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1.1

The Formal Expression of Psychological Concepts in Psycholo
gical Theories

The history 01' mathematieal modds in psyehology is longer than is often
assumed. As early as 1837. Herhart argued for the mathematical formula
tion 01' psyehologieal theories, and he attempted to apply to psychology
the 13ws of Newton's meehanics. Although this lIndertaking was doomed
to failure from the he~inning. it is nevertheless worth mentioning. sinee
it exemplifies the onentation of early psychological methodology to
wards the ideals of classieal physies. Only a few years later. Gustav Theo
dor Feehner slieeeeded in formulating a mathematical relationship be
tween psychological phenomena. Weber's law, that stood firm for a long
time in the presencc 01' empirleal data. The essential progress represent
ed by Weber's law was that it relied on emplrical observations. while
Herbart had still denied the possihility 01' an experimental scienee 01'
psychology. With the development 01' experimental psychology and with
the rapid advance of mathematical statistics in the first decades of the
twen tieth century. the application of mathematical models in psycholo
gy soon became customary and reached its first peaks in classical test
theory and factor analysis.
In the first phase 01' development, the assumptions of the respective
models were characteristically chosen by reason of mathematical sim
plicity and were only secondarily oriented towards the requirements of
the psychological subject matter. At the same time. these models were
designed for universal application and, therefore, were frequently mis
understood as "mere methods". Only recently. a dear distinction has
been made between the model and the methods of factor analysis (e. g..
KALHRA"'. I 970a). \evertheless. this first phase ll1 the application of
mathematical models in psychology was 01' great significance. since it
was instrumental in establishing psychology as an empirical science.

Konstanzer Online-Publikations-System (KOPS)
URL: http://www.ub.uni-konstanz.de/kops/volltexte/2008/6024/
URN: http://nbn-resolving.de/urn:nbn:de:bsz:352-opus-60241

The second phase of development began around the end of World War
II and grew out of a critique of classical test theory: It is connected with
the names of Louis Guttman, Paul Lazarsfeld, and Georg Rasch, among
others. Since the publication of Gerhard Fischer's book, "Psychologi
sche Tl'sttheorie" (FISCHER. 1968); it has also gained a foothold in the
German-speaking countries. Its most characteristic feature is its increas
ing emphasis on certain considerations derived from epistemology and
the philosophy of science. coinciding with the considerable sophistica
tion that the general theory of measurement has reached in the mean
time (cl'. SUPPES & ZINNES. 1963: PFANZAGL. 1968). Apart from the un
disputed suceess of psychological test theory, mathematical psychology
r.:rnained the domain of a few specialists unhl a few years ago. Although
there are few psychologieal investigations today that ean do without the
.lpplieation of mathematical models. the majority of these applications
" still restrieted to very simple models whose model-like nature, more
over. is frequently overlooked. The mathematical assumptions that un
lkrlie many popular statistical methods are only rarely reflected upon
anJ brought in relation to the substantive psychologieal theories that
these methods serve to test. For example, the fact that significant inter
actions in a multifactor analysis of variance falsify the assumption of
aJditivit)' of tre<.ltment effeets rarely receives a psychological interpre
t<.ltion. The like1y reason is that, in analysis of variance, the assump
tion of linearity is made on grounds of mathematical simplicity, and
psyehological theories usually are only verbally formulated and rareI)' precise enough to justify assumptions such as the additivity of treat
ment effects.
The resulting discrepancy between theory and method in psychology
" illustrated. for example. by LAUTMANN's (1971) analysis of the concept
of social norm. Although sociology and social psychology typically de
fine social norms operationally as group means, Lautmann distinguishes
three different concepts of norm:
<.l) a sociologieal concept: the norm as guideline:
b) a psychological concept: the norm as frame of reference:
c) a descriptive coneept: the norm as average.
In Chapter 5. a probabilistic model for the measurement of social
norms is presented which attempts to establish a c\ear relationship be
tween tlle methods for measuring social norms and the psychological
coneept of norm. This model also leads to a clarification of the relation
between the concepts. "norm" and "conformity", which so far has been
largely undetermined (cf. BRANDT & KÖHLER, 1971). The application of
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graph theory to Festinger's theory of cognitive dissonance and to Hei
der's theory of cognitive organization (e.g., BOUDON, 1973) provides a
similar example of how the predsion of concepts in sodal psychology
can be increased through formal rigor.
We thus arrive at the question: What can the fonnal expression of
psychological concepts contribute towards constructing psychological
theories, and what requirements must be satisfied by mathematical mod
els in psychology? It is useful to distinguish here between theoretical
and empirical models, where the latter can be further divided into ex
planatory and predictive models. To add aseparate class of descriptive
models seems to be unnecessary for two reasons: First, the models just
mentioned also have descriptive functions, and secondly, it is doubtful
whether purely descriptive models exist at a11 in psychology. Measure
ment models, at least, which are often quoted as examples of descrip
tive models. are genera11y better classified as explanatory models. As I
have discussed elsewhere (KEMPF, 1974a), nearly every measurement
transcends experience and therefore cannot be considered as purely de
scriptive.
An example of a flreorefical model is game theory which does not
strive to explain or predict the actual behavior in games but instead
examines the properties of games defined by certain axioms. The signi
ficance of game theory for sodal psychology consists in that it permits
the clear definition and analysis of contlict situations and thereby makes
the behavior in such situations amenable to psychologieal analysis. Infor
mation theory has fulfi11ed a similar function in psychology.
Predicfive models, on the other hand, serve to predict actual behavior.
They are typica11y applied when certain decisions must be made (e.g.,
about methods of treatment in clinical psychology) and theoretical explai
ations of the relevant behavior are not sumcient for a prognosis. Two ex
amples are multiple regression and the related method of multivariate
analysis (COLEMAN, 1964). The concept ofvalidity in classical test theory
should also be understood in this sense. Validity does not mean explica
bility but predictability by means of linear regression. However, investi
gations in decision theory by CRONBACH & GLESER (1965) have demon
strated that predictive models cannot be considered detached from their
decisional context. At least the classical concept of validity, then, is in
need of revision, and it seems necessary to generally reconsider the func
tion of predictive models in psychology.
Predictions of behavior can also be derived from explanafory models.
However, explanatory models are formalized theories and therefore must

16

meet much stricter criteria than predictive models. The most important
tasks of explanatory models in psychological research are:
a) to increase the precision of psychological concepts, and
b) to estabiish a clear relation between psychologicaJ theories and the
methods employed in testing them.
Ideally, it should be possible to associate certain psychological concepts
directly with certain classes of mathematical models, and to gain insight
into the relations between the underlying concepts from comparisons be
tween these models. However, mathematicaJ psychology wiIllead to
such strong psychological statements only when its models satisfy a
number of prerequisites that go far beyond mere mathematicaJ consis
tency.
One of the most important postulates for a model is that an unequi
vocal interpretation of its structure and its parameters must be possible. A
model can be considered a formalized theory when all its assumptions
have some psychological content. Only then it is possible to establish
a clear connection between theory and model and to draw conclusions
about the validity of the theory from tests of the model. Yet this re
quirement is often met insufficiently, e. g., when additionaJ parameters
are introduced whose only function is to improve the fit of the model
to empirical data. Other models are so complex that the interpretation
of the results of their application exceeds the psychologist's capabilities.
For example, a methodologically satisfactory interpretation of the re
sults of a factor analysis is usuaJly prevented by the fact that it would
have to take into account all possible scale transformations, i. e., all ro
tations of the matrix of factor loadings (cf. KEMPF, 1972b).
The second postulate to be set forth here concerns the mathemati
cal manageability of the model. The following operations must be pos
sible and must lead to unambiguous outcomes:
a) estimation of the parameters in the model;
b) comparisons between the parameters (jf the theory to be formalized
makes statements about relations between parameters); and
c) tests of the structure of the model.
These criteria can again be demonstrated with factor analysis as an
example. KALVERAM (1970a) has shown that the general factor model
with p common factors and q specific factors aJlows the actual com
putation of a factor analysis only under the assumption - which is not
empirically testable - that all intercorrelations between the specific
factors and all correlations between specific and common factors are
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zero. Even then, it is not guaranteed that the true factor structure will
be discovered, since the communalities are not unequivocally detennined
by the covariance matrix. Nevertheless, computation of a factor analysis
invariably leads to some outcome, and this is the reason why many au
thors consider it a tautological model, as the following quotation shows:
"Indeed, there are many examples of models that eannot be falsified, e.g., faetor
analysis in psyehology. Whatever the available data may be, faetor analysis always
provides a solution whieh is aeeepted or rejeeted on the basis of eriteria that do not
depend on an agreement between the model and the observations, sinee this agree
ment is by definition always present." (BOUDON, 1973, p. 50; translated from Ger
man.)

It can be shown, however, that this view derives from a confusion be
tween factor-analytic models and factor-analytic methods. For example;
the often-criticized dependence of factor-analytic results on sampie
characteristics (FISCHER, 1968) does not lie in the model itself but fol
lows only when the prerequisites of the model are not met. These pre
requisites include all assumptions made in coping with the communali
ty problem (cf. FISCHER & ROPPERT, 1965; KALVERAM, 1970b; KEMPF,
1972b). Independence from sampie characteristics can thus serve as a
criterion for the validity of the assumptions of the model, although it
must be kept in mind that the communality problem is still unsolved
in the general factor model; and restricted factor models, which sur
mount this problem, are based on very rigorous assumptions. In practi
cal applications, it is very unlikely that restricted factor models will
resist attempts of falsification. Therefore, these models - which I have
thoroughly discussed elsewhere (KEMPF, 1972b) - turn out to be rather
"unrealistic" (FISCHER, 1968).
A model is called "unrealistic" when it can be refuted by almost any
data. It is "realistic" when sets of data can be found for which it needs
not be rejected. The progress that the formalization of psychological
concepts could bring to psychological theories will depend on whether
realistic models can be constructed. The dilemma of mathematical psy
chology consists in finding models that can be tested and at the same
time have a chance of resisting attempts of falsification. This has led
to a clear preference for probabilistic models over detenninistic models
in psychology, which should not distract from the fact that there are
also deterministic theories in psychology that have been successful, such
as SCANDURA'S (1973) theory of structurallearning. At present, there
seems to be a general trend towards more restrictive models in psycho
logy, which includes not only deterministic models but also recent ad
vances in probabilistic test theory (cf. FISCHER, 1968) which have led
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to a general probabilistic theory of observations in psychological experi
ments (MICKO, 1970; SCHEIBLECHNER, 1971a; FISCHER, 1972; KEMPF, 1972a).
However, in contrast to the restrictive factor models mentioned above,
the restricted nature of these models derives not only from mathematical
necessities but primarily from psychological and metatheoretic consider
ations. The better a restrictive assumption can be justified, the smaller
is the danger that it will prove to be unrealistic, and the greater is the
gain in knowledge that resuIts from an eventual falsification of the model.
For models that rest on arbitrary assumptions, empirical tests are a nec
essary evil that decides on their applicability. Models whose assumptions
represent psychological concepts, on the other hand, become important
instruments for testing psychological theories.

1.2

Conceptuaiizations of Individual Düferences in Social Psycholo
gy: "Aggressiveness"

The assumption of individual "behavioral dispositions", which underlies
the psychology of individual differences and personality, is one of the
most ancient and widespread attempts to explain human behavior. In
social psychology, examples can be seen in concepts such as "attitude"
or "aggressiveness", or in the (ultimately unsuccessful) attempt to solve
the problem of leadership in terms of personality traits.
Despite their common usage, concepts of psychological disposition
are still controversial. Some critics (ROHRACHER, 1963; KRISTOF, 1968)
have called them "a resurrection of the 'psychology of faculties' (Ver
mögenspsycho[ogie)", TRAXEL (1964) speaks of "fictitious conceptual
realities", and HOLZKAMP (1964, 1965) has pointed out the danger of
"an inadmissible duplication of reality" which could be avoided only
by considering psychological traits strictly as theoretical constructs
which neither denote anything directly observable, nor point towards
some hidden reality. Ultimately, all these criticisms point in the same
direction: The arbitrariness of the assumption of behavioral dispositions
cannot be removed by simple "operational definitions" which are so
common in the psychology of individual differences. However, as JÜTIE
MANN (1972) has correctly remarked, to speak instead of "theoretical
constructs" merely veils the fact that trait concepts are insufficiently
determined in psychological scientific terminology. Therefore, such
constructs do not contribute towards cIarifying the question: under
which conditions can the assumption of behavioral dispositions be justi
fied on a metatheoretical basis?
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Other authors, such as MERZ (1960), have tried to do without "theo
retical constructs" and have championed the view that, e.g., "aggressive
ness" means that one can order persons according to the degree to which
they possess this trait. KEMPF (1973a) has further pursued this idea and
has demanded that behavioral dispositions be considered strictly as met
ric concepts whose introduction presupposes that ascale of measure
ment already exists. Behavioral dispositions can be justified as an assump
tion only when they can be measured. Thereby it is understood that mea
surement is not simply the "art of assigning numbers to phenomena" but
rather - according to the general theory of measurement - a mapping
of the objects measured and of the empirically identifiable relations
between them onto (real) numbers and relations between these numbers,
respectively. Hence, as a minimal prerequisite for the assumption of beha
vioral dispositions, an empiricaI order relation must be found. In the case
of "aggressiveness", for example, it would be defined as the two-valued
predicate, "more aggressive than", where it is understood that one of
two persons shall be considered more aggressive if and only if he or she
tends more towards aggressive acts than the other person. What exactly is
meant by such a definition will be rendered more precise below. However,
one must also take into account the empirically well-founded notion that
situations in which aggressive behavior may take place frequently differ
in their incentive to aggression. Therefore, persons can be compared
with respect to their aggressiveness only when this comparison is not
distorted by situational factors. In line with the methodological tradi
tion of psychology, this can be achieved by relating the comparison of
two persons to a particular situation (S) and by thus introducing the
predicate, "more aggressive than", only relative to this situation. The
influence of situational factors is not eliminated by such a conditional
definition; rather, a specific fonn of aggressiveness is postulated for
each situation. Situational factors will be successfully eliminated only
when one makes the additional assumption that aggressiveness is invariant
within a defined universe of situations (~), so that statements about the
relation between two persons do not depend on which situation S has
been selected from ~ and has fonned the context of the comparison.
lf there exists a situation in ~ in which person Plis more aggressive than
Person P 2 , then this relation must also hold for aIl other situations in ~:
('3: Se~: PI more aggressive than P2 ) --+

(1.1)

--+-

(VSeL PI more aggressive than P 2).

With this assumption of the
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"~-invariance" of

aggressiveness, new

aspects come to light: Statements about the aggressiveness of persons no
longer are just tautologieal reformulations of relations observed in a spe
cific situation, but they assume a higher degree of universality and can
be generalized to other situations, whereby the universe ~ determines
the situations to which one may generalize. However, taken by itself,
the assumption of ~-invariance is not legitimate, since it has no conse
quences that could be falsified. No person can be in a situation Sand
at the same time in another situation S'. Therefore, the assumption of
~-invariance requires the additional postulate of relative temporal in
variance, so that the relations between two persons P, and P2 are pre
served over definite time intervals TI and T 2, Le., they are valid at arbitrary
times t, and t 2 within these time intervals:
(1.2)

(3t,€T" t 2€T 2 , S€~:
~

(Vt,€TI, t 2€T2'

P, more aggressive than P2 ) ~
PI more aggressive than P2 ).

S€~:

Thus, in addition to generalizability over all situations in ~, there is
generalizability within definite time intervals. This agrees with our in
tuitive understanding of "aggressiveness" (cf. SELG, 1968). To summa
rize: A methodologically satisfactory definition of behavioral disposi
tions such as "aggressiveness" is only possible when they are considered
as relatively permanent traits that are manifested not only in partieular
contexts but in precisely defined c1asses of situations. Only when these
prerequisites are met can statements about behavioral dispositions be
generalized, and only then do they have any explanatory psychological
value t. However, it still must be clarified what is meant by the state
ment that one person PI (at time t l ) in a given situation S tends more
towards aggressive behavior than another person P 2 (at time t 2 ). As far
as I know, only two relevant possibilities have been seriously discussed
in psychology. The first consists in defining the predicate, "more aggres
sive than", by a fixed relation between the manifest forms of behavior
that the persons show in situation S. KEMPF (1974a) has analyzed this
possibility in detail and has shown that, in this case, the assumptions of
~-invariance and relative temporal invariance must be presupposed, in
order to arrive at a rank order at all. For, if one decides that, of two per
sons in situation S, the one should be considered "more aggressive" who
I At first sight, these prerequisites seem too strict, since statements about the
aggressiveness of aperson obviously can also be generalized when aggressiveness is
subject to lawful change. However, even in this case we can speak of an invariant
"initial aggressiveness" wich then undergoes a lawful process of change.
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in fact acts aggressively, while the other person does not behave aggres
sively,
PI acts aggressively and
~2 ~cts ~on-aggressively

(1.3)

\

10

situation S

I

-+

I

I

PI is more
aggressive than ,
P2 in situation S

then a single situation S yields at best a binary division into classes of
"aggressive" persons that respond to the situation aggressively, and "non
aggressive" persons whose response to the situation is non-aggressive. On
the other hand, when the assumptions of ~-invariance and relative tem
poral invariance are added, the relation (1.3) defines a Guttman scale
(GUTIMAN, 1950). In this scale, the persons Pyare brought into a rank
order with regard to their aggressiveness, ~y' and at the same time the si
tuations Si are brought into a rank order with regard to their "inhibition
of aggression", 0i:
(1.4 )

Py acts in S I

aggreSSivel y
if ~y~ Oj'
{ non-aggressively if ~y < oj"

The greater the "inhibition of aggression" in a situation can be before
a person is prevented from reacting aggressively, the stronger is this per
son's tendency towards aggressive behavior. The greater the aggressive
ness of a person must be in order to result in an aggressive response to
a situation, the stronger is the "inhibition of aggression" that this si
tuation exerts. Two persons PI and P2 , with ~I ~ Oj> ~2' are brought into
a rank order by the situation Si' Any other situation Sj' with ~I ~ 0j> b
leads to the same result. When two persons PI and P2 are observed in the
same situations Sb S2' ... , Si' ... , Sk selected from ~ and within the tem
poral intervals TI and T2' that person is considered more aggressive who
reacts more frequently in an aggressive way. If two persons show the
same number of aggressive reactions, it cannot be decided who is more
aggressive.
At first sight, this seems to be identical with a traditional operational
definition of aggressiveness. This is not true, however, since operational
definitions determine the predicate, "more aggressive than", by a parti
cular test, i. e., by a particular selection of situations. In Guttman's quasi
scale, on the other hand, statements about the relations between two
persons are essentially independent of which situations in ~ formed the
basis of the comparison. All possible subsets of situations in ~ lead to
the same result. At most, the precision of the statements will vary, e. g.,
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when a "test" does not contain any situation with ~I ;;a. Si> ~2 and the~e
fore does not allow any decision about which of two persons is more
aggressive than the other. However, there is no subset of situations that
could lead to areversal of rank positions. If the rank order of the situa
tions with respect to their "inhibition of aggression" is already known,
the Guttman scale even allows the comparison of persons observed in
different situations in L. For, according to the relations (1.2-1.4), an
aggressive response to a certain situation Si implies an aggressive response
to all situations with less "inhibition of aggression" than Si'
AI the same time, however, there are unusually strict requirements
with respect to the empirical data, and the Guttman scale is therefore
gene rally considered to be an unrealistic model. In my opinion, this
evaluation is justified not so much because of the detenninistic strue
lure of the Guttman scale but because it introduces detenninistic
assumplions into areas of psychology that are still far from being
ahle 10 make predictions of manifest behavior with any degree of "cer
lainly". We need not speculate here whether, for example, psyehological
research on aggression will ever sueceed in making detenninistic state
ments about the conditions of aggressive behavior. Certainly, such de
lerministic statements would presuppose an extremely high degree of
sophistication, while the concept of "aggressiveness" is comparatively
erude and weak in content. This is especially true when aggressiveness
is merely based on a Guttman scale which
a) delermines only the rank order of persons, and
h) whose statements can be generalized only within very narrow and
specific classes of situations.
It is obvious, therefore, that the definition of the predicate, "more
aggressive than" that has been adhered to so far should be replaced with
a probabilistic definition. It is then stipulated that a person PI (at time
11 ) in a cerlain situation S tends more towards aggressive acts than an
other person P2 (at time t 2 ) if and only if the fonner responds aggressive
Iy 10 the situation with a higher probability than the latter:
( 1.5)

PI acts aggressively in S With}
{ higher probability than P
2

<*

{PI is more aggressive in S}
than P2

I1 follows from this definition - for a similar proposal, see KAUFMANN
that there exists, for each person Py and each situation Si in L,
a sirictly monotonie, positive relation between the aggressiveness of the
person and the probability PVI.that the person will respond aggressively
( 1(65) ~
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to the situation. The prerequisites of ~-invariance and relative temporal
invariance now assume the form of a probabilistic law:
(3t! ET!, t 2 ET2 , SiE~: Pli> P2i) ~
(Vt! ET!, t 2 ET2 , SiE~: Pli> P2)'

(1.6)

-+

Statements of stochastic lawfulness cannot be verified or falsified in
astriet sense but can only be decided upon according to a methodologi
cal convention. Since only probabilistic statements can be deduced from
probabilistic models, the statistical falsification of a stochastic model
can occur only with a certain error probability which, however, can be
exactly stated. The procedure is weil known: First, the distribution of
some test quantity is deduced from the model (wh ich contains the so
called null hypothesis, among others). Then, the deviation of the em
pirically found value of the test quantity from the "ideal" value predic
ted by the model is determined. Finally, the model is rejected if the
probability of obtaining this (or a more extreme) deviation is smaller
than a certain value agreed upon beforehand.
According to definition (1.5), the relation between two persons with
respect to their aggressiveness can only be estimated with the help of
statistical procedures, and this requires a sampIe of observations. The
assumptions of ~-invariance and relative temporal invariance, which
were originally introduced because of other considerations, now prove
to be necessary in order to be able to estimate the rank order of per
sons in terms of their aggressiveness. In order to obtain a more power
ful scale of aggressiveness, multi-valued relations between persons
must be introduced in addition to the relations (1.5) and (1.6), e.g.,
by postulating a certain form of functional connection between aggres
siveness and the probabilities Pyj'
It can now be shown that these assumptions must satisfy certain
metatheoretical and mathematical-statistical criteria and therefore can
not be made arbitrarily. For example, according to assumption (1.6) it
is theoretically of no consequence on which situations in ~ the com
parison of two persons rests, and it must therefore be postulated that
the distribution of the estimation functions that determine the rela
tion between the two persons be likewise independent of the sampie
of situations. Ir this prerequisite is not met, the sampling procedure re
presents an "interfering condition " (cf. HOLZKAMP, 1968), and it becomes
possible to interpret any arbitrary statement about the relation between
two persons against the empirieal findings. As the Danish statistician
Georg Rasch has shown (RASCH, 1965), this minimal requirement
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which he calls "specific objectivity"2 -leads necessarily to a very special
dass of probabilistic measurement models, Le., to very distinct assumptions about the fonn of the connection between aggressiveness and the
probabilities Pyj' When specific objectivity is not met, the connection
between a statement about the relation between two persons and observational data remains obscure. Holzkamp's view, that behavioral dispositions are purely constructs of imagination without any relation to
reality, is then weil justified. Therefore, it must be demanded that specific objectivity be understood not only as aprerequisite for the scientific validity of statements about the relations between persons, but
also as aprerequisite for scientific statements about behavioral dispositions in general. Concepts such as aggressiveness are legitimate in the
scientific language of psychology only when their measurement satisfies the principle of specific objectivity.

1.3

Outline of Rasch's Theory of Specifically Objective Measurement

So far, our discussion has led us to base the concept "aggressiveness" on
a strictly increasing relation between the probability of aggressive behavior and the aggressiveness of persons. At the same time, we have kept
in mind that analogous considerations also apply to other behavioral dispositions, such as the intelligence or the attitudes of persons. In the following, we willleave the example of aggressiveness and use the tenninology of psychological test theory. Instead of situations, we will now
speak of "items". and instead of aggressive and non-aggressive reactions, of "positive" and "negative" responses to items. We will replace
the concept of aggressiveness by the more general concept of "latent
trait" (~) wh ich is defined by a potentially infinite universe of items
(i = 1, 2, ... ) and strictly increasing functions fj(n such that p(+ I v,i) =
f,(~V> and p(-I v, i) = I-fi(~) for a particular person v.lfwe write a yj = 1
for a positive response and ayj = 0 for a negative response, then we can
summarize these relations as folIows:

(1.7)

p{av ) = fj(~)

a.
VI •

(l-fi(~))

I-a
VI

2 Originally. Rasch assigned an even more fundamental interpretation to the principle of specific objectivity. The present definition derives from KEMPF ( 1974a)
and is in congruence with the statistical argumentation in RASCH (1965).
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The functions f i (n are called "item characteristic functions" in psychological test theory. For the time being, we will make no assumptions about
their form but simply require that the items are locally stochastically independent of each other, i. e., that the probability that person v responds
positively to item i does not depend on this person 's responses to other
items. In formal terms, this assumption - which is made throughout probabilistic test theory - means that the item intercorrelations observed in
a sampie of persons are solely due to the connection of the items with the
latent dimension ~, and therefore will disappear for constant ~. At first
sight, practice, fatigue, or position effects seem to contradict the principle
of local stochastic independence. However, if one assurnes that these are
general effects that are equally pronounced in all persons, the contradiction can be eliminated by the assumption that the form of the item characteristic functions is determined not only by the relevant properties of
the items, but also by their positions within the test (KEMPF, 1970). Nevertheless, the assumption of local stochastic independence brings about
a considerable restriction of theoretical formulations, and there are a
number of theoretical concepts in psychology, such as "catharsis" and
"learning contingent on success", which are not compatible with the assumption of local stochastic independence. In the last three sections of
this chapter, I will introduce some probabilistic measurement models
which do not assurne local stochastic independence and thereby permit
the formalization of dynamic theories.
Ir no assumptions beyond monotonicity are made about the item characteristic functions, persons can be compared on the latent dimension ~
only by bringing them into a rank order with respect to the frequency
with which they respond positively to the items of a given test. Let k be
the number of items in the test; then we define
k

(l.8)

avo

L

i= I

~i

and obtain for the expected value of the test score aVQ the relation
k

(1.9)

E(avo )

=L

i=l

k

E(~i)

=L

i=l

f i (~v>'

which is likewise a strict1y increasing function of the latent dimension
~, since each of the functions f (~) is strict1y increasing. Thus we see that
i
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the prerequisites for the assumption of behavioral dispositions, introduced in the previous section, permit an unbiased comparison of persons. Nevertheless, a comparison of persons on the basis of the number of positive responses in a test may not be very useful, e.g., when
the test score avo contains only a fraction of the information that is
contained in the responses avi. When a comparison is based on total scores
avo ' one should therefore demand that a person 's score contain the compiete test information about the unknown person parameter ~v' i. e.,
that it be a sufficient statistic for the person parameter.
In mathematical terms, this postulate means that the response vector (ay) :: (a v1 ' ... , av\t) of a person may not contain any information about
the person parameter ~v which is not fully exhausted by the statistic a vo '
so that the conditional probability

( 1.10)

is no longer dependent on ~v. FISCHER. (1974) has proven that, given local
stochastic independence of the items, the relation (1.10) leads necessarily
to RASCHS (1960) special logistic test model whose item characteristic
functions (1.11) are all of the same type and differ from each other only
by an "item easiness parameter" Ei:

(1.11)

(i:: 1,2, ... ).

In summary: If there is 10caI stochastic independence, comparisons of
persons on the basis of the number of positive responses can be performed
witl10ut loss of information only when the model (1.11) holds. When the
model does not hold, such comparisons still lead to an unbiased estimate
01' the rank order of the persons on the latent dimension ~.
In the following, we will show how the principle of sufficient statistics
can be exploited to perform specifically objective comparisons of persons or items. We start by assuming that n persons with person parameters ~l' ... , ~n have responded independently to k items with item easiness
parameters EI' .. " E k , so that the total response pattern can be represented
as a response matrix ((ay)) with n rows and k columns. The likelihood of
this matrix is, according to (1.7) and (1.11),
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~

n

(1.12)

p {«avi))}

=

n

=

k

n n
v=1 i = I
k

n n
v=l i = I
n

p {aVi }

(~v

«:)

avi

k

n n
v= I i = 1

(1 +~v

«:)

We note that, in the numerator, the parameter ~v occurs k times, each
time with the exponent avj, so that its total exponent is avo . The parameter €j occurs n times, also with the exponent avj' and therefore the total
n

exponent is aoi =

2::

avj. Hence, we can write (1.12) in the simpler form,

v= I

nn

(1.13)

=

v= I
n

~v

'\.0

k

n
i =I

a.

t. 0'
I

k

n n
v=l i=1

(1 +~v

ti)

and we see immediately that the likelihood of the data matrix «a) depends only on the marginal vectors (avJ = (ab' ...• a no) and (aJ = (a ol , ... ,
aok )· All possible data matrices with identical marginal vectors (avo) and
(a o) are therefore equally probable, so that

(1.14)

where

(1.15)

the number of possible data matrices for given
marginal vectors (a'<') and (a o).

The conditional probability of a specific response matrix «a), given
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the marginal veetors (aYQ) and (aJ, thus no longer depends on the parameters of the model. Information that teIls whieh person has responded
positively to whieh item does not reveal anything additional about the
parameters and therefore is irrelevant to their estimation. The marginal
veetors (avJ and (a o) are suffieient statistics for the parameter veetors
(~v> and (I:"). If only one of the two marginal vectors is held eonstant,
we obtain eonditionallikelihood funetions of the data matrix «avj)) whieh
then depend only on those parameters whose suffieient statisties are not
fixed, As RASCH (l966e) has shown,

( 1.16)

where 'Ya (€) denotes the elementary symmetrie funetion of order aYQ
VI)

01'

the parameters

(1.17)

'YO(€j)

€I' ... , €k:

=I

'Y 1(€)=€1 +€2+"'+€k
'Y 2 (€j)=€1 €2 +€I €3 +"'+€k-1 €k

In analogous fashion,

nn

a

~vvo

v=1

IU8)

nk

i =1

'Ya .(~v>
01

where 'Y a . (~) stands for the elementary symmetrie function of order aoj
01

of the parameters ~1' .. " ~n' The separability of parameters - the formal
equivalent of specifie objeetivity - is thus proven. Aceording to (1.18),
a comparison 01' persons with respeet to the latent trait ~ can be based
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on a conditional probability distribution of the observed data «aJ) which
depends only on the parameters to be compared.
As for the estimation of the model parameters, RASCH (1966b) has suggested that the method of maximum likelihood be applied to the conditionallikelihood functions (1.16) and (1.18), and ANDEIlSEN (1973a) has
justified this procedure in a comprehensive mathematical theory of "conditional inference". The resulting estimation functions for the parameters
of the model (1.11) are special cases of the algorithms - discussed in Chapter 2 of the present book - for the multicategorial test model of RASCH
(1961):

(1.19)

p{hlv,i}

rn-I

1+

L

q=1

~"'I€iq

where p {h·1 v, i} stands for the probability that person v responds to
item i with category h (out of m possible response categories).
Computer programs for the numerical solution of the estimation equations can be found in FISCHER & ALl.ERUP (1968) and in FISCHER & SCHEIBI.ECHNER (1970) for the two-categorial test model (1.11), and in SCHEIBI.ECHNER (1971b), ANDERSEN (1972) and ALI.ERUP & SOIlBER (1974) for the
multicategorial test model (1.19).
To demonstrate the significance of the method of conditional maximum
likelihood (CML) for psychological statistics, FISCHER (1971) and ANDERSEN
(1973b) refer to the distinction between structural and incidental parameters (NEYMAN & SCOTI, 1948). This distinction essentially rests on the relation between the number of parameters in a probabilistic model and the
number of observations that depend on these parameters:
a) Structural parameters are of finite number, and for each of them apotentially infinite number of observations can be obtained which depend
on this parameter.
b) Incidental parameters, on the other hand, are potentially of infinite num·
ber, and for each of them there is only a finite number of observations.
In psychological test theory, for example, the item parameters must
be considered structural parameters. Each test contains only a limited
number of items, and by increasing the sampIe of persons it is possible
to obtain arbitrarily many observations that depend on the item parameters. Any addition to the sampie of persons, on the other hand, im30

plies the introduction of an additional person parameter, and each individual person always responds only to a relatively small number of items.
Therefore, the person parameters must be considered incidental parameters. FISCHER (1971) has pointed out that the reverse situation is conceivable, so that individual parameters assurne the property of structural
parameters, e.g., when one makes the assumption, as in psychophysics,
that one can perform arbitrarily many threshold measurements on a
single subject. In Chapter 5 of this book we will discuss a model for the
measurement of social norms in which parameters of equal content - viz.,
the normative achievements of subgroups of a society relative to the
norms of the larger social system - are sometimes considered as structural parameters and sometimes as incidental parameters, depending
on whether the norms of large groups or of small groups are under
investigation.
In summary, almost every psychological theory contains incidentaI
parameters, at least when it admits individual differences. As is evident
from the work of NEYMAN & Scon (1948) and ANDERSEN (1973a, b),
this results in fundamental statistical problems of estimation: Traditional
methods of parameter estimation fai! when the number of parameters to
be estimated does not converge upon a fixed value as the number of
observations increases towards infinity. In such a case, the maximum
likelihood method does not even provide consistent estimation functions.
However, if one applies the method of maximum likelihood to conditionallikelihood functions, given (minimally) sufficient statistics for the ineiden tal parameters, the structural parameters can be estimated without requiring simultaneous estimation of the incidental parameters. As we have
seen in the model (1.U), these conditionallikelihood functions are independent of the incidental parameters, and the CML method has generally the same properties as the direct maximum likelihood method without
incidental parameters (ANDERSEN, 1970): It provides consistent estimation functions whieh are asymptotically normally distributed, unbiased,
and have a known error variance. On the basis of CML estimates for the
struetural parameters, empirical tests of the structure of the model and
of psychological hypotheses about the relations between the structural
parameters of the model can be carried out in the form of conditional
Iikelihood ratio tests (ANDERSEN, 1971, 1973c, and this volume).
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1.4

ADynamie Measurement Model with Separable Parameters

An essential generalization of probabilistic test theory consists in dropping the assumption of local stochastic independence. This extension of
the model is essential for the measurement of aggressiveness, since the
"catharsis hypothesis" says that the completion of an aggressive act reduces the probability of further aggressions. In more recent formulations
of the catharsis hypothesis (cf. FESHBAOI, 1956; BRAMEL, TAUB, & BWM,
1968), it is presupposed that a person has first "been provoked to act
aggressively; i. e., the behavior of another person has awakened aggressive tendencies in hirn that are primarily directed against the provocator"
(DANN, 1971, p. 60; translated from German). If we adopt these more
recent formulations of the catharsis hypothesis, it becomes evident that
our considerations so far are applicable only to unprovoked aggressive
tendencies. When provoked aggressiveness is to be assessed, the concept
of catharsis contradicts the assumption of the local stochastic independence of situations, as weil as the postulate of the relative temporal invariance of the relation "more aggressive than", as defined in (1.5). However, this contradiction is resolved when (1.5) is appropriately modified:
If two persons are compared in the i-th situation after a provocation, it
will be assumed that these two persons have acted identically or equivalently (in a well-defined sense) in all preceding situations.
The formal consequence of this dynamic extension of probabilistic
test theory is that the probability of a certain response vector (ay) can
no longer be expressed as

(1.20)

p{(avi)}=

k
n
i= I

p {avi }

but takes the form
k

(1.21)

p {(avi )} =

np
i= I

{3yj I svJ,

where sVI.denotes the partial response vector (avl' ... , av (.1- 1rt The item
characteristic functions fj (~) are replaced by conditional item characteristic functions
(1.22)
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and we will assurne, in accordance with the modification of defmition (1.5)
stated above, that each of the functions fi' svi (~) shall grow strictly monotonically with the latent dimension ~. If the conditional item characteristic
functions fi· Svi (0 are all equal for fixed i, local stochastic independence
results as a special case of the more general model (1.21-1.22).
As a more specific formulation of the model (KEMPF, 1974b, c), we as·
sume that the conditional item characteristic functions f j • Svi (0 depend
on the responses to the preceding items only via the number of positive
responses,

11. 23)

rVI. : ;:

o

for i ::: 1

i-I
. I I ~.J
J::;::

for i : ;: 2, 3, ... , k

so that
(1.24)

holds for all partial response vectors svi with identical total scores rvi . Under the assumptions (1.23) and (1.24), a11 possible partial response vectors with the same total score rvi are thus to be considered equivalent
with respect to their influence on the probability of a positive response
to the i-th item.
For the conditional item characteristic functions fi' 'vi (~) we postulate
the model structure

0.25)

f

(")

i·'."
VI

=

~v

+ iJ;, .

~ V + o.1

VI

where iJ;, < Gi is presupposed, and Gi represents the difficulty of the i-th
item: the larger Gi' the smaller the probability of a positive response to
the j-th item (cf. Figure 1.1).
The influence that the positive responses to rvi preceding items exert
on the probability of a positive response to the i-th item is expressed in
the iJ; , parameters which, henceforth, will be called transfer parameters.
The larger the numeric value of the transfer parameter iJ; " the higher is
the (conditional) probability of a positive response (cf. Figure 1.2):
a) If the numerical values of the transfer parameters iJ;,are in a monotonically increasing relation to r, then transfer can be interpreted as "leaming gain".
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Figure 1.1: Conditional item characteristic curves
(1.25) as a function of the item difficulty parameter
u for fixed values of ~ and 1/1.
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b) If, on the other hand, the relation of the transfer parameters to r is
monotonieally decreasing, transfer is to be interpreted as "response
inhibition". (In this sense, catharsis can be understood as inhibition
of aggressive responses).
c) If the relation between 1/1 rand r is not monotonie, we may speak of
"fluctuation", which can be explained by simultaneous leaming
and inhibition processes that develop at different rates.
The parameters of the model are not fully detennined by the model
equation (1.25), i.e., the validity of(1.25) and the meaning of the para
meters remain unchanged when we multiply the parameters with a posi
tive constant and add to the person parameters another arbitrary cons
tant which we simultaneously subtract from the transfer parameters 1/1 r
and from the item parameters 0r Thus, the parameters of the dynamie
test model (1.25) are measured on interval scales, and it becomes neces
sary to standardize the scales. We may assume, without restriction of
generality, that
(1.26)

Min (1/1)

=0

and

(1.27)

whereby we introduce conditions that correspond to those customary
in the speciallogistie test model (1.11) of RASCH (1960). Rasch 's mo·
del, with 1/1 0 = 1/1 1=... = 1/11;.-1 =0 and Ei =0il, results as a special case of
(1.25). We will show that the dynamie test model (1.25) essentially has
the same properties as the test models of RASCH (1960, 1961). In (1.25).
too,
a) the number of positive responses, a\'O, is a sufficient statistic for the
parameter of person v;
b) comparisons of items and controls of the model can be perfonned
with specific objectivity; and
c) CML estimation functions exist for the structural parameters.
Sufficient Statistics. To prove that the number of positive responses, ay", in the
model (1.25) is a sufficient statistic for the person paI..meter ~v, we must show that
the conditional probability (1.10) of the response vectodayj}, given the total score
lIvo, no longer depends on ~v. First, we write (1.25) in the equivalent form
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(~

( 1.28)

P { a vi I rvi } =

y

a.

+ l/I

,VI(O. _

l/I)

1- a .
VI

r
I
r
vi
vi
~~----"~~--~-"--~-

~v +Oi

and obtain by substitution into (1.21):
k

n

a.

(L+l/I

i =1

\

) V'(o.-l/I)
'vi

1- a .
VI

'vi

I

( 1.29)
k

n

i= I

avo - I

n

(~+o.)
V

(~v + l/I,)

r'" 0

k

n

i= I

I

nk

(0. _

i= I

I

l/I)

1- a

vi

'vi

(~+O.)
v

I

The probahility of a certain total score avo then follows from (1.29) by summing
probabilities p {(~)} over all possible response vectors (~) that have the same

I he

k

total score ~ a~ = avo :
i = 1

(1.30)

aVQ - I

n

r=O

i-I

where r~ = 0 for i = 1, and r~ '"

~ a~ for i = 1, 2, ...• k.
j= I

For the conditional probability p {(3yj) 13m}, the following expression results
from (1.29) and (1.30):

( 1.31)
k

n

i= I

1- a .
(Oj-l/!r'>

VI

VI

a*.
VI
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which no longer contains the person parameter ~v. This completes the proof.
Specific Objectivity and CML Estimotion. In the following, we generalize to n
persons who respond to k items independently of each other . We obtain from
( 1.29)

(1.3 2)

Tl a - \~v+l/lr)}'{.~ inl (Oi_l/I/rij1
{v=lr=O
1=lr=O
Vlh

.. _'---_._--

---~----

n

-----~.~-.---~-~-

k

n n

v= I i= 1

(~v +0)

where nri stands for the number of persons with ry; = rand ay; = O. As can be seen,
the likelihood (1.32) of the data matrix «ay;)) depends only on the frequencies avo
(v = 1, ...• n) and nri (i = 1•...• k; r = 0, ... , i-I). Therefore, all possible data matrices
with identical marginal person vectors (avo) and identical marginal item matrices
«nri)) are equally probable. so that

( 1.33)

where
the number of possible data matrices with a given
marginal person vector (avo ) and a given marginal
item matrix «nri)).

(1.34 )

The conditional probability of a given response matrix for given (avo ) and «nri»).

(1.35)

is therefore independent of the model parameters. Information concerning which
person has responded positively to which item does not reveal anything new about
the parameters and therefore is irrelevant for the parameter estimation. The marginal person vector (avo) and the marginal item matrix « nri)) fully exhaust the information about the parameters in the model.
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Finally, we derive the basis for CML estimation of the structural item and transfer parameters, by substituting (1.31) in
(1.36)

p{«ayi))I(ayo )}

=

n

rr
v=)

p{(ayj)layo }

from which we obtain the conditionallikelihood
k

i-I

rr rr
i= I r=O
(1.37)

p {((a .)) I (a
VI

VO

(0.I

vI)r

n.
n

)}

Takmg logarithms of (1.37) and setting the first order partial derivatives with respecl to the item and transfer parameters equal to 0 finally yields the necessary
estimation equations.

Questions concerning the numerical solution of the estimation equations are treated in KEMPF & HAMPAPA (1975, and this volume). A computer program for the iterative computation of the estimation functions
is available in KEMPF & MACH ( 1975).

1.5

Dynamic Processes as Changes in Behavioral Dispositions: The
"Catharsis Hypothesis"

In reviewing the results of the last section. it becomes evident that the
dynamic measurement model (1.25) has indeed the same desirable properties as the test models of Rasch, but nevertheless with certain restrictions:
al Unlike the latter, where the parameters can assume arbitrary positive
real values, the relations between the parameters are restricted in the
dynamic model, since the item and transfer parameters must satisfy
the condition
(1.38) 1/1, < u i for a1l i and all r.
b) Also, in the test models of Rasch and their multifactorial generalizations (MICKO, 1970; SCHEIBLECHNER, 1971a; KEMPF, 1972a), the estimation of each dass of parameters is independent of the estimation
of other dasses of parameters, but this is not possible in the dynamic
model. Item parameters can be determined independently of person
parameters but not of the transfer parameters.
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From a psychological viewpoint, such dependencies between the parameters and between their estimation functions can be justified only if
they have an unequivocal psychological interpretation, and if they can
be shown not to contradict the basic principle of specific objectivity.
For this purpose we define
(1.39)

~vr.=~v+!/Jr.
VI

VI

as the degree of pronouncedness of the latent dimension for person v
after rvi positive reactions, and
(1.40)

as the difficulty 01' item i after rvi positive reactions, and we write the
model (1.25) in the equivalent form,

(1.41 )

~vrVI.

On the basis of these relations, it is possible to identify the dynamic
transfer component of the model 0.25) as the change in the latent dimension t with a simuItaneous converse change in item difficulty. Our
previous observation that item parameters cannot be determined independently of the transfer parameters thus does not contradict the
principle of specific objectivity. For, if a variable changes continuously
while it is being measured, it cannot be postulated that its measurement
should be independent of the simuItaneous measurement of its change.
At the same time, an unequivocal interpretation of the relation (1.38)
follows from definition (1.40): The maximal possible positive transfer
from preceding items to the i-th item must remain smaller than the "initial difficuIty" u i; otherwise, the relation
(1.42)

no longer holds, and the model either assumes deterministic character
(jf tPrVI. = u.)I or no longer obeys the axioms of probability theory (jf
!/Jrn > u j ). In psychological terms, the restriction (1.38) thus means that
a probabilistic analysis of the responses to the i-th item is possible only
when the item retains a certain "residual difficuIty" Ulf'VI., regardless of
how many other items have previously been responded to positively.
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This relation is interesting mainly because it indicates the possibility of
a transition from probabilistic to detenninistic statements.
Since the dynamic test model (1.25) describes the transfer from previous responses to later responses as a simultaneous change in the latent
trait and in the item difficulties, its application presupposes the definition of an initial psychological state of the dynamic process, as it is
provided, for example, in the more recent fonnulations of the catharsis hypothesis mentioned above. There it is assumed that the completion of an aggressive act leads to areduction in the probability of further aggressions only when it has been preceded by a provocation. If the
initial psychological state of the dynamic process is not defined, as in
the "original" catharsis hypotheses (cf. DANN, 1971), then the model
(1.25) can be applied only ifeither
a) the complete "history" of the persons is known, i.e., if it is known
for each person how many times he or she has acted aggressively prior
to the experiment, or
b) if it is assumed that the transfer effect converges with increasing r
against a fixed value, and that each person has acted aggressively sufficiently often prior to the experiment, so that the transfer from pret'xperimental behavior to the behavior in the experiment already approximates this fixed value.
While the first of these two possibilites cannot be realized in actual
psychological research, the second suggests that no transfer may be found
during the period of observation, since according to the assumptions, the
'Ji r parameters approximate their asymptotic value. The dynamic model
(1.25) is therefore inadequate in principle for testing the "original" catharsis hypo thesis. If such a test is desired, one would have to construct a madt:! in which transfer exclusively affects the pronouncedness of the latent
dimension, i.e., where catharsis can be explained solely by a change in
aggressiveness, so that the aggressiveness of a person can be expressed
as a function of his or her previous aggressive acts. It can be shown, however, that such a model is fundamentally in contradiction to the principles of specific objectivity and CML estimation. To prove this, we rekr to the previously mentioned theorems of RASCH (1965) and ANDERSEN (l973b), according to which the demand for specific objectivity and
the CM L method, together with local stochastic independence, necessariIy leads to Rasch 's logistic test model (1.11). Every dynamic test model
that is expected to have comparable properties must therefore be some
generalization of Rasch 's model. Moreover, if transfer shall be described
only as a change in the latent traits of the persons, the following model
necessarily results:
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To summarize, it can be said that the original catharsis hypothesis
fundamentally contradicts the concept of aggressiveness. Moreover,
the original catharsis hypothesis necessarily leads to the assumption
of individual differences (cf. HILKE et al., 1975) and is therefore not am~nable to a methodologically satisfactory test. Nevertheless, legitimate formulations of the catharsis hypothesis can be found in which catharsis corresponds to a reduction in aggressiveness. This is shown in the following
considerations, where we will assurne that the suppression of provoked
aggressive tendencies leads to an accumulation of aggression which is released only when the provocation is finally responded to aggressively.
Catharsis. then, is the "equilibration" of the accumulated aggression,
i. e., the falling back of aggressiveness to its initial value.
If one attempts to formalize this more precise version of the catharsis
hypothesis. each provocation i and each person v can be associated with
a s~quence of reactions which continues until the provocation has been
responded to aggressively. The prob ability that the sequence of reactions
is not yet terminated at time j after the provocation can be written in the
abbreviated form,

( 1.47)

Avij

qvij =p{zv>J'\=-i)
I + A .' forJ'-l
- " 2 ...
VIJ

where z.,; stands for that point in time after the i-th provocation at which
person v responds aggressively to the provocation, and AVlJ.. is defined by
I 1.48)

A. .. ==
VIJ

for j = 1,2, ....
I -

qvij

From the definition,

( 1.49)

w vij

= Avij + I
A .

for j = 1, 2, ... ,

VIJ

it follows that, for arbitrary successive points in time, j and j + 1, this
relation] holds:

j

Note the formal analogy to luce's Beta Model (lUCE, 1959).
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(1.50)

P {z . > j + I
VI

qVi(j+ 1)

I zVI > j} = -q .,
VI)

= ----qvij
wvijqvij

I-

qvij

=
wvijqvij

q .. ( 1 + - - VI)
I _ q .'
VI)

which is a strictly monotonically increasing function of the parameter
(cf. Figure 1.3).
The conditional probability that person v reacts aggressively at time
j + 1, after previously suppressing his aggressiveness,
W -.

(1.51)

p{z=j+llz
.>j}= l-p{z VI.>j+llzVI.>j},
VI
VI

is therefore strictly monotonically decreasing with Wvij and strictly
monotonically increasing with b"ij = w;if (cf. Figure 1.4). Therefore, the
parameter b"ij shall be called the "aggression increment" which accrues
to person v from the suppression of his or her aggressiveness at time j
after the i-th provocation.
To show that this interpetation is justified, we must prove that c5vij
can indeed be represented as a change of aggressiveness. For this purpose,
we refer to the assumption made earlier, that the aggressive response
to a provocation should release accumulated aggression, so that the aggressiveness of the person assumes its initial value after the aggressive
response. Hence, completed reaction sequences of one person can be
regarded as independent of each other. On the basis of the exposition
in seetions 1.2 and 1.3, the assumption of an "initial value" of aggressiveness can be justified only if the probability that the person responds
to a provocation immediately (i. e., at time j = 1) can be expressed in the
form
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Figure 1.3: The conditionaJ probability
(1.50) as a function of
the parameter !/lvii for
fixed vaJues of qvlj.
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Figure 1.4: The conditional probability (1.51) as a function of the parameter
= Wvij -[ for fixed values of qvij.
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15 ö VI]..

(1.52)

p

{+ I v, i} =

~v€i

for i = 1,

I+~v€i

andv=1,

,k
,n

Here, ~v signifies the "initial aggressiveness" of the person, and €i
the "incentive for aggression" of the situation in which the person finds
himself or herself immediately after the provocation. In general, Ei will
also depend on the kind and degree of the provocation.
By substituting (1.52) into (1.47-1.50) we obtain the relations
if j

l-p{+lv,i}
(1.53)

j- I
(1 - P {+ I v, i})

where

t~1 1+ (w

=1

w vit

if

. _ 1). q .

j> I

Vlt

Vlt

° = €:-1
I

I

and

(~V . t !!/>vtt)-l ·u j

(1.54 )

forj=1,2, ....

I + (~v . t ~ /\it)-l. u j

According to these expressions, 0vit can indeed be represented as a
change in aggressiveness. It should be noted that only the "initial aggressiveness" still satisfies the definition (1.5), while the relation "more aggressive than" is defined relative to the j-th point in time after a provocation:

(1. 55)

I

Pl is more aggressive
than P 2 at time j
after provocation i

I\
~

PI has responded aggressively to
provocation i at time j with higher
probability than P2

I

Thus, the definition of aggressiveness proposed here also differs fundamentally from the modification of definition (1.5) expressed in (1.22).
In the model (1.54), the conditional probability that a person acts aggressively at time j after a provocation, after previously suppressing all
aggressiveness, is not only a strict1y monotonically increasing function
of his or her initial aggressiveness. but also a strict1y monotonically increasing function of the aggressive energy accumulated since the pro46

vocation,

n

\<j

6 '\' We see from this that the question of an adequate deVI

finition of the concept "aggressiveness" depends essentially on the kinds
of regularities that underlie catharsis.
In order to allow a satisfactory estimation of the parameters in (1. 54),
certain re.strictions must be introduced, i. e., it must be assumed that the
"aggression increment", 6'1ij' can be spIit into two multiplicative factors,
one of which (a~.) is independent of i, while the other (ß Q..) is independent
ofv:

t1.56)

fori=l, ,k
v= 1, , n
j =1, 2, ....

6 vij = a vj . ßij

With the definitions
(1.57)

and
(1.58)

T/ ij =

Gi'

t!;!j

ßij

the following relation is obtained from (1.55):
for i = 1, , k
v= 1, , n
j = 1, 2, ....

t1.59)

By using the notation,
(! .60)

')

x (J
VI

= {lifz,>j
VI

0 if Zyj ";;j,

the reaction sequences of n persons to k provocations can be represented
as a sequence of n x k matrices,

where all observatinns x(j)
within each data. matrix «x(p))
are locally indeVI
n
pendent of each other, while each row (x(J))
of
a
given
data
matrix is 10VI
cally dependent on the corresponding rows of the remaining data ma-
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trices. Thus the model (1.54-1.56) allows the separate analysis of the
data matrices «xq>)) by means of conditional inference,
and the subse.
quent factorization of the parameter estimates 8 vi and 17ij into their components by the method of least squares. For, according to (1.59), each
of the data matrices «x~p)) can be described by a Rasch model of the
form (1.11). It should be noted, however, that this kind of conditional
inference is somewhat different from thl" one which was applied to the
dynamic test model (1.25).
In the present discussion of dynamic measurement models for the
investigation of the catharsis hypothesis we have described only two out
of a greater number of possible models. We have shown that there is a
direct correspondence between the psychological assumptions about
the transfer process and the type of conditional inference required.
~

1.6

Necessary and Sufficient Conditions for a General Dynamic Test
Model

As has been pointed out earlier (KEMPF, 1974d, 1976; KEMPF and HAMPAPA, 1975, and this volume), the model (1.25) is only a special case of
a more general dynamic test model. We will now derive necessary and
sufficient conditions for the existence of sufficient statistics in the general model.
Let I be a finite or countable infinite set of test items. Let the reaction of subject v to the i-th item be 3vj = 1 in the case of a positive
answer and 3vj = 0 in the case of a negative answer. For any selection
of k ;;;;. 2 items from land for any sequence of them (i = 1, 2, ..., k),

k

(1.61)

p {(avi)}

=.n
1=

1

p {avi I ayl' .. " ay(j_l)}

i. e., local serial dependence is assumed. The probability function of the
reaction variable Avi(i = 1, k) may be represented, without loss of generality, as

( 1.62)
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°

where it is presupposed that ~v(Svi) > and Uj(SVi) > 0.
The set of all possible partial response vectors, svi =(- )4, (0), (1),
(0,0), (0,1), (1,0), (1,1), ... , (1,1, ... , 1) may be divided into m disjoint
classes, Si' ... , Sr' ... , Sm' Sr is the dass of all partial response vectors that
show the property r (e.g., whose last element equals 1 - the Markov assumption -, or that contain a certain number of unity elements, etc.).
Let hvr be the number of items - associated with a partial vector
Sy;ESr - that have been answered positively by subject v:

The probability (1.62) shall depend on svi only via the dass that svi
belongs to, so that
(1.63)

where rVl. is that r for which sVI.eS r .

Theorem: Given the above assumptions, the model assumptions

and
(l.64b)

a.(s
.)
I VI

=a. I

I/J Tvi

are necessary and sufficient for the score vector (h v l'
fident statistic for the person parameters ~V<svi)'

... ,

hvm ) to be a suf-

Proof: First we will show that (hvl , ... , t!vm) is a sufficient statistic for the person
parameters if the restrictions (1.64) are met. Substitution of (1.64) into (1.62) and of
(1.62) into (1.61) results in

4 (_) denotes the empty response vector, where no prior items have been responded to.
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Consequently,
(1.66)

The summation on the fight side of equation (1.66) e"tends over aU possible response vectors (a:;) that are compatible with the score vector (hw). lt is assumed that
the c1asses SI, H', Sm have been defined so that there is, in general, more than one
response vec10r that is compatible with (h.v,.). Otherwise, (a,,;) can be directly derived
from (hvr ), and the conditionallikelihood of the response vector, given (h....), degenerates.
FinaUy, we obtain the conditionallikelihood:
( 1.67)

p {(3,,;) I (h",)} = p {(a,,;) }/p {(hvr )}

which no longer contains person parameters. This completes the first part of the
proof: The model aSlumptions (1.64) are lulfident lor the existence 01 sulficient
statistics of the form (h",).
Next we will demonstrate that the model assumptions (1.64) are necessary for
the existence of sufficient statisties (h vr ) when k '" 2. In this ease, there are four
possible response vectors: (0,0), (0,1), 0,0), and 0,1). The eorresponding partial
response vectors Sy;for the items i'" 1 and i = 2 are listed in Table 1.1.
There are four possibilities of grouplßg the response vectors into classes. They
are illustrated in Table 1. 2 together with the resulting score vectors.
It is immediately evident from Table 1.2 that Cases 11I and IV are degenerate and
do not warrant further consideration. Case I is the special case of loeal stochastic
independence of the two items. Here it follows from a theorem of RASCH (l971; cf.
also FISCHER, 1974) that necessarily ~v(Sy;) = ~v and 0; (Svi) : 01 for all Svi. so that
the restrietions postulated in (1.64) are trivially met.

Table 1.1. Partial response vectors for k '" 2
(a..;)

Svl

Sv2

(0,0)
(0, 1)
0,0)
0, 1)

(-)
(- )
(- )

(0)
(0)
0)

(-)

(l)

SO

Table 1. 2. Possible classifications of Svi, and the resulting score vectors
Classification

(lIyj)

(hvr)

SI'" {(-), (0), O)}

(0,0)
(0, 1)
0,0)
0,1)

(0)
0)
0)
(2)

SI={(-)'(O)}
S2 = {(l)}

(0,0)
(0, 1)
0,0)
0,1)

(0,0)
0,0)
0,0)
0, 1)

11

SI'"{(-),(l)}
S2 = { (0) }

(0,0)
(0, 1)
0,0)
0, 1)

(0,0)
(0, 1)
0,0)
(2,0)

III

51 = {(-)}
52'" {(O)}
53'" {O)}

(0,0)
(0, 1)
(1,0)
(1, 1)

(0,0,0)
(0, 1,0)
(1,0,0)
0,0,1)

IV

In Case 11, the response vectors (0,1) and (1,0) have the same score vector (hvr )
= 0,0). If (hvr ) shall be a sufficient statistic for the person parameters, the expres-

sion p {(0,1) }/(p {(O,l)} + P {(1,O)}) must no longer depend on the person parameters. Hence, the expression

(1.68)

p {(1,0)}

~v(-)U2(1)/«~v(-)+ Ul(-»(~vO)

+ U2(1»)

p {(0,1)}

Ul(-)~V(O)/«~v(-)+ Ul(-»(~v(O)

+ U2(0»)

~v( -) U2 (1) ~v(O) + U2 (0)
---~v(O) Ul(-) ~v(1) + U2(1)

must be independent of the person parameters, so that

( 1.69)

~v( -) ~v(O) + U2(0)
-=c
~v(O) ~vO) + u2(1)

must be a constant. Without loss of generality, we may set c = I, so that
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(If c =1= 1, the parameters ~v( 1) and 020) may be transformed by multiplication
by the constant c- 1 , so that equation (1. 70) holds. The item solution probabilites
remain invariant under this scale transformation.)
Since we are considering a fixed person v, the generality of the argument is not
restricted if we define:
O.71a)

(1.71b)

(1. 71c)
O.71d)

where Wo < 02 and WI < 02 is presupposed. Consequently, ~v( -) = ~v + Wo'
and since the existence of sufficient statistics of the form (h vr) shall be independent
of the particular selection and sequence of the items, it follows from p {ay; I (-)}
= P {avi I (O)} that 02(-) = 02(0) = 02 -ljIo and 01(-) = 01(0). From the definition
01 =01(0) - Wo it finally folio ws that 01(1) =01 -1/11, so that aJl restrictions postu·
lated in 0.64) are fulfilled. We may then summarize:
If two arbitrary items are selected from land presented to a subject in arbitrary
order, the model assumptions (1.64/ are necessary and sufficient for the existence of
sufficient statistics of the form (hvr) for the person parameters.
We show now by complete induction that this result is also valid for larger numbers of items: Let us assurne that the model assumptions (1.64) are met for k items
(i = 1, ... , k). The response vector of person v to these k items is (ay;). lf another item
is added to the test, then Sv(!< +- I} = hy;). Without loss of generality, (ay;) €Sp. Assume
that person v has responded positively to item k + 1. The score vector correspond.
ing to the augmented response vector (avl, ... , avk, 1) is (hvr). The score vectar corres·
ponding to (avi) is then:

If (hvr ) shall be a sufficient statistic far the person parameters, the conditional
probability

(1. 72)

p {(avI, ..., avk, 1) I (hvr)}

=

p{ (ay;l}p{ av(k+1) = 1 I (ay;l)
m

~ L p{(a~)}P{av(k+I} = 1\ (a~)} + L p {(a~·l}p(aV(k+-l)
It
(a·.·) I (h )

t - 1 (a·.)
~

~

= 0 I (a~·l)

vr

must no longer depend on the person parameters. In (1. 72), the summation
L extends over all k-valued response vectors whose corresponding score vector

(a~) I t
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is (h~», and the summation

•• ~

extends over a1l k-valued response vectors

(lvi) I (h,..>

whose corresponding score vector is (h..). Substitution of

=~/a) I (~/avi) + 0k+ 1(avi»

(1.73)

p (JV(k+ I) = 1 I (a vi )}

(1.74)

p (aV(k+ I)

( l.75)

p (aV(k+ I) = 0 I (a~·)} = 0k+ I(a~·)f(~v(a:;") + 0k+1 (a:;"»

.

. .

)

m

n

l-a.

h

(~ + 0/1 ) vr
v
r

r = L

k

n

( l76)
~v + o/Ip

m
( l. 77)

p

«a~)}

.

= L I (a vi } = ~v(avi)/(~/avi) + 0k+ I(a vi»

r

n

=

(~ +
1 v

TI

r

k

0/11

°i

1 - a·.

h

0/1 )

VI

~v +

i= L

n

-~-----

~v +

(0.I - 0/1... [vi )

i

(0.-0/1.)

VI

Ir.
VI

=1

~v + °i

and

m

( l78)
r

n (~v + o/I~
=1

h

k

n

vr
r

=1

(0.-0/1")
t

••
1- a .
VI

r vi

~ V + 0.I

leads to the result that each of the expressions

~V + o/Ip ~v(a~)
( l.79)

for t

= 1, ... ,

( 1.80)

~v(avi)

~.<ad+ 0k+l(a vi)

~v + 0/1 1 ~v(a~) + 0k+l(ad

m, and
~V + o/Ip ~v(av;>+ °k+l(a vi)

~Pvi)

----

~v(a~)+ok+l(a;~)

must be independent of the person parameters. lf we consider an arbitrarily selected
response vector (a.;;"), we can assume without restriction of generality that the parameters ~v(a.;;·) and ok+ 1(a.;;") have been transformed by admissible multipücations
by a common constant, so that the ratio on the right side in (1.80) equals 1. Likewise, we define without loss of generality
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(1.81a)
and
(1.81b)
so that

(1.82)

We also know that the parameters ~v(avJ and uk+ 1(3vJ are determined only up to
multiplication by a common constant. We may choose this constant so that the ratio
on the left in (1.82) equals 1. Then, ~y{3vi) = ~v + 1/Ip and ~v(3vJ + 0k+ l(ayJ = ~v + 1/Ip
+ (Jk+ 1(a v;). Hence, Uk+ 1(3vj) = uk+ 1 - 1/Ip.
Substitution of this result into (1.80) shows that the relations defined in (1.81)
for an arbitrary response vector (a .~) are also valid for all other response vectors
••
VI
(a vi ) whose corresponding score vector is (h vr ).
Substitution into (1. 79) finally results in the relations
(1.82a)
and
(1.82b)
for all (a.;;) E SI_ t = I, ... , m, whose corresponding score vector is (hW). Since,
according to our assumptions, the reaction probabilities p {3v(k+ I) I (avJ},
p {av(k+ I) I (a;j)} and p {3v(k+ I) I (a;n} depend on the (partial) response vectors
(avj), (a;;) and (a;n, respeetively, only via their respective c1asses, the restrictions
(1.64) follow for all remaining person and item parameters. This completes the
proof.

Under the assumption p { '\.i I SvifSr}
r = 1, ... , m, the dynamic test model

(1.83 )

~v +

=Pvir ' for all SVifS and for all

I/Ir

p. =--,1/1 <a.foralliflandr=l, ... ,m
VIf
~v + a
r
1
i

is necessary and sufficient for the score vectar (hvr ) to be a sufficient
statistic for the person parameters, independently of the selection and
the sequence ofitems from I.
With this proof, fairly general conditions for the existence of sufficient staÜstics for the person parameters in dynamic test models have
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been derived. However, it should be pointed out that these conditions
are necessary and sufficient only for specifically objective comparisons of the structural item and transfer parameters (by conditional inference). If a specifically objective comparison of the person parameters
is desired, it must be postulated in addition that the marginal distribution of the score vectors (hvr ) is not uniquely determined by the marginal
item matrix «n ri )). (Here, nri stands for the number of persons for whom
SVi€Sr and who respond negatively to item L) As I have shown elsewhere
(KEMPF, 1976), this is possible in the dynamic test model (1.25) only
when the transfer converges towards a fixed value as the number of
solved items increases.
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