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Comparison of the results of tracer experiments in lakes with
predictions based on horizontal mixing models

F. Peeters, A. Wiiest and D. M. 1mboden

Introduction

Mixing processes playa major role in the distribution of
dissolved substances and particles, including plankton,
in natural waters. In lakes, vertical mixing has been stud-
ied extensively, while studies of horizontal mixing are
rare. Lakes are commonly assumed to be horizontally
homogeneous, and consequently horizontal mixing is
frequently neglected. However, its effects can be of great
importance to processes occurring at the lake bound-
aries and to water pollution studies, since horizontal
turbulent diffusion is important in transporting sub-
stances over great distances and in diluting high concent-
rations caused for example by accidental pollution
events.

Up until now, horizontal mixing has been investigat-
ed mainly in very large water bodies ( e.g. in the ocean by
OKUBO 1971 and in Lake Ontario by MURTHY 1976), or
in very small lakes (e.g. by QUAY et al. 1979). With the
objective of obtaining a better understanding of relative
diffusion (diffusion relative to the centre of mass) in the
hypolimnion of medium-sized lakes (approx. 25 km2),
three tracer experiments were conducted in the course
of this research. In the following section the exper-
imental technique and the method of data reduction is
described very briefly (for a detailed description see PEE-
TERS & WOEST 1992). Subsequently, the experimental re-
sults are presented and compared with MURTHY'S (1976)
Lake Ontario data and with the ocean data of OKUBO
(1971) and EWART & BENDINER (1981). This is followed
by a short discussion of the applicability of some models
describing horizontal diffusion.

Method

The method employed here by us to study horizontal
transport mechanisms involved observation of the de-
velopment of the concentration distribution of a tracer
following its point release in the hypolimnion of a lake.
As tracer we used the fluorescent dye uranin (sodium
fluorescein), the concentration of which can be measur-
ed quasi-continously with a fluorometer at rates of
about 10 Hz. A commercial cm sonde attached to the
fluorometer provided information on its depth, as well
as on the temperature and electrical conductivity of the
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water at that depth, at a rate of 8 Hz. A positioning sys-
tem gave the x and y coordinates of the ship with a reso-
lution of :tIm at a rate of 1 Hz. On-line data display
enabled an efficient survey of the tracer distribution.
For each tracer experiment, the setup allowed the tracer
distribution to be determined up to seven times in the
course of 3 days. Each survey of the "tracer cloud" con-
sisted of about 100 vertical profiles, from which the total
mass and centre of mass of the cloud along with the var-
iances and covariances of the tracer distribution could
be calculated. Each vertical profile was integrated, and
the resulting horizontal array of vertically integrated
concentrations C(x,y) was interpolated horizontally to
obtain iso-concentration lines (Fig. 1) and to enable fur-
ther integration in the x, y directions. The coordinates
of the centre of mass (Xs, Ys), the variances (if- x and if- y)
and the covariance (Uxy) are given by:

Xs = J-.- I I x C(x, y) dxdy;
M

ys = J-.- II yC(x, y) dxdy;
M

if- x = J-.- I I (X-x,)2 C (x, y) dxdy;
M

if y = J-.- I I (y-y,)2 C(x, y) dxdy;
M

axy = ~ J J (x-x,) (y-y,) C(x, y) dxdy;

where M represents the integrated (total) mass of the
tracer.

From these results, the variances ~l and ~ , along the
major and minor principal axes, respectively, of the trac-
er cloud can be easily obtained. We define the size of a
tracer cloud as ~ r = 2 U1 a,. For a two-dimensional Gaus-

sian distribution, 7r a2r corresponds to 63 % of the total

integral.

http://www.limnology.org/
http://www.ub.uni-konstanz.de/kops/volltexte/2007/4430/
http://nbn-resolving.de/urn:nbn:de:bsz:352-opus-44304
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Fig. 1. Uranin distribution 30 hours after its point release (at 18 m depth) into Vitznau basin on 25 March 1991. The dashed
line represents the path of the ship during the survey of the tracer cloud.
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Results

The development in time of a tracer distribution
starting from a single point release is shown in Fig.
2. Advection ~s responsible for the change in posi-
tion of the centre of mass (symbol X), while diffu-
sion is responsible for the increase in the variances
along the minor and major principal axes (the axes
of the ellipses shown in Fig. 2 correspond to 3 (1}
and 3 Us, respectively). The tracer distributions
measured were not radially symmetric (Figs. 1 and
2). The increase in cloud sizes calculated from ex-
perimentS in two basins of Lake Lucerne (Vitznau
basin and Urner See) are illustrated in Fig. 3. Each
symbol represents a unique experiment, i.e. the
measurements: following a single tracer release. In
the three Lake Lucerne experiments, the growth
in cloud size with time appears to be approximate-
ly proportional to elapsed time to the power 1.1,
1.3 and 1.5, respectively. The difference between
the three curves corresponding to these three ex-
perimentS in Fig. 3 is due to differences in environ-
mental conditions. Data from individual experi-
ments in the pcean and in Lake Ontario are in
good agreement with these results (Fig. 3).

In the literature (OKUBO 1971, MURTHY 1976),
each cloud size measured is commonly regarded as

U'anin experlmenl 25.3.1991
206 I I I.
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Fig. 2. Development in time of a tracer distribution in Vitz-
nau basin. Assuming the tracer distribution to be Gaussian,
the ellipse perimeters shown represent 1 % of the maximum
concentration of the particular cloud concerned. 99% of
the total mass of each tracer cloud lies within the perimeter
of the corresponding ellipse. The symbol X represents the
centre of mass of each of the tracer clouds.

the result of an independent experiment. If it is as-

sumed that environmental conditions are the

same for all experiments, all cloud sizes determin-

ed can be combined into a single experiment. De-
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10" Effective horizontal diffusion coefficients K.ff
can be calculated from cloud sizes using the rela-
tionship K.ff = ~u! t-l. In our experiments, values

of K.ff increase with cloud size and typically range
between 0.03 and 0.3 m2 S-I. Effective horizontal
diffusion coefficients are thus about to five orders
of magnitude larger than turbulent vertical diffu-
sion coefficients (typically of the order 10-6.
m2 .S-I to 10-5. m2 .S-I). This is in agreement with
measurements in very small lakes (0.05 km2) made
by QUAY et al. (1979). Furthermore, in these small
lakes Kx was calculated to be 0.016. m2 .S-I (QUAY
et al.) which is of the same order as in our experi-
ments,
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Fig.3. Cloud $ize as a function of time in lakes and in the
ocean. The solid line represents a power law fit to measure-
ments of cloud size conducted in the Vitznau basin in
March 1991 (0), and in Urner See in September 1991 (.)
and October 1991 (d). The dashed line connects data points
from cloud size measurements obtained by MURnIY (1976)
in two experiments in the hypolimnion of Lake Ontario
(s,n), and data points from cloud size measurements con-
ducted in the ocean by OKUBO (1971) ( + ) and by EWART &
BENDINER (1981) (X).

viations from a particular fit to the data (e.g. a

power law) using such an ensemble of experi-
ments are then regarded as statistically random.

However, the development of the tracer distribu-

tion in time in experiments taken separately does

not necessarily agree with the time dependence

obtained when the experiments are combined. In

the ocean (OKUBO 1971) and in Lake Ontario

(MURTHY 1975), experimental models obtained by

fitting an ensemble of experiments to a power law

predict cloud size to increase with time according

to (1; -t2.3 and (1r2 -t3.3, respectively. These ex-

perimental models neither agree with the meas-

urements from our individual experiments nor do

they give a good description of individual experi-

ments in the ocean or in Lake Ontario, at least for

the scales relevant to our work (Fig. 3). The num-

ber of individual experiments, as well as the num-

ber of times cloud size is measured during each ex-

peri~~nt, afpears to in,~uence th~ behavi.our of

such ense$ble mod~ls .TheoretIcal honzontal

diffusion m~dels should therefore be tested using

individual experiments, not ensembles.

Models

Several models have been proposed for the
description of horizontal diffusion in natural wa-
ters (e.g. BATCHELOR 1950, OKUBO 1967,1968 and
1971, KUU.ENBERG 1972, YOUNG et al. 1982).

The inertial subrange model discussed by BAT-
CHELOR ( 1950) is based on the following reasoning.
Eddies significantly larger than the size of a tracer
cloud cause advection of the centre of mass, while
eddies of size equal to or smaller than that of the
tracer cloud result in relative diffusion. The num-
ber of eddies contributing to the diffusion process
depends on the cloud size; consequently, the larger
the cloud is, the faster it grows. The growth rate
depends, therefore, on the eddy size-scale distribu-
tion. Assuming steady, isotropic and homogene-
ous turbulence, and further assuming the cloud
sizes to lie within the inertial subrange of the tur-
bulence spectrum (where energy is transferred
from larger to smaller eddies without external
energy input and without dissipation of energy),
the growth of cloud size with time is given by sim-
ilarity arguments to be (Jr2 -t3. Clouds have to be
radially symmetric since isotropic and homogene-
ous conditions have been presumed. However ,
this is usually not the case (Figs. 1 and 2) and cloud
size increases more slowly than the third power of
elapsed time (Fig. 3).

The model commonly used for vertical diffu-
sion, the Fickian law, predicts an increase in cloud
size according to (Jr2 -t. Similar to the inertial
subrange model described above, clouds must be
radially symmetric, which, as discussed above, is
not in agreement with the data.

Non-radially symmetric tracer distributions can
be described by shear diffusion models (e.g. OKU-
BO 1967 and 1968, KUU.ENBERG 1972, YOUNG et al.
1982). Such models are based on the interaction
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between small-scale {Fickian) diffusion and the ve-
locity field. Predictions of cloud sizes and varian-
ces along the principal axes of the tracer distribu-
tion depend an the velocity field. Since it is diffi-
cult to obtain detailed information on the velocity
field experimentally, we used, as a first approxima-
tion, a model based on constant shear in the y and
z directions {OKUBO 1968). The velocity field has
the form u = you/oy + zou/oz and v = w = 0,

where u, v and w represent the velocities in the x,
y and z directions, respectively, and the shears
ou/ ~y and ou/oz are constant. For times long after
tracer release the principal axes of the tracer cloud
should be along the direction of flow and perpen-
dicular to it. Assuming that Kx = Ky, where Kx and

Ky are the diffusion coefficients in the x and y di-

"'a

-
"' "
~

QI
N

.~

-0
~
0

'tj

Fig. 4. Shear-diffusion model of horizontal diffusion fitted to experimental data. Fits to our data and to the data of MURTHY
(1976) are represented by solid lines; fits to OKUBO'S (1971) data by a dashed line (for other symbols, see figure 3). The thick
solid line indicates the groWth of cloud size with elapsed time to the power 3 as predicted by BATCHELOR'S (1950) turbulent
diffusion model and (approximately) by OKUBO'S (1971) and MURTHY'S (1976) empirical models.

rections, one obtains, using the techniques emp-
loyed by OKUBO (1967):

u; = 2-V4Klxtl + ~Kx [ (~)lKx + 4 (~)lKz] t4,

where Kz represents the vertical diffusion coeffi-
cient. The first term under the square root sign is
commonly neglected and discussion usually fo-
cuses on the second term. However, in order to
test the shear model we considered all terms. Fits
to the data based on the two independent parame-
ters Kx and Kx (OU/oy)2 + 4(OU/OZ)2Kz were ob-
tained using a least squares method. Fig. 4 shows
the results of fitting our Lake Lucerne data, MUR-
THY's (1976) Lake Ontario data, and OKUBO'S
(1971) ocean data. The agreement between the
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data and theiitted curves (Fig. 4) suggests that the
shear modell provides a good description of the
growth of tracer patches with time in medium-
sized lake basins such as those of Lake Lucerne as
well as in t~e considerably larger Lake Ontario.
The model dyen seems to hold for experiments in
the ocean, ~though data scatter is considerable.
The results for the fit parameters are shown in
Fig. 4. Values for Kz in open lake waters are typi-
cally of the ~rder 10-6. m2 .S-I. Values on the or-
der of 10-31s-1 for the shear ou/oz were deter-
mined from drifters and moored current meters
employed during the tracer experiments. Thus 4
(OulOZ)2Kz is of the order 4. 10-12.m2.s-3. Since
the first fit parameter (Kx) is of the order 10-
1. m2 .S-I, the value of the second fit parameter

(Kx(OU/Oy)2 + 4 (ou/oz)2Kz), i.e. 10-II.m2.s-3,
seems to be reasonable as long as the horizontal
shear (ou/oy) does not exceed 10-5. S-I. The values
for Kx also seem to be plausible, as they are suffi-
ciently large to guarantee nearly homogeous con-
ditions in the lake, but are small enough to allow
for a horizontally inhomogeous distribution of
222Rn in lakes (lMBODEN &JOU.ER 1984). However,
the data sets are very small and the purpose of the
fits is not to 4etermine the values of the model par-
ameters, but to demonstrate the qualitative agree-
ment between shear model and data. Finally, it
should be mentioned that the requirement of
point release set by all models discussed here could
not be met. For the data sets from the Vitznau
basin and Urner See, initial cloud sizes were ap-
proximately 100m2 and 10m2, respectively. This
fact is of patticular importance to the develop-
ment of tracer distributions during the period
shortly after release of the tracer. Since the deter-
mination of Kx depends on cloud size during this
period, results must be interpreted carefully.

Conclusions

The results of experiments conducted by us in Lake Lu-
cerne agree well with the results of experiments con-
ducted in the ocean by OKUBO (1971) and in Lake Onta-
rio by MURTHY (1976). Furthermore, effective hori-
zontal diffusion coefficients are of the same order of
magnitude as ~hose determined in very small lakes by
QuAYet al. (1'79). Thus, effective horizontal diffusion
appears to be more or less independent of basin size.

Although th~ empirical power law models of OKUBO
(1971) and MURTHY (1976) agree with their data when
applied to an ensemble of experiments, they do not
agree with th~ data from individual experiments for
cloud sizes within the range 5. 1~ m2 to 5. 105 m2 (Fig.
4). In view of this discrepancy, tests of horizontal diffu-

sion models should preferably be based on individual
tracer experiments rather than an ensemble of experi-
ments.

Based on our data from Lake Lucerne, on MURTHY'S
(1976) data from Lake Ontario and on OKUBO'S (1971)
ocean data, a shear-diffusion model with constant shear
in y and z directions (OKUBO 1968) appears to provide a
better description of the horizontal spreading of a tracer
in time (for cloud sizes up to 5. 105 m~ than the inertial
subrange model applied by OKUBO (1971) and by MUR-
THY (1976). In order to provide further support for this
hypothesis, additional tracer experiments in Lake Lu-
cerne are being conducted.

Summary

Experiments in Lake Lucerne indicate groWth of tracer
patches to be approximately proportional to elapsed
time raised to the power 1.3. Published data from Lake
Ontario can be interpreted to be in agreement with this
result. This suggests that an inertial subrange model of
horizontal diffusion, such as that commonly used in the
ocean, does not apply in lakes. A shear-diffusion model
including small-scale (Fickian) diffusion appears to pro-
vide a better prediction of patch groWth and patch asym-
metries.
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