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Abstract

The development of solid-state quantum technologies requires the understanding of

quantum measurements in interacting, nonisolated quantum systems. In general, a

permanent coupling of detectors to a quantum system leads to memory effects that have

to be taken into account in interpreting the measurement results.

In this thesis we develop a microscopic framework for correlations in non-Markovian

weak measurements. A special point of interest are the different orders of quantum

mechanical operators that appear naturally in such a scheme. First, we analyze a generic

setup of two detectors coupled to a quantum system and derive a compact formula in the

weak-measurement limit that interpolates between an instantaneous (text-book type)

and almost continuous – detector dynamics-dependent – measurement. A quantum

memory effect that we term system-mediated detector-detector interaction is crucial to

observe noncommuting observables simultaneously. A response function of the observed

system variables introduces an antisymmetric operator order to the total result. We

propose a mesoscopic double-dot detector setup in which the memory effect is tunable

and that can be used to explore the transition to non-Markovian quantum measurements

experimentally.

The response and noise functions which we find to describe the system-mediated

detector-detector interaction are analyzed in detail. They are compared to the phe-

nomenological “equilibrium order” approach for non-Markovian measurements which

was introduced in Ref. [1]. We give an overview of the broad spectrum of results beyond

“equilibrium order” in the microscopic model in a compendium of different detectors

and discuss general mathematical properties of the detector functions. As the quantum

measurement problem is not banned from our theory by operation in the weak measure-

ment limit, but deferred from the system of interest to the detectors, we comment on

the influence of the detector readout procedure on the results.

Finally, we combine the phenomenological proposal for nonsymmetrized correlations

in quantum noninvasive measurements [1] and our microscopic derivation of the system-

mediated detector-detector interaction of second order to investigate higher-order cor-

relations of non-Markovian weak quantum measurements. The general third-order cor-

relator is introduced and the underlying physical processes are identified and discussed.

We find a more complex behavior than in second-order correlations with four types

of system operator orders which we denote third cumulant, noise susceptibility I and

II and second-order susceptibility. We introduce a convenient diagrammatic description

which we illustrate by an example of measuring the third-order correlations of the tunnel

current through a barrier.
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Zusammenfassung in deutscher Sprache

In der Theorie der Quantenmessungen ist die Berücksichtigung und umsichtige Beschrei-

bung des “Detektors” ein wichtiger Bestandteil, da dieser das Ergebnis wesentlich be-

einflussen kann, sei es durch Pre- and Postselektion wie im Falle der weak values oder

durch die Wirkung des Detektors auf das gemessene System, welche in ihrer vermutlich

stärksten Ausprägung im Projektionspostulat der kopenhagener Deutung der Quanten-

mechanik auftritt, durch welches Korrelationsmessungen ’inkompatibler’ Variabler durch

den Kollaps der Wellenfunktion verhindert werden.

Die Entwicklung festkörperbasierter Quantentechnologie erfordert das Verstänndnis

von Quantenmessungen in wechselwirkenden nicht-isolierten Quantensystemen. Im All-

gemeinen führt eine permanente Kopplung der Detektoren an ein Quantensystem zu

einem “Gedächtnis” im Messvorgang, das Berücksichtigung in der Interpretation der

Messergebnisse finden muss.

In dieser Arbeit entwickeln wir eine mikroskopische Theorie der Korrelation in schwa-

chen nicht-Markovschen Messungen. Von besonderem Interesse sind dabei die ver-

schiedenen Ordnungen quantenmechanischer Operatoren, die in einem solchen Schema

auf natürliche Weise auftreten.

Auch wenn die schwache Messung im Grenzfall verschwindender Kopplung zwischen

System und Detektor oft als nichtinvasive Messung bezeichnet wird, so ist sie nichtinvasiv

jedoch lediglich in Bezug auf den Zustand des gemessenen Systems, d.h. sie verhindert

den Kollaps der Wellenfunktion bzw. Dichtematrix. Nichtsdestoweniger wird jedoch das

konkrete Messergebnis von der Wechselwirkung der Detektoren mit dem und vermittelt

durch das System abhängen – die Detektoren sind einander invasiv.

Zunächst analysieren wir einen allgemeinen Aufbau zur Messung von Korrelationen

zweiter Ordnung, bestehend aus zwei an ein Quantensystem gekoppelten Detektoren

und leiten eine kompakte Formel her, die im Grenzfall schwacher Messungen zwischen

einer instantanen und einer nahezu kontinuierlichen – von der Detektordynamik be-

einflussten – Messung interpoliert. Ein Gedächtniseffekt, in dem ein Vorgang auftritt,

den wir als system-mediated detector-detector interaction bezeichnen, ist entscheidend

für die gleichzeitige Beobachtung nichtkommutierender Observablen. Eine Antwortfunk-

tion (response function) der beobachteten Systemvariablen bewirkt den Beitrag antisym-

metrischer Operatorenordnung zum Gesamtergebnis. Wir schlagen einen mesoskopis-

chen Doppelquantenpunkt-Detektor (double-dot detector) Aufbau vor, in welchem der

Gedächtniseffekt abstimmbar ist, was zur experimentellen Untersuchung des Übergangs

zu nicht-Markovschen Quantenmessungen herangezogen werden kann.
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Die Anwendung unsere Analyse in der Entwicklung von Quantendetektoren in der

ultraschnellen optischen Domäne [2–4] oder in der optischen Detektion quantenmecha-

nischer Kohärenz mag eine interessante Richtung zukünftiger Forschung darstellen.

Erste Schritte in diese Richtung werden in Kapitel 4 unternommen, in welchem

wir unseren Ansatz auf die optische Untersuchung intrinsischen Graphens anwenden,

dessen besondere Bandstruktur es ermöglicht quantenmechanische Pseudospinkohärenz

zu generieren und zu beobachten.

Weiterhin haben wir unseren Formalismus dem Sampling des THz-Vakuums angepasst

– in einem Versuchsaufbau wie in Ref. [3] vorgeschlagen.

Im folgenden Kapitel werden die Antwort- und Rauschfunktionen (response und noise

functions), welche wir als die system-mediated detector-detector interaction beschreibend

ausmachen, im Detail analysiert und auch mit dem phänomenologischen Ansatz “equi-

librium order” für nicht-Markovsche Messungen, der in Ref. [1] eingeführt wurde, ver-

glichen. Ferner erstellen wir eine Übersicht des breiten Spektrums an Ergebnissen jen-

seits der “equilibrium order” für das mikroskopische Modell in einem Kompendium ver-

schiedener Detektoren and diskutieren allgemeine mathematische Eigenschaften der De-

tektorfunktionen. Da sich unsere Theorie mit der Betrachtung des Grenzfalles schwacher

Messungen des Quantenmechanischen Messproblems nicht entledigt, sondern es lediglich

von der Messung des eigentlichen System zum Auslesen der Detektoren verlagert, kom-

mentieren wir den Einfluss des Auslesevorgangs der Detektoren auf unsere Ergebnisse.

Schließlich kombinieren wir den phänomenologischen Ansatz für nichtsymmetrisierte

Korrelationen in nichtinvasieven Quantenmessungen [1] und unsere mikroskopische Her-

leitung der system-mediated detector-detector interaction zweiter Ordnung um Kor-

relationen schwacher nicht-Markovscher Messungen höherer Ordnung zu untersuchen.

Die Korrelationsfunktion dritter Ordnung wird eingeführt und die zugrundeliegenden

physikalischen Prozesse werden identifiziert und diskutiert. Wir finden eine komplexere

Struktur als in den Korrelationen zweiter Ordnung mit vier verschiedenen Typen von

Operatorordnungen, die wir third cumulant, noise susceptibility I und II und second-

order susceptibility nennen. Wir führen eine bequeme diagrammatische Beschreibung

ein, die wir anhand eines Beispiels – der Messung von Korrelatoren dritter Ordnung des

Tunnelstroms durch eine Barriere – illustrieren.

Unsere Ergebnisse sind ein Schritt auf dem Weg zur Entwicklung einstellbarer Quanten-

Detektionsysteme, die in der Lage sind nach Maß zurechtgeschnittene Korrelationsfunk-

tionen zu beobachten. Des Weiteren ist ein Detektionschema schwacher Messungen

potentiell nützlich zur Ausführung einer weak quantum process tomography, die eine

Alternative zu den Standardmethoden des Tests von Quantenalgorithmen [5] darstellen

kann.
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Chapter 1

Introduction

1.1 Quantum measurement of noncommuting observables

?	

Figure 1.1: Our basic question: How does the correlation of the commuting outcomes
Ma and Mb of a measurement apparatus relate to the order of noncommuting quantum-
mechanical operators Â and B̂?

Our basic question is indicated in the sketch in Fig. 1.1: We imagine detectors of which

each one is coupled to an observable of a quantum system. The result of such an ex-

periment will be numbers ∈ R which we read out at the detectors at certain times. We

denote these measurement outcomes with Mi where i labels the detectors. The Mi will

commute, so that in a correlation measurement we find e.g. 〈MaMb〉 = 〈MbMa〉, where

the brackets 〈. . .〉 denote the statistical average of a repeated experiment or an ensemble

average.
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2 Chapter 1: Introduction

If we want to translate this correlation function to the correlation of the quantum

mechanical operators Â and B̂ with which we describe the corresponding observables

of the measured quantum system, we face the question of how to order these noncom-

muting operators. In general it is 〈ÂB̂〉 6= 〈B̂Â〉 beside the fact that this expression

is non-Hermitian (the brackets 〈. . .〉 denote the quantum mechanical expectation value

in the context of operators throughout this thesis). A commonly used technique is the

symmetrization in the variables 〈{Â, B̂}〉, but it will not be justifiably applicable to all

measurement scenarios. If the interaction of detectors and system is non-instantaneous,

also the observables at times previous to the detector readout will have to be taken into

account.

The goal of our work is to establish a relation which is based on a microscopic

derivation from the quantum mechanical treatment of all elements (the system and the

detectors) and considers the transfer of information through the different subsystems

which can be non-Markovian, i.e. extended in time, so that the detector’s memory and

coherent time evolution are taken into account.

Historically, the interpretation of quantum measurement uses the projection postu-

late implying an instantaneous collapse of the wave function in the measurement process

[6]. Although this scheme fits, for example, ideal photo detection very well, it is un-

suitable in most other measurement procedures. For instance, in a measurement of a

current in a solid-state environment, the system-detector interaction is much weaker and

a collapse is avoided. A great deal of theoretical and experimental investigations have

been carried out since von Neumann’s work [6–8]. In particular, the limit of noninva-

sive measurement processes has been studied theoretically [9] as well as experimentally

[10, 11]

In mesoscopic physics, the question of current noise in the quantum regime [12] has

attracted a lot of interest over the years. In particular, the question of measuring the

current correlator was addressed early on [13–17]. While most experiments address

high-frequency correlations in agreement with the symmetrized correlator [18–20], with

on-chip detectors the quantum nonsymmetrized noise can be extracted [21–24]. The

first theoretical strides towards the measurement and interpretation of general unsym-

metrized operator orders have been reported [25–29]. A phenomenological approach

showing that memory effects allow us to access nonsymmetrized correlation functions

has been investigated e.g. in [1], but a specific and realistic treatment was lacking.

Therefore, in this thesis we develop a framework to understand which correlations

are obtained in a concrete quantum measurement setup, in which two detectors coupled

weakly and continuously to a system are read out independently.
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1.2 Structure of this thesis

In Chapter 2 we provide the basic information on quantum measurements which is

important in the context of our work and the theories that are the foundation to it.

In Chapter 3 we present the main part of our work, namely the derivation of a

general formula for the second-order correlations of non-Markovian weak quantum mea-

surements from a microscopic model, i.e. starting from the Hamiltonian. We find that

the measurement outcomes can be expressed by noise and response functions of the

system and the detectors and that a process we call system-mediated detector-detector

interaction yields terms in addition to symmetrized operator order. Hence, these out-

comes depend crucially on the internal dynamics of the detectors and therefore, with

suitably engineered detectors, the measurement can be tuned such that a specific op-

erator order is measured. We discuss the most important properties of our formula.

As an example for application we propose a mesoscopic double-dot detector setup to

explore the transition to non-Markovian quantum measurements experimentally. Going

beyond the usually discussed bath-induced non-Markovian self-interaction [30], we iden-

tify the system-mediated detector-detector interaction as a crucial ingredient to observe

noncommuting observables simultaneously.

Chapter 4 consists of two extended applications of our findings from Chapter 2 in

the case of optical detection.

First, we employ the weak measurement approach to demonstrate the very existence

of the photoexcited interband superposition states in intrinsic graphene and propose an

optical two-beam setup where such measurements are possible and derive an explicit

formula for the differential optical absorption that contains a signature of such states.

In the second setup the quantum vacuum is probed by a NIR laser pulse whose

photon flux is measured after the mixing of the pulse with the THz vacuum field in an

optical crystal.

In Chapter 5 we collected further information about the properties of the response

and noise functions of the detectors and other examples which we excluded from our

main discussion in Chapter 2 for clearness. These contain an overview of the functions

for different detectors, general symmetry properties, the discussion of the role of the

detector readout procedure, a comparison to the phenomenological model and comments

on “equilibrium order” and the detection of quasiprobabilities.

Chapter 6 is the extension of our formalism from Chapter 2 to higher orders including

suggestions for a diagrammatic representation. To illustrate our results, we show the

example of a third-order current-correlation measurement across a tunnel junction.



4 Chapter 1: Introduction

Finally, we summarize the most important findings of this thesis to give an overview

in Chapter 7.

Research results from this work have been published in Refs. [31], [32], [33], [34] and

[35].



Chapter 2

Theory of quantum measurements

In this chapter we provide information on quantum measurements which is important in

the context of our work and the theories that are the foundation to it. We assume that

the reader is familiar with the Schrödinger, Heisenberg and Interaction picture for the

representation of time-dependent problems and with the second quantization formalism.

2.1 von Neumann measurements

In quantum theory the problem of measurements has been addressed early on [36]. With

the commonly taught Copenhagen interpretation of quantum mechanics, developed with

main contributions of Niels Bohr and Werner Heisenberg, the probabilistic interpretation

of the wave function and the concept of the collapse of the wave function in a quan-

tum measurement was established. In his book Mathematical Foundations of Quantum

Mechanics [6] John von Neumann summarizes the discoveries in quantum mechanics of

his time that “the general opinion in theoretical physics had accepted the idea that the

principle of continuity (’natura non facit saltus’), prevailing in the perceived macroscopic

world, is merely simulated by an averaging process in a world which in truth is discontin-

uous by its very nature” and develops a mathematical framework to treat measurements

in quantum mechanics which has been widely applied since its publication in 1932. Von

Neumann distinguishes two different kinds of time evolutions in this work, the unitary

time evolution of the Schrödinger formalism and the (projective) measurement.

We describe a von Neumann measurement as follows: quantum mechanical variables

are represented by operators M̂ in a Hilbert space. If these operators are Hermitian, their

eigenvalues m are real and represent measurable quantities. If we represent an arbitrary

pure state |ψ〉 of the system in the basis of the eigenvectors |φm〉 as |ψ〉 =
∑

m cm|φm〉,

5
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the elements |cm|2 = |〈φm|ψ〉|2 give the probability to measure a certain eigenvalue m of

the eigenstate |φm〉. The evolution of the systems state during the measurement process

is given by

|ψi〉 =
∑
m

cm|φm〉 → |ψf 〉 = |φn〉, (2.1)

if the eigenvalue m = n is measured. The initial and final state in this process are not

related by a unitary evolution. Instead we speak of the collapse of the wave function

in which all information about the initial composition of the systems state is lost. This

process is non-continuous and instantaneous and can not be described with the linear

time evolution in Schrödingers formalism, in which we have

|ψi(t0)〉 → |ψf (t)〉 = Û(t, t0)|ψi(t0)〉, (2.2)

where U(t, t0) is defined by the ordinary differential equation

i~
∂

∂t
Û(t, t0) = Ĥ(t)Û(t, t0), (2.3)

where Ĥ(t) denotes the Hamiltonian of the system.

For systems in a mixed state, which are described by a density operator ρ̂, the collapse

can be implemented by the introduction of a projection operator for the eigenstates

P̂m = |φm〉〈φm|. The evolution of the density operator due to the measurement of n is

then given by

ρ̂i → ρ̂f =
P̂nρ̂iP̂n

Tr{P̂nρ̂iP̂n}
. (2.4)

In the discussion of his results von Neumann addresses the fundamental question

where to draw the line between the observed system and the observer. At a certain

point the subjective perception of the individual comes into play. At heart it is a

new entity relative to the physical environment and not reducible to it. Von Neumann

uses the psycho-physical parallelism, i.e. “that it must be possible so to describe the

extra-physical process of the subjective perception as if it were in reality in the physical

world”, as a fundamental requirement of the scientific viewpoint. He divides the world

into three parts: (I) the system actually observed, (II) the measuring instrument, and

(III) the actual observer. The projection of the total state is caused by the observation

in (III). Von Neumann gives the example of a temperature measurement with a mercury

thermometer. The distinction of (II) and (III) remains an individual choice. One could

end the model of the detector when knowing the temperature of the environment of
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the mercury container and say it is measured, but one could also include the mercury

in the physical model and calculate its resulting length which is seen and therefore

measured. One could even include the light in the environment of the mercury column,

its reflection to the eye of the observer, the processes on the retina, chemical reactions

inside the human brain etc. until stating that these are finally “observed” by (III)

which can be reduced down to the “mind” of the observer. Von Neumann shows that

the details of the separation do not influence the results regarding system (I), i.e. the

physical detector can in principle be extended arbitrarily far into the human observer,

which then justifies the assumption of psycho-physical parallelism.

In the measurement model, which is discussed in our work, one could distinguish

between the system actually observed (Ia), a physical detector coupled to it (Ib) and

the readout of this detector, which includes the physical environment (II) and the actual

observer (III). The assumption of a weak coupling of (Ia) and (Ib) prevents the actual

system (Ia) from the influences of the collapse, which is imposed by (III) and acts down

to the readout of the detector (Ib). This technique of introducing an intermediate step

does not solve the open questions about projective measurements and the collapse of

the state, but it shifts them away from our actual system of interest to the detector’s

subsystem. The advantages, which arise out of this treatment, are discussed in Sec. 2.3.

The extraordinary nature of the quantum world when extended to macroscopic di-

mensions was pointed out by Schrödinger in his famous Gedankenexperiment known as

Schrödinger’s cat [37]. A Geiger counter and a radioactive substance is placed in a box

together with a cat. The Geiger counter is part of a “Höllenmaschine” that kills the cat

in case an atomic decay has taken place. This entangles the microscopic quantum ob-

ject (an atom in the superposition state |not-decayed〉+ |decayed〉) with the macroscopic

object (cat) so that the total system is found in a superposition of the two orthogonal

states |ψ〉 = |not-decayed〉|alive〉 + |decayed〉|dead〉. Until a measurement, i.e. the ob-

servation by a conscious observer, resulting in one of the eigenvalues ’alive’ and ’dead’

will be performed, the cat remains in this superposition.

This is an example for a maximally invasive measurement and was meant to show

the absurd implications of the Copenhagen interpretation. For almost fifty years the

quantum coherence theory [38] offers one of the solutions to the apparently paradox

Gedankenexperiment: coherence is lost if a quantum system is in contact with an en-

vironment that acts as a thermal bath. The cat as well as the “Höllenmaschine” can

act as such a bath and the collapse would occur naturally without an observer having

to take a look into the box. Other approaches have been made, for example with quan-

tum mechanical spontaneous localization models (objective collapse) in which the Geiger

counter with the “Höllenmaschine” already performs a measurement and collapses the
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wave function without a conscious observer becoming necessary. Many-world interpre-

tations offer further approaches.

We do not want to rate different treatments of the quantum measurement problem

here as we banish it from our system of interest by utilizing the weak measurement

regime. The generalized quantum measurements methods which we apply to our detec-

tor systems are introduced in the following.

2.2 POVM, Kraus operators and non-Markovianity

As pointed out in Sec. 2.1, in our setup the quantum measurement problem is shifted

from our system of interest to the detectors. However, we are not bound to performing

a projective readout on our detectors but we can use the techniques for generalized

quantum measurements developed in the decades after the introduction of the projection

postulate [39].

Positive operator-valued measures: To go beyond the limits of projective measure-

ments we utilize positive operator-valued measures (POVM)[8].

A POVM is a set of positive semidefinite Hermitian operators Fn in a Hilbert space

which obey the sum rule
∑

n F̂n = 1̂. They do not need to be neither orthogonal nor

projective. Naimark’s dilation theorem [40] shows that a POVM in a Hilbert space Hsys

corresponds to a projective measurement (von Neumann measurement) in the extended

space Hsys ⊗Hdet where the space Hdet accounts for additional degrees of freedom of a

detector. A special choice for the POVM elements is F̂n = K̂†nK̂n, where K̂n denote the

Kraus operators.

Kraus operators: The Kraus operators [41] acting in the subspace of the measured

system, the Hilbert space Hsys. If the initial state of a system described by the Hamil-

tonian Ĥ0 is given by the density operator ρ̂i, the evolution under measurement by a

detector with Hamiltonian H1 can be described by a Kraus decomposition [8]

ρ̂f =
∑
n

K̂nρ̂iK̂
†
n, (2.5)

where n labels the possible measurement outcomes. With the total Hamiltonian

Ĥ = Ĥ0 ⊗ 1̂ + 1̂⊗ Ĥ1 (2.6)

in the joined Hilbert space the time evolution is given by

U(t) = T exp

(
−i
∫ t

−∞
dt′H(t′)

)
, (2.7)



Chapter 2: Theory of quantum measurements 9

where T denotes the time-ordering operator. By comparison of the reduced density

matrix ρ̂f = Tr1

{
U(t)ρ̂iU

†(t)
}

with the form given in Eq. 2.5 we obtain

K̂n = 〈n|U(t)|ψ〉, (2.8)

if the detector is prepared in the pure state |ψ〉. The operators K̂n in the systems Hilbert

space Hsys describe the measurement of the states {|n〉} of the detector.

The measurement with Kraus operators is capable to reproduce a projective mea-

surement, e.g. in space with K̂x = |x〉〈x|, as well as it can take the limit of a noninvasive

measurement.

Non-Markovianity: With Kraus operators we have a tool that allows non-Markovian

measurements. As a Markovian measurement we understand a procedure with instanta-

neous system-detector interaction, as it is assumed in many common weak-measurement

theories [42–48]. The Markovian measurement usually results in symmetrized correla-

tions and therefore fails to describe nonsymmetrized correlators as they are found in

measurements of only the emission noise, e.g. a photodetector, or absorption noise

[15, 17, 25, 27, 49–52].

With the term non-Markovian we denote any interaction of the different subsystems

that takes place during an extended interval of time. Especially, this is in contrast to the

projective measurement which is always instantaneous. The system as well as the detec-

tor are subject to a coherent time evolution during their interaction. Non-Markovianity

should not be reduced to the coupling of a system to a heat bath here, which is a com-

mon application in the literature. We do not impose any restriction on the size of our

different subsystems nor do we imply dissipation processes by this term.

2.2.1 Example: Kraus operator of a Gaussian detector

We illustrate a non-Markovian POVM measurement with a simple example, see also [33]

and the supplemental material A of Ref. [1].

A system with Hamiltonian H0 is coupled to a detector with Hamiltonian H1 via the

interaction Hamiltonian, given in the interaction picture as

HI(t) = [δ(tm − t)p̂1(t) + 2f(tm − t)x̂1(t)] Â0(t). (2.9)

Â0(t) denotes the system observable in the Heisenberg picture with respect to H0 and

x̂1(t) and p̂1(t) are position and momentum operators of the detector with respect to

the Hamiltonian H1. The interaction with the momentum operator takes place at the

time tm but the position operator is coupled in a generally non-Markovian way of which
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the details are encoded in the function f(t). Furthermore, the detector is prepared in a

Gaussian state φ(x) ∝ e−x
2
. For simplicity and because it does not change the general

properties of our results, we assume that the time scale of the detector dynamics is

larger than the measurement time. After convolution with the Gaussian detector state

according to Eq. (2.8) we obtain the Kraus operator for measuring x = a:

K̂a(t) ∝ T exp

[
− (a− Â(tm))2 (2.10)

−2i

∫ t

−∞
f(tm − t′)(a− θ(tm − t′)Â(tm))Â(t′)dt′

]
.

The non-Markovian character of the Kraus operator is evident from the second line in

this expression.

When performing a series of measurements labeled by j we have to take the time

ordered product of the corresponding Kraus operators K̂ = T
∏
j
K̂aj . A more detailed

calculation can be found in Appendix A.1.

Noninvasive limit: We can go to the noninvasive limit by setting ĤI → ηĤI and let

η → 0. In the first order in η this yields

K̂a ∝ 1 + 2aÂ(tm)− i
∫ t

−∞
dt′ 2af(tm − t′)Â(t′). (2.11)

The proportionality factor contains the detection noise 1/η which becomes large in

the weak limit. To extract the measurement signal of the system the noise has to be

deconvoluted from the detected signal, which means in practice that more statistics have

to be accumulated.

2.3 Weak measurements

The basic idea of a weak measurement was described by Aharonov, Albert and Vaidman

in 1988 for measuring an arbitrary system variable with a Gaussian pointer wavefunction

[9]. The coupling Hamiltonian for the measurement procedure is written as

Hint = −η(t)p̂Â. (2.12)

Here, p̂ is the conjugate momentum of the canonical variable x̂ of the measurement

device and Â denotes the system variable that is measured. The strength of the mea-

surement and its temporal progression is encoded in the function η(t). Here, we choose

an instantaneous interaction at time t = 0 so that η(t) = ηδ(t). If the ancilla, i.e. the

measurement device, is in a Gaussian state φ(x) = e−x
2/(4∆x2) with width ∆x and the
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systems initial state is given by |ψ〉 =
∑

i αi|A = ai〉, the interaction Uint = eiηp̂Â will

cause the transformation [9]

Uintφ(x)|ψ〉 =
∑
i

αie
−(x−ηai)2/(4∆x2)|A = ai〉. (2.13)

If the width of the Gaussian ∆x is small compared to the differences of the ηai we obtain

a mixture of separated Gaussians located around the ηai. A projective measurement on

x will reveal the value of A with certainty but also collapses its state to the eigenstate

|Ai〉 when measuring the Gaussian entangled with a certain eigenvalue ai.

We make a projective measurement also on the system. If the width of the Gaussian

∆x is large compared to the ηai we obtain a Gaussian centered at the mean value of

ηÂ: 〈A〉 =
∑

i |αi|2ai. A single measurement will be inconclusive since ∆x� η〈A〉 but

the repetition in an ensemble with N particles reduces the uncertainty by the factor

1/
√
N [9]. This way the precision can in principle be arbitrarily increased which allows

for small couplings η → 0 which ensure that the projection on x will not perturb the

systems state – we speak of a weak measurement.

One can think of such an experiment for example realized in a Stern-Gerlach setup

where the spin of a particle is measured by the ancilla (which is no separated particle

but the position of the very particle in this case). The interaction with the magnetic

poles can be tuned and represents the parameter η. It can be strong, so that the position

of the particle on a screen is completely separated for different spin values, but it can

also be so small that it hardly effects the change of position for different eigenvalues of

the spin. The x-distribution on a screen is sketched in Fig. 2.1 for a two-component

variable A in the limit of a projective measurement (a) and a weak measurement (b).

η	a1	 η	a2	
x	

a) 	 	 	 	 	 	 	 	 	 	 	b) 	 	 		

Δx	

η	a1	 η	a2	
x	

Figure 2.1: Sketch of the shift of a Gaussian ancilla wavefunction on a screen when
coupled to a quantum variable A with the two eigenvalues a1 and a2. The two limit
cases regarding the coupling strength η are depicted in (a) for ηai � ∆x which results
in a projective measurement of Â and in (b) for ηai � ∆x which results in a weak
measurement of Â.

Generally spoken, if the coupling between detector and system approaches the limit

of zero, an almost noninvasive measurement becomes possible at the cost of a large
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detection noise. Still there is a gain in this procedure, as the noise is independent of

the system and can be deconvoluted from the detected signal. Such a deconvolution has

been shown in Ref. [53]. The measured probability distribution can be written as

pη(a) =

∫
da′Dη(a− a′)qη(a′), (2.14)

where D denotes the Gaussian noise

Dη(a) =
η√
2π
e−η

2a2/2, (2.15)

and

qη=0(a) = Tr{ρ̂δ(a− Â)} (2.16)

describes the statistics of the remaining system-dependent part of the signal, which is

well-defined in the limit of vanishing coupling. The function q(a) is a quasiprobability,

which can become negative for noncommuting observables (c.f. Wigner function) but

fulfills
∫

da q(a) = 1.

Weak measurements allow for measuring incompatible (i.e. noncommuting) observ-

ables in succession within the same system, where a projective measurement of the first

observable with the successional collapse to an eigenstate eliminates any chance of mea-

suring an observable with another eigenbasis afterwards. This is a crucial requirement

in the time resolved correlation measurements we are concerned with, since even when

measuring the same variable it generally does not commute with itself at different times

[Â(t), Â(t′)] 6= 0.

2.4 Weak values

The weak value of a quantum variable is a phenomenon in weak measurements which

results from the technique of pre- and postselection. It was introduced as a new concept

by Aharonov, Albert and Vaidman in 1988 [9].

In order to obtain the weak value one has to use two states: the initial preselected

state |ψi〉 and a final postselected state |ψf 〉. The weak value of a quantum observable

is then defined as [9]

Aw ≡
〈ψf |Â|ψi〉
〈ψf |ψi〉

. (2.17)
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It characterizes the relative correction to a detection probability |〈ψf |ψi〉|2 due to a small

perturbation that results in a modified detection probability [54]. In general, weak values

are complex numbers.

Aw is not bounded by the spectrum of the operator Â. Depending on the overlap of

the pre- and postselected state, a weak value can exceed the spectrum of the operator

even by several orders of magnitude [9].

Weak values have been used for amplification in experiments with small interaction

parameters and their complex value has been utilized to directly measure otherwise

inaccessible complex quantities, e.g. geometric phases. A large collection of examples is

given in Ref. [54].

Even if sometimes the mention of weak measurement evokes the association with

weak values, the measurement procedure considered in this work does not employ any

postselection mechanism and therefore our results can be expressed in terms of the

usual quantum mechanical expectation value 〈Â〉 that would be obtained in a projective

measurement. The line of reasoning is presented in Chapter 3 below Eq. (3.5).

2.5 General framework for a non-Markovian noninvasive

quantum measurement

A general correlator of weak quantum measurements including nonsymmetric contribu-

tions and allowing for a finite interaction time of the detector and the system has been

introduced in Ref. [1] in a framework for weak POVM. A set of independent detectors

is weakly coupled to observables Âj and recording time-dependent signals aj(t). These

signals are assigned to a superoperator of the form

Ǎt−t
′

j (t′) = gj(t− t′)Ǎcj(t′) + fj(t− t′)Ǎqj(t
′)/2. (2.18)

It contains a symmetric term ǍcjX̂ = {Âj , X̂}/2 accompanied by a memory function

gj(t) and an antisymmetric term ǍqjX̂ = [Âj , X̂]/i~ accompanied by a memory function

fj(t). The dependence of the memory functions only on time differences corresponds to

the assumption of stationary detectors. By performing time ordering T and integrating

over all times we obtain the general correlation function

〈a1(tm) . . . an(tn)〉w = Tr

{∫
dnt′ T [Ǎtn−t

′
n

n (t′n) . . . Ǎ
tm−t′m
1 (t′m)]ρ̂

}
. (2.19)

Integrals written without limits always denote an integration from −∞ to∞ throughout

this thesis. The assumption is made that the average of a single measurement coincides
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with the expectation value of a projective measurement 〈aj(t)〉w = 〈Âj(t)〉. Equation

(2.19) then implies gj(t) = δ(t).

The fact that g(t < 0) = 0 together with time ordering yields the preservation of

causality for the hole expression Eq. (2.19). Due to the causality of g(t < 0) = 0 and the

time ordering, the causality of the entire correlator is guaranteed even for f(t < 0) 6= 0.

In this case fj(t > 0) describes the effects of the measurement j on future measurements.

The latest f does not spoil causality by including the future after the last measurement

because the leftmost Ǎqj vanishes under the trace [1].

We will allow for a weaker restraint on g when we discuss the memory function later

by only requiring g(t)→ θ(t)g(t) in order to preserve causality. This more general func-

tion takes the role of a frequency filter as it can be directly seen for a single measurement

in Fourier space 〈aj(ω)〉w = g(ω)〈Âj(ω)〉.

Apart from the causality restraints the memory functions gj and fj are completely

general at this point and have either to be found for a concrete setup or determined by

some general arguments. All detectors in Ref. [1] are assumed to be equal, i.e. gj = g

and fj = f , independent of j.

2.5.1 The memory functions in terms of Kraus operators

The Kraus superoperator is defined as ǨX̂ = K̂X̂K̂†, where in the limit of weak coupling

the general Kraus operator K̂ is given by

K̂[Â, a]/k[a] = 1̂ +

∫
dt′ F [a, t′]Â(t′) +O(Â2). (2.20)

This yields up to terms in O(Â2) the corresponding superoperator [1]

Ǩ/|k[a]|2 ≈ 1̂ +

∫
dt′ (2ReFǍc(t′)− ~ImFǍq(t′)), (2.21)

where the functional k[a] denotes the detection noise and the functional F [a, t] contains

the non-Markovian contributions. By comparison of the resulting expectation value with

Eq. 2.19 one obtains

g(t− t′) =

∫
2aReF [a, t′]|k[a]|2Da, (2.22)

and

f(t− t′) = −
∫

2a ~ImF [a, t′]|k[a]|2Da. (2.23)

F [a, t′] can be found for a specific system in a certain state by calculation of Eq. 2.8 and

comparison to Eq. 2.20. An example is given in Appendix A.2. After deconvolution of
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the detection noise |k[a]|2 in Eq. (2.21), the correlator Eq. (2.19) can be described by a

quasiprobability [1].

2.5.2 Determination of the memory functions by “equilibrium order”

“Equilibrium order” is a phenomenological approach which assumes the system and

the detectors to be in thermal states ρ̂i = e−βiĤi/Tr{e−βiĤi}. The determination of

the memory functions f and g in this case is based on the conjecture that in thermal

equilibrium no information is exchanged between the detectors and the system. This

imposes the requirement on the noise spectral density [1]

Sab(ω) =

∫
dt eiωt〈a(t)b(0)〉w

!
= 0. (2.24)

The supplemental material B of Ref. [1] gives a derivation of the memory functions

in the case of a detector which is uniformly sensitive to all frequencies, i.e. g(ω) = 1

resp. g(t) = δ(t), which yields

〈a(t)b(s)〉w =〈{Â(t), B̂(s)}〉/2− i
∫ t

−∞
ds′ f(s− s′)〈[Â(t), B̂(s′)]〉/2

− i
∫ s

−∞
dt′ f(t− t′)〈[B̂(s), Â(t′)]〉/2. (2.25)

Based on the assumption that the detector function f(ω) should be system independent

and therefore can be derived by the use of any system, a two level system Ĥ0 = ~Ωσ̂z/2

is chosen. Coupling the detectors to Â = B̂ = σ̂x yields the result

f(ω) = i~ coth(β~ω/2). (2.26)

Applied to a harmonic oscillator with the ladder operators (â = x̂ − ip̂)/
√

2, the

zero temperature memory functions describe a perfect photodetector with the average of

α = (x−ip)/
√

2 given by 〈αnα∗k〉 = Tr
{
ânρ̂â†k

}
which corresponds to a quasiprobability

equal to the Glauber-Surdarshan P function. Approaching the zero temperature limit

from the negative side yields the Husimi-Kano Q function and f = 0 gives ordering

according to the Wigner function [1]. In this example, the method includes absorption

and emission noise naturally.

2.6 Weak positivity and its violation

We define a correlation matrix by Cab = 〈ab〉w, where a and b are the signals recorded

by the two detectors which measure the observables Â and B̂. This matrix fulfills the
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Cauchy-Schwarz inequality

det

(
〈a2〉w 〈ab〉w
〈ba〉w 〈b2〉w

)
≥ 0 (2.27)

With a non-perfect detector we will have a detector noise signal if the detector is decou-

pled SDab = 〈ab〉0. If the correlation matrix after subtraction of the noise fulfills

det
(
C − SD

)
≥ 0 (2.28)

we speak of weak positivity. This equation can be violated if the statistics of the variables

are given by a quasiprobability q(a) that allows q(a) < 0 for certain a and therefore can

facilitate

〈a2〉q =

∫
da a2 q(a) < 0. (2.29)

If the 〈. . .〉w mean value translates to a symmetrized quantum operator scheme,

〈ab〉w = 〈ab〉0 + η2〈{Â, B̂}〉/2, (2.30)

weak positivity is fulfilled since 〈Â2〉〈B̂2〉 ≥ 1
4 |〈{Â, B̂}〉|

2.

It has been shown that the symmetrized second-order correlation functions can al-

ways be reproduced by a classical probability distribution [55] and that it is necessary

to consider higher orders to observe quantum effects, e.g. the violation of classical

inequalities due to the quasiprobabilistic nature of certain quantum states.



Chapter 3

Noninvasive quantum

measurement of second-order

correlations

In this chapter we investigate second-order correlations in the noninvasive coupling

regime and employ a microscopic model to find a relation between the detectors used

in a measurement and the outcome of the measurement, especially with regard to the

measured operator order.

Once this relation is established it is a natural question to ask if we can use our

knowledge to engineer detectors in order to obtain certain results.

We begin with the exact specification of the regime that we consider and write down

the Hamiltonian followed by a derivation of the second-order cross correlation for a non-

Markovian weak quantum measurement. We show that the different contributions can

be understood in terms of a linear-response interaction of the subsystems involved.

After making some general statements on the properties and relevance of terms

beyond the textbook approach of symmetric operator order, we illustrate our findings

in several examples.

3.1 Microscopical derivation of the second-order correla-

tions in a non-Markovian coupling regime

We concentrate on second-order correlations in this section in order to have an ideally

clear system in which we want to identify the important physical processes, higher orders

are discussed in Chapter 6.

17
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System 

Detector a 

Detector b 

tb 

ta 

time 

Figure 3.1: Non-Markovian cross-correlation measurement: two detectors a and b are
coupled to a system for a finite time and read out at times ta > tb. Detector b collects
information directly on the system and on detector a (which are transmitted through
the system). The presence of detector b after its readout (light blue) also contributes
to the information which detector a collects on detector b at a later time ta.

In the following, we assume that two detectors are coupled to a common system by

small interaction Hamiltonians, which allows us to linearize the time evolution and

obtain a microscopic expression for the observed quantum correlation. The measurement

procedure is illustrated in Fig. 3.1: Besides the direct influence of the system onto the

detector observables (green arrows), the detectors influence each other mediated by

the system (blue and orange arrows). This influence depends on the time-dependent

response of the system and will lead to interesting consequences.

3.1.1 Model Hamiltonian

We begin with writing down a linear interaction Hamiltonian for multiple detectors. The

system which we want to measure is denoted by Ĥ0, the subsystems of the N detectors

which are coupled to the system of interest are labeled by i = 1, 2, 3, . . . , N , so that the

total Hamiltonian is given by Ĥ =
∑N

i=0 Ĥi + Ĥint, with

Ĥint(t) =

N∑
i=1

ηiΓi(t, {ti})
∫

dλΦi(λ)D̂i,λÂi. (3.1)

This is the most general form with the system variables Âi coupled to the detector vari-

ables D̂i. It contains arbitrary coupling functions Γi which may depend on the time t and

the set of the measurement times of the N different detectors {ti}. The cases discussed

in this chapter are a constant coupling Γi = 1 and an instantaneous/Markovian coupling

Γi = δ(t − ti). If a “natural decoupling”1 of the detector via the collapse of its noise

in the readout procedure does not occur, it can be imposed by choosing Γi ∝ θ(ti − t).
1see also Sec. 5.2.2
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Other possibilities are a Gaussian shape or an adiabatic coupling.

We also introduced the generalization of the detector subsystems to a set of inde-

pendent detectors distributed over a characteristic parameter λ by the density functions

Φi(λ). This can be a bath of harmonic oscillators, i.e. λ→ ω is the frequency with the

distribution Φ(ω).

To provide maximal clarity we use a simpler model Hamiltonian for the following

calculations of the second-order correlations. The Hamiltonian of the system to be

measured is denoted as Ĥ0, and we consider two independent detectors described by Ĥa

and Ĥb that are coupled to the system by Ĥint. The total Hamiltonian is given by

Ĥ =
∑

α=0,a,b

Ĥα + Ĥint . (3.2)

The two detectors with detector variables D̂a and D̂b are weakly and linearly coupled

to the system observables Â and B̂,

Ĥint = ηaD̂aÂ+ ηbD̂bB̂ , (3.3)

where ηa and ηb denote small coupling parameters which in general can be modulated in

time. There are no restrictions on the detector Hamiltonians Ĥα. We can incorporate

all the features listed for the general form Eq. (3.1) by setting D̂i →
∫

dλΦi(λ)D̂i,λ.

Therefore our model covers a variety of systems as long as they fulfill the main constraints

(a) weak coupling and (b) linear coupling in system and detector variable.

3.1.2 Calculation of the probability

In the following, we study the correlation measurement scheme sketched in Fig. 3.1.

The density operator of the total system is assumed to be in a product state ρ̂ =

ρ̂0ρ̂aρ̂b at the initial time t0 (not shown). In the calculations we assume t0 → ∞. The

measurement procedure on the detector subsystems, which we will call the readout of the

detectors in the following to avoid confusion with the weak measurement of the system,

is described by Kraus operators K̂mi [8], which have been introduced in Sec. 2.2.

The first measurement ends with the readout of detector b at time tb with the result

mb and the density operator after the procedure is given by

ρ̂′ =
K̂mbÛ(tb)ρ̂0ρ̂aρ̂bÛ

†(tb)K̂
†
mb

Tr
{
K̂mbÛ(tb)ρ̂0ρ̂aρ̂bÛ †(tb)K̂

†
mb

} . (3.4)
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The unitary time evolution operator can be separated as Û(t) = Û0(t)ÛI(t). The op-

erator Û0(t) = e−
i
~ (Ĥ0+Ĥa+Ĥb)(t−t0) generates the time evolution in the uncoupled sub-

systems, and ÛI(t) = T e−
i
~
∫ t
t0
ĤI

int(t
′)dt′

describes the time evolution in the interaction

picture induced by Ĥint. Here, T denotes the time-ordering operator.

The second measurement ends with the readout of detector a at time ta ≥ tb with

the result ma. The (unnormalized) total state after this procedure is given by

ρ̂′′ = K̂maÛ(ta − tb)ρ̂′Û †(ta − tb)K̂†ma . (3.5)

Its trace Tr{ρ̂′′} = p(ma, ta|mb, tb) gives the conditional probability of finding ma if

mb has been measured before; the unconditional probability is obtained by applying

Bayes’ theorem p(ma, ta;mb, tb) = p(ma, ta|mb, tb)p(mb, tb). We measure the uncondi-

tional probability in the setup proposed in this chapter. Therefore, our measurements

do not belong to the category of weak values, see Sec. 2.4.

Using the weak-coupling assumption, we expand ÛI to second order in η. We always

speak of an expansion in η for convenience. To be precise, one has to assume a small

exponent of the interaction evolution operator ÛI(t), i.e. ηa
∫ t
t0
〈D̂a(t

′)〉〈Â(t′)〉dt′ � ~
and ηb

∫ t
t0
〈D̂b(t

′)〉〈B̂(t′)〉dt′ � ~. In the case of finite expectation values of the observ-

ables and a finite interaction time t − t0, the parameter ηi which have no lower bound

can always be set small enough to fulfill these conditions and justify our procedure.

The calculation of the probability distribution for measuring ma at time ta and mb

at time tb yields in the expansion to second order in η

p(ma, ta;mb, tb) = p(0) + p(1) + p(1,1) + p(2), (3.6)

where we summed up the terms in four contributions: the probability of finding the

outcome with uncoupled and therefore unperturbed detectors

p(0) = 〈K̂†a(t)K̂a(t)〉a〈K̂†b (s)K̂b(s)〉b, (3.7)

the terms linear in η

p(1) = − iηa
~

∫ t

dt′ 〈[K̂†a(t)K̂a(t), D̂a(t
′)]〉a〈K̂†b (s)K̂b(s)〉b〈Â(t′)〉0

− iηb
~

∫ s

ds′ 〈K̂†a(t)K̂a(t)〉a〈[K̂†b (s)K̂b(s), D̂b(s
′)]〉b〈B̂(s′)〉0 (3.8)



Chapter 3: Noninvasive quantum measurement of second-order correlations 21

the terms proportional to ηaηb

p(1,1) =

−ηaηb
~2

∫ t

dt′
∫ s

ds′ 〈[K̂†a(t)K̂a(t), D̂a(t′)]〉a〈[K̂†b (s)K̂b(s), D̂b(s
′)]〉b〈{Â(t′), B̂(s′)}〉0/2

−ηaηb
~2

∫ t

dt′
∫ t

ds′ θ(t′ − s′)〈[K̂†a(t)K̂a(t), D̂a(t′)]〉a

× 〈
(
θ(s− s′){K̂†b (s)K̂b(s), D̂b(s

′)}+ θ(s′ − s)2K̂†b (s)D̂b(s
′)K̂b(s)

)
〉b〈[Â(t′), B̂(s′)]〉0/2

+
ηaηb
~2

∫ s

dt′
∫ s

ds′ θ(s′ − t′)〈
(
θ(t− t′){K̂†a(t)K̂a(t), D̂a(t′)}+ θ(t′ − t)2K̂†a(t)D̂a(t′)K̂a(t)

)
〉a

× 〈[K̂†b (s)K̂b(s), D̂b(s
′)]〉b〈[Â(t′), B̂(s′)]〉0/2, (3.9)

and the terms proportional to either η2
a or η2

b

p(2) =

−η
2
a

~2

∫ t

dt′
∫ t

ds′ θ(t′ − s′)〈{[K̂†a(t)K̂a(t), D̂a(t′)], D̂a(s′)}〉a〈K̂†b (s)K̂b(s)〉b〈[Â(t′), Â(s′)]〉0/2

−η
2
a

~2

∫ t

dt′
∫ t

ds′ θ(t′ − s′)〈[[K̂†a(t)K̂a(t), D̂a(t′)], D̂a(s′)]〉a〈K̂†b (s)K̂b(s)〉b〈{Â(t′), Â(s′)}〉0/2

−η
2
b

~2

∫ s

dt′
∫ s

ds′ θ(t′ − s′)〈K̂†a(t)K̂a(t)〉a〈{[K̂†b (s)K̂b(s), D̂b(t
′)], D̂b(s

′)}〉b〈[B̂(t′), B̂(s′)]〉0/2

−η
2
b

~2

∫ s

dt′
∫ s

ds′ θ(t′ − s′)〈K̂†a(t)K̂a(t)〉a〈[[K̂†b (s)K̂b(s), D̂b(t
′)], D̂b(s

′)]〉b〈{B̂(t′), B̂(s′)}〉0/2.

(3.10)

The index 0, a and b of the expectation value denotes the subsystem in which the trace

is taken 〈. . .〉i = Tri {. . . ρ̂i} .

The terms p(0), p(1) and p(2) will drop out in the correlation function as defined by

Eq. (3.11), because it describes only the difference of the detectors coupled to the system

to their uncoupled results C = 〈mamb〉 − 〈ma〉〈mb〉. It is evident that this correlation

should vanish already as soon as one of the couplings is switched of so that it has to be

proportional to both coupling constants ηaηb in all of its terms.

Therefore p(1,1) is the only contribution which will be relevant in the following. We

analyze the different terms and the expectation values of which they are build up in the

next section, after we allocated noise and response functions of the different subsystems

to them.
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3.1.3 Second-order correlation function

To establish the relation between measurement results of the two detectors and op-

erator order of the corresponding observables we consider the correlation function

C(ta, tb) =

∫
dma

∫
dmbmamb p(ma, ta;mb, tb)

−
∫

dmama p(ma, ta)

∫
dmbmb p(mb, tb). (3.11)

As pointed out, all terms are proportional to ηaηb in this formula which is calibrated to

be zero for uncoupled detectors. We rescale C → C/ηaηb and find that the correlation

function can be written as the sum of three contributions

C(ta, tb) = Csym(ta, tb) + Cdet
a (ta, tb) + Cdet

b (ta, tb) , (3.12)

with

Csym(ta, tb) =

∫
dt

∫
ds χaMD(ta, t)χ

b
MD(tb, s)S

0
AB(t, s), (3.13)

Cdet
a (ta, tb) =

∫
dt

∫
ds χbMD(tb, s)χ

0
BA(s, t)SaMD(ta, t), (3.14)

Cdet
b (ta, tb) =

∫
dt

∫
ds χaMD(ta, t)χ

0
AB(t, s)SbMD(tb, s). (3.15)

Here we introduced the response functions

χαXY (t, t′) = − i
~
θ(t− t′)〈[X̂α(t), Ŷα(t′)]〉α , (3.16)

and the symmetrized noise functions

SαXY (t, t′) =
1

2
〈{δX̂α(t), δŶα(t′)}〉α . (3.17)

The expectation values in Eqs. (3.16) and (3.17) are calculated with the initial system

density operator ρ̂0 respectively the density operators ρ̂α(t) = θ(tα − t)ρ̂α + θ(t− tα)ρ̂′α

of the detectors (α = a, b), which can incorporate a change of the detector state

from ρ̂α to ρ̂′α due to its readout at time tα. The detector observable is given by

M̂α =
∫

dmαmαK̂
†
mαK̂mα . For the examples in this chapter we assume a non-demolition

readout of the detectors ρ̂′α = ρ̂α and take M̂ to be the spectral representation of the

operator as it is obtained by a projective measurement M̂α =
∫

dmαmα|mα〉〈mα|. We

comment on other possible forms which this variable can take in dependence of the

readout procedure of the detector in Sec. 5.2.



Chapter 3: Noninvasive quantum measurement of second-order correlations 23

3.2 Discussion: system-mediated detector-detector inter-

action

Db 

Mb 

Da 

Ma 

A
B

A
B

Db 

Mb 

Da 

Ma 
ta 

t 

s 

tb 

χMD 

χMD 

χAB 

a

b

0 

0 

ηa 

ηb 

χBA 
 

Db 

Mb 

Da 

Ma 

Da 

Ma 

Db 

Mb 

(a) (b) 

ta 

t 

s 

tb 

ta 

t 

s 

tb 

Figure 3.2: (a) Couplings and correlations between the different variables. The inter-
system couplings ηα connect the detector variables D̂α to the system variables Â and B̂
at equal times. Within the system and within the detectors information is transmitted
nonlocally in time via the response functions χ. (b) Schematic representation of the
second-order processes which contribute to the cross-correlation measurement. The
straight arrows indicate the direction and causality of the time flow.

Equations (3.12) and (3.13)-(3.15) are the main result of this chapter. The origin of the

various terms is illustrated in Fig. 3.2.

Csym describes the symmetrized correlation of the system observables Â and B̂ which

is transmitted to both detectors via χa and χb.

Cdet
a corresponds to the internal correlation of M̂a and D̂a in detector a where D̂a is

measured by detector b via χ0 and χb (and similarly for Cdet
b ).

The system takes a new role as a linear-response mediator here, since the commuta-

tors in the response function Eq. (3.16) make information accessible that is not contained

in the symmetrized noise, Eq. (3.17).

If the system and the detectors are initialized in stationary states, Eqs. (3.16) and

(3.17) depend only on the time differences and Eq. (3.12) can be expressed in Fourier

space as C(ω) =
∫

d(ta − tb)eiω(ta−tb)C(ta, tb) with the result

Csym(ω) =χaMD(ω)χbMD(−ω)S0
AB(ω),

Cdet
a (ω) =χbMD(−ω)χ0

BA(−ω)SaMD(ω),

Cdet
b (ω) =χaMD(ω)χ0

AB(ω)SbMD(−ω) . (3.18)

Hence, in the frequency domain and for equal detectors we find for the symmetric con-

tribution Csym(ω) = |χMD(ω)|2S0
AB(ω). Thus, the non-Markovian nature of our setup
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results in a simple frequency filter effect for the symmetrized terms of the system mea-

surement.

We will now focus on the system-mediated detector-detector interactions Cdet
α and

discuss their relevance and properties, especially their effect on the finally measured op-

erator order2. Since the detectors measure each other’s noise in linear response through

the system, the presence of the commutator in the response functions leads to the ap-

pearance of antisymmetrically ordered system terms in addition to the symmetrized

expressions which can combine in various ways. We find that

(i) Cdet is a non-Markovian quantity as it depends on the memory of the detector and

the time history of the measurement process.

(ii) the response–to–noise ratio χ/S of a detector is an indicator for the relevance of

Cdet and therefore the measured operator order.

(iii) Cdet
a and Cdet

b can cancel with clever detector engineering.

(iv) For certain systems, Cdet leads to observable effects even in the Markovian coupling

limit, i.e. for instantaneous interaction of system and detectors.

3.3 Examples

The observations (i) – (iv) listed above are illustrated in examples in the corresponding

subsections 3.3.1 – 3.3.4 in the following.

3.3.1 Ladder-operator measurement

This example illustrates observation (i) from Sec. 3.2. We study a system that is given

a harmonic oscillator with frequency Ω: Ĥ0 = ~Ω
(
â†â+ 1

2

)
. The detectors are assumed

to be identical (a = b) harmonic oscillators with frequency Ω′, and their memory is

controlled by the damping parameter λ. This damping results from the dissipation to

a bath. The details of the implementation are shown in Appendix B.1. Here, we will

2The system-mediated detector-detector interaction is not a quantum mechanical phenomenon. In-
deed a weak measurement performed in a classical system recovers formulas 3.12 and (3.13)-(3.15)
with the replacements {Â(t), B̂(s)} → 2A(t)B(s), − i

~ [Â(t), B̂(s)]→ {A(t), B(s)}p and {M̂(t), D̂(s)} →
2M(t)D(s), − i

~ [M̂(t), D̂(s)]→ {M(t), D(s)}p where {., .}p denotes the Poisson bracket.
This replacement is shown in an example with a harmonic oscillator detector in Sec. 5.7.2. Even

though the structure of the formula is the same classically, many phenomena which we discuss are quan-
tum effects , i.e. the expectation value of the commutator can be evaluated with non-classical states,
show the signature of entanglement and even in a thermal state have another zero-temperature limit
than the corresponding Poisson bracket.
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introduce λ at first in the response and noise functions.

The measurement is taken at coinciding times ta = tb = 0. We are interested in the

correlation of the ladder operators â = (X̂+iP̂ )/
√

2 and â† of the system, where we used

renormalized positions and momenta. Since the ladder operators are not Hermitian, we

have to perform two measurements in which the detectors are coupled to the position of

the system in one measurement with the resulting correlation function Cxx and to the

momentum of the system in the other measurement resulting in Cpp. The sum of these

correlators C = (Cxx+Cpp)/2 corresponds to the scalar relation αα∗ = (x2 +p2)/2 with

α = (x+ ip)/
√

2 and is given by

C = ξs〈{â, â†}〉 − ξa〈[â, â†]〉, (3.19)

where we summed up everything but the systems ladder operators under the quantities

ξs =
1

2

∫
dtds χaMD(t)χbMD(s) cos(Ω(t− s)), (3.20)

ξa =

∫
dtds θ(s− t)

[
χbMD(t)SaMD(s) + χaMD(t)SbMD(s)

]
sin(Ω(s− t)). (3.21)

They can function as weights of the symmetric and antisymmetric contributions.

The antisymmetric contribution is essentially determined by the system-mediated

Figure 3.3: Ratio of the weights ξa and ξs of the antisymmetric and symmetric
contributions to Eq. (3.19) as a function of the detectors’ frequency Ω′ and damping λ
in units of the system frequency Ω at zero detector temperature.

detector-detector interaction Cdet. Choosing the detector variable D̂ = p̂ and the detec-

tor observable M̂ = x̂ yields the detectors response and noise functions

χMD(t) =θ(t)e−λt cos(Ω′t), (3.22)

SMD(t) =e−λt sin(Ω′t) coth(βΩ′/2)/2 (3.23)
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when the detectors are in thermal states ρ̂d = e−βĤd/Tr
{
e−βĤd

}
with inverse thermal

energy β. We introduced the damping according to Appendix B.1.

Figure 3.3 shows the ratio of the weights ξa and ξs as a function of the detector

frequency Ω′ and the damping parameter λ.

If the detector oscillators are only slightly damped (λ� Ω′), i.e. have a long memory,

the symmetric and antisymmetric contributions are of the same size and lead to normal

order of the operators in the correlation function: C ∝ 〈â†â〉.
If the detector oscillators are overdamped (λ � Ω′), i.e. approach the Markovian

limit, the antisymmetric contribution vanishes and the correlation function corresponds

to symmetrized operator order: C ∝ 〈{â†, â}〉.

3.3.2 Relevance of the system-mediated contributions

Here, we comment the observation (ii) from Sec. 3.2.

The response to noise ratio χ/S of the detector characterizes the strength of the asym-

metric system operator order, which can be illustrated, for example, with a monochro-

matic laser beam. S and χ resemble a harmonic oscillator in many respects, with the

difference that the noise is proportional to the photon number N whereas the response

is unaffected by it. Thus we have χ/S ≈ 1/N , see also Sec. 4.1.

A single photon behaves very much like a harmonic oscillator and Csym and the two

terms Cdet
α contribute in the same order with a fine tuning possible by damping and

resonance effects as shown in Sec. 3.3.1 in Fig. 3.3.

Multiple photons will almost exclusively measure the system’s response function, i.e.

neither symmetric nor normal ordering but the antisymmetric operator order, where

Cdet
α � Csym and the direct symmetric system measurement is negligible. This is the

regime which becomes relevant in the experiment for the optical detection of coherent

superposition states in graphene which is presented in Chapter 4.1.

3.3.3 Detector engineering

In this example, which illustrates observation (iii) from Sec. 3.2, we use the possibility

to prepare the two detectors in different states.

We consider a mesoscopic electronic realization with two (α = a, b) double quantum-

dot detectors capacitively coupled to the system as depicted in Fig. 3.4(a). The two dots

in each detector are connected via a tunnel coupling tα and the energy difference of the

left and right level εα can be tuned via a gate voltage. Both double dots are capacitively

connected to a quantum point contact in which the current Iα is measured. We assume
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the current correlation function 〈Ia(t)Ib(t′)〉 to be proportional to the occupation number

correlation function 〈σaz (t)σbz(t
′)〉 with σαz = n1,α − n2,α.

The state of the double dots is controlled via a bias voltage, see Fig. 3.4(b). It can be

characterized by the occupation difference of the energy eigenlevels ∆nα = n−α −n+
α . By

tuning ∆nα from positive to negative values, i.e. setting a level inversion, the detector

can be switched from absorption to emission mode. By using the cross-correlation of two

detectors one can combine these modes to obtain the symmetrized noise not accessible

to a single detector in either mode. The rates in and out of the dot are assumed to

be low enough to allow the detector an undisturbed evolution during the measurement,

i.e., we assume the tunneling rates to determine the initial state and the measurement

taking place between two successive tunneling events.

The detector Hamiltonian is given by

Ĥα = εασ̂
α
z + tασ̂

α
x , (3.24)

and the interaction Hamiltonian reads

Ĥint =
∑
α

ηασ̂
α
z Â, (3.25)

where both detectors measure the same system variable Â. According to Eqs. (3.16)

and (3.17), this leads to the detector response and noise functions

χασzσz(t, t
′) =− θ(t− t′)8t2α

ω2
α

sin(ωα(t− t′))∆nα,

Sασzσz(t, t
′) =

8t2α
ω2
α

cos(ωα(t− t′)) +
8ε2α
ω2
α

(
1− (∆nα)2

)
,

with ωα = 2
√
t2α + ε2α.

For measuring the ladder operators â and â† of a harmonic oscillator as introduced

in Sec 3.3.1, we can follow the same procedure and again write the correlator in the form

of Eq. (3.19) as C = ξs〈{â, â†}〉 − ξa〈[â, â†]〉.
The results for the weights ξs and ξa are shown in Fig. 3.4(c). When both detectors

are set to the same occupation difference ∆nα = n−α − n+
α , the noise contributions of

both detectors sum up, and we obtain normal order near resonance and for sufficient

low damping. This regime was already explored in Fig. 3.3. In the same manner we get

antinormal order if both detectors are switched to emission mode.

Since Cdet
α ∝ ∆nα, tuning one of the detectors to level inversion of the other, ∆na =

−∆nb, results in a cancellation of the terms Cdet
a and Cdet

b , and we are able to measure

the pure symmetrized noise/correlation of the system.

If one of the ∆nα equals zero, not only the corresponding Cdet
α but also the Csym
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Figure 3.4: Sketch of the setup. (a) Two double-dot detectors are capacitively coupled
to a system and the occupation of one of the dots is recorded via a bypassing current.
(b) The state of each detector can be set by additional contacts [not shown in (a)] which
are biased to adjust the occupation difference of the high and low energy eigenstate n+

and n−. (c) Weights ξs and ξa as a function of the occupation difference of the energy
eigenstates ∆nα = n−α − n+

α , εα = 0, no damping.

vanishes. In this case, the only remaining contribution to C is the linear-response

measurement of this detector’s noise by the other detector via the system, i.e. C only

contains information about the antisymmetric operator order.

By tuning the voltage that controls ∆nα, any of these regimes can be selected.

A regime to measure the antisymmetric system contribution completely indepen-

dently of the system state can be explored by utilizing the constant term in the noise.

In the frequency domain Cdet
α (ω = 0) will be directly proportional to the zero-frequency

detector noise SαMD(ω = 0) = 8(εα/ωα)2(1− (∆nα)2) which is tunable over a wide range

by the gate voltage that controls εα. If we set a sufficiently large level difference ε, the

measurement outcome will be dominated by the detectors measuring each other’s noise

through the system. In this way, we obtain the pure antisymmetric system operator

order incorporated in χ0
AB(ω).
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3.3.4 Markovian limit

In the last example of this section, which refers to the observation (iv) from Sec. 3.2, we

consider the correlation in the limit of short coupling times, ηα → δ(t− tα) in Eq. (3.3).

In a stationary setup we find

Csym(ta, tb) =χaMD(0)χbMD(0)S0
AB(ta − tb), (3.26)

Cdet
a (ta, tb) =χbMD(0)SaMD(0)χ0

BA(tb − ta), (3.27)

Cdet
b (ta, tb) =χaMD(0)SbMD(0)χ0

AB(ta − tb). (3.28)

Note that only one of the terms Cdet
α will contribute, depending on whether ta > tb

Figure 3.5: Markovian coupling: Prefactors of S0
AB and χ0

AB as a function of the
angle φ for 〈σ̂z〉 = 1 and 〈σ̂x〉 = 〈σ̂y〉 = 0.

or tb > ta. For thermal detectors, χαMD(0) and SαMD(0) are related via the fluctuation-

dissipation theorem as described in Sec. 5.3.1 and one finds a general requirement on

the detectors for measuring the symmetrized correlation.

If χαMD(t) without the Heaviside function is symmetric in t, e.g. in the example in Sec.

3.3.1, χαMD(ω) is symmetric in ω. It follows from the fluctuation-dissipation theorem

that SαMD(ω) is antisymmetric in ω and therefore SαMD(t) is antisymmetric in t which

implies Cdet
α = 0 and C reduces to the symmetrized expression. This is independent

of the frequency-filter effect of the detector or any system properties. However, any

antisymmetric contribution in χαMD will cause a finite value of Cdet
α . For nonthermal

detector states there are even less restrictions for Cdet
α to remain in the Markovian limit,

the relation of χαMD(0) and SαMD(0) will depend on the details of the detector state ρ̂ and

the choice of the detector variables, not only on the resulting symmetry. The detector

Hamiltonian Ĥd does not have to be specified since no time evolution of the detector

variables D̂ and M̂ has to be calculated.
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To be concrete, we consider two identical (a = b) two-level detectors. The detector

variable is set to D̂ = σ̂x and the detector observable points in direction M̂ = ~r~̂σ with

~r = (cos(φ), sin(φ), 0)T . We obtain

χMD(0) =− sin(φ)〈σ̂z〉, (3.29)

SMD(0) = cos(φ)− 〈~r~̂σ〉〈σ̂x〉. (3.30)

Figure 3.5 shows that by tuning the angle φ we can realize the full range of com-

binations of the symmetric and antisymmetric operator orders. For example, in an

optical system as investigated in (i) the three points highlighted in Fig. 3.5 correspond

to measurements of the Q function, the Wigner function, and the P function.

3.4 Conclusions

As in contrast to theoretical models which assume instantaneous measurements, con-

stantly coupled detectors appear naturally in many experiments, in this chapter we

included the non-Markovian effects in such a setup and explore a variety of possible out-

comes of the second-order correlations which correspond to nonsymmetrized operator

orders.

We identify the system-mediated detector-detector interaction as the physical process

that causes terms with antisymmetric system operator orders in the measured result

via the response function χ0
AB. Our results pave the way to design tunable quantum

detection systems which can observe tailored correlation functions.

As an example we have proposed a quantum detector consisting of a pair of double

quantum dots which realizes such a tunable scheme in a mesoscopic nanostructured

circuit. Applying our analysis to develop quantum detector setups in the ultrafast optical

domain [2–4] or in the optical detection of coherence [32] appears to be a promising

research direction. First steps will be made in chapter 4.



Chapter 4

Applications to weak optical

measurements

In this chapter we apply the theory developed in Chapter 3 to two more detailed examples

which both utilize a laser beam as detector in a concrete experimental setup.

In the first setup the interband superposition states in graphene, which are excited

by a first laser, are detected by an absorption measurement of a second laser in a type of

continuous pump-probe experiment. In the second setup the quantum vacuum is probed

by a NIR laser pulse whose photon flux is measured after the mixing of the pulse with

the THz vacuum field in an optical crystal.

4.1 Measurement of quantum superposition states in

graphene

In this section we employ the weak measurement approach to demonstrate the very

existence of the photoexcited interband superposition states in intrinsic graphene as an

extended example for the application of our framework. We propose an optical two-

beam setup where such measurements are possible and derive an explicit formula for the

differential optical absorption that contains a signature of such states.

We provide an interpretation of our results in terms of the non-Markovian weak

measurement formalism applied to the pseudospin degree of freedom coupled with an

electromagnetic wave.

31
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4.1.1 Introduction

The past decade has witnessed many experiments addressing coherent quantum super-

positions in single quantum systems directly. Among these are systems with photons

[56–60], with nuclear spins [61, 62], and, more recently, in electronic setups [63–65].

Since the quantum system should be left unchanged during the coherent evolution

the concept of weak measurements was introduced nearly 30 years ago [9], see also Sec.

2.3, and still remains a highly active topic [51, 54, 66–68]. In this section, we would like

to add another possible manifestation of this problem by considering an optical mea-

surement of the photocarriers in semiconductors, which can be readily implemented.

To this end, we propose an experiment to weakly measure the photoexcited interband

(electron-hole) superposition states in intrinsic graphene. To the best of our knowledge,

these electron-hole pairs have never been considered from the weak measurement point

of view, despite the very extensive literature on semiconductor optics.

As outlined in Chapter 2, to perform a weak measurement of a systems quantum

state ψ the detector must also represent a quantum-mechanical object, in the simplest

case described by a wave function ψd [69]. The measured system interacts with the

detector, and it is the detector’s wave function ψd that is collapsed by a strong measure-

ment. Due to the interaction between these two states the outcome of the measurement

on ψd contains some information about coherence of the original quantum state ψ.

In our setup, the role of the quantum state ψ is played by a 2×2 photocarrier den-

sity matrix written in the eigenstate basis of the massless Dirac Hamiltonian for charge

carriers in graphene.

Once an external radiation source is applied, the matrix represents a sum f
(0)
ij +

fij [f
(0)], where f (0) is the equilibrium distribution, and f is a non-equilibrium addition

on top of f (0). The matrix f includes non-zero coherences representing interband super-

positions, see Fig. 4.1. This radiation source belongs to the measured system in terms

of the division into three subsystems (one for the system of interest and two for the

detectors) according to our formalism in Chapter 3.

The second laser beam which acts as a continuous probe represents the detector1. The

probe radiation in turn changes the photocarrier density matrix to f
(0)
ij +fij [f

(0)]+f ′ij [f ],

where f ′ depends on f . Due to the weak interaction with the probe radiation the pho-

tocarrier density matrix is left almost unaffected f ′ij � fij . That is what is known as a

linear-response regime. In contrast to the classical linear-response absorption measure-

ment, we take into account coherences and show that they could be detected in such

settings.

1To be precise: both detectors – when treating this as a cross-correlation measurement. We comment
on the relation of cross- and self-correlations in Sec. 5.5.
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We explicitly show that the differential relative absorption of the probe radiation

given by Eq. (4.29) and shown in Fig. 4.2 contains a response from the initial superpo-

sition states encoded in fij , i 6= j.
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Figure 4.1: Direct interband excitations result not only in the photocarrier occu-
pations f11, f22 = −f11 at energies ±~ω/2, but also in the coherences f12, f21 = f∗12

representing the superpositions between conduction- and valence-band eigenstates. The
matrix fij can be seen as a density matrix written in the eigenstate basis of Ĥ0. In
the right diagram the density-matrix components are shown schematically assuming
monochromatic radiation (λ = 0, i.e. fii shrinks to a δ-function). Note that Ref12

vanishes faster than Imf12 when the energy increases, i.e. the latter dominates in
the high-energy tail of the density matrix representing the signature of the quantum
superposition states.

4.1.2 Details of the Model

The effective two-level system shown in Fig. 4.1 is described by the two-dimensional

massless Dirac-like Hamiltonian [70]

Ĥ0 = ~vσ̂ · k̂, (4.1)

where ~k̂ is the two-component momentum operator, σ̂ is the pseudospin operator con-

structed from the Pauli matrices, and v ≈ 106 ms−1 is the carrier velocity in graphene.

The corresponding eigenvalues and eigenstates are

E1,2 = ±~vk, (4.2)
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and

ψ1,2 =
1√
2

(1,±eiφ). (4.3)

with tanφ = ky/kx. The index 1 (2) stands for the conduction (valence) band, see

Fig. 4.1.

The pseudospin is parallel (antiparallel) to the momentum while being in a conduction-

band (valence-band) eigenstate. Hence, a certain interband coherent state ψ = aψ1+bψ2

we are trying to measure represents, at the same time, a pseudospin superposition state.

In order to create such a superposition state we employ a classical electromagnetic

wave

E(t) = E0

(
eiωt + e−iωt

)
ê, (4.4)

with the frequency ω and amplitude E0 linearly polarized in the direction ê. The equi-

librium carriers are then perturbed by the field-pseudospin interaction [71]

Ĥint(t) = ĥ
(
eiωt + e−iωt

)
, (4.5)

where

ĥ =
evE0

2ω
σ̂ · ê, (4.6)

with e being the electron charge. We assume normal incidence without momentum

transfer from photons to electrons so that we always superimpose the states ψ1,2 with

the same momentum. It is convenient to define the coupling parameter ηω = evE0
2ω that

entangles the electric field and the pseudospin σ̂. In contrast to conventional semicon-

ductors, where a similar coupling constant can also be defined, graphene allows tuning

ηω in a very broad range and in a very predictable manner. Indeed, the excitation fre-

quency ω can be shifted from the ultraviolet to far infrared regions while keeping the

photocarrier velocity constant, hence, changing ηω by orders of magnitude.

In conventional semiconductors the lowest possible ω is limited by the band gap,

and the photocarrier velocity is dependent on the excitation frequency reflecting their

complicated band structure. Thus, graphene offers an unprecedented opportunity to

study the pseudospin (or interband) coherence by optical means.
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4.1.3 Creation of a pseudospin superposition state

As already pointed out, the creation of the pseudospin superpostion state still belongs

to the unperturbed system of interest in the categorization of Chapter 3. Unperturbed

here means unperturbed by the detector. Nevertheless, the system can be complicated

and include an environment which causes dissipation and sources for excitations.

The operator ĥ in Eq. (4.6) written in the eigenbasis of Ĥ0 is given by the matrix

ĥ = ηω

(
cos(φ− θ) −i sin(φ− θ)
i sin(φ− θ) − cos(φ− θ)

)
, (4.7)

where tan θ = ey/ex describes the polarization plane orientation. The pseudospin-

momentum coupling in graphene results in both off-diagonal and diagonal terms in

Eq. (4.7) responsible for the generation of coherences in the electron density matrix.

This is the crucial ingredient that makes the optical generation and detection of su-

perposition states possible.

We describe the pseudospin coherence by a 2 × 2 density matrix ρ̂ the evolution of

which is governed by the Liouville-von Neumann equation ∂tρ̂+ i
~ [Ĥ0, ρ̂(t)] = ĝ(t), where

the generation rate is given in the lowest non-zero order in ĥ by [72]

ĝ(t) = − 1

~2

0∫
−∞

dt′eλt
′
{(

eiωt
′
+ e−iωt

′
)

[ĥ, e
i
~ Ĥ0t′ [ĥ, ρ̂(t+ t′)]e−

i
~ Ĥ0t′ ]

}
. (4.8)

Here, the adiabaticity parameter λ > 0 has been introduced in order to take into account

the finite Lorentzian spectral width of the radiation flow. In the end we will assume

that λ → 0. This approximation corresponds to the continuous wave (CW) operation

of the laser.

We now write the density matrix ρ̂ and the corresponding Liouville-von Neumann

equation in the eigenstate basis of Ĥ0 (helicity basis), and, at the same time, add

relaxation and dephasing terms. The equation then reads

∂

∂t

(
f11 f12

f21 f22

)
+
i

~

(
0 f12(E1 − E2)

f21(E2 − E1) 0

)

=

(
g11[f0] g12[f0]

g21[f0] g22[f0]

)
−

(
f11/τ0 f12/τ

f21/τ f22/τ0

)
, (4.9)

where the functions fij represent the change in the density matrix ρ̂ − ρ̂eq written in

the basis of the unperturbed eigenstates of Ĥ0, f0 is the equilibrium distribution matrix

diagonal in the same basis, τ0 is the relaxation time, and τ is the dephasing time.
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The generation rate is transformed within the rotating wave approximation [73] and

reads

g11[f0] =
2h12h21

~2

(
f

(0)
22 − f

(0)
11

)∑
±

λ

λ2 + (Ω± ω)2
, (4.10)

g12[f0] =
h11h12 + h21h22

~2

(
f

(0)
11 − f

(0)
22

)∑
±

1

λ+ i(Ω± ω)
, (4.11)

and g22 = −g11, g21 = g∗12. Here, Ω = (E1 − E2)/~ = 2vk.

Note that g11 is proportional to a δ-function at λ→ 0, whereas g12 is not. Since the

interaction matrix hij contains both diagonal and non-diagonal terms, the generation

rate gij does the same. This is the reason why the light-carrier interaction creates

the interband coherent states. If the generation gij were turned off at t = 0, then

the coherences in fij would be given by f12(t) = f12(0) exp (−t/τ − iΩt), f21 = f∗12

representing a rapidly oscillating function with the amplitude determined by the initial

condition at t = 0.

Measuring such an oscillating function could be a challenging task and, therefore, we

focus on a steady-state limit, when ∂fij/∂t = 0. In this limit, the solution of Eq. (4.9) is

given by f12 = τg12[f0]/(1 + iτΩ), f11 = τ0g11[f0], f21 = f∗12, f22 = −f11. The detailed

calculation is shown in Appendix C.1. At λ → 0, the diagonal terms fii represent

occupations of the corresponding bands given by the delta function δ(Ω − ω) whereas

the coherences fij describe the pseudospin superposition states and remain finite even

at Ω 6= ω. The explicit expressions for fij as derived in Appendix C.1 are given by

f11 =
2πτ0

~2
h12h21

(
f

(0)
22 − f

(0)
11

)∑
±
δλ(Ω± ω), (4.12)

f12 =
h11h12 + h21h22

~2

τ

1 + iτΩ

∑
±

f
(0)
11 − f

(0)
22

λ+ i(Ω± ω)
. (4.13)

4.1.4 Measurement of the superposition state

Now we implement the measurement procedure. In contrast to the electric field E , which

creates the pseudospin superpostition state and belongs to the system, the electric field

here represents the detector and is denoted by E ′.
The interband coherences schematically depicted in Fig. 4.1 are generated by Ĥint,

which couples the electric field and the pseudospin – the quantity we want to mea-

sure. The weak measurement is performed by means of the interaction between a probe

electromagnetic wave and the pseudospin:

Ĥint = ηaÊ ′aσ̂ + ηbÊ ′bσ̂, (4.14)
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where the detectors are given by the electric field of the laser beam Ê ′i which is coupled

to the pseudospin σ̂ = (σ̂x, σ̂y, σ̂z)
T of a graphene system and subsequently measured by

a photodetector (this is the readout of the detector). In our cross-correlation model we

label two electric fields (two detectors) with a and b, the ηi denote the coupling strength.

By inserting this specifications in the general formula Eqs. (3.12) and (3.13) –

(3.15), the field-field correlator of the outgoing electric field after the interaction with

the graphene is given by

〈E ′(0)E ′(0)〉 = C(0, 0) =
1

2~2

∫
dt

∫
dt′χ(0, t)χ(0, t′)〈{σ̂x(t), σ̂x(t′)}〉

− 2i

~2

∫
dt

∫
dt′θ(t− t′)χ(0, t)S(0, t′)〈[σ̂x(t), σ̂x(t′)]〉, (4.15)

where

χ(0, t) = −i ηω
′

√
N
θ(−t)eλt〈[Ê ′(0), Ê ′(t)]〉, (4.16)

is the response function which results from Eq. (3.16) and

S(0, t) =
ηω′

2
√
N

eλ|t|〈{Ê ′(0), Ê ′(t)}〉, (4.17)

is the noise function of the probe beam which results from Eq. (3.17).

The dimensionless electric field Ê ′ = i√
2
(âe−iω

′t− â†eiω′t) is quantized in this formal-

ism and the probe intensity is determined by the photon number N = 〈â†â〉+ 1
2 to which

we normalize here. We assumed a polarization in x-direction and therefore couple only

to σ̂x. The parameter λ takes into account a Lorentzian broadening of the laser beam.

The justification for the application of the cross-correlation formalism in this exper-

iment, which corresponds to a self-correlation measurement of the electric field, can be

found in Sec. 5.5 in Eq. (5.76). In our setup the cross-correlation differs from the mea-

sured quantity – the intensity of the laser beam which corresponds to the self-correlation

– only by the intrinsic noise of the electric field 〈Ê2(t)〉. This is due to the scalar com-

mutator of the electric field {[Ê2(t), Ê(t′)], Ê(s′)} = [Ê(t), Ê(t′)]{Ê(t), Ê(s′)}. Since the

intrinsic electric-field noise is independent of the measured system, it does not contribute

to the absorption difference A−A0 in which we are interested.

We obtain the electric field correlators

[Ê ′(t), Ê ′(t′)] =− i sin(ω(t− t′)), (4.18)

{Ê ′(t), Ê ′(t′)} =2N̂ cos(ω(t− t′))− eiω(t+t′)(â†)2 − e−iω(t+t′)â2. (4.19)
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Note that the first term in Eq. (4.19) is proportional to the photon number N whereas

Eq. (4.18) is not. Therefore the system operators commutator 〈[σ̂x(t′), σ̂x(t′)]〉 domi-

nates the result of Eq. (4.15) for N � 1. This corresponds to observation (ii) in Sec.

3.2.

Even more, the first term in Eq. (4.15) does not contribute to the differential absorp-

tion because the trace is taken over the steady-state distribution function fij determined

by Eq. (4.9) resulting in Tr f = 0. The cause of this is the property of our non-Markovian

weak measurement scheme that in a spin-like system (coupling to Pauli matrices) the

symmetric term Csym is always proportional to {σ̂i(t), σ̂i(t′)} ∝ 1̂, and therefore inde-

pendent of the system state.

Hence, we focus on the second term. It describes the self-interaction of the electric

field mediated by the graphene and therefore contains the pseudospin response function

θ(t− t′)〈[σ̂x(t), σ̂x(t′)]〉 which is sensitive to the presence of coherence. Therefore it adds

a signature of the quantum state of the graphene to the outgoing electric field. The

steady-state approximation is realized as 〈[σ̂x(t), σ̂x(t′)]〉 → 〈[σ̂x(t − t′), σ̂x(0)]〉. The

pseudospin is considered in the eigenstate basis of Ĥ0 and its dynamics is governed by

the equation dtσ̂i(t) = i
~ [Ĥ0, σ̂i] resulting in

{σ̂x(t′), σ̂x(s′)}/2 = cos2(φ) + sin2(φ) cos(Ω(t′ − s′)), (4.20)

−i[σ̂x(t′ − s′), σ̂x(0)]/2 =σ̂y sin(φ) sin(Ω(t′ − s′)) + σ̂z cos(φ) sin(φ)[cos(Ω(t′ − s′))− 1].

(4.21)

The statistical average is performed as 〈σi(t)〉 = Tr {σ̂i(t)f}. In particular,

〈σx〉 = (f11 − f22) cosφ− 2 sinφ Imf12, (4.22)

〈σy〉 = (f11 − f22) sinφ+ 2 cosφ Imf12, (4.23)

〈σz〉 = 2Ref12. (4.24)

Further details of the calculations can be found in Appendix C.2. The resulting correlator

reads

〈E ′(0)E ′(0)〉 =
η2
ω′

~2

0∫
−∞

dt

t∫
−∞

dt′ sin(ω′t) cos(ω′t′)

× 4eλteλt
′ (〈σy〉 sinφ sin[Ω(t− t′)] + 〈σz〉 cosφ sinφ{cos[Ω(t− t′)]− 1}

)
. (4.25)

We divide this correlator by the laser pulse duration 1
λ and employ the rotating wave

approximation when integrating Eq. (4.25). The result for small λ� ω, ω′ reads

〈E ′(0)E ′(0)〉 = −π η
2
ω′

2~2 〈σy〉 sinφ
∑
±
δ(ω′ ± Ω) +

η2
ω′
~2 〈σz〉 cosφ sinφΩ2

ω′(ω′2−Ω2)
. (4.26)
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We find this result confirmed by Eq. (4.27) when calculating the generation rate with a

second classical electric field analogous to the creation of the pseudospin superposition

state in Sec. 4.1.3.

In the simplest case of a zero-temperature equilibrium state, we have f22 = 1,

f11 = f12 = f21 = 0, hence, 〈σy〉eq = − sinφ, 〈σz〉eq = 0. To calculate the total

absorbed energy per unit time and unit area from Eq. (4.26) we integrate over all mo-

menta and multiply by ~ω′.
For isotropic 〈σz〉 or 〈σy〉 the corresponding parts average out by this momenta inte-

gration. However, our excitations depend on the direction2 and the occurring integrals

in Eq. (4.26),
∫ 2π

0 dφ sin(φ− θ) cos(φ− θ) sin(φ) cos(φ) = π
4 cos(2θ) and

∫ 2π
0 dφ sin2(φ−

θ) sin2(φ) = π
4 (2− cos(2θ)), do not vanish for orthogonal pump and probe beams θ = π

2 .

Alternative derivation by calculating the generation rate

As a check for the outcomes of the weak measurement formalism, Eq. 3.12, we can

calculate the generation matrix for the valence-to-conduction-band transition rate anal-

ogous to the creation of the pseudospin superposition state by the first laser beam in

Sec. 4.1.3.

In this case the weak measurement is performed by means of the interaction be-

tween the probe electromagnetic wave and pseudospin: Ĥ ′int = ĥ′
(

eiω
′t + e−iω

′t
)

with

ĥ′ =
evE ′0
2ω′ σ̂ · ê

′, where ê′ ⊥ ê. The orthogonality between ê′ and ê allows us to fil-

ter out the absorption of any of these two electromagnetic waves easily. Similar to ĥ,

the electric-field amplitude E ′0 and pseudospin σ̂ are coupled by the coupling parameter

ηω′ =
evE ′0
2ω′ . The probe radiation is assumed to have the intensity I ′0 = cE ′20/8π much

lower than I0 = cE2
0/8π so that the probe almost does not change the coherent state

created initially by ĥ. It is also crucial for the probe interaction ĥ′ to be weak enough

to justify the weak measurement criterion within the whole frequency interval we are in-

terested in, i.e. the probe intensity should be tuned while changing the probe frequency

ω′ so that ηω′ remains constant. The complete quantum-mechanical weak measurement

procedure also requires averaging over many single weak measurements [69]. Since we

employ the density matrix (not a wave function) for the quantum state description, the

statistics is taken into account automatically within the model. In the experiment, the

cw operating probe serves for the desired statistics.

The probe generation rate ĝ′(t) is formally given by the equation similar to Eq. (4.8),

but the resulting g′ij [f ] depends not only on the band occupations f11, f22 but also on the

coherences f12, f21 introduced above. The coherences vanish in equilibrium; however,

once the steady-state non-equilibrium is created, the coherences can be observed by

measuring the optical absorption calculated from g′ij [f ]. The relative optical absorption

2c.f. 〈σz〉 ∝ h11h12 + h21h22 = −2i cos(φ− θ) sin(φ− θ)
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is defined as A = I ′/I ′0, where I ′ is the absorbed intensity per spin/valley channel given

by I ′ = ~ω′
∫
d2kg′11/(2π)2. Here, we need only one component of the generation matrix

g′ij representing the valence-to-conduction-band transition rate given by

g′11[f ] =
∑
±

h′12h
′
21

~2

2λ (f22 − f11)

λ2 + (Ω± ω′)2
− 2i

∑
±

h′12h
′
22

~2

(Ω± ω′)Ref12 − λImf12

λ2 + (Ω± ω′)2
. (4.27)

The first term formally looks similar to Eq. (4.10) but the equilibrium occupations f0
ii

are substituted by their steady-state counterparts fii determined by the relaxation time

τ0.

This term dominates in the absorption at ω = ω′ and corresponds to the conventional

signal in the optical pump-probe measurements [74]. The second term contains quantum

information about the initial steady state via coherences fij determined by the dephasing

time τ . At λ → 0, Imf12 and Ref12 are weighted in the relative absorption by the δ-

function δ(Ω± ω′) and the principle value 1/(Ω± ω′), respectively. Imf12 dominates in

the absorption at ω′ >> ω.

4.1.5 Relative absorption

The finally evaluated quantity in the proposed experiment is the relative absorption, i.e.

the difference of two measurements, one with the graphene in its equilibrium state and

one after the creation of pseudospin superposition states.

To obtain the relative absorption we divide the electric field correlation by the inci-

dent intensity I ′0 and multiply by 4 for the valley and spin degeneracy. The equilibrium

absorption then reads

A0 = 4
~ω′

I ′0

∫
d2k

4π2
〈E ′(0)E ′(0)〉eq

w =
πe2

~c
, (4.28)

which is a known result [75]. Most saliently, either of Eqs. (4.26) and (4.27) contains

non-equilibrium quantum information encoded in the coherences f12 and f21 the mani-

festation of which can also be seen in the absorption.

We focus on the relative absorption difference (A − A0)/A0 at λ = 0 and ω 6= ω′

when the first term in Eq. (4.27) vanishes so that the occupations do not contribute.

To neglect the influence of occupations at λ 6= 0 the probe frequency ω′ must be fixed

further away from ω. The differential absorption is negative due to the so-called Pauli
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Figure 4.2: Graphene is irradiated by two cw monochromatic light beams having the
frequencies ω and ω′ and linear polarizations perpendicular to each other. One of the
beams creates an initial photocarrier distribution, whereas another is used as a weak
measurement probe. The curves represent relative optical absorption difference vs.
detector’s excitation frequency ω′ in units of 1/τ (dephasing rate) at zero temperature
and zero doping, as given by Eq. (4.29). The differential relative absorption is given
in units of Γ [see Eq. (4.30)]. The verticals show the initial photocarrier occupation
positions that have shrunk to zero due to the perfectly monochromatic radiation.

bleaching and reads

A−A0

ΓA0
=− ω′τ2

ω′2 − ω2

(
ω′3

1 + τ2ω′2
− ω3

1 + τ2ω2

)
− 2ω′τ

π

ω′2 ln(τω′)− ω2 ln(τω) + τ2ω′2ω2 ln(ω′/ω)

(1 + τ2ω2)(1 + τ2ω′2)(ω2 − ω′2)
, (4.29)

where A0 = πe2/(~c) is the equilibrium absorption, and

Γ =
1

A0I ′0

η2
ω′η

2
ω

~3v2
(4.30)

is a constant that controls the overall signal strength via the coupling parameters ηω,

ηω′ .

We estimate Γ to be of the order of 10−5 for typical cw lasers with the power of about

1 mW focused on a µm-size spot and the frequencies ω, ω′ being of the order of 0.1 and 1

eV, respectively. Measuring such a low signal is a challenging task; however, the relative

differential transmission of the order of 10−4 has already been measured recently on

graphene using an optical pump-probe setup [74]. Note that Γ can be changed in a very

broad range by playing with ηω and ηω′ , as there is no theoretical limit for excitation

frequencies from below (no band gap).
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4.1.6 Discussion

Equation (4.29) is among the main results of this section. The measured signal is a

response to the pseudospin superposition states created by the interaction with ηω and

measured by the interaction with ηω′ . The signal should vanish if such states were not

there.

The relative absorption (4.29) is solely due to the pseudospin coherence because the

conventional occupation-related dip shrinks to zero at λ = 0. For this reason Eq. (4.29)

does not depend on τ0 and vanishes at τ → 0 (very fast dephasing). On the other hand,

the signal saturates at τ →∞ and equals to

A−A0

A0
= −Γ

ω′

ω + ω′
. (4.31)

The value of the dephasing time τ is unknown but it enters Eq. (4.29) only in products

with ω and ω′ resulting in the universal behavior shown in Fig. 4.2. One can see that

reducing ω′ affects the signal in the same way as faster dephasing does. On the other

hand, faster dephasing is equivalent to higher ω. This effect can also be seen in Eq. (4.31)

vanishing at ω →∞ even though dephasing is absent there.

Equation (4.29) can be further simplified at ω′ � ω as

A−A0

A0
= −Γ

(τω′)2

1 + (τω′)2

[
1− 2 ln(τω′)

πτω′

]
. (4.32)

As it is expected from Eq. (4.31), the signal (4.32) saturates at ω′τ → ∞ as (A −
A0)/A0 = −Γ. Let us recall that in order to keep ηω′ constant in the formal limit

ω′τ → ∞ we should increase I ′0 to infinity as well making this regime experimentally

irrelevant. The regime ω′ � ω is most convenient for the pseudospin coherence obser-

vation, where the differential absorption is approaching its maximum and, most impor-

tantly, the conventional occupation dip at ω′ = ω is not present even if it is broadened

by relaxation.

4.1.7 Conclusion

We have demonstrated a weak measurement description, where the quantum-mechanical

coherence and carrier statistics are treated using the Liouville-von Neumann equation

and the field-field correlator. We applied this approach to intrinsic graphene the pecu-

liar band structure of which makes it possible to generate and observe the quantum-

mechanical pseudospin coherence.
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The weak measurement of pseudospin coherence is provided by coupling the pseu-

dospin to the electric field of an electromagnetic wave. This coupling is what makes

graphene special and, in combination with the results presented above, provides a reli-

able solid-state platform for fundamental quantum research.

4.2 Measurement of the quantum vacuum

In Ref. [3], “Paraxial Theory of Direct Electro-optic Sampling of the Quantum Vacuum”,

Moskalenko, Riek, Seletskiy, Burkard and Leitenstorfer investigate the variance of a

near-infrared laser pulse which is coupled to the THz vacuum field in an optical crystal.

In this section we apply our weak measurement framework to such a setup. We take

the coupling functions and parameters of Ref. [3] to compare our results.

4.2.1 Description of the experimental setup

The proposed experimental setup for free-space electro-optic sampling which has been

discussed theoretically in Ref. [3] consists of an zinc-blende electro-optic crystal (EOX)

and an incident ultrashort near-infrared (NIR) wave packet which propagates along the

[110] axis of the EOX which is denoted as ez in the following. This NIR pulse Ep ‖ ez is

subject to second-order nonlinear mixing with the quantum vacuum field in the EOX.

The setup is sketched in Fig. 4.3(a). The modified NIR pulse is passed through

a quarter-wave plate after exiting the EOX. In the ea,b reference frame shown in Fig.

4.3(b) the quarter-wave plate shifts the phase of the a-component of the electric field

by π/2 and leaves the b-component invariant. The z- and s-components are finally

spatially separated by a Wollaston prism and the photon flux is detected by subsequent

photodetectors, so that the difference of the photon numbers for the s- and z-polarization

can finally be determined as the measurement result of the experiment.

4.2.2 Noise function and response function of the vacuum

In our treatment of the quantum vacuum we use the same description as Ref. [3] to

provide an easy comparison. The multi-THz quantum fields which copropagate with the

NIR probe pulse through the EOX are expressed in the paraxial approximation [76] as

ÊTHz(r, t) = −i
∑
α,l,p

∫ ∞
0

dΩ

√
~Ω

4πε0c0nΩ

[
eαâα,l,p(Ω)ei(kΩr‖−Ωt)glp(r⊥)−H.c.

]
. (4.33)
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Figure 4.3: Experimental setup as suggested in Ref. [3]. (a) A laser generates a
ultrashort NIR pulse which travels through an EOX of length l in which it mixes with
the quantum vacuum field which is naturally also incident on the crystal. After the
interaction the pulse is collimated with a lens, send through a quarter-wave plate and
a Wollaston prism where it is split into a s- and a z-component. The difference in the
photon flux of these two components is finally measured by the photodetectors Ds and
Dz. (b) The coordinate frames ez,s and ea,b with respect to the EOX (seen from the
front).

The operator eαâα,l,p(Ω) annihilates a photon of frequency Ω with the orbital quantum

numbers l and p which is polarized in eα direction. The refractive index of the material

is given by nΩ. For a thin EOX located at r‖ the Laguerre-Gaussian modes glp are

described by [3]

glp(r⊥) =

√
2p!

π(|l|+ p)!

1

w0

(√
2r⊥
w0

)|l|
L|l|p

(
2r2
⊥

w2
0

)
exp

(
−
r2
⊥
w2

0

+ ilϕ

)
, (4.34)

where r⊥ = r⊥e
iϕ and L

|l|
p denote the Laguerre polynomials. The waist size of the probe

beam (located at r‖ = 0) is given by w0.

In our setup we measure this field Â = B̂ = ÊTHz. Therefore we need to know the

noise and response functions given by Eqs. (3.17) and (3.16). We calculate these in

Fourier space with the transformation t→ ω and s→ Ω. With the electric field

ÊTHz(r, ω) =− i
∑
l,p

√
~ω

4πε0c0nω
âα,l,p(ω)glp(r⊥)θ(ω)

+ i
∑
l,p

√
−~ω

4πε0c0n−ω
â†α,l,p(−ω)g∗lp(r⊥)θ(−ω), (4.35)
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the results are given by

χAA(ω,Ω) =− i ω

4πε0c0n|ω|

∑
l,p

|glp(r⊥)|2δ(ω + Ω), (4.36)

SAA(ω,Ω) =
~|ω|

4πε0c0n|ω|

∑
l,p

|glp(r⊥)|2 δ(ω + Ω)

2
. (4.37)

4.2.3 Response and noise functions of the probe pulse

With the application of our formalism to the experimental setup decribed in Sec. 4.2.1

we use a cross-correlation formula to describe a self-correlation measurement. The jus-

tification for this procedure is (as in Sec. 4.1) given by mathematical properties of the

electric field. As it is pointed out in Sec. 5.5, in case of a scalar commutator of the de-

tector observables the difference between the second-order self- and cross-correlation is

given by the self-correlation of the uncoupled detector, i.e. the shot noise in the system

considered here.

We begin our calculations with the quantization of the electric field in the form

Ê(t) =

∫ ∞
0

dΩ ÊΩ(t), (4.38)

as an integral over the frequency components

ÊΩ(t) = −i
√

~Ω

4πε0c0n

(
â(Ω)e−iΩt − â†(Ω)eiΩt

)
. (4.39)

In contrast to Ref. [3] in our formalism we quantize both electric fields, the vacuum

field ÊTHz and the probe field Êp. To treat the effect of the quarter-wave plates it is

convenient to write the probe field in the a, b-coordinate frame introduced in [3] with

ea,b = (ez ∓ es)/
√

2 which is rotated by 45◦ with respect to the ez,s frame. We denote

the probe field components in the according polarization as Êa and Êb.

Within the EOX the wave packets group velocity is different from the velocity of

the THz-field components. To pass the crystal of length l the probe peak needs the

time
lng
c0

and the THz field component of frequency Ω needs the time lnΩ
c0

, where nΩ

denotes the refractive index at frequerncy Ω and ng denotes the group refractive index

c0∂kω/∂ω at ω = ωc. Depending on the mismatch ∆t =
l(ng−nΩ)

c0
of these two times

the coupling strength varies. In the system considered in [3] this coupling factor due to

phase matching is given by sinc(Ω∆t/2).
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The interaction Hamiltonian of the ω-component of the probe field Êωa,b(t) and the

Ω-component of the vacuum field ÊΩ
THz(t) takes the form

Ĥω,Ω
int = η(Ω)ÊΩ

THz

(
(Êωa )2 − (Êωb )2

)
, (4.40)

with the coupling3 η(Ω) = −πε0dl sinc(Ω∆t/2), where d = −n4r41 [3]. We obtain the

total interaction Hamiltonian4 by integration

Ĥint =

∫ ∞
0

dΩ

∫ ∞
0

dω Ĥω,Ω
int . (4.41)

In order to obtain the detectors noise and response functions we have to determine

the detector observable M̂ and the coupled variable D̂. The readout observable M̂ in

this setup is given by the frequency dependent intensity of the finally outgoing electric

field in the α = z, s-polarization

M̂α(ω) = Ê†α(ω)Êα(ω). (4.42)

The field Eα is the field at the final output after passing the quarter-wave plate which

shifts the phase of the a-component by π/2 and the Wollaston prism which splits the

field in the z, s-components. With the relations [3] Ez(ω) = Eb(ω)−iEa(ω)√
2

and Es(ω) =
Eb(ω)+iEa(ω)√

2
the observables can be expressed in terms of Êa,b:

M̂s(ω) =
Ê†a(ω)Êa(ω)− iÊ†a(ω)Êb(ω) + iÊ†b(ω)Êa(ω) + Ê†b(ω)Êb(ω)

2
, (4.43)

M̂z(ω) =
Ê†a(ω)Êa(ω) + iÊ†a(ω)Êb(ω)− iÊ†b(ω)Êa(ω) + Ê†b(ω)Êb(ω)

2
. (4.44)

The coupled detector variable D̂(t) = Ê2
a(t)− Ê2

b (t) can be written as a convolution in

Fourier space

D̂(Ω) =

∫
dΩ′

2π

(
Êa(Ω

′)Êa(Ω− Ω′)− Êb(Ω′)Êb(Ω− Ω′)
)
. (4.45)

3In our model the coupling function would be arbitrary or rather to be determined by a detailed
microscopic model of the optical crystal. Here, we have chosen this coupling so that the Fourier
transform of the correction to the probe field which we calculate from our microscopic model as
δEp(t) =

∫
dt′ χ(t, t′)〈ÊTHz(t′)〉 matches the expression given for this correction in [3] which is given

as E(2)(r⊥;ω) =
∫

dΩ 〈ETHz(r⊥; Ω)〉Ep(r⊥;ω − Ω)ζω,Ω with ζ(ω,Ω) = −id lω
2c0n

sinc
(
lΩ
2c0

(nΩ − ng)
)

in

frequency space.
4Equivalently, we can write down a non-local interaction Hamiltonian of the complete fields to take

phase matching into account, Ĥint(t) = ηÊTHz(t) 1
∆t

∫ t+∆t/2

t−∆t/2
dt′
(
Ê2
a(t′)− Ê2

b (t′)
)

, where η now is con-

stant.
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The Fourier transform of the electric field Eq. 4.38 is given by

Ê(ω) = −2πi

√
~|ω|

4πε0c0n

(
â(ω)θ(ω)− â†(−ω)θ(−ω)

)
. (4.46)

In a coherent state we find the relation

〈Êα(ω)Êα(ω′)Êα(ω′′)〉 =〈Êα(ω)〉〈Êα(ω′)〉〈Êα(ω′′)〉

+ (2π)2δ(ω′ + ω′′)
~ω′

4πε0c0n
θ(ω′)〈Êα(ω)〉

+ (2π)2δ(ω + ω′′)
~ω

4πε0c0n
θ(ω)〈Êα(ω′)〉

+ (2π)2δ(ω + ω′)
~ω

4πε0c0n
θ(ω)〈Êα(ω′′)〉. (4.47)

We obtain the (anti)commutator of D̂(Ω) with the detector observables M̂s,z(ω)

〈{M̂s,z(ω), D̂(Ω)}〉 =± 2πi
~|ω|

4πε0c0n

(
〈Êp(−ω)〉〈Êp(Ω + ω)〉 − 〈Êp(ω)〉〈Êp(Ω− ω)〉

)
,

(4.48)

〈[M̂s,z(ω), D̂(Ω)]〉 =± 2πi
~ω

4πε0c0n

(
〈Êp(−ω)〉〈Êp(Ω + ω)〉+ 〈Êp(ω)〉〈Êp(Ω− ω)〉

)
,

(4.49)

where we inserted the expectation values of the non-interacting fields 〈Êa〉 = 〈Êb〉 =
〈Êp〉√

2
. If we measure the outgoing detector wave at a position x that fulfills x/c � τ

(with the width of the pulse τ), we can neglect the step function in the detector response

functions since the correlator in θ(t− t′)〈[M̂(t− x/c), D̂(t′)]〉 approaches zero at t′ = t.

The noise and response functions are then given by

Ss(ω,Ω) = −Sz(ω,Ω) =η(Ω)πi
~|ω|

4πε0c0n

(
〈Êp(−ω)〉〈Êp(Ω + ω)〉 − 〈Êp(ω)〉〈Êp(Ω− ω)〉

)
,

(4.50)

χs(ω,Ω) = −χz(ω,Ω) =η(Ω)2π
ω

4πε0c0n

(
〈Êp(−ω)〉〈Êp(Ω + ω)〉+ 〈Êp(ω)〉〈Êp(Ω− ω)〉

)
.

(4.51)

In this case we kept the coupling function η explicitly in the expressions for χ and S

instead of dividing the correlator by it (c.f. Chapter 3), as it is not constant in this

setup.
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4.2.4 Correlation function

Analogous to the time translational invariant correlator in frequency space, Eq. 3.18

in Chapter 3, we write down the correlator with two frequency components for the

weak Markovian cross-correlation measurement in the frequency domain as C(ω, ω′) =

Csym(ω, ω′) + Cdet
a (ω, ω′) + Cdet

b (ω, ω′) with

Csym(ω, ω′) =

∫
dΩ

2π

∫
dΩ′

2π
χaMD(ω,−Ω)χbMD(ω′,−Ω′)S0

AB(Ω,Ω′) (4.52)

Cdet
a (ω, ω′) =

∫
dΩ

2π

∫
dΩ′

2π
SaMD(ω,−Ω)χbMD(ω′,−Ω′)χ0

BA(Ω′,Ω) (4.53)

Cdet
b (ω, ω′) =

∫
dΩ

2π

∫
dΩ′

2π
χaMD(ω,−Ω)SbMD(ω′,−Ω′)χ0

AB(Ω,Ω′). (4.54)

At this point we have to take the final step in modeling the experimentally relevant

measured detector quantity. The information which is collected by the photodetectors

is the difference of the occupation numbers in s- and z-polarization, integrated over all

frequencies and space

M̂ ≡ ∆N̂ = 4πc0nε0

∫ ∞
0

dω

∫
dr⊥

M̂s(r, ω)− M̂z(r, ω)

~ω
. (4.55)

Therefore, we define new integrated noise and response functions normalized to the

quadrature of the electric field

χ̃(Ω) =4πc0nε0

∫ ∞
0

dω
χs(ω,Ω)− χz(ω,Ω)

~ω
/

∫ ∞
0

dω 〈Ê†p(ω)Êp(ω)〉

=4π

∫∞
0 dω

(
〈Êp(−ω)〉〈Êp(Ω + ω)〉+ 〈Êp(ω)〉〈Êp(Ω− ω)〉

)
∫∞

0 dω 〈Ê†p(ω)Êp(ω)〉
, (4.56)

S̃(Ω) =4πc0nε0

∫ ∞
0

dω
Ss(ω,Ω)− Sz(ω,Ω)

~ω
/

∫ ∞
0

dω 〈Ê†p(ω)Êp(ω)〉

=2πi

∫∞
0 dω

(
〈Êp(−ω)〉〈Êp(Ω + ω)〉 − 〈Êp(ω)〉〈Êp(Ω− ω)〉

)
∫∞

0 dω 〈Ê†p(ω)Êp(ω)〉
. (4.57)

The correlation of the ∆N for equal detectors which couple to the same system variable

B̂ = Â is given by C = Csym + 2Cdet with

Csym =
1

πw2
0

(
~Nωp

4πc0nε0

)2 ∫ dΩ

2π

∫
dΩ′

2π
χ̃MD(−Ω)χ̃MD(−Ω′)S0

AA(Ω,Ω′), (4.58)

Cdet =
1

πw2
0

(
~Nωp

4πc0nε0

)2 ∫ dΩ

2π

∫
dΩ′

2π
χ̃MD(−Ω)S̃MD(−Ω′)χ0

AA(Ω,Ω′), (4.59)

The integral over space gives the factor 1
πw2

0
, with the waist size of the laser beam w0 [3].

In analogy to Ref. [3] we introduced the photon number N = 4πc0nε0
~

∫∞
0 dω

〈Ê†p(ω)Êp(ω)〉
ω
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and the frequency

ωp =
∫∞

0 dω 〈Ê†p(ω)Êp(ω)〉/
∫∞

0 dω
〈Ê†p(ω)Êp(ω)〉

ω , so that the normalization can be written

as
∫∞

0 dω 〈Ê†p(ω)Êp(ω)〉 =
~Nωp

4πc0nε0
.

We insert the noise and response functions of the THz-vacuum Eqs. (4.37) and

(4.36) where the detector fields couple only to the l = 0 and p = 0 components due

to the orthogonality of the Laguerre-Gaussian modes5
∫

dr⊥ g
∗
lp(r⊥)gl′p′(r⊥) = δl,l′δr,r′ .

Inserting all noise and response functions yields

Csym =N2

(
n3 lωp

c0
r41

)2 ~
∫∞

0 dΩ Ω(n/nΩ)|Rχ(Ω)|2

4π2ε0c0nw2
0

, (4.60)

Cdet =−N2

(
n3 lωp

c0
r41

)2 ~
∫∞

0 dΩ Ω(n/nΩ)R∗S(Ω)Rχ(Ω)

4π2ε0c0nw2
0

, (4.61)

where we defined

Rχ,S(Ω) =sinc (Ω∆t/2)

∫∞
0 dω 〈Ê†p(ω − Ω)〉〈Êp(ω)〉 ± 〈Ê†p(ω)〉〈Êp(ω + Ω)〉

2
∫∞

0 dω 〈Ê†p(ω)Êp(ω)〉
, (4.62)

with + in the numerator for index χ and − for index S.

The total correlator can be written as

C =N2

(
n3 lωp

c0
r41

)2 ~
∫∞

0 dΩ Ω(n/nΩ)Rχ(Ω)(R∗χ(Ω)− 2R∗S(Ω))

4π2ε0c0nw2
0

. (4.63)

4.2.5 Discussion

To discuss the result Eq. (4.63) we choose the parameters specified in [3] for later

comparison. The probe pulse is given in a coherent state αp(ω) of rectangular shape

with central frequency ωc = 255 THz and spectral bandwidth ∆ω/(2π) = 150 THz. The

refractive indices6 are given by ng = 2.9, nΩ = 2.5 and n = 2.67.

Figures 4.4 (a) and (b) show Rχ and RS as defined by Eq. (4.62) without the pref-

actor sinc (Ω∆t/2) for the coherent state specified above. For Rχ we find a central peak

at Ω = 0 and two side peaks of half the height at Ω = 2ωc. For RS only the side peaks

exist. The final contribution of each peak is determined by the weight of the prefactor

at the corresponding frequency.

Figure 4.4 (c) depicts the ratio of the peaks of |Rχ(Ω)|2 at Ω = 2ωc to the peak at

5Our model of the probe beam corresponds to l = 0 and p = 0.

6The index nΩ is modeled by nΩ = Re

{√[
1 + (~ωLO)2−(~ωTO)2

(~ωTO)2−(~Ω)2−i~γΩ

]
ε∞

}
with ~ωTO = 177cm−1,

~ωLO = 206cm−1, γ = 3.01cm−1 and ε∞ = 6.7 in Ref. [3]. This quantity is almost constant ≈ 2.5 in the
relevant range.
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Figure 4.4: (a) Rχ/sinc (Ω∆t/2) and (b) RS/sinc (Ω∆t/2) as a function of Ω. (c)
Ratio of the peaks of Rχ(Ω) at Ω = 2ωc to the peak at Ω = 0 as a function of the
on the length l of the EOX. Parameters: ωc = 255 THz, ∆ω = 150 THz, ng = 2.9,
nΩ = 2.5, n = 2.76.

Ω = 0 as a function of the length l of the EOX. This length enters in the phase match-

ing condition which determines the prefactor sinc
(
lΩ
2c0

(nΩ − ng)
)

. The contribution is

almost negligible with a crystal length of l = 7µm but increases for smaller l.

In the integrand which finally determines Csym and Cdet in Eqs. (4.60) and (4.61),

there is another factor of Ω which enhances the second peak. The integrand is shown for

the symmetric contribution Csym in Fig. 4.5(a) and for the whole correlation function,

Eq. (4.63), including the detector-detector interaction Cdet in Fig. 4.5(b). The effect of

the detector noise terms Cdet reverses the sign of the second peak. This change is small

for l = 7µm but increases for smaller l which can finally reverse the sign of the integral

as depicted in the inset of Fig. 4.5(b).

The size of the detector noise S̃, resp. of RS and therefore of Cdet, depends on the

overlap of 〈Êp(Ω − ω)〉 and 〈Êp(ω)〉 within the integrated range, i.e. the parameters

of the probe pulse. This noise results from the quantum mechanical treatment of the
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Figure 4.5: (a) Integrand ω|Rχ(ω)|2 and (b) ωRχ(ω) (Rχ(ω)− 2RS(ω)) of the
symmetric contribution Csym. The importance of the second peak at ω = 2ωc
depends on the phase matching condition, e.g. on l. Inset of (b): Integral∫

dω ωRχ(ω) (Rχ(ω)− 2RS(ω)) as a function of l. Parameters taken from Ref. [3]:
ωc = 255 THz, ∆ω = 150 THz, ng = 2.9, nΩ = 2.5, n = 2.76.

detector field which manifests itself in Eq. (4.47). A separation of the expectation values

as 〈Ep(ω)Ep(ω
′)Ep(ω

′′)〉 = 〈Ep(ω)〉〈Ep(ω′)〉〈Ep(ω′′)〉 implies S̃ = 0.

Comparison to Ref. [3]: In Ref. [3] the electric field of the THz vacuum is quantized

in the same form that we use in Eq. (4.33), the NIR probe pulse is not quantized and

assumed to be

Ep(r, ω) = αp(ω)g00(r⊥). (4.64)

The detected quantum signal is calculated with an expansion to first order in the per-

turbation and denoted as

Ŝ =N̂s − N̂z = ŜEO + ŜSN. (4.65)

The difference in the photon numbers detected in s- and z-polarization is separated into

two parts, the shot noise ŜSN with 〈Ŝ2
SN〉 = N and a contribution due to the electro-optic

interaction with the vacuum

ŜEO =− i

√
d2l2N2ω2

p~
4π2c3

0n
2w2

0ε0

∫ ∞
0

dΩ

√
Ω

nΩ

(
âα,0,0(Ω)R(Ω)− â†α,0,0(Ω)R∗(Ω)

)
. (4.66)

The variables are defined as R(Ω) =

∫∞
0 dω η(ω)

α∗p(ω)αp(ω−Ω)+α∗p(ω+Ω)αp(ω)

2
sinc

(
lΩ
2c0

(nΩ−ng)
)

∫∞
0 dω η(ω)|αp(ω)|2 ,

N = 4πc0nε0
~

∫∞
0 dω η(ω)

ω |αp(ω)|2 and ωp =
∫∞

0 dω η(ω)|αp(ω)|2/
∫∞

0 dω η(ω)
ω |αp(ω)|2 and

resemble our definitions given below Eq. (4.59) with an electric field of the form in Eq.

(4.64). The function η(ω) under each integral was introduced in [3] to take into account
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the efficiency of the photodetector. It can be neglected for all properties discussed here.

In a vacuum state the expectation value of the squared operator is given by

〈Ŝ2
EO〉 =N2

(
lωp
c0

d

n

)2 ~
∫∞

0 dΩ Ω(n/nΩ)|R(Ω)|2

4π2ε0c0nw2
0

. (4.67)

A more detailed calculation of this result is provided in App. C.3.

We can identify the signal 〈Ŝ2
EO〉 with the contribution from the symmetrized oper-

ator order Csym in our model given by Eq. (4.60). The fact that we do not find a shot

noise contribution in analogy to ŜSN results from the use of the cross-correlation formula

Eq. (3.12). We would obtain shot noise from the uncoupled-detector noise contributions

when adapting our model to self-correlations (see Sec. 5.5). Since this detector shot

noise is completely independent of the measured system, i.e. the THz field, we do not

discuss it here.

The remaining difference which we find in comparison to Ref. [3] is the reversal of

the second peak at 500THz in in the integrand shown in Fig. 4.5(b), which is caused

by the contributions from the system-mediated detector-detector interaction Cdet that

have been calculated with a quantum mechanical treatment of the detector field. In the

parameter range considered in Ref. [3] this second peak is negligible as it can be seen

in Fig. 4.5(a) in the blue curve.

4.2.6 Squeezed vacuum and oscillations resulting from a shift of the

probe pulse

If the probe pulse is not centered at t = 0 in time space but shifted by a time interval

τ , the effect on the response and noise functions is χ̃(ω) → χ̃(ω)e−iωτ and S̃(ω) →
S̃(ω)e−iωτ , which implies that also

Rχ,S(ω)→Rχ,S(ω)e−iωτ . (4.68)

This does not effect the measurement of the vacuum described by Eqs. (4.60) and (4.61)

since only |Rχ(Ω)|2 resp. Rχ(ω)R∗S(ω) is relevant there.

However, if we couple to the squeezed vacuum the time delay τ becomes important

as already pointed out by Ref. [3]. Squeezing of the THz-field is implemented by

transformation of the ladder operators as

âs,0,0(Ω)→ âs,0,0(Ω) cosh(rΩ)− â†s,0,0(2Ωc − Ω)eiθΩ sinh(rΩ). (4.69)
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Inserting this in Eq. (4.66) results in

〈Ŝ2
EO〉 =

d2l2N2ω2
p~

4π2c3
0n

2w2
0ε0

∫ ∞
0

dΩ

(
Ω

nΩ
cosh(2rΩ)|R(Ω)|2

+

√
Ω(2Ωc − Ω)

nΩn2Ωc−Ω
sinh(rΩ) cosh(rΩ)2Re

{
eiθR(Ω)R(2Ωc − Ω)

})
, (4.70)

where we modeled the squeeze factor rΩ = r2Ωc−Ω to be constant in the range [Ω1,Ω2]

with a constant squeezing phase θ and zero otherwise in analogy to Ref. [3]. In the

second term of Eq. (4.70) oscillations with τ will occur with frequency 2Ωc. The equality

〈Ŝ2
EO〉 = Csym is unaffected by the transition to the squeezed vacuum so that we find

the same oscillatory behavior in the symmetrized contribution Csym of our correlation

function when inserting the noise of the squeezed vacuum

S(ω,Ω) =
~|ω|

4πε0c0n|ω|
cosh(2r|ω|)

∑
l,p

|glp(r⊥)|2 δ(ω + Ω)

2

+
~

4πε0c0

√
|ω|(2Ωc − |ω|)
n|ω|n2Ωc−|ω|

sinh(r|ω|) cosh(r|ω|)θ(2Ωc − |ω|)

×
∑
l,p

[
g2
lp(r⊥)δ(2Ωc − ω − Ω)eiθθ(ω) + (g∗lp(r⊥))2δ(2Ωc + ω + Ω)e−iθθ(−ω)

]
,

(4.71)

instead of Eq. (4.37) into Eq. (4.60). The response function of the vacuum transforms in

a similar way, so that the squeezing causes the same oscillations of the system-mediated

detector-detector interaction terms Cdet as it does on Csym.

4.2.7 Conclusion

We applied our formalism to the measurement of the THz-vacuum in a setup as pro-

posed by Ref. [3]. We find that the symmetric contribution Csym of the correlator

reproduces the findings there. This includes the oscillations which appear as a signa-

ture of the squeezed vacuum. In addition we obtain terms from the system-mediated

detector-detector interaction.

The differences which result from this terms Cdet and their calculation with the

quantum mechanical detector field are negligible in the parameter regime considered

in Ref. [3]. Nevertheless, they can become more pronounced in other parameter con-

figurations. In future research one may investigate the experimental feasibility of such

parameter changes, e.g. smaller l for the EOX while carefully checking the validity of

the assumptions, e.g. the phase matching condition etc..





Chapter 5

Properties of the detector noise

and response functions

In this chapter we discuss more details of the noise and response functions from the

framework derived in chapter 3 and the consequences for correlation measurements.

First, a compendium of different detectors is compiled to show a broad range of

possible response and noise functions beyond “equilibrium order” which are calculated

from the microscopic definition of the detector system by its Hamiltonian and state resp.

density operator. Second, general mathematical properties of the detector functions

are discussed. The quantum measurement problem is not barred from our results by

operating in the weak measurement limit, but deferred from the system of interest

to the detectors. We comment on the influence of the detector’s readout procedure

on our results. Next, we provide the relations of our microscopic response and noise

functions to the phenomenological memory functions introduced in [1] and we point out

the differences of second-order self- and cross-correlations which are important for the

examples discussed in Chapter 4. Finally, we make some notes regarding new aspects

of the violation of weak positivity and “equilibrium order” that we found from the

microscopic theory in comparison to the phenomenological approach in Ref. [1].

5.1 Compendium of detectors

Principally, we can calculate the correlator Eq. (3.12) for any detector system for which

we can specify a Hamiltonian and a readout variable if the interaction can be mapped

to a Hamiltonian of the form given in Eq. (3.3), i.e. it is weak and linear in the coupled

detector variable and the system variable.
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Detector D̂ M̂ State χMD(t, t′)/θ(t− t′) SMD(t, t′)

“eq. order” - - (thermal) 2δ(t− t′) coth(πt/~β)/(2|β|)
Harm. osc. p̂ x̂ thermal cos(ω(t− t′)) coth(β~ω/2) sin(ω(t− t′))/2
Harm. osc. p̂ x̂ coherent cos(ω(t− t′)) sin(ω(t− t′))/2
Harm. osc. p̂ n̂ thermal 0 0

Harm. osc. p̂ n̂ 1√
2

(|n〉+ |n+ 1〉)
√
ωm(n+ 1)/2 cos(ωt′) 0

Harm. osc. x̂ x̂ thermal − sin(ω(t− t′))/(mω) coth(β~ω/2) cos(ω(t− t′))~/(2mω)

Harm. osc. x̂ x̂ coherent − sin(ω(t− t′))/(mω) cos(ω(t− t′))/~(2mω)

free particle p̂ x̂ Gaussian 1 ~t/(2mσ2)

free particle p̂ x̂ p̂ eigenstate 1 0

spin-1/2 σ̂z σ̂x thermal 0 0

spin-1/2 σ̂z σ̂x ρ̂ = (1̂ + σ̂y)/2 −2 cos(Ωt) 0

broadband (p̂) (x̂) thermal δ(t− t′) coth(πt/~β)/(2|β|)

Quantum tape thermal e2

2~π (δ′(t− t′ − s)− δ′(t− t′ + s)) e2

2β

(
1

sinh2
(
π(s+t−t′)

β

) − 1

sinh2
(
π(s−t+t′)

β

)
)

Laser pulse Eω Eω coherent − 1
2
√
πσ
e
−
(

(t−t′)σ
2

)2

sin(Ω(t− t′)) 1
4
√
πσ
e
−
(

(t−t′)σ
2

)2

cos(Ω(t− t′))

+|α|2e
σ2

2
(t2+t′2) [cos(Ω(t− t′))− cos(Ω(t+ t′)− 2φ)]

Table 5.1: Overview of the noise and response functions of the different detector systems collected in this section. The exact specification of the
detector by its Hamiltonian and the details of the state can be found in the corresponding subsections. The notation for the “equilibrium order”
response function with the factor 2 is a compensation due to the division by θ(0) = 1/2. In the quantum tape functions s denotes the position in
time units.
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In this section we provide a collection of response and noise function according to

the specification in Eqs. (3.16) and (3.17) for a variety of simple detector systems. The

goal is to show a broad spectrum of possible outcomes, from a measurement without

frequency filter by a thermal broadband detector, which is similar to “equilibrium order”,

to the use of specific quantum states in a spin or harmonic oscillator system which have

S = 0 and therefore vanishing detector contributions Cdet in the correlation function.

For the applications to real experiments these functions may have to be adapted to

more complex detectors as it has been done e.g. in the examples in Chapter 4. In the

following subsections we always give a brief specification of the detector Hamiltonian

and its state and show the resulting response and noise functions. The quantum tape

requires slightly more information. An overview of the results is given in Table 5.1.

5.1.1 Harmonic oscillator

We calculate noise and response function of harmonic oscillator detectors Hdet = p̂2

2m +
mω2

2 x̂2 = ~ω
(
n̂+ 1

2

)
for various choices of coupled and measured variables with different

detector states.

Coupling p̂ and reading out x̂. The time evolution of the position and momentum

operator x̂(t) = cos(ωt)x̂ + sin(ωt)
mω p̂ and p̂(t) = cos(ωt)p̂ − mω sin(ωt)x̂ results in the

functions

χMD(t, t′) =θ(t− t′) cos(ω(t− t′)), (5.1)

SMD(t, t′) =

(
1

2
+ 〈â†â〉 − 〈â〉〈â†〉

)
sin(ω(t− t′))

− i

2
(〈â2〉 − 〈â〉2)e−iω(t+t′) +

i

2
(〈â†â†〉 − 〈â†〉2)eiω(t+t′). (5.2)

The response function is state-independent in this case, for the noise we used the sec-

ond quantization with x̂i =
√

~
2miωi

(ai+a†i ) and p̂i = −i
√

~ωimi
2 (ai−a†i ) to conveniently

calculate coherent states in the following.

In a thermal state with the density operator ρ̂ = e−βH/Tr
{
e−βH

}
we obtain

SMD(t− t′) =

(
nB +

1

2

)
sin(ω(t− t′)) =

coth(β~ω/2)

2
sin(ω(t− t′)), (5.3)

with the Bose function nB = 1
eβ(~ω−µ)−1

.
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In a coherent state |αi〉 =
∑

n
e−|αi|

2/2αni |ni〉√
n!

, with α defined as the eigenstate of the

annihilation operator âi|αi〉 = αi|αi〉, the result is given by

SMD(t, t′) =
1

2
sin(ω(t− t′)), (5.4)

which is equal to the zero temperature limit of the thermal state S.

Coupling p̂ and reading out n̂. When reading out the occupation number of the

oscillator n̂ = â†â, which has no time dependence due to [n̂, Ĥ] = 0, the response and

noise functions are given by

χMD(t, t′) =

√
ωm

2~
θ(t− t′)

(
〈â〉e−iωt′ + 〈â†〉eiωt′

)
, (5.5)

SMD(t, t′) =− i
√

~ωm
2

(
〈â†ââ〉e−iωt′ + 1

2
〈â〉e−iωt′ − 〈â†ââ†〉eiωt′ + 1

2
〈â†〉eiωt′

−〈â†â〉〈â〉e−iωt′ + 〈â†â〉〈â†〉eiωt′
)
. (5.6)

Both functions depend on the detectors state.

A thermal state as well as a Fock state yields χMD = SMD = 0 due to [n̂, ρ̂] = 0.

For a superposition of two neighboring energy eigenstates |ψ〉 = 1√
2

(|n〉+ |n+ 1〉)
with 〈ψ|â|ψ〉 = 〈ψ|â†|ψ〉 =

√
n+ 1/2, 〈ψ|â†â|ψ〉 = n + 1/2, 〈ψ|â†ââ|ψ〉 = n

√
n+ 1/2,

〈ψ|â†ââ†|ψ〉 = (n+ 1)
√
n+ 1/2 we find

χMD(t, t′) =

√
ωm(n+ 1)

2
θ(t− t′) cos(ωt′), (5.7)

SMD(t, t′) =− i

2

√
~ωm

2

(
n
√
n+ 1e−iωt

′
+
√
n+ 1/2e−iωt

′ − (n+ 1)
√
n+ 1eiωt

′

+
√
n+ 1/2eiωt

′ − (n+ 1/2)
√
n+ 1e−iωt

′
+ (n+ 1/2)

√
n+ 1eiωt

′
)

=0. (5.8)

Therefore only the symmetric part Csym remains in the correlator.

Coupling x̂ and reading out x̂. If we couple as well as reading out the position x̂

of the oscillator we find

χMD(t− t′) = − 1

mω
θ(t− t′) sin(ω(t− t′)), (5.9)
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which is independent of the state, and

SMD(t, t′) = cos(ωt) cos(ωt′)
(
〈x̂2〉 − 〈x̂〉2

)
+

sin(ωt) sin(ωt′)

m2ω2

(
〈p̂2〉 − 〈p̂〉2

)
+

sin(ω(t+ t′))

mω

(
〈{x̂, p̂}〉

2
− 〈x̂〉〈p̂〉

)
. (5.10)

In a coherent state it is 〈x̂2〉−〈x̂〉2 = ~
2mω , 〈p̂2〉−〈p̂〉2 = ~mω

2 and 〈{x̂, p̂}〉/2−〈x̂〉〈p̂〉 = 0,

so that

SMD(t− t′) =
~

2mω
cos(ω(t− t′)). (5.11)

In a thermal state we get

SMD(t− t′) =
~

2mω
cos(ω(t− t′)(2nB + 1). (5.12)

5.1.2 Free particle

We choose a free particle as detector Hdet = p̂2

2m and couple the momentum p̂ to our

system of interest and read out the position x̂. The time evolution x̂(t) = x̂ + p̂
m t and

p̂(t) = p̂ yields

χMD(t, t′) =θ(t− t′), (5.13)

SMD(t, t′) =
〈{x̂, p̂}〉

2
− 〈x̂〉〈p̂〉+

t

m

(
〈p̂2〉 − 〈p̂〉2

)
. (5.14)

In a Gaussian state ψ(x) = 1√
σπ1/4 e

−x2/(2σ2) it is 〈x̂p̂〉 = −〈p̂x̂〉 = i~/2, 〈x̂〉 = 〈p̂〉 = 0

and 〈p̂2〉 = ~2

2σ2 , so that

SMD(t, t′) =
~

2mσ2
t. (5.15)

With the detector in a p̂-eigenstate we obtain S(t, t′) = 0.

5.1.3 Spin-1/2

For a spin-1/2 particle as detector Hdet = ~Ωσ̂z/2 with coupled σ̂z and read out σ̂x

(with σ̂x(t) = σ̂x cos(Ωt)− σ̂y sin(Ωt)) we obtain

χMD(t, t′) =− 2θ(t− t′) (〈σ̂y〉 cos(Ωt) + 〈σ̂x〉 sin(Ωt)) , (5.16)

SMD(t, t′) =− 〈σ̂z〉 (〈σ̂x〉 cos(Ωt)− 〈σ̂y〉 sin(Ωt)) . (5.17)

In a thermal state ρ̂ = e−β0H/Tr
{
e−β0H

}
with 〈σ̂z〉 = − tanh(β0Ω/2) and 〈σx〉 =

〈σy〉 = 0, both functions equal zero and the correlation vanishes.
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With the detector prepared in the state ρ̂ = (1̂ + σ̂y)/2 we obtain 〈σx〉 = 〈σz〉 = 0 and

〈σy〉 = 1 and therefore

χMD(t, t′) =− 2θ(t− t′) cos(Ωt), (5.18)

SMD(t, t′) =0. (5.19)

Only the symmetric part of the correlation function Csym remains and the result differs

from a Markovian measurement only by a frequency filter effect that is caused by the

finite coupling time.

5.1.4 Broadband detector

A broadband detector can be modeled as a set of harmonic oscillators equally distributed

over frequency. If we use the p̂ coupling and the x̂ readout, the integration of Eq. (5.2)

over all frequencies leads to

χ(t, t′) =
1

2
δ(t− t′), (5.20)

S(t, t′) =
coth(π(t− t′)/~β)

2|β|
. (5.21)

5.1.5 Quantum tape

We utilize a quantum tape as it is specified in Sec. IV. of Ref. [17] as a detector.

The interaction of the quantum tape takes place at a fixed point in space, but the

tape continuously moves so that the tape’s point of interaction is actually far away from

the system at the time of the readout (which can be projective).

Through the continuous regular movement, the tape translates the time t of the

interaction into the position s on the tape (which is also given in time units here). One

advantage of such a system is the possibility to access the time resolved information

without causality restrictions. The readout is done at last and the records after a

certain point s are available as well as the records before it.

The quantum tape model in [17] is equivalent to a massless Josephson transmission

line and its Hamiltonian is given by

Ĥdet =
π~
2e2

∫
ds [Q̂2

d(s) + Î2
d(s)]. (5.22)

The variables are defined as Îd(s) = e
(
ψ̂†r(s)ψ̂r(s)− ψ̂†l (s)ψ̂l(s)

)
and

Q̂d = e
(
ψ̂†r(s)ψ̂r(s) + ψ̂†l (s)ψ̂l(s)

)
with the field operators ψ̂α of the α-side, see [17].
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The interaction is given by

Ĥint = −2π~
e2

∫
ds λ(s)Q̂d(s)Â (5.23)

where Â is the system variable to which the detector is coupled and s denotes the

position on the tape (in time units). Here we choose the coupling to be local at s = 0:

λ(s) = δ(s). We define the read out quantity according to [17]

Î(s) = [Îd(s)− Îd(−s)]/2, (5.24)

but a not antisymmetrized readout is possible as well, see Appendix D.1. With the

auxiliary decomposition Îd(s) = Îr(s)− Îl(s) and Q̂d(s) = Îr(s) + Îl(s) we can write the

time dependence in the Heisenberg picture as

Î(s, t) = [Îr(s, t)− Îl(s, t)− Îr(−s, t) + Îl(−s, t)]/2. (5.25)

The time dependent current operators fulfill [17] Îl(s, t) = Îl(t+ s), Îr(s, t) = Îr(s− t),
Îl(−s, t) = Îl(t− s) and Îr(−s, t) = Îr(−s− t) which gives

Î(s, t) = [Îr(s− t)− Îl(t+ s)− Îr(−s− t) + Îl(t− s)]/2. (5.26)

and

Q̂d(s = 0, t) = Îr(s = 0, t) + Îl(s = 0, t) = Îr(−t) + Îl(t). (5.27)

The correlation expectation values in a thermal states ρ̂det ∝ e−βĤα are given by

Tr
{
ρdÎl(ω)Îr(ω

′)
}

= 0, (5.28)

and

Tr
{
ρdÎl(ω)Îl(ω

′)
}

= Tr
{
ρdÎr(ω

′)Îr(ω)
}

=
e2

2
δ(ω + ω′)ω[coth(β~ω/2) + 1]. (5.29)

We obtain the expectation values

〈Î(s, t)Q̂(0, t′)〉 =〈[Îr(s− t)− Îl(t+ s)− Îr(−s− t) + Îl(t− s)]/2(Îr(−t′) + Îl(t))〉

=
ie2

2π

∫
dω

2π
e−iω(t−t′) sin(ωs)ω[coth(β~ω/2) + 1], (5.30)
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and

〈Q̂(0, t′)Î(s, t)〉 =〈(Îr(−t′) + Îl(t))[Îr(s− t)− Îl(t+ s)− Îr(−s− t) + Îl(t− s)]/2〉

=
ie2

2π

∫
dω

2π
e−iω(t−t′) sin(ωs)ω[coth(β~ω/2)− 1]. (5.31)

To avoid dealing with the post-readout expectation value of the collapsed detector,

we measure both detectors not until all relevant recordings are made and translate the

time differences in the measurements to position differences on the tape. The response

and noise functions are then given by

χMD(t, t′; s) =θ(t− t′) e
2

~π

∫
dω

2π
e−iω(t−t′) sin(ωs)ω, (5.32)

SMD(t, t′; s) =
ie2

2π

∫
dω

2π
e−iω(t−t′) sin(ωs)ω coth(β~ω/2). (5.33)

They now include a third argument denoting the position s on the tape which is read

out at time t. Performing the Fourier transform yields

χMD(t, t′; s) =θ(t− t′) e
2

2~π
(
δ′(t− t′ − s)− δ′(t− t′ + s)

)
, (5.34)

SMD(t, t′; s) =
e2

2β

 1

sinh2
(
π(s+t−t′)

β

) − 1

sinh2
(
π(s−t+t′)

β

)
 . (5.35)

5.1.6 Laser pulse

The detector be a laser pulse. We calculate the response and noise function for the case

that the electric field is linearly coupled to the system observable and that is it also the

field which is read out.

We define a dimensionless electric field operator

Êω(t) =
i√
2

(
âωe
−iωt − â†ωeiωt

)
, (5.36)

whose time evolution is driven by the harmonic oscillator Hamiltonian Ĥω = ~ω(â†ωâω +
1
2). We model a Laserpulse by a Gaussian distribution of a set of independent harmonic

oscillators around a central frequency Ω.

Ê(t) =

∫
dω

1√
2πσ

e−
(ω−Ω)2

2σ2 Êω(t). (5.37)
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If we assume an expectation value 〈âω〉 = |α|eiφ of the ladder operators the expectation

value of the electric field becomes

〈Ê(t)〉 = |α|e−
1
2
σ2t2 sin(Ωt− φ). (5.38)

With the commutation relations of ladder operators for a set of independent detectors

-20 -10 10 20
t Ω

-1.0

-0.5

0.5

1.0

<E(t)>/|α|

Figure 5.1: Expectation value of the electric field Eq. (5.38) as a function of the time
in units of Ω−1 in a state with the phase φ = π/4. The width of the Gaussian envelope
is given by σ = 0.2Ω.

where the frequencies approach the continuous limit [âω, â
†
ω′ ] = δ(ω − ω′)[âω, â

†
ω] =

δ(ω − ω′), the expectation values for the plane wave are given by

〈[Êω(t), Êω′(s)]〉 = −iδ(ω − ω′) sin(ω(t− s)), (5.39)

and

〈{Êω(t), Êω(s)}〉
2

= cos(ωt− ω′s)
(
|α|2 +

δ(ω − ω′)
2

)
− |α|2 cos(ωt+ ω′s− 2φ). (5.40)

The resulting response and noise functions for the pulse are found by integration

χMD(t, s) =− i

~
θ(t− s) 1

2πσ2

∫
dω

∫
dω′ e−

(ω−Ω)2

2σ2 e−
(ω′−Ω)2

2σ2 〈[Êω(t), Êω′(s)]〉, (5.41)

SMD(t, s) =
1

4πσ2

∫
dω

∫
dω′ e−

(ω−Ω)2

2σ2 e−
(ω′−Ω)2

2σ2 〈{Êω(t), Êω′(s)}〉, (5.42)

with the result

χMD(t, s) =− θ(t− s) 1

2
√
πσ

e
−
(

(t−s)σ
2

)2

sin(Ω(t− s)), (5.43)

SMD(t, s) =
1

4
√
πσ

e
−
(

(t−s)σ
2

)2

cos(Ω(t− s))

+ |α|2e
σ2

2
(t2+s2) [cos(Ω(t− s))− cos(Ω(t+ s)− 2φ)] . (5.44)



64 Chapter 5: Properties of the detector noise and response functions

5.2 The readout of the detector

Throughout this work we discuss the weak measurement of the system of interest by

weakly coupled detectors, so that we are in the noninvasive limit with regard to the

system, i.e. the evolution of the systems density operator is unaffected by the measure-

ment, see also Sec. 2.3.

However, the problem of quantum measurement is not banned from our model with

this procedure but rather shifted: away from the system of interest to the detectors,

which are also treated as quantum mechanical objects as well and are therefore also

subject to quantum measurement, be it projective or more generally described by a

POVM.

Usually, we call this measurement of the detector subsystems the readout of the

detector in order to avoid confusion with the measurement of the system of interest, i.e.

the measurement by the detectors, not of the detectors. In this section we have a closer

look on the influence of the detector readout procedure on the results. This concerns

mainly two points: the form of the observable M̂ of the detector and the structure of

the noise SMD of the detector.

So far we always considered the observable M̂ to denote the spectral decomposition

of the readout variable, i.e. in a position readout x̂ =
∫

dxx|x〉〈x|, and the noise to

be calculated as SMD(t, t′) = Tr
{
ρ̂d{δM̂(t), δD̂(t′)}/2

}
with the initial unperturbed

density operator ρ̂d of the detectors subsystem.

In the following we discuss these two points in general and clarify when our assump-

tions are justified.

5.2.1 The dependence of the detector observable M̂ on the readout

The general form of the detector observable is given by

M̂α =

∫
dmαmαK̂

†
mαK̂mα . (5.45)

In the examples in our work we have chosen the form M̂α =
∫

dmαmα|mα〉〈mα| which

it takes in a projective readout with the Kraus operators K̂mα = |mα〉〈mα|.
Beside the projective readout of the detector another important limit is the nonin-

vasive readout of the detector, i.e. that the detector which weakly measures the system

of interest is weakly measured itself. This cascade of weak measurements makes sense if
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the readout of the detector is a simple measurement in the sense that it does not con-

tain non-Markovian interactions and yields a proportionality of its result to the detector

observable.

Here, we show an example in which for a noninvasive readout of the detector we can

still have M̂α ∝
∫

dmαmα|mα〉〈mα| with a scalar proportionality constant which can

easily be absorbed in the coupling parameters ηα.

We consider an example with a readout system with Hilbert space HR coupled to

our detector system HD. The readout system is initialized with a pointer wave function

ψ(x), its momentum couples instantaneously to the detector variable M̂ so that the

time evolution in the interaction picture is given by ÛI = e−iξM̂p̂ with a small coupling

parameter ξ. After the interaction the position x̂ in the readout system is measured.

The Kraus operator for finding the result x is given by K̂x = 〈x|ÛI |ψ〉. With the spectral

representation
∑

mm|m〉〈m|, the interaction can be written as ÛI =
∑

m e
−iξmp̂|m〉〈m|,

so that we obtain

K̂x =
∑
m

ψ(x+ ξm)|m〉〈m| . (5.46)

If we now assume weak coupling and expand the wavefunction ψ to first order in ξ we

get K̂x = ψ(x)1̂ + ξψ′(x)M̂ . This implies

K̂†xK̂x = |ψ(x)|21̂ + ξ(ψ′(x)ψ∗(x) + ψ′∗(x)ψ(x))
∑
m

m|m〉〈m|+O(ξ2) , (5.47)

which satisfies
∫

dx K̂†xK̂x = 1̂ if the detector is calibrated with 〈x〉 = 0. The measured

operator is

M̂ =

∫
dxxK̂†xK̂x = ξ

∫
dxx(ψ′(x)ψ∗(x) + ψ′∗(x)ψ(x))

∑
m

m|m〉〈m| . (5.48)

Therefore, with the weak detector readout we obtain M̂ = ζ
∑

mm|m〉〈m| and the result

is only changed by a scalar factor which depends exclusively on the readout system

ζ = ξ

∫
dxx(ψ′(x)ψ∗(x) + ψ′∗(x)ψ(x)) . (5.49)

Whether we get a direct proportionality of the readout observable M̂ to
∑

mm|m〉〈m|
depends on the coupling and the readout procedure. If the detector is read out in a non-

Markovian way, e.g. ÛI(t) = e−iξ
∫ t
−∞ dt′ ζ(t′)M̂(t′)p̂ where ζ(t) is the coupling function of

the readout system to the detector we obtain

M̂(t) ∝
∫ t

−∞
dt′ ζ(t′)

∑
m

m|m(t′)〉〈m(t′)|. (5.50)
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This is true when p̂(t) = p̂ is approximately constant on the relevant time scale. More

complicated expressions can arise if the readout system has a time evolution itself.

5.2.2 The post-readout expectation value of the detector noise func-

tion

An important property of the detector noise terms Cdet
α is, that the detector is also a

quantum object and the final results will depend on its initial state ρ̂d and the readout

procedure with the Kraus operators K̂m.

The detector noise, Eq. (3.17), for a readout at time tm is in its most general form

given by

SMD(tm, t
′) = θ(tm − t′)Spre-ro

MD (tm, t
′) + θ(t′ − tm)Spost-ro

MD (tm, t
′), (5.51)

with a pre-readout and a post-readout contribution

Spre-ro
MD (t, t′) =Tr

{
{δM̂(t), D̂(t′)}ρ̂d

}
/2 (5.52)

Spost-ro
MD (t, t′) =

∫
dm (m− 〈M̂(t)〉)Tr

{
D̂(t′)K̂m(tm)ρ̂dK̂

†
m(t)

}
. (5.53)

Examples: We illustrate some of the possible outcomes with the example of a harmonic

oscillator Ĥ = ~Ω
(
â†â+ 1

2

)
.

If we choose M̂ = x̂ and D̂ = p̂ and perform a projective detector readout K̂x = |x〉〈x|
we find in a (stationary) thermal initial state as well as in a (non-stationary) coherent

intial state that the state does not change due to the readout. It is a non-demolition

readout.

Thermal state: The thermal state is stationary and has 〈x̂〉th = 〈p̂〉th = 0 so that we can

write

Spre-ro
MD (t, t′) =

〈{x̂, p̂(t′ − t)}〉th
2

= sin(Ω(t− t′)) coth(β~Ω/2)/2 (5.54)

Spost-ro
MD (t, t′) =

∫
dxx〈K̂†xp̂(t′ − t)K̂x〉th = sin(Ω(t− t′)) coth(β~Ω/2)/2. (5.55)

where we used 〈K̂†xp̂K̂x〉th = 0 as well as 〈{x̂, p̂}〉th = 0 and 〈x̂2〉th = coth(β~Ω/2)/2.

Here, the pre- and post-readout noise contributions are equal, the collapse of the

detector wave function in the projective readout does not influence the result in the

correlation measurement Cdet.
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Coherent state: With the expectation values 〈{x̂(t),p̂(t′)}〉coh

2 = sin(Ω(t− t′))
(
|α|2 + 1

2

)
+

1
2i

(
α2e−iΩ(t+t′) − α∗2eiΩ(t+t′)

)
, 〈x̂(t)〉coh = 1√

2

(
αe−iΩt + α∗eiΩt

)
and

〈p̂(t′)〉coh = 1√
2i

(
αe−iΩt

′ − α∗eiΩt′
)

we obtain

∫
dx 〈(x− 〈x̂(t)〉coh)K̂†x(t)p̂(t′)K̂x(t)〉coh =

sin(Ω(t− t′))
2

=
〈{δx̂(t), p̂(t′)}〉coh

2
. (5.56)

The noise does not depend on α, the result is the same as in a thermal state at zero

temperature and is not influenced by the detector collapse.

If we choose M̂ = â†â = n̂ and D̂ = â+ â† the noise is given by

Spre-ro
MD (t, t′) =Tr

{
{â†â, âe−iΩt′ + â†e

iΩt′}ρ̂d
}
/2− Tr

{
â†âρ̂d

}
Tr
{
âe−iΩt

′
+ â†eiΩt

′
ρ̂d

}
,

(5.57)

Spost-ro
MD (t, t′) =

∑
n

(n− 〈n̂(t)〉)Tr
{

(â(t′) + â†(t′))K̂n(t)ρ̂dK̂
†
n(t)

}
. (5.58)

In a coherent state and with a projective readout K̂n = |n〉〈n| we find

Spre-ro
MD (t, t′) =Re

{
αe−iΩt

′
}
, (5.59)

Spost-ro
MD (t, t′) =0 (5.60)

due to 〈n|(â(t′) + â†(t′))|n〉 = 0. Therefore, we get no post-readout noise contribution

and find a self-decoupling1 of the detector SMD(tm, t
′) ∝ θ(tm − t′).

In general: We can make some general statements for a self-decoupling detector, i.e.

Spost-ro
MD (t, t′) = 0, when considering a projective readout K̂m = |m〉〈m|. The post-

readout noise is then given by

Spost-ro
MD (t, t′) =

∑
m

(
m− 〈M̂(t)〉

)
〈m|D̂(t′ − t)|m〉〈m|ρ̂(t)|m〉. (5.61)

We list two sufficient conditions for Spost-ro
MD (t, t′) = 0 which still allow for a non-zero

χMD(t, t′):

• All diagonal elements of D̂ in the eigenbasis of M̂ equal to zero at all times:

Dmm(t) = 〈m|D̂(t)|m〉 = 0 ∀m, t.
The resulting Spost-ro

MD = 0 is determined already by the choice of the detector

variables and is independent of the state of the detector.

1As self-decoupling we denote the decoupling of the detector after the readout due to the collapse of
its wave function in contrast to a manual decoupling where one takes the detector away “by hand” after
the measurement, e.g. by introducing a coupling function η(t) ∝ θ(tm − t).
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• The detector state is chosen such that there is exactly one non-zero diagonal ele-

ment m′ of ρ̂ in the eigenbasis of M̂ : ρmm(t) = 〈m|ρ̂(t)|m〉 = δm,m′ ∀ t.
Due to 〈M̂(t)〉 = m′ the noise Eq. (5.61) vanishes. If ρ̂ represents a pure eigen-

state of M̂ the response χMD will also vanish because the expectation value of

the commutator equals to zero and we measure no correlations at all. However, if

there are coherent parts in ρ̂, i.e. 〈n|ρ̂(t)|m〉 6= 0 for n 6= m, a finite response χMD

becomes possible.

5.2.3 Conclusions

In this section we have shown that there is a variety of possible outcomes of the detector

observables M̂ and noise function SMD that are influenced by the details of the readout

procedure. For a projective readout procedure an automatic decoupling of the detector

Spost-ro
MD = 0 can occur for a certain choice of M̂ and D̂ and/or specific states ρ̂d.

The observable M̂ in its measured form does not have to be proportional to
∑
m|m〉〈m|

in the most general case. However, with a weak detector readout a proportionality can

be achieved and also the noise function SMD can be calculated with the initial density

matrix ρ̂d without any perturbation in this case. Also for projective readout, which

yields M̂ =
∑
m|m〉〈m| directly, we find configurations in which the projection is non-

demolition to the noise function Spre-ro
MD = Spost-ro

MD .

5.3 General properties

We are able to make some general statements about the noise and response functions

without specifying a concrete detector by assuming certain states or symmetries of the

detector variables.

In this section we relate noise and response functions in thermal states via the

fluctuation-dissipation theorem and list implications of time-(anti)symmetric commu-

tators. For this results we require the readout of the detector to be non-demolition so

that we can calculate the noise function SMD with the initial density operator for all

time arguments.
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5.3.1 Fluctuation-dissipation theorem for noise and response functions

in thermal states

For two arbitrary operators X̂ and Ŷ we can write down the expectation value in a

thermal state ρ̂ = e−βĤ/Z with inverse thermal energy β as

〈X̂(ω)Ŷ 〉 =
∑
n

∫
dt eiωt〈n|eiĤtX̂e−iĤtŶ e−βĤ |n〉/Z, (5.62)

with the normalization Z =
∑

n〈n|e−βĤ |n〉, where |n〉 denote the energy eigenstates of

the Hamiltonian Ĥ. We get

〈X̂(ω)Ŷ 〉 =
∑
n,m

2πδ(ω + En − Em)e−βEn〈n|X̂|m〉〈m|Ŷ |n〉/Z, (5.63)

〈Ŷ X̂(ω)〉 =e−βω
∑
n,m

2πδ(ω + En − Em)e−βEn〈n|X̂|m〉〈m|Ŷ |n〉/Z, (5.64)

which can be summarized to

〈[X̂(ω), Ŷ ]〉 = tanh(βω/2)〈{X̂(ω), Ŷ }〉. (5.65)

This is the form of the fluctuation-dissipation theorem that we use in our work to relate

noise and response functions in frequency space for thermal states2. Note, that due to

causality the response function is not directly given by the commutator directly, but by

a convolution with the Fourier transform of the Heaviside function

χXY (ω) = − i
~

∫
dω′

2π
θ̃(ω − ω′)〈[X̂(ω′), Ŷ ]〉, (5.66)

with θ̃(ω) = πδ(ω)− ip.v. 1
ω , where p.v. denotes the Cauchy principal value.

5.3.2 Symmetries and Kramers-Kronig relations

We have a look at symmetries in the response and noise functions. Some general state-

ments can be made.

2Such a relation does not exist for all stationary states. E.g. in a Fock state ρ̂ = |n′〉〈n′| we have
the Eigenvalue ρ|n〉 = δn,n′ |n〉 and the Kronecker-delta does not fulfill δn+φ(ω),n′ = δn,n′f(φ(ω)) (with
some scalar functions φ and f) so that changing the operator order does not only yield an ω-dependent
prefactor as in the thermal case but changes the sum so that the result depends on the specific operators
X̂ and Ŷ .
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If one measures two system variables Â and B̂ which fulfill 〈[Â(t), B̂]〉 = 〈[Â(−t), B̂]〉
in a stationary state, as e.g. x̂ and p̂ of a harmonic oscillator, the sum of the re-

sponse functions vanishes χ0
A,B(t′, s′) + χ0

B,A(t′, s′) = 0. This implies that the corre-

lation function at equal times does not contain the detector-detector interaction parts

Cdet(ta, tb = ta) = 0 if both variables are measured by equal detectors, i.e. χaMD = χbMD

and SaMD = SbMD. The result can be described as a symmetrized measurement with

frequency filters, C(ta, ta) = Csym(ta, ta).

Now, we consider the system functions in the case that the same observable is mea-

sured by both detectors Â = B̂. These operators are Hermitian by definition and

therefore the expression 〈i[Â(t), Â]〉 ∈ R is is real and antisymmetric in the time argu-

ment t. This implies that the Fourier transform 〈i[Â(ω), Â]〉 ∈ C/R is purely imaginary

and antisymmetric in the frequency argument ω.

The frequency representation of response function of the system (in a stationary

state) is related to this expression by a convolution with the Fourier transform of the

Heaviside function, see Eq. (5.66). We conclude that the real part of the system response

function is given by

Re
{
χ0
AA(ω)

}
= −1

~
p.v.

∫
dω′

2π

〈[Â(ω′), Â]〉
ω − ω′

, (5.67)

is symmetric in ω and the imaginary part which is given by

Im
{
χ0
AA(ω)

}
= −1

~
〈[Â(ω), Â]〉

2
, (5.68)

is antisymmetric in ω.

The combination of Eq. (5.67) and (5.68) results in Kramers-Kronig relations for

the real and and imaginary parts of the response function

Re
{
χ0
AA(ω)

}
= p.v.

∫
dω′

π

Im
{
χ0
AA(ω′)

}
ω − ω′

. (5.69)

For the detector we assume that the readout is non-demolition (Spre-ro
MD = Spost-ro

MD ), so

that we can relate the noise to the response function. We discuss the symmetry cases of

a time symmetric and a time antisymmetric commutator of M̂ and D̂. An overview of

the resulting properties of the response and noise functions χMD and SMD in frequency

space is given in Table 5.2.
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Case I: 〈[M̂(t), D̂]〉 = 〈[M̂(−t), D̂]〉 Case II: 〈[M̂(t), D̂]〉 = −〈[M̂(−t), D̂]〉

Examples: harmonic oscillator with M̂ = x̂ Examples: equal variables M̂ = D̂,

and D̂ = p̂, δ-response, etc. position s on the quantum tape, etc.

〈i[M̂(ω), D̂]〉 real, symmetric 〈i[M̂(ω), D̂]〉 imaginary, antisymmetric

SMD(ω) imaginary, antisymmetric SMD(ω) real, symmetric

Re {χMD(ω)} = −〈i[M̂(ω), D̂]〉/2 Re {χMD(ω)} = −p.v.
∫

dω′

2π
〈[M̂(ω′),D̂]〉

ω−ω′

symmetric in ω symmetric in ω

Im {χMD(ω)} = p.v.
∫

dω′

2π
〈i[M̂(ω′),D̂]〉

ω−ω′ Im {χMD(ω)} = −〈[M̂(ω), D̂]〉/2
antisymmetric in ω antisymmetric in ω

SMD(ω) = i coth(β~ω/2)Re{χM,D(ω)} SMD(ω) = − coth(β~ω/2)Im{χM,D(ω)}
in a thermal state in a thermal state

Table 5.2: The two cases of a time symmetric and a time antisymmetric commutator
of M̂ and D̂ and some resulting properties of the response and noise functions χMD

and SMD in frequency space.

Note that not every detector can be assigned to case I or II, especially more complicated

examples of detectors do not need to fit into either case but may consist of symmetric

and antisymmetric parts.

We have a look at the results for measuring the same system variable with two equal

detectors. In symmetry case I we obtain the noise

C(ω) =|χM,D(ω)|2S0
AA(ω) + 2 coth(βd~ω/2)Re{χM,D(ω)}

×
(
Re {χMD(ω)} Im

{
χ0
A,A(ω)

}
+ Im {χMD(ω)}Re

{
χ0
A,A(ω)

})
. (5.70)

In symmetry case II we obtain the noise

C =|χM,D(ω)|2S0
AA(ω) + 2 coth(βd~ω/2)Im{χM,D(ω)}

×
(
Im {χM,D(ω)} Im

{
χ0
A,A(ω)

}
− Re {χM,D(ω)}Re

{
χ0
A,A(ω)

})
. (5.71)

The simplest expression is reached if the detectors have no memory, χMD(t) ∝ δ(t),

i.e. χaM,D(ω) = const. ∈ R. This Markovian measurement with 〈[M̂(ω), D̂]〉 = const.

belongs to symmetry case I. The measured correlation becomes

C(ω) =
(
χaM,D(ω = 0)

)2 (
S0
AA(ω) + 2 coth(βd~ω/2)Im

{
χ0
A,A(ω)

})
. (5.72)

The thermal energy β−1
d given here is the one of the detector. Varying the detector

temperature tunes the influence of Im
{
χ0
A,A(ω)

}
on the result while leaving the rest

unaffected. This way, noise and response of the system can be distinguished. The
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measurement of the imaginary part of the response function determines already the

whole function due to its causal structure, see Eq. (5.69).

If also the system is in a thermal state, Im
{
χ0
A,A(ω)

}
can be related to S0

AA(ω) by

Eq. (5.65). The result is discussed in Sec. 5.6.

5.4 Identification of the memory functions in the phenomeno-

logical scheme

A general correlator of weak quantum measurements including nonsymmetric contribu-

tions and allowing for finite interaction time of the detector and the system has been

developed in Ref. [1], as presented in Sec. 2.5. The memory functions f and g are

determined phenomenologically in this framework.

By comparison of the second-order expression of Eq. (2.19) with our result Eq.

(3.12), i.e setting 〈a(ta)b(tb)〉w = C(ta, tb), we are able to provide microscopic expressions

for the memory functions fα and gα:

gα(t, t′) =χαMD(t, t′), (5.73)

fα(t, t′) =2SαMD(t, t′), (5.74)

thus going beyond the phenomenological thermal detector approach considered in Ref.

[1]. Among the examples discussed in this work, we explore regimes beyond “equilibrium

order” with nonthermal detector and system states and the effect of a quantum readout

of the detector.

By identification of the memory functions with the detectors noise and response

functions, our microscopic approach can be readily applied to higher-order correlation

functions by using the nth-order approach developed in Ref. [1]. We use this general-

ization to investigate third-order correlations in Chapter 6.
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5.5 Comparison of the second-order cross- and self-

correlation

Analogous to the derivation of the second-order cross-corrections in Chapter 3, we find

for the expectation value in a self-correlation measurement

Csc(t) =

∫
dmm2pm −

(∫
dmmpm

)2

=〈M̂2(t)〉 − 〈M̂(t)〉2

− iη
~

∫ t

dt′ 〈[δM̂2(t), D̂(t′)]〉〈Â(t′)〉

− η2

~2

∫ t

dt′
∫ t

ds′ θ(t′ − s′)〈[[δM̂2(t), D̂(t′)], D̂(s′)]〉〈{Â(t′), Â(s′)}〉/2

− η2

~2

∫ t

dt′
∫ t

ds′ θ(t′ − s′)〈{[δM̂2(t), D̂(t′)], D̂(s′)}〉〈[Â(t′), Â(s′)]〉/2

+
η2

~2

∫ t

dt′
∫ t

ds′ 〈[M̂(t), D̂(t′)]〉〈[M̂(t), D̂(s′)]〉〈Â(t′)〉〈Â(s′)〉, (5.75)

where we used the notation
∫

dmmK̂†m(t)K̂m(t) = M̂(t) and
∫

dmm2K̂†m(t)K̂m(t) =

M̂2(t).

Note, that the difference of the self-correlation, Eq. (5.75), and the cross-correlation,

Eq. (3.12), is generally nontrivial. The trivial difference is given by the fact, that the

self-correlation contains the uncoupled detectors noise 〈M̂2(t)〉−〈M̂(t)〉2 whereas the cor-

responding term in the cross-correlation vanishes 〈M̂a(t)M̂b(t
′)〉 − 〈M̂a(t)〉〈M̂b(t

′)〉 = 0.

However, this term is completely determined by the detector properties and does not

offer any information about the measured system.

The nontrivial difference lies in the detector-detector interaction terms. The mech-

anism of the system-mediated detector-detector interaction discussed in Chapter 3 is

present in the case of a self-correlation measurement as well – here it is the detector

self-interaction which is mediated by the system. Due to the generally noncommu-

tating variables within one detector, we can not split the detector expectation value

into two separated response functions or a response and a noise function anymore,

but have the nested terms 〈[[δM̂2(t), D̂(t′)], D̂(s′)]〉 instead of χMD(t, t′)χMD(t, s′) and

〈{[δM̂2(t), D̂(t′)], D̂(s′)}〉 instead of χMD(t, t′)SMD(t, s′).

5.5.1 Case of a scalar commutator

We address the case of scalar commutators here, as it is important for the examples

presented in Chapter 4.
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If we assume [M̂(t), D̂(t′)] ∈ C the expression Eq. (5.75) can be simplified to

Csc =〈M̂2(t)〉 − 〈M̂(t)〉2

− η2

~2

∫ t

dt′
∫ t

ds′ [M̂(t), D̂(t′)][M̂(t), D̂(s′)]〈{δÂ(t′), δÂ(s′)}〉/2

− η2

~2

∫ t

dt′
∫ t

ds′ θ(t′ − s′)[M̂(t), D̂(t′)]〈{δM̂(t), D̂(s′)}〉〈[Â(t′), Â(s′)]〉. (5.76)

In this case, the self-correlation is equal to the cross-correlation Eq. (3.12) up to the

term 〈M̂2(t)〉 − 〈M̂(t)〉2. We find this reduction to the trivial difference of self- and

cross-correlation to be the case e.g. with the commutation relation of x̂ and p̂ and also

with an electric field M̂ = Ê and D̂ = Ê.

Therefore, we can apply our cross-correlation theory to the experimental setups dis-

cussed in Chapter 4. The noise of the uncoupled detector 〈M̂2(t)〉, which does not

contain information about the measured system, cancels in the graphene measurement,

where the difference of two measurements with different system states is taken. In the

measurement of the quantum vacuum it represents the shot noise which is not of interest

for the discussion.

5.6 Notes on “equilibrium order”

At this point, where we have derived microscopic expressions for the detector noise and

response functions in Eq. (3.17) and (3.16) which describe concrete physical processes,

e.g. the system-mediated detector-detector interaction, and related them to the phe-

nomenological memory functions of Ref. [1] in Sec. 5.4, we compare our findings to the

phenomenological “equilibrium order” model.

5.6.1 Determination of the memory functions by “equilibrium order”

We have shown the derivation of the “equilibrium order” memory functions according

to Ref. [1] in Sec. 2.5. Here, we generalize the result Eq. (2.26) to arbitrary frequency

filters, i.e. g(ω) 6= 0.

For the determination of the memory functions f and g we keep the conjecture that in

thermal equilibrium no information is exchanged between the detectors and the system,

which are in thermal states ρ̂i = e−βĤi/Tr{e−βĤi}, and the implied requirement

S(ω) =

∫
dt eiωtC(t, 0)

!
= 0, (5.77)
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following the phenomenological approach in Ref. [1]. The correlator C is given by Eq.

(3.12).

We use the fluctuation-dissipation theorem, see Sec. 5.3.1, which for two operators Ô1

and Ô2 gives the relation
∫

dt eiωt〈{Ô1(t), Ô2(0)}〉 = coth(β~ω/2)
∫

dt eiωt〈[Ô1(t), Ô2(0)]〉.
The general correlator written with the memory functions g and f takes the form

C(t, s = 0) =

∫
dt′
∫

ds′ g(t− t′)g(−s′)〈{Â(t′), Â(s′)}〉/2

− i
∫

dt′
∫

ds′ θ(t′ − s′)g(t− t′)f(−s′)〈[Â(t′), Â(s′)]〉/2

− i
∫

dt′
∫

ds′ θ(t′ − s′)f(t− s′)g(−t′)〈[Â(t′), Â(s′)]〉/2. (5.78)

Applying the fluctuation-dissipation theorem to the Fourier transform of Eq. (5.78)

results in

S(ω) =

∫
dt θ(t)〈i[Â(t), Â(0)]〉

[
|g(ω)|2 coth(β0~ω/2) sin(ωt)

+Im{g(ω)f∗(ω)} sin(ωt)− Re{g(ω)f∗(ω)} cos(ωt)] . (5.79)

For system independent f and g the S(ω)
!

= 0 condition is fulfilled only if

|g(ω)|2 coth(β0~ω/2) sin(ωt) + Im{g(ω)f∗(ω)} sin(ωt)− Re{g(ω)f∗(ω)} cos(ωt) = 0,

(5.80)

for all times t, which yields the equations 0 = gR(ω)fR(ω) + gI(ω)fI(ω) and 0 =

|gc(ω)|2 coth(β0~ω/2) + gI(ω)fR(ω)− gR(ω)fI(ω), that can be reduced to the relation

f(ω) = ig(ω) coth(β0~ω/2). (5.81)

This is valid for arbitrary complex functions f(ω) and g(ω). A frequency filter which is

applied in the same manner to f and g drops out in this equation and therefore does

not effect the S(ω) = 0 property of the setup. This general result reduces to the already

known Eq. 2.26 for g(ω) = 1, i.e. when no frequency filter is applied.

In this derivation we employed general properties of thermal states, a detailed deriva-

tion of the same formula using the model system method of Ref. [1] can be found in

Appendix D.2.

Eq. (5.81) can be expressed with the noise and response functions as

SMD(ω) = iχMD(ω) coth(β0~ω/2)/2. (5.82)



76 Chapter 5: Properties of the detector noise and response functions

5.6.2 Noise spectral density in the microscopic theory

It is shown in Appendix D.3 that two equal detectors (a = b) with χαM,D(ω) = const.

∈ R in a thermal state (with inverse thermal energy βa = βb =: βd) and a non-demolition

detector readout yields the noise spectral density

S(ω) =χaM,D(ω)χbM,D(ω)

[
1− 2

coth(βd~ω/2)

coth(β0~ω/2)

]
S0
AA(ω), (5.83)

if also the measured system is in a thermal state described by β0.

In thermal equilibrium of all three systems (βd = β0) the contribution Cdet from

each detector equals the negative system noise. Since only one of the Cdet cancels with

Csym, we remain with the measurement of the negative system noise in equilibrium.

If the system temperature is much higher than the detector temperature the direct

measurement Csym dominates the result, whereas if the detector temperature exceeds the

system temperature the detector noise measurement Cdet is the dominating contribution.

The general form of the noise spectral density already implies this result. From

S(ω) =χaM,D(ω)χbM,D(−ω)S0
AB(ω)

+ χbM,D(−ω)χ0
B,A(−ω)SaMD(ω)

+ χaM,D(ω)χ0
A,B(ω)SbMD(−ω), (5.84)

where we have three terms each containing the noise of one of the subsystems and the

response functions of the other two, we can tell that if χ and S fulfill a simple propor-

tionality relation which is the same for all subsystems, all three terms will be of the same

size and do not cancel each other to S(ω) = 0. We do not find “equilibrium order” in

this simple case. However, employing the quantum properties of the detectors with non

thermal states, an invasive detector readout and the construction of more complicated

detector systems can offer many different results for the noise spectral density.

In general, the noise spectral density will depend on (i) the choice of the coupled

detector and system variables Ai, Di and the read out detector variables Mi, (ii) the

exact way of measuring the Mi, (iii) the coupling functions Γi(t), (iv) the frequency

sensitivity of the detector Φi(ω), (v) the detector Hamiltonian and state which enter

in the expectation values in SMD and χMD and (vi) the system Hamiltonian and state

which determine the relation of χAB and SAB.

From the analysis above we conclude that a vanishing noise spectral density can

only be found in thermal equilibrium when the relation of χ and S is different for the

measured system and the detectors. This can be achieved, for example, by using the
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quantum tape detector introduced in Sec. 5.1.5 and applying the Fourier transform with

respect to the position s instead of the time variable t. If we perform the readout at a

time t after all recordings are made, there is no causality restriction in s-space and we

can write

χMD(t− t′, s) =
e2

π

∫
dω

2π
e−iω(t−t′) sin(ωs)ω, (5.85)

SMD(t− t′, s) =
ie2

π

∫
dω

2π
e−iω(t−t′) sin(ωs)ω coth(β~ω/2)/2. (5.86)

We measure one detector at position s0 and the other at s0 + τ and take the Fourier

transform S(ω) =
∫

dτ eiωτC(s0 + τ, s0). Assuming equal detectors a = b measuring the

same variables Â = B̂, the correlator in position space is given as

C(s0 + τ, s0) =
e4

π2

∫
dΩ

2π
sin(Ω(s0)) sin(Ω(s0 + τ))

(
1− tanh(β0Ω′′/2)

tanh(βdΩ/2)

)
Ω2S0

AA(Ω).

(5.87)

This expression vanishes if detectors and system are at the same temperature βd = β0.

The Fourier transform reads

S(ω) =
ie4

π2
sin(ωs0)e−is0ωω2

(
1− tanh(β0ω/2)

tanh(βdω/2)

)
S0
AA(ω). (5.88)

The frequency representations of the response and noise functions of the detectors χMD

and SMD are related via the position space here, where no causality restrictions apply,

but the frequency representations of the response and noise functions of the system χAA

and SAA are still related in the time domain and χAA includes a Heaviside function which

causes the difference of a factor 2 of χMD(ω)/SMD(ω) compared to χAA(ω)/SAA(ω). The

terms Cdet which contain one χAA and one χMD are only half as large as Csym which

contains two χMD.

We obtain “equilibrium order” in this case but have to note, that this is only possible

with a very special construction. In general, the evaluation of the microscopic response

and noise functions suggests that “equilibrium order” does not occur naturally in the

vast majority of simple systems.

5.7 Notes on the detection of quasiprobabilistic statistics

The detection of quasiprobabilistic statistics of a measured variable can be a tool to

reveal its quantum nature, i.e. prove that the system is in a non-classical state.
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Based on the conjecture that a read out detector variable ma,b is proportional to

a variable Â of the measured system, a negativity of the correlation measurement of

the same variable at the same time 〈mamb〉 ∝ 〈Â2〉 (with a positive proportionality

constant) can prove a quasiprobabilistic nature of the statistics of the measured system.

The argument is given by: 0 > 〈Â2〉 =
∫

da a2p(a) ⇒ p(a) < 0 for at least some values

of a ⇒ p(a) is a quasiprobability, see also Sec. 2.6: violation of weak positivity.

In this section we want to point out that this conjecture has to be treated carefully

in a non-Markovian measurement which involves the interplay of the detectors.

5.7.1 Example: Spin-1/2 measured by harmonic oscillators

The supplemental material C of Ref. [1] gives an example for the violation of weak

positivity when measuring a spin-1/2 system H = ~Ωσz/2 in the state ρ̂0 = (1 + σy)/2

by equilibrium order detectors. The observed system variable is chosen as Â = σx + σz.

The detector functions for zero temperature equilibrium order are according to Ref.

[1] and Eqs. (5.73) and (5.74) given by χMD(t) = δ(t) and SMD(t) = 1/(2πt). With

〈σx〉 = 〈σz〉 = 0 and 〈σy〉 = 1 we obtain

C(t = 0, s = 0) = 2 +
2

π

∫ ∞
0

ds (cos(Ωs)− 1)/s, (5.89)

which becomes negative for a high enough cutoff of the integral, for details see [1].

Next, we show that we obtain similar results from a microscopic model. A ther-

mal state of the system ρs = e−βsHs/Tr
(
e−βsHs

)
gives 〈σx〉 = 〈σy〉 = 0 and 〈σz〉 =

− tanh(βΩ/2). We find for the zero temperature equilibrium order 〈a(0)a(0)〉w =

2 − tanh(βsΩ/2), which is always positive. Therefore, we have to allow for a finite

detector temperature and apply a frequency filter, e.g. measure with harmonic oscilla-

tors.

We initialize the spin-1/2 system in a thermal state with inverse thermal energy

βs. Two equal detectors are given by a set of harmonic oscillators, Gaussian distributed

around the frequency Ω: φa,b(ω) = λ√
2π
e−λ

2(ω−Ω)2/2. Both detectors couple the momenta

D̂a,b = p̂a,b of the oscillators linearly to Â = B̂ = σ̂x via a small coupling constant η

Ĥint = η

∫
dω (φa(ω)p̂a,ω + φb(ω)p̂b,ω) σ̂x. (5.90)

We measure the positions M̂i = x̂i =
∫

dω x̂i,ω of the detectors i = a, b. Following Eqs.

(3.16) and (3.17) we find for a thermal detector state ρ̂d = e−βdHdet/Tr
{
e−βdHdet

}
with
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the detectors inverse thermal energy βd

χMD(t) =

∫
dω φ(ω) cos(ωt) = e−t

2/2λ2
cos(Ωt), (5.91)

SMD(t) =

∫
dω φ(ω) sin(ωt) coth(βd~ω/2)/2 ≈ e−t2/2λ2

sin(Ωt) coth(βd~Ω/2)/2.

(5.92)

The approximation is valid for λ � Ω−1. The correlation Eq. (3.12) at equal times

t = s = 0 with Â1 = Â2 = σ̂x can be written as

C(0, 0) =ξs − ξas
tanh(β0Ω/2)

tanh(β1Ω/2)
, (5.93)

with the “symmetric” term resulting from Csym

ξs =

∫ 0

−∞
dt

∫ 0

−∞
ds e−t

2/2λ2
e−s

2/2λ2
cos(Ωt) cos(Ωs) cos(Ω(t− s)), (5.94)

and an “antisymmetric” term resulting from Cdet

ξas = −2

∫ 0

−∞
dt

∫ t

−∞
ds e−t

2/2λ2
e−s

2/2λ2
cos(Ωt) sin(Ωs) sin(Ω(t− s)). (5.95)

The selection of a single frequency λ→∞ yields ξs
λ2 = ξas

λ2 = π
4 , for a finite width ξs and

ξas take different values but remain positive ξs,as > 0, hence the antisymmetric contri-

bution is always negative. Figure 5.2(a) shows the second-order correlation function C

(a) (b)

ℏΩ=0.1kBTs

ℏΩ=kBTs

ℏΩ=2kBTs
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Td / Ts
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0.2

0.4

C(0,0)/ λ²

0.9 1.0 1.1 1.2
Td / Ts

-0.10

-0.05

0.05

C(0,0)/ λ²

Figure 5.2: The correlation function C(t = 0, s = 0) for different detector frequencies
Ω (a) in the limit λ→∞ and (b) for λ = 5/(2Ω).

for the single-frequency oscillator-detector case. It demonstrates the violation of weak

positivity by tuning the detector temperature Td above the system temperature Ts. The

measurement result is then dominated by the non-Markovian contributions. Fig. 5.2(b)

takes the experimentally relevant case of finite λ into account. The point at which the

correlations vanish is now temperature dependent and shifted towards detector temper-

atures smaller than Ts. In particular C 6= 0 for Ts = Td which implies C(ω) 6= 0 for
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all ω and contradicts the equilibrium order assumption that the correlation vanishes if

detector and system are in thermal equilibrium.

It has been shown in Ref. [55] that even if a system has statistics described by a

possibly negative quasiprobability, the second-order correlation functions obey a weak

positivity condition in a symmetrized Markovian setup, i.e. they can be reproduced by

a classical probability distribution. At first fourth-order symmetrized correlations can

prove the quasibrobabilistic nature of the system. Our second-order correlation function

which takes non-Markovian contributions into account violates the equation for weak

positivity. In the following, we will show that this is not generally a non-classical effect.

5.7.2 Classical harmonic oscillators

To demonstrate the occurrence of negative correlations in a classical system by coupling

three classical harmonic oscillators (0 = system, 1 = detector 1, 2 = detector 2). The

system oscillator be at temperature Ts, the detector oscillators be at temperature Td.

We observe the correlation function C(t, s) = 〈x1(t)x2(s)〉.

Lagrange formalism The Lagrange function for our system is given by L = T − V
with T =

∑
i=0,1,2

q̇2
i
2 and V =

∑
i=0,1,2

ω2
i q

2
i

2 + q0 (η1q̇1 + η2q̇2), where we defined qi =
√
mixi. The Euler-Lagrange equations d

dt

(
∂L
∂q̇i

)
− ∂L

∂qi
= 0 yield

q̈0 + q0ω
2
0 + η1q̇1 + η2q̇2 = 0,

q̈1 + q1ω
2
1 − η1q̇0 = 0,

q̈2 + q2ω
2
2 − η2q̇0 = 0. (5.96)

We write the amplitude of the coupled detectors xci (t) (i = 1, 2) in terms of the solution

for the uncoupled detector xui (t) and the shift ξi(t) caused by the coupling to the system.

xci (t) = xui (t) + ξi(t) (5.97)

The induced shift is the same for both detectors ξ1 = ξ2 = ξ and the mean value can be

written as

C = 〈xc1xc2〉 = 〈xu1xu2〉︸ ︷︷ ︸
=0

+〈ξxu1〉+ 〈ξxu2〉+ 〈ξ2〉︸︷︷︸
>0

(5.98)
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The vanishing cross-correlation term 〈xu1xu2〉 = 〈xu1〉〈xu2〉 = 0 allows a negative correlation

function3 in the setup with two detectors. We conclude that the mixed terms cause the

negativity

〈xc1xc2〉 < 0⇒ 〈ξxu1〉+ 〈ξxu2〉 < 0. (5.99)

We have a look at these mixed terms 〈ξixuj 〉 as a function of temperature. For our

<x2ξ1>

<x1ξ2>

<ξ1ξ2>

fit to <x2ξ1>

fit to <x1ξ2>

fit to <ξ1ξ2>

sum of fits

2 4 6 8
Td /Ts
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-0.10

-0.08

-0.06

-0.04

-0.02

0.02

<...>

Figure 5.3: 〈ξ2〉 and 〈ξixuj 〉 at t = 5/Ωs as function of the detector temperature

Td (numerical solution of equation system (5.96) in a statistical evaluation with 104

Boltzmann distributed initial values). Parameters: βs = Ωs, Ωd = 1.5Ωs, mi = 1,
ηi = 0.1. The sum of the fits represents the total correlation function C.

purpose it is sufficient to solve the equation system (5.96) numerically. The positions

and momenta are initialized according to a Boltzmann probability distribution ρ(x, p) =
1
Z e
−β( p

2

2m
+mΩ2

2
x2) = ρ(x)ρ(p). Because the averages vanish, 〈q0〉 = 〈q̇0〉 = 0, we calculate

xc1x
c
2 for 104 Boltzmann distributed initial values and average the resulting products

xc1x
c
2 afterwards to obtain C.

Fig. 5.3 shows the mixed terms 〈ξixuj 〉 and the quadratic term 〈ξ2〉 at a fixed measure-

ment time. The mixed terms are negative, depend linearly on the detector temperature

and approach zero for Td → 0. Thus the shift in average leads to a decrease of the

detector amplitude independent if Td is larger or smaller than Ts. Therefore the effect is

no simple damping/amplification mechanism. The correlation becomes positive at some

point only due to the then dominating 〈ξ2〉 term.

If the shift ξ is proportional to the system variable we want to measure, we are

especially interested in the term 〈ξ2〉 ∝ 〈x2
0〉. Due to the terms 〈xiξ〉 a negative result

in the detector-detector correlation C in principle does not imply 〈ξ2〉 < 0 which in a

quantum mechanical system would imply quasiprobabilistic statistics of the measured

variable. A negative C can also result from negative terms of the form 〈xiξ〉 related to

3The correlation of a single detector yields 〈(xc1)2〉 = 〈(xu1 )2〉︸ ︷︷ ︸
>0

+2〈ξxu1 〉+ 〈ξ2〉︸︷︷︸
>0

which is always positive

for small shifts ξ � x1.
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the system-mediated detector-detector interaction. They can appear in classical as well

as quantum systems.

Classical limit of the quantum correlation function: We calculated the example

with the three classical harmonic oscillators in the Lagrange formalism independent

of our non-Markovian weak measurement formula Eq. (3.12) to be sure to exclude any

effect from assumptions imposed on our quantum model in Chapter 3 when investigating

the classical case.

Indeed the obvious way of taking the classical limit of the quantum correlation

function Eq. (3.12) by replacing {Â(t), B̂(s)} → 2A(t)B(s) and − i
~ [Â(t), B̂(s)] →

{A(t), B(s)}p, where {A,B}p = ∂A
∂q

∂B
∂p −

∂A
∂p

∂B
∂q denotes the Poisson bracket, yields the

same results when choosing M1,2 = x1,2, D1,2 = p1,2 and A = B = x0.

Considering {x(t), p(s)}p = cos(Ω(t− s)), {x(t), x(s)}p = − sin(Ω(t−s))
mΩ ,

〈δx(t)δx(s)〉 =
(
〈x2〉 − 〈x〉2

)
cos(Ωt) cos(Ωs) + 〈p2〉−〈p〉2

m2Ω2 sin(Ωt) sin(Ωs) and

〈δx(t)δp(s)〉 = −
(
〈x2〉 − 〈x〉2

)
mΩ cos(Ωt) sin(Ωs) + 〈p2〉−〈p〉2

mΩ sin(Ωt) cos(Ωs) and taking

the averages 〈. . .〉 with respect to the undisturbed subsystem in a thermal state with the

Boltzmann distribution ρ(x, p) = 1
Z e
−β( p

2

2m
+mΩ2

2
x2) yielding 〈x〉 = 〈p〉 = 0, 〈x2〉 = 1

βmΩ2

and 〈p2〉 = m
β , the response and noise functions are given by

χMD(t, t′) =θ(t− t′) cos(Ωd(t− t′)), (5.100)

SMD(t, t′) =
1

βdΩd
sin(Ωd(t− t′)), (5.101)

χAA(t, t′) =− θ(t− t′)sin(Ω(t− t′))
mΩ

, (5.102)

SAA(t, t′) =
1

βsmsΩ2
s

cos(Ωs(t− t′)). (5.103)

This analytical results, inserted in Eq. (3.12), are in agreement with the numerical

outcomes of the previously investigated Lagrange formalism.

5.7.3 Conclusion

We summarize that with the microscopic model we find systems in analogy to the ex-

ample in Ref. [1], where we obtain negative results for the correlator of measuring the

same system variable at the same time, see Eq. (5.93). However, with the insight that

we got in the process of the system-mediated detector-detector interaction we have to

reject the conjecture that a read out detector variable ma,b is proportional to the vari-

able Â of the measured system. In a non-Markovian detection setup we do not have

〈ma(t)mb(t)〉 ∝ 〈Â2(t)〉 but terms of the form 〈Â(t′)Â(t′′)〉 appear where the times t′

and t′′ are integrated and weighted by the noise and response functions of the detectors.



Chapter 5: Properties of the detector noise and response functions 83

Therefore, negativity can easily result from terms which contain the system variable at

different times without requiring quasiprobabilistic statistics. The detector-detector in-

teraction provides these terms even in the case of a Markovian response χ(t, t′) = δ(t−t′),
i.e. no frequency filter effect of the detectors due to the detectors noise SMD which is

extended in time and transmitted by the systems response function χAB.

The factor ξas defined in Eq. (5.95) consists of the system response function ∝
[Â(t), Â(s)] at different times t and s, so that the negative contribution is not pro-

portional to 〈Â2(t)〉 and therefore does not prove quasiprobabilistic statistics of that

variable. The same is true for the example in supplemental material C of [1] which is

calculated for “equilibrium order”, i.e. χ(t) = δ(t) detectors,

C = 2︸︷︷︸
=〈Â2〉>0

+
2

π

∫ ∞
0

dt
cos(Ωt)− 1

t︸ ︷︷ ︸
det-det interaction<0

. (5.104)

The negativity of the correlation function results from the detector-detector interaction,

in which the detector noise S(t) = 1/(2πt) allows for contributions of the systems re-

sponse function ∝ [Â(t), Â(0)] with a time difference t. Therefore, the negativity is no

proof of quasiprobabilistic statistics of the system since this is not a necessary condition

anymore.

The results from the classical example with Boltzmann statistics, i.e. a real proba-

bility distribution, confirm this view: negativity of the “quadratic” cross-correlation at

equal times is not a sufficient condition for quasiprobabilistic statistics of the measured

system variable when the interaction is non-Markovian and includes the system-mediated

detector-detector interactions. With appropriate detectors the negativity resulting from

the interaction effect is also found in classical systems.

We conclude that experiments which are set up to prove quantum states via quasiprob-

abilities have to consider the properties of the detectors carefully to exclude loopholes

in the prove.





Chapter 6

Higher-order correlation functions

The interplay of the different system and detector variables, whose microscopic details

we discussed in Chapter 3 for second-order correlations, become more complicated and

yield a larger variety of contributing terms in the third-order correlation function. In this

chapter we combine the phenomenological proposal for nonsymmetrized correlations in

quantum noninvasive measurements [1] in n-th order and the microscopic derivation of

the system-mediated detector-detector interaction of second order presented in Chapter 3

to investigate higher-order correlations of non-Markovian weak quantum measurements.

The general third-order correlator is introduced in the time domain. We identify

and discuss the underlying physical processes before we provide the complete correlation

function in the frequency domain, which is the relevant quantity in many experiments

carried out e.g. in the measurement of current fluctuations [77–79]. We find a more

complex behavior than in second-order correlations with four types of system operator

orders which we denote third cumulant, noise susceptibility I and II and second-order

susceptibility. We introduce a convenient diagrammatic description which we illustrate

by an example of measuring the third-order current correlations of the tunnel current

through a barrier.

6.1 General third-order correlator

In Sec. 2.5 a general correlation function for noninvasive non-Markovian measurements

[1] has been introduced. The third-order form of Eq. (2.19) for a measurement of the

85
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observables Â, B̂ and Ĉ at times a, b and c can be written as

〈A(a)B(b)C(c)〉w =

∫ ∞
−∞

da′
∫ ∞
−∞

db′
∫ ∞
−∞

dc′ [θ(a′, b′, c′)〈Ǎa,a′(a′)B̌b,b′(b′)Čc,c
′
(c′)〉

+ θ(b′, a′, c′)〈B̌b,b′(b′)Ǎa,a
′
(a′)Čc,c

′
(c′)〉

+ θ(a′, c′, b′)〈Ǎa,a′(a′)Čc,c′(c′)B̌b,b′(b′)〉

+ θ(b′, c′, a′)〈B̌b,b′(b′)Čc,c
′
(c′)Ǎa,a

′
(a′)〉

+ θ(c′, a′, b′)〈Čc,c′(c′)Ǎa,a′(a′)B̌b,b′(b′)〉

+ θ(c′, b′, a′)〈Čc,c′(c′)B̌b,b′(b′)Ǎa,a
′
(a′)〉].

(6.1)

The Heaviside function with three time arguments is defined to be non-zero only for a

descending order of the time arguments θ(a, b, c) ≡ θ(a− b)θ(b− c).
Using the knowledge from Sec. 5.4 and Ref. [1], we can write the superoperators

O = A,B,C as

Ǒa,a′(a′)X̂ =χa(a, a
′){Ô(a′), X̂}/2 + Sa(a, a

′)[Ô(a′), X̂]/i~. (6.2)

For clarity of the formulas we calibrated the system such that 〈Ô〉 = 0, the generalization

can be done easily by defining new operators Ō = Ô − 〈Ô〉.
We summarize the result for measuring the same variable C = B = A with three

equal detectors as

C(3)(a, b, c) ≡〈A(a)A(b)A(c)〉w

=

∫
da′db′dc′ ξS(3)(a, a′; b, b′; c, c′)S(3)(a′, b′, c′)

+

∫
da′db′dc′ ξχS (a, a′; b, b′; c, c′)χS(a′, b′, c′)

+

∫
da′db′dc′ ξSχ(a, a′; b, b′; c, c′)Sχ(a′, b′, c′)

+

∫
da′db′dc′ ξχ(2)(a, a′; b, b′; c, c′)χ(2)(a′, b′, c′). (6.3)

where we defined the third cumulant

S(3)(a, b, c) =θ(a′, b′, c′)〈{{Â(a′), B̂(b′)}/2, Ĉ(c′)}〉/2, (6.4)

the noise susceptibility I

χIS(a, b, c) =θ(a′, b′, c′)〈[{Â(a′), B̂(b′)}/2, Ĉ(c′)]/i~〉, (6.5)
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the noise susceptibility II

χIIS (a, b, c) =θ(a′, b′, c′)〈{[Â(a′), B̂(b′)]/i~, Ĉ(c′)}〉/2, (6.6)

and the second-order susceptibility

χ(2)(a, b, c) =θ(a′, b′, c′)〈[[Â(a′), B̂(b′)]/i~, Ĉ(c′)]/i~〉. (6.7)

These four different types of operator orders appear naturally in a general non-Markovian
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{{A,B},C} {[A,B],C} 

[{A,B},C] {A,[B,C]} {[A,C],B} 

[[A,B],C] [[A,C],B] [A,[B,C]] 

Figure 6.1: Correlations of the measured system operators Â(a′), B̂(b′) and Ĉ(c′) in a
third-order measurement with the times a′ > b′ > c′. (0) Overview of the interactions.
The detector variables that are coupled to the system are denoted with D̂a, D̂b and D̂c.
The red arrows indicate response functions within a subsystem which act only forward
in time. The black lines indicate the weak coupling between system and detectors
of strength ηa,b,c. The occurring third-order correlation are depicted in (a) - (d) and
discussed in the main text. The dashed boxes frame the paths which are connected to
the three measured output variables of the detectors Ma, Mb and Mc at times a, b and
c.

third-order measurement and will be discussed in further detail in this chapter.

Each of the four terms is multiplied by a weight incorporating the detector properties.
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These weights are given by

ξS(3)(a, a′; b, b′; c, c′) =
∑
{a,b,c}

χMD(a, a′)χMD(b, b′)χMD(c, c′), (6.8)

ξχIS
(a, a′; b, b′; c, c′) =

∑
{a,b,c}

χMD(a, a′)χMD(b, b′)SMD(c, c′), (6.9)

ξχIIS
(a, a′; b, b′; c, c′) =

∑
{a,b,c}

χMD(a, a′)SMD(b, b′)χMD(c, c′), (6.10)

ξχ(2)(a, a′; b, b′; c, c′) =
∑
{a,b,c}

χMD(a, a′)SMD(b, b′)SMD(c, c′), (6.11)

where {a, b, c} denotes the sum over all permutations of the times a, b and c.

6.2 Discussion

The correlations in a third-order measurement of the system operators Â(a′), B̂(b′) and

Ĉ(c′) with a′ > b′ > c′ are depicted in Fig. 6.1.

Figure 6.1(0) shows an overview of all interactions. The red arrows indicate response

functions within a subsystem, which due to the preservation of causality transfer in-

formation only forward in time. The black lines indicate the weak coupling between

system and detectors. In the weak measurement regime all contributions are linear in

each coupling, i.e. the black lines are crossed only once in each path. This leads to

four different possible contributions which are depicted in Fig. 6.1(a) - (d). The dashed

boxes frame the paths which are connected to the three measured output variables of

the detectors Ma, Mb and Mc.

6.1(a) Third cumulant: All system variables are measured directly by their corre-

sponding detectors. There is no interaction within the system.

6.1(b) Noise susceptibility I: The backaction of the first measured detector c causes

this distribution. The detector variable Dc acts via C on both variables which are

measured at a later time. Both contributions – C acts on B in the noise {A,B} and C

acts on A in the noise {A,B} – sum up tho the response of the noise {A,B} with C.

6.1(c) Noise susceptibility II: The backaction of the second detector causes this con-

tribution. Since it is measured after detector c, causality preserves the path connected

to Mc from any influences. Db acts via B on A which is measured by Ma. The re-

sult is finally correlated with Mc. Thereby, the noise of the susceptibility [A,B] with

C is measured. This process is physically of the same type as (b): the noise of one

detector is measured in the correlation of the two remaining detectors where it carries
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the system’s fingerprint after it is transmitted through it. The only difference to (b) is

caused by causality, i.e. information can not travel backwards in time, which constitutes

a difference in the noise transmission of the first and second measured detector.

6.1(d) Second-order susceptibility: The backaction of both the first and second mea-

sured detectors is taken into account here. It also consists of two contributions: in the

first one C acts on B, the effected B acts on A, and in the second one C acts on A, then

B acts on A.

There are no terms with the noise of detector a, since its backaction on the system

is not captured anymore because it is the last measurement.

In contrast to the second-order noise function, Eq. (3.17), the third-order functions

Eqs. (6.4) – (6.7) always have a causal structure, i.e. the “outer” variable comes first.

Whereas the noise function {A,B} is symmetric in its arguments, the noise function

{{A,B}, C} is not invariant under permutation of A and C or B and C anymore.

6.3 Fourier transform of the general correlator

For the convenient application of our formula Eq. (6.1) in experimental scenarios we

also provide its form in the frequency domain. We assume time translational invariance

for the detector and system expectation values and perform the Fourier transform with

respect to the time differences a − b and b − c. The detector and system functions in

frequency space are defined as

f(ω) =

∫
d(t− t′) f(t, t′)ei(t−t

′)ω, (6.12)

g(ω, ω′) =

∫
d(t− t′)

∫
d(t′ − t′′) g(t, t′, t′′)ei(t−t

′)ωei(t
′−t′′)ω′ , (6.13)

with f = χMD, SMD and g = S(3), χIS , χ
II
S , χ

(2). The resulting correlation function can

be written as

C(3)(ω,Ω) = Csym + Cns,I + Cns,II + Csusc, (6.14)



90 Chapter 6: Higher-order correlation functions

with

Csym =χa(ω)χb(Ω− ω)χc(−Ω)
[
S(3)(ω,Ω) + S(3)(Ω− ω,Ω) + S(3)(ω, ω − Ω)

+S(3)(Ω− ω,−ω) + S(3)(−Ω, ω − Ω) + S(3)(−Ω,−ω)
]
, (6.15)

Cns,I =χa(ω)χb(Ω− ω)Sc(−Ω)[χIS(ω,Ω) + χIS(Ω− ω,Ω)]

+ χa(ω)Sb(Ω− ω)χc(−Ω)[χIS(ω, ω − Ω) + χIS(−Ω, ω − Ω)]

+ Sa(ω)χb(Ω− ω)χc(−Ω)[χIS(Ω− ω,−ω) + χIS(−Ω,−ω)], (6.16)

Cns,II =χa(ω)Sb(Ω− ω)χc(−Ω)[χIIS (ω,Ω) + χIIS (−Ω,−ω)]

+ χa(ω)χb(Ω− ω)Sc(−Ω)[χIIS (ω, ω − Ω) + χIIS (Ω− ω,−ω)]

+ Sa(ω)χb(Ω− ω)χc(−Ω)[χIIS (Ω− ω,Ω) + χIIS (−Ω, ω − Ω)], (6.17)

Csusc =χa(ω)Sb(Ω− ω)Sc(−Ω)[χ(2)(ω,Ω) + χ(2)(ω, ω − Ω)]

+ Sa(ω)χb(Ω− ω)Sc(−Ω)[χ(2)(Ω− ω,Ω) + χ(2)(Ω− ω,−ω)]

+ Sa(ω)Sb(Ω− ω)χc(−Ω)[χ(2)(−Ω, ω − Ω) + χ(2)(−Ω,−ω)]. (6.18)

We allow for different system variables Â, B̂, Ĉ and different detectors here. The sixfold

appearance of each term relates to the six different time orders of a, b and c which all

contribute to the Fourier transform.

6.4 Diagrammatic representations

We introduce two different diagrammatic representations. The first one keeps the visu-

alization of the interplay of detectors and their corresponding system variables and the

flow of information which is depicted in Figure 6.1, the second one skips the visualiza-

tion of the internal physical processes, thus becoming a simple way for fast higher-order

expansions.

6.4.1 Representation I

Higher orders can be written down in a simple diagrammatic representation which

catches the important properties of the underlying processes.

Simple diagrams

As a simple diagram we understand a type where each element has exactly one “output”

connection to another element. Such a diagram is depicted for the third order in Fig.

6.2.
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Figure 6.2: Diagrammatic expansion of the third order in simple diagrams for the
detector order c, b, a.

Diagrams of this kind can be constructed according to the following rules for an C(n)

expansion:

(i) draw an • for each system variable and an � for the corresponding detector

(ii) from each of the • draw an → forward in time (left to right or down to the �)

(iii) connect the not yet connected � to their next • with an o

(iv) repeat (i) and (iii) for all possible combinations with one outgoing → from each •

The mathematical equations to which the diagrams correspond are obtained following

the translation rules:

(i) time goes from left to right, in the example we order the detectors c, b, a, this

translates into the Heaviside functions θ(a− b)θ(b− c)

(ii) � connected by an → translates into χi(ti, t
′
i) of the corresponding detector i =

a, b, c

(iii) � connected by an o translates into Si(ti, t
′
i) of the corresponding detector i = a, b, c

(iv) a • not connected to another • yields a {., X} in the system correlator, a • con-

nected to another • yields a [., X] in the system correlator, X ∈ {A(a′), B(b′), C(c′)}

(v) steps (i) to (iv) are repeated and summed up for all permutations of a, b and c

(vi) Integration is performed over all internal times t′i
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Each term of the formula is now associated with a sketch of the underlying process

of how information flows through the setup.

The diagram without noise line represents the third cumulant, the diagrams with

one noise line in Fig. 6.2 represent the noise susceptibility terms and the diagrams with

two noise lines represent the second-order susceptibility.

Merging and decomposing diagrams

Diagrams which have no contradicting connections, i.e. o and ↓ in the same place can

be merged as shown in Fig. 6.3. An • can now have more than one outgoing →. The

Figure 6.3: Merging diagrams without contradicting connections.

decomposition of a merged diagram into its parts is performed by separation of the •
with multiple→. The third-order expansion with merged diagrams is shown in Fig. 6.4.

Figure 6.4: Diagrammatic expansion of the third order in merged diagrams.
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6.4.2 Representation II

An alternative simpler type of diagrams can be developed based on Keldysh-type dia-

grams. We do not distinguish system and detector anymore in the graphical represen-

tation and write the three objects in the third-order correlation attached to a Keldysh

time path as depicted in Figure 6.5. Each object represents in one the measured system

variable written on it and the attached detector. Its shape indicates to role of the de-

tector either as linear response output (rhombus) or as noise input to the total system

(circle).

C(3)	 C	 B	 C	

A	 C	 A	 B	 C	

A	 B	 A	

B	

= 	 	 	 	 	 																							+			 		 	 							Σ	
{A,B,C}	

+ 	 		 	 	 	 											+	

Figure 6.5: Diagrammatic expansion of the third order in diagrams of a Keldysh
type. The shape of the geometric frame of the three system variables represents linear
response output (rhombus) or as noise input (circle) of the corresponding detector. The
rightmost object is the last one in real time and contributes only as an output. The
sum of all permutations of A, B and C has to be taken.

Each of the four contributions in Figure 6.5 can be expanded as shown in Figure 6.6.

The diagrams of this kind can be constructed according to the following rules for an

C(n) expansion

(i) draw a Keldysh time contour

(ii) attach the latest measured variable framed by a rhombus to the rightmost point

of the contour

(iii) write down the other variables framed by either a circle or a rhombus

(iv) ad a term following (i) to (iii) for all possible combinations of rhombus and circle

frames in (iii)

(v) add the sum of all permutations of A, B and C

As it is shown in Fig. 6.6, each of this terms can be expanded by following the steps:

(i) for all but the rightmost variables draw a connection line either to the upper or

the lower branch of the time contour
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(ii) add a term for all combinations of upper and lower connections

B	 C	A	 = 	 	 	 	 	 	 	 		+ 	 	 	 	 	 	 	 		B	 C	A	 B	 C	A	

B	 C	A	 B	 C	A	+ 	 	 	 	 	 	 	 		+ 	 	 	 	 	 	 	 		

Figure 6.6: Expansion of a third order term in diagrams of the Keldysh type. The
noise-susceptibility I is shown above, the same type of expansion can be performed for
the third cumulant the noise susceptibility II and the second-order susceptibility.

The mathematical equations to which the diagrams correspond are obtained following

the translation rules:

(i) write down the expectation value of the system variable with their order as follows:

rightmost the first variable connected to the Keldysh contour, next left the second

connected variable following the contour, next left the next connected variable, . . .

(ii) a rhombus adds a response function χi(ti, t
′
i)/2 of the corresponding detector i =

a, b, c as a factor to the term

(iii) a circle adds noise function ±Si(ti, t′i)/i~ of the corresponding detector i = a, b, c

as a factor to the term, where + is taken for connections to the upper branch and

− is taken for connections to the lower branch

(iv) Integration is performed over all internal times t′i

In the following section we will use this diagrammatic representation to illustrated

the contributions of different operator orders in a third-order current correlation mea-

surement.

6.5 Third-order current correlations

6.5.1 System under investigation

To illustrate the contributions of the different terms – third cumulant, noise susceptibil-

ity I, noise susceptibility II and second-order susceptibility – to a third-order correlation

measurement, we take the example of current correlations in a two-terminal scatter-

ing setup, where a scatterer described by a scattering matrix with the block structure
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s =

(
r t′

t r′

)
is placed in between two electron reservoirs characterized by a temperature

and potentials with a voltage difference V of left and right.

As it has been pointed out in Ref. [80], the third-order current expectation values

〈Î(a)Î(b)Î(c)〉 have to be described carefully regarding the causal structure which mani-

fest itself in different commutation relations of ingoing and outcoming particles on each

side. A convenient method is the use of the input-output theory [25, 80], in which we

decompose the current in the form Î(t) = Îin(t) − Îout(t). The ’in’ and ’out’-currents

which we observe at the left lead can be defined as

Îin(t) =
e

h

∑
n

∫
dEdE′ ei(E−E

′)t/~â†Ln(E)âLn(E′), (6.19)

Îout(t) =
e

h

∑
n

∫
dEdE′ ei(E−E

′)t/~b̂†Ln(E)b̂Ln(E′), (6.20)

where the operators â†αn(E) and âαn(E) create and annihilate electrons with energy E in

the channel n in lead α which are incident upon the scatterer and the operators b̂†αn(E)

and b̂αn(E) do the same for outgoing electrons. The operators of the outgoing electrons

are related to that of the incoming electrons by the scattering matrix s

b̂αn(E) =
∑
β,m

sαβ,nm(E)âβm(E). (6.21)

We denote the eigenvalues of the transmission part t†t of the scattering matrix as {Tn}.
With this definitions the ’in’ and ’out’-currents have been shown to obey the commuta-

tion relations [80]

[Îin(t1), Îout(t2)] ∝ θ(t2 − t1), (6.22)

[Îin(t1), Îin(t2)] = [Îout(t1), Îout(t2)] = 0. (6.23)

The only finite commutator is obtained for an ’out’-current with an ’in’-current at earlier

time, which is a manifestation of causality.

6.5.2 Fourier transform of the bare third-order correlations

Using the time translational invariance of the system we perform a Fourier transform

with respect to the time differences a− b and b− c

Sα,β,γ(ω1, ω2) =

∫
d(a− b)

∫
d(b− c) ei(a−b)ω1ei(b−c)ω2〈Îα(a)Îβ(b)Îγ(c)〉. (6.24)
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(ω1,	ω1-ω2)	
(ta,	tc,	tb)	

(ω2-ω1,	-ω1)	
(tb,	tc,	ta)	

(-ω2,	-ω1)	
(tc,	tb,	ta)	

-1.0

-0.5

0

0.5

1.0

2ΓA	

2ΓA	
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Figure 6.7: Density plot of the non-vanishing third-order current correlations
Sα,β,γ(ω, ω′) as a function of ω1 and ω2. The Figure has to be read as a table.
α, β, γ ∈ {in,out} are indicated in the rows, ω, ω′ are indicated in the columns to-
gether with the time order they correspond to. The horizontal axis of each inlayed
plot show ω1, the vertical axis shows ω2. Sin,out,out, Sout,in,out and Sout,out,in are writ-

ten in terms of 2ΓA = 2eV e3

h

∑
n Tn(1 − Tn) and Sout,out,out is written in terms of

ΓB = eV e3

h

∑
n Tn(1 − Tn)(1 − 2Tn). The plot range is given by −5eV < ω1 < 5eV

and −5eV < ω2 < 5eV , the other parameters are: zero temperature, one channel with
transmission eigenvalue T for energy-independent scattering.

The different time orders translate to the following frequency arguments

a, b, c→ ω1, ω2

a, c, b→ ω1, ω1 − ω2

b, a, c→ ω2 − ω1, ω2

b, c, a→ ω2 − ω1,−ω1

c, a, b→ −ω2, ω1 − ω2

c, b, a→ −ω2,−ω1. (6.25)
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For energy-independent scattering it is [80]

Sin,in,in = Sin,in,out = Sin,out,in = Sout,in,in = 0. (6.26)

The finite current correlations are depicted in Figure 6.7 for the different frequency

arguments resulting from various time orderings, the corresponding formulas can be

found in Appendix E.1.

6.5.3 Taking causality into account

We did not consider the inequality of the different times so far. In S(3)(a, b, c),

χIS(a, b, c), χIIS (a, b, c) and χ(2)(a, b, c) the correlator of the three currents is multiplied

with a time order θ(a′, b′, c′). We can utilize the properties of the ’in’-’out’-currents here.

Eq. (6.22) and Eq. (6.23) show that ’out’-currents commute with ’in’-currents of later

time.

We consider the correlation functions ξn,m,l which correspond to the four different

orders into which every term in Figure 6.8 is decomposed.

ξa,b,c = θ(a, b, c)〈Î(a)Î(b)Î(c)〉

= θ(a, b, c)[〈Îout(b)Îout(c)Îin(a)〉+ 〈Îout(a)Îout(c)Îin(b)〉

+〈Îout(a)Îout(b)Îin(c)〉+ 〈Îout(a)Îout(b)Îout(c)〉], (6.27)

ξa,c,b = θ(a, b, c)〈Î(a)Î(c)Î(b)〉

= θ(a, b, c)[〈Îout(b)Îout(c)Îin(a)〉+ 〈Îout(a)Îin(c)Îout(b)〉

+〈Îout(a)Îout(c)Îin(b)〉+ 〈Îout(a)Îout(b)Îout(c)〉], (6.28)

ξb,c,a = θ(a, b, c)〈Î(b)Î(c)Î(a)〉

= θ(a, b, c)[〈Îout(c)Îin(b)Îout(a)〉+ 〈Îout(b)Îin(c)Îout(a)〉

+〈Îout(b)Îout(c)Îin(a)〉+ 〈Îout(a)Îout(b)Îout(c)〉], (6.29)

ξc,b,a = θ(a, b, c)〈Î(c)Î(b)Î(a)〉

= θ(a, b, c)[〈Îin(c)Îout(a)Îout(b)〉+ 〈Îout(c)Îin(b)Îout(a)〉

+〈Îout(b)Îout(c)Îin(a)〉+ 〈Îout(a)Îout(b)Îout(c)〉], (6.30)

where we used the commutation relations of the ’in’- and ’out’-currents to summarize

terms.

In Fourier space with respect to the time differences a− b and b− c we can write a

convolution of the Fourier transform of the Heaviside function θ̃ with the basic current
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Figure 6.8: The four rows show from top to bottom ξa,b,c, ξa,c,b, ξb,c,a and ξc,b,a. The
parameters are the same used in Fig. 6.7 and T = 0.7.

correlators Sα,β,γ(ω, ω′) depicted in Figure 6.7

ξa,b,c = θ̃(ω1)θ̃(ω2) ∗ [Sout,out,in(ω2 − ω1,−ω1)〉+ Sout,out,in(ω1, ω1 − ω2)

+Sout,out,in(ω1, ω2) + Sout,out,out(ω1, ω2)], (6.31)

ξa,c,b = θ̃(ω1)θ̃(ω2) ∗ [Sout,out,in(ω2 − ω1,−ω1) + Sout,in,out(ω1, ω1 − ω2)

+Sout,out,in(ω1, ω1 − ω2) + Sout,out,out(ω1, ω2)], (6.32)
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ξb,c,a = θ̃(ω1)θ̃(ω2) ∗ [Sout,in,out(−ω2,−ω1) + Sout,in,out(ω2 − ω1,−ω1)

+Sout,out,in(ω2 − ω1,−ω1) + Sout,out,out(ω1, ω2)], (6.33)

ξc,b,a = θ̃(ω1)θ̃(ω2) ∗ [Sin,out,out(−ω2,−ω1) + Sout,in,out(−ω2,−ω1)

+Sout,out,in(ω2 − ω1,−ω1) + Sout,out,out(ω1, ω2)]. (6.34)

These terms are shown in Figure 6.8 together with the accompanying detector functions.

The consideration of causality yields a splitting into real and imaginary contributions of

the current correlators.

The convolution of θ̃ with the current correlation functions can be complicated to

calculate analytically, so that in order to obtain the plots in Fig. 6.8 to Fig. 6.10 we did a

numerical transformation of the Sα,β,γ(ω, ω′) to the time domain, where the acausal areas

were cut of (i.e. the multiplication with θ in the time domain was performed instead of

the convolution in the frequency domain) followed by a numerical back-transformation.

Features right at the frame of the different plots may result from finite size effects and

have to be handled with care.

Figure 6.9 depicts the results for the third cumulant, noise susceptibility I, noise

susceptibility II and second-order susceptibility for the detector order A, B, C, which

are obtained from different combinations of the ξ-terms shown in Fig. 6.8.
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Figure 6.9: Current through a junction. Third-order contributions for the order a,
b, c which result from the different combinations of the ξn,m,l shown in Fig. 6.7. (a)
third cumulant, (b) noise susceptibility I, (c) noise susceptibility II and (d) second-order
susceptibility. T = 0.7, the other parameters are given in Fig. 6.7.
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6.5.4 Broadband detector
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Figure 6.10: Example of a zero-temperature broadband detector recording the current
through a junction. Finally measured contributions in a setup with three equal detectors
described by Eq. (6.35) and Eq. (6.36): (a) third cumulant, (b) noise susceptibility
I, (c) noise susceptibility II and (d) second-order susceptibility. T = 0.7, the other
parameters are given in Fig. 6.7.

The last step to obtain the finally measured results is the specification of the detectors.

We choose the case of three equal simple broadband detectors which are described by

the response and noise functions, see Sec. 5.1,

χMD(ω) =1, (6.35)

SMD(ω) =2i coth(β~ω/2), (6.36)

where β is the inverse thermal energy of the detector in a thermal equilibrium state.

The outcome is shown in Fig. 6.10. We find that the contribution of system-mediated

detector-detector interactions, i.e. detector noise which is processed through the system

and measured in another detector, is of the same size as the ’simple’ symmetrized current

operators {{I, I}, I} which represent the direct measurement. The discontinuities in Fig.

6.10(b) are an effect of the detector noise function SMD, which is proportional to sign(ω)

at zero temperature.
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6.5.5 Note: the term “noise susceptibility”

Our motivation for terming the noise susceptibility as such can be seen in the mathemat-

ical structure of Eq. (6.5), which is basically a susceptibility/response function [ŜAB, Ĉ]

of the noise SAB = {Â, B̂}/2 to the variable Ĉ. Equation (6.6) got this name due to the

similar physical process that causes it. Looking at Fig. 6.1 one finds that Eq. (6.6) is

of the same type as the two building blocks Eq. (6.5) consists of, only causality forbids

the second building block.

With the current correlation measurement considered here, we can draw a connection

from the definition of the noise susceptibility as a third-order quantity in Eq. (6.5) to

second-order correlations. We give a brief hand-waving argument.

If we denote the response of the second-order noise S(ta, tb) = 〈{Î(ta), Î(tb)}〉 to a

voltage fluctuation δV at time tc as noise susceptibility χS , we can write

χS(ta, tb, tc) =
∂
〈{
Î(ta), Î(tb)

}〉
/2

∂V (tc)
=

〈{
∂Î(ta)

∂V (tc)
, Î(tb)

}
+

{
Î(ta),

∂Î(tb)

∂V (tc)

}〉
/2.

(6.37)

In the literature the Kubo formula for electrical conductivity is defined with the

current-current correlation function, see e.g. Chapter 3.8 of Ref. [81]. On the other

hand we have the relation G = ∂〈I〉
∂V . If we make the replacement ∂Î(t)

∂V (t′) → [Î(t), Î(t′)]/i~
in Eq. (6.37) we obtain

∂
〈{
Î(ta), Î(tb)

}〉
/2

∂V (tc)
→
〈{[

Î(ta), Î(tc)
]
/i~, Î(tb)

}
+
{
Î(ta),

[
Î(tb), Î(tc)

]
/i~
}〉

/2

=
〈[{

Î(ta), Î(tb)
}
/2, Î(tc)

]
/i~
〉
. (6.38)

This is not a mathematical exact expression, the Heaviside functions to preserve causality

etc. should be taken into account in a microscopic derivation. Here, we want to point out

the relation of the third-order formulation to the literature, c.f. Ref. [78], where the noise

susceptibility has been defined in terms of the derivative of second-order correlations.

6.6 Conclusion

We have shown that the third-order correlation function in a general non-Markovian

measurement setup shows a larger variety of system-mediated detector-detector interac-

tions than the second-order case.
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We identified system operator orders in four different contributions, the third cu-

mulant, the noise susceptibility I, the noise susceptibility II and the second-order sus-

ceptibility and provided the general formula in the time and frequency domain. We

illustrated these contributions in a simple example on the basis of the current measure-

ment across a tunnel junction in which the system-mediated terms turn out to be of the

same order of magnitude and therefore as important as a simple symmetrization of the

system operators.

The theory can readily be applied to more complex systems, given that the response

function χ, which is essentially the frequency filter effect of the detector, and the noise

function S as defined in Eq. (3.16) and (3.17) can be calculated.



Chapter 7

Conclusions and outlook

In quantum measurements the careful investigation of “the detector” is an important

issue as it can crucially influence the outcome, be it through pre- and postselective

behavior as in the case of weak values or by action of the detector on the system, which

in its probably strongest form appears in the projection postulate of the Copenhagen

interpretation of quantum mechanics, where correlation measurements of ’incompatible’

variables are hindered by the collapse of the wave function.

We consider the case of weak measurements, i.e. the vanishing coupling of system

and detector in a non-Markovian setup which allows for coherent evolution of the coupled

subsystems during the measurement process. Even if the weak measurement in the limit

of vanishing coupling is often called noninvasive measurement, it is noninvasive only with

respect to the system state, i.e. avoids the wave functions collapse. Nevertheless, the

concrete outcome of the measurement will depend on the backaction of the detectors on

and through the system – the detectors are invasive to each other.

In this thesis we developed a microscopic framework for correlations in non-Markovian

weak measurements. As in contrast to theoretical models which assume instantaneous

measurements, constantly coupled detectors appear naturally in many experiments. A

special point of interest were the different orders of quantum mechanical operators that

appear in such a scheme.

In Chapter 3 we investigated the second-order correlations in a noninvasive cou-

pling regime. A quantum memory effect that we term system-mediated detector-detector

interaction is crucial when observing noncommuting observables simultaneously. The

response and noise function which we found to describe the system-mediated detector-

detector interaction have been analyzed in detail. We made proposals to use this knowl-

edge to engineer detectors in order to obtain certain results.
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As an example we have proposed a quantum detector consisting of a pair of double

quantum dots which realizes such a tunable scheme in a mesoscopic nanostructured cir-

cuit. Applying our analysis to develop quantum detector setups in the ultrafast optical

domain [2–4] or in the optical detection of coherence might be a promising research

direction.

First steps into this direction have been made in Chapter 4, where we applied our

approach to the optical probing of intrinsic graphene the peculiar band structure of

which makes it possible to generate and observe the quantum-mechanical pseudospin

coherence.

We also adapted our formalism to the sampling of the THz-vacuum in a setup as

proposed in Ref. [3]. With the quantum mechanical treatment of the detector, we

find contributions from the system-mediated detector-detector interaction in addition

to the symmetrized part which reproduces the findings of Ref. [3]. Future research may

investigate parameter regimes where these additions, which are negligible in the setup

considered here, are more pronounced.

In Chapter 5 we discussed the properties of the noise and response functions which

determine the outcome of the correlation measurement. This discussion includes a com-

pendium of simple detectors to give an overview of the broad spectrum of results beyond

“equilibrium order’.

As the quantum measurement problem is not banned from our theory by operation

in the weak measurement limit, but deferred from the system of interest to the detectors,

we comment on the influence of the detector readout procedure on the results.

Beside the description of general mathematical properties of the detector functions

and the comparison of self- and cross-correlations, the relation to the phenomenological

“equilibrium order” approach for non-Markovian measurements which was introduced

in Ref. [1] has been investigated.

Finally, we combined the phenomenological proposal for nonsymmetrized correlations

in quantum noninvasive measurements and our microscopic derivation of the system-

mediated detector-detector interaction of second order to investigate higher-order cor-

relations of non-Markovian weak quantum measurements. For the general third-order

correlator we could categorize the underlying physical processes in four types of system

operator orders: the third cumulant, the noise susceptibility I and II and the second-

order susceptibility. We introduced diagrammatic descriptions and illustrated them by

the example of a third-order current correlation measurement. The theory can readily be

applied to more complex systems given that the detector’s response and noise functions

can be determined.
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Our results pave the way to design tunable quantum detection systems which can ob-

serve tailored correlation functions. Furthermore, a weak detection scheme is potentially

useful to perform a weak quantum process tomography, which might present an alter-

native to the standard route to test quantum algorithms [5]. Another interesting future

challenge will be to explore the full statistics of quantum systems in a non-Markovian

detection scheme, eventually even going beyond the weak-measurement limit.





Appendix A

Notes to Chapter 2

A.1 Example: Kraus operator of a Gaussian detector

This section gives more details of the example in Sec. 2.2.1. We assume a system

with Hamiltonian H0 is coupled to a detector with Hamiltonian H1 via the interaction

Hamiltonian (here given in the interaction picture)

HI(t) = [δ(tm − t)p̂1(t) + 2f(tm − t)x̂1(t)] Â0(t). (A.1)

Â0(t) denotes the system observable in the Heisenberg picture with respect to H0 and

x̂1(t) and p̂1(t) are position and momentum operators of the detector with respect to

the Hamiltonian H1. The interaction with the momentum operator takes place at the

time tm but the position operator is coupled in a generally non-Markovian way of which

the details are encoded in the function f(t). Furthermore the detector is prepared in

a Gaussian state φ(x) ∝ e−x
2
. Now we write down the Kraus operator for measuring

x = a:

K̂a(t) = 〈a|UI(t)|φ〉 =

∫
dx 〈a|UI(t)|x〉φ(x). (A.2)

The time evolution in the interaction picture for t > tm is given by

UI(t) = T exp

(
−i
∫ t

−∞
HI(t

′)dt′
)

(A.3)

= T exp

(
−ip̂(tm)Â(tm)− 2i

∫ t

−∞
f(tm − t′)x̂(t′)Â(t′)dt′

)
.

Since operators at different times t and t′ commute under the time ordering operator

T
(
[x̂(t), p̂(t′)]

)
= T

(
[Â(t), Â(t′)]

)
= 0, (A.4)
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we are able to separate the exponentials of times smaller and larger than tm:

UI(t) = T
[
exp

(
−2i

∫ t

tm

f(tm − t′)x̂(t′)Â(t′)dt′
)

(A.5)

× e−ip̂(tm)Â(tm) exp

(
−2i

∫ tm

−∞
f(tm − t′)x̂(t′)Â(t′)dt′

)]
.

For simplicity and because it does not change the general properties of our results, we

assume that the time scale of the detector dynamics is larger than the measurement

time and set H1 = 0. With the shift operator

e−ip̂Â(t)|x〉 = |x+ Â(t)〉, (A.6)

we obtain the matrix element

〈a|UI(t)|x〉

=T
[
δ
(
a− (x+ Â(tm))

)
× exp

(
−2i

∫ t

tm

f(tm − t′)(x+ Â(tm))Â(t′)dt′
)

× exp

(
−2i

∫ tm

−∞
f(tm − t′)xÂ(t′)dt′

)]
. (A.7)

After convolution with the Gaussian detector state according to Eq. (A.2) we obtain the

Kraus operator

K̂a(t) ∝ T exp

[
− (a− Â(tm))2 (A.8)

−2i

∫ t

−∞
f(tm − t′)(a− θ(tm − t′)Â(tm))Â(t′)dt′

]
.

We have omitted here a normalization factor, which has to be restored if one checks the

completeness relation. The non-Markovian character of the Kraus operator is evident

from the second line in this expression.

When performing a series of measurements labeled by j we have to take the time or-

dered product of the corresponding Kraus operators K̂ = T
∏
j
K̂aj . Note that the time

ordering operator is acting on all Kraus operators and therefore the expression (A.8)

cannot be simply concatenated.
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Photodetector

We follow the calculations from Ref. [1] and measure a harmonic oscillator Ĥ = Ω(x̂2 +

p̂2)/2 with [x̂, p̂] = i and Ω > 0. The equation for the superoperator is

Ǎ(t) =

∫
dt′ (g(t− t′)Ǎc(t′) + f(t− t′)Ǎq(t′)/2). (A.9)

With the time evolution

x̌(t) =x̌ cos(Ωt) + p̌ sin(Ωt),

p̌(t) =p̌ cos(Ωt)− x̌ sin(Ωt), (A.10)

the equation of motion

x̌(t) =

∫
dt′ (g(t− t′)x̌c(t′) + f(t− t′)x̌q(t′)/2), (A.11)

p̌(t) =

∫
dt′ (g(t− t′)p̌c(t′) + f(t− t′)p̌q(t′)/2), (A.12)

become at t = 0

x̌ =

∫
dt′ (g(−t′)

(
x̌c cos(Ωt′) + p̌c sin(Ωt′)

)
+ f(−t′)

(
x̌q cos(Ωt′) + p̌q sin(Ωt′)

)
/2),

(A.13)

p̌ =

∫
dt′ (g(−t′)

(
p̌c cos(Ωt′)− x̌c sin(Ωt′)

)
+ f(−t′)

(
p̌q cos(Ωt′)− x̌q sin(Ωt′)

)
/2).

(A.14)

With the symmetries assumed in Ref. [1], f(t) = −f(−t) and g(t) = g(−t), this is

x̌ = g(Ω)x̌c + if(Ω)p̌q/2, (A.15)

p̌ = g(Ω)p̌c − if(Ω)x̌q/2. (A.16)

With ladder operators defined by

â† = (x̂− ip̂)/
√

2 (A.17)

which fulfill [â, â†] = 1 we obtain the superoperators

ǎ = g(Ω)ǎc + f(Ω)ǎq/2. (A.18)

and

ǎ† = g(Ω)ǎ†,c − f(Ω)ǎ†,q/2. (A.19)



110 Chapter A: Appendix

With g(Ω) = 1 and f(Ω) = i as chosen in Ref. [1] and inserting

ǍcX̂ ={Â, X̂}/2,

ǍqX̂ =[Â, X̂]/i, (A.20)

we end up with

ǎX̂ = âX̂, (A.21)

and

ǎ†X̂ = X̂â†. (A.22)

Therefore the average is given by

〈αnα∗k〉w = Tr
{
ânρ̂â†k

}
, (A.23)

which corresponds to the Glauber-Sudarshan P function.

A.2 Example for f and g obtained from Kraus operators:

two coupled harmonic oscillators

This is an illustration of the content of Sec. 2.5.1. We start with the assumption that the

systems are in pure states which we do not specify any further. With the annihilation

and creation operators

a
(†)
i =

ωimix̂i ± ip̂i√
2ωimi

, (A.24)

the interaction Hamiltonian of two coupled harmonic oscillators, Ĥ0 and Ĥ1, can then

be written as

HI
int(t) =

η(t)

2
[−ω1m1x̂0x̂1 (sin(ω(t− t0)) + sin(∆ω(t− t0)))

+
p̂0p̂1

ω0m0
(sin(ω(t− t0))− sin(∆ω(t− t0)))

+
ω1m1

ω0m0
x̂1p̂0 (cos(ω(t− t0))− cos(∆ω(t− t0)))

+x̂0p̂1 (cos(ω(t− t0)) + cos(∆ω(t− t0)))] . (A.25)

The state of the unperturbed system be described by

|ψ(t)〉 = |ψ0(t)〉|ψ1(t)〉. (A.26)

With

U0 = e−iH0(t−t0)e−iH1(t−t0), (A.27)
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elements of the form

〈x1 | e−iH1(t−t0)x̂1 | ψ1〉, (A.28)

and

〈x1 | e−iH1(t−t0)p̂1 | ψ1〉, (A.29)

will appear in the Kraus operator. We write them as

〈x1 | e−iH1tx̂1 | ψ1〉 =

∫
dx′1〈x1 | e−iH1t | x′1〉x′1ψ1(x′1) =: λ(x1, t), (A.30)

and

〈x1 | e−iH1tp̂1 | ψ1〉 = −i
∫

dx′1〈x1 | e−iH1t | x′1〉
d

dx′1
ψ1(x′1) =: −iλ′(x1, t). (A.31)

We find the Kraus operator

Mx1
= I〈x1 | UI | ψ1〉 = 〈x1 | U0UI | ψ1〉

=e−iH0 t̃

(
ψ1(x1, t̃) +

∫ t

t0

dt′
η(t′)

2

×
[
x̂0

(
iω1m1λ(x1, t̃)

(
sin(ωt̃′) + sin(∆ωt̃′)

)
− λ′(x1, t̃)

(
cos(ωt̃′) + cos(∆ωt̃′)

))
+p̂0

(
− 1

ω0m0
λ′(x1, t̃)

(
sin(ωt̃′)− sin(∆ωt̃′)

)
− iω1m1

ω0m0
λ(x1, t̃)

(
cos(ωt̃′)− cos(∆ωt̃′)

))])
.

(A.32)

From now on we use the abbreviations for times measured with respect to the time t0:

t̃ = t − t0 and t̃′ = t′ − t0. To establish a form of the Kraus operator as used in [1] we

divide by the detector wavefunction and denote the elements divided by ψ1(x1, t) with

a tilde. The result is

M̃x1 =e−iH0 t̃

(
1̂ +

∫ t

t0

dt′ η(t′)

×
[
x̂0

(
iω1m1λ̃(x1, t̃) cos(ω0t̃

′) sin(ω1t̃
′)− λ̃′(x1, t̃) cos(ω0t̃

′) cos(ω1t̃
′)
)

+p̂0

(
− 1

ω0m0
λ̃′(x1, t̃) sin(ω0t̃

′) cos(ω1t̃
′) + i

ω1m1

ω0m0
λ̃(x1, t̃) sin(ω0t̃

′) sin(ω1t̃
′)

)])
=e−iH0 t̃

(
1̂ +

∫ t

t0

dt′ η(t′)

[
iω1m1 sin(ω1t̃

′)λ̃(x1, t̃)

(
x̂0 cos(ω0t̃

′) +
p̂0

ω0m0
sin(ω0t̃

′)

)
− cos(ω1t̃

′)λ̃′(x1, t̃)

(
p̂0

1

ω0m0
sin(ω0t̃

′) + x̂0 cos(ω0t̃
′)

)])
. (A.33)

Now we identify the time dependent x-operator of the undisturbed system 0

x̂0(t) = x̂0 cos(ω0t) +
p̂0

ω0m0
sin(ω0t), (A.34)
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and obtain

M̃x1 =e−iH0 t̃

(
1̂ +

∫ t

t0

dt′ η(t′)
[
iω1m1 sin(ω1t̃

′)λ̃(x1, t̃)− cos(ω1t̃
′)λ̃′(x1, t̃)

]
x̂0(t̃′)

)
.

(A.35)

Comparison to Ref. [1]

We write our result for the Kraus operator, Eq. A.35, with infinite integration limits

M̃x1 = e−iH0 t̃

(
1̂ +

∫ ∞
−∞

dt′ θ(t′ − t0)θ(t− t′)η(t′)
[
iω1m1 sin(ω1t̃

′)λ̃(x1, t̃)

− cos(ω1t̃
′)λ̃′(x1, t̃)

]
x̂0(t̃′)

)
. (A.36)

Now we can compare it to the form given in [1] and identify the function F in our system

F (x1, t, t
′) = θ(t′−t0)θ(t−t′)η(t′)

[
iω1m1 sin(ω1t̃

′)λ(x1, t̃)− cos(ω1t̃
′)λ′(x1, t̃)

]
/ψ1(x1, t̃).

(A.37)

We neglect the factor e−iH0 t̃ here, because as a phase it has no influence on the final

probability distribution. The coupling is denoted with a tilde to be not confused with

the function g. We can calculate the functions f and g in Eq. 2.18 from F via

g(t, t′) =

∫
2x1ReF (x1, t, t

′)|ψ1(x1, t)|2dx1, (A.38)

and

f(t, t′) = −
∫

2x1ImF (x1, t, t
′)|ψ1(x1, t)|2dx1. (A.39)

We have∫
2x1F (x1, t, t

′)|ψ1(x1, t̃)|2dx1

=θ(t′ − t0)θ(t− t′)η(t′)

[
−i sin(ω1(t− t′))2〈H1〉1

ω1
+ cos(ω1(t− t′))

−i cos(ω1(t̃+ t̃′))〈{x̂1, p̂1}〉1 + i sin(ω1(t̃+ t̃′))

[
ω1m1〈x̂2

1〉1 −
〈p̂2

1〉1
m1ω1

]]
. (A.40)

In the case of a stationary detector system, the quantum mechanical virial theorem

applies and (apart from the fixed event of switching on the coupling) only the terms

depending on t− t′ remain. In general we have

g(t, t′) = θ(t′ − t0)θ(t− t′)η(t′) cos(ω1(t− t′)), (A.41)
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and

f(t, t′) =θ(t′ − t0)θ(t− t′)η(t′)

[
sin(ω1(t− t′))2〈H1〉1

ω1

+ cos(ω1(t̃+ t̃′))〈{x̂1, p̂1}〉1 − sin(ω1(t̃+ t̃′))

[
ω1m1〈x̂2

1〉1 −
〈p̂2

1〉1
m1ω1

]]
. (A.42)

If the detector system is in an energy eigenstate the functions depend indeed only on

the time differences:

g(t− t′) = θ(t′ − t0)θ(t− t′)η(t′) cos(ω1(t− t′)), (A.43)

and

f(t− t′) = θ(t′ − t0)θ(t− t′)η(t′) sin(ω1(t− t′))(2n1 + 1). (A.44)
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Notes to Chapter 3

B.1 Damping of the harmonic oscillator detector

This section provides details of the damping considered in Sec. 3.3.1.

Without damping the response and noise functions of a harmonic oscillator detector

(frequency Ω′, ladder operators â) with the choice M̂ = x̂ and D̂ = p̂ are given by

χMD(t) = θ(t) cos(Ω′t), (B.1)

and

SMD(t) = sin(Ω′t) coth(βΩ′/2)/2, (B.2)

where β is the detector’s inverse thermal energy.

We model damping by coupling the detector-oscillator to a bath of harmonic oscillators

(ladder operators b̂j). This can be traced out and leads to effective dissipation. We add

the reservoir by

Hbath =
∑
j

ωj b̂
†
j b̂j , (B.3)

and couple it to the detector-oscillator with

Hdet-bath =
∑
j

ξj â
†b̂j + ξ∗j âb̂

†
j . (B.4)

The Heisenberg equations of motion read

d

dt
â(t) = −iΩ′â(t)− i

∑
j

ξj b̂j(t),
d

dt
b̂j(t) = −iωj b̂j(t)− iξ∗j â(t) . (B.5)
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Plugging the solution of the second equation, b̂j(t) = e−iωjtb̂j − iξ∗j
∫ t

0 dt′eiωj(t
′−t)â(t′),

into the first one, we obtain

d

dt
â(t) = −

∑
j

|ξj |2
∫ t

0
dt′e−iωjt

′
â(t− t′)− iΩ′â(t) + F̂ (t), (B.6)

with F̂ (t) = −i
∑

j ξj b̂je
−iωjt. The first term can be approximated as −λâ(t) with

λ =

∫ ∞
0

∑
j

|ξj |2e−i(ωj−Ω′)tdt =
∑
j

|ξ2
j |

i(ωj − Ω′) + 0+
, (B.7)

if ξ changes much more slowly with j than ω. This leads to the Langevin equation

d

dt
â(t) = −(λ+ iΩ′)â(t) + F̂ (t), (B.8)

that is solved by

â(t) = e−(λ+iΩ′)(t−t0)

(
â+

∫ t

t0

e(λ+iΩ′)(t′−t0)F̂ (t′)dt′
)
. (B.9)

If we trace out the bath, due to

TrbathF̂ (t) = −i
∑
j

ξjTrbath(b̂j)e
−iωjt = 0 , (B.10)

the only remaining modification is a damping factor λ in the exponentials:

χMD(t) = θ(t)e−λt cos(Ω′t), (B.11)

and

SMD(t) = e−λt sin(Ω′t) coth(βΩ′/2)/2 . (B.12)

B.2 Markovian limit

In addition to the system discussed in Sec. 3.3.4 we show another example here. We

have a look at the correlation in the limit of short coupling times in a stationary setup

C(ta, tb) =χaM,D(0)χbM,D(0)S0
AB(ta − tb)

+ χbM,D(0)χ0
B,A(tb − ta)SaMD(0)

+ χaM,D(0)χ0
A,B(ta − tb)SbMD(0). (B.13)
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Thermal states If the response χ̃MD(ω) is antisymmetric this implies χ̃MD(t = 0) = 0

and a Markovian measurement has no outcome. If χ̃MD(ω) is symmetric in a thermal

state the fluctuation-dissipation theorem states that tanh(βω/2)SMD(ω) is symmetric.

We conclude that SMD(ω) is antisymmetric which implies SMD(t = 0) = 0, so that (at

least for a non-invasive readout) the correlator reduces to the symmetrized expression

C(ta, tb) =χaM,D(0)χbM,D(0)S0
AB(ta − tb). (B.14)

This is independent of the frequency filter effect of the detector or any system properties.

Non-thermal states If we take a harmonic oscillator with observable M̂ = x̂ and

variable D̂ = p̂, the response is given by

χMD(0) =
i

2
θ(0)〈[â+ â†, i(â− â†)]〉 =

1

2
(B.15)

which is independent of the state. The noise is given by

〈{x̂, p̂}〉/2 = −〈{â+ â†, i(â− â†)}〉/4 = − i
2

(
〈â2〉 − 〈(â†)2〉

)
. (B.16)

This expression (and therefore also the antisymmetric contribution) vanishes for thermal

states and also in a state like |ψ〉 = (|n〉+ |n+ 2〉)/
√

2. For coherent states we obtain

〈{x̂, p̂}〉/2 = − i
2

(
α2 − α∗2

)
= 2Re{α}Im{α}. (B.17)

This can also be written as

〈{x̂, p̂}〉/2 = 〈x〉〈p〉. (B.18)

We obtain

SMD(0) = 〈{x̂, p̂}〉/2− 〈x〉〈p〉 = 0. (B.19)

If we choose M̂ = â†â and D̂ = â+ â† the response is given by

χMD(0) = −iθ(0)〈[â†â, â+ â†]〉 = i〈â− â†〉/2. (B.20)

Furthermore we have

〈{â†â, â+ â†}〉/2 = 〈2â†ââ+ 2â†â†â+ â+ â†〉/2. (B.21)

In a coherent state this results in

χMD(0) = −iθ(0)〈[â†â, â+ â†]〉 = −Im{α}, (B.22)
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and

SMD(0) = 〈2â†ââ+ 2â†â†â+ â+ â†〉/2− 〈â†â〉〈â+ â†〉 = Re{α}. (B.23)

The correlator becomes

C(ta, tb) = (Im{α})2 S0
AB(ta − tb)

− Re{α}Im{α}χ0
B,A(tb − ta)

− Re{α}Im{α}χ0
A,B(ta − tb). (B.24)

which explicitly written gives

C(ta, tb)

Im{α}
=

Im{α}
2
〈{Â(ta), B̂(tb)}〉 − Re{α}

〈[B̂(tb), Â(ta)]〉 if tb > ta

〈[Â(ta), B̂(tb)]〉 if ta > tb

. (B.25)

If the coherent state of the detector is prepared with Re{α} 6= 0, the correlator still

contains the antisymmetric contributions in the Markovian limit, which does not occur

in a classical (thermal) state.

The detector state after a projective readout is given by

ρ̂′ =
∑
n

|〈n|α〉|2|n〉〈n|. (B.26)

This implies

Tr
{
ρ̂′â(†)

}
= 0, (B.27)

and we can write

C(ta, tb)

(Im{α})2
=
〈{Â(ta), B̂(tb)}〉

2
− sgn(ta − tb)

Re{α}
Im{α}

〈[Â(ta), B̂(tb)]〉
2

. (B.28)
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Notes to Chapter 4

C.1 Optically excited coherences

In this section we provide more details of the calculations in Sec. 4.1.3.

Equation 4.8 in the main text and the Liouville–von Neumann equation itself are the

operator equations, and to get the corresponding equation for the distribution function

we rewrite the both in the eigenbasis of Ĥ0. The density matrix ρ̂ is then transformed

as

ρ̂→

(
f11 f12

f21 f22

)
.

The terms in the left-hand side of the Liouville–von Neumann equation are transformed

as

∂ρ̂

∂t
→

(
∂tf11 ∂tf12

∂tf21 ∂tf22

)
,

i

~
[Ĥ0, ρ̂(t)]→ i

~

(
0 f12(E1 − E2)

f21(E2 − E1) 0

)
.

Here, E1,2 = ±~vk are conduction- and valence-band dispersions. Note, that the inte-

grand in the generation rate consists of two similar terms ∝ e±iωt
′
. Each of these two

terms consists in turn of four terms transformed as

ĥe
i
~ Ĥ0t′

ĥρ̂e
− i

~ Ĥ0t′ →

 (f11h12h21 + f21h12h22)e
it′
~ (E2−E1)

(f12h11h11 + f22h11h12)e
it′
~ (E1−E2)

(f11h22h21 + f21h22h22)e
it′
~ (E2−E1)

(f12h21h11 + f22h21h12)e
it′
~ (E1−E2)

 , (C.1)

−ĥe
i
~ Ĥ0t′

ρ̂ĥe
− i

~ Ĥ0t′ →−

 (f21h12h11 + f22h12h21)e
it′
~ (E2−E1)

(f11h11h12 + f12h11h22)e
it′
~ (E1−E2)

(f21h22h11 + f22h22h21)e
it′
~ (E2−E1)

(f11h21h12 + f12h21h22)e
it′
~ (E1−E2)

 , (C.2)

−e
i
~ Ĥ0t′

ĥρ̂e
− i

~ Ĥ0t′
ĥ→−

 (f12h11h21 + f22h12h21)e
it′
~ (E1−E2)

(f12h11h22 + f22h12h22)e
it′
~ (E1−E2)

(f11h21h11 + f21h22h11)e
it′
~ (E2−E1)

(f11h21h12 + f21h22h12)e
it′
~ (E2−E1)

 , (C.3)

e
i
~ Ĥ0t′

ρ̂ĥe
− i

~ Ĥ0t′
ĥ→

 (f11h12h21 + f12h22h21)e
it′
~ (E1−E2)

(f11h12h22 + f12h22h22)e
it′
~ (E1−E2)

(f21h11h11 + f22h21h11)e
it′
~ (E2−E1)

(f21h11h12 + f22h21h12)e
it′
~ (E2−E1)

 . (C.4)
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Here, the matrix h is given by Eq. (4.7).

Once we are in equilibrium f11 = f
(0)
11 , f22 = f

(0)
22 , f12 = f21 = 0, where f

(0)
11 = f (0)(E1),

f
(0)
22 = f (0)(E2) are the Fermi-Dirac distributions. Thus, the t′ dependence remains only

in the exponents, and the excitation rate reads

g11 =
2h12h21

~2

(
f

(0)
22 − f

(0)
11

)∑
±

λ

λ2 + 1
~2 (∆E ± Eω)2

→ 2π

~
h12h21

(
f

(0)
22 − f

(0)
11

)
δλ(∆E ± Eω), (C.5)

g22 =
2h21h12

~2

(
f

(0)
11 − f

(0)
22

)∑
±

λ

λ2 + 1
~2 (∆E ± Eω)2

→ 2π

~
h21h12

(
f

(0)
11 − f

(0)
22

)
δλ(∆E ± Eω). (C.6)

Here,

δλ(∆E ± Eω) = lim
λ→0

1

π

λ

λ2 + 1
~2 (∆E ± Eω)2

, (C.7)

where ∆E = E1 − E2 > 0. Note, that g22 = −g11 and since Eω = ~ω > 0 some

δ-functions do not contribute at λ = 0. Further on, the coherence generation rates read

g12 =
h11h12 + h21h22

~2

(
f

(0)
11 − f

(0)
22

)∑
±

1

λ+ i
~(∆E ± Eω)

, (C.8)

g21 =
h22h21 + h12h11

~2

(
f

(0)
22 − f

(0)
11

)∑
±

1

λ− i
~(∆E ± Eω)

. (C.9)

Note, that g21 = g∗12. The distributions fij can be found from

− 1

τ0
fij + gij = 0, i = j, (C.10)

i

~
fij(Ei − Ej) = −1

τ
fij + gij , i 6= j, (C.11)

where τ is the pseudospin relaxation time. Thus,

f11 =
2πτ0

~
h12h21

(
f

(0)
22 − f

(0)
11

)∑
±
δλ(∆E ± Eω), (C.12)

f22 =
2πτ0

~
h21h12

(
f

(0)
11 − f

(0)
22

)∑
±
δλ(∆E ± Eω), (C.13)

f12 =
h11h12 + h21h22

~2

τ

1 + i
~τ∆E

∑
±

f
(0)
11 − f

(0)
22

λ+ i
~(∆E ± Eω)

, (C.14)
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f21 =
h22h21 + h12h11

~2

τ

1− i
~τ∆E

∑
±

f
(0)
22 − f

(0)
11

λ− i
~(∆E ± Eω)

, (C.15)

where the general relations f22 = −f11, f21 = f∗12 hold.

C.2 Expectation values of the pseudospin operators

In this section we provide the calculations of Eqs. (4.22) - (4.24).

We take

Ĥ0 = vk(σ̂x cos(φ) + σ̂y sin(φ)), (C.16)

where tan(φ) = ky/kx and denote 2vk = Ω. This gives the equations of motion for the

Pauli operators as

d

dt
σ̂x(t) =Ω sin(φ)σ̂z(t)

d

dt
σ̂y(t) =− Ω cos(φ)σ̂z(t)

d

dt
σ̂z(t) =Ω(cos(φ)σ̂y(t)− sin(φ)σ̂x(t)) (C.17)

with the solution

σ̂x(t) =σ̂x
(
cos2(φ) + sin2(φ) cos(Ωt)

)
+ σ̂y cos(φ) sin(φ) (1− cos(Ωt)) + σ̂z sin(φ) sin(Ωt),

σ̂y(t) =σ̂x cos(φ) sin(φ) (1− cos(Ωt)) + σ̂y
(
sin2(φ) + cos2(φ) cos(Ωt)

)
− σ̂z cos(φ) sin(Ωt),

σ̂z(t) =− σ̂x sin(φ) sin(Ωt) + σ̂y cos(φ) sin(Ωt) + σ̂z cos(Ωt). (C.18)

With this we calculate the commutation relations

{σ̂x(t), σ̂x(t′)}/2 = cos2(φ) + sin2(φ) cos(Ω(t− t′)), (C.19)

−i[σ̂x(t), σ̂x(t′)]/2 =σ̂x cos(φ) sin2(φ)[sin(Ωt′)− sin(Ωt) + sin(Ω(t− t′))]

+ σ̂y sin(φ)[cos2(φ)(sin(Ωt)− sin(Ωt′)) + sin2(φ) sin(Ω(t− t′))]

+ σ̂z cos(φ) sin(φ)[cos(Ωt)− cos(Ωt′)], (C.20)

resp.

−i[σ̂x(t− t′), σ̂x(0)]/2 =σ̂y sin(φ) sin(Ω(t− t′)) + σ̂z cos(φ) sin(φ)[cos(Ω(t− t′))− 1],

(C.21)

which can be used for the stationary state expectation value.
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We are interested in the change of the density matrix ρ̂ = ρ̂0 + f̂ due to the pumping

with a laser at frequency ω which is

f11 =
2τ

~
h12h21

(
f

(0)
22 − f

(0)
11

)∑
±

λ

λ2 + (∆E ± Eω)2
,

f12 =
h11h12 − h12h22

~2

τ

1 + i
~τ∆E

∑
±

f
(0)
11 − f

(0)
22

λ+ i
~(∆E ± Eω)

,

f22 =− f11,

f21 =f∗12. (C.22)

(C.23)

where the matrix elements are given in the eigenbasis of Ĥ0: |ψ1,2〉 = 1√
2

(
| ↑〉 ± eiφ| ↓〉

)
.

The density matrix elements are shown in Fig. C.1. To obtain the expectation values

0.05 0.10 0.15 0.20
ΔE [eV]

-1.0

-0.5

0.5

1.0

Figure C.1: The diagonal element f11 (solid green) and the real (dashed blue) and
imaginary (dotted yellow) part of f12 in the Ĥ0 eigenbasis. Parameter as given in the
main text, pump beam at 0.1 eV, φ = π/4, λ = 10−3ωpump.

of the Pauli matrices, we transform them to the same basis as f̂

σx =

(
cos(φ) −i sin(φ)

i sin(φ) − cos(φ)

)
, (C.24)

σy =

(
sin(φ) i cos(φ)

−i cos(φ) − sin(φ)

)
, (C.25)

σz =

(
0 1

1 0

)
, (C.26)

so that

Tr
{
σ̂xf̂

}
= cos(φ) (f11 − f22)− sin(φ)2Im {f12} , (C.27)

Tr
{
σ̂yf̂

}
= sin(φ) (f11 − f22) + cos(φ)2Im {f12} , (C.28)
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Tr
{
σ̂z f̂

}
= 2Re {f12} . (C.29)

C.3 The electro-optic signal

We show the derivation of the electro-optic signal, Eq. (4.67), according to Ref. [3].

The electric fields are expressed in Laguerre-Gaussian modes as

~̂
E(~r, t) =− i

∑
α,l,p

∫ ∞
0

dΩ

√
~Ω

4πε0c0nΩ

[
~eαâα,l,p(Ω)ei(kΩr‖−Ωt)glp(~r⊥)

−~e†αâ
†
α,l,p(Ω)e−i(kΩr‖−Ωt)g∗lp(~r⊥)

]
, (C.30)

where a thin EOX is assumed. The probe field is assumed to be

Ep(~r, ω) = αp(ω)g00(~r⊥). (C.31)

At the exit of the EOX the field is given by

~̂
E′(ω) = Ep(ω)~ez + Ê(2)(ω)~es + δ

~̂
E′(ω), (C.32)

with

Ê(2)(ω) =

∫
dΩ ÊTHZ(Ω)Ep(ω − Ω)ζ(ω,Ω), (C.33)

where

ζ(ω,Ω) = −id lω

2c0n
sinc

(
lΩ

2c0
(nΩ − ng)

)
. (C.34)

The further setup with quarter-wave plates results in a final field of the form

Ê′′z (ω) =
eiπ/4√

2

(
Ep(ω)− iÊ(2)(ω)

)
+ δÊ′′z (ω), (C.35)

and

Ê′′s (ω) =
e−iπ/4√

2

(
Ep(ω) + iÊ(2)(ω)

)
+ δÊ′′s (ω). (C.36)

The photon number operator is given by

N̂α = 4πc0nε0

∫ ∞
0

dω
η(ω)

~ω

∫
dr⊥Ê

′′†
α (ω)Ê′′α(ω). (C.37)
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With the expansion to first order in δE and E(2) we obtain

Ŝ =N̂s − N̂z

=4πc0nε0

∫ ∞
0

dω
η(ω)

~ω

∫
dr⊥

[
iE∗p(ω)Ê(2)(ω)− iÊ(2)†(ω)Ep(ω)

]
+ 4πc0nε0

∫ ∞
0

dω
η(ω)

~ω

∫
dr⊥

[
E∗p(ω)eiπ/4

δÊ′′s (ω) + iδÊ′′z (ω)√
2

+e−iπ/4
δÊ′′†s (ω)− iδÊ′′†z (ω)√

2
Ep(ω)

]
=ŜEO + ŜSN. (C.38)

For the electro-optic signal with the relation Ê†THZ(Ω) = ÊTHZ(−Ω) we can write

ŜEO =4πc0nε0

∫ ∞
0

dω
η(ω)

~ω

∫
dr⊥

[
iE∗p(ω)Ê(2)(ω)− iÊ(2)†(ω)Ep(ω)

]
=4πc0nε0

∫
dr⊥ g

2
00(~r⊥)

∫
dΩ ÊTHZ(Ω)

∫ ∞
0

dω
η(ω)

~ω
[
iα∗p(ω)αp(ω − Ω)ζ(ω,Ω)

−iα∗p(ω + Ω)αp(ω)ζ∗(ω,−Ω)
]
. (C.39)

If nΩ = n−Ω, then ζ∗(ω,−Ω) = −ζ(ω,Ω) and

ŜEO =4πc0nε0
dl

c0n~

∫
dr⊥ g

2
00(~r⊥)

∫
dΩ ÊTHZ(Ω)

∫ ∞
0

dω η(ω)

×
α∗p(ω)αp(ω − Ω) + α∗p(ω + Ω)αp(ω)

2
sinc

(
lΩ

2c0
(nΩ − ng)

)
. (C.40)

With

R(Ω) =

∫∞
0 dω η(ω)

α∗p(ω)αp(ω−Ω)+α∗p(ω+Ω)αp(ω)

2 sinc
(
lΩ
2c0

(nΩ − ng)
)

∫∞
0 dω η(ω)|αp(ω)|2

, (C.41)

N =
4πc0nε0

~

∫ ∞
0

dω
η(ω)

ω
|αp(ω)|2, (C.42)

ωp =

∫ ∞
0

dω η(ω)|αp(ω)|2/
∫ ∞

0
dω

η(ω)

ω
|αp(ω)|2, (C.43)

this can be written as

ŜEO =
dlNωp
c0n

∫
dr⊥ g

2
00(~r⊥)

∫
dΩ ÊTHZ(Ω)R(Ω).

(C.44)
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With the Ê(t) given in Eq. (C.30), the THz-field in frequency space at r‖ = 0 is given

by

Ê(~r,ω > 0)

=− i
∫

dt

2π
eiωt

∑
l,p

∫ ∞
0

dΩ

√
~Ω

4πε0c0nΩ

[
âl,p(Ω)e−iΩtglp(~r⊥)− â†l,p(Ω)eiΩtg∗lp(~r⊥)

]
=− i

∑
l,p

√
~ω

4πε0c0nω
âα,l,p(ω)glp(~r⊥). (C.45)

Since R(Ω) = R∗(−Ω) we can write

ŜEO =
dlNωp
c0n

∫
dr⊥ g

2
00(~r⊥)

∫ ∞
0

dΩ
(
ÊTHZ(Ω)R(Ω) + Ê†THZ(Ω)R∗(Ω)

)
=− idlNωp

c0n

∑
l,p

∫
dr⊥ g

2
00(~r⊥)

∫ ∞
0

dΩ

√
~Ω

4πε0c0nΩ

×
(
âα,l,p(Ω)glp(~r⊥)R(Ω)− â†α,l,p(Ω)g∗lp(~r⊥)R∗(Ω)

)
, (C.46)

and with the relation [3] ∫
dr⊥ g

2
00glp =

1√
πw0

δl,0δp,0, (C.47)

we obtain

ŜEO =− i

√
d2l2N2ω2

p~
4π2c3

0n
2w2

0ε0

∫ ∞
0

dΩ

√
Ω

nΩ

(
âα,0,0(Ω)R(Ω)− â†α,0,0(Ω)R∗(Ω)

)
. (C.48)

The square of this operator reads

Ŝ2
EO =−

d2l2N2ω2
p~

4π2c3
0n

2w2
0ε0

∫ ∞
0

dΩ

∫ ∞
0

dΩ′

√
ΩΩ′

nΩnΩ′

(
âα,0,0(Ω)R(Ω)− â†α,0,0(Ω)R∗(Ω)

)
×
(
âα,0,0(Ω′)R(Ω′)− â†α,0,0(Ω′)R∗(Ω′)

)
. (C.49)

In a vacuum state the expectation value is given by

〈Ŝ2
EO〉 =

d2l2N2ω2
p~

4π2c3
0n

2w2
0ε0

∫ ∞
0

dΩ
Ω|R(Ω)|2

nΩ

=N2

(
lωp
c0

d

n

)2 ~
∫∞

0 dΩ Ω(n/nΩ)|R(Ω)|2

4π2ε0c0nw2
0

. (C.50)





Appendix D

Notes to Chapter 5

D.1 Quantum tape: measurement at only one point

In this section we calculate the quantum tape functions not for a measurement at two

points Î(s) = [Îd(s)− Îd(−s)]/2 as it is assumed in Ref. [17] and in Sec. 5.1.5, but for

Î(s) = Îd(s). (D.1)

We have the time dependence in the Heisenberg picture

Î(s, t) = Îr(s, t)− Îl(s, t). (D.2)

The time dependent current operators are

Îl(s, t) =Îl(t+ s), Îr(s, t) = Îr(s− t), (D.3)

which gives

Î(s, t) = Îr(s− t)− Îl(t+ s), (D.4)

and

Q̂d(s = 0, t) = Îr(s = 0, t) + Îl(s = 0, t) = Îr(−t) + Îl(t). (D.5)

System and detector are initiated in thermal states ρ̂ = ρ̂sρ̂d with (α = s, d) ρ̂α ∝ e−βĤα .

This yields [17]

Tr
{
ρdÎl(ω)Îr(ω

′)
}

= 0, (D.6)

and

Tr
{
ρdÎl(ω)Îl(ω

′)
}

= Tr
{
ρdÎr(ω

′)Îr(ω)
}

=
e2

2
δ(ω + ω′)ω[coth(β~ω/2) + 1]. (D.7)
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We obtain the expectation values

〈Î(s, t)Q̂(0, t′)〉 =〈(Îr(s− t)− Îl(t+ s))(Îr(−t′) + Îl(t
′))〉

=〈Îr(s− t)Îr(−t′)〉 − 〈Îl(t+ s)Îl(t
′)〉

=

∫
dω

2π

∫
dω′

2π
e−iω(t−s)e−iω

′t′〈Îr(−ω)Îr(−ω′)〉

−
∫

dω

2π

∫
dω′

2π
e−iω(t+s)e−iω

′t′〈Îl(ω)Îl(ω
′)〉

=
ie2

2π

∫
dω

2π
e−iω(t−t′) sin(ωs)ω[coth(β~ω/2) + 1], (D.8)

and

〈Q̂(0, t′)Î(s, t)〉 =〈(Îr(−t′) + Îl(t))(Îr(s− t)− Îl(t+ s))〉

=〈Îr(−t′)Îr(s− t)〉 − 〈Îl(t′)Îl(t+ s)〉

=

∫
dω

2π

∫
dω′

2π
e−iω(t−s)e−iω

′t′〈Îr(−ω′)Îr(−ω)〉

−
∫

dω

2π

∫
dω′

2π
e−iω(t+s)e−iω

′t′〈Îl(ω′)Îl(ω)〉

=
ie2

2π

∫
dω

2π
e−iω(t−t′) sin(ωs)ω[coth(β~ω/2)− 1]. (D.9)

This yields

〈[Î(s, t), Q̂(0, t′)]〉 =
ie2

π

∫
dω

2π
e−iω(t−t′) sin(ωs)ω, (D.10)

〈{Î(s, t), Q̂(0, t′)}〉 =
ie2

π

∫
dω

2π
e−iω(t−t′) sin(ωs)ω coth(β~ω/2). (D.11)

This is equal to the result we obtained for the measurement at two points s and −s in

Sec. 5.1.5.

D.2 Fixing the memory functions f and g with the model

system of Ref. [1]

In addition to the derivation of the memory functions f and g using the fluctuation-

dissipation theorem as it is done in Sec. 5.6, we can obtain these functions via the

method presented in Appendix B of Ref. [1]. The starting assumption is S(ω) = 0.

The system is chosen to be a spin-1/2 particle H = Ωσ̂z/2 in an equilibrium state

ρ̂ =
(
1̂− σ̂z tanh(Ω/(2kBT ))

)
/2. We measure Â = B̂ = σ̂x. It is σ̂x(t) = σ̂x cos(Ωt) −
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σ̂y sin(Ωt). This setup yields the correlations

〈σ̂x(t)σ̂x(s)〉 = cos(Ωt) cos(Ωs) + sin(Ωt) sin(Ωs)

+ i tanh(Ω/(2kBT ))[cos(Ωt) sin(Ωs)− cos(Ωs) sin(Ωt)]. (D.12)

This corresponds to Eq. B.2 of [1] with t = 0, s→ t. The general correlator reads

〈a(t)b(s)〉w =

∫ ∞
−∞

dt′
∫ ∞
−∞

ds′ g(t− t′)g(s− s′)〈{Â(t′), B̂(s′)}〉/2

− i
∫ ∞
−∞

dt′
∫ ∞
−∞

ds′ θ(t′ − s′)g(t− t′)f(s− s′)〈[Â(t′), B̂(s′)]〉/2

− i
∫ ∞
−∞

dt′
∫ ∞
−∞

ds′ θ(s′ − t′)f(t− t′)g(s− s′)〈[B̂(s′), Â(t′)]〉/2. (D.13)

In our special case we obtain

〈a(t)b(0)〉w

=

∫ ∞
−∞

dt′
∫ ∞
−∞

ds′ g(t− t′)g(−s′)〈{σ̂x(t′), σ̂x(s′)}〉/2

− i
∫ ∞
−∞

dt′
∫ ∞
−∞

ds′ θ(t′ − s′)(g(t− t′)f(−s′) + g(−t′)f(t− s′))〈[σ̂x(t′), σ̂x(s′)]〉/2.

(D.14)

The Fourier transform of this is

S(ω) =g(ω)

∫
dt eiωt

∫ ∞
−∞

ds′ g(−s′)〈{σ̂x(t), σ̂x(s′)}〉/2

− Re

{
ig(ω)

∫
dt eiωt

∫ 0

−∞
ds′ f(−s′ − t)〈[σ̂x(0), σ̂x(s′)]〉

}
. (D.15)

Since we have no restrictions to the symmetry of g(t) so far we separate imaginary and

real part of g(ω)

g(ω) = gR(ω) + igI(ω). (D.16)

Requiring a vanishing imaginary part of S(ω) yields the condition on g

0 =

∫
dt (gR(ω) sin(ωt) + gI(ω) cos(ωt))

∫ ∞
−∞

ds g(−s)〈{σ̂x(t), σ̂x(s)}〉/2. (D.17)

By inserting Eq. D.12 to this we get and setting ω = Ω we get

0 = gI(Ω)

∫
ds g(s) cos(Ωs)− gR(Ω)

∫
ds g(s) sin(Ωs) = gI(Ω)gR(Ω)− gR(Ω)gI(Ω),

(D.18)
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which is obviously fulfilled for arbitrary functions g. For ω = −Ω the result is

0 =gR(Ω)

∫
ds g(s) sin(Ωs) + gI(−Ω)

∫
ds g(s) cos(Ωs) = 0. (D.19)

In the following we choose a real g(ω),

gI(ω) = 0, (D.20)

and therefore a time symmetric g(t) = g(−t). We continue with the remaining real part

of S(ω)

S(ω) = g(ω)Re

{∫
dt eiωt

(∫ ∞
−∞

ds′ g(−s′)〈{σ̂x(t), σ̂x(s′)}〉/2

−i
∫ 0

−∞
ds′ f(−s′ − t)〈[σ̂x(0), σ̂x(s′)]〉

)}
, (D.21)

which yields

0 = Re

{∫
dt eiωt

(∫ ∞
−∞

ds′ g(−s′)〈{σ̂x(t), σ̂x(s′)}〉/2

−i
∫ 0

−∞
ds′ f(−s′ − t)〈[σ̂x(0), σ̂x(s′)]〉

)}
. (D.22)

We abbreviate ˜̂σx =
∫∞
−∞ ds′ g(−s′)σ̂x(s′) and write

∫ 0

−∞
dt cos(ωt)〈{σ̂x(t), ˜̂σx}〉 =

∫ 0

−∞
dt (cos(ωt)fR(−ω) + sin(ωt)fI(−ω))i〈[σ̂x(0), σ̂x(t)]〉.

(D.23)

The insertion of the correlators Eq. D.12 yields

π(δ(ω − Ω) + δ(ω + Ω))

∫ ∞
−∞

ds g(−s) cos(Ωs)

=− fR(ω)2 tanh(Ω/(2kBT ))

∫ 0

−∞
dt cos(ωt) sin(Ωt)

+ fI(ω) tanh(Ω/(2kBT ))π(δ(ω − Ω)− δ(ω + Ω)). (D.24)

For ω 6= ±Ω this is

0 = fR(ω)2 tanh(Ω/(2kBT ))

∫ 0

−∞
dt cos(ωt) sin(Ωt) = fR(ω)2 tanh(Ω/(2kBT ))

Ω

ω2 − Ω2
.

(D.25)



Chapter D: Appendix 131

Since S(ω) = 0 should hold for arbitrary ω we can conclude that f(ω) has to be purely

imaginary

fR(ω) = 0. (D.26)

We end up with the generalized form of Eq. B.4 of [1]

(δ(ω − Ω) + δ(ω + Ω))

∫ ∞
−∞

dt g(t) cos(Ωt)

=fI(ω) tanh(Ω/(2kBT ))(δ(ω − Ω)− δ(ω + Ω)). (D.27)

This means

fI(±Ω) =± coth(Ω/(2kBT ))

∫ ∞
−∞

dt g(t) cos(Ωt). (D.28)

The generalization in analogy to Appendix B of [1] is then

f(ω) =i coth(ω/(2kBT ))

∫ ∞
−∞

dt g(t) cos(ωt). (D.29)

With g(t) = δ(t) this reduces to the result of [1]. Using the assumed symmetry of g(t)

we can also write

f(ω) =i coth(ω/(2kBT ))g(ω). (D.30)

D.3 Noise spectral density with constant χM,D(ω)

This section contains further comments to Sec. 5.3.2.

For both detectors we assume χαM,D(ω) = const. ∈ R in a thermal state (with inverse

thermal energy βα) and the detector readout to be non-demolition

SαMD(ω) = i coth(βαω/2)Re{χαM,D(ω)}. (D.31)

The noise spectral density becomes

S(ω) =χaM,D(ω)χbM,D(ω)
[
S0
AA(ω) + i coth(βaω/2)χ0

A,A(−ω)− i coth(βbω/2)χ0
A,A(ω)

]
=χaM,D(ω)χbM,D(ω)

[
S0
AA(ω) + (coth(βaω/2) + coth(βbω/2))Im

{
χ0
AA(ω)

}
+i(coth(βaω/2)− coth(βbω/2))Re

{
χ0
AA(ω)

}]
. (D.32)

If the detectors are at equal temperatures βa = βb = βd we can simplify this to

S(ω) =χaM,D(ω)χbM,D(ω)
[
S0
AA(ω) + 2 coth(βdω/2)Im

{
χ0
A,A(ω)

}]
. (D.33)
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If also the measured system is in a thermal state we can use the relation of the response

function and the system noise

χ0
A,A(ω) = −2i

∫
dω′

2π
θ̃(ω − ω′) tanh(β0ω

′/2)S0
AA(ω′), (D.34)

with the Fourier transform of the Heaviside function θ̃(ω) = πδ(ω)− ip.v. 1
ω and identify

Re
{
χ0
A,A(ω)

}
= −p.v.

∫
dω′

π

tanh(β0ω
′/2)S0

AA(ω′)

ω − ω′
, (D.35)

and

Im
{
χ0
A,A(ω)

}
= − tanh(β0ω/2)S0

AA(ω). (D.36)

The noise spectral density becomes

S(ω) = χaM,D(ω)χbM,D(ω)S0
AA(ω)︸ ︷︷ ︸

system noise: direct measurement

−χaM,D(ω)χbM,D(ω)

[
coth(βaω/2)

coth(β0ω/2)
S0
AA(ω) + ip.v.

∫
dω′

π

coth(βaω/2)S0
AA(ω′)

(ω − ω′) coth(β0ω′/2)

]
︸ ︷︷ ︸

detector a noise: measured by detector b through system

−χaM,D(ω)χbM,D(ω)

[
coth(βbω/2)

coth(β0ω/2)
S0
AA(ω)− ip.v.

∫
dω′

π

coth(βbω/2)S0
AA(ω′)

(ω − ω′) coth(β0ω′/2)

]
︸ ︷︷ ︸

detector b noise: measured by detector a through system

.

(D.37)

We can clearly distinguish the source of every contribution in this notation. At equal

detector temperatures βa = βb =: βd the imaginary principle value part vanishes and we

are left with

S(ω) =χaM,D(ω)χbM,D(ω)

[
1− 2

coth(βdω/2)

coth(β0ω/2)

]
S0
AA(ω). (D.38)

In thermal equilibrium of all three systems the contribution from each detector equals

the negative system noise. Since only one of them cancels, we remain with the measure-

ment of the negative system noise in equilibrium. We see, that if the system temperature

is much higher than the detector temperature the direct measurement dominates the re-

sult, whereas if the detector temperature exceeds the system temperature the detector

noise measurement is the dominating contribution.

Different cases

• If we do not decouple the detector after the measurement, the collapsed detector

which is not an equilibrium system will be present in the time between the two
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measurements and in general disturb equilibrium order S(ω) 6= 0.

• If we decouple the detector after the measurement (which yields a stationary f

again) we find Kramers-Kronig like relations of f and g in thermal states

Im {g(ω)} = −p.v.

∫
dω′

π

Re {g(ω′)}
ω − ω′

,

Re {f(ω)} = p.v.

∫
dω′

π

coth(βω′/2)Re {g(ω′)}
ω − ω′

,

Im {f(ω)} = coth (βω/2) Re {g(ω)} . (D.39)

Re {g(ω)} = 1 does not lead to equilibrium order here.

• In the decoupled detector case we can write the noise as

S(ω) =|g(ω)|2 coth(β0ω/2)〈[Â(ω), Â]〉/2

− Re {ig(ω)f∗(ω)} 〈[Â(ω), Â]〉/2

− Re {g(ω)f∗(ω)}p.v.

∫
dω′′

π

〈[Â(ω′′), Â]〉/2
ω − ω′′

(D.40)

and write f as f0 + δf with f0 giving Saa(ω) = 0 for equal temperatures.

• The equilibrium noise is then given by

S(ω) =− Re {g(ω)} δf(ω)p.v.

∫
dω′′

π

〈[Â(ω′′), Â]〉/2
ω − ω′′

, (D.41)

and vanishes if the systems symmetrized noise is

〈{Â(ω), Â}〉 = c coth (β0ω/2) , (D.42)

with a ω-independent system parameter c. In this case the noise is given by

S(ω) =c|g(ω)|2(coth(β0ω/2)− coth(β1ω/2)). (D.43)

D.4 Coupling to non-Hermitian variables

We are interested in coupling the detector to a non-Hermitian variable V̂ . Since the

interaction Hamiltonian still has to be Hermitian, we symmetrize

Hint = η
(
V̂ D̂† + V̂ †D̂

)
. (D.44)
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If we write V̂ =
(
Â+ iB̂

)
/
√

2 and D̂ =
(
D̂a + iD̂b

)
/
√

2 with Â, B̂, D̂a and D̂b

Hermitian the expression becomes

Hint = η
(
ÂD̂a + B̂D̂b

)
. (D.45)

D̂a and D̂b can in principle be variables in different subsystems so that [D̂a, D̂b] = 0.

This allows us to measure D̂a and D̂b independently.

We call the scalar measurement output v = (a+ ib)/
√

2 and write the mean value

〈vv∗〉w =
〈a2〉w + 〈b2〉w

2
. (D.46)

Since we are interested in the cross-correlation this expression needs four detectors. It

is nevertheless second order in the coupling constant. We may subsume two of these

detectors into one with two inputs coupled to Â and B̂ which displays v at its output.

Let us for simplicity assume no frequency filter effect here: g(t, t′) = δ(t − t′). The

symmetric part of the correlator is then

〈a2〉sym
w + 〈b2〉sym

w =〈Â2〉+ 〈B̂2〉 = 〈{V̂ , V̂ †}〉 (D.47)

The detector noise terms are

〈a2〉det
w + 〈b2〉det

w =− i
∫

dt θ(t)f(t)
(
〈[Â(t), Â(0)]〉+ 〈[B̂(t), B̂(0)]〉

)
=− i

∫
dt θ(t)f(t)

(
〈[V̂ (t), V̂ †(0)]〉+ 〈[V̂ †(t), V̂ (0)]〉

)
=− i

∫
dt θ(t)f(t)

(
〈[V̂ (t), V̂ †(0)]〉 − 〈[V̂ (−t), V̂ †(0)]〉

)
(D.48)

In case the time dependence of V̂ (t) is a scalar factor e−iΩt (as for the ladder operator

of a HO) the equation can be simplified further

〈a2〉det
w + 〈b2〉det

w =− 2

∫
dt θ(t)f(t) sin(Ωt)〈[V̂ , V̂ †]〉. (D.49)

With f(t) = (πt)−1 we get for the integral
∫∞

0 dt sin(Ωt)/t = π
2 (for Ω > 0) and the

detector noise terms give

〈a2〉det
w + 〈b2〉det

w =− 〈[V̂ , V̂ †]〉. (D.50)

Therefore we have normal ordering

〈vv∗〉w =
〈{V̂ , V̂ †}〉 − 〈[V̂ , V̂ †]〉

2
= 〈V̂ †V̂ 〉. (D.51)



Appendix E

Notes to Chapter 6

E.1 The basic third-order current spectral functions

The spectral functions of the currents as defined by Eq. 6.24 in the main text are in the

case of an energy-independent scatterer according to Ref. [80] given by

Sin,in,in(ω1, ω2) =0, (E.1)

Sin,in,out(ω1, ω2) =0, (E.2)

Sin,out,in(ω1, ω2) =0, (E.3)

Sout,in,in(ω1, ω2) =0, (E.4)

Sin,out,out(ω1, ω2) =
e3

h

∑
n

Tn(1− Tn)

∫
dE {fL(E)[1− fL(E + ~ω1)][1− fR(E + ~ω2)]

−fL(E)[1− fL(E + ~ω1)]fR(E + ~ω1 − ~ω2)} , (E.5)

Sout,in,out(ω1, ω2) =
e3

h

∑
n

Tn(1− Tn)

∫
dE {fR(E)[1− fL(E + ~ω1)][1− fL(E + ~ω2)]

−fL(E)[1− fR(E + ~ω1)]fL(E + ~ω1 − ~ω2)} , (E.6)

Sout,out,in(ω1, ω2) =
e3

h

∑
n

Tn(1− Tn)

∫
dE {fL(E)[1− fR(E + ~ω1)][1− fL(E + ~ω2)]

−fR(E)[1− fL(E + ~ω1)]fL(E + ~ω1 − ~ω2)} , (E.7)
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Sout,out,out(ω1, ω2)

=
e3

h

∑
n

Tn(1− Tn)2

∫
dE {fL(E)[1− fL(E + ~ω1)][1− fR(E + ~ω2)− fR(E + ~ω1 − ~ω2)]

+ fL(E)[1− fR(E + ~ω1)][1− fL(E + ~ω2)− fL(E + ~ω1 − ~ω2)]

+fR(E)[1− fL(E + ~ω1)][1− fL(E + ~ω2)− fL(E + ~ω1 − ~ω2)]}

+
e3

h

∑
n

T 2
n(1− Tn)

∫
dE {fL(E)[1− fR(E + ~ω1)][1− fR(E + ~ω2)− fR(E + ~ω1 − ~ω2)]

+ fR(E)[1− fL(E + ~ω1)][1− fR(E + ~ω2)− fR(E + ~ω1 − ~ω2)]

+fR(E)[1− fR(E + ~ω1)][1− fL(E + ~ω2)− fL(E + ~ω1 − ~ω2)]} .
(E.8)

fα(E) = 1
eβ(E−µα)+1

denotes the Fermi distribution where the potential difference eV is

applied to the left side.
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