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Zusammenfassung

Das Hauptziel der Physik ist es, die Zusammensetzung und die Veränderung der Materie zu ver-
stehen. Seit den ersten Streuexperimenten von Rutherford wurde die atomare Struktur vieler
Festkörper und Flüssigkeiten systematisch aufgeklärt. Nach Kenntnis der statischen Volumen-
struktur, getrieben von einem nach neuen Erkenntnissen verlangenden technischen Fortschritt,
wurde ein detaillierter Blick auf die dynamischen Vorgänge in Festkörpern, Gläsern, Flüssigkeits-
und Polymergemischen bzw. an deren Grenzflächen, wie z.B. atomare Diffusion, Epitaxie, Ent-
mischungsprozesse, chemische Oberflächenreaktionen etc., immer wichtiger. Ein interessanter
Prozess, der in dieser Arbeit näher untersucht werden soll, ist dabei der Teilchentransport ent-
lang eindimensionaler Strukturen. Was auf den ersten Blick als ein exotisches Teilgebiet anmuten
könnte, erweist sich auf den zweiten Blick als wichtiger Vorgang in einer Vielzahl von biologischen
und physikalischen Systemen. Beispiele sollen dies untermauern:

Eine für chemische Prozesse wichtige Stoffklasse sind Katalysatoren, die gewünschte Reak-
tionen unterstützen bzw. erst ermöglichen. Kristalle (Zeolithe), die von Kanälen im Nanometer-
Bereich durchzogen werden, sind aufgrund der durch diese Hohlräume stark vergrößerten Ober-
fläche ein interessanter Katalysator für die industrielle Chemie. Die Bewegung von Molekülen in
den Kristallen, entlang der Känale, sollte quasi eindimensional erfolgen. In der Biologie findet
man ebenfalls viele Systeme, in denen der Transport in Kanälen oder entlang linearer Struk-
turen von großer Bedeutung ist, wie z.B. Ionenkanäle, Protonenpumpen, molekulare Motoren,
Makromolekültransport durch Zellmembranen. Meist handelt es sich dabei nicht um rein diffusive
Bewegung, sondern durch äußere Kräfte angetriebene Prozesse.

Will man z. B. die Bewegungsmechanismen von Molekülen in Zeolithen aufklären, so stoßen
klassische Streuexperimente an ihre Grenzen. Erst Experimente basierend auf gepulster magne-
tischer Kernresonanz lieferten stark gemittelte Informationen –wenn auch widersprüchliche– über
die molekulare Diffusion in Zeolithen. Die in dieser Arbeit verwendeten kolloidalen Suspensionen
bieten eine Alternative als Modellsystem sowohl für eindimensionale Diffusionsprozesse entlang von
Zeolithkanälen als auch für biologisch getriebene Systeme. Der Vorteil kolloidaler Modellsysteme
gegenüber atomaren Systemen ist, daß die Trajektorien, der in ihnen enthaltenen Partikel, einzeln
durch Videomikroskopie verfolgt werden können. Hier werden wir Suspensionen aus in Wasser
oder Ethanol dispergierten, sphärischen Teilchen einsetzen, um Struktur und Dynamik eindimen-
sionaler Gleichgewichtssysteme bzw. getriebener Systeme außerhalb des Gleichgewichts zu unter-
suchen. Wir erzeugen dabei eindimensionale, teilweise strukturierte Kanäle unter Zuhilfenahme
von Laserlichtfeldern. Dabei nutzen wir die Attraktion zwischen dielektrischen Teilchen und einem
elektromagnetischen Feldgradienten. Zunächst wird ein fokussierter Laserstrahl (eine optische
Pinzette) entlang eines Kreises durch galvanometrische Spiegel rotiert. Je nach Geschwindigkeit
der Rotation diffundieren die elektrostatisch stabilisierten Partikel auf dem Kreis oder werden mit
einer konstanten Geschwindigkeit an ihm entlang bewegt. Durch eine räumliche Modulation der
Laserintensität auf dem Ringkanal können beliebige topographische Strukturen imitiert werden.
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Kapitel 1 und 2

Die ersten beiden Kapitel geben einen Überblick über die Eigenschaften von Kolloiden und über
die experimentelle Umsetzung eines kolloidalen Modellsystems.

Kapitel 3

Eine Möglichkeit zur Charakterisierung von atomaren oder kolloidalen Systemen ist die Be-
stimmung des Paarpotentials u(r). Dieses kann zum Beispiel aus der Paarverteilungsfunktion
g(r) des Systems abgeleitet werden. In zwei- oder dreidimensionalen Systemen sind auf dem Weg
von g(r) zu einem Paarpotential einige theoretische Annahmen zu treffen. Die so für diese Systeme
gewonnenen Potentiale sind daher eher ungenau; insbesonders lassen sich für hohe Systemdichten
ρ verschiedene Paarwechselwirkungen als Lösungen der entsprechenden Gleichungen finden.

Anders verhält es sich mit eindimensionalen Systemen, dort existieren theoretische Grundla-
gen, die eine Berechnung u(r) ohne weitere Annahmen erlauben. Oft werden eindimensionale
Systeme als reine “Spielereien” von Theoretikern bewertet. Wir zeigen hingegen, daß unser ex-
perimentelles System durch eine Theorie für eindimensionale Systeme beschrieben werden kann.
Es ist somit, unseres Wissens nach, das erste Experiment, in dem das effektive Paarpotential eines
Mehrteilchensystems ohne Näherungen aus der Paarverteilungsfunktion bestimmt werden kann.
Die aus den vorgestellten Messungen gewonnenen Paarpotentiale sind dabei unabhängig von der
mittleren Dichte des Systems. Mit den theoretischen Ergebnissen von Gürsey, Salsburg und Võ
[G5̈0, SZK53, VoCR03] gelingt es uns ferner –allein aus der Kenntnis eines kleinen Ausschnittes
der Paarverteilungsfunktion heraus– die Zustandsgleichung unseres Systems zu gewinnen.

Kapitel 4

Nach der Bestimmung der Struktur eines quasi-eindimensionalen Teilchensystems untersuchen wir
im Kapitel 4 die diffusiven Eigenschaften in diesem Kreiskanal. Zur Quantifizierung der Diffusion
wird im Allgemeinen das mittlere Verschiebungsquadrat (MSD) 〈∆r2(t)〉 berechnet. Es gibt an,
wie weit ein Teilchen im Mittel von seiner Anfangsposition durch die thermischen Fluktuationen
des Systems wegtransportiert wurde. In zwei- und dreidimensionalen Flüssigkeiten wächst das
MSD linear mit der Zeit t, man spricht von Normaldiffusion.

Für die Diffusion in einem Kanal, auch Single-File Diffusion (SFD) genannt, finden wir,
nachdem das MSD anfänglich noch linear in der Zeit ist, ein Abweichen von der Normaldif-
fusion vor. Das MSD wächst für längere Zeit nur noch proportional zu

√
t. Der Beginn des

Übergangs von der Normaldiffusion zur SFD ist dabei von der Teilchendichte abhängig. Mit einer
kurzen theoretischen Abschätzung können wir das

√
t-Vehalten durch eine, eindimensionalen Sys-

temen eigene, Eigenschaft erklären: die Teilchen können nicht mehr, wie in höheren Dimensionen,
aneinander vorbeidiffundieren. Dadurch beruht ihre Bewegung fast allein auf Dichtefluktuationen
des Teilchensystems. Unsere Messungen in diesen Kapitel bestätigen Ergebnisse von Wei et al.
[WBL00] über die Langzeitdiffusion in Single-File Systemen. Es sind aber die ersten Messungen,
denen es gelingt, den Übergang von Normal- zu Single-File Diffusion aufzulösen. Dieses Ergeb-
nis ermöglicht erst die Anwendung einer neuen, analytischen Theorie von M. Kollmann [Kol03]
über Single-File Systeme zur Bestimmung der Teilchenmobilitäten F . Die Teilchenmobilität F
ist die Proportionalitätskonstante zwischen dem MSD und

√
t, das heißt 〈∆r2(t)〉 = 2F

√
t. Bis-

herige diskrete theoretische Modelle können nur eine quantitative Abschätzung für die Änderung
der Mobilitäten F mit der Teilchendichte angeben. In unseren Messungen gelingt es hingegen,
mit Kollmanns Theorie, die Einteilchen-Mobilitäten F im Langzeitregime für unsere Kanäle aus
Kurzzeitmessungen vorherzusagen. Diese Vorhersage stimmt sehr gut mit den anschließenden
Langzeitmessungen überein.
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Kapitel 5

Thermische Ratschen. Im Anschluß an die quantitative Erklärung des Diffusionsverhaltens
von Teilchen in bestimmten Single-File Systemen stellen wir kurz die Verwendbarkeit unseres
Modellsystems für thermische An-/Aus-Ratschen (Flashing-ratchets) dar. Ratschen sind theo-
retische Modelle für den Teilchentransport in Größenbereichen, in denen der Anteil thermischer
Fluktuationen der umgebenden Moleküle zum Transport nicht vernachlässigbar ist, so z.B. bei
der Bewegung von Myosinmolekülen entlang von Aktinsträngen in der quergestreiften Musku-
latur. Thermische Ratschen nutzen durch zeitabhängige, asymmetrische Potentiale die Diffusion
der Teilchen, um einen gerichteten Teilchenstrom zu erzeugen.

Bisher werden Kolloide vor allem als Modellsysteme für Gleichgewichtszustände verwendet.
Thermische Ratschen waren ein erstes Beispiel für ein System im thermischen Ungleichgewicht.
In den folgenden Abschnitten werden wir uns genauer mit zwei weiteren Systemen außerhalb des
thermischen Gleichgewichts beschäftigen.

Getriebene Teilchendynamik. Zunächst bewegen wir unsere optische Pinzette mit einer nie-
drigeren Frequenz als zuvor entlang des Kreises, so daß ein Teilchen mit einer konstanten mittleren
Geschwindigkeit entlang des Ringkanals bewegt wird. Belädt man nun den Kreis homogener Inten-
sität allein mit drei gleich verteilten Teilchen, so bewegen sich zunächst alle Teilchen mit derselben
Geschwindigkeit und gleichbleibendem Abstand auf dem Kreis. Wird das System z.B. durch die
Brownsche Bewegung gestört, kommt es zu einer Annäherung zweier Teilchen. Das zweite Teilchen
wird durch das erzeugte Strömungsfeld des vorauslaufenden Teilchens angezogen: es bildet sich
ein “Kolloidmolekül” aus zwei Teilchen, verbunden durch die hydrodynamische Wechselwirkung.
Dieser Zweiteilchencluster bewegt sich nun aber schneller als ein einzelnes Teilchen, da das voraus-
eilende Teilchen nicht nur durch den vorbeilaufenden Laserfokus angetrieben, sondern auch durch
das im “Windschatten” fahrende Teilchen angeschoben wird (siehe Filme auf beiliegender CD im
Anhang). Die Beschreibung der getriebenen Drei-Teilchen-Dynamik läßt sich aus den Trajektorien
unserer Messungen im Vergleich mit Vorhersagen von Reichert und Stark [RS04] ableiten. Ein
ähnliches Bild findet man für Messungen mit mehreren Teilchen auf dem Kreis, allein der Cluster
mit gerader Anzahl von Teilchen scheint für längere Zeit stabil bzw. die Zweiercluster, aus denen
sie zusammengesetzt sind.

Beschleunigte Teilchenpaare in einem asymmetrischen Potential. Als nächstes System unter-
suchen wir die Bewegung getriebener Teilchen in einem strukturierten Kanal. Ein statisches
Sägezahnpotential mit sechs Minima, dessen flache Flanke in Richtung der Bewegungsrichtung
zeigt, wird dem Kreis mit unterschiedlichen Potentialtiefen aufgeprägt.

Als erstes studieren wir die Bewegung eines einzelnen Teilchens auf dem Kreis. Bei niedrigen
Potentialtiefen sieht man keinen Einfluß auf den Transport des Teilchens bis zu dem Punkt, an dem
die treibende Kraft nicht mehr ausreicht, die Teilchen aus den Potentialminima zu ziehen. Anfangs
reicht die Brownsche Bewegung noch aus, um das Teilchen von Minimum zu Minimum hüpfen zu
lassen. Doch bei weiter zunehmender Tiefe der Potentialtöpfe bleibt das Teilchen schließlich in
einem Zahn hängen. Sind dagegen drei Teilchen im Kreis, bildet sich bei niedrigen Sägezahntiefen
–unbeeindruckt von dem Potential– wieder die oben beschriebene Drei-Teilchen-Dynamik aus. Sie
erscheint sehr stabil gegenüber Störungen. Erhöht man nun erneut die Amplitude des Sägezahns,
geschieht für das einzelne Teilchen auf dem Kreis erneut das Gleiche wie zuvor: das Teilchen
wird irgendwann im Sägezahn gefangen. Überraschender Weise passiert nicht dasselbe mit dem
Zweiercluster. Der Cluster bewegt sich immer mit der fast gleichen Geschwindigkeit, während das
einzelne Teilchen bereits seit langem eingefangen ist. Er zeigt, unabhängig von der Potentialtiefe,
eine Art “Raupenbewegung” (siehe Filme auf beiliegender CD im Anhang). Das vordere Teilchen
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des Zweierclusters bleibt anfangs im Potentialminimum hängen, überwindet schließlich doch die
Potentialbarriere und entfernt sich vom hinteren. Bevor das vordere Teilchen sich mehr als zwei
Teilchendurchmesser entfernt hat, holt das hintere Teilchen wieder auf. Unsere Erklärung dieser
Raupenbewegung durch hydrodynamische Wechselwirkung wird durch die analytische Lösung der
Einteilchenbewegungsgleichung von Holger Stark und durch Simulationen von Michael Reichert
im Anschluß an unsere Experimente bestätigt werden. Während im thermischen Gleichgewicht
die Beweglichkeit von kolloidalen Teilchen in der Nähe einer Wand herabgesetzt wird, beweisen
unsere getriebenen Systeme, daß hydrodynamische Wechselwirkungen nicht nur die Bewegung der
Teilchen beschleunigen, sondern auch durch ihren attraktiven Anteil bei der Überwindung von
Potentialbarrieren behilflich sein können.

Bestimmung des Lichtpotentials und der treibenden Kraft. Bei der Erklärung unserer Ergeb-
nisse sind wir immer von einem statischen Sägezahnpotential auf dem Kreis und von einer konstant
treibenden Kraft ausgegangen. Im letzten Abschnitt von Kapitel 5 werden wir das zu erwartende
Potential aufgrund der Intensitätsmodulation entlang der Kreisfalle für unser Experiment berech-
nen und aus den Einteilchentrajektorien experimentell ableiten. Der Vergleich zeigt, daß wir trotz
der rotierenden optischen Pinzette ein statisches Sägezahnpotential für die Teilchen im Kreiskanal
erzeugen. Darüber hinaus entnehmen wir Berechnungen über die Änderungen der treibenden
Kraft, ebenfalls wegen der Intensitätsmodulationen, daß die Intensitätsvariationen um ihren Mit-
telwert zu klein sind, um den Haupteffekt des “Mitziehens” in der rotierenden Pinzette signifikant
zu beeinflussen. Wir können in der Tat von einer konstanten mittleren Geschwindigkeit ausgehen.



Symbols and Abbreviations

abbreviation defined in chapter meaning

A 2.2.1 Aperture
CCD 2.2.3 Charge coupled device
DLVO 1.1.2 Derjaguin-Landau-Vervey-Overbeek
EOM 2.2.1 Electro-optic modulator
HI 1.1.4 Hydrodynamic interactions
HNC 1.2.1 Hyper-netted chain (closure relation)
KMC 4.2 Kinetic Monte Carlo
M 2.2.1 Magnification
MD 4.2 Molecular dynamics
MNR 1.2 Nuclear magnetic resonance
MSD 1.2 Mean-square displacement
OZ 1.2.1 Ornstein-Zernike equation
PB 1.1.2 Poisson-Boltzmann equation
PE 1.2.2 Peclet number
PFG-NMR Introduction Pulsed field gradient NMR
PY 1.2.1 Percus-Yevick (closure relation)
RE 1.2.2 Reynolds number
SFD 4 Single-file diffusion

symbols defined in chapter meaning

a 1.2.2 particle radius
α 1.1.3 εP /εS − 1
b
ij

4.4.2 mobility tensor

β 1.2.1 1/kBT
c(r) 1.2.1 direct correlation function
χ 1.2.1 isothermal compressibility
χid 1.2.1 χ of ideal gas
d 1.2.2 dimensionality of the system
d 4.2.2 mean particle distance
D

ij
5.2.1 diffusivity tensor

C 5.3.2 dissipated energy per sawtooth
Dc 4.2.2 collective diffusion coefficient
Deff (q) 4.2.2 effective diffusion coefficient
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symbols defined in chapter meaning
D0 1.2.2 Einstein diffusion coefficient
DS 1.2.2 self-diffusion coefficient
δ 5.3.2 measure for asymmetry of sawtooth
εS 1.1.2 dielectric permittivity of the solvent
εP 1.1.3 dielectric permittivity of the particle
η 1.2.2 solvent viscosity
F 4.2 single-file mobility
FB 4.2.2 Brownian force
Fc, F

φ 5.2.1 constant driving force
FDriv(x) 5.4.1 driving force
Frad 1.1.3 light pressure
f 5.1 mirror frequency
g(r) 1.2.1 pair-distribution function
G(r, t) 4.2.2 van-Hove correlation function
GS

αβ 4.4.2 Green’s function
γ 2.1 damping rate
h(r) 1.2.1 total correlation function
I(q) 1.2.1 mean intensity under scattering

wave vector ~q
k 5.3.2 force
Kr 5.2.1 force constant of harmonic radial trap
κ−1 1.1.2 Debye screening length
L 5.3.2 length of a sawtooth
L1,2 5.3.2 lengths of slanted sawtooth parts
λ 1.2.1 wavelength
λB 1.1.2 e2/(4πε0εS · kBT ), Bjerrum-length
λf,b 5.1 lengths of slanted sawtooth parts
m 2.1 mass of particle
M(ξ) 5.4.1 intensity modulation function
N 2.2.1 particle number of the system
n 2.2.1 index of refraction
nr,l(t) 4.2 vacancy number
νT 2.1 angular scanning frequency
ΩN 5.2.1 regular N-particle cluster frequency
ω0 1.1.3 beam waist
Ω(s) 3.2 Laplace transform
P 1.1.3 laser power
P (s, t) 4.2 propagator
Pf,b 5.1 probabilities
Pfit 5.3.2 fit parameter
p 1.2.1 pressure
pid 1.2.1 pressure of ideal gas
q 1.2.1 modulus of scattering wave vector ~q
q 5.3.2 measure for amplitude

of sawtooth potential
R 2.1 radius of light circle
ρ 1.2.1 bulk density
ρL 3.1 line density
S(q) 1.2.1 static structure factor
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symbols defined in chapter meaning
S(q, t) 4.2.2 dynamic structure factor
σ 1.1.2 particle diameter
T 1.2.1 temperature
τ 4.2.2 structural relaxation time
τB 4.2.2 Brownian relaxation time
τη 4.2.2 viscous relaxation time
τoff,on 5.1 time interval
θ 5.4.1 fraction of intensity modulation
U 1.2.1 internal energy
U(x) 5.3.3 potential
Uid 1.2.1 internal energy of ideal gas
Usaw 5.4.1 sawtooth potential
V (r) 1.1.2 DLVO-potential
V0(x) 5.3.1 potential
v0 5.3.2 particle velocity

without sawtooth potential
V rep(r) 5.2.1 electrostatic repulsion
VFocus 2.1 depth of single optical trap
v 5.3.1 particle velocity
vP 2.1 mean angular velocity
w 1.1.3 part of radiation reflected by the particle
X0 2.1 width of single optical trap
ξ 4.2.2 friction constant
Zbare 1.1.2 number of charges on a particle
Zeff 1.1.2 effective number of charges on a particle

constants defined in chapter meaning

c 1.1.3 speed of light;
c = 3 · 108m/s

e 1.1.2 electron charge;
e = 1.6022 · 10−19 C

ε0 1.1.2 dielectric constant;
ε0 = 8.8542 · 10−12 C/(mol m)

kB 1.2.1 Boltzmann constant;
kB = 1.38066 · 1023 J/K

kBT 1.2.1 thermal energy,
at room temperature (22◦C);
kBT = 4.073 · 10−21J = 25.42meV





Introduction

In general, physics aims to understand the composition and the structural changes of matter. Since
the first scattering experiments of Rutherford, the atomical structure of many crystals and liquids
has been identified. Knowing the bulk structure of crystals, glasses, liquids, etc., technological
progress asked for information about the dynamic processes in the bulk or at its interfaces. Thus,
processes like atomic diffusion, epitaxy, phase separation, and chemical reactions close to surfaces
gained more interest. In this report we will study the particle diffusive or driven transport along
one-dimensional structures using colloidal suspension as model system. What may appear at a
first glance as a very exotic topic, reveals itself soon as a important process in many physical and
biological systems. The following examples substantiate this statement.

For chemists, catalysts are an important type of molecules or atoms which facilitate certain
desired chemical reactions without being changed themselves by the reaction. Zeolite crystals
are a prominent example of industrial catalysts. Their surface is greatly enlarged by nm-sized
pores which transverse the whole structure. If we want to analyze the one-dimensional motion of
molecules in these zeolite channels, we have to consider the experiments which were performed with
pulsed field gradient nuclear magnetic resonance (PFG-NMR). Unfortunately, this leads only to
inconsistent results. Yet, colloidal suspensions can be used as a model for one-dimensional diffusive
processes in such channels, as we will demonstrate in this study. Also, in biology there are many
systems where one-dimensional transport plays an important role, for example: ion channels,
molecular motors, and the translation of macromolecules through cell membranes. Mostly, the
transport in these systems is not only diffusive, but driven by an external force. Colloids can be
employed as models in such systems too. We will observe a one-dimensional driven system in the
last chapter of this thesis.

The main advantage of colloidal model systems in comparison to atomic system is the possi-
bility to track the single particle motion by video microscopy. In this study we will use spherical
particles dispersed in water or ethanol to inquire into the structure and the dynamics of our
one-dimensional systems, both in and out of thermal equilibrium. We will produce quasi one-
dimensional, homogenous or structured channels with a circular intensity distribution of laser
light. The dielectric particles are drawn to the points of highest intensity, owing to the interaction
between the induced dipoles and the electromagnetic field gradient. The channel geometry is
generated by scanning a focused laser beam (optical tweezer) along a circular line. Depending on
the rotation velocity, the electrostatic repelling particles diffuse or move with a constant mean
velocity along the circle. With the spatial modulation of the laser intensity along the circle, we
can imitate an additional potential landscape.

This work is structured in five chapters. The first chapter gives an overview of the general
theoretic description of charged, colloidal systems. Chapter two presents the experimental setups
employed and their specific problems. In chapter three and four we delineate our experimental
results on the structural and diffusive properties of quasi one-dimensional equilibrium systems
for varying particle densities. Driving particles along a channel with a constant force leads to
interesting dynamics. Chapter five deals with the out-of-equilibrium motion of driven particles
for homogeneous and structured channels.
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The structural measurements of chapter three will demonstrate for the first time that the par-
ticle pair-potential can be derived directly from an experimental pair-distribution function. There,
we do not have to apply the usual theoretical approximations (see Ornstein-Zernike equation in
section 1.2.1) which induce unprecise, even unphysical, results in three- or two-dimensional sys-
tems, especially for higher densities [BBS+02]. Chapter four presents measurements for different
particle densities which allow us to apply and test a new analytical theory [Kol03] of single-file
systems. This is only possible due to the first simultaneous resolution of the short- and long-time
diffusive behavior in a one-dimensional particle experiment. With this theory, we are able to show
that short-time measurements are sufficient to predict quantitatively the long-time transport of
a single particle. Moreover, we establish the validity of the theory beyond its theoretical limits.
By demonstrating the applicability of our experimental setup to the study of thermal ratchets,
we conclude this chapter. Three particles are constantly driven along a circular line through a
bulk fluid in chapter five. In accordance with previous theoretical predictions [RS04], we find an
interesting dynamic steady-state in the case of a smooth channel, which is characterized by the
formation and the enhanced transport of two-particle clusters. The attraction between the actual
repelling particles is induced by hydrodynamic interactions. In the second half of chapter five,
we create a sawtooth-potential along the circle as a simple, theoretically often used, example of a
structured channel. In contrast to the well-known additional friction, induced by hydrodynamic
interactions, we observe a strong hydrodynamic effect which enhances the paired particle motion.
Particle clusters still surmount potential barriers where a single particle is unable to leave a po-
tential well. Our explanation for this effect is supported by simulations and analytical calculations
which were initiated by our experiments [LRSB05].

Each chapter is meant to be independently comprehensive of the other chapters. This should
give the reader the possibility to start at his point of interest. Therefore the theoretical back-
ground of certain experimental results is presented in the according chapter. Theoretical concepts
which are of interest for different chapters are mentioned in the first, together with references to
more detailed descriptions in the following chapters. To facilitate the further reading, all used
quantities are explained in relation to the concerning equations.

Parts of this work are published or submitted for publishing elsewhere:

Lutz, C., Kollmann, M., Leiderer, P. and Bechinger, C., 2004. ”Diffusion of colloids in one-
dimensional light channels.” J. Phys.: Condens. Matter, 16: S4075.

Lutz, C., Kollmann, M. and Bechinger, C., 2004. ”Single-file diffusion of colloids in one-dimensional
channels.” Phys. Rev. Lett., 93: 026001.

Hansen-Goos, H., Lutz, C., Bechinger, C. and Roth, R., 2005. ”Colloid in one dimension: From
pair correlations to pair potentials.” EPL (submitted).

Lutz, C., Reichert, M., Stark, H. and Bechinger, C., 2005. ”Surmounting barriers: The Ben-
efit of Hydrodynamic Interactions.” Phys. Rev. Lett. (submitted).



Chapter 1

How to characterize colloidal systems

This chapter summarizes the basic, theoretical concepts used to describe the structural and dy-
namical properties of colloidal systems. It is intended as a short introduction and reference for
readers without experience in soft-matter science. We will explain why colloidal systems are in-
teresting both as a model system and in their own right. In the first section of this chapter we
inquire into the interaction forces responsible for the structure of our system. Then, we reassume
the effect of the Brownian motion on the equilibrium and non-equilibrium motion of dispersed
micrometer particles, and we recall how to capture quantitatively the structure of a many-particle
system. Where a more detailed treatment of the theory is needed for the explanation of the exper-
imental results, it is postponed to the related chapter. Readers with a background in soft-matter
science can directly refer to the description of the experimental layout of this thesis in chapter 2.
For a thorough treatment of the structural and dynamic properties, and the possible interactions
in colloids, the interested reader may refer to [Dho96, EW94, Isr85].

1.1 Interactions of colloidal particles

Small particles dispersed in other substances are named colloids. The definition is usually limited
to a particle size between 1nm and 10µm because the particles have to be bigger than the molecules
of the solvent and small enough to exhibit sizable displacement by the thermal fluctuations of the
solvent (Brownian motion). The lower limit is due to the requirement that the molecules of
the solvent are considered as homogenous background, without any influence of their structure
on the description of the solvent-particle interaction. Hence, the solvent can be specified by a
macroscopic equation of motion with adequate boundary conditions on the particle surfaces (q.v.
section 4.2.2). The definition of colloids does not contain any assumption about the material of
the particles. Indeed, both insoluble droplets dispersed in another liquid (emulsions, e.g. milk)
and solid particles in a liquid (suspensions, e.g. varnish) fall into this category.

The fact that many industrial products, such as paints, foams, detergents, nutrients, lubri-
cants, and pharmaceutics, belong to the colloidal system would alone justify the research on their
properties. However, in physics they are especially employed as models for atomic or molecular
systems. This is possible because colloidal systems demonstrate, despite the different time and
length scales, similar thermodynamic properties as atoms. In the last years, colloidal systems were
particularly useful to imitate two-dimensional atomic adsorbates on crystalline substrates, and to
study the phase transitions in these systems [Bru03, Bub02, ZLM99].

The advantage of colloidal systems is that, in contrast to nuclear magnetic resonance (NMR)
and neutron and x-ray scattering in atomic systems, their properties are directly accessible via
microscopy. Furthermore, different surface potentials can be created by topographic, magnetic, or
optical patterns. The role of colloids as atomic model systems is also favored by their flexibility in
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reference to the range and strength of their pair-interaction. Paramagnetic particles are used in
static magnetic fields for long-range repulsion [ZLM99] and for long-range attraction in rotating
magnetic fields [NMM05]. Short-range attraction can be achieved by adding small amounts of
polymers or smaller particles to a suspension, thus leading to depletion interactions [RBL98].

In this study, we will make use of electrostatically repelling, dielectric particles. Electrostatic
interactions in colloids are relatively short-ranged, owing to a screening effect of counter-ions in
the solvent. In the following, we will give an account of the four types of interactions that play or
could play a role in our experimental systems.

1.1.1 Van-der-Waals interaction

Van-der-Waals forces are due to the oscillating atomic dipole moments of the dielectric particles.
The oscillating dipoles produce an electric field, which polarizes nearby particles. The resulting
interactions induce an attractive force in our colloidal suspensions. But Van-der-Waals forces are
extremely short-ranged (≈ 100nm) and only significant between particles of low surface charge or
with large screening effects. This is due to high salt concentrations in the liquid. In this study, we
will only use highly charged particles in low-salt conditions with a mean particle distance much
higher than the interaction length of the van-der-Waals forces. Thus, the Van-der-Waals forces
are not considered further in this work.

1.1.2 Screened Coulomb interaction

All surfaces in our experiments are negatively charged. The polystyrene particles dissolve sul-
fate groups on their interface with water. The glass surfaces of the cuvette which contains the
suspension, and the silica particles dissociate silanol groups [Ile79]. Between the particles and
the cuvette walls, the solvent contains the free, oppositely charged micro ions (counter-ions) re-
leased from the surface groups, ions from the self-dissociation of water, and possibly added salt.
To describe the electrostatic properties of such a many-particle system, especially to gain the
effective pair-interaction between two colloidal particles, one has to make assumptions about the
average micro ion distribution around the particles. The easiest assumption is that ions distribute
isotropically, according to Boltzmann statistics in the Coulomb field of a colloidal particle. This
leads to the well-known Poisson-Boltzmann(PB-) equation. This equation can only be solved
directly in its linearized form under the assumption of small electric potentials. Its solution for
the effective pair-interaction is the electrostatic part of the Derjaguin-Landau-Vervey-Overbeek
(DLVO-)potential [VO48]:

βV (r) = Z2
effλB

[
exp(κσ/2)

1 + κσ/2

]2
exp(−κ r)

r
(1.1)

Zeff · e = effective charge of a particle

λB = e2/(4πε0εS · kBT ), Bjerrum-length

e = elementary charge

ε0 = dielectric constant

εS = dielectric permittivity of the solvent

β = 1/kBT , thermal scale

κ−1 = Debye screening length

σ = particle diameter
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Here, the number of elementary charges on the surface of a colloidal particle Zbare is substituted by
an effective number of charges Zeff . The effective charge (Zeff · e) accounts for the reduction of the
particle surface charge (Zbare · e) caused by counter-ion condensation on the particle [ACG+84,
Aub03]. The actual surface charge of our particles is about Zbare = 107. Based on a rough
approximation in reference [ACG+84], we expect Zeff to be smaller than (σ/2)/λB · 10, that is,
Zeff < 20000. Hence, the derivation of the effective pair-potential u(r) from the linearized PB-
equation remains justified, since the much smaller effective charge (Zeff · e) is mainly responsible
for the electrostatic potential.

1.1.3 Optical tweezer

It has become a common technique, both in colloid science and in biology, to trap microscopic,
dielectric particles, cells, or viruses in laser fields (optical tweezer). The trapping only requires the
refractive index of the particle to be higher than that of the surrounding. The main advantage of
these electromagnetic tweezer is the possibility to mimic arbitrary structures which can easily be
adapted to the experimental demands. Yet, in contrast to real topographies, they do not disturb
the system, for example, through hydrodynamic interactions. To describe optical tweezers, one
has to account for two different effects: the laser light pressure, and the gradient force. The light
pressure pushes a particle in the direction of the laser beam because of the momentum transfer
between the laser and the particle. Moreover, the incident laser light polarizes the particles
whose induced dipole moment interacts with an existing field gradient (gradient force). Thus, the
particle gets drawn into the region of the highest laser intensity. The intensity maximum for a
single, focused, Gaussian laser beam is its focus. If the laser beam is tightly focused by a high
aperture microscope objective, the gradient force can even overcome the light pressure. Hence,
the particle is tweezed in the focus and can be transposed in all directions.

The radiation force Frad on a particle related to the light pressure is directly proportional to
the laser power P [Ash70].

Frad ≈
8 · w · P

c

(
a2

ω2
0

)
(1.2)

w = part of radiation reflected by the particle

c = speed of light

a = particle radius

ω0 = beam waist

The potential well W (r) in which the particle is trapped due to the converging beam can be
calculated from the energy density I of the beam [TMBZ98]:

W (r) = −α

∫
V

I · dV (1.3)

α =
εP

εS

− 1

εP = dielectric constant of the particle

V = volume of the particle

Detailed reading on the usage of optical tweezers can be found in the resource letter [LB03].
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1.1.4 Hydrodynamic interaction

The motion of a particle in the solvent which is originated by a driving force or by Brownian
motion causes propagating density waves in the solvent. These density waves mediate interactions
with other particles or with nearby surfaces. These so-called hydrodynamic interactions (HI) are
relatively long-ranged, as they approximately decay inverse proportional with the particle-particle
distance r. The HI of thermally equilibrated systems average out over time and can therefore be
neglected in structural analysis. In equilibrium, HI only diminish the self-diffusion coefficient of
the particles which come close to a wall.

We will analyze in detail the mathematical model of HI, together with the Smoluchoski-
equation in section 4.2.2.

As we will explain in chapter 2, we employ in this work a scanning laser trap to mimic a
one-dimensional equilibrium system. Section 4.4 will prove that even in such a system, HI have a
negligible influence on the structure. In chapter 5 we will proceed to a driven, out-of-equilibrium
system. HI will play the decisive role in understanding the enhanced motion of particle clusters.

1.2 Dynamic and structural behavior

Criteria to decide on the phase of colloidal equilibrium systems are the mean-square displacement
(MSD) 〈∆~r2(t)〉 of a tracer particle and the decay of the pair-distribution function g(r) or of the
static structure factor S(q). We will present these quantities in the following and utilize them in
chapter 3 and 4 to analyze the structure, interactions, and diffusive behavior of one-dimensional
colloidal systems.

1.2.1 Correlation function and structure factor

For most equilibrium systems, it is not necessary to know the precise position of every particle
to decide about its position in phase space. The system can be sufficiently described by its
macroscopic, thermodynamic properties such as pressure p, temperature T , internal energy U ,
etc... Knowing the precise configurations of the particles, like in two-dimensional colloidal systems,
the calculation of these thermodynamic quantities should become an easy task (for a homogeneous,
isotropic system), because they can all be related to the experimentally accessible pair-distribution
function g(r) [Bri98, Näg97a, VK97]:

g(r) =
ρ(r)

ρ
=

mean density of particles at distance r apart from a given particle

corresponding quantity of an ideal gas; bulk density
(2.4)

g(r →∞) → 1

g(r) ≥ 0

g(r) → e−β u(r); for small ρ

u(r) = pair-interaction potential

β = 1/kBT
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The internal energy U and the system pressure p (equation of state) connect to g(r) through the
following equations:

U = Uid + 2πρN

∫ ∞

0

dr r2g(r) u(r) (2.5)

p = pid −
1

6
ρ2

∫ ∞

0

dr r
du(r)

dr
g(r)4πr2 (2.6)

N = particle number

Uid =
3

2
NkBT (internal energy of ideal gas)

pid = ρkBT (pressure of ideal gas)

In three-dimensional systems, the structure is usually determined by scattering experiments
(x-ray, light, neutrons). The mean intensity I(q) found on a detector under a certain scattering
angle ϑ is proportional to the so-called static structure factor S(q). Thereby q = 4π/λsin(ϑ/2)
represents the modulus of the scattering wave vector ~q for a radiation with wavelength λ. If
we take the Fourier-transformation of the static structure factor, we regain the pair-distribution
function,

S(q) =
1

N

〈
N∑
i,j

ei~q·(~Ri−~Rj)

〉
= 1 + ρ

∫
V

d3r ei~q·~r[g(r)− 1] (2.7)

with ~Ri and ~Rj being the position of the different particles in the system and V being the system
volume. 〈. . .〉 indicates a time and configuration average respectively. Yet, the static structure
factor S(q) directly procures another important macroscopic property of the system, that is, the

isothermal compressibility χT = − 1
V

(
∂V
∂p

)
T

for small scattering angles q → 0:

χT

χid

= S(q → 0) with χid = (ρkBT )−1 = isothermal compressibility of the ideal gas (2.8)

To calculate the thermodynamic properties of the system, we need to know–besides the pair-
distribution function g(r)–the pair-interaction potential u(r). Only for very dilute systems the
pair-interaction potential u(r) can be gained immediately from g(r) = e−β u(r). For denser systems
one usually has to use the Ornstein-Zernike (OZ) formalism in two- or three-dimensional systems.
The Ornstein-Zernike equation separates the total correlation function h(r) = g(r) − 1 in two
parts. One part contains only the direct- or pair-interactions between two arbitrary particles 1
and 2 of the system, i.e. the direct correlation function c(r12). c(r12) is approximately equal to
h(r12) for dilute systems. The second part includes the indirect interactions between the particle
1 and 2, mediated through other particles,

h(r12) = c(r12) + ρ

∫
V

dr3c(r13) h(r23) (2.9)

In order to solve this equation and to derive from a measured pair-distribution function g(r) the
pair-interaction potential u(r), one has to invert the equation and assume some functional relation
between the direct correlation function c(r) and the pair-interaction potential. The different
assumptions are collected under the name closure-relations. The two most famous closure-relations
are the Percus-Yevick (PY) and the hyper-netted chain (HNC):

g(r) = e−βu(r)y(r)

y(r) = g(r)− c(r) Percus-Yevick (2.10)

y(r) = exp (g(r)− c(r)− 1) Hyper-netted Chain (2.11)
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Unfortunately, the approximations incorporated into the closure-relations lead to increasing
deviations from the real pair-potential with growing density of the experimental system. In general,
PY seems to be more effective for hard-spheres, while the HNC works well for Lennard-Jones types
of pair-potentials. With charged colloidal systems, PY underestimates, and the HNC overestimates
the pair-interaction potential u(r) [Bru03]. Therefore, the OZ-formalism permits a great variety
of pair-potentials u(r) to explain a measured pair-distribution function g(r) in cases where the
configuration of the particles starts to dominate the influence of the pair-potential in g(r), due to
high particle densities.
In chapter 3, we will experimentally demonstrate, for the first time, that it is possible to acquire the
pair-interaction potential u(r) without any approximation–if we confine charged colloidal particles
on a line.

There exists an extension both for the S(q) and g(r) to capture the structural change of
a system with time. We will discuss these time-dependent correlation functions, the dynamic
structure factor S(q, t), and the van-Hove correlation function G(r, t), in chapter 4, where we will
employ them to determine the single-particle mobility of a single-file system.

1.2.2 Diffusion and deterministic transport

Microscopic particles in a liquid exhibit random motion that can be ascribed to the thermal
fluctuations of the solvent (Brownian motion). Quantitatively, this diffusive transport is captured
by the mean-square displacement (MSD) of the particles in the experiment:〈

(∆r(t))2
〉

= 2d ·Dst (2.12)

d is the dimensionality of the system under consideration, and Ds is the self-diffusion coefficient of
a tracer particle. The diffusion coefficient Ds can be expressed for a single, spherical particle far
away from any solvent interface through the Stokes-Einstein relation D0 = kBT/(6πηa). Therefore,
the diffusion coefficient quantifies, on average, how far the thermal energy of the system kBT can
transpose a particle against the friction of the solvent (η = solvent viscosity, a = particle radius). In
the vicinity of a surface, the diffusion coefficient diminishes drastically, owed to the hydrodynamic
interactions (see below) with the surface ( q.v. figure 4.14, chapter 4). In chapter 4, we will clarify
why the linearity in time of the MSD, usually found in two or three dimensional systems, brakes
down for single-file systems.

The transport of a particle through a solvent can be described phenomenological by the
Langevin equation of motion by making assumptions about the character of the Brownian motion.
Another possibility is the Smoluchoski-equation, that is the equation of motion for overdamped
systems in phase space. Both concepts will be explained in section 4.2.2, where we will apply the
Smoluchoski-formalism in the inquiry about the diffusive properties of one-dimensional systems.
For the dynamic description of the driven systems in chapter 5, we employ both the Langevin-
and Smoluchoski-formalism.

The Reynolds number (RE) is the most important dimensionless number in fluid dynamics and
provides a criterion for determining dynamic similarity. Where two geometrically similar objects
in perhaps different fluids with possibly different flow rates have similar fluid flow around them,
they are said to be dynamically similar. The RE is defined as RE = ρS vS σ/η, where ρS is the
fluid density, vS the mean fluid velocity, σ a characteristic length scale (e.g. particle diameter) and
η the fluid viscosity. All the measurements of colloidal science, this work included, are performed
in the low Reynolds number regime (RE ≈ 10−4). For RE ≤ 10 the motion of the particles
proceeds in a laminar flow field of the solvent without causing any turbulence. This is important
for the validity of the description we will give for the hydrodynamic interactions in our colloidal
systems.
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In colloidal science one often reads of the Peclet number (PE). The PE is like RE, a dimension-
less number. It is the product of system length σ and fluid velocity vS, divided by diffusivity D
(Pe = σ vS/D). The PE indicates if the particle transport in a colloidal system is mostly through
external driving force (PE � 1) or through diffusion (PE � 1). For large PE, the Brownian
motion can be neglected in the description of particle motion through a solvent. In chapter 5 we
will study the transition of a driven system from a deterministic regime with PE � 1 to a regime
where we find a sequence of regimes with PE � 1 and PE � 1 respectively.





Chapter 2

Experimental setup

The aim of this study is to examine the behavior of one-dimensional systems. We will elaborate
especially on two different cases: the equilibrium system, where the particles exhibit pure diffusive
transport ( chapters 3, 4), and the out-of-equilibrium situation of strongly-driven particles (chapter
5).

To emulate one-dimensionality in our colloidal system we had to form narrow channels which
confine the particle motion effectively to one-dimension by diminishing their transverse fluctuations
in the channel to less than the particle diameter. For this purpose, we used an optical trap
because it gives the necessary flexibility in the selection of channel width and structure without
the inevitable slowing down of particles in topographic channels due to hydrodynamic interactions
with the walls. For our experiments we worked with circular channels, i.e. periodic boundary
conditions. Static circular light fields can be created through the use of holographic masks (see
elsewhere [LRHT00]) or be imitated by a rapid motion of a focused laser beam along a circular
line [FSL95]. We employed in our measurements the second option of the dynamic single optical
trap, since it allows greater variations in laser intensities and, if necessary, an additional constant
driving of the particles along the channel.

In the beginning of this chapter we will explain why the fast motion of a single optical trap
mimics a static channel and supplies a variable driving force at the same time. Then we will
discuss how this principle is transposed in the components of our experimental setup. Thereby,
for the different chapters of this work we will take special account of the variations in the setup
and their particular consequences.

2.1 Creating topography with scanned optical tweezer

A simplified setup in figure 1.1 explains the basic principle of a scanning optical tweezer. A
laser beam with a gaussian-shaped intensity profile is focused by a microscope objective into
a cuvette with suspended dielectric particles. Before the objective, the laser gets deflected by
two galvanometric mirrors whose motion is controlled by computer software. For example, the
deflections can be such that the laser focus moves along a circle of radius R parallel to the bottom
of the substrate. As described in the previous chapter, the particles are attracted by the intensity
gradient of the focus.

Faucheux et al.[FSL95] studied the influence of an optical trap scanned along a circular line
on a single particle. Chiefly, they analyzed the effect of the laser power and the scanning speed
of laser focus on the particle motion. They observed that the particle stayed always on the line
followed by the laser focus (see figure 1.2, left). On the other hand, they discovered three regimes
of the particle mean angular frequency νP (or velocity vP = 2πRνP ) depending on the angular
scanning frequency νT of the mirrors. The three regimes are pointed out through the vertical lines
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Figure 1.1. Rotation of an optical trap along a circular line in the experimental setup.

and the numbering above the graph in figure 1.2 (right).

In all three regimes the particles are radially trapped. The frequency of the focus is always high
enough to prevent the particle to diffuse perpendicular to the circle, more than a small fraction
of its diameter, before the laser trap returns and pulls the particle back into the focus.

In the first regime I, the motion of the particle is locked to the motion of the trap (νP = νT ).
Once the particle is tweezed, it does not escape from the focus anymore. The second regime II
reveals a reciprocal proportionality between νP and νT . The trap is not strong enough to withstand
the viscous resistance of the fluid more than the time needed to pull the particle out of the potential
well of the laser beam. The laser still drags the particle along the circle for a short distance every
time it passes. The mean distance the particle follows the beam depends on the focus speed and the
statistical fluctuations of the solvent. Although the resistence times of the particle in the trap are
statistically distributed, the mean particle velocity vP is still deterministic. This is not surprising
since the potential depth of the single trap ( by Faucheux et al. 250kBT ) is adjusted to be much
deeper than the thermal activation through the solvent. Faucheux demonstrates that the thermal
fluctuations can even be neglected in the theory and one still gets a quantitative description of
the experimental results. As the focus speed still increases, the mean angular velocity vP becomes
zero in the third regime III. The particle remains confined on the circle, since it is always pulled
back to the centerline radially by one or the other side of the passing gaussian intensity profile.
But the focus is now to fast to push or pull the particle away from the position it has reached
by diffusion along the circular line. The particle behaves as if it would diffuse freely inside a ring
channel.

In chapter 3 we will employ regime III to study the structure of many-particle systems. We
will also employ regime III in chapter 4 to inquire into the diffusive behavior of single-file sys-
tems. In chapter 5 we will investigate the steady-state properties of constantly driven particles
in unstructured and structured channels. For the driving, we will make use of the constant mean
particle angular velocity vP of the regime II.

Faucheux et al. solved the equation of motion of a single particle along the circle circumference
x in regime II. They obtained the following mathematical relation between the mean particle
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Figure 1.2. Left: Trajectory of a single particle center of mass. Recording time 60s. Trap rotation
frequency 14 Hz. Right: The particle mean angular frequency νp as a function of the trap angular
frequency νT for three different laser powers P (P0 (crosses), 2 · P0 (triangles), 4.7 · P0 (circles)). From
reference [FSL95].

velocity vP and the angular frequency of the laser focus νT in the referential frame of the trap:

vP =
1

νT

1

(2πR)2

∫ Xb

Xa

[
F (x)

mγ

]2

dx (1.1)

with mγvT > max F (x) (large velocity case)

m := mass of the particle

γ = 6πηa/m (damping rate)

R := radius of the light circle

a := particle radius

η := viscosity of the solvent

F (x) = (−∂/∂x)U(x) (force connected with the trapping potential of the focus)

Xb −Xa = width of single trap potential

This equation clearly indicates an inverse proportionality between the mirror motion and the
particle drift along the circular line, i. e. vp ∝ ν−1

T .

The result 1.1, together with calculations of Tlusty et al. [TMBZ98], is also an elegant way to
determine the potential depth of the single trap and the laser intensity in the focus from the mean
angular velocity vP of a single, driven particle. Faucheux et al. showed that the potential of a
single trap can be approximated by a triangular potential (see figure 1.3) of width 2X0 and depth
VFocus , leading to the same result for the mean particle velocity vP . For a triangular potential,
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Figure 1.3. Representation of a single optical trap with a harmonic or triangular potential respectively.

equation 1.1 simplifies to:

vP ≈
1

νT

1

(2πR)2
2 · 1

X0

[
VFocus

6πηa

]2

2 ·X0 := width of single laser trap potential

VFocus := single laser trap potential depth

(1.2)

From this equation we obtain immediately the potential depth VFocus of the laser trap, if we
measure the mean particle velocity vP . 2X0 corresponds to the beam waist ω0 for the Gaussian
distributed laser light intensity. As an example, we arrive at a potential depth for our single laser
trap of VFocus = 4500kBT for the experimental parameters of chapter 5 (vP = 7µm/sec, νT =
76Hz, X0 = 0.3µm, R = 9.87µm, a = 1.5µm, η = 1.2 · 103 N ·sec

m2 ). The value for VFocus can be
used in a next step to calculate the intensity of the laser beam in the focus. With equation 1.3
(Tlusty et al. [TMBZ98]), we can derive the energy density of the beam 4πε0I.

VFocus

4πε0

≈ (2π)3/2αIω3
0 a � ω0 (1.3)

4πε0 I := Energy density of the laser beam

ω0 := beam waist

α :=
εP

εS

− 1

εP := dielectric constant of the particle

εS := dielectric constant solvent

Finally, the laser power of the focused beam P is equal to 4πε0 I · c ·π ·ω2
0, where c is the speed

of light and π · ω2
0 the focus size. In our experiment, the beam waist ω0 = 0.6µm, the dielectric

constants of the particle εP = 1.39, and of the solvent εS = 1.37, lead to a laser power of about
210mW in the single trap. This is consistent with Faucheux’s intensity estimation in the focus of
10mW for his laser trap potential with a depth of 250kBT and a width of about 2µm.
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2.2 One-dimensional static channels

In this section we will depict our setup in more detail. The setup can roughly be divided in three
functional parts. After delineating the optical setup to create and structure the one-dimensional
light channels, we explain the deionizing circuit that contains the colloidal particles and controls
the ambient conditions. Then, we will set forth the video microscope to trace the particle positions
along the channel. Our measurements have been carried out close to a glass substrate. This
implements special problems, which we will address in the last section of this chapter.

2.2.1 Optical setup

In the beginning of this chapter we presented the principle, according to which, one can realize
one-dimensional channels by a scanning optical tweezer. Here, we will take only into account the
decisive components and explain their application –as far as it is necessary to understand the
measurements in the following chapters. Figure 2.4 displays a schematic drawing of our setup.
We will describe its components following their sequence along the laser beam path (green line).

• Laser
The laser is a frequency-doubled, Neodymium Vanadate (Nd:YVO4) laser (Verdi, Coherent)
with an output power of 2 Watts. It has a wavelength of λ = 532nm (green) with a linewidth
smaller than 5 MHZ. The power stability is ±1 %. Moreover, the beam is linear polarized,
having a diameter of 2.25mm ± 5 %. The Verdi-laser is a high quality laser, which ensures
the stability of laser intensity along our circular optical trap and during measurement time.

• Electro-optic modulator (EOM)
In an electro-optic modulator (EOM) the refractive index of a crystal is changed propor-
tionally to an applied DC-voltage. The index change is dependent on the direction and
polarization of the incident beam. Together with a polarizing beam splitter this effect is
used to change very fast the intensity of the laser beam. We employ a laser intensity mod-
ulator LM 0202P and an attuned voltage amplifier LAV 400 from the Linos AG.

• Arbitrary function generator
The amplifier for the EOM is fed with the signal from an arbitrary function generator
(33120A, Agilent). This generator can be programmed to output self-designed waveforms,
for example a sawtooth-signal. We synchronized the voltage-change on the output of the
function generator, and therefore the EOM, with the motion of the mirror. Thus the inherent
temporal change of the laser beam with the EOM is transformed in a spatial intensity
modulation along the circle (see also figure 1.2 in chapter 4). The proceeding allows us to
form an arbitrary potential landscape along the channel.

• Beam expander
The “Zoom beam expander” (Melles Griot) has an expansion factor of 2.5×−10×. In chapter
5, we will use a three-dimensional optical tweezer to perform our experiments away from
any surface. As this requires a high converging laser beam, we will expand the laser beam
so that it overfills the back aperture of the focusing microscope objective [Sis02]. The beam
is widened in our experiment by the “zoom beam expander”, the combination of a F-theta
lens (see below) and an achromatic lens before the microscope objective. The focal length
of the achromatic lens is chosen according to the requirements of the actual measurement.

• λ/2-plate and Hand tweezer
After the expander, the beam is divided by a λ/2-plate and a polarizing beam splitter. With
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Figure 2.4. Drawing of our setup. On the left side, two snapshots of particles in the circular ring trap
without and with elimination of the laser light before the camera.
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the λ/2-plate, the intensity of both lines of the beam path can be varied relative to each
other. They are linearly polarized perpendicular to one another and do not interfere, if
merged again. One part of the laser intensity bypasses the galvanometric mirrors and serves
as a manual tunable single-laser trap (hand tweezer) in the glass cell with the particles. The
beam of the hand tweezer is expanded by two lenses, similar to the other laser line. We
feed it back into the path of the other beam by a second polarizing beam splitter before the
focusing microscope objective. The focus of the beam is adjusted to the same plane as the
light channel. Its in plane position is controlled by two micrometer screws of a turnable-
mirror. The hand tweezer serves to fill a channel with a certain number of particles and to
prevent additional particles from diffusing onto the ring.

• VarioScan and Scangine
VarioScan20 and Scangine10 (Scanlab AG) are components designed for positioning a laser
focus. Both are optimized for our laser wavelength. The Scangine contains two computer-
controlled galvanometric mirrors to deflect the laser beam. The computer-control makes it
possible to draw arbitrary figures in the focal plane (x-y-plane) of the F-theta-lens. After-
wards, these figures are projected and scaled down by the following achromatic lens and
microscope objective in a plane parallel to the bottom of the particle cell. The upper image
on the left side of figure 2.4 shows the focal plane of the microscope objective with dielectric
particles trapped in a drawn laser light circle. The bright spot on the upper right side of the
circle is the above described hand tweezer. We achieved a circle repetition rate up to 336
Hz with the Scangine. These high frequencies will be applied in chapter 3 and 4 to avoid
any driving of the particles along the circular line ( see eq. 1.1) due to the passing laser
beam, even with high laser intensities. The VarioScan is a motorized optic to defocus the
laser beam which is synchronized with the mirror motion via an electronic interface card
(RTC3 3D, Scanlab). The synchronized optic enable us to change the hight (z-direction) of
the focus above the substrate of the particle cell. Unfortunately, the optic can follow the
mirror motion only up to a circle repetition rate of about 100Hz and was therefore not used
for the measurements treated in the following chapters. Yet, we will use this property in the
following to study particle density fluctuations on the circle.

• F-theta-lens
The Scangine deflects a beam with two mirrors which follow one another at a short distance
in the optical train. Nevertheless, the consecutive positioning of the mirrors leads to strongly
deviating focal planes for deflections in x- and y-direction. As a consequence, the focal plane
of a circle would look like a “cowboy hat brim” (see figure 2.5). F-theta-lenses are objectives
for galvanometric mirrors especially designed to correct for this optical artefact. We made
use of a F-Theta-Ronar from Rodenstock with a focal-length f = 160mm in our setup. The
focusing of the laser down to a beam waist of about 2 µm (as shown in Figure 2.5) reveals
that the effect is not totally abolished by the F-theta lens, but that the distance between the
two focal planes is diminished to about one particle diameter. Thus, the remaining “cowboy
hat brim” is far to small to have a noticeable effect on our measurements. Moreover the
F-theta lens and following achromatic lens are setup in a so called 4f -configuration, where
the laser pivots as a parallel beam around the back aperture of the microscope objective.

• Light source
We used a KL 1500LCD light source (Schott) as bright field illumination. The white light
is inserted into the beam path through the optical flat backside of a dielectric mirror, which
only reflects light with the wavelength of our laser.

• Microscope objective
To produce different focal point diameters from 10 to 0.6 µm, and therefore variable channel
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Figure 2.5. Left:Top-view picture of a laser light circle drawn with a Scangine and a F-theta-lens. The
Circle radius is about 20 µm and the focus diameter 2 µm. Right: The same circle as on the left, but
the picture is taken for a plane 3µm beneath the position on the left. It can be clearly seen from the two
pictures that there is still a “hat brim-effect” on the circle. Yet, the distance of the focal planes for the
x- and y-deflections of the beam are only separated by one particle diameter.

widths for the particles, we employed (microscope) lenses with different magnification (M)
and aperture (A) ( BK-7 glass lens (f=50mm), Epiplan M=10 × A=0.22 (Zeiss), Plan-
Neofluar M=20 × A=0.5 (Zeiss), LD Achrostigmat M=40 × A=0.55 (Zeiss), LD Achroplan
M=63 × A=0.6 (Zeiss), PL Fluotar M=100 × A=1.32 (Leitz-Wetzlar) ).

The high-quality of our optical setup is confirmed by measurements of the laser intensity
along the circular line beneath the microscope objective. Although the optical path of the beam
through the optical components constantly changes due to the galvanometric mirror deflections,
the intensity in the focus varies less than 3% along the circular line.

2.2.2 Deionizing circuit

One of the main conditions for these experiments is a stabile and well defined ion concentration
in the solvent. Different measurements can be compared only under the same ambient conditions,
densities, and pair-interactions. To obtain reproducible ion concentrations in the system, we paid
attention to fulfill three requirements for every measurement. We first cleaned our setup and
solvent, in this case water, from any charged contents by a deionizing circuit [PHW+92] before
using it in our experiments. Then, we added always the identical small and dilute quantity of
particle suspension (µl) to the experimental solvent volume (30ml). We checked the equity of mean
ion concentration by measuring the conductivity. At last we sealed our particle cell to prevent
diffusion of CO2 into the cell during measurement time, which would have led to bicarbonate ions
in the solvent.

Our experimental circuit (see figure 2.6) was filled through the reservoir with water that had
been previously deionized and filtered in a commercial deionizing unit(Millipore). The water
was moved through the tubes and the particle cell by a peristaltic pump (VC-360, Ismatec).
Shortly before the measurement, the water in the circuit was deionized and filtered a second
time by pumping it through a container filled with ion-exchange resin (Serdolit MB, Serva). The
container outlets include narrow meshes to avoid ion-exchange resin in the circuit. The ion-
exchange container is followed by a stack of syringe filter (mesh width 5-0.4 µm). This cleans the
water from fragments of the resin particles, from an unlikely but not impossible contamination
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Figure 2.6. Deionization circuit. The ion-exchange resin and filter can be bypassed by closing the inlet
tubes with metal clamps (red crosses on the right).

with dust or bacteria, and from colloidal particles after each measurement. The ion concentration
of the water is controlled by a conductivity meter (Cond Level1, Inolab) following the particle
cell. The water conductivity in this second step drops down to 0.07 µS/cm, which comes close
to the theoretically expected minimum value due to the self-dissociation of the water molecules
(0.055 µS/cm).

For our experiments we used electrostatically repelling polystyrene particles of 1.2 µm and 3
µm diameter (Interfacial Dynamics Corporation, IDC). Before adding the particles, the deionizing
part was bypassed by closing its in- and outlet with metal clamps. The pumping is continued until
a homogenous conductivity was reached (about 40 µS/cm) in the whole circuit. The switching off
of the pump was followed by sealing the particle cell close to its inlets with clamps. This avoids
fluid drift through the sample cell due to evaporation and helps to minimize the leakage of CO2

into the cell.
The circuit tubes consist mostly of teflon hose which is chemically inert and has a very low

permeability for gas molecules. But for the connections between the teflon tube and the circuit
components, small pieces of flexible, stretched Tygon hoses had to be implemented. Tygon, as
softened plastic material, has a high permeability for C02. To minimize the diffusion of C02 in the
particle cell, the Tygon pieces between the metal clamp and the glass necks of the particle cell
were wrapped with cellophane, which is almost impermeable for all air molecules [KO80]. In this
way we were able to measure up to 14 hours with a constant, very small ion concentration.

The particle cell is a commercial, thin silica glass cuvette with a spacing between 200 µm and
500 µm (QS-136, Hellma; custom made, Rank Brothers). To have homogenous flat surfaces, the
cell consists of two high-quality silica substrates, which are fused on their sides and have two
connection pieces attached to the top plate or to two sides. After the particle sedimentation to
the bottom plate, the sample cell is horizontally aligned by monitoring whether the diffusion of
the particles contains drift caused by the tilted substrate.

The cell and the circuit were cleaned before every measurement with commercialy available
cleaning detergent (Hellmanex, Hellma; Extran, Merck) and thoroughly rinsed with deionized
water. Additionally, the inner surface of the glass cuvette was cleaned and its surface charge
homogenized with “Piranha” solution made from peroxide (H2O2), sulphuric acid (H2SO4) and
deionized water( H2O) in a ratio of 1:1:7.
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2.2.3 Video microscopy

To collect the position data of our particles, we operated an inverted microscope in a transmitted
bright field (see figure 2.4). To view the paricles from beneath the sample cell we used different
long-distance objectives, according to the view field and magnification needed in each measurement
( LD Achrostigmat M=40 × A=0.55(Zeiss), LD Achroplan M=63 × A=0.6 (Zeiss)). The image
of the particles was projected onto a charge coupled device (CCD) camera (CS8310, Teli). A glass
wavelength edge filter (Schott) before the camera prevented laser light from the sample cell to fall
onto the camera chip. An example for a resulting snapshot is displayed in the lower left picture
in figure 2.4. Since the light pressure pushes the particles against the lower bottom plate of the
glass cuvette, their vertical diffusion out of the focal plane is mostly suppressed. Therefore, as
we digitalized the camera signal with a frame grabber, we could gain the particles center-of-mass
through a particle tracing software (IPS, Visometrics) [Bub02]. For the equilibrium system of
chapters 3 and 4, a frame rate of two pictures per second were found to be enough to acquire the
system properties. In the non-equilibrium measurements of chapter 5, we used a video compressor
instead of the frame grabber to achieve a frame rate of 25 pictures per second.

The optical resolution of a microscope is determined through the numerical aperture of its
objectives. The smallest distance between two particles in the focal plane, for which they can still
be recognized as separate objects, is about 600nm. Moreover, the precision of finding the center-
of-mass of a spherical particle from the pixels of its image relies on the number of pixels npix over
which the particle extends and on the magnification factor fpix [nm/pixel]. With a result from
Crocker et al. [CG96], we expect the error ∆d in the center-of-mass position for our experiments
to be:

∆d =
1

√
npix

fpix ≈ 50nm

This approximation can be confirmed by detecting the position of a sticking particle in the particle
cell [Bru03].

2.2.4 Tweezing in front of a surface

In the beginning, when we started to operate the above-described setup to measure the properties
of many-particle systems, we usually found density distributions ρ(x, y) in the focal plane similar
to the one displayed in figure 3.9(a). On the one hand, the particles motion was, as expected,
radially limited to the circle drawn by the scanning optical trap. On the other, the particles were
never equally distributed along the circular line. The particles did not diffuse freely in the circular
channel, but rather seemed to be localized, which is seen by the peaks in the density distribution
of figure 3.9(a).

In this paragraph we will exclude different possible effects to be responsible for this inhomoge-
neous particle distributions. Our considerations will lead us to the conclusion that the laser light
field is very sensitive to an inclination of the focal plane towards the substrate plane causing the
particle accumulation on certain parts of the circle.

Since all particles were still movable with the additional hand tweezer, we could easily exclude
that the particles stuck to the glass substrate due to van-der-Waals forces. Optical binding
[BFG89] between the particles can be denied too, because we are not using a static laser light
field. Intensity gradients along the channel line, caused by a varying intensity in the scanning
trap, are also highly improbable, since the laser intensity of the trap was measured with a photo
diode to change along the circular line by less than three percent. For the laser intensities of about
20mW, which we will use in the chapters 3 and 4, this would lead to potential wells of less then
1 kBT depth (see section 5.4.1 in chapter 5).
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(a)

(b)

(c)

Figure 2.7. (a): Particle density distribution function ρ(x, y) on the observation plane. A circular laser
trap with radius R= 45 µm was employed to catch N=36 particles. During the four-hour-measurement,
most of the particles remained strongly localized on certain points of the ring trap, according to the peaks
in ρ(x, y). (b): ρ(x, y) for another four hour measurement with R=35.5µm, N=45. The particles equally
distribute over the circular channel. (c): Radial confinement potential of the particles due to the circular
trap. The potential is calculated from the Boltzmann distribution of the radial thermal fluctuations of
the particles along the channel. It is taken from a measurement with a homogenous density distribution,
like the one in figure (b).
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As a further possibility, we checked if there was any influence of the laser polarization on this
effect. For this reason, we removed the polarizing beam splitters from the setup and circularly
polarized the laser beam with a quarter-wave plate before entering the Scangine or the tweezing
microscope objective. However, the polarization had no influence on the particle distribution.

To find a solution to this problem, we need to examine the forces acting on the particle close
to the bottom of the glass cell. The light pressure of the trap and the gravitational force push
the particles against the substrate. These downward forces are balanced by the repulsion between
the particles and the glass substrate, which are both negatively charged. Moreover, we have to
consider the hydrodynamic interactions between the particles and the substrate. A deeper insight
of the hydrodynamic interactions will be provided in section 4.4. Here it suffices to mention that
the particle diffusion coefficient parallel to the bottom of the cell rapidly decreases together with
the distance between the particle and the substrate (see figure 4.14 in chapter 4). If we had
reduced the distances of the particles from the substrate in certain parts of the circle rather than
in others, this would have led to a slowing down of the particle diffusion in sections of the circle.
One possible explanation for this would be an inhomogeneous surface charge of the glass substrate.
Yet, transposing the circle to another position in the sample cell had no impact on the particle
density distribution.

If we imagine the laser focal plane to be tilted in comparison to the substrate plane, we finally
arrive at a convincing explanation. Although we usually aligned the laser beam perpendicular to
the sample cell by parallelizing it to its back reflection from the top plate of the glass cell, the
laser focus plane could still be slanted to the bottom plate. For example, the focus on the one side
of the circle could be in or even below the interface between the solvent and the substrate. On
this side the particles would be pushed out of the laser focus, due to the electrostatic repulsion.
Since the focus diameter close to a surface was about 3 µm (q. v. figure 3.9(c)), these particles
would move in a laser intensity distribution wider than their diameter. They would experience
less light pressure, and would be further away from the surface. On the opposite side of the tilted
circle, the focus plane could be directly on the position of the particles so that they are pushed
down very effectively to the surface. This would lead not only to a different diffusion coefficient
parallel to cell bottom on both sides of the ring, but the particles would also experience potential
wells with different depths and lateral forces. However, this is equal to an intensity gradient along
the circular line, forcing the particle to move to that side of the circle where they were exposed
to the highest laser intensity and the deepest potential well respectively.

To test our assumption, we aligned the laser focus plane of a circle of 40 µm in diameter as
usual, filled it with 19 particles and let it equilibrate for 20 minutes (see top left picture of figure
2.8). Scanning the circle with a frequency of 100 Hz, we were able to change the focus position
above the substrate with the VarioScan (see above) in a way corresponding to a rotation of the
circle plane about the x-and y-axis away from its starting position. We tried different sets of
rotation angles, always equilibrating the system for 20 minutes after every rotation. At last, we
found a circle inclination where the particles distributed equally around the laser ring trap and
diffused freely along the channel in the right bottom picture of figure 2.8(see also chapter 4). To
align the focal plane parallel to the substrate, we had to shift the focus position vertically on one
circle side only by around 10 µm above its former position.

In the experiments of the following chapters, we used higher scanning speeds of the mirrors.
There, the equally distributed particle configurations were reached by changing the position and
inclination of the upper microscope objective relative to the propagation direction of the laser
beam. An example of such a density distribution with freely diffusing particles along the light
channel is presented in figure 3.9(b). Figure 3.9(c) indicates a typical effective radial potential
for an aligned circular trap. The equally distributed particle configurations, once reached, proved
themselves stabile for up to 8 hours.

In summary, we were able to demonstrate that our setup is capable of producing circular
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Figure 2.8. Snapshot of particles trapped in a circle with a diameter of 40 µm. The focal plane of
the circular laser trap is rotated about the x- and y-axis in order to study the influence of its inclination
against the bottom substrate on the particle distribution. The approximate rotation angles about the
x- and y-axis are displayed below each picture. To lift the laser focal plane about 10µm on one side of
the circle is enough to get from an unequal, localized particle distribution (top-left picture) to an equally
distributed configuration (bottom-right).
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Figure 3.9. Left: Percentaged deviation ∆v/vP of the mean particle velocity vP along the circular
trap, averaged over fifty particle revolutions. The measurement was conducted with one particle in the
channel. The mean particle velocity was vP = 8.46 ± 0.02µm. Right: The radial potential of a single
driven particle in a circular light trap 40 µm above the substrate. It is calculated from the Boltzmann
distributed thermal fluctuations of the particle perpendicular to the channel.

smooth channels for our particles. Yet, the particle configuration trapped on our circular line
appeared to be very sensitive to any inclination of the laser focus plane against the glass substrate
of the particle cell. In our opinion, this could probably be one reason why in reference [FSL95]
normal diffusion for a single particle could only be measured for 30 sec on a similar circular laser
trap.

2.3 Three-dimensional trapping and driving

To avoid the hydrodynamic friction between the particles and the substrate, we needed to elevate
the particles about 40 µm above the substrate in the experiments of chapter 5. To get the necessary
three-dimensional tweezer, we had to make some small changes to the setup of figure 2.4.

So far, we used a low aperture objective above the sample cell to focus the laser to a beam
waist of 3 µm close to the lower bottom plate of our particle cell. The focus of this beam was
strong enough to confine the particle laterally on a circular channel, but not sufficient to move the
particle against the radiation pressure in the vertical direction. The radiation pressure pushed the
particles against the lower substrate. In some experiments we changed the optical path to trap the
particles from below with a high aperture oil-immersion objective (PL Fluotar M=100 × A=1.32
(Leitz-Wetzlar)). This has the advantage that the light pressure gets balanced by gravitation and
a strong vertical intensity gradient. Indeed, the particles stay in the focus and can be elevated
over the substrate. The focus of our laser beam has a diameter of about 0.6 µm, which rigidly
confines the particle radial motion (see figure 3.9, right). The radial potential from figure 3.9
(right) is calculated from the Boltzmann distribution of the radial fluctuations of a particle along
the channel from a single sphere measurement.

To improve the force balance of the particles further, we employ silica spheres (Bangs Inc.)
with a diameter of 3 µm, dispersed in pure ethanol. The silica particles in ethanol display the same
electrostatic properties as in water [RSLV+01]. This system favors three-dimensional trapping due
to its similar refraction indices (nSpheres = 1.39, nEthanol = 1.37). This seems on the first glance
counterintuitive, since the lateral forces should be best for a high refraction index difference. But
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lowering the gap between the refraction indices minimizes also the radiation pressure which tends
to push the particles upwards [TMBZ98].

To get deep enough into the particle cell, we also work with a new cell design. As bottom
substrate, we use silica microscope cover glasses (22×22mm, PräzisionsGlas & Optik GmbH or
Menzel GmbH) with a thickness of 100 or 160 µm. On this substrate we put microscope slides,
which have 600-800 µm deep and 15-18 mm wide spherical coves etched into them (Paul Marienfeld
KG). The cove is filled with the ethanol-silica particle suspension. Then, the microscope slides
and the cover glasses are sealed with ultraviolet curing (Norland Optical Adhesive 68 ,Norland
Products Inc.). Both glass parts of this new cell were plasma-cleaned before assembling.

For the measurement of chapter 5, we operate our circular trap in the regime II of section
2.1. That is, the particle motion exhibits a constant driving force due to the repeated kicks of
the passing optical trap. We apply a mirror frequency of 76 Hz with a laser intensity of about
200mW in the focus. Figure 3.9 (left) is an example of the percentage deviation of the single
particle velocity along circle circumference for our measurements. The curve is averaged over 50
particle revolutions. The velocity deviates at the most 20% from its average value. According
to equations 1.2, and 1.3 this would equal an intensity variation along the circle of ±10%. This
intensity variation can be ascribed to a misalignment between the cell, the immersion objective,
and the laser beam. Nevertheless, the average particle velocity vP in the measurement of figure 3.9
(left) can still be determined very precisely to 8.46 ± 0.02µm/sec, which is the decisive quantity
for most of our measurements in chapter 5. As we will see, the error in the intensity is far smaller
than the hydrodynamic effects we study.

The video data for the experiments with the driven particles were taken via a video compressor
(ADVC-100, Canopus), which allowed us to follow the dynamics of the particle motion with a frame
rate of 25 pictures per second. This frame rate is high enough to follow the average transport of
the particles we are interested in. It does not resolve the single kicks of the rotating tweezer on
the particle (a particle gets pushed by the tweezer about 3 times between each picture), which
gives films of our experiments likewise the impression of a constant driving force (see videos on
the enclosed CD).





Chapter 3

Correlations in one-dimensional systems

To study the characteristics of one-dimensional systems in chapter 2, we built a microscopic,
experimental model system consisting of a circular laser trap for microscopic, strongly repelling
particles in a solvent of low ion concentration (see figure 0.1). In this chapter, we will examine the
one-dimensional system’s structural behavior for different particle densities. We will show that an
exact analytical theory provides us the possibility of both predicting the pair-distribution function
in our system, and, of extracting the pair-interaction potential from our data without the use of
theoretical approximation. Besides the interaction potential, this theory will allow us to extract
the complete equation of state for our system.

These experiments are of fundamental importance because, up to now, it has been impossible
to determine the exact pair-interaction potential in higher-dimensional, experimental systems.
The common Ornstein-Zernike approach (see section 1.2.1) leads to ambiguous or even wrong
results due to its approximations, especially for higher particle densities [BBS+02].

3.1 Experimental density profile

Figure 1.2 presents the pair density profile determined from four of our measurements like those
of figure 0.1. The line density ρL for the four measurements was ρL = 0.202, 0.183, 0.168,
0.155 [1/µm]. In each of the four experiments we had the same particle number N = 45 in the

Figure 0.1. Top view of 45 electrostatically-stabilized, polystyrene spheres of diameter σ = 2.9µm.
Particle motion is limited to a circular line by a ring-shaped optical trap.
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Figure 1.2. Pair density profiles from four measurements along the circle. The mean density, i.e. the
line density ρL for the four measurements was ρL = 0.202 [1/µm] (top-left, �), ρL = 0.183 [1/µm]
(bottom-left, ◦ ), ρL = 0.168 [1/µm] (top-right, 4), ρL = 0.155 [1/µm] (bottom-right, D).

circular trap, under the same ambient conditions. By changing slightly the circle diameter the
density can be decreased and, as shown in figure 1.2, a significant decay in the particle correlations
demonstrated. To obtain the pair-interaction potential from our density profiles, we can now use
a mathematically exact theory as outlined in the following section.

3.2 Analyzing the experiment with an exact theory

In the 1950’s Gürsey and Salsburg et al. [G5̈0, SZK53] developed an analytical exact theory
describing the equation of state and pair-distribution function for one-dimensional systems with
arbitrary pair-interaction. Recently, Võ et al.[VoCR03] have simplified this theory for short dis-
tances.

For an isotropic system, the density profile ρ(r) can be described mathematically through the
pair-distribution function g(r) given through the average over all possible two-particle configura-
tions in the system:

ρ(r) = ρL · g(r) =
1

ρL

〈
N∑

k=1

N∑
j 6=k

δ(Rk −R) δ(Rj −R′)

〉
with r = |R−R′| (2.1)

Where Rk is the position of the k-th particle in space, r the particle-particle distance, N the
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number of particles in the system and ρL the mean particle density or line density of the system.
Salsburg et al. [SZK53] calculated the density profile ρ(r) for a one-dimensional system with
arbitrary, but only next-neighbor interactions. Assuming a pair-potential with a hard-core and
finite range λ, i.e.

V(r) =


∞ r < σ
V (r) σ ≤ r ≤ λ
0 r ≥ λ ,

(2.2)

they found the following exact expression for the density profile ρ(r),

ρ(r) =
N−1∑
k=1

Θ(r − kσ)
1

2πi

∫ βp+i∞

βp−i∞
er(s−βp)

[
Ω(s)

Ω(βp)

]k

ds (2.3)

Θ(r − kσ) = 0 if (r − kσ) < 0, 1 if (r − kσ) ≥ 0, Heaviside function

Ω(s) =

∫ ∞

0

exp [−sR] exp [−βV (R)] dR, Laplace transform

p = Pressure of the system

β = 1/kBT , Thermal energy scale

, with Ω(s) being the Laplace transform of exp [−βV (R)]. Võ et al. [VoCR03] showed that this
expression greatly simplifies in the interval r ∈| σ, 2 σ |, which is the regime of the first peak in
the density profile (see figure 1.2):

ρ(r) =
exp [−βpr − βV (r)]

Ω(βp)
for σ ≤ r ≤ 2σ (2.4)

In our experiments we use electrostatically repelling particles, whose interaction range is expo-
nentially decreased by the counter-ion cloud around the particle. Thus, our experimental one-
dimensional system should fulfill the condition 2.2 of a fast decaying pair potential leading to
equation 2.4.

A plot of the logarithm of our experimental density profile lnρ(r) in the interval σ = 2.9µm ≤
r ≤ 2σ = 5.8µm, should be linear because, according to equation 2.4, lnρ(r) is equal to −βp r −
lnΩ(βp) when V (r) decays to zero. In figure 2.3(a) we test this assertion on the experimental
density profile with the highest line density ρL. Here, the logarithm of the density profile lnρ(r)
(�) can be described with a straight line between 4.5µm and 5.5µm (black solid line). In this
way, we can determine the range of the pair-interaction potential, that is the point where the
experimental density profile deviates from the straight line at about 4.5µm. This means that up
to a particle separation of r = 4.5µm (the left side of the first peak) the form of the density profile
is governed by the pair potential V (r), while the right side of the first peak decays exponentially
according to the pressure p in the system. From the slope of the fitted straight line we can now
extract the system-pressure p and, from its axis intercept, the Laplace transform of the Boltzmann-
weighted pair potential Ω(βp). The resulting pressure p (equation of state) of the four density
profiles presented in figure 1.2 is given in figure 2.3 (b).

If we now use in equation 2.4 the fitted values of p and Ω(βp), together with the experimental
density profiles, we obtain the particle pair-interaction V (r) for each measurement. The result-
ing pair potentials are reproduced in figure 2.4. The positions and the symbols of the deduced
potentials are the same as the corresponding density profiles of figure 1.2. Given that the four
measurements were made the same day and under the same ambient conditions, the pair poten-
tials should be identical, independent of the particle density. This will allow us to test the quality
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(a)

(b)

Figure 2.3. (a) (�) Logarithm of the top-left density profile in figure 1.2, lnρ(r) with ρL =
0.202 [1/µm]. The black straight solid line is adapted to the data points between r = 4.5µm and
r = 5.5µm. From this fitted line one can extract with equation 2.4 the system-pressure and the pair-
potential V (r) of the measurement. (b) The black squares (�) indicate the system-pressure p times
β = 1/kBT from similar fits (see figure (a)) for all four density profiles of figure 1.2.
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Figure 2.4. Experimental pair potentials deduced from the density profiles of figure 1.2. ρL =
0.202 [1/µm] (top-left, �), ρL = 0.183 [1/µm] (bottom-left, ◦), ρL = 0.168 [1/µm] (top-right, 4),
ρL = 0.155 [1/µm] (bottom-right, D). The black solid line is in all four figures the same, i.e. a DLVO-
Potential with a Debye-length κ−1 = 244nm and effective particle charge Zeff = 3000 (see eq. 2.5).
The parameters were chosen by fitting a DLVO-Potential to the pair potential averaged over all four
measurements ( see reference [HGLBR05]).
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of our experimental pair potentials by comparing them with the theoretical predictions.
Fifty years ago, Verwey and Overbeek [VO48] calculated a pair potential for charged colloidal

particles such as those used in our experiments. Today, this pair potential is used with modifica-
tions under the name of the DLVO-potential (Derjaguin-Landau-Verwey-Overbeek) for which the
mathematical expression, as already mentioned in chapter 1, is given as:

βV (r) = Z2
effλB

[
exp(κσ/2)

1 + κσ/2

]2
exp(−κ r)

r
(2.5)

Zeff · e = effective charge of a particle (q.v. chapter 1)

λB = e2/(4πε0εS · kBT ), Bjerrum-length

κ−1 = Debye screening length

σ = particle diameter

The effective charge (Zeff · e) accounts for the reduction of the particle surface charge (Zbare · e)
caused by counter-ion condensation on the particle. Measurements of the pair-distribution function
in two-dimensional systems with the same particles as used in our experiments, give rise to a
approximated value of Zeff ≈ 7000, applying an inversion routine based the Ornstein-Zernike
equation [BBS+02].

In all four plots of figure 2.4 the black solid curve is a DLVO-potential (see equation 2.5) where
the effective charge of the particles and the Debye screening length were chosen Zeff = 3000 and
κ−1 = 244nm by a best fit with the DLVO-potential to all four measurements. This value for Zeff

is consistent with our previous estimation. Only the last measurement (D, ρL = 0.155 [1/µm])
deviates from DLVO-potential perceptibly. Since this measurement was done eight hours after
the first, the ion concentration in the solvent and the screening length could have changed. It
is well-known that molecules from the surrounding air, mostly CO2, diffuse over time into the
experiment cell through the inflow and outflow plastic hoses. Forming ions in the solvent, i. e.
bicarbonate CO−

3 and protonated water H3O
+, they increase the electrostatic screening of the

particles.
At this point, we are able to extract the pair-potential in a one-dimensional system with only

a small section of its density profile. The only condition is that the interactions are sufficiently
short-ranged.

We can now get the equation of state by solving numerically equation 2.6 as found in Salsburg
et al. [SZK53].

ρL =
Ω(βp)

Ω′(βp)
(2.6)

where Ω(s) is again the Laplace-transform defined in equation 2.3 and Ω′(βp) is the derivative
with respect to s at position βp. The full equation of state for our system is indicated by the black
solid line in figure 2.5. As check for consistency we show the pressure values βp obtained in the
beginning by analyzing parts of the density profile from our four measurements ( � ). The grey,
dash-dotted line is a fit of the hard-sphere equation of state βp = ρL/(1−σeff ρL) to the previously
calculated state equation (black line) with the particle diameter σeff as fitting parameter. For
this fit the particle diameter σeff has to be adjusted to 3.76µm for the hypothetical hard-spheres.
The black dotted line represents the ideal gas equation. Referring to the bulk properties ( figure
2.5) of our low-density systems, they do not differ in their behavior from an effective hard-sphere
system; however, as we will see later, this is not true for the local properties.
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Figure 2.5. (Black solid line) Predicted equation of state for our linear aligned, electrostatic particles
(diameter σ = 2.9µm), based on the average pair potential of figure 2.4. (Grey, dash-dotted line) Pressure
βp of a hypothetical hard-sphere system with a particle diameter of σeff = 3.76µm. (Black Squares)
Pressure obtained by fitting directly the density profile of the four measurements described in this chapter
(see figure 2.3 ). (Black dotted line) Ideal gas equation.

Figure 2.6 shows again our experimental density correlations of figure 1.2, together with dif-
ferent, calculated density profiles. H. Hansen-Goos used the fitted DLVO-Potential of figure 2.4
to determine from equation 2.3 the complete density profile for our system. His results are shown
as black solid lines in figure 2.6, where they almost perfectly reproduce the measured density pro-
files. This prediction of the density correlations over their entire range is a surprising achievement,
especially if one considers that we have deduced the experimental pair-potential of figure 2.4 by
analyzing only very small sections (σ < 4.5µm ≤ r ≤ 5.5µm < 2σ) of the experimental density
profiles (see figure 2.3 (a)).

For comparison, R. Roth made predictions for the effective hard-sphere fluid with density
functional theory (DFT). An example is plotted in the first graph of figure 2.6 (dashed line).
Our experimental local properties deviate clearly from the expectations for a hard-sphere fluid.
Nevertheless, in the experimental density profile one can still see the onset of a discontinuous
crossover from the first minimum to the second peak (at approximately r ≈ 7µm). This is typical
for the correlations of a one-dimensional hard-sphere fluid.

Our experiments are reproduced, together with Hansen-Goos’s and Roth’s results, in reference
[HGLBR05].

In summary, we can conclude that it is possible to obtain from one-dimensional systems the
average pair-interactions, e.g. electrostatic for colloidal particles. These found pair-potentials can
be used both to describe the system’s equation of state and to get their exact pair correlations.
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Figure 2.6. Experimental density profiles of figure 1.2, with the following line densities: ρL =
0.202 [1/µm] (top-left, �), ρL = 0.183 [1/µm] (bottom-left, ◦ ), ρL = 0.168 [1/µm] (top-right,
4), ρL = 0.155 [1/µm] (bottom-right, D). The black solid lines are exact analytical calculations of the
density profiles by using in equation 2.3 the necessary experimentally-determined pair-potential (see fig-
ure 2.4). For comparison, the dashed line in the top-left graph describes the density profile of an effective
hard-sphere fluid calculated through density functional theory (DFT) (particle diameter σeff = 3.76µm).
Taken from [HGLBR05].



Chapter 4

Diffusion in confining geometries

In this chapter we will focus on diffusion processes in quasi-one dimensional systems (single-file
diffusion (SFD)). The questions these processes raise are of importance and interest in many re-
search fields.
After a short introduction in which we will show where and how researchers attempt to un-
derstand these systems, we will explain the basic, almost universal, signature of diffusion in all
one-dimensional equilibrium systems,e. g. the square-root time dependence (

√
t-behavior ) of the

mean-square displacement of a single component in the long-time limit.
The presentation of a new analytical theory for these single-file systems, will be followed by results
from our experimental model system. These measurements will provide, together with the theory,
new insights into both infinite and finite single-file systems.
Using a rotating laser focus to imitate static channel geometries, as we do in our experiments
(see chapter 2), could give rise to dynamic artifacts. With the last section of this chapter we
will exclude any influence of the experimental setup on the investigated dynamic structure factor
through theoretical considerations and experimental tests.

4.1 General relevance of SFD

We find single-file systems in a variety of systems and on very different size scales. They can be
used to describe the ionic transport through cell membranes [GBSC96], the motion of surfactant
molecules in micellar networks [AAC+01], the drug release from polymeric matrices[CGLP97],
the motion of the monomers of polymers in polymeric melts [LRC91], the motion of molecules
in heterogeneous [CLJ04] and crystalline host systems [Fle03]. The best experimentally and
theoretically studied systems are the diffusion of molecules in zeolites as crystalline structures
with nanometer-sized pores suitable for the selective catalysis of a variety of chemical reactions
[KVV05, RA03a, RA03b, Sch02]. Almost all of these systems show the before-mentioned square-
root time dependence of the MSD in spite of very different physical situations. It appears that, as
long as the diffusion in these systems show

√
t-behavior, the physical surroundings of the diffusing

component, e.g. crystal structure of the host system, enters only in the mobility of the component.
In the above example systems information about the interactions of the diffusing particle and the
short time dynamics are not directly accessible; therefore, it is useful to study a microscopic model
system of Brownian particles which also exhibits the

√
t-behavior. Our experimental realization

of this type of system allow a precise control of the particle density in the single-file system and
permits measurements with low particle densities, which was not possible in earlier experiments
[WBL00]. Thus we were able, for the first time, to study the crossover from short-time self-
diffusion to single-file diffusion, which will be essential in explaining how the mobility of a single
tracer particle is controlled by the interactions within our system.
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Figure 2.1. Computer simulation results from reference [HK98] for adsorbate diffusion in zeolite channels
of different width. Only the fact that the adsorbates cannot pass each other for small pore width leads
to long-time

√
t-behavior of the MSD after the ballistic motion (∝ t2) regime.

4.2 Theory of diffusion in one-dimensional channels

Most theories referring to single-file system originated from attempts to explain NMR spectroscopy
data of zeolites [KVV05, NA99, RA03a]. These are mostly jump diffusion (i.e. lattice gas) (see
[BKK83, HK98]) or Langmuirian zeolite models ( see [NA99, RA03a]) which explain the basic
characteristics of the particle diffusion in a single file host system without taking into account
any particle-particle interactions or, for the lattice gas, host-particle interactions, except for the
exclusion of a particle from an already occupied site. More recent studies describe particle-cluster
concerted motions due to particle-particle interactions [SA99, SF97, SL00] like van der Waals
and attempt to take into account lattice vibrations [KC01, SJJ03]. Kollmann’s new analytical
approach [Kol03] is a solution to the Smoluchowski-equation (q.v. later in this section ), including
all the particle-particle interactions and also the possible hydrodynamic interactions.

Much previous work on single-file systems are either kinetic Monte Carlo simulations (KMC)
or molecular dynamics simulations (MD) on a elementary level ( see e.g. [Fle03, Sch02]). Figure
2.1 shows how an exemplary MSD result of a simulation from reference [HK98], simulating the
adsorbate motion in zeolite channels of different width without considering any other structural
detail of the lattice and the diffusing adsorbate. In the beginning the adsorbate molecules demon-
strate ballistic motion proportional to the square of time (∝ t2) as expected from Newton’s laws.
For longer times and small pore sizes –when the particles cannot pass each other– we can see in the
simulation the oft-mentioned square-root time dependence of the MSD in single-file systems. For
large channel widths we arrive at a two-dimensional system, where the individual particles exhibit
normal diffusion owing to chaotic collisions in the particle gas. Interesting is the transition regime
where we have a competition between SFD and the onset of normal diffusion owing to the particle
passing. For channels with a width of about the double particle diameter, where a passing event is
still rare, we see first a single-file particle transport and then, as the particle passing becomes more
important, normal diffusion. The crossover time from SFD to normal diffusion rapidly diminishes
with increasing channel width.
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There is a polychromatic literature that describes theoretically the
√

t-behavior of the mean-
square displacement in single-file systems. Among the first were v. Beijeren and G. Levitt [BKK83,
Lev73]. We do not want to repeat their derivation. Instead, in the following paragraph, we try to
provide a simpler and more understandable derivation of the basic properties of single-file systems.

4.2.1 Basic properties and easy derivation

It is at the first glance very surprising that the
√

t-behavior of a diffusing tracer particle should hold
for all above-mentioned systems of greatly differing interactions. To obtain a better understanding
for the

√
t-behavior’s universality, we consider in the following two different short approximative

derivations, originating from different research fields. Both derivations of the tracer particle dif-
fusion make no assumption about the particle-particle or wall-particle interactions.
We will see that we need only two ”ingredients ” to get a

√
t- diffusion of the tracer particle. One

is strict one-dimensionality of the system, i.e. the particles can not pass each other. The other is
that we have a dissipative system where a single particle exhibits normal diffusion, i.e. the MSD
depends linearly on time t.

Derivation with a stochastic variate

We consider the diffusion of the vacancies in a one-dimensional lattice and we make the following
assumptions:

• The number of vacancies in the system should be finite.

• The vacancies are equally distributed through the system, since it is in thermal equilibrium.
The vacancy concentration in the system is c0.

• It is always known if a certain vacancy at time t = 0 was on the left or right of an arbitrarily
chosen origin.

• The vacancies can pass each other and exhibit normal diffusion.

Definition:

• The lattice spacing is a

• nrl(t) is the number of vacancies which cross origin during time t from right to left.

• nlr(t) is the number of vacancies which cross origin during time t from left to right.

Then, for small times t = 0, the mean-square displacement < x(t)2 > of a particle, which was at
time t = 0 at the origin x = 0, can be expressed as a2(nrl(t)− nlr(t))

2.

nrl(t) and nlr(t) are ∝
√

t

∂cl

∂t
= D

∂cl

∂x
, D = collective diffusion coefficient (2.1)

To show that e.g. nlr(t) is proportional to
√

t, we must solve the second Fickian law of eq. 2.1
for the vacancies which were on the left at t = 0 with concentration cl under the following initial
conditions (see Figure 2.2):

cl = c0 for t = 0, x < 0 and cl = 0 for t = 0, x > 0
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Figure 2.2. Spatial vacancy concentration cl on the left of the origin at time t = 0

According to Crank [Cra86] the solution for this diffusion problem is (see appendix A):

cl =
1

2
c0 for t > 0, x = 0

cl(x, t) =
1

2
c0

(
1− erf

(
x

2
√

Dt

))
allowing the calculation of the vacancy loss rate:

∂cl

∂t

∣∣∣∣
x=0

= D
∂cl

∂x

∣∣∣∣
x=0

=
D · c0

2
√

πDt
exp

(
− x2

2
√

Dt

) ∣∣∣∣
x=0

=
D · c0

2
√

πDt

From this we obtain the number of vacancies on the right side of the origin at time t which have
been on the left at t = 0, i.e. nlr(t).

nlr(t) =

∫ t

0

[
∂cl

∂τ

∣∣∣∣
x=0

]
dτ = c0

(
Dt

π

)1/2

∝
√

t q.e.d. (2.2)

Definition of a hypergeometric distributed stochastic variate

xi =

{
1 vacancy i at time t = 0 is left, at time t right of the origin
0 vacancy i at time t = 0 is left, still left for time t

yj =

{
1 vacancy j at time t = 0 is right, at time t left of the origin
0 vacancy i at time t = 0 is right, still right for time t

Zk = (xk − yk)
2 =

{
0 both vacancies xk and yk or none have changed sides at time t
1 only one vacancy of xk and yk has changed side at time t

n := number of vacancies on the left and on the right of the origin respectively
(2n vacancies in the system).
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Using these definitions one can express the mean-square displacement of the tracer particle as the
expectation value of a sum of different Zk:

(nrl − nlr)
2 =

〈(
n∑

i=1

xi −
n∑

j=1

yj

)2〉

=

〈(
n∑

k=1

(xk − yk)

)2〉

=

〈∑
k

(xk − yk)
2 +

∑
l,m

(xl − yl) · (xm − ym)

〉

The second term in the last sum should be approximately zero, because one can choose the
combinations of xi and yi in the terms (xi − yi). The sum should then contain the same number
of +1 and −1. It follows:

(nrl − nlr)
2 =

〈∑
k

Zk

〉
(2.3)

Zk has only two possible values 0 and 1 and is therefore a Bernoulli variate. To calculate the
sum of Zk in equation 2.3, one has to get the single terms first. To get Z1 one chooses a pair
of vacancies (x1, y1) out of n2 possible combinations. To get Z2 one chooses a pair of vacancies
(x2, y2) out of (n−1)2 possible combinations and so on. According to introductory statistic books,
the sum of Zk follows a so called hypergeometric distribution for which the probability of finding∑

k Zk = s is known:

P

(
n∑
k

Zk = s

)
=

(
M
s

)
·
(

N−M
n−s

)(
N
n

) (2.4)

N := number of possible Zk and pairs (xk, yk) respectively;
here N = n2

M := number of all possible pairs (xk, yk) with Zk = 1
(N −M) := number of all possible pairs (xk, yk) with Zk = 0

n := number of all pairs (xk, yk) used in the
∑n

k Zk

The expectation value 〈
∑

k Zk〉 for this distribution is〈∑
k

Zk

〉
= n · p (2.5)

p := M/N the probability of Z1 = 1 or,
in other words, the number of all possible
combinations of xk and yk where xk or yk

are equal to 1 divided by the number of all possible pairs(xk, yk)

We can express p with n, nrl and nlr:

p = p(x1 = 1 ∩ y1 = 0) + p(x1 = 0 ∩ y1 = 1)

=
nlr · (n− nlr) + (n− nrl) · nrl

n2

=
nrl

n
− 2 nrl · nlr

n2
+

nlr

n
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The second term should be approximately zero because the pair number squared, n2, is large
( for a high enough vacancy density), and the numbers of vacancies that changed sides, nrl(t) and
nlr(t), are still small under our condition of small t. Combining this result with equation 2.5 and
2.2 leads to the final result for the mean-square displacement of the tracer particle close to the
origin:

〈
x2(t)

〉
= a2(nrl(t)− nlr(t))

2 = a2 ·

〈
n∑
k

Zk

〉
≈ a2(nrl + nlr)∝

√
t (2.6)

One may wonder where in this derivation the decisive step was taken to lead to a square-root
dependence of the mean-square displacement. Since no assumptions about the physical parameters
of the system were made, one can expect to find the

√
t-behavior in many different systems! This

accounts for the above-mentioned different kind of contests in which single-file diffusion is studied.
The only two important restrictions to our model system we made already at the beginning: We
declared our system to be driven only by diffusion used in the determination of nrl(t) and we
claimed that we can determine the mean-square displacement of a particle close to the origin by
considering only the motion of the vacancies. But this implies that the particles can not move
inside the channel by changing their order. Hence, the system has to be truly one-dimensional.

Jörg Kärger [Kär92, Kär93] proposed approximately ten years ago a more elaborated, theo-
retical derivation of

√
t-behavior in single-file diffusion. It provides further insight in single-file

systems by remaining on an elementary level. This derivation is described in appendix B.
In many experimental studies of transport phenomena, e.g. by quasi-elastic neutron scatter-

ing or pulsed-field gradient NMR, one usually measures the complete self-correlation function of
molecular diffusion P (s, t) (the so-called propagator). P (s, t) is a conditional probability of finding
a particle at a position s at time t, when it was at the origin for t = 0. Using Kärger’s Ansatz (see
appendix B) for the higher moments 〈s(t)n〉, one can find that P (s, t) is a Gaussian distribution
[Kär93]:

P (s, t) =
(
2π〈s2(t)〉

)−1/2
exp

{
−s2/

(
2〈s2(t)〉

)}
Defining the mobility

F :=

[
1

2πτ

]1/2

l2
(1− θ)

θ
(2.7)

and using equation 0.9 of appendix B yields (q.v. [Arr83])

P (s, t) =
(
4πF · t1/2

)−1/2
exp

{
−s2/

(
4F · t1/2

)}
(2.8)

The Rouse chain

The fact that one-dimensional diffusion is prevalent in many different systems (ion channels,
zeolites, polymers, micelles, etc.) can also be seen in the vast array of varying theories on this
subject. Known under different names (single-file diffusion, curvilinear diffusion, etc.) they mostly
reproduce at least the

√
t-behavior of the mean-square displacement. To give an example we

metion briefly the Rouse chain model [Bri98, Str97, Rou53] from polymer science which describes
the propagation of polymer segments (monomers) in a polymeric melt. To explain the motion
of polymers it models a polymer as beads connected by springs, whose spring lengths follow a
Gaussian distribution. The polymer is in a solvent without considering hydrodynamic interactions
between the beads. Along the polymer chain we have a similar situation as in single-file diffusion,
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the beads can not change order and they can feel random forces due to the Brownian motion of
the solvent, i.e. the single bead exhibits a diffusive motion in the solvent. In the Rouse chain
model we solve the Langevin equation, which describes the motion of a single bead inside the
chain and inside the solvent, by a normal mode analysis, i.e. we find the natural oscillations of
the polymer chain. Finally we can calculated the mean-square displacement of a monomer. We
find for the MSD :

〈(−→
R n(t)−

−→
R n(0)

)2
〉

=

(
4 D · b2

3π

)1/2

t1/2 := 2 F
√

t (2.9)

with

−→
R n(t) = position of n-th bead in space at time t

D = the self-diffusion coefficient of a monomer in the solvent

b = mean bead distance, i.e. mean coil length

F = mobility of a monomer

The mobility F we deduce for a segment of a polymer is identical with that we obtained above
for particle motion in a one-dimensional lattice (see eqs.0.4, 2.7). Here, we have only a fixed ratio
4/3 of bead free to occupied sites along the polymer chain.

4.2.2 Universal, interaction independent derivation

Both previously discussed simple models of one-dimensional lattice diffusion and of polymer motion
do not make use of any real system parameter except for the self-diffusion coefficient. This led us
to the conclusion that the

√
t-behavior is independent of any specific material parameters.

But where do the physical properties of real systems enter, such as lattice-particle, particle-
particle interactions or hydrodynamics? All these properties have to merge into the mobility F of
the MSD. If a theory should predict the MSD of a specific system it must also correctly predict the
mobility F . Kärger’s and Rouse’s simple models do not take into account the above-mentioned
interactions, they only consider the self-diffusion coefficient of a vacancy or bead. Therefore they
are only qualitative, i.e. their mobility F becomes a pure fitting parameter in experiments. From
the first theory on single-file diffusion [Har65] about 40 years ago until recently there has been no
analytical theory which embodies these interactions and could therefore predict the mobility F of
a tracer particle in a single-file system. It was Markus Kollmann [Kol03] who finally determined
an analytical expression for the tracer mobility F . The interesting aspect of this theory, however,
is not only that it can quantify the mobility F of a given system, but how it does so. Kollmann
states that it is enough to know the short-time decay of an arbitrary density fluctuation in the
system to take into account its governing interactions and thus to predict its long-time behavior
with the mobility F . Because of the importance of this theory for some of the results of this work,
we will treat its contents here in outlines. For a better understanding, before going into detail,
we first must explain two quantities, the Van-Hove correlation G(x, t) function and the dynamic
structure factor S(q, t), which can be used to describe the dynamics of many body systems such
as the colloidal system we study in this work.

Van-Hove correlation function

Similar to the correlation function g(x) mentioned earlier, the Van-Hove correlation function
G(x, t) describes the spatial correlation of particles in a system, i. e. their structure. However,
due to its time t dependence, the Van-Hove correlation function G(x, t) also measures system
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Figure 2.3. Schematic diagram of the self-correlation Gs(x, t) (dashed line) and of the distinct-correlation
part divided by the mean particle density Gs(x, t)/n̄ (solid line) of the Van-Hove correlation function at
three different times [Kru77]. The drawn red and grey spheres symbolize the position of a tracer particle
(red) and the other particles (grey) in a typical configuration (see text).

structural changes in time, acquiring system dynamics. The Van-Hove correlation function G(x, t)
is defined as the following average of time dependent particle densities n(x, t) over all possible
particle positions x0

G(x, t) =
1

n̄
〈n(x0, 0) n(x0 + x, t)〉 =

= Gs + Gd =

=

〈∑
i=j

δ(x + xi(0)− xj(t))

〉
+

〈∑
i6=j

δ(x + xi(0)− xj(t))

〉 (2.10)

Gs : self-correlation part of the Van-Hove correlation function

Gd : distinct-correlation part of the Van-Hove correlation function

n(x, t) : particle density

n̄ : mean particle density

i,j: particle indices

x: particle-particle distance

In the second and third step we divided the Van-Hove correlation function G(x, t) into two parts,
in the so-called self-correlation Gs and distinct-correlation part Gd. The product of the system
particle number N and the self-correlation part Gs(x, t) (N · Gs(x, t)), gives the probability of
finding a particle at a position x at time t if at time t = 0 it was at the origin. We already have
this product from equation 2.8, it is nothing other than the probability distribution curve of the
tracer particle displacement (i.e. propagator) P (x, t). The second moment of this distribution
provides us the usual MSD of a tracer particle.
The distinct part N ·Gd(x, t) represents the probability that if at time t = 0 there was a particle at
the origin, then there is another particle at distance x from it at time t. For time t = 0 the distinct
part divided by the mean particle density Gd(x, t)/n̄ constitutes the correlation function g(x) we
know already from chapter 1. Figure 2.3 illustrates the self- Gs(x, t) and distinct-correlation part
Gd(x, t) of the Van-Hove correlation function. The drawn particles in this figure shall illustrate a
typical particle configuration, which enters in the averaged particle distribution of the Van-Hove
correlation function. The transparent red and full red particle in this figure represent the position
xi of a certain particle i (i.e. tracer particle) at time t = 0 and at time t respectively.
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To conclude, the Van-Hove correlation function describes in coordinate space the decay of the
structure of a many-body system in time.

Dynamic structure factor

Often in many-body experiments one does not know the coordinates of its constituents. However
one can usually measure, e.g. in dynamic light scattering, the dynamic structure factor S(q, t).
The dynamic structure factor can be defined as the Fourier-transform of the Van-Hove correlation
function G(x, t):

S(q, t) =

∫
V

(G(x, t)− n̄) exp(iq · x) dx =
1

N

〈∑
i,j

e−iq(xj(t+τ)−xi(τ))

〉
τ

(2.11)

V := coordinate space

q := absolute value of the scattering wave vector

From a measured dynamic structure factor one can deduce the Van-Hove correlation function
G(x, t) and the propagator P (x, t) of a tracer particle and its mean-square displacement.
To remain in the language of probabilities one can loosely interpret the dynamic structure factor
S(q, t) as proportional to the probability of finding a structure with the characteristic length scale
q−1 at time t = 0 and also at a later time t. The static structure factor S(q, t = 0) (see also chapter
1) is then proportional to the probability of finding a structure with the length scale q−1 at a certain
moment in the many-body system. Figure 2.4 (right) exemplifies the ”search” of the structure
factor S(q, t = 0) for a spacing with the length scale q−1 = one eighth of the circle circumference
(red highlighted particles). After averaging over all particles this ”search” would provide one data
point in the measured structure factor. This is indicated through the red line in the exemplary
structure factor S(q, t = 0) on the left side of figure 2.4. This shows the dynamic structure
factor S(q, t) for four different time steps from a simulation of a colloidal suspension [LEAL92].
In the following theory we will mostly use the quotient S(q, t)/S(q, t = 0) of the dynamic and
static structure factor. Following the preceding argumentation it is something like a conditional
probability of how a structure with the characteristic length scale q−1 decays in time.

Quantitative, analytical theory

After the preparatory work of the last two paragraphs, we now outline M. Kollmann’s theory
[Kol03] which predicts quantitatively the long-time behavior of our system.
What we are looking for is a possibility to calculate the probability distribution curve of tracer
particle displacement (i. e. propagator) P (x, t) and its mean-square displacement 〈x2〉. For this
purpose we need equations which describe particle motion. Phenomenologically, the motion of a
particle in a solvent can be modeled by the Langevin equations (Langevin, 1908) (see [Näg97b,
Bri98, Kle01]):

d~v

dt
= −ξ ~v + ~FB(t), t & τB (2.12)

with
〈

~FB(t)
〉

= 0 (2.13)〈
~FB(t)~FB(t′)

〉
= 6kBT

ξ

m
δ(t− t′) (2.14)

〈~v(t)〉 = ~v(0) e−t ξ = ~v(0)e
−t
τB (2.15)
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Figure 2.4. Left: Example of a dynamic structure factor S(q, t) for four different time steps. The axis
of abscissae scales with the dimensionless product of the wave number q and the diameter d. The squares
are from computer simulations (see [LEAL92]). The red line emphasizes the acquisition of one data point
in the static structure factor as illustrated on the right side of this figure. Right: Illustrating the mode
of operation of the static structure factor S(q, t = 0) ( for q−1 = one eighth of the circle circumference,
red highlighted particles) in one configuration of our system.

~v(t) = the velocity of the particle

ξ = friction constant, which for a sphere reads as ξ = 6πηa/m

m = mass of the particle

a = radius of the particle

η = viscosity of the solvent
~FB(t) = Brownian force

τB = 1/ξ := Brownian or Smoluchowski relaxation time

A colloidal particle which moves through a liquid with velocity v(t) will on average feel more
collisions with the liquid molecules in the motion’s direction than on its back side. It will encounter
a systematic force, i.e. hydrodynamic drag proportional to the velocity and directed opposite to its
velocity (first term in equation 2.12). Furthermore, there will be a random, thermal force due to
density fluctuations in the liquid, the so-called Brownian force FB, expected to fulfill the conditions
of equations 2.13 and 2.14. The first condition (2.13) remains because the random forces have zero
mean effect on the particle. The second (2.14) states that the fluctuations of the random forces are
on time scales much smaller than the diffusive motion (t < τB). The characteristic time scale here
is the Brownian relaxation time ( Smoluchowski or momentum relaxation time) τB = 1/ξ. From
equation 2.15 we see, that after time τB, the colloidal particle has lost its memory of its initial
velocity, since it has dissipated its momentum due to the friction with the liquid. For t � τB

the particle moves without acceleration and the Langevin equation reduces to the overdamped
Langevin equation:

d~r

dt
≈

~FB(t)

ξ
= ~f, ~r := particle position (2.16)〈

~f(t)~f(t′)
〉

= 6D δ(t− t′), D:= diffusion coefficient

Another deterministic approach, where one does not require initial assumptions about random
Brownian forces, begins with the full set of equations of motion for the solvent molecules and the



4.2. THEORY OF DIFFUSION IN ONE-DIMENSIONAL CHANNELS 53

colloidal particles (Liouville equations). Since one is only interested on the motion of N particles
in the liquid, one integrates over the coordinates of the solvent molecules in phase space. One
obtains from this the Fokker-Planck equation:

∂

∂t
P (~rN , ~vN , t) + ~v · ∇~rP (~rN , ~vN , t) = ∇~v · ξ ~v P (~rN , ~vN , t) +∇2

~v

ξ kBT

m
· P (~rN , ~vN , t) (2.17)

It describes the time evolution of the probability distribution function P (~rN , ~vN , t) of finding the
N particles in the suspension in the configuration ~rN with the velocities ~vN at time t, when they
were at position (~r0

N , ~v0
N , t) at time t = 0. One can regain from this the Langevin equation

[Bri98, Bub02]. For times t � τB, when the system is in thermal equilibrium, we integrate over
all velocities leading to the many-particle Smoluchowski equation of the probability distribution
function P (~rN , t):

∂

∂t
P (~rN , t) = Ω̂(~rN) P (~rN , t) (2.18)

Ω̂(~rN) :=
∑
i,j

∇iDij

[
∇j + β (∇jU(~rN)

]

Ω̂(~rN) := Smoluchowski differential operator

D
ij

:= diffusivity tensor; see below

U(~rN) := sum of the particle pair-interactions

For a dilute system, where particles do not interact through either potential or hydrodynamic
forces, the Smoluchowski equation reduces to the one particle diffusion equation ∂P (~r, t) ∂t =
D0∇2P (~r, t) where D0 := kBT/ξ is the Einstein self-diffusion coefficient (q.v. the self-part of the
van-Hove correlation function times N (eq. 2.10)).
The motion of the liquid due to the particle motion can be described through the macroscopic
Navier-Stokes equation for an incompressible fluid:

ρs
∂

∂t
~u(~r, t) = −∇p(~r, t) + η4~u(~r, t) (2.19)

∇~u(~r, t) = 0 (incompressibility) (2.20)

~u(~r, t) = velocity of the fluid at position ~r at time t

p(~r, t) = pressure at position ~r at time t

ρs = solvent density

η = solvent viscosity

(2.21)

Solving this equation for the boundary conditions on the particle surfaces for times larger than the
solvent characteristic time scale t � τeta = a2 ρs/η (ρs is the density of the liquid, a the particle

radius, and η its viscosity), leads to a relation between the hydrodynamic force ~FH
i on a particle

i due to the motion of the other particles with the velocities ~vj or vice versa.

~FH
i = −

N∑
j=1

ξ
ij
(~rN)~vj, (t � τη) (2.22)

~vi =
1

kBT

N∑
j=1

D
ij
(~rN)~FH

j (2.23)
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Figure 2.5. Schematic relations be-
tween the Brownian relaxation time
τB, the viscous relaxation time τη

and the structural relaxation time
τ in our experiment. For compari-
son the maximal time resolution of
video microscopy and the temporal
scope of the Smoluchowski equation
are shown.

Here we retrieve the diffusivity tensor D
ij

of the many-particle Smoluchowski equation. It contains

the influence of the shape and position of the colloidal particles on the hydrodynamic interactions.
For identical, spherical particles and under the approximation of large inter-particle distances rij,
i.e. in comparison to the particle radius a, the diffusivity tensor can be approximated by the first
term of a series expansion in the inverse particle-particle distance, the so called Oseen-tensor. The
Oseen-Tensor is the T (~rij)( sometimes the Rotne-Prager tensor which includes the next higher
order term, is used instead [RP69]):

D
ij
≈ D0

[
T (~rij)(1− δij) + δij

]
(2.24)

Tkl = 3a
4rij

[
δkl +

~rk
ij ·~rl

ij

r2
ij

]
Oseen-Tensor (2.25)

Tkl = 3a
4rij

{[
δkl +

~rk
ij ·~rl

ij

r2
ij

]
+ 1

2

(
a

rij

)3 [
δkl −

3~rk
ij ·~rl

ij

r2
ij

]}
Rotne-Prager-Tensor (2.26)

One can see from this that the hydrodynamic interaction is relatively long-ranged, as it decreases
with 1/rij.
The time τη is the viscous relaxation time and stands for the life-time of a viscous shear wave
created through the motion of a particle of radius a. For times t � τη the disturbance in the fluid
due to the particle motion can be considered to travel infinitely fast to an other particle. τη is
approximately equal to the Brownian relaxation time τB when the density of the solvent and of
the particle are similar [Näg97b].

Consider for one moment the important time scales in our systems. First we had the structural
relaxation time τ = d2/Ds, which is approximately the time necessary for a particle to diffuse the
mean particle distance d, that is the time for a considerable change in the particle configuration.
In this section we have discussed the Brownian relaxation time τB = 1/ξ, which scales the time
necessary to dissipate its momentum in the liquid, i.e. to end its ballistic motion. For times
t � τB the system can be described by the overdamped Langevin equation or the Smoluchowski
equation. The third time scale we introduced was the viscous relaxation time τη. For times t � τη,
hydrodynamic interactions can be considered to set in instantaneously on a particle. Figure
2.5 shows approximations for these times in our experiment. With the time resolution of our
experimental method, video microscopy, we are orders of magnitude above Brownian relaxation.
For this reason the Smoluchowski equation mist be used to describe the configurational change in
our system.

Markus Kollmann solves the Smoluchowski equation for an infinite, one-dimensional system
for the single trajectory x in a very clever way. For the full derivation the reader may refer to his
article [Kol03]. After an expansion analysis of the conditional probability distribution function
P (x, t), he found all expansion moments to vanish, except for the second moment (hence, the
mean-square displacement), from which follows the Gaussian form of P (x, t). The second moment
can be expressed through its dependence on the experimentally accessible dynamic structure factor
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S(q, t). Making the far-field approximation for the diffusivity tensor D
ij

with the hydrodynamic

interactions treated at a pairwise level, the dynamic structure factor S(q, t) can be approximated
as:

S(q, t) ≈ S(q, 0) ∗ e−q2∗Deff (q)t for t ≺ τ

τ =
d2

Ds

: Structural relaxation time

S(q, 0) : Static structure factor

S(q, t) : Dynamic structure factor

ρ : Particle number density

q : Wave number

d : Mean particle distance

Deff (q) : Effective diffusion coefficient

(2.27)

This is an excellent approximation for times t < τ and for the long wave regime q−1 � d,
regarding the collective motions of the particles [Näg97b]. Any correction due to the full treatment
of the hydrodynamic interactions between the particles are shown elsewhere [RZMM99, Szy01] to
be negligibly small, even for dense suspensions. Using this approximation for S(q, t) in the mean-
square displacement gives asymptotically for long times t � τ :

lim
t→∞

〈
∆x2(t)

〉
=

2 S(q, 0)

ρ

√
Deff (q)

π︸ ︷︷ ︸
2F

√
t q−1 � d

(2.28)

Deff (q) is, in our case q � d−1, identical to the collective or gradient diffusion coefficient Dc. It
describes the relaxation of thermally induced concentration fluctuations in the system and is equal
to the diffusion coefficient in the macroscopic diffusion equation ∂/∂t c = Dc4c for the particle
concentration c. Deff (q) will be further explained in the experimental part of this chapter.

Three interesting points must be emphasized in this theory. We did not make any specification
of the particle interactions for the derivation of the MSD. This confirms our earlier statement
of the long-time

√
t-dependence of the MSD to be stable in very different system types. But

in comparison to the lattice gas models presented before in this chapter, this theory makes a
real quantitative prediction for the long-time mobility F . Here the mobility F incorporates the
interactions in a real system through the effective diffusion coefficient Deff (q) with q � d−1 and the
isothermal compressibility κT of the particle system S(q ≈ 0) ≈ 1/ρ (∂ρ/∂p)T · (ρ kBT ) = κT /κid

(κid = ρ kBT := isothermal compressibility of a ideal gas). The mobility F we get from the lattice
gas model only contains self-diffusivity of a single particle in the solvent.

If we take a closer look at the dynamic structure factor S(q, t) of equation 2.27, we see that
we one immediately obtain the static structure factor S(q, 0) and the effective diffusion coefficient
Deff (q) from short-time measurements, i.e. t < τ . But this is all we require to calculate the
mobility F in the long-time limit t −→ ∞. The theory provides thus possibility of making
quantitative predictions for the long-time diffusive behavior of a tracer particle from short-time
density fluctuations. This theory was actually developed for infinite systems; however, from our
experiments, we will see that it holds for finite systems also.

4.3 Experimental results

As described in chapter 2, we studied with video microscopy the diffusive behavior of Brownian
particles in circular light channels. Figure 3.6 shows a snapshot of one of these measurements
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Figure 3.6. Snapshot of one of our single-file measurements in a circular potential created by a laser
field. The polystyrene particles have a diameter of 3µm. The drawn green circle resembles the position
of the laser light channel since the laser light is filtered out before the video camera.

with the position of the laser light channel marked on the picture as green circle. Figure 3.7 (top)
depicts the earlier-presented potential well perpendicular to the circular line. It is obvious from
the particle trajectories of figure 3.7 (bottom) that the particles diffuse along the circle owing to
the density fluctuations of the solvent.
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Figure 3.7. Top: Radial particle potential due to the circular light trap (see also figure 3.9 in chapter
2). Bottom: Time-development of the particles angular position relative to the circle center driven by
Brownian motion.
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Figure 3.8. Left: Double-logarithmic plot of 〈x2(t)〉 for ρ = 0.103 µm−1 (M), 0.119 µm−1 (�), 0.168
µm−1 (O), 0.185 µm−1 (◦), and 0.203 µm−1 (�). The solid line with slope 1 illustrates normal diffusion
and the dotted line with slope 0.5 describes SFD. Right: The same data plotted as 〈x2(t)〉 vs.

√
t, with

the solid lines corresponding to fits to 〈x2(t)〉 = 2F
√

t (q. v. eq. 2.28).

4.3.1 Single-file diffusion (SFD)

The results for the mean-square displacement 〈x2(t)〉 of the particles are shown as symbols in figure
3.8(left) for different particle number densities (ρ = 0.103 µm−1 (M), 0.119 µm−1 (�), 0.168 µm−1

(O), 0.185 µm−1 (◦), and 0.203 µm−1 (�)) in a log-log representation. At sufficiently short times
t< τ=10s (τ = the structure relaxation time, i.e. the time a particle needs to move a significant
fraction of the mean particle distance ), where the individual particles do not ”feel” the presence
of other particles by direct interactions, normal diffusion occurs and the mean square displacement
is found to be 〈x2(t)〉 ∝ t (see solid line). This behavior is in good agreement with Lin et al. who
also studied the short-time diffusional motion of colloidal particles in 1D channels [LCLY02]. In
the case of topographically created 1D channels, the diffusion coefficient is strongly diminished by
the walls and the local particle density ρ. This influence of hydrodynamic boundary conditions is
significantly reduced in our system as lateral walls are absent and only the substrate determines
the free diffusion constant. With increasing time the presence of adjacent particles becomes more
and more important until eventually a crossover to a t1/2-behavior occurs (dashed line in figure
3.8(left)). In contrast to earlier experiments [WBL99], here both regimes are clearly resolved for
the first time. It is also seen that the crossover from normal to SFD takes place at earlier times
as ρ is increased. This is due to the fact that, with increasing ρ, the clearance between adjacent
particles becomes smaller and therefore direct particle-particle interactions occur at shorter times.
This crossover is also seen by analyzing the time-dependent propagator p(x, t) (see figure 3.9).
The function is defined as the conditional probability of finding a particle at position x after time
t with the particle located for t = 0 at x = 0. In the case of hard rods p(x, t) has been predicted
for t � τ to [KKD+96, BKK83]

p(x, t) =
1√

4πFt1/2
exp(−x2/4Ft1/2) (3.29)

Figure 3.9(left) shows the propagator for times t = 201sec(�), t = 501sec(◦) and t = 901sec(H)
respectively. As can be seen, p(x, t) continuously decays in time. Rescaling the data according to
Eq. 3.29 as p(x, t) · t1/4 versus x/t1/4 should collapse all curves onto a single master curve. Indeed,
this is in good agreement with our data (figure 3.9 (right)).

To obtain the SFD mobility F for our data, we first plotted 〈x2(t)〉 vs. t1/2 and applied a fit
of Eq. 2.28 (see the right of figure 3.8). As the lower bound for the fitting range we have chosen
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Figure 3.9. Left: propagator p(x, t) at four different times: t = 201sec(�), t = 501sec(◦), t =
901sec(H). Right: masterplot of p(x, t) after rescaling according to Eq. 3.29.

the direct interaction time of the particles, which is on the order of 200s. It can be clearly seen
that, above this time, all curves show linear behavior. The obtained values for F are plotted in
figure 3.11(bottom) as solid squares and show that F decreases monotonically with ρ. Such a
monotonic behavior of F has been also observed for the diffusion of CF4 in AlPO4-zeolites at low
temperatures [HKK96] and is in qualitative agreement with a theoretical expression derived for
hard rods [Kär92].

It is important to realize that, in the case of normal diffusion, the diffusion coefficient will
saturate at small ρ while, in case of SFD, even at very low ρ, no saturation of F occurs. This
emphasizes that particle-particle interactions are the limiting factor for SFD [HKK96].
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Figure 3.10. Left: The collective diffusion coefficient Dc of our experiments, which is equal to Deff (q)
for q � d−1. Dc increases with growing particle number density ρ, since it becomes more probable that a
density wave will propagate through the whole system. Right: The short-time self-diffusion coefficient
Ds

s from curve fit in figure 3.8 (left) with t < 10 s which is equal to Deff (q) for q � d−1. Ds
s decreases

with ρ due to the increasing hydrodynamic interactions with the closest neighbors.

4.3.2 Predicting the long-time mobility in a single file system

As mentioned above, theoretical predictions for the SFD mobility F were for a long time only
available for hard rod systems where analytical expressions for the limit of small rod densities
were derived [HK98]. Very recently a general theory of SFD for systems of identical Brownian
particles with arbitrarily interaction potentials was developed. It has been shown [Kol03] that the
long-time behavior of the MSD for q � d−1 (with d being the mean particle distance) is given by

lim
t�τ
〈x2(t)〉 =

2 · S(q, t = 0)

ρ

√
Deff (q)t

π
(3.30)

Here S(q, t = 0) is the static structure factor and Deff (q) the collective diffusion coefficient Dc

which can be experimentally determined by a short-time measurement of the dynamic structure
factor S(q, t) = 1

N

∑N
i,j=1 〈exp (iq[ri(0)− rj(t)])〉.

Dc quantifies how fast thermally-induced, particle-density variations of long wavelengths can
propagate through the system. Figure 3.10 (left) presents our experimental Dc, extracted from
the fitted SFD mobilities F in figure 3.8 and the long-wave static structure factor (see figure
3.12), together with the definition of F in equation 2.28. By increasing particle densities Dc

grows, since it is inverse proportional to the static structure factor S(q, 0) for small wave vectors
q. S(q, 0) (see equation 2.8 in chapter 1) is a measure of the isothermal compressibility of the
particle system. When the density becomes larger the structure of the system increases, while its
compressibility (S(0, 0)) decreases. Thus, the pressure to level out a density fluctuation intensifies
with the growing structure of the system. For even larger particle densities than those used in our
experiments, one would expect Dc to decrease, after a maximum value, with the particle density
due to growing hydrodynamic interactions [Näg97b].

In comparison, the short-time (t < 10 s) self-diffusion coefficient Ds
s of a tracer particle de-

creases with increasing density as shown in figure 3.10 (right). Ds
s, which describes the diffusive

transport of the single particle in the solvent, drops slowly with density, due to the increasing
hydrodynamic interactions with the shrinking, floating cage formed by the two nearest neighbors.
Deff (q) equals Ds

s for large wave numbers q � d−1.
For small wave vectors q � d−1 and t < τ , hydrodynamic interactions (HI) neglected or

treated in a pair wise fashion, S(q, t) is given by S(q, t) = S(q, 0) exp
(
−q2 ·Deff (q)t

)
[Näg96].
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Figure 3.11. Left: The decay of S(q, t) for q = 4 · qmin which follows an exponential function (solid
line). Right: Comparison of SFD mobilities F obtained with different methods as a function of the
particle number density ρ: F derived from fitting the MSD in figure 3.8 at long times (�), F taken from
the decay of the dynamic structure factor according to Eq.(3.30) for q = 3 · qmin (◦), q = 4 · qmin (�),
q = 5 · qmin (O), and q = 6 · qmin (�).

Since S(q, t = 0) and Deff (q) can be experimentally determined from a short-time measurement,
Eq.(3.30) predicts the long time behavior of the MSD to be obtained already at short times, i.e.
significantly earlier than the crossover time from normal to SFD diffusion suggests (see figure 3.8).
To understand this - at the first glance surprising - result, one has to realize that owing to the
absence of mutual particle passages during SFD, the motion of a density wave with q � a−1 is
reflected by the trajectory of every individual particle. In contrast, when particles can pass each
other, i.e. during normal diffusion, the motion of an arbitrarily chosen particle is decoupled from
the collective motion of the system and Eq.(3.30) does not apply. From the particle trajectories we
determined the density dependent S(q, t) for t<10s which is shown for q = 4 · qmin with qmin = 1

R

in the left of figure 3.11 (owing to the finiteness of the system we are limited to wave vectors
q > qmin = 1/R). From the vertical axis intercept and the slope we obtain S(q, t = 0) and Deff (q)

which allows us to calculate F = S(q,0)
ρ

√
Deff (q)

π
according to Eq.(3.30). The results are plotted for

3 ·qmin, 4 ·qmin, 5 ·qmin and 6 ·qmin as open symbols in figure 3.11 (right) and show good agreement
with the previously calculated values from the long-time MSD measurements (the deviations at
small ρ are probably due to the breakdown of the long wave limit q � d−1 of Eq.(3.30)).

This result demonstrates the validity of Eq.(3.30) even in the case of finite systems as used
here. This indicates that, owing to the short-ranged electrostatic particle pair potential, particle
correlations within the ring-shaped channels decay on a length scale much shorter than the perime-
ter of the system [CDL03]. This is also seen by the behavior of the static structure factor plotted
in figure 3.12. The rather horizontal slope for q → 0 resembles the behavior of an infinite system,
because no long-range order (q → 0) is induced in spite of the periodic boundary conditions.
Thus, S(q, 0) approaches for q → 0, as in a infinite system, the isothermal system compressibility
expressed by S(0, 0). Hence, the application of Eq.(3.30) is justified a posteriori. In addition, this
suggest that Eq.(3.30) is also valid in finite biological systems where the screening length is very
small.

It should be emphasized that Eq.(3.30) is very general and applies for any other stochastic
process in a many particle system as far as it remains translational invariant in space and time.

In the absence of HI (and q → 0), Eq.(3.30) simplifies to limt�τ 〈x2(t)〉 = 2
ρ

√
S(q)Dt

π
with D the

diffusion constant of a single particle, i.e. D = const.
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Figure 3.12. Real part of the static structure factor S(q, t = 0) for ρ= 0.203 µm−1 (qmax = 2π/d).
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Figure 4.13. A particle with radius a in a solvent in distance z above a substrate.

4.4 Excluding drift and hydrodynamic interactions due

to tweezer motion

As mentioned in chapter 2 we did part of our measurements with the particles close to a substrate.
In this section we will consider different, possible hydrodynamic mechanisms due to the wall and
the tweezer and examine if they lead to artifacts in our experimental results.

One well-known hydrodynamic effect is the slowing down of the particle motion parallel to the
wall. However, it just reduces the measured self-diffusion coefficient of a particle.
When the our moving laser tweezer ( see chapter 2) passes over two neighboring particles it pushes
both particles down against the substrate. Yet, when the laser beam is running through the rest
of the circle, the particle are pushed away from the surface due to electrostatic repulsion. This
concerted up and down motion of the particles results in hydrodynamic interactions.
If we consider that the moving laser focus does not hit these two particles at exactly the same time,
rather one after the other, it is possible that an additional opposed particle motion is induced by
the laser, leading to a different hydrodynamic interaction.

It was also stated, that the light pattern created by the motion of the laser beam in the
cell can be interpreted as static due to the speed of the mirror motion. We will examine if this
expectation is really met. For this reason we will present at the end of this section experimental
test measurements which confirm that the particles are not driven by the laser focus motion.

4.4.1 Diffusion of a particle close to a wall

In this chapter we have already discussed how hydrodynamics enters the Smoluchowski equation
through the diffusivity tensor (see eq. 2.18) and how it can be treated in the bulk fluid in the far-
field approximation (see eq. 2.24). These considerations do not take into account any boundaries.
But what is the effect of a surface in the vicinity of particles on the hydrodynamics? Let us first
imagine the situation presented in figure 4.13 of one particle in front of a wall. Different authors
have shown ( a list can be found in [Bub02]) that the hydrodynamics of this situation can be
described by a modified, space dependent diffusivity tensor D

ij
. For one particle in front of the

surface the diffusivity tensor can be represented by the following matrix:

D =

 Dx 0 0
0 Dy 0
0 0 Dz

 (4.31)
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Figure 4.14. Predicted diffusion constants of a single particle parallel D‖ and perpendicular D⊥ to
a wall relative to the Einstein self-diffusion coefficient D0 as a function of the particle wall distance z
normalized by the particle radius a. The different lines represent the equations 4.32 and 4.33 to their full
extent (without symbols) or to the third order in z/a ( with symbols). The inset shows the deviations of
these theories for z/a approaching 1. The graph is taken from reference [LYR00].

The lateral components Dx and Dy can, according to O’Neil [O’N64] for z/a > 1.04 up to the
fifth order in z/a, be expressed as

D‖ = Dx = Dy = D0 ·
[
1− 9

16

a

z
+

1

8

(a

z

)3

− 45

256

(a

z

)4

− 1

16

(a

z

)5
]

(4.32)

The vertical component Dz can be calculated as [Bre61]:

D⊥ = Dz = D0 ·

(
4

3
sinh α

∞∑
n=1

n(n + 1)

(2n− 1)(2n + 3)

[
2 sinh(2n + 1)α + (2n + 1) sinh 2α

4 sinh2(n + 1/2)α + (2n + 1)2 sinh2 α
− 1

])−1

(4.33)

with α = 1/ cosh (z/a).
For the limit of the sphere close to the surface z/a → 1 this can be approximated [CB67] by

Dz = D0

(
a

z − a
− 0.2 ln

(
z − a

a

)
+ 0.97

)−1

(4.34)

Figure 4.14 shows a plot of the equations 4.32 and 4.33 where the diffusion of the particle
parallel to the wall is always bigger than the perpendicular diffusion. For distances larger than
30 times the particle radius a both diffusion coefficients approach the Einstein self-diffusion D0

coefficient. When the particle instead comes close to the wall the diffusion vertical to the wall
vanishes and the diffusion parallel to the wall gets reduced to about 30% (see inset of figure 4.14).
There are different experimental studies which confirm this [LYR00, Rud99].
From this, we would expect for our experiments looking at the motion of particles close to a
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substrate, that the self-diffusion coefficientDs of the particles will be reduced in comparison to
the free diffusion coefficient D0. Indeed we find self-diffusion coefficients Ds which are about
40% of the free self-diffusion. This is much higher than what one would find for particles in a
tube consisting of three walls (cp. [LCLY02]) as in the case of many other experiments. Thus,
our experiments are the first to resolve the crossover from the short-time normal diffusion to the
long-time SFD owing to a smaller structural relaxation time.

4.4.2 Hydrodynamic coupling of two particles close to a wall

In the previous subsection we neglected the fact that we have more than one particle in the system.
If we have only particles close to the surface this should be a good approximation because the
influence of the wall dominates and the motion of the particles decouples.

But in our system we confine our particles by rotating laser tweezer. Due to its light pressure
the passing laser pushes the charged particles down against the oppositely charged glass surface to
the position where instantaneous light pressure and electrostatic repulsion are balanced. During
the time the laser is not over the particle, it is pushed away from the surface by the electrostatic
repulsion in the direction of the equilibrium position between gravitation and electrostatic forces.
This vertical motion of the particles due to the laser could lead to additional hydrodynamic
coupling between the spheres. Since in video microscopy we only measure the distance between
the spheres projected in the particle plane, this could lead to errors in the measurements (cp.
[SB00]). To exclude any such effects on our measurements, we will present a theory which takes
into account the hydrodynamic interactions among the spheres and between the spheres and the
wall. This treatment is on a pairwise level in the above-mentioned far-field approximation where
the distance between the spheres is larger than their radius.

The Ansatz of this theory [Bla71, DSBG00, GDB00] is a concept known from electrodynamics,
the concept of image charges. It substitutes the wall by image spheres of the real particles, which
have to fulfill certain hydrodynamic, no-slip boundary conditions, i.e. they have to cancel out the
fluid flow in the plane of the wall. This theory substitutes the flow field of a given sphere by a
so called stokeslet(S), that is the flow due to a unit point source at the particle’s location. The
stokeslet is represented by the Green’s function Gs

αβ for a flow at position ~ri in the α direction
due to a unit force at ~rj in the β direction, which is the Oseen-tensor (cp. eq.2.24) for this point
source description:

Gs
αβ(~ri − ~rj) =

1

8πη

[
δαβ

|~ri − ~rj|
+

(~ri − ~rj)α · (~ri − ~rj)β

|~ri − ~rj|3

]
(4.35)

To meet the boundary conditions which substitute the wall in electrodynamics, an image charge
for each real charge is enough. In hydrodynamics it is more complicated. The hydrodynamic image
of a particle which mimics the wall (W), has to be composed of three parts, a stokeslet (S),the
so-called source doublet (D) and the stokeslet doublet (SD)[DSBG00, Bla71, Poz92]. The fluid
flow produced by this image system at position ~ri is described by the following Green’s function

GW
αβ(~ri − ~Rj) = −GS

αβ(~ri − ~Rj) + 2h2GD
αβ(~ri − ~Rj)− 2hGSD

αβ (~ri − ~Rj) (4.36)

where ~Rj = ~rj − 2hẑ is the position of sphere j’s image. The Green’s functions for the source
dipole and the stokeslet doublet are

GD
αβ(~ri − ~Rj) =

1

8πη
(1− 2δβα)

∂

∂(~ri − ~Rj)β

(~ri − ~Rj)α∣∣∣~ri − ~Rj

∣∣∣3
 (4.37)

GSD
αβ (~ri − ~Rj) = (1− 2δβα)

∂

∂(~ri − ~Rj)β

GS
αβ(~ri − ~Rj) (4.38)
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In equation 2.23 we have a relation which connects the flow velocity at the position of particle
i due to forces on the other particles

~vi =
N∑

j=1

b
ij
(~ri − ~rj)~Fj (4.39)

where b
ij

= 1
kBT

D
ij

is the mobility tensor which contains the hydrodynamic properties of the

system due to the particle configuration and the wall. For our theory the mobility tensor is divided
in a self-mobility part b0 and a mobility due to external sources be

iα,jβ. It reads as [DSBG00]

biα,jβ = b0 + be
iα,jβ =

δiα,jβ

6πηa
+ be

iα,jβ (4.40)

be
iα,jβ = (1− δij) GS

αβ(~ri − ~rj) + GW
αβ(~ri − ~Rj) (4.41)

where biα,jβ denotes the mobility of sphere i in α-direction due to a force in β-direction on particle
j.
With this set of equations we now have the possibility to calculate approximately the hydrody-
namic interactions in our experimental wall-particle system for a given set of forces on the particles,
e. g. the light pressure of the tweezer. What we have measured in our experiments is the projected
relative displacement ∆r = ∆xi−∆xj of two particles i, j for the correlation functions of chapter
3 and therefore the static structure factor of this chapter. For the MSD we had to measure the
relative displacement ∆r(t) = ∆xi(t1) −∆xi(t2) of a particle in time. It is especially interesting
if hydrodynamics has a systematic influence on these quantities. For static properties this could
lead to a wrong interpretation of the correlation functions in terms of particle-particle interactions
[SB00]. In the MSD (and the dynamic structure factor) we could find a drift effect ∝ t2 due to
the center of mass following the tweezer motion. We will consider the drift effect in the following
section.

Here we will deal with the influence of hydrodynamics on the static ∆r. We will limit ourselves
in the following to the examination of two particles in front of the wall, since in our model the
contribution of the different spheres adds linearly to the flow field.

Before evaluating the presented set of equations for the possible hydrodynamic effects due to
the tweezer, we will explain by means of figures 4.15 and 4.16 what we expect from symmetry
considerations. The laser reaches two neighboring particles almost at the same time (in our
measurements it takes the laser approximately ∆t = 30µs to pass from one to the other particle);
therefore, it pushes the particle at the same time down to the surface (figure 4.15 (left)). When the
particles are pushed down against the surface, the image from one sphere exhibits a hydrodynamic
force on the other sphere (dotted arrows) that drives the particles away from each other. When
the laser has left the two particles they are pushed away from the surface [SB00] due to the
electrostatic repulsion between the glass substrate and the polystyrene beads (figure 4.15 right).
Now the interplay of the particles with the image system would lead the particle to approach each
other. For static measurements, i.e. correlation functions and interaction potentials, each picture
of the video microscopy constitutes an independent configuration of the system (the system is
considered ergodic). But to every situation where the two particles are closer together for the
electrostatic repulsion, one can find a configuration where the particles are further apart because
of the laser forcing. This means that the periodic forcing due to the tweezer should average out
and have no influence on static properties of the system.

On top of this above described effect of the parallel motion of the two spheres there should be
a minor effect, caused by the so far neglected consecutive pushing of the particles. The situation is
presented in figure 4.16. The from left arriving laser pushes the first particle down while the second
particle is still pushed away from the surface due to the electrostatic wall-particle interaction. One
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Figure 4.15. Left: Two particles (solid lined spheres) are forced against the wall by the light force
Flight of the optical tweezer. The hydrodynamic interactions (dotted arrows) between the particles and
their images (dotted lined spheres) leads to a resulting force Fresult that enlarges the inter particle
distance. Right: After the laser tweezer has passed, the particles are forced away from the wall due to
electrostatic repulsion. The image particles, substituting for the wall hydrodynamics, bring the particles
closer together due to their hydrodynamic drag.

Figure 4.16. Schematic plot of the laser tweezer passing over two particles in two consecutive time steps.
The laser arrives from the left and pushes the first particle down against the wall. The second particle is
still being pushed away from the wall as to electrostatic interaction since the last time the laser past. In
the following time step the laser pushes down the second particle and the situation is reversed.
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moment later the first particle feels the repulsion of the wall and the second particle is pushed
down by the light pressure. As we see this counter propagation of the two spheres would result in
a collective motion, which also should average out over different configurations. It does not lead
to a compression of the particle system, which could be noticed in the static correlation function.

Since it takes the laser focus longer to return over the rest of the circle to the first particle after
leaving the second (in our case about 3ms) than its motion from the first to the second particle,
there could be a small asymmetry in the size of the electrostatic forces pushing the particle away
from the wall, which would lead to a bigger relative spacing of the two spheres (since we are
on a circle this would pile up again to a collective motion). As we will see from the following
calculations for our system this a very small, negligible effect.

If we use first the hydrodynamic image theory for calculating the effect of the wall on a single
sphere, we get two independent modes for the motion parallel || and normal ⊥ to the wall [HB91]

bz/b0 = 1− 9

8

a

h
+O

(
a3

r3

)
(4.42)

bxy/b0 = 1− 9

16

a

h
+O

(
a3

r3

)
(4.43)

This is, to the first order in the particle radius a, what we found in the previous section. Let us
now consider the case when the two particles are pushed down to or away from the surface. The
change in distance ∆r(t) = ∆xi(t)−∆xj(t) we measure between the two particles should be due
to an effective force Feff consisting of the electrostatic particle interaction Fp, the electrostatic
particle wall interaction FW and the light force FLight. When the two particles, at the same height,
close to the wall hc = h1 = h2 (see figure 4.17) are pushed away, we have

∆r(t) = {2 (bx2x2 − bx2x1) |Feff |} = {2 (bx2x2 − bx2x1) |Fp|+ 2bx2z1FW (h)}∆t , h ≈ hc (4.44)

and, in the case of the light pressure pushing the particles from the height ha down,

∆r(t) = {2 (bx2x2 − bx2x1) |Feff |} =

2 (bx2x2 − bx2x1) |Fp|+ 2bx2z1FW (h)︸ ︷︷ ︸
≈0 for h&ha

−2bx2z1FLight

∆t

(4.45)

where bx2x2 describes the self-mobility of the particles, and bx2z1 gives the mobility of the particles
resulting from a vertical force on the other particle. The second term in equation 4.45 is set to
zero because it should be negligible further away from the surface in comparison to the light force.
Remember from chapter 1 that FW decays exponentially from the wall into the liquid. If the laser
is fast enough so that the particles always stay pushed down at hc, they remain in a position
where the light force should be balanced by the electrostatic particle-wall interaction. In this
case we would already be done because all terms in equation 4.45, except for the particle-particle
interaction, would cancel.

But if the particles go up to position ha while the laser is running through the other part
of the circle, we have an influence of the vertical forces on the change ∆r of the inter-particle
distance. In this case we are in a dynamic equilibrium of the spheres constantly moving between
ha and hc, the energy transferred to the particles due to FLight is then totally released by the
beads returning to ha. Obviously ∆r averaged over time vanishes, except for the contribution of
the inter-particle electrostatic repulsion Fp. In this way we can sum the time dependent forces of
equations 4.44 and 4.45, integrate over the particle distance r(t) and average over time, i.e. over
different particle configurations. What we get out is that the effective potential Ueff (r, h) which
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Figure 4.17. Schematic graph of the terms used in the calculations. The parameters hc, ha indicate
the mean interval of vertical distances in which the particles move due to the on and off of the light
force. h1 and h2 are the heights of particle one and two over the surface. a is the particle radius and
r is the distance between the particles which would be measured in video microscopy. The three drawn
configurations represent the basic particle configurations while the laser is close to the two particles.
When the laser arrives from left it finds the particles in configuration A. Then it pushes down the two
particles one after the other. The tweezer leaves the particles in configuration B to run through the rest
of the circle.

shapes the correlation function is equal to the particle pair potential Up.

Ueff (r) = Up(r)−
〈∫ r

∞

bx2z1FW (h)

bx2x2 − bx2x1

dr −
∫ r

∞

bx2z1FLight

bx2x2 − bx2x1

dr

〉
= Up(r) (4.46)

In this case we have no influence of hydrodynamics on the static properties of the system.
Now we deal with the more complicated situation where h1 6= h2. Because of two different

time scales for the movement of the laser from the first to the second particle and back to the
first, this situation is asymmetric as to the possible particle configurations in h1, h2. To estimate
the influence on our measurements, we must calculate again how hydrodynamics effect the pair
interaction potential. Considering again the effective interaction potential Ueff we would measure:

Ueff (r) = Up(r) +

∫ r

∞
dr

〈
bx2z1(h1, ha, r) (FLight − FW (h1))

T(h1, h2, r)

〉
AB

+

+

∫ r

∞
dr

〈
bx1z2(h2, hc, r) (FLight − FW (h2))

T(h1, h2, r)

〉
AB

−

− 2 ·
∫ r

∞
dr

〈
bx2z1(h1, h1, r)FW (h1)

T(h1, h2, r)

〉
BA

(4.47)

with

T(h1, h2, r) = (bx1x1(h1) + bx2x2(h2)− bx1x2(h1, h2, r)− bx2x1(h1, h2, r))

〈 〉AB = Average over all particle positions as to h1, h2 between configuration A and B

(Laser over the two particles)

〈 〉BA = Average over all particle positions as to h1, h2 between configuration B and A

(Laser in the rest of the circle)

In the three integrals we average over the vertical movements of the particles while the laser passes
once over the circle. The first integral takes care of the translation of the second particle, fixed
by ha, in x-direction due to the first particle being pushed down by the laser. The second integral
describes the effect of the pushing down of the second particle with the first fixed at hc. The third
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integral gives the attraction of the two particles moving up together while the laser is in the rest
of the circle. Now, in order to have no relative and collective particle motions, the attractive and
repulsive parts on one particle, caused by the hydrodynamic interaction, must cancel, i.e.

∫ r

∞
dr

∫ hc

ha

dh1
bx2z1(h1, ha, r) (FLight − FW (h1))

T(h1, ha, r)
= −

∫ r

∞
dr

∫ ha

hc

dh1
bx2z1(h1, h1, r)FW (h1)

T(h1, h1, r)∫ r

∞
dr

∫ hc

ha

dh2
bx1z2(h2, hc, r) (FLight − FW (h2))

T(hc, h2, r)
= −

∫ r

∞
dr

∫ ha

hc

dh2
bx1z2(h2, h2, r)FW (h2)

T(h2, h2, r)

Since we expect FW (hc) = FLight, (FLight − FW (h1)) and FW (h2) to have the same functional form
between the integral limits, we can choose, without loss of generality, h1 = h2 = h. Then the
above equations can only be fulfilled for

bx2z1(h,ha, r)

T(h, ha, r)
=

bx1z2(h, hc, r)

T(h, hc, r)
=

bx2z1(h, h, r)

T(h, h, r)
(4.48)

From Total Internal Reflection Microscopy [Rud99] measurements we know that, for our particles,
ha is approximately 1µm. From the focus size and the laser power in the cell we can calculate
FLight to be a maximum of 100pN . From this we can conclude hc is approximately 50nm closer
to the surface [Lut00]. In T we can neglect the the hydrodynamic field of the other particle in
comparison to the interaction with the own wall-reflected hydrodynamic flow field ( bxixi

� bxixj
).

From eq. 4.43 we expect bxixi
(h) to vary little for small deviations in h, so we find T(h,hc, r) ≈

T(h,ha, r) ≈ T(h,h, r). In this case eq. 4.48 reduces to
bx2z1 (h,ha,r)

bx1z2 (h,hc,r)
≈ 1. With equation 4.40 we

determined bx2z1(h,ha, r) and bx1z2(h, hc, r). For their ratio we find in the highest order of ha and
hc respectively for our experiment:

bx2z1(h,ha, r)

bx1z2(h, hc, r)
∝ h2

c

h2
a

= 0, 9

Since bx2z1(h,h, r) will be between these two extreme values, much less than 10% of the pushing
down with laser will not cancel with the following pushing upwards by electrostatics in the effective
pair potential Ueff (r). From reference [SB00] we know the effect of the electrostatics alone on the
pair potential to be in the range of 1 kBT . Thus the remaining effect from the consecutive pushing
down of the particles with the laser (< 0.1kBT ) would be totally buried in the Brownian motion
of the particle. The effective changes in the lateral interaction between neighboring particles
resulting from the pushing light forces can therefore be ignored in comparison with the static pair
potential.

To conclude these previous sections, we have neither a measurable effect of hydrodynamics on
the static properties of our system, nor do we introduce any drift in the particle motion deriving
from the pushing down of the particles by the laser. This is experimentally sustained by the
pair-distribution functions g(r) found in chapter 3 and the drift measurements of the following
section.

4.4.3 Drift motion due to the tweezer motion

So far, we have not considered the lateral force of the passing laser tweezer. Momenta due to the
optical tweezer could also drive non-stationary and long-ranged hydrodynamic interactions among
the particles. But any lateral forces on the particles originating from the optical tweezer would
lead, for reasons of symmetry (the force acts on all particles in the same way) and by long-ranged
hydrodynamic couplings, to a collective steady state drift on time scales where particles move a
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Figure 4.18. Average particle displacement along the circumference of the circle for different particle
densities: 0.099 µm−1 (⊗), ρ = 0.103 µm−1 (M), 0.147 µm−1 (I), 0.156 µm−1 (•), 0.168 µm−1 (O), 0.185
µm−1 (◦), and 0.203 µm−1 (�).

significant fraction of the mean-particle-distance. To exclude this effect we measured the mean
particle displacement 〈∆ x〉 of the particles in our measurements.

The data are shown in figure 4.18. The experimentally determined drift is less than a particle
radius in half an hour and does not show any preferential direction related to the tweezer motion. In
this way, it must be contributed to statistical error rather than to laser driving. The hydrodynamic
screening from the substrate seems to be sufficiently strong, so that the lateral force arising from
the optical tweezer does not influence the results. This is also confirmed by the measurements of
Faucheux et al. [FSL95], which showed for frequencies we employed (f=330Hz) and for our laser
power that the particles simply cannot follow the tweezer motion.

In this chapter, and due to its importance for solid state physics, pharmacy and biology
we inquired into the structure and the diffusive processes of many particle systems in confined
geometries. In this we chose to study many particle diffusion in microscopic one-dimensional light
channels, which provided us the control of many system parameters without losing the complexity
and precision concerning interactions between particles that only experiments can offer. Indeed,
in spite of its simplicity, we found exciting and unique structural and diffusive properties in
one-dimensional colloidal systems. We could even derive the long-time single-file mobilities of
our system by a theory of short-time density fluctuations, whose validity we prolonged to finite
systems.





Chapter 5

Non-equilibrium systems

So far we have only examined thermal equilibrium systems. As a next step, we intend to study out-
of-equilibrium states. A thermal ratchet, a device for directed transport in a noisy environment,
will serve us as a first example of an out-of equilibrium system, and, as a proof that laser intensity
modulations along the channel can create a potential landscape for particles. In the second section
we will investigate the behavior of three particles in similar channels, as in chapter 4. Though, the
channels will be smaller and in the bulk away from any substrate surface in order to study only the
interactions between the particles and the light field. Additionally, we will now drive the particles
along the circular channel by tangential forces and focus on the hydrodynamic interactions, which
are responsible, as we will see, for very interesting dynamic behavior. In the third section, our
channel will not be smooth anymore, but we will make it more realistic in comparison to membrane
ion channels or zeolite sieves by adding a sawtooth potential along the channel. The hydrodynamic
interaction of the driven particles adds long-range attractive interactions to the electro static
repulsion between particles. This resembles the interplay of repulsion and attraction one could
find, for example, for osmotically or electrostatically driven molecules in ion channels [LN99],
[WB04] or adsorbate coupling in zeolites [SA99],[SL00], [SF97]. This interplay of attractive and
repulsive forces will lead to interesting differences in the transport phenomena of single particles
and particle clusters. At the the end of this section we will show a comparison between our results,
analytical calculations, and computer simulations, which were stimulated by this work. In the last
section, we will test our model assumptions of a static sawtooth potential and a constant driving
force along the circular channel through theoretical considerations and experiments.

5.1 Thermal ratchets with a sawtooth potential

Directing motion of Brownian particles or molecules in a noisy environment is a task of great
interest in micro engineering. One can learn how to solve this problem from nature, studying the
motion either of bacteria by flagella or of motor proteins as well as the translocation of protons
and proteins through cell membranes [Ast97, Ast01, AH02, Rei02]. One simple way to describe
the motion of motor proteins, or the polymer translocation is to consider the motion of a particle
in a sawtooth potential [FK05, LN99, Mag93, Mel03]. One of these theoretical model systems is
the flashing ratchet, which we will realize in our colloidal model system at the end of this section.
This application of our experimental setup will serve as a test to whether we can create a static
potential along our circular channel by modulating the laser intensity of the moving laser trap.

The main working principle of Brownian motors is to bias the undirected Brownian molecular
motion of the solvent. The flashing ratchet solves this problem by continuously switching off and
on an asymmetric potential and preventing a particle to diffuse with the same probability in both
directions. Figure 1.1 explains this behavior. If the potential barriers of the sawtooth potential are
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Figure 1.1. The sawtooth potential is indicated by the thick solid line. The forward and backward
length scales defining the asymmetry are λf and λb. The particle probability distributions are drawn as
thin lines. At time τ = 0 is the particle localized and the probability distribution is sharp peaked. For
times τ < τoff the potential is switched off and the particle diffuses freely. At time τ = τoff the potential
is on again and the particle is forced to the forward and backward minimum with probabilities Pf and
Pb. Taken from [FBKL95]

higher than the thermal energy scale, the particle is well localized in one of the potential minima.
We now switch off the sawtooth potential for a time τoff and the particle diffuses freely along the
track with the same probability in both directions. After putting the potential back on for the
same time interval τon = τoff , it is more probable, due to the asymmetry of the sawtooth, that the
particle gets trapped in the potential minimum to the right from its starting point. Repeating this
cycle over and over again leads finally to a net particle current to the right that has a maximum
at a certain switching time. If we switch too fast the particle will always remain in the same
potential minimum; if we are too slow the particle will just diffuse, almost undisturbed, in the
channel. The probabilities Pb,f of finding the particle after the switch of time τoff in the backward
or in the forward potential well are (see [FBKL95]):

Pf,b =
1

2
Erfc

[
λf,b√
4Dτoff

]
(1.1)

In this equation D is the diffusion coefficient of the particle, and λf and λb are the lengths of the
two different slanted parts of the sawtooth.

So far the only structures of our circular channel were its walls formed by the radial symmetry
of the moving singular trap. But, if we want to use our experimental model to study the influence
of structural details and their temporal changes on particle motion in pores, we have to have the
ability to create different topologies along our channel. By testing, if we can create a Brownian
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Figure 1.2. Snapshot of an intensity distribution with twenty sawteeth along the circle, together with
ten 3µm-sized polystyrene particles.

ratchet in our experiment, we will demonstrate our control of the channel structure both spatially
and temporally. For this, we modulated the intensity amplitude of the moving single laser trap
along the circular line in the shape of a sawtooth. The synchronization of the amplitude mod-
ulation to the motion of the galvanometric mirrors leads finally to spatial intensity distribution
equal to a static sawtooth. Figure 1.2 shows a snapshot of an intensity distribution with twenty
sawteeth along the circular line together with ten 3µm-sized polystyrene particles. The intensity
decrease on a sawtooth in the picture appears not to be linear, because of the CCD camera being
overloaded for the higher intensities. The circle was drawn with a frequency of 330Hz as in the
single-file experiments. To check if the modulated intensity distribution really causes a static
sawtooth potential along the light channel, we allow a single particle to diffuse along the circular
line. The modulation was reduced until the particle was able to leave the intensity maxima on
the circle by thermal activation. Figure 1.3 gives a part of the occurrence distribution of the
diffusing single particle where we can see that the intensity amplitude modulation really pushes
the distribution to take the shape of four sawteeth of width 12µm and a static sawtooth-shaped
potential for the particle. The different heights of the peaks in the occurrence distribution are due
here to stochastically varying residence times of the particle in the four different potential minima,
not to different potential depths. Better statistics through longer measurement times would allow
the determination of the exact sawtooth potential along the light channel. At this point, we are
not interested in the exact potential, instead, we just want to demonstrate the feasibility of creat-
ing a static sawtooth-like potential by the rotating laser trap; therefore, we do not perform time
consuming measurements. Indeed, we will use in the next chapter another method to determine
the potential along the laser line.

To use our system now as a flashing ratchet, we manipulate the structure of the channel by
switching on and off the sawtooth modulation for a certain time interval τoff = τon. Figure 1.4
shows the influence of this on and off cycle on the trajectory of a 1.2µm polystyrene particle. This
time, the sawtooth width was four micrometers, the limits of the potential wells are indicated
by the blue horizontal lines. The switch off and on times were the same: τoff = τon = 10sec.
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Figure 1.3. Part of an occurrence histogram of a 3µm polystyrene particle in the spatial static, modu-
lated laser intensity of figure 1.2.

The steep etch of a sawtooth well is on the top of the minima (the y-axis is the λ-direction in
figure 1.1). We know from the experiments of the previous section that the particle will normally
diffuse on the circle while the sawtooth is switched off. When the sawtooth potential is back on,
we expect the particle, if we have a flashing ratchet, to be trapped with a higher probability in
the sawtooth above the starting position. We can see this behavior in the trajectory of figure 1.4
where the particle does not move deterministically in one direction: it jumps in potential wells
under and above the starting position. But in the average its Brownian motion gets directed
upwards in the supposed working direction of the flashing ratchet. Its motion is not caused by
the rotation of the single laser trap since the particle moves against the rotation direction of our
laser trap in the experiment.

From this experiment, we have learned that we can spatially structure our channel by syn-
chronizing the laser intensity modulation with the mirror motion. We can thus imitate a static
potential for our particles along the circular line. By controlling the sawtooth temporally, we are
able to use our system as a flashing ratchet.
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Figure 1.4. Trajectory of a polystyrene particle of diameter 1.2µm along the circle arc. The circle
intensity is spatially modulated in the form of a sawtooth ( see figure 1.2) with a tooth length of 4µm
(blue horizontal lines). The static sawtooth potential created through the laser modulation, is switched
on and off in time intervals of τoff = τon = 10sec to work as a flashing ratchet (see text).
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5.2 Driven particle dynamics in a channel

For the measurement of this section we used a 3 D tweezer (see chapter 2) coupled into the
glass cell from below to balance the gravity by the light pressure. We can, therefore, confine
our particles not only lateral, but also vertical to the substrate by the light field; therefore, we
can move the particles away from the glass surface into the bulk. During the measurements, the
distance between the particles and bottom glass surface were about 40µm. The particles we used
are silica spheres (Bangs Inc.) with a diameter of 3 µm and with a refraction index n of n = 1.39,
dispersed in analytical grade ethanol(n = 1.37).

In the previous chapters, where we measured the static correlations and diffusivity of many
particles in thermal equilibrium, we used a high frequency (f = 334 Hz) of the galvanometric
mirrors to avoid any driving of the particles along the light channel due to the tweezer motion.
For the out-of-equilibrium measurements of this chapter, the circular line was drawn with a much
smaller frequency (f = 76 Hz). With this frequency we are in a regime where the mirror motion
still creates a circular static light channel where the particles are confined to the circle in radial
direction. On the other hand, the particles now follow the passing laser trap for a short distance
(see figure 2.5). This continuous pushing of the particles in short time intervals (about 13ms)
results in our overdamped system as a constant tangential force on the particles. This becomes
immediately obvious, if one considers that for the video microscopy we take every 40ms a picture
and the laser trap passes 3 times by a particle before we take another picture. We cannot resolve,
therefore, the jerky motion of the particles. For us the particle is just shifted by a constant
distance from picture to picture. According to Faucheux et al. [FSL95], our laser trap transports
a particle about 120 nm along the circular trap each time its passes for about 200µsec. Faucheux
showed that the resulting constant driving velocity of the particles is proportional to the reciprocal
of the mirror frequency until we reach the frequency regime of the mirrors motion (> 150 Hz)
where the particles cannot follow the laser trap motion anymore, where its forward motion is fully
compensated by the thermal fluctuations of the solvent (see section 2.1).

Although we did experiments for different particle numbers in the circular trap, we will show
in the following section only measurements with three particles, since their dynamic shows already
the decisive signature we also found in many particle measurements.

5.2.1 Expected dynamics due to hydrodynamic interactions: The
limit cycle

In chapter 4 we already provided a short introduction to hydrodynamic interactions to give a
theoretical starting point to Kollmann’s theory of single-file diffusion. Further on, we used this
framework to exclude an effect of hydrodynamic interactions on our diffusion measurements. In
this section we have a driven particle system, thus, hydrodynamic flow fields will of course play
a role for the collective particle motion and, as we will see, the leading role. This first section
was inspired by a theoretical work of Michael Reichert and Holger Stark. They published an
article [RS04] where they presented theoretical predictions and simulations for the motion of three
colloidal particles limited to a one dimensional ring geometry, driven by a constant tangential force
F φ. The ring potential is approximated by a harmonic radial potential (Kr · 1/2 · (ri − R)2) and
the electrostatic repulsion of colloidal particles by a hard-core, soft-shell potential V rep(rij). The
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Figure 2.5. From top to bottom: Schematic time sequence of a laser trap potential ( represented by
pen-tip shaped cup) moved along a circular line. The frequency of the trap motion is high enough to
limit a present colloidal particle on a the circular line (represented by the ring shaped channel), i.e. a
potential is created for the particle, which does not confine its tangential, but its radial motion. Under
a certain frequency limit (see ref. [FSL95]) the particle can follow for short distances the motion of the
passing trap, resulting in a constant velocity of the particle along the line (presented by the blue arrow.)
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equation of motion of one particle for this system can be summarized as:

−→̇
ri = −→vi =

1

kBT

N∑
j

D
ij

(−→
rN
)−→

Fj

i, j := Particle index

~
eφ

i , ~er
i := unit vectors of polar coordinates at the position of particle i

R := Radius of the circular line

N := Number of particles in the system

D
ij

:= Diffusivity Tensor

with
−→
Fj = F φ · ~

eφ
j −Kr(ri −R) · ~er

j - ∇V rep(rij)

F φ: = constant driving force

(in our case: the tweezer driving)

Kr · (ri −R) := force of harmonic radial trap

(channel walls)

V rep(rij): = short - range repulsion

(electrostatic repulsion)

We know this equation of motion already (see eq. 2.23) from the previous chapter, this time,

with an explicit expression for the forces on a single particle
−→
Fj. It should be mentioned, that the

calculation at this point does not contain any Brownian motion. The Diffusivity Tensor, which
describes the mediation of a force on particle j onto the particle i by the solvent, is approximated
by Reichert and Stark by a multipole expansion method in their system simulations to take into
account higher order effects. For other calculations, they use the first order approximation: the
already-mentioned Oseen-tensor,

D
ij
≈ D0

[
T (−→rij)(1− δij) + δij

]
Tkl =
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δkl +
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ij ·
−→
rl
ij

r2
ij

 ∝ 1

rij

(Oseen - Tensor)

k, l := φ, r indices of coordinates

D0 := Einstein self - diffusion coefficient

a: = particle radius

The dependence of the Oseen-tensor on the reciprocal particle center to center distance rij, em-
phasizes already the long-range character of hydrodynamic interactions. We can also deduce from
the above equations that the hydrodynamic interactions can be repulsive or attractive. Reichert
and Stark started their considerations with equally distributed particles on the circle (see left most
drawing in Fig. 2.6 ). According to them, the particles in a regular N-particle cluster will move
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Figure 2.6. First circle: Regular 3-particle Cluster. Second-fifth circle: Basic mechanism of the
periodic limit cycle. Two particles in close contact move faster than a single particle. When this pair
reaches the third particle, they form an intermediate triplet, and finally the first two particles escape as
a new pair. (Taken from ref. [RS04])

with a frequency ΩN , which is calculated to the first order as

ΩN = Ω1

[
1 +

3

4

∑
j 6= i

1

Xij

1 + 3 cos Φij

2

]

F φ: = constant driving force

R := circle radius

Ω1 = F φ
/
(6πηaR)

Xij =
√

2(R/a)
√

1− cos Φij

Φij = (2π/N)(j − i)

(2.2)

Adding to the system small perturbations as to the position of the single particles (this is done
in the experiment by the Brownian motion of the particles), they made a stability analysis of the
regular N-particle cluster. Most probably, an unstable oscillating of the particles around their
starting distances will develop and end up in a dynamic, steady state, which they call a limit
cycle. Figure 2.6 from the article of Reichert and Stark explains the mechanism leading to the
periodic limit cycle. If a driven particle moves into close contact with another in front, it feels
its drafting effect. The two particles move then together faster than a single particle due to a
reduced friction per particle. When such a two particle cluster catches up on the third particle
in the circle, they will form a triplet for a short time. The mobility of the center particle in this
configuration is larger since it is screened by the other particles from drag of the fluid. If the
center particle falls back, it would form a two-particle-cluster with the last particle in line. This
cluster immediately would take up with the leading particle again. If the center particle pushes
the particle in front instead, the last particle will be exposed to the drag of the fluid and the first
two will escape. Since the particles move along a circle, the two-particle-cluster will lap the single
particle over and over again. We have reached a dynamic, steady state: the so called ’limit cycle’.

In figure 2.7 we see the prediction of Reichert and Stark for the trajectory of one of the three
particles in the circle. They plot the particle’s polar angle φ(t) minus the regular 3-particle cluster
motion Ω3 t (see eq. 2.2) against time t in arbitrary units. Starting from a regular 3-particle
cluster, φ(t) − Ω3 t remains zero until an unstable mode (inset (a)) has started due to small
perturbations. After the initial fluctuations around its position in the regular cluster (see inset
(a),(b)), the particle shows the dynamics of the limit cycle. It rotates faster than the regular
cluster, while being in the 2-particle cluster. It rotates as fast as the equidistant particles while
being decoupled from a 2-particle cluster. The particle trajectory therefore exhibits in the steady-
state of the limit cycle a typical stepwise growth of the polar coordinate φ(t). Inset (c) shows the
oscillatory behavior of the polar coordinate φ(t), if subtracted by the the mean orbital particle
motion 〈Ω〉 t. The mean orbital frequency φ(t) averages the angular velocity of the single particle
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Figure 2.7. Dynamic transition in the angular coordinate from an unstable linear mode to the periodic
limit cycle for three particles. The main curve and the insets (a) and (b) show the angle φ(t) relative to
ΩN t as function of time. In inset (c), φ(t) − Ω3 t is plotted. The dashed line indicates the limit cycle.
Taken from ref.[RS04].

with its 2-particle cluster angular velocity.

5.2.2 Experimental results

We successfully reproduced the above theoretical predictions of the three driven particles in a fluid
in our circular three dimensional laser trap. Figure 2.8 shows eight snapshots from one of our
measurements. We see from above three electrostatically stabilized silica particles of 3µm diameter
rotating counter-clockwise along a circular line in ethanol. This system favors three-dimensional
trapping due to its similar refraction indices (nSpheres = 1.39, nEthanol = 1.37), because lowering
the gap between the indices minimizes also the radiation pressure which tends to push the particles
upwards [TMBZ98]. No salt was added to the fluid. The green laser light (λ = 532nm) for the
circular trap is blocked from the CCD camera by an edge filter, which let the light pass with a
wave length greater than 532nm. The particles are illuminated by a Köhler-illumination from
below. The white spots are the particles, while the gray, ’lifebelt-shaped’ shadows around them
are artifacts of the finite aperture of the optical system. The larger, but weaker, ’lifebelt-shaped’
shadows in the top left corner and in the center of the images are particles below the circular
light field with the three rotating ones–close to the glass substrate. More information about the
experimental setup can be found in chapter 2.

The picture sequence starts from (a) and goes to (h). The pictures are shown in intervals of
2.4 sec. We can clearly see how a 2-particle cluster catches up with the single particle in the first
image. For the next four pictures, we have a triplet cluster. Then, the first two particles move
away with a higher velocity from the last particle due to the drafting effect. In this example, it
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Figure 2.8. Image sequence of three counter-clockwise driven silica beads in a circular laser trap. The
beads are holden 40 µm above a glass substrate in ethanol. The time interval between the images is 2.4
sec and the time sequence goes from image (a) to (h). See enclosed CD for the corresponding film.



84 CHAPTER 5. NON-EQUILIBRIUM SYSTEMS

takes the particle about 12 sec to go once around the circle. The 2-particle cluster needs about
three circles, or 36 sec, to leave the single particle behind and to catch up with it again from
the other side. In this way, a particle remains single for three rounds before it becomes part of a
2-particle cluster. Then the particle stays six rounds in the particle pair: the first three rounds as
leading, the second three as pushing particle.

This can also be seen in the top of fig. 2.9. There, φ(t) − Ω3 t (rad) is plotted against
time (images) for the three trajectories of the silica beads. An image is taken every 40ms. The
experiment was started with the three particles almost equally distributed over the circle (regular
3-particle cluster). After about 3000 images the particles of the red and green curve get into
contact and move on as 2-particle cluster. Then the three particles meet. The green particle falls
back, the red and blue particle form a cluster. The polar angle φ(t)−Ω3 t increases only when two
particles form a cluster. This underlines that the hydrodynamic coupling does not slow down the
particle motion, as we are used to from the equilibrium measurements, but instead enhances the
2-particle cluster motion. For comparison, we reproduced from the previous section the predicted
trajectory for one of the three particles at the bottom of fig.2.9.

It is interesting to take a closer look on the transition regime between the regular 3-particle
cluster motion and the limit cycle. Figure 2.10 shows a magnification of this regime for the experi-
mental and theoretical graphs of figure 2.9. If the particles were distributed as a regular 3-particle
cluster in the mathematical model of Reichert and Stark, they would stay in this configuration
forever due to the equilibrium of the hydrodynamic forces between the particles. To get them
out of this configuration, small displacements of the particles had to be introduced. These small
perturbations lead to growing oscillations of the particles around the positions of the regular 3-
particle cluster (see the bottom of fig. 2.10). In the top of figure 2.10 we can see that these
oscillations are also found in the experiment. But now, the small perturbations of the regular
3-particle cluster, which introduce the transition to the limit cycle, have to be contributed to laser
intensity variations along the circle, or, to the Brownian motion of the liquid.

On top of the starting oscillations, we find for the experimental trajectories smaller oscillations
that we do not have in the computer simulations. These oscillations have the same periodicity
in time that a particle needs to go once around the circle. Small variations of the laser intensity
along the circle proved to be responsible for these wiggles, as explained in section 2.3. Yet, these
wiggles are small compared to the effects we wanted to observe.
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Figure 2.9. Top: Experimental data for the polar angle minus the regular cluster motion φ(t) − Ω3 t
versus time (images) for three silica particles. At the beginning the particles are almost equally distributed
on the circle and move with the regular cluster frequency Ω3. After 3000 images (vertical black line)
the system passes into the dynamic, steady state of the limit cycle. The vertical dotted lines mark the
time needed for a particle to go once around the circle. Bottom: Simulated trajectory for one of three
particles, which are driven by a constant force along a circular line(see section 5.2.1 for further details).
Taken from ref. [RS04].
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Figure 2.10. Top: Magnification on two particle trajectories in the transition regime between regular 3-
particle cluster and limit cycle from the top graph of fig. 2.9. The additional wiggles on top of the starting
oscillation are due to optical artifacts (see text). The black curves are interpolations of the trajectories
to smooth out these artifacts. The vertical blue line marks the beginning of the limit cycle, i.e. the
beginning of the dynamic, steady state. The horizontal black line is just an eye guidance. Bottom:
Magnification of the theoretical prediction in the bottom graph of fig. 2.9 for the same configuration
regime. Taken from ref. [RS04].
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5.3 Accelerated particle cluster motion in asymmetric po-

tential

In recent years, the one-dimensional driven transport of interacting Brownian particles through
asymmetric, periodic, potentials has gained special theoretical interest [DDH05, LN99, RG05,
SMN04, WB04]. The scientists are searching for models to explain the sorting of DNA-molecules
in electrical fields, the transport of polymers through cell membranes, or to describe the motion of
motor proteins. Since molecules like myosin have two connected, active, head groups, the motion
of these motor proteins along actin filaments can, in a first step, be modelled by the driven motion
of two coupled particles in sawtooth-like potential [RG05, WB04]. In the following sections, we
will extend these theoretical considerations with the experimental realization of a microscopic
model system.

In this model system, we will study the influence of hydrodynamic interactions on the collective
motion of two driven colloidal particles and compare it with the motion of a single particle. As
basis for our experiments, we can use the same three dimensional tweezer arrangement as in the
previous section. The only thing we have to add is an asymmetric potential along the circular
laser trap. This can be done with an electro-optical modulator (EOM, see chapter 2 for details)
by locally varying the light intensity along the circle (q.v. chapter 2 and section 4.26). In this
study we modulate the intensity in form of a sawtooth around the average intensity with different
amplitudes. The left of figure 3.11 shows two examples with different amplitudes for the creation
of a sawtooth potential along the circle by varying the laser intensity. The depicted three particles
of our experiments are driven from left to right (counter-clockwise) through the six potential wells
along the circle. In our measurements, each sawtooth had a length of about 10 µm, while the silica
beads had a diameter of 3 µm. We did two sets of measurements in order to compare our results
for the 2-particle cluster with the dynamic of a single particle and the three particle dynamic of the
previous section. We studied sixteen different depths of the sawtooth potential, once with one and
once with three particles on the circle. The right of figure 3.11 gives a schematic representation
of these two sets of measurements, and, defines the color code we will use in the following figures
for the representation of our data. For data referring to the single particle experiments, we will
use the black color; for the alone moving particle in three-particle measurements, green; and for
the two-particle cluster motion, red.

5.3.1 Experimental results: Hydrodynamic acceleration

First, we want to compare the three particle dynamics without (q.v. section 5.2.2) and with a
sawtooth potential variation along the circle. The qualitative difference can already be seen in the
image sequences of figures 2.8 and 3.12. While in figure 2.8 the single particle is moving slower
than the hydrodynamically enhanced 2-particle cluster, it is not moving at all in the sawtooth
potential of figure 3.12. It is not astonishing that the single particle, in spite of the driving force,
would stop in a potential well of the sawtooth, if it is deep enough. But, it is surprising that the
2-particle cluster, at a first glance, moves through the sawtooth potential in a similar way as if no
potential is present.

We found a more quantitative description of this behavior in figure 3.13. In this figure, we
plotted the angular velocity of only one particle (black squares) on the circle against the voltage
readings on the control unit of the electro-optical modulator, i.e. the depth of the potential. The
velocity of the single particle decreases, first slowly, then rapidly, with increasing potential depth.
Moreover, in figure 3.13 we give the angular velocities of the three particle measurements (green
and red curve). The green curve depicts the velocities of one particle when it moves further from
the other two particles through the asymmetric potential. The red curve describes the velocities
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Figure 3.11. Left: Scheme of the added sawtooth-like potential with six potential wells along our
circular laser trap for two different potential depths. The driving direction of the particles (gray spheres)
in the experiment would be from left to right. Right: Symbolic representation of the two sets of
measurements shown. The color code of particles in the drawing defines the colors used for the following
data presentation. For data referring to the single particle experiments, we will use the black color; for
the alone moving particle in three-particle measurements, green; and for the two-particle cluster motion,
red.

of the hydrodynamically coupled 2-particle clusters. The green curve shows the same, but less
smooth decay as the single particle measurement with potential depth. In contrast, the 2-particle
cluster (red curve) almost does not decay with the increasing potential depth.

In the following we want to discuss two sources which could lead to some deviations from the
ideally expected behavior.

First, we describe the change of the focus quality due to the lateral translation of the particle
cell, and its effect on the experimental data. The 2-particle cluster velocities show some oscillation,
similar to the green curve. Indeed, the deviation of the data points in the green curve from the
black can be attributed to a different measurement procedure. For the single particle experiments,
the measuring time could be quite short, which made it possible to measure all potential depth
at the same spot in the glass cell. Instead, the three particles measurements, which took a
longer time, had to be made on different sides in the cell, and for different sawtooth amplitudes.
During measurement time, other particles were moving in beneath the laser circle close to the
substrate, which made it necessary to change spot after each measurement. Although the cell was
shifted at most 100 µm in each direction, this can lead to a small change in the focus quality
of the laser trap, and therefore in the driving force for each potential depth. The translation of
the cell slightly changes the thickness of the matching fluid between the glass substrate and the
microscope objective. This leads to different optical pathways of the laser beam to the plan of
the particles where it forms the circular trap. This is supported by synchronous deviations of the
contemporaneous measured green and red data curves. One can get rid of this experimental error
by normalizing the single particle velocities (green curve) with the 2-particle cluster velocities (red
curve) of the same measurement. This was done in figure 3.14. The black squares in figure 3.14
are the red data points divided by the green curve of figure 3.13. For comparison, we did the
same with the non-correlated data of figure 3.13 by dividing the black and red data points, which
resulted in the red circles of figure 3.14. The comparison of these two normalized curves shows
that at least the peak by a sawtooth amplitude of 300mV is due to the described error.
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Figure 3.12. Image sequence of three counter-clockwise driven silica beads in a circular laser trap. The
laser trap is modulated along the circle to create a sawtooth potential with six potential wells for the
particles. The potential wells are deep in comparison with Brownian activation energies. The beads are
kept, as before, at 40 µm above a glass substrate in ethanol. The time sequence is from image (a) to (h).
The images were taken at times t = 0ms, 2080ms, 4000ms, 5760ms, 9400ms, 10640ms, 12040ms. See
the enclosed CD for the corresponding film.
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Figure 3.13. Experimental angular velocities of 2-particle clusters (red circles) and of the single particle
(green triangles) from three particle measurements in a circular, modulated laser trap. For comparison
the data of a single, driven particle (black squares) is shown. The trap creates a sawtooth potential for
the particles along the circle line. The amplitude of this sawtooth, i.e. its depth, is varied on the x-axis
in units of the voltage reading on the electro-optical modulator control.

The other experimental error was already considered in section 2.3. We know from this section
that there are intensity variations along the light channel due to a misalignment between the cell,
the immersion objective, and the laser beam. But, in this section, we additionally modulated the
intensity to create a sawtooth potential along the light channel. All experiments presented here
were carried out the same day without significant changes to the beam path. Hence, the intensity
deviations due to laser misalignment should be the same for all measurements. In contrast to
the first experimental error, these deviations do not change through lateral movements of the cell.
This, and the fact that the modulations add multiplicative to the accidental intensity disturbances
described in section 2.3, explains why we are able to measure quantitatively the dependence of the
mean particle velocities from the intensity modulation amplitude. For comparison with theory,
we can attribute the accidental laser intensity variations along the circle to a not perfectly smooth
driving, yet, with a precise mean value. Thus, as we will see, our system can still easily be
described by constant driving force added upon a sawtooth potential of different depths.
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Figure 3.14. Ratios of angular velocities. The single particle data from the one- and three-particle
measurements divided by the 2-particle cluster velocities (see figure 3.13). The black squares use the one
particle measurement and the red circles the three-particle data.
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Figure 3.15. Potential used by Stark’s solution of the Smoluchowski equation for a driven particle in a
sawtooth potential. It is parameterized by the driving force k, the accelerating force ks1 and the braking
force ks2 of the sawtooth. L is the length of one sawtooth. L1 and L2 scale the segments where the
accelerating and braking forces set in.

5.3.2 Theoretical predictions

Stimulated by the above-presented results, Holger Stark and Michael Reichert from the University
of Konstanz developed a theoretical prediction for our experiments. As a first step, Stark solved
the Smoluchowski equation (see eq. 2.18 of chapter 4) for a single, driven particle in a sawtooth
potential. He described the driving force and the sawtooth potential by the three constant forces
k, ks1, ks2, as shown in figure 3.15. Stark found an average velocity of the particle 〈v〉 normalized
by the particle velocity without the sawtooth potential v0:

〈v〉
v0

=

[
1 +

q2

(1− q)[1− (1− q)δ]
×
(

δ − 1

C

1− e−(1−q)δC

(1− q)[1− (1− q)δ]

)]−1

(3.3)

v0 = v(q = 0) =
k

γ
velocity without sawtooth potential

γ = friction coefficient of particle

q =
ks2

k
measure for amplitude of sawtooth

δ =
L2

L
measure for asymmetry of sawtooth

C =
k L

kBT
dissipated energy per sawtooth in units of kBT

Since the potential depth of the sawtooth in the experiment is not known, we have to introduce
a fitting parameter Pfit to compare his theoretical prediction with our experimental data. The
breaking force ks2 of the sawtooth is experimentally adjusted by the laser intensity variation
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∆I from top to bottom of a sawtooth. According to Ashkin [Ash70, AD87, Ash92], the force
on a particle due to this intensity variation should depend linearly on the intensity change, i.e.
ks2 = Pfit ∆I. Therefore, the experimental amplitudes ∆I we used as x-coordinates in figures 3.13,

3.14 are correlated to the normalized sawtooth potential depth q of equation 3.3 by q =
Pfit·∆I

k
.

In figure 3.16 we compare equation 3.3 with our one-particle measurements for different saw-
tooth potential depths. Pfit is the only fitting parameter. Although, for δ = L2

L
we had to make

an assumption, because the real sawtooth in the experiment will, related to the final size of the
laser focus, deviate from the theoretical sawtooth (δ ≈ 0). Since our focus is very small (about
0.8µm), the deviation will be small (q.v. section 4.26). δ ≈ 0.1 should be a good approximation.
All the other parameters (L, vo, k, C) are known from the experiment.

C is the energy dissipated on the length L relative to the thermal energy kBT . It is linked
to the conventional Peclet number Pe = k a/kBT = aC/L (see section 1.2.2). Since C � 1 in
our case, one might naively expect a purely deterministic motion. In general, however, the type
of motion depends on the value q = kS2/k which serves as a measure for the amplitude of the
sawtooth potential. For q < 1 the motion is indeed purely deterministic and determined by the
first term in equation (3.3). At q = 1, it becomes stochastic since the particle experiences no
force (k + kS2 = 0) in the second segment of the potential and therefore just diffuses around until
it enters the drift motion on the first segment. At q > 1 it even experiences a potential barrier
which gives rise to a stick-slip motion.

We find in figure 3.16 an astonishingly good agreement between theory and experiment. This
emphasizes that the simple model, which led to equation 3.3, is a valid description of our exper-
imental situation. This is surprising, because we will have, as already mentioned, a smeared out
potential (q.v. section 2.3) in our experiments, and, we will not have a completely constant driving
force k, since we drive the particles with the same laser beam that is modulated to construct the
sawtooth potential. In section 4.26 we will calculate this driving force and measure the sawtooth
potential in our experiment. As we will see there, it is indeed a good approximation to consider
the driving force constant along the circle in our experiments. From the sawtooth potential based
on our data, we can extract the functional form of a realistic potential for our experiments. Com-
parison of computer simulations for the ’perfect’ sawtooth potential used in equation 3.3 and for
the experimental gained potential are also in qualitatively good agreement (see figure 3.17).

Stark also calculated numerically, in the same model, the solution of the Smoluchowski equation
for the 2-particle cluster on the circle. The hydrodynamic effects were taken into account on a
Rotne-Prager level (see eq.2.26 in chapter 4). The result is shown in figure 3.17 (blue-dotted
and blue-broken line). The different starting points for these two curves at q = 0 are due to
the different initial distances of the two particles (3 and 4 particle radii center-to-center distance
respectively). Since Stark did not consider any Brownian motion, the motion of the particles in
his model is deterministic, i.e. the initial equilibrium distance does not change over time without
the sawtooth potential (q = 0). For smaller initial particle distances, the hydrodynamic draft
and, therefore, the 2-particle cluster velocity increases. For q > 1 the mean velocity is governed
by the potential wells of the sawteeth; the motion gets independent of the initial conditions, i.e.
both curves merge into one in figure 3.17. The theoretical predictions are in the range of the
experimental data points.

Michael Reichert produced additional computer simulations which take also into account the
Brownian motion (Temperature T = 300K), hydrodynamic effects (Rotne-Prager), and the elec-
trostatic Yukawa-potential (Debye-length=300nm, 8000 charges per particle) between the parti-
cles. The simulations were done for the ’perfect’ sawtooth potential (δ = L2/L = 0.1) of Starks’
analytical theory and for the fitted potential from our measurements (for details see section 4.26).
The results are shown as dark grey curves with open symbols in figure 3.17. The simulations for
the sharp angle potential of figure 3.15 and the experimental potentials, like that of figure 4.25,
are equal up to q = 1. For q > 1, the 2-particle cluster can still move in the smeared-out ex-
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Figure 3.16. Comparison between the experimental mean velocity of a single particle (black squares)
for different potential depths and the equation 3.3 (blue line). Parameters used: v0 = 7.24µm/sec, k =
(γ · v0) = 245fN, δ = (L2/L) = 0.108, L2 = 1µm, L = 10.3µm, C = (k · L/kBT ) = 610.5. ks2 was
fitted by Pfit ·∆I. ∆I is here the intensity variation in the sawtooth potential, according to the function
generator reading of the sawtooth potential depth in mV (see figure 3.13).

perimental potentials, because it is shallower, while its motion in the ’perfect’ sawtooth potential
would already have been stopped. This explains why the experimentally determined 2-particle
cluster velocities remain still high for q > 1.1.
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Figure 3.17. Experimental data for single particle (black squares, green triangles) and 2-particle cluster
(red circles) velocities of figure 3.13. Blue curves: Theoretical predictions of single particle (solid line)
and 2-particle cluster (dotted and broken line) motion by H. Stark. The dotted and broken line belong
to different initial 2-particle distances (3 and 4 radii). Dark grey curves: Computer simulations of
[LRSB05]. The open squares are simulation of 2-particle cluster in the sawtooth potential of figure 3.15.
The open circles are results for the 2-particle cluster in the experimentally determined potential of our
measurements (for details see section 4.26). The triangles simulate the motion of a single particle in the
experimental potential.
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5.3.3 Qualitative explanation

In the previous section we discussed the experimental mean velocity 〈v〉 of a single particle in
comparison to that of a 2-particle cluster. The particles were driven through sawtooth potentials
of different depth. We found that the 2-particle cluster was always faster than a single particle.
But, the most surprising result was that the 2-particle cluster speed seemed almost not influenced
by the sawtooth potential. While the single particle soon stops its motion when the sawtooth
potential becomes deep enough to form potential wells for the driven particles (q > 1), the 2-
particle cluster still moves with the same speed as though there were no sawtooth potential. This
behavior was confirmed by the calculations of Stark and Reichert. In this section we will try to
give a brief graphic explanation of the 2-particle cluster motion.

From section 5.2, we know that the 2-particle motion is favored because of the hydrodynamic
draft the first particle in the cluster creates for the second particle. The second particle, instead,
can push the first particle due to the electrostatic or hydrodynamic repulsion.

The interplay between the hydrodynamic flow field and the electrostatic repulsion is schemat-
ically drawn in the top left of figure 3.18 (Top). Assume particle ’2’ ( fig. (a)) drifts into a
potential well which is already occupied by particle ’1’. Due to a combined effect of electrostatic
repulsion and HI particle ’2’ will push particle ’1’ over the barrier (fig. (b)). This in turn causes a
hydrodynamic drag exerted of particle ’1’ onto particle ’2’ (fig. (c)) which facilitates the motion
of particle ’2’ across the barrier (fig. (d)). The motion sequence just described is reminiscent to
that of a caterpillar which first stretches out, adheres at the front, and then bends the tail towards
the head. Indeed, we see in films of our experiment this reptant (caterpillar-like) motion of the
2-particle cluster in the sawtooth potential, while, the particles without sawtooth potential stay
almost always at the same distance. Once such a mode is initiated (e.g. by a thermal fluctuation),
the outlined motion may last over several periods L until the particles become trapped in separate
potential minima. Then, the motion stops until the situation described in fig. (a) is initiated by
a spontaneous jump of a single particle.

The collaboration of the electrostatics and the hydrodynamics have a similar effect as one
would expect when the two particles would be connected by a spring (see top of figure 3.18).
When the first particle slows down the spring gets compressed. The increasing load of the spring
pushes the first particle over the barrier. The first particle then speeds up and the spring is
stretched until the force gets large enough to pull the second particle also over the potential
barrier. Wang et al. [WB04] calculated the effective potential of a driven 2-particle cluster with
the particles connected by a spring in an asymmetric, sawtooth-like potential. We find their
results in the bottom of figure 3.18. U(x) (solid line) is the potential for a single particle in
sawtooth-like potential (without driving). The broken lines are the effective potentials for the two
particles–connected by a spring for different spring constants. The harder the spring, the more
the 2-particles behave as a single particle and the effective potential approaches the single particle
potential U(x). Because of the interaction of the two particles by the spring, the potential barriers
are lower for the 2-particle clusters than for the single particle. The 2-particle cluster will still
move, while the single particle has already stopped.

This explanation of the enhanced cluster velocities due to HI is confirmed by the simulations
of figure 3.19 [LRSB05]. The red and the black curves are again the experimental data for the
2-particle cluster and single particle velocities as shown in figure 3.17. The open symbols are
simulations with (squares) and without (triangles) HI taken into account. The average cluster
velocities without HI are always below the corresponding curve including HI. For q >= 1 and
without HI, the two-cluster motion consists of events where the second particle moves down the
shallow flank of the tilted sawtooth potential and pushes the first particle over the potential
barrier which stops the collective motion since the drag due to HI is missing. Then another
thermal activation is necessary to induce the motion again.
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Figure 3.18. Top: Sketch of the motion sequence of a cluster comprised of two particles. Due to
HI and electrostatic repulsion a caterpillar-like motion is observed which facilitates the surmounting of
potential barriers. Bottom: Effective potentials from Langevin simulation in the center of mass frame
of two driven, spring-coupled particles in asymmetric sawtooth-like potential. k indicates here the spring
constant. U(x) (solid line) is the potential of a single particle. The broken lines indicate results for
springs with different spring constants.
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Figure 3.19. Two-particle-cluster velocities from experiment (red circles) and numerical simulations
including HI (grey, open squares) and without HI (grey, open triangles) [LRSB05]. For comparison, the
experimental data for a single particle (black squares) is replotted.
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5.4 The light potential and the driving force

So far, we described the results of our measurements by a constant driving force and a static
sawtooth potential (q.v. figure 4.20). It seems a reasonable assumption, considering the fairly good
agreement of the experimental results and theoretic predictions using the same model concept.
But, we do not actually have a static sawtooth potential, since we are creating the sawtooth
potential by modulating the intensity in the focus of a laser beam which is scanned along a
circular line by galvometric mirrors. Furthermore, the motion of the particle is not driven by an
additional scanned laser beam, but by the same laser beam that creates the sawtooth potential.
According to Faucheux [FSL95] and Tlusty [TMBZ98], the mean driving force that is exerted
on a particle by a repeatedly passing laser beam is approximately proportional to the intensity
squared. While in section 5.2 we did not vary the intensity along the circle (and therefore we had
a constant driving force), we now modulate it. Consequently, the driving force in our experiment
cannot be constant over the circle!

In this section, we justify why the model concept of figure 4.20 still describes so well our
experimental system. Does the particle see a static sawtooth potential? What driving force does
it experience, when not a constant? If we have again a quasi-static light potential as in section
5.2, how does it look like? We will first calculate the static light potential based on parameters
of the experiment, like the laser intensity, its focal size, etc... Then, we will demonstrate that
we can extract almost completely from our experimental data the form and depth of the effective
potential for a single particle. We will compare the calculated expected potential and the extracted
experimental potential. From this comparison we can decide how good our assumption is of a
static sawtooth potential. In a next step, we will calculate, how the driving force in our experiment
really looks like. Again, we will compare it to our model concept of a constant driving force.
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(a) (b)

(c)

Figure 4.20. Model concept used to explain so far our data. The grey spheres represent the three
particles of our measurements.(a) Static sawtooth potential created by laser light along a circular line
for two different amplitudes. (b) Constant driving force in its potential form. (c) The expected light
potential for the driven particle (fig. (a) plus fig. (b)).
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5.4.1 Calculation of the experimental sawtooth potential

To calculate the shape and the depth of our experimental sawtooth potential, we first have to
know the mean laser intensity in the focus.

In our experiment, we measure the laser intensity behind the imaging microscope objective
with a photodiode. Considering the intensity loss through the objective, we have as a rough
approximation 120mW laser power in the focus of laser beam. We presented already another
more precise method to determine the laser intensity of our focus in section 2.1. There, we
derived the laser focus intensity from the mean velocity vP of a single driven particle on the circle
following Faucheux’s and Tlusty’s argumentation [FSL95, TMBZ98]. Hence, for the experimental
parameters of this chapter, we found the laser power P =210mW.

We will now calculate the sawtooth potential from the laser field with the two above estimated
laser powers. We suppose the potential to be static for the particles and, therefore, to be created
by a summation of Gaussian single traps at each point along the circle. Since we are only interested
in the potential shape along the circle line and the focus of the laser, we limit ourselves to one
dimensional considerations. That is to say, we suppose that the intensity density along the beam
propagation direction z, and the direction y, perpendicular to the circle line, can be treated as
constant and limited to a distance in size of the beam waist. In this way we substitute the volume
of the particle by a cylinder with a ground plain of π · (ω0/2)2. This should be an acceptable
approximation, since we have a strongly converging beam with a focus much smaller than the
particle. Other conditions we have to fulfill in our experiment, so that the following calculus is
valid, are that the curvature of the circle has no influence on the potential ( R � a), and, the
beam waist ω0 is much smaller than the length of a potential period L, i.e. a sawtooth. These
conditions are met in our experiments. Using the symmetry of the laser modulation along the
circle, the one-dimensional energy density distribution of the laser light along the circular line
I(x) can be determined as [Eic02]:

I(x) =
P · (∆t/1 sec) · θ

c · π · (ω0/2)2

nmax∑
n=−nmax

∫ L

0

dξ M(ξ)e−(x−ξ−nL)2/2ω2
0 (4.4)

P := Laser power in the plain of the particles

(∆t/1 sec) = Part of one second the laser is situated over the particle

θ · 100 := Percentage of the intensity modulation around the mean intensity

nmax := number of periods used for intensity calculation in the period n with x ∈ [nL, n + 1L]

ξ := coordinate of the beam center on the circle

M(ξ) := Intensity modulation function ( sawtooth ) with M(ξ) ∈ [−1, 1] and M(ξ + L) = M(ξ)

In our measurements ∆t was about 70ms. From measurements of the single particle velocity
for the unmodulated maximal and minimal intensity used later on in the creation of the sawtooth
potential, together with equation 1.2 in chapter 2, we know that θ · 100 were maximal at about
±12.5% in our experiments. Following again Tlusty’s argumentation [TMBZ98], we get the light
potential Usaw(x) for our particles in units of kBT , by integrating the laser energy distribution
I(x) over the particle diameter 2R:

Usaw(x) ≈ −α · π · (ω0/2)2

kBT

∫ x+R

x−R

dx′I(x′) (4.5)

Figures 4.21 and 4.22(a) show example calculations of the sawtooth potential Usaw(x) with a
sawtooth amplitude of q = 1.2 (see section 5.3.2). The two solid curves in figure 4.21 are the
expected energy density distribution along our laser circle for the two different values of the in-
focus laser power (P = 120/210mW), we found above. The broken line shows, for comparison
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Figure 4.21. Expected energy density variation distributions ∆I(x), according equation 4.4 for the six
sawteeth along the circular line in the experiments accordingly for a laser power P of 120mW or 210mW
(green and blue solid line). The red horizontal line emphasizes that we modulate around a mean intensity
density in experiment which is distracted from these curves. The modulation amplitude is equal to q = 1.2
( see section 5.3.2). The broken line shows for comparison the theoretical energy density distribution
for an infinitesimal small laser focus; in contrast to a finite focus it exhibits sharp edges. The deviating
potential depths are due to the two different ways of determining the in-focus laser power P (see text).

reasons, the theoretical energy density distribution for an infinitesimal small laser focus. Figure
4.22 (a) gives the predicted potentials from the energy density distributions I(x) of figure 4.21.
Since we modulated the intensity around the intensity without sawtooth, the mean intensity for
all experiments were the same. This mean intensity was subtracted in the figures 4.21 and 4.22(a),
because it does not change the form of the intensity modulation along the circle. The large mean
intensity is responsible for the speed of drift motion of a single driven particle in the experiment.
Figure 4.22 (b) is the complete theoretical sawtooth potential for q = 1.2 in our experiment,
including the driving force.

Now we have to find a way to extract the ’real’ experimental potential from our data, if we
want to resolve, from comparison with the theory, whether a static light potential ring is or is not
a good description for our experiments.
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(a)

(b)

Figure 4.22. (a) Predicted sawtooth potential from energy density variation distributions ∆I(x) from
figure 4.21. The black dotted line is for P = 120mW and the solid line for P = 210mW. The vertical
black line signs the ending and starting point of the circle in experiment. (b) Potentials of figure (a)
plus the mean driving force times x (graphic detail).
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5.4.2 Experimental determination of the sawtooth potential

Indeed, there is a way how we can extract, in good approximation, the ’real’ light potential
for a single particle on the circle. If we neglect the Brownian motion, we can gain from the
experimental single particle trajectories (see figure 4.23(a)) the velocity of the particle at each
point on the circle v(x) (see figure 4.23(b)). The blue solid line in figure 4.23(b) is a qualitative
drawing of the expected form of the velocity distribution of a single, driven particle in a sawtooth
potential. The drawing neglects the Brownian motion and supposes a driving force strong enough
so that the particle does not remain in the potential minima. In the presented experimental data
of figure 4.23(b), instead, the particle sometimes remains stuck in the potential minima leading
to the velocity fluctuation around v(x) = 0. The black dotted vertical lines give the start and the
end point of the experimental circle. The deviations between the hight of the first three velocity
’peaks’ to the following three on a single circle are due to the already earlier-mentioned intensity
variation on the circle. This effect was corrected before the potential fit of figure 4.25.

The force F (x) on the particle in the solvent at each point on the circle is then the same as
that of a driven sphere of radius a, given by 6πηav(x). If we integrate F (x) over the particle
trajectory, we get the energy transferred to the colloidal system by the driving force and the
sawtooth potential along the trajectory of the particle V0(x) =

∫ x

0
F (x′)dx′ ( see figure 4.24 (a)).

To compare this result with our theoretical prediction for a static light potential, we subtract from
the experimental potential the mean driving force of the experiment −6πηa vP . As we can see
in the example of figure 4.24 (b), the theoretically predicted sawtooth potentials do not coincide
with the curve from the experiment (black squares) at first glance. However, when we blow them
up to a potential depth of 100kBT (red solid line), they fall almost perfectly on the experimentally
extracted data. The theoretical prediction is especially suiting if we recall that the experimental
data in figure 4.24 represent a not-averaged curve, but the result of a single trajectory, and its
quality is lowered by the ’noise’ of the Brownian motion.

From that, we can conclude that our theory does not predict perfectly the depth of the sawtooth
potential. But, this is not astonishing, since we had to make an assumption about the in-focal
intensity. For the prediction (green line) based on the intensity measurement after the microscope
objectives, we had to speculate about the loss of intensity due to optical setup. For the prediction
(blue line) connected with the mean particle velocity vP , we considered the single trap potential
as a triangular potential, which is described by the parameters X0, VFocus. We chose the width of
the potential 2X0 as large as the beam waist, but this is a rather rough assumption. Choosing
another width, we would get a different VFocus and a better agreement in the potential depth.
Considering these facts, the prediction is, actually, surprisingly good.

But, the important message from this comparison is the coincidence of the form of the exper-
imental curve with the theoretical predicted for a static sawtooth potential. Our simple model
of a static sawtooth potential with a constant driving force describes very well our experimental
realization. In spite of both the driving force and the sawtooth potential being created by a single
rotating laser trap, the particle in the experiment behaves as if there would be a static sawtooth
potential and an independent, constant driving force.

To get a functional form, we fitted the experimental extracted sawtooth potential from figure
4.25 with the sawtooth-like function A1 · (sin(2 · π (x− C)/L)) + A2 · (sin(4 · π (x− C)/L)) + G,
with L=10.33µm and C, G, A1, A2 as fitting parameter. This fit was used for the computer
simulations of Michael Reichert, which we presented earlier in section 5.3.2 (q.v. figure 3.17).
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(a)

(b)

Figure 4.23. (a) Example of an experimental single particle trajectory for a sawtooth potential am-
plitude of 1075mV ( q = 1.1 ) (q.v.figure 3.13). The angular position of the particle on the circle is
shown versus time. (b) The velocity distribution v(x) of the particle on the circle line x based on the
trajectory of (a). Each point of v(x) is determined as the mean velocity of the particle in a time interval
of five video frames (200ms) with x being the mean particle position in the time interval. The blue solid
line is a qualitative drawing of the expected form of the velocity distribution for a driven particle in a
sawtooth potential with the same scaling as in our experiment. The deviations to the experiment are
due to the neglecting of the Brownian motion and the assumption of a strong enough driving force, so
that the particle does not remain stuck in the potential minima in the drawing.
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(a)

(b)

Figure 4.24. (a) Numerical integral of the velocity distribution v(x) of figure 4.23 V0(x) =
∫ x
0 F (x′)dx′

with F (x) = 6πηav(x). (b) Data of figure (a) minus a fitted, constant driving force −6πηa vP . vP is the
mean particle velocity (black squares). Theoretical predicted static sawtooth potentials: Prediction with
120mW in-focus laser power P from intensity measurement(green solid line). Prediction with 210mW
in-focus laser power P from mean-particle velocity vP (blue solid line). The same theoretical prediction
with the depth adapted (red solid line).
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Figure 4.25. The experimental extracted sawtooth potential of figure 4.24 (black squares.) The blue
solid line is a fit to the potential. The fit was used for the computer simulations of M. Reichert in figure
3.17.
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5.4.3 Calculation of the experimental driving force

In the previous section we tested successfully that our experiments can be described by a static
sawtooth potential and a constant driving force. Therefore, we could stop here our considerations,
if there would not still remain an open question. From the combination of equations 1.2 and 1.3
(chapter 2) we would expect the driving force FDriv(x) to be proportional to the intensity I
squared, FDriv(x) ∝ v(x) ∝ I2(x). But, since we are driving our system with the same laser trap
that we used to create the–for the particles–static sawtooth potential, the intensity, and therefore
the driving force, should vary along the circular line. In this section we will try to calculate the the
real, i.e. the not constant driving force of our experiment to find out why it seems not to disturb
our model imagination of a constant driving force. For this reason, we will extent the equation
1.2 by modulation function M(ξ) of equation 4.4. From earlier-mentioned velocity measurements
without sawtooth potential for the highest and lowest intensity used in the experiments, we know
that the intensity varies at most ±12.5%. So we get instead of equation 1.2, now with the mean
potential depth 〈VFocus〉:

FDriv(x) ≈ 6πηav(x) ≈ 1

νT

1

(2πR)2
2 · 1

X0

[0.125 ·M(x) · 〈VFocus〉+ 〈VFocus〉]2

6πηa
(4.6)

Figure 4.26 shows the contribution of the ’real’ driving force, FDriv(x), to the energy that is
transferred to the particle-solvent system (

∫ x

0
FDriv(x

′)dx′). The red line would be the contribution
of the constant driving force we used so far in our theoretical model, i.e. FDriv ·x. We see that the
effect of the ’real’ driving force should be very close to that of a constant force; this is why our
earlier model works so well. The reason is that we modulate the laser intensity of the single trap
only with a small amplitude in comparison to its mean value. But it is its mean value which does
the driving. If we subtract from the expected ’real’ driving the so far supposed constant driving,
we get the error we did not consider in the identification of the static light potential (q.v. figure
4.24).

Owing to the substraction, we get the blue dashed line in figure 4.27. This ’error’ in the
potential adds to the static sawtooth potential we calculated earlier. Remember, the equations
which led to the predictions of static sawtooth potential in figure 4.24(b) are independent of the
considerations of this section. At this point, if we add the calculated static sawtooth potential
with a chosen depth of 60kBT (black-dashed line) to the ’potential distortion’ of the non-constant
driving, we get the blue solid curve in figure 4.27. The blue curve describes also very well the
experimental potential (black squares), i.e. the not-constant driving has almost no effect on the
asymmetry of the static sawtooth potential. It just changes the potential depth. The red curve in
figure 4.27–the same as in figure 4.24(b)–is the 100kBT deep static sawtooth potential, predicted
from our earlier comparison between experiment and the constant driving model.

This section gave us a second, more complex model for the sawtooth potential and the driving
force in our measurements which better compares to our experimental realization. The depth of
the sawtooth potential we need in this model to explain our experimental deduced potential is
even closer to our earlier estimated depths (q. v. figure 4.24(b)). But, we also showed that our
results can be described sufficiently well, if we rely upon the simpler model of a constant driving
force, which was used in the previous sections of this chapter.

In this chapter we have used a colloidal model system to study driven, non-equilibrium dynam-
ics. In smooth channels we have found an interesting dynamic steady-state (limit cycle), while
in structured channels we have discovered a caterpillar-like motion which helps particle cluster to
surmount potential barriers.
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Figure 4.26. Influence of the calculated, ’real’ driving force FDriv(x) of our experiment onto the single
particle potential (black line). In comparison, the red line is the effect of the constant driving force in
our earlier, simpler model.
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Figure 4.27. Comparison of an experimental deduced sawtooth potential (black squares) with the
predictions of the constant driving force model (red solid line) and of the model of this section, which
takes into account the varying driving force in our experiments (blue solid line). The blue lined potential
consists of a static sawtooth potential of depth 60KBT (black dashed line) and the ’potential distortion’
owed to the non-constant driving (blue dashed line).



Conclusion

In this thesis we employed colloidal suspensions to study the structure and the dynamics of one-
dimensional systems in and out of thermal equilibrium.

In chapter 3, we have presented a new and very effective method of evaluating the pair dis-
tribution function in order to gain the particle pair-potential in a system. The derivation of
the pair-potential did not imply any theoretical approximations which are necessary for theories
in higher-dimensional systems. Approaches like Ornstein-Zernike can lead even to false results,
although knowing the complete experimentally determined pair-distribution function. For the
method we applied, it is enough to know a small part of the pair-distribution function to predict
precisely both the pair-potential and the entire equation of state.

In chapter 4, we investigated the diffusive behavior of particles in a single-file channel. Our
data reproduced the known square-root dependence of the mean-square displacement in time.
Yet, we obtained the first experimental results that resolve the complete transition between initial
normal diffusion and single-file diffusion. Only on the basis of these results we were able to apply
an analytical theory that can make not only qualitative, but also quantitative predictions on the
long-time particle mobilities in single-file systems –in comparison to all previous approaches. We
revealed with the help of this new theory the dependence of single-file mobilities on short-time
density fluctuations, and demonstrated the validity of the theory even for very small particle
systems. Due to our experiments, it is now possible to determine the long-time particle mobilities
in single-file systems from short-time measurements.

With the presentation of a thermal ratchet in the beginning of chapter 5, we established the
ability to structure our channels in closer resemblance to real atomic or molecular structures and
to study non-equilibrium systems. In the following sections 5.2 and 5.3, we examined two other
systems out of thermal equilibrium. First, we moved particles along a smooth channel with a
constant driving force by means of a rotating single optical trap. For three particles, we found an
interesting steady-state where the two-particle cluster motion was enhanced due to hydrodynamic
interactions. This was the first experimental demonstration of the previously predicted limit cycle.
Then, we produced a corrugated channel by modulating the intensity along our circular light
channel to form a sawtooth potential. In these structured channels, instead, we discovered and
explained a dynamic effect which diminishes high potential barriers and induces a caterpillar-like
motion of paired particles. This effect could be significant to explain recent in vivo experiments on
biological motors. Their results demonstrate that the speed of coupled motor proteins is increased
compared to the speed of a single motor [KKS+05].

Our experiments confirmed the value of colloidal suspensions as model systems, not only for
structural analysis, but especially for the investigation of diffusive or driven particle dynamics.





Outlook

Future experimental work on single-file systems will go in the direction of a more precise imitation
of biological and atomic channels. New theoretical results [TM05] propose that the single-file
diffusion remains still proportional to the square-root of time

√
t for (sinusoidal) corrugated chan-

nels, but with new dependencies of the single-file mobilities on temperature, density, viscosity. In
case of a driven single-file system, these new results predict a maximum in the mobility related to
the driving force.

We used only smooth, static walls for the single-file diffusion experiments in this work. In
atomic systems, the wall particles move due to thermal lattice vibrations. Hence, one can think of
creating channels not exclusively by light potentials, but also by walls consisting of real particles.
This gives the opportunity to study the possible influence of thermal lattice vibrations (phonons)
on the particle transport [KC01]. Measurements aimed at uncovering the contribution of lattice
vibrations are carried out at the moment in our research group. In these experiments, the con-
finements for a one-dimensional colloidal system consist of rows of particles, each trapped in a
laser focus. A single laser beam is deflected with an acousto-optical deflector (AOD) to form these
lines of optical traps. The deflection angle of the laser can be changed much faster with an AOD
than with the galvanometric mirrors used in this study, thus permitting the creation of larger,
well-defined structures. Moreover, the depth of trap potentials is chosen to still allow the particles
fluctuations due to the Brownian motion. The distance between the wall particles is so small
that the particles can feel the vibrations of their neighbors and particle density fluctuations can
propagate along the walls. Initial experiments in such systems have already provided promising
results.

A new research field, which could be studied extremely well with colloidal particles, is the
inquiry of the relations between microscopic dynamics and the macroscopic results of equilibrium
thermodynamics [Sek98].
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[PHW+92] T. Palberg, W. Härtl, U. Wittig, H. Versmold, M. Würth, and E. Simnacher. Con-
tinuous deionization of latex suspensions. J. Phys. Chem., 96:8180, 1992.

[Poz92] C. Pozrikidis. Boundary Integral and Singularity Methods for Linearized Viscous
Flow. Cambridge University Press, New York, 1992.

[RA03a] Harikrishnan Ramanan and Scott M. Auerbach. Modeling jump diffusion in zeolites:
I. principles and methods, 2003.

[RA03b] Harikrishnan Ramanan and Scott M. Auerbach. Modeling jump diffusion in zeolites:
II. applications, 2003.

[RBL98] D. Rudhardt, C. Bechinger, and P. Leiderer. Direct measurement of depletion forces
in mixtures of colloids and non-ionic polymers. Phys. Rev. Lett., 81:1330–1333, 1998.

[Rei02] Peter Reimann. Brownian motors: noisy transport far from equilibrium. Phys. rep.,
361(2-4):57 – 265, 2002.

[RG05] Renata Retkute and James P. Gleeson. Dynamics of two coupled particles:comparison
of lennard-jones and spring forces, 2005.

[Rou53] P. E. Rouse. A theory of the linear viscoelastic properties of dilute solutions of coiling
polymers. J. Chem. Phys., 21:1272–1280, 1953.

[RP69] Jens Rotne and Stephen Prager. Variational treatment of hydrodynamic interaction
in polymers. J. Chem. Phys., 50(11):4831–4837, 1969.

[RS04] Michael Reichert and Holger Stark. Circling particles and drafting in optical vortices.
J. Phys.: Condens.Matter, 16:S4085–S4094, 2004.

[RSLV+01] J. Ren, S. Song, A. Lopez-Valdivieso, J. Shen, and S. Lu. Dispersion of silica fines
in water-ethanol suspensions. Journal of colloid and interface science, 238:279–284,
2001.

[Rud99] Daniel Rudhardt. Kolloide Teilchen in der Nähe einer Wand. Dissertation, Konstanz,
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Appendix A

Solution of the diffusion equation

The following solution of the diffusion equation for an extended initial distributions (including the
figures) is taken from reference [Cra86], p.11-14.

Plane source

It is easy to see by differentiation that

c =
A

t1/2
exp(−x2/4t), (0.1)

where c is the concentration and A is an arbitrary constant, is a solution of

∂c

∂t
= D

∂2c

∂x2
(0.2)

which is the equation for diffusion in one dimension when D is constant. The expression (0.1) is
symmetrical with respect to x = 0, tends to zero as x approaches infinity positively or negatively
for t > 0, and for t = 0 it vanishes everywhere except at x = 0, where it becomes infinite. The
total amount of substance M diffusing in a cylinder of infinite length and unit cross-section is
given by

M =

∫ ∞

−∞
c dx, (0.3)

and if the concentration distribution is that of expression (0.1) we see, on writing

x2/4Dt = ξ2, dx = 2(Dt)1/2 dξ (0.4)

that

M = 2AD1/2

∫ ∞

−∞
exp

(
−ξ2

)
dξ = 2A(πD)1/2 (0.5)

Expression (0.5) shows that the amount of substance diffusing remains constant and equal to the
amount originally deposited in the plane x = 0. Thus, on substituting for A from (0.5) in eqn
(0.1) we obtain

c =
M

2(πDt)1/2
exp(−x2/4Dt), (0.6)

and this is therefore the solution which describes the spreading by diffusion of an amount of
substance M deposited at time t = 0 in the plane x = 0. Fig. 0.1 shows typical distributions at
three successive times.
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Figure 0.1. Concentration-distance curves for an instantaneous plane source. Numbers on curves are
values of Dt

Extended initial distributions

So far we have considered only the case in which all the diffusing substance is concentrated initially
in a plane. More frequently in practice, however, the initial distribution occupies a finite region
and we have an initial state such as that defined by

c = c0, x < 0, c = 0, x > 0, t = 0. (0.7)

This is the initial distribution, for example, when a long column of clear water rests on a long
column of solution, or when two long metal bars are placed in contact end to end. The solution
to such a problem is readily deduced by considering the extended distribution to be composed
of an infinite number of line sources and by superposing the corresponding infinite number of
elementary solutions. With reference to Fig. 0.2, consider the diffusing substance in an element
of width δξ to be a line source of strength c0δξ. Then, from (0.6) the concentration at point P ,
distance ξ from the element, at time t is

c0δξ

2(πDt)1/2
exp(−ξ2/4Dt),

and the complete solution due to the initial distribution (0.7) is given by summing over successive
elements δξ, i.e. by

c(x, t) =
c0

2(πDt)1/2

∫ ∞

x

exp(−ξ2/4Dt) δξ =
c0

π1/2

∫ ∞

x/2
√

(Dt)

exp
(
−η2

)
dη, (0.8)

where η = ξ/2
√

Dt.
A standard mathematical function, of which extensive tables are available, is the error function,

usually written as erfz, where

erf z =
2

π1/2

∫ x

0

exp
(
−η2

)
dη (0.9)
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Figure 0.2. Extended initial distribution.

Figure 0.3. Concentration-distance curve for an extended source of infinite extent.

This function has the properties

erf(−z) = −erf z, erf(0) = 0, erf(∞) = 1, (0.10)

and hence, since

2

π1/2

∫ ∞

z

exp
(
−η2

)
dη =

2

π1/2

∫ ∞

0

exp
(
−η2

)
dη − 2

π1/2

∫ z

0

exp
(
−η2

)
dη

= 1− erf z = erfc z, (0.11)

where erfc is referred to as the error-function complement, the solution (0.8) of the diffusion
problem is usually written in the form

c(x, t) =
1

2
c0 erfc

(
x

2
√

Dt

)
. (0.12)

The form of the concentration distribution is shown in Fig. 0.3. It is clear from (0.12) that c = 1
2
c0

at x = 0 for all t > 0.
The error function therefore enters into the solution of a diffusion problem as a consequence of

summing the effect of a series of line sources, each yielding an exponential type of distribution.





Appendix B

Kärger’s vacancy derivation of SFD

Jörg Kärger [Kär92, Kär93] derivation of the long-time single-file behavior is once again a lattice
approach and, as in our previous description, will be valid only in the limit of high particle density
θ ≈ 1 and low vacancy occupation.
First we imagine only one vacancy in the system. Its motion is then correlated to the motion of
a tracer particle. P (m′, m′′, t) = P (m′,−m′′, t) is the conditional probability that a vacancy at
position m′ at the time t = 0 (see figure 0.1 for notation), is at position m′′ at time t . In this
respect, if a vacancy passes the tracer particle from left or right, the particle moves one lattice
site to the right and left respectively. The distance between two lattice sides is l.

From this we can express the mean-square displacement (MSD) of an arbitrary tracer particle
as:

〈
s2(t)

〉
= l2(1− θ)

∫ ∞

m′=0

∫ 0

m′′=−∞
[P (m′, m′′, t) + P (m′′, m′, t)] dm′dm′′ (0.1)

Here the integration should begin with s(t), instead of 0, to ensure that one includes only the
cases where a vacancy really passes the tracer particle. In our case however we assume that the
tracer particle does not move far from its original position s(t) ≈ s(t = 0) = 0. This is reasonable
because tracer diffusion is much slower than vacancy diffusion, especially for short times t. For
long times it is likely that a vacancies which passes s(t = 0) also passes s(t). This is the case when
we do not find any vacancies between s(t = 0) and s(t), i.e. for θ ≈ 1. Under these conditions a
vacancy always diffuses over the tracer particle at s(t) and moves it by one lattice site.
The double integral in equation 0.1 is an average of the squared displacement of the tracer particle.
It sums up the probabilities that a vacancy in time t covers a distance |m′ − m′′| in one or the
other direction over all possible end and starting points at time t and time t = 0 respectively. l2

is something like the result of each jump of a vacancy over the tracer particle. The term (1− θ)

Figure 0.1. Illustration of the correlation of vacancy and tracer particle motion
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is the probability of finding a vacancy at a starting point.
The movement of the vacancies can be described by the second Fickian law

∂P (m′, m′′, t)

∂t
= Dv

∂2P (m′, m′′, t)

∂2s
= −Dv

l2
∂

∂m′
∂

∂m′′P (m′, m′′, t) (0.2)

where Dv is the diffusion coefficient of a single vacancy. In the second step we used s = l ·m and
∂P
∂m′ = − ∂P

∂m′′ . If we differentiate equation 0.1 and apply equation 0.2 we find a simplified equation:

d 〈s2(t)〉
dt

= 2(1− θ)DvP (0, 0, t) (0.3)

In this relation we had to take into account only the integration limits m′ = m′′ = 0 because for
m′ or m′′ = ∞, P (m′, m′′, t) vanishes. That is, the probability of a vacancy running through an
infinite long trajectory in time t approaches zero.
The diffusion coefficient of a single, isolated vacancy can be expressed as

Dv,iso =
l2

2τ
(0.4)

where τ is the mean time for a vacancy to jump to the next lattice site.
In the case of more than one vacancy in the system, the mean vacancy jump width 〈lv〉 increases
from l to l

θ
because of

〈lv〉 = θ · l + (1− θ)θ · 2l + (1− θ)2θ · 3l + . . . =
l

θ
(0.5)

Here the first term is the probability of the vacancy jumping to the lattice site of a neighboring
particle. The second term is the probability that the first lattice site is empty and the second is
occupied where the jump width is now 2l and so on. This series can be interpreted as a geometric
series

1 + 2x + 3x2 + 4x3 =
1

(1− x)2
with x = (1− θ) (0.6)

In this way we have a final vacancy diffusion coefficient of Dv =
Dv,iso

θ2 . With the result of equation
0.3 and the expression for the probability density in normal diffusion

p(x) =
1√
2πσ

e−
(x−x)2

2σ2 or (0.7)

P (m′, m′′, t) =

[
l2

4πDvt

]1/2

e−
(lm′−lm′′)2

4Dvt (0.8)

we obtain the known
√

t-behavior for the MSD of the tracer particle

〈
s2(t)

〉
=

[
2

π

]1/2

l2
(1− θ)

θ

[
t

τ

]1/2

(0.9)

The same relation was found in different ways for jump diffusion in a lattice gas by different
authors [Fed78, ACG+84, BKK83].



Appendix C

CD-Content

• Chapter5:

– Animation Michael Reichert:
Animations of simulation results of Michael Reichert (see sections 5.2.1 and 5.3.2).

∗ With Sawtooth:

- simulation q 1.0 HI off.mpg
(Simulation without HI; sawtooth potential depth: q = 1.0)

- simulation q 1.0 HI on.mpg
(Simulation with HI; sawtooth potential depth: q = 1.0)

- simulation q 1.1 HI on.mpg
(Simulation with HI; sawtooth potential depth: q = 1.1)

∗ Without Sawtooth:

- limit-cycle-mechanism.mpg
(Particle dynamic without a sawtooth potential)

– Animation Optical Tweezer:

- AnimationCircleTweezer.avi
(Animation explaining radial confinement and constant driving force of the
circle optical trap used in chapter 5 (see section 2.1))

– Film with Sawtooth:

- Sawtooth q=1.1.avi
(Three particle dynamics with a sawtooth potential of depth q = 1.1 (see
sections 5.3.1 and 5.3.2))

– Film without Sawtooth:

- unmodulated.avi
(Three particle dynamics without a sawtooth potential (see section 5.2.2))

• DivX:

- DivX521XP2K.exe
(Software to play films recorded with DivX codec (for Windows XP/2000))
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