniquely from (14). Then
m
a is adjusted to target εm
ϕ,θ . The implied value for a is unique since εφ,θ is monotonically
decreasing in a.
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offer is z = 0.887. Mean search costs are rather rather tiny (at k(λ) = 0.011),
so that the flow utility from unemployment is at b̂ = b − k(λ) = 0.947.19
The reservation wage is at w l = 0.974, so that the mean wage is at w =
αw l + 1 − α = 0.976, where α = λze−λz /(1 − e−λz ) = 0.933 is the share of
workers in low–wage jobs. Finally, because of a > 1 and Proposition 1, the
first–order condition (16) indeed characterizes the unique equilibrium in pure
strategies. Table 1 summarizes parameter choices and their explanation.
Parameter
Value Explanation
β
0.9991 Annual interest rate 5%
δ 0.00762 Unemployment rate u = 5.6%
p
1 Normalization
c
0.58 Hagedorn and Manovskii (2008)
k
268.7 Job–finding rate ϕ = 0.128 (via λ)
b
0.958 Vacancy–unemployment ratio θ = 0.634 (via w l ,J l )
a
3.6 Matching–function elasticity εm
ϕ,θ = 0.28
Table 1: Parameter choices.

In this calibration, parameter a is set so as to target the elasticity of the
matching function. Unfortunately, because search effort is unobservable,
there is no direct evidence on the convexity of search costs. Some authors
structurally estimate such a parameter using partial equilibrium models with
a search intensity margin. For example, Christensen et al. (2005) estimate a
model of on–the–job search and find a nearly quadratic search effort function;
Lentz (2009) uses a model with risk–averse workers and savings, and he finds
a much larger point estimate (13.36) for the elasticity of the search cost function. Still, these estimates are based on quite different models; in particular,
estimates of the search effort function crucially depend on the structural form
of the matching function relating search intensity to the arrival rate of job
offers, which is a linear function in Christensen et al. (2005) and a concave,
negative exponential function in Lentz (2009). Bloemen (2005) uses data on
the number of applications from the Dutch Socio–Economic Panel to estimate
a search cost function, but he does not estimate an elasticity parameter which
is of interest here.
19

It should be noted that the high value of unemployment utility is rather insensitive to
the calibration of the vacancy cost parameter c. When c is set to 0.213 (Shimer’s (2005)
value), the implied value is b̂ = 0.981, and when I set c = 1.1, I find that b̂ = 0.90.
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To explore the sensitivity of the results to different values of parameter a,
Table 2 reports the elasticity of the matching function when a is varied between 1 and 20. The two columns show the matching–function elasticity for
calibrations at weekly and bi–weekly model frequency. As parameter a is
varied, parameters k and b are recalibrated to match the empirical targets
for the job–finding rate and for the vacancy–unemployment ratio. Whilst
a quadratic effort function (a = 1) yields too high elasticities, values of a
between 2 and 5 give rise to reasonable matching function elasticities. For
larger values of a, however, search intensity is very unresponsive to variations
in market conditions, and the model behaves very much like the model with
exogenous search intensity.
a
1
2
3
4
5
10
20

b
εm
ϕ,θ
0.973
0.964
0.960
0.957
0.956
0.952
0.950

(weekly)
0.73
0.43
0.32
0.26
0.23
0.16
0.12

εm
ϕ,θ (bi–weekly)
0.73
0.49
0.40
0.35
0.32
0.25
0.22

Table 2: Elasticity of the matching function for different values of parameter a
when the model is calibrated at weekly (column 3) and at bi–weekly (column
4) frequency. Column 2 shows the recalibrated values for parameter b.

3.4

Quantitative implications

How does the economy respond to a permanent unanticipated productivity
increase? As implied by Proposition 1, search intensity will go up. Indeed,
at the calibrated parameter values, I calculate elasticities ελ,p = 7.6 and
εk(λ),p = 35.0. Although search costs are small (1.1% of unemployment utility), they are quite volatile, varying between 0.4% and 1.9% when p varies
between 0.98 and 1.02. The corresponding value of λ (average number of
effective applications) varies between 0.123 and 0.174. Empirical results on
the response of search intensity to market conditions are inconclusive. The
findings of Shimer (2004) do not support procyclical search intensity. He
considers CPS data and uses two measures of search intensity. One is the
“probability to search” which is irrelevant here since nonparticipation is not
considered. The other is the “number of job search methods”. However, the
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variability of this measure is small and it is unclear how this number correlates with application rates and with search time, which are relevant here. On
the other hand, Krueger and Mueller (2010) examine time–use data and find
that job–search time responds positively to labor market conditions. Using
cross–state variation in unemployment benefits, they calculate an elasticity
of job search with respect to benefits of around -2. My model yields the elasticity ελ,b0 = −2.2, where b0 = .28 = .29w is a plausible value for the level of
unemployment benefits.20 If search intensity λ is proportional to job–search
time, this finding suggests that my calibration does not overstate the responsiveness of search intensity to labor market conditions. Krueger and Mueller
also find that an individual’s predicted wage has a strong quantitative impact
on job–search time, and they also mention that the state–level unemployment
rate has a negative effect on job search (though only statistically significant
at the 10 percent level) when it is combined with an interaction term between
unemployment and benefits.
When search costs are interpreted as time spent on search, they can potentially be related to the time value of unemployment (i.e., the share of b which
is not due to unemployment benefit payments). With benefits at b0 = 0.28,
this suggests that the value of non–market time is b − b0 = 0.68, so that
average search costs k(λ) = 0.011 amount to 1.6% of the value of non–market
time. Krueger and Mueller (2010) report that unemployed workers spend
around 40 minutes of a weekday on job search which accounts for roughly
1/12 of the time that an unemployed worker saves by not working. This suggests that my calibrated value of search costs would be too small when the
utility of leisure is linear, but it would be consistent with a concave utility of
leisure with elasticity around 0.2.21
It is unsurprising that the model’s response of the vacancy–unemployment
ratio to a productivity shock is of the same magnitude as in the data. In fact,
my level of flow unemployment income is about the same as in the calibration
of Hagedorn and Manovskii (2008) which is well known to yield a strong
amplification. This is even true when search intensity is fixed at the steady–
state value, in which case I find that ελθ,pfixed = 18.8, about 10 times as large as
in Shimer’s (2005) calibration of the search and matching model where flow
20

See Nickell, Nunziata, and Ochel (2005) who calculate a replacement ratio for the U.S.
of 29%.
21
When ℓ0 = 8h is leisure consumption of an unemployed worker, t = 40min is time spent
on search, and v(ℓ) is leisure utility, the elasticity of utility consistent with this calibration
v(ℓ0 ) − v(ℓ0 − t) ℓ0
is
· t ≈ 0.0162 · 12 ≈ 0.192.
v(ℓ0 )
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unemployment income is at b̂ = 0.4. When search intensity varies positively
with productivity, the amplification of productivity is even stronger since
the job–finding rate increases and hence unemployment decreases further.
However, the elasticity merely increases to ελθ,pvariable = 25.3, so the order of
magnitude does not change. In other words, variable search intensity plays
only a modest role for amplification.

3.5

Welfare

Results from section 2.6. show that equilibrium is not efficient in general:
entry is excessive and search intensity can be too high or too low. The dynamic model requires a separate analysis of the welfare issue. One important
adjustment concerns the role of unemployment benefits which are pure transfers and do not contribute to welfare.22 However, benefits induce a wedge
between the private and the social job surplus, which dampens the incentives
to search for workers and firms. This effect counteracts my previous findings
that entry is excessive and that search intensity is excessive when λ > 1.
Because of quasilinear preferences, the planner’s objective is to maximize a
utilitarian welfare function which adds up the discounted value of the income stream net of entry cost and worker’s search effort costs. The recursive
formulation of this problem is
(

′
W (u) = max u · [b̃ − k(λ)] + (1 − u) · p − cu
q + βW (u )
λ,q

(17)

′

)

s.t. u = u + δ(1 − u) − m(q, λ)u .

Here u is the unemployment rate (the only state variable), W (u) is welfare
when current unemployment is u, m(q, λ) is the matching function (2), and
b̃ = b − b0 is flow unemployment utility net of benefits b0 and gross of search
costs. I obtain the following characterization of the social optimum.
Proposition 4: In the social optimum, the unemployment–vacancy ratio q
and search intensity λ are independent of the state variable u and satisfy the
22

Of course, matters would be different if workers were risk averse and markets were
incomplete. In their welfare analysis, Hagedorn and Manovskii (2008) correct for distortionary taxes, but they ignore any positive role of government.
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first–order conditions
c = βe−λz [1 − (1 + λq)e−λq ]S ,
k ′ (λ) = βe−λz e−λq S ,

(18)
(19)

where z = (1 − e−λq )/(λq) and
S=

p − b̃ + k(λ)
1 + βδ − βe−λz (1 + λz) + βλe−λz e−λq

is the social value of an employed person.
Proof: Appendix.
The intuition behind the optimality conditions is easy to explain. In (18), the
term e−λz [1 − (1 + λq)e−λq ] is the same as d[m(q, λ)]/d[1/q], i.e. the number
of new matches of an additional vacancy. Hence the term on the right–hand
side is the social return of a vacancy which must be equal to marginal cost
on the left–hand side. Similarly in (19), the term e−λz e−λq is the same as
d[m(q, λ)]/d[λ], so the right–hand side is the marginal social return of an
additional unit of search intensity.
When there are no unemployment benefits, it is straightforward to show that
entry is excessive. Indeed, the free–entry condition (13), using (14) and (15),
can be expressed as
(20)

c = βe−λz (1 − e−λq )

p − b + k(λ)
.
1 + βδ − βe−λz (1 + λz)

It follows immediately that the right–hand side of (18) is smaller than the
right–hand side of (20), at the same values of λ and q when b = b̃. Since the
right–hand side of (18) is increasing in q, the equilibrium level of q is smaller
than the socially optimal level of q (at given λ). Hence, for any given level
of search intensity, there is too much entry. Obviously, this result can change
when benefits b − b̃ > 0 are large enough.
Table 3 compares the equilibrium at the benchmark calibration with the
social optimum, where I set benefits to b0 = .28, at 29% of the mean wage
(see footnote 20). Compared with the social optimum, equilibrium search
intensity is about 33 percent too low, and the vacancy–unemployment ratio
1/q is more than twice as large. The planner would choose a slightly lower
unemployment rate, but the optimal vacancy rate would be about half of
what is in the data. Nonetheless, total welfare W (u) is only about 1% below
http://www.bepress.com/bejm
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optimum. The last three columns of the table show the three components of
flow surplus: output, flow utility of the unemployed, and vacancy costs. The
planner would like to reduce utility of the unemployed slightly (by inducing
them to search more) and create fewer vacancies; actual output (employment)
would increase minimally.
λ

Equilibrium
Social opt.

q

u
(%)
0.155 1.58 5.6
0.232 3.42 4.9

Welfare
1063.7
1076.7

Flow
output
0.944
0.951

Flow util.
of unemp.
0.037
0.030

Vacancy
costs
0.021
0.008

Table 3: Equilibrium versus social optimum.

4

Conclusion

This paper develops a model of coordination frictions with variable search
intensity in which equilibrium can be fully characterized by a simple set of
first–order conditions. Under bad labor market conditions, there can be an
equilibrium where only a fraction of workers are active searchers whilst the
rest stays out of the labor market. This inactivity phenomenon is not socially
desirable; the planner desires that all homogenous workers search with a common intensity. But even under better labor market conditions, equilibrium is
typically inefficient, as there are too many vacancies and a suboptimal level
of search intensity. In the quantitative part of this paper, I argue that variable search intensity helps to improve the fit of coordination–friction models
which typically have a too low matching–function elasticity, and I examine
the comparative statics features of a reasonably calibrated dynamic model.
Of course, variable search intensity may not be the only mechanism raising
the responsiveness of the job–finding rate. Lester (2009) shows that an endogenous capacity choice in the model of Burdett, Shi and Wright (2001) can
also raise the elasticity of the job–finding rate with respect to productivity.
The following two extensions are left for future work. The first is the effect
of heterogeneity on search intensities. On the one hand, when there are jobs
with high and low productivities, it is interesting to know whether workers
search too hard for the good jobs and too little for the bad ones, and how
much they diversify their “search portfolio”. A similar issue is analyzed in
Gautier and Wolthoff (2009). On the other hand, when workers are endowed
with different skills, it should be understood how much search intensities
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between skill groups differ, and what the implications are for skill differences
in wages and employment rates.
Another variation concerns the wage determination mechanism. If firms commit to posted wages and workers apply after sampling these postings, there
should be wage dispersion similarly as in the model of Burdett and Judd
(1983). Such a model can also be examined when firms are able to recall all
their applicants as in Kircher’s (2009) model.

Appendix
Proof of Proposition 1:
Consider the best response problem of a particular worker deciding search
intensity λ when all others search with intensity λ0 . Let z = z(λ0 ) = [1 −
e−λ0 q ]/(λ0 q) be the chance to receive an offer when applying. The worker’s
best response is the solution to Uz′ (λ) = 0 which is
z 2 e−λz kp = λa−1 .

(21)

Because of a > 1, this equation has a unique solution which is the global
maximum of Uz (.). Hence, for any λ0 there is a unique best response, denoted
λ = S(z(λ0 )) ≡ R(λ0 ). Moreover, because of z(0) = 1 and z(∞) = 0, R(0) >
0 and R(∞) = 0. Since R is continuous, a Nash equilibrium λ = R(λ) > 0
exists.
To prove uniqueness, it suffices to show that R′ (λ) = S ′ [z(λ)]z ′ (λ) < 1 at any
λ = R(λ). One has
1 − e−λq (1 + λq)
z ′ (λ) = −
,
λ2 q
and implicit differentiation of (21) yields
S ′ (z) =

λ(2 − λz)
.
λz 2 + (a − 1)z

Combining these two shows that R′ (λ) < 1 (at any λ = R(λ)) is equivalent
to
(2 − λz)[1 − e−λq (1 + λq)]
(22)
<1.
−
[λz 2 + (a − 1)z]λq
With a > 1, a sufficient condition for this inequality is that
−(2 − λz)[1 − e−λq (1 + λq)] < z 2 λ2 q .
http://www.bepress.com/bejm
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Substitution of z = (1 − e−λq )/(λq) obtains the equivalent
2eλq − 2 − 2λq > λe−λq − λ .
This inequality is satisfied since the right–hand side is negative and since
ex > 1 + x.
Lastly, the unique Nash equilibrium λ∗ increases in p/k because the best–
response curve R(.) shifts upwards when p/k increases, which follows immediately from (21) defining λ = S(z).
2
Proof of Proposition 2:
Consider again the best–response problem of a particular worker when λ0
is the average search intensity of other workers (who either all search with
intensity λ0 , or fraction α search with intensity λA = λ0 /α). As in the
proof of Proposition 1, z = z(λ0 ) is the job–offer probability conditional
on applying. Under the assumption a < 1, the worker’s objective function
Uz (λ) has negative slope at λ = 0, is convex at low values of λ and concave
at high values of λ. Hence a local maximum exists only if there is also a
local minimum, that is, if there are two, positive solutions to the first-order
condition Uz′ (λ) = 0. If there is no such solution, the function is globally
decreasing; and if there is just one solution (a non-generic case), it is a saddle.
Uz′ (λ) = 0 is the same as equation
(23)

p
λa = k λz 2 e−λz .

For a < 1, the LHS is strictly concave and has infinite slope at λ = 0, and
the RHS is unimodal and has finite slope at λ = 0. The RHS is obviously
increasing in (p/k). Hence, there must be a threshold value for (p/k), denoted
p̃, such that equation (1) has two solutions for (p/k) > p̃ and no solution for
(p/k) < p̃. At the threshold value p̃, moreover, the LHS has the same slope
as the RHS (i.e. the two curves are tangent). This condition is expressed as
(24)

aλa−1 = p̃z 2 e−λ/z − p̃λz 3 e−λz .

Solving (23) and (24) yields λ = (1 − a)/z; substitution back into (23) yields
the threshold value
p̃ = (1 − a)a−1 z −1−a e1−a .
A local maximum exists if p/k > p̃ which is the same as
z = z(λ0 ) > ẑ ≡

h

ke1−a
p(1 − a)1−a
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which is the same as

λ0 < λ̂0 ≡ 1q Φ(ẑ) .

Therefore, for any λ0 < λ̂0 , Uz (λ) has an interior local maximum, to be
denoted λ = R(λ0 ) > 0. Worker payoff at the local maximum is then
k λ1+a
Uz (λ) = p 1 − e−λz (1 + λz) − 1 +
a
h
2i
(λz)
= pe−λz eλz − 1 − λz − 1 + a .
h

i

Therefore, λ = R(λ0 ) is a global maximum (that is, Uz (λ) ≥ 0 so that a
deviation to λ = 0 does not raise payoff) if and only if
(25)

λz ≥ x ,

where x is the unique positive solution of
2
ex = 1 + x + 1 x+ a .

Since λ = R(λ0 ) solves λa = λz 2 e−λz p/k,
eλz k = z 1+a
(λz)1−a p
holds. Because eλz /(λz)1−a is increasing in λz ≥ 1 − a (where λz > 1 − a fol′′
lows from the second–order condition Uz (λ) < 0), condition (25) is equivalent
to
ex k ≤ z 1+a ,
x1−a p
or
h
x i1/(1+a)
z = z(λ0 ) ≥ z ≡ ke1−a
.
px
Therefore, λ = R(λ0 ) > 0 is best response to λ0 iff
λ0 ≤ λ0 ≡ 1q Φ(z) ,
and it is the unique best response if the inequality is strict. Note also that
λ0 > λ̂0 . Further, for any λ0 ≥ λ0 , λ = 0 is best response to λ0 , and it is the
unique best response when the inequality is strict.
Since λ0 ≤ 0 is equivalent to z ≥ 1, λ = 0 is the unique Nash equilibrium
when p ≤ kex /x1−a (part (c) of the Proposition). When p > kex /x1−a is
satisfied, λ0 > 0 holds. In that case, a pure–strategy equilibrium exists when
http://www.bepress.com/bejm

30

Kaas: Variable Search Intensity with Coordination Unemployment

R(λ0 ) ≤ λ0 (in which case the best response curve R(λ0 ) crosses the 45–
degree line at some λ0 ≤ λ0 ), whereas a mixed–strategy equilibrium exists
when this inequality is reversed (in which case the 45–degree line is “crossed”
as the best response correspondence jumps at λ0 ). By definition of λ0 and z,
the sufficient condition for a pure–strategy equilibrium is
1
R(λ0 ) = x
z ≤ λ0 = q Φ(z) ,
which is the same as

zΦ(z)
x .
This condition is not only sufficient but also necessary for a pure–strategy
equilibrium provided that R′ (λ) < 1 holds at any λ = R(λ) (so that the 45–
degree line can be crossed at most once). This condition then also implies that
the Nash equilibrium is unique. As in the proof of Proposition 1, R′ (λ) < 1
holds at any λ = R(λ) if condition (22) holds. The denominator on the
left–hand side is positive because of the second–order condition λz > 1 − a.
Hence, the inequality is
q≤q≡

−(2 − λz)[1 − e−λq (1 + λq)] < λq[λz 2 + (a − 1)z] .
Substitution of z = (1 − e−λq )/(λq) yields
2λq < λ(1 − e−λq ) + (1 + a)(eλq − 1) .
Again because of the second–order condition λ ≥ (1 − a)/z = (1 − a)λq/(1 −
e−λq ), a sufficient condition for this inequality is that
2λq < (1 − a)λq + (1 + a)(eλq − 1) .
This is the same as
0 < (eλq − 1 − λq)(1 + a) ,
which is obviously true for any λ > 0.

2

Proof of Proposition 4:
As in section 7.2 of Rogerson, Shimer, and Wright (2005), it is straigtforward
to show that W (.) is affine–linear; it takes the form W (u) = w0 − S · u where
S is marginal social value of an employed worker. Differentiation of (17) with
respect to u together with the envelope theorem yields
(26)

S = p − b̃ + k(λ) + c/q + βS(e−λz − δ) .
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The first–order conditions for λ and q are
(27)

k ′ (λ) = βe−λz e−λq S ,

(28)

c = βe−λz [1 − (1 + λq)e−λq ]S .

These conditions confirm that optimal λ and q do not depend on the state
variable u, so W (.) is indeed affine–linear. Both first–order conditions are the
same as in Proposition 4. The value S follows after substitution of (28) into
(26) and solving for S.
2
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