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The structure of multielectron dimples on helium substrates is investigated 
for conditions deviating from axial symmetry. Main sources for an ellip- 
ticity of dimples are an anisotropy of the surface tension, as for the 
liquid-solid He interface, or anisotropic boundary conditions, as for liquid 
He between vertical parallel plates. 

WHEN ELECTRONS on liquid or solid helium are 
exposed to high electric fields normal to the helium sur- 
face, a transition is observed from a homogeneous distri- 
bution of the electrons to the so-called "dimple phase". 
~nthis state the electrons are localized, in clusters of up 
to lo7, in macroscopic dimples whose size is of the order 
of the capillary length El] of the substrate, 0.5 mm for 
4He at 1 K. The existing theory of such multielectron 
dimples [2,3] has been formulated under the assump- 
tion of cylindrical symmetry of both the charge distri- 
bution and the surface deformation. Yet there are 
examples of dimples whch require an extension to the 
more general case of elliptical geometry. We have in 
mind here the multielectron dimples on the solid-liquid 
interface (which deviate from circular shape due to the 
anisotropy of the surface tension of solid helium [4]), 
elliptical deformations of dimples when eigenfrequency 
oscillations are excited, or dimples in the presence of 
additional external one-dimensional perturbations etc. 
In this carnmunication a theoretical treatment of two 
of these elliptical dimple systems and a qualitative exper- 
imental example are presented. 

1. We first consider the structure of dimples at the 4 ~ e  
Solid-liquid interface. Taking into account earlier theor- 
etical results of the dimple problem [2, -31 we can start 
from the following set of equations: 

n(x, y )  dx' dy' 

where we have assumed that the solid-liquid interface is 
characterized by two principal axes x and y perpen- 
dicular to  each other,* and a, and cw2 are the corre- 
sponding values of the interfacial tension. Here g(x, y)  is 
the deformation of the interface due to  the localized 
charges, n(x, y )  is the local electron density in the 
dimple, El is the electric pressing field normal to  the 
interface, X is a Lagrange factor arising from the ,con- 
dition to fulfil equation (4), N is the total number of 
charges in the dimple, Ap is the density difference 
between solid and liquid herlium and g is the acceler- 
ation due to  gravity. 

In the vicinity of the dimple minimum (x = 0, 
y = 0) an expansion of the deformation [ yields, in the 
harmonic approximation, 

Equation (1) then reduces to an expression analogous to 
the basic equation of the Hertz contact problem in the 
theory of elasticity [ S ] .  Using this analogy we imme- 
diately obtain from equations (1) and (5) 

azt a2g 
'1-f a* 7 + Apgt = efin(x, y), (2) 

* The case treated here thus refers to a crystal orienta- 
ax2 ay tion such that the interface has rectangular symmetry. 
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where a and b are the main axes of the elliptical charge 
distribution (a < b), and E{(1 - a2/b2)1/2) and 
K{(1 - a2/b2)"2) are elliptic integrals. 

In order to determine the values of the 4 parameters 
a, b, A and B one needs, in addition to equations (7) and 
(8), two additional relations, which can be derived using 
equations (2) and (5) 

3N. 
2a, A + 2a2 B 'I eEln(0) = e f i  - 

2nab ' 

Equation (10) follows from the symmetry of the prob- 
lem, whereas in equation (9) the gravitational term has 
been neglected and use has been made of the fact that 
the charge is concentrated in the centre of the dimple, 
with the largest diameter of the charge distribution, b, 
being distinctly smaller than the capillary length K-' = 

( ~ / A P ~ ) " ~  *. 
The problem of elliptical dimples on an anisotropic 

substrate, formulated in terms of equations (1) and (2), 
thus reduces to the solution of the set (7)dlO). 

The above relations obviously include the isotropic 
case of liquid helium substrates. Setting a, = a2 = cu, we 
obtain from equation (10) 

equations (7) and (8) lead to 

and equation (9) reduces10 

The radius R and density n(r) of the charge distribution 
in an $otropic dimple therefore is given by (cf. also 
[2,31) 

If the anisotropy of the substrate surface temionh 
not too large - as probably for solid helium [4] - iteaD 
be written as 

cul = cu(1 - A), 

cE2 = cu(1 + A), 

with A < 1. Then the solution of equations (7)-(10) 
gives for the main axes of the elliptical charge distri- 
bution 1 

An experimental study of the anisotropy of dimples on 
solid helium therefore should allow to determine the 
anisotropic surface tension of this quantum crystal. 

2. As a second example for the formation of elliptical 
multielectron dimples we consider a charged helium 
surface subject to anisotropic boundary conditions (see 
Figs. 1 and 2), as, e.g., a charge helium surface between 
two parallel vertical plates at a distance d. For small 
plate distances (d < K-') the curvature of the helium 
surface in the x-direction, perpendicular to  the plates, 
is [ l ]  

1 
A = ;4:(o) = ,. (14) 

* In the dimple centre the electrostatic pressure due to 
the charges [r.h.s. of equation (9)] is mainly balanced 
by the pressure resulting from the curvature of the 
interface. The gravitational term Apgl from equation 
(2) only gives rise to a relative contribution of the 
order of ~ 'b '  < 1 (see also [2]). 

Fig. 1. Schematic side (a) and top (b) view of a charged 
helium surface between two vertical walls, subjed to a 
vertical electric field El. The dashed line in (b) represens 
the boundary of the elliptic electron distribution, wMc' 
also leads to  elliptical contour lines of the dimple 
profile. 
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Fig. 2. photograph of elliptical multielectron dimples on 
liquid 4He at a temperature T = 3 K. Instead of the 

side walls considered in Fig. 1 here two 
charged wires (appearing as vertical straight lines, dis- 
tance d = 2.7 mm) provide the potential for,confining 
the electrons from the side, thus introducing the aniso- 
tropy of the dimples. The interference fringes, which 
represent contour lines of the dimple profile, were 
obtained as described in [ 6 ] .  Consecutive fringes corre- 
spond to a height difference of 11 pm. 

When the electric field is high enough that dimples are 
formed, a finite curvature of the surface also appears in 
the direction parallel to the plates 

where again a and b are the axes of the elliptical electron 
distribution in the dimple. 

Using the relations for A (1 4) and B (1 5) and the 
general conditions (7) and (8), we have in the limiting 
case b % a 

and 

If, for example, a dimple containing N -- lo3 electrons 
in an applied electric field E 21 3000 Vcm-' is located 
between two plates at a distance d -- 1 0 - 4 ~ m ,  then the 
electron distribution is characterized by a 5 1 0 - 4 ~ m  and 
b -- cm, resulting in an anisotropy d/a " 10. 

In addition to  the elliptical shape of multielectron 
dimples between parallel plates also other essential 
properties of these macroscopic quasi-one-dimensional 
systems will deviate from the isotropic helium surfaces 
treated earlier [2,3]. In particular, it should be possible 
in restricted geometries (electrons between parallel 
plates or also electrons in a system of vertical cylindrical 
capillaries) to  suppress the gravitational instability of 
the charged liquid surface and thus reach considerably 
higher electron densities than accessible until now. The 
'investigation of these problems will be presented in a 
separate paper. 
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