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The motion of a colloidal probe in a viscoelastic fluid is described by friction or mobility, depending on
whether the probe is moving with a velocity or feeling a force. While the Einstein relation describes an
inverse relationship valid for Newtonian solvents, both concepts are generalized to time-dependent memory
kernels in viscoelastic fluids. We theoretically and experimentally investigate their relation by considering
two observables: the recoil after releasing a probe that was moved through the fluid and the equilibrium mean
squared displacement (MSD). Applying concepts of linear response theory, we generalize Einstein’s relation
and thereby relate recoil and MSD, which both provide access to the mobility kernel. With increasing
concentration, however, MSD and recoil show distinct behaviors, rooted in different behaviors of the two
kernels. Using two theoretical models, a linear two-bath particle model and hard spheres treated by mode-
coupling theory, we find a Volterra relation between the two kernels, explaining differing timescales in friction
and mobility kernels under variation of concentration.

I. INTRODUCTION

Observing the Brownian motion of colloidal probe par-
ticles can be used to investigate complex fluids, soft mate-
rials or biological tissues1–4. The technique of ’microrhe-
ology’ provides insight into local material properties and
thus extends macrorheological investigations. Recently,
such investigations tracking colloidal probe particles were
performed in model complex fluids, where the macro-
scopic rheological response is rather well characterized.
An example are wormlike micellar solutions, for which
local flow curves, i.e. nonlinear force-velocity relations5,6,
particle oscillations during shearing6–9 and transient par-
ticle motion10,11 were investigated. The existence of a
number of different relaxation channels for the probe mo-
tion was recorded, which could be considered an intrin-
sic property of the system of viscoelastic fluid plus im-
mersed colloidal particle. In contrast, in dense colloidal
suspensions12–15, a delocalization transition at finite forc-
ing strength was discovered16. At a critical force, the
probe decouples from the surroundings and its motion
records very atypical bath particle fluctuations.

The friction force experienced by an individual Brown-
ian particle and the velocity by which it moves relative to
a Newtonian solvent are related by a friction coefficient
γ. Alternatively, the velocity the particle attains when
subject to a force can be written in terms of a mobility
µ. For the mentioned case of Newtonian solvent, mobil-
ity and friction coefficients are each other’s inverses and
are also connected to the diffusion coefficient via temper-
ature in the famous Stokes-Einstein-Sutherland relation
D0 = kBTµ = kBT

γ ; here kB is Boltzmann’s constant17.

In viscoelastic fluids, where memory matters, it is
well known that both coefficients generalize to time-
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dependent (retarded) kernels whose time-dependence en-
codes the temporal correlations of the fluid18,19. Rear-
rangements of the fluid take longer with e.g. increasing
concentration and thus forces at earlier times still influ-
ence the velocity at the present time. A similar memory
of motion at earlier times also affects the friction force
at present. Regarding the Einstein relation, the kernels
are then in general no longer related15,20, not even at
zero frequency, i.e., large times. For example, the fric-
tion memory kernel may depend on the confinement of
a probe particle21–24. There is so far no complete un-
derstanding how the time-dependencies of mobility and
friction kernels are related.

Recent microrheology experiments of colloidal probes
in worm-like micellar solutions indicated that recoil spec-
tra could provide crucial insights10,11. It is known
that such micellar solutions in the semi-dilute regime
are well described by a Maxwell model with a sin-
gle timescale25–28; at higher concentrations more com-
plex relaxation behavior can occur29,30. The Maxwell
model captures the memory on macroscopic scales such
as macrorheological measurements. Moreover, previous
works could systematically fit the equilibrium Brownian
motion, for example the mean squared displacement, of
immersed colloids to Maxwell’s model with a single relax-
ation time10,11,31–34. Yet, ’recoil’ measurements, which
test the back-motion of the colloidal probe when released
after it was moved with optical tweezers, recorded a very
different temporal evolution. Most notably, the recoil dy-
namics exhibit at least two timescales, with the faster one
being much shorter than Maxwell’s macroscopic relax-
ation time10. Experiments of partial loading and partial
relaxation (close to equilibrium) showed the same two
timescales, which generates the question how recoil and
equilibrium mean squared displacement are related.

In the present work, we build on these findings and
study equilibrium mean squared displacements of a probe
and its recoils after weak drivings. Applying concepts
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FIG. 1. Left: Sketch of transient recoil experiment (gray line)
after a colloidal probe particle in a complex fluid was per-
turbed with force F (red line), applied e.g. with optical tweez-
ers (inset), for a time tsh. Right: Equilibrium mean squared
displacement (MSD) of a colloidal particle in a wormlike mi-
cellar solution (CPyCl/NaSal 7 mm, open blue symbols). The
two experiments are related via a linear response relation.

from linear response theory enables us to determine the
relation between the two experiments. We will find that
one (the equilibrium mean squared displacement) is dom-
inated by the retarded friction kernel, whose integral
grows strongly with density, while the other (recoils) pro-
vides direct access to the mobility kernel. Analysing two
theoretical models, this explains the differing behaviors
recorded in either experiments.

The manuscript is organized as follows: we start with
the derivation of a linear response relation between recoil
and MSD in section II. In section III A we introduce the
experimental system and in section III B compare exper-
imental MSD and experimental recoil, i.e. test the linear
response relation. The analysis of two theoretical models,
a linear two-bath particle model and mode coupling the-
ory, is presented in section IV. In section V we discuss
the relation between these two models and explain the
observed concentration-dependence of recoil and MSD.

II. LINEAR RESPONSE RELATION BETWEEN RECOIL
AND MSD

In this work we theoretically and experimentally study
the motion of a colloidal probe particle in a viscoelastic
fluid, namely a wormlike micellar solution, keeping in
mind that the theoretical analysis is valid for other vis-
coelastic fluids, such as dense colloidal suspensions, as
well. Specifically, we are interested in the experimental
setups depicted in Fig. 1. Its left panel shows so called re-
coils, where the particle is dragged by a force for a certain
amount of time, and is then released at time t = 0. Due
to the deformed microstructure and accumulated strain
in the viscoelastic fluid, after releasing, the particle per-
forms a backward motion opposite to the direction of the

forced motion. We define the (positive) recoil δx(t) as

δx(t) ≡ − [〈x(t)〉 − 〈x(0)〉] , (1)

with 〈. . . 〉 denoting averaged quantities. The right hand
side of Fig. 1 shows the mean squared displacement
δx2(t) ≡

〈
[x(t)− x(0)]2

〉
eq

18, obtained in absence of any

driving.
Here, we derive a relation between these quantities.

This derivation is explicit, based on a microscopic system
of identical spherical particles, obeying overdamped dy-
namics17. However, the final equation, Eq. (14), encodes
the general form of the fluctuation-dissipation-theorem
(FDT)18, and is thus valid in more general settings.

One of the particles is considered as probe particle.
The free diffusion coefficient is D0 = kBT/γ and the
particles interact via forces Fi = −∂iV where quantities
without index, such as F = −∂V , refer to the probe
particle, and ∂ is a spatial gradient. Perturbing the probe
with a small time-dependent force Fex(t), leads to the
Smoluchowski operator17

Ω(t) = Ωeq +
D0

kBT
Fex(t) · (−∂) . (2)

The solution for the probability density is split in a sim-
ilar fashion

Ψ(t) = Ψeq + δΨ(t) , (3)

where Ψeq ∝ exp(−V/kBT ) and δΨ arises from Fex. This
results in the linearized Smoluchowski equation for the
deviation of the probability distribution

∂tδΨ(t) = ΩeqδΨ(t)− D0

kBT
Fex(t) · ∂Ψeq +O(F 2

ex) . (4)

The solution is (with β = 1/kBT )

δΨ(t) = −β
γ

∫ t

−∞
dt′Fex(t′) · e(t−t′)ΩeqFΨeq . (5)

Using this to calculate the linear response of an observ-
able A to the external force we obtain a form, which may
be familiar from the fluctuation dissipation theorem,

〈A(t)〉lr = 〈A〉eq −
β

γ

∫ t

−∞
dt′Fex(t′) ·

〈
Fe(t−t′)Ω†eqA

〉
eq
.

(6)
In this isotropic system, we assume, without loss of gen-
erality, the external force to point in x-direction. We

are interested in the displacement of the particle 〈x(t)〉lr,
linear in applied force. For symmetry reasons, only its
x component is finite. Taking its time derivative results
in the application of the Hermitian conjugate Ω† of the
Smoluchowski operator on the variable x. We obtain

∂t 〈x(t)〉lr = γ−1Fex(t)−
∫ t

−∞
dt′γ−1Fex(t′)M(t− t′),

(7)
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where

M(t− t′) = D0

〈
βFxe

(t−t′)Ω†eqβFx

〉
eq

(8)

is the mobility-kernel, the correlation of interaction force
felt by the probe particle, evaluated in equilibrium.

The desired connection to the equilibrium mean
squared displacement (MSD) starts from 18,35

∂tδx
2(t) = 2D0 − 2D0

∫ t

0

ds′M(s′). (9)

Comparing Eq. (9) with (7) lets us conclude

〈x(t)〉lr =
1

2kBT

∫ t

−∞
dt′∂tδx

2(t− t′)Fex(t′) (10)

which can be checked by reinserting. This result is the
central linear response relation generalizing Einstein’s re-
lation between friction and diffusion coefficients to arbi-
trary time dependencies of the mean drift and the quies-
cent mean squared diffusion.

Upon inserting this into the definition of a recoil,
Eq. (1), we obtain for the recoil in linear response

δx(t) =
1

2kBT

∫ 0

−∞
dt′Fex(t′)∂t′

[
δx2(t− t′)− δx2(−t′)

]
− 1

2kBT

∫ t

0

dt′Fex(t′)∂tδx
2(t− t′).

(11)

In the case of a time independent force acting from t =
−tsh to t = 0, as used in our experiments, the recoil
simplifies to (t > 0)

δx(t) =
Fex

2kBT

[
δx2(t) + δx2(tsh)− δx2(t+ tsh)

]
. (12)

For ergodic fluids, where the MSD is diffusive for large
correlation times, we define the long-time diffusion coef-
ficient D∞ as

lim
t→∞

d

dt
δx2(t) =: 2D∞. (13)

With this, the recoil takes an even simpler relation in
the limit of long shear times, tsh → ∞ (corresponding
to the limit where the probe attained its stationary drift
velocity before release),

δx(t) =
Fex

2kBT

[
δx2(t)− 2D∞t

]
. (14)

Eq. (14) shows a relation between recoil and MSD, and
interestingly it is the MSD minus its long time asymp-
tote that appears. Eq. (14) also already hints that recoil
experiments, probing an interesting non-equilibrium as-
pect of the system, may give important insights into the
equilibrium dynamics as well.

III. TEST IN MICELLAR SOLUTIONS

Having established a relation between MSD and the
recoil, we aim to apply it to experimental data obtained
in wormlike micellar solutions.

We note right away that our experiments use optical
tweezers, and are not performed by controlling the driv-
ing force, so that the requirements for Eq. (14) to be valid
are not strictly given.

A. Experimental setup

In the experiments we analyzed viscoelastic equimo-
lar cetylpyridinium chloride monohydrate (CPyCl) and
sodium salicylate (NaSal) solutions with concentrations
ranging from 5 mm to 9 mm (recoil measurements are lim-
ited to 7 mm), which are contained in a 100 µm thick
sealed sample cell. The cell was kept at a constant tem-
perature of 25 °C, leading to the formation of an entan-
gled network of giant worm-like micelles28. To probe the
fluid’s microrheology, we suspended a small amount of
silica probe particles with diameters 2.73 µm in the solu-
tion.

For the measurement of recoils the colloidal probe is
trapped in an optical tweezer, built of a Gaussian laser
(λ = 1064 nm) and a high magnification microscope ob-
jective (100×, NA = 1.45). Using relatively large trap-
ping strengths (see Table I in Appendix A), the probe is
positioned in the center of the trap and we can apply a
constant-velocity perturbation via a relative motion be-
tween the probe/trap and the fluid. This is achieved
by a computer controlled piezo-driven stage that trans-
lates the sample cell with constant velocity v and that is
synchronized with the laser intensity. The time of trans-
lation or shear time tsh is chosen sufficiently long, such
that the probe reached a non-equilibrium steady state
before release. To avoid interactions with the sample
walls, the trap was located at least 30 µm away from any
surface. We extract the probe’s trajectory by video mi-
croscopy with a frame rate of 100 Hz, which, using a cus-
tom Matlab algorithm36 yields an accuracy of ±6 nm of
the particle position. For further details regarding the
experimental recoil setup, we refer to the recent work of
Ginot et. al11 and its Supplementary Material.

To test the linear response relation, Eq. (14), we also
measured the mean squared displacement of freely diffus-
ing colloidal particles suspended in the micellar solution,
and at the surface of the sample cell. The 2-dimensional
trajectories r(t) = (x(t), y(t))T of the colloidal particles
were extracted using video microscopy and above men-
tioned Matlab algorithm. Due to the system’s isotropy,
we calculated the (one-dimensional) MSD, after subtract-
ing drift from the trajectories, and by averaging over both
dimensions,

δx2(t) ≡ 1

2

〈
|r(t0 + t)− r(t0)|2

〉
t0
. (15)
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FIG. 2. (a) Experimental mean squared displacements (open
symbols) measured in wormlike micellar solutions with con-
centrations of 5 (blue), 6 (orange) and 7 mm (green). The
colored dotted lines highlight the long-time diffusion 2D∞t.
(b) Experimental test of Eq. (16): experimental mean recoils
averaged over different shear velocities in the linear regime
(left-hand side of Eq. (16), open symbols) nicely match re-
coil curves calculated from the MSDs in (a), i.e. right-hand
side of Eq. (16) (solid lines). Note that the x-axes in (a) and
(b) have different scaling as recoils saturate quickly and the
measurement was limited to a time interval of 9 s.

Finally, we run an ensemble average over several particles
(∼ 20) for better statistics. We checked that presence of
the glass surface has negligible influence on the reported
MSD, by comparing with bulk measurements.

B. Comparison of experimental MSD and experimental
recoil via Eq. (14)

In Fig. 2(a) we show experimental MSDs for concen-
trations of 5, 6 and 7 mm, together with asymptotic fits of
the long-time diffusion, limt→∞ δx2(t) = 2D∞t (dotted
lines). Clearly, with increasing concentration the sub-
diffusive plateau at intermediate times becomes strongly
pronounced, while the long-time diffusion coefficient is
reduced by almost two orders of magnitude from 5 to
7 mm. In contrast, at very short timescales all curves
nearly collapse, as we expect the colloidal probe to dif-
fuse with a short-time diffusion coefficient that is almost
independent of micellar density17.

Before comparing experimental MSDs and recoils we
come back to the above note, and to the fact that the

linear response relation, Eq. (14), describes recoils after
a constant-force perturbation. In contrast, the optical
trapping strength of our experimental recoil system is
very high, such that the probe particle almost completely
follows the shear velocity v of the trap. This perturbation
by constant velocity, however, is generally not equivalent
to a constant-force perturbation15. Specifically, for our
viscoelastic systems the friction memory kernel reveals
a trap stiffness dependence23, meaning that the weak
(constant-force) and strong (constant-velocity) trap lim-
its are generally not comparable. This is why we restrict
this comparison to the three lowest micellar densities of
our studies, as the mentioned differences between driv-
ing modes are expected to be the more pronounced the
higher the density. We thus employ the Einstein relation
v = D∞

kBT
Fex to replace the external force in Eq. (14) with

the stationary velocity v, resulting in

δx(t)

v
=
δx2(t)− 2D∞t

2D∞
. (16)

The resulting test of Eq. (16) is shown in Fig. 2(b). Open
symbols show experimental recoils normalized by shear
velocity v. For better statistics, these curves are averages
of several recoils measured at different shear velocities v,
within the linear regime where 〈x(t)〉 ∝ v. The solid
lines in Fig. 2(b) show the result of applying Eq. (16)
to the experimental MSDs shown in Fig. 2(a). Clearly,
for all concentrations, recoils and the result of applying
Eq. (16) to experimental MSDs agree reasonably well,
thereby confirming Eq. (16). Deviations at very short
times t . 0.1 s are related to an imperfect trigger of the
beginning of recoils.

This corroborates that recoil and MSD are directly re-
lated in linear response. They are characterized by the
same set of timescales and corresponding relative ampli-
tudes. Notably compared to the strong qualitative den-
sity dependence of the MSD, one can hardly differentiate
recoils at different concentrations. The recoils shown in
Fig. 2(b) can almost be brought on top of each other
by an overall factor, i.e., the recoil curves hardly change
qualitatively with density. We will discuss this observa-
tion in detail in the next sections.

IV. ANALYSIS IN MODELS OF VISCOELASTIC FLUIDS

In this section, we discuss two theoretical models that
yield good fits of experimental MSDs and recoils at in-
creasing concentrations up to 9 mm. These models have
complementary benefits. We start with a linear two-bath
particle model which has been previously proposed for a
quantitative understanding of recoils11. It is very generic
and can be analyzed in complete analytical detail37. We
then turn to mode coupling theory (MCT) of monodis-
perse hard spheres. It is based on a microscopic starting
point, and extends to the nonlinear regime. Its most de-
tailed predictions concern the glass transition which lies
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beyond the experimental regime; this discussion thus is
relegated to an Appendix.

A. Two-bath particle model

The experimental recoils in Fig. 2(b) reveal several re-
laxation processes (the curves allow to distinguish at least
two). Indeed, previous work reported double-exponential
behavior with two distinct timescales10,11. As our experi-
ments concern the linear regime, where recoil amplitudes
are linear in shear velocity v, the simplest model that gen-
erates the observed behavior is a linear two-bath particle
model, as sketched in the inset of Fig. 3(a). It consists of
a probe particle with friction coefficient γ that is coupled
to two bath particles with friction coefficients γs and γl
via harmonic springs of stiffness κs and κl, respectively.
This microscopic model can be rationalized as an exten-
sion of the Maxwell model, the latter describing a single
timescale of macroscopic processes. While the Maxwell
model is known to describe the equilibrium properties of
wormlike micellar systems very well25–28, the situation
is different when a probe particle is sheared through the
fluid. Then the probe couples to the fluid, thereby ap-
parently inducing a second timescale, which is modeled
via a second bath particle. We proceed with a brief in-
troduction of the main findings of Ginot et. al11.

The dynamics of the probe (recall that probe variables
carry no subscript) and two bath particles is described
via a set of overdamped Langevin equations (i = s, l)

γẋ(t) = Ftrap(t)−
∑
i

κi [x(t)− xi(t)] + ξ(t), (17)

γiẋi(t) = κi [x(t)− xi(t)] + ξi(t), (18)

where the probe particle experiences a trapping force
Ftrap(t) = −κ(t) [x(t)− x0(t)] due to the optical poten-

tial of stiffness κ(t) and position x0(t) =
∫ t
dt′v(t′)11. ξ

and ξi denote independent Gaussian white noises, i.e. for
(ξi, ξj) ∈ {ξ, ξs, ξl}11

〈ξi(t)〉 = 0, 〈ξi(t)ξj(t′)〉 = δij2kBTγiδ(t− t′). (19)

Because the noise strength is set by a unique temperature
T , the model encodes the fluctuation dissipation theorem.

Characterizing the probe’s trapping, there exist two
extreme cases: κ → ∞ and κ = 0, which are charac-
terized by different sets of eigenmodes in the two-bath
particle model11. If κ → ∞, the probe is pinned by the
trap, and its motion is deterministic. The two bath par-
ticles are then de-coupled in the stochastic sense. Each
bath particle interacts with the deterministic probe. The
interaction between probe and bath particles is then
termed nonreciprocal, as the probe’s motion is not al-
tered by the forces between probe and bath particles.
In this case the respective nonreciprocal timescales τ̃s,l
equal the individual relaxation times of the bath parti-
cles, i.e. τ̃i = γi/κi for i = s, l11.

In the other limit, for κ = 0, the probe couples
the two bath particles and force balance applies. The
probe’s motion is altered by the forces from bath par-
ticles, and the interaction is termed reciprocal. The re-
laxation timescales contain all couplings and read (ζi =
(γ + γi)/τ̃i)

τ−1
s,l =

1

2γ

∑
i

ζi ±
√

(
∑
i

ζi)2 + 4(κsκl − ζsζl)

 , (20)

where the positive sign corresponds to the shorter
timescale τs and the negative sign to the longer timescale
τl

11.
Naturally, both recoil and MSD are measured when the

optical trap is off (κ = 0). Thus, they are expected to be
characterized by the reciprocal timescales τs,l. Indeed,
this is confirmed by the analytical expressions for the
recoil δx(t) and the MSD δx2(t),

δx(t) = Atot −Ase−
t
τs −Ale−

t
τl and (21)

δx2(t) = 2D∞t+A′tot −A′se
− t
τs −A′le

− t
τl , (22)

where D∞ = kBT
γ+γs+γl

11.

The amplitudes in Eq. (21), As,l,tot, depend on shear
time tsh (see Appendix C for full expressions). In the
limit of infinite shear time (tsh → ∞), i.e. starting from
a nonequilibrium steady state, the recoil amplitudes ap-
proach a constant value and we find the following rela-
tion between amplitudes appearing in recoil and those of
MSD,

A′s,l,tot = lim
tsh→∞

2D∞As,l,tot

v
. (23)

Here, v denotes the (constant) velocity with which the
probe is sheared. Moreover, the recoil amplitudes As,l,tot

are linear in v due to the linearity of the two-bath particle
model. Inserting the model’s (linear) force-velocity rela-
tion Fex = v (γ + γs + γl) = v kBTD∞

, we confirm the linear

response relation (14) between recoil and MSD within
the 2-BP model. Indeed, for this model with linear cou-
plings, a number of simplifications occur: The recoil, for
tsh → ∞, is independent of κ, i.e., recoils after force
driving and velocity driving are identical. This is why
Eq. (14) applies in any driving mode.

With the analytical expressions at hand, experimen-
tal data can be fitted. This is done for concentrations
ranging from 5 mm to 9 mm. For each density, a single
set of parameters is obtained fitting recoil and MSD, see
Tab. II in Appendix B, while parameters naturally de-
pend on micellar density. The resulting MSD and recoil
curves are shown in Figs. 3(a) and (b) as open symbols
(experiments) and solid lines (2-BP model) and show re-
markable agreement. Note that for high concentrations of
8 and 9 mm, only experimental data of MSDs are shown
(and fitted), and no data for recoils are presented. The
reason is that these high densities pose several difficulties;
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FIG. 3. Mean squared displacement and recoils within a lin-
ear two-bath particle (2-BP) model and from experiments.
(a) Inset: Sketch of the linear two-bath particle model. A
probe particle with friction coefficient γ is coupled via har-
monic springs of stiffness κs and κl to two bath particles with
friction coefficients κs and κl, respectively. Main graph: Ex-
perimental MSDs (colored open symbols) for concentrations
between 5 mm (blue) and 9 mm (purple) together with linear
two-bath particle models (lines, see Tab. II for model param-
eters). (b) Experimental recoils (colored open symbols) for
concentrations ranging from 5 mm (blue) to 7 mm (green) to-
gether with respective 2-BP models. The red and purple line
correspond to 2-BP recoils matching experimental MSDs at 8
and 9 mm in (a). Note that the time axes are scaled differently
in both plots.

The resulting high viscosities require large trap stiffness,
and large laser powers may lead to local heating. Also,
very small shear velocities are required to stay in the lin-
ear regime. Last, Eq. (14) fails when applied to velocity
controlled driving, for the reasons given above. Fitting
MSDs is still insightful as it allows to see how the ob-
tained timescales vary with density. Also, we still applied
Eq. (16) for these cases to be able to formally obtain the
curves (red and purple lines) in Fig. 3(b).

As an interesting remark when comparing Eqs. (21)
and (22), and using Eq. (23), it becomes notable that the
MSD provides one additional fitting constraint compared
to recoil, through the long-time diffusion coefficient D∞.
Indeed, fitting recoils alone leaves one parameter of the
model undetermined, e.g., the probe’s friction γ. This
has a physical reason: In reciprocal motion, only relative
forces and relative motion is important, i.e., the center

FIG. 4. (a) Timescales τs,l (open circles) and τ̃s,l (solid
squares) obtained from fitting experimental MSDs and re-
coils to two-bath particle models for various concentrations c.
Additionally, we show the experimental short- and long-time
inverse diffusion coefficients 1/D0,∞ (half-filled triangles; see
fits in Fig. 2(a). For a qualitative comparison they are given
in arbitrary units and rescaled to match τ̃s,l at c = 5 mm. (b)
Corresponding recoil amplitudes As,l,tot normalized by shear
velocity v.

of mass motion of the three particles is not detected. In
long-time diffusion this center of mass motion is however
detected, and thus one more constraint is provided by
the MSD.

With the established agreement between experiment
and model we proceed with an analysis of the model’s
timescales and amplitudes under variation of micellar
concentration. In Fig. 4(a) we show reciprocal (open
circles) and nonreciprocal (solid squares) timescales, τs,l
and τ̃s,l, as a function of concentration c. Notably, the
behavior of reciprocal and nonreciprocal timescales dif-
fers qualitatively. While the reciprocal timescales remain
almost constant or even slightly decrease upon increas-
ing concentration, the larger nonreciprocal timescale τ̃l
increases by one order of magnitude. Hence, depending
on whether the probe is confined or free, the relaxation
times either increase with density or remain almost con-
stant.

This behavior has an intuitive reason, partly similar to
the discussion of fitting constraints above; If the probe is
strongly trapped or pinned (nonreciprocal case), the bath
particles relax towards the probe. As their friction coeffi-
cients strongly increase with concentration (see Tab. II),
the relaxation slows down. In contrast, in the recipro-
cal case of a free probe, probe and bath particles relax
towards each other. This relative motion remains fast,
as the probe’s friction coefficient does not strongly grow.
This interpretation carries over to the real experimental
situation: When trapping the particle at a fixed position,
the surrounding fluid needs to relax accordingly. This
process is expected to be slower than the case when the
probe particle can move freely, thereby possibly finding
a faster path to equilibrium.



7

How does the observed strong increase of the timescale
τ̃l compare to the significant reduction of the long-time
diffusion coefficient D∞ observed in Fig. 2(a)? Fig. 4 also
shows 1/D∞, in arbitrary units, to map τ̃s,l at c = 5 mm.
This yields an additional timescale, i.e., the time the
probe needs to diffuse a certain distance (e.g. its di-
ameter). This timescale grows even stronger than the
relaxation timescale of the nonreciprocal case, approxi-
mately another order of magnitude compared to τ̃l! This
is due to the fact that in τ̃l, both, the friction coefficient
as well as the coupling strength, increase with concen-
tration (see Tab. II), while D∞ is only anti-proportional
to the zero-shear friction, i.e. the sum of friction coef-
ficients. Hence, D∞ exhibits a greater sensitivity with
respect to changes in concentration. This interesting ob-
servation will be picked up again when discussing friction
and mobility kernels below. The also shown behavior of
1/D0 reveals (again) that the short time dynamics stays
almost constant upon variations in concentration.

Finally, in Fig. 4(b) we show the recoil amplitudes
As,l,tot, compare Eq. (21) and Appendix C. In contrast
to recoil timescales, the amplitude Atot increases by more
than one order of magnitude for the density range shown,
when normalized by shear velocity. This is partly due to
the fact that, at fixed driving velocity, the driving force
increases with density.

B. Mode Coupling Theory (MCT)

Before specifying the second model provided by MCT,
we address the relation between driving at given force to
driving at given velocity. In our experiments, the probe
is not perturbed by force (basis of Eq. (14)), but trapped
by an optical tweezer that moves with constant veloc-
ity v, and we are looking for the way of replacing the
force factor in Eq. (14) by this velocity. While a rigorous
relation requires to map the dynamics including fluctua-
tions, we proceed with an approximation that maps the
average variables in the stationary state. As noted be-
low Eq. (23), this is expected to become exact for systems
with linear interactions, as fluctuations and averages then
decouple.

Mathematically, the mapping is achieved by introduc-
ing an irreducible operator in the Hermitian conjugate
of the Smoluchowski operator Ω†38,39. Thereby, equa-
tion (7) can be transformed into

γ−1Fex(t) = v(t) +

∫ t

−∞
dt′m(t− t′)v(t′) , (24)

where the equilibrium friction-kernel m is related to the
mobility-kernel M via a Volterra relation40

M̂(s) =
m̂(s)

1 + m̂(s)
. (25)

ĥ(s) =
∫∞

0
dt h(t)e−st denotes the Laplace transform. By

definition, the friction-kernel contains irreducible dynam-

ics and in the present case can not be reduced to a Green-
Kubo form accessible to e.g. simulation.

Inserting the force that leads to a stationary average
probe velocity v in Eq. (24) into the linear response equa-
tion (10) and considering the limit tsh →∞ leads to the
recoil

δx(t)

v
=
δx2(t)− 2D∞t

2D∞
. (16)

This is the relation explicitly tested by experiments in
Fig. 2 which will be analyzed by MCT in the following.

As announced, as a second theoretical approach to the
linear response of dragged colloidal probes, we consider
the MCT19 of monodisperse hard spheres (see sketch in
Inset of Fig. 5(a)). In MCT it is well established that
the mean squared displacement fulfills the equation of
motion41 (projected to one dimension)

δx2(t) +

∫ t

0

m(t− t′)δx2(t′)dt′ = 2D0t (26)

with the friction-kernel m(t) of Eq. (24) reappearing. In
mode coupling approximation it is given as a functional
of the probe and bath density correlators. The retarda-
tion of the friction kernel expresses that the friction the
probe experiences is affected by the motion of the probe
itself at earlier times and by the dynamics of the sur-
roundings again at earlier times. Viscoelasticity is incor-
porated by the friction to develop longer-lasting memory
with increasing concentration of the glass-forming solu-
tion. The system of coupled integro-differential equations
resulting in MCT is solved by a preexisting MCT-solver42

on a grid of 200 equidistant wavevectors 0.1, ..., 39.9 us-
ing a decimation scheme with initial time step 10−8 and
128 steps per window43. For the specified packing frac-
tion the structure factor needed for m(t) is chosen to
be given by the Percus-Yevick approximation18. The
numerical MSDs from MCT are dimensionless of the
form δx2∗(t∗) and can be shaped to a real MSD by
δx2(t) = d2δx2∗(t/τB), where d is the hard sphere diam-
eter and τB = d2/D0 denotes the Brownian time, which
is the typical time a particle needs to diffuse its own di-
ameter d16. Applying the recoil formula to such a curve
gives (2D∗∞ ≡ limt→∞ ∂t∗δx

2∗)

δx(t)

v
=
δx2∗(t∗)− 2D∗∞t

∗

2D∗∞
τB = X∗(t∗;φ)τB . (27)

This means that plotting δx(t)
vτB

versus t∗ = t/τB yields
the function X∗, which for Brownian hard spheres only
depends on the chosen packing fraction. The D∗∞ is ob-
tained from a linear fit to the numerical curves in the last
window of the decimation grid.

To match this theory to our experiments for a given
micellar concentration, we start by determining the ratio
D∞/D0, which uniquely yields the corresponding hard
sphere packing fraction φ. We then fit the resulting MCT
curves for recoils to experimental data, which determines
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FIG. 5. Mean squared displacement and recoils within MCT
and from experiments. (a) Inset: Sketch of a system of
monodisperse hard spheres of diameter d that interact via
interaction forces F. The gray particle is considered as probe
particle and perturbed with an external force Fex. Main
graph: Experimental MSDs (open symbols) fitted with MCT
MSD’s (lines) for different packing fractions φ. The respective
packing fractions φ are shown in (b) and were chosen such that
MCT recoils (solid lines) match existing experimental recoils
(open symbols, see also Fig. 2(b)). Note that the windows of
time are different in the two plots as τB ≈ 50 s.

the Brownian timescale τB such that the scaled recoil
lies on X∗(t∗) defined in Eq. (27). Results are shown
in Fig. 5(b). After this it is still possible to adjust the
particle diameter to match the MSD. As already observed
below Eq. (23), fitting the recoil does not determine all
parameters of the model. This analysis shows that it
is possible to find parameters of a hard sphere system
that describe the probe in the wormlike micellar solution
including the recoil formula with good agreement.

For the concentrations 8 mm and 9 mm, where no recoil
was measured directly, the fit parameters d2 and τB are
both chosen to match just the MSD. The MSDs obtained
by this procedure compared with the experimental MSDs
are seen in Fig. 5(a) while the fitting parameters are
given in Tab. III in Appendix B.

What other behavior of recoils can we extract? Fig. 6
shows theoretical recoil curves for a wide range of pack-
ing fractions and up to very large values of t∗ = t/τB .
They are re-scaled such that their linear short-time be-
havior overlaps, which is achieved by division by (D0 −
D∞)/D∞. It can be seen that in the region t∗ . 10−1,

FIG. 6. Recoils calculated from MCT MSD’s via Eq. (16) and
rescaled with respect to their short-time behavior. The first
two packing fractions describe experimental measurements at
5 mm and 7 mm (up to ∼ 10−1τB), respectively. For higher
packing fractions, the systems approaches the glass transi-
tion. Inset: Corresponding friction-kernels m(t) with long-

time tails ∼ t−5/244.

identified as the region of our experimental measure-
ments, the recoils have a very similar shape, especially
for higher densities. This confirms our observation, that
the timescales used in the two bath particle model hardly
depend on density. At even larger times, the curves in
Fig. 6 show an additional relaxation step, which moves
to later and later times with increasing packing fraction.
It can be analysed close to the glass transition of hard
spheres for even higher packing fractions, presented in
Appendix D. For reference, the inset of Fig. 6 shows the
retarded friction kernel. It exhibits a power-law long time
tail with exponent −5/244 which, however, is outside the
experimental window where the recoils were determined.

V. DISCUSSION

The observations on the relation between recoils and
MSD can be formalized using memory kernels and
thereby allow to draw a connection between the two the-
oretical models and to reveal universal aspects.

Linear response theory relates recoil to the mobility-
kernel M . Integrating Eq. (7) yields

δx(t) = γ−1

∫ t

0

dt′
∫ t′

−∞
ds′Fex(s′)[δ(t′ − s′)−M(t′ − s′)].

(28)

The mobility kernel measures the relaxation of forces,
see Eq. (8), with the probe particle moving (diffusing)
freely: This is apparent in the derivation of Eq. (8). From
our experiments, the corresponding timescales vary only
weakly with density; we argued that the force free mov-
ing particle can relax fast. In the bath-particle model,
this corresponds to the reciprocal case, and the mobility
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kernel M contains the reciprocal timescales τs,l, explic-
itly,

M(t) =
γ

v(γ + γs + γl)

(
1

τ2
s

Ase
− t
τs +

1

τ2
l

Ale
− t
τl

)
.

(29)

The friction kernel m in Eq. (25), is, as stated there,
in general not given via a fluctuation function. As also
noted above, for systems with linear interactions, sim-
plifications occur23, due to decoupling of averages and
fluctuations. In this case, Eq. (24) is not only a math-
ematical, but also a physical inversion. Using FDT for
perturbations by a velocity18,

〈F (t)〉 = −β
∫ t

0

dt′〈F (t′)F (0)〉eqv(t′). (30)

This can be used to identify the friction-kernel m as

m(t) = βγ−1 〈F (t)F (0)〉eq − 2δ(t). (31)

In contrast to Eq. (7), the appearing force correlator is
now measured with the probe particle fixed at a given po-
sition. This little detail changes the scenario from recip-
rocal to nonreciprocal, and the nonreciprocal timescales
appear. Specifically, in the bath particle model, (see Ap-
pendix E),

m(t) =
κs
γ

exp(−t/τ̃s) +
κl
γ

exp(−t/τ̃l). (32)

The analysis of Eq. (25) extends beyond the regime of
linear interactions, where Eq. (32) is not valid, but this
discussion still provides useful intuition.

With this in mind, we can now obtain insights via the
Volterra relation between the two kernels, Eq. (25). With
increasing concentration, the friction kernel at vanishing
frequency, s = 0, viz. m(s = 0) grows, which is a famous
prediction of MCT. This can be directly seen from the
following relation, which follows from Eq. (26),

D∞ =
D0

1 + m̂(s = 0)
. (33)

Notably, in the bath particle model, as seen in Fig. 4(a),
the inverse long-time diffusion coefficient grows faster
than the timescale τ̃l. Indeed, it is also the amplitude
of m that grows with increasing density.

In contrast, Eq. (25) shows that, if m(s = 0) grows, the
mobility kernel M(s = 0) remains on order unity, hence
does not grow with density. This is in agreement with the
observation that the reciprocal timescales τs,l remain on
the same order of magnitude. This confirms the trends
in Fig. 4, and can also be seen in the expression for the
reciprocal timescales τs,l (Eq. (20)) which remains finite
even in the limits τ̃s,l →∞.

Within MCT, increasing the concentration is modeled
by an increase in the packing fraction. The ”master re-
coil” in Fig. 6 then confirms the fast characteristics of

the mobility kernel M ; the formula is given in Eq. (28).
For comparison, we also show the corresponding friction-
kernels m(t) in the inset of Fig. 6. Clearly, m(t) slows
down with increasing packing fraction. As was already
observed in Ref. 44 the kernel enters a regime of alge-
braic decay with a power of − 5

2 . For the lowest density
shown this starts at about t = τB and thus after the
corresponding duration of the recoil measurements.

VI. CONCLUSION

Based on the Einstein relation generalized to the time-
dependent linear response relation between the average
position of a driven probe particle and its mean squared
displacements in equilibrium, Eq. (10), we analyzed the
response kernels of a viscoelastic system for a number of
experimental densities. We investigated mean squared
displacements (MSD) of colloidal probes in equilibrium,
as well as recoils, when a driven probe reversed its motion
and recovered parts of its displacement after the driving
is turned off; the latter study was confined to the regime
of small driving where linear response applies.

Theoretical analysis used a generic Langevin descrip-
tion where a small number of bath particles is coupled to
the probe to model different relaxation channels, and the
mode coupling theory (MCT) of structural dynamics in
hard sphere solutions. Both descriptions showed that the
slowing down of the long time diffusion with increasing
bath concentration is related to the friction kernel m(t)
that encodes the increasing viscoelastic memory in the
surrounding bath (Eq. (33)). Its s = 0 mode grows,
as is often modelled by an ansatz following Maxwell

m(t) = fMW e−t/τ
MW

, where, with Eq. (33), the long-
time diffusion, D−1

∞ ∼ fMWτMW. Our theoretical models
recover this interpretation of D∞, yet provide convincing
evidence that a single-relaxation time ansatz following
Maxwell is insufficient to understand the motion of a col-
loidal probe in a viscoelastic fluid. While this is visible in
the MSD through the increasing window of sub-diffusive
motion between short, limt→0 δx

2(t) = 2D0t, and long
time behaviors limt→∞ δx2(t) = 2D∞t, the mentioned
timescales are however partly overshadowed by the long
time diffusion process. This slow process is also diffi-
cult to measure in experiments, because of stability is-
sues such as spatial drift or unsteady temperatures. This
is in striking difference to recoils that are much simpler
to measure.

The recoil curves clearly show distinct timescales,
which are determined by a mobility kernel M(t). M(t)
is related to the friction kernel m(t) (see Eq. (25) in
Laplace space) and is characterized by a different set of
timescales, where one of them is far smaller than τMW.
Recoil spectra measure the elastic response that, once its
amplitude has developed in a viscoelastic fluid, exhibits
a rather small temporal variation with concentration.

While, theoretically, all discussed kernels and observ-
ables are related, via Eqs. (14) and (25), this analysis of
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recoils and MSD in the same system revealed that mea-
suring recoils provides several benefits: It allows access
to the mobility kernel M via Eq. (28). This is easier
than determining M from MSD data via Eq. (9), as the
latter requires accurate determination of long-time diffu-
sion. The recoil also displays nontrivial timescales and
relaxation channels, which in MSD can be hidden.

Future work can address effects of nonlinearity, both
in the driving speed, as well as in interactions.

ACKNOWLEDGMENTS

This project was funded by the Deutsche Forschungs-
gemeinschaft (DFG), Grant No. SFB 1432 - Projects C05
and C06. F.G. acknowledges support by the Alexander
von Humboldt foundation. The authors declare no com-
peting interest.

Appendix A: Experimental parameters

In Table I we list the trap stiffness κ used for recoil
experiments at different concentrations c. These val-
ues are obtained from fitting the equilibrium probability
distribution of the trapped probe to a Boltzmann dis-
tribution P (x) ∝ e−U(x)/kBT with harmonic potential
U(x) = 1/2κx2, see e.g. Ref. 7.

TABLE I. Experimental trap stiffness κ used for the recoil
experiments.

c (mm) κ (µN/m)
5 46± 4
6 16± 1
7 7.2± 0.8
8 -
9 -

Appendix B: Model parameters

For the model parameters of the linear two-bath par-
ticle models fitting experimental MSD’s and recoils see
Table. II. The model parameters for fitting hard sphere
MCT to experimental data are listed in Table III.

TABLE II. Model parameters γ, γs, γl, κs and κl used for
fitting a two-bath particle model to experimental MSD’s and
recoils for varying concentrations c.

c γ γs γl κs κl
(mm) (µNs/m) (µNs/m) (µNs/m) (µN/m) (µN/m)

5 0.246 0.272 0.218 0.37 0.05
6 0.123 0.494 1.48 0.494 0.123
7 0.358 1.288 16.36 1.074 0.59
8 0.374 1.404 36 1.236 1.068
9 0.46 1.612 101 1.798 2.32

TABLE III. Model parameters φ, τB and d2 for fitting hard
sphere MCT to experimental MSD’s and recoils for varying
concentrations c. D0 and D∞ are the obtained short- and
long-time diffusivities.

c φ τB d2 D0 D∞
(mm) φ (s) (µm2) (10−2µm2/s) (10−4µm2/s)

5 0.36 41.351 0.837 2.024 56.36
6 0.45 69.531 1.157 1.664 9.819
7 0.48 45.958 0.727 1.581 2.561
8 0.49 47.575 0.644 1.353 1.047
9 0.50 21.709 0.345 1.589 0.392

Appendix C: Recoil amplitudes within 2-BP model

The recoil amplitudes in Eq. (21) take the following
form

As
v

=
γsτ̃s

(
1− e−

tsh
τ̃s

)
2 (γ + γs + γl)

[
1 +

τ̃l [ζl(τ̃l − τ̃s) + γs + γl]

(γ + γs + γl)(τl − τs)

]

+
γlτ̃l

(
1− e−

tsh
τ̃l

)
2 (γ + γs + γl)

[
1− τ̃s [ζs(τ̃s − τ̃l) + γs + γl]

(γ + γs + γl)(τs − τl)

]
,

(C1)

Al follows from As by changing indices s↔ l and Atot =
As +Al

11.

Appendix D: Alpha scaling of recoils

Figure 6 shows that for increasing packing fraction the
recoil curves exhibit a variation at long times. This is
connected to the glass transition in the MCT hard sphere
calculations. Calculating recoil curves in MCT for pack-
ing fractions very close to the glass transition we can
observe that scaling both axes by the α-time τα ∝ D−1

∞
leads to a universal description of a second relaxation step
in the recoil. This can be seen in Fig. 7; the glass tran-
sition lies at φc = 0.5159 for the present numerics. The
collapse on a master curve corresponds naturally to the
typical α-scaling relations considered for the hard sphere
MSD before41.
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FIG. 7. Recoils calculated from MCT MSD’s via Eq. (16)
and rescaled by the timescale τα ∝ D−1

∞ . Close to the glass
transition (φc = 0.5159), recoils approach a universal second
relaxation step.

Appendix E: Identification of m(t) within the linear
two-bath particle model

We can rewrite the set of overdamped Langevin equa-
tions, Eqs. (17)-(19), describing the motion of the probe
and the two bath particles in the linear two-bath particle
model in terms of a generalized Langevin equation∫ t

−∞
dt′ Γ(t− t′)ẋ(t′) = Ftrap(t) + ξ̃(t) (E1)

with memory kernel

Γ(t) = 2γδ(t) + κse
−κsγs t + κle

−κlγl t (E2)

and noise

ξ̃(t) = ξ(t) +
∑
s,l

κn
γn

∫ t

−∞
dt′ ξn(t′)e−

κn
γn

(t−t′), (E3)

which fulfills FDT, 〈ξ̃(t)ξ̃(t′)〉 = kBTΓ(|t− t′|). This for-
mulation allows us to find a relation between the velocity
autocorrelation Cvv(t) = 〈v(t)v(0)〉eq and the memory
kernel Γ(t), for which we take the bath to be prepared in
equilibrium at t = 0. We start by multiplying Eq. (E2)
in the absence of a trapping force, Ftrap(t) = 0 with v(0)
and performing an equilibrium average. This yields∫ t

0

dt′Γ(t− t′)〈v(t′)v(0)〉eq = 〈ξ̃(t)v(0)〉eq. (E4)

Using 〈ξ̃(t)v(0)〉eq = 2kBT we find in Laplace space

Γ̂(s)Ĉvv(s) =
2kBT

s
. (E5)

In order to identify the friction kernel m(t) as defined
for a microscopic system of spherical particles obeying
Smoluchowski dynamics, we relate the velocity autocor-
relation to the MSD (in Laplace space)

Ĉvv
s

=
1

2
s ˆδx2(s), (E6)

which leads to

ˆδx2(s) =
2kBT

s2Γ̂(s)
. (E7)

After transforming back to time space we obtain∫ t

0

dt′Γ(t− t′)δx2(t′) = 2kBT · t. (E8)

This expression can finally be compared to Eq. (26), the
equation of motion used in MCT. We find Γ(t) = γm(t)+
2γδ(t), as D0 = kBT/γ in our model. Hence we can

identify m(t) = κs
γ e
−κsγs t + κl

γ e
−κlγl t.

DATA AVAILABILITY

The data that support the findings of this study are
available from the corresponding author upon reasonable
request.
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