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“Most of everyday life is spectacularly nonlinear;
if you listen to your two favorite songs at the same time,
you won’t get double the pleasure.”

— Steven H. Strogatz





Zusammenfassung

In dieser Arbeit wird die nichtlineare und rauschinduzierte Schwingungsdynamik eines
nanomechanischen Saitenresonators hoher mechanischer Güte untersucht. Dazu verwen-
den wir ein integriertes dielektrisches Antriebs- und Detektionsschema, welches uns bei
Raumtemperatur und Vakuum eine sehr gute Ansteuerung und Signalübermittlung der
Schwingungen des Saitenresonators ermöglicht.
Die hohe Güte und die geringe Größe unseres Saitenresonators führt dazu, dass wir
schon bei einer relativ kleinen Antriebsspannung nichtlineare Phänomene beobachten
können. Die nichtlineare Antwort eines mechanischen Resonators ist in erster Ord-
nung durch das Duffing-Modell beschrieben, welches aus der Bewegungsgleichung
des angetriebenen und gedämpften harmonischen Resonators und einem zusätzlichen
kubischen Term besteht. Der zusätzliche nichtlineare Term führt zu der Koexistenz
von zwei stabilen Schwingungszuständen, sowie einem instabilen Zustand. Für rela-
tiv kleine Antriebsspannungen können wir unseren nichtlinearen Saitenresonator gut mit
dem Duffing-Modell beschreiben. Eine sorgfältige Charakterisierung und Kalibrierung
des Resonators sowie des experimentellen Aufbaus ermöglicht uns die Bestimmung der
nichtlinearen Duffing-Konstante in unserem System.
Für moderate Antriebsspannungen müssen wir eine weitere Nichtlinearität in un-
serem System mitbetrachten. Das dielektrische Antriebes- und Detektionsschema führt
durch eine angelegte Gleichspannung zu einer gebrochenen räumlichen Symmetrie,
welche durch einen zusätzlichen kubischen Term im Potential des nanomechanischen
Resonators beschrieben wird. Das erweiterte Modell wurde von unseren Theorie-
Kooperationspartnern Mark Dykman und Gianluca Rastelli entwickelt und ermöglicht
es uns unsere Daten auch über das Duffing-Modell hinaus zu beschreiben. Zusätzlich
können wir aus dem Modell die kubische Nichtlinearität im Potential der Mode bestim-
men.
Insbesondere die geringe Größe und die hohe mechanische Güte unseres Resonators
führt zu einem signifikanten Einfluss von rauschinduzierten Prozessen und ermöglicht
deren Untersuchung. Diese führen in Gegenwart des getriebenen Duffing Resonators
zu interessanten Effekten, wie dem Auftreten zweier zusätzlicher Signalkomponen-
ten die symmetrisch und mit ungleicher Intensität zum Signal der angetriebenen
Schwingungsmode im Leistungsspektrum auftauchen. Die zwei zusätzlichen Signalkom-
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ZUSAMMENFASSUNG

ponenten werden durch thermisches Rauschen und eine dadurch verursachte Ampli-
tudenfluktuation erzeugt. Darüber hinaus sind die thermischen Fluktuationen entlang
einer Quadraturkomponente unter das fundamentale Limit des Gleichverteilungssatzes
der Thermodynamik gequetscht („squeezed“). Das ist eine Folge der gebrochenen
Zeitumkehrsymmetrie, ausgelöst durch den periodischen Antrieb unseres nichtlinearen
Resonators. Mit unseren Messungen und dem von Mark Dykman, Gianluca Rastelli
und Wolfgang Belzig entwickelten theoretischen Modell können wir den Quetschungs-
parameter („squeezing parameter“) mit einer Leistungsspektrumsmessung bestimmen.
Wir finden eine sehr gute Übereinstimmung zwischen unseren experimentellen Daten
und dem theoretischen Modell ohne freie Parameter. Darüber hinaus können wir zeigen,
dass der Quetschungsparameter mit unserer neu entwickelten Mess- und Auswertungs-
methode deutlich einfacher bestimmt werden kann als mit der Standardmethode, einer
homodynen Detektion, welche nur sehr schwer auf einen getriebenen Resonator mit ho-
her mechanischer Güte angewendet werden kann.
Ähnliche Ergebnisse finden wir, wenn wir unseren getriebenen nichtlinearen Resonator
mit einem zusätzlichen sehr schwachen Abtastsignal untersuchen. Im Antwortspektrum
der Schwingungsmode erscheinen ebenfalls zwei zusätzliche Signalkomponenten von
unterschiedlicher Intensität, die in diesem Fall durch das zusätzliche Abtastsignal in-
duziert werden. Die ungleiche Intensität beschreibt ein weiteres Mal das gequetschte
thermische Rauschen in einer Quadraturkomponente. Diese zweite Messung kann eben-
falls mit einem Theoriemodell, aufgestellt von Mark Dykman, verglichen werden und wir
finden eine perfekte Übereinstimmung ohne freie Parameter. Der Vorteil dieser zweiten
Messmethode liegt darin, dass diese auch auf Quantenfluktuation anwendbar ist.
Für extrem starke Antriebsspannungen beobachten wir das Auftauchen weiterer Sig-
nalkomponenten im Leistungsspektrum der stark getriebenen Schwingungsmode. In
diesem Fall sind die Signalkomponenten extrem scharf, von hoher Intensität und äquidis-
tant zueinander und ähneln damit einem Frequenzkamm. Bisher wurden Frequenz-
kämme nur im Zusammenhang zweier gekoppelter Schwingungsmoden oder mehrerer
Antriebssignale in Gegenwart einer Nichtlinearität beobachtet und beschrieben. Bei-
des trifft nicht auf unser System zu. Dykman et al. haben ein theoretisches Mo-
dell entwickelt, welches unsere Beobachtungen, ein Frequenzkamm erzeugt von einer
einzelnen, getriebenen nichtlinearen Mode, erklären könnte. Dafür wird eine reso-
nant induzierte negative Dämpfung angenommen, die unser System zu selbsterregenden
Schwingungen im zur Beschreibung verwendeten mitrotierenden Koordinatensystem an-
regt. Diese selbsterregenden Oszillationen sind auf asymmetrische Bahnen beschränkt,
die durch den periodischen Antrieb unseres nichtlinearen Resonators zustande kommen.
Die Asymmetrie spiegelt sich in den vielen äquidistanten Signalkomponenten im Leis-
tungsspektrum der stark getriebenen Schwingungsmode wider. Wir finden eine sehr gute
qualitative Übereinstimmung zwischen unseren Daten und dem vorgeschlagenen Mo-
dell. In Zusammenarbeit mit Mark Dykman, Gianluca Rastelli, Wolfgang Belzig und
Daniel Boneß arbeiten wir zurzeit an einem direkten Vergleich unserer experimentellen
Daten und dem theoretischen Modell, sowie an der Klärung des Ursprunges des nega-
tiven Dämpfungstermes.
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Abstract

This work investigates the nonlinear and noise-induced dynamics of a high Q nanome-
chanical string resonator with a dielectric drive and transduction scheme at room temper-
ature and vacuum conditions.
For a weak drive, the nonlinear dynamics is well described by the Duffing model, which
is characterized by a hysteretic frequency response curve. In the bistable regime, the
system features two stable and one unstable solution. A careful characterization of the
investigated fundamental flexural mode and the experimental system allows us to deter-
mine the nonlinear Duffing parameter.
Already for moderate drive voltages, the model has to be extended by a cubic term in the
restoring potential of the mode to account for a broken spatial symmetry imposed in our
system by the dielectric drive and transduction scheme. The extended model, developed
by our theory collaborators Mark Dykman and Gianluca Rastelli, allows us to describe
the nonlinear response beyond the standard Duffing regime. Moreover, we can use the
model to determine the cubic nonlinearity in the restoring potential of the mode.
In the presence of thermal noise, the nonlinearity and the periodic drive lead to the break-
ing of the continuous time-translation symmetry. As a result, the thermal fluctuations of
the driven resonator are squeezed along one quadrature component below the thermody-
namic limit set by the equipartition theorem. The squeezing is directly reflected in two
unequally bright satellite peaks in the power spectrum of the driven mode. This opens a
way to deduce the squeezing of thermal fluctuations of a driven Duffing resonator, even
in a regime where frequency fluctuations impede a standard homodyne detection. We
find a remarkable agreement between our experimental data and the theoretical model
developed by Mark Dykman, Gianluca Rastelli and Wolfgang Belzig.
Similar results are obtained in the response spectrum in the presence of an additional
very-weak probe tone. Notably, this second method also applies to quantum fluctuations.
Once more, we find a perfect agreement with the theoretical model developed by Mark
Dykman.
For an ultra-strong drive, we observe an instability in the response of the mode and the
appearance of additional satellite peaks forming a frequency comb from a single mode in
the power spectrum. A frequency comb generated from a single mode and drive tone was
recently theoretically predicated by Dykman et al., however, to the best of our knowl-
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ABSTRACT

edge not observed so far. We find a good qualitative agreement between our observations
and the theoretical proposal. Together with Mark Dykman, Gianluca Rastelli, Wolfgang
Belzig and Daniel Boneß we are currently working on a direct comparison between our
experimental data and the theoretical model, as well as on the clarification of the mecha-
nism behind our experimental observations.
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1
Introduction

Georg Duffing (1861-1944), a German engineer, was working on gears, brakes, and
engines when he became aware of nonlinear vibrations, which, as he noticed, were often
the limiting factors in engine performance [1].
Guided by his general interest in science, he started to conduct careful and systematic
experiments on nonlinear vibrations in the laboratory of Prof. Eugen Mayer at the Royal
Technical Faculty in Berlin, where he was allowed to work over the weekends, often
accompanied by his oldest daughter. Duffing performed his experiments with the help
of a mechanical test apparatus consisting of pendulums and springs. He engineered the
springs to become either stiffer or softer when being stretched to mimic a cubic stiffness
term, or he considered a spring stiffer in one direction than the other to account for an
asymmetric restoring potential [1].
Five years later, he published his thorough experimental and theoretical studies in his
famous book, “Erzwungene Schwingungen bei veränderlicher Eigenfrequenz und ihre
technische Bedeutung 1” [2]. In his book, he describes the nonlinear response of a me-
chanical resonator by an equation of motion essentially corresponding to the harmonic
resonator, the bedrock of vibrational systems, extended by an additional quadratic and
cubic term. The quadratic term describes an asymmetric restoring potential, and the
cubic term adds a stiffening or softening correction in the restoring force. The cubic
term results in the most prominent feature of a nonlinear resonator: the coexistence of
two stable and one unstable state, which gives rise to a hysteretic frequency response
curve. The derived equation of motion (without the quadratic term) is nowadays known
as the Duffing equation, and one can hardly find a paper on nonlinear dynamics without
some reference to it.

More than half a century later, nonlinear vibrations described by the Duffing equation
have also been realized with micro-and nanomechanical resonators [3–7]. The combi-
nation of a small size and a high mechanical quality factor (Q) makes nanomechanical
resonators a versatile platform for numerous applications and fundamental research.
Nanomechanical resonators can be employed as ultrasensitive mass [8–11], charge [12]

1Translated: “Forced oscillations with variable natural frequency and their technical significance”.
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1. INTRODUCTION

or force sensors [13], gyroscopes [14], or clocks [15, 16] to name a few. Moreover, their
intrinsic nonlinearity, which becomes strong even at small vibration amplitudes, allows
studying the vibrational dynamics beyond the linear approximation. Nanomechanical
Duffing resonators have been used to investigate the bistability and hysteresis behavior,
switching, and stochastic resonance [3, 6, 7, 17, 18] as well as amplification [19] and
squeezing [20]. Furthermore, the response of coupled Duffing resonators [21, 22] and
even higher-order nonlinearities have been explored [23, 24].

Within this thesis, we investigate a high Q nanomechanical string resonator in
various nonlinear regimes. An overview of the different regimes, along with typical
frequency response curves, is shown in Fig. 1.1. Next to the experimental evidence, we
can compare our results to theoretical models developed by our theory collaborators
Mark Dykman, Gianluca Rastelli and Wolfgang Belzig.
Before we can study the nonlinear regime, we characterize the vibrational mode for a
very-weak drive in the linear regime, where the frequency response curve, shown as a
blue curve in Fig. 1.1 (a), is described by the damped and driven harmonic resonator
model.
Already a weak drive allows entering the nonlinear regime, which comes along with a
hysteretic frequency response curve, plotted as a green line in Fig. 1.1 (a). For a weak
drive, the response is well described by the Duffing model and a cubic nonlinearity. The
nonlinear regime allows for various interesting experiments.
Due to the small size of the nanomechanical resonators, it is very sensitive to fluctuations,
such as thermal noise. Almost 30 years ago, striking features in the power spectrum of a
driven nonlinear mode in the presence of fluctuations were predicted [25–28], but so far,
they were only weakly resolved [29].
Our well-controlled and high Q nanomechanical resonator gives us the opportunity to
investigate in detail the backaction between thermal noise (or a very-weak additional
probe tone) and the driven nonlinear resonator. A careful study of the fluctuation-induced
nonlinear dynamics allows us to reveal the squeezing of thermomechanical fluctuations
of the driven resonator. Moreover, a novel measurement technique to characterize the
squeezing is found, which is also applicable for quantum fluctuations and is much
simpler than a standard homodyne detection.
Already Georg Duffing included a term describing the asymmetry of the restoring
potential into his originally published equation. Nevertheless, in the nowadays standard
formulation of the Duffing model, this term is often neglected. For a weak drive and thus
comparatively small amplitude, the effect of an asymmetric potential can be mapped onto
the cubic Duffing nonlinearity. With that, the simplified model holds even for a broken
spatial symmetry [30, 31]. However, for nanomechanical resonators, the asymmetry in
the potential can be significant, for example, because of nearby control electrodes [32,
33] or asymmetric clamping points [34] and therefore, one might expect deviations from
the Duffing model already for a moderate drive and vibrational amplitudes, as shown by
the orange frequency response curve in Fig. 1.1 (a).
For a moderate drive, our high Q nanomechanical resonator allows us to investigate the
regime beyond the standard Duffing model.

2



Figure 1.1: Overview of the investigate regimes reached for different drive strengths. (a) The
linear (blue), Duffing (green), beyond Duffing (orange) and instability regime (red)
come along with distinct frequency response curves. The shown curves for the linear,
Duffing and beyond Duffing regime are calculated from the theoretical model. The
frequency response curve for the instability regime is measured. The various regimes
will be discussed in detail in the following chapters. (b) Drive strength notations used
in the following chapters. P (Vin) is the typical applied drive power (drive voltage)
exerted on the string resonator to reach the different regimes in panel (a). A (Vout)
in units of meters (volts) is the associated vibrational amplitude of the resonator for
the different regimes given for a resonant drive fd = f0 and a DC voltage of 5 V. All
values are only guidelines to differentiate between the regimes. The beyond Duffing
regime belongs to a moderate and strong drive.

For an ultra-strong drive, we can enter yet another regime, which features an instability
in the frequency response curve, as shown by the red data in Fig. 1.1 (a).
Recently, a resonantly induced nonlinear friction force was proposed [35] which can
lead to the onset of a frequency comb. The frequency comb is expected to appear for a
single nonlinear mode, which has not been observed so far to the best of our knowledge.
Our well-controlled nanomechanical resonator allows us to investigate this novel and
profoundly nonlinear regime, which is characterized by the instability in the frequency
response curve.

The thesis is structured into several chapters which discuss the different regimes intro-
duced in Fig. 1.1. First, Chapter 1 and Chapter 2 give an introduction to the subject and a
summary of the fundamentals of a vibrating nanomechanical resonator in the linear and
Duffing regime. Chapter 3 focuses on the influence of thermal noise on a driven Duffing
resonator, where we find, next to the proposed features in the spectra of the driven mode,
also that the thermal noise is squeezed. Similar results are found for a very-weak probe
tone swept across the driven nonlinear mode, which will be discussed in Chapter 4. The
influence of the broken spatial symmetry for a moderate drive is analyzed in Chapter
5. The most striking feature observed in our experimental system, a frequency comb
formed from a single ultra-strongly driven mode, is discussed in Chapter 6. Finally, the
results are summarized in Chapter 7.
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2
Experimental and Theoretical
Basics

This chapter establishes the experimental and theoretical framework. It gives an intro-
duction to the investigated nanomechanical string resonator with its all-integrated drive
and detection scheme. Furthermore, we analyze the vibrational dynamics in the linear
and nonlinear regime and present a method to fully characterize the nanomechanical res-
onator and calibrate the experimental system.

2.1 The nanomechanical string resonator
Throughout this thesis, we explore the vibrational dynamics of a high Q nanomechan-
ical resonator. In particular, we study a weakly damped, freely suspended, and doubly
clamped string resonator similar to the one sketched in Fig. 2.1. The string is attached at
its two ends to the rectangular clamping pads. It can be thought of as a tiny guitar string
that is roughly a thousand times smaller than a single human hair.

Figure 2.1: Sketch of a nanomechanical string resonator with an out-of-plane vibration (black
arrows). The in-plane motion is indicated by gray arrows.

5



2. EXPERIMENTAL AND THEORETICAL BASICS

As illustrated in the sketch, the string is free-standing, and it can vibrate. The sketch
shows the two fundamental flexural modes, the in-plane (IP, gray arrows) and the out-of-
plane mode (OOP, black arrows). In the following, we will mainly study the fundamental
OOP mode of our nanomechanical resonator.
The nanomechanical string resonator is fabricated from highly pre-stressed amorphous
silicon nitride (SiN) on a fused silica substrate in a top-down process using fabrication
techniques, such as e-beam lithography and anisotropic etching. Details on the fabrica-
tion process can be found, for example, in [36]. As a result of dissipation dilution [37–
40], the strongly pre-stressed nanomechanical string resonator is very weakly damped
and exhibits considerable large mechanical quality factors for a device operated at room
temperature and under vacuum conditions.
Unless otherwise stated, all measurements were conducted on the same string resonator,
which was fabricated by Maximilian Seitner. The nanomechanical string resonator under
investigation has a length of 55 µm, a width of 270 nm, a thickness of 100 nm, and is
flanked by two adjacent gold electrodes for dielectric control (see Sec. 2.1.2). A scan-
ning electron micrograph of a similar sample is shown in Fig. 2.2 and a detailed sketch is
shown in the Appendix A.

2.1.1 Theoretical description
The flexural dynamics of the nanomechanical string resonator can be described in the
framework of the Euler-Bernoulli beam theory. A detailed derivation can be found in the
literature, for example, in Refs. [41, 42].
From the Euler-Bernoulli beam theory, one can find an expression to determine the eigen-
frequency f0 of the fundamental flexural mode, which is given by the following equation

f0 =
ω0

2π
=

π

2l2

√
EI

ρAc

√
1 +

σAcl2

EIπ2
. (2.1)

In the equation l denotes the length, E the Young’s modulus, ρ the mass density, σ the
tensile stress,Ac is the cross-sectional area of the string and I the area moment of inertia.1

We also introduce the angular eigenfrequency ω0, since this quantity will be used later in
the theoretical model.
As our nanomechanical resonator is highly-stressed and long compared to the lateral
dimension: σAcl2

EIπ2 � 1, we can simplify Eq. (2.1) to the string model, which means that
the tensile force dominates the bending rigidity

fn =
ωn
2π

=
n

2l

√
σ

ρ
. (2.2)

Here we added the index for the mode number n (number of nodes) to allow for the
description of higher spatial harmonics. The fundamental mode, considered so far, cor-
responds to n = 1.

1The area moment of inertia IOOP = w · h3/12 depends on the geometry of the resonator (with the
width w and height h) and might differ for the two flexural modes, as for the IP mode width and height
must be exchanged.
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2.1. The nanomechanical string resonator

For the investigated nanomechanical string resonator with a length of 55 µm, a stress of
σ = 1.46 GPa [43] and a mass density of ρ = 3100 kg/m3 [44], an eigenfrequency of
f0 ≈ 6 MHz is found.

2.1.2 Dielectric actuation and displacement detection scheme
We use an integrated dielectric drive, manipulation, and detection scheme, developed in
the group of Eva Weig, to control and detect the vibrational state of the resonator. Details
can be found in the Refs. [33, 45, 46]. The dielectric scheme is implemented via two gold
electrodes flanking the resonator. Figure 2.2 shows a scanning electron micrograph of the
nanomechanical string resonator (green) and the two adjacent gold electrodes (yellow).
A simplified schematic of the dielectric control system is shown on the right.

Figure 2.2: Scanning electron micrograph of the doubly clamped silicon nitride string resonator
(green) and two adjacent gold electrodes (yellow) facilitating the dielectric scheme.
To the right, a simplified schematic of the electronic setup for the dielectric drive and
displacement detection is shown. The microwave signal (µw) is used to resonantly
pump the microwave cavity, which is bonded to one of the electrodes. The transmit-
ted and modulated microwave cavity signal (S) is demodulated by IQ-mixing with a
reference signal (LO). The output signal is low-pass filtered (LP), amplified (AMP),
and sent to the measurement device. The DC voltage (DC) and the RF drive tone
(RF) of the drive frequency fd are combined with a bias tee and applied to the other
electrode. A microwave bypass enables the combination of dielectric actuation and
detection. Modified from Supplementary of Ref. [47].

The two gold electrodes are patterned on top of the SiN layer and have a slight vertical
offset with respect to the string.2 This asymmetry results in a gradient field when a DC
voltage is applied to the electrodes and allows us to actuate the string resonator. The
string is made of a dielectric material and hence becomes polarized when exposed to
an inhomogeneous field. One can describe the voltage-induced polarization by electric

2A detailed schematic is shown in the Appendix A.
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2. EXPERIMENTAL AND THEORETICAL BASICS

dipoles, which couple to the electrical field gradient of the inhomogeneous field. Con-
sequently, an electrostatic gradient force, determined by the field gradient and dipole
moment, is exerted on the string resonator and attracts it towards the electrodes. Adding
a periodic RF drive voltage VRF = Vd cos(ωdt) on top of the DC voltage gives rise to a
periodic force,

F [VDC + VRF] ∝ (VDC + VRF)2 ≈ V 2
DC + 2VDCVRF = V 2

DC + 2VDCVd cos(ωdt) , (2.3)

which drives the voltage-induced dipoles and therefore actuates the nanomechanical
string resonator at the drive frequency 3 ωd = 2πfd [33].
Besides enabling the dielectric driving scheme, the applied DC voltage allows us to ma-
nipulate the mode. By tuning the field gradient experienced by the nanostring, which is
found to act as an additional electrically induced spring constant, we can tune the eigen-
frequency of the resonator. The field gradient is proportional to the square of the applied
DC voltage, and with that, we obtain a quadratic dependence of the resonance frequency
on the applied DC voltage [45]. A more detailed derivation is given in Sec. 5.3.1. A
similar tuning is found for the dielectrically induced damping [45]. Additionally, the
polarization-induced shift of the equilibrium position breaks the spatial symmetry of the
mode and gives rise to a cubic nonlinear term in the restoring potential, which is dis-
cussed in detail in Chap. 5.
The vibration of the nanomechanical resonator can be detected by coupling a λ/4 mi-
crostrip microwave cavity to one of the electrodes via a bond wire. The vibrating dielec-
tric string causes a capacitance modulation of the electrodes. When the microwave cavity
is pumped on resonance, the modulation of the capacitance (and hence the mechanical
signal) is imprinted as two sidebands onto the microwave cavity transmission signal [48].
The mechanical signal can be recovered by demodulating the cavity transmission signal
at the pump frequency using an IQ-mixing technique. The output is low-pass filtered and
amplified before being sent to our measurement device [46].

2.1.3 Measurement setup
In addition to the drive and detection scheme, some other devices are required to ensure
good control of the nanomechanical string resonator. First of all, the sample is placed in
a vacuum chamber operated at a pressure of ≤ 10−4 mbar to avoid gas damping. More-
over, the string resonator is studied at room temperature, which is regulated by an air
conditioning system. It turns out that temperature stabilization is quite crucial as slight
drifts in temperature directly cause a change in the eigenfrequency. Since even the air
conditioning system shows some fluctuations, a Peltier element is used for additional
stabilization. The heating element is attached to the sample holder to control the tem-
perature of the sample. It also allows operating the sample in a small temperature range
away from room temperature. However, in the measurements shown in the following, the

3Note that we neglected the term V 2
RF, which gives rise to a drive at twice the drive frequency. How-

ever, for a weak drive voltage, the drive contribution at twice the drive frequency remains very small and
can be safely neglected. A more detailed discussion is given in Sec. 5.2.2.
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2.2. Linear dynamics

Peltier element is only used as an additional temperature stabilizer.
Depending on the desired measurement, various measurement devices can be used to
investigate the vibrational dynamics in both the time and frequency domain. One mea-
suring device that can handle both characterization methods is the Zurich Instrument
lock-in amplifier (HF2LI).
The measurement principle of a lock-in amplifier is well explained in Ref. [49]. In prin-
ciple, a homodyne detection scheme combined with low-pass filtering is employed to
measure the amplitude and phase (or in-phase and quadrature component) of a signal
with respect to a periodic reference. With this at hand, the signal of interest can be iso-
lated from other frequency components present in the system. In our case, the periodic
reference signal is provided by the output of the lock-in amplifier and serves as the pe-
riodic RF drive tone to actuate the resonator. Several built-in measurement tools, such
as a sweeper, a spectrum analyzer, a basic oscilloscope, and a phase-locked loop (PLL),
allow for a variety of different measurements.
In order to measure the power spectrum of the nanomechanical resonator for a particular
drive frequency in the frequency domain, a spectrum analyzer (Rohde & Schwarz FSV4)
is used. This is a single-port device that captures the time-varying signal in the frequency
domain at a well-defined frequency. In that case, the driving signal must be added with a
separate device, for instance, by a waveform generator (Agilent 33522A).

2.2 Linear dynamics
The dielectric drive and detection scheme allows us to explore the vibrational dynamics
of our nanomechanical resonator. In the linear regime, the dynamics is described by
the model of the damped and driven harmonic resonator, which will be discussed in the
following chapter.

2.2.1 Damped and driven harmonic resonator
A general description of the topic can be found for example in Refs. [34, 41, 42]. In the
following, we will use the notations based on the work of Gianluca Rastelli and Mark
Dykman, see for example Ref. [47].

The linear dynamics of the nanomechanical string resonator can be reduced to the
simple model of a damped and driven harmonic resonator by introducing the effective
mass m, which approximates the structure to a point mass moving at the position
of maximal deflection. For the fundamental mode of our string resonator, which is
considered here throughout the work, this position corresponds to the center of the
string, and the effective mass is found to m = ρ·l·Ac

2
[50].

The vibration of the single mode is described by the displacement q(t) and the following
equation of motion

q̈ + 2Γq̇ + ω2
0q =

Fd
m

cos(ωdt) . (2.4)
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2. EXPERIMENTAL AND THEORETICAL BASICS

The first term of the equation of motion describes the inertia, the second the damping, the
third the restoring force, and on the right-hand side is the driving term. In the equation
ω0 = 2πf0 is the angular eigenfrequency, Γ = 2πΓ̃ the damping rate,4 and Fd and
ωd = 2πfd are the amplitude and frequency of the external driving force. For the later
discussion, it is convenient to define the by the effective mass scaled driving amplitude
F = Fd/m.

The ratio Q = ω0/2Γ defines the mechanical Q-factor, which can be interpreted as the
number of vibrations before the motion dies out due to the damping in the system. It
is very large due to the small damping parameter of our resonator and the dissipation
dilution introduced by the highly pre-stressed SiN layer [37–40].

Frequency response

In a stationary vibrational state the coordinate q(t) = A cos(ωdt+ θ) vibrates at the drive
frequency with a phase θ with respect to the drive. Solving the differential equation (2.4)
with the ansatz for q(t) gives the vibrational amplitude A:

A =
Fd

m
√

(ω2
0 − ω2

d)
2 + 4Γ2ω2

d

, (2.5)

which is known as the frequency response of the resonator. A plot of the amplitude A
as a function of the frequency detuning ωd − ω0 is shown in Fig. 2.3 (a). The maximum
amplitude Fd

2mΓω0
is reached at the resonance frequency ωR =

√
ω2

0 − 2Γ2. For a weakly
damped mode,5 as it is the case for our system, it is very close to the eigenfrequency of
the mode, and we can assume that ωR ≈ ω0.
The phase lag θ of the response of the mode with respect to the driving force is determined
by:

tan(θ) =
−2Γωd
ω2

0 − ω2
d

. (2.6)

The phase response of the mode as a function of the drive frequency detuning is shown
in Fig. 2.3 (b). For a negative frequency detuning, ωd � ω0, the response of the mode
lags behind by a small angle, at resonance ωd = ω0 we find θ = −90◦, and for driving
frequencies above ω0, we find θ close to −180◦.
Amplitude and phase can be used to fully parameterize the dynamics. However, some-
times it is convenient to choose another, fully equivalent representation based on the in-
phase and quadrature components X and Y . The relation between the two descriptions
is the following:

q(t) = A cos(ωdt+ θ) = X cos(ωdt) + Y sin(ωdt)

4We define Γ as the amplitude relaxation and not as the energy relaxation. Therefore, we have to add
the factor 2 in the equation of motion.

5Or, equivalently, underdamped or high Q mode.

10



2.2. Linear dynamics

Figure 2.3: Calculated amplitude A (a), phase θ (b), and quadrature components X (blue) and Y
(green) (c) of a driven and damped harmonic resonator as a function of the frequency
detuning from resonance.

with

X = A cos(θ) Y = −A · sin(θ) . (2.7)

The quadrature components X and Y as a function of the frequency detuning are plotted
in Fig. 2.3 (c). At resonance, the in-phase component (blue) is zero, and the quadrature
component (green) is maximum. The quadrature component shows a Lorentzian line-
shape, with a linewidth given by twice the damping parameter 2Γ.

Power spectral density

The resonator’s motion can also be analyzed in the frequency domain. For this purpose,
the time-varying signal q(t) is transformed into the frequency domain by a Fourier
transformation. In the experiment, this can be done, e.g., with a spectrum analyzer.
The quantity typically measured is the single-sided power spectral density Qzz(ω),
which gives the density of power in the signal as a function of the frequency and has
the dimension of [kg m2 s−2]. A general and detailed introduction can be found, for
example, in Refs. [34, 50].

The Fourier transformation of the time-varying signal F[q(t)], reads

F[q(t)] =
F[Fd(t)]

m(ω2
0 − ω2 + 2iωΓ)

,

with F[Fd(t)], as the Fourier transformation of Fd(t). This allows us to write down the
power spectral density Qzz(ω), defined by

Qzz(ω) = |χ(ω)|2QFF (ω), (2.8)
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2. EXPERIMENTAL AND THEORETICAL BASICS

with the susceptibility χ(ω) = F[q(t)]/F[Fd(t)] andQFF as the power spectral density of
the force. The relation simplifies when the resonator is driven only by a thermal noise.6

Therefore, the periodic driving force Fd(t) must be replaced by a thermal force noise.

Thermal motion in the power spectrum

Thermal noise is white, which means it is frequency-independent, and with that, the
driving term can be replaced by the constant thermal force noise Qth

FF . For the power
spectrum of the thermal noise-driven motion follows from Eq. (2.8) [50]

Qth
zz(ω) =

1

m2

Qth
FF

(ω2
0 − ω2)2 + 4ω2Γ2

. (2.9)

To further simplify the expression and in order to estimate the thermal force noise, one
can express the mean-square amplitude of the time-varying signal 〈q2(t)〉 in terms of the
power spectral density,

〈q2(t)〉 =
1

2π

∫ ∞
0

dω Qth
zz(ω) ,

with Qth
zz(ω) given by Eq. (2.9). With the equipartition theorem, one can further relate

the mean-square amplitude of the signal to the thermal energy of the resonator. The
equipartition theorem states that the total average energy is equally distributed between
kinetic and potential energy for a system in thermal equilibrium. This corresponds to
[50]:

1

2
mω2

0〈q2(t)〉 =
1

2
kBT ,

with the Boltzmann constant kB, the temperature T . Evaluating the integral and combing
the results gives the thermal force noise to [50]

Qth
FF = 8kBTΓm,

and with that we find the thermal noise driven power spectral density of the resonator 7

Qth
zz(ω) =

8ΓkBT

m
· 1

(ω2
0 − ω2)2 + 4Γ2ω2

≈ 2ΓkBT

mω2
0

· 1

(ω0 − ω)2 + Γ2
. (2.10)

This equation tells us that even though the resonator is driven by thermal noise, which
is white and thus frequency independent, the resulting thermal motion of the resonator is
colored. In other words, it appears as a Lorentzian response, as given by the right-hand
side of Eq. (2.10). This would give us a natural way to characterize the nanomechanical
resonator and, in addition to it, it would allow us to calibrate the system (more on that in
Sec. (2.3.3)). Unfortunately, we cannot resolve the thermal motion of our resonator, and
with that, we do not have access to this characterization and calibration method.

6The damping of our resonator can be seen as a coupling to a thermal reservoir full of randomly
distributed phonons. It turns out that this coupling can cause a noisy force, which can drive the resonator.
It is described by the fluctuation-dissipation theorem [34].

7In the last step we used (ω2
0 − ω2) = (ω0 − ω)(ω0 + ω) ≈ −2ω0(ω0 − ω) and ω ≈ ω0, valid for an

underdamped mode.

12



2.2. Linear dynamics

2.2.2 Characterization of the nanomechanical string resonator in
the linear regime

The following section is based on the Supplemental Material of our publication
Ref. [47]. The described calibration method was developed in close collaboration
with Mark Dykman and Gianluca Rastelli, and the analysis relies on discussions
between Eva Weig, Mark Dykman, Gianluca Rastelli, and myself.

Calibration using the linear response function

In the experiment, we cannot measure the vibrational amplitude A in meters, and we
do not know the driving force Fd applied to the resonator in newtons. Nevertheless, we
know the amplitude of the RF input voltage Vin and the output voltage Vout, since these
are the quantities we control with our equipment or measure in the experiment.8

In the linear regime, we can assume that the input voltage is proportional to the driving
strength and the output voltage is proportional to the amplitude, with the proportional
constants a and b,

A = aVout,
Fd
m

= bVin . (2.11)

With these relations,9 we have a method to quantitatively compare the theoretical model
with our measured experimental data. In the following, we describe how the calibration
factors of the system can be determined.

For a high Q resonator, the squared amplitude response (see Eq.(2.5)) can be ap-
proximated by a Lorentzian,10

A2 =
F 2
d

m2((ω2
0 − ω2

d)
2 + 4Γ2ω2

d)
≈ F 2

d

4m2ω2
0

· 1

δω2 + Γ2
, (2.12)

where we introduced the detuning δω = ωd − ω0. Since we read off the frequency rather
than the angular frequency on our instrument, it is convenient to express Eq. (2.12) in
terms of the frequency f by using the relations ω = 2πf and 2Γ = 2π · 2Γ̃

A2 =
1

16π4
· F 2

d

4m2f 2
0

· 1

δf 2 + Γ̃2
. (2.13)

8The measured voltage signals are root-mean-square values, whereas the applied drive voltage is a
peak-to-peak voltage. However, our calibration technique absorbs the different scaling and we do not have
to take further care of that.

9In the Supplemental Material of our publication [47] we define the calibration for the driving strength
as F = Fd/m = bVin, where F is scaled by the effective mass.

10With: ω2
0 − ω2

d = (ω0 + ωd)(ω0 − ωd) ≈ −2ω0δω assuming ωd ≈ ω0 and δω � ω0, ωd.
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2. EXPERIMENTAL AND THEORETICAL BASICS

Figure 2.4: Characterization in the linear regime. (a) Squared linear response (dots) for a drive
voltages of 500 µV (dark blue), 700 µV (blue) and 900 µV (light blue) with the corre-
sponding Lorentzian fits (solid lines). The peak values divided by the squared input
voltages yield the calibration factor c. (b) Squared peak amplitudes as a function of
the squared input voltage along with a linear fit with a slope of cF = 0.0063.

Eq. (2.13) can be rewritten with the use of Eq. (2.11) to our experimental accessible pa-
rameters Vin and Vout,

V 2
out =

1

16π4

(
b

a

)2
1

4f 2
0 Γ̃2︸ ︷︷ ︸

=c

Γ̃2

δf 2 + Γ̃2
· V 2

in , (2.14)

where we define the dimensionless calibration factor c = (b/a)2/(64π4f 2
0 Γ̃2) =

(b/a)2/(4ω2
0Γ2).

Characterization of the linear response

We can measure response curves for different input voltages by sweeping the drive fre-
quency fd across the eigenfrequency of our nanomechanical string resonator, e.g., with
the lock-in amplifier. To obtain the Lorentzian response, we have to square the amplitude
data. The results are plotted in Fig. 2.4 (a). The dots refer to experimental data, different
colors indicate different input voltages, and solid lines are fits with the Lorentzian model
given by Eq. (2.14). Note that we need to add a constant offset +d for the fit to account
for the noise floor. Furthermore, we fit with an effective force defined by b/a · Vin.
All curves are very well fitted by the Lorentzian response, centered at the eigenfrequency
f0 = 6.529 MHz, and for all data sets we find a linewidth (full width at half maximum)
of 2Γ̃ = 20 Hz. The quality factor, given by the ratio f0/(2Γ̃), is Q ≈ 325000.
From these curves we can derive the calibration factor c. At resonance, δf = 0, Eq. (2.14)
reduces to

V 2
out, max = c · V 2

in , (2.15)
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2.2. Linear dynamics

which allows us to extract the calibration factor c directly from our data by calculating
the ratios V 2

out,max/V
2

in and fitting them with the constant c. From this, we find the calibra-
tion factor c = 0.0062(3). Alternatively c can be obtained by plotting the squared peak
amplitudes Vout,max as a function of the squared input voltage Vin, shown in Fig. 2.4 (b)
as black dotes. The data nicely reflects the linear relation between the input voltage and
the amplitude. A linear fit is added as a solid red line, and the square of the slope of the
fit yields cF = 0.0063, which is reasonably close to the value obtained above for c.
As we will show in Sec. 2.3.3, we can also determine the parameter a from our experi-
mental data and use it to calculate b. The final results are presented in Sec. 2.3.3.

Ringdown measurement

An alternative method to obtain the damping parameter of our nanomechanical resonator
is a ringdown measurement. To this end, we apply a resonant drive for some amount
of time, switch it off, and record the decaying amplitude of the resonator as a function
of time. This measurement can be performed with the spectrum analyzer in zero-span
mode. A typical measurement is shown in Fig. 2.5.
The drive is applied until the time 0.02 s, and we find a constant signal. Afterwards, the
drive is turned off, and the signal decays exponentially to the noise floor. As the data is
plotted on a logarithmic scale, the exponential decay appears linear. We are interested
in the decay time τ , which we can determine by fitting the data to an exponential decay
function

Vout(t) = a0 · exp(−(t− t0)/τ) + d , (2.16)

with the prefactor a0, the time (time offset) t (t0), the noise offset d, and the decay time
τ . For the data presented in Fig. 2.5, we find a decay time of τ = 0.008 s. From this, we

Figure 2.5: Ringdown measurement (black dots) along with exponential fit (solid red line). We
can obtain the damping parameter from the extracted decay time, which corresponds
to the value found from the linear response measurement. Modified from Supple-
mental Material of Ref. [47].
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2. EXPERIMENTAL AND THEORETICAL BASICS

can derive the linewidth of the mode,

τ = 1/2Γ→ 2̃Γ = 1/(2πτ) = 20 Hz .

We find the same value as the one we determined with the linear response measurement.

2.3 Nonlinear dynamics: The Duffing model
A deviation from the Lorentzian response is observed when the resonator is driven to
large amplitudes. In this regime, the simple model of the harmonic resonator must be
extended by a nonlinear term, in most cases a force proportional to the cube of the dis-
placement γq3. This nonlinear term turns the simple harmonic resonator with a linear
restoring force into a so-called Duffing resonator with the Duffing nonlinear parameter γ.
In Fig. 2.6, the transition from the linear to the nonlinear regime is shown. For a very-
weak drive and thus a small amplitude, the response is perfectly described by the model
of the linear harmonic resonator (solid blue line). As the drive increases, the amplitude
increases, and a significant deviation from the symmetric response with respect to the res-
onance frequency is observed. The Duffing model (solid red line) is needed to describe
this asymmetric frequency response curve.

Figure 2.6: Transition from the linear to the nonlinear regime. Gray dots denote measured data,
solid blue line is the linear response fit (Eq. 2.14), and solid red lines are fits with the
Duffing model (Eq. 2.20). The black dashed line denotes the backbone curve.

2.3.1 The Duffing resonator
The following chapter is based on the notations and calculations of Gianluca Rastelli
and Mark Dykman. They are introduced in Ref. [47]. A more general introduction is
given, for example, in Refs. [31, 34, 51, 52].
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2.3. Nonlinear dynamics: The Duffing model

The following equation of motion describes the resonator’s dynamics in the Duff-
ing regime

q̈ + 2Γq̇ + ω2
0q + γq3 =

Fd
m

cos(ωdt) , (2.17)

where the term γq3 denotes the Duffing term with the Duffing nonlinearity γ. For our
string resonator, the Duffing nonlinearity γ is (to a first approximation) a positive non-
linearity. It is associated with the nonlinear dependence of the by the bending-induced
tension on the amplitude of the vibrations. In other words, if the string gets deflected, a
longitudinal stress is induced. The change in the longitudinal stress leads to a change in
the frequency, which is amplitude-dependent, as the developed tension is proportional to
the vibration amplitude. This effect is often referred to as geometric nonlinearity [34].
So far, we will restrict ourselves to this simple type of a positive cubic nonlinearity.

Description in the rotating frame

To solve the equation of motion for the vibrational amplitudeA, it is convenient to switch
from the laboratory frame to the rotating frame, sketched in Fig. 2.7. One period of the
driven motion of the resonator in the laboratory frame, represented by q and q̇, is shown
in Fig. 2.7 (a). The resonator follows a circular orbit around the origin, which describes
the exchange of kinetic (∝ the velocity) and potential energy (∝ the displacement) within
one vibration period. The period is determined by the frequency of the drive ωd. A trans-
formation to a rotating frame, rotating at the drive frequency ωd, leads to the sketch in
panel (b). Here, the resonator is at rest because the rotation is encoded in the coordinate
system. This is called a fixed point and corresponds to a driven resonator in the laboratory
frame. The amplitude of the driven resonator is encoded in the offset from the origin.
To accommodate the new coordinate system, we need to change the coordinates accord-
ingly. Here we follow the notations used in the Supplemental Material of Ref. [47], where
the transformation to a scaled complex amplitude u in the rotating frame is defined as

q(t) = q0(u(t)eiωt + u∗(t)e−iωt) q̇(t) = iωq0(u(t)eiωt − u∗(t)e−iωt) ,

with q0 =
√

2ωdΓ
3γ

as a length scale.11

With this transformation and the standard rotating frame approximation (RWA), where
we neglect all fast oscillating terms as we are only interested in the slow evolution of the
quadrature components, we can find the amplitude solution

A2

(
Γ +

(
δω − 3γ

8ω0

A2

)2
)

=
F 2
d

4m2ω2
0

, (2.18)

11In the subsequent chapters slightly different scaled complex amplitudes and velocities are employed.
They are defined similarly as u and u∗; however, a different scaling is used. In Chap. 3, we use x1 =√

8ωdΓ/(3γ) Reu and x2 = −
√

8ωdΓ/(3γ) Imuwith q(t) = x1(t) cos(ωdt)+x2(t) sin(ωdt) and q̇(t) =
−ωd[x1(t) sin(ωdt) − x2(t) cos(ωdt)]. The same scaling is used in Chap. 4 and Chap. 5 however, we set
x1 = Q and x2 = P . In Chap. 6 we use slightly different scaled quadrature components q0 and p0, given
as q(t) + iω−1

d q̇(t) = (ωd)
−1/2(q0 + ip0) exp(−iωdt).
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Figure 2.7: Transformation of a driven resonator from the laboratory (a) to the rotating frame (b),
where the latter rotates at the drive frequency applied in the laboratory frame. The
new coordinates in the rotating frame are scaled accordingly. With that, the driven
resonator appears to be at rest in the rotating frame, denoted as a fixed point.

where a close to resonant driving is assumed: ω0, ωd � δω. By setting the Duffing
nonlinearity to zero γ = 0, one recovers the above discussed Lorentzian response of the
harmonic resonator. The complete derivation is given in Appendix B.

Amplitude response

The amplitude response, given by Eq. (2.18), is plotted in Fig. 2.8 for a varying detuning
close to resonance. It can have up to three solutions, indicated by the three different
colors in Fig. 2.8. Of the three solutions, only the one with the largest amplitude (solid
red line) and the smallest amplitude (solid yellow line) are stable. They are referred to
as the high- and low-amplitude solution, respectively. The third solution (orange dashed
line) is unstable.
To resolve both stable states in a measurement, one must sweep in both directions. A
sweep from low to high frequencies forms the high-amplitude branch (red arrow), which
collapses at the saddle-node bifurcation point and falls into the low-amplitude solution.
Conversely, a frequency sweep from high to low frequencies (yellow arrow) gives rise to
the low-amplitude branch, which in turn collapses into the high-amplitude solution at a
saddle-node bifurcation point. The bifurcation points, indicated by the crosses in Fig. 2.8,
separate the regimes from one to two (+ one unstable) solutions.
The derivative of the amplitude solution in Eq. (2.18) gives the frequency for which the
amplitude of the response becomes maximum.

d

dω0

A2 = 0↔ ωmax = ω0 +
3

8

γ

ω0

A2
max . (2.19)

One can see that the resonance frequency ωmax depends quadratically on the peak ampli-
tude Amax. This is one of the key features of a Duffing resonator and reflects an entirely
different behavior as known from the linear response. The function (2.19) is called the
backbone relation and connects all resonance peaks for different drive voltages. It is
shown by the dashed line in Fig. 2.6. From the backbone relation, the Duffing nonlinear-
ity can be determined.
One consequence of the Duffing nonlinearity is the frequency pulling. The nonlinear
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2.3. Nonlinear dynamics: The Duffing model

Figure 2.8: Calculated Duffing response using the model in Eq. (2.18) and parameters consis-
tent with those of the discussed nanomechanical string resonator (summarized in
Fig. 2.11). Red indicates the high-amplitude, yellow the low-amplitude and or-
ange the unstable-amplitude solution. The high-amplitude solution is observed when
sweeping toward higher frequencies, whereas the low-amplitude solution is obtained
by sweeping toward lower frequencies. The transition to the other branch appears
at the saddle-node bifurcation points indicated by the crosses. Within the two bi-
furcation points (dashed lines and blue shaded region), the bistable, hysteric behav-
ior of the Duffing resonator is observed. The upper bifurcation point is labeled by
(Amax, fmax).

term in Eq.(2.18) implies that the effective resonance frequency shifts as the amplitude
of the vibrational motion increases. This is well seen in Fig. 2.6, where the transition
from the linear response to the Duffing regime is plotted. For our nanomechanical string
resonator, γ is positive and adds to the stiffness of the resonator. As a result, the reso-
nance frequency increases as the amplitude gets larger. When the Duffing parameter is
negative, it counteracts the linear restoring force, and the resonator becomes softer. The
result is a reduced resonance frequency, and the frequency response shows a mirrored
behavior.

2.3.2 The Duffing response of the nanomechanical string resonator

As a result of the large Q-factor of our nanomechanical string resonator, we can easily
drive it into the nonlinear regime. The transition from the linear to the nonlinear regime
is illustrated in Fig. 2.6. At a drive voltage of 1 mV, we find the linear response fitted
to the frequency response model (blue line). Already at a driving voltage of 3 mV de-
viations from the symmetric response are observed. To describe these response curves,
we need the Duffing model given by Eq. (2.18). As discussed for the fitting of the linear
response, we have to express the theoretical model for the Duffing response in terms of
our experimentally accessible parameters.
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The Duffing fit function

To obtain the Duffing fit function, it is convenient to express the amplitude solution
(Eq. (2.18)) in terms of the detuning δω

δω =
3γ

8ω0

A2 ±

√
F 2
d

4m2ω2
0A

2
− Γ2 .

The "+" gives the term for the low-amplitude solution and the "-" for the high-amplitude
solution. As for the linear response fit, we have to convert the amplitude and force to an
output and input voltage using the relations A = aVout and Fd/m = bVin and with the
definition of the calibration coefficient c (see Sec. 2.2.2) we find

δω = Γ

(
3γ̃

8ω0Γ
V 2

out ±

√
c · V

2
in

V 2
out

− 1

)
.

Here we have introduced the Duffing nonlinear parameter γ̃ = γ · a2 expressed in units
of voltage and angular frequency. The expression for frequencies is given by

δf = Γ̃

(
3γ̄

8f0Γ̃
V 2

out ±

√
c · V

2
in

V 2
out

− 1

)
, (2.20)

with γ̄ = (2π)2γ̃ in units of volts and frequency [1/(V2s2)] . The last expression is used
to fit our data. Owing to the previous determination of the eigenfrequency f0, the damp-
ing parameter Γ̃ and the calibration factor c, the Duffing parameter γ̄ is the only fitting
parameter.
Figure 2.9 (a), shows a bidirectional sweep through the Duffing response at a drive volt-
age of 18 mV. The data are well described by the Duffing fit Eq. (2.20). The only fit
parameter, the Duffing nonlinearity, is found to be γ̄ = 2.356× 1015 V−2s−2.
An alternative approach to determine the Duffing parameter is given by the backbone
relation Eq. (2.19). Solving for the amplitude and rewriting it to our experimental param-
eters yields

V 2
out,max =

8

3
· f0δfmax

γ̄
, (2.21)

which relates the maximum value of the amplitude (deep in the upper branch) to its cor-
responding frequency detuning of the drive δfmax. The parameters Amax ∝ Vout,max and
fmax are indicated in the calculated Duffing response curve in Fig. 2.8.
In Fig. 2.9 (b) the maximum amplitude of the Duffing response Vout,max is plotted as a
function of the frequency detuning for different driving voltages. The square root de-
pendence between the maximum output voltage and the maximum detuning is clearly
visible. By fitting the data to the backbone equation (2.21), the Duffing parameter can be
extracted. We find γ̄ = 2.351 × 1015 V−2s−2. This value is in good agreement with the
result from the Duffing fit. However, one must keep in mind that the measured response
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2.3. Nonlinear dynamics: The Duffing model

Figure 2.9: (a) Duffing response for an input voltage of Vin = 18 mV along with a fit of the
Duffing fit function given by expression (2.20). (b) Measured (upper) bifurcation
points (black dotes), extracted for driving voltages of 18, 20, 25, 36, 45, 63 and
80 mV, fitted to the backbone relation (red solid line) using Eq. 2.21.

does not necessarily drop at the maximum possible amplitude (at the bifurcation point).
Rather it is much more likely that the resonator drops to the low-amplitude branch before
reaching the bifurcation point due to noise or disturbances in the system. Also, the sweep
speed can play a crucial role; this will be discussed in more detail in Chap. 3. For the
data presented in Fig. 2.9 (a), we see indeed that the data drop before the fit, the cusp of
which indicates the actual bifurcation point.

Phase response of the driven Duffing resonator

Next to the amplitude response, one can obtain the phase response of the driven Duffing
resonator from Eq. (2.17), which we find to 12

tan θ =

(
Γ

δω − 3γ
8ω0
A2

)
. (2.22)

In the Duffing regime, the phase response becomes a function of the amplitude A2. This
dependence distorts the shape of the phase response curve with respect to the phase re-
sponse obtained in the linear regime, discussed in Sec. 2.2.1.
A bidirectional measurement of the amplitude and phase response of the driven Duffing
resonator is plotted in Fig. 2.10 for a drive voltage of 18 mV. Panel (a) shows the previ-
ously discussed amplitude response, including a fit with the Duffing model (Eq. (2.20)),
whereas panel (b) shows the phase response of the Duffing resonator with respect to the
drive. Both amplitude and phase responses show a hysteric behavior. In contrast to the
linear response, the Duffing resonator has a phase lag of −90◦ at the upper bifurcation
point, whereas for the linear response, the phase lag of −90◦ is observed at resonance
(fd = f0).

12The phase response can be obtained by using the relation u = |u|eiθ in the RWA analysis shown in
the Appendix B.
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2. EXPERIMENTAL AND THEORETICAL BASICS

Figure 2.10: Measured amplitude and phase response of the driven Duffing resonator for a bidi-
rectional frequency sweep at a drive voltage of 18 mV as a function of the drive
frequency detuning. The black dots denote the data obtained for the bidirectional
frequency sweep. (a) Amplitude response along with the Duffing fit (Eq. (2.20)),
where the solid red (yellow) line denotes the high- (low-) amplitude solution. The
dashed orange line corresponds to the unstable branch. The light blue background
highlights the bistable regime. (b) Phase response along with the calculated theoret-
ical model given in Eq. (2.22) using the parameters obtained from the Duffing fit of
the amplitude response in panel (a). The theoretical model is added using the same
notations as in panel (a).

With the theoretical model given by Eq. (2.22), we can calculate the expected phase re-
sponse using the parameters obtained from the Duffing fit shown in panel (a). The result
is added on top of the data, where the red (yellow) solid lines denote the response for the
high- (low-) amplitude branch and the dashed orange line indicated the unstable branch,
where we do not find any data points. The light blue background highlights the bistable
regime.
There is a slight deviation between the theoretical model and the experimental data at the
upper bifurcation point, which is more pronounced in the phase response. This deviation
might be caused by an additional nonlinear term discussed in detail in Chap. 5.

2.3.3 Amplitude calibration via the Duffing nonlinearity

To fully characterize the experimental system, we need to determine the scaling factor
a between the displacement amplitude A and the measured signal Vout in volts. Usually,
this is done with a thermomechanical calibration. To this end, one measures the thermal
motion of the resonator and compares it to the expected thermal fluctuations at the corre-
sponding lab temperature, given by Eq. (2.10). Unfortunately, the signal transduction via
the electrodes is not sensitive enough to resolve the thermal motion of our investigated
sample (it has been shown for comparable samples that the thermal motion is, in general,
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2.3. Nonlinear dynamics: The Duffing model

very well measurable with the dielectric scheme). Nevertheless, we can use an alternative
approach 13 based on the nonlinear parameters of our system to determine the calibration
factor a [54].14

The in the following described calibration method goes back to Ref. [54]. We
slightly adapted it for our experimental system, described in the Supplemental
Material from our publication Ref. [47].

We assume that the geometric nonlinearity is the main nonlinearity in our system. It can
be calculated using the elastic theory and material parameters of the system, and we find

γgeo = π4 E

4l4ρ
≈ 1.54× 1026 m−2s−2,

with E = 160 GPa [38],15 l = 55 µm and ρ = 2800 kgm−3 [55],16 as presented in
Ref. [47]. Comparing the calculated nonlinear parameter in displacement units with the
one obtained by fitting the data in units of volts yields the conversion factor a

a =
√
γ̃/γgeo ≈ 2.45× 10−5 mV−1.

Complete characterization

With the determined parameter a, we can derive the missing parameter b from Eq. (2.14)

b = 2 · a ·
√
c · ω0 · Γ ≈ 1.003× 104 mV−1s−2.

With this, we have thoroughly characterized the nanomechanical mode so that we can
compare quantitatively our experimental results presented in the following chapters with
the theoretical model without free parameters.
In Fig. 2.11 we show the linear and Duffing response with both the voltage and displace-
ment amplitude scale. The linear response features an amplitude of about 1 nm, whereas,
in the nonlinear regime, we easily reach an amplitude about 40 nm.

13We have checked on another sample, made from SiC, that the two calibration methods with the
thermal motion and the nonlinear parameters yield the same result [53]. The measurements were done by
Vincent Blavy, and the sample was fabricated by Yannick Klaß. The results are presented in Appendix C.

14In Ref. [54] the calibration relies on the drop of the data from the high- to the low-amplitude branch,
not the fitted bifurcation point. This might introduce an error. Therefore, in the following, we use the fitted
instead of the measured bifurcation point for the calibration.

15Yannick Klaß recently measured the Young’s Modulus for LPCVD grown high-stress SiN, found to
E = 254 GPa.

16During a recent literature search, Yannick Klaß, Maximilian Bückle and Eva Weig found the more
reliable value for the mass density to ρ = 3100 kgm−3. However, to stay consistent with our publication
[47], we stick for now to the value of ρ = 2800 kgm−3.
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2. EXPERIMENTAL AND THEORETICAL BASICS

Figure 2.11: Fully characterized mode (a) in the linear regime and (b) in the nonlinear regime
along with a linear response and a Duffing fit, respectively. From the character-
ization of our mode we can determine the eigenfrequency f0 = 6.529 MHz, the
linewidth 2̃Γ = 20 Hz and the Duffing parameter γ̄ = 2.35× 1015 V−2s−2, along
with the calibration factors a = 2.45× 10−5mV−1, b = 1.003×104 mV−1s−2 and
c = 0.0063.

Drift of the experimental parameters over time

The measurements discussed in the following chapters are collected over three years.
Therefore, the parameters of the mode might slightly deviate from those given above and
in Fig. 2.11. The ultimately used parameters are specified in the individual chapters.
The eigenfrequency of the mode shifts in total about ≈ 4 kHz (for a DC voltage of 5 V).
Small frequency shifts can be attributed to temperature-induced drifts (≈ 0.5 kHz/K ).
Larger shifts are observed after a change in the applied DC voltage, for example, after
the system has been switched off. Similar effects, related to the DC voltage, are observed
for the Duffing nonlinearity, as well as for the derived calibration factors a, b and c.
The drifts are still comparatively small so that the linewidth and the Q-factor of the mode
remain unaffected.
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3
Thermal Squeezing Revealed in
the Power Spectrum

So far, we have neglected the thermal noise in our discussion. However, as we are
operating our experiment at room temperature, thermal fluctuations are always present
and can drastically alter the dynamics of nanomechanical resonators. The influence of
thermal noise on our driven Duffing resonator is studied in the following.

The following chapter is mostly based on our publication: J. S. Huber, G. Rastelli,
M. J. Seitner, J. Kölbl, W. Belzig, M. I. Dykman and E. M. Weig, Spectral
Evidence of Squeezing of a Weakly Damped Driven Nanomechanical Mode, Phys.
Rev. X 10, 021066, 2020. Reference [47].
All measurements were done by me, and the data evaluation relies on discussions
between E. M. Weig, G. Rastelli, M. I. Dykman, W. Belzig and myself. The the-
oretical model was developed by M. I. Dykman, G. Rastelli and W. Belzig. M.
Seitner fabricated the sample. First, preliminary measurements were done by J.
Kölbl and M. Seitner [56]. The manuscript was written by E. M. Weig, G. Rastelli,
M. I. Dykman, W. Belzig, and myself, and therefore the following chapter contains
some original passages of the publication. Figures are reproduced from Ref. [47].
Licensed under the Creative Commons Attribution 4.0 International license.

Fluctuations are ubiquitous in nature and limit the resolution of both classical and quan-
tum signals. One possibility to circumvent this limitation is given by the technique of
using squeezed states. Squeezed states have been investigated over decades and are ini-
tially known from quantum optics [57]. They attracted much attention because they can
reduce the fluctuations below the quantum limit imposed by the uncertainty principle in
the absence of driving [58]. In other words, although Heisenberg’s principle states the
minimum uncertainty value in the product of the two quadrature components, phase and
amplitude, to ~/2, this does not prevent the system from reducing the uncertainty in one
at the expense of the other. If the two quadrature components are represented as orthogo-
nal axes, the fluctuations of an equilibrium state are represented by a circular distribution,
where the fluctuations in both quadrature components are equal. For a squeezed state, one
finds an ellipse, which is "squeezed" along one axis and elongated along the other.
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Squeezed states enable high-precision measurements, where recent advances in the grav-
itational waves detection [59–63] are probably one of the most prominent examples.
However, the concept of squeezing is not restricted to the quantum regime. It equally ap-
plies to the classical domain, where the thermodynamic limit, which is set by the equipar-
tition theorem, replaces the quantum limit. Classical squeezing promises to reduce heat-
ing in computers [64]; it also provides an essential asset for high-precision sensing [65–
67] and thus paves the way for a new generation of nanomechanical detectors at room
temperature.
Classical thermal squeezing has been frequently accomplished using parametric pump-
ing or radiation pressure and has been demonstrated and theoretically analyzed for mi-
crowave [68, 69] and mechanical [67, 70–75] resonators as well as for ions in a Penning
trap [66]. The classical two-mode squeezing of mechanical resonators by non-degenerate
parametric amplification has been also reported [76–78].
As discussed in the following chapter, one may also expect squeezing of thermal fluctu-
ations in a driven Duffing resonator due to the breaking of the time-translation symmetry
by the periodic drive. The occurrence of squeezing could be inferred from the early work
on resonantly driven nonlinear modes by Dykman [25] and Dimitriev [79]. A theory
for the squeezing in a driven Duffing resonator was developed by Buks and Yurke [19]
and the first observation of squeezing in a nanomechanical Duffing resonator was accom-
plished by Almog et al. [20].
Usually, a squeezed state is measured with a homodyne technique, and one directly
records the thermal fluctuations along the two quadrature components, and all exam-
ples above have been detected using this technique. However, due to inherent frequency
fluctuations in our high Q nanomechanical resonator, it is difficult two resolve the noise
in the quadratures [80]. As we present in the following, it turns out that the squeezing can
be inferred from the power spectrum of the driven Duffing resonator, which is profoundly
asymmetric. The asymmetry comes along with the squeezing [28] as a consequence of
the resonant drive. With that, we found a method to determine the squeezing parameter
in the classical regime without the need for a homodyne detection.

3.1 Theoretical description

This chapter is based on Ref. [47] and contains the theoretical model developed by Mark
Dykman, Gianluca Rastelli and Wolfgang Belzig. Here, we only present a brief summary
of the theoretical model. For more details, we refer the reader to Ref. [47] and references
therein.

Driven Duffing resonator in the rotating frame

In this chapter, the drive frequency is denoted by ωF instead of ωd to follow the notations
of Ref. [47]. For the time being, we use the drive amplitude F which is scaled by the
effective mass, and the thermal noise is disregarded. We indicated the high-amplitude
solution by hi and the low-amplitude solution by lo, respectively. Moreover, we use j to
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3.1. Theoretical description

indicate either the high- or the low-amplitude solution.

We investigate the OOP mode of our nanomechanical resonator in the pres-
ence of a resonant drive. As discussed in Sec. 2.3.1, the resonator is described
by the Duffing model, which is best treated by switching the rotating frame,1

q(t) = x1(t) cos(ωF t)+x2(t) sin(ωF t) and q̇(t) = −ωF [x1(t) sin(ωF t)−x2(t) cos(ωF t)],
where the quadratures x1(t) and x2(t) are the new conjugate variables. Using the stan-
dard rotating wave approximation (see Appendix B), we find the dynamics of the new
variables x1(t) and x2(t) by the equations

ẋ1 =
∂h (x1, x2)

∂x2

− Γ x1 , (3.1)

ẋ2 = −∂h (x1, x2)

∂x1

− Γ x2 , (3.2)

with the Hamiltonian function

h (x1, x2) =
3γ

32ωF

(
x 2

1 + x 2
2

)2 − δω

2

(
x 2

1 + x 2
2

)
− F

2ωF
x1 .

Because of the high Q of our resonator, the damping Γ is not only small compared to the
eigenfrequency ω0, but also to the change due to the nonlinearity γA2

j/ωF . Consequently,
the damping can be treated as a small perturbation of the Hamiltonian dynamics of an
auxiliary particle with coordinate x1 and momentum x2.
In the high Q limit, the extrema of the Hamiltonian function j = hi, lo correspond to
the two stable states of the Duffing resonator, indicated in Fig. 3.1. Panel (a) shows
the Duffing response of our OOP mode for a drive power 2 of - 31 dBm as black dots
including a fit with the Duffing model (Eq. (2.20)). The three solutions are highlighted in
different colors. In panel (b) the effective Hamiltonian function h(x1, x2) is shown. It can
be seen as the phase space (or potential) landscape of the driven Duffing resonator in the
rotating frame. The plot is calculated for a resonator in the bistable regime, corresponding
to a detuning indicated by the dashed gray line in panel (a). The two stable states in the
plot of the Hamiltonian function are labeled with the same color code used to indicated
the different solutions in the Duffing response curve in panel (a). The high-amplitude
solution (hi, red) is the minimum of the Hamiltonian function, whereas the low-amplitude
solution (lo, yellow) corresponds to the maximum. The unstable solution (solid orange
line) is a saddle point (not labeled) of the Hamiltonian function, located to the left of the
maximum.

Thermal noise-induced satellites

In the presence of small thermal fluctuations, the resonator is not entirely fixed to one of
the stable states. It keeps being kicked out of it and meanders around, but it is still always

1See Sec. 2.3.1 and note the different employed scaling of the quadratures.
2A conversion table for drive powers to drive voltages is given in Appendix D.
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Figure 3.1: (a) Duffing response curve for an external drive of -31 dBm (black dots) and fit of the
Duffing model (Eq. (2.20)). The red (yellow) line denotes the high- (low-) amplitude
solution marked "hi" ("lo"), while the orange line represents the unstable solution.
The gray dashed line indicates the detuning at which the phase space in panel (b) is
plotted. (b) Phase space representation of the effective Hamiltonian function. Indi-
cated are the high- ("hi", red) and low- ("lo", yellow) amplitude solution. the Hamil-
tonian function h(x1, x2) is scaled by 8ωF δω

2/(3γ). The coordinate axes are scaled
with

√
8ωF δω/(3γ). Modified from Ref. [47].

close to one of the two stable points.3 The dynamics of the small-amplitude vibrations
about the stable state are similar to the dynamics of a linear and damped harmonic res-
onator subjected to noise. The characteristic frequency scale of these random fluctuations
is given by the eigenvalue of the Eqs. (3.1) and (3.2), and it is governed by the curvature
of the potential landscape, plotted in Fig. 3.1 (b), along the two quadrature components.
For our resonator, this frequency is very small, on the order of a few hundred Hertz, and
it can be described by:

ωj =

√
ω

(1)
j ω

(2)
j , (3.3)

where ω(1)
j = 3γA2

j/8ωF−δω and ω(2)
j = 9γA2

j/8ωF−δω, under the assumption of ωj �
Γ, which is called the weak-damping limit in the following.4 This frequency is expected
to be different for the resonator being in the high- or the low-amplitude branch, as it
depends on the mode’s amplitude. This is also apparent from the fact that the curvatures
along the two extrema are obviously different.
The additional small-frequency component ωj in the rotating frame is mixed with the
drive frequency ωF into two satellite peaks, appearing at ωF ± ωj in the power spectrum
of the driven mode in the laboratory frame. They correspond to thermal noise-induced
small-amplitude vibrations around the stationary states of the driven Duffing resonator.

3In some rare events, a fluctuation of a strong noise can also cause transitions between the states.
4In general, the resonance frequency of a damped and driven harmonic resonator is given as

ωR =
√
ω2
0 − 2Γ2 In the case of weak damping Γ � ω0, it can be approximated to ωR ≈ ω0 (see

Sec. 2.2.1)). This limit corresponds to an underdamped (or high Q) resonator in the laboratory frame.
Here, we even have a stronger condition, as Γ � ωj , which means that the vibrations about the stable
state of forced vibrations are underdamped in the rotating frame. This latter condition is called the weak-
damping limit.
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Figure 3.2: Squeezing of thermal fluctuations. (a) Harmonic resonator in the laboratory frame
without squeezing. The thermal fluctuations (blue-filled circle) are expected to have
a circular distribution. (b) Squeezed thermal fluctuations of a driven resonator illus-
trated in the rotating frame. The stable state of the driven resonator in the rotating
frame corresponds to a fixed point (black dot). In the presence of thermal fluctuations,
the fixed point is blurred out. From the equipartition theorem, one would expect that
these fluctuations are the same for the in-phase and quadrature component, given by
the thermal motion indicated in the sketch by the gray dashed circle. However, due to
the periodic drive and the nonlinearity in our system, the time-translation symmetry
is broken. As a consequence, the fluctuations are squeezed, as indicated by the blue
ellipse. Here, the variance of the in-phase component 〈δx2

1〉 is reduced below the
thermal limit. The variance of the quadrature component 〈δx2

2〉 is at the same time
enlarged.

Squeezing of thermal fluctuations

Additionally, the two thermal noise-induced satellite peaks are expected to show
different intensities. This is a consequence of the squeezing of thermal fluctuations.
To explain how that comes about, we first consider a harmonic resonator without
squeezing in the laboratory frame, sketched in Fig. 3.2 (a). The motion in the laboratory
frame is described by the displacement q and velocity q̇, which vibrate as cosω0t and
sinω0t and form a closed circle in the phase space (solid black line). If the string crosses
its equilibrium position, the displacement is zero, while the velocity is maximum. On
the contrary, when the string is at its maximum displacement, the velocity is zero.
Alternatively, this process can be seen as the exchange from kinetic to potential energy
and back. If our system is coupled to a thermal reservoir, the coordinates q and q̇ are
subjected to thermal fluctuations, indicated by the blue-filled circle in Fig. 3.2 (a). Due
to the continuous-time translational symmetry, these fluctuations are of equal intensity,
as expected, since the coordinates are swapped by every quarter period.
However, a periodic drive in combination with the nonlinearity in our system can
break this symmetry because it forces the resonator to reproduce itself after a fixed
period, given by the drive frequency. Consequently, the system ends up with a discrete
time-translation symmetry, and therefore the coordinates might no longer be inter-
changed, and their fluctuations due to the thermal noise are generally different [81]. The
consequence is a squeezing effect, where the fluctuations in one component are reduced
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3. THERMAL SQUEEZING REVEALED IN THE POWER SPECTRUM

below the thermomechanical limit (i.e., the equipartition theorem). This is always at the
expense of the other component, which is increased. The squeezing effect is illustrated
in Fig. 3.2 (b), which shows the driven nonlinear resonator in the rotating frame with
the new variables x1 and x2. Along the in-phase component x1, the fluctuations (blue
ellipse) are reduced with respect to the circular distribution (gray dashed circle). At the
same time, the fluctuations along the quadrature component x2 are enlarged, but not
necessarily by the same amount.
Another way to visualize the squeezing is obtained by looking once more at the phase
space landscape of the driven nonlinear resonator (Fig. 3.1 (b)). The periodic drive
imposes an asymmetry in the phase space that distorts the parabolic potential expected
for a harmonic resonator. The broken continuous time-translation symmetry appears
in the phase space in the elliptical shape of the potential landscape around the stable
states of forced vibrations. This is very clearly visible for the high-amplitude solution.
The same happens for the low-amplitude solution, but the effect is smaller and the
distortion is less visible. Along the elongated direction, the system is much more
sensitive to the noise than in the compressed direction: the result is the same as be-
fore, the squeezing of the thermal fluctuations along the compressed in-phase component.

To discuss the squeezing of thermal fluctuations, we reintroduce the noise into the
equations for the quadrature components, which is weak even though our resonator is
small. For the case of weak damping, we can linearize the dynamical equations around
the stationary solution (x1j, x2j), and in the weak-damping limit, one finds for the
increments δx1,2

δẋ1 = ω
(1)
j δx2 − Γ (1 + µj) δx1 + ξx1(t) ,

δẋ2 = −ω(2)
j δx1 − Γ (1− µj) δx2 + ξx2(t) .

With µj = 6γA2
j/(3γA

2
j − 8ωF δω) and by disregarding terms ∝ Γ2. The thermal noise

ξ(t) is zero mean, Gaussian and delta-correlated. Furthermore the noise components
ξx1 , ξx2 are independent and have equal intensities: 〈ξx1(t)ξx1(0)〉 = 〈ξx2(t)ξx2(0)〉 =
(2ΓkBT/ω

2
F )δ(t− t′) (fluctuation-dissipation theorem).

The squeezing can be seen in the theoretical model by calculating the mean-square fluc-
tuations of the in-phase and quadrature component. It turns out that these are indeed
unequal, and one of them can be smaller than in the absence of the drive. This is the
squeezing effect. The mean-square fluctuations in the weak-damping limit are

〈δx 2
1 〉j =

kBT

2mω2
F

(
1 + e−4ϕj

)
, (3.4)

〈δx 2
2 〉j =

kBT

2mω2
F

(
1 + e4ϕj

)
. (3.5)

Here, we introduce the squeezing parameter ϕ, which is defined as:

exp(4ϕj) = ω
(2)
j /ω

(1)
j . (3.6)
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3.2. Thermal noise-induced satellites in the power spectrum

We also have to reintroduce the effective mass of the nanoresonator m to allow the com-
parison with the experiment.
The squeezing only appears in the presence of a drive in the nonlinear regime. In the
absence of driving, one has Aj = 0 and thus ϕj = 0, such that the equipartition the-
orem, 〈δx 2

1 〉 = 〈δx 2
2 〉 = kBT

mω2
F

is recovered. The squeezing parameter can be positive
or negative, depending on the amplitude state. For the high-amplitude stable state the
squeezing parameter ϕj ≡ ϕhi > 0 is positive, whereas for the low-amplitude state the
squeezing parameter is negative ϕj ≡ ϕlo < 0. From Eqs. (3.4) and (3.5) it follows that
the maximum squeezing attainable is a 50 % reduction of the squeezed quadrature.

Spectral evidence of squeezing in the power spectrum

Remarkably the squeezing appears directly in the power spectrum of the resonator [27,
28] and allows us to determine the squeezing parameter with that simple measurement
technique.
The power spectrum of the driven nonlinear resonator in the weak-damping regime
Γ� ωj is described by:

Qj(ω) ≈ ΓkBT

4πmω2
F

cosh 2ϕj(cosh 2ϕj ± 1)

(ω − ωF ∓ Sjωj)2 + Γ2

for |ω − ωF ∓ Sjωj| � ωj , (3.7)

with Shi = +1 and Slo = −1. The power spectrum Qj(ω) consists of two Lorentzian
peaks centered at the frequencies ωF ± Sjωj with a linewidth given by the damping
rate of resonator 2Γ for a weak drive. They correspond to the above-mentioned thermal
noise-induced small-amplitude vibrations around the stable state of the driven Duffing
resonator. The ratio of the intensities of the satellite peaks

I(+)
hi /I

(−)
hi = 1/ tanh2 (ϕhi) , (3.8)

I(+)
lo /I(−)

lo = tanh2 (ϕlo) , (3.9)

is determined by the squeezing parameter ϕj . The squeezing parameter can thus be
directly found from the power spectrum.

The thermal noise-induced satellites have been predicted long ago [25–28] and
have been first observed by Stambaugh and Chan in 2006 [29]. However, an injection
of additional white noise was necessary to observe the fluctuations-induced satellite
peaks. Furthermore, the peaks have been only weakly resolved, and no connection to the
squeezing was drawn.

3.2 Thermal noise-induced satellites in the power
spectrum

We investigate the thermal noise-induced nonlinear dynamics with the fully character-
ized fundamental OOP mode of our nanomechanical string resonator (see Sec. 2.3.3).
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At a DC voltage of 5 V we find an eigenfrequency of f0 = 6.529 MHz, a linewidth of
2Γ/2π = 20 Hz and a quality factor of Q ≈ 325000. For the Duffing response (shown in
Fig. 3.1(a)) we obtain the nonlinear Duffing parameter γ̃/(2π)2 = 2.35 × 1015 V−2s−2.
The calibration factors are determined by the methods discussed in Secs. 2.2.2 and
2.3.3 and have values of a = 2.45× 10−5mV−1, b/(2π)2 = 1.003 × 104 mV−1s−2 and
c = 0.0063.

3.2.1 Experimental observations

To validate the theoretical model, we apply a sinusoidal drive tone on resonance (fF =
f0) of the fundamental flexural OOP mode of our resonator and record power spectra for a
series of different drive powers. The data is captured with a spectrum analyzer operating
in the FFT mode, and the drive is applied using a waveform generator. To eliminate small
frequency drifts during the measurement time, the eigenfrequency is redetermined by
taking a response curve in the linear regime before every power spectrum measurement.
We use a measurement bandwidth of 1 Hz and a sweep time of 10 s to ensure a good
resolution. The lab temperature is stabilized by an air conditioning system and is fixed
to 293 K. In addition, we use a Peltier element for temperature stabilization at the same
temperature.
Figure 3.3 displays the measured power spectra for a drive power range from -45 dBm to
-5 dBm, with a color-coded signal power in dBm. One can clearly see the bright, narrow
central line corresponding to the resonantly driven response of the resonator. Next to
the central line, two well-resolved satellite peaks with a symmetric and power-increasing
spacing are visible. These are the thermal noise-induced satellite peaks. As visible in the
data, they come along with an unequal brightness, reflecting the squeezing of the thermal
fluctuations of the driven Duffing resonator.

3.2.2 Comparison of the experimental data with the theoretical
model

To compare our data with the theoretical model, we need to rescale all the expressions to
units of volts. The amplitudeA and the driving force F are related to the measured output
voltage Vout and the input voltage Vin by the calibration factors a and b, respectively. We
can determine them with the procedure discussed in Secs. 2.2.2 and 2.3.3 and the values
obtained are given above. Due to the careful characterization of the calibration factors,
we can directly calculate the theoretical prediction, and we do not need any other free
parameters or fitting constants. As we measure the data in units of frequencies, we use
the frequency f for the comparison rather than the angular frequency ω.
In the measurement, shown in Fig. 3.3, the periodic drive is applied on resonance. Hence
the high amplitude branch is the only solution in the system and we can set j = hi in the
following.
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3.2. Thermal noise-induced satellites in the power spectrum

Figure 3.3: Series of power spectra for the driven Duffing resonator in the presence of thermal
noise as a function of the drive power. One can clearly see the thermal noise-induced
satellites along with an unequal brightness, which indicates the squeezing of ther-
mal fluctuations. The satellites appear symmetrically to the bright, central line cor-
responding to the forced vibrations at resonance. The red open circles denote the
theoretically calculated satellite positions. The dashed lines at -40 dBm and -20 dBm
correspond to the line cuts shown in Fig. 3.4. Modified from Ref.[47].

Satellite position

From the theoretical model we expect the satellite peaks at frequencies ωF ± ωhi, where
the satellite frequency ωhi is given by Eq. (3.3).
For the comparison with our experimental data, we rewrite the expression for the satellite
frequency to

f 2
hi = (3χ̃hi − δfF )(χ̃hi − δfF ), (3.10)

with χ̃hi = (3γ̄V 2
out, hi/8f0). For a resonant drive, as discussed here, the frequency detun-

ing of the driving force is δfF = 0, additionally we can set fF = f0.
We can calculate the expected Duffing amplitude of the upper branch Vout, hi by solving
Eq. (2.18) with the software Mathematica for the amplitude and expressing it in units of
volts with the help of the calibration factors. With the Duffing nonlinearity γ̄ = γ̃/(2π)2

and the eigenfrequency f0 we know all parameters needed to evaluate Eq. (3.10) and we
can calculate the expected satellite position fF ± fhi.. In Fig. 3.3 we plot the results as
red open circles on top of the measured data. We find a perfect agreement between the
experimental data and the theoretical model with no free parameters.
Moreover, we recover the expected scaling of the satellite splitting with the drive power
fhi ∝ A2

hi ∝ F 2/3 ∝ P 1/3.
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Determination of the squeezing parameter

Another striking feature of the satellite peaks is their unequal brightness. This is clearly
visible in the line cuts, extracted from Fig. 3.3 at -40 dBm and -20 dBm and depicted in
Fig. 3.4. The central line (gray) is truncated to better resolve the two satellite peaks. For
a drive of -40 dBm, panel (a), the separation between the two satellite peaks is small,
and they overlap each other. At a drive of -20 dBm, panel (b), the peaks are well sepa-
rated. From both line cuts, we can clearly see that the higher-frequency satellite is much
brighter than the one at lower frequency. This observation agrees with the theoretical
model, which predicts unequal intensities as a result of the classical squeezing of thermal
fluctuations. Moreover, for the high-amplitude solution, we expect from Eq.(3.8), that
the higher-frequency satellite is the brighter one, which again coincides with our obser-
vations.
The theoretical model also predicts that the linewidth of the satellite peaks matches the
one found for the linear response of the mode. To validate the model, the two well-
separated satellites for a drive of -20 dBm are fitted by two independent Lorentzians with
the linewidth fixed to 20 Hz. The fits, blue and green solid lines in Fig. 3.4 (b), describe
our data very well. The fits are also added to the line cut at -40 dBm (panel (a)). However,
due to the significant overlap of the peaks, the fits are less reliable and are added only to
better visualize the satellite peaks.
The theoretical model suggests that the squeezing parameter ϕj is simply related to the
ratio of the enclosed satellite areas. As long as the two satellite peaks are well resolved
and there is no overlap between the two peaks, we can employ Lorentzian fits to extract
the area as a single fitting parameter. The extracted areas are shown as a function of the

Figure 3.4: Line cuts along the dotted lines in Fig. 3.3 at -40 dBm (a) and -20 dBm (b) showing
the two satellites. The drive tone (gray line) at zero detuning is truncated to make the
satellites better visible. The peaks are fitted with a Lorentzian (blue and green lines)
with a linewidth fixed to 2Γ̃ = 20 Hz. For -40 dBm, the satellites clearly overlap each
other and the fits are only added for a guide to the eye. (b) At -20 dBm, the satellites
are well separated and can be fitted by two independent Lorentzians. Panel (b) is
modified from Ref. [47].
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3.2. Thermal noise-induced satellites in the power spectrum

Figure 3.5: Extracted satellite areas of the bright (green) and weak (blue) satellite peaks. The
area is obtained by a Lorentzian fit. The weak-damping limit is shown by gray lines.
The more general approach, taking the small overlap of the peaks into account, is
added by the red lines. Modified from Ref. [47].

drive power in Fig. 3.5.
The green data correspond to the brighter satellite (+) and the blue one to the weaker
satellite (-). We can clearly see that the brighter satellite has the larger enclosed area.
We could not evaluate the complete data set down to -45 dBm, since in this regime, the
overlap of the peaks is too strong to obtain a reliable fit, as illustrated in the line cut for
-40 dBm in Fig. 3.4 (a). On the other hand, we could also not go higher than -15 dBm, as
here further nonlinear effects come into play, which will be discussed in more details in
Chap. 6.
From the theoretical model, we can obtain the theoretical prediction of the enclosed areas
of the satellite peaks. Here it turned out that the so far used weak-damping approximation
has its limitations.

Weak-damping limit

In the weak-damping limit, fj � Γ̃, the power spectrum, featuring the two Lorentzian
satellite peaks, is given by Eq. (3.7). From that expression, one can obtain the enclosed
area of the two satellite peaks. For the high-amplitude branch, we find:

I
(+)
hi =

(2π)2

a2

(
kBT

2m(2πf0)2

)
cosh(2ϕhi) cosh2(ϕhi) (3.11)

I
(−)
hi =

(2π)2

a2

(
kBT

2m(2πf0)2

)
cosh(2ϕhi) sinh2(ϕhi). (3.12)
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And for completeness, a similar relation is found for the low-amplitude branch

I
(+)
lo =

(2π)2

a2

(
kBT

2m(2πf0)2

)
cosh(2ϕlo) sinh2(ϕlo)

I
(−)
lo =

(2π)2

a2

(
kBT

2m(2πf0)2

)
cosh(2ϕlo) cosh2(ϕlo).

Here, we added the calibration factor a to facilitate the comparison with the data mea-
sured in units of volts. The squeezing parameter ϕj is given by Eq. (3.6) and can be
calculated in our experimental notation as

ϕj =
1

4
log

(
3χ̃j − δfF
χ̃j − δfF

)
,

where for the resonantly driven case, discussed here, the detuning of the drive frequency
is δfF = 0. For the high-amplitude branch we find ϕhi = 0.2747. With the Boltzmann
constant kB = 1.38×10−23 m2kg s−2K−1, the temperature T = 293.2 K and the effective
mass m = 2.11 × 10−15 kg, we can calculate the expected enclosed satellite area again
without any free parameter.
The result for I(+)

hi and I(−)
hi are shown in Fig. 3.5 as gray lines. The theoretical model un-

derestimates the enclosed areas of the weak, lower-frequency satellite. This comes from
the fact that we have some small overlap of the peaks, meaning we cannot completely
neglect the damping parameter Γ, as done in the weak-damping approximation.

Partial overlap of the peaks

To better describe our data, we compare our results with the more general approach
that takes the slight overlap of the peaks into account. It is discussed in detail in the
Supplemental Material of Ref. [47]. The power spectrum reads:

Q(ω) =

(
ΓkBT

2πmω2
0

)
(ω − ωF + 2χj + δωF )2 + χ2

j + Γ2[
(ω − ωF )2 − ν2

j − Γ2
]2

+ 4Γ2(ω − ωF )2
, (3.13)

and we find the areas in our experimental notations, in units of frequency and volt, as:

I±hi =
(2π)2

a2

(
kBT

2m(2πf0)2

)(
cosh(2ϕhi) cosh2(ϕhi)

[
1

2
± 1

π
arctan

(
fhi

Γ̃

)]
+ cosh(2ϕhi) sinh2(ϕhi) +

[
1

2
∓ 1

π
arctan

(
fhi

Γ̃

)]
− sinh2(2ϕhi)

2

Γ̃2

Γ̃2 + f 2
hi

)
(3.14)

and

I±lo =
(2π)2

a2

(
kBT

2m(2πf0)2

)(
cosh(2ϕlo) sinh2(ϕlo)

[
1

2
± 1

π
arctan

(
flo

Γ̃

)]
+ cosh(2ϕlo) cosh2(ϕlo) +

[
1

2
∓ 1

π
arctan

(
flo

Γ̃

)]
− sinh2(2ϕlo)

2

Γ̃2

Γ̃2 + f 2
lo

)
.
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3.2. Thermal noise-induced satellites in the power spectrum

Figure 3.6: Ratio of the areas of the satellite peaks as a function of the drive power. Gray and
red lines show, respectively, the theoretical prediction of the weak-damping limit and
the model that takes the partial overlap of the peaks into account. Modified from
Ref. [47].

The areas reduce to the expression given above in the case of fj � Γ̃.
The results are added as solid red lines to the experimental data in Fig. 3.5. With the
more general model, we find a much better agreement with our experimentally obtained
areas.5 One can also see that the more general model approaches the weak-damping limit
for larger drive powers. This can be explained by the fact that the peaks become further
separated with increasing drive power, and thus the partial overlap becomes negligible.
However, we see the onset of a more significant deviation for large drive powers in our
data. As mentioned earlier, here, other nonlinear effects start to play a role, discussed in
Chap. 6.

Squeezing ratio

From the extracted satellite areas it is easy to calculate the area ratios I(+)
hi /I

(−)
hi . The

results are shown in Fig. 3.6 as black dots as a function of the drive power.
Again the result can be compared with the two theoretical models. In the weak-damping
limit the area ratio, given by Eq. (3.8), simply depends on the squeezing parameter ϕhi.
The squeezing parameter can be calculated following the Eq. (3.6), which gives the the-
oretically expected squeezing parameter: ϕhi, theo = 0.2747. And with that, we find the

5Note, that in this more general model, the satellite peaks given by the power spectrum in Eq. (3.13) are
not Lorentzians. However, they can be well approximated as such, which we have checked by comparing
the analytical result given by Eq. (3.14), with the results obtained by fitting the calculated peaks from
Eq. (3.13) with a Lorentzian. In the regime of well-separated peaks, the deviation is negligible. Moreover,
any other technique of extracting the enclosed area under the satellite peaks in our data, for instance, a
numerical integration, induced a larger error bar. Therefore, we stick to the procedure of extracting the
areas by fitting the peaks to a Lorentzian. More details can be found in the Supplemental Material of
Ref. [47].
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predicted area ratio to

Ratio =
1

tanh(ϕ2
hi)

= 13.9282,

included as the gray line in Fig. 3.6. This is the fundamental limit of the area ratio in
the weak-damping limit. The squeezing parameter and consequently the area ratio is
independent of the drive power. Our data remain well below this fundamental limit. This
can again be attributed to the finite overlap of the satellite peaks, which is captured in
the more general approach taking this overlap into account. Here, the theoretical line,
included as a solid red line in Fig. 3.6, shows a much better agreement with our data.
We obtain it by calculating the ratio of the theoretically calculated areas. For large drive
powers, the model including the overlap approaches the weak-damping limit. In our
experiment, we cannot evaluate this regime, as other nonlinear effects come into play.
They will be discussed in Chap. 6.

Mean-square fluctuations

A more typical representation of the squeezing is obtained by plotting the mean-square
fluctuations of the in-phase and quadrature component of the stable state of forced vibra-
tions. Therefore, we compute the squeezing parameter from our experimentally deter-
mined area ratio with the help of Eq. (3.8) as

ϕhi =
√

arctanh(1/Ratio).

With the parameters given above we can calculate the mean-square fluctuations for the
two quadrature components using Eqs. (3.4) and (3.5). The results are shown in Fig. 3.7.
The black (gray) dots are the fluctuations in the in-phase (quadrature) component. The
black line corresponds to the calculated mean-square thermomechanical fluctuations at
our lab temperature of 293.2 K. Obviously, the in-phase fluctuations are below the ther-
mal limit, so the fluctuations are reduced in the presence of a drive. This comes at the
expense of larger fluctuations in the quadrature component. The red lines show the theo-
retical prediction taking the small overlap of the satellite peaks into account. Once more,
we find an excellent agreement with no free parameters.

3.2.3 Homodyne measurement
In an attempt to complement and validate our spectral measurement of the thermal
squeezing, we perform a homodyne measurement, the standard technique to characterize
a squeezed state, to resolve the thermal fluctuations in the in-phase and quadrature com-
ponent. This should give the same result as plotted in Fig. 3.7, but with the difference that
the data are not deduced from the spectral measurement, but independently and directly
measured.
However, it turns out that this is a very challenging task for a driven highQ resonator due
to unavoidable small frequency fluctuations.
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3.2. Thermal noise-induced satellites in the power spectrum

Figure 3.7: Variance of the in-phase and quadrature fluctuations around the stable state of forced
vibrations as a function of the drive power. Black and gray dots show the in-phase and
quadrature values extracted from the experimentally determined satellite area ratio,
respectively, whereas red lines show the corresponding theoretical model, including
the partial overlap of the peaks. The black line indicates the thermomechanical fluc-
tuations at 293 K. Modified from Ref. [47].

Measurement setup

In principle, this measurement can be done with the lock-in amplifier. The device is capa-
ble of directly measuring the in-phase x and quadrature component y of the mechanical
signal and, with that, also the noise in the quadrature components.
To be able to capture the thermomechanical noise in the linear regime, the lock-in band-
width needs to exceed the linewidth of the resonator, 2Γ/2π. Therefore, we use a band-
width of 50 Hz and a fourth-order filter. We apply the drive frequency on resonance
fF = f0 with a strength of -56 dBm, corresponding to a drive within the linear regime.
With the lock-in amplifier, we sample the response to the resonant drive over a time
interval of 20 s and with approximately 5000 points.

Results

Figure 3.8 (a) shows the measured noise (black dots) in the phase space. From the
equipartition theorem, we expect a circular symmetric noise distribution centered at
a point that is displaced from the origin by the drive, similar to the sketch shown in
Fig. 3.2 (b). Obviously, the data are not in agreement with this expectation. Rather than
a circular distribution, we find a ’banana’ following the black line, which corresponds
to the phase space representation of a frequency sweep through the resonance. This in-
dicates that the system does not stay on resonance for the duration of the measurement.
The distorted shape of the noise is attributed to frequency fluctuations of the resonator,
as discussed in Ref. [80]. For the case of a resonantly driven high Q resonator, these
frequency fluctuations translate into fluctuations of the in-phase component x, which are
much larger than the thermomechanical fluctuations and thus obviate their experimental
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Figure 3.8: In-phase x and quadrature component y of the response of the driven high Q res-
onator. (a) Homodyne measurement of the in-phase and quadrature component of the
driven resonator’s response. The black dots show the noise distribution for a resonant
drive in the linear regime. The pink dots show the noise distribution when repeating
the experiment under active frequency stabilization using a phase-locked loop. The
solid line illustrates the phase space representation of the full resonance curve, and
the gray crosses mark a detuning of ±Γ/2π from resonance. (b) Calculated in-phase
and quadrature components x and y of the response of the driven resonator using the
experimental parameters. The gray shaded region also marks a detuning of ±Γ/2π.
Modified from Ref. [47].

determination in a homodyne measurement.
A more thorough understanding of the impact of the frequency fluctuations can be
obtained from Fig. 3.8 (b) which illustrates the in-phase and quadrature component x
and y for a sweep through resonance. It is immediately apparent that near zero de-
tuning the in-phase component x scales linearly with the detuning, more precisely,
δx ≈ δΩVin/(2Γ2ω0) around ωF = ω0 for frequency fluctuations of amplitude δΩ. This
implies that for a weakly damped resonator, even weak frequency fluctuations lead to a
large broadening of the measured x. The quadrature component y is only quadratically
sensitive to frequency fluctuations.
As a consequence, the frequency fluctuations prevent us from experimentally determin-
ing the thermal fluctuations in our system, even in the very-weakly driven linear regime.
This also disqualifies the method to determine the squeezing in the nonlinear regime.
Note that it could even lead to a misinterpretation of the data since the measured "ba-
nanas" can easily be confused with the expected squeezing ellipse. The corresponding
data measured in the nonlinear regime are presented in the Appendix E.
On the other hand, the frequency fluctuations only lead to a negligible broadening of the
power spectrum as long as they are weak (< Γ). Therefore the spectral measurement is
better suited to characterize the squeezing of driven high Q resonators.
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Compensation of frequency fluctuations with the phase-locked loop

In an attempt to compensate for the frequency fluctuations of the resonator, we employ
the lock-in amplifier’s integrated phase-locked loop (PLL) option. This continuously
measures the phase of the resonator, which is internally set to zero by the device for
a resonant drive.6 Any deviation from this value is compensated by changing the
drive frequency, such that the resonator is pulled back to resonance and thus the phase
becomes zero again. This feedback control indeed allows us to reduce the frequency
fluctuations in the in-phase component as shown by the pink dots in Fig. 3.8 (a), such
that the expected circular noise distribution seems to be recovered. However, as visible
in the pink data in Fig. 3.8 (a), the noise in the quadrature component y becomes larger
than without a PLL applied, shown by the black data points. It seems that the feedback
loop induces additional noise, which has also been observed in Ref. [82]. With that, also
this method cannot be employed to extract the thermomechanical fluctuations of the
resonator.

Another idea to circumvent the frequency fluctuations, which we assume to be
caused mainly by room temperature fluctuations, is to operate the system at cryogenic
temperatures or by implementing a fast photothermal frequency stabilization feedback
loop, for example discussed in Refs. [77] and [83] for a membrane resonator and an
optomechanical system, respectively. However, both fluctuation cancellation techniques
reflect a much more complicated measurement routine than the presented power
spectrum method.

Even though we did not succeed in measuring the mean-square fluctuation in a di-
rect homodyne measurement, this strengthens our spectral method. To the best of our
knowledge, no homodyne detection was done for a high Q resonator. And with that, we
have found a new way to reveal the squeezing of thermal fluctuations in a driven high Q
mechanical resonator.

6In the experiment, it might be necessary to manually set the correct phase offset in the PLL configu-
ration tab.
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3.3 Thermal noise-induced satellites for a detuned drive
frequency

For now, all measurements have been done with the drive applied on resonance (fF =
f0). However, it is expected that the thermal noise-induced satellites also depend on
the detuning of the drive frequency fF − f0. Therefore, we repeat the measurements
shown above, with a fixed drive power of -20 dBm and a variable detuning of the drive
frequency. We initialize our resonator in the high-amplitude state by sweeping up the
drive frequency from 30 kHz below f0 to the desired fF before recording the power
spectrum.

3.3.1 Experimental observations
Figure 3.9 (a) displays the power spectra as a function of the frequency detuning fF − f0.
Centered at zero, we see again the response to the drive as a bright and narrow line. Right
and left to the driven response one can clearly see the satellite peaks. For a large negative
detuning only the satellite peak at higher-frequency can be discerned; and its distance
to the drive tone increases for a drive further away from resonance. For a small detun-
ing, both, the higher- and lower-frequency satellite peaks are resolved, with a symmetric
spacing with respect to the drive tone. The spacing is only slightly increasing with a pos-
itive detuning from resonance. At zero detuning, the splitting equals the one observed
in the line cut in Fig. 3.4 for a drive on resonance and the same drive power used here,
-20 dBm.
Interestingly, the satellite peak at higher frequency vanishes abruptly for a detuning of
190 Hz, whereas the lower-frequency satellite remains. However, it shows a discontinuity
at 190 Hz and continues with a larger splitting, a different slope and a strongly reduced
intensity. At the same time, at a detuning of 190 Hz the amplitude of the response at the
drive tone drops to a drastically smaller value, as shown in Fig. 3.9 (b). This is a signa-
ture of the resonator switching from the high-amplitude state Ahi to the low-amplitude
state Alo. The displayed signal power has been extracted from the line cut in Fig. 3.9 (a)
at resonance. Since the measurement routine to record each of the power spectra in
Fig. 3.9 (a) exposes the resonator to the drive for more than one minute this represents a
much slower measurement than a typical (Duffing) response curve measurement, such as
the one shown in Fig. 3.1 (a). The influence of the sweep speed is discussed in Sec. 3.3.3.

3.3.2 Comparison of the experimental data with the theoretical
model

At the critical detuning ∆cr = (fF − f0) ≈ 190 Hz the resonator switches from the
high- to the low-amplitude branch. This is reflected in the behavior of the satellite
peaks. For a detuning smaller than the critical value the resonator appears to be in the
high-amplitude branch, and as discussed for the resonant drive, the expected satellite
position can be calculated, following Eq. (3.10). The result is added as red open circles
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Figure 3.9: Thermal noise-induced satellite peaks as a function of the drive frequency detuning.
(a) Color-coded power spectrum showing the positions and intensities of the satellite
peaks as a function of the detuning of the drive frequency fF − f0 for the drive
power -20 dBm. The central line f − fF = 0 is plotted with a reduced brightness to
improve the visibility of the satellites. Open circles denote the calculated positions
for the high- (red) and low- (yellow) amplitude states. (b) Extracted signal power at
the line cut at f − fF = 0 as a function of the detuning. The discontinuity observed
at a detuning of 190 Hz indicates the switching of the resonator from the high- to
the low-amplitude state for a slow ramp-up of the detuning. It coincides with the
discontinuity of the satellite peaks in (a). Modified from Ref. [47].

to the data in Fig. 3.9 (a). For a detuning larger than the critical value the resonator is in
the low-amplitude state and we can calculate the expected satellite position by using the
same expression but plugging the corresponding values for the low-amplitude branch.
The result is added as yellow open circles in Fig. 3.9 (a) and for both cases we find that
our data coincide with the theoretical model.
Actually, the satellite peaks are expected to appear symmetrically, as shown in the theory
plot in Fig. 3.10, which we calculate with our experimentally determined parameters
following Eq. (3.10). It turns out that the weaker satellites (faded color) are not resolved
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Figure 3.10: Theoretical calculated satellite peaks for a fixed drive power and as a function of
the drive frequency detuning, using the experimental parameters. The red lines
correspond to the high-amplitude solution satellites, the yellow lines to the low-
amplitude solution satellites. In both cases, the satellites appear as a symmetric pair
with respect to the drive tone (not shown here) at zero detuning. The faded colored
satellites correspond to the ones with the weaker intensity.

in our measurement, this is the lower-frequency one for the high-amplitude state and the
higher-frequency one for the low-amplitude state, respectively. In the theoretical model
the satellites for the low-amplitude solution occur directly at the bifurcation point, close
to a detuning of 120 Hz. Whereas in our data, we stay in the high-amplitude branch
until the critical detuning of 190 Hz, where the resonator switches to the low-amplitude
solution. Note that the satellites for the high-amplitude solution coexist with the ones of
the low-amplitude solution until the second, upper bifurcation point (not shown in the
plot in Fig. 3.10). Afterwards, only the low-amplitude satellites remain.

To obtain the squeezing parameter for the detuning measurement, we repeat the
analysis described for the resonantly driven, shown in Fig. 3.2. Therefore, we extract
the enclosed satellite areas by fitting the satellite peaks to a Lorentzian. Again, the
linewidth is fixed to 2Γ̃ = 20 Hz and the area is the only fitting parameter. Only when the
resonator is in the high-amplitude state, i.e. in a detuning range between -50 and 190 Hz
(the critical detuning), both satellite peaks are resolved. In this range we can determine
the squeezing parameter. The enclosed satellite areas as a function of the detuning are
plotted in Fig. 3.11 (a). The data for the brighter higher-frequency satellite is shown in
green and the one for the lower-frequency and weaker satellite as blue dots. Our data are
in agreement with the theoretical models for the weak-damping and small overlapping
peaks, added as gray and red lines respectively. Here the two models almost coincide.
This is mainly because in the measured regime the satellites are well separated and the
influence of the overlap is negligible.
The area ratio can be calculated and is shown in Fig. 3.11 (b) as black dots. As for the
resonant case, this quantity is associated with the squeezing parameter. We compare
our experimental results with the theoretical predictions for the weak-damping limit
and the model taking the overlapping peaks into account added as gray and red lines
respectively. The agreement between the experiment and the theory is remarkable. We
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Figure 3.11: Squeezing evaluation for the satellite peaks corresponding to the high-amplitude
branch. (a) Areas of the high- (green) and low- (blue) frequency satellite peaks
extracted from the Lorentzian fits as a function of the detuning. The gray and red
lines correspond to the theoretical models in the weak-damping limit and taking the
finite overlap of the peaks into account. In both cases the model coincides with the
data. (b) Area ratio of the satellite peaks as a function of the detuning. The gray and
red lines correspond to the theoretical models in the weak-damping limit and taking
the finite overlap of the peaks into account. A good agreement with both models is
found. (c) Variances of the in-phase and quadrature fluctuations around the stable
state of forced vibrations as a function of the detuning. Black and gray dots show
the in-phase and quadrature values, extracted from the experimentally determined
satellite area ratio, respectively, whereas red lines show the corresponding theoret-
ical model including the partial overlap of the peaks. The black line indicates the
thermomechanical fluctuations at 293 K. Modified from Ref. [47].

see a strong dependence of the area ratio on the frequency detuning.
The more common picture to describe the squeezing of the thermal fluctuations is
shown in Fig. 3.11 (c), where the calculated mean-square fluctuations of the in-phase
and quadrature component about the stable state of forced vibrations are presented. As
for the resonant drive, we see a strong squeezing effect in the in-phase component,
which increases with a positive detuning from resonance. Again we find a remarkable
agreement with the theoretical model, here only the more general approach, taking the
overlap of the peaks into account, is shown (red line). The squeezing has its maximum
value close to the critical switching point at a detuning of 190 Hz. The maximum
attainable value is a 50% reduction, however, in our experiment we stay slightly below
that limit.
Note that for a detuning close to the bifurcation point (not reached in our measurement),
the area ratio as a measure for the squeezing comes to its limits. For an increasing
positive detuning, our data show an increasing squeezing in the in-phase component,
while at the same time, the area ratio seems to approach ≈ 1. The latter corresponds to
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no squeezing in our model. The reason for that is that close to the bifurcation points, the
two satellite peaks merge, which prohibits us from using the area ratio of the satellite
peaks as a measure of the squeezing. This regime corresponds to the limit of an infinite
squeezing parameter, which also leads, according to Eqs. (3.4) and (3.5) to an intensity
ratio of 1. Consequently, the squeezing close to the bifurcation points has to be treated
in a different way. However, this is beyond the scope of this thesis.
The squeezing parameter can only be determined if both satellite peaks are resolved.
This is not the case for the low-amplitude solution. However, we can still clearly see
the expected reversal of the intensities of the satellite peaks in our data as described by
Eqs. (3.8) and (3.9). While the high-frequency satellite peak has a higher intensity for the
high-amplitude state, the low-amplitude peak is dominating for the the low-amplitude
branch. In addition, while the ratio of the areas of the peaks for the high-amplitude states
has decreased to a value ≈ 1 in the vicinity of the switching point, for the low-amplitude
solution the ratio is large, according to the theory, which explains why the low-frequency
satellite peaks is resolved, whereas the higher-frequency satellite peak cannot be detected.

For a positive or negative detuning around 400 Hz, Fig. 3.9 (a) exhibits only a sin-
gle peak. This single peak is expected and corresponds to the thermal motion of the far
detuned driven resonator. In our experiment, we can only resolve this peak for a rather
small detuning, going far beyond 400 Hz means loosing this peak. Moreover, we cannot
resolve the thermal motion in absence of a drive. We attribute this to an insufficient
displacement sensitivity of our detection setup. Presumably, the detection sensitivity is
enhanced in the presence of a drive. This might be a consequence of the heterodyne
microwave-cavity assisted displacement detection scheme.

3.3.3 Critical switching point
The two stable states of the Duffing resonator are reflected in the power spectral mea-
surement in Fig. 3.9 by two different sets of satellite peaks. Starting from a detuning of
60 Hz from resonance, the theory predicts the appearance of the low-amplitude satellite.
However, we observe it much later.
The reason is a different population of the states. For a small detuning from resonance,
it is more likely to find the high-amplitude state, whereas for a large detuning the prob-
ability is higher to find the low-amplitude state. Consequently, there must be a detuning
where both states show the same probability. This is the case at the critical detuning. It is
defined by the switching rates between the high- and low-amplitude solution Whi→lo and
the rate between the low- and high-amplitude solution Wlo→hi. At the critical detuning
one finds the rates to be equal Whi→lo = Wlo→hi. It turns out that the rates change expo-
nentially strong, therefore, away from the critical detuning, the populations of the states
are very different and only one state is seen (with an overwhelming probability) in the
measurement.
To see the switching at this critical switching point the resonator has to be scanned very
slowly such that the resonator has "time" to switch at the point where the switching rates
reverse. In a typical response curve this does not happen, because the frequency is varied
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so fast that the resonator stays in the metastable high- or low-amplitude state well beyond
the critical switching point, until (or close to) the bifurcation point.
The switching between coexisting stable states close to the critical detuning can be de-
scribed for a classical resonator by an analytical model, given in Ref. [25], which is no-
table as the switching occurs for a highly non-equilibrium situation. From Ref. [25] we
find the critical switching detuning δωc for a fixed drive strength F as

3γF 2

32ω3
F δω

3
c

= βc, βc = 0.0125.

Solving for the critical detuning and rescaling the equation to units in volts and natural
frequency gives:

δfc =
1

β
1/3
c

1

4π2

(
3γ̄

32

)1/3
1

fF

(
c · 4 · (2πf0)2 · (2πΓ̃)2 · V 2

in

)1/3

≈ 904.6 s−1(Vin[V])2/3 .

For an input voltage of 65 mV (corresponding to -20 dBm) 7 we find a critical detuning of
δfc = 146 Hz. This is reasonably close to the measured value of 190 Hz. The deviation
could be caused by a slight non-adiabatic frequency sweep, i.e. slightly too fast. Repeat-
ing the measurement with different sweep speeds could clarify the deviation. In contrast,
for the typical frequency response curve plotted in Fig. 3.1(a), the critical switching point
corresponds to the gray dashed line and we clearly go far beyond.

3.3.4 Power spectra for a fixed drive frequency detuning as a
function of the drive power

In another measurement we apply a fixed detuning of 190 Hz (in the critical regime)
and measure power spectra for a variety of drive powers ranging from -45 dBm up
to -4 dBm, similar to the measurement shown in Fig. 3.3. The results are shown in
Fig. 3.12. As for the case of a resonant drive, we see the bright narrow line, centered at
zero, corresponding to the forced vibrations at the drive frequency. For a strong drive,
we see the high-amplitude state satellites, with a symmetric spacing increasing with
power, like for the resonant case. For a weak drive, we only have a weak low-frequency
satellite. By calculating the expected satellite position for our input parameters, we can
assign the weak satellite to the low-amplitude state (again, the second, even weaker
satellite cannot be detected), and the two symmetric satellites to the high-amplitude
state. In the regime between -30 dBm and -17 dBm, we can see both sets of satellites
(but not simultaneously). This correspond to the resonator being in the bistable regime,
and the system chooses, depending on the initial conditions, either the high- or the
low-amplitude state.
The bistable regime is also clearly visible in the plot showing the extracted signal power
of the forced vibrations as a function of the drive power in Fig. 3.13 (a). For a weak drive,

7A conversion table between dBm and volts is given in Appendix D.

47



3. THERMAL SQUEEZING REVEALED IN THE POWER SPECTRUM

Figure 3.12: Power spectra as a function of the drive power for a fixed detuning of 190 Hz. The
open circles denote the theoretical prediction for the satellite position in the high-
(red) and low- (yellow) amplitude state. A perfect agreement is found. Modified
from Ref. [47].

the measured signal corresponds to the low-amplitude solution. If one increases the drive
power, one enters the bistable region, and depending on the individual measurement,
the resonator is in the high- or low-amplitude solution. This is reflected in the data by
the two overlapping signal branches. The bistable regime is highlighted by the blue
shaded region. For a strong drive, only the high-amplitude solution with a large signal is
observed.

To explain the existence of the states outside the bistable regime, an illustration is
sketched in Fig. 3.13 (b-d). For a drive power of -35 dBm (a) one can see that the upper
bifurcation point is at a lower frequency than the drive frequency, applied with a detuning
of 190 Hz away from resonance (blue line). Consequently, the only solution of the
system is the low-amplitude state, corresponding to the weak lower-frequency satellite,
a second even weaker satellite is expected in a symmetric way for the higher-frequency
side, however, this cannot be resolved in our measurement, plotted in Fig. 3.12.
Increasing the drive power to -23 dBm (b), leads to a shift of the upper bifurcation point
along the backbone. Now the drive frequency (blue line) lies within the bistable regime,
and hence the resonator can be found either in the high- or low-amplitude solution. In the
power spectra measurement this is observed in the alternating appearance of the satellites
corresponding to the high- or low-amplitude solution. For the first case, we observe two
symmetric satellite peaks, whereas for the second case, only a weak lower-frequency
satellite is observed. Of course, in every measurement the resonator picks one solution -
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Figure 3.13: (a) Extracted signal power of the response at the drive tone as a function of the
drive power. The blue shaded region highlights the bistable regime. Depending
on the initial conditions, the resonator can be found in the high- or low-amplitude
state. Modified from Ref. [47]. (b-d) Calculated Duffing response curves using the
experimental parameters for different input powers along with a blue line indicating
the applied drive frequency at a detuning of 190 Hz. For -35 dBm the resonator is in
the low-amplitude branch, whereas for -15 dBm it is in the high-amplitude branch.
For the intermediate drive of -23 dBm, both solutions are stable and the system picks
the one matching the initial conditions.

we cannot see all three satellites at the same time.
For an even larger drive power (c), the lower bifurcation point shifts beyond the drive
frequency. Now, only the high-amplitude solution is accessible and consequently we
only see the two symmetric and with power increasing high-amplitude solution satellites,
similar to the resonant measurement shown in Fig. 3.3.
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Satellite area ratio

In the regime, where both satellite peaks are resolved (again only for the high-amplitude
solution) we can extract the enclosed satellite areas using Lorentzian fits and calculate
the area ratio. This is shown in Fig. 3.14. The data are compared to the two theoretical
models, which both coincide well with our data. The systematic deviation for drive
powers above -15 dBm are attributed to further nonlinear effects, discussed in Chap. 6.

Figure 3.14: Ratio of the satellite areas where the resonator is in the high-amplitude state. Gray
(red) lines show the theoretical model of the weak-damping approximation (taking
the small overlap of the peaks into account). Modified from Ref. [47].
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3.4 Conclusion
Within this chapter we have shown that classical squeezing of thermomechanical
fluctuations can be directly observed in the power spectrum our driven Duffing resonator,
obviating the need of a homodyne measurement.

Thermomechanical fluctuations lead to small-amplitude vibrations around the sta-
ble state of forced vibrations of our driven Duffing resonator in the rotating frame. In
the laboratory frame, these small-amplitude vibrations mix with the drive frequency
into two satellite peaks, appearing symmetrically to the left and right to the response at
drive frequency. Depending on the amplitude state, the satellite peaks display a different
frequency offset with respect to the response at the drive frequency.
Owing to our high Q resonator we can very clearly resolve the thermal noise-induced
dynamics, leading to the observed satellite peaks. In contrast to their first experimental
observation [29], we do not need to inject additional noise.
The squeezing of thermomechanical fluctuations is encoded in the unequal brightness
of the thermal noise-induced satellite peaks. This allows us to extract the squeezing
parameter directly out of the power spectrum by calculating the enclosed satellite area
ratio. Both, the squeezing and the asymmetry in the power spectrum are a consequence
of the broken time-translation symmetry. Therefore, they are intrinsically related and
we can use one of them to characterize the other. This novel technique opens the way
to deduce squeezing of thermal fluctuations in strongly underdamped resonators, where
a standard homodyne measurement is not possible due to unavoidable small frequency
fluctuations. Moreover, it is a radically simple method, compared to the standard
homodyne detection
Thanks to our high quality data, we can extract the squeezing parameter directly from
our measurements. Our results are supported by a theoretical model which is in excellent
agreement with our experimental data with no free parameters.
The theoretical model shows that, for a resonantly driven underdamped Duffing
resonator, the squeezed quadrature can be suppressed by a factor of 2, giving rise to
a 3 dB limit, as in the case of parametrically induced squeezing [70]. Notably, no
fine-tuning to a specific operation point is required for obtaining squeezing in our high Q
nanomechanical resonator. We investigated the squeezing over a large parameter regime,
both as a function of the drive power and the drive detuning. For all studies, we find a
perfect agreement with the theoretical model.
In addition to the aspect of squeezing, our nanomechanical Duffing resonator allows to
address the topic of fluctuation-induced switching between the two coexisting stable
states of the nonlinear resonator. While the underlying switching process has been
well understood in equilibrium systems, here we observe and quantitatively describe
thermally induced switching in a highly non-equilibrium situation– to the best of our
knowledge it is the first time that it is possible to compare the analytical theory of
switching far from detailed balance with an experiment.
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4
Amplification and Squeezing in the
Response Spectrum

Next to the backaction of the thermal noise on our driven nonlinear nanomechanical
resonator, we want to investigate the response to a second weak probe tone. We will see
that this can lead to similar results as found in Chap. 3.

The following chapter is mostly based on our publication: J. S. Ochs (née Huber),
M. Seitner, M. I. Dykman and E. M. Weig, Amplification and spectral evidence of
squeezing in the response of a strongly driven nanoresonator to a probe field, Phys.
Rev. A 103, 013506, 2021. © [2021] American Physical Society. Reference [81].
All measurements were performed by me, and the data evaluation relies on discus-
sions between E. M. Weig, G. Rastelli, M. I. Dykman and myself. The theoretical
model was developed by M. I. Dykman. The sample was fabricated by M. Seit-
ner. The manuscript was written by E. M. Weig, M. I. Dykman, and myself, and
therefore the following chapter contains some original passages. The figures are
reproduced from Ref. [81].

The periodic drive applied to our nonlinear system leads to the breaking of the con-
tinuous time-translation symmetry. A consequence of the symmetry breaking is that
one may expect squeezing of fluctuations of the driven nonlinear mode with respect to
the fluctuations in the equilibrium system. Generally, driven systems do not obey the
fluctuation-dissipation theorem, and the properties of the fluctuations are not immedi-
ately related to the response of a system to an extra weak driving. Nevertheless, as we
show in Ref. [81] and the following chapter, the squeezing of the fluctuations induced by
the strong drive can be revealed from a response measurement.
This is similar to the determination of the squeezing parameter with the help of the
unequally bright thermal noise-induced satellite peaks observed in the power spectra
of the driven mode (discussed in Chap. 3). The asymmetry of the spectrum directly
characterizes the squeezing. The satellites result from thermal noise-induced fluctuations
of the weakly damped mode about the stable state of forced vibrations in the rotating
frame.
The driven nonlinear mode is a system far from thermal equilibrium. Therefore, there
is no standard relation between the response spectra and the power spectrum of the
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mode. Nevertheless, it can be understood on the physical grounds that there should be
some relation between these spectra for our considered weakly damped nonlinear mode.
Indeed, in the rotating frame, the stable state of forces vibrations is a stationary state.
The weakly damped and driven mode performs random vibrations about this state due
to thermal noise, but these vibrations can also be resonantly excited by an additional
very-weak external drive. Therefore, the power spectrum and the response spectrum
should display features at the same frequencies, and thus, the response measurement is
expected to contain information about the fluctuations in our driven system.
The response spectrum of the driven mode to a probe field can display up to five peaks.
We expect two satellite peaks, centered equally with respect to the strong drive if there
is only one stable state. In the region of bistability, two stable states are found, and each
state features two symmetric satellite peaks. As discussed in Chap. 3, the satellites for the
high- and low-amplitude solution are expected at different frequencies. The transition
between the states can also cause an additional peak [25, 26, 28]. The appearance of two
symmetric satellite peaks induced by an additional probe force was first seen by Antoni
et al. [84]. However, the topic of squeezing was not addressed in this paper.
Besides the squeezing, the response of the resonantly driven system to an additional
probe force reveals an amplification of the probe field. In other words, rather than taking
energy from the probe field, the mode pumps energy into it. This effect is observed as a
dip in the absorption spectrum.
A major advantage of the response measurement with respect to the previously discussed
determination of the squeezing in the power spectrum is that, although our experiment
is carried out in the classical regime, the method is not limited to it. It can be applied
equally well to characterize the squeezing of quantum fluctuations in a strong resonant
field since the properties of the response to a weak probe are temperature independent.
This is not the case for the method employing the power spectrum of the driven mode,
discussed in Chap. 3.

4.1 Probe-induced satellites in the response spectrum

To facilitate the response measurement, we have to slightly change the setup with re-
spect to the earlier discussed measurements. A schematic of the circuitry is displayed in
Fig. 4.1 (a). We drive and detect the motion of the string resonator with a lock-in ampli-
fier (LA) featuring a multifrequency option. With that, we can apply a strong sinusoidal
drive tone on resonance Vd cos(ωdt) and simultaneously use a second oscillator to sweep
with a weak probe Vp cos(ωpt) across the resonance in a small frequency span.
Here, we use the subscript d for drive tone instead of the subscript F , used in the dis-
cussion of the power spectra. Furthermore, the data is presented as a function of drive
voltages instead of drive powers. A conversion table is given in the Appendix D.
As before, a constant DC voltage of 5 V is applied, and the experiment is performed at
room temperature of 293.2 K and under vacuum at a pressure below 10−4 mbar.
The displacement q(t) of the single mode can be described by the equation of motion
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Figure 4.1: (a) Scanning electron micrograph of the doubly clamped SiN resonator (green) and
two adjacent gold electrodes (yellow) for dielectric drive and detection. The inset
displays a schematic of the experimental setup, where the changes with respect to
Fig. 2.2 are highlighted in orange. (b) Linear response of the fundamental flexural
OOP mode at a drive voltage of Vd = 1 mV (black dots). A Lorentzian fit (solid red
line) yields an eigenfrequency of 6.528 MHz, a linewidth of 2Γ/2π = 20 Hz, and a
quality factor of approximately 325000. (c) Duffing response at a drive voltage of
Vd = 20 mV (black dots) and fit to the Duffing model (red, Eq. (2.20)). The resulting
Duffing nonlinearity is γ̃/(2π)2 = 2.8 · 1015V−2s−2. Modified from Ref. [81]

used before but now extended by the weak probe tone

q̈+2Γq̇ + ω2
0q + γq3 = Fd cos(ωdt) + Fp cos(ωpt) + ξ(t) .

The effective mass of the resonator is set to m = 1 for the time being. The amplitude
of the drive Fd and probe force Fp can be related to the input voltages Vd and Vp by the
relation given in Sec. 2.2.2 .
In the absence of the weak probe tone (Vp = 0) and by using a small amplitude of the
drive Vd, we can sweep the frequency ωd to study the linear response of the fundamental
OOP mode at an eigenfrequency of f0 = 6.528 MHz. It is shown for a drive of Vd = 1 mV
as a function of the detuning fd − f0 in Fig. 4.1 (b) as black dots. A Lorentzian fit (red
solid line) yields a linewidth 2Γ/2π = 20 Hz and a quality factor of Q ≈ 325000.
Increasing the drive voltage leads to the Duffing response. A bidirectional response curve
at a drive voltage of Vd = 20 mV is plotted in Fig. 4.1 (c) as black dots. A fit to the Duffing
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model (solid red line, Eq. (2.20)) allows us to extract the Duffing nonlinearity parameter
γ̃/(2π)2 = 2.8 · 1015 V−2s−2.

4.1.1 Linear response spectrum and amplification of the probe field

For the response measurement, we apply a drive tone Vd on resonance and scan with a
second very-weak probe tone Vp across the resonance in a small frequency span. This is
done for various drive voltages Vd ranging from 0 up to 100 mV. The very-weak probe
Vp is kept constant at 3 mV, and we verify that the response to this probe strength is
within the linear regime. To rule out small-frequency drifts, the resonance frequency is
remeasured between every scan. The sweep is done with a measurement bandwidth of
5 Hz and an eighth-order filter to ensure a high-frequency resolution. With the lock-in
amplifier we can capture the amplitude response R, as well as the in-phase x and quadra-
ture component y of the signal in units of volts.1 They are connected to each other as
R =

√
x2 + y2.

In Fig. 4.2 (a), the amplitude response R to the very-weak probe for different ampli-
tudes of the drive amplitude Vd using a color-coded amplitude with a logarithmic scale is
shown. We can see two satellite peaks, equally spaced from the response to the drive at
fp − fd = 0 and with a drive voltage-dependent splitting. These satellites peaks belong
to the probe-induced small-amplitude vibrations around the stable state of forced vibra-
tions in the rotating frame. This is similar to the thermal-noise induced satellite peaks
discussed in Chap. 3. Please note, that here the data is plotted on a linear drive voltage
scale. Therefore, the satellites appear with a different scaling. The plot would look the
same as in Chap. 3 if the data were plotted on a dBm drive power scale. The bright hori-
zontal band, centered at the drive frequency, looks different to the central peak discussed
in Chap. 3. It is the resonator’s response to the probe interfering with the strong-drive
tone. Its width depends on the bandwidth of the response measurement.
The solid white line in Fig. 4.2 (a) indicates the single line cut of the response to the probe,
plotted in panel (b) as a solid blue line. It refers to a driving voltage of Vd = 50 mV. In
addition, the quadrature component y at the same drive voltage is plotted as a solid black
line. In both data sets, the higher-frequency satellite is much brighter than that at the
lower frequency. This reflects spectral evidence of the thermomechanical squeezing in-
duced by the drive, similar to what has been reported for the power spectrum discussed
in Chap. 3 and Ref. [47]. The quadrature component shows a complex behavior in the
vicinity of the interfering drive and very-weak probe tone.
In contrast to the amplitude data R, which feature two positive satellites, the quadrature
data y exhibit different signs for the two satellites, a positive higher-frequency satellite
and a negative lower-frequency satellite. As we will discuss later, this is an indication of
the amplification of the probe field.

1The relation to the quadrature components X and Y in displacement units presented in Sec. 2.2.1 is
given by X = a · x and Y = a · y.
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Figure 4.2: Probe-induced satellite peaks in the response spectrum. (a) Color-coded response
spectra for the amplitude response for increasing drive voltages at fd = f0. The
probe tone is fixed to Vp = 3 mV. A central band and two satellite peaks are clearly
visible. The satellites have strongly different brightness. Their splitting increases
with the increasing amplitude of the drive, in good agreement with the theoretical
model of Eq. (3.10), which is plotted as red dots. The solid white line indicates the
line cut discussed in (b). (b) Amplitude (solid blue line) and quadrature component
(solid black line) of the vibrations at the probe frequency for Vd = 50 mV. Modified
from Ref. [81].

4.1.2 Theoretical description

In Chap. 3, we investigated the satellites in the power spectrum. Here, we measure the
susceptibility of the driven resonator to a very-weak probe, and we find very similar re-
sults. For the susceptibility, one can extend the theoretical model to the semi-classical
domain, considering both classical and quantum fluctuations. The complete theoretical
model was developed by Mark Dykman and is presented in detail in Ref. [81] and refer-
ences therein.
All experimental data are measured in the classical domain. Therefore, the summary
of the theoretical model presented in the following is restricted to the discussion of the
susceptibilities in the classical domain.

Effect of squeezing on the susceptibility spectrum of a driven nonlinear mode

The response of the driven Duffing resonator to an additionally applied very-weak probe
tone Fp cos(ωpt) can be theoretically described by the linear response theory [25, 26].

57



4. AMPLIFICATION AND SQUEEZING IN THE RESPONSE SPECTRUM

We are going to investigate the case of a resonant drive, which means both the drive, as
well as the weak probe are close to the eigenfrequency of our mode |ωp−ω0|, |ωd−ω0| �
ω0. For the Duffing resonator in the jth state (j = hi, lo = 1,2), the resonant increment in
the displacement, which is linear in the probe field, has the form

〈δqj(t)〉 =
1

2
Fp
[
χj(ωp)e

−iωpt + Xj(ωp)ei(2ωd−ωp)t
]

+ c.c.

The susceptibility χj(ωp) describes the response at the probe frequency ωp (known as the
signal component, in optics terms). In contrast, the susceptibility Xj shows the occur-
rence of the probe-induced vibrations at the combination frequency 2ωd − ωp (the idler
component, in optics terms).
In the weak-damping limit ωj � Γ, close to resonance, and by introducing the squeezing
parameter ϕ (φ in Ref. [81]), one can write the susceptibility at the probe frequency ωp in
the form: 2

χj(ωp) ≈
i

4ωd

1 + (−1)j−1S cosh 2ϕj
Γ− i(ωp − ωd − Sωj)

. (4.1)

Interesting for us is the squared susceptibility |χj(ωp)|2. It gives the square of the ampli-
tude (in units of displacement) of the probe-induced vibrations at frequencies ωp. As it
depends on the squeezing parameter, it suggests a way of extracting the squeezing param-
eter by measuring the susceptibility. The expression |χj(ωp)|2 predicts two Lorentzian
peaks centered at ωp = ωd ± ωj with a linewidth 2Γ. The areas of these peaks

A±j =

∫
|ωp−ωd∓ωj |�ωj

|χj(ωp)|2dωp

are given by

A±j =
π

16ω2
d

[
1± (−1)j−1 cosh 2ϕj

]2
. (4.2)

Similar to the discussion in Chap. 3, we find a simple relation between the area ratio and
the squeezing parameter

A+
hi/A

−
hi = tanh−4 ϕhi A+

lo/A
−
lo = tanh4 ϕlo .

This allows us to extract the squeezing parameter directly out of the response measure-
ment shown in Fig. 4.2.
A second interesting quantity in this context is the imaginary part of the susceptibility,
the quadrature component Y ,

Im χj(ωp) =
Γ

4ωd

1 + (−1)j−1S cosh 2φj
Γ2 + (ωp − ωd − Sωj)2

, (4.3)

2In the weak-noise limit, this susceptibility for a simple resonator has the form χ(ωp) = (i/2ω0)[Γ−
i(ωp − ω0)]−1. This expression coincides with Eq. (4.1) for χ1(ωp) if in the latter expression we set
j = S = hi (there is only one vibrational branch), ωd = ω0, and ϕhi = 0.
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which describes the absorption of the probe field by the mode. The imaginary part of
the susceptibility also displays Lorentzian peaks at ωp = ωd + Sωj . In equilibrium, it is
always positive. However, as seen from Eq. (4.3), the peak at frequency ωp = ωd + Sωj
is negative for (−1)j−1S < 0 and would be more appropriately called a dip. In other
words, for a given branch of the forced vibrations, j, one of the peaks of Im χj(ωp) is
positive and the other is negative. The negative sign of Im χj(ωp) indicates that the mode
amplifies the probe field rather than absorbing energy from it. The amplification comes
at the expense of the drive. Overall

∫
dωp Imχj(ωp) = π/2ωd is positive, a well-known

feature of an oscillator [85].

The ratio of the areas of the peaks of |Imχj(ωp)| at ωp = ωd ± ωj is again con-
nected to the squeezing parameter in a simple relation

Q+
hi/Q

−
hi = tanh−2 φ1, Q+

lo/Q
−
lo = tanh2 φ2,

Q±j =

∫
|ωp−ωd∓ωj |�ωj

|Im χj(ωp)|dωp ,

which equals the expression found for the satellite peaks in the power spectrum in the
weak-damping limit.

Squeezing for a strong resonant drive in the weak-damping limit

The analytical expressions simplify in the case of a resonant drive ωd = ω0, where we
only find the high-amplitude branch, j = hi. The squeezing parameter ϕ and with that
the area ratio of the satellite peaks simplify to

ϕ ≡ ϕhi = (ln 3)/4,

A+
hi/A

−
hi ≈ 193.2 (ωd = ω0)

Q+
hi/Q

−
hi ≈ 13.9 (ωd = ω0). (4.4)

As already discussed in Chap. 3, the squeezing parameter in the weak-damping limit is
independent of the force amplitude Fd. The ratio of the squared amplitude areas is the
square of the ratio of the quadrature areas. This is a consequence of the non-Lorentzian
peaks in the susceptibility.
For the variances (named as 〈δx2

1,2〉j in Chap. 3) we find 3

〈δQ2〉 ≡ 〈δQ2
1〉 ≈ 2kBT/3ω

2
d,

〈δP 2〉 ≡ 〈δP 2
1 〉 ≈ 2kBT/ω

2
d. (4.5)

For comparison, in thermal equilibrium in the classical limit we have 〈δQ2〉eq =
〈δP 2〉eq = kBT/ω

2
0 ≈ kBT/ω

2
d.

3See also Sec. 2.3.1. Here we use the same definitions of the quadrature components as in Chap. 3,
however, we denote the in-phase x1 as Q and the quadrature component x2 as P .
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4. AMPLIFICATION AND SQUEEZING IN THE RESPONSE SPECTRUM

4.1.3 Comparison of the experimental data with the theoretical
model

We compare the experimental data with the theoretical model by rescaling the theoretical
expression to the units of volts and frequencies. As the very-weak probe leads to a similar
effect as the thermal noise, we can reuse the expressions found in Chap. 3. Furthermore,
due to the resonant drive, we can set j = hi.
The eigenfrequency for the measurement presented above, is determined to 6.528 MHz,
the damping parameter is Γ̃ = 10 Hz, the Duffing nonlinearity is γ̄ = 2.78×1015 V−2s−2

and for the calibration factor c we find 0.006, see Fig. 4.1.

Satellite position

The satellite positions are calculated following Eq. (3.10) and by using the parameters
given above. The results are added in Fig. 4.2 (a), as red dotted lines. We find a good
agreement between the experimentally observed satellite positions and the theoretical
model, as in Chap. 3 with no free parameters.

Squeezing parameter

From the theoretical model follows, that the squeezing parameter ϕ can be extracted from
the satellite area ratio, both for the peaks observed in the amplitude responseR ∝ χhi(fp)
and the quadrature data y ∝ Im χhi(fp). Note that R and y are measured in units of volts,
whereas χ is defined for displacement units.
We can obtain the enclosed satellite areas with the same procedure as discussed for the
satellite peaks in the power spectrum. Following Eq. (4.3), the theoretical model predicts
for the quadrature data Lorentzian shaped satellite peaks with linewidths equal to the one
for the linear response of our mode, i.e. 2Γ̃ = 20 Hz. With that, we can fit the satellite
peaks to a Lorentzian function with only one fitting parameter, the enclosed area.
For the amplitude data, one has to note, that the amplitudeR is proportional to |χ1(fp)| ∝
[Γ̃2 +(fp−fd)2]−1/2, which is a non-Lorentzian function of fp (it falls off slower than the
Lorentzian with the increasing |fp − fd|). However, the square the amplitude can again
be fitted by a Lorentzian function, see Eq. (4.2).
An exemplary fit for both data sets is depicted in Fig. 4.3. The plots show the higher-
frequency satellites, including the Lorentzian fits (solid red line) for a drive voltage
of 50 mV. The complete line cut is shown in Fig. 4.2 (b). Panel (a) shows the higher-
frequency satellite for the square amplitude response (blue dots), whereas in panel (b),
the higher-frequency satellite of the quadrature data (black dots) is shown. The differ-
ent intensity scale results from the need to square the amplitude data before fitting it
to a Lorentzian. In both cases, the peaks are very well fitted by the Lorentzian with a
linewidth of 20 Hz.
From the extracted areas for the higher- and lower-frequency satellite, we can calculate
the area ratios, shown in Fig. 4.4. The area ratio for the amplitude A+

hi/A
−
hi is plotted as

blue dots and for the quadrature component Q+
hi/Q

−
hi as black dots. Please note that we

plot the square root of the area ratio of the square amplitude data to visualize it on the
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4.1. Probe-induced satellites in the response spectrum

Figure 4.3: Higher-frequency satellites for a drive voltage of 50 mV along with a Lorentzian fit
(solid red line) with a linewidth of Γ̃ = 20 Hz. (a) For the amplitude responseR (blue
dots), the data has to be squared to be fitted to a Lorentzian. (b) For the quadrature
component y (black dots), the data directly appears as a Lorentzian.

same scale as the quadrature data.4

For weak drive voltages, the two data sets deviate from each other. The ratios of the
amplitude data (blue dots) increase with the drive voltage, whereas the quadrature data
(black dots) appear to be flat. For larger drive voltages, the extracted ratios of the two
data sets coincide.
This can be attributed to the small overlap of the satellite peaks, which is larger for the
amplitude data due to the non-Lorentzian shape of the satellite peaks. Therefore, the
amplitude data (blue dots) are better explained by the theoretical model taking the small
overlap of the peaks into account (solid red line), which was discussed in Chap. 3. On the
other side, the quadrature data appears to have a better separation of the satellite peaks,
and consequently, the data are very well described by the weak-damping limit, added as
a gray solid line (given by Eq. (4.4)).
In the weak-damping limit, the squeezing parameter is independent of the drive amplitude
Fd if the drive frequency coincides with the eigenfrequency of the mode. Such indepen-
dence is indeed seen in the experiment for the quadrature data (black dots), which yields
an average squeezing parameter of ϕhi ≈ 0.28 ± 0.03 in good agreement with the theo-
retically obtained value of arctanh[1/(7 + 4

√
3)1/2] ≈ 0.27. This confirms not only the

analysis of the squeezing but also the model we use to describe the mode’s dynamics.
We start to see a deviation from the weak-damping limit for larger drive voltages, similar
to the one discussed in Chap. 3, this is due to further nonlinear effects starting to come
into play for these strong drive voltages. We remeasured the data on a second sample,

4The corresponding squeezing parameter of the area ratios A+
hi/A

−
hi and Q+

hi/Q
−
hi is found to be the

same, as for the amplitude it is given as A+
hi/A

−
hi = tanh−4 ϕhi whereas for the quadrature data we find

Q+
hi/Q

−
hi = tanh−2 φhi.
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4. AMPLIFICATION AND SQUEEZING IN THE RESPONSE SPECTRUM

Figure 4.4: Area ratio as a function of the drive voltage for the (square root of the square) am-
plitude data (blue dots) and quadrature data (black dots), along with the theoretical
model in the weak-damping limit (gray line) and the more general approach taking
the small overlap of the peaks into account (red line). Modified from Ref. [81].

which does not show the nonlinear effects discussed in Chap. 6. Here we see indeed that
the quadrature area ratio is flat within a large range of driving voltages. The data are
presented in Sec. 4.2.

Mean-square fluctuations

In Fig. 4.5, the amplitude and quadrature area ratios are reexpressed in terms of the mean-
square fluctuations of the in-phase (triangles) and quadrature component (dots) 〈δQ2〉 and
〈δP 2〉, given by Eq. (4.5).
The experimental data, plotted in blue and black, reflect the amplitude and quadrature
signal respectively. In contrast, the theoretical predictions obtained in the weak-damping
limit are shown as gray lines and the ones for the small overlap as red lines. For the sake
of clarity, we chose a normalized dimensionless representation. This obviates reintroduc-
ing the effective mass of the resonator, which would otherwise reappear in the denom-
inator of Eqs. (4.5). The black line indicates the mean-square of the thermomechanical
fluctuations at 293 K, clearly showing that a significant squeezing of the in-phase com-
ponent is observed.
We find again that the weak-damping limit better describes the quadrature data due to
the well separated peaks. This is different for the amplitude data. Here we see that for a
weak drive voltage, the overlap has to be taken into account. For large drive voltages, the
data measured with the two different methods coincide. Furthermore, the two theoretical
models approach it other as well.
We note that the data spread of the quadrature data is larger for weak drive power due
to an insufficient separation of the satellite peaks. There is also a slight systematic tilt
arising from a deviation from the Duffing model that comes into play for strong drive
voltages, discussed in Chap. 6.
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4.1. Probe-induced satellites in the response spectrum

Figure 4.5: Normalized dimensionless variances of the in-phase and quadrature fluctuations
〈δQ2〉 = (ω2

0/kBT )〈δQ2〉 and 〈δP 2〉 = (ω2
0/kBT )〈δP 2〉 around the stable state

of the forced vibration as functions of the drive voltage, plotted as triangles and dots
respectively. Black and blue data indicate the quadrature (y) and amplitude data (R).
The gray lines show the weak-damping model of Eq. (4.5), the red lines correspond
to theoretical model taking the small overlap of the peaks into account. The black
line illustrates the thermomechanical fluctuations at the temperature 293 K used in
the experiment.

Amplification of the probe field

The line cut in Fig. 4.2 (b) clearly shows a dip for the lower-frequency satellite in the
quadrature data (solid black line). The different signs of the satellite peaks in the quadra-
ture data is predicted by the theoretical model and attributed to the absorption and ampli-
fication of the probe field. The absorption is observed for the higher-frequency satellite
with the higher intensity, whereas the amplification is visible in the weaker and lower-
frequency satellite. We do not measure the power of the probe field at the output, but
the very fact that the resonantly absorbed power (ωpF

2
p /2)Im χj(ωp) is negative for

Im χj(ωp) < 0 unambiguously indicates that the nanostring pumps energy into the probe
field.
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4. AMPLIFICATION AND SQUEEZING IN THE RESPONSE SPECTRUM

4.2 Additional measurements

We conducted the same experiment on another sample in a different setup.5 The sample
was fabricated by David Holzapfel and will be referred to as the Michelson sample in the
following.
The linear response of the fundamental OOP mode is found at an eigenfrequency of
f0 = 6.562 MHz. It is shown for a drive of Vd = 3 mV as a function of the detuning
fd − f0 in Fig. 4.6 (a) as black dots along with a Lorentzian fit (solid red line). From the
fit we extract a linewidth of 2Γ/2π = 35 Hz and a quality factor of Q ≈ 190000. The
calibration factor is determined to c = 0.000014.
A bidirectional response curve in the Duffing regime at a drive voltage of Vd = 35 mV
is plotted in Fig. 4.6 (b). A fit with the Duffing model yields the Duffing nonlinear
parameter γ̃/(2π)2 = 7.6 · 1017 V−2s−2.

Figure 4.6: Characterization of the Michelson sample. (a) Linear response of the fundamental
flexural OOP mode at a drive voltage of Vd = 3 mV (black dots). A Lorentzian fit
(red) yields an eigenfrequency of 6.562 MHz, a linewidth of 2Γ/2π = 35 Hz and a
quality factor Q ≈ 190000. (b) Duffing response at a drive voltage of Vd = 35 mV
(black dots) and fit with the Duffing model (red). The resulting Duffing nonlinearity
is γ̃/(2π)2 = 7.6 · 1017 V−2s−2. Modified from Ref. [81].

The Michelson sample does not show larger deviations from the Duffing model for strong
drive voltages (discussed in Chap.6), which allows us to capture the data on a larger input
voltage range. Therefore we can measure within the regime where the satellite peaks are
well separated and the data obtained is shown in Fig. 4.7 (a). Again the drive is applied
on resonance, and we scan across with a very-weak probe, set to 5 mV.
We can clearly see the two satellite peaks. Again, they are in excellent agreement with the
theoretical model, added as a red dotted line on top of the data. The line scan at 60 mV is
shown in panel (b). The blue data belong to the amplitude data, plotted in the map. The
black line corresponds to the quadrature data, also at 60 mV. As for the above-discussed
data, the higher-frequency satellite is brighter in both data sets. The lower-frequency
satellite in the quadrature data appears as a dip, indicating the amplification of the probe

5The measurement was done in the Michelson interferometer using the dielectric drive and detection
scheme.
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4.2. Additional measurements

Figure 4.7: (a) Color-coded response spectra for increasing drive voltages at fd = f0. The probe
tone is fixed to Vp = 5 mV. A central feature and two satellite peaks are clearly visi-
ble. The satellites have a strongly different brightness. Their splitting increases with
the increasing amplitude of the drive, in good agreement with the theoretical model
of Eq. (3.10), which is plotted as red dots. The white line indicates the line cut shown
in panel (b). (b) Line cut along the white line in panel (a). The blue line indicates the
amplitude data, and the black line the corresponding quadrature data of the vibrations
at the probe frequency for Vd = 0.6 V. Modified from Ref. [81]. (c) Upper panel: ra-
tio of the areas of the satellite peaks obtained from the quadrature data as a function of
the drive voltage (black dots). The solid gray line corresponds to the weak-damping
limit. Lower panel: normalized dimensionless variances of the in-phase and quadra-
ture fluctuations 〈δQ2〉 = (ω2

0/kBT )〈δQ2〉 and 〈δP 2〉 = (ω2
0/kBT )〈δP 2〉 around

the stable state of the forced vibration as functions of the drive voltage. Black and
dark blue dots show the in-phase and quadrature values extracted from the experimen-
tally determined satellite area ratio, whereas the gray lines show the weak-damping
model. The gray dashed line illustrates the thermomechanical fluctuations at the tem-
perature 293 K used in the experiment. Modified from Ref. [81].

field.
The data taken on Michelson sample are analyzed in the same way as described before.
Here we restrict the analysis to the quadrature data. Figure 4.7 (b) shows the results for
the ratio of the areas of the satellite peaks and the normalized variances of the in-phase
and quadrature fluctuations obtained from the quadrature data as a function of the drive
voltage. The weak-damping model is plotted in both panels as a solid gray line, and good
agreement between theory and experiment is found.
The averaged squeezing parameter amounts to 0.27±0.03 and is again in excellent agree-
ment with the theoretically obtained value of 0.27. Due to the absence of other nonlinear
effects, the data is perfectly described by the weak-damping limit, and no systematic tilt
towards larger drive voltages is observed.
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4. AMPLIFICATION AND SQUEEZING IN THE RESPONSE SPECTRUM

4.3 Conclusion

In this chapter, we investigate the backaction of a very-weak probe tone on our driven,
nonlinear nanomechanical resonator with a response measurement and demonstrate
resonant amplification and spectral evidence of squeezing.

The experiment presented in this chapter is a response measurement of a driven
Duffing resonator to a very-weak probe force. We apply a strong resonant tone at
the eigenfrequency of our mode and scan with a second very-weak probe tone across
resonance in a small frequency span. We investigate two data sets, the response in the
amplitude data, the susceptibility, as well as the quadrature data, the imaginary part
of the susceptibility. Both data sets show two satellite peaks, symmetrically located
to the left and right of the strong drive frequency. For a resonant drive, we find the
higher-frequency satellites to be more pronounced than the lower-frequency satellites.
The satellites in the quadrature data and for the square of the amplitude data have a
Lorentzian shape with the same linewidth as the linear response of our mode.
These observations are in agreement with the theoretical model with no free parameters.
The satellite peaks are caused by small-amplitude vibrations about the stable state of
forced vibrations. The corresponding frequency of these fluctuations is mixed with
the drive frequency into the two satellite peaks. For the response measurement, these
satellites are not thermal-noise induced, as discussed in Chap. 3, but resonantly induced
by the weak probe tone. The thermal noise is still present, but the effect of the weak
probe is dominating. Their effect, the fluctuations about the stable state, is for both cases
the same.
Due to the periodic drive, exerted on our nonlinear mode, the time-translation symmetry
in our system is broken, with the effect that the thermal fluctuations are squeezed in one
quadrature component below the level without a drive present. This effect was discussed
in Chap. 3. Consequently, the two satellite peaks feature an unequal brightness, where
for the case of a resonant drive, the higher-frequency satellite is more pronounced than
the lower-frequency satellite.
This is very well observed in both our data sets. From the theoretical model follows that
the squeezing parameter is given by the ratio of the enclosed satellite areas. The deduced
squeezing parameter is in perfect agreement with the theoretical prediction with no free
parameters. We analyze the two data sets with two different approaches of the theoretical
model. For the case of the quadrature data, the satellite peaks are well separated (due to
the Lorentzian peaks), and the weak-damping approximation well describes the results.
The amplitude data show non-Lorentzian peaks, only the square amplitude. Therefore,
the peaks appear broader, and one can clearly see the overlap. Taking this overlap into
account gives a good agreement between the measured results and the theoretical model.
Another interesting feature observed in the quadrature data is that one of the satellite
peaks appears as a negative dip. As the quadrature data correspond to the absorption
spectrum, the dip for the lower-frequency satellite actually means that the mode amplifies
the probe field, rather than taking energy out of it, as it is the case for the positive peak at
higher-frequency. Again, this is expected from the theoretical model. However, we have
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to mention that we only observed the indication. We did not evaluate the amplification
of the probe in the experiment.
We independently reproduced our experimental results on a second (similar) sample,
which does not feature the nonlinear effects discussed in Chap. 6. Here we can see
even more clearly and convincingly that the squeezing parameter is for well-separated
peaks indeed drive independent and well described by the weak-damping limit of our
theoretical model.
Another interesting aspect of the response measurement is its applicability in the
quantum regime. The theoretical model can be extended to quantum fluctuations, done
by Mark Dykman and presented in detail in Ref. [81]. It turns out that the measurement
technique of obtaining the squeezing parameter out of the response spectrum of the
driven mode is equally applicable in the quantum domain. Again two satellite peaks with
an unequal brightness are expected for the case of squeezed quantum fluctuations. This
is in contrast to the previously discussed technique in the power spectrum, where satellite
peaks are also expected, but even though the fluctuations are squeezed, this information
is not encoded in the satellite peaks because the two satellite peaks appear with the same
intensity [47, 86]. Consequently, the method in the power spectrum cannot be employed
to extract the squeezing parameter. In other words, the response measurement should
also work for a quantized resonator. In the quantum language, the observed response is
due to a multiphoton process, as several photons of the strong field participate.
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5
Nonlinear Response with Broken
Symmetry

So far, we only investigated frequency response curves for a weak drive in the nonlinear
regime, which are well described by the simple Duffing model and the Duffing nonlin-
earity parameter γ. However, as already explored by Georg Duffing, there can be an
additional nonlinear term describing an asymmetric restoring potential. The following
chapter will discuss how such a broken spatial symmetry can influence the response of
our nonlinear mode.

The following chapter is mostly based on our manuscript: J. S. Ochs, G. Rastelli,
M. Seitner, M. I. Dykman and E. M. Weig, Resonant nonlinear response of a
nanomechanical system with broken symmetry. Phys. Rev. B.104, 155434, 2021.
©2021 American Physical Society. Reference [87].
All measurements were done by me and the data evaluation relies on discussions
between E. M. Weig, G. Rastelli, M. I. Dykman and myself. The theoretical model
was developed by M. I. Dykman and G. Rastelli. The investigates sample was
fabricated by M. Seitner. The manuscript was written by E. M. Weig, G. Rastelli,
M. I. Dykman, and myself, and therefore the following chapter contains original
passages of the manuscript. Figures are reproduced from Ref. [87].

In nanomechanical systems, a broken spatial symmetry can be imposed, for example,
by nearby gate electrodes [32] or asymmetric clamping points [34]. To account for this
asymmetry, we have to extend the description of the restoring potential of the Duffing
resonator, including the (symmetric) Duffing term ∝ γq4, by a lower-order (asymmetric)
term ∝ βq3.
In the standard analysis based on the rotating wave approximation (RWA), the effect of
the lower-order term on the vibrations of the driven mode leads to a renormalization of
the Duffing parameter, such that the standard Duffing model remains applicable with
an effective Duffing parameter [88]. However, it turns out that the RWA breaks down
already for a moderate drive strength, and the cubic nonlinear term in the potential of the
mode is needed to account for the asymmetry. The extended model allows to describe
the response of the nonlinear mode beyond the standard Duffing regime.
In our experiment, we observe that already for a moderate drive voltage, the nonlinear
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5. NONLINEAR RESPONSE WITH BROKEN SYMMETRY

response of our mode can no longer be explained by the Duffing model. Concurrently
to the response beyond the Duffing model, we observe the appearance of an overtone at
exactly twice the drive frequency in the spectrum of the resonantly driven mode. This is
a clear signature of a broken spatial symmetry. The amplitude and phase of the overtone
signal allow us to identify the cubic nonlinearity β in the restoring potential of the mode
as the mechanism responsible for both observations.

5.1 Broken spatial symmetry
Due to the sample geometry of our nanomechanical resonator, we do not have inversion
symmetry, which would mean that the nanoresonator lies in a plane and the vibrations oc-
cur transverse to this plane. Typically, nanoresonators like nanobeams, nanomembranes,
or carbon nanotubes are bent because of an applied gate voltage [32] or the asymmetry of
the clamping [34] or, as in the system studied here, because of the asymmetry imposed
by the dielectric transduction electrodes, as indicated in Fig. 5.1 (a) and (b). When a DC
voltage is applied between the electrodes (yellow), the nanomechanical string (green) is
pulled towards the electrodes. In other words, it is bent upwards and the equilibrium
position is shifted, which leads to a broken spatial symmetry of the mode.
The broken spatial symmetry is captured by an asymmetric potential, as sketched in
Fig. 5.1 (c). To describe such broken symmetry, we start with a harmonic potential ∝ q2,
sketched as a dark blue line. The correction for the Duffing model enters the potential
with a term ∝ q4 (since the Duffing nonlinearity in the equation of motion is cubic), and
the red line illustrates the resulting total potential. Both the harmonic and the Duffing po-
tential are symmetric with respect to the vibration amplitude, independent of the energy
in the potential.
To account for the broken inversion symmetry, we must add a cubic nonlinearity in the
mode potential U(q). The equation of motion thus includes an additional quadratic term
and reads

q̈ = −2Γq̇ − ∂qU(q) + F cos(ωdt) (5.1)
= −2Γq̇ − ω2

0q − βq2 − γq3 + F cos(ωdt) ,

where

U(q) =
1

2
ω2

0q
2 +

1

3
βq3 +

1

4
γq4. (5.2)

Here β is the parameter 1 of the quadratic nonlinearity in the equation of motion or the
cubic nonlinearity in the potential. Since we will focus in the following on the broken
spatial symmetry of the restoring potential, we will refer to β as the cubic nonlinearity in
the potential.
The potential including the cubic nonlinearity β is shown as a green line in Fig. 5.1 (c).

1The parameter β is chosen to be positive. The sign of β can be changed by changing the sign of the
coordinate q and incrementing the phase of the drive by π.
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Figure 5.1: Spatial symmetry breaking in our resonator geometry. (a) Sketch of the sample ge-
ometry of our nanomechanical resonator. The electrodes (yellow) pull up the string
(green) when a DC voltage is applied. The black dashed line indicates the equilibrium
position without a DC voltage applied. The induced shift is heavily exaggerated. (b)
Scanning electron micrograph of the nanomechanical string resonator (green) and the
two adjacent gold electrodes (yellow). Depicted is one of the clamping pads and the
onset of the string and control electrodes. Modified from [87]. (c) Symmetry break-
ing in the restoring potential U(q) (for arbitrarily chosen parameters). The blue line
denotes the potential of a harmonic, the red line for a Duffing, and the green line for
a Duffing resonator with broken spatial symmetry. q1 and q2 indicate the asymmetric
displacement of the mode at a given energy E in the asymmetric potential.

As can be seen in the sketch, the motion becomes asymmetric. This is indicated by the
horizontal line corresponding to a constant energy. Here the maximum displacements
to the left and right, q1 and q2, are not identical. This means that we are dealing with a
broken symmetry involving the dynamics of the mode. Consequently, this modifies the
nonlinear response of the mode beyond the previously discussed effect of the Duffing
nonlinearity.

Broken symmetry as linear bias

A simple way to think of the cubic term in the potential of a nanomechanical resonator
is to relate it to a linear bias. Such bias can come, for example, from our electrodes that
“pull” the string towards the electrodes. The potential of the Duffing resonator with an
additional linear bias is

UB(q) = −ζq +
1

2
ω2

0q
2 +

1

4
γq4, (5.3)

where ζ is the bias strength. This potential describes the Duffing potential shifted away
from the origin by the linear term. However, the shifted potential UB has the same form
as the asymmetric potential Eq. (5.2) for |β| < (4γω2

0)1/2. This is seen if one shifts the
equilibrium position q → q + δq to compensate the linear term; in the limit of small
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5. NONLINEAR RESPONSE WITH BROKEN SYMMETRY

nonlinearity δq ≈ ζ/ω2
0 . As we shift the origin, we have to transform the potential

accordingly and with

β = 3γδq, ω2
0 → ω2

0 + 3γ(δq)2

we find that UB(q) becomes of the same form as U(q). The condition β2 < 4γω2
0 corre-

sponds to our experimental situation where the potential U(q) has a single minimum.

Renormalized Duffing model in the RWA

The Duffing model (2.17) has been very successful in describing many observations in
nanomechanical systems, and in the majority of cases, the analysis was based on the
RWA. In the RWA, one changes from the fast oscillating coordinate q(t) and momentum
p(t) to slowly varying in-phase Q(t) and quadrature component P (t). In the equations
for Q(t), P (t) one then disregards the terms that oscillate at the frequency ωd and its
overtones (see Appendix B). Then the major effect of the Duffing nonlinearity is the
dependence of the mode frequency on the vibration amplitude A [88]

ω → ωeff ≈ ω0 +
3γ

8ω0

A2 , (5.4)

with A given by the value of
√
Q2 + P 2 in the stable vibrational state.

The RWA also applies to a vibrational system with additional cubic nonlinearity in the
potential. In this approximation, the response to the resonant field is mapped onto that of
the Duffing model (2.17) with the renormalized nonlinearity parameter γeff [88]

γ → γeff = γ − 10β2

9ω2
0

. (5.5)

And thus we can write

q̈ + 2Γq̇ + ω2
0q + γeffq

3 = F cos(ωdt) . (5.6)

It is seen from Eq. (5.5) that the cubic nonlinearity β in the potential can strongly affect
the amplitude dependence on the mode frequency (5.4). The model, including the effec-
tive nonlinearity γeff allows us to describe the nonlinear response curve of our mode in the
presence of a broken spatial symmetry for not too large vibrational amplitudes. Strictly
speaking, this model was employed to describe the nonlinear response of our mode in the
previous chapters. However, for convenience, the renormalized parameter γeff was not in-
troduced so far. Going beyond the small-amplitude limit leads to a significant deviation,
which will be discussed in the following.

Beyond the Duffing model in the RWA

The resonator’s response with broken symmetry can significantly deviate from the Duff-
ing response with an effective nonlinear parameter - already for a moderately strong
drive.
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5.1. Broken spatial symmetry

The physics of this effect can be understood by the following argument. In our system,
the Duffing nonlinearity is positive, and the resonance frequency increases with the vi-
bration amplitude (5.4). In the picture of the RWA the effective Duffing parameter γeff is
reduced compared to the bare parameter γ due to the broken spatial symmetry (5.5) [88].
For a weak drive, it is the decreased effective value that determines the nonlinear Duffing
response. However, it is clear that for sufficiently large amplitudes, the quartic term in
the potential becomes “stronger” than the cubic term. Therefore, for such amplitudes,
the frequency dependence on the amplitude should be different from the small amplitude
regime. Remarkably, this occurs where the amplitude is still small compared to the scale
where the change of the vibration frequency becomes comparable to ω0.
Another effect of the broken symmetry is the onset of vibrations at even multiples of
the drive frequency, whereas the standard Duffing model predicts only odd overtones of
the drive frequency. These overtones have been seen earlier in microscale vibrational
systems, cf. Ref. [89] and references therein.

5.1.1 Theoretical description
The following chapter is based on Ref. [87] and contains the theoretical model developed
by Mark Dykman and Gianluca Rastelli. Here, only a brief summary is presented. The
full description can be found in Ref. [87] and references therein.

To describe the response of our mode with broken symmetry, we have to include
the cubic nonlinearity in the potential as shown in Eq. (5.1). In what follows, we
consider a comparatively weak nonlinearity, such that the nonlinear part of the vibration
energy remains smaller than the harmonic part ∼ ω2

0〈q2〉 , where 〈q2〉 indicates the
average value of the amplitude during the periodic motion, and an underdamped mode,
where the decay rate Γ� ω0.

Nonlinear response curve with broken symmetry

For the analysis, it is convenient to change from the coordinate and momentum of the
mode to the action and angle variables I and φ, by a canonical transformation [88].
With these variables, we can calculate the amplitude of the stable vibrational state of the
resonantly driven mode with cubic and quartic nonlinearity in the potential energy U(q)
using the approximation of time-averaging, which is valid for a resonator with high Q.
Only a brief summary of the calculation is presented below. The complete derivation can
be found in Ref. [87].

For an isolated mode with the Hamiltonian

H =
1

2
p2 + U(q) (5.7)

the action I and the angle (phase) φ are defined as I = (2π)−1
∮
p dq and φ = ∂I

∫
p dq

[88]. The vibration frequency of the mode is

ω(I) = (∂I/∂E)−1,
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5. NONLINEAR RESPONSE WITH BROKEN SYMMETRY

where E is the mode energy. The coordinate and momentum are functions of I and φ
and are periodic in φ,

q(I, φ+ 2π) = q(I, φ), p(I, φ+ 2π) = p(I, φ).

In the presence of friction and dissipation, the second-order equation of motion (5.1)
becomes a set of two first-order equations for I and φ,

İ = R∂φq, φ̇ = ω(I)−R∂Iq
R = −2Γp+ F cosωdt . (5.8)

For a stationary state, the forced vibrations occur at the drive frequency ωd, which means
φ̇ ≈ ωd if we neglect terms oscillating at ωd, whereas I has a time-independent compo-
nent and components oscillating at ωd. Since the decay rate of the mode is small, I and
φ − ωdt remain almost constant over the drive period 2π/ωd and the right-hand sides of
the equations for İ and φ̇ can be averaged over the vibration period if we disregard the
fast-oscillating corrections. In this approximation, the equations for the stationary states
read

dI/dt = R∂φq = 0, dφ/dt = ω(I)−R∂Iq = ωd , (5.9)

where the overbar implies the period averaging. Equation (5.9) gives the two parameters
of the stationary vibrational state (st), the action I = Ist and the time-independent part of
the phase φ(t) = ωdt+ ϕst. They can be also be expressed as(

4ΓIst

A(Ist)F

)2

+ 4

[
ω(Ist)− ωd
(∂A/∂Ist)F

]2

= 1 , (5.10)

where A(I) is the amplitude n = 1 in the expansion of q(t) =
∑

nAn cos(nφ). Instead
of solving the equation for the action I , we can also solve it for the energy E of the stable
state

(
4ΓIE(Est)

A1E(Est)F

)2

+

 ωE(Est)− ωd
1
2
ωE(Est)

∂A1E(E)
∂E

∣∣∣
Est

Fd


2

= 1 . (5.11)

At given force F and given applied frequency ωd, Eq. (5.11) can be solved numerically,
and with that, we can calculate the frequency response curve of our mode in the presence
of an asymmetric restoring potential namely A = AE(Est). The complete derivation
is shown in Ref. [87]. Notice that the two functions evaluated at the stationary solution
corresponds to the oscillation amplitude A(Ist) = AE(Est) = A.
On the other hand, in our parameters range, one can also find an analytical closed equa-
tion for the generalized nonlinear response beyond the Duffing model as

A2

[
Γ2 +

(
ω0 +

3γeff

8ω0

A2 +
χγ2

ω3
0

A4 − ωd
)2
]
≈ F 2

4ω2
0

, (5.12)
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with the parameter

χ =
69

256

[
102

23

(
1− γeff

γ

)
− 171

115

(
1− γeff

γ

)2

− 1

]
. (5.13)

Details are given in Ref. [87]. Within the range of the applied force and detuning and our
experimental parameters Eq. (5.12) produced the same results as Eq. ( 5.11). This expres-
sion is used to calculate the response curve taking the cubic nonlinearity in the potential
into account.
From Eq. (5.12), it gets clear that the cubic nonlinearity in the potential leads to an ex-
tension of the Duffing model. For small amplitudes, we find the simple Duffing response
with γeff , while for large amplitudes, we have to take the additional nonlinear term χγ2

ω3
0
A4

into account, where γ = γeff + 10β2

9ω2
0

.
We remark that in our case we have γeff � γ, and the parameter χ is of order one. If
one compares the two nonlinear contributions of Eq. (5.12), we find that for amplitudes
A2 ∼ γeffω

2
0/γ

2 the RWA approximation (Eq. (5.6)) becomes inapplicable and we have
to use the extended model beyond the RWA (Eq. (5.12)).

Dependence of the resonance frequency on the squared amplitude

To illustrate the influence of the additional term on the response curve, Fig. 5.2 (a) shows
the relative variation of the vibration frequency ω(I) as a function of the square of the
amplitude A scaled by the typical displacement (2ω2

0/γ)1/2 at which the Duffing non-
linearity becomes pronounced. We plot the frequency as a function of the amplitude to
illustrate the effect of the Duffing nonlinearity which leads to a dependence of the mode
frequency on the vibration amplitude. The plotted lines correspond to different values of
the scaled cubic nonlinearity β/ω0

√
γ.

For β = 0 (brown line), the frequency is linear in A2 for small amplitudes. In contrast,
for the critical value βcr/ω0

√
γ =

√
0.9 (light green line), where the effective Duffing

parameter γeff = 0, the frequency is parabolic in A2 for small A2. For intermediate
0 < β < βcr (petrol line), the frequency displays a significant curvature as function of A2

in the small-A2 range. This plot reflects the fact, that the nonlinearity β reduces the bare
nonlinearity γ, and with that, the response curves reach larger amplitudes for a compar-
atively small detuning. The dark green line corresponds to our experimental value of β,
which will be determined in Sec. 5.1.3, and as visible from the plot, we are very close to
the critical line.
A zoom into the small amplitude regime is shown in Fig. 5.2 (b), where the experimental
range (dark green line) is compared to the solution of the renormalized Duffing model
(gray line). The maximum amplitude here corresponds to the maximum amplitude ob-
served for a moderate drive voltage of 40 mV. For small amplitudes, the RWA correctly
predicts the decrease of the bare Duffing nonlinearity with the β nonlinearity and we find
a good agreement between the two curves for small amplitude. However, we observe
a significant deviation already for moderately large amplitudes. Clearly, the renormal-
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5. NONLINEAR RESPONSE WITH BROKEN SYMMETRY

Figure 5.2: Relative variation of the frequency ω(I) vs the square of the amplitude A scaled by
q0 =

√
2ω2

0/γ. (a) The brown, petrol, and light green curves refer, respectively,
to β/ω0

√
γ = 0, 0.6, and

√
0.9 (this is the critical value for which γeff = 0). The

dark green curve is computed using the value of β/ω0
√
γ used in the comparison

with the experiment in Fig. 5.6. (b) Closeup showing the relative variation of ω(I)
using the same β as in Fig. 5.6 (dark green) compared with the Duffing model for
the experimental value of γeff (gray) for the upper vibrational branch. Modified from
[87].

ized Duffing model is not sufficient to describe the nonlinear response of the mode for a
moderate drive and vibration amplitude.

Vibrations of the second overtone

For a resonantly driven resonator, another consequence of the broken symmetry is the
occurrence of vibrations at even overtones of the drive frequency.
For a weak nonlinearity, the forced vibrations are almost sinusoidal, q(t) =
A cos(ωdt+ θ).2 To the leading order, the cubic nonlinearity β causes the onset of an
overtone at 2ωd, which is described by the expression

q(2)(t) =
1

6ω2
0

βA2 cos(2ωdt+ 2θ), (5.14)

where we assumed that |ωd − ω0| � ω0 and Γ � ω0. We see that the amplitude of the
overtone AO scales quadratically with the amplitude A of the fundamental mode. More-
over, q(2)(t) comes with a phase of 2θ, whereas the phase of q(t) is θ. It is clear that the
overtone appears only for a β 6= 0. Thus the observation of this overtone is an unambigu-
ous signature of the broken inversion symmetry of the vibrational mode. However, there
can be other contributions to the spectral peak at the second overtone that are also related
to the broken symmetry, as discussed in Sec. 5.2.
From the theoretical model beyond the RWA, one can also extract the expected ampli-
tudes of the overtones, which are plotted in Fig. 5.3 as a function of the amplitude of the

2To stay consistent with the so far used notation for the phase we use θ instead of ϕ, which is used in
the manuscript [87].
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5.1. Broken spatial symmetry

Figure 5.3: Calculated overtones from the model presented in Eq. (5.11) as a function of the
amplitude A of the fundamental mode. The amplitude A2, blue line, corresponds
to the second, A3, dark blue, to the third overtone at 2ωd and 3ωd respectively. All
amplitudes are scaled by F/2ω0Γ. Modified from [87].

fundamental mode. Details on the calculation are given in Ref. [87]. The plot reveals
that the second overtone O (blue line), which is generated by the broken symmetry, is
much stronger than the third overtone (dark blue line), which originates from the Duffing
nonlinearity. Moreover, the second overtone, induced by the broken symmetry, scales
quadratically with the amplitude of the fundamental mode.

5.1.2 Experimental observations
In our experiment, we indeed see a clear deviation from the Duffing model for moderate
drive voltages as well as the appearance of an overtone at twice the drive frequency in
the spectrum of the driven mode.

The measurements are performed on the same resonator that was previously stud-
ied. For the fundamental OOP mode of our nanomechanical string operated at a DC
voltage of 5 V, we find an eigenfrequency of f0 = 6.528 MHz and a linewidth of
2Γ/2π = 20 Hz, which yields a Q-factor of ≈ 325000. The calibration factors are
determined to be c = 0.0053, a = 2.1×10−5 m/V and b/(2π)2 = 215.3 mV−1s−2.

The nonlinear response curves discussed so far are measured for a weak drive
voltage (still close to the linear regime), and are well described by the solution of
Eq. (5.6), which gives the response in the range of drive amplitudes F where the RWA
holds.
An exemplary bidirectional response curve corresponding to this regime, measured at a
drive voltage of 9 mV, is shown as gray dots in Fig. 5.4. A fit (red line, Eq. (5.6)) yields
the effective nonlinear Duffing parameter γ(V)

eff /(2π)2 = 2.48 × 1015 V−2 s−2, where the
superscript V indicates the units of the measurement and is equivalent to the γ̃ notation
used previously. We also added the subscript "eff" to indicate the effective Duffing
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5. NONLINEAR RESPONSE WITH BROKEN SYMMETRY

Figure 5.4: Bidirectional frequency response curve for a drive voltage of 9 mV (gray dots) and
40 mV (black dots). The 9 mV data is fitted to the Duffing model (Eq. (5.6)) and the
obtained γ(V)

eff /(2π)2 = 2.48 × 1015 V−2 s−2 is used to calculate the corresponding
response curve for 40 mV, added as a solid red line. A significant deviation to the
measured data is visible. Modified from [87].

parameter from the RWA analysis, renormalized by the cubic nonlinearity β. Note that
the measured Duffing parameters discussed in the previous chapters are all effective
parameters; however, so far, the subscript was omitted for simplicity.
The measured response for a moderate drive voltage, Vd = 40 mV, is shown by the black
dots in Fig. 5.4. The red curve plotted on the data shows the calculated Duffing response
for this voltage using the value of γ(V)

eff /(2π)2 obtained for a drive voltage of 9 mV. A
large deviation is clearly visible. We also tried to fit the 40 mV response using γ(V)

eff as
a free parameter, but we still could not get a good description. With that we conclude
that the Duffing model, Eq. (5.6), no longer applies for a drive voltage of Vd = 40 mV.
In agreement with the theoretical model for the broken symmetry, the data show a
much smaller amplitude than expected from the renormalized Duffing model (compare
Fig. 5.2).

Along with the deviation from the Duffing response curve, we also observe the
onset of an overtone at twice the drive frequency, which is a clear indication of a broken
spatial symmetry.
Figure 5.5 (a) displays a spectral measurement for a driving voltage Vd = 100 mV
applied on resonance fd = f0. In addition to the driven response of the fundamental
mode at fd = f0 = 6.528 MHz, the overtone at frequency 2fd = 2f0 = 13.056 MHz
is clearly visible. From the string model for n = 2 (Eq. (2.2)), we expect the second
spatial OOP mode (M2) close to twice the eigenfrequency of the fundamental OOP
mode. However, due to the non-negligible bending rigidity, we see a small deviation
from the string model, and the mode actually appears 200 kHz higher in frequency and
is thus clearly separated from the observed overtone. The separation between the M2

mode and the overtone is indicated in Fig. 5.5 (b), which shows a frequency response
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5.1. Broken spatial symmetry

Figure 5.5: Generation of the overtone at twice the drive frequency. (a) Spectra of the resonantly
driven fundamental OOP mode (M) for a drive voltage of 100 mV. The overtone (O)
at exactly twice the drive frequency at 13.056 MHz is clearly visible. Higher-order
overtones are barely discerned in this representation. A constant noise background
has been subtracted from the data. (b) Frequency response measurement for a sweep
around twice the eigenfrequency resolving the second spatial OOP mode M2, which
has a different mode shape than M, indicated in the plots. The second spatial mode
appears 200 kHz higher in frequency with respect to the overtone O. (c) Drive volt-
age dependence of the resonant amplitude of the fundamental mode (M) as well as
the second (O) and third overtone. The drive frequency is fixed on the resonance fre-
quency of the fundamental mode f0. (d) The amplitude of the overtone (O) depends
quadratically on the amplitude of the fundamental mode (M). Data is shown in blue.
The red line is a quadratic fit. Modified from [87].

measurement recorded with the lock-in amplifier. The large peak at 13.25 MHz belongs
to the second spatial OOP mode M2. The frequency at which we observe the overtone
(O) is indicated by the blue arrow.
With a frequency separation much larger than the linewidth of the two modes, both
features can be clearly distinguished. This in itself allows us to unambiguously associate
the overtone at 2f0 with the (non-sinusoidal) vibration of the resonantly driven funda-
mental mode.
To study the dependence of the overtone on the amplitude of the drive and the am-
plitude of the fundamental mode, we can conduct another measurement with the
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lock-in amplifier. We fix the drive frequency on resonance fd = f0 = 6.528 MHz
and sweep the drive voltage between 0 and 0.4 V. Simultaneously, we can record
the amplitude response at the drive frequency fd = f0 = 6.528 MHz, at twice the
drive frequency 2fd = 2f0 = 13.056 MHz and also at triple the drive frequency
3fd = 3f0 = 19.584 MHz by using several demodulators. The results are summarized in
Fig. 5.5 (c). In agreement with the spectral measurement shown in panel (a), we see a
large amplitude of the fundamental mode (M, black) and a considerably strong second
overtone (O, blue) corresponding to the signal at 2fd = 2f0 = 13.056 MHz. We can also
resolve the third overtone at 3fd = 3f0 = 19.584 MHz (dark blue), although it is barely
visible in the plot. Note that the third overtone is generated by the Duffing nonlinearity
γ, whereas the second overtone is an indication of a cubic nonlinearity β.
Panel (d) shows the dependence of the second overtone amplitude (O) on the amplitude
of the fundamental mode (M). The red line corresponds to a quadratic fit that describes
the data very well. It reveals the quadratic dependence of the overtone on the amplitude
of the fundamental mode, as expected from the theoretical model in Eq. (5.14).

5.1.3 Modeling of the nonlinear response curve

Our experimental observations suggest that the deviation from the Duffing model is a
consequence of a the broken spatial symmetry.
The theoretical model, developed by Gianluca Rastelli and Mark Dykman, discussed in
Sec. 5.1.1 can be employed to model our measured anomalous response curve shown in
Fig. 5.4. Moreover, it allows us to obtain a value for the cubic nonlinearity in the poten-
tial β(V), where the subscript V indicates the units of the measurement.
To this end, we solve Eqs. (5.9) to compute the response curve for the experimentally
determined eigenfrequency ω0 and linewidth 2Γ. The bare Duffing parameter γ(V) is es-
timated in units of volts using Eq. (5.5). This involves the effective Duffing parameter
γ

(V)
eff , which is extracted from the measurement in the weak driving regime where the

effective Duffing model applies, and the nonlinearity β(V), which is chosen to match the
theoretical solution to the experimental curve.3

The green line in Fig. 5.6 displays the result for β(V)/(2π)2 = 2.08 × 1015 V−1s−2.
By taking the influence of the cubic nonlinearity in the potential beyond the RWA into
account, we now find an excellent agreement between the theory (green line) and the
measured response curve (black dots).4

Note that the upper branch of the experimental response curve breaks down at a de-
tuning of approx. 1.5 kHz, whereas the theoretical branch extends much further and is

3In principle one could also fit the data with β(V) as a fitting parameter, which we have not done so
far. An alternative approach is presented in the Appendix F.

4By using a fit with the Duffing and an additional quintic nonlinearity (in the equation of motion), we
can also perfectly describe our anomalous response curve (without the nonlinearity β). However, a quintic
nonlinearity cannot explain the observed overtone at twice the drive frequency, as it, similar to the Duffing
nonlinearity, only generates overtones at odd multiples. The excellent agreement can be understood from
Eq. (5.12), where the influence of the nonlinearity β enters the extend Duffing model in a similar way as a
quintic nonlinearity. This is discussed in more detail in in Appendix F.
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Figure 5.6: Bidirectional frequency response curve for a drive voltage of 40 mV (black dots)
along with the calculated Duffing response with γ(V )

eff (red solid line) and the extended
model, taking the nonlinear parameter β(V ) into account (green solid line). The black
dotted line indicates the experimentally measured bifurcation point. Modified from
Ref. [87].

truncated at a detuning of 2 kHz. This discrepancy is attributed to the highly metastable
nature of the high-amplitude solution for the symmetry-broken resonator, which prevents
us from mapping out the complete solution for reasonable measurement speed. In con-
trast, the standard Duffing model (red line) predicts a maximal detuning smaller than the
experimentally observed detuning. This is another indication that the Duffing model is
insufficient to describe our measured data, as the drop in the data before the calculated
response (green line) can be attributed to the metastable nature of the high-amplitude
branch. However, a drop of the Duffing fit (red line) before the drop in the data cannot
be explained like that.
Using the estimated value of β(V), we can estimate the bare Duffing coefficient
γ(V)/(2π)2 ≈ 1.16 × 1017 V−2s−2 with Eq. (5.5). We see, that it is two orders of mag-
nitude larger than the effective Duffing coefficient γ(V )

eff /(2π)2 = 2.48 × 1015 V−2 s−2

measured for the weak driving regime, and thus the symmetry breaking indeed has a
large influence on the frequency response curve of our mode.

5.2 Origin of the overtone at twice the drive frequency
in the experiment

We can perfectly describe our anomalous frequency response curve by the nonlinearity β,
originating from a broken spatial symmetry. To prove that the observed overtone at twice
the drive frequency originates from the same mechanism, we compare in the following
our experimental observations with the theoretical model for the overtone at twice the
drive frequency.
Besides the nonlinearity, β, other mechanisms associated with a broken spatial symmetry
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can also contribute to the observed signal at twice the drive frequency. We also compare
these other possible mechanisms to our experimental observations to rule them out as a
possible source.

5.2.1 Overtone associated to the cubic nonlinearity β

Resonant excitation of the overtone for a drive at the eigenfrequency

The overtone caused by the broken spatial symmetry and a resonant excitation at the
eigenfrequency is described by Eq. (5.14). We expect a quadratic dependence of the
amplitude of the overtone AO on the amplitude of the fundamental mode A, given as

AO =
βA2

6ω2
0

. (5.15)

Figure 5.5 (d) shows the corresponding data where we plot the amplitude of the overtone
Vout,O ∝ AO as a function of the amplitude of the resonant response of the fundamental
mode Vout,M ∝ A. A fit with y(x) = c · x2 clearly shows that the amplitude of the over-
tone scales quadratically with that of the fundamental mode.
In principle, the relation in Eq. (5.15) allows one to directly calculate the nonlinearity
β(V )/(2π)2 out of the measured response of the fundamental mode and overtone. How-
ever, one must assume that AO = aO · Vout,O and A = a · Vout,M, with aO = a which is
not the case in our system. We observed a different measurement sensitivity for signals
measured at the fundamental mode and the overtone at twice the drive frequency, similar
to the observations in Ref. [90].
The calibration method employed to determine a (see Sec. 2.3.3)) cannot be used to ob-
tain aO. However, we can deduce the scaling factor between aO and a. This can be
done by comparing the β(V )/(2π)2, obtained from modeling the response curve, with a
β(V )′/(2π)2 extracted from the relation given by Eq. (5.15) as

Vout,O =
a

aO
·
β(V )V 2

out,M

6ω0

=
β(V )′V 2

out,M

6ω0

,

where we use the relation β = β(V )/a. By comparing the calculated β(V )′/(2π)2, which
contains the scaling factor a/a0, with the β(V )/(2π)2 obtained from modeling the re-
sponse curve, we find that aO = a/27.4.
By taking the different sensitivity into account,5 we can now fit β(V )

Fit /(2π)2 directly from
the data presented in Fig. 5.5 (d), by using the relation

Vout,O

27.4
=

β
(V )
Fit

(2π)2
·
V 2

out,M

6f 2
0

. (5.16)

The scaled amplitude of the overtone as a function of the amplitude of the fundamental
mode along with the quadratic fit according to Eq. 5.16 is shown in Fig. 5.7. From the fit,

5Note, that this does not influence the modeling of the response curve, as all necessary parameters
are determined at the fundamental mode frequency and therefore, they all have the same calibration factor
(which, moreover, drop out of the calculations).
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Figure 5.7: Determination of β(V )
Fit /(2π)2 from our experimental data, where the measured sig-

nal at the overtone (O) is scaled by 27.4 to account for the different measure-
ment sensitivity. A fit with Eq. (5.16), added as a red line, yields β(V )

Fit /(2π)2 =
2.12 × 1015 ± 0.001 V−1s−2, which is in agreement with the β(V )/(2π)2 obtained
from modeling the nonlinear response curve.

we find β(V )
Fit /(2π)2 = 2.12 × 1015 V−1s−2, which is in agreement with the value found

from the modeling of our non-Duffing frequency response curve, shown in Fig. 5.6,
β(V)/(2π)2 = 2.08× 1015 V−1s−2.

In addition to the quadratic scaling of the overtone signal with the amplitude of
the fundamental mode, the theoretical model suggests that the phase of the second
overtone corresponds to 2θ, i.e., to twice the phase of the fundamental mode in the linear
regime. To validate the theoretical model, we can conduct a phase measurement with the
lock-in amplifier.6

The phase θ of the fundamental mode is measured for a resonant drive of 1 mV in the
linear regime. Note that a deviation from the phase θ is expected for a drive in the
nonlinear regime, as shown in Sec. 2.3.2. For the overtone the phase θO is measured for
drive voltages of 20 mV, 50 mV, 75 mV and 100 mV. As the overtone generation is a
nonlinear effect, we measure the phase for driving voltages in the nonlinear regime.
Our results are plotted in Fig. 5.8, where the black dot refers to the phase of the linear
response of the fundamental mode and the blue dots denote the phase of the overtone
for different driving voltages. The phase of the fundamental mode at a drive of 1 mV
is found to θ = −83.98◦ ± 7.44◦, and for the overtone we find θO = −169.12◦ ± 7.6◦,
which is the mean value of the four measurements including the standard deviation.
Indeed, the phase of the signal at overtone appears at θO ≈ 2θ, e.g., at twice the phase
of the fundamental mode in the linear regime. The large uncertainty for the phase in the
linear response is caused by small frequency fluctuations leading to large fluctuations

6To measure the correct phase, we have to compensate for an additional phase shift induced, for ex-
ample, by the devices used in our experimental system. This can be done by adding a phase offset to the
demodulator phase of the lock-in amplifier. A more detailed discussion is given in Appendix H.
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Figure 5.8: Phase measurement for the linear response (black dot) and overtone at twice the drive
frequency (blue dots), as a function of the drive voltage.

in the steep slope of the linear-driven resonator phase (see Sec. 3.2.3). In contrast, the
uncertainty for the phase of the overtone is attributed to different small off-resonant
driving frequencies among the four measurements.

Both observations, the quadratic scaling with the amplitude of the fundamental
mode and the phase of the overtone, are in agreement with Eq. (5.14) and suggest that
the symmetry breaking described by the nonlinearity β is causing the overtone.

Resonant excitation of the overtone for a drive at half the eigenfrequency
Besides the overtone generation for a resonant drive applied at ωd = ω0, one also expects
to observe a similar overtone when the drive is applied at half the eigenfrequency
ωd = ω0/2.
In this regime, according to Eq. (5.1), the force F cos(ωdt) still excites forced vibrations
with a displacement q(0)(t) ≈ [F/(ω2

0 − ω2
d)] cos(ωdt), even though the drive is applied

at a frequency ωd ≈ ω0/2 which is nonresonant. Because of the nonlinearity of the
mode, which is characterized by the parameter β in Eq. (5.2), these vibrations resonantly
excite vibrations at 2ωd, which corresponds to the effect of a resonant second overtone
generation

q(2)(t) ≈ βF 2

2(ω2
0 − ωd2)2

× Re
exp(2iωdt)

ω2
0 − 4ωd2 + 4iΓωd

, ωd ≈ ω0/2. (5.17)

To validate the overtone generation for a drive at half the eigenfrequency, we repeat the
overtone measurement for a drive of 100 mV applied at f0/2 = 3.264 MHz. Our results
are presented in Figure 5.9.
In panel (a) we plot the overtone amplitude measured at 2fd = 6.528 MHz as a function
of the drive frequency fd swept around f0/2 = 3.264 MHz with Vd = 100 mV. We
can clearly see the Lorentzian peak, along with a Lorentzian fit (red line), corresponding
to the generated overtone at 2fd = f0. We could not resolve the response at the drive
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5.2. Origin of the overtone at twice the drive frequency in the experiment

Figure 5.9: Resonant excitation of the overtone for a drive at half the eigenfrequency. (a) Am-
plitude of the resonantly excited overtone at 2fd as a function of the drive frequency
fd swept around f0/2 with Vd = 100mV. The red line displays a Lorentzian fit
with linewidth 2Γ̃. (b) Peak amplitude of the resonantly excited overtone at f0 for
fd = f0/2 as a function of the drive voltage. The red line corresponds to a quadratic
fit. Modified from Ref. [87].

frequency f0/2 due to bandwidth limitations of the experimental setup.7 Fig. 5.9 (b)
shows the scaling of the peak overtone amplitude for fd = f0/2 with the driving voltage
fitted with a quadratic function, added as a solid red line. The quadratic scaling with the
driving voltage is in agreement with Eq. (5.17).
These measurements demonstrate that the resonantly excited overtone at 2fd = f0 for
a drive at f0/2 arises from the cubic nonlinearity β, following Eq. (5.17), similar to the
overtone generated in the original experiment where the drive is applied on resonance.

5.2.2 Additional mechanisms for the overtone generation
Several other mechanisms could also contribute to the overtone signal. These include the
direct and the parametric nonlinear coupling to the driving force and nonlinear excitation
of the second spatial harmonic eigenmode of the string resonator.
In the following, we compare our experimental observations with the theoretical predic-
tions of all these mechanisms to indeed reveal the nonlinearity β as the dominant source
of the overtone signal. All contributions are additive and, therefore, can be described
separately.

1. The effect of a nonlinear coupling to the driving force at ωd = ω0

Direct contribution
Another mechanism that explains an overtone at twice the drive frequency can be un-
derstood by recalling that the force on the string resonator under dielectric driving [33]
comes from the modulation of the potential of the surrounding electrodes, see Fig. 5.1 (c).

7The power combiner for the microwave pump and cavity signal before the IQ-mixer has a bandwidth
of 5-65 MHz, and thus signals at f0/2 ≈ 3.3 MHz are suppressed.
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The string resonator can be thought of as a part of the capacitor formed by these elec-
trodes. The force on the mode with a coordinate q is

F =
1

2

(
∂C

∂q

)
V 2 ,

with C as the capacitance and V the voltage applied to the electrodes. The force emerges
only where ∂C/∂q is nonzero, which in turn occurs when the system lacks inversion
symmetry. The voltage V has an RF part that oscillates at the drive frequency ωd as VRF =
Vd cos(ωdt) and an additional DC component VDC. In total, we have V = VDC + VRF,
which leads to the force

F =
1

2

(
∂C

∂q

)
V 2 =

1

2

(
∂C

∂q

)
(VDC + VRF)2

=
1

2

(
∂C

∂q

)(
V 2

DC + 2VDCVRF + V 2
RF

)
=

1

2

(
∂C

∂q

)(
V 2

DC + 2VDCVd cos(ωdt) +
V 2
d

2
(cos(2ωdt) + 1)

)
.

The first term in the parenthesis is a constant DC offset, the second is the drive at the
drive frequency (Fω ∝ ωd) [33], and the third term is the drive at twice the drive fre-
quency (F2ω ∝ 2ωd). Usually, the 2ωd drive contribution is assumed to be small and is
therefore neglected, as assumed in Sec. 2.1.2.
In the following, we want to estimate how much smaller the 2ωd term actually is. There-
fore, we consider the ratio of the two drive contributions, where we neglect the constant
offsets V 2

DC and V 2
d /2.

Fω
F2ω

≈ 1/2(∂C/∂q)2VDCVd
1/2(∂C/∂q)V 2

d /2
=

4VDCVd
V 2
d

=
4VDC

Vd
.

For a DC voltage of 5 V and a drive voltage of 0.1 V, we find

Fω
F2ω

≈ 4 · 5V
0.1V

= 200 ,

and thus the 2ωd contribution is 200 times smaller and can indeed be safely neglected for
drive voltages up to 100 mV.
We can also estimate the expected amplitude vibrations caused by the 2ωd drive and thus
the contribution to the overtone vibration. In order to do so, we write the dielectric force
component at twice the drive frequency as λF 2 cos 2ωdt and the vibrations caused by this
force have the form

q
(2)
λ (t) = Re

λF 2 exp(2iωdt)

ω2
0 − 4ω2

d + 4iΓωd
, (5.18)

where the parameter λ is determined by ∂C/∂q. It is calculated below. Clearly, the vibra-
tions induced by the 2ωd drive contribute to the signal observed at the second overtone.

86



5.2. Origin of the overtone at twice the drive frequency in the experiment

Using the expression for the force Fω and our force strength calibration (see Sec. 2.2.2),
we can determine the coefficient ∂C

∂q
as follows.

Fω =
∂C

∂q
VDCVd = b · Vd

∂C

∂q
=

b

VDC

=
8.5 · 103 m

Vs2

5V
= 1700

m

V2s2
.

Moreover, we can determine the parameter λ with the following relation

F2ω = λF 2
ω .

With that the parameter λ is given by

λ =
F2ω

F 2
ω

=

1
4
∂C
∂q
V 2
d

(∂C
∂q
VDCVd)2

=
1

4 ∂C
∂q
V 2
d

=
1

4 · 1700 m
V2s2
· 5V2

= 5.88 · 10−6 s2

m
.

Finally, we can calculate the vibrations caused be the drive F2ω

q
(2)
λ (t) = Re

λF 2 exp(2iωdt)

ω2
0 − 4ω2

d + 4iΓωd
≈ λF 2

ω2
0 − 4ω2

d + 4Γωd
cos(2ωt)

For a resonant drive ω0 = ωd, the denominator is −3ω2
0 . With that, the amplitude of the

vibrations caused by the drive contribution at 2ωd can be calculated

A
(2)
λ =

λ(∂C
∂q
· VDC · Vd)2

3ω2
0

.

For the amplitude in units of volts, we have to divide A(2)
λ by the calibration factor

aO = a/27.4, which translates the signal measured in volts to displacement units and
includes the scaling factor to take care of a different sensitivity between signals measured
at the fundamental mode and its overtone at twice the drive frequency. Figure 5.10 shows
the contribution of Eq. (5.18) to the overtone at 2ωd (green) along with the measured
amplitude of the fundamental mode (black) and the overtone signal (blue), which is
scaled as well. For example, for a drive with Vd = 100 mV, we find a contribution
that is more than three orders of magnitude smaller than the measured overtone signal,
indicating that the contribution of Eq. (5.18) is small. Moreover, the contribution of
the drive at 2ωd shows a different scaling with amplitude and phase as expected for the
overtone observed in the experiment.
With that, we rule out that the nonlinear coupling to the driving force generates the
observed overtone for a resonant driving force.

Parametric contribution
The force from modulating the capacitance by the vibrations of the nanostring also
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Figure 5.10: Influence of the nonlinear coupling to the driving force on the overtone at 2ωd. The
measured amplitude of the fundamental mode M (black) and the scaled overtone
signal O (blue) are included along with the estimated amplitude at 2ωd resulting
from the nonlinear component of the drive (green) according to Eq. (5.18), revealing
a negligible influence of the later. Modified from Ref. [87].

contains the parametric driving term λ′qF cosωdt. This term comes from the derivative
∂2C/∂q2 evaluated at the equilibrium position of the string resonator. Because of this
term, the mode vibrations q(t) = A cos(ωdt+ θ) lead to vibrations at twice the drive
frequency, with the displacement of the form

q
(2)
λ′ (t) =

1

2
Re

λ′AF exp(2iωdt+ θ)

ω2
0 − 4ω2

d + 4iΓωd
. (5.19)

Here, again, for resonant driving, the denominator becomes ≈ −3ω2
0 . This parametric

contribution comes with a different scaling of the amplitude (∝ A) and phase (∝ θ) as
we have measured for the generated overtone (∝ A2, 2θ). Therefore, we can rule this
mechanism as a dominating source of the overtone signal.

To get a better estimate of the parametric contribution, we consider the following
model

q̈+2Γq̇ + ω2
0q + γq3 + βq2 = F cos(ωdt) + λ′qF cos(ωdt) ,

where next to the contribution of the nonlinearity β, the parametric contribution described
by λ′qF cos(ωdt) is included. For β = λ′ = γ = 0 we have q(t) = A cos(ωd + θ) as a
stationary solution of the standard driven, linear resonator.
In particular, to the leading order in β, λ′ the overtone at twice the drive frequency is
given by the equation

q(2)(t) =− 1

12ω2
0

(
βA2 exp(2iθ) + λ′FA exp(iθ)

)
× exp(2iωdt) + c.c. (5.20)

We assume that |ωd − ω0| � ω0,Γ� ω0. One can see that the contribution to the signal
at twice the drive frequency from β and λ′ comes with a different phase with respect
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to the driving signal. This can be used to differentiate between the two contributions
experimentally.
We gratefully acknowledge Mehdi Alem from Zurich Instruments for helping us to
realize the following measurement technique with the lock-in amplifier.

To differentiate in the experiment between the nonlinearity β and parametric λ′

contribution to the overtone, we have to decompose the overtone signal, expected at
twice the drive frequency, into its in-phase and quadrature component. These are the
two parameters we measure with the lock-in amplifier. The real part of Eq. (5.20), which
corresponds to the measured overtone amplitude, can be expressed as

Re q(2)(t) = (g cos 2θ + k cos θ)︸ ︷︷ ︸
X

cos 2ωt (5.21)

− (g sin 2θ + k sin θ)︸ ︷︷ ︸
Y

sin 2ωt ,

where we introduce the parameters g = A2β
6ω2

0
and k = Aλ′F

6ω2
0

, which correspond to the β
nonlinearity and parametric contribution respectively.

In Eq. (5.21) the in-phase X and quadrature component Y are defined in displace-
ment units. From the measurement with the lock-in amplifier, we obtain the in-phase
x and quadrature component y in units of volts. They are connected to X and Y via a
calibration factor aO as

X = aO · x Y = aO · y .

With that, we can express the quadrature components in Eq. (5.21) as

x =
g

aO
cos 2θ +

k

aO
cos θ

y =
g

aO
sin 2θ +

k

aO
sin θ .

Defining g̃ = g
aO

and k̃ = k
aO

gives the following matrix equation[
x
y

]
=

[
cos θ cos θ
sin 2θ sin θ

] [
g̃

k̃

]
.

Finally, we can invert the matrix,[
g̃

k̃

]
=

1

sin θ

[
− sin θ cos θ
sin 2θ − cos 2θ

] [
x
y

]
, (5.22)

which gives us a relation to calculate g̃ and k̃ from our measured x and y component.
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In the experiment, we apply a drive voltage of 100 mV to the fundamental mode
and read off the components x and y of the overtone signal at twice the drive frequency
from the lock-in amplifier. To compensate for the phase shift in our system,8 we set the
demodulator phase at the lock-in amplifier to −90◦. We find

x = −132.62 µV y = −31.93 µV .

To obtain the g̃ and k̃ component for our experimental system, we use the phase θ ≈ 84◦,
as determined in Sec 5.2.1 and plotted in Fig. 5.8, for the linear response. From the matrix
relation Eq. 5.22, we can calculate the g̃ and k̃ component, found to

g̃ = 135.42 µV k̃ = −8.45 µV ,

and with that, we see that the parametric contribution is much smaller than the one as-
sociated to the nonlinearity β. Moreover, the experimentally determined g̃ is in good
agreement with the theoretically calculated one

g̃ =
g

aO
=

A2β

6aOω2
0

=
27.4 · a2 · V 2

out,M · β(V )

6a2ω2
0

= 126.61 µV,

with A = a · Vout,M = a · 753.7 µV, β = β(V )/a = (2π)2/a · 2.08 × V−1s−2, ω0 =
2π · 6.5284 MHz and a0 = a/27.4. The amplitude of the fundamental mode Vout,M for a
drive of 100 mV can be read off the data presented in Fig. 5.5 (c).
Another way to proof that the k̃ component is indeed negligible small, is by looking at
the amplitude R of the signal

R2 = x2 + y2 = g2 + k2 + 2gk cos θ = 18.61× 10−9 V2

≈ g2 = 18.33× 10−9 V2

Therefore we conclude, that the k component is negligible small, and we do not have a
significant parametric contribution of the drive to the overtone signal.

2. The effect of a nonlinear coupling to the driving force ωd = ω0/2

Similar to the contribution of the nonlinear coupling to the driving force to the overtone
generated for a drive at ωd = ω0, we have a contribution to the overtone generated for a
drive at ωd = ω0/2.
The effect of the direct nonlinear drive is described by Eq. (5.18) with ωd close to ω0/2.
Therefore the denominator in Eq. (5.18) is small, a signature of the resonant overtone
generation. In addition, forced vibrations at the drive frequency ωd also resonantly excite
vibrations at 2ωd ≈ ω0 via the nonlinear (parametric) coupling to the force. This contri-
bution is described by Eq. (5.19) in which one should set A = Fd/(ω

2
0 − ω2

d) and θ = 0.
Again, the denominator in Eq. (5.19) becomes resonantly large for ωd close to ω0/2.
However, if the effect of nonlinear driving is small for the driving at frequency ≈ ω0, it

8See also Appendix H.
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is expected to be small for the driving at frequency ω0/2. Additionally, the scaling of
amplitude and phase of the contributions described by Eq. (5.18) and Eq. (5.19) are not
in agreement with our experimental observations, and therefore the effect plays only a
minor role.

3. Influence of the second spatial harmonic

Another relevant mechanism generating a signal at the overtone of the driving force for
ωd ≈ ω0 is nonlinear coupling between the fundamental mode M and the second spatial
harmonic eigenmode M2. This mode appears at frequency ω2/2π = 13.2 MHz, as shown
in Fig. 5.5 (b). It is almost 200 kHz above the overtone, indicated by the blue arrow and
labeled by O.
However, the mode M2 could still be excited by the drive at frequency ωd ≈ ω0. If the
coordinate of this mode is q2, the potential of the nonlinear coupling of this mode to
the fundamental mode M1 has a term U12 = β12q

2q2, where q is the coordinate of the
fundamental mode. Neglecting the internal nonlinearity of the mode M2, its equation of
motion reads

q̈2 + ω2
2q2 = −β12q

2 .

The forced vibrations of the M2 mode q2(t) induced by the forced vibrations of q(t) =
A cos(ωdt+ θ) have the form

q2(t) ≈ 1

2
β12

A2

4ω2
d − ω2

2

cos(2ωdt+ 2θ) + const . (5.23)

We see that a contribution of this type would also appear with a phase of 2θ and a scaling
quadratic in the amplitude of the fundamental mode A. However, the denominator in
this expression is small compared to the denominator in the expression (5.14) for the
overtone of the fundamental mode, |4ω2

d − ω2
2| � ω2

0 . It is also important to note that the
parameter β12 would be equal to zero in a symmetric nanoresonator. In an asymmetric
resonator, it remains small because the coupling results only from the distortion of the
modes compared to the conventional sinusoidal form.
However, we can rule out the coupling to the second spatial mode as a dominating
mechanism, as we observe a similar overtone generated for a drive at f0/2 where there
is no coupling to the second spatial harmonic eigenmode.

With that, we can conclude that the cubic nonlinearity in the potential β is the
major contributor to the observed overtone signal at twice the drive frequency. All other
mechanisms appear with a different scaling in amplitude and phase or remain small.
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5.3 DC tuning of the nonlinear parameters

5.3.1 Theoretical considerations
In order to explore the dielectric nature of the two nonlinear parameters γ and β, we use
a simplistic model to evaluate the dielectrically induced force acting on the string and
with that derive the tuning of the parameters with the applied DC voltage. The model is
based on an expansion of the electrostatic energy.
As discussed in Sec. 2.1.2, the polarization of the dielectric string in the inhomogeneous
electrical field can be approximated by induced dipoles. The electrostatic energy of such
an induced dipole at position r0 in an electric field E can be written as

Wel = −1

2
~p ~E(~r0) = −1

2
αE2(r0) ,

where ~p = α~E denotes the electric dipole moment with the polarizability α. The factor
1
2

arises from the continuum limit and avoids double counting of interaction terms.
If one considers only the z-component (along the vibration direction of the string), the
electrical field component can be treated as a scalar, and a Taylor expansion for a small
displacement z around the equilibrium position z0 up to the second order yields:

E(z0 + z) = E(zo)︸ ︷︷ ︸
:=E0

+
∂E

∂z

∣∣∣∣
z0︸ ︷︷ ︸

:=E1

·z +
1

2

∂2E

∂z2

∣∣∣∣
z0︸ ︷︷ ︸

:=E2

·z2 + ...

Inserting the expansion of the electrical field into the expression for the electrostatic
energy gives

Wel = −α
2

(
E0 + E1z + E2z

2
)2

= −α
2

(
E2

0 + 2E0E1z + 2E0E2z
2 + E2

1z
2 + 2E1E2z

3 + E2
2z

4
)
.

From the electrostatic energy we can obtain the force acting along the same direction

Fel = −∂Wel

∂z
(5.24)

=
α

2

(
2E0E1 + (4E0E2 + 2E2

1)z + 6E1E2z
2 + 4E2

2z
3
)

= αE0E1︸ ︷︷ ︸
constant offset, new equilibrium position of the string

+ α(2E0E2 + E2
1)z︸ ︷︷ ︸

dielectrically-induced spring constant

+ 3αE1E2z
2︸ ︷︷ ︸

dielectrically-induced nonlinearity βd

+ 2αE2
2z

3︸ ︷︷ ︸
dielectrically-induced nonlinearity γd

.

We find four terms, where the first term describes a constant offset, which leads to a
new equilibrium position of the string and with that to the broken spatial symmetry. The
second term reflects a dielectrically induced spring constant which allows us to tune the
eigenfrequency of the mode [33, 45].9 The third term corresponds to a dielectrically-

9Usually only the expansion in first order is considered for the frequency tuning, where the additional
spring constant is found to ke = −∂Fel

∂z = αE2
1 [45].
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induced nonlinearity βd, which scales quadratically with the displacement and the last
term belongs to a dielectrically induced cubic nonlinearity, which shows a cubic depen-
dence on the displacement. From this approximation, one can see that the eigenfre-
quency, the dielectrically induced nonlinearity βd, as well as the dielectrically induced
cubic nonlinearity γd tune quadratically with the applied DC voltage, as the electrical
field (and its components E0, E1 and E2) scale proportional to the applied DC voltage.
Moreover, it reflects that the effective Duffing nonlinearity γeff is not only renormalized
by the nonlinearity β (see Eq. (5.5)), but also by the dielectric nonlinearity γd. Or, in
other words, the nonlinearity γ is the sum of the geometric nonlinearity and the dielec-
tric contribution. For our system we can assume the nonlinearity β is mainly caused by
dielectric forces, and therefore we can set β = βd.
From our experiment we can obtain the nonlinearity β, the dielectrically-induced nonlin-
earity γd, as well as the dielectrically-induced frequency shift. Moreover, the polarization
α can be approximated with literature values. Therefore, it should be in principle possible
to evaluate the field components E1, E2 and E3 with our simplistic model in Eq. (5.24).

5.3.2 Experimental observations
To verify the theoretical considerations, we perform a series of frequency response mea-
surements at different DC voltages between 0 and 10 V, which allow us to extract the DC
tuning of the nonlinear parameters γ(V )

eff and β(V ).

Duffing response for a weak drive

For a weak driving voltage the nonlinear response is measured and fitted to the Duffing
model (Eq. (5.6)) to extract the effective parameter γ(V )

eff /(2π)2. Our results are plotted
in Fig. 5.11 (a) as a function of the squared DC voltage. Overall, a clear quadratic de-
pendence of the effective Duffing parameter γ(V )

eff /(2π)2 on the DC voltage is observed,
which confirms our theoretical considerations and with that, the dielectric contribution of
γ

(V )
d to the nonlinearity γ(V )

eff .
Moreover, we observe that the effective Duffing parameter decreases with increasing DC
voltages, and close to our typical operation point of 5 V DC, we observe the critical value
at which the effective Duffing parameter becomes zero. In our measurement, this occurs
in the vicinity of 6 V DC. For even larger DC voltages, the effective parameter becomes
negative, and with that, we observe a softening Duffing response.
Figures 5.11 (c-e) show some examples of the measured response curves for a driving
voltage of 10 mV for 5, 6, and 10 V DC respectively. For our standard operation point
of 5 V DC, indicated by the green lines in (a) and (b), we find a stiffening Duffing re-
sponse, plotted as a green line in panel (c). For 10 V DC, we observe a softening Duffing
response with a negative nonlinear parameter γ(V )

eff /(2π)2, plotted in panel (e) as a red
line. Here, the frequency response bends to lower frequencies. Unlike the stiffening
response, in a softening response, the low-amplitude solution is observed by sweeping
to higher frequencies and the high-amplitude solution is observed by sweeping to lower
frequencies. Around 6 V DC, the γ(V )

eff /(2π)2 is essentially zero and thus we obtain a
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Figure 5.11: DC voltage dependence of the nonlinearity parameters γ(V )
eff (a) and β(V ) (b). Both

nonlinearities show a quadratic dependence on the DC voltage. γ(V )
eff changes from

a positive (stiffening) to a negative (softening) sign (nonlinearity) near VDC = 6 V.
The stiffening regime is indicated by the blue shaded region. The standard operation
point of VDC = 5 V is indicated by the vertical green solid lines. Bidirectional
response curves for a drive voltage of Vd = 10 mV for a DC voltage of (c) 5 V, (d)
6 V and (e) 10 V. We can clearly see the evolution from a stiffening (c) to a canceled
(d) to a softening (e) nonlinearity. Modified from Ref. [87].

symmetric response, plotted in panel (d) as a blue line. This regime is characterized by
a linear response with a drastically increased amplitude response. It is studied in detail,
for example, in Ref. [24].

Beyond Duffing response for a moderate drive

For moderate drive voltages, beyond the Duffing regime, the nonlinear response curves
are modeled with Eq. (5.12) and the obtained values for β(V )/(2π)2 as a function of the
squared DC voltage are plotted in Fig. 5.11 (b). Similar to the effective Duffing param-
eter, the nonlinear parameter β(V )/(2π)2 decreases with increasing DC voltages. We
observe as well the predicted quadratic tuning with the applied DC voltage.
The change in β(V )/(2π)2 in the considered range of DC voltages is only∼ 10%, whereas
the γ(V )

eff /(2π)2 changes significantly. The small change of β(V )/(2π)2 is qualitatively
consistent with the change of the eigenfrequency, which tunes in the considered DC volt-
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Figure 5.12: Mixing response curve for a DC voltage of 7 V. The upward sweep is depicted as
blue, the downward sweep as green dots. For a weak driving voltage of 10 mV
the conventional softening response with two transition points is observed (lower
panel). Increasing the driving voltage to 30 mV leads to a drastic change in the
response curve, and four transition points are observed, highlighted by the light
blue and green dashed backgrounds and labeled by a-d (upper panel).

age range about 30 kHz and corresponds to a change of ∼ 5%. The strong change of
γ

(V )
eff /(2π)2 can be a result of the small value of this parameter as it goes through zero in

the considered range.

Mixing response

At a DC voltage of 7 V we observe a mixing behavior between the softening and stiff-
ening nonlinear parameters, plotted in Fig. 5.12. For a weak driving voltage of 10 mV,
lower panel, we observe the softening Duffing response, and with the Duffing model, we
can extract the effective Duffing parameter, which is negative. In the plot, the upward
sweep is indicated by dark blue dots and the downward sweep by green dots. Dashed
lines indicate the transitions between the two stable states. As expected from the Duffing
model, we observe two transitions.
Increasing the driving voltage to 30 mV (upper panel) leads to a profoundly different
response with four jumps between different stable amplitude branches, labeled by a-d.
Sweeping up the driving frequency (blue dots) leads to a sudden jump to a large am-
plitude response (b) which shows a stiffening behavior in the sense that the amplitude
increases with increasing driving frequency. For a detuning of roughly 100 Hz we see
the drop to a low-amplitude state (d). Sweeping vice versa, green dots, also reveals two
transitions. First, the amplitude follows the softening Duffing response. However, for
a detuning of roughly -75 Hz (c), the amplitude jumps up to a larger amplitude value,
matching the branch observed for the upward sweep. For a detuning of 120 Hz the high-
amplitude drops to the low-amplitude branch (a). In total, we observe four transitions,
indicated by the colored shaded regions in the plot.
These observations look similar to the results discussed in Refs. [23, 24, 91] which study
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the so-called mixing regime, which is described the interplay of stiffening and soften-
ing nonlinearity. It can be described by a fifth-order nonlinearity, e.g., a term ∝ q5

in the equation of motion. A more detailed discussion can be found, for example, in
Refs. [24, 92, 93]. Similar measurements are also discussed in the Master Thesis of
David Holzapfel, who studied a comparable nanomechanical string resonator, discussed
in Chap. 4 in the Michelson setup [94].
The observed response with four transition points prevents us from extracting the value
of β(V ) with the model presented in Eq. (5.12) in this regime.
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5.4 Conclusion
In this chapter, we investigate the influence of a broken spatial symmetry on our high Q
nanomechanical resonator. The broken spatial symmetry is imposed by our control elec-
trodes and leads to a significant deviation from the frequency response curve expected
from the Duffing model as well as to the onset of an overtone at twice the drive frequency.

Conventionally, the nonlinear response of a weakly driven nonlinear mode is de-
scribed by the Duffing model and the nonlinear parameter γ. However, for our resonator
we observe already for a moderate drive a non-Duffing response. This happens in
the range where the forced vibrations are still close to sinusoidal. Our explanation is
based on taking the broken inversion symmetry of the resonator into account, which is
described by a cubic nonlinearity β in the restoring potential of the mode.
The analysis including the broken spatial symmetry requires to go beyond the standard
rotating-wave approximation. The obtained results allow to describe the nonlinear re-
sponse beyond the Duffing model. Moreover, the comparison between the experimental
data and the theoretical model, developed by Mark Dykman and Gianluca Rastelli,
allows us to determine the parameter of the cubic nonlinearity β.
Along with the change of the response curve, the broken inversion symmetry leads to
the onset of overtones at even multiples of the drive frequency. For a resonant drive, we
observe a strong overtone signal at twice the drive frequency. Several other microscopic
mechanisms, such as a direct and parametric nonlinear coupling to the driving force
or a nonlinear excitation of the second spatial eigenmode, could lead to the onset of
vibrations at twice the drive frequency. However, they are ruled out, as the dependence
of the vibration amplitude and phase of the overtone on the amplitude and phase of the
fundamental mode suggests that the major contribution to the overtone signal comes
from the cubic nonlinearity of the mode potential.
Similar to the other parameters in our system, the nonlinear parameters γ and β scale
quadratically with the applied DC voltage and allow us to tune the nonlinearities over an
extensive parameter range. We can observe the transition of a stiffening to a softening
response. In addition, as a result of the interaction of the nonlinear parameters, we can
also observe the case of an effective zero Duffing parameter and, moreover, a nonlinear
response with more than two jumps in the frequency response curves, known as a mixing
response.
Our results demonstrate that high Q nanomechanical systems display very rich nonlinear
dynamics. It comes from the interplay and competition of different nonlinearity parame-
ters even in simple cases where the vibrations remain close to sinusoidal. The significant
compensation of the nonlinearity that we have found in a certain range of the vibration
amplitudes, which is controlled by how strongly the inversion symmetry is broken, can
be used in applications as it extends the practically important regime of almost linear
behavior of the mode. At the same time, the deviation from the traditionally assumed
Duffing behavior should be generic for high Q nanomechanical modes, as in many cases
such modes lack inversion symmetry
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6
Frequency Comb from a Single
Driven Mode

Increasing the drive power applied to our nonlinear mode beyond the regimes discussed
so far yields very interesting and profoundly nonlinear effects. With our well-controlled
and fully characterized nanomechanical resonator, we have all the tools to investigate this
deeply nonlinear regime.

The following chapter presents work in progress. All measurements presented in
this chapter were performed by me. The interpretation and evaluation is based
on discussions between Eva Weig, Mark Dykman, Gianluca Rastelli and myself.
The theoretical model of the RIFF mechanism was developed by Dykman et al.
[35]. In close collaboration with Mark Dykman and Gianluca Rastelli, together
with Daniel Boneß and Wolfgang Belzig, the theoretical model is currently being
adapted to our experimental system. The investigated sample was fabricated by
Maximilian Seitner. Preliminary measurements were done by Johannes Kölbl and
Maximilian Seitner [56].
A publication of the following results is planned [95].

In the rotating frame picture, a driven nonlinear resonator in the high-amplitude solution
can be thought of as a stable fixed point in the minimum of the potential landscape. In
the presence of thermal noise, the resonator is not completely fixed at the stable state,
but randomly meanders around it. The additional frequency component of these small-
amplitude fluctuations caused by thermal noise is mixed with the drive frequency and
forms two satellite peaks, to the left and right of the drive tone, in the power spectrum of
the moderately driven mode. This effect was discussed in detail in Chap. 3.
For a much stronger drive, we observe more than two satellite peaks in the power spec-
trum of the ultra-strongly driven mode. Interestingly, these multiple satellite peaks are
equidistantly spaced, super narrow, and extremely bright.
We can attribute our observations to self-sustained oscillations in the rotating frame. In-
stead of being bound to (or meandering around) the minimum of the potential landscape
in the rotating frame, the mechanical mode is pumped up in quasienergy and performs
self-sustained oscillations along trajectories defined for constant energies in the potential
well. Due to the asymmetry enforced by the periodic drive, the trajectories are asym-
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6. FREQUENCY COMB FROM A SINGLE DRIVEN MODE

metric, and therefore, the mode’s vibrational response is distinctly non-sinusoidal. In
this way, multiple frequency components are mixed with the drive frequency, resulting in
multiple, equidistant peaks in the power spectrum of the ultra-strongly driven mode.
The equidistant, narrow and bright satellite peaks form a frequency comb, well known
from quantum optics [96–99], but also explored for nano- and micromechanical res-
onators [100–106]. However, the frequency comb formation observed in our system
is qualitatively very different from the ones presented in the literature for nonlinear res-
onators by linear [105, 107], or nonlinear resonance [104]. It is formed solely by an
isolated mechanical mode and a single drive tone.
A theory describing such a phenomenon was proposed by Dykman et al. [35]. It is based
on a resonantly induced nonlinear negative friction force that arises, for example, by the
heating of the mode due to the absorption of the power from the strong resonant drive.
To the best of our knowledge, a frequency comb formation based on the proposed mech-
anism of Dykman et al. has not been observed so far.
A drive-induced nonlinear dissipation in doubly clamped microbeams was recently ob-
served by Bousse et al. [108] in the phase slope of the parametric response. However,
they did not observe the generation of a frequency comb.

6.1 Multiple satellites in the power spectrum

To observe the multiple satellites in the power spectrum, we repeat the measurement
presented in Chap. 3 and apply a strong sinusoidal drive tone on resonance (fd = f0) and
measure power spectra for different drive powers. However, this time, we investigate the
response up to significantly stronger drive powers and capture the signal over a wider
frequency span. The data are again measured with the spectrum analyzer in the FFT
mode with a bandwidth of 1 Hz, and to eliminate slow frequency drifts, we remeasure the
mode’s eigenfrequency between each power spectrum measurement.
The parameters of the mode are similar to those presented in Chap. 3: At a DC voltage
of 5 V we find an eigenfrequency of f0 = 6.529 MHz, a linewidth of 2Γ/2π = 20 Hz
and a quality factor of Q ≈ 325000. The nonlinear Duffing parameter is γ̃/(2π)2 =

2.54 × 1015 V−2s−2 = γ
(V )
eff , where we switch back to the notations used in Chap. 3 and

4. Moreover, the influence of the broken spatial symmetry, described by the nonlinearity
β is neglected for now. The calibration factors have values of a = 2.54× 10−5 m/V,
b = 1.03× 104 mV−1s−2 and c = 0.0062.

6.1.1 Observations in the power spectrum
Figure 6.1 (a) shows the measured series of power spectra for drive powers ranging from
-40 dBm to +10 dBm with a color coded signal power in dBm. The frequency axis is
rescaled to f − fd. At weak drive powers, we can clearly see the two unequally bright,
thermal noise-induced satellite peaks, which appear symmetrically to the left and right
of the main tone. The data up to a drive power of -15 dBm are discussed in Chap. 3, and
will be referred to as "two-satellite regime" in the following.
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6.1. Multiple satellites in the power spectrum

Figure 6.1: Multiple satellites in the power spectrum. (a) Series of power spectra for different
drive powers with a color-coded signal power. Multiple satellites are observed for
drive powers above Pth = −2.5 dBm. Red dots correspond to the prediction of the
thermal noise-induced satellites, given by Eq. (3.10). White dots are multiples of
Eq. (3.10), coinciding quite well with the observed multiple satellites. The black line
indicates the line cut, plotted in (b). Inset: Zoom into H1 in the drive power regime
of the onset of higher-frequency satellites along with the theoretical model (solid red
line). The arrow indicates the power at which the first additional satellites appear. (b)
Line cut for a drive power of 5 dBm. The multiple, equidistant, narrow and bright
satellites peaks are clearly visible. Furthermore, the nomenclature for labeling the
satellites is introduced.

Above the threshold power of about Pth = −2.5 dBm, we observe the appearance
of additional satellite peaks. There are more higher-frequency than lower-frequency
satellite peaks. All satellite peaks are equidistantly spaced and similar to the thermal
noise-induced satellites they show a symmetric and with power increasing spacing. The
additional satellite peaks do not all occur simultaneously. First, we observe an additional
higher- and lower-frequency satellite peak. After that, only additional higher-frequency
satellite peaks are observed, with higher-order satellites occurring sequentially as drive
power increases. This regime will be referred to as the "multiple satellite regime" in the
following.
With the model developed in Chap. 3, we can calculate the expected satellite position
for the two thermal noise-induced satellite peaks with Eq. (3.10). The expected satellite
positions are added as red dots on top of the data, and we find a perfect agreement, even
in the regime where the multiple satellites emerge.
However, there might be a small deviation from the model in the multiple satellite
regime. This is shown in the inset of Fig. 6.1 (a), which shows a zoom into the first
higher-frequency satellite in the vicinity of the appearance of the first additional peaks.
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6. FREQUENCY COMB FROM A SINGLE DRIVEN MODE

Figure 6.2: Evolution of the satellite peaks. H1 and L1 for different drive powers of -20 dBm
(blue), -10 dBm (green), -5 dBm (yellow), 0 dBm (orange) and 5 dBm (red) at
fd = f0 plotted as a function of the frequency f − fd and on a logarithmic signal
power scale.

The theoretical model for the satellite position is added as a red line and a white arrow
indicates the position where the first higher-order satellites appear. The data show a
slightly different curvature in the regime where the multiple satellites are present.
The higher-order satellite peaks appear at exact multiples of the first higher- and lower-
frequency satellites and can be well-described by simply multiplying the calculated
position (Eq. (3.10)) by integer numbers (2, 3, 4 and 5). The results are added as white
dots.
In panel (b), a line cut for a drive power of 5 dBm is plotted (rescaled to units of
V/
√

Hz). Next to the main tone (M) we find five higher-frequency satellites, labeled
with H1−5 and two lower-frequency satellites, labeled with L1,2, where H1 and L1 denote
the satellite peaks arising from the thermal noise-induced satellite peaks. From the line
cut, it is apparent that the satellite peaks become super bright and extremely narrow.
Note that the power spectrum map in Fig. 6.1 (a) might be misleading, as the satellites
appear broader in the multiple regime. This is, however, an artifact of the large intensity
of the peaks. H1−3 are for the chosen parameter regime brighter than the main tone
(M). In units of volts, the H1 satellite has at 5 dBm a factor 250 larger peak amplitude
than at -20 dBm. The intensity of the higher-order satellite peaks reduces gradually
with increasing number. Moreover, within a satellite pair, consisting of a higher- and
lower-frequency satellite peak at the same frequency offset from the main tone, the
lower-frequency satellite has a weaker intensity, similar as for the thermal noise-induced
satellite peaks.

From the results of Chap. 3 we recall that the thermal noise-induced satellite peaks have
a linewidth of 2Γ/2π = 20 Hz. This is clearly no longer the case for the narrow peaks
observed in the multiple satellite regime.
To receive an impression of the satellite evolution as a function of the applied drive
powers, Fig. 6.2 displays the H1 and L1 satellite peaks for drive powers of -20, -10, -5,
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6.1. Multiple satellites in the power spectrum

Figure 6.3: Exemplary Lorentz fits (red lines) for the first higher-frequency satellite H1 for drive
powers of -20 dBm (a), -5 dBm (b) and 5 dBm (c), corresponding to a moderate,
strong and ultra-strong drive, respectively. The satellite peak for drive powers of
-20 dBm and -5 dBm can be fitted by a Lorentzian, whereas the satellite peak for
5 dBm clearly deviates from the Lorentzian fit.

0 and 5 dBm in units of V2/Hz on a logarithmic signal power scale. In the two-satellite
regime (blue, green and yellow data), the satellite peaks have a Lorentzian line shape.
However, exceeding the drive power of -20 dBm leads to brighter and narrower peaks
already in the two-satellite regime. From fitting the satellite peaks to a Lorentzian, we
can extract the linewidths. For -20 dBm, the linewidth is 2Γ/2π = 20 Hz, for -10 dBm
we find 14 Hz and for -5 dBm it is only 5 Hz. The corresponding fits for drive powers
of -20 dBm and -5 dBm are shown Fig. 6.3 (a, b) for the H1 satellite peak. Note that in
Chap. 3, the data evaluation stopped at a drive power of -15 dBm to exclude the satellite
peaks with a reduced linewidth from the analysis.
Going beyond the threshold power Pth = −2.5 dBm (orange and red curve) in Fig. 6.2,
gives rise to extremely large satellite peaks, which exceed the thermal noise-induced
satellites by several orders of magnitude. Moreover, the linewidth shrinks to about 1 Hz.
Obviously, these are no longer Lorentzian peaks. An attempt to fit the satellite peak for
a drive power of 5 dBm to a Lorentzian is shown in Fig. 6.3 (c). The satellite peak is
clearly too narrow and too bright to be described by a Lorentzian. Since we are limited
by the measurement bandwidth of 1 Hz, the measured peak consists of only three data
points, which makes it impossible to determine the line shape and linewidth. Therefore,
we cannot extract the linewidth and enclosed satellite areas for drive powers exceeding
-3 dBm.

To get a better impression about the decreasing linewidths, we fit the satellite peaks
H1 and L1 up to a drive power of -3 dBm with Lorentzians and extract the linewidths,
which are plotted in Fig. 6.4 (a) as a function of the drive power. The linewidths of H1

are shown as green dots and those of L1 in blue. For drive powers between -40 dBm
and -20 dBm the linewidths are about 20 Hz and coincide with the linewidth of the
linear mode, indicated by the solid black line in the plot. This once again confirms the
theoretical model of the sideband-squeezing, presented in Chap. 3. The spread in L1 is
larger because the lower-frequency satellites have a much weaker intensity and the fitting
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6. FREQUENCY COMB FROM A SINGLE DRIVEN MODE

Figure 6.4: (a) Extracted linewidths of the first higher-frequency (H1, green) and lower-frequency
(L1, blue) satellite peaks. The peaks are fitted with a Lorentzian with a free linewidth.
For drive powers below -20 dBm, the linewidths are about 20 Hz, indicated by the
solid black line. Both satellites show a drastically decreasing linewidth for increasing
drive powers, which we can only resolve down to our resolution limit of 1 Hz, reached
at a drive power of −3 dBm. (b) Extracted areas from the Lorentzian fits for the first
higher-frequency (H1, green) and lower-frequency (L1, blue) satellite peaks. Below
-20 dBm, the data coincide with the theoretical model of the weak-damping limit
(Eq. 3.12)), added as a solid gray line. For larger drive voltages, the areas increase
drastically.

routine is less stable. Exceeding -20 dBm, leads to monotonic decreasing linewidths,
reaching the resolution limit of our measurement device of 1 Hz at about−3 dBm. After
this point, we can no longer estimate the linewidths, and therefore no data points are
presented. The scatter in the extracted linewidth data become smaller with increasing
drive power because the intensity of the satellites increases.
From the fitting of the satellite peaks, we can also extract the enclosed satellite areas
of H1 and L1. The result is plotted in Fig. 6.4 (b). The lower frequency satellite areas
correspond to the blue dots, the higher-frequency ones to the green dots. We can compare
our results with the weak-damping model (see Eq.(3.12)). It is added as solid gray lines
in Fig. 6.4 (b) and we find a good agreement between our data and the model below a
drive power of -15 dBm. This drive power regime, up to a moderate drive, is analyzed
in Chap. 3. For a strong drive power, the satellite peaks grow drastically, leading to an
increase in the satellite areas, such that the data show significant deviations from the
weak-damping model. Above -3 dBm, for an ultra-strong drive, the satellite areas cannot
be extracted by Lorentzian fits anymore, since the linewidths are too small and the peaks
are too big to be approximated by Lorentzian, see Fig. 6.3 (c).
Therefore, the plots for the extracted linewidths and areas in Fig. 6.4 do not show the
linewidths and areas for the ultra-strongly driven regime above -3 dBm. However, one
can already clearly see that the linewidths shrink down and the areas enclosed by the
peaks grow drastically and with that, the peaks become extremely narrow and bright.
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6.1. Multiple satellites in the power spectrum

Figure 6.5: Extracted amplitude of the driven resonator (M) on resonance as a function of the
drive power (black dots). Red line denotes the Duffing model, plotted with param-
eters determined for our mode. Close to the threshold power Pth = −2.5 dBm, a
significant decrease in the amplitude of forced vibrations is observed.

Another feature visible in the power spectrum data is the drop of the signal power
of the driven mode, encoded in the fading blue central line. This is better seen by
extracting the amplitude of the main tone from each power spectrum and plotting the
data as a function of the drive power, shown in Fig. 6.5 as black dots.
For weak and moderate drive powers, the data are well described by the Duffing model,
added as a solid red line and calculated solely with the experimentally determined
parameters. Starting from a strong drive, at about -15 dBm, we see deviations from the
Duffing model. Probably, at these large amplitudes, we have to take the broken-spatial
symmetry correction into account.1 In chapter 5, we found that already for moderate
drive voltage of 40 mV, corresponding to -24 dBm, the Duffing model breaks down
and has to be extended by the term describing the broken spatial symmetry. Here, we
first start to see deviations around -15 dBm, corresponding to 112 mV. This could be
understood from the fact, that the observed deviations, caused by the broken symmetry,
do not affect the amplitude at fd = f0 as strong as for a certain detuning. See for
example Fig. 5.6, where at fd = f0, the Duffing model (red) and the extended model
(green) still almost coincide.
Even more striking, for an ultra-strong drive power of about Pth = −2.5 dBm, the
amplitude gradually decreases. Finally, starting with a drive power of 5 dBm, it saturates
at an amplitude level corresponding to a drive power of approx -20 dBm.

The multiple satellite peaks, the close-to-zero satellite linewidths and the decreas-
ing signal amplitude of forced vibrations appear all close to the threshold power of
Pth = −2.5 dBm. This is a clear indication that all these observations are linked to each
other.

1This is currently theoretically studied by Daniel Boneß.
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6.2 Resonantly induced nonlinear friction force

6.2.1 Phononic frequency combs
Our data, in particular, the line cut plotted in Fig. 6.1 (b), are reminiscent of a frequency
comb, a signal output well-known from optics. The frequency comb takes its name from
its output signal in the frequency domain, which features a series of discrete and equidis-
tant peaks within a wide frequency span. The corresponding time-domain signal contains
these frequency components and takes the form of a periodic sequence of narrow pulses
[96, 97]. Optical frequency combs are nowadays a very valuable tool for timing and
frequency applications [98, 99, 109] and can be generated by several mechanisms, for
instance, by mode-locked lasers [110, 111] or by exploiting the Kerr nonlinearity (analog
to the Duffing nonlinearity in optical systems) and nonlinear degenerate four-wave mix-
ing [112, 113].
Next to photonic frequency combs, one can also think of phononic frequency combs, real-
izable with micro-and nanoelectromechanical systems thanks to their strongly nonlinear
behavior. With these devices, it has been shown that frequency combs can be generated
by mixing two drive tones by the nonlinearity of the system [100] or by a nonlinear cou-
pling between several mechanical modes with a single actuation signal [101–104]. It has
also been shown that a frequency comb can be generated by linear resonance [105, 107]
between vibrational modes in the presence of nonlinearity.
In all these examples, at least two drive tones or mechanical modes are involved. Both
conditions are not fulfilled in our system. Nevertheless, our system clearly shows a fre-
quency comb-like structure in the power spectrum, with narrow and equidistantly spaced
peaks.

6.2.2 Frequency comb from a single driven mode
To prove that the multiple satellites are generated from a single driven mode, we measure
the spectrum of the resonantly driven OOP mode up to 27 MHz for different drive powers
between -45 dBm and 0 dBm, shown in Fig. 6.6. In the spectrum, the with drive power
growing response of the resonantly excited fundamental OOP mode (M) at 6.5 MHz is
clearly visible, along with the generated overtone (O) at 13 MHz.2 However, there is
no indication of any other mechanical mode in the spectrum that could be involved in
generating the frequency comb. We repeated the measurement with a small detuning
from resonance, but again we could not find any evidence of another involved mechani-
cal mode.
Moreover, we checked all other mechanical modes in the system for a possible coupling,
but we did not find a candidate responsible for generating the frequency comb. A sum-
mary of all mechanical modes in our system is given in Appendix G.
From that, we conclude that the observed frequency comb must be generated from a sin-
gle mode with a single drive tone applied.

2The overtone is not a mechanical mode and cannot explain the generation of the frequency comb. The
overtone is solely generated by the nonlinearity in our system, see Chap. 5.
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Figure 6.6: Spectral response for a resonant drive at the fundamental OOP mode (M) for various
drive powers in the very-weakly driven linear (green), the moderately driven two-
satellite (red, yellow, blue), and the ultra-strongly driven multiple satellite (orange)
regime, showing that no other mechanical mode is involved. We only observe the
generated overtone (O) at twice the drive frequency. A constant noise background is
subtracted from the data.

A possible mechanism to explain the generation of a frequency comb from a single driven
nonlinear mode is proposed in Ref. [35] by Mark Dykman, Gianluca Rastelli, Michel
Roukes and Eva Weig. The explored mechanism is explained in the following.

RIFF mechanism, self-sustained oscillations in the rotating frame and the onset of
the frequency comb

The following section is based on Ref. [35]. To stay consitent with the notations used
so far, the drive frequency is denoted as ωd instead of ωF . Moreover, we use the driving
amplitude F , which is scaled by the effective mass m.

In the reference, Dykman et al. [35] a mechanism is proposed that can evoke a
frequency comb from a single, resonantly driven mode. It relies on a resonantly induced
nonlinear friction force (RIFF) which has the form

fRIFF = −ηRIFFF (t)qq̇,

where ηRIFF is the RIFF parameter. The ηRIFF can be positive or negative, wherein
the latter case it can induce an instability in the resonantly driven system, causing a
frequency comb from a single mode.

A possible microscopic mechanism behind the RIFF is the heating of the resonator by a
strong resonant drive. The heating of the resonator is induced by the absorption of the
period-averaged power [F (t)q̇]av from the periodic driving force F (t) = F cos(ωdt).
The corresponding temperature increase ∆T can be comparatively large, because of
the small thermal capacity of the resonator. A change in temperature leads to a change
in the length of the resonator due to thermal expansion, and with that, it modifies the
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6. FREQUENCY COMB FROM A SINGLE DRIVEN MODE

eigenfrequency of the mode (see Eq. (2.2)). The change in the eigenfrequency can
be modeled, to lowest order, ∆ω0 = λω∆T , where the coefficient λω is given by the
material parameters, the spatial structure of the mode and the temperature field. As a
consequence of the change in the eigenfrequency, the restoring force, ω2

0q, has to be
extended by the term

fT (t) = 2ω0λωλT [F (t)q̇]avq(t).

This term leads to the heating-induced RIFF. As such, it is proportional to the tempera-
ture change by ∆T (t) = λT [F (t)q̇]av, where λT is another coefficient.

To study the dynamics of the driven resonator in the presence of the RIFF, it is
convenient to switch once again to the rotating frame by introducing the slowly varying
canonically conjugate variables q0 and p0, defined as

q(t) + iω−1
d p(t) = (ωd)

−1/2(q0 + ip0) exp(−iωdt) ,

which are slightly different defined as the ones introduced in Secs. 2.3.1 and 3.1. The
dynamics (without the RIFF) of the two new variables in the rotating frame is described
by the Hamiltonian function (see Sec. 3.1),3

HRWA(q0, p0) =
δω

2
(q2

0 + p2
0) +

3γ

32ω2
d

(q2
0 + p2

0)2 − F

2
√
ωd
q0 .

The Hamiltonian function describes the potential landscape of the driven resonator in
the rotating frame, where the two stable amplitude solutions correspond to the minimum
(high-amplitude solution) and maximum (low-amplitude solution) of the potential. An
illustration of the Hamiltonian function in the bistable regime is shown in Fig. 6.8.
The heating induced RIFF term fT (t) can be incorporated in the rotating frame dynamics
and the equations of motion are found to

q̇0 = −Γq0 − JTp2
0 + ∂p0HRWA ,

ṗ0 = −Γq0 − JT q0p0 − ∂q0HRWA.

With JT =
√
ωdFλωλT/2, which characterizes the RIFF. It scales with the driving

amplitude F and the effect of the RIFF is pronounced if |JTA|
√
ωd ≈ Γ.

For the further discussion, we focus only on the high-amplitude solution of the driven
nonlinear resonator, which corresponds to the minimum of the Hamiltonian function,
and the stable state of the high-amplitude solution will be denoted by (qst, pst) in the
following.
It turns out that for JT > 0, the additional damping ΓRIF, induced by the RIFF, is
negative. In other words, it can compensate the intrinsic damping Γ, such that we can
define an effective damping parameter Γeff = Γ + ΓRIF < Γ. It gets apparent that with

3Note the slightly different scaling of the Hamiltonian function used here with respect to the one
discussed in Sec. 3.1.
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Figure 6.7: Illustration of the Hopf bifurcation, where a stable fixed point (blue dot) changes into
stable limit cycles (solid blue line). The former fixed point becomes unstable (blue
circle). The spirals indicate the trajectories. At a stable fixed point, all trajectories
merge in the stable state. This happens in the regime of an effective positive damping.
In the case of stable limit cycles, all trajectories move towards the periodic orbit and
the effective damping is negative. For the RIFF, the negative damping increases with
increasing drive power. The Hopf bifurcation emerges for a zero effective damping.

an increasing (negative) ΓRIF, the effective damping can become zero or even negative.
For 2Γ = JT qst the effective damping is zero Γeff = 0. As a consequence, the system
undergoes a supercritical Hopf bifurcation, for which the system transitions from a stable
fixed point to a stable limit cycle, where for an effective negative damping Γeff < 0, the
former fixed point becomes unstable.

The Hopf bifurcation is illustrated in Fig. 6.7. The left side of the figure depicts
the situation where the effective damping of the system is still positive, such that the
driven resonator is described by a stable fixed point in the rotating frame (e.g., sitting
in the minimum of the potential landscape). A positive damping means that even if
the resonator is kicked out of its state, it will decay back to it. Therefore, all possible
trajectories merge at the fixed point, which is indicated by the spiral with the arrow
pointing towards the stable fixed point, the blue dot.
In the regime of an effective damping smaller than zero, the resonator’s dynamic changes
drastically. It is no longer fixed to the stable point but oscillates along closed orbits in the
rotating frame. This type of dynamics, periodic oscillations without being periodically
driven (in our case in the rotating frame), is called a self-sustained oscillation.4 In
Fig. 6.7 this is sketched on the right-hand side. Starting from the bifurcation, the former
fixed point becomes unstable, indicated by the blue (now) open circle, and periodic
orbits begin to develop, shown by solid blue lines. The trajectories now move away from
the former fixed point in the direction of the stable orbit.

4A general introduction to self-sustained oscillations can be found for example in Refs. [52, 114].
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Figure 6.8: Illustration of the Hamiltonian function in the bistable regime with trajectories along
the potential surface for constant energies HRWA, which become more asymmetric
with increasing quasienergy (blue to red). For a weak drive, before the threshold
for the RIFF regime and in the presence of thermal noise, amplitude fluctuations
(dotted line) around the stable state (black dot in the minimum) are observed. The
maximum of the Hamiltonian function corresponds to the low-amplitude solution,
not considered here.

Figure 6.8 illustrates possible orbits in the potential landscape of the driven res-
onator at fixed energy. For a weak drive, the resonator is in the stable state of forced
vibrations (black dot), the minimum of the potential landscape. Due to the asymmetry
imposed by the periodic drive exerted on our nonlinear mode, the potential landscape
around the stable state is not symmetric but stretched out along the quadrature com-
ponent. This deviation from a circular orbit reflects the squeezing. In the presence
of thermal noise, the resonator randomly meanders around the stable state, sampling
the elliptical potential bowl (dashed line). This causes unequally bright, thermal
noise-induced satellite peaks in the spectrum of the driven mode (discussed in detail in
Chap. 3). Please note, that in the moderate driving regime up to -15 dBm, discussed in
Chap. 3, the RIFF does not play a role and as such, the damping parameter 2Γ remains
unchanged, at 2Γ/2π = 20 Hz, as shown in Fig. 6.4.
As the drive power increases, the RIFF effect becomes stronger, and the damping in
the system gets reduced by the RIFF-induced negative damping to an effective value.
The (positive) damping Γ pulls the resonator to the minimum, while the negative RIFF
damping ΓRIF pumps it up in the potential. At the threshold of zero effective damping,
the resonator begins to perform self-sustained oscillations (without a further applied
periodic drive) in the rotating frame, along orbits specified by the potential landscape at a
fixed energy. Depending on the drive strength, the resonator can climb up in quasienergy
(HRWA), and as indicated in the sketch in Fig. 6.8 the trajectories change accordingly.
Each plotted trajectory (blue, green, yellow, orange red) corresponds to a constant energy
value in the potential landscape. It is clearly visible that these trajectories are no longer
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symmetric, and therefore the corresponding vibrations are non-sinusoidal.
We now explain the mechanism of the stabilization of the self-sustained oscillations.
Without such a mechanism, the quasienergy could be increased until the system enters a
chaotic state. However, this does not happen. The stable trajectories are defined by the
following condition (

JT qst K

2Γ

)
= 1 .

The previous equation is essentially the ratio between the energy gain (JT qstK) and
the energy loss (2Γ): when it is one, the trajectory is stable. The energy gain is given
by the product of JT qst times a nonlinear function of the energy, which we call K.
From the model, it can be seen that K decreases as HRWA increases, and with that
the self-sustained oscillations are stabilized at a certain value of HRWA that satisfies
K(HRWA) = 2Γ/JT qst. Details are given in Ref. [35].

Similar to the generation of the thermal noise-induced satellite peaks, the frequency
components of the oscillations in the rotating frame are mixed with the drive frequency.
As a result of the non-sinusoidal vibrations, the power spectrum of the mode exhibits
not just one set of satellite peaks, but a complete comb emerges, where the number of
equally spaced satellites scales with the asymmetry (the additional Fourier components
to describe the non-sinusoidal trajectory). The theoretical expression describing the
frequency comb in the power spectrum for a given HRWA is found to

QH(ω) =
π

2ωd

∑
j

|zj|2δ(ω − ωd + jΩ).

This equation describes a spectrum with equidistant peaks separated by Ω, and the in-
tensity of the peaks is defined by the Fourier components zj given by the specific shape
of the trajectories. From further calculations, see for details Ref. [35], it follows for the
weights that |zj|2 6= |z−j|2, and thus the intensity of the comb is expected to be asym-
metric.
The frequency of the self-sustained oscillations (and the spacing between the frequency
comb peaks) is given by 2π/T(HRWA), where T(HRWA) is the period of the motion along
the trajectory corresponding to HRWA. The frequency is small compared to the drive fre-
quency but larger than the damping rate 2Γ and JT qst. Also, the peaks are expected
to have a much smaller linewidth than the damping rate 2Γ, which is set by the time
resolution of the measurement and other physical effects (i.e., frequency noise).
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6.3 Comparison of the experimental data with the RIFF
model

In the following, we qualitatively compare our data from the power spectral measure-
ment, featuring the multiple satellites, with the proposed theoretical model of the RIFF
in Ref. [35].

6.3.1 Observations for a resonant drive
To explain the measured data, plotted in Fig. 6.1, we divide it into the two regimes of
two- and multiple satellites.

Moderate drive: two-satellite regime

For a weak to moderate drive power, the driven mode corresponds to a fixed point in the
rotating frame. The high-amplitude solution (considered here due to the resonant drive)
corresponds to the minimum of the potential landscape plotted in Fig. 6.8. In the presence
of thermal noise, the resonator performs random fluctuations around the stable state, but
the mode is always near the stable point due to the positive damping. In the laboratory
frame, the frequency of the small-amplitude fluctuations mixes with the strong drive
and forms two satellite peaks, to the left and right of the drive tone. This interpretation
corresponds to the data observed in the power spectrum for drive powers up to -15 dBm
and was discussed in detail in Chap. 3.

Strong drive: multiple satellite regime

Increasing the drive beyond -15 dBm leads (presumably) to the onset of a RIFF mecha-
nism - which could explain our various observations. In the following, we assume that
this mechanism holds; however, a quantitative comparison is still pending.

To enable the RIFF mechanism, we need a strong, resonant drive and an under-
damped, nonlinear mode, both given in our experiment. We assume that the RIFF enters
our system with a negative damping parameter which can reduce, compensate or even
overcome the intrinsic damping of our system. It gets stronger with increasing drive
power and vibrational amplitude. However, the effect only appears as long as the system
is strongly driven.
The reduction of the damping in our system in the presence of a strong drive is observed
in the decreasing satellite linewidths, shown in Fig. 6.4. Outside the RIFF regime
(below -15 dBm), the linewidths of the satellite peaks reflect the damping parameter of
our linear mode. Increasing the drive leads to the onset of the RIFF, which gradually
reduces the effective damping in our driven system,5 and as such, the linewidths of the

5We verified in a series of ringdown measurements up to drive powers in the RIFF regime, that the
linewidth of the mode remains unchanged in the undriven case. The results are shown in the Appendix I.
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satellite peaks. In the measurement, we are restricted by the frequency resolution of our
measurement device (1 Hz). However, the data suggest that the linewidths can be even
reduced beyond, which seems to happen close to the threshold power Pth = −2.5 dBm,
at which we observe the onset of first additional satellite peaks in the power spectrum
of the mode. Moreover, this coincides with the striking decrease of the amplitude of
forced vibrations, shown in Fig. 6.5. In the RIFF model this means, that as soon as we
cross the threshold of zero effective damping, the mode undergoes a supercritical Hopf
bifurcation (see Fig. 6.7). In other words, the former fixed point in the rotating frame,
which corresponds to the stable amplitude of force vibrations, becomes unstable. This
is reflected in the reduced amplitude of the main tone. Concurrently, the dynamics of
the mode in the rotating frame changes from a stable fixed point to a stable limit cycle,
where the potential landscape defines the trajectory of the limit cycle at a fixed energy in
the rotating frame. Due to the strong periodic drive exerted on the nonlinear mode, the
potential landscape is profoundly asymmetric. An illustration is shown in Fig. 6.8. The
asymmetric trajectories lead to non-sinusoidal vibration components in the response of
the mode. In the laboratory frame, these additional frequency components are mixed
with the drive frequency into several equidistant satellite peaks, observed in the power
spectrum, see Fig. 6.1(b).
With increasing drive, the mode can climb up in quasienergy in the rotating frame
potential and following the theoretical model, the trajectories are expected to become
more and more asymmetric. As a consequence, more additional satellites are observed.
This coincides very well with our observations.
With that, we have a good qualitative agreement between the proposed RIFF mechanism
and our experimental observations in the power spectrum of the ultra-strongly driven
mode.

Trajectories in the rotating frame

With the lock-in amplifier, we can resolve the trajectories in the rotating frame by
sampling the in-phase x and quadrature component y of the ultra-strongly driven
resonator over time.
The time-varying voltage signal, which is captured by the lock-in amplifier, is multiplied
by the drive frequency, and the result is low-pass filter; this technique is commonly
termed as demodulation. With that, the fast oscillating signal component is filtered out,
and we obtain the slow-varying variables x and y, which directly reflect the dynamics in
the rotating frame. The trajectories are then obtained in the phase space representation,
e.g., by plotting the x vs. y. For the measurement, it is important to sample with a
large bandwidth to capture all higher-frequency components. For the data, presented in
Fig. 6.9 (a), a measurement bandwidth of 10 kHz is used.
For a strong drive of -3 dBm (dark blue data), which is just before the instability regime,
the data shows an elongated blob. Here the resonator is still fluctuating around the stable
state. Increasing the resonant drive to 0 dBm (light blue) leads to a completely different
response. Instead of a blob, we observe a closed orbit. Note that there are no data points
inside the trajectory. The orbit increases with increasing drive power, and starting with a
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Figure 6.9: Trajectories in the rotating frame for a resonant drive. (a) Measured trajectories for
different drive powers applied on resonance. Dark blue: -3 dBm, light blue: 0 dBm,
green: 2 dBm, yellow: 3 dBm and red: 5 dBm. Above -3 dBm, we can clearly see
the closed orbits corresponding to the limit cycles. With increasing drive power, the
trajectories grow and become clearly non-elliptical. (b) Illustration of the trajectories
along the potential surface of the Hamiltonian function for a resonant drive and dif-
ferent constant energies HRWA in the potential.

drive power of 2 dBm (green), we observe that the orbit clearly deviates from an ellipse,
which indicates that we indeed observe non-elliptical trajectories.
For comparison, an illustration of the trajectories along the potential landscape of the
Hamiltonian function for a resonant drive 6 is shown in Fig. 6.9 (b). In contrast to the
Hamiltonian function in the bistable regime plotted in Fig. 6.8, the Hamiltonian function
for a resonant drive only shows one stable state, the high-amplitude solution, which
corresponds to the potential minimum. The different lines correspond to different
constant energy values HRWA in the potential. With increasing HRWA the trajectories
become larger and develop a clear non-elliptical shape, which is in good agreement with
our measurement, shown in panel (a).
The measured closed orbits clearly prove the occurrence of limit cycles along asymmet-
ric trajectories. Moreover, the data show that the former fixed point, in the center of the
trajectories, losses its stability, as we do not find any data point there. The slight tilt of
the trajectories might be caused by a slight non-resonant drive. Trajectories as a function
of the drive frequency detuning are discussed in Sec. 6.4.3.

6Note that the theoretical model for a resonant drive requires a slightly different scaling, since the
relations given in Ref. [35] diverge for a detuning set to zero.
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6.3.2 Frequency shift and long relaxation times in the multiple
satellite regime

Qualitatively we have a perfect agreement between our experimental observations and
the RIFF model. To get a quantitative comparison, we need to know the underlying
mechanism. One possibility, as proposed by Dykman et al. in Ref. [35], would be
heating of the resonator by a resonant drive.
If this mechanism holds for our system, the nanomechanical string resonator absorbs
power from the resonant drive, which leads to an increase in temperature. Due to the
thermal expansion, resulting in a reduced tensile stress, the eigenfrequency decreases.
As a first check, we can test if we observe such a change in the eigenfrequency.
To do so, we can employ the data from the spectral measurement (see Fig. 6.1), as we
redetermine the eigenfrequency before measuring the power spectrum in the presence of
a strong resonant drive to rule out small frequency drifts. The measurement routine is
the following. We first determine the eigenfrequency using a broadband noise force (as
the thermomechanical fluctuations of the sample are not directly accessible as already
discussed in Sec. 2.2.1), and the Lorentzian response is captured with the spectrum
analyzer. Afterwards, we apply the strong resonant drive and capture a power spectrum.
After this measurement, the strong drive is switched off and before the next power
spectrum is measured, we again redetermine the eigenfrequency. With that, we measure
the eigenfrequency shortly after a strong drive has been applied.
The eigenfrequency shift as a function of the prior applied drive power is shown in
Fig. 6.10. As a reference, the eigenfrequency determined before the complete measure-
ment is used, indicated by the black dashed line, centered at zero.
For moderate drive powers up to -10 dBm (white background), the eigenfrequency of
the mode is (almost) unchanged. The fluctuations are mostly within the linewidth. Some
larger fluctuations are also reasonable, as the measurement is running over several hours.
Going beyond -10 dBm (blue shaded background) leads to a consistent decrease of the
eigenfrequency of the mode, which is significantly larger than the fluctuations observed
before a drive power of -10 dBm. The maximum shift is about 60 Hz, which is three
times the mode’s linewidth. This value has to be taken with care, as the measurement
does not occur immediately after turning off the strong drive but with some delay.
However, we see a clear trend. We repeated the measurement several times to rule out
other mechanisms, such as a change in the lab temperature. But in all measurements,
the eigenfrequency started to decrease reproducibly at about the same strong drive power.

We verify this finding with another independent measurement in real-time. There-
fore, we employ the PLL function of the lock-in amplifier to track the mode’s
eigenfrequency in the presence of a very-weak drive over time, after the mode has been
exposed to a strong resonant drive near or in the regime of multiple satellites for several
minutes.
Our results are shown in Fig. 6.11 (a), where we plot the change in frequency with
respect to the eigenfrequency, measured before the strong drive is applied, as a function
of time. The plotted data starts at time zero, where we apply the PLL with a drive of
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Figure 6.10: Change in the eigenfrequency after applying a strong resonant drive. The eigenfre-
quency is determined before each measurement of the power spectra. The shift of
the eigenfrequency during the complete measurement (see Fig. 6.1) is plotted as a
function of the previously applied drive power. Before the RIFF regime, the eigen-
frequency remains unchanged and fluctuates (mostly) within the linewidth of the
mode. At about -10 dBm, the eigenfrequency is reduced in a distinct trend, high-
lighted by the blue shaded region. The maximum shift is about 60 Hz, which is
indicated in the plot by the two dashed lines. The shift corresponds to three times
the linewidth of the mode.

-56 dBm. Before the resonator was exposed to a strong resonant drive of -20, -10, 0 or
5 dBm with no PLL applied.7

For a prior applied drive of -20 dBm, still well out of the multiple regime, we do not
observe a change in the eigenfrequency. However, increasing the drive to -10 dBm leads
to a decreased eigenfrequency of about 20 Hz, which relaxes back in about a minute.
There is a large scatter in the data, making it impossible to determine more accurate
values. However, we can see that by increasing the strong drive, the shift in the frequency
gets more pronounced. For 5 dBm, the frequency shifts about 50 Hz and relaxes in about
60 s back to the initial value. The relaxation traces are not reproducible. We observe in
every measurement run other plateaus, dips, or peaks. Moreover, there is a small delay
between the applied resonant drive and the PLL measurement. Both prevent us from
determining more reliable values for the frequency shifts and relaxation times.
However, we can still conclude that we see a clear decrease in the eigenfrequency after
the resonator was exposed to a strong resonant drive, close to or in the multiple satellite
regime, and a very long relaxation time of close to a minute.
In order to verify that the resonant drive induces the frequency shift, we repeat the
measurement for a strong off-resonant drive |fd − f0| � fmax − f0. Our results are
plotted in Fig. 6.11 (b), where the frequency shift is calculated with respect to the
eigenfrequency determined just before the measurement.
We capture the eigenfrequency of the mode with an applied PLL, and at time zero we add

7Because of the lacking phase slope at the resonance for a drive in the nonlinear regime (see Sec. 2.3.2),
the PLL cannot be applied in the presence of the strong drive.
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Figure 6.11: (a) Frequency shift in the eigenfrequency of the mode after applying a strong reso-
nant drive, measured with the PLL function of the lock-in amplifier as a function of
the time. To enable the PLL, a very-weak drive of -56 dBm is applied. The strong
drive is switched off at time zero, shortly after the PLL is applied, indicated by
the black vertical line. Only for drive powers close or in the instability regime, a
frequency shift is observed. The maximum frequency shift is about 60 Hz and the
relaxation time is approximately a minute. (b) Frequency shift in the eigenfrequency
in presence of a strong off-resonant drive at fd = 6 MHz with a power of 0 dBm.
The additional ultra-strong drive is applied at time zero, indicated by the vertical
black line. During the complete measurement, the eigenfrequency is captured with
the PLL function and a drive power -56 dBm. The eigenfrequency is fluctuating
within the mode’s linewidth 2Γ/2π = 20 Hz.

an additional ultra-strong drive with a second oscillator at a frequency of fd = 6 MHz
and drive power of 0 dBm. No influence on the eigenfrequency is observed. The
fluctuations in the signal are primarily within the linewidth of the mode 2Γ/2π = 20 Hz.
We conclude that the shift in the eigenfrequency is only induced for a strong resonante
drive.
Moreover, we repeated the measurement on the Michelson sample (not shown) where
we do not observe the multiple satellites (same sample as discussed in Sec. 4.2). Here
we could as well see no shift in the eigenfrequency connected to a strong resonant drive.
We conclude that the measured frequency shift has to be connected to the onset of the
multiple satellites in the power spectrum of the mode in the presence of a strong resonant
drive.
To prove a connection to the RIFF model, we must estimate the parameters and verify
that the results agree with our experimental observations.
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6.3.3 Estimations for the heating-induced RIFF
We can estimate the parameters in the RIFF model to test whether the heating mechanism
plays a role or not. All estimations are based on the work of Gianluca Rastelli and Mark
Dykman.
In what follows, we use a variety of parameters summarized in Tab. 6.1.

Parameter
ω0 = 2π · 6.528 MHz eigenfrequency
Γ = 2π · 10 Hz damping coefficient
γ̃ = (2π)2 · 2.48 · 1015 V−2s−2 Duffing constant in volts
γgeo = 2.18 · 1026 m−2s−2 geometric nonlinearity in meters
E = 254± 8 GPa Young’s modulus [115]
σ = 1.46 GPa tensile stress [43]
ρ = 3100 kg m−3 density [44]
l = 55 µm length
h = 100 nm height
w = 270 nm width
α = 3.27 · 10−6 K−1 thermal expansion coefficient [116]
cr = 2.2 · 106 J m−3 K−1 specific heat per volume [117]
κr = 3 J s−1 m−1 K−1 thermal conductivity [117]
c = 0.006 dimensionless coefficient

a =
√

γ̃
γgeo

= 2.1 · 10−5 m V−1 conversion coefficient

b = 2
√
c ω0Γa = 8.5 · 103 m V−1 s−2 conversion coefficient

Table 6.1: Parameters (all in units of angular frequency) used in the following for the estimations.

Heating induced frequency shift

The heating of the resonator leads to a thermal expansion of the string and consequently
to a change in tensile stress.8

The variation of the tensile stress ∆σ due to the increase of the temperature ∆T (x) along
the nanomechanical string resonator is given by [30]

∆σ = −1

3
Eα∆Tav with ∆Tav =

1

L

∫ L

0

dx∆T (x) ,

with ∆Tav the average temperature along the nanostring and α the thermal expansion
coefficient of (LPCVD high-stress) SiN. The variation of the frequency ∆f0 can be ap-
proximated from the string model (see Eq. (2.2)) and reads

∆f0

f
= −1

6

(
E

σ

)
α∆Tav .

8In the following, we assume that temperature-induced changes in length, Young’s modulus and den-
sity are negligible.

118



6.3. Comparison of the experimental data with the RIFF model

With the parameters stated in table 6.1, the typical frequency variation per unit degree of
temperature is

∆f0

∆Tav
= −1

6

(
E

σ

)
αf0 ≈ −600

Hz

K
.

This value is in reasonable agreement with the observations in the experiment, where
frequency drifts of ≈ 0.5 kHz for a change of one degree in the lab temperature are
observed.9

With the relation for the frequency variation, we can estimate the parameter λω, defined
in the RIFF model

∆ω = −λω∆Tav λω =
ω0

6

(
E

σ

)
α ≈ 3900

1

K s
.

Heating produced by the strong resonant drive

The second parameter, λT , can be obtained from the relation between the temperature
change and the period-averaged power, absorbed by the resonator

∆Tav = λTF (t)q̇ =
1

L

∫ L

0

dx∆T (x) = λTP , (6.1)

where we introduced P = F (t)q̇, the dissipated energy. For the estimation of λT , the
exact sample geometry is needed, sketched in Fig. 6.12 (see also Appendix A). One
can estimate λT in two different scenarios, indicated in the sketch in (a) and (b) and
discussed in the following.

Figure 6.12: Dimensions of the nanomechanical string resonator and the clamping pads, along
with the two models (a) and (b) to estimate λT .

9We tried to use the Peltier element to gain a better understanding of the temperature dependence of our
mode. However, our sample holder is not designed for the used Peltier element and thus has poor thermal
contact. This prevents us from getting a reliable measurement of the temperature-induced frequency shift.
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1. No heating at the boundaries
In this scenario, sketched in Fig. 6.12 (a), the heat produced by the strong drive decays
towards the clamping points, such that they are not heated. Thus, the boundaries can be
assumed to be perfectly thermalized with the rest of the sample chip (∆T (x = 0) =
∆T (x = L) = 0). This case is discussed in the Supplemental Material of Ref. [35]. The
parameter λT and the thermal relaxation time τ are found to

λT =
mrτ

crVr
=

mrL

π2Arκr
≈ 3.2× 10−7 Ks3

m2
with τ =

crL
2

π2kr
≈ 2.5× 10−4s ,

where Vr, Ar and mr are the volume, cross-sectional area and mass (mr = ρ · Vr) of the
resonator, and cr and κr are the specific heat and thermal conductivity of the resonator.
The used parameter values are given in Tab. 6.1.
From this estimation, it is clear that our measured relaxation time of the eigenfrequency
(≈ 60 s) is much too long to be explained by this model, where we find τ = 2.5× 10−4 s.
Therefore, we assume in the second estimation a large thermal resistance at the clamping
pads.

2. Large thermal resistance at the clamping pads
In a second estimation of the coefficient λT , we assume that the nanobeam is heated
almost uniformly and has a large thermal resistance somewhere at the clamping pad,
such that there is a sharp temperature difference between the heated region and the
interface at the clamping pads. An illustration is shown in Fig. 6.12(b).
Such a large thermal resistance could, for example, be related to phonon scattering at
the clamping pads, similar as the clamping loss mechanism discussed in Ref. [118]. One
could also imagine a material related interface resistance between the SiN layer and the
SiO2 substrate [119].
The scenario with a large thermal resistance at the clamping pads can be modeled by the
general heat equation, where the rate of heat transfer, Q, is proportional to the negative
temperature gradient. In other words, the heat flows from the high to the low-temperature
region. For our sample, we need to consider the thermal conductivity of the resonator
(res) and the clamping pads (pad), and we need to add the dissipated power P [120].

(Cres + Cpad)
∂∆T

∂t
= −Q+ P = −∆T

RT

+ P .

In the last step, we added the thermal resistance RT . Here, the temperature drop between
the resonator and the clamping pads takes place and one can find ∆T = Q · RT . At the
steady-state, we have ∂∆T

∂t
= 0 and therefore

∆T = RTP.

RT is given by the length, surface, and thermal conductivity of the considered thermal
resistance layer. We have to estimate the dimensions of this thermal resistance. In an
attempt to find an upper bound for the thermal resistance, we use the cross-section of
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the string, and for the length, we take 1 µm as the largest acceptable value. Moreover,
we assume the thermal conductivity to be a factor of ten smaller than in the resonator,
κT = 0.3 W

K
[117]. With that we find for the (maximum) thermal resistance:

RT =
LT
ATκT

= 3.3× 108 Ks

J

Recalling Eq. (6.1), gives us the estimation for λT .

λT = mr ·RT = 1.5× 10−6 Ks3

m2 .

The heat capacitance of the resonator and of the single clamping pad are

Cres = crVr = 3.7× 10−12 J

K
, Cpad = crVp = 1.6× 10−11 J

K
,

and this gives the following relaxation time scale associated with the heating

τrel = RT (Cred + 2Cpads) ≈ 0.02s .

Even though the large thermal resistance layer increases the relaxation time, this is still
far from our experimental results. However, an even larger thermal resistance layer
seems unrealistic, such that the driving-induced heating of the resonator cannot account
for the observed phenomena.

3. Heating of the entire chip
Another scenario could be that we heat the entire chip. To check this possibility, we can
make use of the other resonators on the sample. On the chip, we have several resonators
with different lengths, where the one investigated in this thesis is the longest string with
a length of 55 µm (SI). The next longest string, located next to the investigated string,
has a length of 53 µm (SII) and the next but one longest string has a length of 51 µm
(SIII) and is located next to the 53 µm string. A sketch is shown in the Appendix G.
For the 51 µm and 53 µm string, we find very similar parameters, and we also observe
the multiple satellites for a strong resonant drive. However, the 53 µm string is hard to
investigate as its fundamental OOP mode (SII

OOP1
) is very close to the IP mode of the

55 µm string (SI
IP1

). Therefore, we use in the following the fundamental mode of the
51 µm string (SIII

OOP1
). A detailed description and a plot of all modes is shown in the

Appendix G and Fig. G.2.
For the fundamental OOP mode of 51 µm string, we also observe a significant drop
in eigenfrequency after it was exposed to an ultra-strong resonate drive of 0 dBm for
several minutes. The data are plotted in Fig. 6.13 (a). After we switch off the ultra-strong
resonant drive, we observe a shift of ≈ 60 Hz in the eigenfrequency (captured with the
PLL) and a relaxation time of ≈ 100 s, which is in agreement with the measurements
taken on our mode, shown in Fig. 6.11 (a).
To check if we heat the entire chip, we apply the ultra-strong drive on the 55 µm string
and capture with the PLL simultaneously the eigenfrequency of the 51 µm string as
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Figure 6.13: Heating of the entire chip. (a) The next but one resonator with a length of 51 µm
shows a frequency shift of about 60 Hz after a resonant drive with a drive power of
0 dBm was applied for several minutes. The relaxation time is approx 100 s. (b)
Green (red) data corresponds to the measured eigenfrequency shift of the 51 µm
(55 µm) string, while at 60 s (vertical black line) an ultra-strong resonant drive is
applied on the 55 µm (51 µm) string. No frequency shift is observed and therefore a
heating of the entire chip is excluded.

a function of time. If we heat the complete chip, we would heat the 51 µm string,
and with that, we should observe a change in the eigenfrequency of the 51 µm string.
However, we could not observe any change in the eigenfrequency of the 51 µm string,
as shown in Fig. 6.11 (b), plotted as a green line. We observe the same when we drive
the 51 µm string and track the eigenfrequency of the 55 µm string, plotted as a red line
in Fig. 6.11 (b). With that, we conclude that we have no experimental indication that we
heat the entire chip.

Estimation of the dissipated power
We can also estimate the dissipated power, which is given by the period-averaged drive
power times the velocity. The typical power scale can be estimated by

Powerscale ≈
1

2
ρVrωdFA =

1

2
ρVrωd(b · Vth,in)(a · Vth,out) ≈ 1.1× 10−11 J

s
.

Vth,in and Vth,out are the threshold input voltage and output voltage, corresponding to the
drop of the amplitude of the main tone. We can either use the data extracted from the
power spectra measurement, shown in Fig. 6.5 or remeasure it with the lock-in amplifier
in a much faster measurement. To do so, we apply the drive frequency on resonance and
sweep the drive voltage and record the amplitude at the eigenfrequency. The data for the
voltage sweep with the lock-in amplifier is shown in Fig. 6.14.
From that measurement, we can read off the corresponding values for Vth,in = 0.48V
and Vth,out = 1.3mV, used for the calculation of the dissipated power above. The value
Vth,in = 0.48V (=̂ − 2.4 dBm) is very close to the threshold value Pth = −2.5 dBm
extracted from the power spectral measurement in Fig. 6.1.
With the estimation for the thermal resistance, we can further estimate the frequency shift
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Figure 6.14: Input voltage sweep for a resonant drive. The threshold values for the onset of the
amplitude instability are indicated by Vth,out and Vth,in.

induced by the RIFF

∆ωRIFF = −λω∆Tav = −λωRTP = −13.5
1

s
∆fRIFF = ∆ωRIFF/2π = 2.2 Hz .

Which again is far too small to explain our experimental observations, where we see a
frequency shift of ≈ 60 Hz.

As a consequence of our observations and estimations, we have to conclude that
the long relaxation times and frequency shifts must be caused by something else than
heating. One possible explanation could be charges or polarization effects that are
accumulating on the resonator, which originate from the dielectric drive and detection
scheme. However, to the time of writing, this hypothesis remains unclear and requires
further investigation.
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6.4 Additional measurements
In addition to the discussed power spectral measurement for a strong resonant drive,
we conduct additional measurements to gain a better understanding of the onset of the
multiple satellites.

6.4.1 Time domain measurements
We can resolve the self-sustained oscillations in the rotating frame by a time-domain
measurement of the amplitude of forced vibrations. For this measurement, we use the
lock-in amplifier, which gives us access to the rotating frame dynamics by demodulating
the signal at the drive frequency.
For the measurement, we drive the resonator on resonance and record the amplitude re-
sponse as a function of time, which is plotted in Fig. 6.15 (a) for a very-weak drive power
in the linear regime as a red, and for an ultra-strong drive power in the multiple satellite
regime as a blue line. The linear response is measured for a drive power of -56 dBm, a
bandwidth of 20 Hz and with an applied PLL. For the response in the multiple regime, a
drive power of 0 dBm is used and a much larger bandwidth, set to 10 kHz, to ensure the
inclusion of higher frequency components.
The amplitude response in the linear regime (red line in Fig. 6.15 (a)) shows a stable and
constant amplitude response as a function of time, as expected from a driven harmonic
resonator. In the rotating frame picture, this stable amplitude response can be interpreted
as a stable fixed point, which corresponds to a driven resonator in the laboratory frame
(see Sec. 2.3.1).
The response for an ultra-strong drive power in the multiple satellite regime is plotted
as a blue line in Fig. 6.15 (a). Besides the much larger amplitude caused by the stronger
drive, we observe periodic oscillations in time, which appear with an additional small
amplitude modulation. In the rotating frame interpretation, this means that the resonator
is no longer described by a fixed point but by periodic oscillations along closed orbits.
From the RIFF model, such oscillations are expected and correspond to self-sustained
oscillations along trajectories given by the shape of the potential landscape. As a con-
sequence of the asymmetric potential, the trajectories are non-sinusoidal. They contain
additional frequency components, which lead in turn to the multiple satellite peaks in the
power spectrum of the mode.
A Fourier transformation of the oscillating amplitude response, plotted in Fig. 6.15 (b),
reveals indeed additional frequency components. By comparing the frequency compo-
nents with the power spectral data in Fig. 6.1, we can extract that for a drive power of
0 dBm the satellite H1 and L1 appear at a frequency offset of 500 Hz from the drive fre-
quency, which is in very good agreement with the first frequency component obtained
from the FFT of the time-domain signal. Moreover, we can assign the additional fre-
quency components to the higher-order satellite peaks.
With this measurement, we have independently convinced ourselves that the multiple
satellites are caused by non-sinusoidal, self-sustained oscillations of the driven mode in
the rotating frame, which we can directly observe in the time domain.
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Figure 6.15: (a) Time-resolved amplitude response in the linear (red) and multiple satellite
regime (blue). In the linear regime (red), a stable and constant amplitude is ob-
served, whereas in the multiple regime (blue), periodic oscillations occur, which are
assigned to self-sustained oscillations in the rotating frame. (b) Fourier transfor-
mation of the time domain signal measured in the multiple satellite regime (blue),
revealing the frequency components corresponding to the frequency offsets from the
drive frequency at which we observe the multiple satellites in the power spectrum,
see Fig. 6.1(b).

Time-resolved power spectrum

Additionally, we measure the time-resolved power spectrum of the mode in the multiple
satellite regime. Therefore, we drive the mode (f0 = 6.5283 MHz) with a drive power
of -2 dBm and a 2 kHz detuning at fd = 6.5303 MHz (initialized in the high-amplitude
branch by sweeping up the drive frequency from below the eigenfrequency). We use a
slightly detuned drive frequency to enhance the response of the mode. A detailed discus-
sion on the influence of the drive frequency detuning is given in Sec. 6.4.3.
We capture the time-varying signal by a fast oscilloscope with a digital sample rate of
50 Ms/s. After about 0.66 s, the strong drive is switched off, but we continue the mea-
surement up to 1 s. On the acquired time-varying data, we perform a FFT algorithm in
narrow time windows to obtain the time-resolved power spectrum of the ringdown mea-
surement, shown in Fig. 6.16 with a color coded signal power in dBm. The spectrum is
captured up to 25 MHz; however, in Fig. 6.16 we only plot two sections around the main
tone (M) and the overtone (O) frequency.
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Figure 6.16: Time-resolved power spectrum and ringdown of the mode M (a) and its generated
overtone O (b). The strong drive of -2 dBm is applied with a detuning of 2 kHz and
is switched off at a time of 0.66 s, indicated by the white line. All satellites abruptly
disappear by switching off the drive, and we observe the amplitude and frequency
decay of the in the bistable regime driven mode and its overtone. Both panels are
cut outs of a spectral measurement going up to 25 MHz.

Figure. 6.16 (a) shows the response at the drive frequency. The mode’s response (M),
found at fd, is flanked by several satellites. As seen before, there are more higher-
frequency than lower-frequency satellites and all satellites have an equidistant spacing
of about 700 Hz. The finite width of the satellites is determined by the frequency resolu-
tion of the FFT algorithm, which is ≈ 50 Hz. If one switches off the drive, the satellites
disappear abruptly, and only the decay of the mechanical mode is visible. This agrees
with the interpretation of the RIFF mechanism, which predicts the multiple satellites in
presence of a strong resonant drive. The mechanical mode decays in amplitude and fre-
quency. The latter is caused by the transition from the Duffing to the linear regime, as the
frequency relaxes back from fd to f0 via the backbone of the Duffing (see for example
Ref. [121] and Supplemental Material of Ref. [122]).
In the complete spectrum recorded up to 25 MHz, we not only see a response at the drive
(M), but also at multiples of the drive frequency. However, we do not see any other me-
chanical modes involved. The response at the overtone at twice the drive frequency (O),
extracted from the complete spectrum, is plotted in Fig. 6.16 (b). We also see a similar
but much weaker response at three and four times the drive frequency.
Analogous to the response of the main tone, the overtone of the driven mode (O) is
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flanked by many satellites. There are five higher- and four lower-frequency satellites.
Again, the satellites have an equidistant spacing of approximately 700 Hz. Switching off
the drive leads to the disappearance of the satellites. Interestingly, we can see the over-
tone of the decaying mode M for a certain amount of time. We probably cannot see the
complete decay, as at one point, the amplitude of the main tone has become too small to
generate the overtone.
This measurement clearly proves that the multiple satellites are generated only in the
presence of a strong drive. Moreover, in yet another measurement, we can clearly say
that there is no other mechanical mode involved in generating the multiple satellites.

6.4.2 Frequency response measurements
The amplitude instability can also be observed in simple bidirectional frequency response
measurements, shown in Fig. 6.17 to the left-hand side. The upward frequency sweep is
colored in blue, the downward sweep in green. The curves are obtained with the lock-in
amplifier for drive voltages corresponding to drive powers of -20, -10, -5, 0 and 5 dBm.
For comparison, the power spectrum obtained with the corresponding drive power ap-
plied on resonance (indicated by the light blue shaded line in the frequency response
curves) is plotted to the right-hand side. The data refers to line cuts taken from the mea-
surement presented in Fig. 6.1.
For a drive of -20 dBm and -10 dBm, we still have a Duffing-like response (including the
correction for the broken spatial symmetry). In the power spectrum, this moderate drive
power, applied on resonance, corresponds to the two-satellite regime. Increasing the drive
to -5 dBm, reveals some striking features in the response curve. It is still Duffing-like on
resonance, and with that, we observe two satellites in the power spectrum, but for some
small detuning, we observe an instability in the amplitude (fuzzy shape). Increasing the
drive to 0 dBm, leads to an increase in the instability region. Now, even on resonance, the
amplitude of the high-amplitude branch is reduced. With that, we observe the multiple
satellite peaks in the power spectrum of the resonantly driven mode. Interestingly, the
mode seems to come back to a Duffing-like response in the region of 3 to 5 kHz detuning.
Here the amplitude is stable again. However, there might be a second instability region
appearing, starting at a detuning of 5 kHz. One can already surmise the onset of this
additional feature for a drive of -5 dBm, at the cusp of the high-amplitude branch.
Going even further, to 5 dBm, leads to the complete breakdown of the Duffing model.
The amplitude is drastically reduced and the shape of the response is extremely distorted.
In this regime, we observe even more additional satellites.
We can also look at the backward frequency response sweep, added as solid green lines
to the left panels of Fig. 6.17. Up to a drive power of -5 dBm, the frequency response
for the back sweep looks as expected from a Duffing curve. However, it is striking that
the emerging instability for a detuning of 1 kHz for a drive of -5 dBm (panel (c)), is
not observed in the low-amplitude branch. This is consistent with the measurements for
larger drive powers, 0 and 5 dBm, plotted in panels (d) and (e). As long as the mode is in
the low-amplitude solution, the amplitude response is stable. The instability in the back-
ward frequency sweep is only observed when the resonator switches from the low- to the
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Figure 6.17: Left panels: Bidirectional frequency response measurements at -20 dBm, -10 dBm,
-5 dBm, 0 dBm and 5 dBm (a-e) as a function of the frequency detuning. The up-
ward sweep is colored blue, the downward in green. Right panels: Line cuts from
the power spectral measurement shown in Fig. 6.1 for a resonant drive (indicated by
the light blue lines on the frequency response measurement) and the corresponding
drive power of -20 dBm, -10 dBm, -5 dBm, 0 dBm and 5 dBm (a-e).

high-amplitude solution at the lower bifurcation point. This indicates that the instability
seems to only occur for the high-amplitude solution.
These frequency response measurements indicate that the amplitude instability can be
characterized by simple frequency response curves. In agreement with the power spec-
tral measurement, we observe that the multiple satellites appear close to the amplitude
instability. This is in perfect agreement with the RIFF model.
In addition, these measurements suggest that the instability has a detuning dependence.
The instability is first observed for some small detuning from resonance and spreads over
a broader frequency range with increasing drive power. Furthermore, the effect of the in-
stability might be even larger for some detuning from resonance. Interestingly, the mode
can return to a stable state for a large detuning in the high amplitude branch, but only
for drive powers below 5 dBm. We also observe that the instability only emerges for the
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high-amplitude solution. The low-amplitude solution always reflects a stable amplitude
response, as expected from the Duffing model.

6.4.3 Multiple satellites for a detuned drive frequency
To investigate the influence of the detuning, the power spectral measurement is repeated
for a fixed power and a variable frequency detuning, similar to the measurement
discussed in Chap. 3, but for stronger drive powers and on a larger frequency span.
Figure 6.18 shows the obtained power spectra maps for -6 dBm (a), -3 dBm (b) and
5 dBm (c) drive power. We initialize the resonator in the high-amplitude branch by
sweeping up the drive frequency from 30 kHz below the eigenfrequency. Along with
the power spectrum map, we plot the extracted amplitude of the forced vibration at
f − fd = 0 as a function of the drive frequency detuning.

For -6 dBm, panel (a), the data look comparable to the plot discussed in Chap. 3
and plotted in Fig. 3.9. For a large negative detuning, we can only see a single
peak, corresponding to the far-off resonance driven (and thus only thermomechanical)
motion of our resonator. A resonant drive leads to two symmetric satellite peaks.
They correspond to the thermal noise-induced small-amplitude vibrations around the
high-amplitude solution. For a detuning about 0.6 kHz, we observe the transition to
the low-amplitude branch, encoded in the single lower-frequency satellite peak (the
weaker, higher-frequency satellite of the low amplitude solution remains below the
noise level). The switching between the two stable states is also clearly visible in the
extracted amplitude of forced vibration, plotted to the right of the map. Up to a detuning
of roughly 0.6 kHz, the data follows the high-amplitude branch (blue dots). On one
occasion, before 0.5 kHz, the resonator is in the low- instead of the high-amplitude
solution. This corresponds to a random switching event. As we operate the resonator
in the bistable regime, the low-amplitude solution is also a stable state. However, we
initialize the resonator in the high-amplitude branch by sweeping up the drive frequency
from 30 kHz below the eigenfrequency, and as such, we observe the high-amplitude
solution with an overwhelming probability. Nevertheless, there is a certain probability of
observing switching to the low-amplitude branch, as in the data discussed here. The next
data point is measured again after an initialization sweep, and thus the resonator is found
again (with an overwhelming probability) in the high-amplitude branch. The switching
event is also visible on the map. Close to 0.5 kHz, there is one data point missing in the
satellite trace. About 0.6 kHz, the amplitude drops to the low amplitude solution, which
now is the state with the higher probability (green dots).

Increasing the drive to -3 dBm results in many additional satellites appearing in
the spectrum. Again, for a large negative detuning, the resonator is driven far-off reso-
nance and we only see its thermomechanical motion (as an individual peak at f = f0).
Decreasing the detuning towards resonance reveals the two-thermal noise-induced
satellite peaks corresponding to the high-amplitude branch. For a small positive detuning
from resonance, we start to observe the additional satellite peaks. Similar to the data
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Figure 6.18: Multiple satellites as a function of the drive frequency detuning. Power spectra for
a fixed drive power and a variable detuning for drive powers of (a) -6 dBm, (b)
-3 dBm and (c) 5 dBm (left panels) along with the extracted amplitude of the forced
vibrations at the drive frequency as a function of the drive detuning (right panels).
Blue (green) data points indicated the high- (low-) amplitude state.
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for the resonant drive, the satellites are equidistantly spaced, very bright and narrow.
With an increasing detuning along the high-amplitude branch, we observe the additional
higher-order satellite peaks. They always appear as pairs, as they are generated via a
mixing process. However, the lower-frequency satellites have a smaller intensity than
the corresponding higher-frequency satellites, and therefore not all lower-frequency
satellites are resolved. This explains why we observe more higher-frequency than
lower-frequency satellites. We even obtain more satellite peaks than for a resonant drive
at the same drive power.
This observation matches the observations from the frequency response measurements,
where it become apparent that the amplitude instability gets stronger with some detuning.
The potential landscape probably gets more asymmetric with a positive detuned drive,
and therefore we get more, and also for weaker drive powers, additional satellites.
As for the other measurement for -6 dBm in panel (a), we can observe switching from the
high- to the low-amplitude solution. In this data set at a detuning of about 0.7 kHz. Here,
we can clearly see that the multiple satellites and with that the amplitude instability only
occurs for the high-amplitude branch. This is in agreement with the observations in the
frequency response measurements shown in Fig. 6.17. In the low-amplitude solution,
we only see a single weak peak and no multiple satellites. This is reasonable, as the
low-amplitude solution corresponds to the maximum of the Hamiltonian function. As a
consequence, the RIFF cannot pump up the system in the potential landscape.
The extracted amplitude of the forced vibration is plotted to the right-hand side of the
power spectral measurement. For a slight positive detuning, the instability starts to
develop and leads to a reduced amplitude of forces vibrations. At the same detuning, we
start to see the first additional satellite peaks in the power spectrum. The switching from
the high- to the low-amplitude branch is clearly visible.

In panel (c), the drive power is increased to 5 dBm, with the outcome that we ob-
serve even more satellite peaks. In this data set, the satellite traces appear to be curved
rather than straight, as observed for the weaker drive powers. Moreover, the multiple
satellite peaks even appear for a small negative detuning, so before the resonator is
driven actually on resonance. By comparing this observation to the corresponding
frequency response curve, plotted in Fig. 6.17 (e), we see that for 5 dBm, the amplitude
instability develops already for a detuning of -0.5 kHz, which is in agreement with the
additional satellite peaks appearing at this detuning in the power spectral measurement.
The interruptions in the satellite traces are again a consequence of the resonator being
in the low- instead of the high-amplitude solution. For a detuning of about 1.5 kHz, the
resonator stays in the low-amplitude solution, and only a single lower-frequency satellite
is observed. Please note that the right upper dark blue corner in the map corresponds
to no data. We measure as a function of the detuning, and the measurement span was
slightly too small to capture the complete frequency span plotted in the map.
Also, the extracted amplitude of forced vibration shows many features. As in the map,
we can see that the amplitude instability is already reached at a slight negative detuning.
In this ultra-strongly driven regime, the amplitude almost drops to zero at a detuning
of 0.5 kHz. After a detuning of 0.5 kHz, the amplitude increases again. Due to the
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dramatically reduced amplitude in the instability regime, a drop to the low-amplitude
branch corresponds to a jump up in amplitude of forced vibrations. This is indicated
by the green-colored data points in the right panel of Fig. 6.18 (c), and is similar to the
observations in the frequency response measurements shown in Fig. 6.17 (c) and (d).
The four single green dots correspond to the interruptions in the satellite trace in the
map. At a detuning of about 1.5 kHz, the resonator stays in the low-amplitude solution.

With these measurements, we can conclude that the instability and the number of
satellite peaks indeed depend (in a complex way) on the detuning of the drive frequency.
Moreover, we clearly see that the multiple satellite peaks are only observed for the
high-amplitude branch. There is no instability in the low-amplitude solution, which is in
agreement with the interpretation of the RIFF model.

Satellite peaks in a broad detuning range

In the detuning measurement described above and plotted in Fig. 6.18, we are limited to
a detuning range in the high-amplitude branch of about 1.5 kHz because of the switching
to the low-amplitude branch. Nevertheless, as we have seen in the frequency response
curves plotted in Fig. 6.17, the instability in the (metastable) high-amplitude branch lasts
much longer. It is likely that the scripted measurement plotted in Fig. 6.18 is simply too
slow to keep the resonator in the high-amplitude branch, and thus it is more likely to
observe the low-amplitude solution.
We can measure much faster with a manual measurement and thus record the satellites
in the metastable high-amplitude branch. To do this, we manually sweep up the
mode in the high-amplitude branch with the signal generator and quickly measure the
corresponding power spectrum with the spectrum analyzer before the mode drops to the
low-amplitude solution. However, many measurement runs were required to find the
results for the high-amplitude branch for very large detunings since the mode drops to
the low-amplitude solution most of the time. The results are summarized in Fig. 6.19.
The measurements are performed for a drive power of -2 dBm. For comparison, we
plot the measured frequency response curve for a drive power of -2 dBm in panel (a).
The colored dots along the high-amplitude branch indicate the detuning at which we
measure the satellites in the power spectrum of the driven mode. Panel (b) plots the
power spectrum for a resonant drive, corresponding to the data discussed in Sec. 6.1.1.
Increasing the detuning to 1 kHz (c) leads to much more satellite peaks in the power
spectrum, which we have already seen in the detuning measurement plotted in Fig. 6.18.
Going to 2 kHz detuning (d), reduces the number of satellite peaks again. Since the
instability in the amplitude response seems to be mitigated at the same time (the
amplitude of forced vibrations is rising again), this could be related to the number of
satellite peaks. For a detuning of 3 kHz, the amplitude response in (a) returns to a stable
amplitude, and with that, we find only two satellite peaks in the power spectrum of the
mode, shown in panel (e). At a detuning of about 4.5 kHz, we observe another instability
region, where we observe again a large number of satellites peaks (f). A large detuning
of 8 kHz brings the mode once more back to a stable amplitude region, and we again
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Figure 6.19: Satellite peaks for various drive frequency detunings along the high-amplitude
branch for a drive power of -2 dBm. The corresponding high-amplitude branch
of the frequency response curve is plotted in (a), along with colored dots, which
refer to the detuning values at which the satellite peaks are measured in the power
spectrum of the mode, shown in (b-g) with the same color code.

find only two satellite peaks in the response spectra of the mode, plotted in panel (g).

This measurement shows once again that the amplitude instability is directly re-
lated to the occurrence of the multiple satellite peak and strongly depends on the drive
frequency detuning. Furthermore, it can be observed that with decreasing amplitude in
the instability region, more additional satellite peaks occur, which probably corresponds
to more asymmetric trajectories.

Trajectories for a broad detuning range

A similar measurement can be performed for the trajectories of the mode in the rotating
frame, where we repeat the measurement done for the trajectories measured for a reso-
nant drive, plotted in Fig. 6.9. We sweep the drive frequency up to the desired detuning
value and then record the in-phase and quadrature components of the signal over a few
seconds with a bandwidth of 15 kHz. The drive is fixed to -2 dBm. Our results are sum-
marized in Fig. 6.20. For comparison, the corresponding frequency response curve for
the high-amplitude branch is plotted in panel (a) along with colored dots indicating the
detuning values at which we record the trajectories. The trajectories are plotted in (b-d)
in the corresponding color. Even though we use the same drive power as used for the
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Figure 6.20: Trajectories for various drive frequency detunings along the high-amplitude branch
of the frequency response curve plotted in (a) for a drive voltage corresponding to
-2 dBm. The colored dots correspond to the detuning values for which the measured
trajectories are shown in panels (b-d).

measurement for the satellites in the power spectrum plotted in Fig. 6.19, we could not
measure the trajectories in the second stable regime for a large detuning. This might be
connected to the sweep speed of the measurement. If we sweep fast enough, we can enter
the high-amplitude branch beyond the second instability feature as shown in Fig. 6.19 (a),
whereas for a slower sweep speed, we drop within the second instability feature, visible
in the frequency response curve plotted in Fig. 6.20 (a). Please note that this data set was
recorded much later than the one presented in Fig. 6.19 and therefore the eigenfrequency
of the mode is slightly different.
In panel (b), the trajectories for a detuning of 60, 160 and 660 Hz are shown as dark
blue, blue and light blue dots, respectively. It can be clearly seen that with increasing
drive frequency detuning, the shape of the trajectories becomes more asymmetric. The
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elliptic shape, as observed for the resonant drive in Fig. 6.9 (a), becomes more elongated
and eventually kidney-shaped, as expected from the theoretical model (see Fig. 6.8).
For a larger drive frequency detuning, we see an increase in the amplitude of the fre-
quency response curve, and along with that, we see that the trajectories (green, yellow
and orange) become smaller and less asymmetric again, plotted in panel (c). For a detun-
ing of 2.16 and 2.66 kHz (orange and red dots), the trajectories no longer show a periodic
self-sustained motion. Instead, they return to an elongated-filled ellipse. In this regime,
we observe only two satellites, as shown in the measurement in Fig. 6.19. A further in-
crease in the drive frequency detuning leads to the appearance of the second instability.
Again, we observe very asymmetric trajectories, shown as purple and blue dots in panel
(d) for a detuning of 4.66 and 4.67 kHz.
From this measurement, it appears that the shape of the trajectory is directly related to
the amplitude instability observed in the frequency response measurement and, consid-
ering the measurements shown in Fig. 6.19, to the number of satellites observed in the
power spectrum. We can follow that with larger deviations from an elliptical trajectory,
we observe more multiple satellites due to the additional involved Fourier components.
Moreover, the instability observed in the amplitude of forced vibrations gets more pro-
nounced for more asymmetric trajectories and thus a more asymmetric potential. This is
in good agreement with the interpretation of the RIFF model.

6.4.4 Multiple satellites for a fixed detuning
We can also initialize the resonator at a certain drive frequency detuning and measure
the power spectrum as a function of the drive power. This measurement is similar to the
one discussed in Chap. 3 and plotted in Fig. 3.12. In the measurement presented in the
following, we apply the drive frequency with a detuning of 1 kHz and record the power
spectra for a drive power range of 5 to 10 dBm. The result is shown in Fig. 6.21 (a).
For a drive below 5.2 dBm, the resonator is in the low-amplitude solution (and hence does
not exhibit an instability). This regime corresponds to the one sketched in Fig. 3.13 (b).
Above a drive power of 5.2 dBm, the resonator jumps up to the high-amplitude solution
and is directly in the instability regime, where we observe 17 satellite peaks. This is the
largest number of satellites observed. All these peaks occur simultaneously, with the tran-
sition from the low- to the high-amplitude solution. This is plotted in panel (b), which
shows two line cuts at 5.1 dBm (low-amplitude, green) and 5.2 dBm (high-amplitude,
blue). In panel (a) one can also see that the satellite peaks are all equidistantly spaced.
Moreover they spread further apart with increasing drive power. However, they also lose
some intensity again, which is especially visible for the lower-frequency satellites. Panel
(c) shows the extracted amplitude of the forced vibration as a function of the drive power.
The two colored dots refer to the two line cuts in panel (b), where we observe the transi-
tion from the low- to the high-amplitude branch. Because of the amplitude instability in
the high-amplitude branch, the transitions actually represent a drop from a large (stable
low-amplitude solution) to a small (unstable high-amplitude solution) amplitude. At this
transition, the resonator lands deeply in the unstable region, namely at the minimum of
the measured amplitude of forced vibrations, and with that, we observe the 17 satellites
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Figure 6.21: Multiple satellites in the power spectrum at a detuning of 1 kHz from resonance as
a function of the drive power. (a) Power spectrum map with a color-coded signal
power. The white dashed line indicates the line cuts plotted in panel (b). The lines
cuts show the transition between single and multiple satellite regime, where at once
17 satellites appear. This corresponds to the regime where the resonator switches
from the low- to the high-amplitude branch. The green (blue) data refers to a drive
power of 5.1 dBm (5.2 dBm). (c) Extracted amplitude of the forced vibrations at
f − fd = 0. Due to the amplitude instability in the high-amplitude branch, the
amplitude of the forced vibrations drops from a high to a low value. The line cuts
plotted in (b) are indicated by colored dots. The green line cut corresponds to the
low-amplitude solution, with only one lower-frequency satellite. The blue line cut
corresponds to the resonator in the (unstable) high-amplitude amplitude state, where
we clearly observe the multiple satellites.

in the power spectrum. As the drive power increases further, the amplitude of the main
tone in the instability region first gradually increases to a maximum at 8.8 dBm and then
decreases again.
This measurement shows in a beautiful way that we only observe multiple satellites for
the high-amplitude branch of the mode.

6.4.5 DC dependence of the satellites in the response spectrum

So far, we have fixed the DC voltage to 5 V. This allowed us to compare different mea-
surements, as we know that almost all experimental parameters scale with the DC voltage
[45, 94]. Consequently, we expect to see a dependence of the satellites on the applied DC
voltage. To measure the dependence, we use the response measurement scheme with the
lock-in amplifier discussed in Chap. 4. Several frequency sweeps with a strong resonant
pump at fd = f0 with a power of 0 dBm and an additional very-weak probe tone with a
power of -46 dBm are performed for DC voltages between 2 and 10 V. Before every fre-
quency sweep, the eigenfrequency has to be redetermined, as the eigenfrequency tunes
with the DC voltage. The complete map is plotted Fig. 6.22 (a).
Interestingly, we see a very complex dependence of the satellite peaks on the applied DC
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Figure 6.22: DC voltage dependence of the (multiple) satellite peaks. (a) Response spectrum of
the resonantly driven mode (0 dBm) to a weak probe tone (-46 dBm) as a function of
the DC voltage. Satellite peaks emerge symmetrically to the forced vibrations of the
mode at f = fd. Depending on the applied DC voltage, two unequal bright probe-
induced or multiple satellite peaks are observed. The solid black line indicates our
standard operation point of 5 V DC. (b) Extracted amplitude of forced vibrations as
a function of the DC voltage. In the regime of multiple satellites (4.5 to 7.7 V DC)
the measured amplitude response shows an instability.

voltage. For a small DC voltage, up to 4.5 V, we only see the two probe-induced satellite
peaks, with a clear unequal brightness, associated with the squeezed thermal fluctuations.
When we reach our standard operating point of 5 V (indicated by the solid black line),
we begin to observe the multiple satellite peaks in the response spectrum. Increasing the
DC voltage further leads to more and brighter additional satellites. At 7.5 V a drastic
transition is observed. All multiple satellites abruptly disappear and the remaining two
probe-induced satellite peaks are inverted in their intensities. Now, the lower-frequency
satellite is brighter than the higher-frequency satellite. Close to the threshold of this tran-
sition, the multiple satellites show a curvature towards a smaller frequency offset from
the drive tone.
In panel (b) we plot the extracted amplitude of the forced vibration at resonance. In
agreement with our other experimental data, we observe the amplitude instability in the
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vicinity of the appearance of the multiple satellite peaks. The onset of the amplitude in-
stability is observed for a DC voltage of about 4.5 V and at a drive voltage corresponding
to 0 dBm. With increasing DC voltage, the amplitude in the instability regime decreases
to a minimum at about 6.5 V. Afterward, the amplitude grows rapidly. At the same time,
the multiple satellite peaks show a strong curvature. With the striking transition to the
two-satellite regime, the amplitude of forced vibrations jumps up. This probably means
that we are out of the instability region, which would explain the disappearance of the
multiple satellite peaks.
One explanation for the inversion of the probe-induced satellite intensity could be the
transition from a stiffening to a softening Duffing nonlinearity. According to our data
presented in Chap. 5 and Fig. 5.11 we observe the transition close to 6 V DC. However,
due to the strong drive, we are probably in the mixing regime featuring four bifurcation
points (see Fig. 5.12). It could be that this mixing regime, starting at a DC voltage of
7.5 V, leads to two probe-induced satellites whose intensity is inverted compared to those
observed previously. Further measurements are needed to test this hypothesis. In early
measurements from Johannes Kölbl, it has been shown that a negative Duffing nonlinear-
ity indeed leads to an inversion of the satellite intensity. For more details see Ref. [56].
The connection between the DC voltage dependence of the (multiple) satellites and the
RIFF model requires a more detailed investigation.
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6.5. Conclusion

6.5 Conclusion

This chapter summarizes our work (in progress) on the appearance of additional,
ultra-bright and narrow satellite peaks, which emerge equidistantly spaced in the power
spectrum of our ultra-strongly driven mode. Our observations are reminiscent of a
frequency comb, which in our case is generated by a single nonlinear mode and a single
drive tone, which to the best of our knowledge has not been observed so far.

In the power spectrum of the ultra-strongly driven mode, we observe the appear-
ance of multiple, equidistantly spaced, super narrow and extremely bright satellite peaks.
Simultaneously with the appearance of the multiple satellites, we observe an instability
in the amplitude of the forced vibrations. We can compare our experimental observations
with a theoretical proposal from Dykman et al., describing such a phenomenon. We find
a good qualitative agreement.
In the framework of the theoretical model, we can phenomenologically assign the
appearance of the additional satellite peaks to a resonantly induced negative nonlinear
friction force (RIFF), which enters our system as a result of the strong resonant drive.
The negative friction can decrease, compensate and even overcome the damping in our
system.
At moderate drive powers, we observe two thermal noise-induced satellite peaks in the
power spectrum of the mode. They are caused by small-amplitude vibrations about the
stable state of forced vibrations in the potential landscape of the mode in the rotating
frame. The additional frequency component associated with these fluctuations is mixed
with the drive frequency, forming two satellite peaks symmetrically located to the left
and right of the drive tone. For a moderate drive, the RIFF does not play a role and the
damping of the system, reflected in the satellite linewidths, remains unchanged.
Increasing the drive power (presumably) leads to the onset of the RIFF mechanism. The
RIFF gradually decreases the effective damping in our system. For a strong resonant
drive power, we observe that the linewidths of the two satellite peaks start to decrease
continuously until the resolution limit of our measurement device is reached. However,
the data suggest that the linewidth could even become zero. The estimated drive power
at which this could be the case corresponds to the drive power at which we observe the
onset of the additional peaks in the power spectrum.
In the interpretation of the RIFF model, this effect is described by a supercritical Hopf
bifurcation, where a stable fixed point becomes a stable limit cycle. For our mode,
this happens all in the rotating frame. The limit cycles occur for an effective negative
damping and correspond to self-sustained oscillations of the mode along trajectories
given by the potential landscape at a fixed energy in the rotating frame. Due to the
asymmetry of the potential landscape, the trajectories are not sinusoidal and cause,
therefore, higher-frequency components in the time-varying vibrational signal of the
mode. These additional frequency components are mixed with the drive frequency into
several equidistant peaks observed in the power spectrum of the ultra-strongly driven
mode. The observed instability of forced vibrations can be assigned to the transition
from a stable state to a stable limit cycle, where the former fixed point losses stability.
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6. FREQUENCY COMB FROM A SINGLE DRIVEN MODE

Additional measurements allow us to resolve the trajectories in the rotating frame. In
agreement with the RIFF model, we observe that the trajectories emerge out of a fixed
point and form closed and asymmetric orbits.
We also observe a strong dependence of the multiple satellites on the drive frequency
detuning. For a small positive drive frequency detuning, we observe more additional
satellite peaks, a more pronounced amplitude instability as well as more asymmetric
trajectories. In a series of measurements, we have shown that these three experimental
observations are directly connected with each other. Moreover, our experimental data
suggest that the instability only occurs for the high-amplitude solution and never for the
low-amplitude solution.

The underlying microscopic mechanism of the RIFF is still unclear. The theoretical
model [35] suggests a heating-induced RIFF; however, our experimental observations
show that this cannot be the microscopic mechanism in our system. We speculate that in
our case, the RIFF might be caused by a charging or polarization mechanism associated
with the dielectric drive and detection scheme.
In cooperation with Mark Dykman, Gianluca Rastelli, Wolfgang Belzig and Daniel
Boneß we are working on a theoretical model to describe our data as well as on a deeper
understanding of the underlying mechanism.

140



7
Conclusion and Outlook

In this thesis, we investigate the nonlinear and noise-induced dynamics of a nanome-
chanical string resonator with a high mechanical quality factor (Q). In particular, we
study the nonlinear dynamics of an underdamped vibrational mode in and beyond the
Duffing regime. Moreover, we explore the interplay between the intrinsic nonlinearity
of the mode and extrinsic fluctuations, such as thermal noise or an additional very-weak
probe tone. We further observe a mechanism that leads to self-sustained oscillations of
the ultra-strongly driven mode in the rotating frame and generates a frequency comb
from a single nonlinear mode and drive tone.

All measurements are conducted on the fundamental flexural out-of-plane mode of
a high Q nanomechanical string resonator fabricated from pre-stressed silicon nitride.
The vibrational dynamics of the string resonator is studied at room temperature and
vacuum with a dielectric drive and detection scheme, implemented by two control
electrodes flanking the string resonator.
Before we investigate the nonlinear dynamics, we carefully characterize the string
resonator in the linear regime, which is theoretically described by the model of the
damped and driven harmonic resonator. From the linear response measurement, we can
obtain the eigenfrequency, the linewidth and hence the Q-factor of our mode, as well
as the calibration factors for our experimental system, which allow us to quantitatively
compare the experimental data and the theoretical model.
Owing to the high Q, we can easily drive our string resonator into the nonlinear regime.
For weak driving voltages, the nonlinear response is observed and perfectly described by
the Duffing model, which is an extension of the damped and driven harmonic resonator
by a cubic nonlinear term in the equation of motion. The nonlinear response is charac-
terized by a hysteretic frequency response curve that has two coexisting stable and one
unstable state. The Duffing model, as well as our careful calibration and characterization
of our experimental system, allows us to determine the nonlinear Duffing parameter γ in
our system, which is given to a first approximation by a stiffening geometric nonlinearity.

141



7. CONCLUSION AND OUTLOOK

Employing our fully characterized mode and experimental setup, we study the in-
fluence of thermal noise on our driven nonlinear resonator. The thermal noise, always
present in our room temperature experiment, causes small-amplitude fluctuations around
the stable states of force vibrations in the rotating frame. These small-amplitude
fluctuations mix with the resonant drive frequency into two satellite peaks in the power
spectrum of the driven mode. The satellite peaks appear equidistantly spaced to the
signal of the forced vibrations at the drive frequency. Due to the high Q of our mode,
we can perfectly resolve these long ago theoretically predicted thermal noise-induced
satellite peaks in the power spectrum of a driven nonlinear mode. In contrast to earlier
works, even without additionally injected noise.
Besides the noise-induced dynamics, the periodic drive of nonlinear mode leads
to a broken continuous time-translation symmetry. As a consequence, the thermal
fluctuations of the driven resonator are squeezed in one quadrature component below
the thermodynamic limit, given by the equipartition theorem. The other component
is at the same time enlarged. This asymmetry is reflected in an unequal brightness of
the thermal noise-induced satellite peaks in the power spectrum of the driven mode.
Remarkably, the squeezing parameter can be directly obtained from the area ratio of
the two unequally bright satellite peaks. The noise in one quadrature can be maximally
suppressed by a factor 2, corresponding to a 3 dB squeezing limit. This novel method
allows us to determine the squeezing parameter without a homodyne detection, which is
very challenging to realize for a driven, high Q resonator because of small but inevitable
frequency fluctuations.
Our theory collaborators Mark Dykman, Gianluca Rastelli and Wolfgang Belzig have
developed a complete theoretical model which is in perfect agreement with our measured
data without free parameters, thanks to the careful characterization of the mode and
calibration of the experimental setup.
The thermal noise-induced satellites and noise squeezing are not only observed for a
resonant drive but also for a small detuning of the drive frequency. We also observe
noise-induced switching between the two coexisting stable states, very close to the
critical switching point. This is another long-predicted effect, which was previously only
observed with additional noise injection or additional RF pulses. Once more, we find
a good agreement between our experimental data and the theoretical model describing
these non-equilibrium dynamics.

Similar results are obtained when examining the resonantly driven system in the
presence of an additional very-weak probe tone scanned across resonance. The response
of the mode to the probe tone yields two well-resolved and unequally bright satellite
peaks, which appear equally spaced to the resonant response at the drive frequency. The
satellite peaks are again caused by small-amplitude fluctuations around the stable state
of forced vibrations of the driven resonator; however, in this case, they are resonantly
excited by the very-weak probe tone. Once more, the unequally bright satellite peaks
contain information about the fluctuations in the driven system and reflect the thermal
noise squeezing. The squeezing parameter can be obtained from the area ratio of the
two unequally bright satellite peaks, and we find a perfect agreement with the theoretical
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model, developed by Mark Dykman.
It is noteworthy that the response measurement is also applicable to the quantum domain.
This is not the case for the method with the power spectrum measurement; as there, the
satellite peaks would have an equal brightness even though the quantum fluctuations are
squeezed.
Besides the squeezing, the response measurement reveals an amplification of the probe
field. This is encoded in the imaginary part of the susceptibility, which corresponds to
the quadrature component in the measurement. The quadrature component reveals as
well two unequally bright satellite peaks but, in contrast to the amplitude response, with
two different signs. The negative peak or dip indicates the amplification of the probe
field, while the positive peak reflects the absorption of energy from the probe field.
Moreover, the quadrature component data can equally be employed to determine the
squeezing parameter and we again find a perfect agreement with the theoretical model.

Studying the nonlinear frequency response curves for a moderate drive reveals a
significant deviation from the Duffing model. Concurrently, we observe an overtone at
twice the drive frequency in the spectrum of the moderately driven fundamental mode.
With the help of our theory collaborators Mark Dykman and Gianluca Rastelli, we
can attribute these observations to a broken spatial symmetry, described by a cubic
nonlinearity β in the restoring potential of the mode. The symmetry breaking in our
system is enforced by the asymmetry imposed by the control electrodes employed for
the dielectric drive and detection scheme. Several other mechanisms could lead to a
similar overtone of the drive frequency; however, by carefully measuring the amplitude
and phase dependence of the overtone on the amplitude and phase of the fundamental
mode, we can rule them out.
For a weak drive and thus small vibrational amplitudes, the nonlinearity β only leads to
a renormalization of the Duffing parameter. As such, the nonlinear response curves are
still well-described by the Duffing model with an effective Duffing parameter. However,
for a moderate drive and thus larger vibrational amplitudes, the simple Duffing model
breaks down and has to be extended by the cubic nonlinearity β in the restoring potential
of the mode. With the extended model, we can perfectly describe the response of our
mode beyond the Duffing regime. Moreover, we can extract the value for the additional
nonlinear parameter β.
The origin of the nonlinearity β can be associated with the dielectric drive and transduc-
tion scheme. We also find a dielectric contribution to the effective Duffing nonlinearity,
and as such, both nonlinear parameters tune quadratically with the DC voltage applied
between the control electrodes. Moreover, the interplay between the Duffing nonlinearity
γ and the nonlinearity β allows us to tune the effective nonlinearity of our mode, which
can become zero or even negative. We clearly observe the evolution from a stiffening
to a softening Duffing response, where we cross the regime of an effective zero Duffing
parameter. Close to this regime, we resolve a nonlinear response with more than two
bifurcation points.
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7. CONCLUSION AND OUTLOOK

For an even stronger drive, we observe the onset of multiple satellite peaks in the
power spectrum of the ultra-strongly driven nonlinear mode. These multiple satellites
are equally spaced, super bright and extremely narrow and can be seen as a frequency
comb. Concurrently to the onset of the multiple satellites, we observe an instability in
the amplitude of forced vibrations. In another measurement, we can resolve that in the
multiple satellite regime the nonlinear mode starts to perform self-sustained oscillations
in the rotating frame.
A possible physical mechanism behind our observations is a resonantly induced nonlin-
ear friction force, proposed by Dykman et al. [35]. This negative friction force, induced
by a strong resonant drive, can compensate and even overcome the intrinsic damping of
our system and thus can cause a supercritical Hopf bifurcation, which, for our driven
mode, occurs in the rotating frame. For an effective zero damping, the dynamics of the
mode shows a transition from a stable state to a stable limit cycle. The trajectories of
the limit cycles are defined by the potential landscape of the driven mode in the rotating
frame. As a consequence of the strong periodic drive of our nonlinear mode, the potential
landscape is profoundly asymmetric, which leads in turn to asymmetric trajectories in
the rotating frame. The asymmetry is reflected in additional Fourier components, which
are mixed with the drive frequency into several equidistant satellite peaks in the power
spectrum of the ultra-strongly driven mode. With increasing drive strength, the mode
can climb up in the potential landscape, which leads to more asymmetric trajectories,
and as such, to more additional satellite peaks in the power spectrum of the mode. With
this phenomenological model, we can very well describe our observations. However, a
direct quantitative comparison remains to be established.
A microscopic mechanism, suggested by Dykman et al., could be a heating-induced
negative nonlinear friction force. However, from our experimental results, we exclude
this mechanism: After the nonlinear mode was exposed for several minutes to a
very strong resonant drive in or close the instability regime, we observe a significant
frequency shift, where the eigenfrequency shows a very slow relaxation time. However,
both the frequency shift and the relaxation time are too large to be explained by heating
the resonator. Nevertheless, other mechanisms are still being evaluated. We speculate
that the very long relaxation time might indicate a charging or polarization mechanism
associated with the dielectric drive and detection scheme.
From additional measurements, we conclude that the instability only occurs for the
high-amplitude branch. We also observe a detuning dependence of the instability, which
becomes more pronounced for a slight detuning from resonance. Moreover, we observe
a complex dependence of the multiple satellites on the applied DC voltage.
Together with our theory collaborators Mark Dykman, Gianluca Rastelli, Daniel Boneß
and Wolfgang Belzig we plan to further investigate these deeply nonlinear effects
from both the theoretical and experimental sides. With our well-controlled and fully
characterized mode, we have all the tools to study the dynamical instability caused by
the ultra-strong drive in this deeply nonlinear regime in more detail.

Our experimental system clearly demonstrates that nanomechanical resonators,
such as our dielectrically controlled string resonator, are ideal test systems for studying
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nonlinear dynamics. Their high Q allows to drive them easily into the nonlinear regime,
their well-established control schemes enable a smooth and reliable operation, and due
to their small size and sensitivity, one can even study the interplay between the intrinsic
nonlinearity of the resonator and external fluctuations. Understanding these backactions
opens up the way to exciting applications, such as precision sensing by employing
squeezed states. Going to cryogenic temperatures should ultimately even allow investi-
gating the back action between nonlinear resonators and quantum fluctuations.
The ability to tune the nonlinearity of our nonlinear, nanomechanical system allows us
to operate the resonator in fundamentally different regimes, and one could think about
engineering the nonlinearities to maximize their impact on the system. Combined with
knowledge of classical nonlinear dynamics, this could even allow the development of a
mechanical qubit that exploits the intrinsic nonlinearity of the mechanical resonator.
In the research group of Eva Weig coupled and hybridized modes are intensively
studied. They can give access to a classical two-level systems [43, 123], collective
dynamics [124] or nonlinear mode coupling [125]. In a resonator consisting of two
doubly clamped string resonators, similar multiple satellites and even chaotic states were
observed by Katrin Gajo [125]. It would be interesting to explore the nonlinear and
noise-induced dynamics of such strongly coupled modes in more detail. Moreover, one
can investigate the response of a nonlinear resonator exposed to a non-sinusoidal driving
or even artificial fluctuations. First attempts towards this direction are being realized in
our group by actuating a nanomechanical resonator with a pulsed laser.

In conclusion, we investigated the vibrational dynamics of a high Q nanomechani-
cal string resonator in the linear, the Duffing, beyond Duffing and even in the deeply
nonlinear regime. We revealed very interesting effects arising from the backaction of
the nonlinear mode with external fluctuations, as well as very striking dynamics with
a variety of fascinating effects deep in the nonlinear regime. The ability to tune the
nonlinearity of the mode enables us to study different nonlinear regimes, each with its
own interesting properties. Our nanomechanical string resonator has proven that these
small devices are perfectly suited to study all these interesting nonlinear phenomena
in a variety of different regimes, and with this well-understood and controlled system,
nanomechanical resonators can now be exploited for even more complex nonlinear
effects or quantum analogies.
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A
Schematic of the Resonator

Figure A.1 shows a schematic sketch of the investigated resonator, control electrodes, and
clamping pads. The length specifications are only estimations and no actual measure-
ments. They can be reconstructed from the original lithography write-file and fabrication
procedure; however, some values are only rough estimations due to fabrication-induced
uncertainties. Furthermore, unintentional slight misalignments during the lithography
steps cannot be ruled out.
In the sketch, green refers to the silicon nitride layer (SiN), yellow to gold (Au) elec-
trodes, and gray denotes the fused silica substrate (SiO2).

Figure A.1: Schematic sketch of the resonator and the control electrodes (a), and cross-sections
along the string and electrodes (b) and the clamping pad (c). In panel (b) the res-
onator shows an lateral offset, which is reasonable, but cannot be estimated.
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B
Derivation of the Duffing Model

The derivation of the Duffing response is based on a canonical transformation to the
rotating frame and a rotating wave approximation. This means, we change from fast
vibrating coordinate q(t) and momentum p(t) = q̇(t) to the slowly varying in-phase u(t)
and quadrature component u∗(t). In the new variables in the rotating frame, one then
disregards terms that vibrate at the drive frequency ω and its overtones.

Within this thesis different notations of the in phase and quadrature components
are employed. They are defined similarly as u and u∗; however, a different scaling is
used.
In Chap. 3, we use x1 =

√
8ωdΓ/(3γ) Reu and x2 = −

√
8ωdΓ/(3γ) Imu with

q(t) = x1(t) cos(ωdt) + x2(t) sin(ωdt) and q̇(t) = −ωd[x1(t) sin(ωdt)− x2(t) cos(ωdt)].
The same scaling is used in Chap. 4 and Chap. 5 however, we set x1 = Q and x2 = P .
In Chap. 6 we use slightly different scaled quadrature components q0 and p0, given as
q(t) + iω−1

d q̇(t) = (ωd)
−1/2(q0 + ip0) exp(−iωdt).

Description in the rotating frame

We start with the equation of motion in the laboratory frame

q̈ + 2Γq̇ + ω2
0q + γq3 = F cos(ωt) , (B.1)

where the driving force is scaled by the effective mass. In a stationary vibrational state
the coordinate q(t) = A cos(ωt+ θ) oscillates at the drive frequency with a phase θ with
respect to the drive. To solve this equation of motion for the vibrational amplitude A, it is
convenient to switch from the laboratory to the rotating frame, which rotates at the drive
frequency ω. With that, the driven resonator is basically in rest and can be described as
a fixed point. Mathematically, this means that we change from fast vibrating coordinate
q(t) and momentum p(t) to the slowly varying in-phase and quadrature components. For
the new variables in the rotating frame we find

q(t) = q0(u(t)eiωt + u∗(t)e−iωt) q̇(t) = iωq0(u(t)eiωt − u∗(t)e−iωt) , (B.2)
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B. DERIVATION OF THE DUFFING MODEL

where q0 is a length scale (q0 =
√

2ωΓ/3γ in the Supplemental Material of Ref. [47]).
We can also define the inverse transformation

u(t) =
1

2q0

(
q(t)− i

ω
q̇(t)

)
e−iωt

u∗(t) =
1

2q0

(
q(t) +

i

ω
q̇(t)

)
eiωt .

We can evaluate the evolution of u(t) in the rotating frame by calculating

d

dt
u(t) =

d

dt

(
1

2q0

(q − i

ω
q̇)e−iωt

)
.

In the following we set q = q(t) and q̇ = q̇(t).

d

dt
u(t) =

−iω
2q0

qe−iωt − i

2ωq0

e−iωtq̈ ,

for q̈ we can plug the equation of motion Eq. (B.1).

d

dt
u(t) =

−iω
2q0

qe−iωt − i

2ωq0

e−iωt(F cos(ωt)− 2Γq̇ − ω2
0q − γq3)

= e−iωtq

(
−iω
2q0

+
iω2

0

2ωq0

)
− i

2ωq0

e−iωtF cos(ωt) +
2iΓ

2ωq0

e−iωtq̇

+
iγ

2ωq0

e−iωtq3 ,

for q and q̇ we plug the transformations Eq. (B.2),

d

dt
u(t) =e−iωt(q0ue

iωt + q0u
∗eiωt)

(
−iω
2q0

+
iω2

0

2ωq0

)
+

i

2ωq0

e−iωtF cos(ωt) +
iγ

2ωq0

e−iωtq3

+
iΓ

ωq0

e−iωt(iωq0ue
iωt − iωq0u

∗e−iωt)

d

dt
u(t) =e−iωt

iω

2q0

(
−1 +

ω2
0

ω2

)
(q0ue

iωt + q0u
∗e−iωt)

− i

2ωq0

e−iωtF cos(ωt) +
iγ

2ωq0

e−iωtq3

+
iΓ

ωq0

e−iωtiωq0(ueiωt − u∗e−iωt) .
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We can replace ω0 with ω0 = ω − δω and plug for q3 the transformation Eq. (B.2),

d

dt
u(t) =

iω

2
(u+ u∗e−2iωt)

(
(ω − δω)2

ω2

ω2

ω2

)
− i

2ωq0

e−iωtF cos(ωt)

+
iγ

2ωq0

e−iωt(q0(ueiωt + u∗e−iωt)3

− Γ(u− u∗e−2iωt) .

The cos-term can be expressed as cos(x) = 1
2
(eix + e−x) and with that we find

d

dt
u(t) =

iω

2
(u+ u∗e−2iωt

(
ω2 − 2δωω + δω2 − ω2

ω2

)
− iF

2ωq0

e−iωt
1

2
(eiωt + e−iωt)

+
iγ

2ωq0

e−iωt(q3
0u

3e3iωt + q3
0u

3∗e−3iωt + 3q3
0u

2u∗eiωt + 3q3
0uu

2∗e−iωt)

− Γ(u− u∗e−2iωt)

d

dt
u(t) =

i

2ω
(δω2 − 2ωδω)(u+ u∗e−2iωt)− iF

4ωq0

(1 + e−2iωt)

+
iγ

2ωq0

(q3
0u

3e2iωt + q3
0u

3∗e−4iωt + 3q3
0u|u|

2 + 3q3
0u
∗|u|2e−2iωt)

− Γ(u− u∗e−2iωt) .

Now we neglect all fast oscillating terms (rotating wave approximation)

d

dt
u(t) = iδω

(
δω

2ω
− 1

)
− iF

4ω0q0

+
3iγq2

0

2ω
u|u|2 − Γu .

We assume δω
2ω
� 1

d

dt
u(t) = −iδωu− iF

4ω0q0

+
3iγq2

0

2ω
u|u|2 − Γu .

Now we consider the steady state d
dt
u(t) = 0

0 = −iδωu− iF

4ω0q0

+
3iγq2

0

2ω
u|u|2 − Γu

⇔ u2

[
Γ +

(
δω − 3γq2

0

2ω
|u|2
)2
]

=
F

16ω2
0q

2
0

,
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B. DERIVATION OF THE DUFFING MODEL

with

q(t) = q0(u(t)eiωt + u∗(t)e−iωt)

= q0u(eiωt + e−iωt)

= 2q0u cos(ωt)

= A · cos(ωt)

⇔ A2 = 4|u|2q2
0

⇔ |u|2 =
A2

4q2
0

,

we get the final result

A2

(
Γ2 + (δω − 3γ

8ω
A2)2

)
=

F 2

4ω2
. (B.3)
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C
Comparison of the Amplitude
Calibration Methods

In order to validate our amplitude calibration via the Duffing nonlinearity, presented in
Sec. 2.3.3, we use another string resonator (on a different chip) on which we can measure
the thermal motion as well as the Duffing response and thus can compare the results of
both calibration techniques.
The in the following discussed string resonator was fabricate by Yannick Klaß and is
made of tensile stressed silicon carbide (3C-SiC (111) on Si(111)). The layout of the
string resonator is similar to the one discussed within this thesis. The string has a length
of 100 µm, a height of 100 nm and a width of 200 nm. The measurements were all per-
formed by Vincent Blavy. The sample is driven dielectrically and the vibrations are
detected via an interferometric read-out technique, see for example Ref. [126]. The anal-
ysis, presented in the following, was done by me.

C.1 Calibration with the Duffing nonlinearity

Before we can evaluate the Duffing response, we have to characterize the linear response
of the string resonator. A linear response measurement for a drive voltage of Vd = 200 µV
(black dots) along with the theoretical model (solid red line) is shown in Fig. C.2 (a). We
find an eigenfrequency f0 = 2.835 MHz and a linewidth of 2Γ/2π = 14 Hz which yields
a Q ≈ 200000. The calibration factor c is determined to c ≈ 1800 (see Sec. 2.2.2).
Increasing the drive voltage to Vd = 3 mV leads to the Duffing response shown
in Fig. C.2 (b). Next to the data (black dots), captured by a bidirectional frequency
sweep, we show a fit with the Duffing model, which yields a Duffing nonlinearity of
γ̃/2π2 = 4.64× 1010 V−2s−2.
With the help of the geometric nonlinearity, we can find the calibration factor a as de-
scribed in Sec. 2.3.3. The geometric nonlinearity for the fundamental mode of a SiC
string resonator is found to

γgeo = π4 E

4l4ρ
≈ 3.22 · 1025m−2s−2,
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C. COMPARISON OF THE AMPLITUDE CALIBRATION METHODS

Figure C.1: Characterization of the fundamental flexural OOP mode. (a) Linear response for
a drive voltage of Vd = 200 µV (black dots) along with a Lorentzian fit given by
Eq. (2.14) (solid red line). (b) Duffing response for a drive voltage of Vd = 3 mV
(black dots) along wit a Duffing fit given by Eq. (2.20) (solid red line).

with E = 396 GPa [115], ρ = 3166 kg m−3 [127] and l = 100 µm. For the calibration
factor a follows

a =
√
γ̃/γgeo ≈

√
γ̃/γth = 2.45× 10−7m/V .

C.2 Calibration with the thermal motion
The thermal motion of the resonator at a lab temperature of T = 295 K is shown in
Fig. C.2. The data is captured with a spectrum analyzer using a measurement bandwidth
of 1 Hz.
As described in Sec. 2.2.1 we can describe the thermal motion by a Lorentzian response,
given by Eq. (2.10) in terms of displacement units. To translate it into units of volts, we
can use the calibration factor ath. Moreover, we have to take care of the noise floor. All
in all, we can describe the measured power spectral density Qvv(ω) in units of volts as
[50]

Qvv(ω) = Qw
vv +

1

a2
th

· 2ΓkBT

mω2
0

· 1

(ω0 − ω)2 + Γ2
, (C.1)

where the constant Qw
vv describes the noise floor and ath is the calibration factor.

The effective mass is given by m = 3.166 × 10−15 kg. With the previously deter-
mined eigenfrequency and damping parameter we can fit the expression to our data,
shown as a solid red line in Fig. C.2. From the fitting we obtain the calibration factor
ath = 2.54×10−7m/V , which is in good agreement with the value found from the Duff-
ing nonlinearity method a = 2.45 × 10−7m/V. The constant describing the noise floor
is found to Qw

vv = 5.91× 10−11 V2/Hz.
Note that in Qvv(ω) = V (ω)2/∆b, where V (ω) is the voltage spectrum and ∆b the mea-
surement bandwidth.
We can conclude that both techniques indeed lead to the same result.
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C.2. Calibration with the thermal motion

Figure C.2: Thermal motion measured with a spectrum analyzer using a bandwidth of 1 Hz along
with the square root of the theoretical model given by Eq. (C.1) and added as a solid
red line.
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D
Conversion between dBm and
Volts

The relationship between power in [dBm] and voltage in [Volts] (peak to peak) for a
sinusoidal signal in a 50-Ohm system is given by

Vpp =
√

50Ω · 2 ·
√

2 · 10((dBm−30)/20) .

The frequently used parameters for the drive power / drive voltage are given in the fol-
lowing table.

[dBm] [Volts]pp
-56 1.002 mV
-50 2.000 mV
-44 3.990 mV
-36 10.002 mV
-31 17.822 mV
-30 19.997 mV
-20 63.236 mV
-15 112.451 mV
-10 199.970 mV
-6 316.931 mV
-5 355.602 mV
-4 398.992 mV
-3 447.677 mV
-2 502.301 mV
-1 563.591 mV
0 632.360 mV
1 709.520 mV
2 796.094 mV
3 893.232 mV
4 1.002 V
5 1.125V

10 2 V
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E
Homodyne Measurement:
Additional Data

To complement and validate the spectral measurement of the thermal squeezing, we per-
form a homodyne measurement to resolve the squeezing directly in the in-phase and
quadrature component. To do so, we employ the lock-in amplifier and sample the in-
phase x and quadrature component y of the driven resonator over 20 s with approx. 5000
points and a bandwidth of 50 Hz.
Our results for a drive of 1 mV (dark blue dots), 10 mV (red dots), 20 mV (green dots),
40 mV (yellow dots), 60 mV (light blue dots), and 80 mV (purple dots) are plotted in
Fig. E.1, along with the corresponding sweep through resonance (solid lines), measured
only for an upward sweep.
For a very-weak drive in the linear regime (dark blue data), the phase-space represen-
tation of the sweep through resonance is a circle and for a resonate drive, the thermo-
mechanical fluctuations are distributed along this circle in a ’banana’ shape, which is in
contradiction with the expected circular distribution given by the equipartition theorem.
We attribute the distorted shape to frequency fluctuations along the in-phase component,
see Sec. 3.2.3.
The phase-space representation of a sweep through the Duffing response shows a jump
from the high-amplitude branch to the low-amplitude branch, which is indicated by the
dashed line in the data set for a drive of 20 mV (green data). Moreover, for a resonant
drive, the in-phase component is non-zero; however, it becomes zero in the vicinity of the
bifurcation point. Sampling the thermomechanical fluctuations for a drive in the Duffing
regime leads to similar fluctuations along the phase-space representation. For all drive
voltages, we measure the thermomechanical fluctuations for a resonate drive and addi-
tionally, for a drive of 20 mV, for a drive detuning close to the bifurcation point (vastly
elongated data blob close to a zero in-phase component). In all cases, we see an elon-
gated noise cloud along the phase-space representation of the sweep through resonance,
which indicates once more the frequency fluctuations in our system. The system does
not stay on resonance (or at a drive detuning close to the bifurcation point), but fluctuates
around. This should not be misinterpreted as a squeezing effect. For the latter, we would
expect from the spectral measurements a strong squeezing in the in-phase component.
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E. HOMODYNE MEASUREMENT: ADDITIONAL DATA

Figure E.1: Homodyne noise measurements for drive voltages of 1 mV (dark blue dots), 10 mV
(red dots), 20 mV (green dots), 40 mV(yellow dots), 60 mV (light blue dots), and
80 mV (purple dots) along with the corresponding sweep through resonance (solid
lines), measured for an upwards sweep. In the vicinity of the upper bifurcation point,
the in-phase component is close to zero. The transition from the high- to the low-
amplitude branch is indicated by the dotted line and arrow in the green data set,
measured for a drive voltage of 20 mV. All measured noise distributions show fluc-
tuations along the phase-space representations, preventing us from obtaining a reli-
able value for the thermomechanical fluctuations along the in-phase and quadrature
components.
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F
Duffing Model with Higher-Order
Nonlinearities

F.1 Dufing model with a quintic nonlinearity

The Duffing model can be extended by a quintic term µq5 in the equation of motion

q̈ + ω2
0q + 2Γq̇ + γeffq

3 + µq5 = F cos(ωdt) .

The amplitude solution can be found analogous to the standard Duffing equation, see
Appendix B, and the steady state amplitude solution in the RWA is given as

A2

[
Γ2 +

(
δω − 3γeff

8ω0

A2 − 5µ

16ω0

A4

)2
]

=
F 2

4ω2
0

. (F.1)

The fit function in the experimental units frequency and volt can be derived to

δf =
3γ̄eff

8f0

V 2
out +

5µ̄

16f0

V 4
out ± Γ̃

√
c · V

2
in

V 2
out

− 1 , (F.2)

with µ̄ as the quintic nonlinearity parameter in units of frequency and volts [V−4s−2].

We can fit the data set presented in Chap. 5, Fig. 5.6, for a 40 mV drive with the
model including a quintic nonlinearity as given by Eq. (F.2). The result is shown
in Fig. F.1 as a solid blue line. The data corresponds to the black dots. For com-
parison, also the simple Duffing model given by Eq. (2.20) is added as a solid red
line. For the Duffing as well as the quintic model, the effective Duffing parameter
is set to γ̄eff = 2.48 × 1015 V−2s−2, as determined in Chap. 5. With that, the quintic
nonlinearity is the only free parameter in the fit function Eq. (F.2) and is found to
µ̄ = 5.35 × 1020 V−4s−2. A good agreement between the quintic model and the
experimental data is found.
However, a quintic nonlinearity cannot explain the onset of the second overtone,
observed at twice the drive frequency. Consequently, a quintic nonlinearity cannot be the
reason for our experimental observations discussed in Chapter 5.
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F. DUFFING MODEL WITH HIGHER-ORDER NONLINEARITIES

Figure F.1: Bidirectional frequency response curve for a drive voltage of 40 mV (black dots)
along with the calculated Duffing response with γ̄eff (red solid line) and a fit with an
additional quintic nonlinearity µ̄.

However, as given by Eq. (5.12), the influence of the broken symmetry, can be described
by an extended Duffing model, which contains the additional term χγ2

ω3
0
A4 that scales

∝ A4, similar to the additional term in the amplitude solution of the quintic model in
Eq. (F.1). If we compare the terms ∝ A4 from the the broken-symmetry and quintic
model, we find almost the same prefactors. In the experimental notations in frequency
and volts we obtain

χγ̄2

f 3
0

= 2.48× 1013 V−4s−1

5µ̄

16f0

= 2.56× 1013 V−4s−1 .

With that we can conclude that the fit with the quintic model leads to the same result
as the calculated response curve presented in Fig. 5.6 and given by Eq. (5.12), however
the physics behind our observations cannot be caused by a quintic term. It is a result of
a broken spatial symmetry, which causes in addition to the peculiar nonlinear response
curve also the second overtone at twice the drive frequency.

F.2 Duffing model with quintic and septic nonlinearity
Next to the quintic nonlinearity, one can also add the next higher-order, the septic non-
linearity term ηq7, to the equation of motion

q̈ + ω2
0q + 2Γq̇ + γeffq

3 + µq5 + ηq7 = F cos(ωdt) .

This corresponds to a potential of the form

U(q) =
1

2
ω2

0q
2 +

1

4
γq4 +

1

6
µq6 +

1

8
ηq8 .
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F.2. Duffing model with quintic and septic nonlinearity

Figure F.2: Frequency response curve for a drive voltage of 75 mV (black dots) along with the
calculated Duffing response (solid red line), the quintic-model with the parameter
discussed above (solid blue line) and a septic-model with free quintic and septic
nonlinearity (solid yellow line).

The equation for the vibrational amplitude reads

A2

[
Γ2 +

(
δω − 3γeff

8ω0

A2 − 5µ

16ω0

A4 − 35η

128ω0

A6

)2
]

=
F 2

4ω2
0

,

which translates into a septic fit function in our experimental notations in frequency and
volts to

δf =
3γ̄eff

8f0

V 2
out +

5µ̄

16f0

V 4
out +

35η̄

128f0

V 6
out ± Γ̃

√
c · V

2
in

V 2
out

− 1 , (F.3)

where η̄ is the septic nonlinear parameter in units of volts and frequency [V−6s−2].

For driving voltages exceeding to previously discussed 40 mV, the model includ-
ing the symmetry breaking (Eq. 5.12) as well as the quintic model (Eq. F.2)) is no more
sufficient to describe the data correctly. This is shown in Fig. F.2 for a drive voltage
of 75 mV. The measured data is shown in black, the Duffing model, with the effective
nonlinear parameter γ̄eff = 2.48×1015 V−2s−2 is added as a solid red line and the quintic
model with the same γ̄eff and the above determined µ̄ = 5.35 × 1020 V−4s−2 is shown
as a solid blue line. Starting from a detuning of roughly 2 kHz, a significant deviation
between the quintic model and the experimental data is visible. We observe the same by
using the procedure with the nonlinear parameter β, discussed in Chap. 5 and given by
Eq. (F.2).
Using the septic model, given by Eq. (F.3) and added as a solid yellow line, allows us to
describe the data with a good agreement. However, we have to use a significant smaller
value for the quintic nonlinearity µ̄ to obtain a working fit. The values obtained from the
fitting routine are µ̄∗ = 4.61 × 1019 V−4s−2 and η̄ = 1.11 × 1026 V−6s−2. The value for
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F. DUFFING MODEL WITH HIGHER-ORDER NONLINEARITIES

the effective Duffing parameter is set to γ̄eff = 2.48× 1015 V−2s−2. Even though we find
a good agreement between the septic model and our data, we exclude it as a possible
explanation for the deviation observed from the model with broken symmetry, as there
is no reasonable explanation why the septic term should be significantly larger than the
quintic term. The quintic contribution is so small with respect to the septic term, that
the curve can be even fitted without the quintic contribution. The origin of the deviation
remains unclear. It might be caused by the instability discussed in Chap. 6, however, in
terms of drive voltage we are still far from the onset of the instability.
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G
Mechanical Modes

The sample under investigation contains a total number of twelve nanomechanical string
resonators with lengths ranging from 55 µm down to 33 µm, patterned in a harp-like
structure. From the twelve string resonators, only six strings are working. A scanning
electron micrograph picture of a similar sample (with only eleven string resonators) is
shown in Fig. G.1. It was taken by David Holzapfel. The string resonators, colored in
green (barely visible), are flanked by control electrodes, colored in yellow.

Figure G.1: Scanning electron micrograph picture of the sample layout. Several resonators
(green) with different lengths are patterned in a harp-like structure and are flanked
by control electrodes (yellow). The picture was taken by David Holzapfel. Modified
from [94].

In our measurements, we see the response of all six working string resonators. To differ-
entiate between the different resonators with various lengths, we label them by Roman
numbers (I-VI), where the longest string is labeled by I, and the shortest by VI.
In this thesis, we primarily focus on the longest, 55 µm string (SI), which appears with
the smallest eigenfrequency. Frequency response measurements taken at a DC voltage
of 5 V, showing the response of all working resonators are plotted in Fig. G.2. The out-
of-plane modes are labeled by OOP, the in-plane modes by IP. Subscripts (1-4) on the
OOP and IP labels describe the mode number n. The data is plotted in a way that the
four different panels denote the region around double, triple and four times the modes’
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G. MECHANICAL MODES

eigenfrequency. To allow for such a visualization, the frequency regime between 9 and
12 MHz is skipped; however, no modes are observed in this frequency range.
Colored labels refer to modes discussed within the thesis: red belongs to mechanical
modes of the investigated SI resonator, green is the overtone of the fundamental OOP
mode of SI (discussed in Chap. 5) and yellow indicated the fundamental OOP of the
third string resonator SIII (discussed in Sec. 6.3.3). Unlabeled modes could not be clearly
assigned.
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Figure G.2: Mode spectra of the investigated sample. The various long string resonators (S) are
labeled with Roman numbers (I-VI), where SI is the longest string which is primarily
investigated in this thesis. OOP and IP refer to out-of-plane and in-plane modes,
respectively. Subscripts on the OOP and IP labels describe the mode number n. Red
labels indicate investigated mechanical modes of the studied resonator, green refers
to the overtone of the same resonator, and yellow denotes the fundamental OOP
mode of the third resonator.
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H
Phase Measurement with the
Lock-In Amplifier

If we want to compare a phase measurement done with the lock-in with our theoretical
model, one might have to compensate for a phase shift, induced, for example, by the
devices in our measurement setup.
In our theoretical model, we define the phase lag of the resonator with respect to the drive
at resonance to θ = −90◦ and the two quadrature components are defined as

X = A cos(θ) Y = −A · sin(θ) , (H.1)

such that we expect a zero in-phase component and a maximum quadrature value at res-
onance (θ = −π

2
= −90◦), as plotted in Fig. 2.3.

However, what we obtain from a measurement with the lock-in amplifier looks different.1

Our results for a sweep through resonance for a drive in the linear regime, Vd = 900 µV,
are plotted in Fig. H.1(a) and (b). In panel (a), the amplitude R, in-phase x, and quadra-
ture component y are plotted as blue, red, and green lines. At resonance, we observe a
maximum value for the in-phase and a zero quadrature component. Panel (b) shows the
phase response, and at resonance, we observe a phase lag of 0◦ (or -180◦). This is not in
agreement with the definitions in our theoretical model.
To match the experimental data to the theoretical model, we have to compensate for the
additional phase shift, which can be done by manually choosing the demodulator phase
of the lock-in detection. From the data, we can extract that we have to add a phase shift
of −90◦ (or 270◦) to the demodulator phase.
The results, containing this additional shift are plotted in Fig. H.1 (c, d). Now, the in-
phase is zero, and the quadrature component is maximum (the additional minus sign
comes from the fact that in the lock-in notation, the quadrature component is defined
without the minus sign), in agreement with our theoretical model. Moreover, we find the
correct phase lag of −90◦ between the resonator and the drive.
Note that the phase shift does not affect the amplitude of R =

√
x2 + y2.

1Note that X = a · x, Y = a · y and A = a ·R.
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H. PHASE MEASUREMENT WITH THE LOCK-IN AMPLIFIER

Figure H.1: Amplitude R (blue), in-phase x (red), quadrature component y (green) and phase θ
(yellow) response as a function of the drive frequency for a demodulator phase of 0
(a, b) and −90◦ (c, d).
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I
Ringdown Measurements

We perform a series of ringdown measurements with different drive powers applied be-
fore the ringdown. Some exemplary results are plotted in Fig. I.1, for drive powers of
-20 dBm (a), -5 dBm (b) and 5 dBm (c).

Figure I.1: Ringdown measurements, after a drive of (a) -20 dBm, (b) -5 dBm and (c) 5 dBm
was applied on resonance for about 0.1 s. We observe no influence of the applied
drive power on the ringdown trace, which is fitted by an exponential decay function
Eq. (2.16) (solid red lines). However, during an applied ultra-strong drive power of
5 dBm, the response of the mode shows significant oscillations, which are not ob-
served for drive powers of -20 dBm and -5 dBm.

We observe no influence of the applied drive power before the ringdown on the ringdown-
trace and the obtained damping parameter 2Γ/2π, extracted by a fit with an exponential
decay function, which is added as red solid lines in Fig. I.1. The extracted linewidths
are plotted as a function of the drive power applied before the ringdown measurement in
Fig. I.2. For all drive powers between -45 dBm and 0 dBm we observe the same linewidth
2Γ/2π ≈ 20 Hz.
However, striking oscillations in the driven response for an ultra-strong drive power of
5 dBm are observed, which are not present for -20 dBm and -5 dBm. Note, that the os-
cillations are instantaneously gone when the drive power is switched off. We assign the
oscillations to non-sinusoidal oscillations of the mode, caused by the RIFF mechanism.
A FFT transformation of the observed oscillations leads to frequency components match-
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I. RINGDOWN MEASUREMENTS

Figure I.2: Obtained damping parameter 2Γ/2π from a series of ringdown measurements for
different applied drive powers before the ringdown measurements

ing the frequency at which we observe the multiple satellite peaks is the power spectrum
for an ultra-strong drive. This is discussed in Sec. 6.4.1.
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