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Zusammenfassung

In der vorliegenden Arbeit werden harmonisch gescherte kolloidale Systeme unter-
sucht. Ausgehend von einem schematischen Modell der Modenkopplungstheorie
wird dazu ein theoretischer Ansatz hergeleitet.

Mit Hilfe dieses Ansatzes kann die Scherspannung, welche sich in harmonisch gescher-
ten kolloidalen Systemen aufbaut, innerhalb eines einfachen Modells numerisch be-
stimmt werden. Dabei werden die kolloidalen Systeme als dichte Dispersionen nahe
des Glasübergangs behandelt.

Mittels einer Erweiterung des schematischen F12 Modells können Korrelationsfunk-
tionen für die betrachteten Systeme nahe des Glasübergangs berechnet werden.
Unter Verwendung dieser Korrelationsfunktionen kann dann die Scherspannung be-
stimmt werden.

Nach Darlegung grundsätzlicher rheologischer Experimente und der Einführung des
schematischen F12 Modells wird in einem ersten Schritt ein quasi-linearer Ansatz zur
Berechnung der Scherspannung abgeleitet. Mit diesem Ansatz kann das Speicher-
und Verlustmodul einer dichten Dispersion in der Nähe des Glasübergangs berechnet
werden. Die Ergebnisse werden mit den Resultaten einer im Rahmen der Mo-
denkopplungstheorie gemachten Berechnung verglichen und zeigen qualitative Über-
einstimmung. Desweiteren wird ein viskoelastisches Zustandsdiagramm vorgestellt.

In einem weiteren Schritt wird, aufbauend auf dem quasi-linearen Ansatz, eine
nichtlineare Erweiterung abgeleitet. Die innerhalb dieser schematischen Beschrei-
bung berechneten Korrelationsfunktionen werden analysiert und zur numerischen
Berechnung der Scherspannung, welche sich aufgrund von harmonischer Scherung
in �üssigen Systemen nahe des Glasübergangs ausbildet, verwendet.

Mit Hilfe der im Rahmen des schematischen Modells bestimmten Korrelationsfunk-
tionen für glasartige Systeme ist es möglich, ein Phasendiagramm zu präsentieren.
Es beschreibt den Zustand des Systems unter Scherung in Abhänigkeit der Scher-
amplitude, der Scherfrequenz und des Ausgangszustandes.

Abschlieÿend wird die Scherspannung in harmonisch gescherten glasartigen Sy-
stemen numerisch bestimmt.
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1 Introduction

Complex �uids are omnipresent in daily life. We mention body care products (tooth
paste, shampoo, etc.), foods (mayonnaise, ice cream, etc.), inks and paint just to
give some examples of the various possibilities [1].

Apart from these examples, polymer solutions and polymer melts are of especially
great industrial interest as they are the starting point for manufacturing all kinds of
synthetic materials. In addition bio�uids like blood belong to the class of complex
�uids. The importance of a better understanding of the mechanical properties of
complex �uids therefore is obvious.

The science which aims to achieve a deeper insight in the �ow properties of matter
is called rheology. A model system ideal to investigate the rheological properties
of complex �uids are dense colloidal dispersions. These model systems consist of
a solvent with dispersed colloids. Colloids are small particles with a radius in the
range of about 10−9m to 10−6m. The term colloid was proposed in the year 1861
by Thomas Graham (1805-1869). It is deduced from the Greek word for glue.

Due to their size the motion of dispersed colloids in a solvent is driven by stochastic
collisions with the molecules of the solvent which is called Brownian motion. Thus
colloidal dispersions are treated within the framework of statistical physics.

In this work we adopt a schematic model which can be deduced within the frame-
work of mode coupling theory [2, 3]. This theory is capable of capturing slow re-
laxation processes in �uids and describing the glass transition of a colloidal system
which arises by densifying the system above a critical value. Appropriate extension
of this schematic model enables us to numerically calculate the time dependent
stress of a system modeling an oscillatory sheared colloidal dispersion. This theo-
retical approach captures higher harmonics occurring in the stress with increasing
shear strain amplitude.

This work will be organized as follows: In section 2 we sum up some standard
rheological tests. In section 3 we present the considered system and the schematic
model which serves as as starting point in our theoretical approach. In section 4 we
describe our theretical approach starting with a quasi linear approach which then
is extended to a nonlinear approach. In section 5 we summarize our work and give
an outlook for future work.
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2 Classical Rheology

2.1 Rheological Measurements

In this section we follow the argumentation of Ronald G. Larson [1].

By the classical de�nition of a �uid we think of any material that deforms continu-
ously when it is exposed to an arbitrarily small shearing strain. According to this
de�nition we would say that mayonnaise is a solid, as it does not change its shape
under gravity. On the other hand we would refer to window glass as a liquid, as it
creeps, albeit ever so slowly, against forces even much weaker than gravity.

To some extent we could say that rheological measurements tell us how ��uid-like�
or �solid-like� a material is. These characteristics depend on the time scale on which
the material is probed. As an example we mention a ball of Silly Putty. If it is left
to rest on a table it will show ��uid-like� behavior as it �ows like honey. In the case
that it is suddenly dropped it will show �solid-like� behavior since it bounces like
an elastic solid.

A material that shows both elastic behavior as a solid and dissipative behavior
as a Newtonian liquid can be characterized as a complex liquid. The rheological
properties of a complex liquid can be measured as a function of shear rate or angular
frequency of deformation by using a rheometer. The simplest method of probing
complex liquids is to impose a shearing �ow on them and to measure the resulting
stress. Or by imposing a shearing stress and measuring the resulting shearing rate,
vice versa. Both experiments are performed in practice and provide complementary
information regarding the response of the system.

2.1.1 Shear experiments

A rheometer is a device designed to measure the rheological properties of a material.
In a strain controlled experiment the probed material is typically exposed to a steady
shear �ow during the measurement and its response in form of the shear stress is
measured as a function of shear rate γ̇ or, in an oscillatory shear experiment, of the
angular frequency of the oscillation ω.

There are several geometries for imposing a shearing �ow on a material to probe its
rheological properties [1]. Maybe the simplest one is to use two parallel plates which
can be moved relative to each other. To measure the rheological properties of the
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2.1 Rheological Measurements

liquid material, it is put between the two plates. During the measurement a shear
�ow is imposed on the material due to the movement of the plates. The resulting
stress is then measured by a stress sensitive sensor which is connected to one of
the plates. This geometry is referred to as the plane Couette geometry. Another
method to probe the rheological properties of a liquid is to impose a shear stress
on the material and then to measure the resulting shear rate (a so-called 'creep'
experiment).

In the following sections we present three types of standard rheological tests using
shear �ow. In real experiments these types are always realized with a certain ge-
ometry. A schematical representation of a plane Couette geometry is depicted in
section 3.1.

2.1.2 Steady �ow experiments

In steady �ow experiments the probed material is steadily sheared at a �xed rate.
For steady �ow experiments the di�erences of prototypical liquid-like and solid-like
complex �uids (such as a colloidal dispersion below and above the glass transition)
can be illustrated by the shear rate dependence of the stress σ, generally referred
to as the �ow curve, (cf. 2.1) and the viscosity η (cf. 2.2).

Figure 2.1: Steady �ow experiment: Schematical representation of the shear rate de-
pendence of the shear stress σ(γ̇) for prototypical �liquid-like� and �solid-like� materials.
Inspired by Larson [1].

The stress σ for the solid-like complex �uid shows no time dependence which means
that the shear rate dependence of the viscosity η is proportional to γ̇−1 as the stress
σ is de�ned by σ = η · γ̇. Decreasing viscosity η in connection with an increasing
shear rate γ̇ is known as shear thinning. That is the typical behavior of a solid-like
complex �uid.
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2 Classical Rheology

Figure 2.2: Steady �ow experiment: Schematical representation of the shear rate depen-
dence of the viscosity η(γ̇) = σ/γ̇ for prototypical �liquid-like� and �solid-like� materials.
Inspired by Larson [1].

The prototypical liquid-like complex �uid in contrary can be characterized by the
linear dependence on the shear rate γ̇ of its stress σ. That infers that its viscosity
η is independent of the shear rate γ̇.

2.1.3 Oscillatory shear experiments

In oscillatory shear experiments the probed material is periodically sheared. The
most noticeable di�erences in these experiments of prototypical solid-like and liquid-
like complex �uids appear in the dependence on the angular frequency ω of the
storage G′(ω) and loss G′′(ω) moduli (cf. �gure 2.3). For the de�nition of storage
and loss moduli see section 3.5.

The prototypical solid-like complex �uid shows in the low angular frequency regime
nearly no dependence of its storage and loss moduli on the angular frequency.
Clearly the storage modulus has higher values as the loss modulus which charac-
terizes a solid-like complex �uid. The angular frequency dependence of the storage
and loss moduli of the liquid-like complex �uid obeys power laws in the low angu-
lar frequency regime. The dependence on the angular frequency ω of the storage
modulus scales as

G′(ω) ∝ ω2. (2.1)

The dependence on the angular frequency ω of the loss modulus scales as

G′′(ω) ∝ ω1. (2.2)
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2.1 Rheological Measurements

Figure 2.3: Schematical representation of the frequency dependence of the storage G′(ω)
and loss G′′(ω) moduli for prototypical �solid-like� and �liquid-like� materials in the low
angular frequency regime. Inspired by Larson [1].

The angular frequency interval in which these relations are valid is called the ter-
minal regime. For recent experiments regarding oscillatory shear experiments we
refer to [4, 5, 6]

2.1.4 Switch on shear test

Other standard rheological tests are the switch on and switch o� shear test. By
employing these tests the complex �uid which rheological properties should be mea-
sured is placed in a rheometer. As in these tests one is interested in the change of
the viscosity η of the complex �uid in a transition from a state of rest to a state
in which the complex �uid is sheared, one waits until the complex �uid has totally
relaxed. Then a steady shear �ow is instantaneously imposed on the complex �uid
and the resulting shear stress σ is measured as a function of time. This resulting
shear stress is called the transient shear stress and denoted with a superscript +.
According to equation (2.3) the connected viscosity is called transient start-up vis-
cosity as the stress depends on the shear rate γ̇ and the time t that has passed since
the switch on process.

η+(t, γ̇) = σ+(t, γ̇)/γ̇. (2.3)

This test is only meaningful if the complex �uid is in a well-de�ned state, normally
a stress-free state, before the measurement is started and the results of the test
can be reproduced. This may be a questionable assumption for glassy states which
continue to evolve on very long timescales (ageing).
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2 Classical Rheology

Figure 2.4: Schematical representation of transient shear stress σ(t) for prototypical
�liquid-like� and �solid-like� materials. Inspired by Larson [1].

In �gure 2.4 we show the time-dependence of the stress in a switch on experiment for
a prototypical solid-like and liquid-like complex �uid. From the moment on when
the shear �ow is switched on, as well as for a later point in time, the prototypical
liquid-like complex �uid shows the same stress behavior. It follows instantaneously
the shear �ow.

In contrary to this behavior the prototypical solid-like complex �uid shows a linear
time-dependence until a certain value of the strain is reached after a certain time
interval. Then the stress looses any time dependence. The observation can be
interpreted as follows: Until a certain value of the strain is reached, the solid-like
complex �uid deforms elastically, so the stress increases with increasing strain in
a linear way. Then above a certain strain the solid-like complex �uid begins to
yield. So for strain values larger then this strain value the stress does not increase
anymore. It has reached its maximum value and looses any time-dependence.

The switch o� shear test is to some extent quite similar. Here the complex �uid
is steadily sheared and at a certain time t the shear �ow is switched o�. Now one
measures starting at this time t (which is set to zero) the decreasing shear stress as
a function of time. Here again this test is only meaningful if the initial condition of
the measured liquid is well-de�ned and the transient viscosity is reproducible from
one measurement to the next one. This requirement is much more easily satis�ed
than in the case of switch-on shear, as the steady sheared initial state is ergodic.
The viscosity in a swich o� shear test is given by

η−(t, γ̇) = σ−(t, γ̇)/γ̇. (2.4)

In general we can say that this test tells us about the structural rearrangements in
a complex �uid that is deformed.
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3 Colloidal Rheology

3.1 The considered system

g

A

Figure 3.1: Schematical representation of a shear experiment in Couette geometry. The
upper plate is moved harmonically back and forth.

The system which will be considered within this work and described by a schematic
model can be thought as a dispersion of colloids which are assumed to be spherical
Brownian particles. These particles interact with each other via a hard-sphere po-
tential. At high concentrations this system represents a simple viscoelastic system.
It shows both elastic behavior like a solid and dissipative behavior like a Newtonian
�uid when exposed to an externally applied shear strain. It can therefore also be
regarded as a model for a complex �uid.

This model system is then exposed to an externally applied oscillatory shear �eld
like in a plane Couette geometry with an oscillatory shear strain.

Here the shear strain amplitude is given by the maximal displacement of the sliding
plate A divided by the distance of the two plates g (cf. �gure 3.1) and can be
mathematically expressed as a sinusoidal function of time

γ(t) =
A

g
sin(ωt) = γ0 sin(ωt). (3.1)
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3 Colloidal Rheology

Then the shear rate is given by the time derivative of equation (3.1)

γ̇(t) = ω
A

g
cos(ωt) = ωγ0 cos(ωt). (3.2)

In the following we will refer to γ0 as the shear strain amplitude and to ω as the
angular frequency of the oscillation.

3.2 Colloidal glasses

A colloidal glass is a suspension for which the concentration is so high that the
dispersed particles are not able to explore the whole volume of the liquid. When we
monitor a certain particle of a colloidal glass which is not exposed to any external
forces we �nd that the particle stays 'more or less' at the same place (where 'more
or less' may be quanti�ed by looking at, e.g., the mean squared displacement). It is
essentially con�ned to its place by interactions with the surrounding particles. The
higher the particle concentration is ,the higher the probability that the monitored
particle will interact with its neighboring particles. The more it interacts with its
neighbors the less it is able to move freely through the volume of the liquid.

To explain this in a di�erent way consider a dilute suspension. While moving in
the liquid the particles rarely collide as there are so few particles in the liquid.
After having moved a certain time interval in the liquid there has been just a few
interactions between our monitored particles and the other ones. The in�uence of
these interactions on the random walk due to Brownian motion of the particle is
therefore quite small. Its motion is not constraint by the other particles.

By increasing the concentration of the suspension a particle will hit more and more
particles on its random walk in the liquid. Hence there will be more interactions with
other particles. Increasing the particle concentration will thus lead to an increasing
con�nement of the motion of the particle.

Above a certain value of the concentration the e�ect of the con�nement on the
motion of the particle is so high that the particle is con�ned to a small space volume
which is given by its neighboring particles. The particle is trapped in a 'cage formed'
by its neighboring particles. One speaks of the cage e�ect. In the argumentation
above we have just drawn our attention on any particle of the suspension. However,
our goal was to explain what a colloidal glass is. And a colloidal glass comprises
lots of particles not just one. So how could the behavior of just one particle tell us
anything about the behavior of the whole suspension?

To illustrate how the behavior of a system (the suspension) can be described by
just a part of it (a particle) we go back to the particle which is trapped in a cage
formed by its neighboring particles. We start with the assumption that there is a
cage realized by particles, no matter how this situation evolved. Furthermore we
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3.2 Colloidal glasses

(a) (b)

(c) (d)

Figure 3.2: Schematical representation of the cage e�ect. (a) The light blue particle is
surrounded by the green particles. (b) These particles may be viewed as forming a cage
in which the light blue particle sits. (c) and (d) The light blue particle is part of the cages
in which its neighboring particles sit.

assume that the particles which form the cage are quite immobile and stay more
or less at their position. For this reason the cage which they form is quite rigid.
Now we place a particle inside this cage and monitor it. As the cage is quite rigid
the monitored particle is con�ned to a small space volume limited by the cage and
there is no chance that it will escape the cage. It stays localized.

However the monitored particle itself is part of cages in which its neighboring par-
ticles are trapped. It is part of as many cages as it has neighboring particles. We
mention this to stress the point that in our picture every particle resides inside its
own cage. In the same way in which all the neighboring particles contribute to the
cage of the monitored particle, the monitored particle contributes to all the cages
of its neighboring particles, cf. �gure 3.2. E�ectively this is the reason why the
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3 Colloidal Rheology

behavior of a part of the system tells us about the behavior of the whole system.
The individual behavior of one particle is connected to the behavior of the entire
system.

Depending on the concentration of the dispersion the particles trapped in their
cages are able to perform small Brownian motions within their cages but they
cannot escape their cages and therefore not di�use over large distances.

As the particles of a colloidal glass are localized due to the cage e�ect the colloidal
glass at rest is an amorphous solid. It is a soft solid in the sense that is deforms
elastically when it is exposed to small strains but starts to �ow when exposed to
larger strains.

3.3 Mode-coupling theory

In this section we present some general aspects of the mode-coupling theory which is
the starting point to deduce the F12 model [2, 1]. The F12 model is a schematic model
which captures the underlying structure of the fully microscopic mode-coupling
theory. In general we can say that the mode-coupling theory is a theory capa-
ble of capturing slow relaxation processes in �uids and which is derived by using
self-consistent mode-coupling arguments. The derivation relies upon uncontrolled
approximations which are justi�ed by the quality of the subsequent results.

As it is the most important goal of the mode-coupling theory to describe the glass
transition of a colloidal system, its main idea is that at high densities in a liquid
colloidal system there is a nonlinear feedback mechanism of the �uctuations of
the structure which causes these �uctuations to arrest and prevents relaxation to
equilibrium.

Experiments done to study the glass transition of a colloidal system showed that
although the macroscopic behavior of the system changes dramatically at the glass
transition point the microscopic structure does not undergo a signi�cant change.
For this reason, a theory describing the glass transition should feature a dynamic
transition. This is achieved by the nonlinear feedback mechanism on which the
mode-coupling theory is based and which leads to a purely dynamic transition to
an idealized glassy state.

The main input to the theory is the static structure factor of the liquid which
characterizes the equilibrium liquid-state structure and controls the dynamics of
the system.

The principal prediction of the mode-coupling theory is that at the glass transi-
tion point the structural relaxation time becomes in�nite although the microscopic
structure of the system only changes slightly.

We have already mentioned the picure of a cage formed around a certain particle
by its neighboring particles (cf. 3.2) which is the so-called cage e�ect.
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3.3 Mode-coupling theory

By using this picture we can illustrate the prediction of the mode-coupling theory:
In liquid colloidal systems with low densities the so-called cages are rather open due
to the low concentration. The colloidal particles inside the cages are not obstructed
and can eventually escape the cage. At higher densities the particles forming the
cage for a certain particle are closer together and thus the con�ning e�ect of the
formed cage becomes greater. The result for the particle inside the cage is that the
probability to collide with the cage increases. So now the particle collides many
times with the cage in which it is trapped before it �nally can escape it.

The increasing frequency of collisions of the trapped particle with its cage which
occurs when the system is more and more densi�ed is associated with an increasing
residence time in the cage corresponding to the increasing structural relaxation
time. At the glass transition point the density of the liquid system is so high that
no particle can escape anymore its cage.

To describe the time evolution of a system the mode coupling theory applies the
concept of correlation functions. These time dependent correlation functions serve
as a measure of the dynamics of the system. We consider two functions f({rk(t)})
and g({rk(t)}) which dependent on the time dependent coordinates rk of the par-
ticles. The �uctuations of the functions are given by δf(t) = f(t) − 〈f〉 and
δg(t) = g(t)− 〈g〉 respectively. Where 〈·〉 denotes the equilibrium average.

In the quiescent state the correlation of these �uctuations δf and δg is then given
by the time dependent correlation function:

φfg(t) = 〈δf ∗(t)δg(0)〉. (3.3)

Now we consider the particles of the system with coordinates rk. Their particle
density in the real space is given by ρ(r) =

∑
k δ(r− rk). The Fourier transform of

this expression leads to the central quantity of the mode coupling theory

ρq =
∑
k

eiqrk . (3.4)

The auto-correlation function of (3.4) which we get by setting δf = δg = ρq in
equation (3.3) is called the transient correlation function. For reasons of convenience
it is normalized with 1

NSq
with Sq the static structure factor and N the number of

particles. We obtain

Φq(t) =
1

NSq

〈ρ∗q(0)ρq(0)〉. (3.5)

The normalized transient density correlation function Φq(t) possesses a q-dependence
which is neglected in the schematic model we will consider. The schematic model
which we adopt describes a time evolution of the transient density correlation func-
tion. In the following we will normally refer to the transient correlation function
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3 Colloidal Rheology

just as the correlation function.

φ 
(t

)

log (t)

(a)

(b)

(c)

Figure 3.3: Schematical representation of correlation functions for a system in the liquid
state (red line) and a system in the glassy state (blue dashed line).(a) denotes the short-
time relaxation, (b) the β-relaxation and (c) the α-relaxation

There are three typical relaxation processes in the time evolution of the correlation
function for a system below the glass transition point: The �rst relaxation process
is related to the decorrelation due to the short time dynamics of the particles and
can be characterized as a free balistical �ight. In �gure 3.3 this process is marked
with (a).

The second characteristic relaxation process is connected to the rattling of the
particles in their cages and is called β-relaxation and is marked with (b) in �gure
3.3.

The third characteristic relaxation process is called the α-relaxation and is con-
nected to the escape of the particles out of their cages and marked with (c) in �gure
3.3. Thus the correlation function eventually decays to zero. For systems in the
glassy state the correlation function decays to a plateau value which is called the
non-ergodicity parameter. It characterizes the con�ning of the particles to their
cages. Therefore correlation functions for systems in the glassy state do not show
an α-relaxation process.
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3.4 Constitutive equation

3.4 Constitutive equation

The constitutive equation describes the relation between the shear strain (or the
history of the shear strain) imposed on a material and the material's response, its
present state of stress. For this reason one of the central goals of molecular rheology
is to derive such constitutive equations for macroscopic systems by studying the
underlying physics in the microscopic or mesoscopic level [7].

For a time-dependent shear �eld of rate γ̇(t) the stress response of a system that is
exposed to this shear �eld is given by [8, 9]

σ(t) =

∫ t

−∞
dt′ γ̇(t′)G(t, t′), (3.6)

where the shear modulus G(t, t′) is the correlation function of the �uctuating shear
stress at the present time t with that at earlier time t′. The modulus is nonlinear
in γ̇(t) and in general not time translational invariant due to an implicit functional
dependence on the shear �eld. Only for special cases (e.g. steady �ows) is the
modulus a function of the time di�erence alone, in which case (3.6) reduces to a
simple convolution.

3.5 Storage and loss moduli

By de�ning the Fourier transform for a function f(t) as

f(ω) = iω

∫ ∞
0

dt f(t)e−iωt, (3.7)

the Fourier transform of the shear modulus G(t) leads to

G(ω) = iω

∫ ∞
0

dt G(t)e−iωt

= iω

{∫ ∞
0

dt G(t) cos(ωt)− i
∫ ∞

0

dt G(t) sin(ωt)

}
= ω

∫ ∞
0

dt G(t) sin(ωt) + iω

∫ ∞
0

dt G(t) cos(ωt)

= G′(ω) + iG′′(ω) ,

(3.8)

with G′(ω) = ω
∫∞

0
dt G(t) sin(ωt) which is called the storage modulus G′(ω) and

G′′(ω) = ω
∫∞

0
dt G(t) cos(ωt) which is called the loss modulus G′′(ω).

In linear response (see section 4.1) the shear modulus G(t, t′) can be approximated
by G(t, t′) = Geq(t − t′). Substitution of this approximation and the throughout
this work considered shear �eld γ(t) = γ0 sin(ωt) in the constitutive equation (3.6)
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3 Colloidal Rheology

leads to

σ(t) = γ0 ω

∫ t

−∞
dt′ cos(ωt′)Geq(t− t′). (3.9)

With the transformation of the variables t′′ = t− t′ we get:

σ(t) = γ0 ω

∫ ∞
0

dt′′G(t′′)cos(ω(t− t′′))

= γ0 ω

∫ ∞
0

dt′′G(t′′)(cos(ωt) cos(ωt′′) + sin(ωt) sin(ωt′′))

= γ0

[
cos(ωt)ω

∫ ∞
0

dt′′G(t′′) cos(ωt′′) + sin(ωt)ω

∫ ∞
0

dt′′G(t′′) sin(ωt′′)
]
.

(3.10)

We can rewrite the last line using equation (3.8) which leads to

σ(t) = γ0[G′(ω) sin(ωt) +G′′(ω) cos(ωt)]. (3.11)

Now the meaning of the terms 'storage modulus' and 'loss modulus' becomes evi-
dent: The storage modulus is in phase with the strain and represents the storage
of the elastic energy, while the loss modulus is in phase with the shear rate. It
represents the viscous dissipation of the elastic energy[1].

By using trigonometric formulae equation (3.11) can be written as

σ(t) = |G(ω)| sin(ωt+ δ), (3.12)

where the complex modulus is given by G = G′ + iG′′ and the phase shift by
tan(δ) = G′′(ω)/G′(ω). The ratio G′′(ω)/G′(ω) is the so-called �loss tangent�. It
is high (tan(δ) � 1) for liquid-like materials, but low (tan(δ) � 1)for solid-like
materials.

If G′′(ω) = 0 the response is purely elastic, in phase with γ(t) (δ = 0). In the case
G′(ω) = 0 dissipation dominates and the response is in phase with γ̇(t) (δ = π/2).

3.6 Shear modulus

Throughout this work an important role will be played by the shear modulus G(t),
which acts as a memory function in the constitutive equation between stress and
strain. Although we will work exclusively with schematic models, for which G(t) is
not directly connected to the microscopic interactions, it is nevertheless instructive
to consider brie�y the microscopic theory. A microscopic expression for the shear
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3.6 Shear modulus

modulus can be obtained by following [8] in which a new theoretical formalism was
developed.

We start with the Smoluchowski equation describing the time evolution of the dis-
tribution function Ψ of the particle coordinates in a colloidal system

∂tΨ(t) = Ω(t)Ψ(t) (3.13)

where Ω is the Smoluchowski operator. The system consists of N spherical Brownian
particles of diameter d which are dispersed in a solvent and which interact via
internal forces Fi, i = 1, . . . , N . A time-dependent velocity-pro�le is imposed on
the solvent and given by v(r, t) = κ(t) · r. In the case of the throughout this work
considered strain �eld γ(t) = γ0 sin(ωt) with velocity along x-axis and gradient
along y-axis, κ is given by καβ = γ̇(t)δαxδβy. The Smoluchowski operator Ω is
given by

Ω(t) =
∑
i

∂i · [∂i − Fi − κ(t) · ri] (3.14)

= Ωeq −
∑
i

∂i · κ(t) · ri (3.15)

where Ωeq is the equilibrium Smoluchowski operator.

We set the scales for time, length and energy in such a way that d = kbT = D0 = 1.

To �nd the distribution function Ψ(t) we consider a system in quiescent equilibrium.
Following its complete shear history from the in�nite past to a point in time t enables
us to get the distribution function Ψ(t) at time t. This is done by formally partial
integrating equation (3.13) which yields

Ψ(t) = Ψeq +

∫ t

−∞
dt′ ΨeTr

[
κ(t′)σ̂

]
e

R t
t′ ds Ω†(s)
− (3.16)

where Ψeq is the equilibrium distribution function and σ̂ is the zero wave vector
limit of the potential part of the stress tensor [10]. As the Smoluchowski operator
does not commute with itself at di�erent times, the time ordered exponential e−
arises and imposes that later times of the Smoluchowski operator appear on the
right.

Functions that are to be averaged are placed to the right of the operators and
then integrated over particle coordinates. Thus a general function f has the time-
dependent average relative to the distribution function (cf. equation (3.16))

〈f〉(t) = 〈f〉+

∫ t

−∞
dt′ 〈Tr[κ(t′)σ̂]e

R t
t′ ds Ω†(s)
− f〉 (3.17)
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3 Colloidal Rheology

The adjoint Smoluchowski operator is given by

Ω†(t) =
∑
i

[∂i + Fi + ri · κT (t)] · ∂i (3.18)

= Ω†eq +
∑
i

[ri · κT (t)] · ∂i (3.19)

where Ω†eq is the equilibrium adjoint Smoluchowski operator.

A microscopic expression for the stress is given by

σαβ = −
∑
i

Fα
i r

β
i (3.20)

with α, β = x, y, z. By employing the considered strain �eld γ(t) = γ0 sin(ωt) with
velocity along x-axis and gradient along y-axis, equation (3.20) reduces to

σxy = −
∑
i

F x
i r

y
i . (3.21)

By setting f = σxy

V
in equation (3.17) and noting that there is no macroscopic stress

in the equilibrium state, the generalized Green-Kubo relation for the time-dependent
shear stress can be obtained

σ(t) =

∫ t

−∞
dt′ γ̇(t′)

[
1

V
〈σxye

R t
t′ ds Ω†(s)
− σxy〉

]
. (3.22)

In equation (3.22) the factor [. . . ] can be identi�ed formally as a time-dependent
shear modulus G(t, t′, [γ̇]).

When in equation (3.22) the time-dependent operator Ω†(t) is replaced by the op-
erator for the quiescent state, then the expression for the shear modulus G(t − t′)
in linear response is recovered

σ(t) =

∫ t

−∞
dt′ γ̇(t′)

[
1

V
〈σxyeΩ†eq ·(t−t′)σxy〉

]
. (3.23)

This formally exact result can be approximated using mode coupling arguments
leading to

G(t) =
1

60π2

∫ ∞
0

dk k4

(
S ′k
Sk

)2

Φ2
k(t) (3.24)

with Sk = 1
N
〈ρ∗k ρk〉 the static structure factor; S ′k = ∂Sk/∂k and Φk(t) the coherent
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3.7 The Maxwell model

transient density correlation function. In a similar way the expression for the time-
dependent shear modulus equation (3.22) can be approximated (see [8] for explicit
results).

The essential approximation in going from (3.23) to (3.24) is achieved by projecting
the dynamics of the stress �uctuations onto density �uctuations. The relaxation of
the stress-stress correlation function G(t) is thus expressed in terms of the relaxation
of density �uctuations.

We will use a schematic model as a starting point to derive a theoretical approach to
calculate the stress of dense dispersions which are exposed to an externally applied
oscillatory shear �eld. In this schematic model the k-dependence of the coherent
transient density correlation functions is neglected. It is so to speak a one mode
version with no k-dependence.

In our further derivation of a theoretical approach we will use an ad-hoc ansatz
for the shear modulus guided by the quadratic form of the coherent transient den-
sity correlation function Φk(t) appearing in equation (3.24). Therefore the shear
modulus shall be expressed as

G(t) = φ2(t). (3.25)

While this simple expression clearly neglects the rather complicated spatial reso-
lution of (3.24) contained in the k-dependent integrand, studies using (3.25) have
shown a simple quadratic ansatz to be qualitatively correct [3].

As equation (3.22) can be interpreted as

σ(t) =

∫ t

−∞
dt′ γ̇(t′)

[
1

V
〈σxy(t) σxy(t′)〉

]
, (3.26)

we then propose for the time-dependent shear modulus the following expression

G(t, t′) = φ2(t, t′). (3.27)

3.7 The Maxwell model

In this model the shear modulus is assumed to relax exponentially

G(t) = G∞ e−t/τ , (3.28)

with a time scale τ .

By de�ning the Fourier transformation as in section 3.5 (3.7), the Fourier transform
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3 Colloidal Rheology

of (3.28) yields

G(ω) = iω

∫ ∞
0

dt G(t)e−iωt. (3.29)

Using the Maxwell ansatz for the modulus we can derive terms for the storage G′(ω)
and loss modulus G′′(ω)

G(ω) = iω

∫ ∞
0

dt (G∞e
−t/τ ) e−iωt

= iω G∞

∫ ∞
0

dt e−(1/τ+iω) t

= iω G∞

( 1

1/τ + iω

)
= iω G∞

( 1/τ − iω
1/τ 2 + ω2

)
= G∞

( ω2

1/τ 2 + ω2

)
+ i G∞

( ω/τ

1/τ 2 + ω2

)
,

(3.30)

so the storage and loss moduli in the Maxwell model are given by

⇒ G′(ω) = G∞

( ω2

1/τ 2 + ω2

)
G′′(ω) = G∞

( ω/τ

1/τ 2 + ω2

)
. (3.31)

In the high frequency limit we obtain:

G′(ω →∞) = G∞ (3.32)

G′′(ω →∞) = 0. (3.33)

This implies that in the high frequency limit a material described by the Maxwell
model reacts as a solid.

G(ω →∞) = G′(ω →∞) + iG′′(ω →∞)

= G∞.
(3.34)

In the low frequency limit we recover the behavior of the storage and loss moduli
for �uid-like materials as presented in section 2.1.3

G′(ω → 0) = (ω2τ 2)G∞ (3.35)

G′′(ω → 0) = (ωτ)G∞. (3.36)

When the system becomes more and more viscous on approaching the glassy state
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3.8 Schematic models

the microscopic relaxation time diverges (τ →∞). Considering this limit we obtain:

G′(ω, τ →∞) = G∞ (3.37)

G′′(ω, τ →∞) = 0 (3.38)

G(ω, τ →∞) = G′(ω, τ →∞) + iG′′(ω, τ →∞)

= G∞
(3.39)

By calculating the high frequency limit (cf. equation 3.34) and the long relaxation
time limit (cf. equation 3.39) we get the same results. This is reasonable as the cru-
cial physical e�ect can be modeled by the ratio of the frequency ω of the externally
applied oscillation relative to the microscopic relaxation time τ .

3.8 Schematic models

In order to develop a theoretical approach to explore the rheological properties
of dense dispersions exposed to an externally applied oscillatory shear strain, we
choose as a starting point a schematic model describing an idealized structural glass
transition.

Schematic F12 model

The schematic F12 model is the simplest model which describes an idealized struc-
tural glass transition. [2] It was introduced to study the essential predictions of the
mode-coupling theory within a simpli�ed mathematical framework.

Based on a function φ(t) which is supposed to exhibit the standard properties of
correlation functions (φ(t) = φ(−t); φ(t) and all its derivatives are continuous) the
F12 model describes the time evolution of this function φ(t).

The function φ(t) which models a density correlation function is normalized φ(t =
0) = 1 to simplify the notation.

The F12-model is then given by the equation of motion for the correlation function
φ(t)

∂tφ(t) + Γ

{
φ(t) +

∫ t

0

dt′ m(t− t′)∂t′φ(t′)

}
= 0 (3.40)

The parameter Γ sets the time scale of the system and is assumed to be equal to
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3 Colloidal Rheology

one in this work and the memory kernel m(t− t′) is given by

m(t) = ν1φ(t) + ν2φ
2(t) (3.41)

with the coupling parameters ν1 and ν2. Following the standard practice of schematic
mode coupling theory, the parameters ν1 and ν2 are given by ν2 = 2 and ν1 =
2(
√

2 − 1) + ε/(
√

2 − 1) [3]. The separation parameter ε is analogous to the den-
sity in a microscopic system, with negative values corresponding to �uid states and
positive values corresponding to glassy states.

The impact of the friction force m(t − t′) on the time evolution of the correlation
function φ(t) depends on the state of φ(t− t′). There are critical values for the two
coupling parameters ν1 and ν2 for which the solution of equation (3.40) changes
its qualitative behavior. Mathematically this phenomenon is called a bifurcation.
Götze et al. [2] identi�ed this mathematical bifurcation with the glass transition.
The F12 model is so constructed that it reproduces the physical idea of self consistent
current relaxation. These currents govern the motion of density �uctuations and
the motion of the currents is determined by relaxation processes.

Schematic F
(γ̇)
12 model

The mentioned F12 model can be extended to the F (γ̇)
12 model by varying the memory

kernel (cf. (3.41)) [3]. As the F12 model it captures the cage e�ect which leads
to an increasing correlation function with increasing particle concentration. The
F

(γ̇)
12 model captures an additional e�ect which arises when a system is steadily

sheared with a certain shear rate γ̇. The steady shear of the system leads to a
decorrelation of the positions of the particles in the dispersion. This results in a
vanishing correlation function φ(t) with time and leads to the conclusion that an
external shear rate, regardless how small, restores ergodicity.

These two e�ects - the cage e�ect and the shear-induced decorrelation - are captured
by the F (γ̇)

12 model by extending the memory kernel of the F12 model to

m(t) =
ν1φ(t) + ν2φ

2(t)

1 + (γ̇t)2
(3.42)

The additional summand (γ̇t)2 in the denominator causes the memory kernel to
vanish with time. The quadratic term in the denominator appears as it is of no
importance for the shear-induced decorrelation whether the system to be modeled
is sheared in the positive or in the negative direction. The equation of motion of
the correlation function of the F12 model (cf. (3.40)) is not modi�ed.

∂tφ(t) + Γ

{
φ(t) +

∫ t

0

dt′ m(t− t′)∂t′φ(t′)

}
= 0 (3.43)
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Throughout this work we consider a shear strain of the form

γ(t) = γ0 sin(ωt). (4.1)

This shear strain models the externally applied oscillatory shear �eld like in a plane
Couette geometry with an oscillatory shear strain. (see section 3.1)

Given an expression for the shear modulus, calculation of the stress is thus reduced
to quadrature. In the following we will consider three approximate methods of
sequentially increasing sophistication for the calculation of G(t, t′).

4.1 Linear response theory

For small shear strain amplitudes (typically γ0 � 1) the stress induced by an
externally applied oscillatory shear �eld can be calculated within the linear response
theory. In this case the strain dependence of the shear modulus G(t, t′) may be
neglected which leads to

G(t, t′) = Geq(t− t′). (4.2)

G(t, t′) can be expressed as a function of the time di�erence between t and t′ due
to the time translational invariance of the equilibrium shear modulus.

In linear response the stress can be expressed as

σ(t) = γ0[G′(ω) sin(ωt) +G′′(ω) cos(ωt)], (4.3)

see section 3.5.

In the inset of �gure 4.1 we show correlation functions which we numerically calcu-
lated using the F12 model. With increasing separation parameter ε which models
a system closer and closer to the glass transition the �nal decay of the correlation
function shifts to later times. In contrary the intersection points of the storage and
loss moduli shift to earlier times.
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Figure 4.1: The inset shows numerically calculated correlation functions for a system
with separation parameter ε = −0.001 (red), ε = −0.01 (blue) and ε = −0.1 (black). For
these systems the storage G′ and loss G′′ moduli are depicted. The black circles mark the
intersection points of G′ and G′′ for each system.

4.2 Quasi-linear response theory

In an attempt to improve upon linear response theory a quasi-linear approach has
been proposed in which the linear response expression for the stress 4.3 is retained
but with storage and loss moduli which depend parametrically on the amplitude
of oscillation [11]. The theory is thus quasi-linear in the sense that σ(t) remains a
simple sinusoid but with an amplitude and phase shift which depend nonlinearly on
shear strain amplitude γ0.

Within this microscopic approach the shear modulus is expressed as a weighted
wavevector integral over the transient density correlation function describing the
correlation of density �uctuations at two di�erent times. The dependence upon the
shear strain amplitude and angular frequency of the strain �eld enters via the in-
troduction of a�nely deformed advected wavevectors [3, 12] into both the quiescent
mode coupling expression for the modulus and the quiescent equation of motion for
the transient density correlator [2].

This physically motivated modi�cation of the quiescent mode coupling theory thus
captures approximately the in�uence of the external shear �eld on the system mem-
ory. Technically, the shear induced reduction of memory in the quasi-linear theory
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results from a dephasing of the vertices in the wavevector integral determining the
memory function as a function of increasing strain. This mechanism describes the
competition between the slow structural relaxations present in the equilibrium sys-
tem and the �uidizing e�ect of external shear.

While the microscopic equations presented in [11] remain rather complicated in
structure, the essential physics of the approach can be captured by a simple schematic
equation. Guided by the quadratic form appearing in the microscopic expression
for the modulus we employ the approximation

G(t) = φ2(t) (4.4)

where φ(t) is the transient density correlation function. Such a simple ansatz for
the modulus has proven useful for both quiescent [2] and steadily sheared states [3]
and should be no less reliable for the time dependent �ow considered here. The
transient density correlation function is obtained from solution of the equation of
motion

∂tφ(t) + φ(t) +

∫ t

0

dt′ mω,γ0(t− t′)∂t′φ(t′) = 0 (4.5)

The shear strain amplitude and angular frequency of the shear �eld thus enter as
parameters in a one-time equation for the correlation function. In a straightforward
generalization of the schematic model presented in [3] we approximate the memory
function by

mω,γ0(t) =
ν1φ(t) + ν2φ

2(t)

1 + (γ0 sin(ωt))2)
(4.6)

where ν1 and ν2 are two coupling parameters (see section 3.8).

Equation (4.6) satis�es the requirement that the memory be a decaying function of
the accumulated strain.

While the choice (4.6) excludes the possibility of the shear thickening [13] and
jamming behavior [14] which may occur in colloidal dispersions at higher shear
rates it represents faithfully the mode-coupling based microscopic expression of
[11] in which such e�ects are similarly neglected. In the steady shear limit (ω →
0, γ0 → ∞, ωγ0 → constant) we recover the schematic model presented in [3]. In
the quiescent system (γ̇ = 0) equation (4.6) reduces to the memory function of the
well established F12 model [2].

The transient correlation function entering equations (4.4)-(4.6) can be more pre-
cisely notated as φ(t) ≡ φ(t, 0), the correlation of a density �uctuation at time t = 0
with a later �uctuation at time t, in order to expose the key approximation. The im-
plicit assumption is that the correlation function is independent of the waiting time
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t′ from which the correlation function starts to be measured, φ(t + t′, t′) = φ(t, 0)
for all t′. Although clearly at odds with the underlying variations in the strain �eld
this assumption serves to render the correlation function, and thus the modulus via
(4.4), time translationally invariant, reducing

σ(t) =

∫ t

−∞
dt′ γ̇(t′)G(t, t′), (4.7)

to a convolution and thus recovering 4.3. What is gained by this approach is a γ0

dependence in G′ and G′′, thus providing a �rst step beyond linear response.

4.2.1 Storage and loss moduli in quasi-linear response

By employing the extended F12 model of the quasi-linear response theory (cf. equa-
tion (4.5) and (4.6)) we can numerically calculate correlation functions for systems
modeled with a certain separation parameter ε, shear strain amplitude γ0 and an-
gular frequency of the oscillation ω. With the approximation G(t) = φ2(t) which
should be reliable as stated above we are able to calculate the shear modulus G(t).
When we insert the shear modulus G(t) in the constitutive equation (4.7) we can
calculate the resulting stress as a response of the underlying system to an applied
oscillating shear strain.

The shear stress σ can be expressed as the superposition of the storage modulus G′

and loss modulus G′′ in the linear response theory as already stated (see section 3.5.
This reformulation enables us to make some statements of the behavior of the un-
derlying system. Does it react more as a solid-like or as �uid-like system depending
on the applied shear strain amplitude and angular frequency of oscillation?

The calculation of storage G′ and loss moduli G′′ for a separation parameter ε =
−0.0015, a shear strain amplitude 10−3 < γ0 < 102 and an angular frequency of
10−8 < ω < 720 gives us the possibility to show our results as 3-dimensional plots
in the parameter space of γ0 and ω.

The representations of the storage G′ and loss G′′ moduli in the parameter space of
shear amplitude γ0 and angular frequency ω give a visual impression of the response
of the underlying system to an applied shear strain.

We mention the work of K. Miyazaki et al.: �Nonlinear viscoelasticity of metastable
complex �uids�[11]. In this letter the authors investigate the nonlinear viscoelastic
behavior of metastable complex �uids exposed to an externally applied oscillatory
shear strain.

They describe the general observed behavior of metastable complex �uids as follows:
By increasing the shear strain amplitude γ0 for �xed angular frequency ω, the
storage modulus G′ remains �rst constant before decreasing continuously above
a critical strain. The loss modulus G′′ however shows a distinct peak before it
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Figure 4.2: The storage modulus G' as a function of shear strain amplitude γ0 and
angular frequency ω for a �xed value of the separation parameter ε = −0.0015.

decreases as well at even larger applied strains. They state that this behavior
is ubiquitous in metastable complex �uids like polymer systems, colloidal glasses,
emulsions and gels for example. Although these systems are quite di�erent, the
observed behavior is universal: The loss modulus G′′ shows a peak around 10−2 .
γ0 . 1 for a large frequency regime where the system is elastic, i.e. G′ > G′′.

They argue that the presence of the peak of G′′ can be qualitatively explained by
considering the Maxwell model. In this model the storage and loss moduli are given
by (cf. 3.7)

G′(ω) = G∞

( ω2

1/τ 2 + ω2

)
G′′(ω) = G∞

( ω/τ

1/τ 2 + ω2

)
(4.8)

τ sets a time scale on which the system relaxes and which corresponds to the struc-
tural relaxation time in many systems. Equation (4.8) yields for the peak of G′′(ω)
a value of ω ' 1/τ . In order to model the often dramatic decrease of the struc-
tural relaxation time which many complex �uids experience when applied to large
strains a phenomenological expression is introduced. As this decrease should be
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Figure 4.3: The loss modulus G� as a function of shear strain amplitude γ0 and angular
frequency ω for a �xed value of the separation parameter ε = −0.0015.

characterized by the shear rate amplitude γ̇0, they employ the following expression

1/τ ′ ' 1/τ +Kγ̇0
ν (4.9)

with ν being a positive exponent and K a constant.

Furthermore they argue that if τ is replaced in equation (4.8) by τ ′ a peak of G′′

should be observed at ω ' 1/τ ′ ' Kγ̇0
ν . This is satis�ed when 1/τ can be neglected

which means that the system's intrinsic relaxation is very slow. Metastable systems
with slow dynamics have an exponent ν ≈ 1 and K of order 1. For these systems
the peak appears at ω ' γ̇0 or γ0 ' 1.

This argumentation rationalizes the observed fact that there is only a small de-
pendence of the position of the peak on the frequency. In addition it accounts for
the fact that the peak of the loss modulus G′′ should appear in a frequency regime
where the response of the system is dominantly elastic, in the sense that the storage
modulus G′ is larger than the loss modulus G′′.

They calculate the shear modulus G(γ0, ω) for a hard-sphere colloidal suspension
near the MCT glass transition point using a microscopic description based on MCT.
The volume fraction is set to φ = φc× (1− 10−3) which corresponds to a separation
parameter ε ≈ −0.0015 in our schematic model 1.

1Actually as the �isotropically sheared hard sphere model� (ISHSM) approximation [3] is adopted
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Figure 4.4: Numerically calculated correlation functions with a separation parameter
ε = −0.0015, an angular frequency ω = 10−6 and shear strain amplitudes of γ0 = 10−3,
γ0 = 10−2, γ0 = 0.1, γ0 = 1, γ0 = 10 and γ0 = 100. Along path 1, cf. �gure 4.3.

The results of this calculation can be summed up as follows: In the small-strain
limit the loss modulus G′′(γ0, ω) shows a broad dip between 10−3 . ω . 101. In
this interval of the angular frequency the storage modulus G′(γ0, ω) is larger than
the loss modulus G′′(γ0, ω) and thus the response of the modeled system to an
applied oscillating shear strain is solid-like. By increasing the strain amplitude the
loss modulus G′′ shows a weak peak around γ0 ' 0.4 and G′ starts to decrease
monotonically. The loss modulus G′′(γ0, ω) also starts to decrease when the shear
strain amplitude γ0 is further increased.

For an angular frequency ω ' 10−4 the loss modulus G′′(γ0, ω) has a small peak
and for all angular frequencies smaller than ω ' 10−4 liquid-like relaxation can be
observed which means that the loss modulus G′′(γ0, ω) is larger than the storage
modulus G′(γ0, ω).

The appearance of the 3-dimensional plots (cf. �gure 4.2 and �gure 4.3) resemble
those from [11] qualitatively aside from the area of both high shear strain amplitudes

for the computation and for the glass transition point φc ≈ 0.516 is used the separation
parameter ε following [3] can be estimated using ε ' 3.0(φ − φc) = 3((1 − 10−3)φc − φc) =
−0.001548.
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Figure 4.5: Numerically calculated correlation functions with a separation parameter
ε = −0.0015, an angular frequency ω = 10−4 and shear strain amplitudes of γ0 = 10−3,
γ0 = 10−2, γ0 = 0.1, γ0 = 1, γ0 = 10 and γ0 = 100. Along path 2, cf. �gure 4.3.

and angular frequencies. But as the authors state in their paper their results in the
area of high shear strain amplitudes and high angular frequencies should not be
considered as physical. They argue that the Peclet number in this area becomes
�very large and thus the validity of the present MCT framework is questionable.�

So we can conclude that within the range of the parameter space of γ0 and ω where
they expect that their microscopically derived approach is reasonable our physically
motivated schematic model for the quasi-linear response theory can qualitatively
reproduce their �ndings.

Additionally, our schematic approach enables us to gain a deeper insight into the
appearance of the peak in the loss modulus G′′ at γ0 ≈ 0.4. For this reason we
calculated the correlation function along the two paths (cf. �gure 4.3) for a �xed
angular frequency of 10−6 for path 1 and 10−4 for path 2 respectively. These cor-
relation functions are calculated for a certain shear strain amplitude of γ0 = 10−3,
γ0 = 10−2, γ0 = 0.1, γ0 = 1, γ0 = 10 and γ0 = 100. What we can infer from these
calculations (cf. �gures 4.4 and 4.5) is summed up as follows:

Along path 1 (for an angular frequency of 10−6) the correlation functions for γ0 =
10−3, γ0 = 10−2 and γ0 = 0.1 show a similar decaying behavior which causes the
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loss modulus G′′ to stay constant. Above a shear strain amplitude of γ0 ≈ 1 the
correlation functions show a di�erent behavior. The α-relaxation process starts
earlier for larger shear strain amplitudes, which leads to a decrease in the loss
modulus.

Along path 2 for an angular frequency of 10−4 the correlation functions for γ0 =
10−3 and γ0 = 10−2 are quite alike. This explains the constant value of the loss
modulus for this shear strain amplitude interval. For a shear strain amplitude of
γ0 = 0.1 the correlation function shows some small oscillations while falling to zero.
A constructive interference e�ect of these observed oscillations of the correlation
function with those of the cosine function in the integrand of equation seems to
account for the peak in the loss modulus at a shear strain amplitude of γ0 ≈ 0.4.
The correlation functions for γ0 = 1, γ0 = 10 and γ0 = 100 exhibit a similar decaying
behavior as in the case of an angular frequency of ω = 10−6 besides the fact that due
to the larger angular frequency the α-relaxation process set in 1-2 decades earlier.
These observations may explain the not so dramatic decrease of the loss modulus
for a angular frequency of ω = 10−6 compared to the case discussed above.

4.2.2 Viscoelastic state diagram

In order to explore the features of the extended F12-model with the quasi-linear
response approach for the memory function we provide a viscoelastic state diagram
of the response of the modeled system to an externally applied oscillatory shear
�eld. This diagram tells us whether the character of the response of the underlying
system is more solid- or more liquid-like. For this purpose we generalize the concept
of the loss tangent δ, which is the ratio G′′/G′. The loss tangent is low (� 1) for
solid-like materials and is high (� 1) for materials that are liquid-like [1].

As a generalization of this concept we argue that the character of the response of a
system exposed to an externally applied oscillatory shear �eld is solid-like when the
storage modulus G′(ω, γ0) is larger than the loss modulus G′′(ω, γ0) and vice versa
is liquid-like in the case of G′(ω, γ0) < G′′(ω, γ0).

We present the phase boundaries for values of the separation parameter of ε =
−0.0015 (red curve); ε = −0.003 (green curve); ε = −0.005 (blue curve); ε = −0.010
(purple curve) and ε = −0.015 (light blue) (cf. �gure 4.6). All these separation
parameters correspond to systems in the liquid state. The system with ε = −0.0015
is the system that is closest to the glass transition.

In the small shear strain regime γ0 . 0.1 and the large shear strain regime γ0 &
10 the phase boundaries of all considered separation parameters ε are relatively
insensitive to a change of the shear strain γ0.

As all considered systems are in the liquid state it is clear that in the limit of
low angular frequency ω and low shear strain amplitude γ0 (i.e. there is no actual
externally applied oscillatory shear �eld) the character of the response of all systems
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is liquid-like. In the small strain regime γ0 . 0.1 there exists a distinct angular
frequency value for each system above which the character of the response changes
from liquid- to solid-like.

To explain why this observation is reasonable we have to think of the underlying
system which is modeled by our schematic mathematical model. Less negative
values of the separation parameter ε correspond to systems that are closer to the
glass transition point. That means that the density of the modeled system increases
as the separation parameter ε approaches zero from below. A higher density is
connected to smaller distances between the neighboring particles.

Now we consider a system that is periodically sheared with a su�ciently small
shear strain so that the oscillation has no impact on the cage e�ect in the sense
that the cages are not destroyed by the oscillation. The oscillation only increases the
interaction between the neighboring particles by pushing them against each. The
increasing interaction between neighboring particles seems to enforce the solid-like
character of the response (i.e. the storage modulus G′ increases). But interaction
between neighboring particles can only take place when the time scale set by the
oscillation is smaller than the one set by the intrinsic relaxation time of the system.

This argumentation may explain the observation that each system in the liquid
state which is sheared with a su�ciently small shear strain possesses an angular
frequency value at which the character of the response changes from liquid-like to
solid-like. This angular frequency value is determined by the intrinsic structural
relaxation time which in turn is determined by the separation parameter ε of the
schematic model.

The observation that the less negative the separation parameter ε, the smaller the
angular frequency ω above which the response of a system in the liquid state changes
its character can be explained in the following way: Less negative separation pa-
rameters correspond to higher densities. Systems in the liquid state with higher
densities have longer intrinsic relaxation times. Hence smaller angular frequency
values are su�cient in the small shear strain regime to make neighboring particles
interact with each other as they have no time to avoid each other.

In the shear strain interval 0.1 . γ0 . 10 the phase boundary clearly depends
on the shear strain amplitude and the angular frequency. This can be explained
by the competition between the e�ect described above and the shear-introduced
destruction of the cages formed by the neighboring particles in which each particle
is trapped. The �rst mechanism enforces the solid-like character of the response the
latter mechanism the liquid-like character.

In the large strain regime γ0 & 10 there is a certain angular frequency value -
namely ω0 ≈ 1.96 - above which each considered system responses with a solid-like
character to an externally applied oscillatory shear �eld. This may be explained by
the following argument: Above the angular frequency ω0 the oscillation is so fast
that each considered system in the liquid state reacts with a solid-like character due
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Figure 4.6: Viscoelastic state diagram.

to the fact the particles cannot di�use su�ciently far on the timescale set by the
oscillation.

4.3 Nonlinear theory

In order to improve upon the quasi-linear approach and develop this into a fully
nonlinear theory it is necessary to confront directly the two-time dependence of
the correlation function. Recently derived mode coupling results for the equation
of motion for the transient density correlation function under time dependent �ow
[8, 9] have revealed a rich mathematical structure in which the memory function
depends upon three time arguments for a general time dependent �ow.

The development of schematic models to faithfully represent these microscopic re-
sults is a matter of considerable interest (for the current state of the art we refer to
[15]).

In this work we construct a more physically motivated theory designed to capture
the leading order nonlinearities while remaining convenient for numerical implemen-
tation.
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As a simple generalization of (4.4) it is natural to employ

G(t, t′) = φ2(t, t′) (4.10)

in order to account for the lack of time translational invariance. The constitutive
equation

σ(t) =

∫ t

−∞
dt′ γ̇(t′)G(t, t′) (4.11)

can be rearranged without approximation, with a simple change of variable and use
of trigonometric addition formulae, into the following form

σ(t) =

(
ω

∫ ∞
0

ds sin(ωs)G(t, t− s)
)

sin(ωt)

+

(
ω

∫ ∞
0

ds cos(ωs)G(t, t− s)
)

cos(ωt) , (4.12)

where we have used the explicit form for the shear �eld γ(t) = γ0 sin(ωt).

The bracketed prefactors are functions of both ω and t and may be regarded as a
generalization of the storage and loss moduli to situations for which time transla-
tional invariance no longer holds. In the special case that G(t, t′) = G(t− t′) (like in
the quasi-linear response theory approach, see section 4.2) the prefactors lose any t
dependence and (4.12) reduces to

σ(t) = G′(ω) sin(ωt) +G′′(ω) cos(ωt). (4.13)

Given equations (4.10) and (4.12) the nonlinear problem is now reduced to the
calculation of φ(t, t−t′) as a function of t′ for a �xed value of t. This reformulation of
the problem makes easier a physical approximation for both the equation of motion
and memory function required for determination of the correlation function.

The parametric nature of the time t can be further emphasized by modifying nota-
tion φt(t′) ≡ φ(t, t− t′). Guided by the form of (4.5) we thus propose the following
equation of motion for φt(t′)

∂t′φt(t
′) + φt(t

′) +

∫ t′

0

ds mt(t
′ − s)∂sφt(s) = 0 (4.14)

where the memory function also possesses a parametric dependence upon t. In order
to account for the �uidizing e�ect of the strain accumulated between t− t′ and t a
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reasonable extension of the memory function proposed in [3] is given by

mt(t
′) =

ν1φt(t
′) + ν2φ

2
t (t
′)

1 +
( ∫ t

t−t′ ds γ̇(s)
)2 (4.15)

where the integral occurring in the denominator is the strain. For the oscillatory
shear �eld γ(t) = γ0 sin(ωt) this leads to

mt(t
′) =

ν1φt(t
′) + ν2φ

2
t (t
′)

1 + [γ0 sin(ωt)− γ0 sin(ω(t− t′))]2
(4.16)

Equations (4.12), (4.14) and (4.16) form a closed theory for the nonlinear stress
response to the applied strain �eld γ(t) = γ0 sin(ωt).

Nonlinearity of σ(t) as a function of strain amplitude is a result of the γ0 dependence
in the memory function (4.16) and the deviation from sinusoidal time dependence
arises from the dependence of the correlation function, obtained by solving (4.14)
and (4.16), upon the parametric time t.

The integrand required for evaluation of the stress at a given value of t using (4.12)
is obtained by solution of (4.14) and (4.16). This procedure must then be repeated
for each value of the parameter t. Given that σ(t) is periodic with period 2π/ω,
only a relatively small number of t values need be considered in order to resolve
e�ectively the temporal dependence of the stress. This linear scaling makes the
theory very e�cient for numerical implementation.

4.3.1 Correlation functions in the liquid state

By employing the nonlinear theory approach (see section 4.3) we can numerically
calculate correlation functions for certain shear strain amplitudes γ0 and angular
frequencies ω. As a starting point we choose a separation parameter ε = −0.015
to model a system in the liquid state. In �gure 4.7 the correlation functions are
depicted for a small shear strain amplitude γ0 = 0.1 and angular frequencies ω =
0.01, ω = 0.1 and ω = 1. In order to compare these correlation functions calculated
in the small strain regime we also show a correlation function for the un-sheared
case with the same separation parameter ε = −0.015. As stated in the discussion
of the viscoelastic state diagram 4.2.2 a shear strain amplitude of γ0 = 0.1 belongs
to the small strain regime.

By comparing the functional characteristics of these correlation functions modeling
viscoelastic systems we observe that they are relatively insensitive to the value of the
angular frequency of the applied oscillation. We �nd all characteristic �relaxation
processes� clearly distinguishable from each other (see section 3.3). In the sense that
the short time dynamics for small times is clearly separated from the relaxation to
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Figure 4.7: Numerically calculated correlation functions for a separation parameter ε =
−0.015, a shear strain amplitude γ0 = 0.1 and angular frequencies of ω = 0, ω = 0.01,
ω = 0.1 and ω = 1.

the plateau value which is here understood as the β-relaxation process. The same
is true of the α-relaxation, which is understood as the �nal relaxation from the
plateau to zero, clearly separated from the relaxation to the plateau value.

Why is the observed behavior reasonable? The di�erence in the functional charac-
teristics between the un-sheared case and the case of a small shear strain is charac-
terized by a faster decrease of the correlation function to zero for the latter due to
�uidizing e�ect of shearing. As argued in 4.2.2 a shear strain amplitude γ0 = 0.1 is
not su�cient to have an impact on the cage e�ect. So the only e�ect of the shearing
is an enforced decorrelation due to faster structural relaxation within a system in
the liquid state.

In the intermediate shear strain amplitude regime γ0 = 1 (cf. �gure 4.8) the de-
pendence of the correlation functions on the angular frequency of the oscillation is
distinctive. Only for an angular frequency of 0.01 are the two relaxation processes
distinguishable. For an angular frequency of 0.1 they start to �coalesce� and �nally
for a value of 1 we are not able anymore to tell when a given relaxation process
begins or ends. Additionally we observe that the correlation functions show larger
oscillations in the part of their temporal evolution when they �nally decay to zero.
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Figure 4.8: Numerically calculated correlation functions for a separation parameter ε =
−0.015, a shear strain amplitude γ0 = 1 and angular frequencies of ω = 0, ω = 0.01,
ω = 0.1 and ω = 1.

In the large shear strain amplitude regime γ0 = 10 (cf. �gure 4.9) only for an angular
frequency of 0.01 the individual relaxation processes are slightly identi�able. For
angular frequencies of 0.1 and 1 the correlation functions show a nearly exponential
decaying behavior.

Is the observed behavior of the correlation functions with respect to the underlying
system which they should model reasonable? As we argued in section 4.2.2 in
the intermediate shear strain amplitude regime the e�ect of the oscillation can be
su�ciently large to destroy the cages formed by the neighboring particles around
a particle. This e�ect depends on the shear strain amplitude and the angular
frequency. So this situation can occur: Although the shear strain amplitude might
be large enough to destroy the cages, in combination with an angular frequency
that is small, the externally applied oscillation is not su�cient to destroy the cages.
Whether the β-relaxation is distinguishable from the α-relaxation is related with the
cage e�ect in the following way: When the cages persist a certain time interval the
external imposed oscillation this can be observed as a slower decay of the correlation
function during the considered time interval. This slower decay causes the β- and
α-relaxation processes to be distinguishable. So when the combination of shear
strain amplitude and angular frequency of the oscillation is su�cient to destroy the
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Figure 4.9: Numerically calculated correlation functions for a separation parameter ε =
−0.015, a shear strain amplitude γ0 = 10 and angular frequencies of ω = 0, ω = 0.01,
ω = 0.1 and ω = 1.

cages these relaxation processes are not distinguishable. When the combination of
γ0 and ω is not su�cient to destroy the cages we can distinguish these relaxation
processes.

4.3.2 Pipkin plots

Having calculated the correlation functions with our ansatz for the nonlinear theory
we are now able to calculate the shear stress of a system as a response to an
externally applied oscillatory shear strain (cf. 4.3. By doing so we want to explore
how far our nonlinear theory is able to describe the nonlinearities emerging in the
stress response when the system is exposed to large amplitude oscillatory shear.

In �gure 4.10 we use a representation for the calculated shear stress response which
is called a Pipkin plot within the rheological literature [16]. It provides a possibility
to give an impression in which way the nonlinearities in the response of a system
exposed to oscillatory shear depend on the shear strain amplitude γ0 and the angular
frequency ω of the oscillation.

In the depicted Pipkin plot we show the stress responses of a considered system
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Figure 4.10: Pipkin plot of the stress curves of a colloidal system modeled with a
separation parameter ε = −0.015 which is exposed to oscillatory shear strain with shear
strain amplitude of γ0 = 0.1, γ0 = 1, γ0 = 10 and angular frequency of ω = 0.01, ω = 0.1,
ω = 1.

with a separation parameter ε = −0.015 which models a system in the liquid state.
Along the vertical axis the shear strain amplitude values of 0.1, 1, and 10 are plotted.
Along the the horizontal axis the angular frequency values of 0.01, 0.1 and 1 are
plotted. So each depicted plot is given for a certain pair of values of shear amplitude
γ0 and angular frequency ω. According to 4.3 the lower row shows stress responses
in the small strain regime, the upper one shows stress responses in the large strain
regime and the middle one shows stress responses for a regime between the two
mentioned strain regimes which we call the intermediate strain regime.

To discuss our results we will go from the linear response regime to the nonlinear
regime which emerges at large amplitudes. We start in the right lower corner. The
shear stress is a simple sinusoid which amplitude and phase displacement depend
on the shear strain amplitude γ0 and angular frequency ω of the oscillation. So
this stress response belongs clearly to the linear response regime. By decreasing the
angular frequency ω of the oscillation which corresponds to a move to the left in
the Pipkin plot we �nd that the depicted shear stress plots for angular frequencies
of 0.1 and 0.01 show more or less the same characteristics meaning they belong to
the linear response regime as well. This result is no big surprise as the correlation
functions which we use to calculate the stress responses are quite similar as seen in
4.3.1.
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Certainly by probing the viscoelastic behavior of a dispersion in small amplitude
oscillatory shear experiments the di�erent angular frequency values would result in
di�erent amplitudes of the stress response. But as the depicted shear stresses are
normalized with respect to their maximum value for reasons of convenience these
di�erences are no longer observable.

By moving to the middle row we leave the small strain regime and enter the in-
termediate strain regime. For an angular frequency ω = 1 we discover that the
form of the response starts to di�er from a simple sinusoid and the form becomes
more and more asymmetric by decreasing the angular frequency ω of the oscillation.
Additionally the top of the simple sinusoid becomes smaller and the form begins to
resemble more and more a rectangular function.

This observation can be interpreted as shear thinning. As already mentioned we
understand by shear thinning that the viscosity of a �uid decreases with increasing
shear rate.

By studying the upper row in the Pipkin plot we look at the large shear strain regime
with a shear strain amplitude γ0 = 10. Here the plot for an angular frequency
ω = 1 already shows a distinct nonlinear shape which can be interpreted as shear
thinning. For an angular frequency of 0.1 on we discover that the shear stress shows
an emerging shoulder.This observation results from the fact that the top slabs due to
shear thinning whereas the neighboring part of the shear stress curve is not a�ected
by the shear thinning e�ect and hence does not change its form.

This argument becomes more evident when we compare the shear stress plots in the
small shear strain regime with those in the large shear strain regime. All depicted
plots show the shear stress of a modeled system exposed to an oscillatory shear
strain. For all depicted plots the time dependence of the shear strain is identical
taking into account the di�erent angular frequencies. That means that shear stresses
shown in one column of the Pipkin plot are the response of a system exposed to
the same time dependent shear strain with the same functional dependence on
time besides the di�erent shear strain amplitude. Each plot is the response to an
oscillatory shear strain which functional form is given by a sinusoid with initial
value zero.

In the small shear strain regime the maximum value of the shear stress corresponds
to the maximum value of the delayed shear rate as the considered system is in the
liquid state (ε = −0.015). What do we mean by �delayed� shear rate?

When we consider a perfect solid (G′ � G′′) then its shear stress response would be
in phase with the shear strain of the oscillation. When we consider a perfect liquid
(G′′ � G′) then its shear stress response would be in phase with the shear rate of
the oscillation. The system we consider is neither a perfect solid nor a perfect liquid
but a model viscoelastic system. As it is modeled with a separation parameter value
of ε = −0.015 it reacts more like a perfect liquid than as a perfect solid. For this
reason its shear stress is rather in phase with the shear rate than with the shear
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Figure 4.11: Pipkin plot of the Lissajous plots of a colloidal system modeled with a
separation parameter ε = −0.015 which is exposed to oscillatory shear strain with shear
strain amplitude of γ0 = 0.1, γ0 = 1, γ0 = 10 and angular frequency of ω = 0.01, ω = 0.1,
ω = 1.

strain.

Following this line of reasoning a shear rate which has the same phase displacement
relative to the original shear rate as the shear stress in the small shear strain regime
will be called the �delayed� shear rate.

This argumentation accounts for the fact that the top of the shear stress occurs
increasingly earlier the more the shear strain amplitude is increased. Increasing the
shear strain amplitude enforces the shear thinning e�ect. The shifting of the top
can be understood as a competition between an arising shear thinning e�ect due to
an increasing shear strain amplitude and a changing of the phase displacement of
the �delayed� shear rate due to a modi�ed density of the system which results in a
more solid-like or liquid-like behavior of the system.

4.3.3 Lissajous plots

Using our data representing the shear stress of a system in the liquid state (ε =
−0.015) exposed to an externally applied oscillatory shear strain in dependence of
the shear strain amplitude γ0 and the angular frequency ω of the oscillation we
provide a second representation. Here we use the so-called Lissajous plots.
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Figure 4.12: Lissajous plots in the linear regime. For a phase displacement between
the shear strain and the shear stress of 0 (perfect solid) one gets a line (red). For phase
displacement of π/2 (perfect liquid) one gets a circle (black). For phase displacements
between 0 and π/2 the result is an ellipse. Here depicted for a phase displacement of π/4
(blue).

In general a Lissajous plot in two dimensions is a curve with coordinates given by
the parametric equations x = A sin(ω1t+δ) and y = B sin(ω2t). The resulting curve
sensitively depends on the ratio of ω1 to ω2 and the phase shift δ.

In the rheological context we understand by a Lissajous plot the resulting curve
when shear strain is plotted versus shear stress with both normalized to their re-
spective maximal values [17]. In linear response theory the Lissajous plot just
depends on the phase di�erence between the shear strain and the shear stress as
both angular frequencies are equal and their functional form is given by a simple
sinusoid. The Lissajous plot is thus circular (elliptical depending on normalelliptical
But in the nonlinear regime it is di�erent. Now the appearance of the Lissajous
plot is also dependent on the functional form of the shear stress.

Besides giving a visual impression of the emerging nonlinearities in the stress the
area enclosed within the closed loop trajectory of a Lissajous plot is directly related
to the dissipated energy.

By considering the energy dissipated per unit volume of material per oscillation
cycle

Ed =

∫ π/ω

−π/ω
dt σ(t)γ̇(t) (4.17)
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and replacing σ(t) by its Fourier series (see section 4.3.4)

σ(t) =
∞∑
k=1

ak(ω) cos(kωt) +
∞∑
k=0

bk(ω) sin(kωt) (4.18)

and setting γ̇(t) = ω cos(ωt) we get

Ed = γ0π a1(ω) (4.19)

with a1 = ω
π

∫ π/ω
−π/ωdt σ(t) cos(ωt).

Thus, for a sinusoidal strain of the form γ = γ0 sin(ωt), energy is dissipated only
at the input frequency. The coe�cient a1 which is equivalent to loss modulus G′′

thus has the same interpretation in the non-linear regime as in the linear regime:
it determines the dissipation of energy over an oscillation cycle. The remaining
coe�cients are thus responsible for the reversible storage and recovery of elastic
energy.

The integral in (4.17) is an integral over a single period of oscillation which is
equivalent to the area enclosed within the closed loop trajectory of a Lissajous plot.
This gives an appealing physical interpretation to the Lissajous representation and
thus provides a direct visual impression of the dissipative character of the dissipative

In order to generate the Lissajous plots we extract one period of the shear stress for
each pair of a certain shear strain amplitude value and an angular frequency value.
Like in section 4.3.2 where we describe the behavior of the shear stress, these shear
stress curves are normalized with respect to their maximum value for a certain pair
of oscillation parameters. As the shear stress is plotted versus the shear strain with
the same angular frequency there is no need to normalize the angular frequency.
Because the system is periodic we obtain a closed curve.

As the deviation from the elliptical form of a Lissajous plot is a measure for the
occurring nonlinearities in the shear stress, it is obvious that this deviation will
increase from the starting point in the lower right corner either in direction of
increasing shear strain amplitude or in direction of decreasing angular frequency of
the oscillation.

In the small shear strain regime (γ0 = 0.1) we discover approximately the same
form of the Lissajous plots as we move to the left corresponding to a decrease of the
shear strain. In the intermediate shear strain regime (γ0 = 1) we see a gradually
progression of the deviation of the form from an ellipse. In the large shear strain
regime (γ0 = 10) this deviation is further enforced.

We can also infer from the Lissajous representation that the enclosed area increases
by increasing shear strain amplitude and decreasing angular frequency. This obser-
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Figure 4.13: Fourier coe�cients corresponding to the stress curves of a colloidal system
modeled with a separation parameter ε = −0.015 which is exposed to oscillatory shear
strain with shear strain amplitude of γ0 = 0.1, γ0 = 1, γ0 = 10 and angular frequency of
ω = 0.01, ω = 0.1, ω = 1. Depicted are the �rst twenty odd bk-coe�cients.

vation corresponds to the fact that more energy is dissipated during one period of
oscillation with increasing nonlinear characteristics emerging in the stress curves.

4.3.4 Fourier analysis

In order to analyze the emerging nonlinearities in the stress curves of our model
system exposed to an oscillatory shear strain in dependence on the shear strain
amplitude γ0 and the angular frequency ω of the oscillation in a more quantitative
way we have performed a fourier analysis of the depicted stress curves in �gure 4.10.
The stress curves σ(t) are periodic with period 2π/ω and can therefore be expressed
as a Fourier series.

As our interest in this analysis is focused just on the functional form of the stress
curve we take one period of each stress curve starting with positive values. This
method provides the opportunity to easily compare the fourier coe�cients without
the troublesome fact that the fourier coe�cients show any dependence on the phase
displacement.
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The Fourier series is given by [18]

σ(t) =
∞∑
k=1

ak(ω) cos(kωt) +
∞∑
k=0

bk(ω) sin(kωt) (4.20)

with the coe�cients de�ned by

bk(ω) =
ω

π

∫ π/ω

−π/ω
dt σ(t) sin(kωt) (4.21)

ak(ω) =
ω

π

∫ π/ω

−π/ω
dt σ(t) cos(kωt). (4.22)

As we use in the fourier series expansion the angular frequency of the oscillation as
the basic frequency it is obvious that all coe�cients with k = 2n, n ∈ N vanish.

In the low strain regime all of the depicted stress curves exhibit a functional form
which is not really di�erentiable from a sinusoidal form. As we take one period of
the curves starting with positive values we get more or less a sinusoid. A sinusoid
is an odd function f(x) = −f(−x), so all ak-coe�cients vanish in the low strain
regime.

The actual symmetry of the stress curves is not point symmetric. This observation
is only true in the low strain regime. With increasing shear strain amplitude the
point symmetry is more and more reduced. Due to the fact that our mathematical
model is so constructed that it describes a system that is periodically sheared the
stress curves show the following symmetry: σ(t) = −σ(t+ 1

2
τ) with τ = 2π

ω
being the

periodic time of the oscillation. In the large strain regime the ak-coe�cients slightly
increase but still are neglectable in comparison with the bk-coe�cients. Therefore
we only depict the odd bk-coe�cients for k = 1, 3, .., 19 (cf. �gure 4.13). What
we can infer is that with increasing shear strain amplitude and decreasing angular
frequency of the oscillation the higher harmonics clearly increase. In the low strain
regime the �rst harmonic is dominant. In the intermediate shear strain regime
besides the �rst harmonic, the third and �fth harmonics increase for small angular
frequencies. In the large shear strain regime bk-coe�cient corresponding to the 19th

harmonics shows up. The fourier analysis con�rms the observations made above.

In �gure 4.14 we show the ratios of the bk-coe�cients. Depicted are the ratios of
b3, b5 and b7 to b1 for an angular frequency ω = 0.01 as a function of increasing
shear strain amplitude γ0. We observe that in the shear strain interval from 0.1 to
1 the ratios show the steepest slope meaning that in this angular frequency range
the increase of the higher harmonic contribution is strongly pronounced. The peak
in the ratio of b3/b1 at a shear strain amplitude γ0 = 5 can be explained as in the
shear strain amplitude range the third harmonic contributes mainly to the emerging
nonlinearities. For higher shear strain amplitudes the contribution of the �fth and
seventh harmonics augments.
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Figure 4.14: Depicted are the ratios of the Fourier coe�cients b3/b1, b5/b1 and b7/b1 as
a function of the shear strain amplitude γ0 for an angular frequency ω = 0.01. Cf. �gure
4.13.

4.3.5 Correlation functions in the glassy state

In the numerical calculation of correlation functions in the glass state using the
extended F12 model we have to confront particularly the problem that for positive
values of the separation parameter ε correlation functions representing colloidal
systems which are not exposed to an oscillatory shear strain do not decay to zero
but reach a �nite value which is called the non-ergodicity parameter. The fact
that correlation functions reach a �nite value corresponds to the glass state of the
colloidal system. In the glass state the positions of the particles at one time are
correlated with the places at a later time.

Why does this fact pose a problem? Our algorithm to solve the extended F12 model
is based on a decimation algorithm. One of the consequences of this algorithm (see
appendix 6) is that after each block the grid-point spacing is doubled. In the �rst
block the grid-point spacing is set to ∆x by the algorithm. In the next block - the
second block - the grid-point spacing is twice as large as in the �rst block, so its
value is 2(2−1) ·∆x = 2 ·∆x in the second block. In the end the distance between
two grid points after the correlation function is calculated for 34 blocks - that is
the usual number of blocks which we employ in our algorithm - is 233 · ∆x. But
during the calculation of the correlation function the angular frequency ω modeling
the oscillatory shear strain does not change. So in the �rst blocks there are enough
grid-points to su�ciently resolve the sinusoid the oscillation so that the numerics
converge su�ciently fast but as the distance between two grid-points becomes larger
with respect to the number of blocks there might be a certain point in time from
which on the numerics do not converge anymore.
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What is the criterion whether the numerics converge or not? The numerics converge
if the shear strain amplitude γ0 and the angular frequency of the oscillation ω are
large enough to melt the glass state during the time interval in which the grid-
point spacing is small enough to su�ciently resolve the sinusoid which models the
imposed oscillation.

What do we mean by melting the glass? We use this expression when the correlation
function reaches 0 after a certain time for a system with a positive separation
parameter ε. In this case there is no correlation for any monitored particle in the
system at the starting time of the observation with that at a later time at which
the correlation function has reached the 0 value. If this observation is valid for
one particle then it is valid for all particles of the considered system as described
in section 3.2. This means that all particles can explore the whole volume of the
system which is exactly the de�nition of a liquid. The particles are not con�ned to
distinct places in the system.

But as in the beginning the considered system for which the correlation function is
calculated is in the glass state which is modelled by a positive separation parameter
ε > 0 the system changes its state from a solid one to a liquid one which is referred
to as melting. This is the reason why we call this process melting.

In which way is the su�cient fast decay of the correlation function connected with
the question whether the numerics converge or not? This can be easily understood:
Although the distance between two grid points will always become too large after
a certain time interval to resolve the sinusoid of the denominator of the memory
kernel in a proper way that does not pose a problem as long as the numerator of the
memory kernel is already zero. This is valid if the correlation function has fallen to
zero.

Now we consider the case that the shear strain amplitude γ0 and the angular fre-
quency of the oscillation ω is too low to melt the glass in a time interval during
which the distance between two grid points is small enough to su�ciently resolve
the sinusoid modeling the oscillatory shear strain. Then the correlation function
does not reach the zero value during this considered time interval. In this case it is
either still falling to zero or has reached a value about which it is oscillating. For
both observations the fact that the distance between two grid points is too large
to su�ciently resolve the sinusoid poses a problem. In the case of the not vanish-
ing correlation function the memory kernel does not take a distinct value anymore.
Then the numerics starts to diverge.

Although our numerical algorithm is limited by the facts mentioned above, it is nev-
ertheless possible to numerically calculate correlation functions modeling systems
in the glass state, viz. systems with a positive separation parameter ε > 0. Until
the point at which the numerics do not converge anymore our numerics should be
reliable as we can clearly specify and identify the reason why the numerics diverge
after this point. By increasing the number of grid points per block or decreasing the
grid point distance which e�ects the same result we can expand the time interval
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Figure 4.15: Numerically calculated correlation functions with a separation parameter
ε = 0.1, an angular frequency ω = 0.1 and shear strain amplitudes of γ0 = 0, γ0 = 0.62,
γ0 = 0.63 and γ0 = 0.70.

for which our numerics converge.

By comparing the numerically calculated correlation functions for separation pa-
rameters ε = 0.1 (cf. �g. 4.15), ε = 0.01 (cf. �g. 4.16) and ε = 0.001 (cf. �g. 4.17),
it can be seen that the amplitude of the oscillation of the correlation function due to
the externally applied oscillatory shear strain sensitively depends on the separation
parameter ε. For relatively large values of the separation parameter (ε & 0.1) the
oscillations are strongly pronounced whereas for small values of the separation pa-
rameter (ε . 0.001) they essentially vanish. This behavior seems to have its origin
in the fact that the sparation parameter ε indicates the distance of the modelled
system to the glass transition point. Smaller positive separation parameter values
correspond to systems that are closer to the glass transition.

Systems that are in the glass state and are close to the glass transition can be melted
with lower values of the shear strain amplitude γ0 and the angular frequency ω on
the one hand and on the other hand their solid-like character is not so strongly
pronounced as for systems which are distant from the glass transition point.

The e�ect of an externally applied oscillatory shear strain on a system in the glass
state which is distant from the glass transition (viz. its separation parameter is
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Figure 4.16: Numerically calculated correlation functions with a separation parameter
ε = 0.01, an angular frequency ω = 0.1 and shear strain amplitudes of γ0 = 0, γ0 = 0.18,
γ0 = 0.19 and γ0 = 0.20.

relatively large) might therefore be explained by the following argument: As its
solid-like character is strongly pronounced the cages formed by the particles of the
suspension 3.2 are quite rigid. So the externally applied oscillatory shear strain
with intermediate shear strain amplitudes is not able to destroy these cages im-
mediately. Although the cages are not destroyed immediately but the externally
applied oscillatory shear strain still causes periodic deformations of the cages (cf.
�gure 4.18). During one period of the externally applied oscillatory shear strain the
cages are deformed one time in the one direction and one time in the other direction.
Between these times at which the cages are maximally deformed the cages return
to some extent to their initial position as all cage forming particles are moved due
to Brownian motion while the cage is deformed. This leads to a mean correlation
and decorrelation of the particles of the system with an angular frequency that is
twice as large as the angular frequency of the externally applied oscillation.

Now we have to distinguish two cases. In the �rst case the values of the shear strain
amplitude γ0 and the angular frequency of the oscillation ω is too low to melt the
glass. Then the mean value of the correlation functions decay to a �nite plateau
value about which it oscillates as the particles are driven by Brownian motion during
these deformation processes the mean value of the correlation functions decay to a
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Figure 4.17: Numerically calculated correlation functions with a separation parameter
ε = 0.001, an angular frequency ω = 0.1 and shear strain amplitudes of γ0 = 0, γ0 = 0.05,
γ0 = 0.06 and γ0 = 0.1.

�nite plateau value about which it oscillates. The amplitude of the oscillation of
the correlation functions becomes smaller and smaller while decaying to the plateau
value. This might be explained as follow: The oscillatory shear strain to which
the modelled system is exposed entails the cages to become less and less rigid until
they have reached a state in which the e�ect of the externally applied oscillatory
shear strain amplitude only causes constant small deformations of the cages. So
e�ectively the observable deformations of the cages decreases as the cages become
less and less rigid. Theses deformations are connected to changing correlations of
thee particles as already described. So decreasing observable deformations of the
cages entail a decreasing amplitude of the oscillation of the correlation function.

In the second case the value of the shear strain amplitude γ0 and the angular fre-
quency of the oscillation ω is large enough to melt the glass. Here the correlation
functions eventually reach zero. While decaying to zero the correlation functions
show also an oscillating behavior with an amplitude that is not so strongly pro-
nounced, as in the case when the value of γ0 and ω is su�ciently large to melt the
glass.

This observation can be explained by the following argument: As the value of γ0

and ω is relatively large (su�cient to melt the glass) the cages in the dispersion are
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Figure 4.18: Schematical representation of the e�ect of the oscillatory shear strain on a
system in the glassy state. The arrows denote the maximal shear rate. At (a) the system
is sheared with the maximal shear rate. At (b) the cages are maximally deformed. At
(c) the cages are sheared with the maximal shear rate in the other direction. (d) - (f)
complete the period. γ(t) represents the shear strain. ϕ(t) the corresponding correlation
function of the system. It oscillates with twice the periode of the oscillatory shear strain
and gradually decreases in amplitude due to Brownian motion of the particles.

stronger deformed as in the case of a smaller value of γ0 and ω. So the cages lose
faster their rigid character as in the case already described. Due to this fact the e�ect
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of the oscillatory shear strain on the structure of the cage is not so pronounced. This
results in a less strong correlation and decorrelation of the particles as a function
of time.

The e�ect of an externally applied shear strain on a system in the glass that is close
to the glass transition , viz. its separation parameter is small, modeled with the
extended F12 model is depicted in �gure 4.17. As already mentioned the amplitude
of the oscillation of the correlation function which we calculate for these systems
is very small. This behavior can also explained by the �sti�ness� of the cages.
Due to the fact that the considered systems are close to the glass transition point
the particles of the dispersion form just loosely connected cages in the un-sheared
case. These cages can be destroyed by a quite low value of γ0 and ω on the one
hand. But to explain the smaller amplitude of the oscillation of the correlation
function the other result of these just loosely connected cages is important: As the
structure of the cages is less rigid the deformation of the oscillatory shear strain
entails just a small correlation / decorrelation e�ect, because the particles return
with lower probability to the environment of the places where they reside while they
are exposed to the externally applied oscillatory shear strain.

4.3.6 Phase diagram

Having calculated the correlation functions modeling colloidal systems with a qui-
escent state, viz. the state when the system is not exposed to any forces, in the
glass, we are able to present a phase diagram. This phase diagram aims to describe
the transition from the glassy state to the liquid state of a colloidal system that is
exposed to an externally applied oscillatory shear strain as a function of the shear
strain amplitude γ0, the angular frequency of the oscillation ω and the separation
parameter ε determining the initial state of the considered system. In other words,
it describes how strongly such a system has to be sheared to eventually melt. As
a criterion whether the oscillatory shear strain is su�cient to induce a transition
from the glassy state to the liquid state of a modeled system we take the correla-
tion function modeling a system with a certain value of the separation parameter
ε in the glassy state. Then we numerically calculate correlation functions for a
certain shear strain amplitude γ0 and vary the angular frequency of the oscillation
ω. By increasing the strength of the oscillation the plateau value of the correlation
function initially decreases, but the correlation function still possesses a plateau.
Then, suddenly, above a critical strength of the oscillation the correlation function
no longer exhibits a plateau but decreases to zero. If the correlation functions show
such a sudden change in their behavior, we take this as a sign that there is a glass
transition. When no sudden change in the behavior of the considered correlation
function occurs within the considered angular frequency interval then we increase
the shear strain amplitude γ0. Then we analyse the correlation functions for this
new shear strain amplitude in the considered angular frequency interval.
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Figure 4.19: Numerically calculated correlation functions with a separation parameter
ε = 0.001, an angular frequency ω = 0.01 and shear strain amplitudes of γ0 = 0, γ0 = 0.05,
γ0 = 0.06, γ0 = 0.07, γ0 = 0.08 and γ0 = 0.09. The dashed lines indicate the φc-values of
0.20, 0.24 and 0.28.

By applying this procedure we scan the phase space which is spanned by the three
parameters ε, γ0, ω, seeking to divide thus into glass and �uid regions.

Depending on these parameters it is sometimes not possible to say if a glass transi-
tion is existent or not, because the calculated correlation functions are limited to a
certain time interval due to computational constraints (cf. 4.19). Thus, it may hap-
pen that the correlation function is still decaying but has not reached 0 at a point
after which we are not able to calculate the correlation function for this certain set
of the parameters γ0, ω, and ε.

In this case we use a di�erent method. It can be described as follows: If the
oscillatory shear strain is su�cient to melt the glass state then the correlation
function eventually decays to zero. In this case it also falls below each value larger
than zero. Increasing the values of the shear strain amplitude γ0 and the angular
frequency of the oscillation ω leads to the fact that in the beginning the value of
the plateau - the non-ergodicity-parameter - decreases until, suddenly, the glass
melts and the long-time value of the correlation function is zero. A value below
the smallest value for a plateau that indicates that the system is still in the glass
state will thus be undercut by each correlation function modeling a system with the
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Figure 4.20: Depicted are the data points with corresponding �t functions. See text.

separation parameter shear strain amplitude
ε γ0,max,s - γ0,min,l

0.001 0.05 - 0.06
0.005 0.13 - 0.14
0.01 0.18 - 0.19
0.05 0.42 - 0.43
0.1 0.62 - 0.63
0.5 1.7 - 1.8

Table 4.1: γ0,max,s denotes the maximal value of γ0 for which the sheared system is still
solid for an angular frequency range of 0.01 - 1. γ0,min,l denotes the minimal value of γ0

for which the sheared system is already liquid for an angular frequency range of 0.01 - 1.

same separation parameter ε which is exposed to such a large shear strain that the
original glass state is melted to a liquid state. Depending on the shear strain each
of the correlation functions will reach this value after a certain time interval. In
the range of the values for γ0 and ω which are su�ciently large to melt the glass,
decreasing the shear strain causes this intersection point to occur at later times.

So in the approach of the glass transition by decreasing the shear strain this time
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Figure 4.21: Phase diagram for a system exposed to oscillatory shear strain. The surface
separates ergodic from non-ergodic states de�ned by the long-time value of the correlation
function.

will diverge as correlation functions which represent systems that are not melted by
the shear strain do not fall below the �xed value.

Now, we determine for di�erent �xed values - which we denote with φc - the times
after which correlation functions fall below this value. In a next step we plot the
logarithm of these times as a function of γ0. Then we �t these data points with
ffit(x) = a · (x − b)c separately for each �xed value. By applying this method we
can extrapolate the shear strain amplitude γ0 for which the glass transition occurs
for �xed ω and ε.

As an example we present in �gure 4.20 our results. Here we use the described
method to extrapolate the glass transition in dependence on the shear strain am-
plitude γ0 for a given separation parameter ε = 0.001 and an angular frequency
ω = 0.01.

For φc = 0.2 we get a �t function f(γ0) = 0.054 · (γ0 − 0.057)2.922.

For φc = 0.24 we get a �t function g(γ0) = 0.114 · (γ0 − 0.057)2.837.

For φc = 0.28 we get a �t function h(γ0) = 0.114 · (γ0 − 0.058)2.283.

In our ansatz for the �t function ffit(x) = a · (x − b)c the critical value for the
shear strain amplitude is given by b. The mean values of our extrapolated b values
is approximately 0.057. We take these results as an argument that for the given

53



4 Theoretical approaches

parameters ε and ω the critical shear strain amplitude has a value between γ0,max,s =
0.05 and γ0,min,l = 0.06. For the given parameters an oscillation with a shear strain
amplitude below γ0,max,s = 0.05 is insu�cient to melt the glass. Whereas a shear
strain amplitude > γ0,min,l = 0.06 will melt the glass. γ0,max,s denotes the maximal
value of γ0 for which the sheared system is still solid. γ0,min,l denotes the minimal
value of γ0 for which the sheared system is already liquid.

We �nd the glass transition for the given parameter values to be at a shear strain
amplitude γ0 between 0.05 and 0.06.

In table 4.3.6 we give the critical shear strain values for di�erent separation param-
eters within an angular frequency range of 0.01-1.

As stated above this analysis enables us to show a phase diagram of a system
exposed to an oscillatory shear strain. It describes for which values of γ0 and ω
the system modeled with a certain separation parameter ε exhibits a solid state or
a liquid one while being sheared. In the analyzed interval ε = 0.001 − 0.5 we �nd
that the angular frequency in the range of ω = 0.01− 1 has no impact on the glass
transition of the sheared system.

4.3.7 Stress curves in the glassy state

Using the correlation functions modeling systems in the glassy state that we nu-
merically calculated and presented in section 4.3.5 we are able to calculate the
associated stress curves. These stress curves show the response of a colloidal sys-
tem that is exposed to an externally applied oscillatory shear stress. In this section
the considered systems are originally in the glassy state before they are exposed to
the oscillatory shear strain. The e�ect of the oscillatory shear strain is that these
systems are melted if the applied shear strain is su�ciently large.

In this case the correlation functions modeling these systems decay su�ciently fast
to zero so that our numerics converge. As a result we get correlation functions with
the following time dependence φ(t = 0, t′). By introducing a loop over all t-values
with t′ 6 t in our numerical algorithm we can numerically calculate correlation
functions which have the full t-dependence.

Then we apply the generalization of the approximation for the modulus G(t, t′) as
in section 4.3

G(t, t′) = φ2(t, t′) (4.23)

and this enables us to have a method to calculate the shear stress of a system exposed
to an oscillatory shear strain that is modeled by these correlation functions. This
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Figure 4.22: Phase diagram for an angular frequency ω = 1. The green cross marks the
position ε = 0.01, γ0 = 0.5 (cf. 4.23); the blue cross ε = 0.01, γ0 = 0.4 (cf. 4.24) and the
black cross ε = 0.01, γ0 = 0.35 (cf. 4.25). The arrow points along the approach of the
phase boundary.

is achieved by employing the following equation as in section 4.3

σ(t) =

(
ω

∫ ∞
0

ds sin(ωs)G(t, t− s)
)

sin(ωt)

+

(
ω

∫ ∞
0

ds cos(ωs)G(t, t− s)
)

cos(ωt) (4.24)

In �gures 4.23, 4.24 and 4.25 the stress is depicted which is calculated for a system
modeled with a separation parameter ε = 0.01 which is exposed to an oscillatory
shear strain with an angular frequency ω = 1. It is remarkable that in the approach
of the phase boundary the point symmetry of the stress curve is strongly reduced.
In the approach of the phase boundary means here that with a decreasing shear
strain amplitude - we have calculated the stress for γ0 = 0.5, γ0 = 0.4 and γ0 = 0.35
- the initial state of the colloidal system is melted to a lesser extent (cf. �gure 4.22).

This implies that the state of the colloidal system while it is exposed to an oscillatory
shear strain amplitude γ0 is the closer to the glass transition the smaller the shear
strain is as long as the shear strain is su�ciently large to melt the colloidal system.
The latter is throughout this section always valid. The closer the sheared system is
to the glass transition the more it shows nonlinearities in its response to the imposed
shear strain. For a shear strain amplitude γ0 = 0.5 (cf. 4.23) the stress shows a
small deviation from the sinusoidal form. The stress curve calculated for a shear
strain amplitude of γ0 = 0.4 (cf. 4.24) shows an emerging shoulder. By comparing
these stress curves to those calculated for a liquid system exposed to an oscillatory
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Figure 4.23: Stress curve of a colloidal system modeled with a separation parameter
ε = 0.01 which is exposed to oscillatory shear strain with shear strain amplitude of γ0 = 0.5
and angular frequency of ω = 1.

shear strain (cf. section 4.3.2; �gure 4.10) we can observe following facts: The stress
curve for γ0 = 0.5 resembles that of a system in the liquid in the intermediate shear
strain regime. The stress curve for γ0 = 0.4 shows some similarities with that of a
system in the liquid in the large shear strain regime. However, with the di�erence
that the shoulder now appears before the main peak of the stress curve. The stress
curve calculated for a strain amplitude γ0 = 0.35 shows a further pre-peak.

As mentioned in section 4.3.6 we expect the glass transition for a colloidal system
exposed to an externally applied oscillatory shear strain with a separation parameter
ε = 0.1 for an angular frequency of the oscillation ω in an interval from 0.01 to 1 to
take place for a shear strain amplitude of γ0 = 0.18. Therefore it is not suprising
that in the approach to that critical γ0-value the stress shows such a dramatic
change in its behavior.
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4.3 Nonlinear theory
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Figure 4.24: Stress curve of a colloidal system modeled with a separation parameter
ε = 0.01 which is exposed to oscillatory shear strain with shear strain amplitude of γ0 = 0.4
and angular frequency of ω = 1.
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Figure 4.25: Stress curve of a colloidal system modeled with a separation parameter ε =
0.01 which is exposed to oscillatory shear strain with shear strain amplitude of γ0 = 0.35
and angular frequency of ω = 1.
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5 Conclusion and Outlook

In this work a �rst theoretical approach towards the description of the stress emerg-
ing in dense dispersions as a response to an externally applied oscillatory shear �eld
was made. With increasing shear strain amplitude the calculated stress curves show
increasing contributions of higher harmonics which lead to nonlinearities. Through-
out this work colloidal systems close to the glass transition were considered as they
serve as simple models with viscoelastic properties. They exhibit an ideal starting
point to study the rheological behavior of complex �uids.

Thereby a schematic model deduced within the framework of the mode-coupling
theory was adopted and in an appropriate way extended. In a �rst step a quasi-
linear theoretical approach was developed. Within this quasi-linear theory the shear
and the loss moduli of a system in the liquid state exposed to an oscillatory shear
strain as a function of shear strain amplitude and angular frequency were calculated.
The results were compared with those derived from an earlier calculation within the
mode-coupling theory which showed qualitative agreement.

In a second step towards a full nonlinear theory the underlying schematic model
was further extended. Using this advanced model the stress response of systems
modeling dense dispersions exposed to an oscillatory shear strain with an initial
liquid state could be numerically calculated. Then in a next step the input for
the numerical calculation, the correlation functions, was discussed to provide the
possibility to consider systems which initial state is a glassy state. As a further
result, the shear stress curve for systems which initial state is a glassy state and
which are melted by the imposed shear �eld could be numerically calculated.

For future work which we hope to stimulate by this work, we suggest to compare
our results to large amplitude oscillatory shear strain experiments with colloidal
dispersions. Thereby some details of the extended schematic model might be iden-
ti�ed which in an advanced theory can be changed to achieve better agreement with
the experiment. Furthermore we propose a further improvement of the numerics in
order to be able to calculate the stress for systems which sheared state is closer to
the glass transition. This seems to show more interesting e�ects.

Recent developments in the mode-coupling theory of colloids under time-dependent
shear [8] have revealed a complicated dependence of the memory function on three
time arguments. A corresponding schematic model has been devised but remains
numerically intractable for oscillatory shear [15]. A comparison of our approximate
method with these results would be interesting.
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6 Appendix

The short-time regime

First we set the grid-point spacing (h), the initial values of t, the correlation function
φ (phi) and the memory kernel (m)

h=1e−7;
hinv=1/h ;
t=0;

phi [ 0 ]=1 ;
phi [1]=1−h ;

m[0]= v1∗phi [ 0 ] + v2 ∗( phi [ 0 ] ∗ phi [ 0 ] ) ;
m[1 ]= v1∗phi [ 1 ] + v2 ∗( phi [ 1 ] ∗ phi [ 1 ] ) ;

In the next part of the source code the values of the correlation function in the
short-time regime are calculated

f o r ( i =2; i<=N;++ i ){
phi [ i ]=phi [ i −1] ;
m[ i ]=(v1∗phi [ i ]+v2 ∗( phi [ i ]∗ phi [ i ] ) ) /

(1+( (gam∗ s i n ( omega∗ t)−gam∗ s i n ( omega∗( t−i ∗h ) ) )
∗ (gam∗ s i n ( omega∗ t)−gam∗ s i n ( omega∗( t−i ∗h ) ) ) ) ) ;

double sum=0;

f o r ( k=1;k<=i−1;++k){
sum=sum+m[ i−k ] ∗ ( phi [ k]−phi [ k−1 ] ) ;
} /∗ end the k−loop ∗/

f o r ( i t e r =1; i t e r <=20;++ i t e r ){
phi [ i ]=m[ i ]∗(1− phi [ 0 ] ) / ( hinv+1+m[ 0 ] ) +
( phi [ i −1]∗hinv+m[ 0 ] ∗ phi [ i−1]−sum)/( hinv+1+m[ 0 ] ) ;

m[ i ]=(v1∗phi [ i ]+v2 ∗( phi [ i ]∗ phi [ i ] ) ) /
(1+( (gam∗ s i n ( omega∗ t)−gam∗ s i n ( omega∗( t−i ∗h ) ) )

∗ (gam∗ s i n ( omega∗ t)−gam∗ s i n ( omega∗( t−i ∗h ) ) ) ) ) ;
} /∗ end the i t e r−loop ∗/

} /∗ end the i−loop ∗/
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6 Appendix

The long-time regime

After the values of the correlation function in the short-time regime are calculated
we utilize a decimation-algorithm to calculate the values of the correlation function
in the long-time regime. The method of the algorithm is to seperate the interval
for which the values shall be calculated into sub-intervals. These sub-intervals are
named blocks in the source code. Each block consists of N values. The �rst half of
the N/2 values are given by the following: The n-th value of a block is the mean
value of the (2n)-th and the ((2n) + 1)-th value of the block before. The remaining
N/2 values are calculated in the same manner as in the short-time regime, but with
each block the grid-point spacing is doubled.

f o r ( b locks =1; blocks<=blocksmax && i s i n f ( phi [ i ])==0;++blocks ){

// Decimation o f the g r id
f o r ( i =0; i <=(N/2−1);++ i ){
phi [ i ]=0 .5∗ ( phi [ 2∗ i ]+phi [ 2∗ i +1 ] ) ;
m[ i ]=0 .5∗ (m[2∗ i ]+m[2∗ i +1 ] ) ;
}
h=2∗h ;
hinv=1/h ;

// s o l u t i o n o f each block
f o r ( i=N/2 ; i<=N && i s i n f ( phi [ i ])==0;++ i ){
phi [ i ]=phi [ i −1] ;
m[ i ]=(v1∗phi [ i ]+v2 ∗( phi [ i ]∗ phi [ i ] ) ) /
( 1 + ( (gam∗ s i n ( omega∗ t)−gam∗ s i n ( omega∗( t−i ∗h ) ) )

∗ (gam∗ s i n ( omega∗ t)−gam∗ s i n ( omega∗( t−i ∗h ) ) ) ) ) ;

sum=0;

f o r ( k=1;k<=i−1;++k){
sum = sum + m[ i−k ] ∗ ( phi [ k]−phi [ k−1 ] ) ;
}

f o r ( i t e r =1; i t e r <=itermax;++ i t e r ){

phi_old=phi [ i ] ;
phi [ i ]=m[ i ]∗(1− phi [ 0 ] ) / ( hinv+1+m[ 0 ] )
+(phi [ i −1]∗hinv+m[ 0 ] ∗ phi [ i−1]−sum)/( hinv+1+m[ 0 ] ) ;

m[ i ]=(v1∗phi [ i ]+v2 ∗( phi [ i ]∗ phi [ i ] ) ) /
(1 + ( (gam∗ s i n ( omega∗ t)−gam∗ s i n ( omega∗( t−i ∗h ) ) )

∗ (gam∗ s i n ( omega∗ t)−gam∗ s i n ( omega∗( t−i ∗h ) ) ) ) ) ;

conv=(phi_old−phi [ i ] ) ∗ ( phi_old−phi [ i ] ) ;
i f ( conv<1e−21) break ;
}

}
}
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