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Zusammenfassung in deutscher Sprache

Diese Dissertation befasst sich mit Transportphänomenen in kristallinen Materialien und

molekularen Kontakten. Beide Arten von Systemen werden durch unterschiedliche Theo-

rien beschrieben, welche jedoch gemeinsam haben, dass die benötigten Materialparameter

jeweils aus Ab-initio-Rechnungen extrahiert werden können. Abgesehen von dieser Gemein-

samkeit sind die zugrunde liegenden Formalismen deutlich verschieden. Für die Beschrei-

bung von molekularen Kontakten ist der Landauer-Büttiker-Formalismus in Kombina-

tion mit Dichtefunktionaltheorie und Nichtgleichgewichts-Green-Funktionen etabliert und

�ndet breite Anwendung. Dies ist sicherlich der guten Vorhersagefähigkeit und der prakti-

schen Anwendbarkeit dieser Methoden geschuldet.

Dagegen sind die Gleichungen, welche die Polarontheorie zur Beschreibung von Mobili-

tät der Ladungsträger in Kristallen liefert, numerisch schwierig zu handhaben. Zudem wird

die Vorhersagekraft dieser Theorie reduziert durch die in der mathematischen Herleitung

notwendigen, zum Teil starken Näherungen. Trotz dieser Herausforderungen zeigt sich ein

kontinuierlicher Fortschritt auf dem Feld der Polaronmobilitäten, welches ihren Ursprung

in der Mitte des letzten Jahrhunderts hat. Mit dieser Arbeit möchte ich zum genannten

Fortschritt beitragen mit der Entwicklung und Implementierung einer numerischen Metho-

de, welche eine e�ziente Berechnung der vollen Mobilitätsgleichung erlaubt. Die entschei-

dende Herausforderung in der Berechnung der Mobilitäten innerhalb des vorliegenden theo-

retischen Konzeptes ist das Zeitintegral, welches in der Mobilitätsgeichung auftaucht. Das

Integral kann nicht analytisch gelöst werden. Numerische Integrationsmethoden sind eben-

falls problematisch, da der Integrand stark oszilliert und zudem eine enorme Anzahl an

Integralen zu verschiedenen Parametern zu berechnen ist. Die in dieser Arbeit vorgestellte

Methode basiert auf der schnellen Fouriertransformation in Kombination mit kubischer

Splineinterpolation. Statt das Zeitintegral direkt zu berechnen, wird es durch die Fourier-

transformation auf einem de�nierten Intervall eines Parameters des Integranden berech-

net. Die optimierte Splineinterpolation erlaubt anschlieÿend, Lösungen des Integrals zu

beliebigen Parameterwerten e�zient zu berechnen. Darüber hinaus erlaubt die Methode

die Miteinbeziehung der Dispersion optischer Moden und insbesondere die Dispersion der

Elektron-Phonon-Kopplungsmatrixelemente. Bisher mussten diese Gröÿen als dispersions-

los angenommen werden, um die Vereinfachung in der Mobilitätsgleichung zu erreichen. Die

neue Methode wurde in einem MPI-parallelisierten Fortran-Code namens polmob umge-

setzt. Das Programm bietet eine Schnittstelle zu den Open-Source-Programmen Quan-

tum Espresso [1, 2], Wannier90 [3] und EPW [4]. Die Kombination dieser Programme er-

laubt es, den elektronischen Hamiltonian, die phononische Bandstruktur und die Elektron-

Phonon-Kopplung basierend auf Ab-initio-Methoden zu berechnen. Polmob kann daher

als ein sogenanntes Postprocessing-Tool betrachtet werden, welches die vorberechneten



Material- parameter übernimmt und basierend darauf die zugehörigen Ladungsträgermo-

bilitäten berechnet. Um die Korrektheit der Implementierung sicherzustellen, habe ich die

Mobilitäten eines dreidimensionalen Modellsystems berechnet und diese mit publizierten

Ergebnissen verglichen. Da das besagte Modellsystem aus verschiedenen Gründen eher sim-

plistisch ist, de�niere ich ein weiteres, zweidimensionales Modellsystem, welches nun zwei

statt einem Atom in der Einheitszelle beinhaltet. Dies erlaubt eine realistischere Beschrei-

bung der phononischen Bandstruktur, in der optische Moden physikalisch motiviert sind

und eine Dispersion zeigen. Letzteres gilt auch für die aus dem Modellsystem extrahierten

Elektron-Phonon-Kopplungsmatrixelemente. Die berechneten Mobilitäten für das zwei-

dimensionale System zeigen eine bemerkenswerte Komplexität auf. Die Eigenschaften der

temperaturabhängigen Mobilitätskurven hängen stark von dem Unordnungsparameter des

Systems ab. Der phänomenologisch begründete Unordnungsparameter wurde zwangsweise

in die Theorie eingeführt, um Streuung an Defekten und Verunreinigungen des Kristalls zu

berücksichtigen, welche in realen Systemen immer vorhanden sind. Ohne diesen Parameter

würde die Theorie unendlich hohe Mobilitäten vorhersagen, was letztendlich in der unzurei-

chenden bzw. unrealistischen Beschreibung des Kristalls liegt. Der Unordnungsparameter

ist nicht Teil des Polaronformalismus und wird in dieser Arbeit daher als freier Parameter

angenommen. Dessen Variation im zweidimensionalen Modellsystem führt auf interessante

Beobachtungen, die ich unter Zuhilfenahme einer analytischen Näherung des Zeitintegrals

diskutiere.

Die eben genannte Näherung basiert auf einer Taylorentwicklung einer Exponential-

funktion im Integranden des Zeitintegrals. Somit spaltet der Integrand in eine unendliche

Summe auf, wobei jeder Summand für sich ein analytisch lösbares Integral darstellt. Damit

habe ich eine Form der vollen Mobilitätsgleichung gefunden, die kein Zeitintegral mehr

beinhaltet und dennoch exakt ist. Die praktische Anwendbarkeit dieser Darstellung wird

limitiert durch die starke Verschachtelung von Summen, die schnell mit der Taylorordnung

ansteigt.

Auf dem Feld der Molekularelektronik trägt diese Arbeit zum Verständnis von Quan-

teninterferenze�ekten in Einzelmolekülkontakten bei. Für die Berechnungen der elektro-

nischen und phononischen Eigenschaften dieser molekularen Kontakte benutzte ich eine

gruppeninterne Implementierung entsprechender theoretischer Methoden. In Zusammen-

arbeit mit experimentellen Arbeitsgruppen untersuchte ich das Verhalten zwei bestimmter

Moleküle zwischen Goldkontakten. Eines dieser Moleküle zeigt eine sehr starke Leitwertän-

derung auf, die durch eine mechanische Verformung der Moleküls experimentell sehr präzise

kontrolliert werden kann. Bemerkenswerterweise wurden die Experimente bei Raumtem-

peratur durchgeführt und dennoch blieb der Molekularkontakt über Minuten stabil und

lieferte reproduzierbare Leitwertänderungen. Letztere werden durch negative Quantenin-

terferenz verursacht, wie ich durch entsprechende Modellierung zeigen konnte. Insgesamt

wurde in diesem Projekt eine exzellente Übereinstimmung zwischen den experimentellen

Beobachtungen und den theoretischen Vorhersagen erreicht. Das andere Molekül wurde in



einem weiteren Projekt experimentell untersucht, mit der Fragestellung, inwiefern Quan-

teninterferenze�ekte in molekularen Kontakten genutzt werden können, um deren ther-

moelektrische Eigenschaften zu optimieren. Gemessen wurde neben dem elektronischen

Leitwert zusätzlich der Seebeck-Koe�zient. Dabei haben wir zwei Versionen des Moleküls

verglichen, meta-OPE3 und para-OPE3. In Übereinstimmung mit dem Experiment konnte

ich durch Modellierung dieser Systeme zeigen, dass Meta-OPE3-Kontakte einen höheren

Seebeck-Koe�zient aufweisen (experimenteller Wert ∼ 20 μV/K) gegenüber para-OPE3-

Kontakten (experimenteller Wert ∼ 10 μV/K). Dies zeigt, dass Quanteninterferenze�ekte

tatsächlich nutzbar sind für die Optimierung der thermoelektrischen Eigenschaften moleku-

larer Kontakte.

Anschlieÿend habe ich zu dem erstgenannten molekularen Kontakt weitergehende Be-

rechnungen durchgeführt. In diesen habe ich ebenfalls die thermoelektrischen Eigen-

schaften untersucht. Konkret bin ich dabei der Frage nachgegangen, welche Rolle der

phononische Anteil des thermischen Transportes spielt im Zusammenhang mit dem ther-

moelektrischen Wirkungsgrad zT . Es zeigte sich, dass der phononische Wärmetransport

essentiell ist in der Betrachtung des Wirkungsgrades von molekularen Kontakten, welche

Quanteninterferenze�ekte aufweisen. Dies liegt darin begründet, dass die Quantenin-

terferenz lediglich die elektronischen Transporteigenschaften beein�usst, während sie die

phononischen unberührt lässt.
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1 INTRODUCTION

1 Introduction

We have to remember that what we observe

is not nature herself, but nature exposed to

our method of questioning.

Natural science, does not simply describe

and explain nature. It is part of the

interplay between nature and ourselves.

Werner Heisenberg

The invention of the transistor in the �rst half of the last century and the subsequent

rise of computers in the second half have had a tremendous impact on our world. The

technologies based on these inventions have been altering the way we communicate with

other people, the way we work and also how we spend our leisure time. The impact on

science is especially remarkable. Achievements in modern chemistry, molecular biology and

many areas of physics (to name just a few) would be utterly impossible without the high

performance computers available today. Then again, the progress in solid state physics is

a necessity for the advancement of technologies driving the ever-increasing computational

power. It seems that technology and science are locked in a positive feedback loop, spi-

ralling faster and faster into the future. Modern �eld e�ect transistors reach sizes of just a

few nanometers (several tens of atoms). Engineering on such scales becomes increasingly

di�cult.

The behavior of electrons on the atomic level is far from trivial, even in systems with

a seemingly simple structure. One of the major mathematical frameworks in solid state

physics and chemistry is the density functional theory (DFT). It allows for the calcula-

tion of the electronic structure of an immensely broad range of materials and molecular

systems. From the electronic structure we can in turn predict the physical and chemical

properties of the studied systems. It is rather striking that the electronic charge density

alone is responsible for the vast majority of properties of a material. The �rst time I was

surprised by this fact in school, where we learned that the isotopes of chemical elements

are practically interchangable. However, the dynamics of the atoms has a severe impact

e.g. on the conductivity of a material. The interplay of the electrons with the vibrations

of the atomic lattice (the phonons) gives rise to a number of implications. For example,

the velocity at which the electrons (and electron holes) travel in a semiconductor as a

result of an applied electric �eld is determined by the electron-phonon coupling (EPC).

The coupling can be described by a matrix, the size of which depends on the total degrees

of freedom of the charge carriers and the phonons. Ab-initio methods are very useful for

the calculation of static material parameters such as the electron transfer integrals and the

1



1 INTRODUCTION

EPC matrix elements. However, the prediction of quantities1 based on the dynamics of the

(quasi-)particles in these materials requires another level of theory on top of the ab-initio

calculations. This can be for example a scattering theory for the prediction of the charge

carrier mobility. Such theories are often developed aiming at a speci�c group of materials.

In this thesis, I cover the Landauer-Büttiker formalism for molecular junctions as well as

the polaron mobility theory developed for organic crystals.

The polaron mobility theory is challenging on several levels. It entails a rather intricate

mathematical derivation and the need for a set of approximations, some of which are

substantial. Despite the approximations, the numerical complexity of the derived mobility

equations is enormous, to say the least. I address this challenge by developing a numerical

method which allows the evaluation of the full mobility equation without the need for

the approximation of dispersionless phonons and EPC matrix elements. In addition, I

establish a pathway to use the ab-initio parameters directly in the polaron mobility theory.

Former approaches involved a �tting procedure of the electron band energies to obtain the

electron transfer integrals, or they neglected the dispersion of the EPC matrix altogether.

Both approaches can be seen as a drawback since they diminish the advantage of ab-initio

methods. I modify the open-source program EPW [4] to extract the EPC matrix with

its full dispersion in the so-called Wannier-Fourier representation, where the electrons are

described in real space as Wannier orbitals at positions Rm, and the phonons in reciprocal

space on a grid of wave vectors q. I implement the methods for the calculation of the

mobilities (and all other quantities required therefore) in an MPI-parallelized2 Fortran

code, which I call polmob (standing for polaron mobilities). The implementation is tested

against a published model system. Subsequently, I introduce a more realistic model system

with dispersive optical phonon modes and EPC matrix elements. Finally, I calculate the

mobilities of single-layer molybdenum disul�de to explore the applicability of the polaron

theory (which was originally developed for organic crystals) to a real two-dimensional

semiconductor.

One of the appealing features of modern molecular electronics is the ability to induce

changes in the orbital structure via controllable external stimuli. Single-molecule junctions

have rapidly become a mature research �eld [5, 6]. This can be attributed to advances in

synthetic chemistry and continuously improving expertise of experimental and theoretical

physics. The ultimate goal is to use individual molecules as the tiniest functional building

blocks for electronic circuits and sensors [7,8]. Re�nements of the break-junction technique

allow to study correlations between mechanical manipulations and transport features at the

single-molecule level in a systematic way [9]. Examples include binary switching through

mechanical control of the metal-molecule contact geometry [10] or through stereoelec-

1Such quantities are e.g. the charge carrier mobility µ in bulk materials, the electrical conductance G
in molecular junctions or the electron and phonon thermal conductance κel and κpn, respectively, all of
which are covered in this thesis.

2MPI stands for message passing interface, which is a standard for communication and data�ow in
parallel computing.
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1 INTRODUCTION

tronic e�ects [11], mechanical-stress-sensitive redox chromophores [12], and coordination

compounds that show spin-state switching under mechanical stress [13]. Furthermore, the

sensitivity of the technique makes it possible to observe intermolecular behaviors such as

π-stacking [14,15], and more recently, the interdependence of conductance and frontier or-

bitals involved in the π-stacking [16, 17] could be directly demonstrated [18]. Particularly

interesting are destructive quantum interference e�ects leading to a strong suppression of

electron transmission at speci�c energies, which make them an ideal feature for applications

in thermo- or voltage-dependent switching [19,20]. Their manipulation has been reported

by external means including solid-state [21] or electrochemical gating [22], humidity [23],

and the sliding of π-stacked molecules relative to each other [18], However, deliberate ma-

nipulation of the latter remains elusive as it requires strict temperature conditions and is

based on intermolecular interactions.

Here, I present quantum-chemistry calculations which indicate that the large conduc-

tance variations, which are experimentally found in a particular molecular break junction,

are the result of destructive quantum interference between the frontier orbitals [24]. The

quantum interference can be precisely tuned by the electrode separation, which results in

the largest gauge factor reported for single-molecule devices to this day. This paves the way

for nanoscale mechanosensitive sensing devices that are functional at room temperature.

In addition, molecular junctions o�er unique opportunities for studying energy conver-

sion on the atomic scale. The conversion from thermal to electrical energy has been a very

appealing approach for increasing the e�ciency of many electrical and mechanical devices

by harvesting waste heat. Quantum interference e�ects in molecular junctions have been

proposed as an avenue for highly e�cient thermoelectric power conversion at room temper-

ature. Studies of the thermoelectric and electric properties of molecular junctions not only

reveal the fundamentals of charge transport through molecules, but also provide knowl-

edge critical for developing molecule-based devices for energy conversion [7,25�31]. Recent

computational studies have suggested that impressive thermoelectric performance, rivaling

that of inorganic materials, can be obtained from molecular junctions by tuning their elec-

tronic transmission characteristics [32�37]. A particularly intriguing approach is to take

advantage of quantum interference e�ects that arise in conjugated molecules [19, 38�45],

for example, by using destructive interference to block low-energy electrons, while allowing

high-energy electrons to pass [41]. In this way, one may approximate the ideal transmis-

sion function for thermoelectric power conversion at high e�ciency [46]. A corresponding

performance increase in molecules at room temperature has been predicted [41]. While

past experimental work has probed the electric and thermoelectric properties of molecular

junctions in both two-terminal [32,34�36,47�51] and three-terminal [37,52] con�gurations,

the e�ects of quantum interference on the thermoelectric performance have remained un-

explored. In collaboration with an experimental group I investigated two derivatives of

oligo-phenylene-ethynylene-based molecular junctions, Au-para-OPE3-Au and Au-meta-

OPE3-Au. These molecules are expected to yield di�erent thermopowers due to quantum

3



1 INTRODUCTION

interference. Both theory and experiment arrive at the same conclusion that quantum

interference e�ects can be indeed used for the enhancement of the thermopower.

As e.g. proposed in Ref. [53, 54], the inclusion of the phononic thermal conductance

κpn can be crucial in the description of the thermoelectric �gure of merit zT , especially

in molecular junctions exhibiting quantum interference e�ects. The �gure of merit zT is

a measure for the e�ciency of a thermoelectric device. In this thesis, I use ab-initio mod-

eling to predict the phononic thermal conductanc for a molecular junction with tunable

destructive quantum interference. In accordance to the �ndings for OPE3-based junctions,

the results show that quantum interference e�ects lead to an increase of the thermopower.

However, further investigations lead to the conclusion that the phononic thermal conduc-

tance can actually decrease the thermoelectric e�ciency of the molecular junction, despite

an increased thermopower. Thus, the phononic thermal conductance is an indispensable

aspect of thermoelectric devices exhibiting quantum interference e�ects. Considerations

regarding the optimization of such devices must include the total thermal conductance.

4



2 THEORY

2 Theory

This section is divided into two parts. The �rst part covers the theoretical aspects of charge

carrier transport in crystalline materials. It introduces the idea of the polaron as a quasi-

particle and the accompanying polaron transformation. After that, the general mobility

equation is derived from the Kubo formula, followed by an overview of all approximations

used in these sections. Additionally, I show a way to express the analytically unsolvable

time integral in the mobility equation as an in�nite series of analytic expressions.

The second part covers the transport theory for molecular junctions. It presents the

non-equilibrium Green's functions technique for the calculation of the electron and phonon

transmission functions. Using these functions one can make predictions about the electrical

conductance and the thermoelectric properties of the molecular junction. The required

framework is the Landauer-Büttiker formalism, which is also presented here. Finally, I

give an introduction to quantum interference e�ects of molecular orbitals.

2.1 Polarons

A polaron is often described as an electron (or an electron hole) in a crystalline material

dressed with phonons. The charge carrier distorts the atomic lattice in its surrounding due

to its electric charge and therewith creates a cloud of phonons around it. In this regard

we �hide� the phonons and electrons, both quasiparticles in a crystal, behind yet another

quasiparticle now which becomes the actual charge carrier. However, the behavior of the

polaron naturally depends on the intrinsic properties of its building blocks. This may

remind one on the concept of the e�ective mass, where the mobility of a charge carrier is

altered through the renormalization of its mass.

The original work of Holstein dealt with the local electron-phonon interaction 3 in one-

dimensional molecular crystals. His analytical model describes the crossover from band to

hopping transport [55,56] in the temperature-dependent charge mobility. Two decades later

Munn and Silbey published an extension of this model [57, 58] which also considers the

non-local electron-phonon coupling described in the Holstein-Peierls Hamiltonian (given

below). Kenkre et al. applied the extended model to the naphthalene crystal, thereby

demonstrating its generalization to higher-dimensional systems. [59] In 2004, Hannewald

et al. addressed the mobilities of the naphthalene crystal using the same model but with

material parameters obtained form ab-initio DFT calculations. [60�63] They were able to

qualitatively match the anisotropy and temperature dependence of experimental mobilities

by including three intermolecular vibrational modes. Five years later Ortmann et al.

published another version of the formalism [64] where the non-local coupling is regarded

in the derivation of the polaron Hamiltonian but the local approximation is used in the

3In the literature regarding polaron mobilities, the electron-phonon coupling is usually divided into two
types: local and non-local. Local coupling describes the in�uence of the phonons on the on-site energies
(i.e. the diagonal elements) of the electronic Hamiltonian. Non-local coupling describes the in�uence of
the phonons on the transfer integrals (i.e. the o�-diagonal elements) of the electronic Hamiltonian.

5



2.1 Polarons 2 THEORY

derivation of the mobility equation. By describing the polaron energies in the reciprocal

space, Ortmann was able to overcome the narrow band approximation. [65�67]

This section deals with the derivation of the polaron Hamiltonian by means of the

so-called polaron transformation. [60,63] Subsequently, the derivation of the coherent and

incoherent mobility equations [64] based on the transformed Hamiltonian and the Kubo

formula are given and discussed.

The Hamiltonian of a non-interacting system of electrons reads

Hel =
∑
m,n

εmna
†
man (1)

with a†m and am as electron creation and annihilation operators of orbital m in the crystal

lattice. The Hamiltonian matrix elements

εmn = 〈ψ∗m|H|ψn〉 =

∫
R3

dxψ∗m(x)

(
−~2

2m
∆x + V (x)

)
ψn(x) (2)

denote the electron transfer integrals between orbitals n and m (non-diagonal elements,

m 6= n), and orbital on-site energies (diagonal elements, m = n). As the name says,

the transfer integrals are responsible for the electron transfer between the orbitals. In

general, these non-diagonal elements of the Hamiltonian are associated with the width

of the electronic energy bands in the reciprocal space. On the other hand, the on-site

energies cause relative shifts in the energies of the bands. To reduce the complexity of the

derivation and the �nal equations, we assume one orbital per unit cell. This allows us to

assign the orbital indices m,n directly to the corresponding unit cells in which the orbitals

are located. Therefore, the position of orbital m can be identi�ed with the position Rm of

m-th unit cell. Due to periodicity of the crystal we can write ψm(x) ≡ ψ0(x−Rm). Here,

ψ0(x) is to be understood as the orbital at the (arbitrarily de�ned) origin of the crystal at

R0 = 0 in the unit cell m = 0. Moreover, we require the indexing to ful�ll R−m = −Rm,

which will be bene�cial later on.

Now, to introduce the e�ects of atom vibrations in Hel, we �rst note that the Hamilto-

nian is actually an implicit function of the positions of all atoms, i.e. εmn = εmn ({Rks}).
With Rks we denote the position of atom s in the unit cell k, so Rks = Rk + rs, where

rs is the position of atom s referenced to its particular unit cell. The equilibrium position

of each atom in the ground state of Hel is de�ned as R0
ks and the ground state matrix

elements accordingly as ε0
mn = εmn

(
{R0

ks}
)
. The expansion of the Hamiltonian in a Taylor

series up to the �rst order in the atomic positions reads

Hel =
∑
m,n

ε0
mn +

∑
k,s

uks · ∇Rks
εmn ({Rks})

∣∣∣∣∣∣
R0
ks

 a†man +O
(
{Rks}2

)
. (3)

Here, uks = Rks −R0
ks is the displacement of atom s in unit cell k from its equilibrium

6



2 THEORY 2.1 Polarons

position. Second and higher orders in {Rks} will be neglected from now on. The partial

derivatives ∇Rks
εmn can be identi�ed with the electron-phonon coupling (EPC) matrix

elements in the local bases of electrons and phonons:

gksmn = ∇Rks
〈ψ∗m|H ({Rks}) |ψn〉 (4)

They correspond to the quantities in eq. (23) of ref. [68], albeit in a slightly di�erent

notation. These matrix elements describe the probability of a scattering event in which an

electron occupying the orbital m is scattered into the orbital n via a spatial excitation of

the atom s in the unit cell k. If we now switch to the reciprocal space of phonons, where

the phonon vector is denoted as q and the phonon branch as λ, the atomic displacements

can be expressed through

uks =
1
√
ms

∑
q,λ

Xλ(q)eiqRkeλs (q). (5)

The mass of atom s is denoted as ms. The complex eigenvectors of the dynamical matrix

ful�ll |eλs (q)| = 1 and contain information about the vibration patterns of all atoms in the

unit cell at a particular q and λ. Equation 5 is the so called normal mode representation

of the atomic displacements. A normal mode is an eigenstate of the phononic system

at a particular q and λ and is given by eiqRkeλs (q) for each atom s in the unit cell k.

The complex scalar Xλ(q) describes the excitation along such a mode. It can in turn be

expressed as

Xλ(q) =
1√
Nuc

∑
k,s

√
msukse

−iqRk

(
eλs (q)

)∗
. (6)

Nuc is the number of unit cells in the super cell. In second quantization, the operators

b†λ(q) and bλ(q) create and annihilate phonons with wave vector q in branch λ. Using

these operators we can express the corresponding normal mode coordinate as [69]

Xλ(q) =
1√

2ωλ(q)Nuc

(
b†λ(q)− bλ(−q)

)
(7)

and with that, and equation (5), the Hamiltonian in (3) becomes

Hel =
∑
m,n

(
ε0
mn+

+
∑
q,λ

~ωλ(q)
(
b†λ(q)− bλ(−q)

) 1

~ωλ(q)
√

2ωλ(q)Nuc

∑
k,s

1
√
ms

eiqRkeλs (q) · gksmn︸ ︷︷ ︸
=:gλmn(q)

)
a†man.

(8)

7



2.1 Polarons 2 THEORY

The EPC matrix elements are now given in the reciprocal space of the phonons as4

gλmn(q) :=
1√

2ω3
λ(q)~2Nuc

∑
k,s

1
√
ms

eiqRkeλs (q) · gksmn. (9)

A factor 1/~ωλ(q) enters this de�nition of the EPC and makes the gλmn(q) unitless. Adding

a term to Hel which describes the phonons as decoupled harmonic oscillators, we arrive at

H =
∑
m,n

ε0
mn +

∑
q,λ

~ωλ(q)
(
b†λ(q)− bλ(−q)

)
gλmn(q)

 a†man

+
∑
q,λ

~ωλ(q)

(
b†λ(q)b†λ(q) +

1

2

)
(10)

which is also known as the Holstein-Peierls Hamiltonian. It can be written in a more

elegant way using the convention Q = (q, λ):5

H =
∑
m,n

a†mεmnan︸ ︷︷ ︸
electron

+
∑
m,n,Q

~ωQa
†
mg

Q
mn(b†Q + b−Q)an︸ ︷︷ ︸

electron-phonon

+
∑
Q

~ωQ

(
b†QbQ +

1

2

)
︸ ︷︷ ︸

phonon

(11)

The Holstein-Peierls Hamiltonian accounts for non-interacting electrons and phonons as

well as a linear coupling between both particle types. The di�culty with this Hamiltonian

is that it is not diagonalizable in its current form. In the next section we will apply the so

called polaron transformation to this Hamiltonian. The motivation behind the transfor-

mation is the fact that the transformed Hamiltonian becomes (at least approximatively)

diagonalizable, which is essential for the subsequent derivation of the mobility equation.

The following sections present the derivation of the polaron Hamiltonian and the mobility

equations, which were originally published in [60, 63, 69]. However, interim steps were left

out at several places, which motivated me to give a more comprehensive derivation. Ad-

ditionally, I give an overview of all involved approximations at the end, since one might

quickly loose track of it.

2.1.1 Polaron transformation

The polaron transformation is a canonical transformation which is also known as the Lang-

Firsov transformation. [70] Its goal is the change of the basis (from electrons to polarons)

4The EPC matrix (or vertex, as occasionally named in the literature) and its elements will be denoted
as gQ, g

Q
mn, g

λ
mn(q) or simply as g throughout this thesis. Any of these refers to the quantities de�ned in

equation (9).
5This notation implies Q ·R ≡ q ·R which will be important later on. Moreover, since εmn ({Rks})

never appears again in the following, we can neglect the superscript in ε0mn and simply refer to it as εmn
from now on.

8



2 THEORY 2.1 Polarons

and therewith the elimination of the explicit electron-phonon coupling term in equation

(11). The transformation is de�ned as

H̃ := eSHeS
†

(12)

S :=
∑
m,n

a†mCmnan (13)

Cmn :=
∑
Q

gQmn(b†Q − b−Q) (14)

Since this is a unitary transformation, we have S−1 = S† so that the eigenvalues of H

and H̃ are identical. The electron and phonon operators obey the following commutation

relations:

ana
†
m = δmn − a†man (15)

a(†)
n a(†)

m = −a(†)
m a(†)

n (16)

bQb
†
K = b†KbQ + δQK (17)

b
(†)
Q b

(†)
K = b

(†)
K b

(†)
Q (18)

In the following any operator or matrix A will be denoted according to

Ã := eSAe−S (19)

Â := eCAe−C (20)

unless otherwise stated. The transformed (creation) annihilation operators for electrons

and phonons, respectively, are:

ã(†)
m := eSa(†)

m e−S (21)

b̃
(†)
Q := eSb

(†)
Q e−S (22)

The new operators ã(†)
m (create) annihilate polarons and the b̃(†)Q operate on phonons of the

distorted crystal lattice due to the charge of the electrons.

We will now derive the explicit expressions for these operators using the Baker-Campbell-

Hausdor� (BCH) theorem

eSAe−S =
∞∑
d=0

1

d!
[S,A]d (23)

where [S,A]d = [S, [S,A]d−1] and [S,A]0 = A, so that [S,A]1 ≡ [S,A] is the commutator

of S and A. The BCH equation leads to

ãm =
∞∑
d=0

1

d!
[S, am]d (24)

so we need to calculate Rmd := [S, am]d for all d (the trivial case is of course Rm0 = am).

9



2.1 Polarons 2 THEORY

Starting with d = 1 we get

Rl1 = [S, al] = Sal − alS =
∑

Q,m,n

gQmn(b†Q − b−Q)
[
a†manal − ala†man

]
. (25)

The problem is reduced to the calculation of the square bracket:

a†manal− ala†man = a†manal− (δlm− a†mal)an = a†manal− δlman− a†manal = −δlman (26)

From this simple result follows

Rl1 = −
∑
n

∑
Q

gQln(b†Q − b−Q)an = −
∑
n

Clnan. (27)

The case d = 2 is slightly more elaborate:

Rl2 = [S,Rl1] = [
∑
Q,n

gQln(b†Q − b−Q)an, S]

=
∑
Q,n

gQln(b†Q−b−Q)an
∑
K,i,j

gKij (b†K−b−K)a†iaj−
∑
K,i,j

gKij (b†K−b−K)a†iaj
∑
Q,n

gQln(b†Q−b−Q)an

=
∑

Q,K,n,i,j

gQlng
K
ij

[
(b†Q − b−Q)(b†K − b−K)ana

†
iaj − (b†K − b−K)(b†Q − b−Q)a†iajan

]
(28)

Equivalently to Q, the variable K denotes a phonon wave vector and branch. Here we

need to do an interim step and calculate:

(b†Q − b−Q)(b†K − b−K) = b†Qb
†
K − (b−Kb

†
Q − δ−KQ)− (b†Kb−Q + δ−QK) + b−Qb−K

= b†Qb
†
K − b−Kb

†
Q − b

†
Kb−Q + b−Qb−K

= b†Kb
†
Q − b−Kb

†
Q − b

†
Kb−Q + b−Kb−Q

= (b†K − b−K)(b†Q − b−Q) (29)

This means [(b†Q − b−Q), (b†K − b−K)] = 0. We exploit this commutation relation and

proceed with

Rl2 =
∑

Q,K,n,i,j

gQlng
K
ij (b†Q − b−Q)(b†K − b−K)

[
ana

†
iaj + a†ianaj

]

=
∑

Q,K,n,i,j

gQlng
K
ij (b†Q − b−Q)(b†K − b−K)

[
ana

†
iaj + δinaj − ana†iaj

]
=

∑
Q,K,n,i,j

gQlng
K
ij (b†Q − b−Q)(b†K − b−K)δinaj

10
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=
∑
nj

∑
Q

gQln(b†Q − b−Q)
∑
K

gKnj(b
†
K − b−K)aj (30)

and with the de�nition of C the result reads

Rl2 =
∑
nj

ClnCnjaj =
∑
j

(C2)ljaj . (31)

At this stage, from the comparison of Rl0, R
l
1 and R

l
2 it becomes apparent how Rld≥3 must

look like, or, in the general case:6

∀d ≥ 0 : Rld =
∑
n

(−Cd)lnan (32)

Inserting this into equation (24) results in

ãm =
∞∑
d=0

1

d!

∑
n

(−Cd)mnan =
∑
n

( ∞∑
d=0

(−C)d

d!

)
mn

an =
∑
n

(e−C)mnan (33)

which can also be written in a handy notation as ã = e−Ca, where the operators am are

merged into the vector a, so that Aa implies a multiplication of the matrix A and the

vector a. A similar derivation can also be done for the electron creation operator so that

we �nally get:

ãm =
∑
n

(e−C)mnan =
(
e−Ca

)
m

(34)

ã†m =
∑
n

a†n(eC)nm =
(
a†eC

)
m

(35)

The transformation of the phonon operators follows the same idea, namely

b̃Q =
∞∑
d=0

1

d!
[S, bQ]d (36)

with LQ
d := [S, bQ]d. However, at some point we will need an approximation of the EPC

matrix. First, let us start with d = 1:

LK
1 = SbK − bKS

=
∑

Q,m,n

gQmn

[
(b†Q − b−Q)a†manbK − bK(b†Q − b−Q)a†man

]
=
∑

Q,m,n

gQmn

[
b†QbK − b−QbK − bKb

†
Q + bKb−Q

]
a†man

6Strictly speaking, equation (32) is an induction hypothesis and needs to be proven for all remaining
d ≥ 3. I skip this mathematical step here and focus on the physics instead.
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=
∑

Q,m,n

gQmn

[
[b†Q, bK] + [bK, b−Q]

]
a†man (37)

The �rst commutator in the last expression equals to −δQK and the second commutator

vanishes. Therefore, the sum over Q vanishes altogether and we obtain

LK
1 = −

∑
m,n

gKmna
†
man. (38)

For d = 2 follows:

LK
2 = [S,LK

1 ] = [S,−
∑
m,n

gKmna
†
man] = [

∑
mn

gKmna
†
man, S]

=
∑
m,n

gKmna
†
manS − S

∑
m,n

gKmna
†
man

=
∑
m,n

gKmna
†
man

∑
Q,i,j

gQij (b†Q − b−Q)a†iaj −
∑
Q,i,j

gQij (b†Q − b−Q)a†iaj
∑
m,n

gKmna
†
man

=
∑

Q,m,n,i,j

gKmng
Q
ij (b†Q − b−Q)

[
a†mana

†
iaj − a

†
iaja

†
man

]
(39)

The square bracket contains a†mana
†
iaj , which, using the anti-commutator relations for the

fermionic operators in Eq. (15) and (16), can be recast:

a†mana
†
iaj = a†m(δni − a†ian)aj = δnia

†
maj − a†ma

†
ianaj = δnia

†
maj − a

†
ia
†
majan

= δnia
†
maj − a

†
i (δmj − aja

†
m)an = δnia

†
maj − δmja

†
ian + a†iaja

†
man (40)

Inserting this into the previous equation we get

LK
2 =

∑
Qm,n,i,j

gKmng
Q
ij (b†Q − b−Q)

[
δnia

†
maj − δmja

†
ian

]

=
∑

Q,m,n,j

gKmng
Q
nj(b

†
Q − b−Q)a†maj −

∑
Q,m,n,i

gKmng
Q
im(b†Q − b−Q)a†ian

=
∑
Q,m,j

(
gKgQ

)
mj

(b†Q − b−Q)a†maj −
∑
Q,n,i

(
gQgK

)
in

(b†Q − b−Q)a†ian

=
∑

Q,m,n

[
gK, gQ

]
mn

(b†Q − b−Q)a†man (41)

The commutator
[
gK, gQ

]
cannot be calculated without any knowledge of the speci�c

system. Moreover, even for a known EPC matrix it is in general not possible to simplify the

expression for
[
gK, gQ

]
d
. This is the point where we need to assume that the EPC matrix is

12



2 THEORY 2.1 Polarons

diagonal. This is required to simplify the polaron Hamiltonian in the following.7 Physically,

this approximation means that we neglect the non-local electron-phonon coupling. Since

the commutator of diagonal matrices vanishes, this assumption yields

∀d ≥ 2 : LK
d = 0 (42)

and further

b̃Q = [S, bQ]0 + [S, bQ]1 = bQ −
∑
m,n

gQmna
†
man. (43)

Repeating all preceding steps for the creation operator we arrive at:

b̃Q = bQ − a†gQa (44)

b̃†Q = b†Q − a
†g−Qa (45)

With the knowledge of the transformed form of all involved quasiparticle operators it is

now possible to �nd the expression for the transformed Hamiltonian.

2.1.2 Polaron Hamiltonian

For a unitary transformation holds H̃(ã(†), b̃
(†)
Q ) = H(a(†), b

(†)
Q ). Therefore, to get H̃ by

means of the original quasiparticle operators, we insert the previously obtained expressions

for the transformed operators into H:

H̃ = a†ε̂a+
∑
Q

~ωQa
†eCgQ(b†Q − a

†g−Qa+ b−Q − a†g−Qa)e−Ca+

+
∑
Q

~ωQ

(
b†QbQ − b

†
Qa
†gQa− a†g−QabQ + a†g−Qaa†gQa+

1

2

)
(46)

Note that this expression is not exact since the provided derivation of b(†)Q assumes diagonal

gQ. However, this allows a simpler expression of H̃ which reads

H̃ = a†ε̂a+
∑
Q

~ωQ

(
b†QbQ +

1

2

)
−
∑
Q

~ωQ

(
a†ĝQa

)(
a†ĝ−Qa

)
(47)

after the cancellation of some terms. Interestingly. the last sum contains phonon-mediated

electron-electron interactions. Since electron-electron interactions are explicitly neglected

in the Holstein-Peierls Hamiltonian, we are inclined do drop these here as well. The last

7However, I want to note here that it is possible to carry out an exact transformation of the Hamiltonian
without the assumption of diagonal gQ. [60] The resulting Hamiltonian is quite cumbersome since it
contains interaction terms originating from the unresolved

[
gK, gQ

]
d
.
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sum then becomes∑
Q

~ωQ

(
a†ĝQa

)(
a†ĝ−Qa

)
→
∑
Q,k

~ωQĝ
Qĝ−Q =: eC∆e−C (48)

which de�nes the so-called polaron shift ∆mn =
∑

Q,k ~ωQg
Q
mkg

−Q
kn . As its name suggests,

this term shifts the eigenenergies of the electronic band states due to the EPC. By de�ning

E := ε−∆ the Hamiltonian can be written in a very simple form:

H̃ = a†Êa+
∑
Q

~ωQ

(
b†QbQ +

1

2

)
(49)

The matrix Ê contains the renormalized transfer integrals and on-site energies. The second

term is known from the original Hamiltonian before the transformation and simply accounts

for the phonon energies. At �rst glance the electrons and phonons seem to be decoupled

in this representation, which they actually are not, since the phonon operators are still

present in the transformation of Ê. However, it is possible to obtain an e�ective polaron

Hamiltonian in which Ê is replaced with the thermal average

ε̃ := 〈Ê〉ph (50)

with respect to the phonon operators. According to Ref. [60] this constitutes yet another

approximation in which we assume that the temperatures are not too high so that the band

character of the polarons dominates and their hopping can be neglected.8 The ε̃ can be

considered as the polaron counterpart to ε, containing the corresponding polaron transfer

integrals and on-site energies. The resulting Hamiltonian

H̃ =
∑
m,n

a†mε̃mnan +
∑
Q

~ωQ

(
b†QbQ +

1

2

)
(51)

is formally identical to a non-interaction system of electrons and phonons. However, the

electron-phonon interaction is e�ectively accounted for through the renormalization ε→ ε̃.

This matrix can be calculated with the use of BCH and Wick's theorems:

ε̃ =
∞∑
l=0

1

l!

(
−1

2

)l ∑
Q1,...,Ql

(1 + 2NQ1) · · · (1 + 2NQl
)[gQ1 , [g−Q1 , · · · [gQl

, [g−Ql
, E]] · · · ]]

(52)

In Refs. [60, 69] the authors suggest that ε̃ might be calculated numerically until conver-

gence with respect to l. However, a rough estimation shows that this is actually pro-

hibitively expensive. To show this, let us consider an EPC matrix gQ ≡ gλmn(q) of a

8The hopping character of the charge carriers will reemerge in the derivation of the mobility, as shown
below. So the approximation here is not as restrictive as it may sound.
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realistic but minimal size, i.e. the number of phonon wave vectors and branches is small

and the interaction covers only nearest neighbor unit cells. As an example we could as-

sume 64 q-vectors (an 4x4x4 Monkhorst-Pack (MP) grid), three phonon branches, and

seven unique Wigner-Seitz cells (local + nearest neighbor interaction in a simple cubic

lattice). This quite moderate choice results in a complex 1344x1344 matrix g. The third

order in l contains a threefold sum over Q and therefore 643 = 262144 calculations of the

quantity

[gQ1 , [g−Q1 , [gQ2 , [g−Q2 , [gQ3 , [g−Q3 , E]]]]]]

which needs 64 matrix multiplications each, so we end up with more than �fteen million

multiplications of a complex 1344x1344 matrix. Since the multiplication of a cubicM ×M
matrix is an operation of order O(M3), this results in more than 4 · 1016 scalar multiplica-

tions. These numbers rise very quickly if the MP grid size increases, let alone the order l.

Therefore, I would not rely on the numerical treatment of ε̃, at least not without thorough

considerations about unavoidable drastic simpli�cations.9

Luckily, the authors present an analytical path, in which they include only the largest

contributing terms from the commutators in Eq. (52). For a particular element ε̃mn ≡
〈Êmn〉ph, such terms include Emn, Enm and Ejj (the latter implies all diagonal elements).

This results in [69]

ε̃mn = Emn exp

−1

2

∑
Q

(1 + 2NQ)GQ
mn

 (53)

with

GQ
mn := |gQmm − gQnn|2 +

∑
k 6=m
|gQmk|

2 +
∑
k 6=n
|gQkn|

2 (54)

de�ning an e�ective coupling between orbitals m and n. The alert reader may have noticed

that the Hamiltonian in Eq. (49) was derived under the assumption of diagonal g while the

quantities in Eq. (53), which actually originate from the very same Hamiltonian, partially

include non-diagonal elements of g. A more consistent approach would be to neglect the

non-diagonal terms in ε̃ as well. However, it seems to be bene�cial to include these terms

in ε̃, at the expense of mathematical consistency. In Ref. [63] it was demonstrated that

this leads to a better prediction of the polaron bandwidth.

Now that we have derived the e�ective polaron Hamiltonian and can in principle cal-

culate the polaron band structure by Fourier-transforming and diagonalizing ε̃ at any

arbitrary k-vector in the Brillouin zone, it is time to continue with the equations which

will enable us to evaluate the mobilities of the polarons.

9It is not clear how many orders in l are necessary to converge ε̃. Even in the very optimistic case
that the convergence is reached within the second order, one would need to evaluate at least one or two
additional orders to assert the convergence. Therefore, l ≥ 3 seems unavoidable.
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2.1.3 Mobility equations

The mobility µ of charge carriers is their ability to move within the material. Therefore,

high mobility will lead to high charge currents in the presence of an electric �eld. This

is expressed in the equation for the conductance σ = µqNcc with the carrier's charge q

and the number of charge carriers Ncc. The conductance is directly related to the current

density j = σE, where E = |E| is the applied electric �eld. In general, σ is a tensor and

j = σ ·E (55)

is the vector representation of the current density. It can be formally de�ned as

j =
dP
dt

=
1

i~
[P, H] (56)

where

P = q
∑
m

Rma
†
mam (57)

is the polarization. With that, a connection to the Hamiltonian of the charge carriers is

established. Using the Holstein-Peierls Hamiltonian for the evaluation of the commutator

[P, H], we get [61]

j =
q

i~
∑
m,n

Dmnεmna
†
man︸ ︷︷ ︸

band-like transport

+
q

i~
∑

Q,m,n

Dmn~ωQg
Q
mn(b†Q + b−Q)a†man︸ ︷︷ ︸

phonon-assisted transport

(58)

with Dmn := Rm−Rn. This equation nicely depicts the meaning of the transfer integrals

εmn as prefactors to the operators a†man, which facilitate the transfer of the charge q

between sites Rn and Rm. The �rst term therefore describes band-like transport of the

charge carriers. The second term does not contain εmn, instead the electron orbitals are

connected via the EPC matrix gQmn and the phonon operators. It is immediately clear that

this term accounts for the phonon-assisted hopping-type transport of the charge carriers.

If we use the original Holstein Hamiltonian

H =
∑
m,n

a†mεmnan +
∑
m,Q

~ωQa
†
mg

Q
mm(b†Q + b−Q)am +

∑
Q

~ωQ

(
b†QbQ +

1

2

)
(59)

which is essentially the Holstein-Peierls Hamiltonian without the non-local EPC terms,

only the �rst sum in Eq. (58) remains. In his full-bandwidth theory, Ortmann neglects the

non-local elements in the derivation, [64] so in the following we set

j→ j =
q

i~
∑
m,n

Dmnεmna
†
man (60)

accordingly.
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In the following we will derive the charge carrier mobility from the Kubo formula [71,72]

for electrical conductivity. There are actually several Kubo formulas, describing transport

phenomena in di�erent systems like e.g. �uids. In general, it relates the linear response

of an observable to a time-dependent perturbation at a �nite temperature T based on

the �uctuation-dissipation theorem.10 In our case, it establishes a connection between the

mobility tensor µ and the current-current correlation function 〈jα(t)jβ(0)〉H via an integral

over time:

µαβ =
1

2eNcckBT

∫ ∞
−∞

dt〈jα(t)jβ(0)〉H (61)

We denote the Cartesian components with α, β and the Boltzmann constant with kB. As

a �rst step, the calculation of the mobility requires the evaluation of the thermal average

of the correlation function. The thermal average of an observable A with respect to a

Hamiltonian H is

〈A〉H =
Tr
(
e−H/kBTA

)
Tr
(
e−H/kBT

) (62)

where Tr(A) is the trace of A. The trace has two very useful properties, namely the

cyclic invariance and the invariance to unitary transformations: Tr(ABC) = Tr(BCA)

and Tr(S†AS) = Tr(A), respectively. From the latter equality follows 〈jα(t)jβ(0)〉H =

〈j̃α(t)j̃β(0)〉H̃ so that

〈jα(t)jβ(0)〉H = 〈e
it
~ H̃ j̃αe

−it
~ H̃ j̃β〉H̃ (63)

with the time evolution of the transformed current operator j̃α(t) = e
it
~ H̃ j̃α(0)e

−it
~ H̃ , in

which we ignore the time dependence of j̃(t) and simply write j̃ at t = 0. According to

this equation the correlation function can be either evaluated in the picture of electrons or

polarons. Since the Hamiltonian H prior to the transformation is distinctly non-diagonal

due to the interaction between electrons and phonons, a non-perturbative evaluation of the

current-current correlation function is not possible without any approximative assumptions

about the system. However, electron and phonon operators are decoupled in the trans-

formed Hamiltonian H̃ after the replacement of Ê with the thermal average ε̃ = 〈Êmn〉ph,
so it is advisable to continue the derivation within the picture of polarons.

The non-diagonal EPC elements were dropped in j̃ to simplify the derivation. Likewise,

the neglection of such elements makes the transformation matrix C diagonal, such that

Cmn = δmnCm and

Cm :=
∑
Q

~ωQ(b†Q − b−Q). (64)

10The �uctuation-dissipation theorem makes a statement about systems in thermal equilibrium: If there
is a dissipative process there must also be a �uctuation which constitutes a reverse process to the dissipation,
and vice versa. E.g. Brownian motion is the �uctuation of a particle in a �uid caused by heat, which is
the conversion of thermal energy into motion. The reverse dissipative process is the conversion of motion
into heat through friction of a particle which is pushed through the �uid. According to the �uctuation-
dissipation theorem both processes are proportional. Moreover, the theorem establishes a connection
between the �uctuations of a system and its response to a small perturbation.
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With that the transformed current operator reads

j̃ =
q

i~
∑
m,n

eCmDmnεmne
−Cna†man (65)

and we can proceed with the evaluation of the current-current correlation function by

inserting this expression in Eq. (63) (writing (Dmn)α ≡ Dmnα in the following):

〈jα(t)jβ(0)〉H = −
( q
~

)2 ∑
k,l,m,n

〈e
it
~ H̃eCkDklαεkle

−Cla†kale
−it
~ H̃eCmDmnβεmne

−Cna†man〉H̃

(66)

Inserting the identity operator I = e
−it
~ H̃e

it
~ H̃ behind eCk in the above equation results in

〈jα(t)jβ(0)〉H = −
( q
~

)2 ∑
k,l,m,n

〈eCk(t)Dklαεkle
−Cl(t)e

it
~ H̃a†kale

−it
~ H̃eCmDmnβεmne

−Cna†man〉H̃

(67)

with the de�nitions

Ck(t) :=
∑
Q

gQkkBQ(t), (68)

BQ(t) := b†Qe
iωQt − b−Qe−iωQt. (69)

The calculation of Ck(t) through eCk(t) = e
it
~ H̃eCke

−it
~ H̃ can again be achieved with the

BCH theorem due to the diagonal form of Ck. The time evolution operator in Eq. (67) is

now acting on the electron operators, i.e. e
it
~ H̃a†ke

−it
~ H̃ =: a†k(t). The calculation of these

terms was achieved by Hannewald et al. by using the so called narrow band approximation

(NBA), in which H̃ is diagonal and therefore a†k(t) = a†ke
it
~ ε̃kk . However, to avoid the NBA

approach, Ortmann switches to the reciprocal space of electrons, where

a†k :=
1√
Nuc

∑
m

e−ikRma†m (70)

ak :=
1√
Nuc

∑
m

eikRmam (71)

are the corresponding creation and annihilation operators. This approach was �rst used by

Munn and Silbey [57] and later mentioned again in [61]. In this representation the e�ective

polaron Hamiltonian reads

H̃ =
∑
k

ε̃(k)a†kak +
∑
Q

~ωQ

(
b†QbQ +

1

2

)
(72)

with the polaron band energies

ε̃(k) :=
∑
m

ε̃me
−ikRm (73)
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with the abbreviation ε̃m := ε̃0m. The time evolution of the electron operators in the

reciprocal space is readily obtained as a†k = a†ke
it
~ ε̃(k). A back-transformation of the electron

operators into the direct space yields:

a†m =
1√
Nuc

∑
k

eikRma†k (74)

am =
1√
Nuc

∑
k

e−ikRmak (75)

Plugging this into Eq. (67) results in

〈jα(t)jβ(0)〉H = −
(

q

~Nuc

)2 ∑
k,l,m,n

k1,k2,k3,k4

eik1Rke−ik2Rleik3Rme−ik4Rn (76)

× e
it
~ ε̃(k1)e

−it
~ ε̃(k2)〈a†k1

ak2a
†
k3
ak4〉H̃

×DklαεklDmnβεmn〈eCk(t)e−Cl(t)eCme−Cn〉H̃ .

The time evolution is now reduced to the complex phases e
it
~ ε̃(k) and the remaining task is

to evaluate the two averages with respect to H̃. This is in principle possible thanks to the

decoupling of electrons and phonons in the e�ective Hamiltonian, which is also re�ected

in the fact that the averages contain either electron or phonon operators, respectively, but

not both simultaneously.

The �rst average over the electron operators is obtained with the help of Wick's theorem

and yields11

〈a†k1
ak2a

†
k3
ak4〉H̃ = 〈a†k1

ak2〉H̃〈a
†
k3
ak4〉H̃ + 〈a†k1

ak4〉H̃〈ak2a
†
k3
〉H̃

= δk1k2δk3k4nk1nk3 + δk1k4δk2k3nk1(1− nk2) (77)

in which

nk :=

(
e
ε̃(k)−ζ
kBT + 1

)−1

(78)

is the Fermi-Dirac distribution function of the polarons12 at the chemical potential ζ. The

latter needs to be derived from the charge carrier density in the system, as will be shown

in the section dealing with the implementation of the equations. The term proportional

to nk1nk3 was dropped by Ortmann, since it describes correlations of the electron density

which are negligible under the assumption of low carrier density.

11One of the statements of Wick's theorem is that the expectation value of an arbitrary product of oper-
ators can be expressed as a normal-order product of these operators plus the sum over single contractions
in normal order plus the sum of double contractions in normal order ... and so on, until all possible con-
tractions are considered. Since the expectation value of a product of normally ordered operators vanishes,
only fully contracted terms are left.

12Since the polaron contains one electron and an arbitrary number of phonons, it must have fractional
spin and therefore be a fermion.
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The phonon operators in the second average are nested in exponential functions through

the quantities C and C(t). The products of these exponential functions lead to rather

complicated expressions which need thorough regrouping before the Wick theorem can be

applied. We start with the product eCk(t)e−Cl(t) and express it with the de�nitions for

BQ(t) and Ck(t) as:13

eCk(t)−Cl(t) =

∞∑
r=0

1

r!

∑
Q

(gQkk − g
Q
ll )BQ(t)

r

=
∞∑
r=0

1

r!

r∏
n=1

∑
Qn

(gQn

kk − g
Qn

ll )BQn(t) (79)

A similar expression is obtained for the product eCme−Cn in which we use Cm = Cm(0).

The index indicating the Hamiltonian of the average 〈·〉H̃ will be suppressed in the following

to simplify the notation. The average then reads

〈eCk(t)e−Cl(t)eCm(0)e−Cn(0)〉 = 〈

 ∞∑
r=0

1

r!

r∏
u=1

∑
Qu

ΓQu

kl BQn(t)

[ ∞∑
s=0

1

s!

s∏
v=1

∑
Kv

ΓKv
mnBKv(0)

]
〉

=
∞∑
r=0
s=0

1

r!s!
〈Urs〉 (80)

with

Urs :=

 r∏
u=1

∑
Qu

ΓQu

kl BQn(t)

[ s∏
v=1

∑
Kv

ΓKv
mnBKv(0)

]
, (81)

ΓQ
kl := (gQkk − g

Q
ll ). (82)

As an example, for r = s = 2 we get

U22 =
∑
Q1

ΓQ1

kl BQ1(t)
∑
Q2

ΓQ2

kl BQ2(t)
∑
K1

ΓK1
mnBK1(0)

∑
K2

ΓK2
mnBK2(0) (83)

=
∑

Q1Q2K1K2

ΓQ1

kl ΓQ2

kl ΓK1
mnΓK2

mnBQ1(t)BQ2(t)BK1(0)BK2(0) (84)

from which it is obvious that 〈Urs〉 contains terms such as

Rrs := 〈BQ1(t) . . . BQr(t)BK1(0) . . . BKs(0)〉H̃ (85)

which consist of r operators BQ(t) at time t, and s operators BK(0) at time 0. We note

13Here we use the convention of the empty product which equals the multiplicative identity, i.e.∏0
n=1 xn ≡ 1. This is analogous to the empty sum

∑0
n=1 xn ≡ 0 where zero is the additive identity.
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that

r + s odd⇔ (r odd) ∨̇ (s odd)⇒ Rrs = 0

where ∨̇ is the logical "exclusive or�. This is due to the fact that an average containing

an odd number of operators cannot be fully contracted and therefore vanishes. We only

need to consider Rrs where r + s is even. The same holds true for 〈Urs〉H̃ since it can be

expressed as an (r+ s)-fold sum in which each summand contains a factor of type Rrs (see

example in Eq. (83)).

Let d be the number of contractions at di�erent times within one of the possible full

contractions in Rrs. We de�ne such a contraction as

Kd
rs := 〈BQ1(t)BK1(0)〉 . . . 〈BQd

(t)BKd
(0)〉

× 〈BQd+1
(t)BQd+2

(t)〉 . . . 〈BQr−1(t)BQr(t)〉

× 〈BKd+1
(0)BKd+2

(0)〉 . . . 〈BKs−1(0)BKs(0)〉 (86)

where 0 ≤ d ≤ min(r, s) which follows from the above de�nition of d. The number of the

remaining r− d operators at time t as well as the number of the remaining s− d operators
at time 0 must be even. Otherwise the whole term vanishes. 14 The Kd

rs can now be

calculated since they contain only averages 〈BQ(t′)BK(t′′)〉H̃ of merely two operators,

where t′, t′′ ∈ {0, t}.

〈BQ(t′)BK(t′′)〉H̃ = 〈(b†Qe
iωQt

′ − b−Qe−iωQt
′
)(b†Ke

iωKt
′′ − b−Ke−iωKt

′′
)〉H̃

= −〈b†Qb−K〉H̃︸ ︷︷ ︸
δQ,−KNQ

eiωQt
′
e−iωKt

′′ − 〈b−Qb†K〉H̃︸ ︷︷ ︸
δ−Q,K+〈b†Kb−Q〉H̃

e−iωQt
′
eiωKt

′′

= −δQ,−KNQe
iωQ(t′−t′′) − (δ−Q,K + δ−Q,KNQ)e−iωQ(t′−t′′)

= −δQ,−KΦQ(t′ − t′′) (87)

In the last line we use the de�nition

ΦQ(t) := NQe
iωQt + (1 +NQ)e−iωQt. (88)

With that the three types of two-operator averages which occur in Kd
rs can be expressed

as

〈BQ(t)BK(t)〉H̃ = −δQ,−KΦQ(0) (89)

〈BQ(0)BK(0)〉H̃ = −δQ,−KΦQ(0) (90)

〈BQ(t)BK(0)〉H̃ = −δQ,−KΦQ(t) (91)

14E.g. K1
22 = 0 because 2− 1 = 1 is odd, and also K2

54 = 0 because 5− 2 = 3 is odd.
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and we �nally conclude:

Kd
rs = (−δQ1,−K1ΦQ1(t)) . . . (−δQd,−Kd

ΦQd
(t))

×
(
−δQd+1,−Qd+2

ΦQd+1
(0)
)
. . .
(
−δQr−1,−QrΦQr−1(0)

)
×
(
−δKd+1,−Kd+2

ΦKd+1
(0)
)
. . .
(
−δKs−1,−KsΦKs−1(0)

)
(92)

The calculation of the average 〈eCk(t)e−Cl(t)eCm(0)e−Cn(0)〉 is reduced to a combinatorial
problem, which can be illustrated continuing the previous example with r = s = 2:

〈U22〉 =
∑

Q1,Q2,K1,K2

ΓQ1

kl ΓQ2

kl ΓK1
mnΓK2

mn 〈BQ1(t)BQ2(t)BK1(0)BK2(0)〉︸ ︷︷ ︸
R22

(93)

Using Wick's theorem, the quantity R22 is factorized into all full contractions:

R22 = 〈BQ1(t)BQ2(t)〉〈BK1(0)BK2(0)〉

+ 〈BQ1(t)BK2(0)〉〈BQ2(t)BK1(0)〉

+ 〈BQ1(t)BK1(0)〉〈BQ2(t)BK2(0)〉 (94)

Inserting this expression back into the previous equation we get

〈U22〉 =
∑

Q1,Q2,K1,K2

ΓQ1

kl ΓQ2

kl ΓK1
mnΓK2

mn 〈BQ1(t)BQ2(t)〉〈BK1(0)BK2(0)〉︸ ︷︷ ︸
K0

22

+
∑

Q1,Q2,K1,K2

ΓQ1

kl ΓQ2

kl ΓK1
mnΓK2

mn 〈BQ1(t)BK2(0)〉〈BQ2(t)BK1(0)〉︸ ︷︷ ︸
K2

22

+
∑

Q1,Q2,K1,K2

ΓQ1

kl ΓQ2

kl ΓK1
mnΓK2

mn 〈BQ1(t)BK1(0)〉〈BQ2(t)BK2(0)〉︸ ︷︷ ︸
K2

22

(95)

in which the second and third sums are identical since K1 and K2 can be swapped without

changing the sums. From this example we see that R22 = 1×K0
22 +2×K2

22 with prefactors

1 and 2, respectively.

We are now looking for a general formula p(r, s, d) for the prefactors of Kd
rs so that

Rrs =

min(r,s)∑
d=0

(r−d),(s−d) even

p(r, s, d)Kd
rs. (96)

Let us start with the simple case where d = 0 and s = 0, so that there are only the r con-

tractions at identical time t. The mathematical probability problem at hand corresponds

to drawing two balls (operators) from an urn with r balls until the urn is empty. This

gives the number of distinct possible combinations of operators into contractions. We need

to divide it by the number of permutations of the contractions (drawn ball pairs) which
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equals
(
r
2 !
)−1, since e.g. 〈BQ1BQ2〉〈BQ3BQ4〉 = 〈BQ3BQ4〉〈BQ1BQ2〉. In total we get

p(r, 0, 0) =

[(
r

2

)(
r − 2

2

)
. . .

(
2

2

)](r
2

!
)−1

(97)

for the number of possible combinations at identical time t. This expression can be recast

as follows:

p(r, 0, 0) =
r!

2!(r − 2)!

(r − 2)!

2!(r − 4)!
. . .

(r − r + 2)!

2!(r − r)!

(r
2

!
)−1

=
r!

2r/2 r2 !
(98)

If now s > 0, we need to account for a similar factor for the contractions at identical time

0 and the total number of distinct combinations reads

p(r, s, 0) =
r!s!

2r/2 r2 !2s/2 s2 !
. (99)

To generalize this expression, we assume d > 0 for contractions at di�erent times. The

remaining numbers of contractions at identical times are altered according to r → r − d
and s → s − d, respectively. Additionally, the number of combinations at di�erent times
equals (

r

r − d

)(
s

s− d

)
d! =

(
r

d

)(
s

d

)
d! =

r!

d!(r − d)!

s!

d!(s− d)!
d! (100)

and the total number of combinations is obtained as a product of the modi�ed expression

in Eq. (99) and Eq. (100):

p(s, r, d) =
r!s!

d!2(r−d)/2 r−d
2 !2(s−d)/2 s−d

2 !
(101)

We can now express Rrs with Kd
rs using the prefactors as

Rrs =

min(r,s)∑
d=0

(r−d),(s−d) even

r!s!

d!2(r−d)/2 r−d
2 !2(s−d)/2 s−d

2 !
Kd
rs. (102)

This allows us to write

〈eCk(t)e−Cl(t)eCm(0)e−Cn(0)〉 =

∞∑
r=0,s=0

(r+s) even

1

r!s!

r∏
u=1

∑
Qu

ΓQu

kl

s∏
v=1

∑
Kv

ΓKv
mnRrs (Q1, ...,Qr,K1, ...,Ks) .

(103)

Using the Kronecker delta functions in Rrs this expression can be recast and split into
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three exponential functions, so that the average over the phonon operators amounts to [69]

〈eCk(t)e−Cl(t)eCm(0)e−Cn(0)〉 = exp

−1

2

∑
Q

ΦQ(0)ΓQ
klkl

 (104)

× exp

−1

2

∑
Q

ΦQ(0)ΓQ
mnmn


× exp

−∑
Q

ΦQ(t)ΓQ
klmn


where

ΓQ
klmn := ΓQ

klΓ
−Q
mn . (105)

Since the averages over electron and phonon operators are now known, we insert

Eq. (104) and Eq. (77) into Eq. (76):

〈jα(t)jβ(0)〉H = −
(

q

~Nuc

)2 ∑
k,l,m,n

Dklαε̃klDmnβ ε̃mne
−

∑
Q ΦQ(t)ΓQ

klmn (106)

×
∑
k1,k2

eik1(Rk−Rn)eik2(Rm−Rl)nk1(1− nk2)e
it
~ (ε̃(k1)−ε̃(k2))

This is an exact result with the exception of neglecting the nk1nk3 term in the average

over electron operators, as discussed before. The ε̃kl and ε̃mn result from the combination

of the �rst and second exponential functions from Eq. (104) with εkl and εmn in Eq. (76),

respectively, according to Eq. (53).15 The fourfold sum over the real space indices k, l,m, n

can be reduced to a threefold sum due to the spatial invariance with respect to translations,

i.e.
∑

k,l,m,n → Nuc
∑

l,m,n. The indices are shifted according to l → k + l, m → k + m

and n→ m+ n. Inserting Eq. (106) into the Kubo equation (61) then yields:

µαβ = − 1

qNc2kBTNuc

( q
~

)2 ∑
l,m,n

Rlαε̃lRnβ ε̃n (107)

×
∑
k1,k2

e−ik1(Rm+Rn)eik2(Rm−Rl)nk1(1− nk2)

×
∫ ∞
−∞

dte
it
~ (ε̃(k1)−ε̃(k2))e−

∑
Q ΦQ(t)ΓQ

0l0ne
−iQRm

e−( tτ )
2

︸ ︷︷ ︸
=:I(k1,k2,l,m,n)

This is the complete equation for the polaron mobility as derived by Ortmann. The �rst line

contains factors of the type Rlαε̃l which can be interpreted as polaron hopping terms. The

second line contains the factor nk1(1−nk2) which is the probability of having an occupied

15Using the de�nition of ΓQ
mn we obtain ΓQ

mnmn = |gQmm − gQnn|2 and since we assume local EPC,

εmn exp
(
− 1

2

∑
Q ΦQ(0)ΓQ

mnmn

)
= εmn exp

(
− 1

2

∑
Q(1 + 2NQ)|gQmm − gQnn|2

)
= ε̃mn.
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state at k1 and an empty state at k2. The integral in the third line describes the actual

scattering of the charge carriers and the phonons. An additional factor e−( tτ )
2

was added

to the integrand. This factor is phenomenologically motivated and limits the mobility due

to scattering of the charge carriers and e.g. impurities in the crystal. It accounts for any

further scattering processes outside of the formalism. The integral I(k1,k2, l,m, n) cannot

be solved analytically in its current form. Also, its numerical treatment is impractical

since it is nested in the �vefold sum
∑

l,m,n,k1,k2
. Moreover, as will be shown below,

the integrand is a highly oscillating complex function which needs many evaluations to

obtain a converged result when using numerical integration routines. Ortmann found

a way to simplify Eq. (107) by splitting it into two parts. To do so he uses the trick

e−
∑

Q ΦQ(t)ΓQ
0l0ne

−iQRm
= (e−

∑
Q ΦQ(t)ΓQ

0l0ne
−iQRm − 1) + 1, so that the integral splits into

two parts:

I(k1,k2, l,m, n) = I inc(k1,k2, l,m, n) + Icoh(k1,k2) (108)

I inc(k1,k2, l,m, n) =

∫ ∞
−∞

dte
it
~ (ε̃(k1)−ε̃(k2))(e−

∑
Q ΦQ(t)ΓQ

0l0ne
−iQRm − 1)e−( tτ )

2

(109)

Icoh(k1,k2) =

∫ ∞
−∞

dte
it
~ (ε̃(k1)−ε̃(k2))e−( tτ )

2

(110)

The two resulting integrals are Icoh and I inc. Their naming is due to the particular type

of transport which they describe. Icoh is the fraction of I due to coherent or band-like

transport. This is also apparent from the fact that Icoh does not depend on the direct

space indices l,m, n but merely on the polaron wave vectors k1,k2 which are intrinsic to

band transport. Replacing I with Icoh in the full expression for µαβ we obtain after some

recasting

µcohαβ =
1

qNc2kBTNuc

( q
~

)2∑
l,n

Rlαε̃lRnβ ε̃n (111)

×
∑
k1,k2

∑
m

e−iRm(k1−k2)

︸ ︷︷ ︸
=Nucδk1,k2

e−ik2Rle−ik1Rnnk1(1− nk2)

∫ ∞
−∞

dte−( tτ )
2

The sum over m together with the exponential functions containing Rm yields δk1,k2 which

is not surprising for coherent transport. With k1 = k2 the coherent integral is simpli�ed to
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∫∞
−∞ dte−( tτ )

2

=
√
πτ and the expression for the coherent part of the total mobility reads

µcohαβ = −
√
πτ

qNc2kBT

( q
~

)2∑
k

nk(1− nk)
∑
l

Rlαε̃le
−ikRl

︸ ︷︷ ︸
=i

∂ε̃(k)
∂kα

∑
n

Rnβ ε̃ne
−ikRn

︸ ︷︷ ︸
=i

∂ε̃(k)
∂kβ

(112)

=

√
πτq

Nc2kBT

∑
k

nk(1− nk)ṽα(k)ṽβ(k) (113)

where we identify the band velocity of the polaron with

ṽ(k) :=
1

~
∇kε̃(k). (114)

The remaining and clearly more complicated fraction I inc is due to incoherent or

hopping-like transport. The corresponding expression for the mobility reads

µincαβ = − 1

qNc2kBTNuc

( q
~

)2 ∑
l,m,n

Rlαε̃lRnβ ε̃n (115)

×
∑
k1,k2

e−ik1(Rm+Rn)eik2(Rm−Rl)nk1(1− nk2)

×
∫ ∞
−∞

dte
it
~ (ε̃(k1)−ε̃(k2))

(
e−

∑
Q ΦQ(t)ΓQ

0l0ne
−iQRm − 1

)
e−( tτ )

2

and there is no apparent way to achieve a simpli�cation similar to that in µcohαβ , unless one

is willing to make approximative assumptions. Such a route was chosen by Ortmann with

the assumption of dispersionless optical phonons, which means:

ωQ → ωλ (116)

NQ → Nλ (117)

ΦQ(t)→ Φλ(t) (118)

gQmn →
gλ√
Nuc

eiqRm (119)

Note that the EPC matrix element in the last line is also dispersionless since its mag-

nitude |gQmn| = gλ/
√
Nuc is q-independent. Inserting expression (119) into ΓQ

0l0n, the

corresponding exponential function in I inc reads

e−
∑

Q ΦQ(t)ΓQ
0l0ne

−iQRm
= e−(δm0−δml−δm,−n+δm,l−n)

∑
λ Φλ(t)g2λ . (120)

Ortmann argues that by minimizing (δm0 − δml − δm,−n + δm,l−n) it is possible to achieve

a good approximation and that this is supported by numerical tests. The expression is

minimized for l = m = −n. This allows to reduce the threefold sum over l,m, n in µincαβ to
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a onefold sum over l, so that

µincαβ = − q

Nc2kBTNuc~2

∑
l

RlαRlβ ε̃
2
n

∑
k1,k2

nk1(1− nk2) (121)

×
∫ ∞
−∞

dte
it
~ (ε̃(k1)−ε̃(k2))

(
e−

∑
λ Φλ(t)g2λ − 1

)
e−( tτ )

2

.

The numerical complexity is drastically lowered compared to the full expression for the

incoherent mobility and albeit still demanding, it is now within practical scope. The

question is however, how well the assumptions (116) to (119) are justi�ed. It is often

claimed that optical phonon modes are fairly �at and therefore gQ can also be assumed

to have negligible dispersion. This is not always true and probably more often than not

motivated by necessity of the reduction of mathematical complexity. In section 3.3 present

a numerical method which allows the evaluation of the full expression for the total mobility

without the approximations (116) to (119).

2.1.4 List of approximations

The longish derivation in the previous section makes it di�cult to keep track of all approx-

imations which were made. Here, I am providing an overview along with a brief discussion

about the meaning of each approximation.

� The �rst approximation is the neglection of the explicit electron-electron term

in the Holstein-Peierls Hamiltonian. This is well justi�ed for low charge carrier

densities, i.e. if we describe transport at the edge of the valence band maximum

or the conduction band minimum. For the same reason a term proportional to the

square of the charge carrier density is neglected in the transformed Holstein-Peierls

Hamiltonian. This corresponds to neglection of phonon-mediated electron-

electron interaction.

� The neglection of non-local EPC terms in the transformation of the b
(†)
Q

leads to diagonal gQ, which simpli�es the expression for the transformed phonon

operators and the transformed Hamiltonian. Since diagonal gQ are assumed in the

subsequent derivation of the mobility equation, it is to some degree justi�ed by the

argument of consistency.

� The general Kubo formula for electrical conductivity is formulated for currents in-

duced by a time-dependent external electric �eld. The conductivity tensor is therefore

a frequency-dependent quantity:

σαβ(ω) =
1

2kBT

∫ ∞
−∞

dteiωt〈jα(t)jβ(0)〉H (122)

The frequency-dependence of the response is neglected from the beginning by
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setting σdcαβ = lim
ω→0

σαβ(ω). This is not an approximation if one is indeed interested

in the limit of dc-conductivity. It should be in principle possible to obtain the

full mobility from Eq. (107) for alternating electric �elds, especially since the time

integral needs to be evaluated numerically anyway. However, the motivation for

this is questionable, since the model Hamiltonians in the present formalism do not

account for the interaction between charge carriers and photons.

� In the derivation of the mobility equation, the non-local EPC are ignored

from the beginning, e.g. already in the current operator j. This approximation is not

necessarily required at that stage and is for example avoided in the non-local theory of

polaron mobilities. [60,62] The latter however uses the narrow band approximation,

which is not used in the local but full bandwidth theory of Ortmann. The non-local

theory covers hopping processes induced by the interaction between charge carriers

at di�erent sited and the phonons. Such processes are completely absent in the local

theory.

� The �nal approximation is the assumption of dispersionless optical phonons

and EPC matrix g. This helps to derive a signi�cantly simpler expression for the

incoherent part of the total mobility in Eq. (121), after another approximation, in

which certain terms in the sum over l,m, n are dropped. The hereby simpli�ed

form of the mobility does not provide more insight from the physical perspective, but

enables the practical evaluation using numerical integration methods to solve the time

integral.

2.1.5 Analytical treatment of the time integral

The coherent integral Icoh can be seen as the zeroth order Taylor expansion of the full

integral in the electron-phonon coupling, for which it was possible to �nd an analytical

solution. This motivated the idea to continue the Taylor series and �nd corresponding

expressions Ik for orders k > 0. As I will show in the following, it is indeed possible to

analytically solve each term Ik for arbitrary k. In the following I will switch to a simpler

notation, in which the time integral in Eq. (107) reads

I(ω) :=

∫ ∞
−∞

dte−itωeS(t)e−(t/τ)2 (123)

1

~
(ε̃(k2)− ε̃(k1))→ ω = ω(k1,k2)

Rm → r and q→ qj

ΓQ
0l0n → Gj=j(Q)

ΦQ(t)→ Φj=j(Q)(t) = Nje
iωjt + (1 +Nj)e

−iωjt
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S(t) := −
∑
j

Φj(t)Gje
−iqjr (124)

By mapping every Q in the Brillouin zone to an integer number j = j(Q), we can denote

ΓQ
0l0ne

−iQRm by Gje−iqjr, where the spatial indices l,m, n are suppressed because they do

not vary here and can simply be brought back after the derivation.

We expand

eS(t) =
∞∑
k=0

(S(t))k

k!
(125)

in a Taylor series with respect to S. This is carried over to the whole integral so that we

can de�ne

Ik(ω) :=
1

k!

∫ ∞
−∞

dte−itωSk(t)e−(t/τ)2 (126)

and identify

I(ω) =
∞∑
k=0

Ik(ω). (127)

Here Sk(t) is simply k-th power of S(t). Using Φj(t) = 2Nj cos(ωjt) + e−iωjt I simplify the

expression for S as

S(t) =
∑
j

−Gje−iqjr(1 + 2Nj)︸ ︷︷ ︸
=:aj

cos(ωjt) + iGje−iqjr︸ ︷︷ ︸
=:bj

sin(ωjt)


=
∑
j

(aj cos(ωjt) + bj sin(ωjt)) (128)

with coe�cients aj , bj ∈ C. Starting with the zeroth order k = 0 we get S0 = 1 which

yields

I0(ω) =

∫ ∞
−∞

dte−itωe−(t/τ)2

=

∫ ∞
−∞

dt (cos(ωt)− i sin(ωt)) e−(t/τ)2

=

∫ ∞
−∞

dt cos(ωt)e−(t/τ)2 (129)

where the fraction proportional to sin(ωt) vanishes since the corresponding integrand is

antisymmetric. Solving the remaining integral gives I0(ω) =
√
πτ which equals Icoh.
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Proceeding with the next order k = 1 we obtain for the integral according to Eq. (126):

I1(ω) =

∫ ∞
−∞

dte−itωS(t)e−(t/τ)2

=

∫ ∞
−∞

dte−itω

∑
j

aj cos(ωjt) + bj sin(ωjt)

 e−(t/τ)2

=

∫ ∞
−∞

dt

∑
j

aj cos(ωt) cos(ωjt)− i
∑
j

bj sin(ωt) sin(ωjt)

 e−(t/τ)2

=
∑
j

(
ajJ

(1)
j − ibjJ

(2)
j

)
(130)

Antisymmetric integrands were again dropped as before. The remaining integrals

J
(1)
j :=

∫ ∞
−∞

dt cos(ωt) cos(ωjt)e
−(t/τ)2 (131)

J
(2)
j :=

∫ ∞
−∞

dt sin(ωt) sin(ωjt)e
−(t/τ)2 (132)

have analytic solutions

J
(1)
j =

1

2

(
e−

1
4
τ2(ω−ωj)2 + e−

1
4
τ2(ω+ωj)

2
)√

πτ (133)

J
(2)
j =

1

2

(
e−

1
4
τ2(ω−ωj)2 − e−

1
4
τ2(ω+ωj)

2
)√

πτ (134)

and the resulting �rst order integral reads

I1(ω) =
1

2

√
πτ
∑
j

aj

(
e−

1
4
τ2(ω−ωj)2 + e−

1
4
τ2(ω+ωj)

2
)
− ibj

(
e−

1
4
τ2(ω−ωj)2 − e−

1
4
τ2(ω+ωj)

2
)

= −
√
πτ
∑
j

Gje
−iqjr

[
e−

1
4
τ2(ω+ωj)

2
(

1 +Nj

(
1 + eτ

2ωωj
))]

. (135)

The second order integral I2(ω) is derived in the same manner, so that we get

I2(ω) =
1

2

∫ ∞
−∞

dte−itωS2(t)e−(t/τ)2

=
1

2

∫ ∞
−∞

dte−itω

∑
j1

aj1 cos(ωj1t) + bj1 sin(ωj1t)

∑
j2

aj2 cos(ωj2t) + bj2 sin(ωj2t)

 e−(t/τ)2

=
1

2

∑
j1,j2

(
aj1aj2J

(1)
j1j2

+ bj1bj2J
(2)
j1j2
− i
(
aj1bj2J

(3)
j1j2

+ bj1aj2J
(4)
j1j2

))
(136)
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with

J
(1)
j1j2

:=

∫ ∞
−∞

dt cos(ωt) cos(ωj1t) cos(ωj2t)e
−(t/τ)2 (137)

J
(2)
j1j2

:=

∫ ∞
−∞

dt cos(ωt) sin(ωj1t) sin(ωj2t)e
−(t/τ)2 (138)

J
(3)
j1j2

:=

∫ ∞
−∞

dt sin(ωt) cos(ωj1t) sin(ωj2t)e
−(t/τ)2 (139)

J
(4)
j1j2

:=

∫ ∞
−∞

dt sin(ωt) sin(ωj1t) cos(ωj2t)e
−(t/τ)2 (140)

and their analytical solutions can be calculated e.g. with a computer algebra software:

J
(1)
j1j2

= Ωj1j2

(
+1 + eτ

2(ω+ωj1 )ωj2 + eτ
2(ω+ωj2 )ωj1 + eτ

2(ωj1+ωj2 )ω
)

(141)

J
(2)
j1j2

= Ωj1j2

(
−1 + eτ

2(ω+ωj1 )ωj2 + eτ
2(ω+ωj2 )ωj1 − eτ2(ωj1+ωj2 )ω

)
(142)

J
(3)
j1j2

= Ωj1j2

(
−1 + eτ

2(ω+ωj1 )ωj2 − eτ2(ω+ωj2 )ωj1 + eτ
2(ωj1+ωj2 )ω

)
(143)

J
(4)
j1j2

= Ωj1j2

(
−1− eτ2(ω+ωj1 )ωj2 + eτ

2(ω+ωj2 )ωj1 + eτ
2(ωj1+ωj2 )ω

)
(144)

Ωj1j2 :=
1

4

√
πτe−

τ2

4
(ω+ωj1+ωj2 )

2

(145)

After inserting these solutions and the coe�cients aj , bj in Eq. (126) and a subsequent

regrouping we obtain:

I2(ω) =

√
πτ

2

∑
j1,j2

Gj1Gj2e
−i(qj1+qj2 )re−

τ2

4
(ω+ωj1+ωj2 )

2
(

(1 +Nj1)(1 +Nj2) (146)

+Nj2 (1 +Nj1) eτ
2(ω+ωj1 )ωj2 +Nj1 (1 +Nj2) eτ

2(ω+ωj2 )ωj1 +Nj1Nj2e
τ2(ωj1+ωj2 )ω

)
The third order integral I3(ω) is analogously derived. I present only the result here, since

the detailed derivation requires several pages.

I3(ω) = −
√
πτ

6

∑
j1,j2,j3

e−
τ2

4
(ω+ωj1+ωj2+ωj3 )2Gj1Gj2Gj3e

−i(qj1+qj2+qj3 )r

(
Nj1Nj2Nj3e

τ2ω(ωj1+ωj2+ωj3 )

(147)

+ (1 +Nj1)Nj2Nj3e
τ2(ω+ωj1 )(ωj2+ωj3 ) +Nj1(1 +Nj2)Nj3e

τ2(ω+ωj2 )(ωj1+ωj3 )

+Nj1Nj2(1 +Nj3)eτ
2(ωj1+ωj2 )(ω+ωj3 ) + (1 +Nj1)(1 +Nj2)Nj3e

τ2(ω+ωj1+ωj2 )ωj3

+ (1 +Nj1)Nj2(1 +Nj3)eτ
2(ω+ωj1+ωj3 )ωj2 +Nj1(1 +Nj2)(1 +Nj3)eτ

2(ω+ωj2+ωj3 )ωj1

+ (1 +Nj1)(1 +Nj2)(1 +Nj3)

)
The pattern for a general solution Ik(ω) can be extracted from the comparison of the

31



2.2 Molecular junctions 2 THEORY

obtained expressions for k ∈ {0, 1, 2, 3}. It can be formulated as follows:

Ik(ω) = (−1)k
√
πτ

k!

∑
j1,...,jk

k∏
s=1

Gjse
−iqjsre−

τ2

4
(ω+

∑k
l=1 ωjl )

2
∑
α∈Bk

N(α) (148)

with

N(m1, ...,mk) :=

(
k∏
s=1

(ms +Njs)

)
eτ

2(ω+
∑k
l=1mlωjl )

∑k
l=1(1−ml)ωjl (149)

and

Bk := {(m1, ...,mk)|mj ∈ {0, 1}} (150)

as a set of all k-dimensional vectors (m1, ...,mk). E.g. B1 = {(0), (1)} and B2 =

{(0, 0), (0, 1), (1, 0), (1, 1)}. Eq. (148) is an induction hypothesis without a mathemati-

cal proof. However, it nicely reproduces the results for k ≤ 3 and it is intuitively clear that

nothing unexpected happens for k ≥ 4 which could lead to deviations from the proposed

general expression. Moreover, Eq. (148) reveals that Ik(ω) contains the EPC elements

Gj to the k-th power and phonon occupation numbers Nj up to the k-th power. Ik(ω)

therefore describes scattering of an electron with up to k phonons.

In principle it is possible to implement an approximative solution for I(ω) ≡ I(k1,k2, l,m, n)

including any number of orders k. Practically this will be limited by the k-fold sum
∑

j1,...,jk

where each index iterates over the whole Brillouin zone. For small EPC (Gj)
k should

quickly converge to negligible values. However, the limit of small EPC has been already

tackled with methods like perturbation theory in previous works and it would undermine

the advantage of the chosen formalism which is explicitly capable of handling arbitrary

EPC strengths. At a later time in my doctoral research I found a way to numerically

evaluate the full mobility equation without approximations, which reduced the signi�cance

of the approach in this section. I decided to present the analytical expansion if the time

integral anyway since it might be an interesting starting point for further considerations.

2.2 Molecular junctions

The physical quantities required for the calculation of the thermoelectric �gure of merit are

obtained within the Landau-Büttiker formalism from the electronic and phononic transmis-

sion functions τel(E) and τpn(E), respectively. The transmission functions are calculated

with our �rst-principles approach utilizing DFT (density functional theory) and NEGF

(non-equilibrium Green's functions) techniques, described in Refs. [73, 74]. DFT calcula-

tions were carried out with the quantum chemistry software Turbomole v7.2.1 [75].

Our exchange-correlation functional of choice is the Perdew-Burke-Ernzerhof through-

out all calculations [76, 77]. All atoms are assigned the default SV(P) basis set in Turbo-

mole. The starting point for a transport calculation is the choice of a particular geometry

of the leads and the placement of the molecule under study between the leads. After the
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initial de�nition the structure is relaxed until certain convergence criteria are satis�ed.

For the calculations in this work the total energy and the maximum norm of the Cartesian

gradients are converged below 10−6 and 10−3 a.u., respectively. After such a relaxation

step is �nished the lead distance is changed by a small amount and another relaxation is

performed. This process is repeated until a series of relaxed structures is obtained within

a desired range of the electrode separation. For each structure of such a series we subse-

quently calculate the electronic transmission function τel(E). After an additional phonon

calculation we also evaluate the phonon transmission function τpn(E).

2.2.1 Electron transmission

The basis for all our calculations is the description of the electron density within the DFT.

We employ spatially localized basis sets for the electronic wave functions which allow us

to express the Hamiltonian of the whole molecular junction

H =

 HLL HLC 0

HCL HCC HCR

0 HRC HRR

 (151)

as a block matrix. We denote the left, right and central parts of the junction with L, C and

R respectively. In the following X is a place holder for any of these labels. The knowledge

of the Hamiltonian allows us to compute the retarded self-energies

Σr
X(E) = (HCX − ESCX)grXX(E)(HXC − ESXC) (152)

in which the overlap matrix S obeys a similar block form as H. The retarded Green's

functions of the leads are

grXX(E) = (ESXX −HXX)−1, (153)

with X ∈ {L,R}, and that of the central cluster is

Gr
CC(E) = [(E + iη)SCC −HCC − Σr

L(E)− Σr
R(E)]−1 . (154)

The advanced Green's function and self energies are Ga
CC = (Gr

CC(E))† and Σa
X(E) =

(Σr
X(E))†, respectively. Finally, with the scattering rate matrices ΓX(E) = i (Σr

X(E)− Σa
X(E))

and Green's functions of the central part we calculate the electron transmission function

via

τel(E) = tr (ΓL(E)Gr
CC(E)ΓR(E)Ga

CC(E)) . (155)

The gr/aXX(E) are modeled as surface Green's functions of semi-in�nite leads, in�nitely

extending in the plane perpendicular to the transport direction. The required parameters
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are extracted from a spherical face-centered cubic cluster of 1415 gold atoms which is used

as an approximation for bulk material [74].

2.2.2 Phonon transmission

Like in the case of the electron transmission we calculate the phonon transmission using

Green's function techniques [73, 78, 79]. The phonons are described within the harmonic

approximation, in which the motion of the atoms can be fully characterized via a set of

coupled harmonic oscillators. The Hamiltonian reads

H =
1

2

∑
ξ

p̂2
ξ +

1

2~2

∑
ξ,χ

q̂ξ q̂χKξχ (156)

with the mass-normalized displacement and momentum operators q̂ξ =
√
MξQ̂ξ and

p̂ξ = P̂ξ/
√
Mξ, respectively. The index ξ = (i, α) implies the atom i and the Carte-

sian coordinate α ∈ {x, y, z}. Therefore, Mξ ≡ Mi denotes the mass of i-th atom and
~Ri = ~R

(0)
i + ~Qi its position. The commutation relations for these operators are

[q̂ξ, p̂χ] = i~δξχ, (157)

[q̂ξ, q̂χ] = [p̂ξ, p̂χ] = 0. (158)

The dynamical matrixKξχ = ~2Hξχ/
√
MξMχ is in the case of non-periodic systems simply

the mass-renormalized Hessian of the total potential energy. It is calculated within the

density functional perturbation theory (DFPT). Due to local basis sets we can decompose

the dynamical matrix into

K =

 KLL KLC 0

KCL KCC KCR

0 KRC KRR

 (159)

which is evocative of the block matrix Hamiltonian in the derivation of the electron trans-

mission. The phonon transmission is the expresses as [79, 80]

τph(E) = tr (Dr
CC(E)ΛL(E)Da

CC(E)ΛR(E)) , (160)

with the retarded and advanced Green's functions Dr/a
CC(E) of the central part. These can

be obtained as a solution of the following Dyson equation:

Dr
CC(E) =

[
(E + iη)2I −KCC −Πr

L(E)−Πr
R(E)

]−1
, (161)

Da
CC(E) = Dr

CC(E)†, (162)
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where 0 < η ∈ R is in�nitesimally small. The linewidth-broadening is governed by the

spectral density of the electrodes

ΛX(E) = i [Πr
X(E)−Πa

X(E)] (163)

with the contact self-energies

Πr
X(E) = Πa

X(E)† = KCXd
r
XX(E)KXC (164)

where drXX(E) are the surface Green's functions of leads L and R. These are extracted

from a face-centered cubic cluster of 333 gold atoms. The reduced number of atoms as

compared to the electron transmission is due to a signi�cantly greater numerical complexity

of phonon calculations.

In addition to the surface Green's functions of the leads, we also need to know the

dynamical matrices KCC, KLC and KRC in order to calculate the phonon transmission

function τph. These matrices are obtained from the dynamical matrixKECC of the extended

central cluster.

2.2.3 Landauer-Büttiker formalism

Starting from the electron transmission function we can calculate several quantities in the

linear-response regime, namely [81]

G = G0K0 (165)

S = − K1

eTK0
(166)

κel =
2

hT
(K2 −

K2
1

K0
) (167)

with the conductance quantum G0 = 2e2/h, elementary charge e, Planck constant h and

junction temperature T . The quantities Kn are de�ned as

Kn =

∫ ∞
−∞

dEτel(E)

(
−∂f(E)

∂E

)
(E − µ)n (168)

with the Fermi-Dirac distribution function f(E) =
(
e(E−µ)/kBT + 1

)−1
, Boltzmann con-

stant kB and chemical potential µ which we approximate as the Fermi energy EF of the

gold electrodes.

The phononic contribution to the total thermal conductance is given by [79]

κpn =
1

h

∫ ∞
0

dEEτpn(E)
∂n(E, T )

∂T
(169)
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with the Bose-Einstein distribution function n(E, T ) =
(
eE/kBT − 1

)−1
. This again is

a result from the Landau-Büttiker theory and in this case it implies the neglection of

anharmonic contributions to lattice dynamics.

We obtain a more intuitive understanding of the involved physics from the low-temperature

limits of the introduced quantities, i.e.

G ≈ G0τel(EF), (170)

S ≈ −eL0T
∂Eτel(E)

τel(E)

∣∣∣∣
E=EF

, (171)

κel ≈ L0GT (172)

with the Lorentz number L0 = π2/3 · (kB/e)2. These limits are valid as long as τel(E) is

approximatively constant on the scale of a few kBT around the Fermi energy EF. Expres-

sion (172) states that the thermal electronic conductance is proportional to the electrical

conductance and is referred to as Wiedemann-Franz law [25,82]. If this law holds true we

can replace G/κ in (176) by a constant factor and deduce the relation zT = S2 × const.,
i.e. in that case the �gure of merit merely depends on the thermopower.

For the sake of completeness we provide another expression for the phononic thermal

conductance,

κpn =
π2kBT

3h

∫ ∞
0

dEWpn(E, T )τpn(E) (173)

with a window function

Wpn(E, T ) =
3

π2

(
E

kBT

)2(
−∂n(E, T )

∂E

)
(174)

which ful�lls
∫∞

0 Wpn(E, T )dE=1.

In the following we use equations (165) to (169) for quantitative computations and the

low-temperature limits for the discussion of the results.

2.2.4 Thermoelectrics

The conversion from thermal to electrical energy has been a very appealing approach for

increasing the e�ciency of many electric and mechanic devices by harvesting waste heat.

Such thermoelectric devices are exploiting the Seebeck e�ect. The latter is the counterpart

to the Peltier e�ect, which in turn describes a thermoelectric device working as a heat

pump. Usually, a thermoelectric device can operate in both directions, i.e. creating a

temperature gradient out of a voltage gradient or vice versa. By changing the polarity

the heat pump can operate in reverse which allows to easily switch between cooling and

heating. Moreover, such solid-state devices are compact, operate silently and come with
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no moving parts. Their energy conversion e�ciency is [83]

η = ηC

√
1 + zT − 1√

1 + zT + Tc/Th
(175)

with Carnot e�ciency ηC = 1 − Tc/Th, temperatures at hot and cold sites Th and Tc,

respectively, junction temperature T and thermoelectric �gure of merit

zT =
GS2T

κ
. (176)

with electrical conductance G, thermopower S and total thermal conductance κ. The

maximum e�ciency η = ηC can be achieved in the theoretical limit zT →∞. In practice,

zT ranges between ~1 (commercially available devices) and ~3 (devices in research labo-

ratories) [42]. Albeit a huge potential applicability and extensive research a breakthrough

has yet to happen. In recent publications the quantum interference of electronic states

was proposed as a promising approach to increase the �gure of merit [40, 42, 54, 84]. And

indeed, theoretical calculations support that assumption. In order for zT to rise we either

need to increase the enumerator GS2T or decrease the denominator κ in (176).

2.2.5 Quantum interference of molecular orbitals

Molecular orbitals are localized electron states which can be described as wave functions

representing the electron density. Due to their wave nature the orbitals can exhibit inter-

ference e�ects: By principles of quantum mechanics, an incoming electron wave function

from one of the electrode travels through all molecular orbitals simultaneously, albeit with

di�erent probabilities for each of the latter. We can therefore have two typical scenarions.

In the �rst scenario, one particular molecular orbital is predominant while all others can be

neglected in the total transition porbability. In this case there can be no interference e�ects.

In the second scenarion however, two or more molecular orbitals are equally contributing to

the total transition of the incoming wave function. In this case, the eigenchannel (i.e. the

state through which the incoming wave function travels to the opposite electrode) will be

a superposition of the involved orbitals. Depending on the orbitals the interference can be

either of constructive or destructive type. A general rule for π-conjugated molecules exists,

according to which the sign of the wave function of the interfering orbitals at the left and

right electrode can be used to predict the interference type [16,85]. In the following I will

use a simple toy model to demonstrate this rule. In this model, the electronic transmission

of the molecular junction be expressed as

τ(E) =
(2πβ2)2

2
Ga(E)Gr(E)ρl(E)ρr(E) (177)

where β is the transfer integral between the electrode's and the molecular orbital, Ga/r(E)

the are matrix elements of the energy-dependent advanced and retarded Green's functions
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of the molecule that connect terminal sulfur atoms, and ρl/r(E) are the local densities

of states of the left and right leads. The zeroth-order Green's functions, describing a

molecular junction, in which the molecule does not interact with the leads, are given as

G(0)r/a(E) =
∑
k

cl,kc
∗
r,k

E − εk ± iη
(178)

with the expansion coe�cients cl/r,k of the k-th molecular orbital at the left/right site nd

the orbital energies εk. Using Gr/a(E) ≈ G(0)r/a(E), the transmission can be written as

τ(E) ∝ |G(0)r(E)|2. (179)

A general rule for the conductance, i.e. the transmission at the Fermi energy EF, can

be deduced from Eq. (177): Since EF − εHOMO and EF − εLUMO have opposite signs, the

corresponding summands in the zeroth-order Green's function,

cl,HOMOc
∗
r,HOMO

EF − εHOMO + iη
+

cl,LUMOc
∗
r,LUMO

EF − εLUMO + iη
,

will have the same (di�erent) signs, if the products cl,HOMOc
∗
r,HOMO and cl,LUMOc

∗
r,LUMO

have di�erent (same) signs. The sign of each coe�cient cl/r,k corresponds to the sign of the

wave function k at the particular site. Therefore, depending on the signs of the HOMO and

LUMO wave functions at the left and right sites, the two summands above will either have

the same sign (which constitutes constructive interference) or di�erent signs (destructive

interference). This basic example will be extended in section 4.2.1 to eight molecular

orbitals whose energies depend on the electrode separation, in order to model interference

e�ects in a real molecular break junction.
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3 Implementation

In this section I will present some of the implementation details regarding the polaron

mobilities. During the course of the doctoral research I developed a Fortran code of about

8800 lines which can calculate polaron mobilities. The program is named polmob, which

simply stands for �polaron mobilities�. It has an interface to a modi�ed version of EPW

form which it receives basically all system parameters. Polmob requires a con�guration

�le in which all other parameters and options are de�ned by the user. In the following

I will explain and discuss the basic structure of polmob and the con�guration �le. A

brief description of the interface to EPW and Wannier90 will be given subsequently, along

with the modi�cations of the former. The remaining two sections deal with the numerical

evaluation of the full mobility equation and its parallelization.

3.1 Polaron mobilities from �rst principles: polmob

The �rst version of polmob was written in C++. It allowed to calculate the coherent

and approximative incoherent mobilities from Eq. (113) and Eq. (121), respectively. The

system parameters and EPC matrix elements were rigidly de�ned within the code. The

calculations were parallelized over the temperature steps and restricted to shared-memory

systems. As the development progressed and the idea arose to use DFT for the calcula-

tion of the EPC matrix, porting the code to Fortran became an interesting option, since

all other programs of choice for the calculation of the electronic and phononic properties

are written in Fortran. The resulting Fortran version of polmob nicely �ts into the en-

vironment of Quantum Espresso, Wannier90 and EPW. Additionally, it uses the message

parsing interface (MPI) for distributed-memory parallelization, enables the calculation of

the full mobility according to Eq. (107), and implements an interface to EPW. The latter

is discussed in another section below. Parameters intrinsic to the polaron mobility theory

and other necessary variables are conveniently provided through a con�guration �le. An

example for such a �le can be found on the following page. In the following I will give a

brief explanation of the parameters.

� data_dir (mandatory, string) The relative or absolute directory in which polmob

can �nd the ab-initio system parameters from a previous EPW run.

� dos_random (default = .true., logical) If true, a random noise is added to the

k-points. This helps to reduce the noise in the calculation of the density of states

(DOS) through avoidance of symmetry-equivalent k-points.

� dos_mp_grid (mandatory, 3 integers) De�nition of the Monkhorst-Pack for the

DOS calculation.

� dos_steps (mandatory, integer) Number of energy steps or datapoints at which the

DOS is evaluated.
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An exemplary con�guration �le for a polmob run:

&polmob
data_dir = '/work/MoS2_1l/epwh/output '
dos_random_k = . t rue .
dos_mp_grid = 8192 , 8192 , 1
dos_steps = 1024
dos_sigma = 1
mob_mp_grid = 10 , 10 , 1
mob_mp_grid_mul = 2 .0

temp = 300 ! Kelvin
ccd_2d = 1 .6 e13 ! 1/cm^2
cc_hole = . t rue .
tau = 7.75E−13 ! seconds

nba = . f a l s e .
ca lc_inc = . t rue .
ws_dist_max = 2
omega_cutoff = 0.030 ! eV
sort_phonon = . f a l s e .
exclude_phonon_bands = 1−3
bandplot = . f a l s e .
verbose = . t rue .

&

� dos_sigma (default = 1, integer) Gaussian broadening in units of one energy step.

� mob_mp_grid (mandatory, 3 integers) De�nition of the Monkhorst-Pack for mo-

bility calculations.

� mob_mp_grid_mul (optional, �oat) If provided and greater than 1.0, the cal-

culation of the coherent and incoherent mobilities is repeated until convergence. In

each iteration the number of k-points is multiplied by this number.

� temp (mandatory, �oat) The temperature of the system in Kelvin.

� ccd_2d / ccd_3d (mandatory, �oat) The charge carrier density in the case of a

two- or three-dimensional system. The units are 1/cm2 or 1/cm3, respectively.

� cc_hole (default = .false., logical) If true, the charge carrier is a polaron hole. In

this case the polaron band is sampled at the top. If false, the charge carrier is a

polaron and the band is sampled at the bottom.

� tau (mandatory, �oat) The parameter τ in seconds which limits the polaron life time

due to its interaction with crystal defects or impurities of any kind.
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� nba (default = .false., logical) If true, the narrow band approximation is applied,

which yields results according to the non-local polaron theory [62], however, restricted

to local EPC terms. Mainly intended for debugging purposes.

� calc_inc (default = .true., logical) If false, skip the calculation of the incoherent

mobility and only consider the coherent part, which is much faster.

� ws_dist_max (optional, integer) Distance dmax de�ning a sphere in crystal coor-

dinates which includes the Wigner-Seitz cells to be considered in the calculation of

the incoherent mobility. It e�ectively limits the interaction up to a certain nearest

neighbor shell and is useful to speed up the calculation.

� omega_cuto� (default = 0.0, �oat) Phonon energy ~ωQ in eV below which the

corresponding gQ are set to zero. This is required to avoid the problem of diverging

EPC elements due to acoustic phonon branches.

� sort_phonon (default = .false., logical) If true, the phonon branches and all other

related quantities are sorted using the similarity argument of the phonon eigenvectors.

By default, the phonon bands from DFPT calculations are sorted by energy. The

sorting is not very reliable and should be only considered for bands along a path in

the Brillouin zone.

� exclude_phonon_bands (optional, integers and/or intervals) In combination with

sort_phonon, this enables to exclude certain phonon branches from the calculation.

If this option is used to exclude acoustic phonon bands, there must be a band gap

between the optical and acoustic branches. Otherwise this option might be unreliable.

If in doubt, use omega_cuto� instead. Example: �exclude_phonon_bands = 1-3�

is equivalent to �exclude_phonon_bands = 1, 2, 3�. Intervals can be combined with

other intervals or with integers, e.g. �exclude_phonon_bands = 1, 3-5, 7, 10-12�.

The calculation of the coherent mobility according to Eq. (113) requires some prepara-

tory work. First of all, the polaron band energies ε̃i(k) of i-th band16 need to be calculated.

These are obtained as eigenvalues form the diagonalized polaron Hamiltonian in k-space:

H̃(k) =
∑
n

eikRn ε̃0n (180)

With the knowledge of ε̃i(k) we can calculate the density of states ρ(E) as a function of

energy E. Since DOS calculations require a very dense k-point sampling, it is worth paral-

lelizing the preceding band structure calculation which is trivially done over the vectors k.

During the DOS calculation a Gaussian broadening is applied to the discrete energies ε̃i(k)

16Many parts of the code were implemented from the beginning with the possibility in mind to support
multi-band / multi-orbital calculations in the future. The required mobility equations are yet to be derived,
as discussed in the outlook section.
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- configuration file
- system parameters
- ab-initio results from QE, W90, EPW

data read-in

- sorting of phonon branches
- phonon energy cutoff

data preprocessing

polaron Hamiltonian

polaron bands

polaron DOS

polaron Hamiltonian

chemical potential

polaron bands

polaron band velocities

coherent mobility

incoherent mobility converged?

data output

yes

no

refine MP grid

Figure 1: This �owchart describes major steps during a polmob run. The temperature
is constant during the whole calculation. To obtain mobilities at di�erent temperatures,
several polmob executions are required.
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to reduce the noise. Once the DOS is available, the chemical potential ζ = ζ(ncc, T ) is

calculated as a function of the provided charge carrier density ncc and the temperature T .

For that polmob uses an iterative bisection method, starting with the initial interval given

by ζ0
min and ζ0

max. A trial charge carrier density

nicc :=

∫ ∞
−∞

dEρ(E)n(ζi, T ) (181)

is calculated for a trial chemical potential ζi. The resulting nicc is then compared to the

desired ncc. If nicc > ncc the interval is adapted accordingly as ζi+1
max = (ζimax− ζimin)/2 and

ζi+1
min = ζimin, otherwise as ζ

i+1
min = (ζimax− ζimin)/2 and ζi+1

max = ζimax. This is done iteratively

until the true chemical potential is con�ned in the interval [ζimin, ζ
i
max] with a precision of

|ζimax − ζimin| < 10−12 eV.17

At this point the polaron band energies are recalculated on a new k-grid, which is usu-

ally less dense than that used for the DOS. The polaron band velocities are then calculated

on that grid as �rst derivatives of the band energy with respect to the k-vector. The band

energies are calculated in crystal coordinates, where

k =

 nx/Nx

ny/Ny

nz/Nz

 , nα ∈ {0, ..., Nα − 1} ⊆ N (182)

de�nes the wave vectors on the Monkhorst-Pack grid Nx×Ny×Nz. To obtain band energy

derivatives in Cartesian coordinates k′, we do the following:

∂ε̃(k)

∂k
′
j

=
∂ε̃(k)

∂k
· ∂k
∂k
′
j

= ∇kε̃(k) · ∂

∂k
′
j

k = ∇kε̃(k) ·
(
B−1ej

)
(183)

Here, B−1 denotes the inverse of the 3 × 3 matrix B := (b1,b2,b3) where bj are the

column basis vectors of the reciprocal space in Cartesian coordinates. ej is the unit-

vector in j-direction. In the last step we used the transformation between crystal and

Cartesian coordinates k′ = Bk ⇔ k = B−1k′. So the band derivatives in Cartesian

coordinates are obtained as a product of the derivatives in crystal coordinates and B−1ej .

To get the derivatives in crystal coordinates, ∇kε̃(k), the band energies on the whole three-

dimensional k-grid are �tted with cubic splines in each direction and the �rst derivatives

are obtained from the spline coe�cients.

At this point, all quantities required for the calculation of the mobilities are known

and the code proceeds with the evaluation of the coherent and incoherent contributions. If

convergence is requested in the con�guration �le, the code recalculates the mobilities on a

denser grid until the maximal change of the diagonal of the mobility tensor drops below one

17This algorithm works for negatively charged carriers. If we are instead interested in positively charged
carriers, the carrier density needs to be calculated as nicc =

∫∞
−∞ dEρ(E)(1 − n(ζi, T )) and the condition

for the next iteration of [ζi+1
min , ζ

i+1
max] reads nicc < ncc.
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percent. The coherent and incoherent mobilities are converged independently. Moreover,

the algorithms which I use for the evaluation of the full mobility equation do not require

the approximation which leads to the splitting of the mobility into coherent and incoherent

parts. Therefore, there is no technical need for this splitting and it is actually possible to

calculate the whole mobility all at once. However, this has no impact on the execution

time, which is the reason why the mobilities in polmob are calculated always separately.

On the contrary, if one is interested just in the coherent part, the execution time can be

massively reduced by simply skipping the routine for the incoherent contribution.

The described steps are summarized in the �owchart in Fig. 1. In all the calculations

the system temperature T is constant. If we are interested in the temperature dependence

of the mobilities, an independent run for each of the temperature steps is required. To

conveniently manage the calculations, I wrote a Python script called jobgen.py which

enables the user to create a set of jobs for a certain temperature range. These jobs can

be automatically enqueued in a high performance computing (HPC) cluster. After all jobs

�nished, jobgen retrieves the results and stores them in a single �le. The Python script

can optionally assign an individual MP grid for each temperature, since low temperatures

require a much �ner k-sampling, see e.g. Fig. 19 on page 64.

3.2 Interface to EPW and Wannier90

The ab-initio results form Quantum Espresso are passed to EPW and Wannier90 together

with the information about the system like e.g. the unit cell and atomic positions. I had

to modify the source code of EPW since the original version does not have the option

to write the required quantities to the hard drive. In addition to the parameters in the

con�guration �le, polmob receives the following information about the system from EPW:

� EPC matrix (epmatwef.raw)

� electron real-space Hamiltonian (hamiltonian.raw)

� Wigner-Seitz vectors (irvec_k.raw, ws_degen.dat)

� phonon Monkhorst-Pack grid (q.raw)

� phonon eigenenergies (wf.raw)

� phonon eigenvectors (uf.raw)

� unit cell vectors (sysinfo.dat)

The central quantity in EPW from the perspective of this thesis is the EPC matrix in the

so called mixed Wannier-Fourier representation: [68]

gλmn(q) =
∑
k

eik(Rm−Rn)U †mi,k+qg
λ
ij(k,q)Ujn,k (184)
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- DFT:
- structural relaxation
- ground state density
- electron bands

- DFPT:
- phonon bands
- EPC matrix in k-q-space

on a coarse grid

Quantum Espresso

- maximally localized
Wannier functions

- real-space Hamiltonian
- rotation matrices

Wannier90 EPW

polmob

- Wannier-Fourier interp. of:
- phonon bands
- EPC matrix

- output of EPC matrix in
mixed R-q representation
on arbitrary q-grid

- electron and phonon
band structures

- polaron band structure
- polaron density of states
- chemical potential
- coherent and incoherent

mobilities

Figure 2: This chart shows the data�ow from the DFT software package Quantum Espresso
to the post-processing programs Wannier90, EPW and �nally to polmob.

To obtain this representation, EPW needs to know the rotation matrices Uk which trans-

form electron band states into localized orbital-like Wannier states. The Uk are calculated

byWannier90 in the search for maximally localizedWannier functions (MLWF). The poten-

tial variations ∂q,λV in the expression for the EPC matrix gλij(k,q) = 〈i,k+ q|∂q,λV |j,k〉
are calculated with Quantum Espresso and passed to EPW. Wannier90 also calculates the

real-space electron Hamiltonian εmn and passes it to polmob. An overview of the data�ow

is depicted in Fig. 2.

3.3 Evaluation of the full mobility equation

The goal here is to evaluate the full mobility equation (107) without the approximation

of dispersionless phonon modes and with the full q−dependence of the EPC. The time

integral

I(k1,k2, l,m, n) =

∫ ∞
−∞

dte
it
~ (ε̃(k1)−ε̃(k2))e−

∑
Q ΦQ(t)ΓQ

0l0ne
−iQRm

e−( tτ )
2

(185)

occurring in the mobility is not analytically solvable. As shown in a previous section, a

Taylor expansion of the exponential function e−
∑

Q ΦQ(t)ΓQ
0l0ne

−iQRm
in the integrand can

be used to express the integral as an in�nite sum over Taylor terms which for k-th order

obey the form given in Eq. (148). However, this expansion does not constitute a closed-

form expression and can only be practically evaluated up to a certain order. The number

of orders required to approximate ez around 0 = z ∈ C with a Taylor series increases
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very quickly, especially if the expansion needs to be evaluated at negative z.18 Since k-th

order requires the evaluation of a k-fold sum over the Brillouin zone, this approach quickly

becomes rather impractical.

Another possibility to evaluate I is the use of numerical integration routines. The

problem here is that the integrand is a highly oscillatory function19, as is obvious form

two examples shown in Fig. 3. The integration of such functions is demanding due to

the required number of evaluations of the integrand at di�erent positions. Moreover, the

integral amounts to relatively small values compared to the range of the integrand, which

means that the integration needs to be of high absolute precision (for reliable results, the

relative precision needs to be at least 10−8 according to tests). Such a type of integration

is used in polmob to evaluate the approximative mobility Eq. (121) (along with a few other

numerical tricks which can be applied there). However, since the full mobility Eq. (107)

requires signi�cantly more evaluations of the time integral, this approach is impractical.

A useful feature of the full time integral is that it actually constitutes a Fourier trans-

formation. As done in section 2.1.5, we can write I(k1,k2, l,m, n) = I(ω, l,m, n) with

ω = (ε̃(k2)− ε̃(k1)) /~ and the integral reads

I(ω, l,m, n) =

∫ ∞
−∞

dteitωe−
∑

Q ΦQ(t)GQ
0l0ne

−iQRm
e−(t/τ)2 (186)

which is the Fourier transformed F(f(t, l,m, n))(ω) of

f(t, l,m, n) := e−
∑

Q ΦQ(t)GQ
0l0ne

−iQRm
e−(t/τ)2 . (187)

Using the discrete Fourier transformation we solve the time integral for a range of ω

simultaneously. The required range of ω is [−ωmax, ωmax] where ωmax = max
k∈BZ

(ε̃(k)) −
min
k∈BZ

(ε̃(k)) corresponds to the maximal energy di�erence which can be transferred between

the charge carrier and the phonons during the scattering process. The Fourier transformed

for the exemplary function f(t) from Fig. 3a is plotted in Fig. 4a. It is actually calculated

on a broader ω-range than de�ned above due to speci�cs of the discrete Fourier transform.20

The Fourier transformed can be e�ciently obtained with the fast Fourier transform

algorithm. Since we now have the solutions I(ω, l,m, n) on an equidistant ω-grid, a pair

of wave vectors (k1,k2) will in general lead to a certain value of ω which does not match

18For z < 0 the Taylor expansion reads ez =
∑∞
k=0

(−1)k

k!
|z|k which is an alternating series. Such series

can be deceitful in the sense that the approximation becomes worse with increasing order k until a certain
k0, from which on the approximation becomes more and more exact. This is due to the alternating sign
(−1)k of each order and the quickly growing |z|k, which grows faster than k! for the �rst several terms.
Depending on the actual value of z the order k0 can be actually very large.

19I would like to stress that the �expansion of the integrand� is actually an expansion of the exponential
function containing the sum overQ within the integrand. Trying to expand the highly oscillatory integrand
itself would be a hopeless endeavor straight from the beginning.

20The resolution dω of the Fourier transformed �signal� F (ω) is inversely proportional to the interval
[tmin, tmax] in which f(t) is provided. Additionally, since the discrete Fourier transform always assumes a
periodic function f(t), care needs to be taken when using it for functions which are not necessarily periodic.
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(a) 2D test system. Rl = (−1,−1, 0), Rm = (0, 0, 0) and Rn = (1, 0, 0) in crystal
coordinates. τ = 7.75 · 10−13 s.
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(b) Single layer MoS2. Rl = (−2, 0, 0), Rm = (0, 2, 0) and Rn = (−1,−1, 0) in crystal
coordinates. τ = 2 · 10−12 s.

Figure 3: Exemplary plots of the integrand f(t) ≡ f(t, l,m, n) for a particular choice of
(l,m, n) and for two di�erent systems. The highly oscillatory character of the function is
apparent.

47



3.3 Evaluation of the full mobility equation 3 IMPLEMENTATION

any of those on the grid. To obtain the integral for the missing ω I use a cubic spline

interpolation of I(ω) on the whole grid. This allows to e�ciently retrieve I(ω) for any

value of ω within the range of the Fourier transformed result. Since the interpolation

algorithm �rst needs to search for the closest ω on the grid before it can interpolate the

function, it is advisable to reduce the count of the datapoints to its minimum. Moreover,

the interpolation does not require equidistant datapoints. Therefore, to reduce the size

of the data I have implemented a so called adaptive spline algorithm. For a given set of

datapoints it essentially calculates a new set which maintains the datapoint density where

required while it reduces the density where F (ω) shows less features. At this point the data

is also truncated to the physically meaningful interval [−ωmax, ωmax] as discussed above.

The result is shown in Fig. 4b in which individual datapoints are marked with circles.

A detailed view is additionally provided in Fig. 5 where one can clearly see the variable

datapoint density which correlates with the complexity of the function. The reduction

of the dataset leads to signi�cantly shorter execution times, since the bottleneck in the

whole calculation is no longer the direct evaluation of the time integral. Instead, it is the

search algorithm within the spline interpolation. The binary search is used here as the

most appropriate algorithm for such tasks, due to its advantageous numerical complexity

O(logN), where N is the size of the dataset.21

The evaluation of the full mobility can be summarized as follows:

1. For a certain triple (l,m, n) precalculate f(t, l,m, n) on a range [tmin, tmax].

2. Calculate the Fourier transformed F (ω, l,m, n).

3. Iterate over all pairs (k1,k2). Thereby, calculate I(k1,k2, l,m, n) from the cubic

spline interpolation of F (ω, l,m, n). Add the result to the total sum.

4. Repeat 1. to 3. for all triples (l,m, n).

The results for I(ω) and µ obtained with this method were thoroughly compared against

results from direct numerical integration. The tests showed that this method yields values

which are precise up to 10−6 if the FFT grid and the time interval [tmin, tmax] for f(t) are

chosen correctly. An FFT grid of NFFT = 16.384 datapoints and a time interval [−4τ, 4τ ]

was su�cient. These were doubled to 32.768 and [−8τ, 8τ ], respectively, to be on the

safe side. In general one is advised to check if the FFT grid and the sampling duration

are appropriate for the particular system. The highest frequency of the oscillations in

f(t) is determined by the phonon frequencies ωQ and by (ε̃(k2)− ε̃(k1)) /~. The time

discretization ∆t = (tmax− tmin)/NFFT must be chosen such that these frequencies can be

correctly sampled.
21For one triple (l,m, n) we need to interpolate the integral N2

k times. The latter can be a very large
number, since a �ne k-sampling is required especially at lower temperatures. E.g. a Monkhorst-Pack grid
of 50 × 50 × 50 k-points leads us to N2

k = 1.5625 · 1010. Practically, many of the pairs (k1,k2) can be
ignored due to the vanishing factor nk1(1−nk2) as discussed elsewhere in this thesis. Nevertheless, a very
large number of pairs remains to be calculated.
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(a) F (~ω) = F(f(t))(ω)
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(b) Post-processed response Fopt(~ω) with adaptive spline interpolation.

Figure 4: The calculated response F (~ω) for the function f(t) from Fig. 3a.
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Figure 5: Zoom around zero of the real part of Fopt(~ω) from Fig. 4b. After post-processing,
regions with less features have a lower datapoint density than those with more features.
The reduction of datapoints leads to faster searching, which is required in the spline inter-
polation of F (~ω).

3.4 Parallelization

The calculation of the full mobility equation is parallelized over the direct space indices l,m

and n. The parallelization follows the master/worker scheme in which there is a master

process which divides the workload into pieces and dynamically distributes these across a

set of worker processes. This parallelization scheme allows load balancing, i.e. an optimal

utilization of all available processes. On the contrary, a parallelization scheme without

load balancing usually divides the overall workload into pieces of equal size, which does

not necessarily correspond to equal execution time. Rigid schemes without load balancing

are well suited for problems where the execution time is proportional to the size of the work

piece. Here, each triple (l,m, n) has a di�erent execution time due to the search algorithm

in the spline interpolation. Tests have shown, that dividing the overall workload into pieces

of equal size (equal number of triplets (l,m, n)) leads to scenarios in which some of the

processes end their work much earlier while some other processes need distinctly more

execution time. Only a small percentage of processes is running during the last third of

the calculation while all other processes are idling. The precise numbers depend e.g. on

the particular MP grid count of Wigner-Seitz cells. However, the load balancing in the

worker/master scheme avoids idling threads in any case. The biggest disadvantage is the

more complex implementation as compared to simpler parallelization schemes.
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The master process in polmob �rst de�nes the set of all triples (l,m, n): The code o�ers

the possibility to restrict the Wigner-Seitz cells which are considered in the calculation by

providing an integer dmax, which de�nes a sphere in crystal coordinates. All Wigner-Seitz

cells within this sphere are included in the calculation, all others are neglected. This allows

to potentially reduce the computation time since it is roughly proportional to the third

power of the included unit cells. The drawback is that it requires a convergence check with

respect to dmax, as discussed in the results section.

After the set of (l,m, n) is speci�ed, the master process sends the initial work pieces to

all workers and waits for their response. Each worker receives a subset of triples (l,m, n)

and carries out the corresponding calculations according to section 3.3. The results are

sent back to the master process, which in return sends another piece of work, until all

triples were distributed. Finally, the master process waits for the last results from the

workers and subsequently adds all results to the total mobility.

The parallelization is implemented using the message parsing interface (MPI). The

maximum number of parallel processes is limited by the number of triples (l,m, n), which

ranges roughly between 200 and 100.000, depending on the system and on the interaction

radius dmax. Tests with up to 128 processes (8 nodes with 16 processes each) show a

nearly-linear scaling of the performance. Since there is very little communication between

the master and the workers, the excellent scaling can be likely achieved for much larger

numbers of processes.
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4 Results

4.1 Polaron Mobilities

4.1.1 Three-dimensional dispersionless model

To demonstrate the validity of the code I chose the model system from Ref. [64] as a

reference. It has a primitive orthorhombic unit cell with lattice constants a := 4Å, b := 5Å

and b := 7Å which are reasonable values for typical organic molecular crystals. The

corresponding nearest-neighbor transfer integrals are εa := 100meV, εb := 50meV and

εc := 20meV, respectively. The model includes one dispersionless optical phonon mode at

~ωE := 10meV, following the Einstein model. The dispersionless electron-phonon coupling

of that mode is gE := 1. The disorder energy of the model crystal is ~/τ = 0.1meV. The

charge carrier density equals 10−8 carriers per unit cell.

The mobilities for this system were calculated between 10 and 1000K using the method

described in section 3.3. Since the method requires the EPC matrix elements on the whole

q-grid and the model provides only one value, the elements were precalculated on a 4×4×4

MP grid according to

gEmm(q) =
gE√
Nuc

eiqRm (188)

which was the original assumption in the derivation of the approximate mobility in Eq. (121).

10-1

100

101

102

103

104

10 100 1000

M
ob

ili
ty

 (
cm

2 /V
/s

)

Temperature (Kelvin)

coh.

inc.

total

Figure 6: Mobilities for the three-dimensional dispersionless model obtained with the
method from section 3.3.
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A

B

Figure 7: Two-dimensional model of a system with two atoms per unit cell (A and B).
There are three types of springs representing the forces between the atoms. Blue (orange)
springs with spring constant ca (cb) account for forces between atoms of type A along the
crystal axis a (b). Green diagonal springs connect neighboring atoms of di�erent types
with the spring constant cd.

On comparing the resulting mobilities in Fig. 6 with those in Fig. 5.3a from Ref. [69] we

can conclude that the implementation presented in this thesis gives similar results for the

dispersionless model.22 Another �nding is that the approximation on page 26 where δm0

and δm,l−n were neglected to arrive at Eq. 121 is indeed very reasonable for systems with

dispersionless phonons and EPC.

4.1.2 Two-dimensional model with dispersion

Although relatively simplistic, the model in the previous section was su�cient to demon-

strate the capabilities of the new theory at that time. Here I would like to investigate the

signi�cance of the full dispersion in the phonon energies ~ωQ and the EPC matrix gQ.

This requires a model system from which the q-dependent quantities can be derived.23 For

this reason I de�ne a centered rectangular unit cell with dimensions a := 4Å and b := 5Å.

The choice for a two-dimensional system has several reasons: First of all, it is the simplest

system with the possibility of an anisotropic mobility. Secondly, in the next section we

will see results for single-layer MoS2, which is also a two-dimensional system. It might be

interesting to see in which aspects these systems are similar and in which other aspects

they di�er. Lastly, compared to a three-dimensional model system there are fewer con-

22In Ref. [69] there are some minor deviations in the incoherent mobilities between 10 and 60K between
Fig. 5.3a and Fig. 5.4. The source of this ambiguity is not clear to me and the author did not provide
an explanatory note. Since low temperatures need a �ne k-sampling, the results in Fig. 5.4 from that
reference may have been extrapolated to save computation time.

23To be more precise, since the extended model in this section has several phonon branches λ, the phonon
energies and EPC matrix elements are actually Q-dependent, where Q = (q, λ).
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stants which need to be de�ned and the mobilities can be calculated faster.24 In order to

get optical phonon modes, the unit cell contains two atoms at positions RA = (0, 0, 0) and

RB = (1/2, 1/2, 0) in crystal coordinates. Their masses aremA = 90 u andmB = 30 u. The

atoms are connected with springs of di�erent strengths, depending on the direction. The

springs in x- and y-direction connect atoms of type A with spring constants cx = 1.5 eV/Å2

and cy = 1.0 eV/Å2, respectively. The diagonal springs with cd = 4.0 eV/Å2 connect atoms

of di�erent types. All spring-mediated interactions between atoms A and B from the same

unit cell are shown in Fig. 7. With this the phononic system is fully de�ned. It remains

to de�ne the electronic part and its coupling to the phonons. Since the current formalism

(and therefore the implementation in polmob) considers only one electron orbital per unit

cell, we need to de�ne two transfer integrals, which connect the orbitals of neighboring

unit cells along the two crystal axes: εa := 100meV and εb := 50meV. The limitation of

the theory to merely local EPC means that the derivatives of these transfer integrals with

respect to the spatial separation of the corresponding orbitals is of no relevance. However,

the local EPC matrix element needs to be de�ned. It is governed by the derivative ε′0 of

the on-site energy ε0 of the orbital with respect to its displacement from the ground state.

The on-site energy can be set to zero since it simply corresponds to a shift of the band,

which is unimportant in a one-band model. The derivative is set to ε′0 = 3 eV/Å. Under

these presuppositions the local EPC is derived from the general Eq. (9) and reads:

gλ0 (q) =
1√

2ω3
λ(q)~Nuc

1
√
mA

ε
′
0

ε′0
0

 · eλA(q) (189)

Here I have associated the electron orbital with the atom A for simplicity. Thus the mass

of atom A enters the equation as well as its polarization vector eλA(q). Another option

would be to choose atom B as the host of the electron orbital. Depending on the dynamics

of the chosen atom the resulting coupling will vary. In principle, the electron orbital can

represent a state which originates form the atomic orbitals of both atoms.25 In this case

the above equation will contain more terms and it can be likewise derived from the general

equation for EPC.

Having completely de�ned the model system, the polaron band and density of states

can be calculated according to the steps in one of the previous sections. As an example,

Fig. (9) shows the polaron band and DOS at T = 300K, where the bandwidth is reduced

to approximately 100meV. The charge carrier density is set to 1.6 ·13 cm−2 which amounts

24The code can handle two- and three-dimensional systems just as well. The only di�erence is that
depending on the dimensionality, the parameters ccd_2d, ccd_3d, mob_mp_grid and dos_mp_grid in
the input �le need to be addressed di�erently.

25This will be the case for MoS2 later on, where the local EPC element depends on all phonon branches
and thereby on all displacements of all atoms in the unit cell. However, the calculation there is automated
and there is no need to de�ne the ε′0 for each phonon branch since all quantities are obtained from ab-initio
calculations.
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Figure 8: The �rst Brillouin zone of the two-dimensional model system (black box) spanned
by the reciprocal basis vectors (blue arrows). The path (green arrows) along high symmetry
points (red letters) is used in the subsequent band plots. The Brillouin zone is three-
dimensional, since the two-dimensional system is embedded in a three-dimensional unit
cell.

to about 0.009 carriers per unit cell. The carrier type is assumed to be a polaron hole,

thus the band is sampled at the top and the DOS is �lled from above.

The calculation of the phonon eigenenergies ~ωλ(q) and eigenvectors eλA/B(q) involves

the calculation of the Hessian matrix of the potential energy (also known as force constant

matrix). A Fourier transformation of the Hessian matrix yields the dynamical matrix at

the wave vector q. After a subsequent diagonalization of the dynamical matrix one arrives

at the phonon eigenvalues and eigenvectors. This process is repeated for any desired set

of q-points which may represent a MP grid, or, like Fig. 10 a path along high symmetry

points in the Brillouin zone. The phonon band structure of the current model system has a

band gap between the acoustic and optical branches. There should be actually six phonon

modes instead of four. The two missing modes are the acoustic and the optical out-of-plane

mode, respectively. Their energy amounts to zero. This is due to the fact that the spring

constants de�ne a quadratic potential with respect to in-plane displacements of the atoms,

whereas out-of-plane displacements lead to higher order changes in the potential. However,

the harmonic approximation of the phonon system only considers potential variations due

to linear and quadratic terms in the displacement of the atoms. For the two missing modes

to appear in the band structure one would need to de�ne additional springs which pull

the atoms back upon out-of-plane excitations with a linear force-to-displacement relation.

The additional modes will not add any novel e�ects to the system and are therefore left

aside.26

For the remaining longitudinal optical (LO) and transverse optical (TO) modes I calcu-

26The band structure of MoS2 in the following naturally shows all nine branches for the three atoms in
the unit cell. There the ab-initio potential governing the phonon energies is three-dimensional.
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Figure 9: The polaron band at T = 300K and the polaron density of states for the two-
dimensional model system.

late the local EPC matrix elements according to the equation given above. Their relative

magnitudes |gLO/TO0 (q)| are represented as the width of the color-shaded bands in Fig. 10.

This representation clearly shows that the dispersion relation of the EPC matrix is far

from being constant, even though the relative changes in the energy of the optical modes

are fairly moderate. However, in several publications it is claimed that the weak en-

ergy dispersion of the optical modes can be translated to similarly weak dispersion of the

corresponding EPC matrix elements. Tests with di�erent sets of constants for the tow-

dimensional model system (not presented in this thesis) have indeed shown that such a

scenario can happen. However, the statement that relatively �at optical branches lead to

nearly dispersionless EPC matrix elements is in general not true, as the current example

shows.

We have now determined almost all parameters for the evaluation of the mobilities.

The remaining variable is the disorder parameter τ . Since this parameter was introduced

phenomenologically in the derivation of the mobility equations, we do not have a frame-

work for its estimation, let alone its rigorous calculation. The quanti�cation of τ might

motivate another project in the future. Having said this, we can use the advantage of

the computation method developed in this thesis, which reduces the execution time to a

reasonable level. In combination with the ability to run the code on HPC systems, we

can compute µ(T, τ) on a grid spanned by the temperature T and the disorder parameter
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Figure 10: The phonon band structure for the two-dimensional model system. Black lines
represent the energy of the phonon branches. The width of the orange-shaded bands is
proportional to |gλ(q)|.

τ .27 Fig. 11 shows the coherent, incoherent and total mobilities between 10 and 1000K

whereas τ ranges 6.3 · 10−15 and 4.5 · 10−13 sec. The coherent mobilities in the upper plot

are equidistantly spaced. This is because the coherent mobility is directly proportional

to τ which increases exponentially on the de�ned range. The shape of the coherent con-

tribution does not change, which is also apparent from Eq. (113). On the contrary, the

incoherent part behaves by far more complex. In the lower temperature range, it reaches

relatively high values for small τ and quickly drops upon increase of the latter. This is

interesting insofar as small τ represents a high disorder (e.g. a high density of defects)

in the crystal. Therefore, the incoherent transport actually increases with the impurity

of the system at low temperatures, which might sound counterintuitive. To see a more

complete picture, Fig. 12 shows µ versus τ at four di�erent temperatures. The disorder

parameter τ now covers a broader range than in Fig. 11, where its range was reduced for

better clarity. The broader range reveals the existence of local maxima in µinc(T = 10K, τ)

at τ = 6.3 · 10−15 sec. Moreover, for small τ the incoherent mobility is proportional to τ

on the whole temperature range. How can we understand these results? The expansion of

the time integral in section 2.1.5 can give us some insights. From the �rst order integral in

27As will become clear in the following section, such calculations are still very expensive for realistic
systems where the electron orbitals interact with signi�cantly more neighbors than just the nearest.
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Figure 11: Coherent, incoherent and total mobilities of the two-dimensional model system.
The color of the lines represents the value of the disorder parameter τ . Higher values
correspond to less disorder. To avoid overloading of the plots only the mobilities along the
crystal axis a are shown.
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Figure 12: Incoherent mobility along crystal axis a of the two-dimensional model system
versus disorder parameter at four di�erent temperatures.

Eq. (135) we see after a simple regrouping of terms that I1 is proportional to terms such as

τ

(1 +NQ(T ))e(ω+ωQ)2 +NQ(T )e(ω−ωQ)2︸ ︷︷ ︸
=:p(T )


− 1

4
τ2

= τp(T )−
1
4
τ2 (190)

where ~ω = ε̃(k2)− ε̃(k1) is again the energy di�erence between the outgoing and incoming

charge carriers. I explicitly highlight the temperature dependence of the phonon occupation

number NQ(T ) because it shows that both processes are temperate-activated. The term

proportional to (1 + NQ) accounts for phonon emission and that proportional to NQ for

phonon absorption. The Taylor expansion in τ reads

τp−
1
4
τ2 = τ − 1

4
ln(p)τ3 +

1

32
ln(p)2τ5 +O(τ7) (191)

where p ≡ p(T ). From this expansion we see that for small p (and thus for small T ) the

integral I1 must be roughly proportional to τ if the latter is small. With growing τ the

next highest order becomes important and I1 starts to decrease due to the negative sign

of −1
4 ln(p)τ3. This is exactly what we observe in Fig. 12 at low temperatures.

With growing temperature higher order terms in the upper Taylor expansion become
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Figure 13: Atomic structure of single-layer MoS2 from di�erent perspectives. The structure
resembles a honeycomb lattice with alternating atoms, in which the layer of Mo atoms is
encapsulated between the two layers of S atoms.

increasingly important.28 I.e. the term proportional to −τ3 causes I1 to drop with growing

temperature. This is however only valid for small τ . With growing τ the exponential

character of p(T )−
1
4
τ2 becomes essential and therefore the scattering mechanism by itself.

One should also not forget about higher order time integrals In≥2, which contribute to

the calculated incoherent mobilities. Last but not least, the coherent mobility plays a

signi�cant role in this model system. The resulting total mobilities in the lower plot of

Fig. 11 exhibit a rather rich and non-linear dependence on the discussed parameters. The

variation of e.g. the phonon dispersion or the EPC will introduce even more complexity

into the discussion. However, I would like stop the investigation of the model system here

and proceed with the next section, in which the parameters of a real system are extracted

from DFT and DFPT calculations.

4.1.3 Single-layer MoS2

Transition metal dichalcogenides became very popular after the discovery of graphene

which induced an intensive research �eld of two-dimensional materials. These materials

are characterized by MX2 where M is a transition metal (e.g. Mo or W) and X is a

chalcogen (e.g. O, S, Se, Te). The best-researched compound from this group of materials

is certainly molybdenum disul�de. For this reason MoS2 is useful as a benchmark material.

One of the interesting features of MoS2 is the transition from a direct to an indirect band

gap when the number of layers is increased. [86] In this work I concentrate on the monolayer

28p(T ) is a strictly monotonically increasing function of T .
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Figure 14: The �rst Brillouin zone of single-layer MoS2 (black box) spanned by the recip-
rocal basis vectors (blue arrows). The path (green arrows) along high symmetry points
(red letters) is used in the subsequent band plots.

of the compound. The corresponding band structure in Fig. 15 tells us that the material

has a direct band gap at the high symmetry point K.

discuss tau w.r.t. Fig. 1a in Nanoscale, 2018,10, 15071

The Fermi-Dirac distribution function nk = n(E = ε̃(k), T = 0K) is essentially a

mirrored and shifted Heavyside function. Its step-function-like character at the energy E

becomes progressively smeared out with increasing temperature. It enters in the coherent

and incoherent mobility equations via the Pauli blocking factors nk(1−nk) and nk1(1−nk2),

respectively. These factors narrow down the states in the k-space contributing to the

charge transport. The Pauli blocking factor at very low temperatures approximates a

Dirac function, as apparent from Fig. 36 on page 90 from the Appendix. This means that

only a small fraction of k-states de�ned by the MP grid really matters in the calculation of

the mobility at low T , which poses a problem. For a reliable result we need to evaluate the

mobility on a very dense grid k-grid so that enough points are captured despite the narrow

energy window dictated by the blocking factor. Due to the twofold sum over electron wave

vectors in the full mobility equation we end up with a huge number of pairs (k1,k2). I found

a simple way to reduce the number of evaluations by a few orders of magnitude (depending

on the temperature, the band shape and other parameters). It is a conditional evaluation

of all k-dependent terms, in which summands are only calculated if the corresponding

blocking factor is above a small threshold value, e.g. nk1(1−nk2) > 10−10 which is used as

a default value in polmob. Tests have shown that this numerical approximation has very

little in�uence on the resulting mobility while it drastically decreases the execution times.

Nevertheless, calculations at low temperatures are way more demanding than such around

room temperature or above. This motivates the approach to start the calculations at a

coarse k-sampling and iteratively re�ne it until the mobility converges. Repeating this for

every temperature step results in an overall converged mobility on the whole range of T .

Fig. 19 shows the number Nk of k-points for which a convergence of µ for a particular T is
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Figure 15: The electron band structure of MoS2 from DFT. The valence band is �tted
with a Wannier function and the resulting band energies are marked with red circles.

Figure 16: The isosurface of the Wannier orbital from three di�erent perspectives (blue
and red encode the sign of the wavefunction).
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Figure 17: Phonon band structure of single-layer MoS2 from DFT (black lines) and rela-
tive EPC strength (proportional to |gλ(q)|) for optical modes from DFPT (orange-shaded
areas).
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Figure 18: Polaron valence band and density of states of MoS2 at 300K.
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Figure 19: The mobility is independently converged for every temperature. The required
number of k-points are denoted with blue squares. Green triangles represent the values
calculated according to the empirical Eq. (192).

achieved (blue squares). It turns out, that starting form the lowest temperature Tmin , Nk

behaves as T−2 until it reaches a plateau which extends to the highest temperature Tmax.

This empirical �nding can be summarized in the following equation:29

Nk(T ) = max

(
Nk(Tmin)

(
T

Tmin

)−2

, Nk(Tmax)

)
(192)

The values produced by this equation are marked as green triangles in Fig. 19. Knowing

this we can further reduce the numerical e�ort by �rst converging the mobilities at the

lowest and highest temperatures and then using Nk(T ) for all other calculations. This

eliminates the need to converge all mobilities while still preserving the advantage of optimal

k-point sampling. The functionality is implemented in polmob, as described earlier.

Another possibility to speed up the calculations is the truncation of the transfer inte-

grals in real space. This limits the number of evaluations within the threefold sum over

the direct space indices.The truncation distance dmax can be de�ned in the con�guration

�le for each calculation (see the description of the parameter ws_dist_max in section 3.1).

The coherent mobility together with the incoherent mobilities for a set of di�erent trun-

cation distances are shown in Fig. 20. From this plot we can conclude that the incoherent

29Similar tests for the three-dimensional model system from section 4.1.1 revealed a similar behavior,
expect that there Nk was proportional T−3/2 at low temperatures, see Fig. 37 on page 91.
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Figure 20: The coherent mobility for MoS2 along with the incoherent mobilities for di�er-
ent truncations of the real space transfer integrals, according to the method described in
section 3.1. dmax is the parameter ws_dist_max in the con�guration �le.

dmax 1 2 3 4 5
CPU cores 16 16 16 24 96
exec. time 15m 1h:53m 12h:59m 27h:27m 42h:22m

Table 1: Execution time of the mobility calculations at T = 103K and di�erent dmax.

mobility is practically converged for dmax = 4. Since the calculation time vastly increases

for dmax = 5, corresponding the mobility was calculated for only three values of T , see

Fig. 38 on page 91. To get an idea of how di�erent the execution times are, I list these in

table 1. Note that one polmob run requires almost two days on 96 CPU cores to calculate

the mobility at T = 103K and dmax = 5, whereas the execution time drops to about 13

hours on 16 cores for dmax = 3.

Despite the huge numerical e�ort to calculate the incoherent contribution to the total

mobility of MoS2, its physical signi�cance is practically negligible compared to the coherent

contribution, which can be evaluated within a few minutes. This can be expected for all

materials exhibiting band-like transport.
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4.2 Quantum interference in molecular junctions

This section describes the theoretical modeling of several molecular junctions. Their elec-

tron and phonon transmission functions are obtained using the density functional theory

and the non-equilibrium Green's functions technique. From these transmission functions I

calculate the electrical and thermal conductance, the thermopower and the thermoelectric

e�ciency according to the Landauer-Büttiker formalism presented in section 2.2.3.

4.2.1 Controllable large conductance variations

In this section I present the theoretical part of the work published in Ref. [24]. The study

deals with the conductance variations of a mechanically controller break junction (MCBJ),

where a [2.2]paracyclophane-based molecule is placed between two gold electrodes. The

[2.2]paracyclophane (PC) is a highly appealing compound �rst described by Farthing et al.

in 1949 [87]. It consists of two stacked benzene rings that are mechanically stabilized by

two nonconjugated linkers. The PC can be integrated as central unit of an oligo-phenylene-

ethynylene (OPE) rod, which yields the studied molecule represented in a ball-and-stick

model in Fig. 21. The molecule consists of a motif in which two ethynylphenylthiols are

bound to PC in such a way that the connection resembles a para substitution in benzene [?,

88]. The thiol groups are connected in the para position of the outer benzene rings with

respect to the PC building block, directing the electronic current path through the PC

and o�ering considerable mechanical stability between gold electrodes [89]. The linkers are

comparably sti� so that the π-stacking in the softer PC core can be modulated by exerting

a shear force through the mechanically controlled electrodes. Fig. 22a shows the molecule

in another representation between the gold electrodes and as a spring-model. The latter

is useful to understand the deformation modes upon shear forces in di�erent directions. If

the electrode separation is increased, the PC core deforms foremost, denoted as case I in

Fig. 22b. From this position, bringing the electrodes closer together will eventually lead

to case II, where the molecule closely resembles its relaxed gas phase structure. Case III

is reached upon further compression, when the shear force starts to bend the linkers while

the core remains relatively stable. This mechanical behavior was extracted from DFT-

based structural relaxations. The calculated conductance as a function of the electrode

displacement has a very pronounced minimum when the molecule is nearly relaxed.

Electrical transport studies through monolayers consisting of the proposed molecular

rods and similar PC-containing subunits have been previously reported [88, 90]. However,

the limited control over the number of molecules inside the junction made the interpretation

of the results challenging. In collaboration with experimental groups (lead by Marcel Mayor

from the department of chemistry at the University of Basel and by Herre S. J. van der

Zant from the Delft University of Technology) we were able to deliver a full picture of

the physics behind the large conductance variations and other experimentally observed

phenomena in this intriguing molecular junction [24].
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Figure 21: The atomic structure of the studied molecule. The sulfur atoms are terminated
with one gold atom each in the gas-phase DFT calculation. In experiments, anchoring
groups are attached to the sulfur atoms instead. These anchoring groups detach from the
molecule when the sulfur atoms bind to the gold electrodes.

In a detailed analysis of the displacement-dependent conductance, I studied the molecule

between two hollow leads30, in which each sulfur binds to three gold atoms of the re-

spective lead. This allows to concentrate on the deformations of the actual molecule:

the rigid bonding of the hollow-hollow con�guration ensures that the lead displacement

is directly passed to the molecule, minimizing deformations of the lead-molecule bonds.

Starting from the con�guration with minimal energy, corresponding to a molecule close

to its relaxed state in the gas phase, the leads are either separated farther apart (posi-

tive displacement) or brought closer together (negative displacement), thereby stretching

or compressing the molecule. The resulting conductance shows a pronounced dip at a

well-determined displacement, which I de�ne here as zero (see Fig. 23a). The conductance

rapidly increases when the molecule is either stretched or compressed from this position.

The deformation in the stretched molecule is mainly identi�ed with the shifting of the

stacked benzene rings. By evaluating the transmission in an energy range between -2 and

3 eV around the Fermi energy EF for each displacement step, we obtain the transmission

map in Fig. 23b. It reveals a transmission valley (purple diagonal line) between the traces

related to the molecular frontier orbitals (yellow horizontal lines). The conductance dip in

Fig. 23a can be traced back to the intersection of the transmission valley and the Fermi

energy. In other words, the energy position of the dip can be tuned by the lead separation.

In the following, I present the underlying mechanism based on quantum interference of the

30The terminology of hollow and top leads was adopted from the literature. The leads in this work are
modeled as atomic tetrahedrons. A top lead is basically a full tetrahedron, whereas a hollow lead is a
tetrahedron with one removed atom at its tip, see e.g. the electrodes in Fig. 25a.
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(a)

(b)

Figure 22: (a) Schematic illustration of the break-junction experiment of the OPE-linked
PC molecule trapped between nanoelectrodes, together with a presentation displaying, as
springs, the combinations of mechanosensitive structures in the molecular design (bottom
drawing in this panel). (b) Possible behavior of the molecule under applied force: (I)
elongation of the molecule under pulling force of the electrodes, (II) junction with the
molecule in its relaxed con�guration, and (III) compression results in a shortening of the
overall junction length. The simulated conductance (in units of the conductance quantum
G0 = 2e2/h) as a function of the applied mechanical stress is displayed as the drawn line;
the three cases (I=III) are indicated by the colored circles. These �gures were published
in Ref. [24].
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Figure 23: (a) Conductance (horizontal black line in panel b) and total energy. (b) Trans-
mission map of the molecule between two leads from DFT calculations. The horizontal
yellow traces in the map arise from orbitals that can be related to the gas-phase frontier
orbitals. An anti-resonance is observed between the frontier orbital traces. It shifts in
energy as the displacement is varied. The positions at which the pairs of GPH-1 and GPH
and of GPL and GPL+1 degenerate are marked with circles. These �gures were published
in Ref. [24].
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molecular frontier orbitals.

A closer look at Fig. 23b. reveals HOMO and LUMO31 pairs that arise from the HOMO

and LUMO states of the OPE units and are typically slightly split by the weak coupling

through the PC core. To distinguish the character of the HOMO-1, HOMO, LUMO, and

LUMO+1, we can relate them to the frontier orbitals in the gas phase. For this purpose, I

introduce the abbreviations GPH-1 to GPL+1, where GPH and GPL denote the gas-phase

HOMO and LUMO, respectively. The orbitals are either symmetric (GPH and GPL) or

antisymmetric (GPH-1 and GPL+1) with respect to the center of the molecule, as can be

seen in Fig. 24. The crucial aspect is now that the energy of the frontier orbitals depends

on the deformation of the molecule and therefore on the electrode displacement. The states

within HOMO and LUMO pairs, GPH-1 and GPH as well as GPL and GPL+1, eventually

change their energetic order in the studied displacement window between around −4 to

4Å. The displacements of the degeneracy points, at which these reversals take place,

di�er for the occupied and unoccupied states. They are located at d = −1.0 and 2.0Å,

respectively, as marked by black circles in Fig. 23b. According to the theory of quantum

interference [16, 85] the orbital symmetry leads to a pronounced destructive interference

feature in the HOMO-LUMO gap between displacements from −1.0 to 2.0Å when the

HOMO and LUMO pairs are ordered as in the gas phase. Outside of this displacement

window, the molecular orbital pairs GPH-1 and GPH or GPL and GPL+1 rearrange in

energy, thereby lifting the condition for destructive interference.

Indeed, we can reproduce the main features of the conductance map in Fig. 23b by

including the displacement-dependent energies of the four frontier orbitals and their sym-

metries in the model presented in section 2.2.5. The evaluation of Eq. (179) yields the con-

ductance map in Fig. 39 on page 92 which resembles the map obtained form DFT+NEGF

to a large extent.

Another observation in the experiment was the oscillatory behavior of the conductance

when the junction was continuously stretched. In te following I will describe the modelling

of this behavior. To start, we place the molecule between two gold leads, as shown in

Fig. 25a i. The upper electrode exhibits an atomically sharp tip, while the tip atom is

removed for the lower one. By the placement of a terminal sulfur atom of the molecule

at the hollow site of the lower pyramid, it binds to three gold atoms. Compared to the

sulfur-gold bonding at the top lead, the stronger bonding of the sulfur atom to the hollow

site ensures a stable mechanical connection, and the sulfur atom at the upper electrode

starts sliding down the gold facets as the contact is being stretched. The total energy and

conductance of this system show pronounced jumps at certain displacements during the gap

opening. The snapshots at these displacements are shown in Fig. 25b. The displacement

between snapshots iii and v (just after the sulfur atom jumped to the next gold atom)

amounts to 2.8Å, which is close to the gold-gold bond length of 2.89Å in the simulated

31HOMO: highest occupied molecular orbital. LUMO: lowest unoccupied molecular orbital.
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Figure 24: Frontier orbitals of the molecule. The sulfur atoms are terminated with one
gold atom each. Green circles mark the parts of the wave function which arise from the
π-orbitals of the stacked benzene rings. These parts show a sign change for GPH and GPL
and no sign change for GPH-1 and GPL+1. The frontier orbitals are shown in the gas
phase for clarity (with the sulfur atoms �terminated� with one gold atom each) because
they do not change signi�cantly when the gold leads are attached to the molecule.
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(a)

(b)

Figure 25: (a) Calculated conductance and total energy of the system during gap opening.
(b) Selection of snapshots illustrating the stick-slip motion. These �gures were published
in Ref. [24].
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leads. The molecule in snapshots i, iii, and v is close to its relaxed gas-phase con�guration

and exhibits a low conductance. Upon further stretching, the conductance rises until it

eventually levels o� and reaches a local maximum at snapshots ii and iv. At this point, the

sulfur anchor slips onto the next gold atom, thus releasing the mechanical tension in the

molecule and restoring the conductance to a low value (panels iii and v). After the sulfur

atom has reached the last gold atom of the upper lead, it �nally loses its connection: the

junction breaks and the molecule snaps back, as shown in snapshot vi. Thus, distancing

of the electrodes leads to a stick-slip-like motion of the molecule along the surface of one

of the electrodes.

Conclusions

With the insights provided by the DFT calculations, the pronounced conductance oscil-

lations can be explained through quantum interference of frontier orbitals in combination

with the molecule acting as a spring when subject to mechanical deformations. Its relaxed

conformation corresponds to the situation in which the antiresonance originating from de-

structive interference of the HOMO and LUMO is in the vicinity of the Fermi energy,

yielding a low-conductance state. By stretching or compressing the molecule, the antireso-

nance is moved away from the Fermi energy, which leads to an increase of the conductance.

The experimentally observed oscillations in conductance during continuous opening of the

junction (Fig. 2b in Ref. [24]) can then be associated with the stick-slip motion of the an-

choring sulfur atoms on the gold surface, as this process releases the built-up mechanical

strain in a semi- periodic fashion. Ab-initio molecular dynamics calculations at room tem-

perature predict that Au-Au bonds should break instead of the Au-S bonds [91]. However,

if a gold adatom attached to a sulfur anchor was dragged along the gold electrode instead

of the S itself, this would not lead to a qualitative change of the stick-slip picture. The

di�erent behaviors (in-phase, antiphase, and frequency doubling) observed in the distance-

modulation measurements (simulation: second panel in Fig. 26a; experiment: bottom two

panels in Fig. 26a) can be attributed to variations in the initial molecular con�guration at

the beginning of the modulation. Traces that are in phase with the gap modulation are

related to molecules that are pre-stretched in the starting con�guration (orange panel in

Fig. 26c). The starting point is at positive displacement and the oscillation takes place at

the right lobe of the conductance curve (orange area in Fig. 26b): an increase in electrode

displacement corresponds to a higher conductance (and a decrease to a lower conduc-

tance). Along a similar line, traces in antiphase with the gap modulation can be related to

molecules that are pre-compressed in the starting con�guration (blue panel in Fig. 26c) and

therefore correspond to oscillations at the left lobe of the conductance curve (blue area in

Fig. 26b). Traces with a doubled frequency (such as the green trace in Fig. 26a) are related

to molecules that are close to the relaxed gas-phase geometry, in which the Fermi energy of

the leads is aligned with the position of the interference dip (green panel, Fig. 26c). In this

case, the conductance dip is crossed two times during each piezo-modulation period, there-

fore doubling the frequency of the measured conductance, as can be seen by following the

73



4.2 Quantum interference in molecular junctions 4 RESULTS

(a) (b)

(c)

Figure 26: (a) Simulation of conductance traces (second panel) when the electrode dis-
placement is periodically modulated (top panel) for three di�erent trapping con�gura-
tions: pre-stretched (orange), relaxed (green), and pre-compressed (blue). Experimental
distance-modulation traces of each kind are shown in the two lower panels. (b) Calcu-
lated conductance vs electrode displacement. The blue, green, and orange areas (I, II, and
III, respectively) show the portion of the curve spanned in the case of di�erent starting
positions (precompressed, relaxed, and prestretched, represented by circles in the same
colors). The numbers in the purple circles represent the position of the electrodes along
the oscillation period in the case of a relaxed trapping con�guration. (c) Schematics of the
molecular con�gurations along a period of electrode distance modulation. Di�erent start-
ing con�gurations are represented with di�erent colors: prestretched in orange, relaxed in
green, and precompressed in blue. White numbers in purple circles represent the position
of the electrodes along the oscillation period. This �gure was published in Ref. [24].
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purple steps in Fig. 26b. The appearance of the doubled frequency is thus a direct proof of

the existence of the destructive interference dip. Importantly, the ability to mechanically

tune the position of this dip to be located at the Fermi energy can be exploited in future

studies and applications of quantum interference e�ects. The conductance variations as

a function of displacement can be used to estimate the gauge factor, characterizing the

piezoresistive response of the molecular spring. The gauge factor GF is de�ned as the rela-

tive conductance change divided by displacement normalized to the molecular length. We

�nd gauge factors exhibiting a wide distribution with a peak located at GF=5 and a tail

at higher values, reaching up to 40 orders of magnitude larger than those that have been

reported on single DNA molecules [92]. Thermally occupied ring rotations of the OPE

rods at room temperature will likely reduce the electronic coupling in the molecule and

the electron delocalization and, hence, the conductance. Besides the known shortcomings

of DFT with regard to the description of level alignments, [93] this could explain part of

the over-estimation of the theoretically predicted conductance values in our static DFT

geometries. In addition, longitudinal vibrations, as well as thermal �uctuations, will lead

to gap-size modulations and an e�ective averaging over a range of junction con�gurations.

Such vibrationally induced decoherence e�ects will wash out the interference-induced con-

ductance minimum [94]. Therefore, a precise control of the temperature may turn out to

be crucial in the optimization of gauge factors, and the molecule studied here appears to be

an ideal candidate with which to investigate quantum interference e�ects at lower tempera-

tures and to quantify if decoherence limits the room-temperature performance [94�96]. To

achieve even higher gauge factors, it would also be interesting to explore di�erent chemical

designs based on the mechanical manipulation principle of quantum interference.

4.2.2 Optimization of thermopower in thermoelectric molecular junctions

The molecules of choice in this section are two OPE3 derivatives that feature di�erent ge-

ometries at the central benzene ring (para- versus meta-connectivity, as shown in Fig. 27).

The choice of these two molecules is motivated by their expected di�erent electron trans-

mission characteristics. Speci�cally, the energy dependent transmission in the gap between

the highest occupied molecular orbital (HOMO) and the lowest unoccupied molecular or-

bital (LUMO) of para-connected junctions can be approximated by Lorentzians that are

located at the HOMO and LUMO energies, see Fig. 1c in Ref. [97]. On the contrary,

meta-connected junctions are expected to feature a sharp antiresonance dip in their trans-

mission characteristics in this range due to destructive quantum interference e�ects as a

consequence of the phase di�erence between the HOMO and LUMO transport channels of

meta-OPE3 [85, 98, 99], see Fig. 1d in Ref. [97]. The resulting sharp feature in the trans-

mission of meta-OPE3 is expected to lead to a larger Seebeck coe�cient compared with

para-OPE3.

To con�rm this idea, I carried out DFT+NEGF calculations for the para- and meta-

OPE3 junctions using TURBOMOLE [75] and a priprietary implementation of the NEGF
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Binding Molecule G(G0) S(μV/K)

TT
Para 2.35Ö10−3 (3.93Ö10−2) 19.2 (44.7)
Meta 1.08Ö10−5 (4.76Ö10−4) 31.9 (92.1)

HH
Para 1.80Ö10−4 (4.20Ö10−3) 7.31 (41.9)
Meta 3.85Ö10−6 (1.07Ö10−3) 21.4 (39.6)

Table 2: Conductance G and thermopower S, calculated from Landauer-Büttiker equations
at T = 300K. Values listed have been obtained with the DFT+Σmethod, those in brackets
are uncorrected DFT results.

formalism [74]. In analogy to the previous section, I studied di�erent contact geometries,

where the sulfur anchoring atoms at both ends of the molecules bind either to a single

or to three gold atoms, see Fig. 27. As apparent from Fig. 27, the antiresonance in the

Au-(meta-OPE3)-Au junction is located approximately 1.3 eV above the Fermi energy, EF,

whereas it is absent for Au-(para-OPE3)-Au.

Following from the transmission at EF and assuming a temperature of T = 300K,

the calculated electrical conductance is 1.8× 10−4G0 for Au-(para-OPE3)-Au and 3.85×
10−6G0 for Au-(meta-OPE3)-Au. Compared with the experiment, these values di�er by a

factor of 1.8 and 0.32, respectively. Between para and meta con�gurations we see a signif-

icant di�erence in the derivatives −d ln τ(E)/dE at the Fermi energy and therefore in the

Seebeck coe�cients, which amount to 7.31 μV/K for Au-(para-OPE3)-Au and 21.4 μV/K

for Au-(meta-OPE3)-Au, respectively. The calculated Seebeck coe�cients are thus within

the experimental uncertainties. The ab-inition calculations suggest that the doubling of

the measured thermopower for Au-(para-OPE3)-Au junctions, in comparison with the

Au-(meta-OPE3)-Au junctions, is due to the increased slope of the logarithm of the trans-

mission function at EF, as expected from destructive quantum interference e�ects. An

overview of the calculated conductance and thermopower values is given in Table 2.

Because the actual energies of HOMO and LUMO levels with respect to the Fermi

energy are crucial in the studied systems, I use the self-energy-corrected density func-

tional theory (DFT+Σ) to overcome well-known shortcomings of DFT with regard to level

alignments [93]. For the energy corrections of occupied and virtual states I proceeded

as described in literature [100]. The total correction for all occupied and all unoccu-

pied states is Σocc = −IP − εH + ∆occ and Σvirt = −EA − εL + ∆virt, respectively. In

the expressions, the ionization potential (IP) and electron a�nity (EA) are de�ned as

IP = Etot(Q = +e)− Etot(Q = 0) and EA = Etot(Q = 0)− Etot(Q = −e), where Etot(Q)

is the total energy of the gas-phase molecule with charge Q, εH/L are the Kohn-Sham HO-

MO/LUMO energies of the gas-phase molecule, and ∆occ/virt describes the stabilization of

HOMO/LUMO charge distributions on the molecules by image charges in the electrodes.

The particular values for all four systems are listed in Table 3. For DFT+Σ, G and S

di�er by no more than 2%, if they are evaluated through the low-temperature limits ac-

cording to Eq. (170) and (172), respectively. For comparison, uncorrected DFT results are
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Binding Molecule -IP-εH -EA-εL ∆occ ∆virt Σocc Σvirt

TT
Para -1.49 1.53 0.53 -0.55 -0.95 0.98
Meta -1.48 1.54 0.53 -0.49 -0.95 1.05

HH
Para -1.47 1.54 0.44 -0.44 -1.03 1.10
Meta -1.47 1.55 0.46 -0.47 -1.01 1.09

Table 3: Detailed overview of relevant energies within the DFT+Σ method in eV. −IP−εH
and −EA − εL denote energy shifts related to the gas-phase molecule. ∆occ/virt are the
energy shifts of the occupied and unoccupied molecular orbitals due to image charges,
when the molecules are close to metal electrodes in the molecular junctions. Σocc/virt are
the total corrections to DFT level alignments.

shown in brackets. While the DFT+Σ results are close to experimental values, pure DFT

overestimates both conductance and thermopower values quite substantially.

Conclusions

The theoretical results from ab-initio modeling of the para- and meta-OPE3 junctions

reveal a larger thermopower for the Au-(meta-OPE3)-Au junctions as compared with Au-

(para�OPE3)-Au junctions. This is in very good agreement with experimental results

presented in Ref. [97]. The good agreement supports the interpretation that the di�er-

ences in the thermopower originate from quantum interference e�ects. The results thus

show that it is possible to use quantum interference phenomena to achieve an enhanced

thermoelectric performance in molecular junctions at room temperature, opening a path

toward quantum engineering of thermoelectric materials. In addition to the destructive

π-interference discussed in here and in Ref. [97], the concept can also be applied to de-

structive σ-interference [101]. In contrast, similar enhancement e�ects in semiconductor

systems, for example, in quantum dots [102], require cryogenic temperatures and are there-

fore not suitable for many purposes. Future thermoelectric applications of molecule-based

devices require a larger power factor combined with a large G. This desirable combination

has been predicted for speci�c molecules with a quantum-tailored transmission spectrum

such as zinc-porphines [40].
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Figure 27: Junction geometries and corresponding calculated transmission curves. The
qualitative shape of the transmission curves does not depend on the type of lead-molecule
binding (top-top or hollow-hollow). Instead, it is determined by the molecular con�guration
(para or meta): An antiresonance between the frontier orbitals occurs only in the meta
con�guration (right side), while it is absent in the para con�guration (left side). This �gure
was published in Ref. [97]
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4.2.3 Impact of phonon heat transport on thermoelectric e�ciency

The total thermal conductance κ has mainly three contributions: electronic, phononic and

photonic. In this section I present the calculations of the former two contributions, i.e.

κel and κpn, while the tole of the photonic contribution κpt is discussed in more detail

at the end. The phononic contribution is somewhat more di�cult to calculate than the

electronic and is certainly very challenging to measure [27, 103]. Therefore, κpn is often

left out of consideration or implemented as a generic parameter, i.e. as a correction to

the purely electronic �gure of merit zTel = GS2T/κel. However, some authors mention

the importance of κpn in the optimization of zT [53, 54]. This is especially true when

destructive quantum interference is present since it strongly reduces G and κel, which in

turn increases the importance of κpn. To in�uence the interference in molecular junctions

authors have previously used e.g. di�erent anchor groups (bridging the molecule to the

leads) [84], di�erent polymer lengths [42, 84], di�erent �xed rotation angles of certain

molecular groups [40] or variations of substitution patterns (i.e. para and meta) [97].

Such approaches constitute discrete changes in the system and therefore in the intensity

of the interference. In contrast, I present here quantitative thermoelectric predictions for

the molecular junction introduced in section 4.2.1 with a continuously tunable quantum

interference. For a more reliable analysis I investigate the properties of interest for two

di�erent lead setups. The �rst setup is the OPE-linked PC molecule between two leads,

each of which consist of 19 gold atoms, as shown in Fig. 28. Since the last atom at the tip

of each lead is missing, we name this setup hollow-hollow (HH). The three innermost gold

atoms of each lead are allowed to move freely during structural relaxations while all other

gold atoms are �xed at their original sites, resembling the bulk structure of gold. The

second setup is named hollow-top (HT), since there one of the gold leads retains its last

gold atom at the tip. The four innermost gold atoms of that lead are unconstrained. In

addition, in the initial state of the HT structure the sulfur atom at the top-lead connects

to the third layer of gold atoms. The leads are initially pre-relaxed without the actual

molecule. Instead, a benzene ring is attached via a sulfur atom to each of them. This

allows to estimate the proper bond lengths of the sulfur and the gold atoms. The molecule

of interest is likewise pre-relaxed in gas phase. The actual junction is then built by removing

the benzene rings from the leads and placing the gas-phase molecule between the leads in

such a way that the sulfur atoms of the molecule replace those of the leads.

In the HH case, starting from such a con�guration I perform two independent series of

relaxations where after each relaxation the electrodes are advanced by 0.1Å and −0.1Å,

respectively. Each series extends over 45 steps, which corresponds to a total displacement

of 9Å. Fig. 28 a exemplarily shows the obtained structures at the relative electrode dis-

placements d = −2Å, d = 0Å and d = 2Å. Here we have de�ned d = 0Å at the position

of the lowest electrical conductance (in consistence with Ref. [24] and as described below).

The series of HT structures was obtained in a similar fashion except that in this case
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(a)

(b)

Figure 28: Snapshots of geometries at three di�erent relative displacements d of the (a)
hollow-hollow (HH) and (b) hollow-top (HT) setups.
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Figure 29: (a) HH and (b) HT electrical conductances at three di�erent temperatures.

I start with the topmost structure in Fig. 28b and advance by 0.2Å for 48 steps, which

ammounts to 9.6Å. The zero point of the relative displacement, d = 0Å, is in this case

de�ned at the starting point of the series. The HH setup undergoes elastic deformations

on the whole range of d. These deformations are attributable primarily to the bending and

stretching of the molecule. For positive d (stretched molecule) the deformation is located

to a large degree at the PC part of the molecule. The stacked benzene rings of the PC

core shift due to the applied tension. For negative d (compressed molecule) the PC core

remains fairly sturdy and the applied tension bends the linking OPE arms of the molecule.

In the HT setup we see bond breaking and formation of new bounds between the sulfur

atom and the atoms of the top-lead. The bonds break as soon as the mechanical stress

in the molecule becomes too large. At this point the molecule snaps back into a more

relaxed state and the sulfur atom establishes a new bond with another gold atom. This

happens two times, until the sulfur atom loses its bond to the innermost gold atom and

the junction �nally breaks at d = 8Å. The described behavior is in general referred to as

stick-slip motion.

As mentioned in the description of the theoretical approach the central quantity with

regard to the electronic properties is the energy dependent transmission function τel(E).

Fig. 40a in the Appendix depicts τel(E) at di�erent electrode displacements. At a certain

displacement the transmission dip matches the Fermi energy EF. This relative displace-

ment is de�ned as zero. Stretching (compressing) the molecule relative to that con�guration

moves the dip to higher (lower) energies. By alternating the electrode displacement we can

tune the MO energies which consequently provides the ability to adjust Eres. Whenever

Eres crosses the Fermi energy EF of the leads we observe a very pronounced drop of the

electrical conductance G (Fig. 29a) which is a direct consequence of the de�nition of G

and K0 in Eq. (165) and is particularly obvious from Eq. (170) which distinctly shows the

81



4.2 Quantum interference in molecular junctions 4 RESULTS

10-6

10-5

10-4

10-3

10-2

10-1

100

101

102

-5 -4 -3 -2 -1 0 1 2 3 4 5

κ e
l  

(p
W

/K
)

Displacement  (Å)

10 K

100 K

300 K

(a)

10-5

10-4

10-3

10-2

10-1

100

101

102

0 1 2 3 4 5 6 7 8 9 10

κ e
l  

(p
W

/K
)

Displacement  (Å)

10 K

100 K

300 K

(b)

Figure 30: Electron thermal conductance versus electrode displacement for (a) HH and (b)
HT con�gurations.

connection between the conductance and the transmission function for electrons. We see

several drops in electrical conductance of similar order of magnitude in the HT con�gu-

ration, Fig. 29c. These conductance dips occur whenever the molecule snaps back to a

more relaxed structure after the sulfur-gold bond breaks and an energetically more favor-

able bond is established. The molecular junction breaks at d = 8Å and from there the

conductance drops exponentially with the distance which is typical for a tunneling contact.

The knowledge of τel(E) allows us to calculate in addition to G also κel, S and thus

zTel. Since κel closely follows G as one would expect from the Wiedemann-Franz law,

both quantities share similar features in Fig. 29 and 30, respectively. The most obvious

di�erence is that κel splits up with respect to the chosen temperatures in the whole range

of the displacement of the leads, whereas G is almost invariant w.r.t. T and only splits up

signi�cantly when the transmission dip exactly matches the Fermi energy. The splitting

of κel can be seen directly in the Wiedemann-Franz law, where κel ∝ T . The deviations

of the electrical conductance from the approximation G ≈ G0τel(EF) are only noticable at

d = 0Å and result from the steepnes of τel around the Fermi energy. In the full expression

of G the transmission function in the integral over energy is weighted with ∂Ef(E, T ) and

is therefore increasingly smeared out with higher T .

The Seebeck coe�cient S also shows strong dependence on the electrode displacement

in both con�gurations, Fig. 31. According to the low-temperature expansion S is propor-

tional to (∂Eτel(E)/τel(E)) |E=EF
and therefore is enhanced whenever τel is steep around

the Fermi energy. By tuning the interference we can shift the transmission to EF which

dramatically increases the thermopower. In the HH setup the thermopower becomes neg-

ative for small negative values of d, since there ∂Eτel(E) > 0 (see also Fig. 29a) and the

negative sign in Eq. (166) does not cancel out.

The strong increase in the thermopower due to interference e�ects is promissing since
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Figure 31: Seebeck coe�cient versus electrode displacement for (a) HH and (b) HT con-
�gurations.

S enters zT quadratically and can potentially compensate the simultaneous decrease in

G. Plugging in the low-temperature approximation for κel in Eq. (176) and neglecting κpn
yields zTel ∝ S2G0κ0

el. Since S increases nearly by a factor of 3 when going from d = 1Å

to d = 0Å in the HH setup at T = 300K, zTel should increase by a factor of around

9 according to this estimation. However, in Fig. 32a the increase ammounts to roughly

a factor 4. This indicates that the low temperature expansion breaks down due to the

steepness of τel, as mentioned before. Such approximations are useful for the qualitative

estimation of the interconnection of thermoelectric quantities but in combination with

quantum interference e�ects they may lead to noticeably reduced validity of the predictions

and should be avoided. The enhancement of zTel is larger at lower temperatures which

results from a similar trend in S, even though the absolute value of S is reduced at lower

temperatures.

We now include κpn (Fig. 33) in the calculation of zT and refer to the results as zTel+pn.

The comparison between κel and κpn shows that the latter is relatively stable across all

electrode displacements (as long as the molecular junction is not broken). Even though the

phonons in this molecular junction are described as phase coherent particles, they do not

show the same interference e�ects as the electrons, because the underlying mechanisms are

very distinct. This is also apparent from the comparison of the electronic and phononic

transmission functions in Fig. 40 at three di�erent electrode displacements. Unlike τel
at d = 0Å, the phononic transmission function does not exhibit any particular features

indicating destructive interference. Therefore, the phononic contribution to the thermal

conductance is only slightly a�ected by the molecule's geometry while the electronic con-

tribution varies by several orders of magnitude. The resulting change in the �gure of merit
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Figure 32: (a) HH and (b) HT purely electronic �gure of merit zTel. (c) HH and (d) HT
�gure of merit zTel+pn including also phononic contribution to the thermal transport.
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Figure 33: (a) HH and (b) HT phononic thermal conductances.
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Figure 34: The ratio of the phonon and electron thermal conductance versus the electrode
displacement for the HH setup.

after including κpn is best seen in the expression

zTel+pn =
zTel

1 + κpn/κel
(193)

where the quantities G and S do not directly appear in the enumerator. The ratio κpn/κel
is solely responsible for the reduction of zT . Depending on the temperature and electrode

displacement this ratio ranges between around 1 and 106, see Fig. 34. The highest values

are attained at the displacement of maximum destructive interference, where κel is strongly

suppressed. The enhancement of zT due to quantum interference is now completely absent

and as a matter of fact we observe a reduction of the �gure of merit when the antiresonance

dip in τel comes close to EF, i.e. at d = 0Å in HH and d = 0Å, 2.4Å and 5.2Å in HT

setups, respectively, see Fig. 32c and 32d. This �nding is contrary to the previous case

where we considered only κel and zT was found to increase due to destructive quantum

interference.

Up to now I have neglected the near �eld radiative heat transport (NFRHT) due

to photons emitted from the leads. The photonic contribution κpt to the total thermal

conductance depends on the actual geometry of the leads. There are estimations based on

�uctuational eletrodynamics e.g. in Ref. [104] in which the leads are modeled as spheres

with a radius R between 50 and 200 nm, yielding κpt between 5 and 30 pW/K. If one of the

spheres is replaced by an in�nite plate, the thermal conductance increases up to 50 pW/K.

The radiative transport is in both cases fairly independend of the lead separation in the

range of 1 to 5 nm. The lead separation in our HH setup ranges between 1.9 and 2.8 nm.

We can therefore assume similar values for κpt in the studied molecular junctions. The

in�uence of κpt on the �gure of merit zT is comparable to that of κpn. Both contributions

are of similar magnitude and show little dependence on d, especially when compared to

κel. Assuming κpt = 20 pW/K we obtain the black curve in Fig. 35.
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Figure 35: Figure of merit zT versus relative electrode separation at T = 300K. The
red curve results from neglecting all but the electronic heat transport. The blue curve
incorporates also the phononic contribution. Likewise, the black curve adds radiative heat
transport via photons.

Conclusions

The inclusion of κpn in the studied molecular junction not only signi�cantly diminishes the

�gure of merit but it also reverses the quantum-interference-induced enhancement in zTel
and actually leads to a decrease in zT when the sharp interference feature in the electron

transmission function is moved closer to the Fermi energy. Although κpt and κpn are of

comparable magnitude in our single molecule junction, the role of radiative heat transport

in the search for high zT is probably not as dramatic as that of the phononic counterpart.

Single molecule junctions (SMJ) are unlikely to be used in potential future thermoelectric

applications. Instead, molecules from promising SMJ might be used in (self-assembled)

tightly packed layers where the ratio (κel + κpn)/κpt is expected to be signi�cantly larger.

The limiting factors are thus still the electronic and phononic contributions.

From these observations I conclude that the phononic thermal conductance is an in-

dispensable aspect of thermoelectric devices exhibiting quantum interference e�ects. Con-

siderations regarding the optimization of zT in such devices (either by maximizing the

enumerator or minimizing the denominator) must include the total thermal conductance,

regardless of the actual choice of strategy. The presented molecular junction has been ex-

perimentally realized and its electronic properties have been measured [24]. This particular

molecule is well suited for further experimental investigations of its thermoelectric behavior

in a mechanically controlled break junction. Especially its continuously tunable destruc-

tive quantum interference makes it an interesting basis for experimental investigations in

di�erent quantum interference regimes.
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5 Summary and outlook

In this thesis I addressed transport phenomena in crystalline systems as well as molecular

junctions. The two types of systems are described within di�erent theoretical frameworks,

yet they share the requirement of material parameters as input. These parameters can

be obtained from ab-initio DFT calculations. Aside from this similarity, the underlying

formalisms are fundamentally di�erent. The Landauer-Büttiker formalism in combination

with density functional theory and the non-equilibrium Green's functions technique is a

well-established and broadly used approach. This is due to its predictive power and its

applicability.

On the contrary, the polaron mobility theory yields equations which are numerically

di�cult to tackle. The required approximations in the course of the derivation of these

equations, e.g. the neglection of the non-local electron phonon coupling, reduces their

predictive strength. Albeit these challenges, there has been a continuous progress in the

�eld of polaron mobilities, which emerged in the middle of the last century. In this as-

pect, my contribution to this progress is the development of a numerical scheme which

allows to e�ciently evaluate the full mobility equation. The key challenge in the latter

is the treatment of the time integral which is analytically not solvable. Numerical inte-

gration methods can be used in principle, but are rendered impractical due to the highly

oscillatory character of the integrand and the vast amount of integrals. The method de-

veloped in this work uses the fast Fourier transformation in combination with the cubic

spline interpolation to calculate the time integral for a whole set of parameters. Instead

of calculating the time integral directly, the interpolation function is used to retrieve the

corresponding solutions. In addition, this method allows to include the full dispersion of

the optical phonons and the electron-phonon coupling matrix elements, whereas before

these quantities were assumed to have no dispersion in order to simplify the expression for

the mobility equation. The method was implemented in an MPI-parallelized Fortran code

along with an interface to the open source programs Quantum Espresso, Wannier90 and

EPW. These programs allow to calculate the electron Hamiltonian, the phonon properties

and the electron-phonon coupling matrix from �rst principles. Therefore, the resulting code

(which I named polmob) constitutes a post-processing tool which can be used to study the

mobility of realistic systems. The implementation was tested against previously published

results for a simplistic three-dimensional model system. Subsequently, I introduced a more

realistic two-dimensional model system with two atoms in the unit cell, which allows the

modeling of dispersive optical phonon modes and electron-phonon matrix elements. The

calculated charge carrier mobilities for this model system show complex features, which

change with the system temperature and disorder parameter. I was able to explain some

of those features with the expressions, which I derived in an attempt to tackle the time

integral with analytical methods. Finally, I calculated the mobilities of single-layer molyb-

denum disul�de with parameters extracted from ab-initio methods. This was primarily
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done to demonstrate the path from ab-initio calculations to the �nal mobility. Another

reason was the question as to which extent the polaron mobility theory can be applied to a

semiconductor not belonging to the class of organic crystals, for which the formalism was

originally developed. It appears that the formalism is basically capable of describing the

charge carrier mobility in single-layer molybdenum disul�de. However, the incoherent part

of the mobility is practically negligible in this system, as one would expect from its typical

band-like character. Therefore, the numerical cost one has to pay in order to describe the

incoherent transport is somewhat discouraging in materials which primarily exhibit band

transport. I also considered the application of this formalism to other classes of materials

such as perovskites or metal-organic frameworks, where the incoherent transport may play

a signi�cant role. Such materials very often have large unit cells with many atoms and

are therefore expensive to treat with ab-initio methods especially when it comes to the

phononic properties.

Another technical challenge in such complex materials is the search for maximally

localized Wannier functions to approximate the electron band of choice (i.e. the valence

or the conduction band). The Wannier function is a necessity in the polaron formalism

which requires the electron transfer integrals in real space. The minimization procedure

intrinsic to the search of the Wannier function becomes increasingly unstable with the

number of degrees of freedom, i.e. the number of atoms and orbitals in the unit cell. My

suggestion to overcome this problem is to extend the polaron formalism to multiple bands.

This will make it possible to use several Wannier function for the description of the band

manifold which includes the valence or the conduction band, respectively. Opening the

wannierisation procedure to several bands results in more realistic Wannier functions, which

resemble atomic orbitals and are well localized. This has several positive implications. The

drawback of this will be the even further increased numerical complexity, since the number

of degrees of freedom in real space enters with third power in the mobility expression

(due to the threefold sum over real space coordinates). Nevertheless, the extension of

the formalism towards a multi-band model is an interesting option, despite the concerns

regarding the numerical complexity. The increasing computational power will eventually

render approaches feasible which from today's perspective may appear uninteresting.

Regarding the �eld of molecular electronics, this work certainly contributes from a

more applied perspective. I used a proprietary implementation of the corresponding the-

oretical framework to study molecular junctions and in particular quantum interference

e�ects of the frontier orbitals. In collaboration with experimental groups I investigated

two types of molecular junctions. One of the projects dealt with a symmetric molecule

comprised of a π-stacked [2.2]paracyclophane (PC) core which connects to gold electrodes

through oligo-phenylene-ethynylene rods. We achieved an excellent agreement between

the experiment and the theoretical predictions. Oscillations of the conductance occur-

ring during a continuous stretching of the break junction were explained with the help of

ab-initio calculations of the conductance in combination with a series of structural relax-
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ations. The latter revealed that the sulfur atom connecting the molecule and the leads

moves in a stick-slip manner on the electrode's surface. The molecule undergoes periodic

structural deformations which result in periodic conductance variations. I showed that

the large conductance variations are caused by the destructive quantum interference of

the frontier orbitals of the PC core. In addition to ab-initio calculations I used a model

to demonstrate the role of the molecular orbitals' symmetries in the manifestation of the

quantum interference. The other project addressed the impact of quantum interference on

the thermoelectric properties of another molecular junction. Speci�cally, the experiments

employed oligo-phenylene-ethynylene derivatives with a para-connected central phenyl ring

(para-OPE3) and meta-connected central ring (meta-OPE3), which both covalently bind

to gold via sulfur anchoring atoms located at their ends. In accordance to experimental

�ndings, I showed that meta-OPE3 junctions, which are expected to exhibit destructive in-

terference e�ects, yield a higher thermopower (with ∼ 20 μV/K) compared to para-OPE3

(with ∼ 10 μV/K). This demonstrates that quantum interference e�ects can indeed be

employed to enhance the thermoelectric properties of molecular junctions.

In addition to the collaboration on the PC-based molecular junction, I performed cal-

culations to investigate its thermoelectric �gure of merit zT . By including phononic contri-

butions to the overall thermal transport I showed that the latter is an indispensable aspect

in the optimization of thermoelectric molecular junctions exhibiting quantum interference.

This is the case, because the interference of molecular orbitals only in�uences the elec-

tronic transport properties whereas the phononic properties remain practically untouched.

This poses substantial implications on the thermoelectric �gure of merit in the regime of

quantum interference. The experimental realization of the particular molecular junction

together with its precisely tunable quantum interference invites for more investigations in

this direction.
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Figure 36: Pauli blocking factor n(E)(1− n(E)) at four di�erent temperatures.
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Figure 39: Transmission map obtained from a toy model according to Eq. (177). The
molecular orbital energies in this model are �tted with trigonometric functions to mimic
the DFT eigenenergies and their displacement dependence.
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Figure 40: (a) Electron and (b) phonon transmssion functions of the HH setup at three
di�erent electrode displacements.
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