First publ.in: Integral Equationsand OperatorTheory38 (2000),pp.410-436

BOUNDARY VALUE PROBLEMS FOR A CLASS OF

ELLIPTIC OPERATOR PENCILS

R. DENK, R. MENNICKEN, AND L. VOLEVICH*

In this paper operator pencils A(z, D, \) are studied which act on a manifold
with boundary and satisfy the condition of N-ellipticity with parameter, a gener-
alization of the notion of ellipticity with parameter as introduced by Agmon and
Agranovich—Vishik. Sobolev spaces corresponding to the Newton polygon are de-
fined and investigated; in particular it is possible to describe their trace spaces.
With respect to these spaces, an a priori estimate is proved for the Dirichlet
boundary value problem connected with an N-elliptic pencil.

1. Introduction
In this paper we consider operator pencils of the form
A(ZL', D, )\) = Agm(fﬂ, D) + )\A2m71<£[), D) + -t )\2m72ﬂA2M(3§', D) (11)

acting on a smooth manifold M with smooth boundary OM. Here m and p are integer
numbers with m > pu > 0, Ay, ..., Agy,, are partial differential operators in M with infinitely
smooth coefficients and A is a complex parameter. We assume that

Aj(z,D) = Z aoj(x)D* (5 =2p, 2p+1,...,2m)

laf<j

is a differential operator of order j with scalar coefficients a,j(z) € C*°(M). As usual, we
use for multi-indices o = (ay,...,®,) the notation D* = D" --- D" D; = —i% and
o) = + ...+ .

The operator pencil (1.1), supplemented with Dirichlet boundary conditions, serves
as an example of a polynomial operator pencil in the sense of [14]. The aim of the present
paper is to develop some ellipticity theory for such pencils using the so-called Newton polygon

*Supported in part by the Deutsche Forschungsgemeinschaft and by Russian Foundation of Fundamental
Research, Grant 00-01-00387.

Konstanze©nline-Publikations-Syste(KOPS)
URL: http://www.ub.uni-konstanz.de/kops/volltexte/2008/5071
URN: http://nbn-resolving.de/urn:nbn:de:bsz:352-opus-50716


http://www.springerlink.com/content/300422
http://nbn-resolving.de/urn:nbn:de:bsz:352-opus-50716
http://www.ub.uni-konstanz.de/kops/volltexte/2008/5071/

method. In particular, we will obtain a priori estimates in appropriately defined Sobolev
spaces.

The Newton polygon has proved to be an important tool in the theory of general
parabolic and elliptic problems. There is a close connection between such type of problems
and pencils of the form (1.1) which we want to describe briefly. For a given polynomial

P(&XN) =) parl™N, (1.2)
a,k

where £ € R" and A € C, let v(P) be the set of all integer points (i, k) such that an «
exists with |« =7 and par # 0. Then the Newton polygon N(P) is defined as the convex
hull of all points in v(P), their projections on the coordinate axes and the origin. The
polynomial P(&, \) is called N-parabolic (see [9], Chapter 2) if N(P) has no edges parallel

to the coordinate axes and if the inequality

PENI=6 > €l (1.3)

(i,k)eN (P)NZ2

holds for all A € C with Im A < Ay where 6 > 0 and A\ are constants. Similarly (see [5]),
the polynomial P(&, \) is called N-elliptic with parameter along some ray £ of the complex
plane if (1.3) holds for all £ € R® and all A € £, |A\| > R, with large enough R. This type of
polynomials appears, for instance, if one considers Douglis—Nirenberg systems A(z, D) — \I.
Such systems were investigated by Kozhevnikov in [11],[12] and by the authors in [5]. It
turned out that an equivalent condition for unique solvability of a Douglis—Nirenberg system
A(z, D) — AI on a closed manifold and sharp a priori estimates is the condition that for every

x the determinant

satisfies inequality (1.3).

The basic idea of the Newton polygon method for the problems mentioned above is
to assign to A various weights r; which are defined by the Newton polygon. For each of these
weights we obtain a different principal part of P(¢, A) which we denote by P, (§,A). On a
manifold without boundary there is a finite open covering {U,}; of the set of all (£, \) and a
corresponding partition of unity 3 1;(£, A) = 1 such that P(D, A\)¢;(D, A) differs from the
corresponding principal part P, (D, A)y;(D, \) only by a small regular perturbation. This
allows estimates and existence results for the operators P(D, \), cf. [5] for N-elliptic systems
and [9] for parabolic problems.

As an example, let us consider an operator P(D, \) being the product of two oper-
ators which are parabolic in the sense of Petrovskii, i.e.

P(D,A) = (A+ Agy(D)) (A + Agy(D))

where X\ + Ay, (D) and X + Ay, (D) are 2p- and 2¢-parabolic operators, respectively, with
p > q. For each weight r which we assign to the parameter A we obtain the principal part



P.(D,\) which is given by

Az, (D) Ay (D) if r < 2q,

Agp(D) Agy(D) + A Asp(D) if r = 2q,
P.(D,\) = ¢ X Ay (D) if 2g <r < 2p,

A Ay (D) + N2 if r =2p,

A2 ifr>2p.

\

Note that for » = ry = 2¢ the principal part P,,(D, ) is of the form (1.1). Now let us
consider a weight r3 with 2¢ < r3 < 2p. On a manifold without boundary the opera-
tor P(D,\)ws(D, A) is a small regular perturbation of the operator P.,(D,A)ys(D,\) =
A Aoy (D) 5(D, A).

On a manifold with boundary, however, the situation is different. The operator
P,.(D, \) has to be supplied with p boundary conditions while the operator P(D,\) needs
p + g boundary conditions. Thus we can see that now P(D, A)i3(D, \) is (after division
by A) a singular perturbation of the principal part P,,(D,\)w¥s(D,A). A similar situation
occurs if the weight of A is larger than 2p 4 2q.

So we can see that, apart from its own importance as a singularly perturbed prob-
lem, operator pencils of the form (1.1) may serve as a model problem in the theory of general
N-parabolic and N-elliptic boundary value problems, including Douglis—Nirenberg systems.

Replacing A by €71, we obtain a boundary value problem with small parameter as
studied by Vishik-Lyusternik [17], Nazarov, Frank and others. Nazarov obtained in [15] a
priori estimates under the assumption that the solutions of the model ODE problem fulfill
some estimates which are similar to those proved in Section 4 below. (The norms used in
[15] differ slightly from the norms used in the present paper.) In several papers Frank and
other authors investigated singular perturbed problems and corresponding a priori estimates,
cf. [7] and the references therein. The use of the Newton polygon method which gives the
connection to general parabolic problems as described above seems to be new even in the
context of singularly perturbed problems.

Finally, we want to mention another reason for studying pencils of the form (1.1).
Apart from the general connection to parabolic theory, these pencils arise directly in sta-
tionary problems corresponding to parabolic operators which are not resolved with respect
to the time derivative.

The present paper contains basic results on N-ellipticity for pencils of the form (1.1),
Sobolev spaces connected with the Newton polygon and the proof of an a priori estimate
for the Dirichlet boundary value problem connected with (1.1). These investigations are
continued in the forthcoming paper [6] where general boundary conditions are treated (in
particular we define in [6] the analogue of the Shapiro—Lopatinskii condition), the parametrix
construction is described and the necessity of the N-ellipticity conditions is proved.

We now turn to a more detailed exposition of the results of the present paper. We
will assume pencil (1.1) to be elliptic with parameter along the ray [0, 00) in the following



sense: denote by
A;’O)(xu 5) = § aaj('r>§a (] - 2:“7 LR 2m)
la|=j

the principal symbol of A;, where {* = &7 - - &0 for € = (&,...,&,) = (£,&,), and by
AO(,€,0) = A (@, ) + A (2,€) .+ N7 AR, )

the principal symbol of A(xz, D, ). Then our main assumption is that the estimate
A0 (2,6, M| = Cle (A + g™ (€ €R™ A€ [0,00),2 € M) (1.4)

holds where the constant C' does not depend on x,£ or A. Note that this inequality may be
considered as a particular case of (1.3) where now the Newton polygon associated to A is
a trapezoid (see Figure 2 below). However, in the present case one edge of the polygon is
parallel to one of the coordinate axes, which is excluded in the definition of N-parabolicity.

In the case u = 0 the inequality (1.3) is the usual definition of ellipticity with
parameter which was introduced by Agmon [1] and Agranovich—Vishik [3]. Therefore we
may assume in the following that x4 > 0. In this case even for A # 0 the principal symbol
AO) (&, \) vanishes for ¢ = 0 which causes the main difficulties in proving existence results
and estimates. Note that the symbol A (z, ¢, \) is homogeneous in & and A of degree 2m,
as it is the case for the problems treated in [3].

The norms appearing in the a priori estimate will be parameter-dependent norms
connected with the Newton polygon. For this, we assign to each Newton polygon N(P) a
weight function Zp(£, ) and a Sobolev space H=(R™). On the half-space R} := {(2/,x,) €
R™ : 2, > 0} and on the manifold M we can define H= in a standard way. Of particular
interest for the theory of N-elliptic boundary value problems is to describe the space of all
traces of functions u € H=(R"}), i.e. the space { DI u(a/,0) : uw € H=(R")}. It turn out that

this trace space is given by H =9t (R™1) where Z(-72) (¢, \) denotes the weight function
corresponding to the Newton polygon which is constructed from N(P) by a shift of length
7 — % to the left parallel to the abscissa.

The description of the trace spaces on the boundary by a shifted Newton polygon
is an important part of this theory and holds for general Newton polygons. For future
purposes, we derive this result in this generality in Section 2, not restricting ourselves to the
case where the Newton polygon is a trapezoid.

The first step for proving estimates for the solutions is to obtain precise knowledge
of the zeros of the principal symbol A (z, &, \) considered as a polynomial in &,. These
zeros can (for large A) be arranged in two groups, one group remaining bounded for A — oo,
the other group of zeros being exactly of order O(\) for A — oco. To obtain this result we
have to impose an additional condition on the principal symbol A© (x, &, \) which is the
analogue of the condition of regular degeneration which is known from the theory of singular
perturbations (cf. Vishik-Lyusternik [17]). See Section 3 for details.

In Sections 4 and 5 we turn to the Dirichlet boundary value problem connected
with (1.1). The proof of the a priori estimate for this boundary value problem is based on
estimates of the solution of an ordinary differential equation which arises from the bound-
ary value problem by fixing x € M, rewriting the boundary value problem in coordinates
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corresponding to x and taking the partial Fourier transform with respect to the first n — 1
variables. Estimates for the system of fundamental solutions of the resulting ordinary differ-
ential equation can be found in Section 4, and the a priori estimate is proved in Section 5.

Boundary value problems corresponding to operators of the form (1.1) can also be
treated using a combination of the parameter-independent Boutet de Monvel calculus and
its parameter-dependent version. This approach is described in the book of Grubb [10],
Section 4.7, see also the references therein. Here the degeneracy of the symbol of (1.1)
which appears for £ = 0 is “divided out” by use of the parameter-independent calculus.
Roughly speaking (and ignoring several reductions and modifications), to find a solution u
of the Dirichlet boundary value problem connected with (1.1) one considers the parameter-
independent boundary value problem

AQM(.CE, D)U
(8/0v) " u

v in M,
Y, (j=1,...,u) ondM,

where 0/0v stands for the normal derivative. Inserting its solution (or parametrix) into
the original problem, one obtains for v a parameter-elliptic problem in the sense of [10].
For a detailed realization of this approach many additional questions arise, and therefore
in the present paper we prefer the more elementary way which is based on the traditional
formulation of the ellipticity conditions and which directly leads to the desired a priori
estimates in terms of the Newton polygon.

2. Newton’s polygon and functional spaces corresponding to it

In this section we consider a polynomial P(£,\) of the form (1.2) and its Newton poly-
gon N(P) which was defined in the Introduction. For a detailed discussion of the Newton
polygon, we refer the reader to Gindikin-Volevich [9], Chapters 1 and 2, and to [5].
To construct function spaces corresponding to the Newton polygon, we consider the
weight function
Ep(&N) = D [, (2.1)

(3,k)EN(P)

where the summation on the right-hand side is extended over all integer points of N(P). The
Sobolev space H= will arise as a special case of the following more general definition which is
taken from Volevich-Paneah [18]. It can be seen directly that the function o(§) := Zp(&, \)
satisfies the condition which appears in this definition (cf. also Remark 2.4 below). In the
following, the Fourier transform F' is defined by

1 —iz-
(QW)Q/R ey (x) d

for u € S(R™), the definition is extended in the usual way to distributions v € S'(R").

Fu(§) =

Definition 2.1. Let o(§) be a continuous function on R™ with values in R, and assume
that o(&)o~(n) < C(1 + [€ — n|V) holds for all £,7 € R™ with constants C' and N not



depending on £ or 7. Then H7 is defined as the space of all distributions v in §’(R") such
that o (&) Fu(§) € La(R™). The space H? is endowed with the norm

fullze = ([ H@IFute)ag) "

Proposition 2.2. (See Volevich-Paneah [18].) Let o(&, \) be a continuous function of & and
assume that

a(& Mo (i, A) < Ci(1+ [ = ™)
holds with a constant Cy not depending on &, 1 or A. Let

%) 21 —-1/2
o', N) = </_OO Ug(g/é:ngm)\) dgn) <00.

Then D! u(z’,0) is well-defined as an element of Ht(R"™') for every u € H?(R"), and there
exists a constant C, independent of u and X\, such that

1Dgu(’, 0) o rn-1 < Clluflogn -

We will apply Proposition 2.2 to the case where o(§, \) is given by Zp(&, \) (see
(2.1)). Let one of the functions o (&, A) or oy (&, A) for each A satisfy the condition of Definition
2.1 and 0(§,\) =~ 01(£,\). The symbol ~ means that there exist positive constants C; and
(5, independent of £ and A, such that

Cho(€,)) < a1 (E,N) < Coo (€, N).

Then the other function also satisfies the condition of Definition 2.1 and, evidently, the
statement of Proposition 2.2 remains valid, if we replace o by the equivalent function o;.
In the following we will construct an equivalent function for =Zp(&, A) (cf. [5], Section 2).
For this purpose we introduce some simple geometric notions connected with the Newton
polygon (see, e.g., [9], Chapter 1).

Let I'y,...,I's be the edges of the Newton polygon not lying on the coordinate axes
and indexed in the clockwise direction (cf. Fig. 1). Suppose that

(0,0), (a1,b1), ..., (asy1,bs41), a1 =0, bsi1 =0, (2.2)
are the vertices of the polygon N(P). Then the edge Iy is given by
I,={(a,b)eR*:1-a+r,-b=d,} (s=1,...,9)

where ry = (as11 — as)/(bs — bsy1). The vector (1,ry) is an exterior normal to T'y, where we
admit r;, = oo if I'; is horizontal. Let us assume in the following that the edge I'g is not
vertical, i.e. that we have rg > 0. Since N(P) is convex, we have

co>ry>...>rg>0.



Fig. 1
The rg-principal part of P is defined by
Pr(&0) = D aakt®\r. (2.3)
|a|+rsk=ds

Here d; is the so-called r,-degree of P which may be defined by

dy = 1-a+rs-b). 2.4
wax (L-at7s-b) (2.4)

Now we set

E(s) (57 )‘) = ’5‘_%

AP Y e

i+rsk=ds
This function will be a polynomial of |£] and |A|.
Repeating the argument in [9], Theorem 1.1.3, we can prove that

S

S
[TEoEn) =3 e np+... (2.5)
s=1

s=1

where the dots denote the sum of monomials |[£[{|A|* with (i,k) € N(P). For || > 1 the
right-hand side can be estimated from below by

S
1+ [
s=1

This function can be estimated from below by Zp(&, \) (see [5], Subsection 3.2). From this
it follows that the left-hand side of (2.5) is equivalent to Zp. Denote by 2m, the largest

as

bs

A

" )?msand consequently

degree of [¢] in Z(,). It is obvious that Z(,) is equivalent to (€] + |\

S
=p(6N) ~ [T (16 + 1A

s=1

*)m . (2.6)

We will suppose further, as in the case of parabolic polynomials (cf. [9], Chapter
2), that my, ..., mg are integers.



Remark 2.3. For r = oo (i.e. I'; is horizontal) (2.3) and (2.4) have no sense and (2.3)
should be replaced by

Pr(&N) =) aan &\

|or|=a2

As for the equivalence (2.6), it will be valid for |A| > Ao with arbitrary A\g > 0 and the
equivalence constants, of course, depend on Aq.

Remark 2.4. The fact that Z(, \) satisfies the condition of Definition 2.1 is an immediate
consequence of (2.6) as this condition is fulfilled for each factor on the right-hand side.

Remark 2.5. From (2.6) it follows that the rs-degree ds (cf. (2.4)) is given by
d, —2<Zm]+ Z —m3>. (2.7)
j=s+1 "
To see this, we use the relation
St 1) = 19 (€, 1) + (™), £ — +00,
cf. [9], Section 1.1.2. In our case we obtain, denoting the right-hand side of (2.7) by d.,

S
= r 22 2\
=p(t,N) = (2P + 5N

Jj=1

- th(W” ) T (e )

Jj=s+1

= t%Zp (&) +o(t™),
which shows dg = d.,.

Now we will describe the trace spaces of the spaces H=. For this we use the following
lemma:

Lemma 2.6. Let 1 < a3 < ay < ... < ag < o0 and mq,...,mgs € N. Forl € N with
0<1<2(my+...+mg) define the indezx k by

2my + ...+ 2m 1 <1 <2my+ ...+ 2m,. (2.8)
Then there exists a constant C' > 0, independent of ay, . ..,as, such that
1 g2 1—4m1—..—4my; ﬁ q—dms t* dt
’ mir e I+ el
< Cazl+1—4m1—...—4m,€ H azims
s=r+1

In the case 0 <1 < 2my, we set my =0 in (2.8).
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Proof. Substituting in the integral t = ag7, we obtain

s S
I = / T+ a2) et

o0 s=1

S

[e'e) 2 —2mg
_ 2a§l+1—4m1—...—4mg/ tzzH <t2+ (&) ) m
0 as

s=1

For t > 1 we use

S
$2(1 4 $2)"2mm2ms 42 H <t2 4 <&>2> e < {2dmi = —dms
as
s=1

Asl <2 Zle mg, the left-hand and right-hand side of this inequality are integrable functions
over [1,00), and we obtain

00 S 2\ —2ms
o7t < / 1] (t2 + (Z—) ) dt < ¢,
1 s=1 s

for some C; > 0.
For 0 <t <1 we have 1 <1 +?> <2, and therefore

1 S CL2 —2m 1 S—1 CL2 —2mg
21 2 s ~ 21 2 s
/ t | | (t +a—2> dt =~ / t | | (t + CL_2) dt .
0 s=1 S 0 s=1 S

Now we substitute ¢ = ai—;lT and see that the last integral is equivalent to

as 2l41—4mq—...—4dmg_1 agsl S—1 a2 —2ms
( a—1> / th (t2+ a25 ) dt
S 0 s=1 S—1
ag ) ag
Again we split up [;"*7" ... = [ ...+ [{"*7" ... and use an estimate of the form Cy' <
as

[i°57 ... < Oy for the second integral.
Proceeding in this way, we receive

24+1—4dmq—...—4 as—1
I =~ aSH_ mi ms(
as

241—dmy—...—4 Gl ’ —2m
Ay, " e w9 5, G )
. t [ — dt .
(rt1 0 1 A

For the last integral we use

K 2\ —2ms
212 4 ) 2m—e—2me 42 24 %
o = U

< t?l—4ml—...—4mn_1(t2 _|_ 1)—2m,€ .

) 2l4+1—4my—...—4dmg_1

9



As2my + ...+ 2m, 1 <1 < 2mq + ...+ 2m,, the left-hand and the right-hand side of this
inequality are integrable functions on [0, c0). Therefore

~ 24+1—dmi—...—4dm,  —4Mkt1 —4mg
I = a;, " rag Y

]

Remark 2.7. Using the substitution ¢ = a7, it is easily seen that the condition a; > 1 in
Lemma 2.6 may be replaced by a; > 0.

As in the Introduction, we denote by Eg)_l)(f ,A) the function corresponding to the
Newton polygon which is constructed from N(P) by a shift of length [ to the left parallel to
the abscissa. More explicitly, if the vertices of N(P) are given by (2.2) and if

an—1§l<aﬁv

then an easy calculation shows that the vertices of the shifted Newton polygon are

bI‘C(l B an—l) + bn—l(an - l)

Qr — Ar—1

0,0, (o ),(aﬂ—z,bﬁ),...,(as+1 1 bsir).

We preserve the notation H Egl)(R””) for the spaces in R"! corresponding to the weight
functions Z57(¢7, \) == 257(¢,0, ).
Lemma 2.8. Let A\g > 0. Then for |\| > Ao we have

(€, \) = DN,

o) 21 -

Proof. Instead of Zp we use the right-hand side of (2.6). From Lemma 2.6 with a? =
€2 + |/\|% we obtain (see Remark 2.7) that

where o] is defined by

N[

1

o \mitoAme—ti-t S 2\ Ms
oi(€, N ~ (IEF + A7) CUTT () (2:9)

s=k+1

where & is chosen according to Lemma 2.6. From Remark 2.5 applied to o;(£’, ) we see that
the edges of the Newton polygon corresponding to the weight function (2.9) are given by

I ={(a,b) GRQ:a+7"jb:d;}

with d; = d; — [ — % (j = K,...,5). But this means that the Newton polygon for o] is
1
constructed from N (P) by a shift of {+3 to the left, i.e. we have o7(¢/, ) & EED : 2)(5’, A). O

As an immediate consequence of Proposition 2.2 and Lemma 2.8, we obtain the
following theorem.
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Theorem 2.9. For every \g > 0 there exists a constant C' > 0, independent of u and X,
such that

D}, 0)|_ -1y oy SCllullzp e (=0, 2my + .+ 2ms — 1)
=52,

holds for uw € H=F(R") and X\ € C with |\ > \o.

In the following, we will also consider the function spaces in the half space R, which
correspond to Newton polygons. Using the binomial formula, it is easily seen that

M
~ Y e (250, N)
=0

where M = 2my + - - - 4+ 2mg. From this it follows that we can take

M oo l ) 1/2
(X[ 0l o) (210)
=0 ¥~

as an equivalent norm in H=7(R"). Replacing the integral over R by the integral over z,, > 0
we define a norm in H=F(R").

To define the space H ﬁ(RT}F), we use the more general approach which can be
found, e.g., in [18]. Let o(§) be a weight function fulfilling the condition in Definition 2.1.
Denote by H?(R™). the subspace of H?(R™) consisting of elements with supports in the
closure of R’l. Then we set

H?(RY) = H?(R")/H”(R")
endowed with the natural quotient norm

Fllozy =, _inf 1o+ S-lloge

where fj is an arbitrary representative of the conjugacy class of f.

Suppose that o (&', &,) for fixed ¢ € R"! can be extended as a holomorphic function
in &, of polynomial growth in the lower half-plane Im ¢, < 0. In this case the quotient norm
of f € H?(R") coincides with the norm

lo(D", Dn) foll L) (2.11)

which does not depend on the choice of the element fj in the conjugacy class. In (2.11) the
pseudo-differential operator (ps.d.o.) o(D’, D,) = o(D) is defined by

a(D)f == F~a(&)(F)(E).

In the case when

n

H (J€P + IAPm)™

11



we replace o in the definition of H?(R"}) by

S

IT (i + P + ey =)™ (212

s=1

In particular (cf. (2.6)), this gives us another equivalent description of H=7(R"). Replacing
in (2.12) the exponent ms by —ms, we obtain the space H/=r (R").

3. The zeros of the symbol

Now we come back to the operator pencil (1.1) and consider the corresponding model problem
with constant coefficients and without lower order terms. Let A(£,A) be a polynomial in
¢ € R" and A\ € C of the form

A(E, ) = Ag(€) + Mo 1 (&) + ...+ N2 4, (), (3.1)

where A;(£) is a homogeneous polynomial in £ of degree j. The Newton polygon correspond-
ing to A has the shape indicated in Figure 2 with r = 2m and s = 2pu.

] >

T

S T )

Fig. 2. The Newton polygon N, .

Definition 3.1. The polynomial A(£, \) is called N-elliptic with parameter in [0, 00) if the
estimate

[A(E, N = CIEP* (A + [g)*™ ™ (€ € R™, X € [0,00)) (3.2)
holds with a constant C' independent of £ and .

Lemma 3.2. The polynomial A(,\) is N-elliptic with parameter in [0,00) if and only if
the following conditions are satisfied:

(1) Aom(§) is elliptic, i.e. Agp(§) # 0 for & € R™\{0}.
(ii) A9 (&) is elliptic.
(iii) A(&,A) # 0 for & € R"\{0} and X € [0, 00).

12



Proof. From (3.2) we trivially obtain condition (iii) and, setting A = 0, condition (i). Taking

+ and dividing (3.2) by e2#72™ we receive

€ =3

[A2,(8) + 8421 (€) + -+ Ao ()] = CLEP (1 + el

Taking the limit for € — 0, we obtain (ii).
Now let conditions (i)—(iii) be fulfilled. For & € R™\{0} we write A({, A) in the form

A(§7 )‘) = A2u (€)B2m—2u (57 )‘)

with

Bom—2u(&,A) = A (€) + )\A2m—1(5>

B AQ,u (f) AQu (5)

The coeflicients of By,,—2,(£, A) (considered as a polynomial in A) are homogeneous functions
in £ € R"\{0}, and therefore B(¢, A) is a homogeneous function in (£, A) of degree 2m — 2.
From this and from conditions (ii) and (iii) it follows that

Ao )] > CIEP*, [Bam2u(§ N)] = CON+ [€])" .

4o NI

Multiplying these estimates, we see that A is N-elliptic with parameter in [0, 00). O

Denote by 7;(&',A) (j =1,...,2m) the zeros of the algebraic equation
A, 7N =0 (¢ eR"M{0},A€[0,00)).

Due to Lemma 3.2 (iii), this equation has no real roots. The number m of roots
with positive imaginary part is independent of (', \) and therefore coincides with the cor-
responding number for A = 0. It is easily seen (cf. [4], Section 1.2) that in the case n > 2
the set {(&,\) : & € R"1\{0}, A € [0,00)} is connected, and therefore we have m, = m.
In the case n < 2 the relation m, = m is an additional condition which will be assumed
to hold in the following. We denote the roots of A(¢', 7, A\) with positive imaginary part by
(&N, (€ N).

To investigate the elliptic pencil corresponding to A(¢',7,\) we will need an addi-
tional assumption which is closely related to the condition of regularity of degeneration in
the theory of singular perturbations (cf. Vishik-Lyusternik [17], Section 1.1). To formulate
this assumption we consider the auxiliary polynomial of degree 2m — 2u given by

Q(7) == 772 A(0,7,1). (3.3)
From inequality (3.2) with ¢ = 0 and A = 1 we obtain for 7 # 0 the estimate
Q(r)| = C(Jr| + 1) (3.4)

with a constant independent of 7. By continuity we obtain that Q(0) # 0, and thus Q(7)
has no real roots.

Definition 3.3. The polynomial A(&,7, ) is said to degenerate regularly for A\ — oo if
the polynomial Q(7) defined in (3.4) has exactly m — u roots with positive imaginary part
(counted according to their multiplicities).
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Remark 3.4. a) Suppose that the polynomial A(£, A) contains only terms of even order, i.e.
A(§7 >‘) = AQm(f) + )‘2A2m—2(£> +.. .+ AQm_Q,u_QA%H—?(f) + /\2m—2uA2M<€) :

Then the polynomial Q(7) is a polynomial of degree m — p in the variable 72 and A(&, \)
degenerates regularly for A — oo.

b) (Cf. [17] Lemma 3.4.) Assume that A(£,\) is the symbol of a differen-
tial operator A( Bar 66 A) with real coefficients. Then the polynomials of even order
Aspm0;(&) ( = 0,...,m — p) are real and the polynomials of odd order Agy,—9;—1(§) (j =
0,...,m—pu—1) are purely imaginary. Assume that A is strongly elliptic, i.e. we have

Re A€, A) = CJe[* (A + [g))*™ .

Then we obtain that Re A = Ay, + A Ag_o + ... + N2 Ay, satisfies (3.2), and due to
part a) the polynomial Re @(7) has m — u roots with positive imaginary part and m — u
roots with negative imaginary part. Since the polynomial

Qs(7) := ReQ(7) +0ilmQ(7) (0<5<1)

satisfies
ReQs(7) > C(|7] +1)*™ % (0<6<1),

the number of roots of (s in the upper half complex plane does not depend on 6 € |0, 1],
and A(&,\) degenerates regularly for A — oc.

Lemma 3.5. Let the polynomial A(§, \) in (3.1) be N-elliptic with parameter in [0, 00) and
assume that A degenerates reqularly for A\ — oo. Then, with a suitable numbering of the
roots T;(&', ) of A(&', T, ) with positive imaginary part, we have:
(i) Let S(&') = {1(&),..., (&)} be the set of all zeros of Ay (€', 7) with positive imaginary
part. Then for all r > 0 there exists a N\g > 0 such that the distance between the sets
{n(E&N),...,1.(&,N)} and S(&') is less than v for all & with [€'| =1 and all A > ).
(ii) Let 7).y, ..., 7y, be the roots of the polynomial Q(t) (cf. (3.3)) with positive imaginary
part. Then
SEN) = AT FEN) (G=pt e m),

and there exist constants K; and A, independent of &' and X, such that for X > Ay the
inequality

FE N < Kl ATH (€] <)

holds, where ki is the mazimal multiplicity of the roots of Q(T).

Proof. (i) We write { = pw with |w| =1 and set 7 = 7, e = £. After division of A(', 7, A)
by A2"=21p? we obtain the equation
B(w,7,¢) i= Agu(w,7) + eAgui1 (W, 7) + ... + 7 Ay, (w, 7) = 0. (3.5)
For fixed w let 7; = ... = 7j4,-1 be a zero of B(w,7,0) = Ay,(w,7) of multiplicity p. Then
there exists an o = a(w) > 0 such that
1 4 B(w, z, 1 4B 0
1 = (wze)dzz_'/ +B(w,z, )dz:p
210 J).—5=a B(w,2,¢) 27 J|,—7=a B(w,2,0)
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holds for all € < gy = g¢(w). Therefore, for every e < gy the equation (3.5) has exactly p
roots in {z € C : |z — 7;| < a} which we denote by 7;(w,¢),...,Tj1p-1(w,e). Proceeding
in this way for all zeros of Ay, (w,7), we obtain the set S(w,¢) := {7i(w,€),...,Tu(w,€)} of
zeros of B(w, T, ¢).

Now we assume that the statement in (i) is false. Then there exists a sequence
(Wn)n>1 With |w,| = 1 and a constant C' > 0 such that dist(S(wy), S(wn,en)) > C for all
n > 1 where we have set ¢, = }L Due to compactness, we may assume that w, converges to
wo. As the zeros of Ay, (w,7) depend continuously on w, we obtain for large n that

dist(S(wp), S(Wn,&n)) >

SIS

(3.6)

But from the same considerations as above we see that for every sufficiently small a > 0
there exists an €9 = £g(wp) and an s > 0 such that B(w,7,¢) has exactly p roots in [ J;{z €
C: |z — F(wo)| < a} for all [w —wy| < s and 0 < € < y. Taking o < &, we obtain a
contradiction to (3.6).

(ii)) We set ¢’ = pw with |w| =1, 7 = AT and A = p/e and obtain the equation
0= Alew, 7, 1) = 7Q(7) +Z€ ag(w, T)

where ak(w,%) = L (L)*A(ew, 7, 1)].0.

Let TJ =...= le 1 be a zero of Q(7) of multiplicity p. Then we know from the
theory of algebraic functions that there exist p roots 7j(w,¢), ..., Tjtp-1(w,€) of A(ew, 7,1)
for which we have an expansion (Puiseux series) of the form

(w,e) = 1] +ch e (s=4,...j+p—1) (3.7)

(cf., e.g., [8], Section 7). In formula (3.7) we have to take the p different branches of the
function ¥ to obtain the zeros 7;(€), ..., Tjtp-1(€). The series on the right-hand side is a
holomorphic function in ev for le] < &1(w) for some g1 (w) > 0.

From the construction of the Puiseux series (cf. [8], Section 8) we know that the
coeflicients ¢ (w) in the series (3.7) depend continuously on the coefficients of the polynomial
B(w, T,¢) and therefore on w. Thus there exists an £; > 0, independent of w, such that the

right-hand side of (3.7) is a holomorphic function in ev for le] < e1. As the function

o0
(75(w, €) —7' e = Zc]k

k=1
is continuous in w and ¢ for |w| =1 and 0 < e < g, it is bounded by some constant K7,
independent of w and e, which finishes the proof of part (ii). H
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4. An estimate for the basic ordinary differential equation

In this section we consider the polynomial A(£,\) given by (3.1) and assume that this
polynomial is N-elliptic with parameter in [0, 00) and degenerates regularly for A — oo. For
fixed ¢ € R"!, A € [0,00) and j = 1,...,m we consider the ordinary differential equation
on the half-line

A, Dy, N wi(t) = 0 (t>0), (4.1)
DF Y wi(t)imo = 0 (k=1,...,m),
wi(t) — 0 (t — +00).

Here D, stands for —i%.

Theorem 4.1. For every & € R"1\{0} and \ € [0,00) the ordinary differential equation
(4.1)(4.2) has a unique solution w;(&',t, ), and for 1 =0,1,... the estimate

€'+, i<p, 1<,
TN+ ), < D> p
IO i N R BT
(A +1€/]) =z, i> 1> p,

||Dll€wj(§/’ K )‘)||L2(R+) <C

holds with a constant C' not depending on &' and .

Proof. The existence and the uniqueness of the solution follows immediately from the fact
that A(&', 7, ) (considered as a polynomial in 7) has exactly m roots with positive imaginary
part. Let v(£’,\) be a closed contour in the upper half of the complex plane enclosing all
roots 7 (', A), ..., T (&', \) with positive imaginary part. Then w; (', ¢, \) is given by

1 M'(fl,’]', )‘) it
5 t )\ / J/—ez g dT 43
( ) 27TZ (&) A+ (f , T, )\) ( )
where . .
(&, N H(T—ka /\>::Zak(f' )"
k=1 k=0
and :
M€ 7, A) =) ap(, N7k,
k=0

(Cf., e.g., [2], Section 1.) The coefficients are given by the formula of Vieta,

aw@ N =D (DmE N (€N (4.4)

1<hi<..<lp<m

From (4.3) we see, substituting 7 = r7, that
I / 1—j+1/ , t
thj(gat/\) =T (thj)<7“€,;,’l">\> )
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and therefore ¢
l_.
IDw; (€ Ml Loeyy = 72 NHDiwj(?’ K F)

Lo(Ry)

If we set r = [¢/| and W’ = 77 we obtain

IE’

1 A
Iy (€ My = €1 Dy (- )|

) ’ |€I L2 R+) .
The theorem will be proved if we show that for |w'| = 1 we have
C, JS s b<p,

CA=2, j<p, l>p
CAIts j>p, 1<y,
CAS*5 j>p, 1>,

”(Dllfwj)(w/a K A)l‘Lz(R+) <

for A > 1 and that the left-hand side is bounded by a constant for A < 1.

The boundedness for A < 1 easily follows from the ellipticity of A(w’, 7, A) and the
continuity of A and thus of w; with respect to A.

For large A we write

YW, A) =D (W A) U@ (W A)

where 7V (w’, A) encloses the zeros 7 (w', A), ..., 7,(w', A) and v (w', A) encloses the zeros
Tur1 (W', A), ..., T (W', A). Here we assume that the zeros are numbered according to Lemma
3.5. According to this splitting of the contour v, we write w;(w',t,A) = wj(-l) (W, t,A) +
wj(?) (W', t, A) with

(k) T, ) 'it‘r
w; W't A) / dr (k=1,2).

*y(k) w’ t,\)

From Lemma 3.5 we know that

(W, A)] < C (W' =1, A > Ay, j=1,..., 1)
|Tj(w,7A>| < CA (|w,|:17A2A07 j:u+1aam>

As A, is elliptic we have, with the notation of Lemma 3.5, |7;(w’,A)| > C for j =1,...,p
and |w'| =1, A > Ag. With our additional assumption we also have

’Tj(w/aA)‘ZCA (’w/‘zlv AZAOa j:,u+1,,m),

7j(w',A)

as 2= — 7} and Im7; >0, cf. Lemma 3.5 (ii). Therefore

e CA™*  on~yW |
|AL (W7, A)| 1_[1|T—Tkw N > {C’Am on
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(note that |7| ~ C on v and |7| &~ CA on 7¥). Now we have to estimate |M;(w’, 7, A)| in

(4.3). For this we use the fact that according to (4.4)

(W, M) < Y Il

I1<...<lg

CAF, k<m-—pu,
’|le’§
CAN"HF kE>m—pu.

On ~1) we have

M

J

CAm—H <
(W', 7, A)| < o I =
CA™ j>p.

As length(yV) < € we obtain

/ (7/7_ le(w/ T, A) zt‘rd ‘ { C’exp(—C’t), ] S oy
~(1)

A (W', T, A) CA*exp(=Ct), j>p,
and therefore

C, J<pu,
CAFT, j >,

(D) (W ,A>|1L2<R+>g{

For an estimation on v? we first remark that for every [ > 0 we have

m—j
[T M (W', 7, )| < Z |ag| [T IR < CAmTIE

k=0

Therefore the inequalities
| D (W', 1, A)| < CAT+L exp(—CAt)

and
1
1D (W, A) | Loy < CAZIH2 (12 0)

hold. To find a sharper estimate in the case j < p we use the relation

3

—J

MW, A) = 7 ap(W', A)T™F

0

:TZ_jA+WTA Z wAmk>

k=m—j+1

e
Il

which yields

! ( 1 Dyt @@ AT
Dyw;” (W' t,A) = : e dt.
27 )2 Al (w7, A)

Here we used the fact that the contour v does not enclose the origin, and therefore 7

is holomorphic inside v(?),
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We obtain for the case 7 < p and for every [ > 0 that

‘ Z akTm—k+l—j < CAm—,uAm—(m—j—l-l)—i-l—j _ CAm—,LH—l—I

k=m—j+1
and
1
1DMw (@ A) | ramyy < CATH2 (5 < p, 12> 0) (4.8)

in view of Remark 2.3 for, say, A > 1. Now we compare the right-hand sides of (4.6)—(4.8)
with the right-hand side of (4.5).
a) For j, I <y the norm of Dlw™ is O(1) and the norm of Diw® is estimated by

AP < A3
b) For j<pandl > pu accordlng to (4.8) the norm of Dlw® is estimated by
A'=#=3 > A2 and the norm of Dlw (1) is estimated by a constant.

¢) For j > pand | < p according to (4.6) and (4.8) the norm of Dlw™) is estimated
by A*~ and the norm of Dlw® is estimated by A/7+2 < Ar—it3,
d) For j, I > p the norm of Dlw® is estimated by A™*2 and the norm of Dlw(®
is estimated by A7 < Al=it3,
Thus the inequality (4.5) holds, which finishes the proof of the theorem. ]

5. A priori estimates

Now we want to prove an a priori estimate for the Dirichlet boundary value problem corre-
sponding to the elliptic pencil A(x, D, \) defined in (1.1). First we consider model problems
in R" and RY.

Let A be a polynomial of the form (3.1). As it was already mentioned at the
beginning of Section 4, the Newton polygon Na,, o, of A(&, A) has the form indicated in Figure
2 with » = 2m and s = 2u. The a priori estimates which we will obtain below, however, do
not use the Sobolev spaces corresponding to this Newton polygon but the “energy spaces”
which are defined as the Sobolev spaces corresponding to the Newton polygon N,, ,. For
this Newton polygon we have

E(§A) 7= BN, (6 2) = (T [ED)" (A + €)™

As in Section 2, we will denote by Z(=9 (£, \) the weight function corresponding to the shifted
Newton polygon (with a shift of length [ to the left). The edges of the shifted polygon are
given by

(070)7 (0,771-[&), (u—l,m—u), (m_l70) 1fl§p,

(0,0), (0,m —1), (m—1,0) iftp<l<m.

It is easy to see the following continuity results, using Theorem 2.9 for part b). Here the
continuity of the operator means that the norm of this operator can be estimated by a
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constant independent of A. Note also for the Sobolev spaces on the boundary that we have
the equivalence

E(_j_,_%)(g, /\) ~ (1 + |§/Du—j+1/2()\ + |§/|)m—u ifj <u,
T fgr if > .

Lemma 5.1. a) The operator A(D,\) acts continuously from HE(R™) to H=(R™).

. - il
b) The boundary operator DI~ (j < m) acts continuously from H=(R™) to g +2)(JR"”).

Proposition 5.2. (A priori estimate in R".) Let A(§,\) be N-elliptic with parameter in
[0,00). Then for every \g > 0 the inequality

lullzze < C(IAD, Aully g + 3™ ] ) (5.1)

holds for all X > X\g with a constant C' = C()\g) independent of u and \.

Proof. By changing the constant in (3.2) we can rewrite the N-ellipticity condition in the
form

AE, N)]? . ) N
TR g 2 X I (0 )+ e

For [£] > 1 the right-hand side can be estimated from below by
2 (L €PN + ey
For |£| <1 and A > )¢ the right-hand side can be estimated from below by
AFRTE (L A7) TR (T A7)
> (L2027 27 (L4 [¢) (X% + €)™

)\2m—2p + Cl_l

Combining these estimates we obtain for A > A

A, M)
(14 [E2) (A2 + [€]2)mw
Multiplying both sides by |Fu(£)]? and integrating with respect to £ we obtain the inequality

(1-+ €12 + g™ < O £

i 2 < COO) (D, Nl g+ X" ullF2(zn) )

equivalent to (5.1). O

Now we turn to estimates in the half space R’

Theorem 5.3. (A priori estimate in R%.) Let A(§, \) be N-elliptic with parameter in [0, 0o
and degenerate reqularly for X\ — oo. Then for every \g > 0 there exists a constant C =
C(Xo) such that for all X > Ao and all uw € H=(R?) the estimate

lullzzn < C(IAD, Aull g g
YD i g + Al o)) (5.2
j=1

holds.
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Proof. We will follow a standard plan in elliptic theory. In the first part of the proof we
reduce (5.2) to the case f := Au = 0. Then using Theorem 4.1, we treat the case of the
homogeneous equation.

1) Denote by E a linear operator of extension of functions defined in R} to functions
in R™. If we use the well-known Hestenes construction then the operator E : Ly(R"}) —
Ly(R™) and its restriction E : H=(R?) — H=(R") are bounded operators. We will denote

by R the operator of restriction of functions on R™ onto R;.
2) Let (&) € C*°(R™) be a cut-off function, i.e. ¥(§) =1 for || < 1 and () =0
for || > 2. We write

u=uy +uy+v=RH(D)Eu+ R(1 —¢(D)A(D,\Ef +v (5.3)

where we have set Ef = A(D, \)Eu.
First of all we show that u; and us belong to H=(R") and their norms in this space
can be estimated by a constant times

1l g+ A™ 7 NlullLor) - (5-4)
3) Since the operator (D) is infinitely smoothing we get for A > A¢ that
[uillzry < [[W(D)Eullzre < CA™ | Bul|p,@e) < CLA™#||ul|py@e) -
4) Using the Fourier transform we obtain

[usllzrr < [I(1 = (D) ATHD, N Ef|zgn
IZ(&, M) (1 = (€)ATHE N(FEF)(E)la@n) -

Since 1 —(§) = 0 for |{] < 1, we obtain from the N-ellipticity condition that

26N L=y [ATEN < CETHE N

and

|| ug =Ry < const HEf”%,]R"'
If the norm in H= ' (R™) is defined by means of the pseudodifferential operator
((1 + D)V + z’Dn> “((A2 + D)V + z’Dn> "
then according to Section 2
VEf g = 1]z -

5) Now we begin the estimation of v defined in (5.3). We have v = v —u; — uy €

H=(R") and
AD,N)v = 0, (5.5)
Dy (@) e,m0 = hy(a'),
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where we set h;(z') := Di7'u(a’,0) — DI~ tuy(2/,0) — Di7tuy(a’,0). We shall prove the
inequality

[v]lzzr < const (Z 1l z-i4172) +/\m_“||u\|L2(Rn)> (5.7)

Jj=1

The a priori estimate (5.2) follows from this inequality because, due to Theorem 2.9,
||D2L_1UZ‘HE(—J'+1/2)’RTL—1 S const ||uz||E,]R’}r (Z = ]_, 2) .

The right-hand side of this inequality is already estimated by the right-hand side of (5.2).
6) We define

D(EN) =) €A,
ik

where the sum extends over all integer points (7, k) belonging to the side of N, , which is
not parallel to the coordinate lines. From this definition it follows that

D5, A) ~ [€[M (A + [€)™ "

and [[v||z g is equivalent to
[vllerr + A" ol L,@n) -

The second term can be estimated by AN (|[ullr,@n) + [[willo®n) + luellzo@r)). Due to
steps 3) and 4), these terms are not greater than a constant times the expression (5.4).
Therefore, it is enough to estimate [|v[|ogr by the right-hand side of (5.7). Repeating the
argument in Section 2 (see (2.10)) we reduce our problem to the estimation of

| DLz oo dr (=0, m)
0
or after the Fourier transform with respect to '
/ / 1D N)(DLF) (€, x,))? de'dz, (1=0,...,m).
0 Jre-t

The function F'v(¢',x,) =: w(¢, z,) is (for almost every £ € R"!) a solution of

A€, Do V() = 0,
D%_lw(xnﬂwnzﬂ = (F/hj)(fl)-

Due to Theorem 4.1, this solution is unique and given by
w(&, ) =Y i€ wa, ) (F'h;)(E) (5.10)
j=1

with w; (&', z,, A) being the solution of (4.1)—(4.2).
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7) To obtain the estimate for w = F’v we reformulate Theorem 4.1. It follows from
the definition of Ny, , that

s(e. n) < 4 JITTAFIED™E <,
A= { A+ lgh)™, r> .

From this it follows that

Cl¢|=7*s, [<p, j<m

SUITEN) _ | CIEPTEOHIEN T I G <,
(N T ) ClETTH A i< >
CO+ (€))7, U>p G >

Comparing the right-hand sides of these inequalities with the right-hand side of (4.1) we see
that
DI (g ))

DED(EN)

HDfmwj (5,7 L, )‘)||L2(R+) <C

From (5.10) and the last inequality it follows that

(@I, N)? / D€ VP ey < O3 EDE N ER)EP.

0

Integrating this inequality with respect to & we obtain the desired estimate. O

Now we consider the Dirichlet boundary value problem for differential operators
with parameter acting on a smooth compact manifold M with smooth boundary OM. In
this case we can choose a finite number of coordinate systems. In each of these systems the
operator is of the form (1.1). The principal part of the operator is invariantly defined at
each of these systems and at every fixed point 2° € M it is of the form

A0 D, A) = A) (2%, D) + ... + N2 AP) (2%, D)

(here A§O) denotes the principal part of A;). We suppose that for each 2° € M our operator
is N-elliptic with parameter. From the reason of continuity and compactness the constant
C in inequality (3.2) can be chosen independent of z°.

We can suppose without loss of generality that the coefficients of A(z, D, \) are of
the form

Uaj(T) = aqj + a/aj(x), aq; € D(R").

Now we fix a point 2° € OM and a coordinate system in the neighborhood of z°
such that in this system locally the boundary dM is given by the equation z, = 0. In this
case we can define an analog of the polynomial (3.3):

Q(mo, T) = T_ZHA(O)(xO, 0,7,1) (5.11)

Suppose that at a point 2° € OM and in a fixed coordinate system this polynomial has m —
roots in the upper half-plane of the complex plane. It easily follows from this fact that every
polynomial (5.11) corresponding to an arbitrary z° € M has the same property. In this
case we say that the operator A(z, D, \) degenerates regularly at the boundary 0M.
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Lemma 5.4. For a(z) = a+d' (z) with ' € D(R") and f € H=(R") we have af € H=(R"),
and the following statements hold:
a) There exists a constant C(a) depending on a but not on f or X\ such that

lafll g < C@llulls g
b) There exists a constant C'(a) depending only on a such that the inequality

laf]l1 g < sup la(@) LAl 2 g+ C (@) fllw

holds, where we have set

T ( Ja+ien o |§|>—2m+2ﬂ|f<s>|2ds)2 |

Proof. Part a) is a special case of the following more general result which is taken from [18],
Section 1.2.4. Let o be a weight function which satisfies

o(&)o " (n) < C(L+]E—n™).

Then we have for o’ € D(R"™) the inequality
la’ f 2o @y < (@) [|.f || sze (@en)

with ¢(a) := C [(1+ [§]™)[(Fa')(€)]d¢.
Part b) can be shown by standard arguments similar to those used in [13], Section
1.7.1, and [9], Lemma 1.4.5. O

Using the above mentioned covering of M by local coordinate systems and a par-
tition of unity subordinated to this covering we can define the spaces H=(M), H =(M) and
HET(M). From Lemma 5.4 and the trace results for model problems in R” and R”
we immediately obtain
Lemma 5.5. The operator (A(x,D,)\), ulanr, %ubM,...,(%)m*l

— (—it L
from HE(M) to H= (M) x | J HETTY (OM) is continuous with norm bounded by a constant
independent of \. Here a% stands for the derivative in the direction of the inner normal to
the boundary.

ulonr) as an operator

Theorem 5.6. Let A(x, D, \) be an operator pencil of the form (1.1), acting on the manifold
M with boundary OM. Let A be N-elliptic with parameter in [0,00) and assume that A
degenerates reqularly at the boundary OM. Then for X > Ao there exists a constant C' =
C'(Xo), independent of uw and X\, such that

E(‘j+%),8M+ Am_MHU”LQ(M)). (5.12)

fullzar < C(1AG. DNl + 30 (2)
j=1
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Proof. For the proof we use the standard technique of localization (“freezing the coeffi-
cients”). We only indicate the main steps. By means of a partition of unity it is sufficient
to prove (5.12) for u € H=(M) with small support suppu C U. In the case U N OM = ),
we fix g € U and use local coordinates. We obtain from the a priori estimate for the model
problem in R"™ that

IA

Gy (1A (@0, D)ull g g + X"l 1)

|||z rn

IN

C (||A(x, D)u||%7Rn + /\Zm_Q“HUHLQ(Rn))
+C1|(A(w, D) = A9 (0, D))ull 1 (5.13)
with a constant C; independent of u and .

We fix ¢ > 0. From Lemma 5.4 b) we obtain if the support of u is sufficiently small

that
I(A(z, D) = A (2o, D))t 1 gn < ellullzn + Cllullzcn g -

Now we use the interpolation inequality
[ullz- g < ellullzpn + CXN"H||ul| Ly@n

which is a consequence of the interpolation inequality for the Sobolev spaces H*(R"™) because
of

lullzen e = (el ety + A" H [l o1 ) -

If we choose € with C'e < 1 we obtain
lullzen < C(I1AG, DAVl g + A rageny) -

In the case U N OM # () we choose o € U N IM, use local coordinates, and obtain in the
same way as above

Jullezs < C(1AG DAl g + S IDE e g s + A" allaan)
=1
where we used the a priori estimate for (A (zo, D), (DJ1)™,). O

Remark 5.7. The a priori estimate above deals with functions u € H=(M). In the forth-
coming paper [6] estimates in spaces of functions of arbitrary smoothness will be obtained.
Additionally, in [6] the right parametrix for boundary value problems connected with pencils
of the form (1.1) will be constructed.
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