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Abstract. The polymer reference interaction site model
(PRISM) equations for the collective structure of macro-
molecular liquids are simplified using the Wiener–Hopf fac-
torization technique. This approach is expected to be useful
in systems exhibiting strongly different length scales. As an
application, melts and solutions of Gaussian flexible poly-
mers are considered. It is shown that PRISM theory in agree-
ment with experiments predicts liquid like packing for high
polymer concentrations and mean–field like scaling laws for
the dilute to semidilute crossover at theΘ–temperature. In
a systematic expansion the range of validity and the leading
corrections to the low density scaling law description are
calculated.

PACS: 21.25.hq

1. Introduction

Liquids consisting of macromolecules possess intra– and in-
termolecular correlations which are characterized by length
scales of greatly varying magnitude. Significant progress in
the theoretical understanding of, especially, the long–wave–
length phenomena has been made by the use of scaling,
Renormalization Group and self–consistent–field techniques
[1–4]. Lattice models also have been used to address dense
polymeric systems, which are dominated by short ranged
intermolecular interactions [5, 6]. Although of interest, it
has as yet been difficult to find an unified framework en-
compassing the various concentration ranges of polymeric
systems, dilute, semidilute, and concentrated solutions and
melts, which also provides reasonable results on microscopic
and macroscopic length scales.

Schweizer and Curro have introduced a liquid state the-
ory approach to the structure of polymeric fluids [7]. This
integral equation theory for macromolecules (PRISM) is an
extension to flexible polymers of the reference interaction
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site model (RISM) of Chandler and Andersen [8] for rigid
small molecules. Its applicability to dense, semiflexible poly-
mer melts has been verified e.g. by comparison with com-
puter simulations [9], and its value for the description of
chain polymer melts, melts of star polymers, blends, block
copolymer systems, nonuniform polymer liquids, and poly-
mer crystallization is reviewed in [10, 11].

In this paper, we show by an exact solution of the PRISM
integral equations for a simplified intramolecular structure
that PRISM qualitatively correctly describes the collective
structure at low and high densities at theΘ–temperature.
On the one hand, the intermolecular excluded volume in-
teractions screen long ranged intramolecular correlations in
melts and dense solutions, and small compressibilities result
[10, 11]. On the other hand, for lower densities the steric
interactions and macromolecular connectivity compete and
lead to enhanced collective density fluctuations correlated
over macroscopic length scales. PRISM correctly predicts
universal scaling laws for the dilute to semidilute crossover
close to the (tricritical)Θ–point [12, 13]. In this calculation,
we use forΘ–solutions, as holds for concentrated solutions
and melts, that the intramolecular structure on long length
scales is appropriately described by a Gaussian approxima-
tion [1, 5]. The present rigorous systematic expansion of the
PRISM integral equations extends the knowledge of the re-
lated “thread” and “string” PRISM approximations [14, 15]
as it allows to identify the range of validity of the scaling
law description and to calculate corrections.

Results from non–linear integral equations can be diffi-
cult to obtain, even numerically, if greatly varying length
scales are encountered; note that in the cases considered a
solution in the limit of divergent correlation lengths is as-
pired, which also rigorously enforces the excluded volume
constraint microscopically. Thereto, in Sect. 3 the RISM or
PRISM integral equations with the atomic mean spherical
approximation (MSA), listed in Sect. 2, are reformulated
using the Wiener–Hopf factorization introduced by Baxter
[16]. This section is kept general as the reformulation is
expected to be useful in further applications of PRISM the-
ory to systems which exhibit large separations of the rel-
evant length scales. It includes as special limits the hard
sphere mixtures studied by Baxter [16], the atomic systems
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of particles interacting with Coulombic and Yukawa poten-
tials treated by Høye et al. [17, 18], and the RISM treatment
of diatomic molecules of Morris and coworkers [19]. The
critical point properties of such integral equations have for
example been discussed for atomic one [20, 21] and two
[22, 23] component liquids, where divergent compressibili-
ties mathematically result from non–linearities introduced by
interatomic pair potential tails. Intramolecular correlations,
as present in RISM and PRISM equations, lead to similar
mathematical non–linearities as noted in [19]; there approx-
imations prevented a closer study. In Sect. 4 of this contri-
bution and in the appendix, a detailed analytical study of the
resulting macroscopic correlations for flexible Gaussian ho-
mopolymer systems is presented, and inter alia mean–field
like scaling laws are derived. The discussion in Sect. 5 sum-
marizes our findings.

2. The RISM integral equations

The reference interaction site model (RISM) equations of
Chandler and Andersen [8] are generalizations of the Orn-
stein–Zernicke equations of monoatomic [24] to molecu-
lar liquids. Starting from the intramolecular structure and
the intermolecular potentials,V ij(r), the collective liquid
structure is calculated. The intramolecular structure func-
tions shall be denoted by ˆωij(k), where the indicesi, j may
either label different species of molecules or sites on a sin-
gle macromolecule. Their diagonal elements approach the
self–scattering value for large wave vectors, ˆωij(k) → δi,j

for k →∞. For monoatomic particles, this results holds for
all k.

In order to extend the small rigid–molecule RISM equa-
tions to flexible macromolecules, Schweizer and Curro [7,
10, 11] have introduced the polymer RISM (PRISM) equa-
tions, where, in the most simple case, the sites are equivalent
and a macromolecule ofN segments can be characterized
by its (independently measurable) collective intramolecular
structure factor, ˆω(k) = 1

N

∑N
α,β=1 ω̂

αβ(k).
The partial structure factors of the macromolecular liq-

uid, which in principle are measurable by scattering experi-
ments, are determined by the intramolecular structure and the
site–site total intermolecular correlation function,ĥi,j(k):

Ŝ(k) = % ω̂(k) + % ĥ(k) % , (1)

where matrix notation is used and carets denote 3–dimension-
al Fourier transforms. The total correlation function,hij(r),
is connected to the intermolecular site–site radial distribu-
tion or pair correlation function,hij(r) = gij − 1. The diag-
onal matrix,%ij = δij%i, consists of the segmental densities,
%i. The Ornstein–Zernicke like (P)–RISM equation connects
Ŝ(k) to the direct correlation function,cij(r):

Ŝ−1(k) = ω̂−1(k) %−1 − ĉ(k) . (2)

Intermolecular excluded volume repulsion is taken into ac-
count by requiring that the probability of segments on dif-
ferent molecules to overlap vanishes:

gij(r) = 0 for r < Rij =
1
2

(Ri +Rj) , (3)

where theRi are (effective) hard core diameters of the
monomers.

Extending work on atomic liquids, closure relations are
formulated for the direct correlation function,cij(r), which
generally express the expectation that the spatial range of
cij(r) is small and close to the one of the actual monomeric
pair potential,V ij(r) [8, 10, 11, 24]. For the repulsive steric
interactions the Percus–Yevick (PY) closure is rather accu-
rate, and the mean spherical approximation (MSA) is a use-
ful extension to handle tail potentials [8, 24]. The MSA
closure on the monomeric level is:

cij(r) = −βV ij(r) for r > Rij , (4)

whereβ is the inverse temperature. The results for the coher-
ent or intermolecular liquid structure are now determined if
the pair potentials,V ij(r), and the intramolecular structures,
ω̂ij(k), are specified. We will consider situations where the
assumption of a given intramolecular structure is justified
and chose simple expressions for the ˆωij(k), which allow
analytical solutions of Eqs. (1) to (4). Section 4 presents
such a calculation where the general frame work of Sect. 3
is put to use.

3. Method of solution

The Wiener–Hopf factorization as pioneered by Baxter al-
lows to transform the integral equations (1) to (4) into pos-
sibly simpler equations for a factor function,Qij(r). To this
end it is convenient to define a short ranged direct correlation
function, cij0 (r), by:

cij0 (r) = cij(r) + βV ij(r) , (5a)

which satisfies:

cij0 (r) = 0 for r > Rij . (5b)

Also the non–trivial part of the intramolecular correlations
shall be split off by:

ŵij(k) = ω̂ij(k)− δij . (6a)

Its Fourier backtransform exits because of ˆw → 0 for k →
∞.

wij(r) =
∫

dk

2π
e−ikr ŵij(k) for r > 0 , (6b)

where it is convenient to definewij(−r) by analytic contin-
uation.

Following Baxter [16] the Wiener–Hopf factorization is
written as

Ŝ−1(k) = Q̂T (−k) Q̂(k) %−1 . (7)

Q̂ij(k) is given by the Fourier transform of the factor func-
tion Qij :

Q̂ij(k) = δij −
∫

dr eikr Qij(r) . (8)

Important properties ofQij(r) can be deduced from (2) and
(7), and the known properties of ˆω(k) , V̂ (k) and the short
range behavior ofc0(r) in (5) [16, 17, 18].Qij(r) vanishes
for r smaller thanλij , where
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λij =
1
2

(Ri −Rj) , (9)

and can be split into an internal (r < Rij) and an external
part (using the Heaviside step functionθ(r)):

Qij(r) = θ(r − λij) [ θ(Rij − r) qij(r) + Q̄ij(r) ] . (10)

From the continuity ofQij(r) at Rij follows [16]:

qij(Rij) = 0 . (11)

As has been shown in [17, 18], the external part,Q̄ij(r), can
be obtained from the known non–analyticities of ˆω(k) and
V̂ (k) in the lower half plane,=k < 0.

Q̄(r) = −
∫

dk

2π
e−ikr (Q̂T (−k))−1 [ ω̂−1(k) + βV̂ (k) % ]

for r > λij , (12)

whereQ−1(−k) is regular for=k < 0. The consequences
of the external part,Q̄(r), of the factor function have been
discussed for cases where it results from the poles ofV̂ (k)
in the lower half plane [17, 18, 21]. In RISM calculations for
diatomic molecules it was recognized that the intramolecu-
lar structure, i.e. ˆω−1(k) in (12), may also causēQij(r) /= 0
[19]. There, however, a zero or few pole approximation had
to be performed which prevented its study and even lead
to spurious divergences for low densities. In this work, we
will focus on physical effects resulting from the intramolec-
ular correlations which requires an exact treatment of (12).
Thereto, we use simplified models for the intramolecular
structure, ˆω(k) , from the outset, which, on the one hand,
are qualitatively adequate, and, on the other hand, allow to
evaluate (12).

If the external part of the factor function vanishes, the
Wiener–Hopf factorization leads to linear algebraic equa-
tions for the coefficients of the internal part [16]. In the gen-
eral case, either if external potential tails or if intramolecular
correlations lead to finitēQ, non–linear algebraic solvability
conditions result from (12) [18]. Assuming a discrete set of
poles of [ω̂−1(k)+βV̂ (k)%] at the positionsk = −iκn, where
κn > 0, the functional form ofQ̄(r) is known to be a sum
of exponentials [18].

Q̄ij(r) =
∑
n

Q̄ij
n e−κnr . (13)

Via (12), the coefficients of these exponentials in the external
part of the factor function are connected tôQ(−k) at the
position of the poles,k = −iκn, i.e. the Laplace transforms
of the factor function itself:

Q̃ij(κn) =
∫ ∞

λij
dr e−κnr Qij(r) , (14)

where the known residues of the intramolecular and potential
functions enter.

[ 1− Q̃T (κn) ] Q̄n = i Res[ω̂−1(k) + βV̂ (k)% ,−iκn ] .(15)

In the case of attractive Yukawa tail potentials and the MSA
closure it is (15) which leads to a quartic equation allowing
for special solutions like a critical point [21].

The further solution forQ(r) progresses from (1) and
(7) via a Fourier backtransformation and the observation that
(QT (−k))−1 is non–singular in the lower half plane,=k < 0

[16, 18]. The form of the factor function, Eqs. (10) and (13),
can be used and leads to the appearance of the parameters
g̃, which are the Laplace transforms ofg(r) at the poles in
(12), κ = κn > 0:

g̃ij(κ) =
∫ ∞

0
dr e−κr rgij(r) . (16)

Obviously, for each pole in (12) one is left with two (sets)
of unknowns,Q̄n and g̃(κn), and one (set) of equations, i.e.
Eq. (15).

Inside the excluded radial range, one obtains an integro–
differential equation forQ(r) which allows to determine the
functional form of the internal partq(r) [16, 18]:

d

dr
Qij(r) +

∑
l

∫ ∞

λil
ds Qil(s) (17)

×
[

(r − s)2π%j +
d

dr
W lj(|r − s|)

]
= 2π%jr − 2π%j

∑
l

∑
n

Q̄il
ne

−κnr g̃lj(κn) +
d

dr
W ij(r)

for λij < r < Rij .

For hard sphere mixtures, Eq. (17) alone determinesq(r) as
bothQ̄(r) andW (r) vanish [16]. If tail potentials are present
in atomic liquids, Eq. (17) still simplifies asW (r) = 0
[17, 18]. Yet, Eqs. (15) and (17) then do not suffice to de-
termine all coefficients entering in the factor functionQ(r).
Another set of equations for the Laplace transforms of the
pair correlation functions is required. It can be found from
analytically extending the solutionq(r) of (17) to r > Rij

and subtracting it from the full equation forr > Rij [18]. As
a first result, the contact value of the site–site intermolecular
pair correlation function follows [18]:

gij(Rij) =
1

2π%jRij

d

dr
qij(r) |r=Rij . (18)

Moreover, another equation for the Laplace transforms, ˜g
Eq. (16), is found [18]:∑
l

[ δil − Q̃il(κ) ] 2π%j g̃lj(κ) = κ
∑
l

q̌il(κ) w̌lj(κ), (19)

where

q̌ij(κ) =
∫ ∞

Rij

dr e−κr qij(r) , (20)

and

w̌ij(κ) = δij +
∫ ∞

0
dr e−κr (wij(r)− wij(−r) ) . (21)

Equation (19) provides the last set of linear equations to
determine the coefficients of the factor function,Q(r).

Summarizing, the method of solution proceeds via, first,
determining the functional form of̄Q(r) from (12) and of
q(r) from (17). Sets of linear equations for the coefficients
in Q(r) result from (17) and (19), while the ˜g(κn) are treated
as parameters. Non–linear equations for them finally follow
from the solvability condition (15).

Besides the contact value, see (18), the compressibility,
χT , whereβ/χT =

∑
ij %

i(Ŝ−1(0))ij%j [24], can easily be
obtained fromQ(r). From (7):
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β

χT
=
∑
ilj

%i Q̂li(0) Q̂lj(0) . (22)

Also, the 3–dimensional Fourier transform of the total cor-
relation function,̂hij(k) in (1), and thereby the structure fac-
tors can be calculated from the Laplace transform of the pair
correlation function, ˜g(κ) Eq. (16), evaluated at the Laplace
variableκ = −ik [18]:

Ŝij(k) = %i ω̂ij(k)+4π%i%j <{ 1
κ
g̃ij(κ)− 1

κ3
|κ=−ik }.(23)

In general, the pair correlation functiong(r) itself can be
obtained by numerical means only.

An analytical solution of the PRISM equations in most
cases cannot compete with numerical techniques if accu-
rate modeling of the intra– and intermolecular interactions
is required. However, if rigorous results for the long wave-
length properties of the PRISM equations are aspired, sim-
plified models for ˆω(k) can capture the essential aspects of
the intramolecular structure and may allow to study in de-
tail the consequences of macromolecular connectivity, self
similar internal structures and of steric interactions; see the
next section where this is done for one–component Gaussian
polymer systems.

4. Gaussian polymer systems
with intermolecular excluded volume interactions

It is well established that the mesoscopic aspects of the sin-
gle polymer conformations in a homopolymer melt or in
concentrated solutions can be described by Gaussian statis-
tics [1, 5]. It is possible to use this observation (“Flory’s
ideality hypothesis”) in the RISM integral equations, and to
argue further that chain end effects are negligible for large
degrees of polymerization,N [7]. The resulting most simple
version of the PRISM equations then reduces to scalar equa-
tions which are uniquely determined if the single polymer
structure factor, ˆω(k) , and the intermolecular monomeric
pair potential,V (r), are specified. The segmental density,%,
enters and is often reported in terms of a packing fraction,
Φ = π%σ3/6, where the Gaussian segment size,σ, is used
as length scale.

From the theories of simple liquids [24], it is well known
that the structure of dense liquids is dominated by the in-
termolecular excluded volume or hard core impenetrability
constraint. In order to study the interplay of intermolecular
packing and intramolecular connectivity it therefore suffices
to consider the steric interactions only and neglect the pair
potential tails, i.e.V (r) = 0 is set. Recently, it has been
shown that in polymer solutions, where the polymer and
solvent molecules interact with purely steric repulsion only,
the different kinds of solvent qualities can result from dif-
ferent chemical potentials of the solvent molecules [25]. A
Θ–solvent, where the intramolecular structure of a polymer
is Gaussian on long length scales, therefore can be achieved
for monomers which have no potential interaction except for
the excluded volume one. The simple version of the PRISM
theory studied here, whose applicability to dense polymeric
systems has been tested [9, 10, 11], therefore can also be ap-
plied to polymer solutions at theΘ–temperature. The ques-
tion, whether PRISM achieves a correct description of the

Θ–line for all densities, from the dilute solution to the melt,
shall be addressed in this section.

For V (r) = 0 in (4), PY and MSA closure agree, and
c(r) = 0 for r > R, whereR is the effective hard sphere
diameter of the monomers, i.e.g(r) = 0 for r < R. Note that
the hard core problem considered here can be treated with
such an atomic closure [10], whereas attractive potential tails
require more complex molecular closures [26]

The collective structure and the intermolecular correla-
tions of the simple homopolymer system are determined by
the PRISM equations, Eqs. (1) to (4), and the intramolecu-
lar structure factor, ˆω(k). The usual normalization,̂S(k) =
ω̂(k) + % ĥ(k), shall be chosen in this section (instead of
Eq. (1)). As a consequence of the connectedness of the
macromolecule, ˆω(k) counts the number of monomers for
small wave vectors, ˆω(k � Rg) → N (1− 1

3k
2R2

g), where
the radius of gyration,Rg, is a measure of the size of the
molecule. In an intermediate range, flexible Gaussian poly-
mers are self–similar, which leads to a power law behavior,
ω̂(k) → 12

k2σ2 for 1/Rg � k � 1/σ. For larger wave vec-
tors, the self scattering contribution remains in ˆω(k) , ω̂(k)
→ 1 for k →∞. The statistical segment sizeσ, can be de-
fined fromσ2 = limN→∞ 6R2

g/N [1]. Its connection to mi-
croscopic lengths depends on chemical aspects of the poly-
mer [5]. Our model thus contains one microscopic param-
eter, an effective aspect ratio,Γ = σ/R. Flexible polymers
whose global macromolecular structure is Gaussian differ in
the chemistry dependent value of the aspect ratio which, e.g.,
lies between 0.8 < Γ < 1.3 for various polyolefins [27].

A handy interpolation form for ˆω(k) which contains the
mentioned limits and exhibits small quantitative errors in the
intermediate ranges is given by [28]:

ω̂(k) =
N

1 +k2ξ2
c

+ 1 , where ξ2
c = R2

g/2 =
Nσ2

12
. (24)

Importantly, it allows to solve the PRISM equations with-
out further approximations. From previous solutions of the
RISM equations it is known, that spurious and unphysical
divergences may result if approximations during the Wiener–
Hopf factorization are required [19].

The intramolecular correlations in (12) lead to a finite
external factor function,Q̄(r), outside the hard sphere di-
ameter,R, as ω̂−1(k) has a pole in the lower half plane
at:

k = −iz , where z2 =
12
σ2

( 1 +
1
N

) . (25)

Due to this pole, the functional form of̄Q(R) is:

Q̄(r) = d e−rz . (26)

It can be inserted in (15) and with the known residue of ˆω−1

at k = −iz leads to the solvability condition of our model,
Eq. (A.1), given in the appendix. The Laplace transforms,
Eqs. (14) and (16), of the factor function and of the pair
correlation function at the inverse length scalez, from (25),
are required in the following and will be abbreviated by:
Q̃ = Q̃(κ = z) and g̃ = g̃(κ = z).

The functional form ofq(r), which completesQ(r) via
(10), is found by applying ( (ddr )2− (1/ξc)2 ) to (17). Denot-
ing derivatives by a prime, one finds:
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q′′′(r)− z2 q′(r) = −2π%
ξ2
c

[
( z2ξ2

c − 1 ) g̃ d e−zr + r

−
∫ ∞

0
ds (r − s) Q(s)

]
(27)

Satisfying the condition, Eq. (11), the solutionq(r) of (27)
is:

q(r) =
a

2
( r2 −R2 ) + b ( r −R ) + c ( r e−zr −Re−zR )

+ e ( e−zr − e−zR ) + f ( ezr − ezR ) . (28)

Comparing the form (28) to the known results for hard
spheres,Qhs = qhs = a′/2(r2 − R2) + b′(r − R) [16],
and to the results including a Yukawa potential tail,qYu =
qhs+e′(e−z

′r−e−z′R) andQ̄Yu(r) = d′e−rz
′

[18], one notices
that the intramolecular correlations lead to a more complex
structure of the factor function inside the hard core diameter.
The considered problem goes back to the PY treatment of
hard spheres in the limit ofN = 0 [16], and thus a generaliza-
tion of the useful hard sphere relation for the compressibility
holds,Ŝ(0) = %χT /β = (2π%/a(N + 1))2.

The set of six linear equations for the coefficientsa, . . . ,
f of the factor function is listed in the appendix, Eqs. (A.2)
to (A.7). It can be solved using symbolic manipulation soft-
ware packages but the solutions, depending on the still un-
known parameter ˜g, the packing fraction,Φ, the aspect ratio,
Γ , the Gaussian segment size,σ, and the degree of poly-
merization,N , are too long to report. When the solutions
a(g̃), . . . , f (g̃) are entered into the solvability condition, Eq.
(A.1), a quartic equation for ˜g follows. Its solutions and the
results for the collective liquid structure shall be discussed
for three limits of special interest in the rest of this section;
the algebra involved is sketched in the appendix.

4.1. Noninteracting case

The limit of vanishing hard sphere diameter of the monomers,
i.e. R = 0, is trivial as it turns off the only intermolecular
interactions in the studied system, the excluded volume in-
teraction. Not surprisingly therefore, ideal gas like results
are found:

Ŝ(k) = ω̂(k) , g(r) = 1 for R = 0 . (29)

For non–interacting macromolecules, the collective density
fluctuations arise from an incoherent superposition of the
single polymer contributions, and the intermolecular corre-
lations are random. Trivially, the same wave vector depen-
dent compressibility,Ŝ(k) = ω̂(k), is found in the limit of
vanishing density,% = 0. Note, that in this limit the pair
correlation function is different,g(r) /= 1 for % = 0, as it
describes two molecule interactions.

These (trivial) limits serve as convenient starting points
to identify the physical solutions in the general case. More-
over, the limit of vanishing hard core diameter stresses that
a finite excluded volume is required to build up interparticle
correlations in the studied (V (r) = 0) system. This should
be kept in mind for the case studied in Sect. 4.3 below.

4.2. Infinite degree of polymerization

The limit of infinite molecular weight, 1/N = 0, is of inter-
est as in this case the intramolecular correlations are self–
similar on all length scales beyond microscopic distances,
and thus the intramolecular structure factor exhibits a true
small k divergence, ˆω(k) ∼ 1/k2 for kσ � 1. It has long
been realized that intermolecular interactions screen this di-
vergence and that the collective structure exhibits finite (in
melts even small) density fluctuations [1, 3, 5]. PRISM the-
ory correctly captures this correlation hole effect [7, 14, 15],
as has been demonstrated by numerical work and in certain
approximations. Rigorously, it can be shown for the stud-
ied intramolecular structure, as is detailed in the appendix.
Important in this context is (22) which allows to determine
the compressibility directly and circumvents limiting proce-
dures likek → 0. Thus, except for in the single polymer
limit, PRISM predicts finite collective density fluctuations
of flexible (Γ ≈ 1) polymers with steric interactions in the
accessible density range.

The equations for the Wiener–Hopf factor function,Q(r),
simplify somewhat in the case 1/N = 0, and a typical so-
lution for the collective structure factor in the melt case is
reproduced in Fig. 1. The packing fraction is chosen rather
high, Φ = 1.0, in order to observe at infiniteN the famil-
iar dense packing and liquid like structure [24]. At high
densities,Ŝ(k) is dominated by the excluded volume con-
straints even for smooth interaction potentials [24]. The infi-
nite molecular weight result compares well to a solution for
finite N , whereN = 103 corresponds to a molecular weight
of the orderM ≈ 105—106, andN ≈ 105 can be achieved
in practice [1, 5]. A small but finite compressibility at low
wave vectors justifies the incompressibility approximation,
Ŝ(k) ≈ 0 for kσ < 1, which is used widely in polymer
theories [1]. It should be noted, however, that the studied
polymeric liquid exhibits larger compressibilities than a sim-
ple atomic liquid [24], where packing at this high packing
fraction even is impossible for e.g. hard spheres. One also
concludes that the packing fraction in our model has to be
corrected for intramolecular overlap of the monomers in or-
der to calculate the actual sterically excluded volume; see
[14].

The inset in Fig. 1 compares the used ˆω(k) with the dis-
crete chain generalization of the Debye function, ˆωG, which
results for a polymer chain which is Gaussian on all length
scales [1, 28]:

ω̂G(k) =
1
N

∑
αβ

e−
k2σ2

6 |α−β| =
1− f2 − 2f/N + 2fN+1/N

(1− f )2

where f = e−k
2σ2/6 . (30)

The resultingŜG(k), found numerically, indicates tighter
and more ordered local packing and smaller compressibil-
ities than resulting from ˆω(k) of (24). The softening and
smearing of the polymeric liquid structure in our model,
compared toŜG(k) and to simple liquids, results from the
enhanced intramolecular structure in ˆω(k) already on local
length scales, 1/Rg � k < 1/σ; see the inset in Fig. 1. Our
model thus may claim a qualitative descriptive power for
Gaussian chain polymer melts only. The extensive PRISM
work reviewed in [10, 11] shows the power of the PRISM
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Fig. 1.Collective liquid structure factors,̂S(k), for melt parameters,Φ = 1.0
andΓ = 1. The infinite molecular weight result, 1/N = 0, is given by the
solid line, theN = 103 solution by the dashed curve. The intramolecu-
lar structure factor, ˆω(k) Eq. (24), used in the evaluation is shown in a
Kratky representation in the inset (dashed line) and compared to the Gaus-
sian ω̂G(k) (dashed–dotted curve) for the sameN . Its resultingŜG(k) is
shown by a dashed–dotted curve. One finds for the reduced compressibil-
ities Ŝ(0) = 0.233, 0.238 and 0.057, and for the contact values of the pair
correlation functiong(R) = 0.657, 0.615 and 1.284 for the infiniteN , the
N = 103 rationalω̂(k) , Eq. (24), and theN = 103 Gaussian ˆωG, Eq. (30),
results, respectively

integral equations to incorporate local chemical details and
to study their consequences for the liquid structure and the
observed phases. The multitude of chemistry dependent lo-
cal length scales leads to a smearing of the intermolecular
structure thus rendering detailed PRISM and experimental
results for Ŝ(k) for ca. kσ < 10 more similar to our re-
sults than to the true Gaussian̂SG(k) following from (30)
[10, 11, 29].

4.3. Dilute to semidilute crossover inΘ–solvents

The case of a dilute system of polymers with Gaussian
intramolecular structure can be achieved by considering
polymers in aΘ–solvent, which is defined as a solvent
where the long ranged intramolecular effects of the excluded
volume interactions vanish [1, 5, 28]. This case can be
achieved even for monomers which interact sterically only
[25]. From Renormalization Group considerations of theΘ–
point, which is identified as a tricritical point [12, 30], it
is known that mean field like scaling laws for the collec-
tive density fluctuations hold with corrections logarithmic
in the degree of polymerization [1]. In this section, a sys-
tematic expansion of the PRISM integral equations close to
the Θ–point is performed which leads to a scaling law of
the Ornstein–Zernicke form for the collective structure fac-
tor and to another scaling law for the collective correlation
length, ξ. Corrections of the orderO (1/N ) are included.
The range of validity of the scaling law results and material
dependent corrections in lowest order in the packing fraction
are identified.

In order to find the small parameters in the PRISM equa-
tions for dilute and semidiluteΘ–solutions, it proves conve-
nient to introduce dimensionless variables by scaling lengths

with the single polymer correlation length,ξc = Rg/
√

2 ∼√
N :

Q(r) = 1/ξc Q
′(r′) where r′ = r/ξc . (31)

Obviously, the parameter ˜g, Eq. (16), which has the di-
mension of an area is small on orderξ2

c and thus is non–
dimensionalized by ˜g = R2g̃′. Importantly, one realizes
that a characteristic density,%∗, or packing fraction,Φ∗ =
π%∗σ3/6, appears which is given by:

Φ∗ =
σ

ξc
(1 +

1
N

) ∝ N

(Rg/σ)3
∝ 1/

√
N , (32)

where the proportionalities hold neglecting the 1/N cor-
rections.Φ∗ non–dimensionalizes the packing fraction and
results for fixedδ = Φ/Φ∗ describe the dilute and semidilute
density range. The ratio of the two microscopic length scales,
the aspect ratio,Γ = σ/R, is the only microscopic parameter
left in the rescaled equations and is also kept fixed.

The dilute and semidiluteΘ–solution case is described
in PRISM theory in the limit,ξc ∝

√
N → ∞ andΦ → 0,

such that the reduced packing fraction,δ = Φ/Φ∗, is fixed.
The rescaled Eqs. (A.2) to (A.7), the solvability condition,
Eq. (A.1), and the formula for the liquid structure factor,
Eq. (23), can be expanded in series inR′ = R/ξc, and the
solutions,Ŝ(k′) or g(r′), can be obtained as series inR′.
The calculational details are given in the appendix. A scal-
ing law solution of the PRISM equations starting from the
intramolecular structure factor, ˆω(k) (24), is found:

Ŝ(k) → z2ξ2

1 +k2ξ2
for N →∞, Φ→ 0, (33)

δ = Φ/Φ∗ = fixed, Γ = fixed.

The Lorentzian scaling law is universal as the microscopic
parameter, the inverse lengthz from (25), only sets an over-
all scale.
The correlation length,ξ, as a function of packing fraction
obeys:

ξ =
ξc

1 + 2Φ/Φ∗
, (34)

and is comparable to the single polymer size only in the di-
lute limit. In the semidilute limit, it is much smaller and
approaches theN–independent density screening length,
ξρ = σ/2Φ [15]:

ξ →
{
ξc = Rg/

√
2 for Φ� Φ∗ ,

ξρ (1 + 1
N ) = σ

2Φ (1 + 1
N ) for Φ� Φ∗ .

(35)

Again, microscopic parameters, like the aspect ratio,Γ , have
dropped out of the universal results except for the Gaussian
segment size,σ, which appears in the packing fraction and
the radius of gyration. The independence on the the hard
core diameter,R = σ/Γ , has to be contrasted to the non–
interacting limit, studied in Sect. 4.1. The limits leading to
(29) and to (33) do not commute, as theΘ–scaling laws are
unaffected ifR→ 0 is taken at the end.

The corrections of orderO (1/N ), which are included in
the asymptotic results, e.g. for the compressibility and the
correlation length in the semidilute range, arise from the po-
sition of the pole of the inverse intramolecular structure fac-
tor in (12), see (25). Asymptotically they are smaller than the
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logarithmic corrections predicted by Renormalization Group
arguments [1].

The intermolecular pair correlation function,g(r), can be
obtained easily by inverting (16) and (23):

g(r) = 1 +
Φ∗ξc
2Φr

( e−r/ξ − e−r/ξc ) . (36)

The intermolecular contributions separate into two contribu-
tions [14, 15]. The universal correlation hole in the inter-
molecular density fluctuations,hch(r) = −σ(1+1/N )

2Φr e−r/ξc ,
exactly cancels the intramolecular long ranged correlations
[1, 3, 7]. The remaining part ofg(r), characterized by the col-
lective density screening length,ξ, describes how the com-
pressibility and the local packing vary as a consequence of
steric interactions. The Lorentzian form ofŜ(k) and the ex-
istence of the density screening length, withξρ ∼ %−1/2, had
first been predicted by Edwards using a pseudopotential ap-
proach [2]. Neutron scattering experiments [13], scaling con-
siderations using the tricritical–Θ point analogy [12], and re-
sults using the random phase approximation with three–body
interactions [31], agree with the PRISM predictionξρ ∼ %−1.

The results forŜ(k) andg(r), which were derived here
for the dilute to semidilute crossover inΘ–solvents, had pre-
viously been used in more concentrated regimes [14, 15]. In
that context, it has been shown that the functional forms,
Eqs. (33) and (36), and the results forξρ are useful approx-
imations in a wider range of densities than the presented
derivation indicates [14, 15, 32]. The related “thread” and
“string” approximations of Schweizer and Curro have proved
valuable in a variety of more complex polymeric systems
like blends and block copolymers [10, 11].

It is easily possible to find the leading corrections to the
asymptotic results in order to study the range of validity of
(33) and (36). Let us note the compressibility including the
leading correction of orderO (R/ξc):

Ŝ(0) = z2ξ2
[

1− Φ
2(1 +Φ/Φ∗)
(1 + 2Φ/Φ∗)

∆a(Γ )√
12(1 + 1/N )3/2

+O ((R/ξc)
2)
]
, (37)

where the chemistry dependent factor∆a is given in (A.18)
and equals∆a(1) = 5.73 forΓ = 1 and infiniteN . For fixed
Φ/Φ∗, the corrections are of orderO (N−1/2).

Figure 2 shows collective structure factors for a not
too large degree of polymerization,N = 103, and at the
crossover density,Φ = Φ∗ ≈ 0.110 from (32). Qualitatively,
the Lorentzian form, Eq. (33), describesŜ(k) obtained from
the full PRISM equations using (24). At the intermediate
packing fraction, the non–asymptotic corrections however
are large. In (37) they amount to 24% and lead to a rather
close agreement of (37) with the full result forŜ(0) in Fig. 2.

The appearance of universal density fluctuations in the
PRISM equations is further supported by the much smaller
differences ofŜ(k) evaluated with ˆω(k) of (24) and of (30)
in the semidilute than in the melt case. In Fig. 2 both static
structure factors are close for ca.kξ < 1.5. The insets in
Fig. 1 and 2 compare the two intramolecular structure fac-
tors ω̂(k) entering into the PRISM calculations. Comparing
Ŝ(k) andω̂(k) in Fig. 2 and the inset, one notices the strong
reduction in magnitude of the density fluctuations and of the
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Fig. 2. Collective liquid structure factors,̂S(k), for a semidiluteΘ solution,
Φ = Φ∗ = 0.110,N = 103, andΓ = 1. The scaling law, (33), is given
by the solid line, and the compressibility including the leading correction,
Eq. (37), is indicated by a horizontal bar. Solutions forŜ(k) (dashed) using
ω̂(k) , Eq. (24), andŜG (dot–dashed) using ˆωG, Eq. (30), are compared for
these parameters. The inset shows the corresponding intramolecular struc-
ture factors, ˆω(k) (solid) andω̂G (dot–dashed). One finds for the reduced
compressibilitiesŜ(0) = 111.2, 84.31, 86.65 and 84.7, and for the contact
values of the pair correlation functiong(R) = 0., 0.0375, 0.0424 and 0.0394
for the scaling law, Eqs. (33) and (36), including the first order correction,
Eqs. (37) and (38), the rational ˆω(k) , Eq. (24), and the Gaussian ˆωG, Eq.
(30), results, respectively

corresponding correlation length of the collective relative to
the single polymer fluctuations.

The contact value of the pair correlation function, which
vanishes in the asymptotic limit, can also be found in lowest
order inR/ξc:

g(R) =
R

ξc
( 1 +Φ/Φ∗ )∆g(Γ ) + O ((R/ξc)

2) , (38)

where the chemistry dependent factor,∆g, is given in (A.23)
and equals∆g(1) = 0.171 for Γ = 1 and infiniteN . For
the parameters used in Fig. 2, the lowest order value,g(R) =
0.0375 from (38), differs by 13% from the full value,g(R) =
0.0424. In the semidilute density range,Φ� Φ∗, the contact
value increases linearly [32] with packing fraction,g(R) =
cΦ, where the constantc increases from ca. 0.08 to 0.3 with
aspect ratioΓ increasing from 0.5 to 1.5.

5. Discussion

A reformulation of the PRISM integral equations using the
Wiener–Hopf factorization as pioneered by Baxter has been
presented. It is expected that it proves useful in situations
where a wide variation of relevant length scales slows down
direct numerical solutions of the integral equations given by
(1) to (4). It is especially of interest if simple expressions for
the intramolecular structure factor can be chosen, and then
allows analytical solutions of the PRISM equations. Various
long wave length correlations in polymeric liquids should
be amenable in this framework. Studies of concentrated col-
loidal suspensions with added non–adsorbed polymers are
under way [33], where previously PRISM studies [34] have
been encumbered by the large difference in colloidal and
monomeric diameters.
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A simple example for the use of the reformulation of the
PRISM equations is given by the study of Gaussian ho-
mopolymer systems. Note that the solved PRISM model
in an unified way describes microscopic packing effects,
as dominant in the dense melt case, see Fig. 1, and more
universal mesoscopic density fluctuations, as appear in the
semidiluteΘ–solution case, see Fig. 2. The correlations in
the studied polymeric liquid only arise from entropic intra–
and intermolecular terms. The justification of such a model
has been discussed in Sect. 4.

A major restriction of the presented most simple version
of PRISM theory for the study of polymer solutions is the as-
sumption of a given intramolecular structure. Extensions of
liquid state integral equation theories to determine intra– and
intermolecular correlations together have been formulated,
e.g. in [35, 36]. Within the PRISM approach quantitative
results for e.g. the variation of the radius of gyration with
concentration have been obtained and compared to computer
simulation results [37].

In the studied PRISM model of Gaussian homopolymer
systems, it has been shown that for flexible polymers, 2/3 <
Γ < 3/2, no spinodal points occur. At melt like densities,
rather small compressibilities result with the local packing
familiar from simple liquids [10, 24]. Material independent
scaling laws, of Ornstein–Zernicke form for the structure
factor, are predicted for the dilute to semidilute crossover in
Θ–solvents. This result agrees with Renormalization group
calculations [12] and experimental observations [13]. The
characteristic density,%∗ ∼ N/R3

g ∼ 1/
√
N , appears and

the scaling laws hold in the limitΦ∗ ∼ σ3%∗ � 1. Cor-
rections to the scaling law description have been given, e.g.
for the compressibility and the local contact value of the in-
termolecular pair correlation function, and are generally of
linear order in the packing fraction in the semidilute con-
centration range.

The origin of the material independent scaling law for
the collective density fluctuations can be recognized by con-
sideringŜ−1(k) = ω̂−1(k) − %ĉ(k), Eq. (2), in the specified
limit. ω̂−1(k) is a small number forkRg � 1 and increases
quadratically for intermediate wave vectors, ˆω−1(k) ∼ k2

for 1/Rg � k � 1/σ. The direct correlation function,
ĉ(k), takes some (negative) constant value forkR � 1.
Outside the specified wave vector ranges, both functions
vary non–universally, and ˆω−1 crosses over to 1 while
ĉ(k) drops to zero. The specified scaling law limit now
consists of, infinitely extending the wave vector interval,
1/Rg � k � 1/σ, so that the solutions,̂S(k) and ĉ(k) are
determined in this range of universal behavior.

The success of PRISM theory to describe the dilute and
semidiluteΘ–solution cases may come as a small surprise
as it is well documented that the small molecule RISM
equations become inaccurate for small densities [24]. In the
present case, however, the PRISM results, e.g. for the os-
motic pressure,Π, as calculated from the compressibility,
βΠ =

∫ ρ
0 dρ̄ Ŝ−1(k = 0, ρ̄), compare well to the known

results [1, 10, 11, 12],βΠ → %/N for Φ � Φ∗ and
βΠ → (12/π) /ξ3

ρ for Φ� Φ∗, whereξρ = σ/2Φ.
In this context it is of interest that recently Chandler has

derived the PRISM scaling laws, Eqs. (33) and (36), in a
Gaussian field theory, where the Gaussian field is excluded

from a rigid manifold [38]. The studied PRISM model thus
appears as an extension of a Gaussian field theoretical model
which incorporates finite microscopic length scales. It de-
scribes the crossover from the universal density fluctuations
close to theΘ–point, which are amenable also by field theo-
retic means, to the locally dominated liquid structure, present
at high densities. As PRISM thus achieves a description of
low density polymeric systems, it appears promising to ex-
tend the presented PRISM approach to colloid polymer mix-
tures [33], where recent experiments show varying colloidal
phase diagrams in dependence on the ratio of colloidal diam-
eter to polymer radius of gyration [39]. Those features of the
colloid–polymer phase diagram which differ from the phase
diagram of binary colloid mixtures with identical ratios of
their diameters, are of interest, as they have to originate from
the internal polymer structure.

I am greatly indebted to Kenneth Schweizer for many enlightening discus-
sions about liquid state theories. I cordially thank Edwin David for provid-
ing the programs to solve the full PRISM equations numerically, Thomas
Franosch for getting me started with symbolic computations, and Kenneth
Schweizer for a critical reading of the manuscript. Partial financial sup-
port by the Deutsche Forschungsgemeinschaft under grant Fu 309/1-1, and
the United States National Science Foundation MRSEC program via grant
number NSF-DMR-89-20538, are acknowledged.

Appendix

Details of the solution of the PRISM equations for ho-
mopolymer systems with the intramolecular structure of (24)
are given.
The solvability condition of the model follows from (15)
and (26):

( 1− Q̃ ) d =
z2ξ2

c − 1
2zξ2

c

. (A.1)

Inserting the form ofQ(r) from (10), (26) and (28) into (17)
leads to five linear equations for the six unknown coefficients
a, . . . , f :

a =
2π%

(zξc)2
( 1−

∫ ∞

0
ds Q(s) ) , (A.2)

b =
2π%

(zξc)2

∫ ∞

0
ds s Q(s) , (A.3)

c = −z
2ξ2
c − 1

(zξc)2
π% g̃ d , (A.4)

− (ξc +R) a− b +
ze−zR

zξc + 1
e +

zezR

zξc − 1
f

+e−zR(
zR

zξc + 1
− 1

(zξc + 1)2
) c = 0 , (A.5)

(ξc +R/2) a + (2ξc +R) b + (
e−zR

zξc + 1
+

1
zξc − 1

) e

−(
ezR

zξc − 1
+

1
zξc + 1

) f + (e−zR(
R

zξc + 1
(A.6)

+
ξc

(zξc + 1)2
) +

ξc
(zξc − 1)2

) c +
1

zξc − 1
d = 1/ξc .
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InsertingQ(r) into (19) gives the sixth linear equation:

( 1− Q̃) π% g̃ =
z2ξ2

c

z2ξ2
c − 1

f . (A.7)

Equations (A.2) to (A.5) can be solved fora, b, e, f depend-
ing on the parametersc, d. Using Eq. (A.6), Eq. (A.7) then
turns into a linear equation ford of the form: (x + x′g̃ +
x′′d)g̃ = y + y′g̃ + y′′d, while Q̃ is of the formz + z′g̃ + z′′d,
where thex, y, z denote some constants depending onN ,
R, σ and%. Solving Eq. (A.7) ford and using the form of
Q̃ in (A.1) then leads to a quartic solvability condition for
g̃ as claimed.

In the special limits discussed in Sect. 4.1 to 4.3 simpli-
fications are possible.

A.1. Non–interacting case

For R = 0, but finiteσ, % andN , the parameter ˜g and the
coefficients of the factor function can be found easily:

g̃ =
1
z2

, (A.8)

a =
2π%

(zξc)3
, (A.9)

b =
2π%ξc
(zξc)3

(1− 1
zξc

) , (A.10)

c = −π%
z

(1− (
1
zξc

)2)(1− 1
zξc

) , (A.11)

d = z (1− 1
zξc

) , (A.12)

e = − π%

2z2
(1− 2

zξc
− 7

(zξc)2
)(1− 1

zξc
) , (A.13)

f =
π%

2z2
(1− (

1
zξc

)2)(1 +
1
zξc

) , (A.14)

A.2. Infinite degree of polymerization

In the limit of 1/N = 0, q(r) is given by (28), where the hard
sphere coefficients vanish,a = b = 0. The remaining coeffi-
cients are found from (A.4) to (A.7) when (A.2) and (A.3)
are inserted. The linear equations can be solved symbolically
leading to a quartic equation for ˜g, as in the general case,
which is simplified somewhat if it is turned into an equa-
tion for Q̃. The known solution in the non–interacting case,
Q̃ = 1/2, allows to identify the physical solution for finite
Φ. As the equation or its solution are too lengthy to report,
Fig. 3 presents the roots 1− Q̃ as functions of the packing
fraction for some aspect ratios typical of flexible polymers.
The curves neither collapse if plotted versus%R3. A diver-
gent susceptibility corresponds to 1− Q̃(0) = 0, which gives
a quadratic equation for̃Q. Its physical root, again approach-
ing 1/2 for Φ → 0, is included in Fig. 3. The curves of the
roots Q̃ from the solvability condition and from the diver-
gence of the compressibility do not cross for finite packing
fractions. Therefore, PRISM predicts finite compressibilities
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Fig. 3. Roots 1− Q̃ of the solvability condition (lower 3 curves) and of the
equationQ̃(0) = 1, where the compressibility diverges (upper 3 curves),
for the indicated 3 values of the aspect ratio

in homopolymer systems of flexible polymers at finite den-
sities. The divergence of the intramolecular structure factor,
ω̂(k) → ∞ for k → 0 is cancelled exactly except for at
Φ = 0.

A.3. Dilute to semidilute crossover atΘ–temperature

The dimensionless variables introduced in Sect. 4.3 and an
inverse aspect ratio,u = zR =

√
12(1 + 1

N )/Γ , are used.
Equations (A.2) to (A.7) can be written as matrix equation,
Ax = b, wherexT = (a′, . . . , f ′), and the 6x6 matrixA can
be expanded in a series inR′, A = A0 +A1R

′ + · · ·; likewise
for b. As A0 is singular, the solution vectorx has to be
expanded likex = 1

R′ x−1 + x0 + · · ·. The hierarchy of matrix
equations,∑
n=0

R′n−1 [
n∑

m=0

An−m xm − bn−1 ] = 0 , (A.15)

can be solved asA0 has one left (right) eigenvectore (ê),
whereeT = (0, 0, 0, 1, 0, 0) and ˆe = (0,−2, 0, 0, 1, 0), respec-
tively, belonging to the zero eigenvalue and the condition for
(A.15) to have a solution at stepn, therefore, runs:

ê ·
n−1∑
m=0

[ An−m xm − bn−1 ] = 0 . (A.16)

In order to find ˜g′ to lowest order inR′ it is necessary to find
x(R′) up to linear order inR′, as the solvability condition,
Eq. (A.1), has to be formulated correctly including order
(R′)2. Then it is quadratic in ˜g and the physical solution is:

g̃′ = R′ (1 + δ)
8eu(1 + e2u)

u4(e4u − 1− 4ue2u)
+ O ((R′)2) . (A.17)

For the scaling law solutions, Eqs. (33) and (34), it suffices
to showg̃ ∝ R′. The coefficients ofQ(r) follow where those
orders inR′ are given which are required in Sect. 4.3:

a′ =
R′(1 + δ)

u
[ 1 +

δR′(1 + δ)
u(1 + 2δ)

∆a + O ((R′)2) ] , (A.18)

where ∆a =
4(2 +u + 4(1 +u2)e2u + (2− u)e4u)

(1− e4u + 4ue2u)
,
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b′ =
R′δ
u

+ O ((R′)2) , (A.19)

c′ = −δ(1 + δ)
4eu(1 + e2u)

(e4u − 1− 4ue2u)
+ O (R′) , (A.20)

d′ =
u

R′
− (1 + 2δ) + O (R′) , (A.21)

e′ = −R′ δ (1 + δ)
2eu(1 + e2u)(1− 2u)
u(e4u − 1− 4ue2u)

+ O ((R′)2),(A.22)

f ′ = R′ δ (1 + δ)
2eu(1 + e2u)

u(e4u − 1− 4ue2u)
+ O ((R′)2) . (A.23)

With these results the contact value follows from (18):

g(R) = R′ (1 + δ) ∆g + O ((R′)2) ,

where ∆g =
2(e4u − 1 + 4ue2u)
u2(e4u − 1− 4ue2u)

. (A.24)
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