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Zusammenfassung

Diese Arbeit befaßt sich mit theoretischen Aspekten der Relaxation in Polymer-
schmelzen, schwerpunktmäßig mit der Modellierung des Ionentransports in Polyme-
relektrolyten. In Polymeren liegen Größenordnungen zwischen den Zeitskalen, auf
denen langreichweitiger Transport stattfindet, und den Zeiten der zugrundeliegenden
elementaren Prozesse. Eine direkte Integration der Bewegungsgleichungen mittels
Molekular–Dynamik (MD) Simulationen ist deshalb kaum praktikabel. Von beson-
derem Wert sind daher Monte Carlo (MC) Simulationen zu vereinfachten Modellen,
die eine vergröberte Beschreibung der mikroskopischen Situation ermöglichen. Mit
solchen Modellen wurden in dieser Arbeit Relaxtionszeiten reiner Polymerschmelzen
und die Ionendiffusion in polymeren Netzwerken untersucht.

Für reine Polymerschmelzen kann über die lineare Antwort des Gyrationsradius
auf ein sogenanntes Kramers–Potential, welches eine Scherströmung imitiert, eine
Relaxationszeit τK definiert werden. Für die einzelne Rouse–Kette ist bekannt, daß
τK proportional zur Relaxationszeit τ1 des End-zu-End-Abstands ist. In dieser Ar-
beit geben wir eine neue Herleitung, die starke Indizien für eine erweiterte Gültigkeit
dieser Proportionalität auch bei polymeren Schmelzen zeigt, sofern die Ketten kürzer
als die Verschlaufungslänge sind. Mittels Störungsrechnung kann man τK durch vier-
te und sechste Momente der Monomerkoordinaten im Gleichgewicht ausdrücken.
Man ist so in der Lage, eine dynamische Größe durch statische Mittelwertbildung
zu erhalten. Mit einem einfachen athermischen Gittermodell werden dann die Zeiten
τK , τ1 und τG verglichen. Dabei ist τG die Zeit, welche das Polymer benötigt, um
über eine Distanz von der Größe des Gyrationsradius zu diffundieren. Für mittlere
Kettenlängen N haben alle drei Zeiten die gleiche N–Abhängigkeit. Bei längeren
Ketten zeigen sich Abweichungen auf Grund von Verschlaufungseffekten der Poly-
merketten. Da die Kramers Methode nur Mittelwerte statischer Größen benötigt,
kann sie zur effizienten Bestimmung der N -Abhängigkeit von Relaxationszeiten, z.B.
τ1, und somit auch der Kettenlängenabhängigkeit der Viskosität verwendet werden.

Für Untersuchungen zum Ionentransport in Polymerelektrolyten stehen effizi-
ente MC–Algorithmen zu Verfügung, welche allerdings auf das NVT–Ensemble be-
schränkt sind. Experimentiert wird gewöhnlich im NpT–Ensemble, was einen Ver-
gleich mit Simulationen, insbesondere für variierenden Salzgehalt, erschwert. Im 3.
Kapitel wird daher eine Zustandsgleichung verwendet, welche zu gegebenem Druck,
Temperatur, Salzgehalt sowie Konzentration und Länge der Polymerketten das Vo-
lumen bestimmt. In Verbindung mit Simulationen im NVT–Ensemble erhält man so
Informationen über das NpT–Ensemble. Simulationen mit nur einer Ionensorte mit
kationischem Charakter sind in qualitativer Übereinstimmung mit experimentellen
Daten.

Ein noch stärker auf den makroskopischen Transport bezogenes Modell ist die
dynamische Perkolationstheorie (DPT). In unser Implementierung dieser Theorie
bilden Ketten, deren Bewegung eingefroren ist, ein perkolatives Netzwerk, durch
welches sich die Ionen bewegen. Nach einer bestimmten Zeit wird dieses Netzwerk
dann global neu konfiguriert, so daß keine Korrelationen zwischen der alten und
der neuen Konfiguration existieren. Die Diffusionskonstante in solch einem sich er-
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neuernden Netzwerk ist durch das mittlere Verschiebungsquadrat 〈r2(t)〉0 im ein-
gefrorenen Netzwerk und die Wartezeitverteilung (WZV), mit der sich das System
erneuert, gegeben. Um die Ionendiffusion in einem polymeren Netzwerk mit Hilfe
der DPT zu beschreiben, müssen die Größen 〈r2(t)〉0 und die WZV bestimmt wer-
den. Während es für 〈r2(t)〉0 nahe liegt, das mittlere Verschiebungsquadrat in dem
eingefrorenen polymeren Netzwerk zu verwenden, ist die Bestimmung der WZV
nicht trivial. Im 4. Kapitel geben wir Argumente, wonach die WZV über Beset-
zungskorrelationen der polymeren Matrix in der Umgebung eines fixierten Ions zu
bestimmen ist. Die Anwendung der DPT teilt die Diffusion eines Teilchen in einem
fluktuierenden Netzwerk somit in zwei getrennte Probleme: erstens die Diffusion
dieses Teilchens in einem eingefrorenen Netzwerk und zweitens die Bestimmung von
Fluktuationen des Netzwerks in der Nähe des festgehaltenen Teilchens. Dieser An-
satz wird im 4. Kapitel am Beispiel des athermischen Gittermodells geprüft. Dabei
wird eine gute qualitative Übereinstimmung mit MC–Simulationen erzielt. Für den
Spezialfall N = 1, der einem nicht–wechselwirkendem Gittergas entspricht, konnten
wir die WZV analytisch bestimmen. Für Kettensysteme ist die Bestimmung der
WZV und 〈r2(t)〉0 etwa fünf mal schneller als eine volle Simulation, weswegen die
DPT die Bestimmung der Diffusionskonstanten erheblich beschleunigt.

Neuere Experimente aus der Gruppe um Golodnitsky [Gol00] zeigen
beim Strecken von Polymerelektrolyten eine beträchtliche Erhöhung der io-
nischen Leitfähigkeit. Um dies zu beschreiben, führen wir im 5. Kapitel ein
phänomenologisches Zweiphasenmodell ein, bei dem sphärische Bereiche einer gut
leitenden Phase von einer schlecht leitenden Phase umschlossen werden. Beim
Strecken nimmt die gut leitende Phase Ellipsoidform an. Leitfähigkeiten, bestimmt
durch eine differentielle Form der Näherung des effektiven Mediums, zeigen ein mit
den Experimenten vergleichbares Verhalten.
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Chapter 1

Introduction

Mobile electrical devices such as cellular phones or electrical vehicles crucially de-
pend on the performance of the batteries they are powered with. However, no
principal changes have occurred in battery technology during the last 200 years
since Alessandro Volta built the world’s first battery [Vol00]. A key component
in batteries separating the two electrodes is the electrolyte. For commonly used
liquid electrolytes care has to be taken to prevent leakage. In the late seventies of
the 20th century Armand proposed to use certain polymers which due to their elec-
tronegative groups are capable of dissolving salt and so become a flexible solid state
electrolyte [Arm79]. Despite of huge efforts, todays conductivities of these polymer
electrolytes at room temperatures are limited by 10−4 to 10−5 S/cm, while battery
applications would require at least 10−3 S/cm. Therefore a deep physical insight
into these materials is important for optimizing their conduction properties. More-
over many physical properties of pure polymer melts, though being of exceptional
technological importance, are not fully understood, too.

In this work we will use simplified models for the description of pure polymer
melts and polymer electrolytes. With the help of these models we will tackle ques-
tions concerning relaxation times in a pure polymer system, ionic conduction in
polymers and network relaxation within the NpT–ensemble, as well as validity of
the dynamic percolation concept with respect to diffusion through polymers. In ad-
dition we will present an interpretation of recent experiments showing a significant
enhancement of conductivity when these materials are mechanically stretched.

In the introduction we focus on the experimental viewpoint, and limit ourselves
to problems which become relevant in the course of this thesis.

1.1 Pure polymer melts

Polymer materials have been a subject of intense studies over the last 50 years. This
section will briefly describe some selected basic features of polymer melts. More gen-
eral reviews are given in [Doi86, Gen79, Doi01]. Polymers are large molecules con-
taining many repeat units of low molecular weight. These units are joined together
by covalent forces to form in the simplest case a single chain. Other possible struc-
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2 Introduction

tures include branched polymers, ring polymers or polymer networks such as rub-
bers. Prominent examples of linear polymers are polyethylene (PE) [−CH2]N con-
sisting of N ethylen (CH2) groups or polyethylene oxide (PEO) [−CH2−CH2−O]N.

Important new ideas to polymer physics come from applying the concept of
universality [Gen79]. As a simple example, we consider the PE chain. Due to
energetic reasons the angle between two successive carbon bonds depends on the
configuration of nearby bonds. However, these spatial correlations vanish on length
scales larger than the persistence length lp. Whenever lp is much smaller than
the overall chain length we may look at the chain on length scales comparable to
or larger than lp and ignore chemical details which are only relevant for lengths
smaller than lp. This situation is sketched in Fig. (1.1). We therefore expect

Figure 1.1: Length scales characterizing a polymer chain. The coil diameter depends
on the chain length and may therefore of course differ from 100 Å. (From [Bin95]).

that irrespective of their chemical structure linear polymers show similar global
properties. For example, the mean square end–to–end distance 〈R2

E〉 of a chain
consisting of N � 1 monomers in a dense melt satisfies 〈R2

E〉 ∼ N1/2 and only the
prefactor depends on the chemical details. Therefore coarse–grained models such
as the Gaussian chain model described in chapter 2 are of particular interest, if
one is interested in universal properties. Moreover, simplified polymer models could
be used for Monte Carlo simulations (see Sec. 2.1.1) to obtain such properties.
Dynamic features of pure polymer melts containing long chains compared to the
entanglement length are well described by the reptation model, while for shorter
chains the Rouse model is used. In chapter 2 these models will be discussed and a
definition of the entanglement lengths will be given.

Polymers may be in solution, without solvent they form dense melts, and for
lower temperatures crystals or glasses are found. For the formation of a crystal it
is necessary that the polymer coils unfold themselves. However, by decreasing the
temperature the relaxation times slow down and the system is not able to reach
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its crystalline ground state in a finite time and thus forms a glass. As in other
glass–forming materials the viscosity η has a strong temperature dependence and
reaches values at which the mechanical stability is comparable to common solid state
matter. In the so–called strong glasses like SiO2 η has an Arrhenius temperature
dependence. Polymers from fragile glasses and their viscosities closely follow a
Vogel–Tammann–Fulcher (VTF) law, showing a divergence at a finite temperature
T0. The VTF–temperature T0 is naturally below the glass transition temperature
Tg, which is defined as that temperature where η reaches 1013 Poise.

1.2 Ion conducting polymers

Polymer ion conductors or polymer electrolytes such as certain polyether–salt mix-
tures have been the subject of intensive study for more than 30 years. A typical
polymer host is polyethylene oxide (PEO) or polypropylene oxide (PPO). In the
latter an additional CH3 group is grafted to one of the carbon atoms in the re-
peat unit of PEO. Of special interest for battery applications are purely cationic
conductors, such as alkali ionomers where the anions are grafted to the polymer
backbone [Sou98]. Depending on temperature and salt content polymer electrolytes
may form crystalline compounds, they may be fluid or a mixture containing a crys-
talline and an amorphous (super cooled liquid) phase.

We will now give a short review of current experiments on polymer electrolytes
as far as they pertain to our later investigations. We restrict ourself to amorphous
macromolecule–salt complexes and do not consider charged polymers or gel elec-
trolytes in which the polymer is used only as an inactive structural matrix that
increases the viscosity of an embedded liquid electrolyte. We will begin with stoi-
chiometric and structural aspects. Thereafter we will describe in Sec. 1.2.2 exper-
iments and their interpretation which support the established idea that in certain
cases the conduction occurs primarily in the amorphous regions of the mixed phase.
A new experiment suggesting that the conduction may occur in the crystalline phase
is discussed in Sec. 1.2.3. Section 1.2.4 completes the experimental overview de-
scribing new experiments done on stretched polymers. These experiments suggest
that the conduction is dominated by directed structures.

1.2.1 Stoichiometric and structural aspects

Using nuclear magnetic resonance (NMR) techniques Berthier et al. were able to
determine the fraction of nuclei belonging to the crystalline and the amorphous
phase in a polymer electrolyte [Ber83]. Their studies show that for PEO8:LiCF3SO3

above T = 328K, the system consists of a crystalline complex and an amorphous
phase.1 These studies have been extended to PEO and LiCF3SO3 systems with
different salt concentrations. The complete phase diagram for PEO-LiCF3SO3 with
varying salt content (oxygen to Li ratio) is sketched in Fig. (1.2). Phase diagrams
of other polymer electrolytes show similar behavior (see e.g. chapter 4 in [Gra91]).

1The notation PEOn:Am defines a ratio of repeat units of PEO vs. the salt A of n/m.
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Note that these are not true equilibrium phase diagrams but display the phase
behavior on long time scales in comparison with measurement times.
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Figure 1.2: Phase diagram for the PEO-LiCF3SO3 system, taken from [Tun88].

The stoichiometry of the crystalline complex PEOn:LiCF3SO3 is assumed to be
given by n = 3 [Lig93], however, in some work a different stoichiometry n = 3.5
or n = 4 is suggested for the compound crystalline phase. The crystal structure
of the n = 3 complex was determined using advanced powder x-ray diffraction
techniques showing that the PEO chains adopt a helical conformation with the Li+

ions located in the middle of the helix [Lig93, Bru95]. In the case of the n = 3.5 and
n = 4 complexes the structures remain the same as for the n = 3 case, only certain
positions of the Li+ site in the helix are now left vacant [Lig93]. These studies
were extended to PEO systems including other salts, which form complexes with
different salt content. All structures investigated so far have shown that the cations
are enclosed in helical chains or other directed structures [And01]. For crystalline
PEO:LiAsF6 the structure is shown in Fig. (1.8).

While considerable structural information about the crystalline phase of the pure
polymer and the crystalline complex is available, only recent experiments have given
insight into local structures of the fluid phase. Studies of PEO7.5:LiN(SO2CF3)2
which is isostructural to PEO:LiAsF6 in the crystalline phase showed an ex-
tended range order in the fluid phase which is similar to that of the crystalline
phase [Mao00].

1.2.2 Transport and conduction properties

A great amount of experimental studies on transport properties were done in the
region of the phase diagram where the amorphous phase and the crystalline com-
pound coexist. In this region the highest conductivities of solid polymer electrolytes
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have been measured so far. Measurements of the temperature–dependence of the
ionic DC–conductivity σ show that in most cases σ can be described by a Vogel–
Tammann–Fulcher (VTF) equation [Vog21, Tam26, Ful25].

σ = σ∞ exp

(
− Ea

kB(T − T0)

)
(T > T0) . (1.1)

Fig. (1.3) shows the temperature–dependence of σ for PPO8:LiCF3SO3 , for varying
pressure. The lines are fits to Eq. (1.1) and confirm the validity of the VTF equation.

Figure 1.3: DC conduction σ for PPO8:LiCF3SO3 as a function of the inverse tem-
perature for different pressure [Gra91].

A similar behavior is also observed in the self–diffusion constant of the polymer
backbone and of the ions [Vin95]. However, the diffusion constants of the ions cannot
simply be calculated from the conductivities. This is partly due to the formation of
neutral clusters which contribute to the diffusion but not to the conduction. Another
complication are the different diffusion constants of the cations and anions. With
the aid of pulsed field gradient NMR it is possible to directly measure the diffusion
constants of cations and anions. Exploiting the resonance of 7Li and 31P in a system
of LiPF6 in PMEO ((−CH2−CH2−O−CH2−O)n) Vincent [Vin95] determined the
individual ionic diffusion constants, which are shown in Fig. (1.4)

The pressure–dependence of the conductivity for polymer electrolytes is generally
given by an exponential. Fig. (1.5) shows conductivity measurements done by
Souquet et al. for cation conducting polyethers [Sou98]. In these ionomers the
anionic charges are grafted to the polymer chains. Such systems have the practical
advantage that the ionic current is carried only by cations (cationic transference
number t+ = 1).
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Figure 1.4: Self-diffusion constant of 7Li (◦) and 31P (�) for PMEO/LiPF6 at a ratio
of Li+-ions versus repeat units of 1/50. The solid lines are fits to a VTF law [Vin95].

Figure 1.5: Conductivity of sodium ionomers vs. pressure at various tempera-
tures [Sou98].

A closer look on ionic transport

The first indication that the conduction occurs in the amorphous phase stems from
the steep decrease at a certain temperature, which simultaneously occurs in con-
ductivity and in the fraction of the amorphous phase [Ber83]. Additional evidence
comes from NMR measurements showing for LiCF3SO3 dissolved in PEO the ab-
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sence of motional narrowing of the 7Li and 19F resonance line, which corresponds
to ions in the crystalline phase [Ber83]. These findings are supported by other
NMR studies e.q. [Don93, Tun88]. It became generally accepted that in polymer
electrolytes in which an amorphous phase and a crystalline complex coexist, the
conductivity takes place primarily in the amorphous phase. To raise the conductiv-
ity, ways to increase the amorphous region while keeping the high ion solvability of
PEO have been searched. One method to decrease the degree of crystallinity is the
incorporation of secondary units into the PEO chain [Gra91]. The use of random
polyethers such as PPO, where distances between the methyl groups are not fixed,
results in an enhanced conductivity at ambient temperatures [Rou96]. However, at
high temperatures, as soon as the crystalline parts in PEO melts, the conductivity
of PPO is inferior compared to PEO.

The conductivities of polymer electrolytes strongly depend on the salt content.
In general, the ionic conductivity first increases with salt concentration and then at
higher concentration decreases. A typical example is given in the left part of Fig.
(1.6) for KMPSA (KCF3SO2N(CH2)3OCH3) dissolved in PEO [Las94].

0.0 0.2 0.4 0.6 0.8 1.0

xKMPSA
10

-6

10
-5

10
-4

10
-3

σ 
(S

/c
m

)

0.0 0.2 0.4 0.6 0.8 1.0

xKMPSA
-80.0

-60.0

-40.0

-20.0

0.0

T
g/o C

Figure 1.6: DC conduction σ (left) and glass transition temperature Tg (right) as a
function of the molar fraction of KMPSA dissolved in PEO. The temperatures on
the left hand side are T = 100◦C (◦) and T = 50◦C (�) [Las94].

One reason for the decreasing conductivity with increasing salt content is the
formation of ion clusters which are less mobile in the polymer matrix than single
ions [Sch91]. The major effect arises from the slowing down of the dynamics of
the host molecules, resulting in an increased viscosity. This slowing down is directly
visible in the increasing glass transition temperature Tg (cf. right side of Fig. (1.6)).
The increase of the glass transition temperature and the corresponding stiffening of
the polymer matrix may be attributed to the formation of transient crosslinks via
a cation. These crosslinks bind two or more oxygen atoms belonging to one chain
or to different chains.

Another evidence for the coupling of ionic transport to the host mobility stems
for NMR studies. These studies show that in the amorphous phase the relaxation
times of hydrogen within polymer chains are closely related to the relaxation times
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of the ions. For example, in [Don93] it was shown for LiBF4 dissolved in PEO that
the temperature dependence of the spin-lattice relaxation rate of 7Li and 1H nuclei
follow the same curve. The anions, however, probed by the 19F resonance had a
different temperature dependence, which is caused, according to the authors, by a
reorientation of the BF−

4 ions. This suggests that the cations follow the segmental
motion of the polymer chains.

Relaxation times for segmental rearrangements and reorientation depend on fac-
tors such as the chemical nature of the salt and the polymer, the temperature and
the pressure, but they are basically not affected by the polymer length [Shi93]. If
the cation motion is coupled to the segmental motion, the diffusion constant for
the cations should be independent of the chain length. Results of the diffusion
constant for 7Li in PEO-LiCD3SO3 using pulsed field gradient NMR methods are
shown in Fig. (1.7). Above the entanglement length (given by a molecular weight

Figure 1.7: Diffusion constant for 7Li in PEO-LiCD3SO3 with an ethylene oxide to
lithium ratio of 20:1 at 70◦C (buttom) and 90◦C (top) as a function of molecular
weight, M [Shi93].

of M ≈ 103) the diffusion constant approaches a constant value. The same behavior
was also found for the DC–conductivity [Shi93]. The enhanced diffusion for short
polymers is ascribed to diffusion of the polymers the cation are coordinated to.

1.2.3 Transport in crystalline polymer electrolytes

Armand [Arm79] first proposed that the helical structure of polyether chains should
provide a framework for ion transport in crystals of such materials. However, af-
ter the studies of Berthier et al. [Ber83], which gave clear evidence that in mixed
crystalline and amorphous phases the conduction takes place in the amorphous re-
gions, crystalline polymer electrolytes have received relatively little attention. The
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directed structures of the crystalline complexes with the cation coordinated inside,
found by Bruce and coworkers, suggest that the ion transport takes place along
those structures [Lig93, And01]. The structure of crystalline PEO6:LiAsF6, shown
in Fig. (1.8), is of special interest since it suggests that Li+ transport along the ”tun-

Figure 1.8: The structure of crystalline PEO6:LiAsF6. Shown are six ”tunnels”each
formed of two polymer chains with Li+ cations inside. The anions (AsF6) are placed
outside the ”tunnels” [And01]

nels”may be possible. Indeed new experiments have shown that the ion conductivity
in the crystalline phase of PEO6:LiSbF6 which is isostructural to PEO6:LiAsF6 show
a superior conductivity compared to the amorphous phase [Gad01]. To measure the

Figure 1.9: Ionic conductivity of amorphous (open circles) and crystalline (filled
circles) for PEO6:LiSbF6 [Gad01]

conductivity in the crystalline phase, chains with molecular weight Mw = 103 were
used and for the amorphous phase longer chains with a molecular weight Mw = 105
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were taken. Fig. (1.9) shows that the crystalline sample conducts better compared
to the amorphous sample. The authors argue that these results are comparable, in
spite of the different chains length. On one hand the conductivity in the amorphous
phase does not depend on the chain length, if the molecular weight exceeds the
entanglement limit (see Fig. (1.7)). On the other hand the crystal structure does
not alter for different chain lengths as experiments using Mw = 103 and Mw = 105

have shown [Mac99]. The NMR–linewidth of the LiSbF anions in the crystalline
phase does not depend on temperature while the Li+ linewidth narrows at higher
temperatures. This indicates that the conduction stems from Li ions only. Fur-
ther, only a single NMR line for 7Li in the amorphous and in the crystalline sample
has been found. This indicates the absence of amorphous regions in the crystalline
sample and vice versa. The observations displayed in Fig. (1.9) are important and
eventually are helpful to understand increased conductivities in stretched polymers
as described below. However, the conduction measured so far is considerable lower
than in many other (mixed phase) polymer ion conductors where the conduction is
mediated in the amorphous phase.

1.2.4 Transport in stretched polymers

Recent experiments made with stretched PEOn:LiI with varying Li to O ratio n have
shown a DC–conductivity enhancement by a factor 5-20, depending on whether the
stretching was done at room temperature or at 650C [Gol01, Gol02]. The following
further experimental observations are:

• The room temperature diffusion constant of the 7Li+ cations for an O:Li ratio
of 9 is D(Li+) ≈ 7.6 10−8cm2/s for the unstretched case. In the stretched case
values D⊥ = 1.1 10−7cm2/s and D‖ ≈ 1.1 10−7cm2/s were found for directions
perpendicular and parallel to the stretching direction.

• The AC resistivity in the direction perpendicular to the stretch has a marked
dependence upon stretching.

• In contrast to the unstretched samples the NMR spectra of the stretched sam-
ples show a marked angular dependence indicating a long–range anisotropy.

• The stretched films appear to be stiffer than the unstretched samples. This
is reflected by the higher temperature at which the motional narrowing of the
Li linewidth sets in. These findings of a stiffer network are supported by a
glass transition temperature increase of about 20K and a prolonged spin lattice
relaxation time.

These experiments and the extended range order found in [Mao00] suggest that
the transport of the ion takes place along directed structures which are orientated
upon stretching. We will come back to this point in chapter 5, where we introduce
a macroscopic model which mimics the experimental situation.
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1.3 Theoretical modeling

For polymer ion conductors phenomenological concepts are often used. One is the
free volume approach in which it is assumed that transport of guest molecules or ions
is governed by a dynamic redistribution of some free volume. A basic assumption
is that the main free volume 〈vf〉 per particle vanishes at a finite temperature T0,
and the following equation of state is assumed [Sou98]

p 〈vf 〉 = kB(T − T0) (1.2)

We assume that the free volume vf follows a Poisson distribution so that the prob-
ability to find a free volume v is given by P (v) ∼ exp(−v/ 〈vf〉). Suppose that for
a transport event to occur at least a free volume larger than a critical value vc has
to be present. Then the diffusion constant D becomes

D ∼

∫ ∞

vc

P (v) dv ∼ exp

(
− pvc
kB(T − T0)

)
. (1.3)

This free volume approach thus provide a basis for the VTF–equation.
A second phenomenological description which focuses on the coupling of carrier

motion to temporal fluctuations in the polymer network is the dynamic percolation
theory (DPT) of Druger, Ratner and Nitzan [Dru83]. The basic idea of this model
is that segmental motion of the polymer chain opens new pathways for the ions to
diffuse through. This theory is described in detail in chapter 4.

In the last decade computer simulations have turned out to be a valuable tool
for the investigation of polymeric materials. Extended molecular dynamics (MD)
simulations were done by Ratner et al [Rat95], de Leeuw et al. [Lee01], Müller–
Plathe et al. [Mue95] and others, dealing with questions such as the formation of
ion clusters, structure factors, and short–time diffusion. The smallest time step in
MD simulations has to be short compared to the fastest timescale of the relevant
physical processes involved. Normally one uses 1 fs as time step in MD simulations,
therefore these simulations are limited to timescales less than a few nanoseconds.
However, for small timescales a quantitative comparison with experimental data is
possible. For example, it was shown by Jonge et al. for PEOn:NaI that relaxation
times computed by MD simulation compare quantitatively with those from neutron
scattering experiments [Jon02].

Since the timescales of realistic MD simulations are limited to a few nanoseconds,
coarse grained models such as Monte Carlo (MC) simulation are of particular value
for studying the long time behavior of polymeric systems. While for pure polymer
melts the bond fluctuation model, which is described in Sec. 2.1.1 is normally used,
a model based on the Verdier–Stockmayer algorithm was introduced by Olender
et al. to account for the heterogeneity of polymer electrolytes [Ole95]. It allows
studying questions of ion solvability, association-dissociation equilibrium [Ole95] as
well as transport [Pen96] and will be used in this thesis. Due to its coarse–grained
nature this model allows us to determine the long–time diffusion constant of the
chains’ center–of–mass, which so far has not been accessible by MD simulations.



12 Introduction

1.4 Goals of the work

Our principal aim will be the description and understanding of transport processes
in dense polymeric systems, predominately in polymeric ion conductors. In chapter
2 our attention will be directed to pure polymer melts. Our main tool is the Kramers
method, a way to obtain the relaxation time of the end–to–end vector of a polymer
chain (a dynamic quantity) using only static averages. So far the Kramers method
has only been proven for a single Rouse chain. We will present a new proof giving
strong evidence that the Kramers method is also applicable to unentangled melts.
As a test we will compare the method against MC simulations of simplified models
for a polymer melt, showing the validity of the approach for unentangled melts and
its limitations for chains, whose length becomes comparable with the entanglement
length.

The rest of the work, chapter 3 to 5, will be devoted to polymer electrolytes. Up
to now, efficient MC simulations for transport properties of polymer ion conductors
are only available for the NVT–ensemble. To gain an indirect access to the experi-
mental condition of a constant pressure p, we will in chapter 3 present an equation
of state derived from the quasichemical approximation (QCA). This equation allows
us to determine for given T and p the volume of the simulation box for MC studies
and therefore gives access to transport properties in the (NpT )–ensemble. Simu-
lations show a VTF-like temperature– and an exponential pressure–dependence of
the cationic diffusion constant, in accordance with experiments.

In chapter 4 we will introduce the dynamic percolation theory (DPT), which
represents a further coarsening of the already coarse grained MC model. DPT has
turned out to be a valuable concept for understanding transport processes in a dy-
namically disordered medium such as ion diffusion in polymer electrolytes. A central
quantity in DPT is the waiting time distribution (WTD) by which the renewal of
the percolative networks occurs. However, hitherto DPT has only been tested quan-
titatively for point–like particles in lattice gases, using a single exponential WTD.
In chapter 4, we will propose a way to apply the DPT to an athermal polymer
lattice model. This involves the determination of the WTD from correlations in the
site occupancy, showing that a single exponential is not sufficient. Good agreement
between DPT and MC simulation for tracer diffusion will be found, provided that
the temporal correlations are properly taken into account in the WTD.

The last chapter focuses on recent experiments on stretched polymers. We
will propose a simple, macroscopic model where the stretching introduces an
anisotropy in its microscopic constituents. The results obtained by an effective
medium treatment are consistent with experimental findings, and support the re-
cently (re)appearing ideas that the ionic transport occurs along directed structures,
such as the helical channels of PEO.



Chapter 2

Pure polymer melts and the
Kramers potential method

Before we study polymeric ion conductors in the next chapter we first consider the
pure polymer melt without ions. We begin this chapter by briefly reviewing standard
simulation techniques (Sec. 2.1). Then we discuss in Sec. 2.2 some theoretical
concepts and compare their predictions with simulation results. In the last section
(2.3) we will discuss a method to obtain information on correlation times using only
static averages.

2.1 MC–Simulation techniques

Over the recent years computer simulations have become a major tool for investi-
gating polymer dynamics. As already mentioned in the Introduction, there exists a
huge time gap between atomic timescales and experimental relaxation times. Since
the shortest time step in molecular dynamics (MD) simulations has to be small
compared to atomic timescales, these simulations are limited to a few nanoseconds.
Times like the relaxation time of the end–to–end vector, which can easily be of the
order of 10−5s [Bin95] are out of reach for present day MD simulations and probably
remain unaccessible for near future computer generations. Therefore Monte Carlo
(MC) simulations using simplified models are of special importance in the field of
polymer science and will be shortly reviewed now. Since the general concept of the
Monte Carlo method is well established, we like to refer to standard text books
(e.g. [Lan00]) and directly describe specific models used for polymers.

2.1.1 The bond fluctuation method

The so–called bond fluctuation model was introduced in 1988 for two dimensions
by Carmesin and Kremer [Car88] and extended to three dimensions by Deutsch
and Binder [Deu90]. For the sake of simplicity we present here a two–dimensional
version on a square lattice. A detailed description of a three–dimensional version
may be found in [Bin95]. In the bond fluctuation model every bead of the polymer

13
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chain is represented by four lattice points on the square lattice (see Fig. (2.1)).

Figure 2.1: A typical configuration for the bond fluctuation model.

To prevent crossing of bonds, the distance l between two beads varies from l = 2
up to l =

√
13 lattice constants. The dynamics are defined as follows. First choose

a bead at random, then move it such that both bond lengths stays within l = 2
and l =

√
13 lattice constants. If that bead does not overlap with any other bead,

accept the move with the Metropolis rate min[1, e−β∆H]. The energy H is chosen to
depend on the bond length l and the bond angle θ via

Heff = Ueff(l) + Veff(θ) (2.1)

This choice of the energy has the advantage that Ueff(l) and Veff(θ) can be determined
from realistic potentials as shown in [Bin95]. In this procedure a bead in the lattice
model comprises several chemical monomers, so that the varying bond length is
physically meaningful.

This bond fluctuation model is very successfully used for bulk polymer melts
and may be considered as the standard model for simulating polymer dynamics.
However, in polymer ion conductors, the polymer chains typically show a strong
chemical heterogeneity. For example, in polyethylene–oxide two ethylene groups
are followed by an oxygen atom which is able to bind cations and therefore has a
totally different influence on the ions as the ethylene groups which merely block
the movement of the ions. This heterogeneity would vanish if we combine several
chemical monomers in one bead. A model with fixed bond length, and which permits
heterogeneity on the level of the beads is the Verdier–Stockmayer model described
in the next section.
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2.1.2 Verdier–Stockmayer algorithm

An earlier lattice model for polymers is the so–called Verdier–Stockmayer model in
which every chemical unit is represented by a bead occupying a lattice point [Ver62,
Ver69]. Here we describe a three–dimensional version of the Verdier–Stockmayer
algorithm. The conformations of the chain are subjected to hard–core repulsion and
may therefore be viewed as self–avoiding random walks. The hard–core repulsion
also implies that no double occupancy of a lattice point with beads belonging to
different chains is allowed. The dynamics of the polymer chains are mimicked by
the three elementary moves displayed in Fig. (2.2). Although this model is a crude

terminal bead

nn-1

n+1

n+1n

a

b

c

Figure 2.2: The elementary moves in the Verdier-Stockmayer algorithm: (a) ‘kink-
jump’, (b) ‘crankshaft’ and (c) the rotation of an end bond.

approximation to the real physical situation, it includes many salient features of
polymeric systems as we will see later. A drawback of this algorithm is that it is not
ergodic since there are certain configurations with do not unfold and thus separate
the configurational space. The first non-ergodic configuration of this kind occurs in
3 dimensions for the chain length N = 19, as shown in Fig. (2.3). It can be shown
that for N → ∞ the fraction of these non–ergodic configurations, which cannot
unfold themselves, reaches unity [Mad87].

If one evaluates the performance of an algorithm by the number of MC steps
needed to reach equilibrium, then the bond fluctuation model is somewhat slower
than the Verdier–Stockmayer algorithm. However, since the bond fluctuation model
may be considered as the standard model in polymer simulations, many elaborate
algorithms such as a vectorized version [Kre90] for supercomputers exist. Therefore
the real time performance of the two algorithms is comparable.



16 Pure polymer melts and the Kramers potential method

Figure 2.3: A knot which can not unfold itself.

2.2 Theoretical concepts

In this section we will give a short description of two established theories for ho-
mogenous polymer melts. We begin with the Rouse model which despite of its
simplicity already includes many features of short chain polymer melts. Hereafter,
we compare the theoretical predictions of the Rouse model with computer simula-
tions, and add a short description of the reptation model, which becomes important
for longer chains.

2.2.1 The Rouse model

The Rouse model [Rou53], originally invented to describe the dynamics of a single
chain in solution, relies on the following three assumptions: The chain has to be
ideal (i.e. no excluded volume interactions are present) and self–crossing (i.e. the
bonds may cross each other). The third assumption concerns the solution, which
has to present a viscous background in which the beads of the chain experience
friction but no hydrodynamic interaction. Actually the assumptions of excluded
volume interactions and absence of hydrodynamic interactions are better fulfilled
in an unentangled polymer melts than for a single chain in solution.1 The reason
why a chain in a polymeric melt can be considered as an ideal chain is the following.
Suppose we add several consecutive chemical monomers to one effective monomer (or
bead). The number of chemical monomers is chosen so that all spatial correlations
have decayed on the scale of those beads. Configurations of a single chain built of
N beads should show excluded volume behavior. However, in a dense polymeric
melt the excluded volume interactions are effectively screened, since a monomer
cannot distinguish whether a nearby monomer belongs to the same chain or to
another chain [Kre92, Gen79]. With regard to static features the chain has therefore
Gaussian character and assumption of the chains to be ideal is fulfilled. While this

1The assumption of an ideal chain may also be valid for a polymer in solution, when the hard–
core repulsion is balanced by the solvent (Θ–condition). However, the hydrodynamic interactions
are always present in polymeric solutions. A model accounting for the neglected hydrodynamic
interactions is the so–called Zimm model [Doi86], which at Θ–condition is in good agreement with
experimental results.
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assumption remains true for long chains, the assumption that the chains are self–
crossing is not valid anymore for chains longer than the so called entanglement
length Ne.

2 In this regime the reptation model, which is sketched in Sec. 2.2.2 is
successfully used to describe the chain dynamics.

Since our calculation in Sec. 2.3.1, are based on the Rouse model, we will
describe it here in some detail. With respect to the beads, at the positions �Rn, the
configuration is characterized by the Gaussian probability distribution

P (�R1, . . . �RN ) =
N−1∏
n=1

(
3

2πb2

)3/2

exp

(
−3(�Rn+1 − �Rn)

2

2b2

)
, (2.2)

where b is the mean distance between two beads.
On that coarse grained level the chain is ideal and thus the free energy F is given

by entropic contributions only, yielding

F = −kBT lnP =
3kBT

2b2

N−1∑
n=1

(�Rn+1 − �Rn)
2 . (2.3)

If we formally define a potential energy by setting U = F the problem is equivalent
to a linear chain, whose beads are connected by springs with spring constant k =
3kBT/b

2.
Now we focus on the dynamics of one chain of the melt. The others chains are

only included via a viscous environment through a constant friction coefficient ζ and
stochastic forces. Neither hydrodynamic forces nor topological constraints, imposed
by the prohibition of bonds to cross, are considered. With these approximations
the dynamics of the chain may be described in terms of a Langevin equation for
Brownian particles, linked together with springs in a medium with friction constant
ζ (see also Fig. (2.4)). The equation of motion for bead n reads

ζ
d�Rn

dt
+

dU

d�Rn

= �fn(t) , n = 1 . . . N , (2.4)

where the internal energy U of the chain is given by

U =
k

2

N−1∑
n=1

(�Rn+1 − �Rn)
2 . (2.5)

The correlations of the stochastic forces have to be compatible with Eq. (2.2) and
are given by

〈fnα(t)fmβ(0)〉 = 2ζkBTδn,mδα,βδ(t), for α, β = 1 . . . 3 and n,m = 1 . . . N (2.6)

This is also in accordance with intuition since the chain connectivity should not
have an effect on the stochastic forces. To solve Eqs. (2.4-2.6) the energy of the

2For a definition of Ne see Sec. 2.2.2
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Figure 2.4: Sketch of the Rouse model. One chain, consisting ofN beads at positions
�Rn (n = 1, . . .N) connected via harmonic springs, is placed in a homogeneous
medium. The effect of the other chains is modeled as a viscose background with
friction constant ζ and random thermal forces.

chain (Eq. (2.5)) is expressed in a matrix form

U =
k

2

N∑
n,m=1

Mn,m
�Rn

�Rm (2.7)

with a symmetric tridiagonal matrix (Mn,m). The respective eigenvalue equation
yields N non-degenerated eigenvalues λp and the corresponding orthonormal eigen-

vectors ϕ
(p)
n characterizing the Rouse modes p; p = 0 . . .N − 1

λp = 2
(
1− cos

pπ

N

)
, ϕ(p)

n =

√
cp
N

cos
[
(n− 1/2)

pπ

N

]
. (2.8)

The constant cp in Eq. (2.8) is cp = 2 for p �= 0 and c0 = 1. The expansion of �Rn(t)

in terms of ϕ
(p)
n is given by

�Rn(t) =

N−1∑
p=0

�Xp(t)ϕ
(p)
n , (2.9)

where �Xp(t) are normal coordinates giving the amplitude of the Rouse modes p.

Using ∂U/∂ �Rn = −k/2∑mMm,n
�Rm yields uncoupled equations for �Xp(t):(

∂

∂t
+
k

ζ
λp

)
�Xp(t) =

1

ζ

∑
n

ϕ(p)
n fn(t) =:

1

ζ
�Fp(t). (2.10)

The correlations of the transformed random forces are given by

〈Fp,α(t)Fq,β(0)〉 = 2ζkBTδp,qδα,βδ(t) . (2.11)
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If we multiply Eq. (2.10) with �Xq(0) and take the average using
〈
�Xq(0)�Fp(t)

〉
=

0, we obtain〈
�Xp(t) �Xq(0)

〉
= δq,p

〈
�X2
p

〉
e−t/τp ; τ−1p =

kλp
ζ

for p > 0 , (2.12)

with
〈
�X2
p

〉
= b2/λp. Using that the squared end–to–end vector defined by 〈R2

E〉 =〈
(�R1 − �RN)

2
〉
, is given by 〈R2

E〉 = b2(N − 1) (see e.g [Doi86]), we get

〈
�X2
p

〉
=

〈R2
E〉

N − 1

1

4 sin2
(
pπ
2N

) . (2.13)

By definition, the Rouse modes have a physical meaning only if N/p � 1.
Consequently we can use the following approximation

τ−1p  p2τ−11 ; τ−11 =
3kBT

ζ

( π

bN

)2
. (2.14)

Rouse modes in melts, simulation results

The harmonic forces between the beads is reflected by a set of orthogonal Rouse
modes. To test the orthogonality of the Rouse modes in melts, in Fig. (2.5) simu-

lation results of
〈
�X1(0) �Xq(0)

〉
are displayed [Kre01]. The data was obtained using

the bond fluctuation method described in Sec. 2.1.1 for a density of 1/2, which

corresponds to a dense system. As can be seen in Fig. (2.5) the Rouse mode �Xq

and �X1 are orthogonal. However, some cross—correlations between slow– and fast

Rouse modes of the form
〈
�X127

�Xp

〉
for a chain of length N = 128 and small p

are reported in [Kre01]. For shorter chains (N = 16) no cross–correlations were
observed.

Also studied by Kreer et al. [Kre01], was the time dependence of 〈Xp(t)Xp(0)〉.
It is given by Eq. (2.12) and should show an exponential decay. For N = 16 they
found that the long–time decay of 〈Xp(t)Xp(0)〉 for p = 1 can be well described by
an exponential decay. Only for relaxations of higher modes a progressively non–
exponential decay was observed.

In the same paper simulations for the absolute value of
〈
�X2
p

〉
for different chain

lengths N were reported.3 Fig. (2.6) compares the results with the prediction from

Eq. (2.13). As one can see, the predicted values of
〈
�X2
p

〉
in the Rouse model are

in good accordance with the simulation results. Only for values of p/N near one,
when the Rouse modes probe local distances, deviations are visible in Fig. (2.6).
By using the model of a freely rotating chain, spatial correlations on the level of

the beads are introduced. An evaluation of
〈
�X2
p

〉
in this model accounts better

3Note that the definition of �Xp in [Kre01] contains an additional factor of
√
1/2N compared

to our definition.
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Figure 2.5: Test of the orthogonality of the Rouse modes in melts taken from [Kre01].

Displayed is
〈
�X1(0) �Xq(0)

〉
for a chain length N = 128 with q ranging from

1, 2 . . . 127. The inset magnifies the results for q = 2, . . . 127.

for the simulation data (solid line in Fig. (2.6)). Since we are interested in generic
properties, regardless of the chemical details, we focus our attention on long range
Rouse modes and thus for our purposes there is no need to consider the freely
rotating chain model in more detail.

Radius of gyration

Now we calculate the mean squared radius of gyration 〈R2
G〉 in terms of Rouse

modes. By definition, 〈R2
G〉 is given by

〈
R2

G

〉
=

1

N

〈
N∑

n=1

(�Rn −RCM )2

〉
. (2.15)

Transforming to normal coordinates, we note that the center–of–mass �RCM is given
by the amplitude of the zeroth Rouse mode �X0. Hence only modes p ≥ 1 contribute:

〈
R2

G

〉
=

1

N

〈
N∑

n=1

N−1∑
p=1

ϕ(p)
n

2 �X2
p

〉
(2.16)
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Figure 2.6: Tested scaling behavior of
〈
�X2
p

〉
in melts taken form [Kre01]. The

dashed line corresponds to Eq. (2.13) and the solid line, which accounts better to
the data, is given by the freely rotation chain model (see [Kre01]). The inset shows
a magnification for N = 512 and p/N � 1.

Using the definition of ϕ
(p)
n given in Eq. (2.8), we get

〈
R2

G

〉
=

2

N2

〈
N−1∑
p=1

�X2
p

N∑
n=1

[
cos
(
(n− 1/2)

pπ

N

)]2〉
. (2.17)

The summation over the cosine term gives us

N∑
n=1

[
cos
(pπ
N

)]2
=

N

2
+
1

4

sin(2πp)

sin(pπ
N
)
. (2.18)

Since 1 ≤ p < N the last term is alway zero and therefore

〈
R2

G

〉
=

1

N

〈
N−1∑
p=1

�X2
p

〉
. (2.19)

So far the specific form of the Xps did not enter the derivation. Figure 2.6
suggests that Eq. (2.13), is valid for melts further Fig. (2.5) shows that the Xps
are orthogonal in melts, for melts Eq. (2.19) thus becomes

〈
�R2
G

〉
=

〈R2
E〉

4N(N − 1)

N−1∑
p=1

[
sin
( pπ
2N

)]−2
. (2.20)
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The sum is dominated by small values of p. We therefore expand the sinusoidal
term. If we go to the limit of infinite chain length, we can carry out the remaining
sum over p−2 giving π2/6. So we arrive that the well known result〈

R2
E

〉
= 6

〈
R2

G

〉
(2.21)

is fulfilled in melts. We come back to this later when we discuss our simulation
results (see Fig. (2.7)).

Mean square displacements

We now consider the mean square displacements of the chains’ center–of–mass g3(t),
of an inner bead g1(t) and of an inner bead measured relative to the center–of–mass
g2(t), which are defined by:

g1(t) :=
〈
(�Rn(t)− �Rn(0))

2
〉

(2.22)

g2(t) :=
〈
(�Rn(t)− �RCM(t)− �Rn(0) + �RCM(0))2

〉
(2.23)

g3(t) :=
〈
(�RCM(t)− �RCM(0))2

〉
(2.24)

We begin with g3(t). Using Eq. (2.9), we obtain

�RCM(t) :=
1

N

N∑
n=1

�Rn(t) =

√
1

N
�X0(t) . (2.25)

Therefore g3(t) is determined simply by the zeroth Rouse mode. Using λ0 = 0,

Eq. (2.10) reduces for �X0(t) to the equation of motion of a free Brownian particle,

yielding
〈
�X2
0 (t)
〉
= 6tkBT/ζ . Often one considers the long–time diffusion constant

of the chains’ center–of–mass given by D(P ) := limt→∞ g3(t)/6t. Hence g3(t) and
D(P ) for a Rouse chain are given by

g3(t) =
6t

N

kBT

ζ
and D(P ) =

kBT

ζN
. (2.26)

While the Rouse mode p = 0 is connected to the diffusion constant of the chain
as a whole, Rouse modes for p > 0 correspond to internal degrees of freedom. To
calculate g1 we use the statistical independence of different Rouse modes to get

〈(�Rn(t)− �Rn(0))
2〉 =

∑
p

(ϕ(p)
n )2〈( �Xp(t)− �Xp(0))

2〉 (2.27)

Using the appropriate Greens function G(t− t′) = ζ exp(−|t− t′|/τp)δ(t− t′), in Eq.
(2.10) we get the following solution for p > 0

�Xp(t)− �Xp(0) = �Xp(0)
(
e−t/τp − 1

)
+

1

ζ

∫ t

0

e−(t−t′)/τp �Fp(t
′) dt′ ; t > 0. (2.28)
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For p = 0 (λ0 = 0) we can integrate Eq. (2.10) directly to get

�Xp=0(t)− �Xp=0(0) =
1

ζ

∫ t

0

�Fp=0(t
′)dt′ . (2.29)

After taking the average over the square of Eq. (2.29) we find using Eq. (2.11) that
the p = 0 mode contributes to Eq. (2.27) with a term g3(t). Taking the square of
Eq. (2.28) yields

g1(t) = g3(t) +

N−1∑
p=1

(
ϕ(n)
p

)2{ b2

2 cos
[
pπ
N
(n− 1/2)

](e−t/τp − 1)2

+
3kBT

ζ
τp(1− e−2t/τp)

}
(2.30)

Further evaluation including the expansion of the cosine term for small p in Eq.
(2.30) gives

g1(t) = g3(t) +
2b2

Nπ2

N−1∑
p=1

(
N

p

)2 (
1− e−tp2/τ1

)
(2.31)

After approximating the summation by an integral one gets

g1(t) = g3(t) + b

√
12kBT

πζ
t . (2.32)

For short times and long chains the mean square displacement is given by the second
term since g3 is proportional to 1/N . However, for long times the second term is
outnumbered by the first and the mean square displacement becomes diffusive (i.e.
proportional to t). For the crossover time at which both terms are equal we recover,
up to a numerical factor π, the time τ1 from Eq. (2.14). Using Eq. (2.9) to determine
g2 yields the same expression as the right hand side of Eq. (2.27), however, with
the summation starting from p = 1. Since the p = 0 term gives g3(t) we find

g1(t) = g2(t) + g3(t) . (2.33)

Correlation times

Apart form the diffusive quantities just discussed, correlation times are also of special
interest. Let us, for example, consider the end-to-end vector �P (t) = �RN (t)− �R1(t).
Using Eq. (2.9) we get

�P (t) =

N∑
p=1

√
2

N
�Xp(t) (cos pπ − 1) cos

pπ

2N
. (2.34)

Using Eq. (2.12) and the approximation Eq. (2.14) the correlation function〈
�P (t)�P (0)

〉
is given by

〈�P (t)�P (0)〉 = 8

N

∑
p=1,3...

〈
�X2
p (0)

〉(
cos

pπ

2N

)2
e−tp2/τ1 , (2.35)
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where the summation only includes the non–zero odd terms. Using
〈
�X2
p (0)

〉
= b2/λp

we get for the lowest order in p/N

〈�P (t)�P (0)〉  8b2N

π2

∑
p=1,3...

1

p2
e−p2t/τ1 . (2.36)

The main contribution to Eq. (2.36) for long times is given by the p = 1 term, i.e.

for long times the decay of �P is governed by the Rouse relaxation time τ1.

Viscosity

After we investigated dynamical properties of a single Rouse chain, we now consider
the response of a polymeric melt to strain. While in general the relationship between
stress and deformation is complicated, we consider here the case that the stress is
small enough to apply a linear response theory. In that case the stress σs(t) and the
shear rate γ̇(t) are connected via the stress relaxation function G(t) by

σs(t) =

∫ t

−∞
G(t− t′)γ̇(t′)dt′ . (2.37)

If the system, is sheared with constant shear rate γ̇, the ratio σs(t)/γ̇ becomes
stationary, giving the viscosity η,

η =

∫ ∞

0

G(t)dt (2.38)

In the Rouse model G(t) may be calculated to give [Gro94]

G(t) =
bkBT

N

∞∑
p=1

e
− 2tp2

τ1 (2.39)

Therefore the viscosity is given by

η =
bkBTπ

2

12N
τ1 , (2.40)

and thus is proportional to the longest Rouse time.

2.2.2 The reptation model

The Rouse model is a reasonable description for relatively short chains. It fails
for longer chains where experiments show a dramatic decrease in the diffusion con-
stant, D(P )

∼ N−2 and an increase in the viscosity η ∼ N3.4. These changes occur
beyond a characteristic chain length Ne called the entanglement length. However,
the underlying Gauss model with respect to static features keeps its validity for
N � Ne.
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The fact that long–time predictions of the Rouse become invalid for N > Ne

is not surprising, since no topological constraints imposed by the other chains are
included. A model which takes into account the complex topological constraints
arising by the prohibition of crossing bonds, is the reptation model. The main idea
is that a chain moves in a tube built by other chains. This idea was first used by
Edwards in his work on fixed cross-linked polymers [Edw67] and was generalized
by de Gennes for polymer melts [Gen71]. Basically one distinguishes between the
following three time regimes for the movement of a marked chain in the tube built
of other chains.

t < τe (Rouse regime) For short times the test chain does not see the tube at all
and performs a free Rouse like motion. This free motion is disturbed when
the distance the monomers have moved becomes comparable with the tube
diameter dT . The tube diameter may be estimated to be d2T = 〈R2

E(Ne)〉 (see
e.g. [Kre92]) and thus is independent of the chain length. Since Gaussian
chains provide a good approximation for the statics of the melt, 〈R2

E(Ne)〉
is proportional to Ne. The distance 〈(∆�Rn(τe))

2〉 the monomers have moved
until the entanglement time τe, is given by the second term of Eq. (2.32)
yielding to τe ∼ N2

e

τe < t < τd (Diffusion along the tube) In this intermediate time regime the tube
is still intact or in other words the chain did not leave the tube. It moves
along its own one–dimensional contour which is the backbone of the tube.
This situation corresponds to a random walk on a random walk. The t1/2

power law for t < τ1 in Eq. (2.32) becomes a t1/4 power law and the t1

behavior for t > τ1 in Eq. (2.32) converts into a t1/2 behavior [Gen71]. Now
we may estimate the time needed for an inner bead to move along the contour
of the tube until it leaves the tube. The tube consists of N monomers and
for t < τ1 a typical length a monomer of the chain moves in a given time is√
DCM ∼

√
t/N . Therefore we can identify a time τd when the chain leaves the

tube (or the tube vanished) as τd ∼ N3. This disentanglement time becomes
the longest relaxation time in the system.

τd < t (Normal diffusive regime) Finally, on long time scales we expect the
chains to show normal diffusive behavior i.e. 〈∆R2(t)〉 = 6Dt. At the time τd
the chain leaves the tube, it moved a distance of the order of its size. Taking
the radius of gyration as a typical size yields D(P )

∼ R2
G/τd ∼ N−2

In summary, the reptation model predicts the following general behavior for the
mean-square displacement of an inner bead.

g1(t) =




t1/2 ; t < τe ∼ N2
e

t1/4 ; τe < t < τ1 ∼ N2

t1/2 ; τ1 < t < τd ∼ N3

t1 ; td < t

(2.41)
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The center–of–mass shows normal diffusion already at time τ1, when the ends
of the chain start to reptate out of the tube. Therefore one expects the following
behavior for the center–of–mass diffusion [Kre92]:

g3(t) =




t1/2 ; t < τe
t1/2 ; τe < t < τ1
t ; τ1 < t

(2.42)

In the reptation model the melt begins to flow after entanglements have dissolved,
explaining intuitively that the viscosity scales with η ∼ τd as shown e.g. in [Doi01].
Therefore the reptation model predicts η ∼ N3. However, experiments confirm that
the diffusion constant D(P ) for long chains is proportional to D(P )

∼ N−2 and the
viscosity seems to scale like η ∼ N3.4. One explanation for this discrepancy was first
given by Doi, who suggested fluctuations of the tube length to be responsible for an
enhanced relaxation [Doi83]. Due to these fluctuations a very broad crossover regime
is established and the asymptotic value of 3 is achieved only for very long chains.
Based on that assumption Milner et. al. [Mil98] constructed a theory containing
contribution from reptation and contour–length fluctuations. This theory shows a
crossover from η ∼ N3.4 to η ∼ N3.0 starting at N/Ne ≈ 200.

Besides reptation in a tube there are other theories using different approaches
to the problem. E.g. there are models which include the renewals of tubes [Hes88].
An overview of existing methods may be found in [Kre92].

2.3 Polymers in a shear flow, the Kramers poten-

tial method

In this section we present a method to obtain information on the time τ1 for the end-
to-end vector relaxation (a dynamic quantity) from static averages. As static aver-
ages may be obtained very efficiently using MC–algorithms which involves large ”un-
physical”configurational changes, these static algorithms generally are much faster
than MC–simulations which directly yield dynamic quantities. The method takes
advantage of the Kramers approach for polymeric solutions in a shear flow [Kra46].
With this method Frisch and Fesjian obtained the relaxation time of rodlike macro-
molecules in concentrated solutions [Fes84]. Later Frisch et al. proposed a way to
obtain the relaxation time of a dynamical process in a single polymer chain from
biased sampling of equilibrium Monte Carlo data [Fri88]. In this approach, assum-
ing a shear in the xy–plane, each bead of the polymer chain, located at x, y relative
its the center–of–mass, is subjected to an additional potential UK = g kBTxy with
adjustable strength g. The Kramers relaxation time τK is then determined by [Fri88]

τ 2K = lim
g→0

g−2(〈X2
G〉g/〈X2

G〉0 − 1) , (2.43)

where 〈X2
G〉g denotes the mean–squared x–component of the radius of gyration in

the presence of the shear and 〈X2
G〉0 its value without shear. The time unit, apart
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from a numerical factor, is given by ζ/kBT , with ζ being the friction constant. For
isolated Rouse chains without excluded volume it has been shown explicitly that
τK is the longest Rouse relaxation time τ1 [Fri88]. By means of Monte Carlo sim-
ulation Frisch et al. also demonstrated the applicability of the method to the case
of a single self–avoiding chain. Later the method was used for star polymers with
excluded volume [Ohn94]. Recently, Paul et al. obtained the chain length depen-
dence of τK from MC simulations using the bond fluctuation method (see Sec. 2.1.1)
with realistic chemical potentials for polyethylene [Pau99]. To fix the missing time
constant they explicitly determined ζ by a comparison with MD simulations. This
enabled them, using Eq. (2.40), to compare their results of τK with experimental
data for the viscosity η. Generally, the idea of such studies is that ζ is an effective
friction constant which depends on interactions with other chains. Once ζ is fixed,
Eq. (2.43) perdicts the N–dependance of τK .

MC–simulations for different chain lengths and melt concentrations were carried
out recently [Due01a], showing the applicability of the approach for intermediate
chain lengths up to the entanglement length Ne. However, to our knowledge no
theoretical proof of the Kramers concept beyond the simple case of isolated ideal
chains in the Rouse and the Zimm model [Fri88], is available.

In the following, before we turn to simulations for melts, we will give additional
arguments why Eq. (2.43) should also be valid for polymer chains in non–entangled
melts. In contrast to the approach using the Fokker–Planck equation [Fri88], we use
here the Langevin equation. This allows us to transform to Rouse modes, and to
use properties of the Rouse modes verified for polymer melts by means of computer
simulation.

2.3.1 Derivation of the Kramers relaxation time

Since the Kramers potential mimics as a shear flow, we first generalize the Langevin
equation for a single polymer chain subjected to a shear flow.

Let us consider a velocity flow field �V = κ�R with an �R independent matrix
κ acting on the beads of the chain. Since the friction force acting on a bead is
proportional to its velocity relative to the medium d�Rn/dt, the term ζd�Rn/dt in the

original Langevin equation Eq. (2.4) will be replaced by ζd�Rn/dt− ζκ�Rn, yielding

ζ
d�Rn

dt
− ζκ�Rn +

dU

d�Rn

= �fn(t) ; n = 1 . . .N (2.44)

Further we assume that the correlations of the random forces given by Eq. (2.6)
remain unchanged by the shear. After transforming to normal coordinates, we get
in (analogy to Eq. (2.12))(

∂

∂t
+
k

ζ
λp − κ

)
�Xp(t) =

1

ζ
�Fp(t) . (2.45)

For a simple shear flow �V (�Rn) = γ̇yn�ex, while for the irrotational Kramers flow
�V (�Rn) = γ̇(yn�ex + xn�ey). The main advantage using the Kramers flow is that the
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velocity field has a potential which allows us to rewrite Eq. (2.44) as

ζ
d�Rn

dt
+

d

d�Rn

{
U − ζγ̇

∑
i

xiyi

}
= �fn(t) . (2.46)

So we are able to account for the flow by simply adding the potential UK =
−ζγ̇∑i xiyi. The strength g of the perturbation in Eq. (2.43) is therefore given by

g =
ζγ̇

kBT
. (2.47)

When we transform Eq. (2.46) to normal coordinates, with the help of the unper-
turbed eigenfunctions Eq. (2.8) and denote by xp, yp and zp the x–, y– and z–

component of perturbed amplitude �Xp, we get the following transformed Langevin
equations

∂xp
∂t

+ τ−1p xp − γ̇yp =
1

ζ
Fpx(t)

∂yp
∂t

+ τ−1p yp − γ̇xp =
1

ζ
Fpy(t)

∂zp
∂t

+ τ−1p zp =
1

ζ
Fpz(t) (2.48)

where τ−1p = λpk/ζ . While the solution for zp is the same as in the unperturbed
case, the x and y components are affected by the flow. To solve Eq. (2.48) we make

the ansatz xp = x
(0)
p + x

(1)
p and yp = y

(0)
p + y

(1)
p , where x

(0)
p and y

(0)
p are solutions of

the corresponding unperturbed (γ̇ = 0) Langevin equation (2.4). The corrections
are given by

∂x
(1)
p

∂t
+ τ−1p x(1)p = γ̇yp

∂y
(1)
p

∂t
+ τ−1p y(1)p = γ̇xp . (2.49)

The initial–value problem for x
(1)
p is solved by (t > t0)

x(1)p (t) = e−(t−t0)/τpx(1)p (0) + γ̇

∫ t

t0

e−(t−t′)/τp yp(t
′) dt . (2.50)

An analogous expression holds for y
(1)
p . If we let t → −∞, the first term which

depends on the initial conditions vanishes, and the solution of Eq. (2.48) is given
by

xp(t) = x(0)p (t) + γ̇

∫ t

−∞
e−(t−t′)/τp yp(t

′) dt′

yp(t) = y(0)p (t) + γ̇

∫ t

−∞
e−(t−t′)/τp xp(t

′) dt′ . (2.51)
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Now we use Eq. (2.51) to calculate the mean value of the squared amplitudes〈
x2p(t)

〉
. Taking the square of Eq. (2.51), we obtain

〈
x2p(t)

〉
=
〈
(x(0)p )2(t)

〉
+ γ̇

∫ t

−∞
e−(t−t′)/τp

〈
x(0)p (t)yp(t

′)
〉
dt

+ γ̇2
t∫∫

−∞

e−(t−t′)/τpe−(t−t′′)/τp 〈yp(t′)yp(t′′)〉 dt′ dt′′ . (2.52)

To evaluate Eq. (2.52) we insert yp(t) from Eq. (2.51) into Eq. (2.52). Using〈
x
(0)
p y

(0)
p

〉
= 0,

〈
(x

(0)
p )2

〉
=
〈
(y

(0)
p )2

〉
and

〈
x
(0)
p (t)x

(0)
p (t′)

〉
=
〈
(x

(0)
p )2

〉
exp(|t −

t′|/τp), allows us to express the right hand side of Eq. (2.52) up to order γ̇2 in terms

of x
(0)
p . In this order the first integral is given by 1/6 γ̇2τ 2p

〈
(x

(0)
p )2(t)

〉
while the

second one is given by 1/2 γ̇2τ 2p

〈
(x

(0)
p )2(t)

〉
So altogether we obtain up to order γ̇2:

〈
x2p(t)

〉
=
〈
(x(0)p )2(t)

〉{
1 +

2

3
γ̇2τ 2p

}
. (2.53)

In Sec. 2.2.1 we already calculated the radius of gyration in terms of the Rouse
modes (see Eq. (2.19)). The mean–squared x–component of the radius of gyration
is given by 〈

X2
G

〉
g
=

1

N

〈
N−1∑
p=1

x2p

〉
. (2.54)

Since the xps are orthogonal we interchange averaging and summation in Eq. (2.54),
which yields using Eq. (2.53)

〈
X2

G

〉
g
=
〈
X2

G

〉
0
+
2γ̇2

3

N−1∑
p=1

〈
(x(0)p )2

〉
τ 2p . (2.55)

The main contribution comes from modes with (p/N � 1) where we have〈
(x

(0)
p )2

〉
=
〈
(x

(0)
1 )2

〉
p−2 and τp = τ1/p

2, yielding

〈
X2

G

〉
g
=
〈
X2

G

〉
0
+
2

3
γ̇2τ 21

〈
(x

(0)
1 )2

〉N−1∑
p=1

1

p6
. (2.56)

With
∑N−1

p p−6 = π6

945
+ O ( 1

N

)5
and 〈X2

G〉0 = 1
N

∑〈
(x

(0)
p )2

〉
= π2

6N

〈
(x

(0)
1 )2

〉
+

O ( 1
N

)2
we get to order O ( 1

N

)2
〈
X2

G

〉
g
=
〈
X2

G

〉
0
+
〈
X2

G

〉
0

π4

945

(
γ̇τ1
2

)2

. (2.57)
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Comparing Eq. (2.57) with Eq. (2.43) and using g = ζγ̇
kBT

we find

τK =
π2

2
√
945

kBT

ζ
τ1 . (2.58)

Therefore, besides a numerical factor and a factor kBT
ζ

determining the time scale,
the Kramers relaxation time τK represents the relaxation time τ1. Before we argue
that Eq. (2.58) stays valid also for polymer melts we remark that using τ1 =

N2ζ
kπ2

yields

τK =
N2

2
√
945

kBT

k
. (2.59)

Besides a factor of one half arising from a difference in definition of the Kramers flow,
Eq. (2.59) is identical with the result of Frisch et al. (see Eq. (16) in [Fri88]). The
main advantage of the above Langevin approach compared to the Fokker–Planck
method used in [Fri88] is that we can generalize our result to polymer melts.

Let us assume that the Langevin equation for a single polymer chain in a shear
flow, Eq. (2.44), stays valid for a sheared polymer melt. In that case, however,
the friction constant ζ is an effective one which depends on interaction with other
chain. Hence, ζ may depend on temperature and density in a nontrivial way, but
it is supposed to be a local quantity independent of chain length N . With these
assumptions we can repeat the calculations leading form Eq. (2.44) to Eq. (2.53).
The computer simulations discussed in Sec. 2.2.1 suggest, that orthogonal Rouse
modes in the melt exists and that Eq. (2.19) also holds true in melts. The same

simulations also show that
〈
(x

(0)
p )2

〉
=
〈
(x

(0)
1 )2

〉
p−2 for p/N � 1. Therefore Eq.

(2.56) and consequently Eq. (2.58) remain valid for the melts.

2.3.2 Results using the Kramers relaxation time

To test of the Kramers approach for melts we now calculate τK by means of com-
puter simulations for dense systems and compare it to other relaxation times ob-
tained from direct simulations. As indicated in the introduction, similar studies
were already carried out for various systems. In contrast to previous work which
showed the expected scaling of τK for a single chain [Fri88],[Ohn94] or compared the
N–dependence of the viscosity with experimental results [Pau99]. Here we present
our results for polymeric melts using an athermal lattice model and directly com-
pare the N–dependence of τK , with the relaxation time of the end–to–end vector τ1
and a time τG connected with the center–of–mass diffusion constant [Due01a]. Our
calculations will show that there exists an intermediate range of chain lengths N
where τK and τ1 agree in their dependence on N .

Using the Verdier-Stockmayer algorithm described in Sec. 2.1.2, chains up to a
length N = 120 were considered, which near the upper limit already indicate the
onset of entanglements. In the following simulations the size of the cubic simulation
box was chosen to be at least two times larger than the end–to–end vector 〈R2

E〉,
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with an upper limit of 40 lattice constants.4 Before we start to calculate the Kramers
time, we discuss the lattice model in some detail. To show the validity of the Rouse
model, we first take in i) a look on static properties, then we show in ii) that
the dynamic quantities gi defined in Sec. 2.2.1 are in accordance with the Rouse
model. In iii) we focus on the center–of–mass diffusion constant, which permits us to
give a rough estimate for the entanglement length Ne, beyond which entanglement
effects become important. In iv) the relaxation time of the end–to–end vector τ1 is
determined, which is compared with the Kramers time τK in v).

i) To show at which densities the Rouse model gives a valid description for static
properties, we test in Fig. (2.7) if the ratio of the squared the end-to-end distance
R2

E and squared radius of gyration R2
G gives 6 for N → ∞ as expected from Eq.

(2.21). As shown in Fig. (2.21) for the free chain this ratio is significantly larger
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Figure 2.7: Comparison of 〈R2
E〉 / 〈R2

G〉 vs. chain length N for different concentra-
tions. Also included is the N → ∞ limit for Gaussian chains.

while for systems with density c = 0.3 and c = 0.5 〈R2
E〉 / 〈R2

G〉 comes close to 6.
We therefore expect that the static features of our polymer system are the same as
for the Rouse model.

4The upper limit is due to technical reasons. For comparison at density c = 0.5
〈
R2

E

〉 ≈ 36 for
N = 120 and

〈
R2

E

〉 ≈ 26 for N = 70
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ii) Now we focus on the mean square displacements gi defined by Eqs. (2.22-
2.24). In Fig. (2.8) we show simulation results for the mean-square displacements
g1(t), g2(t) and g3(t). The time t is measured in Monte Carlo steps per monomer
[MCS] and the density was taken to be c = 0.5. The investigated chains had the
length N = 13 and N = 40. For short times we find g1(t) ∼

√
t whereas for long
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Figure 2.8: Mean square displacements g1, g2 and g3 for chains of length N = 13 and
concentration c = 0.5. For comparison g1 is also shown for N = 40, showing that
the normal diffusion occurs later for longer chain lengths. Indicated by the arrows
are the relaxation times τ1 for the different chain length taken from Fig. (2.10)

times normal diffusion occurs and g1(t) ∼ t. The crossover occurs as predicted near
τ1 which was determined by independent MC-simulation (see Fig. (2.11) below).
For short times g1(t) is identical for N = 13 and N = 40, however, in the latter case
the sub-diffusive regime is prolonged. A closer look at g1 for the longer chain reveals
that at the end of the sub-diffusive regime g1 increases with an exponent slightly
smaller than 1/2. For this region the reptation theory (see Sec. 2.2.2), predicts an
exponent of 1/4. Therefore the fact that the observed exponent is slightly smaller
than 1/2 may be viewed as the onset of entanglement effects. Also shown in Fig.
(2.8) is g3, which does not display a sub-diffusive regime and g2(t), which becomes
constant for t � τ1. Note that for the chain lengths N = 13 and N = 40 show in
Fig. (2.8) the prediction g1 = g2 + g3 given in Eq. (2.33), holds true. However, for
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even longer chains with length N = 80 (not shown) we see a slight deviation from
Eq. (2.33), probably due to entanglement effects.

iii) Next we consider in Fig. (2.9) the long–time diffusion constant D(P ) =
limt→∞ g1/t divided by the Rouse diffusion coefficient D0 = (1 − c)/N for various
densities. Here the factor 1−c has been introduced to account for the average effect
of blocking of sites by other monomers. The drop in D(P )/Do for sufficiently large
N , seen in Fig. (2.9), can be thought to herald the onset of reptation. The line with
slope −1 reflects the expected large N behavior for reptating chains. Our estimates
of Ne see Fig. (2.9) for the dense systems c = 0.5 and c = 0.3 are similar to the
entanglement lengths Ne given in Ref. [Pau91], although our present study does
not cover the full crossover regime to reptation. The inset provides an approximate
master curve for the N–dependent diffusion constants for these two systems, where
the N–axis has been rescaled via N → N/Ne.
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Figure 2.9: Chain-length dependence of the diffusion coefficient for a free chain (�),
c = 0.1 (∗), c = 0.3 (×) and c=0.5 (+). By using D∗

0 = k∗/N with k∗ being chosen
as a free parameter for each c and by rescaling the N axis via N → N/Ne all curves
(except the one for free chains) fall together on one curve, as shown in the inset.
The values chosen for Ne are 23 for c = 0.5, 50 for c = 0.3 and 150 for c = 0.1. The
values obtained for k∗ are k∗ = 0.50, 0.72, 1.28.
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iv) To determine the relaxations times τ1, we first need to take a look at the
simulation results of the normalized correlation function CR(t) defined by

CR(t) =

〈
�P (t)�P (0)

〉
〈
�P 2(0)

〉 . (2.60)

As Fig. (2.10) shows the long–time relaxation can be well described by a single
exponential decay. Using Eq. (2.36) the time constant of the long–time decay, is
given by the longest Rouse relaxation time τ1. Hence, by fitting the long–time decay
of CR(t) to α exp(−t/τ1), we are able to obtain τ1.

1
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t [MCS]

N=60
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N=13

Figure 2.10: Time–dependent correlation function CR(t) (symbols) for monomer
densities c = 0.5 and the chain lengths N = 13, 40 and N = 60. The lines are fits to
an exponential decay at long times allowing us to deduced the following correlation
times τ1 = 124 for N = 13, τ1 = 1872 for N = 40 and τ1 = 4110 for N = 60

v) Finally we come to the determination of the Kramers time τK . However,
instead of using Eq. (2.43) directly we determine τK via the following method.
Since the Kramers potential is the only interaction, the mean radius of gyration
squared in x–direction for a chain with N monomers at positions xj relative to the
center–of–mass can be calculated performing the sum over all configuration

〈X2
G〉g =

∑
{}

1
N

∑N
j=1 x

2
je

−g
P

i xiyi−βU∑
{} e

−g
P

i xiyi−βU
. (2.61)
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After expanding Eq. (2.61) up to second order in g, we express the relaxation time
τK from Eq. (2.43) in terms of equilibrium (g = 0) averaged fourth and sixth
moments of xi and yi, giving

τ 2K =
1

2

[〈
X2

G

〉−1
0

1

N

N∑
i=1

N∑
j=1

N∑
k=1

〈
x2ixjxkyjyk

〉
0
−

N∑
j=1

N∑
k=1

〈xjxkyjyk〉0
]

(2.62)

In Fig. (2.11) we compare the chain length dependence for 3 densities (c = 0, 0.3
and c = 0.5) of the Kramers time τK obtained from Eq. (2.62) with the Rouse
relaxation time τ1 determined from the decay of CR. Further shown is a time τG
connected with the the center–of–mass diffusion constant D(P ) via

τG =
〈
R2

G

〉
/D(P ) . (2.63)

Naturally, for short chains one would not expect any universal properties so that
differences in the behaviors of τK , τ1 and τG are not surprising. In the dilute limit,
displayed in Fig. (2.11a) both τK and τ1 grow with N approximately as (N − 1)2.26

when N � 20, in reasonable agreement with earlier numerical studies [Fri88, Bin95,
Sko90]. For the purpose of illustrating this N–dependence common to τK and τ1,
we have multiplied τK by a constant factor so that both sets of data fall on a
common curve. The associated effective exponent in this range of N–values is in
fair agreement with the theoretical expectation τ1 ∼ N2ν+1 (see [Sko90]) with the
SAW exponent ν ≈ 0.59). For comparison, data for 〈R2

G〉 /N ∼ N2ν−1 are also
shown in Fig. (2.11a). On the other hand, with D ∼ N−1 for unentangled chains,
it is clear that τG will also be proportional to N2ν+1.

A different behavior is observed in Fig. (2.11b) for a monomer density c = 0.3.
Apart from a constant numerical factor, the relaxation times τK and τ1 fall together
in the range 10 � N � 102. Deviations beyond N  102 are expected to be caused
by entanglement effects which then are no longer negligible and are not included
in the Kramers method. Note that for large N sufficiently above the entanglement
length one expects τ1 ∼ N3.4 and τG ∼ N3 (see Sec. 2.2.2). The effective dynamic
exponent read from the slope of the straight line in Fig. (2.11b) in principle may
depend on c (see [Bin95]) but, similar to Fig. (2.11a), is still found in fair agreement
with 2ν + 1. On the other hand, screening effects now diminish the growth of 〈R2

G〉
with N relative to the case of a free chain shown in Fig. (2.11a). The stronger
increase of τG with N becomes clear from the behavior of D, see Fig. (2.9).

These trends with c are continued in Fig. (2.11c) where the range of agreement
between τK and τ1 shrinks to about 10 � N � 40. That τK and τ1 show increasing
deviations for N � 40 is consistent with the smaller entanglement length Ne in this
case relative to the previous case c = 0.3. Figure (2.11c) also suggests that for
N substantially larger than Ne, τK assumes again Rouse-like scaling behavior, i.e.
τK ∼ N2.

In conclusion, the Kramers potential method is valid for polymer chains in a
melt for intermediate chain lengths at which the Rouse model constitutes a valid
description. In this regime, τK can be used to effectively determine the chain length
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dependence of the relaxation time of the longest Rouse mode τ1. The determination
of τK requires only equilibrium lattice chain configurations which can be generated
very efficiently, using e.g. the configuration biased method [Sie92].
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Figure 2.11: Comparison of the reduced Kramers relaxation times τK/(N−1)2 ×
with the relaxation time of the end-to-end vector τR/(N−1)2 (�) and τG/(N−1)2

(∗) for different number densities c, a) free chains, b) c = 0.3 and c) c = 0.5. Also
included is the radius of gyration squared (+) divided by N − 1.
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Chapter 3

MC–Simulation of polymer ion
conductors

While in the previous chapter we studied pure polymeric systems, we now focus on
polymer ion conductors. Of primary interest in this chapter are diffusion properties
of the ions and the chains, which we study by a lattice model. In order to compare
our results with experimental data under varying temperature, pressure, and salt
content one has to get access to the NpT–ensemble. Since no efficient MC–algorithm,
allowing the extraction of dynamical properties exists for an NpT–ensemble, we will
use a combination of NVT–simulations and analytic calculations for the equation
of state (EOS), p = p(V, T ). Our theory for the EOS was already elaborated in
[Due98a] and is briefly reviewed in Sec. 3.2. Results for varying temperature are
discussed in Sec. 3.3 (see also [Due98a]), while in Sec. 3.4 we keep the temperature
fixed and vary the pressure. Finally in section 3.5 we combine the results of Sec.
3.4 and Sec. 3.3 to gain a consistent description for the cationic diffusion constant
in the NpT–ensemble.

3.1 Lattice model for polymer ion conductors

In this section we describe a model for ion conduction in polyethylene oxide (PEO),
a polymer ion conductor studied in great detail in various experiments (see intro-
ductory chapter). At the end of the section we will give some results of general
nature for the cationic diffusion constant in the NVT–ensemble.

3.1.1 Definition of the model

As in the previous chapter we used coarse–grained lattice polymers and ignored the
complex chemical structure of the chains. However, unlike the chemically homo-
geneous polymers studied in chapter 2, PEO has to be treated as a heterogenous
chain molecule, whose repeat units consists of electronegative oxygen atoms attract-
ing the cations and ”neutral”ethylene groups. To account for this heterogeneity the
chemical structure of PEO, which is C2H3(O-(C2H2)2)n, is mapped onto a sequence

39
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C(XCC)n of beads, where C stands for an ethylens group and X for an oxygen
atom [Ole94B]. These beads form a lattice polymer on a simple cubic lattice of
spacing a and the total chain length N is given by N = 3n + 1. The ions are
included via two species of pointlike particles, cations and anions (see Fig. (3.1)).

Figure 3.1: A section of our lattice model, displaying a lattice–chain of type
C(XCC)n and pointlike particles.

Besides hard–core interactions among all beads the following nearest neighbor
interactions are included. To account for the interactions between the cations and
the oxygen atoms we assume that the cations are attracted by the X-beads with
strength ε1. Furthermore, all beads belonging to polymer chains repel each other
with strength ε2. To reduce the number of free parameters in our model we set
ε1 = ε2 =: ε. No other interactions are included, especially we did not include long–
range Coulomb interaction. As we shall see in the course of this chapter, this is not
necessary to qualitatively describe the experimental results. Ions move via nearest
neighbor–jumps while the elementary moves of the chains are given by the general-
ized Verdier–Stockmayer algorithm, see Sec. 2.1.2. For the transition probabilities
we use the standard Metropolis algorithm, and periodic boundary conditions are
employed in each direction.

The chain dynamics is strongly affected by the cations, since they form transient
crosslinks and so stiffen the network. The rigidity of the network, on the other hand,
again influences the ion dynamics. Anions do not form crosslinks and therefore
play a minor role in the complex interplay between ionic and chain mobilities. We
therefore consider a simplified model with only one species of point particles regarded
as ”cation”. Some results of general nature are accessible by NVT simulations and
will now be discussed.

3.1.2 Results for the NVT-ensemble

First we calculate the mean square displacements for ions and polymer chains. We
investigate a system with lateral dimension L = 10. The chain length N is chosen to
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be 13 and the simulation box contains M = 31 chains. The ratio of the numbers of
cations and X–beads is chosen to be 0.96 and the energetic parameter ranges from
ε/kBT = 0 upto ε/kBT = 2.5.

In Fig. (3.2) the diffusion coefficient D(+)(t) = 〈r2(t)〉 /6t for cations divided by

the short time diffusion constant D
(+)
0 is shown. The statistics of data for t � 1
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Figure 3.2: Normalized diffusion coefficient of the cations against MC-time. The
solid lines are fits to Eq. (3.1).

MCS gets worse because only a subset of the particles contributes. To determine
D

(+)
0 , we use the fact that for short times D

(+)
0 is given by the acceptance rate of

Monte Carlo moves which can be determined independently with a high degree of
accuracy. This short time region is then followed by a regime, in which the particle
explores its vicinity, making D(+)(t) time–dependent. Finally, for long times, the
mean-square displacement becomes diffusive (i.e. proportional to t), allowing us to
determine the long–time diffusion constant D(+). The overall behavior of D(+)(t) is
well described by the simple expression

D(+)(t) = D(+) + (D
(+)
0 −D(+))

(
1 +

t

tx

)−n

, (3.1)

which interpolates between the short– and long–time behavior. The parameters
D

(+)
0 , D(+), tx and n are given in Tab. (3.1). Using Eq. (3.1) one can extract
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a crossover time tc where D(+)(tc) = (D
(+)
0 + D(+))/2. This crossover time tc =

(2(1/n) − 1)tx rises with increasing temperature. A similar effect is also seen in
experiments for polymer electrolytes [Not02]. However, in this work the crossover
time was determined by a fit of the real part of frequency–dependent conductivity
σ′(ω) to the expression σ′(ω) = σ(0)[1 + (ωtc)

p]. To get the frequency–dependent
diffusion constant D(+)(ω) we preform the Fourier–Laplace transform of Eq. (3.1)
and get (see [Sch00])

D(+)(ω) = D(+) + (D
(+)
0 −D(+))(ωtx)

2
[
e−i(ωtx+

π
2
n)Γ(1− n,−iωtx)(

(1− n)(ωtx)
n−2 + i(ωtx)

n−1)+ i

ωtx

]
, (3.2)

where Γ is the incomplete gamma function Γ(α, z) =
∫∞
z
t(α−1)e−t dt. Figure (3.3)

ε
kBT

D(+)/D0 D/D0 tx n

0.0 0.546 0.427 2.31 0.8
0.5 0.408 0.322 3.17 0.957
1.0 0.284 0.211 4.25 1.0
1.49 0.181 0.118 3.86 0.8
2.0 0.0959 0.0483 3.0 0.59
2.5 0.048 0.0149 1.73 0.37

Table 3.1: Fit parameters for Eq. (3.1) at different temperatures. The diffusion
constants are in units of the diffusion constant D0 of a free monomer particle.

displays the real part of D(+)(ω) from Eq. (3.2) using the values of Tab. (3.1).
Qualitatively the dependence of D(+)(ω) on ω below the high–frequency plateau is
similar to what is seen in experiments [Not02].

3.2 Equation of state

In order to compare NVT-simulation with experimental data, usually taken in the
NpT–ensemble, we have to employ the equation of state (EOS). For that purpose we
use the quasi-chemical approximation (QCA), introduced in 1944 by Guggenheim
for a system consisting of Mi lattice particles of kind i [Gug44a, Gug44b]. These
lattice particles can be chains with length Ni > 1, point particles Ni = 1 and
vacancies (i = 0) with N0 = 1. The total volume of the system is given by Ma3 =
a3
∑

i=0NiMi. Each lattice particle of a specific chain has ξ nearest neighbors and
qiξ = Ni(ξ − 2) + 2 nearest neighbors which are not part of the chain. The nearest
neighbor interaction of species i with j is given by εij .

The QCA consists of the following two sets of equations for the number of contact
pointsMij between i and j and a additional equation forM00. The first set reflecting



3.2 Equation of state 43

1

1.5

2

2.5

3

3.5

0.001 0.01 0.1 1 10

D
(+

) (ω
)/

D
(+

)

ω
Figure 3.3: Real part of frequency–dependent diffusion coefficient for the cations
D(+)(ω) normalized with respect to the long–time diffusion constant D(+). The
curves were obtained using Eq. (3.2) for ε

kBT
= 0, 1.0, 1.49, 2.0, 2.5 (from bottom to

top).

the geometric constraints is given by (see [Gug44a])

2Mii +
∑
k �=i

Mik = qiξMi . (3.3)

The second set has the form of the mass–action law, when the contact points are
regarded as components of a chemical reaction [Gug44a]:

M2
ij

MiiMjj
= 4 e−β(2εij−εii−εjj) = 4 e−β∆εij (i �= j) . (3.4)

Finally a equation for the M00 may be deduced from Guggenheim’s approximate
expression for the number of configurations for given Ni and Mij [Gug44a]. This
gives (see [Ole95, Due98a, Due98b])

pa3 = −kBT
[
ln
M0

M
+
ξ

2
ln
2M00M

ξM2
0

]
. (3.5)
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This equation has the form of an EOS. The first term corresponds to the EOS of an
ideal lattice gas, while the second term accounts for corrections determined by the
vacancy–vacancy correlation factor M00.

For inhomogeneous lattice chains, as in our model for PEO in which the structure
is given by C(XCC)n, the set of equations (3.4) and (3.3) stay valid, if we now
interpret i as a subpart of a chain [Bar52]. Denoting with i = 0, 1, 2, 3 the vacancies,
ions, X-beads and C-beads, the number of contact points are given by q0ξ = ξ,
q1ξ = ξ, q2ξ = n(ξ − 2) and q3ξ = r(ξ − 2) + 2− q2ξ. To calculate the pressure for
our system of inhomogeneous chains, we assume Eq. (3.5) to remain valid since the
pressure is expressed in terms of properties of the vacancies only.

3.2.1 Comparison of the QCA with MC data

For static MC-simulations of an NpT–ensemble a useful algorithm has been proposed
in [Mac95a, Mac95b]. However, the algorithm is efficient only for lattices with
high coordination number ξ. To test the QCA against this algorithm we therefore
choose a cubic lattice and allow bonds to connect nearest, second and third nearest
neighbors which are treated on the same footing. This corresponds to a lattice with
ξ = 26. As in Sec. 3.1.2 we include in our lattice polymer model only one species
of ions (”cation”). The system contains 20 chains each of length 10 and a varying
amount of ions M1. The dimensionless temperature is fixed by ε/kBT = 0.2.

Fig. (3.4), which was taken from [Due98a] compares the volumeM divided by the
overall number of beads MB =

∑
i=1MiNi against the reduced pressure. Symbols

corresponds to simulations, while solid lines are results of the QCA. The QCA
slightly overestimates the actual volume. The overestimation is the stronger the
biggerM1. This may be understood from fact that the QCA is a pair approximation
and therefore does not include transient crosslinks of the form X↔cation↔X that
make the system more compact. However, the agreement of the QCA with the
simulations for ξ = 26 is quite satisfying and we therefore use in the following the
QCA to determine the simulation volume for ξ = 6.

3.3 Results for constant pressure

We now use the QCA to determine the simulation volume for given temperature
kBT/ε, pressure pa

3/ε , chain length N , number of chains and number of point par-
ticles M1. First we keep the pressure constant and vary the temperature, which is
the usual experimental situation. Later, in Sec. 3.4, we keep the temperature con-
stant and study pressure effects as done by Souquet in recent experiments [Sou98].

Our main interest is in the long-time diffusion constant of the polymers’ center
of mass, D(P ), and cations, D(+). Thereby we chose a system with 31 chains of
length N = 13 and include a varying number M1 of ions. Given a fixed pressure
p and temperature T , we carry out NVT–simulations by choosing a nearly cubic
simulation box of size L1 × L2 × L3 = V (p, T )/a3, such that the volume V (p, T )
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Figure 3.4: Comparison of isotherms from the QCA (full lines) with results form
MC-simulations (data points) for ε/kBT = 0.2. The system contains 20 chains with
length N = 10. The number of ions is M1=0(◦), 20(�), 100(�) and 200(�). (Taken
from [Due98a]).

corresponds to the QCA results. Periodic boundary conditions are employed in all
directions.

Fig. (3.5) shows the T−dependence of both D(+) and D(P ) at a pressure pa3/ε =
0.35 for various ratios x of the number of point particles to X-beads. In the Arrhenius
plots of Fig. (3.5) the data points show a downward curvature and can well be
represented by the Vogel–Tammann–Fulcher law,

D(α)(T, x) = D
(α)
T∞ exp

(
− E(α)(x)

T − T (α)(x)

)
(3.6)

where α distinguishes polymer chains (α = P ) and ions (α = +). The quantities

D
(α)
T∞ denote the diffusion coefficients at infinite temperature, D

(+)
T∞ = D0 being the

diffusion coefficient of free monomer particles and D
(P )
T∞  10−2D0. Here E

(α)(x) is
an energetic parameter and T (α)(x) the VTF–temperature. One important observa-
tion is that both D(+) and D(P ) are reduced when we increase the amount of ions.
This is to be expected from the assumptions of our model, since an ion which binds
to an X–bead of the chains will reduce the chain mobility. As a consequence, we
observe that VTF–temperatures T (α)(x) increase with x, as displayed in Fig. (3.5
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Figure 3.5: Arrhenius representation of normalized diffusion coefficients at fixed
pressure p = 0.35ε/a3 of (a) the center of mass motion of chains and (b) of ions for
different ion concentrations x. Data in (b) have been multiplied by x and thus reflect
the conductivity. Continuous lines are fits to the VTF–equation (3.6). (Taken from
[Due98a])

a). Generally, the VTF–temperature represents a lower bound to the glass tran-
sition temperature Tg. Our simulations with respect to the diffusion of chains are
therefore consistent with the experimentally observed increase in Tg with the ion
content [Las94, Mcl92]. Yet one has to be aware of the fact that experimentally the
difference between both temperatures, Tg − T (α), may not remain constant during
the variation of system parameters [Hub98]. Interestingly, for weakly doped poly-
mers with x � 1 the VTF–temperatures T (P ) and T (+) roughly coincide, indicating
a strong coupling between ions and chains. However, as the number of ions becomes
comparable to or larger than the number of X–beads (x � 1), ion and chain motions
get decoupled, as can be seen from Fig. (3.6) and experiments [Ang00]. The cor-
responding VTF–temperatures saturate for large x, with T (+) < T (P ), which means
that for temperatures T ∼ T (P ) the ions maintain a certain mobility while the sys-
tem of chains gets frozen. These results correctly describe experimental trends in
the glass transition temperature of PEO–based electrolytes.

3.4 Results for constant temperature

We now use the QCA–equation of state (Sec. 3.2) to investigate the pressure–
dependence of the ionic diffusion constant. We include 20 ions (cations) in a system
with 31 chains each of length N = 13 which corresponds to an ion concentration
x = 0.16 relative to the number of X–beads. As indicated before, the pressure–
dependence of the cationic long–time diffusion constant D(+) is obtained is two
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Figure 3.6: VTF–temperatures for chains and ions versus ion concentration x at
fixed pressure p = 0.35ε/a3. The inset shows the variation of T (+) with pressure at
x = 0.16. (Taken from [Due98a])

steps: calculation of the volume for given pressure p with the aid of the EOS and
NVT–simulation of D(+) for that volume. Fig. (3.7) displays our result for various
interaction constants ε/kBT . Over the major part of the pressure range considered
D(+) has the following exponential behavior

D(+)(p, x) = D
(+)
p0 e−p/p0(T ) , (3.7)

with a temperature–dependent coefficient D
(+)
p0 . This exponential pressure–

dependence is also found in experiments of the cationic conductivity, as described in
the Introduction [Fon83, Sou98]. The steep drop of D(+) with decreasing pressure
for decreasing p (p � 0.1ε/a3) seen in Fig. (3.7) seems to be an artefact of our model,
which contains only repulsive interactions among the chains. This causes an unre-
alistic volume expansion for small p so that the density falls below reasonable melt
densities. To compare the relevant order of magnitude for p with the experiments
we note that the reduced pressure pa3/ε = 1 in the case ε/kBT = 1 corresponds to
a physical pressure of the order of 1 kbar in experiments. This estimate is obtained
by noting that kBTg ∼ kBT

(P ) ∼ 0.2 ε, see Fig. (3.6), and by using the experimental
glass temperature Tg  250K for for short polyethylene chains and a bond length
a  2Å.
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Figure 3.7: Ionic diffusion coefficient D(+) on a logarithmic scale versus pressure for
different temperatures. The lines are fits to Eq. (3.7)

3.5 Consistent description of D(+) in the NpT–

ensemble

Both in experiments (see chapter 1) and simulations (see Fig. (3.5)) the long–
time diffusion constant D(+) for cations as a function of temperature for constant
pressure can be well described by the VTF–equation (3.6). Clearly, in Eq. (3.6)

the quantities D
(+)
T∞, E

(+)(x) and T (+)(x) generally will depend on the pressure. On
the other hand the pressure–dependence of D(+) for constant temperature obeys an
exponential law given by Eq. (3.7). We now combine both laws for the diffusion
constant, in order to get information on the p–dependence of parameters in Eq. (3.6)
and on the T–dependence in Eq. (3.7). Taking the logarithm of both equations, we
obtain

lnD
(+)
T∞ − E(+)(x)

T − T (+)(x)
= lnD

(+)
p0 − p

p0(T )
(3.8)

In the following we assume that ∂T (+)(x)
∂p

 0 which appears to be fulfilled approx-

imately in experiments [Fon83] and simulations (see inset of Fig. (3.6)). After
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differentiating Eq. (3.8) with respect to T and then with respect to p we get

− ∂

∂T

(
1

p0(T )

)
(T − T (+)(x))2 =

∂E(+)(x)

∂p
(3.9)

Since the left hand side of Eq. (3.9) is only a function of temperature whereas the
right hand side depends only on the pressure, both sides have to be a constant c1
and thus one obtains:

p−10 (T ) =
c1

T − T (+)
+ c2 (3.10)

E(+)(x) = c1p+ c3 (3.11)

With similar arguments we set,

D
(+)
p0 = c4 exp

(
− c3
T − T (+)

)
(3.12)

D
(+)
T∞ = c4 exp (−c2p) (3.13)

For athermal systems (T → ∞) at zero pressure, D
(+)
T∞ should be the diffusion

constant of a free particle D0 and we therefore set c4 = D0. This is consistent with
the requirement that for p = 0 and T → ∞ D

(+)
p0 should become equal to D0.

We now test our assumptions against simulation results (data points in Fig.
(3.8)) using a system containing the same number of particles as in Sec. 3.4. For
that system with pε/a3 > 0.2 we set kBT

(+) = 0.207ε, see the inset in Fig. (3.6).
The remaining three coefficients ci (i = 1 . . . 3) were chosen to fit Eqs. (3.10-
3.13) simultaneously for given chain length N and ion concentration. We obtain
c1kB = 0.73ε, c2a

3 = 0.69ε and c1kB = 0.73ε. With this choice all simulated data
are indeed in fair agreement with Eqs. (3.10-3.13), as shown in Fig. (3.8).

To our knowledge no experimental results concerning the temperature–
dependence of the diffusion constant D(+)(T ) for different pressures besides am-
bient pressures exists. Such results would be needed to verify our predictions for
E(+) and D

(+)
T∞ in Eq. (3.11) and Eq. (3.12). However, as described in the Intro-

duction, there are experiments in which the pressure–dependence of the diffusion
constant for different temperatures was studied. In Ref. [Sou98] a so–called appar-
ent activation volume ∆V ∗

app = p−10 kBT was introduced. The temperatures studied
in experiment ranges from 300◦C up to 380◦C, which corresponds to T ≈ 1.5Tg
respectively T ≈ 1.9Tg. In this temperature range ∆V ∗

app shows a decrease with
rising temperature with saturates at around T ≈ 320◦C (see Fig. 6 in [Sou98]).
Our simulations ranging from T ≈ 3.3T (+) up to T ≈ 33T (+), show an increase of
p−10 kBT with growing T . This is no contradiction since the temperature ranges do
not overlap: the temperatures considered in Fig. (3.7) are significantly above T (+),
whereas the measurements in [Sou98] come close to T (+). (Note that Eq. (3.10)
allows a non–monotonous temperature dependence of p−10 kBT .)
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Figure 3.8: Results from simulation (data points) fitted to Eqs. (3.10-3.13) (lines).
The coefficients ci (i ≤ 3) were determined by simultaneously minimizing the devi-
ations of all four expressions (3.10-3.13) from the simulation results.



Chapter 4

Dynamic percolation theory

4.1 Overview of DPT

While in the last chapter the charge or mass transport in polymer ion conductors
was treated by means of an already coarse grained lattice model, this chapter intro-
duces a new level of coarse graining. If we consider the motion of an ion in a host
of moving polymer chains, essential structural reorganizations of the host medium
happen on a time scale comparable to the hopping time of the ions. Most particles
in usual polymer ion conductors belong to the polymer chains, therefore in stan-
dard simulations most of the computer time is spent simulating the host material.
However, in many cases one is more interested in the motion of the ions than in
the polymer motion. This naturally leads to the picture of particles moving in a
reorganizing medium, whose dynamics can be treated in a simplified manner.

This framework is also applicable to model other systems besides ionic conduc-
tion in polymers. Amongst those systems are diffusion of gas molecules in polymer
films [Tak90, Mue91], solid protonic conductors [Cha81], and ionic motions through
protein channels passing biological cell membranes [Hil92].

One way to described the influence the dynamics of the medium has on a tracer
particle is given by the dynamic percolation theory (DPT). There a random walker
moves in a disordered matrix which changes in time. In contrast to standard static
percolation [Sta94], the underlying network is dynamically changing, therefore every
site in the system becomes accessible and consequently the percolation threshold
vanishes. Further, again in contrast the standard percolation theory, we allow spatial
correlations in the network. Several models for the dynamics of the percolative
environment exist, which may be divided into two major classes.

First there are models in which the bonds between different sites fluctuate
independently of each other between zero (blocked bond) and a nonzero value
(open bond), introducing a local dynamic disorder. In this model the dynamics
of the fluctuations are controlled by a master equation having Markovian charac-
ter [Har85, Sah86]. This model can be solved within an effective medium approxi-
mation (EMA) [Har85, Sah86]. A later version developed by Chatterjee et al. also
includes temporal correlations described by a generalized master equation which
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contains a memory kernel and can be solved by a generalized EMA [Cha94].
Second there are models in which the whole percolative environment is redis-

tributed globally and instantaneously in a way that no correlation between the old
and new configuration exists. This model dealing with global dynamic disorder is
originally due to Druger et al. [Dru83, Dru85]. They consider a random walk in a
bond percolation model on a periodic lattice in which the closed and open bond are
globally renewed according to a Poisson process with constant rate λ. An impor-
tant outcome of this dynamic bond percolation (DBP) model is the fact that the
frequency–dependent diffusivity D(−iω, λ) for the renewing system can be obtained
by analytic continuation of the diffusivity D0(−iω) = D(−iω, 0) in the absence of
renewals. That is

D(−iω, λ) = D0(−iω + λ), (4.1)

irrespective of the precise form of the function D0(s) to be derived from a system
with only static disorder [Dru85].1 It is worth noting that the same result (Eq.
(4.1)) was independently obtained by Harrison and Zwanzig within an EMA [Har85]
treatment of their local dynamic disorder model described above, as well as by
Hilfer and Orbach [Hil88]. These authors use yet another model where site blocking
components move through the system.2

The limitation of the first model [Dru83] to bond percolation and Poisson renewal
steps was lifted in [Dru88]. There the only assumption was that the global renewal
happens such that no correlations between the old and the new configurations exists.
The inclusion of non–Poissonian renewal steps will turn out be crucial for applying
DPT to transport in polymer ion conductors.

In the next section the DP–model of Druger and Ratner [Dru88] is described in
more detail. Afterwards we demonstrate the applicability of this concept to a lattice
model of polymer electrolytes.

4.2 The DP–model

Now let us outline the main steps in the model of Druger and Ratner [Dru88]. First
we consider the mean square displacement 〈r2(t)〉0 of a particle moving in a frozen
environment. Let 〈. . .〉N denote the average taken over different realizations of the
environment under the condition that N–renewals occur at fixed times t1 < t2 <
. . . < tN . For 〈r2(tN)〉N−1 with N > 1 it is clear that the last renewal occurred at
time tN−1. Considering 〈r2(t1)〉0, however, it is not specified when the last renewal
occurred. We define that 〈r2(t1)〉0 denotes the mean–square displacement under the
condition that the previous renewal occurred at t = 0, while 〈r2(t1)〉0,r indicates
that the time t = 0 is arbitrary (or ”random”). The conditional mean square
displacement starting at an arbitrary starting time t = 0 is given for N > 1 renewals

1Eq. (4.1) is far more general than in the original derivation as we will see later.
2The idea that the environment consists of moving particles was generalized by Benichou et al.

allowing the particles also to disappear and reappear [Ben00].
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at time T = tN + τ by (see [Dru88])〈
r2(tN + τ)

〉
N
=
〈
r2(τ)

〉
0,r

+
〈
r2(tN )

〉
N−1 (4.2)

The above equation accounts for the fact that after a renewal the particle evolves
again from scratch, so that 〈r2(tN + τ)〉N can be decomposed into a starting con-
tribution 〈r2(tN)〉N−1 and a contribution 〈r2(τ)〉0 due to diffusion within time τ
without renewal. We do not consider an external field3, therefore terms like 〈r(t)〉
vanish. By applying Eq. (4.2) repeatedly, we get

〈
r2(T )

〉
N
=
〈
r2(t1)

〉
0,r

+

N∑
i=1

〈
r2(τi)

〉
0

(4.3)

The τi in Eq. (4.3) for i < N are the time differences between the successive renewals
and τN is given by T − tN .

Problems of physical interest involve an average over random renewals, rather
than a single sequence of renewal events. By doing the average over the renewals we
distinguish between the waiting-time distribution (WTD) ψ(τ), which is defined as
the probability density that two renewal events are separated by the time τ , and the
probability density φ(t) that after an arbitrary starting time t0 = 0 the first renewal
occurs at t; the latter is called the waiting time distribution for the first renewal.4

We define 〈r2(T )〉 as the average of Eq. (4.3) over all possible renewal times.
To evaluate 〈r2(T )〉 we discretize the time axis into intervals of length ∆t (which
will later become infinitesimal ). In the calculation 〈r2(T )〉 is decomposed into three
terms. S0(t) is the mean square displacement under the condition that zero renewals
happened. S1(T ) accounts for exactly one renewal, while S2(T ) accounts for two or
more renewals. With these definitions 〈r2(T )〉 is given by〈

r2(T )
〉
= S0(T ) + S1(T ) + S2(T ) . (4.4)

For the probability that no renewal occurred until time t > 0 we distinguish between

Φ(t) = 1−
∫ t

0

φ(t′) dt′ , (4.5)

where the starting point t = 0 is arbitrary and

Ψ(t) = 1−
∫ t

0

ψ(t′) dt′ , (4.6)

3For a treatment with external field see [Dru88].
4The importance to distinguish between the WTD ψ(t) and φ(t) was first pointed out by Tuna-

ley [Tun74] in a paper criticizing the continuous time random walk (CTRW) model for transport
in disordered solids of Scher and Lax [Sch73] where no distinction between ψ(t) and φ(t) was
made. A subsequent discussion of this aspect by Lax and Scher [Lax77] did not rule out Tuna-
ley’s argument. Finally, Kumar and Heinrichs showed that if one treats transport in a continuous
spatially disordered medium in terms of CTRW on a periodic lattice the mapping involves set-
ting φ(t) = ψ(t)[Kum79]. However, for the DPT the renewal is considered as a real process and
therefore one has to distinguish between ψ(t) and φ(t).
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which is the probability that after a renewal at time t = 0 no further renewals
happen until t. With these definitions S0 is simply given by

S0(T ) = Φ(T )
〈
r2(T )

〉
0,r

(4.7)

Now consider the case of one renewal. The probability that the first renewal
happens in the time interval [t1, t1 + ∆t] is given by φ(t1)∆t while Ψ(T − t1) is
the probability that after this renewal no further renewals happen until time T .
Consequently we have

S1(T ) =
∑
t1

φ(t1)∆t Ψ(T − t1)
(〈
r2(t1)

〉
0,r

+
〈
r2(T − t1)

〉
0

)
, (4.8)

were the sum is taken over all possible renewal times t1 > 0.
To determine S2(T ) we need the probability that N ≥ 2 renewals occur at times

t2, . . . , tN , which can be decomposed into the following three terms. The first renewal
occurs with probability φ(t1)∆t at time t1. The remaining N − 1 renewals have the
probability

∏N−1
i=1 φ(τi)∆t to have the time intervals {τ1, . . . τN−1} in between them.

In addition we need the probability Ψ(T−tN ) = Ψ(T−t1−
∑N−1

i=1 τi) that no further
renewal happens during the time interval between tN and T . Hence S2(T ) is given
by

S2(T ) =
∞∑

N=2

∑
{t1,τi}

φ(t1)∆t

(
N−1∏
i=1

φ(τi)∆t

)
Ψ(T − tN )

〈
r2(T )

〉
N

(4.9)

Let L(h(t)) ≡ h̃ =
∫∞
0

exp(−iωt)h(t) dt be the Laplace transform of a function
h(t), then Eq. (4.4) can be transformed, using Eqs. (4.7-4.9), (for details refer to
[Dru88]) into

(iω)2
〈
r̃2(iω)

〉
=

φ̃(iω)

Ψ̃(iω)
L

[
Ψ
d

dt

〈
r2
〉
0

]
+ iωL

[
Φ
d

dt

〈
r2
〉
0,r

]
(4.10)

Note since n−1
d D(ω) = (iω)2 〈r̃2(iω)〉 (nd = 1/2d, d=dimensionality), Eq. (4.10)

determines the frequency-dependent diffusion coefficient D(ω). In the case of zero
frequency (ω → 0) the second term in Eq. (4.10) vanished [Dru88]. The first term
in Eq. (4.10) therefore governs the long time behavior of 〈r2(t)〉. Since both ψ and
φ enter the first term of Eq. (4.10) the distinction between the WTD and the WTD
of the first renewal is important for DC transport. Repeating an argument given
by Feller [Fel71], a relation between the two functions will now be derived. Let the
mean renewal time

t̄ =

∫ ∞

0

ψ(t) t dt (4.11)

exist. Then φ(t) can be obtained from ψ(t) by averaging over all possible starting
times t0,

φ(t) =

∫∞
0
ψ(t+ t0) dt0∫∞

0

∫∞
0
ψ(t+ t0) dt0dt

(4.12)
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Using Eq. (4.6) the numerator can be rewritten as∫ ∞

0

ψ(t+ t0) dt0 =

∫ ∞

t

ψ(t′) dt′ =
∫ ∞

0

ψ(t) dt−
∫ t

0

ψ(t′)dt′ = Ψ(t) (4.13)

The denumerator becomes, after integration by parts, t̄. Therefore the WTD ψ(t)
and the WTD for the first renewal φ(t) are connected by

φ(t) =
1

t̄
Ψ(t) (4.14)

or − φ′(t) =
1

t̄
ψ(t) (4.15)

While the distinction of the waiting times in Eq. (4.10) is important, the dis-
tinction of 〈r2〉0,r and 〈r2〉0 is not necessary, if we use symmetric transition rates
[Dru88].

Let us consider two special cases. In the first case the renewal process is a
Poisson process, i.e. the renewals happen regardless of previous renewals at constant
rate λ, thus φ(t) = ψ(t) = λe−λt. Assuming symmetric transition rates we set
〈r2〉0,r = 〈r2〉0. The Laplace transforms in Eq. (4.10) can easily be integrated
yielding

n−1
d D(ω, λ) = (λ+ iω)2

∫ ∞

0

e−(λ+iω)t
〈
r2
〉
0
dt = n−1

d D0(λ− iω) (4.16)

Eq. (4.16) is the analytic continuation rule Eq. (4.1) derived in e.g. [Dru85]. In
contrast to [Dru85], we did not need to assume a periodic lattice or the absence of
spatial correlations of hopping probabilities in between two renewals. However, as
stated before, it turns out in Sec. 4.5 that the assumption of a constant renewal rate
is too restrictive when applying DPT onto ion transport in polymer ion conductors.

In the second case, we are only interested in the long time diffusion constant
D(ω = 0). In this ω → 0 limit the second term vanishes and the Laplace transform
L
[
Ψ d

dt
〈r2〉0

]
in the first term can be rearranged using Eq. (4.14). After integration

by parts the long–time diffusion constant can be written as

D =
nd

t̄

∫ ∞

0

ψ(t)
〈
r2(t)

〉
0
dt (4.17)

If we consider a Poisson distribution of the renewals, Eq. (4.17) reduces to the ω = 0
limit of Eq. (4.16).

4.3 Implementation of the DP–concept

In this section we will present an idea how to map the diffusion of an ion in a polymer
matrix onto the DP–model from the last section. Our first ideas of the mapping
can be found in [Die99a], first results in [Due01b], while [Due02a] summarizes the
results given in this chapter. For testing the method we use the polymer lattice
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model described in Sec. 3 for the athermal case, where besides hard–core repulsion
no other interactions are taken into account. Further, since for the athermal case
the dispersion is weak (see Fig. (3.2)), we restrict ourselves to long time diffusion
(ω = 0). To describe tracer diffusion in the polymer lattice model in terms of
DP–theory, we make the following assumption:

• The percolative environment is formed by the chains, so that every bead of
the chains blocks a lattice site.

• The percolative environment is changed via instantaneous global renewals.

• The percolative environment after a renewal is uncorrelated with the previous
one.

With these assumptions we can employ the DP–model from the previous section.
To use Eq. (4.17) we have to identify the quantities ψ(t) and 〈r2(t)〉0 with quan-
tities available in the polymer lattice model. While for 〈r2(t)〉0 the mean square
displacement in a network of frozen chains is used5, the determination of the WTD
ψ(t) requires more explanation. The motion of the tracer particle is affected mostly
by the dynamics of the host in the vicinity of the tracer whereas remote parts of
the network do not directly influence the motion. Let ni(t) be one if a particle is on
the lattice site i at time t and zero otherwise. The occupational correlation function
〈ni(t)ni(0)〉 of a site i next to the fixed tracer6 reflects the mobility of the network
and is easily accessible by simulation. Now we will determine the occupational cor-
relation function 〈ni(t)ni(0)〉 in the DP–model. In the DP–model 〈ni(t)ni(0)〉 is
identical with the joint probability that site i is occupied between time t = 0 and
at time t (not necessarily by the same particle). We decompose this probability
into two terms. The first one describes the situation where no renewal occurs while
the second one corresponds to one or more renewals within [0, t]. Note that the
probability 〈ni〉 of a particle being next to the site i is the same before and after a
renewal happens.

If no renewals take place until t, 〈ni(t)ni(0)〉 is given by the probability that
at t = 0 a particle is at site i, i.e. 〈ni〉. If one or more renewals happen until t,
〈ni(t)ni(0)〉 is the probability that at t = 0 a particle at site i (given by 〈ni〉) and
that at time t some particle is at site i, which is also given by 〈ni〉. The probability
that no renewal happens until t is given by Φ(t),7 while one or more renewals happen
with probability 1− Φ(t). Therefore

〈ni(t)ni(0)〉 = Φ(t) 〈ni〉+ (1− Φ(t)) 〈ni〉2 (4.18)

5In particular, after proper equilibration the chains were frozen at t = 0 and then
〈
r2(t)

〉
0

is determined. Since we use symmetric transition rates we do not have to distinguish between〈
r2(t)

〉
0,r
and

〈
r2(t)

〉
0
.

6For a chain length N = 1, 〈ni〉 is simply the monomer density c and does not depend on the
lattice site, whereas for N > 1 there are perturbations introduced due to the fact that the tracer is
fixed and therefore 〈ni〉 near the fixed tracer is different from 〈nj〉 where j is a site far away from
the tracer.

7Since t = 0 is an arbitrary starting point Φ(t) and not Ψ(t) is used for the probability that no
renewal happens.
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Solving for Φ(t) we get

Φ(t) =
〈ni(t)ni(0)〉 − 〈ni〉2

〈ni〉 − 〈ni〉2
(4.19)

Since 〈ni(t)ni(0)〉 can easily be determined in the polymer model, Eq. (4.19)
determines Φ(t), the second input function of the DP-model. As n2i = ni, Eq.
(4.19) gives Φ(0) = 1. Assuming the correlation function 〈ni(t)ni(0)〉 to vanish for
t → ∞ we get Φ(∞) = 0.

Using Eq. (4.15) we can rewrite Eq. (4.17)

D = nd

∫ ∞

0

〈
r2(t)

〉
0

∂2

∂t2
Φ(t) dt = nd

∫ ∞

0

〈
r2(t)

〉
0

∂2

∂t2
〈ni(t)ni(0)〉 − 〈ni〉2

〈ni〉 − 〈ni〉2
dt

(4.20)
Note that in Eq. (4.20) only quantities appear, which can easily be determined in
the lattice model. Therefore Eq. (4.20) is of central importance in the following.
As mentioned above, the mean square displacement 〈r2(t)〉0 is determined by sim-
ulations of tracer diffusion in a frozen host of equilibrated polymer chains, while
the determination of Φ(t) is done in a second simulation where the polymer chains
move according to the generalized Verdier Stockmayer algorithm described in Sec.
2.1.2. In this way the problem of determining D is decomposed into two separate
problems, where only the tracer or only the network is moving.

This approach is tested first for a hard–core lattice gas in the next section, and
later for arbitrary chain length N > 1. In previous work [Gra89] for the hard–
core lattice gas, only versions of the DPT with uncorrelated (Poissonian) renewals
in time were used. This fact hampers the transfer of those theories to polymeric
system were temporal correlations become crucial as we will see later.

4.4 Results for the hard–core lattice gas

As a first test of our approach we examine the case of non–connected beads, N = 1,
which is identical with a conventional hard–core lattice gas. For this system the
diffusion constant D(c) as a function of the concentration c is known to a high degree
of accuracy from simulations [Keh81]. To separate the trivial effect of blocking,
contained in a factor of (1−c), from the non–trivial correlation effects, one introduces
the tracer correlation factor f(c) ≤ 1 according to

f(c) =
D(c)

D0(1− c)
(4.21)

where D0 = Γa2 is the diffusion coefficient for infinite dilution (c → 0). Γ is the
transition rate of a random walker going from one site to a neighboring site and a
the lattice constant. For the tracer correlation factor very accurate approximations
exists. One is the dynamic pair approximation [Nak80, Tah83, Die85] which gives

f(c) =
1 + 〈cosΘ〉

1− [(3− 2c)/(2− c)] 〈cosΘ〉 , (4.22)
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In Eq. (4.22), which becomes exact as c → 1, the quantity 〈cosΘ〉 characterizes the
average directional change of two consecutive steps where Θ is the angle between
the jump directions. Since every jump leaves a vacancy behind, backward jumps
are more likely and thus it is obvious that one finds negative values for 〈cosΘ〉, e.g.
〈cosΘ〉  −0.209 for a simple cubic lattice.8

4.4.1 EMA treatment of the hard–core lattice gas

We now discuss an effective medium approximation (EMA) for f(c) based on the
DP model of Harrison and Zwanzig [Har85]. We follow a derivation given in [Gra89].
In the Harrison and Zwanzig model each bond in the disordered medium fluctuates
between two states, either open or closed. If p and q = 1 − p are the equilibrium
probabilities for a bond to be open or closed, the probabilities h(1, t) (bond open)
and h(0, t) (bond closed) evolve according to

∂

∂t

(
h(0, t)
h(1, t)

)
=

1

τ

(−p q
p −q

)(
h(0, t)
h(1, t)

)
(4.23)

Granek and Nitzan [Gra89] where able to derive the following self–consistent equa-
tion for the frequency–dependent effective hopping rate Γeff(ω) of a tracer moving
in the percolative network of Harrison and Zwanzig:

Γeff(z)

Γ
=

p− 2/ξ + z/ξ P̂ (0, z)

1− 2/ξ + z/ξ P̂ (0, z)
with z = (1/τ + iω)/Γeff(z) (4.24)

P̂ (�r, z) is the Laplace transform of the probability to occupy the site �r on a lattice
with coordination number ξ after starting at the origin. P̂ (�r, z) is given in Appendix
A, Eq. (A.8), by a Watson–type integral which can be reduced for the special case
�r = 0 to a one dimensional integral [Gla77].

In order to describe diffusion in a hard–core lattice gas one has to identify the
quantity τ in Eq. (4.24). To do this Granek and Nitzan focused on a particular
particle in the system (’tracer particle’) and on one neighboring site. This site is
occupied with probability c by another particle (’background particle’) or is free
with probability (1− c), therefore q = c and p = 1− c. To identify τ we solve Eq.
(4.23) for the initial condition that with certainty the chosen site next to the tracer
is occupied and so the bond is blocked, i.e. h(0, t) = 1 and h(1, t) = 0. The first
row in Eq. (4.23) reduces for t = 0 to h′(0, 0) = (c− 1)/τ . As a first approximation
the transition of the ’background particle’ in the vicinity of the tracer particle to a
neighboring site will happen with the same rate Γ as in the unperturbed case. Then
the ’background particle’ surrounding the fixed tracer particle jumps (and opens
the bond) with probability (ξ − 1)(1− c)Γ to one of the (ξ − 1) free sites which are
empty with probability (1− c). Hence h′(0, 0) = −(ξ − 1)(1− c)Γ. Equating both
expressions for h′(0, 0) gives

τ−1 = (ξ − 1)Γ (4.25)

8Negative values of 〈cosΘ〉 are required for having f(c) < 1.
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In contrast to the above reasoning (called EMA I) in [Gra89]), one could also assume
that the ’background particles’ move with the hopping frequency (ξ− 1)Γeff instead
of Γ(1− c)(ξ − 1) which would give

τ−1 = Γeff(ξ − 1)/(1− c) . (4.26)

This was called EMA II in [Gra89] and allows together with Eq. (4.24) a self–
consistent determination of Γeff.

Our approach in Sec. 4.3 was based on the occupational correlation function,
〈ni(t)ni(0)〉 to describe the dynamics of the percolative lattice. Before we turn to
our theory with non–Poisson renewals, we can determine a single relaxation time to
be identified with the relaxation time τ in the Harrison–Zwanzig approach. Using
the above initial condition, h(0, t) is given in our model by the probability that if
one ’background particle’ was at t = 0 at site i, one particle is there at t. Since
the probability of a particle to be next to the tracer is simply the concentration c,
h(0, t) = 〈ni(t)ni(0)〉 /c and τ−1 becomes

τ−1 =
∂

∂t

h(0, t)

(1− c)
|t=0 = ∂

∂t

〈ni(t)ni(0)〉
c(1− c)

|t=0 = Φ′(0) (4.27)

For the last equality Eq. (4.19) was used. In Appendix Sec. A it is shown (Eq.
(A.13)) that Φ(t = 0) can by expressed with the return probability of a random
walker starting near a forbidden position. Differentiating Eq. (A.13) at t = 0 yields
τ−1 = (ξ − 1)Γ which is the same result as for EMA I.

In Fig. (4.1) the results of EMA I and EMA II models are compared against
simulation results. We repeated the EMA calculation and MC–simulations done
in [Gra89] for the fcc lattice, but now adapted it to the simple cubic lattice. We also
did simulations of a tracer in a frozen network to get 〈r2(t)〉0. Using these results
together with Eq. (4.16) and setting λ = 5Γ, we obtained the long–time diffusion
constant D(ω = 0, λ). The equivalence of the DBP theory and the EMA theory was
shown in [Har85] and was used here as a test case. Since for c → 1 the quantity
〈r2(t)〉0 is known exactly (see Appendix A) we can use Eq. (4.16) in the ω = 0
limit to choose λ so that the EMA theory yields the correct value of f(1). Using
f(1) = 0.657 one gets λ ≈ 0.627ξΓ. With this value of λ = τ−1 instead of using
τ−1 = Γ(ξ−1) we get an agreement with the simulation results of similar quality as
in the dynamic pair approximation (see the curve EMA I with λ = 3.762Γ in Fig.
(4.1)). However, this method cannot be generalized to diffusion in polymers where
the non–Poissonian character of the WTD becomes important, as we will see later.
Furthermore, since λ is obtained by a fit, this method does not give new physical
insight. We therefore do not pay further attention to this method but proceed to
the complete DP–theory with renewals described by a non–Poissonian WTD.

4.4.2 DP–theory with non–Poissonian WTD

Up to now no temporal correlations of the renewing process where take into account.
It turns out that the results will improve when we include the non–exponential
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Figure 4.1: Comparison of the tracer correlation factor f(c) obtained from different
approximations with data from direct simulation (�). The approximations are:
dynamic pair approximation (dotted line), the ω = 0 limit of Eq. (4.16) with
λ = τ−1 = 5Γ (◦), EMA II and EMA I with λ = 5Γ. The EMA theory is also shown
for the first model but with λ = 3.762Γ chosen such that for c = 1, f(c) has the
exact value f(1) = 0.654 marked by the arrow.

decay of Φ(t) (see e.g. Fig. (A.2)). In principle it is possible to generalize the
EMA theory for dynamical disorder with non–Poissonian character as done recently
by Chatterjee et al. [Cha94]. However, these authors were able to deal with one
dimensional problems only. Hence, we continue with the DP-theory, based on Eq.
(4.20).

For the sake of numerical convenience we now assume that the correlation func-
tion Φ(t) can be approximated by sum of Nexp exponentials,

Φ(t) =

Nexp∑
i=1

ai exp(−λit) . (4.28)

The treatment so far using only one time constant would corresponds to the case
Nexp = 1. Since for a hard–core lattice gas Φ(t) does not depend on c as shown in the
Appendix A, Φ(t) can be determined at an arbitrary concentration. We obtained
values λi, and ai i = 1 . . . 3 by fitting three exponential functions to the correlation
function Φ(t). Note that a1 + a2 + a3 = 1 since Φ(0) is normalized to unity.
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The quantity 〈r2(t)〉0 can by expressed in terms of the mean square displacement
〈r2n〉0 of a tracer particle making n steps in a frozen network via

〈r2(t)〉0 = lim
M→∞

M∑
n=0

(ω0t)
n

n!
exp(−ω0t)〈r2n〉0 (4.29)

where ω0 = 6Γ is the inverse of the mean residence time of the tracer. Inserting
(4.28) and (4.29) into (4.20) and carrying out the integration, we get

D

ω0
=

1

6
lim

M→∞

M∑
i=1

(
λi
ω0

)2ai

Nexp∑
n=0

〈r2n〉0
(λi/ω0 + 1)n+1

(4.30)

For c < 1 we obtained 〈r2n〉0 by simulating a discrete time random walk on a
frozen lattice with concentration c. However, for c = 1 (see the symbol � in Fig.
(4.2)) we use for 〈r2n〉0 the exact result derived in Appendix A.

As seen in Fig. (4.2) the correlation factor f(c) obtained by this procedure from
Eq. (4.30) with Nexp = 3 comes closer to the exact value compared to using only
one time constant (see EMA I in Fig. (4.2)). For c → 1 one can compute the DPT
result without using fit functions, as shown in Sec. A. This yields f(1) ≈ 0.6802,
see the arrow in Fig. (4.2). Obviously the solution using Nexp = 3 comes very close
to that value. We conclude that using more than three exponential functions will
not increase the accuracy of the DPT significantly and will only give rise to larger
statistical errors.

As we will see in the next section, in the polymer systems the non–Poissonian
character of the renewals becomes even more pronounced. This will make it impos-
sible for theories with one time constant to give accurate results.

4.5 DP–model for lattice polymers

For the hard–core lattice gas (N = 1) the procedure described above has no com-
putational advantage over existing methods but was merely considered as test case.
The importance of the DPT reveals itself, when we apply it to ion diffusion in a poly-
mer network. First, no analytic approximation for the correlation factor f(c, N),
now depending on on the chain length N , with similar quality like Eq. (4.22) exists.
Furthermore, since every monomer in the system moves with the same probability,
simulations of a small concentration of tracer particles in a dynamical polymer ma-
trix require a big computational effort in order to give sufficiently small statistical
errors. In our approach the determination of 〈r2(t)〉0 does not involve the motion
of the host (after equilibration) and therefore needs only a modest amount of com-
putational time. Although the determination of Φ(t) via 〈ni(t)ni(0)〉 requires to
move the host molecules, the computing time needed to determine the values λi and
ai are small compared with the one needed for a direct determination of f(c, N).
Thus the use of DPT for ion transport in a fluctuating polymer host will speed up
calculations.
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Figure 4.2: Tracer correlation factor for the hard–core lattice gas (� and �) obtained
for DPT theory using Nexp = 3 exponential functions. The rest of the figure is as
Fig. (4.1) except that the arrow now represents an estimate for the exact result of
the DBP theory in the c → 1 limit.

In Fig. (4.3) MC results are shown for f(c, N). These results where obtained
with the MC method described in Sec. 2.1.2. The simulation box has the length
(measured in units of the lattice constants a) of L = 10 for N = 2, 5, 10 and was
increased to L = 20 for N = 20 in order to avoid finite size effects. In all simulations
the tracer concentration was set to one percent and it was checked for N = 10 that
these results do not differ (beyond statistical errors) from results obtained for a
single tracer particle. Also shown in Fig. (4.3) as full lines are fits to the simple
functional form f(c;N) = (1−α(N)c)/(1−β(N)c) with N–dependent fit parameters
α and β. These results will be used as a reference for assessing the performance of
the DP-based approach.

As Fig. (4.3) shows, the chain connectivity facilitates the diffusion at least for
concentrations below c � 0.8 for all chain lengths. The rise in conductivity is most
prominent for the case N = 2 were the correlation factor remains larger than 0.9.
Dimers therefore induce only minor backward correlation, which is in accordance
with intuition. Only one monomer of the dimer can suppress the forward motion of
a tracer next to it, while the second monomer is not accessible by a nearest neighbor
step of the tracer. After the steep increase of f(c, N) for N = 2, the diffusion is
slowed down again for increasing chain length N .
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Figure 4.3: Simulated tracer correlation factor f(c, N) (data points) for different
chain lengths N = 2, 5, 10 and 20. Full lines refer to the fit function f ≈ (1 −
α(N)c)/(1 − β(N)c), where for N = 5, 10 and 20 the fit parameters are β = 1
and α = 1.057; 1.062 and 1.071, respectively. For N = 2 we find α = 0.391 and
β = 0.318. For comparison we also show simulation data taken from Fig. (4.2) for
N = 1 (hard core lattice gas) together with Eq. (4.22) (dashed-dotted line).

As described before, our DPT approach needs two input quantities, the mean
square displacement of the tracer particle in the frozen host 〈r2(t)〉0 and the cor-
relation time Φ(t). In Fig. (4.4) the first input quantity 〈r2(t)〉0 is shown. To
obtain 〈r2(t)〉0, the system was first equilibrated using the algorithm described in
Sec. 2.1.2, and then at t = 0 one stops the movement of polymers and lets the tracer
diffuse through the frozen system. Averaging over many such runs yields 〈r2(t)〉0.
While for c = 0.1 and c = 0.4 〈r2(t)〉0 in Fig. (4.4) is proportional to t a crossover
to a localized random walk (〈r2(t)〉0 → const. for t → ∞) takes place for c = 0.8.
A precise determination of the critical percolation threshold ccrit(N) separating the
diffusive from the non–diffusion regime is beyond the scope of this work. To our
knowledge no data for ccrit(N) exist in the literature. In Appendix B we give some
rough estimates for 2 and 3–dimensional systems in order to elucidate the main
trends in ccrit(N). As seen in Fig. (B.1), the critical concentration ccrit increases
monotonously for d = 3 with a step-like increase form N = 1 to N = 2. This is
an indication that for longer chains the frozen network becomes more percolative at
a given concentration. Beyond ccrit no long-range diffusion is possible, for c = 0.8,
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Figure 4.4: Mean-square displacement 〈r2(t)〉0 of random walkers in a frozen network
of chains with length N = 10. For c = 0.4 a comparison is made with the case N = 1

〈r2(t)〉0 is therefore limited for N = 10 (see Fig. (4.4)).
The second input quantity needed to calculate f(c, N) is the correlation function

Φ(t). In Fig. (4.5) Φ(t) is show for N = 10 and various concentrations c. Φ(t) was
obtained from Eq. (4.19). Note that in this equation the site i is a nearest neighbors
to a fixed tracer particle. Since 〈ni(t)ni(0)〉 is an equilibrium quantity we kept the
tracer fixed during thermalization.9 To account for the non-exponential character
of Φ(t) we fit 3 exponential functions to Φ(t). Thus obtain λi, ai with i = 1 . . . 3,
needed to determine f(c, N) via Eq. (4.30). Again we used that a1 + a2 + a3 = 1.
The resulting f(c, N) is displayed in Fig. (4.6) together with the fit functions from
Fig. (4.3). Evidently the DP-approximation now agrees very well with the full
simulation for all N , even for the somewhat special case N = 2. For the systems
considered our implementation of the DPT approach is successful. Also as noted
before this method saves computational time.

So far our studies where limited to an athermal system. However, Φ(t) and
〈r2(t)〉0 are also accessible in the case of interacting systems. Therefore an extension
of that theory to interacting systems should be straightforward and is likely to work
at least for repulsive interactions.

9If one would not keep the tracer fixed during equilibration and fix it afterwards, one would
mark the time at which the tracer gets fixed. A marked time is in contrast to the use of Φ(t) which
implies no knowledge of the time the first renewal happened.
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Chapter 5

Conduction in stretched polymer
systems

Recent experimental observations on stretched PEO–based polymer ion conductors
have revealed an enhancement of the conductivity in the stretching direction [Gol02,
Gol00]. Details of these experiments are given in the Introduction. To describe this
effect, we will consider in this chapter a phenomenological model consisting of a
mixture of two phases with different conductivities where the geometry of these
phases is sensible to the stretching (first results are also given in [Due02c]).

5.1 Introduction

The experimental observations described in Sec. 1.2.4 suggest that fast ionic trans-
port in polymer ion conductors takes place along directed structures such as the
helices formed by the PEO chains. In our model we assume that the transport in
polymer ion conductors is governed by two phases. The first can be associated with
the highly conducting regions of these directed microstructures. The second, poorly
conducting phase corresponds to regions where hopping processes between these di-
rected structures occur. Since the unstretched material is macroscopically isotropic,
the average shape of the microstructures without stretch has spherical symmetry.
The deformation of the macroscopic sample is described via the stretching parame-
ter λ > 1 changing the length of the macroscopic sample parallel to the stretching
direction from L to λL. If we assume that the volume of the sample stays constant
then the length L perpendicular to the stretching changes from L to λ−1/2L. We will
now propose two models accounting for the conductivity change of the macroscopic
sample. The first one is a primitive hopping model and the second one is a more
detailed model in which the highly conducting regions are mimicked by ellipsoids.

5.1.1 The primitive model

We first consider a primitive model for the microscopic rearrangements introduced
by the stretching, which is sketched in Fig. (5.1). This figure shows a projection

67
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of a sample, divided into cells, perpendicular to the stretching. The conduction is
assumed to take place by two mechanisms: a fast transport within the volume of
each cell, and a slow transition across cell boundaries, represented by the dividing
lines in the figure. In what follows we use the symbols ‖ and ⊥ to denote directions
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L 

L 

L 

L  

λ
−1/2

λ

Figure 5.1: A primitive model for the effect of stretching on transport. The system
is divided into cells that are distorted by the stretching with stretch parameter λ as
shown. The slow transport process across the cell boundaries is assumed to be rate
determining.

parallel and perpendicular to the stretch, respectively. We assume that the size of
a unit cell, given by d‖ and d2⊥, follows the macroscopic deformation. Therefore we
have d‖ ∼ λ and d⊥ ∼ λ−1/2. Under the assumption that the volume within the cells
conducts well compared to the cell boundaries, carrier transport may be thought of
as a hopping process from cell to cell, where the hopping rate is given by the rate of
crossing the boundaries. In this picture stretching changes the hopping distances,
while the elementary hopping time is not affected. Since the diffusion and thus the
conductivity are proportional to the square of the elementary hopping distance, the
conductivities σ‖ and σ⊥ behave like

σ‖ ∼ λ2 and σ⊥ ∼ λ−1 . (5.1)

The quadratic dependence of σ‖ on the stretching parameter λ is in accordance with
preliminary experimental data [Gol]. However, since neither the conductivity nor
the volume fraction of the better conducting phase are included in this picture, a
more elaborate model, as described in the next section, is needed to include these
important parameters.
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5.1.2 The ellipsoid model

We now assume that the system is built of highly conducting ellipsoids which are
embedded in a poorly conducting medium. We assume that the ellipsoids have
rotational symmetry around the 1–axis. The conductivity tensor in the frame of
principal axes of an ellipsoid Σdia is supposed to be diagonal and symmetric around
the symmetry axis 1, i.e. Σdia

2 = Σdia
3 . There are two generic ways to account for

the effect of stretching the sample. First, as shown in Fig. (5.2), the ellipsoids are
randomly orientated and the stretching of the sample induces a preferential orien-
tation of the ellipsoids along the stretching direction. In the second scenario shown

Σ 1
dia

L
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re

tc
hi

ng

L Lλ

Lλ

−1/2

Σ
dia

2  

Figure 5.2: Sketch of one possible ellipsoid model. Shown on the left side is the
sample before stretching where the ellipsoids are randomly aligned. After stretching
(right hand side) they get partly orientated along the stretching axis.

in Fig. (5.3) the stretching transforms spheres into ellipsoids. In the latter model
we can link the macroscopic deformation directly to the change in the microscopic
structure. For our case of spheroids we assume that the principal axis parallel to
the stretching b‖ and the principal axes perpendicular to the stretching b⊥ behave
like

b‖ = b0λ and b⊥ = b0λ
−1/2. (5.2)

In this way we keep the volume of the ellipsoids constant.

5.2 Effective medium approximation (EMA)

We treat the ellipsoid model using the differential effective medium approximation
(DEMA). This theory has originally been worked out by Mendelson and Cohen
[Med82] for electrical conduction in sedimentary rocks.1 The DEMA is derived from

1The situation in sedimentary rocks is somewhat complementary to our situation. There the
ellipsoidal inclusions (grains) do not conduct, while the medium (water), they are embedded in,
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Figure 5.3: Second possible ellipsoid model. Now the spheroids change their shape
during stretching. The symmetry axis of the ellipsoids is identical with the stretching
direction.

ordinary EMA by integrating over the volume fraction of the ellipsoidal inclusions
assuming at each step the validity of the EMA. In contrast to the ordinary EMA the
DEMA does not treat both phases equally, one phase always surrounds the other
and no percolation threshold is observable.

5.2.1 EMA–equations for ellipsoidal geometry

As usual in effective medium theory one considers the system to form a homoge-
neous medium. Then one chooses a part of the real system and calculates exactly
the perturbation caused by embedding this selected part into the effective medium.
Requiring that this perturbation vanishes on average yields a condition for the prop-
erties (conductivity) of the effective medium.

Let us now consider an ellipsoid placed in a homogeneous medium under the
influence of a constant external electrical field �E. The electrical field inside a
homogeneous ellipsoid remains uniform when exposed to an constant external
field [Hil96, Str75]. Therefore the current density �j inside the ellipsoids is con-
stant. In the spirit of the EMA we require that the difference of the current density
�je of the homogeneous effective medium �je and �j should vanish on average, i.e.〈

�j −�je

〉
= 0 . (5.3)

Let Σ be the conductivity tensor of the ellipsoid2 and σe the conductivity tensor of
the effective medium then Eq. (5.3) can be rewritten as〈

(Σ− σe) �E
〉
= 0 . (5.4)

conducts.
2Σ depends on the orientation of the ellipsoids in space.
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The field �E inside an ellipsoidal inclusion in a homogeneous, but not necessarily
isotropic medium resulting from a uniform external field �E0 was determined by
Frank [Fra63], yielding

�E =
[
1 + σ−1/2

e Λσ−1/2
e (Σ− σe)

]−1 �E0 . (5.5)

Λ = RLdepR−1 is a tensor depending on σe defined as follows. Let B be the tensor
describing the surface of the ellipsoid through the equation

∑
i,j(B)ijxixj = 1. Then

a matrix R can be chosen which diagonalizes σ
1/2
e Bσ

1/2
e according to(

R−1σ1/2
e Bσ1/2

e R
)
ij
= δij l

−2
i (5.6)

so that l−2i are the corresponding eigenvalues.
Finally, Ldep is defined by (Ldep)ij = δijL

dep
i where the depolarization factors

Ldep
i are given by

Ldep
i =

D(0)

2

∫ ∞

0

dµ

(l2i + µ)D(µ)
with

D(µ) =
[∏

i

(l2i + µ)
]1/2

(5.7)

Combining Eq. (5.4) and Eq. (5.5), the equation determining the effective conduc-
tivity is 〈

(Σ− σe)
[
1 + σ−1/2

e Λσ−1/2
e (Σ− σe)

]−1〉
= 0 . (5.8)

For a system consisting of distinct phases α, in which each phase composed of
ellipsoids having the volume-fraction fα, conductivity Σα and a tensor Λα, Eq.
(5.8) can be written as∑

α

fα

〈
(Σα − σe)

[
1 + σ−1/2

e Λασ
−1/2
e (Σα − σe)

]−1〉
= 0 . (5.9)

Here the average is taken over the geometry of each phase α [Med82].

5.2.2 Differential EMA equation

The ordinary EMA is not suitable for the description of our model for two related
reasons. First it treats the two phases symmetrically, while in our picture the low
conducting medium surrounds the highly conducting ellipsoids. Secondly, when the
conductivity of the surrounding medium vanishes no conduction should be possible.
However, this is not the case for the ordinary EMA. Following [Med82] we now
derive a differential form of (5.9). The system is built step by step by adding an
infinitesimal amount of ellipsoid material into the effective medium of the previous
level. We start from a stage where the effective medium consists of ellipsoids with
concentration c and volume vell and the poorly conduction region surrounding the
ellipsoids, which has the volume vsur. Now we add ellipsoids with volume dvell to
the effective medium. Then the system is composed of the following two phases:
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• The first phase with volume dvell is given by the newly added ellipsoids with
concentration df1 = dvell/(vsur + vell), conductance Σ1 = Σ and geometrical
shape Λ1 =: Λ.

3

• The second phase is the effective medium of the previous step, having the
conductance Σ2 = σe(c) and the concentration f2 = 1− f1.

Neglecting products of the form (dvell dσe), Eq. (5.9) becomes:

dvell
(vsur + vell)

〈
(Σ− σe)[1 + σ−1/2

e Λσ−1/2
e (Σ− σe)]

−1〉− dσe = 0 (5.10)

Note that the shape of the effective medium does not enter here. This is due to the
fact that the term proportional to Λ2 vanishes. With c = vell/(vsur + vell) being the
concentration of the ellipsoids, it follows that dc = (1 − c)dvell/(vell + vsur). Then
Eq. (5.10) reads:

dσe =
dc

1− c

〈
(Σ− σe)[1 + σ−1/2

e Λσ−1/2
e (Σ− σe)]

−1〉 (5.11)

In the case of spheres with isotropic conductivity this equation simplifies consider-
ably (see Eq. (C.12)). Eq. (5.11) is the same as in [Med82]. There the authors
considered a rock formed of ellipsoidal non-conducting grains embedded in a con-
ducting medium (water). The porosity φ of the rock was defined as the fraction of
the non-conducting grains (φ = 1 − c). At φ = 1 no water is in the rock, whereas
at φ = 0 their system consists only of the poor conducting phase. As a boundary
condition they set σe(φ = 0) equal to the conductivity of water. In our polymer
electrolyte model we consider the opposite case of highly conducting ellipsoids with
a concentration c = 1− φ in a poorly conducting environment. Then the boundary
condition in the integration of Eq. (5.11) is σe(c = 0) = σ0 which is the conductiv-
ity of the poorly conducting medium, assumed to be isotropic. In Appendix C Eq.
(5.11) is evaluated for some special cases.

5.3 Results

In the model where the stretching transforms spheres into spheroids (see Fig. (5.3)),
the macroscopic deformation can directly be linked to the shape of the spheroids.
In discussing our results, we therefore focus on this model. In Sec. C.3.2 special
cases of both models are discussed and for the case of spheres with partially aligned
anisotropic conductivity some additional numerical results are presented Sec. C.3.2.

5.3.1 DC–conductivity

According to Eq. (5.2) the stretching is described by a transformation of the prin-
cipal axes via b‖(λ) = b0λ and b⊥(λ) = b0λ

−1/2. With this definition δa in Eq. (C.6)

3Assuming that the total volume stays constant, gives df̃1 = dvell/(vsur + vell + dvell) = df1 +
O(dvell)2, and therefore yields the same results.
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becomes δa =
√
1− λ−3σe,⊥/σe,‖. Since for λ = 1 (non-stretched) σe should be

isotropic, we assume that the tensor Σdia is given by a scalar Σ. Further we assume
that the conductivity of the ellipsoids does not depend on the stretching, i.e. Σdia

to be independent of λ. Eq. (C.5) allows us to measure all conductivities relative to
the conductivity of the ellipsoids Σ, which is therefore set to unity in the following.

Figures 5.4a-c show the effective conductivity as function of the volume fraction
c of the ellipsoidal phase, for several values of the conductivity of the medium σ0. In
Fig. (5.4a) the conductivity for the unstretched case σe is shown. In Fig. (5.4b) and
Fig. (5.4c) a stretched sample with λ = 4 is discussed. For c = 0 the conductivity for
all three cases is given by σ0, while for c > 0 the conductivity becomes anisotropic
(σe,⊥ < σe < σe,‖). The strength of the anisotropy is determined by the stretching
parameter λ. For c = 1 the system is built of ellipsoids only and due to normalization
σe,‖ = σe,⊥ = σe = 1.

In Fig. (5.5) we compare the anisotropy given by the ratios σe,‖/σe and σe,⊥/σe as
a function of λ. We have chosen σ0 = 10−4 and considered different concentrations of
the ellipsoids. The initial slopes

(
dσe,‖
dλ

)
λ=1

for concentrations c = 0.7, 0.8, 0.86, 0.95

are given by 2.00, 2.03, 1.98, 1.49. For σ0 = 10−4, small λ, and densities ranging from
c = 0.7 up to c = 0.86 , σe,‖ can therefore be described by σe,‖ ∼ λn with n close to
2. This is in accordance with the superlinear behavior found in experiments [Gol].
The exponent n = 2 was already predicted by the primitive model. In that model
only the conductivity of the poorly conducting phase enters via the hopping time.
Now the highly conducting phase enters via its volume fraction c and via the ratio
Σ/σ0. The dependence of the effective conductivities σe,⊥(λ) (left panel) and σe,‖(λ)
(right panel) on σ0/Σ is shown in Fig. (5.6).

In agreement with experimental observations [Gol02], our model shows that
stretching the polymer sample enhances the conductivity in the stretch direction
while conduction in the perpendicular directions is inhibited. The magnitude of the
effect and the detailed way in which σe,‖ and σe,⊥ depend on λ are sensitive both to
the volume fraction c and the conductivity ratio σ0/Σ.

As explained in the Introduction, the experimental results of Ref.[Gol00] and
[Gol02] indicate that the stretching may also affect the conduction properties of
the polymer electrolyte, by increasing the stiffness of the polymer chain thereby
inhibiting segmental motion. In our model this will reduce the conductivity of the
”surrounding medium”σ0. To demonstrate this possible effect we replotted in Fig.
(5.7) σe,⊥ and σe,‖ as functions of λ, as shown in Fig. (5.6) for fixed σ0 = 10−4.
In addition, we show for the modified model, where σ0(λ) is assumed to be given
by σ0(λ) = σ0λ

−1 while Σ = 1 remains as before. We see that introducing such
a dependence of σ0 on λ enhances the difference between σe,‖ and σe,⊥. Both are
reduced relative to their values in Fig. (5.7), but σe,⊥ is clearly affected more strongly
than σe,‖.
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Figure 5.4: The effective conductivity σe of unstretched (a), and of stretched samples
(b,c), for various concentrations c of the ellipsoids. The stretching parameter is
λ = 4. In (b) the effective conductivity parallel to the stretching σe,‖ and in (c) the
effective conductivity perpendicular to stretching σe,⊥for different conductivities σ0
of the poorly conducting phase (surrounding the ellipsoids) are shown.
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Figure 5.5: Effective conductivities σe,⊥ (left side) and σe,‖ (right side) vs. λ for
different concentrations c. The conductivities for both cases are measured relative to
the unstretched case σe. The medium surrounding the ellipsoids has the conductivity
σ0 = 10−4.

5.3.2 AC–conductivity in the ellipsoid model

The basic EMA equation 5.3 stays valid for the AC case, however, we have to replace
the current by the total Maxwell current including displacement terms. Assuming
a linear medium we write the frequency–dependent current density as

�j(ω) = − iω

4π
ε(ω) �E(ω) . (5.12)

Note that with this definition ε(ω) includes displacement currents and direct cur-
rents, the latter manifests itself in a divergence of the imaginary part of ε(ω) as
ω → 0. Eq. (5.12) has up to a constant factor of iω/4π the same structure as
Eq. (5.4) with the conductivities replaced by dielectric constants. The arguments
leading to Eq. (5.11) can be repeated. Therefore Eq. (5.11) stays valid if the
conductivities are replaced by dielectric constants.4

Let us assume that the dielectric constant for the ellipsoids ε(ω), which we choose
in analogy to the DC–case isotropic, and for the surrounding medium ε0 can be

4The constant factor iω/4π cancels in Eq. (5.11)
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Figure 5.6: Same as Fig. (5.5), now for different values of σ0 (with Σ = 1). Note
that the full lines (σ0 = 10−4) here are identical with the dashed lines (c = 0.86) in
Fig. (5.5).

described by the following dispersion–free conductivities and dielectric constants

ε(ω) = ε∞ − 4πi

ω
Σ and ε0 = ε∞0 − 4πi

ω
σ0 . (5.13)

The constants Σ and σ0 in Eq. (5.13) are the respective DC–conductivities. The
resulting dielectric constants εe,‖ and εe,⊥ of the effective medium can be deter-
mined by inserting Eq. (5.13) into Eq. (5.11) with the conductivities replaced by
the dielectric constants everywhere. The frequency–dependent conductivity is then
calculated via

σe,α(ω) =
ω

4πi
(εe,α(ω)− εe,α(∞)) ; α =⊥, ‖ . (5.14)

Note that the real and imaginary part of the input quantities get mixed by the EMA
equations and thus the dielectric constant εe,α of the effective medium is a complex
quantity. Figures 5.8 and 5.9 depict the dispersion properties of the conductivity
computed from our model. We use dimensionless units defined by ε∞ = 1 and Σ = 1
so that ω is measured in units of ε∞/Σ. In these figures we have used for the the
surrounding phase ε∞0 = 1 and σ0 = 10−4 and the volume fraction of the ellipsoids
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Figure 5.7: The parallel and perpendicular conductivities of the stretched sample
as functions of the stretch parameter λ for the original model (full lines), and for a
model in which σ0 ∼ λ−1 (dashed lines). σ0(λ = 1) is taken 10−4. The lines with
positive slopes correspond to σe,‖ and the others to σe,⊥.

was taken c = 0.86. Fig. (5.8) shows the real and imaginary parts of the complex
impedance, ze,α(ω) = σ−1

e,α(ω), with α =⊥, ‖ for the unstretched polymer and for
the stretched polymer with λ = 2. At a resonance frequency ωres ≈ 0.0012 ε∞/Σ
a minimum in imaginary part is observable. Whether this resonance is Debye like
(as the input quantity are, see Eq. (5.13)) is clearly visible in a Cole–Cole plot.
In such a Cole–Cole plot the imaginary part of the impedance is plotted against
the real part and a Debye like relaxation would be reflected by a semicircle. Fig.
(5.9) shows for the same systems a slightly depressed semicircles. The experimental
results associated with the unstretched polymer and the stretched polymer in the
perpendicular direction5 show also depressed semicircles and a larger circle in the
stretched case [Gol00]. Further, in both experiments and in EMA theory the low
frequency (right) cutoff of these semicircles show the effect of stretching on the
DC–resistivity again, while the high frequency (left) cutoff is not sensitive to the
stretching. We should keep in mind that the AC–response of such systems may be
influenced by factors such as boundary effects and inhomogeneous distributions of

5No experimental data parallel to the stretching is available.
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Figure 5.8: The real (top) and imaginary (bottom) parts of the frequency–dependent
complex impedance z(ω) of the isotropic (λ = 1; full line) and the stretched samples
(λ = 2; dotted lines correspond to σe,‖ and dashed line to σe,⊥). The concentration
of the ellipsoids is c = 0.86, the conductivity of the surrounding phase is σ0 = 10−4

and ε∞0 = 1.

crystalline and amorphous phases that are not contained in our model.
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Figure 5.9: Cole–Cole plot of the complex impedance for the unstretched sample
(full line), and the stretched sample (λ = 2) in the parallel direction (dotted line)
and in the perpendicular direction (dashed line). For other parameters see Fig. (5.8)

5.3.3 Summary

We applied the DEMA, introduced by Mendelson and Cohen [Med82] for geophysical
problems, to calculate the conductivity for the stretched polymers. The following
two characteristics are essential for our model. First, the existence of two transport
processes in ionically conducting polymers of the PEO type: a relatively fast process
whose spatial extent is finite, and a slow rate determining process that connects
between the regions covered by the fast process. Second, the distortion of the
latter regions when the polymer sample is macroscopically stretched. There are two
obvious ways to describe the problem. On the one hand spheres can get transformed
to ellipsoids as an effect of the stretching. This method has the clear advantage that
one can establish a one–to–one correspondence between the experimentally observed
geometric change of the sample and the stretching parameter λ. On the other hand
we can assume that at the beginning the ellipsoids are randomly oriented and that
the stretching orients them. The problem with this approach, however, is that there
is no direct connection between the geometric change of the sample and the amount
of orientation.

Using the first model, an enhancement of the conductivity in the stretching
direction is seen while the conductivity perpendicular to the stretching is reduced.
This is in accordance with todays experimental findings. However, we should remark
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that the experimental work up to now has not provided sufficient data about the
dependence of transport properties on the stretch parameter λ. So far only two
values of λ corresponding to an initial and a stretched state are available. More
complete data with varying λ is highly needed in order to test or to improve the
model presented here.



Chapter 6

Summary and outlook

This work is devoted to transport processes in dense polymer systems, with emphasis
on ion transport in polymer electrolytes. In polymeric systems, orders of magnitude
lie between the time scales of relevant microscopic processes and the time scales
on which long–range transport takes place. A direct integration of the microscopic
equations of motion up to the diffusive regimes with molecular dynamics (MD) sim-
ulations is hardly possible. Hence coarse–grained models accessible by Monte Carlo
(MC) simulations are of particular value. With such models we studied relaxation
times in pure polymer melts and ion diffusion in polymer networks.

For pure polymer melts a Kramers relaxation time τK can be defined through
the response of the radius of gyration to the Kramers potential which mimics a
shear acting on the beads of the polymer chain. For a single Rouse chain, τK is
proportional to the relaxation time τ1 of the end–to–end vector. We gave a new
proof of this relation, providing strong evidence that this relation is also valid for
unentangled melts. Treating the Kramers potential as a perturbation, one can relate
τK to averages of the fourth and sixth moments of chain coordinates at equilibrium
and thus obtain a dynamic quantity from static properties. Using MC–simulations
we compared for a simple athermal lattice model τK , τ1, and the time τG the chain
needs to diffuse the distance of its radius of gyration. At intermediate chain lengths
N all three times have the same N -dependence. Since the Kramers method uses
only static averages it can be applied, within its range of applicability, to obtain the
N–dependence of τ1 with modest computational effort and hence also the chain–
length dependence of the viscosity. The breakdown of this concept for longer chains
could be attributed to entanglement effects.

For studying ion transport in polymer electrolytes, effective MC–algorithms exist
which are limited to the NVT–ensemble. Experiments, however, are usually done
in the NpT–ensemble, which hinders a comparison with MC results. Further, the
comparison of MC–simulations under varying salt content with experiments requires
knowledge of how the volume is affected by changing the salt content. Therefore an
equation of state was used in chapter 3 to determine the volume corresponding to
a certain pressure, temperature, chain length, and salt content. With this volume
standard MC–simulations for the NVT–ensemble can be used to get access to the
NpT–ensemble. Simulations using only ions with cationic character were in qualita-
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tive accordance with experimental observations in the NpT–ensemble, in particular
with the measured pressure– and temperature–dependence of the cationic diffusion
constant.

An instructive phenomenological model for the transport of an ion in the fluc-
tuating polymer host can be constructed in terms of dynamic percolation theory
(DPT). To adapt this theory to our polymer system we assumed that the frozen
chains provide a percolative network in which the ions diffuse. After a certain time
this network is renewed globally in a way that no correlations between the old and the
new configuration exist. The diffusion constant of the ion in the renewing network
can be calculated from its mean square displacement in the frozen network 〈r2(t)〉0
and the waiting time distribution (WTD) between two subsequent renewals. The
frozen network defines a correlated percolation problem for which we determined the
percolation threshold as a function of chain length N. To describe ion diffusion in a
fluctuating network in terms of DPT one has to identify the WTD, in addition to
〈r2(t)〉0. While for 〈r2(t)〉0 it is intuitively clear to use the mean square displacement
in a frozen polymer host, there is no rigorous way to determine the WTD. In chapter
4 we gave arguments how to connect the WTD with occupational correlations of the
polymer host near a fixed ion. The DPT thus decomposes the transport of a tracer
particle in a fluctuating network into two complementary problems: the diffusion
of a tracer particle in a frozen network and the fluctuations of that network near a
fixed tracer. A test of this approach using the lattice model introduced in chapter 3
showed a good quantitative agreement in the athermal case. Thereby it was found
that the WTD showed a marked non–exponential behavior indicating correlations
between the renewal events. In the special case of N = 1, which corresponds to
a non–interacting lattice gas of monomer particles, we were able to calculate the
WTD analytically. Since the computation of the WTD and 〈r2(t)〉0 is about five
times less time consuming than a full simulation, DPT considerably speeds up the
determination of the diffusion constant.

Recent experiments by Golodnitsky et al. [Gol00] showed an enhancement of the
ionic conductivity of polymer ion conductors upon stretching. This led us to intro-
duce a simple phenomenological two–phase model in which high conducting spheres
are surrounded by a poorly conducting medium. Upon stretching, the spheres are
deformed into ellipsoids, reflecting the idea that oriented molecular structures, like
the helices in the PEO–backbone, may facilitate ionic diffusion. Conductivities ob-
tained from a differential effective medium approximation showed similar behavior
compared to the experiments.

Besides this phenomenological model no theoretical investigations concerning
the stretching experiments are available so far. Therefore MC–simulations using the
model described in chapter 3 with an additional field to account for the anisotropy
might be interesting. In the case of DPT our studies so far are limited to an athermal
system but in principle our method has the potential of being used for realistic
models, in which the determination of the ionic diffusion constant is extremely
difficult. A first rough comparison with MD studies by Gusev et al. [Gus93] for
a frozen polymer matrix support the potential of applying DPT for more realistic
models [Due02a]. Since the determination of the WTD is more complicated than the
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determination of 〈r2(t)〉0, it is tempting to connect the WTD with an experimentally
determined relaxation time of the polymer host. In fact, a renewal time has been
extracted recently from neutron scattering techniques [Car01].
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Appendix A

Additional results for the
hard–core lattice gas

In this Appendix additional results for the hard–core lattice gas will be presented.
At first we will give an expression for the correlation function Φ defined in section
4. This will enable us to determine the tracer correlation factor f(c) in the limit
c → 1, which is exact within DPT.

Defect matrix theory for Φ(t)

In this section we will calculate the normalized correlation function of a site i near
a blocking tracer

Φ(t) =
〈ni(t)ni(0)〉 − 〈ni〉2

〈ni〉 − 〈ni〉2
, (A.1)

see chapter 3. We first show that Φ(t) is equal to the return probability of a
random walker starting next to a blocked position. To show this equality we use the
well–known fact that the relaxational behavior of all collective properties in a hard–
core lattice gas with symmetric transition rates do not depend on the concentration
c [Die80, Kut81]. Hence we can calculate Φ(t) in the limit of vanishing concentration
where only one particle is in the system. In that case 〈ni(t)ni(0)〉 is given by the
joint probability that at t = 0 the particle is at site i and that this particle at a later
time t is still or again at that site. Let P (�ri, t) be the probability of return for a
random walker starting next to a blocked site �rT . Since 〈ni(t)ni(0)〉 = 〈ni(t)〉P (�ri, t)
and 〈ni(t)〉 = c we obtain

Φ(t) = P (�ri, t) , (A.2)

for c → 0. For a continuous time random walk on a three dimensional cubic lattice
P (�ri, t) for a position �ri next to the blocked site �rT is given by the following master
equation

dP (�ri, t)

dt
= Γ

∑′
j
P (�rj, t)− 6ΓP (�ri, t)

+ Γ
∑′′

j
δ1rj ,1ri

P (�ri, t)− Γ
∑′′

j
δ1rj ,1ri

P (�rj, t) (A.3)
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= + −

Figure A.1: Schematic representation of the contributions to the master equation
(A.3). The lattice sites are shown by (�) and the position of the blocked site is
indicated by (�). All contributions on the left hand side are decomposed into 3
terms corresponding to the unperturbed case, rejected jumps onto the blocked site
and the flow to and from the forbidden site.

where the single prime indicates a summation over the nearest neighbors (NN) of
site �ri and the double primed sum is over the NN of the blocked site. The first two
terms in Eq. (A.3) describe the gain and loss terms for a random walker hopping
in an unperturbed lattice with transition rate Γ. Now we consider the perturbation
introduced by the blocked site in its vicinity (see Fig. (A.1)). If the random walker
is next to the blocked site there is a possibility that it will try to jump onto the
blocked site. In this case the walker stays on its initial position (see loops in Fig.
(A.1)). This event is accounted for by the third term of Eq. (A.3). The first two
terms, describing the unperturbed lattice, still include the flow to the blocked site
which is corrected by the last sum. Note that one does not need to correct for the
flow from �rT since P ( �rT , t) is always zero.

Let G(�k, t) =
∑

i exp(i
�k�ri)P (�ri, t) be the Fourier transform of P (�ri, t). Then Eq.

(A.3) can be rewritten as

G(�k, t) = Γλ(�k)G(�k, t) + Γ
∑
j

′′
P (�rj, t)(e

i1k1rj − ei
1k1rT ) (A.4)

with λ(�k) = 2(cos(kxa) + cos(kya) + cos(kza) − 3) for a simple cubic lattice with
lattice spacing a [Hug95a]. Let us now assume for the sake of simplicity that the
particle starts at the origin at t = 0, i.e. P (�r, 0) = δ1r,10. By introducing the Laplace

transform Ĝ(�k, z) =
∫∞
0
e−ztG(�k, t)dt, we obtain form Eq. (A.4)

Ĝ(�k, z) =
1 + Γ

∑
j

′′
P̂ (�rj, z)(e

i1k1rj − ei
1k1rT )

z − Γλ(�k)
(A.5)

Since P̂ (�r, z) can also be written as

P̂ (�r, z) = (
a

2π
)3
∫∫∫

B

ei
1k1rĜ(�k, z)d3k , (A.6)

where the integration is performed over the first Brillouin zone, Eq. (A.5) can be
transformed into the Dyson–equation

P̂ (�ri, z) = P̂0(�ri, z) + Γ
∑
j

′′
P̂ (�rj , z){P̂0(�ri + �rj , z)− P̂0(�ri + �rT , z)} (A.7)
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The Watson–type integrals

P̂0(�r, z) =
( a

2π

)3 ∫∫∫
B

ei
1k1r

z − Γλ(�k)
d3k (A.8)

are the Laplace transforms of P0(�r, t), the probability of occupying the site �r at time
t in the unperturbed lattice after starting at the origin at time t = 0. Choosing
the blocked site to be at �rT = a(1, 0, 0) the following 6 NN positions �ri of the
blocked site, �r0 = a(0, 0, 0), �r1 = a(1, 1, 0), �r2 = a(2, 0, 0), �r3 = a(1,−1, 0), �r4 =
a(1, 0, 1) and �r5 = a(1, 0,−1) are possible in Eq. (A.7) for �ri. Due to the cylindrical
symmetry around the axis formed by the starting point �r0 and the tracer �rT , the
positions �r1 and �rl for l = 3, 4, 5 are equivalent. The respective probabilities P̂ (�ri, z)
are therefore equal to P̂ (�r1, z). To calculate this quantity the integrals P̂0(�r0, z),
P̂0(�r1, z), P̂0(�r2, z) and P̂0(�rT , z) for the unperturbed lattice are needed. While
P̂0(�r0, 0) can be calculated analytically (see e.g. Appendix A.3 in [Hug95a]), P̂0(�rl, 0)
for l = 1, 2, 3 is calculated numerically from the expression

P0(�r, t) =

3∏
α=1

e−2ΓtInα(2 Γt) ; �r = a(n1, n2, n3) (A.9)

with In(x) the modified Bessel functions of the first kind [Hug95a]. The results
P̂0(�rl, 0) =

∫∞
0

P0(�r, t) dt of the numerical integration of Eq. (A.9) are summarized
in Table A.1. Also shown in Table A.1 are the resulting solutions of Eq. (A.7) for
z = 0.

�r0 �r1 �r2 �rT
P̂0(�r, 0) 1.516 0.331 0.257 0.516

P̂ (�r, 0) 1.767 0.289 0.174 0.000

Table A.1: Probabilities P̂0(�r, 0) and P̂ (�r, 0) for different positions �r. The case
P̂ (�rT , 0) serves as a test.

The long–time decay of Φ(t) can now be determined as follows. Let us first
remark that for t → ∞, In(t) ∼ et/

√
2πt and, for �r fixed, P0(�r, t) ∼ (4πΓt)−3/2 and

thus P0(�r, t) is independent of �r for long times. Using the Tauberian theorems [Fel71]
one therefore finds that for z → 0 the quantity P̂ (�r, z) is also independent of �r and
Eq. (A.7) reduces to P̂ (�ri, z) = P̂0(�ri, z). Hence the long–time limit of Eq. (A.2) is
simply given by

Φ ∼ 1

(4πΓt)3/2
(t → ∞) (A.10)

The time dependence of Φ(t) for arbitrary times can be calculated numerically
as described in the following. By an inverse Laplace transformation of Eq. (A.7) we
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get, using the convolution theorem,

P (�ri, t) = P0(�ri, t) (A.11)

+ Γ
∑
j

′′ ∫ t

0

P (�rj, τ){P0(�ri + �rj , t− τ)− P0(�ri + �rT , t− τ)} dτ

Splitting the time axis into n equidistant intervals of length ∆t and replacing the in-
tegral

∫ t+∆t

t
P (�r, τ)P0(�r

′, t− τ)dτ by ∆tP (�r, t)P0(�r
′, 0), Eq. (A.11) is approximated

by

P (�ri, n∆t) = P0(�ri, n∆t)+Γ∆t
∑
j

′′ n−1∑
m=0

Pm(�rj) (A.12)

{
P0(�ri + �rj, (n−m)∆t)− P0(�ri + �rT , (n−m)∆t)

}
Note that the right hand side depends only on P (�r,mt) with m < n so that P (�r, nt)
can be obtained by an iterative procedure. In Fig. (A.2) we show Φ(t) obtained
by this iteration (solid line). In this figure ∆t/Γ was chosen to be 0.1, however,
smaller values yield results which are indistinguishable, from those in the figure.
The squares in Fig. (A.2) are results from MC–simulations in which the return
probability of a single particle was directly simulated. The crosses in Fig. (A.2)
correspond to MC–simulations of a lattice gas in which the correlation function Φ(t)
was obtained via the correlation functions for site occupation next to a fixed particle
(see Eq. (4.19) or Eq. (A.1)).

Short-time behavior of Φ(t)

In our case the waiting times for a jump to occur are Poisson distributed. With Γ
being the transition rate and ξ the coordination number, the probability that the
random walker performing n steps during time t is given by (ξΓt)n

n!
exp(−ξΓt). This

allows us to rewrite Φ(t) in terms of Φn, the return probability after n discrete steps,

Φ(t) =
∞∑
n=0

Φn
(ξΓt)n

n!
e−ξΓt . (A.13)

Φn can be determined by means of total enumeration of the number of returns up
to a finite nmax. This enables us to determine Φ(n)(0) = ∂n

∂tn
Φ(t = 0) up to order

n 1 2 3 4 7 10 11
Φn

1
6

1
6

11
216

89667
8

309339
128

41661
16

1207803
1024

Table A.2: Return probability Φn, for different numbers of steps n

n = nmax. Table A.2 gives results of the return probability Φn .
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Figure A.2: Double logarithmic plot of the correlation function Φ(t) obtained by
different methods: Evaluation of Eq. (A.1) via simulation of a lattice gas (×),
simulated return probability of a random walker starting next to a fixed tracer using
Eq. (A.13) (�), determination of P (�r0, t) using Eq. (A.12) (solid line). Setting
Φ(t) = P0(0, t) corresponds to a situation without the fixed tracer (dashed–dotted
line). The time unit is given by the transition rate Γ times the coordination number
ξ.

Another approximation, which also accounts for the long time behavior of Φ(t)
is the continued fraction approach. In this approach one represents the Laplace
transform P̂ (�r0, z) = Φ̂(z) = 1/Γ

∑∞
n=0(

Γ
z
+ 1)n+1Φn as a J–fraction

Φ̂(z) =
a0

z + b1 − a1

z + b2 − ...
aN

z +R

, (A.14)

of order N . In [Wal73] a recurrence relation is given to express the ai’s and bi’s in
terms of the Φn’s. The remainder R is determined such that Φ̂(0)  1.7674 (see last
paragraph). This insures that the time integral of the approximation for Φ(t) takes
its correct value. To determine the J–fraction of N–th order we need the Φn’s up
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to 2N − 1. After taking the inverse Laplace transform one gets an approximation
of Φ(t) of the form

∑N
n=1 an exp(−λnξΓt) displayed in Fig. (A.3).1 Note that this

form is also used in Sec. 4 to approximate the correlation function Φ(t) in the case
of chains. Also shown in this figure is the result obtained from Eq. (A.13) where
the summation is truncated at nmax. In Fig. (A.3) the superiority of the continued

0.001
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0.1

1

0 5 10 15 20 25

Φ
(t

)

t/Γ ξ

N=2

N=4

N=6

nmax=3 nmax=7 nmax=11

Intgr. of exact eq.
Continued fraction N=2,4,6

Total enum. nmax=3,7,11

Figure A.3: Short time approximation (dashed–dotted lines) and continuous fraction
approximation of order N (dotted lines) in comparison with the method of exact
enumeration up to order nmax.

fraction approach for the long–time behavior is clearly visible.

Tracer correlation factor for c → 1

Let us now consider the case where the lattice with coordination number ξ is al-
most covered completely i.e. c → 1. In that case 〈r2(t)〉0 will be zero for most
configurations. However, with probability ξ(1 − c) a vacancy is next to the mov-
ing particle. The probability that two or more vacancies are present is an effect

1A sufficient condition that the Laplace transform can be written as a sum of exponential
functions is that the zeros of the denominator in Eq. (A.14) are non–degenerate, which is consistent
with our numerical results.
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of higher order in (1 − c), allowing us to consider only a single vacancy for the
c → 1 case. Suppose we have a vacancy in the neighborhood of the random walker,
then the mean square displacement for this (frozen) configuration is simply given by
〈r2(t)〉0 = ξ(1−c)(1−exp(−2Γt)/2. Inserting the expression for Φ(t) from the Sec. 4
into Eq. (4.20) we obtain f(1)  0.6802. This is about 4% percent off the exact value
of f(1)  0.654, obtained by the dynamic pair approximation [Nak80, Tah83, Die85].
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Appendix B

Percolation in a frozen chain
network

In chapter 4 we studied the mean square displacement 〈r2(t)〉0 of a tracer particle
moving in an environment of frozen lattice chains of length N and concentration
c. So far 〈r2(t)〉0 has been used primarily as an auxiliary quantity for determining
the diffusion constant in a renewing network, and the features of the frozen network
itself have not been studied yet. However, studying frozen and spatially uncorrelated
networks has been an object of intense research for many years, dating back until
1957 when Hammersley and Broadbent coined the term percolation theory [Ham57,
Bro57]. Without going into details, we will now summarize some results of standard
percolation theory before we will apply it to a network of frozen lattice chains.

Usually, in standard percolation theory two models are considered. While in
the first model a lattice site is occupied with probability p (site percolation), in
the second model (bond percolation) the connection or bond between two sites is
available/open with probability p and closed with probability 1−p. In both models
one assumes that the sites or bonds are uncorrelated. Let us consider a finite system
consisting of L lattice points in each spatial direction. A typical question for bond
percolation is the existence of a connection from one side of the system to the
opposite site via open bonds. In the case of site percolation the question is whether
it is possible to reach the opposite side via nearest neighbor jumps visiting only
occupied sites, i.e. whether a spanning cluster exists. Clearly, if p is very small the
probability P (p, L) that such a spanning cluster exists is nearly zero. On the other
hand, if p is close to one, P (p, L) will be close to unity. A remarkable fact is that
if we go to infinite systems, then P (p, L) becomes the step function changing from
zero to one at a critical probability pcrit.

In the case of a frozen hard–core lattice gas (N = 1) no correlations between
the lattice points exist and each lattice point is occupied with probability c. Since
the diffusion of the tracer particle takes place on the unoccupied lattice points
the spanning cluster is formed of vacant sites. This systems becomes, by setting
p = 1 − c, equivalent to the site percolation problem from standard percolation
theory. The situation changes, however, when we go to the case where correlations
in the occupation of the lattice points are introduced by polymer chains. In this
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Appendix we will estimate the chain length dependence of the critical concentration
ccrit for two and three dimensions. For chain lengths N > 1 the spatial arrangement
of the free sites is not random anymore, in contrast to conventional percolation. Now
the connectivity of the chain introduces finite correlations, with a range comparable
to the radius of gyration. For a percolative network near the critical concentration
the correlation length diverging at pcrit is the only relevant length scale. If we look
at the system on length scales large, compared to the radius of gyration, the finite
correlations induced by the connectivity of the chains are not visible anymore. On
large length scales the chain system thus looks like a standard (random) percolative
system and therefore should fall into the same universality class, but of course with
a different critical concentration.

This allows us to use finite-size-scaling theory, which was developed for standard
percolation to determine the critical concentration ccrit. One result of this theory is
that for c near its critical value ccrit and large enough system sizes L the following
scaling law holds true [Sta94]

P (c, L) = f
[
(c− ccrit)L

1/ν
]

(B.1)

Here ν is the critical exponent of the correlation length (ν = 4/3 for d=2 and
ν ≈ 0.88 for d = 3) and f(x) is a scaling function. Eq. (B.1) for two different
system sizes L and L+∆L shows that curves for P (c, L) and P (c, L+∆L) intersect
at c = ccrit. This we will be used later to determine ccrit.

We equilibrated the system, using in d=2 the algorithm of Siepmann et al. [Sie92]
and in d = 3 the algorithm described in section 2.1.2. After the equilibration we
tested whether a spanning cluster of vacant nearest neighbor sites exists by using
the cluster algorithm described in [Efr86]. In Fig. (B.1) we show for d = 3 the
probability P (N, c, L) that a spanning cluster exists for chain lengths N and system
sizes L. Since we can only study finite system sizes, the intersection point between
P (r, c, L) and P (r, c, L + ∆L) still depends on the system size. However, as one
can see in Fig. (B.1), the critical concentration ccrit ≈ 0.689 determined by the
intersection point using L = 30 and L = 40 comes very close to the ”exact”value
ccrit ≈ 0.6884. As we are mainly interested in qualitative trends, we use the point
of intersection for the two largest system sizes to determine ccrit.

1 Thereby, we
checked whether the intersection points of smaller systems are close enough to the
intersection point of the two largest systems, otherwise we increased the system size.
For example, in d = 2 we used system sizes up to L = 80 for dimers whereas for
chains with length N = 20 system sizes up to L = 200 were needed. As one can
already see from Fig. (B.1) the percolation threshold rises with increasing chain
length N . In the upper half of Fig. (B.2) the N–dependence of ccrit is studied for
d = 3 dimensions showing a monotonous increase, which may be interpreted as a
reduction of blocking of open pathways through the system by the connectivity of the
chains. The most pronounced increase occurs already when we go from monomers
to dimers.

1To get better results we could in principle use the finite-size-scaling of the intersection point.
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Figure B.1: Probability P (r, c, L) of a spanning cluster vs. monomer concentration
c in d = 3 dimensions. Shown are monomers N = 1 (�) and chains with length
N = 20 (◦). The system sizes L = 20, 30, 40 correspond to the curves with in-
creasing steepness. Also shown by the vertical bar is the value ccrit ≈ 0.6885 taken
form [Sta94].

The situation changes if we study two–dimensional systems. Still going fromN =
1 to N = 2 the blocking reduces but going to longer chains the blocking is enhanced,
resulting in a non–monotonous N–dependence of P (N, c, L). The different behavior
for N > 2 in d = 2 and d = 3 may be explained by the penetrability of the chains.
While in d = 3 there may be pathways through a chain, in d = 2 these pathways
become less probable.

The diffusion of a tracer particle in a percolative network was studied in great
detail under the name ’ant in a maze’ introduced by de Gennes [Gen76]. If one
considers the diffusion of a tracer in a frozen network below the percolation threshold
ccrit, no infinite connected region exists. Therefore 〈r2(t)〉0 is bounded and D = 0.
If we go beyond ccrit, we start our ant with a non–zero probability on the spanning
cluster, no limits for the diffusion exist and therefore the diffusion constant is non–
zero.2 At the percolation threshold pcrit we have 〈r2(t)〉0 ∼ t2k where k is given by
k ≈ 0.34 for d = 2 and k = 0.204 for d = 3 [Hug95b]. Therefore at criticality the

2The probability to start on the spanning cluster is for p > pcrit proportional to (p − pcrit)β

where β is a critical exponent depending on the dimensionality of the lattice, e.g. β ≈ 0.41 for
d = 3 (see [Sta94]).
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Figure B.2: Estimates for the critical concentration ccrit vs. N for percolation of a
monomer through a frozen network of chains with length N on simple cubic (d = 3)
and square (d = 2) lattices.

tracer diffuses through the system but since k < 1/2 the diffusion constant is zero.
This process is sometimes referred to as anomalous diffusion.

Now consider the case where the tracer moves through a network built of frozen
chains. In Fig. (B.3) 〈r2(t)〉0 is shown for N = 10 and the three cases c > ccrit,
c < ccrit and c = ccrit in a system of size L = 20a. As one expects, for c > ccrit the
mean square displacement is bounded, and for c < ccrit the tracer diffuses according
to 〈r2(t)〉0 ∼ t. At criticality we find 〈r2(t)〉0 ∼ t0.465 indicating that the exponent k
for N = 10 is the same as for N = 1. This is in accordance with expectation since at
length scales large compared to the radius of gyration the network is non–correlated.
The small deviation from the theoretical exponent 2k ≈ 0.408 is due to the limited
time window in our simulation.3

If we go beyond criticality, no diffusion is possible for the static case and 〈r2(t)〉0
is proportional to the mean square cluster radius R2. Near criticality R2 is given by
R2

∼ |c−ccrit|−2ν+β where ν and β are the conventional static percolation exponents
for the correlation length and the order parameter, respectively [Bun91]. Both limits
of 〈r2(t)〉0 are special cases of a scaling relation. With φ± being a scaling function
below and above the percolation threshold, respectively, and z = (c− ccrit)t

k/(ν−0.5β)

we have
√〈r2(t)〉0 = tkφ±(z) [Sta94]. Inserting the correct limits of this scaling

3For the standard percolation problem, see the points (�) in Fig. (B.3),
〈
r2(t)

〉
0
also did not

yet reach its asymptotic long–time behavior.
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Figure B.3: Mean square displacement 〈r2(t)〉0 of a tracer moving through a frozen
environment of chains with length N = 10 for various monomer concentrations
around the critical concentration ccrit = 0.734. Also shown is 〈r2(t)〉0 for standard
percolation theory (N = 1) at criticality (�), (see [Sta94]).

function into Eq. (4.16) yields

D ∼
{

λ1−k; z � 1
λ(c− ccrit)

2ν−β; c > ccrit; z � 1
(B.2)

This shows how D depends on the renewal rate λ for Poisson renewals, when we are
close to criticality.
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Appendix C

DEMA for special cases

In this Appendix the DEMA–equation Eq. (5.11) is evaluated for some special cases.
We distinguish between random alignment (Sec. C.1), partial alignment (Sec. C.3.2)
and total alignment (Sec. C.2). The alignment refers to the symmetry axis of the
conductivity tensor, supposed to have cylindrical symmetry. We assume that the
principal axis of the perfectly aligned ellipsoids falls together with the principal axis
of the conductivity tensor. In Sec. C.3.1 and in Sec. C.3.2 we consider the case
where the ellipsoids are degenerated into spheres with anisotropic conductivity.

C.1 Randomly aligned ellipsoids

For randomly aligned ellipsoids, the effective conductivity σe will be a scalar and
Eq. (5.6) becomes

σe(R
−1BR)ij = δi,j l

−2
i . (C.1)

In this case R is an orthogonal transformation, i.e. R−1 = R+, which diagonalizes
B. If we denote the principal axes of the ellipsoid by 1/b2i , then li = bi/

√
σe.

Therefore Ldep
i can be calculated, from Eq. (5.7) or Eq. (C.6) (see below). Since the

principal axes of the ellipsoid are the same as the principal axes of the conductivity
tensor, Σ is also diagonalized by R and we get

Σdia = R+ΣR . (C.2)

Then Eq. (5.11) is transformed into

dσe
dc

=
1

1− c

〈
(RΣdiaR+ − σe)[1− σ−1

e RLdepR+(σe − RΣdiaR+)]−1
〉
. (C.3)

The average in Eq. (C.3) has to be performed over all orientations of the ellip-
soids. We did not calculate the average in Eq. (C.3) analytically, but a numerical
calculation should be feasible.
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C.2 Totally aligned ellipsoids

In this section the case of ellipsoids with rotational symmetry about the axis of
alignment (spheroids) is considered. Again we assume that the conduction tensor
is symmetric with respect to that axis. The stretching of the macroscopic sample is
supposed to stretch the ellipsoids in the same direction (see Fig. (5.3)). Hence B
and Σ are both diagonal in the laboratory frame and Eq. (5.6) thus reads

R−1σeRB = δi,j l
−2
i . (C.4)

Due to symmetry reasons σe is diagonal and Eq. (C.4) then leads to R = I and
li = b1/

√
σe,i. Since the spheroids are perfectly aligned, Σdia = Σ and no averaging

in Eq. (5.11) over the orientations has to be performed. This allows us to write Eq.
(5.11) as

dσe,i
dc

=
Σdia

i − σe,i
1− c

[
1− σ−1

e,i L
dep
i (σe,i − Σdia

i )
]−1

(C.5)

The Ldep
i are given by Ldep

2 = Ldep
3 = (1− Ldep

1 )/2 (for spheroids) and

Ldep
1 =

1− δa
2

2δa
3

(
log

1 + δa
1− δa

− 2δa

)
, (C.6)

where the anisotropy factor δa is given by

δa =

√
1− b22σe,‖

b21σe,⊥
(C.7)

In the limit of spheres (b1 = b2) with isotropic conductivity ΣDIA i =: Σ, σe

becomes a scalar σe leading to δa → 0 and hence Li → 1/3. Equation (C.5) then
becomes:

dσe
dc

=
(Σ− σe)

1− c

[
1− 1

3
σ−1
e (σe − Σ)

]−1
=

3σe
1− c

Σ− σe
2σe − Σ

. (C.8)

This is identical with the equation obtained for randomly aligned spheres in the
limit of isotropic conductivity, cf. Eq. (C.12).

C.3 Spheres with anisotropic conductivity

C.3.1 Random orientation

We consider the case of spheres with an anisotropic conductivity tensor Σ. Di-
agonalizing the conductivity tensor of the spheres, we obtain three principal axes
corresponding to conductivities (Σdia

1 ,Σdia
2 ,Σdia

3 ). If the tensor Σ is rotationally sym-
metric, we can assume Σdia

2 = Σdia
3 . The symmetry axis 1 defines an orientation of
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the sphere. Its direction is described by a polar and an azimuthal angle θ and φ
with respect to the laboratory frame (x,y,z). Therefore R is given by

R =


1 0 0
0 cosϑ sinϑ
0 − sin ϑ cosϑ




 cos φ sinφ 0
− sinφ cos φ 0

0 0 1


 . (C.9)

We now assume that these spheres are randomly orientated in space. In that case B
can be written as B = I/r2, with r being the radius of the sphere and I the identity
matrix. This leads to Ldep

i = 1/3. To evaluate Eq. (C.3) we note that the average
〈. . .〉 is defined via

〈. . .〉 =
∫ 2π

0

∫ π

0

. . .
sin ϑ

4π
dϑ dφ , (C.10)

giving
dσe
dc

=
3σe
1− c

(
Σdia
2

2σe + Σdia
2

− σe
2σe + Σdia

1

)
(C.11)

If we consider the special case of isotropic conduction of the spheres that is Σdia
1 =

Σdia
2 = Σ then eq. (C.11) becomes

dσe
dc

=
3σe
1− c

(
Σ− σe
2σe + Σ

)
, (C.12)

with σ0 being the conductance at c = 0 this can be integrated yielding

(1− c) =

(
σe − Σ

σ0 − Σ

)(
σ0
σe

)1/3

. (C.13)

In the case Σ = 0 Eq. (C.13) gives the well–known Archie’s law [Arc42]:

σe = σ0φ
3/2 (C.14)

C.3.2 Partial alignment

Again we consider spheres as in the last section. The conductivity tensor has the
following diagonal elements Σdia

1 , Σdia
2 , and Σdia

3 = Σdia
2 ) and is thus symmetric

around the 1-axis. Now these spheres are partially aligned with respect to the
z-axis in the laboratory frame. We assume that the azimuthal distribution of the 1-
axis is given by exp(−θ2/a) sin θ, where a denotes the amount of alignment ranging
form a → 0 (totally aligned) to a → ∞ (randomly aligned). In that case B can be
written again as B = I/r2, so that Eq. (5.6) becomes:

1

r2
(
R−1σeR

)
ij
= δi,j l

−2
i (C.15)

Since the conductivity tensor is randomly oriented around the z-axis we can assume
σe to be diagonal. Hence we get R = I and li = r/

√
σe,i, which leads to

dσe

dc
=

1

1− c

〈
(RΣdiaR+ − σe)[1− Ldepσ−1

e (σe − RΣdiaR+)]−1
〉
. (C.16)
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The alignment enters through the weighted average:

〈. . .〉 =

∫ 2π

0

∫ π

0

. . .
e−ϑ2/a2

sinϑ

N
dϑdφ

N =

∫ 2π

0

∫ π

0

e−ϑ2/a2

sin ϑ dϑdφ , (C.17)

Numerical results for ac–response

In addition to the results in chapter 5 we briefly present results for partially ori-
entated spheres with anisotropic dielectric constant. The dielectric constants along
the principal axes of the dielectric tensor ε are given by εdiai = ε∞i − 4πi/ω Σdia

i ,
and we assume rotational symmetry about the 1-axis, i.e. εdia2 = εdia3 . The degree
of orientation is described by the parameter a from Eq. (C.17). In Fig. (C.1)
we present the frequency–dependent impedance for these oriented spheres with dif-
ferent parameters a in a Cole–Cole form. To test our procedure, the exponential
function in Eq. (C.17) was set to unity. This case (a = ∞) is in agreement with
the curve for random aligned, which was calculated using Eq. (C.12). Also shown
are perfectly aligned spheroids calculated as described in Sec. 5.3.2. As before we
use dimensionless parameters, but now all conductivities are measured relative to
σ0, and the high frequency parts of the dielectric constants are given relative to
ε∞0 . As Fig. (C.1) shows the case of partial aligned sphere interpolates between the
cases of randomly aligned and totally aligned spheres. While for randomly aligned
spheres two arcs are visible for perfect alignment only one arc is visible. Evidently
for a = 100 the results are practically the same as for randomly aligned spheres.
For the lowest value considered a = 0.1 our results are still away from the limiting
case of totally aligned spheres, which would correspond to a = 0. Lower values of a
than a = 0.1 pose numerical difficulties.



C.3 Spheres with anisotropic conductivity 103

0

0.0001

0.0002

0.0003

0.0004

0.0005

0 0.0005 0.001 0.0015 0.002 0.0025

Im
[z

]

Re[z]

Randomly aligned
Perfectly aligned

a=∞
a=100

a=1 
a=0.1

Figure C.1: Cole-Cole plot for partially aligned spheres. The parameters are c = 0.95
and ε∞i = 1 for i = 1, 2, 3. The conductivities with respect to the principal axes
are Σdia

1 = 5· 103 and Σdia
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[Die99a] W. Dieterich, O. Dürr, P. Pendzig, A. Bunde, and A. Nitzan, Physica A
266 (1999), 229.
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[Due01a] O. Dürr, H. L. Frisch, and W. Dieterich, J. Chem. Phys. 115 (2001), 9042.
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Dr. Michael Kessler, Dr. Peter Pendzig, Dr. Johannes Reinhard, Marianne Rosner,
Jörg Rottler, und Falk Scheffler bedanke ich mich für viele Anregungen, interessante
Diskussionen und für die angenehme Atmosphäre am Lehrstuhl Dieterich. Bedanken
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