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Abstract

Viscoelastic media belong to our everyday live and are highly relevant in different
fields like medicine, industries or biology. Compared to Newtonian fluids, viscoelastic solutions reveal long stress relaxation times similar to the timescale of the
colloidal motion. Already a humble shearing excites a non-equilibrium state, since
the bath cannot relax rapidly like in Newtonian fluids.
In this thesis, we present straightforward procedures for measuring the response
of a viscoelastic medium via active microrheology on colloids using optical tweezers.
We find that the viscoelastic bath leaves its nonlinear fingerprints already in equilibrium measurements, e.g. for a freely diffusing colloidal probe or a particle in a
static confinement. In particular, we measure a strong dependence of the viscosity
experienced by the colloidal probe on the trapping strength of the optical potential. Surprisingly, a mere gentle shear velocity that drives the surrounding fluid just
slightly out of equilibrium, opens a variety of novel and astonishing phenomena,
like a new oscillatory state appearing on a timescale, which is a multiple of the
fluid’s structural relaxation time. Further, we discover a new shear rate regime,
where the viscosity acting on the colloidal probe is remarkably increased compared
to that of a freely diffusing particle. Our findings are supported by a minimal model,
which considers overdamped Langevin dynamics in combination with a stochastic
Prandtl-Tomlinson (PT) model.

I

Deutschsprachige Zusammenfassung

Überall in unserem Alltag begegnen uns viskoelastische Medien und sie sind für viele
Anwendungsbereiche wie in der Medizin, Industrie oder Biologie von sehr großer Bedeutung. Im Vergleich zu Newtonschen Flüssigkeiten weisen viskoelastische Medien
lange Relaxationszeiten auf, deren Größenordnung auf der Zeitskala der Bewegung
kolloidaler Teilchen zu finden ist. Daher kann bereits eine sehr behutsame Scherung
einen Nichtgleichgewichtszustand anregen, da das Wärmebad nicht wie bei Newtonschen Flüssigkeiten sofort relaxieren kann.
In dieser Dissertation präsentieren wir Methoden, mit denen das Antwortverhalten eines viskoelastischen Mediums untersucht werden kann. Wir verwenden dazu
mikrorheologische Verfahren, die auf optischen Pinzetten basieren. Dabei stellen
wir fest, dass die viskoelastische Flüssigkeit bereits bei Messungen im thermischen
Gleichgewicht ihre nichtlinearen Spuren hinterlässt, wie bei der freien Diffusion eines
kolloidalen Teilchens oder einem Teilchen in einem statischen optischen Potential.
Insbesondere beobachten wir einen starken Einfluss der Fallenstärke des optischen
Potentials auf die viskose Reibung des kolloidalen Teilchens mit der umgebenden
Flüssigkeit. Überraschenderweise treten bereits bei sehr dezenten Schergeschwindigkeiten, die die viskoelastische Flüssigkeit nur sehr sachte lokal aus dem thermischen
Gleichgewicht bringen, eine Vielzahl von neuen und erstaunlichen Effekten auf, wie
ein neuartiger Schwingungszustand. Dieser ist auf Zeitskalen zu finden, die die Relaxationszeit der viskoelastischen Flüssigkeit um ein Vielfaches übersteigen. Des
Weiteren erkunden wir ein Regime von Schergeschwindigkeiten, in dem die viskose
Reibung des kolloidalen Teilchens deutlich höher ist als die eines frei diffundierenden Teilchens. Unsere experimentellen Ergebnisse werden von einem minimalistischen Modell unterstützt, das eine überdämpfte Langevin Beschreibung mit einem
stochastischen Prandtl-Tomlinson (PT) Modell kombiniert.
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Chapter

1

Introduction
Imagine a summer day at the Lake Constance. Far away from the lake, its view seems
calm and gives the impression of a giant equilibrated heat bath. This equilibrium
assumption, however, is no longer valid when taking a closer look into the flow
dynamics of the lake. Despite permanent solar radiation, there are in- and outflows
and local streams due to temperature gradients and winds. It seems there is no room
to consider the presence of a thermal equilibrium state in our daily life, from the
Earth’s atmosphere providing the weather conditions down to the cell level, which
is the basic element of living organisms. In general, every system, that reveals a
net flow of matter or energy within the system or between its surrounding, is out of
equilibrium.
In particular, non-equilibrium processes play a crucial role in soft matter science [3, 4]. The feature ’soft’ indicates ’how materials respond to mechanical disturbances’ [5] and the Nobel laureate P. G. de Gennes associated this field of science
with complex fluids, like polymers, surfactants, liquid crystals and colloids [4, 6].
Their mesoscopic structural size is located in the gap between the atomic scale and
their bulk appearance [3], ranging from ∼ 1 nm to ∼ 1 mm [5]. Compared to hard
matter, which microstructure is on the atomic length scale, soft matter systems
reveal very distinct properties [3]. Specifically, the interaction energy of the mesoscopic constituents with their environment and, thus, their thermal fluctuations are
in order of kB T [7], marking Brownian motion. Further, the bond energy in complex soft matter ’fluids’ is on the same magnitude (1 − 20 kB T ) [5]. Therefore, soft
matter systems show a remarkable response behavior to thermal excitations already
at room temperature [3]. Apart from that, the mesoscopic length scale is similar to
the wavelength of visible light, which allows the study of soft matter systems with
optical microscopy [5]. The temperature dependence and the direct imaging with
conventional microscopy provides comfortable experimental access to out of equilibrium phenomena, like glass formation [8], self-assembly and pattern formation [9] or
active matter [10].
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Especially, the use of colloidal particles, which are (mostly spherical) particles
in the size of ∼ 0.1 − 10 µm [11], made a significant contribution to the understanding of such non-equilibrium processes. Their well-defined geometry and material
properties popularized their implementation as model systems to mimic and probe
the complex environment of soft materials. Remarkably, many of the forces that
govern the structure and behavior of matter (such as excluded volume interactions
or electrostatic forces) control the structure and behavior of colloidal suspensions.
Therefore, colloids are useful model systems, e.g. for atoms [12], glasses [13,14], crystals [14, 15], macromolecules [16] or living systems (cells and microswimmers) [17].
On that account, colloidal, biological and chemical sciences are closely connected
with each other, as they often share the same intrinsic length scales and, thus,
reveal a comparable fluctuating and out of equilibrium behavior.
Moreover, the study of fluctuations of colloidal particles, in and out of equilibrium, led to fundamental insights about the stochastic thermodynamics of mesoscopic systems, i.e. exploring fluctuation relations and link them to classical thermodynamic quantities, e.g. heat, energy, entropy or work [18, 19].
In this thesis, we study the out of equilibrium dynamics of a colloidal particle
sheared through a viscoelastic fluid with optical tweezers. Viscoelastic media can
be easily driven out of equilibrium by inducing a local deformation by the probe,
due to their long stress relaxation times comparable to that of the colloidal motion.
We are particularly interested in the range of gentle driving velocities, i.e. we keep
the fluid close to the equilibrated states. The thesis is structured as follows:
In chapter 2 Fundamentals some basic concepts related to this work are
presented. In particular, it focuses on the origin and description of viscoelasticity
and how a viscoelastic environment influences the dynamics of a colloidal particle
compared to a purely Newtonian background. Further, some background knowledge
related to the experimental key methods used in this thesis are introduced: the
formation of giant worm-like micelles to create a viscoelastic background and the
working principle of optical tweezers to trap and move colloidal particles.
Then, the experimental optical setup and the sample preparation are explained
in detail in chapter 3 Materials and Methods
The following results part is split in two main chapters. First, we study a colloidal particle in a fully equilibrated environment in chapter 4 Colloidal Particle
in an Equilibrium Bath. Already here, we observe nonlinear markers in the
viscoelastic bath properties, in experiment and theory, e.g. a strong dependence of
the effective fluid viscosity acting on the tracer particle on the trapping strength
of the optical tweezers. We then employ a phenomenological so-called stochastic
Prandtl-Tomlinson (PT) model to describe the experimental outcomes.
Secondly, in chapter 5 Colloidal Particle in a Non-Equilibrium Bath, the
out of equilibrium dynamics of a colloidal particle sheared through a viscoelastic
fluid is investigated. Here, the nonlinear character of the viscoelastic bath appears
even more prominent. At the beginning, a set of experiments demonstrates a drastic
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increase of the fluid’s effective viscosity when applying very small shear rates to the
colloidal probe. Compared to a freely diffusing particle, we find the viscosities acting
on a slowly sheared particle to be almost three times higher. These outcomes are
captured by predictions of the mentioned stochastic PT model. After that, the
results of so-called recoil experiments are presented. The particle is driven through
a viscoelastic fluid and suddenly released, resulting in a recoil motion due to the
relaxing viscoelastic network [20]. We perform these experiments at very small
shear rates and observe the new effect of reverse recoils, which is also covered by
the stochastic PT model. In the following part, we explore a new oscillatory state
of the colloidal particle at comparable small shear velocities, which is a result of the
particle’s coupling to the viscoelastic bath and its interaction with a weak optical
potential of the tweezers. We link this oscillatory behavior to a generalized Langevin
description based on a Maxwell and Jeffreys model. This thesis is closed with a set
of experiments, where this oscillatory state is excited by an external modulation of
the optical trap.
During this thesis, we have collaborated with the group of Matthias Krüger at
the University of Göttingen, which performed the theoretical study. In particular,
most of the analytical derivations and simulations have been accomplished by Boris
Müller. After he left the group, Rohit Jain continued his work.
The main findings of the theoretical research related to this collaboration are
published in our joint articles [1, 2] and in detail in B. Müller’s PhD thesis [21]. As
the present thesis is experimental data-driven, we only refer to them to explain the
experimental findings. For further information, please check the mentioned references.
Parts of this work are already published:
• J. Berner, B. Müller, J. R. Gomez-Solano, M. Krüger, and C. Bechinger.
Oscillating modes of driven colloids in overdamped systems. Nat. Commun.,9(1):999, 2018.
• B. Müller, J. Berner, C. Bechinger, and M. Krüger. Properties of a nonlinear
bath: experiments, theory, and a stochastic Prandtl–Tomlinson model. New
J. Phys., 22(2):023014, 2020.
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2

Fundamentals
This thesis aims to explore aspects of microrheology with optical tweezers in viscoelastic samples, namely worm-like micellar solutions. Below, we present the elementary notions of viscoelastic fluids and their modeling, the dynamics of a colloidal
probe particle in such an environment, the emergence of so-called worm-like micelles
and the basic concept of optical trapping.

2.1

Viscoelastic Fluids

Viscoealstic solutions are a common form of non-Newtonian fluids and are highly
present in medicine [22–25], industries [26–34], biology [35–44] and through all of
everyday life (see Fig. 2.1) [11, 45]. Depending on the undergoing deformation, they
can exhibit a response that resembles an elastic solid or the response of a viscous
liquid [11, 45]. The key parameter for characterizing viscoelastic media is the relaxation time, i.e. a characteristic memory time scale, which is typically found in the
order of τve ∼ s [11, 45] .
There is a wide range of synthetic and natural viscoelastic fluids, like semidilute polymer solutions, worm-like micelles, dense colloidal systems, suspensions,
emulsions or fluids of biological origin [20, 22–44, 46–65]. All of them have one thing
in common: they are built up by a complex microstructure. These viscoelastic
structures are able to store and dissipate energy, which leads to an additional elastic
component besides the Newtonian viscous part [11, 45]. Consequently, viscoelastic
fluids reveal distinct flow dynamics compared to Newtonian solvents and their flow
properties strongly depend on how they are deformed. In particular, the response of
the microstructure is very sensitive on the time scales and the strength of external
stimuli. For instance, it matters, if the used fluid is sheared gently or rapidly.
A prominent example for such shear dependent fluids is tomato ketchup. In many
cases, ketchup remains in an inverted bottle, until one starts shaking and it suddenly
pours out. But when spreading it over fries, the rested ketchup hardly flows, like a
very viscous fluid. This behavior is related to the well-known shear-thinning effect,
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viscous

elastic

+

viscoelastic

Figure 2.1: Everyday examples of viscous, elastic and viscoelastic materials. While
honey (upper left), as a Newtonian fluid, reveals just a viscous component and the
rubber band (upper right) only an elastic deformation, viscoelastic materials combine these attributes. In the lower panels, representatives of viscoelastic materials
are shown [22, 27, 31, 32] (from the left to the right): ketchup, blood and paints. On
the one hand, these fluids show a limited, but reversible elastic response. On the
other hand, they deform irreversible, due to their dissipative viscous component.
Figures commercially purchased from https://stock.adobe.com.
which applies for a wide range of non-Newtonian fluids [11,20,45,46,48,54,55,65–69].
Shearing such fluids, as shaking the ketchup bottle, introduces a local ordering in
the fluid’s microstructure, which leads to a drop down of viscosity and the fluid
flows. This example demonstrates very vividly the relevance of the microstructure
of such complex fluids.
Only when the applied shear is capable of altering the local microstructure of
the fluid, the classical Newtonian approximation fails to provide an adequate model
for the fluid dynamics. In Newtonian fluids, the stress relaxation time scale is
comparable to the typical time of molecular self-diffusion, which is for water on
the order of τNew ∼ 10−11 s 1 , i.e. the solution microstructure remains unaffected to
1

6

This value is estimated by applying Eq. (2.5) and Eq. (2.11), as introduced below, with a molecular diameter of ∼ 3 Å [70] and a viscosity of ∼ 1 mPa s [71].

2.1 Viscoelastic Fluids
𝛿𝑥

𝑑

unstrained

𝝈

𝒏!

𝑭

strained

𝑦
𝑥
−𝝈

Figure 2.2: Deformation of a material confined sheared between two plates. nA is
the normal vector on the upper plate of area A.
external perturbations. Note, this relaxation time is comparable to the time scale
of collisions of the rapidly moving water molecules ∼ 10−12 s [72].
Since hundreds of years, people have tried to understand, how materials flow. In
the 17th century, R. Hooke and I. Newton provided the groundwork for the science
of flow. Hooke described in his famous law
σ = Gγ

(2.1)

the linear relation between the applied stress σ and the resulting strain γ for ideal
elastic solids, where G is the elastic modulus. Imagine an elastic material confined
by two plates of area A and distance d and shearing the material by pulling the
upper plate over a distance δx, as shown in Fig. 2.2. Here, the shear stress is defined
as
F
(2.2)
σ= ,
A
with F is the force, that is needed to shear the upper plate and the resulting deformation strain is denoted by
δx
(2.3)
.
γ=
d
If one suddenly removes the stress from a Hookean solid, the strain disappears and
the solid returns to its previous shape, which means the solid remembers its initial
form (infinite memory).
Shortly thereafter, Newton figured out that, for purely viscous (Newtonian) fluids, σ scales linear with the shear velocity v, i.e. with the shear rate γ̇ = dγ
dt
σ = η γ̇ ∝ v,

(2.4)

where η defines the dynamic shear viscosity. The rapidly moving and tiny molecules
of a Newtonian solvent (fast relaxation times), rule out the storage of energy when
deforming the fluid. Thus, purely viscous fluids do not reveal any memory.
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γ̇

applied shear rate
0

σ

τNew ∼ 10 −11 s

Newtonian

0

σ

τve ∼ s
0

0

viscoelastic

t

Figure 2.3: Stress response σ of a Newtonian and a viscoelastic fluid to a sudden
onset of shear. While the Newtonian fluid follows immediately the shear rate (τNew ∼
10−11 s), the viscoelastic fluid shows a delayed stress response, which is typically
found in the order of several seconds for viscoelastic semi-dilute polymeric or micellar
solutions.
If perturbing a Newtonian solvent by applying a sudden shear rate γ̇ at time t = 0
(see top Fig. 2.3), the purely viscous fluid follows Newton’s law of Eq. (2.4) and the
stress immediately responds (see middle Fig. 2.3). A mere Newtonian or Hookean
description, however, does not apply to viscoelastic fluids, due the coexistent viscous
and elastic properties. Performing the same shear protocol for a viscoelastic fluid
reveals a remarkable different feedback on σ (see bottom Fig. 2.3): at short time
scales, the fluid responses elastic in a Hookean manner (Eq. (2.1)) and converges to
a viscous behavior on long time scales. Therefore, the elastic component together
with the dissipative part lead to a delayed stress response of viscoelastic fluids in
the order of τve ∼ s [11, 45] (finite memory).

2.2

Bulk and Microrheology

After Hooke and Newton, many famous scientists made an effort to describe the flow
of more complex materials, in particular to close the gap between short-time pure
solid and long-time purely viscous behavior. In the 1920s, E. C. Bingham defined
this field of science by the term rheology as the study of the deformation and flow of
matter (derived from Greek with rheo- meaning the flow and -logy the study of ).
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Nowadays, the wide field of rheology is mainly divided in two disciplines: in
bulk rheology (sometimes denoted as macrorheology) and in the more recent field
of microrheology. Bulk rheology probes the time-dependent nature of a material
on macroscopic length scales that are way larger than the sample’s microstructure.
The flow dynamics is derived by the principal use of a continuum mechanics description [45]. In that respect, the macrorheological approach portrays the average
flow pattern of a material [45]. Following the experimental protocol explained in
Fig. 2.2, modern commercial ’rheometers’ typically deploy more advanced rotational
geometries [11, 45].
Microrheology extracts the local response of a medium via the measurement
of trajectories of microscopic tracers [11, 39, 73, 74]. Using concepts of statistical
mechanics, rheological properties can be locally deduced from the random motion
of the thermally excited probe particles. There are two types of microrheology:
passive and active microrheology. Passive microrheology takes advantage of the
inherent thermal energy to move the tracers [75–78], while active microrheological
methods stimulate or drag the probe particles externally, e.g. by means of optical [60,
62,63,78–82] or magnetic tweezers [35,83]. Modern techniques allow the fast tracking
of the particle fluctuations at high resolution and provide well-defined (optical and
magnetic) potentials for manipulating the probe particles.
Both rheological approaches complete each other, where the other method is
limited. Macrorheological measurements are very convenient for studying stiff materials (like polymer melts or elastomers), whereas microrheological methods are
very sensitive to probe the elastic regime of soft fluids (like semi-dilute polymer
solutions or worm-like micelles) [11]. Note that in macrorheology it is possible to
apply a constant stress or strain to the bulky fluid volume, while in microrheology,
the colloidal probe is strongly affected by the heterogeneous microstructure of the
host leading to local stress and strain fluctuations [84].

In the course of this work, instead of following the typical (active) microrheological
textbook approach of investigating fluid properties by means of fast or oscillatory
shear protocols [11, 46, 60–64, 73, 74, 78, 79, 81, 82, 84–86], we rather use an optical
tweezers technique to shed light on the long-time dynamics of a colloidal probe,
which is gently sheared through a viscoelastic fluid. Due to the delayed stress
response (see bottom Fig. 2.3), the viscoelastic fluid is driven out of equilibrium
already at small shear rates.
Therefore, only subjects, which are relevant in the context of this thesis are
introduced in the following. For further details on other rheological aspects and
methods, we refer to the tremendous literature of this field.
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2.3

A Random Walker in a Viscoelastic Background

A microscopic colloidal particle immersed in a viscous fluid is a prominent example
for a random walker, where the random kicks of the fast moving fluid molecules
lead to a stochastic motion. The random motion of such particles attracts interest
of scientists for almost 200 years, since the botanist R. Brown observed in 1827
fluctuating grains of pollen immersed in water [87]. One might even say, this was the
first microrheological study and already interwoven with biology. Since its discovery,
Brownian motion has been extensively studied and well understood. This motion,
however, becomes more complex when adding an elastic component to the fluid’s
properties.
Before introducing the basic concept of colloidal motion in a viscoelastic fluid,
we start with an outline on the historic milestones on the motion of mesoscopic
(Brownian) particles suspended in a purely viscous liquid.

2.3.1

Viscous Background

At the beginning of the 20th century, Sutherland [88], Einstein [89] and Smoluchowski [90] related independently the random fluctuations of Brownian particles to
collisions with the thermally excited bath molecules. In the famous Stokes-EinsteinSutherland Relation 2 , they connected the diffusivity D of spherical particles with
their hydrodynamic resistance by
D=

kB T
,
6πηR

(2.5)

with kB is the Boltzmann constant, T the temperature, η the fluid’s viscosity and R
is the particle’s radius. Eq. (2.5) yields, the higher the temperature, or the lower the
viscosity, the more easily the particle diffuses. Further, their theoretical framework
predicted that the mean squared displacement of the particle’s diffusion h(x(t) −
x(0))2 i grows linear with time t and is (in one dimension 3 ) given by
h(x(t) − x(0))2 i = 2Dt.

(2.6)

Notably, Eq. (2.5) and Eq. (2.6) directly link kB to macroscopic accessible quantities,
which allows an experimental determination of the Avogadro constant.
Shortly afterwards in 1908, P. Langevin confirmed the outcomes of Eq. (2.5) and
Eq. (2.6) with another theoretical approach [91]. He applied Newton’s second law to
set up an equation of motion for a colloidal probe particle of mass m, while splitting
the equation in a deterministic and a stochastic part
mẍ(t) = −6πηRẋ(t) + F (t).
2
3

(2.7)

Often it is only called the Stokes-Einstein Relation.
Since the analysis and discussions related to this work are only performed in one dimension, the
subsequent equations are only given in one dimension as well.
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In this model equation, the resulting (fluctuating) force acting on the Brownian
particle is the combination of a deterministic frictional drag force and a stochastic
random thermal force F (t). The random force, or noise, reflects the random kicks
of the bath molecules and is connected to the frictional force via the fluctuationdissipation theorem (FDT) [92,93]. Provided the surrounding bath is in equilibrium
4
, the noise follows a Gaussian process and its properties are fully determined by its
mean value and its correlations (given by a manifestation of the FDT) [11, 92–94]
hF (t)i = 0, hF (t)F (t0 )i = 2kB T γδ(t − t0 ),

(2.8)

where γ = 6πηR is the friction coefficient.
First quantitative evidence of the theoretical predictions of Sutherland, Einstein,
Smoluchowski and Langevin was provided by the experimental work of J. Perrin [95]
in 1910, who even specified the Avogadro constant in his precise study.
In our experiments, the Reynolds number Re = %v2R/η, which compares the
impact of inertia and viscous effects, is well below one (Re = 10−11 − 10−9  1,
% is the fluid density and v is the shear velocity). Therefore, our measurements
are performed in the overdamped limit, where viscous forces dominate over inertial
forces and we will neglect the inertial term mẍ(t) in the Langevin Eq. (2.7) from
now on.

2.3.2

Viscoelastic Background

The description of a colloidal particle embedded in a viscous fluid does not include
memory (Markovian description), i.e. the present state of the particle is independent
of its previous states. This basic premise is applicable because the relaxation times
of the bath (τNew ∼ 10−11 s) and the colloid (τc ∼ s) are well separated 5 . The assumption of a rapidly relaxing Newtonian bath remains valid even for strongly driven
particles, like colloids in modulated potentials [18,19,96–98] or artificial microswimmers in purely viscous fluids [99–101] (when neglecting thermal induced convection
and phase separation of the binary fluid). Hence, Newtonian baths can be considered
to remain always in equilibrium, i.e. unaffected of the imposed perturbation.
On the contrary, the assumption of a instantly recovering thermal bath is not applicable for viscoelastic fluids. Due to their ability to store energy in their viscoelastic
network, they reveal stress relaxation times comparable to that of the colloidal motion (τve ∼ τc ) [11, 45]. Therefore, the elastic component introduces memory to the
4
5

This is always the case for Newtonian fluids.
τc of a micron-sized colloidal particle is estimated in the same manner as τNew . In general, with
Eq. (2.5) and Eq. (2.11) one yields τNew /τc = (rm /rc )3  1, since the diameter of a Newtonian
fluid molecule is typically in the order of 2rm ∼ 1 − 10 Å and the diameter of a colloidal particle
is 2rc ∼ 0.1 − 10 µm.
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system and Eq. (2.7) needs to be replaced by a non-Markovian generalized Langevin
equation [11]
Z
t

dt0 Γ(t − t0 )ẋ(t) + F (t).

0=−

(2.9)

−∞

Here, the friction term is characterized by the convolution of the immediate velocity
and the microscopic resistance Γ(t) (or friction memory kernel). Thus, the particle
trajectory depends on the previous history of ẋ(t), which we call memory. The memory kernel contains information of how the material under study stores and dissipates
energy and is therefore the pivotal function when modeling viscoelastic fluids. In
case of a purely viscous fluid, the friction memory kernel simply reads Γ(t) = δ(t)γ,
which yields exactly the Markovian Langevin equation Eq. (2.7). Memory kernels of
viscoelastic fluids are typically modeled by a combination of springs and dampers,
like the Maxwell or Jeffreys model [11, 45, 102–104], as introduced below.
A viscoelastic fluid can be easily driven out of equilibrium by shearing a colloidal
probe particle, on account of the bath’s slow relaxing microstructure (τve ∼ s).
Note, a linear description of the particle dynamics under shear similar to Eq. (2.9)
6
is only valid for very gentle shear rates, far from the nonlinear shear-thinning
regime. So-called linear-response measurements deform the fluid so slightly that it
almost maintains its equilibrium microstructure [11]. At such small perturbations,
the fluid’s viscous and elastic stress response follow the linear description of Hooke
(Eq. (2.1)) and Newton (Eq. (2.4)), respectively. This linear-response approach is
typically applied for passive microrheological measurements. Nevertheless, the linear
description is assumed to remain approximately valid for the very small shear rates
used in the course of this work.
In contrast, nonlinear microrheological measurements highly perturb the fluid,
e.g. by a rapid shear of a tracer particle with optical tweezers. This creates a bias in
the fluid’s network by introducing local order or even breaking its microstructures,
which leads to highly nonlinear effects, like shear-thinning.

2.3.3

Time Scales of a Driven Colloidal Particle

As already stated, time scales play a crucial role when considering viscoelastic fluids
driven out of equilibrium. Fig. 2.4 illustrates the relevant time scales of a colloidal
particle sheared through a viscoelastic solution. An important time scale is set by
the external driving and it is defined as the time τD , which is needed to drive the
particle over a distance of its own diameter 2R at shear velocity v, where
τD =

1
2R
= .
v
γ̇

(2.10)

v
With defining the shear rate of a driven particle as γ̇ = 2R
, τD is the inverse of
γ̇. Another essential time scale is set by the Brownian diffusion time τB , which
6

One would add an additional force term Fext (t) for the external driving.
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Figure 2.4: Relevant time scales of a
colloidal particle driven through a viscoelastic fluid. Typically, a viscoelastic mixture consists of large entangled
macromolecules (grey worms), like micelles or polymers, dissolved in a solvent
(blue dots). The solvent molecules, e.g.
water, are orders of magnitudes smaller
than the macromolecules.

characterizes the time a probe particle with diffusivity D needs to diffuse its own
diameter, and it is given by
2R2
(2.11)
.
τB =
D
The third essential time scale is the structural relaxation time τs of the fluid. At
the risk of repeating ourselves, we highlight once more that this time scale is very
large for viscoelastic fluids (τs = τve ∼ s) compared to Newtonian solvents (τs =
τNew ∼ 10−11 s). Sometimes, an inertial time scale is introduced in such systems,
which marks the transition from ballistic to diffusive dynamics of the probe particle.
However, our measurements are performed in the overdamped limit and this time
scale is negligible.
During this work, we often refer to the dimensionless Weissenberg number [45]
Wi ≡

τs v
τs
= τs γ̇ =
,
τD
2R

(2.12)

which renders how far the fluid is driven out of equilibrium when shearing a colloidal
probe. For Newtonian fluids, Wi is negligibly small, because of their very short
structural relaxation times. However, Wi is a meaningful number for viscoelastic
media: for Wi  1, τs is large compared to τD and the fluid is highly perturbed.
At Wi < 1, the regime where our measurements are performed, the fluid’s nonlinear
nature is assumed to be less dominant. Wi is frequently used in macrorheology,
where Wi ∼ 1 marks the crossover from linear to nonlinear bulk response, i.e. the
onset of shear-thinning (compare Fig. 3.10a in section 3.2.1 Rheological Properties).

2.4

Maxwell and Jeffreys Model

The Maxwell and Jeffreys models are one of the most popular models for linear viscoelasticity. They can describe the transition from a solid to a viscous-like behavior
and they provide a simple description for the concept of memory (this part is mainly
based on reference [45]).
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Figure 2.5: Maxwell and
Jeffreys model. Inspired
by [45].
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Often, the viscoelastic nature of a fluid is mimicked by a combination of elastic
springs and viscous dampers. The simplest approach is the Maxwell model, which
describes fluids with an elastic short-time and a viscous long-time behavior [11, 45,
102]. Even though this model captures very few materials, it provides remarkable
quantitative agreement, e.g. for some worm-like micellar systems [45, 48–52].
As shown on the left-hand side of Fig. 2.5, this model consists of a single spring
and a damper in series and, thus, contains a single relaxation time. Here, the total
strain rate γ̇ is given by the sum of strain rates of the spring and the dashpot
γ̇(t) = γ̇s (t) + γ̇d (t).

(2.13)

Plugging Hooke’s (Eq. (2.1)) and Newton’s law (Eq. (2.4)) for the elastic and viscous
element, respectively, in Eq. (2.13), yields the Maxwell equation
η γ̇(t) = τM σ̇(t) + σ(t),

(2.14)

with τM = Gη is the Maxwell relaxation time. When imposing a sudden shear rate γ̇
at t = 0, as shown in the previous Fig. 2.3, the solution of Eq. (2.14) is given by



t
σ(t) = η γ̇ 1 − exp −
.
(2.15)
τM
Further the general solution of Eq. (2.14) can be expressed by the integral form via


Z t
η
t − t0
(2.16)
σ(t) =
dt exp −
γ̇(t0 ).
τM −∞
τM
Another wide-spread model for viscoelastic fluids is the Jeffreys model, which is
applied to describe elastic microstructures embedded in a purely viscous solvent
[45, 103, 104], e.g. polymeric macromolecules in a water solution [45] or worm-like
micelles [104]. Compared to Maxwell fluids, Jeffreys fluids reveal an extra immediate
Newtonian response on short time scales due to the viscous solvent.
Such a response behavior can be modeled by implementing an additional damper
in parallel to the Maxwell element (see Fig 2.5 right). As the damping element of the
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solvent (ηsol ) moves in parallel with the Maxwell element of the viscoelastic network
(ηnet and Gnet ), they share the same strain rates γ̇, which are given by
σ̇net (t) σnet (t)
+
Gnet
ηnet
σsol (t)
.
γ̇(t) =
ηsol
γ̇(t) =

(2.17)

Using that the total stress adds up to σ(t) = σnet (t) + σsol (t) and setting τJ =
yields the Jeffreys equation
σ(t) + τJ σ̇(t) = (ηnet + ηsol )γ̇(t) + ηsol τJ γ̈(t).

ηnet
Gnet

(2.18)

Depending on the complexity of the microstructure and distribution of time scales,
various combinations of dashpots and springs are used for a phenomenological modeling of viscoelastic solutions. The generalized Maxwell model describes a finite
number of Maxwell elements connected in parallel [45]. Here, the strain rate of the
i-ths element is set by
σ̇i (t) σi (t)
(2.19)
+
γ(t) =
Gi
ηi
and for N elements the total stress takes the following form


Z
N
N
X
X
ηi t
t − t0
0
(2.20)
σ(t) =
σi (t) =
dt exp −
γ̇(t0 ).
τi −∞
τi
1
1
The derivations of Eq. (2.16) and Eq. (2.20) clearly show how the interplay between
elasticity and friction introduces (finite) memory in the system. With establishing
the shear stress relaxation modulus G(t) [45], both equations can be expressed by
the following form
Z
t

dt G(t − t0 )γ̇(t0 ),

σ(t) =

(2.21)

−∞

which is formally similar to the friction term in the non-Markovian Langevin description of a colloidal probe in Eq. (2.9). The current stress of the fluid depends
on the current shear rate and on the full history of previously imposed shear rates
conveyed by G(t).

2.5

Worm-like Micelles (Living Polymers)

During this work, we mainly use worm-like micelles as a viscoelastic fluid. Therefore,
the formation of viscoelastic networks by micelles is briefly introduced hereafter.
For further information, we refer to the extensive literature in this topic. Some
introductory literature, reviews and further reading related to worm-like micelles
are provided by the references [45, 51–55, 105]
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Figure 2.6: Amphiphilic surfactant molecule of CPyCl (cetylpyridinium chloride
monohydrate) dissolved in a solvent with a polar head and an uncharged tail. When
increasing the surfactant concentration over the CMC, the surfactants build aggregates as spheres, rods or vesicels (CPyCl surfactants assemble in rods). Adding salt,
like NaSal (sodium salicylate), supports the aggregation process, e.g. rods can grow
to giant worm-like micelles. In our experiments, we use CPyCl in combination with
NaSal for obtaining worm-like micelles.
Micelles are growing by dissolving the proper amounts of surfactants in a solvent (typically an aqueous solution). These surfactants are amphiphilic molecules,
with a hydrophilic polar head and an uncharged hydrophobic tail (see left panel of
Fig. 2.6). When reaching the critical micellar concentration (CMC ) 7 , the surfactant
monomers self-assemble in monolayers, with the solvent reluctant tails inside and the
solvent loving heads outside (compare right panel Fig. 2.6) 8 . The topology of the
micelles strongly depends on the type of used surfactants and the spontaneous curvature cs of the monolayers, e.g. they tend to form spheres for large cs and so-called
vesicles 9 for cs → 0 [45]. For intermediate cs , cylindrical, or worm-like, structures
shape up, while both end caps form two hemispheres [45]. Note, the creation of end
caps costs energy, since here, the curvature of the monolayer is not optimized for
building hemispheres.
From the thermodynamic perspective, the assembly into aggregates increases
the entropy of the solvent molecules and thus reduces the free energy of the system [107]. Further, the length distribution of worm-like micelles is determined by
the counterbalance of the mixing entropy and the energy, which is needed to close
the cylinders by the caps. While the entropic part promotes a reduction of the
micellar length, the ’closing’ energy favors long micelles [45]. Therefore, the process of micelle formation (and breaking) is highly dynamic, which earned them the
7
8

9

This is the minimal concentration of surfactants, where micelles are forming.
In non-polar solvents, surfactants aggregate to inversed micelles, with the head to the center
and the tails to the solvent [105].
Vesicles are made up by two monolayers, which then form a closed bilayer. Sometimes these
bilayers build even more complex aggregates [45].
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Figure 2.7: Length scales in a network of entangled worm-like micelles.
One finds typical persistence lengths of
lp ∼ 10 − 50 nm [54, 56, 106], while
the cross-sectional diameter is around
2rm ∼ 2 − 6 nm [56, 106]. The contour length of worm-like micelles can be
quite large in order of L ∼ 0.1 − 10 µm
[56, 106]. Depending on the tightness of
the network, the mesh size is typically
determined to $ ∼ 10 − 100 nm [54,56].

epithet ’living polymers’ [45]. An additional energetic contribution constitutes the
repulsive Coulomb interaction of the polar heads at the micellar surface [107]. In
that respect, adding salt neutralizes repulsive electrostatic interactions of the polar
heads and supports the micellar growth [108, 109].
When the worm-like micelles are long enough to entangle (this marks the semidilute regime), they form a viscoelastic network with relatively long stress relaxation
times [11, 45]. The microstructure and thereby the rheological properties of wormlike micellar solutions are strongly dependent on the concentration of surfactant
and salt and on the temperature. Additionally, it is noteworthy that worm-like
micellar solutions reveal a highly dispersed length distribution [45]. Fig. 2.7 marks
the relevant structural length scales found in a network of entangled worm-like
micelles. Despite of the broad length distribution, semi-dilute worm-like micellar
mixtures reveal very defined structural time scales, which is related to the permanent
and dynamic reorganization of the micellar network [45]. For this reason, a Maxwell
model with a single relaxation time is often sufficient for modeling the viscoelastic
response behavior of worm-like micelles [45, 48–52], as discussed in the previous
section 2.4 Maxwell and Jeffreys Model.

2.6

Optical Tweezers

Since optical tweezers are the central experimental technique used in this thesis, an
overview of the working principle is presented below.
Since A. Ashkin’s pioneering discovery in 1970 that dielectric colloidal spheres
can be trapped and moved by light gradients [110–112], optical tweezers evolved
into a standard tool for manipulating microscopic objects without physical contact.
Nowadays, optical tweezers find broad usage in various fields of research, like microand molecular biology [113–115] and colloidal science [116, 117]. Their ability to
introduce and measure vanishing small piconewton forces with a remarkable high
precision allows insights in the flexibility and internal forces of single cells or macro-
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Figure 2.8: Optical forces explained by ray optics in an unfocused (left panel) and
in a tightly focused (right panel) Gaussian beam. The incident beam can be split
in two rays, while the intensity of each ray and, thus the strength of the momentum
change depends on the position in the light intensity distribution. On top of the
forces F1 and F2 , introduced by the momentum change of the light rays, the sphere
experiences a scattering force FL due to the light pressure of the incident laser light.
The sum of forces acting on the particle is given by Ftot , where gravity is neglected.
molecules [114, 115, 118–120]. In particular, this precise tool is heavily employed in
active microrheology to drive colloidal particles through a fluid and measure their
response in parallel [60, 78–81]. Moreover, optical tweezers are a crucial experimental tool in stochastic thermodynamics to test statistical theorems, where fluctuating
Brownian particles are typically exposed to specific driving protocols [18, 19, 96–98].
Depending on the ratio of the particle size R and the laser wavelength λ, there are
in principle two intuitive approaches to explain the basic physics of optical tweezers.
For a very large particle R  λ, already simple ray optics provides a description
of the working principle [112, 114, 121]. The momentum of light rays changes when
they are refracted by a transparent dielectric sphere. Due to the conservation of
momentum, the deflected ray transfers the same momentum change to the sphere,
but in opposite direction, which leads to a force exerted to the particle by Newton’s
second law. As schematically shown in Fig. 2.8, the net force of momentum change
pushes the object towards high laser intensity, in case the refractive index of the
particle nP is larger than that of the surrounding medium nM . In addition, the
particle experiences always the pressure of the scattered light resulting in a force
in parallel direction of the incident laser. Note, an unfocused Gaussian beam (left
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Figure 2.9: Particle trapping explained by
means of the dipole approximation. The induced Lorentz force FG points always to the
point of highest laser intensity, while the light
pressure pushes the dielectric particle in the
propagation direction of the incident light. The
dotted arrow indicates the trajectory of the
particle towards its equilibrium position. This
equilibrium position is slightly shifted from the
focal plain due to the light pressure. Gravity is
neglected in this sketch.

incident laser
panel Fig. 2.8) keeps the particle centered around the lateral direction of light propagation, but the net force of the momentum change and the scattering force push the
particle along the laser propagation. Only a tightly focused Gaussian beam (right
panel Fig. 2.8), which provides a steep intensity gradient in the direction of light
propagation as well, holds the particle in plane. Because of the light pressure, this
plane is slightly shifted from the focus level.
For very small objects, compared to the laser wavelength (R  λ, Rayleigh
regime), the dielectric particle can be approximated as a point dipole, introduced
by the electromagnetic field of the light [114, 121]. Then, this dipole experiences
a Lorentz force proportional to the intensity gradient of the light. Therefore, a
dielectric sphere is always pushed towards the highest light intensity, as sketched in
Fig. 2.9. Again, the scattering force moves the particle’s equilibrium position slightly
out of focus.
Frequently, e.g. in our experiments, the particle size is comparable to the laser
wavelength. A suitable model of the incident light filed is required, which is quite
challenging due to the nonparaxiality of focused laser beams [114, 121]. Tlusty et
al. demonstrated that a dipole approximation can be employed in case of a tightly
focused Gaussian beam in the diffraction limit (λ ≈ ω̃, ω̃ is the beam waist) [122] 10 .
Here, the dipole interaction energy of a weakly polarized dielectric particle is given
10

In a highly localized beam, the electromagnetic field is almost in phase over ω̃. Thus, the main
contribution of the interaction is related to the steep amplitude gradient, which allows a dipole
approximation [122].

19

Chapter 2 Fundamentals

/

Figure 2.10: Trap stiffness dependence on the particle radius R for a
constant beam waist ω̃ = ω̃0 based on
Eq. (2.27). The trap stiffness is normalized by its maximum value κ0 = κ(R =
√
3ω̃0 ).
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by the integral of the energy density of the field I over the particle’s volume Vp
Z
W = −α
dV I,
(2.22)
Vp

with α = εεMP − 1 ≈ ( nnMP )2 − 1 is related to the refractive indexes of the particle
nP and the surrounding medium nM (εP and εM are the corresponding relative
permittivities) [122]. Hence, the resulting Lorentz force on the dipole is given by
FG = −∇W.

(2.23)

For calculating FG , Tlusty and coworkers assume a three-dimensional and axial
symmetric Gaussian beam with a energy density of


z2
ρ2
I(ρ, z) = I0 exp − 2 − 2 ,
(2.24)
2ω̃ρ 2ω̃z
where I(ρ, z) is given in cylindrical coordinates (compare Fig. 2.9). They further
approximate that the beam waist is of identical size in radial (ω̃ρ ) and axial (ω̃z )
direction (ω̃ρ = ω̃z = ω̃), and set the geometrical focus of the beam to ρ = z = 0.
Based on this considerations, plugging Eq. (2.24) in Eq. (2.22) and applying the
gradient yields the rotational symmetric force

 
 
 2
rR
rR
rR
r + R2
2
(2.25)
cosh
−
sinh
,
FG (r) = αI0 ω̃ 4π exp −
2ω̃ 2
ω̃ 2
ω̃ 2
ω̃ 2
p
with r is the center of mass of the particle and r = ρ2 + z 2 [122].
Around the equilibrium position r = 0 the potential well is approximately harmonic and Eq. (2.25) simplifies to the linear restoring force [122]
FG (r) = −κr,
where κ is identified with a Hookean spring constant (or trap stiffness)


4π
R2
3
κ=
αI0 R exp − 2 .
3ω̃ 2
2ω̃
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(2.27)
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The gradient force of Eq. (2.26) remains attractive, as long as κ and thus α ≈
( nnMP )2 − 1 is positive. Therefore, trapping of dielectric particles only works for
nP > nM . Besides the linear relation to α and the laser intensity I0 , the trap
stiffness strongly depends the particle radius R, as plotted in Fig. 2.10. If R is
small compared to the beam waist ω̃, the trap stiffness grows almost linear √
with
the particle’s volume. With approaching the maximum trap stiffness at R = 3ω̃
the exponential term in Eq. (2.27) gets more dominant and finally κ decreases with
further increasing the particle size.
In reality, Gaussian beams are more extended in z-direction than in ρ-direction,
with ω̃ρ < ω̃z , which leads to a different trap stiffness κρ and κz in both orientations.
In reference [122], the authors provide an elaborate expression for this case. Overall,
this leads to a stronger trapping strength in perpendicular direction to the beam
propagation than parallel to it (κρ > κz ). Note, also in the dipole description the
scattering force FL and the gravitational force needs to be compensated to keep the
particle in the trap.
The above shown equations provide a good qualitative understanding for the trapping mechanism, but a precise specification of the parameters for determining κ by
Eq. (2.27) remains a challenge: (i) there is no exact value of the laser intensity exposed on the colloidal particle within the sample. The absorption and the scattering
losses in the viscoelastic fluid and on the sample boundaries are ill-defined. (ii) One
has to determine the size of the beam waist with high accuracy 11 . (iii) Calculating κ requires precise knowledge about the radius of every individual particle, but
a batch of colloidal particles is never strictly monodisperse. (iv) Irregularities on
the particle surface can distort the κ value. (v) Chemical induced inhomogeneities
in the liquid-particle contact can vary or modify the local refractive index. Therefore, experimental methods are applied for measuring the trap stiffness directly from
the spatial fluctuations of a trapped colloidal particle by applying the equipartition
theorem or determining the confinement potential from the particle’s probability
distribution (explained during section 3.1.1 Optical System).

11

We estimate the waist of our (infrared) laser beam to be in the order of the probe particle radius
ω̃ ∼ R ∼ 1 µm.
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To gain insight in the complex dynamics of viscoelastic environments, we measure
the response of a probe particle when exciting a viscoelastic fluid. Using an optical
trap, a colloidal particle can be precisely steered, while it performs Brownian motion
within a well-defined optical potential. Depending on the measurement protocol,
the surrounding fluid remains in equilibrium (static or no trap) or is driven out of
equilibrium (moved trap).
The experimental approach satisfies the requirements needed for accurate measurements: (i) particle fluctuations with accuracy down to few nanometers are measured, which implies a quite robust setup against external vibrations. (ii) Because
of the long time scales of the used viscoelastic medium and to reach reasonable
statistics, measurements over several hours are required 1 . (iii) A perfect trapping
potential, i.e. circular and harmonic, is demanded.

3.1

Experimental Setup

As detailed below, we built an optical tweezers setup to perform the experiments.
This setup allows to provide in situ an external constant and time-dependent potential acting on the colloidal particle while observing the evolution of the probe
particle in real-time with video microscopy techniques. The resulting videos are
analyzed to extract information about the particle’s (out of equilibrium) dynamics
and its coupling to the bath.

3.1.1

Optical System

Fig. 3.1 shows the schematic drawing of the experimental setup. At the beginning of
the optical path, linear polarized cw light is emitted at 1064 nm by an infrared fiber
laser (IPG, YLM-5-LP-SC ). The laser output is circularly shaped and operates in
1

Note, the particle dynamics in the used viscoelastic solution is much slower than in water.
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Figure 3.1: Schematic drawing of the experimental setup and sketch of the trap
creation within the sample cell (inset). The optical path of the infrared laser is shown
in red and the imaging path in green. The abbreviations of the parts are defined
as follows: L lenses, AOM acousto-optic modulator, M mirror, PoM powermeter,
λ/2 half-wave plate, PBS polarized beam splitter, BD beam dump, M’ bypass
mirror, SC scan cube, DM dichroic mirror, O objective, MS xyz-manual stage, PS
xyz-piezoelectric stage, TS tempered sample holder, LED light emission diode, PH
pinhole, CCD CCD camera. The dashed lines show the setup in a later configuration
(the SC is bypassed and the PS is mounted). In reality, the objective is very close
to the sample cell and disappears behind the two stages MS and PS and the sample
holder TS.
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the TEM00 mode. Then, the raw beam passes through a Keplerian telescope made
up by two lenses (similar to Fig. 3.3), which collimates the beam and decreases
its diameter to couple the laser to an acousto-optic modulator (AOM) (Crystal
Technology Inc. CTI 3080-199, driver: Crystal Technology Inc. CTI 1080AF-AIFO3.0 ) through its narrow pinhole. A sound wave, generated inside the AOM, diffracts
the beam, where we take the first order. The intensity of the diffracted beam is set
by the sound wave’s amplitude, which is adjusted by the voltage applied to the
AOM driver. In that respect, the laser intensity can be precisely tuned, modulated
and switched off by steering the voltage. For this purpose, a computer-controlled
frequency generator (Tektronix AFG3102 ) is used. Fig. 3.2 shows the characteristic
curve of input voltage and output laser intensity of the AOM. After passing the
AOM, we benefit from a very small, but nonzero, transmission of the beam through a
mirror, which is sufficient to track intensity variations with a power meter (Thorlabs
PM 100 D).
Since our main findings are obtained under weak trapping conditions (trap stiffness κ ≈ 2−3 µN m−1 ), a very small, but stable laser intensity and shape is required.
Close to the lasing threshold, both shape and intensity are competing. Therefore, a
combination of a half-wave plate and a polarized beam splitter is added to dampen
the beam intensity. The ratio of reflection to transmission of the beam splitter is
defined by the polarization angle of the incident light, which can be shifted by means
of the half-wave plate.
In the next step, the beam passes a pair of galvanostatically driven mirrors
(Scanlab SCANgine 10 ). They deflect the laser beam and, thus, the trap position
within the sample (in xy-direction). As sketched in Fig. 3.3, a second Keplerian
telescope is mounted in the optical path such that, independent of the incidence
angle, the beam hits the center of the objective’s back aperture [112, 123, 124]. In
addition, the telescope expands the beam size to fill the objective and recollimates
the laser. Note, at some point during this work, the scan cube is replaced by a
piezoelectric stage (Piezoconcept LT3.300, driver: Piezoconcept USB163 ) to move
the sample cell instead of the laser beam. Before reaching the objective, the infrared
laser is deflected by a dichroic mirror, which is transparent for visible light. Finally,
the laser is tightly focused into the sample cell by an oil immersion microscope
objective with a high numerical aperture of 1.40 (Olympus UPlanSApo 100x/1.40
Oil ).
By virtue of a strong temperature dependence of the viscoelastic properties, the
lab temperature is kept at 25 ◦ C and a cell holder connected to a refrigerated circulating bath (VWR AD07R-20 ) guarantees a very precise tempering of the sample
(±0.1 ◦ C). The sample holder is mounted on a manual xyz-stage for the raw lateral
and vertical adjustment of the measuring cell.
Concerning the illumination and imaging path, a green LED emits light that
passes through a pinhole for regulating the light intensity. Afterwards, a lens 2
2

A single lens is sufficient to gain a homogeneous illumination, because the front aperture of the
objective is very narrow. In addition, we are only interested in the dynamics of a single particle.
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Figure 3.2: Characteristic curve of the AOM. The laser intensity IL is measured
with a Thorlabs Power Meter PM 100 D directly after the objective. We find the
linear operating regime of the AOM between 150 and 325 mV.
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Figure 3.3: Keplerian telescope used in the experimental setup (Fig. 3.1). For the
sake of simplicity, only one mirror of the SC is shown and the DM is left out.
The focal length of the right lens is defined as f1 and the one of the left lens as
f2 , respectively. When the SC deflects the beam by any angle, the laser hits the
back aperture of the objective always at the same position at the analogical angel
with constant beam size [124]. With the principle of refracting telescopes, the beam
diameter expansion or reduction is set by the ratio f2/f1 . The telescope before the
AOM is used to decrease the beam size (f1 > f2 ), while the telescope before the
objective increases the laser diameter (f1 < f2 ).
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Figure 3.4: Trajectory of a colloidal
particle in a static trap after sample preparation (∆t = 0) and 12 h
later (∆t = 12 h). Each trajectory
is measured for 30 min. By the center position of the trajectories (×
and ×) we determine the laser location. Over 12 h the mean laser position (+) varied only by ±2.7 nm in xand ±0.2 nm in y-direction.

focuses the light through the sample cell in the same objective, which creates the
laser trap. The advantage of using the same objective for trapping and imaging
is merging the beam waist and imaging plane, i.e. a trapped colloidal particle is
always found in the imaging focus. Then, the image passes the mentioned dichroic
mirror and a lens with large diameter, which displays the image on a monochromatic
CCD camera (Basler ace U acA720-520um, later Basler ace U acA2040-120um).
Typically, the camera records at a frame rate of 150 s−1 .
By reasons of reproducibility, efficiency and tracking of various signals simultaneously, the setup is fully automated by a LabVIEW control.
Moving the Laser vs. Moving the Sample Cell
As the aim is to locally drive the fluid out of equilibrium by shearing a colloidal
probe, one can either move the trap or keep the beam fixed and move the sample
cell. Both methods are identical, since Newton’s equation of motion in the laboratory
frame and the comoving frame of the colloidal particle are equivalent under the
Galilean transformation.
Implementing the piezoelectric stage to move the sample instead of the laser,
entails many advantages: under this configuration the beam path is free of dynamic
components, i.e. increasing the beam stability (position, quality and intensity), as
demonstrated by Fig. 3.4. Another benefit is exactly knowing the beam position
in accordance to the probe particle, which can be accessed by evaluating the mean
position of a fluctuating particle in a static trap.
The piezostage has been primarily implemented in order to increase the traveling
distance of the tracer particle. When tracking the full motion of a particle moved by
So, the field of view is very small compared to that of multiple particle microscopy.
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the mirrors, e.g. the probe is driven on a line, one has to find a compromise between
the image resolution and the traveling distance (i.e. size of the field of view). Note
that over the whole scan width, the trap stiffness must remain constant. Even the
Keplerian telescope cannot compensate a beam distortion, if the deflection angle
would be too large. With taking this into account, we find an ideal field of view
with a maximum traveling distance around 20 µm for the moved laser. In contrast,
the whole traveling range of the piezoelectric stage can be exploited, which is for
our model 300 µm in each direction, i.e. 15 times longer trajectories (in space) than
with the scan cube. To sum up, the image (particle) resolution and the trap quality
is independent of the traveling distance when moving the sample cell instead of the
laser.
Via an analogue voltage sent by the second channel of the frequency generator,
the piezostage can reach very small driving velocities. With the high precision of
the piezostage and the smooth analogue signals, we achieve velocities of less than
1 nm s−1 . The lower velocity limit of the scan cube has been found around 40 nm s−1 .
It should be mentioned that the stage position can be checked via a corresponding
output voltage from the stage controller. This signal is always tracked during the
measurements with an A/D card (National Instruments USB-6000 ) connected to
the computer.
In the following, we stick to the wording of a ”driven particle” or a ”moved trap”
for simplicity reasons, even though if the sample cell is moved instead of the laser
beam.
Stabilizing the Measurements
When carrying out active microrheology on systems in viscoelastic media, there
arise some experimental requirements that needed to be addressed. Optical tweezers
setups are very sensitive to outside vibrations. Hence, all the components besides
the electric drivers are mounted on an optical table floated with air. To decrease
external influences, every measurement used in this thesis is performed during nights
or weekends when the University building is empty and electronic components are
shut down. In addition, heavy mechanical holders crab the parts of the setup on
the cost of less degrees of freedom for calibration, which reduces vibrations and
stabilizes the trap shape and intensity. A constant lab temperature promotes the
beam stability as well. The temperature also has a high impact on the AOM driver:
if the AOM driver is heating, the laser intensity changes significantly. For that
reason, the driver is chilled on a plate, which is connected to a second circulating bath
(VWR 1197P ). As mentioned above, implementing the piezostage also enhances the
stability.
Calibrating the Optical Trap
The laser beam is roughly adjusted (intensity and Gaussianity) by using the typical
combination of a pinhole and a power meter as well as beam profiler. For the fine
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Figure 3.5: Check on the beam quality by analysis of the fluctuations of a colloidal
particle performing Brownian motion within a static trap.
tuning of the beam quality after passing the objective, the calibration protocol is as
follows: we record the fluctuations of a colloidal particle in a static trap and perform
the analysis prompt afterwards. Fig. 3.5 shows the steps of this evaluation. Firstly,
we inspect the raw xy-trajectory by the naked eye to check the circularity of the
beam (Fig. 3.5a). Secondly, a heatmap characterized by the probability density of
the particle position gives a two-dimensional impression about the Gaussianity of
the beam (Fig. 3.5b). In addition, we check the harmonicity in x- and y- direction
by calculating the trap potential (Fig. 3.5c, main graph)
1
(3.1)
Vext (x) = κx2
2
from the histogram of the particle position x (Fig. 3.5c, inset), which follows a
Boltzmann distribution [11, 124, 125]
P (x) ∼ exp(−

Vext
).
kB T

(3.2)
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By applying a parabolic fit to the potential, then, the trap stiffness κ is extracted,
which should be constant along each direction ϕ of the trap (Fig. 3.5d). Finally,
we test κ(ϕ) = const. by calculating the variance hx2 i and using the equipartition
theorem [11, 94, 124]
kB T = κhx2 i.
(3.3)
With the analysis shown in Fig. 3.5d we generously estimate the error of κ to 3 %.
If the benchmarks of these measures are not achieved, we slightly shift the objective
position and repeat this procedure. This method is quite time consuming, but it
is the best way to check the final alignment. We further have a look at the power
spectral density of the particle’s fluctuations to check, if there are any unwanted
vibrations on our experimental system.
Such static trap measurements are performed before and after every experiment
to examine the beam shift and quality like in Fig. 3.4 and 3.5. Besides the laser performance, one also gains information about the sample cell stability (3.2.2 Stability)
and rheological fluid properties.

3.1.2

Image and Data Analysis

We save videos of the probe particle moving in xy-plane perpendicular to the laser
beam for further analysis.
Particle Tracking
The main focus lies on the speed of the tracking routine, because millions of frames
are recorded for each measurement. For that reason, the tracking algorithm is
speeded up as much as possible by waving obsolete parts. We calculate each center
position of the particle in binary image with high spatial resolution (Fig. 3.6) 3 .
As already mentioned, the measurements performed with the scancube provide a
lower resolution. But with an area of roughly 8000 pixel per particle and a high resolution of the camera 4 (1 pixel=40
b nm) we achieve an accuracy of at least 4 nm. For
the measurements accomplished with the piezostage 5 , the pixel area per particle is
found around 30000 and the resolution on the camera is even higher (1 pixel=20
b nm),
which gives a precision of around 2 nm.
Data Analysis
Regarding data analysis, there are two main aspects, which should be mentioned
here: first, one has to check whether the sample and, thus, the data is completely
3

4
5

It figured out that the particle coordinates remain the same, irrespective of applying a Gaussian
fit method to obtain the barycenter of the intensity distribution on the particle’s image [126,127]
or just by locating the particle’s center in a binary picture.
During this experiments we use the Basler ace U acA720-520um camera.
Here we use the Basler ace U acA2040-120um camera.
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Figure 3.6: In (a) a raw image recorded during a measurement is shown. For the
tracking we binarize the raw image and calculate the barycenter (b).
free of drift. A drift can be recognized when there is any asymmetry in the x- and ydata of a particle in a static trap. Sensitive indicators are for example the measures
of the beam quality-checks (see Fig. 3.5) or the mean squared displacements.
Second, once we start to drive the probe, the particle position (fluctuations) approaches a non-equilibrium steady state (NESS). To determine whether the particle
motion has reached steady state conditions, we evaluate the convergence of mean
parameters and the particle’s bare trajectory. Fig. 3.7 exemplarily shows, how long
a trajectory needs to be cut until the colloidal particle performs a steady motion
(regime 3). Once the particle starts to move, its displacement x from the laser center
increases until the drag force due to the fluid’s friction is equilibrated by the restoring
force of the trap. Although the average value hxi converges when cutting tcut ≈ 15 s
(regime 1), we remove the trajectory up to regime 2, which might mark an overshoot
effect [128–132] 6 . In this example, already 35 s are deleted, which is 14 times the
structural relaxation time of the fluid under investigation (τs = 2.5 s). Independent
of how fast hxi converges, we always cut multiples of τs from the trajectory to ensure
steady state conditions.
Since various protocols are applied for driving the colloidal probe through a
viscoelastic fluid, the key points of the underlying data analysis are discussed in
each section separately.

3.2

Sample Preparation

The overall aim here is to study the motion of a probe particle through a nonequilibrium background, i.e. viscoelastic solutions. For this purpose, we use (i) a
6

Overshoot effects might appear in rapidly sheared fluids, if the stress passes a maximum when
the yield stress is overcome.
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Figure 3.7: Particle displacement x from the trap center during a start up process
of a drag experiment in a viscoelastic fluid (7 mM CPyCl-NaSal at 25 ◦ C, structural
relaxation time τs = 2.5 s). At time t = 0, we start to drive the trap with constant
velocity 100 nm s−1 (Wi = 0.09). The inset shows the convergence of the average
value hxi when cutting tcut from the trajectory. The trajectory is divided in three
regimes: regime 1 lasts until the friction force is for the first time balanced by the
restoring force of the optical trap. Regime 2 marks a possible overshoot behavior
and in regime 3 the NESS is reached.
mixture of entangled worm-like micelles and (ii) a semi-dilute polymer solution. It
turns out that the micelles are more favorable for our measurements than a semidilute polymer solution 7 . In addition, we use (iii) a water-glycerol mixture to
compare the experimental findings with a purely Newtonian fluid.
The first part of this section is about the preparation of the solutions and their
characteristic rheological and optical properties, while the second part focuses on
the construction and stability of the sample cell.

3.2.1

Solutions

Preparation
(i) Micellar solution: in our experiments, an equimolar solution of surfactant
CPyCl (cetylpyridinium chloride monohydrate) (Sigma-Aldrich, crystalline,
7

There is a large variety of worm-like micellar mixtures as well as polymeric solutions. As
the aptitude tests on those solutions in respect to our measurement requirements are very time
consuming, we restricted ourselves to one kind of a micellar and one kind of a polymeric mixture,
which are best suitable by our knowledge.
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99.0-102.0% ) and salt NaSal (sodium salicylate) (Sigma-Aldrich, Reagentplus
TM, ≥99.5% ) as a strong binding counterion [108, 109] in deionized water is
used. We have maintained a concentration of 7 mM, as long as nothing different is written. The preparation method is as follows: after overnight mixing in
an Erlenmeyer flask at 45 ◦ C, giant worm-like micelles form and break dynamically [45, 49, 51–57, 67, 68, 107–109, 133]. The micellar solution remains rather
stable within the mixing flask and it can be used for more than a week. In addition, the rheological properties are quite replicable when preparing a fresh
solution. Further, we assume that it is less likely to introduce a persistent
local structure in the micellar matrix by shearing a probe particle, due the
permanent reorganization of the network [45]. The described features enable
defined quantitative and reproducible measurements in worm-like micelles.
(ii) Semi-dilute polymer mixture: the production of the semi-dilute polymer mixture is similar. A polyacrylamide (molecular weight MW = 18 × 106 ) solution
at 0.03 % wt. in water is prepared and mixed over night at room temperature.
At 25 ◦ C, this mixture shows a similar structural relaxation time to those of
a 7 mM micellar solution at the same temperature 8 . But even with the same
careful treatment as the micelles are handled, the polymer solution changes its
rheological properties rapidly from one day to the other, even within the flask.
Thus, polymer solutions are only used to compare their qualitative behavior
with those of the micelles.
(iii) Water-glycerol mixture: the same protocol as for the polymers is applied.
Here, the desired viscosity is adapted by the water-glycerol ratio and the measuring temperature. The viscosity dependence on the water concentration and
the temperature are precisely listed in literature [134]. Once glycerol and water
are mixed, no changes in its properties have been realized over months.
Rheological Properties
Since nearly solely the micellar system is used, only a discussion of the rheological
properties of this solution follows.
As the micelles form and deform all the time, the microstructure varies as well.
Insights into the length scales is usually gained by cryogenic transmission electron
microscopy (cryo-TEM) [51, 53, 55, 135] or small angle neutron scattering (SANS)
methods [51,53–55,66,68,109]. The literature values according to our specific system:
the micellar contour length ranges from 100 nm to 1000 nm and the diameter is
measured to 2 − 3 nm [51, 56]. The typical mesh size is on the order of 30 nm and
the persistence length is around 10 nm [56].
8

Most of our measurements are performed at 25 ◦ C.
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Figure 3.8: A macrorheological creep ringing experiment performed at 20 ◦ C in a
7 mM solution. At t = 0, a sudden constant stress σ is imposed. The strain response
γ shows a damped oscillatory behavior until it reaches the linear Newtonian regime.
We identify the appearance of the first maximum with the relaxation time τr .
Besides the length scales, the time scales are of outstanding interest, which are
measured with established rheological methods. We identify the structural stress
relaxation time τs with the help of a so-called recoil experiment [20]. Here, a colloidal
probe is driven through the bath and released by switching off the laser. After
releasing, the particle performs a backward movement due to the elastic component
of the mixture. From this recoil response to the external perturbation, we deduce
τs . A detailed overview and discussion on the recoil experiments follows in section
5.2 Recoil Experiments at Small Shear Velocities. Doing so, τs of a 7 mM solution
at 25 ◦ C is determined to 2.5 ± 0.2 s. For the concentrations 5, 6 and 8 mM a τs of
1.0 ± 0.1 s, 1.5 ± 0.2 s and 4.7 ± 0.4 s is measured, each for the same temperature.
These measurements follow the trend that viscoelastic networks get more dense with
increasing concentration [20, 56, 67, 68, 107]. As a consequence, τs is rising.
Additionally, we use a commercial rheometer (TA Instruments DHR-2 ) to examine the structural relaxation time τr in dependence on the temperature by performing
a creep ringing measurement with the 7 mM micellar solution. All rheometer tests
are performed in a DIN concentric cylinder geometry. For such creep experiments,
one imposes a sudden constant stress σ at t = 0 on the fluid [45]. Due to the viscoelasticity of the mixture and the inertia of the rheometer, the strain response γ
shows an oscillatory - or ringing - behavior [69, 136] until the strain grows linear
like in a Newtonian fluid. Fig. 3.8 exemplarily shows the strain response of a single measurement. There is a maximum in the oscillations, τr , which defines how
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Figure 3.9: Plot of τr from the creep experiment (Fig. 3.8) for various temperatures in a 7 mM micellar mixture. First, we measure the temperature ramp upwards
and then downwards. Both curves show the trend of an increasing τr when heating
the fluid. At 25 ◦ C, the structural relaxation time τs gained from the microrheological recoil experiment is in very good agreement with the values obtained by the
rheometer.
long it takes to stretch the viscoelastic network until it partially relaxes. In that
respect, the creep ringing method is somehow the reversed macrorheological complementary measurement to the recoil experiments, which is supported by the very
good agreement of τr and τs at 25 ◦ C. In general, an increase of the relaxation time
τr is observed when heating the fluid (compare Fig. 3.9), indicating a temperature
dependence of the fluid’s microstructure.
In Fig. 3.10a, the flowcurve of the micellar mixture measured with the rheometer
is plotted. Such flowcurves represent the viscosity η dependence on the shear rate
γ̇. In the constant regime, where η is independent of γ̇, η ≈ 300 mPa s is found at
25 ◦ C, which is 300 times more viscous than water at this temperature [71]. With
increasing shear rate, our micellar fluid exhibits a typical shear-thinning behavior
[11, 20, 45, 46, 48, 54, 55, 65–69].
At this point, it should be once more highlighted that our microrheological experiments are performed at small shear rates (γ̇ . 0.1 s−1 , Wi < 1), where η is
expected to be independent of γ̇. Here, the viscosity is determined by means of a
drag experiment, where the trap is driven at a constant velocity v. When moving
the trap, the probe of radius R gets displaced by x from the trap center - due to the
viscous drag of the fluid - until this force is balanced by the restoring force κx of
the harmonic optical potential. By taking the mean displacement hxi and applying
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Figure 3.10: Flowcurve of a 7 mM micellar mixture at 25 ◦ C determined with a
rheometer (a) and a microrheological drag experiment (b). The black dot in (b)
refers to the zero-shear viscosity η0 obtained by a free diffusion measurement. Plot
(b) is partially adapted and reprinted from [1].
the Stokes law κhxi = 6πvηR, we then calculate η. Further, the zero-shear viscosity
η0 is extracted from free diffusion experiments, where η0 is obtained from the MSD
(mean squared displacement) h(x(t) − x(0))2 i of the particle trajectory by using the
Stokes-Einstein Relation Eq. (2.5) 9 . Within the constant regime, the flowcurves
obtained by macro- and microrheology are in good agreement (see Fig. 3.10), which
establishes the drag experiment to determine the fluid viscosity.
The viscosity acting on the particle is highly sensitive on the confinement strength
of the trap. In our system, this effect takes part in for static traps (γ̇ = 0) and for
very small shear rates (γ̇ . 0.008 s−1 , Wi . 0.02 ). Here, the viscosity can easily
overcome η0 by a factor of two. Since this is one of the main outcomes of this
thesis the discussion follows in the results part (5.1 Drag Exeriments Close to the
Linear-Response).
For testing the long-time stability of the bare micellar mixture (mixture not confined in a sample cell), we continuously repeat an oscillatory shear experiment with
the rheometer over 14 hours. This kind of measurement is very conducive for investigating the fluid’s elastic and viscous properties by inspecting its storage (elastic)
G0 (ω) and loss (viscous) G00 (ω) modulus for different oscillation frequencies ω. As
G0 (ω) and G00 (ω) is used in this thesis only to determine the stability of the fluid,
just a brief comment on the meaning of both quantities is given below. An elaborate
derivation and discussion of both moduli can be found in various works in rheological
literature [11, 45, 57].
9

In macrorheology the zero-shear viscosity is estimated by an interpolation of the constant regime
towards γ̇ = 0.
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Figure 3.11: Storage G0 and loss modulus G00 as a function of the angular frequency ω obtained from an oscillatory shear measurement. The measurements are
performed in a 7 mM micellar mixture at 25 ◦ C. For the same sample fluid, the measurement protocol is repeated in intervals of two hours. We observe no significant
change in both moduli within the measured frequency range over 14 hours.
The storage modulus represents how much elastic energy is needed for the deformation of a material at a specific frequency, while the loss modulus renders how
much energy is irreversible dissipated when the material is deformed at the imposed
frequency [11]. Thus, a change in the curve characteristics of G0 (ω) and G00 (ω) over
time immediately reflects a change in the viscoelastic fluid properties. In the measurement shown in Fig. 3.11, no significant change in the viscoelastic properties is
observed over 14 hours, which means our bare mixture is rather stable. Of course,
the stability behavior of the fluid can change when the fluid is put to a thin sample
cell. This will be discussed in the following subsection.
Optical Properties
As the micellar mixture is irradiated with infrared light during the experiments, we
quantify the absorption coefficient α around the laser wavelength. If the coefficient
is much higher than the one of bare water, the laser beam could locally change or
even destroy the micellar structure. α is specified by a commercial UV-Vis-NIR
spectrophotometer (Agilent Cary 5000 ) within a spectrum of λ = 900 − 1200 nm.
These measurements have been performed by Tobias Seewald, himself a PhD student
of the Schmidt-Mende group from the University of Konstanz. As Fig. 3.12 shows,
α exhibits a local minimum of 1.3 % at the laser wavelength and the absorption
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Figure 3.12: The absorption spectrum of water and a 7 mM micellar solution
measured with a commercial UV-Vis-NIR spectrophotometer. A local minimum is
found around the laser wavelength. In general, the micellar mixture shows the same
refractive index as water.
spectrum of the micellar solution is in general identical with the spectrum of water.
In conclusion, the worm-like micelles are not excessively absorbing the laser light.
However, it cannot completely be ruled out that the laser causes local heating. In
this regard, a very small trap stiffness and thus a low laser power in the mW range
(see Fig. 3.2) is favorable.
Another significant optical property is the refractive index of the fluid, since
the trapping strength of the optical tweezers strongly depends on the refractive
index of the colloidal particle relative to its environment (see section 2.6 Optical
Tweezers). With an Abbe refractometer (Krüss AR 3-6 D) a refractive index of
1.33 is determined for a 7 mM solution under room conditions, which is identical to
the one of water [137]. In that respect, we assume that adding micelles to water
within the semi-dilute regime does not change the refractive index, even not at our
infrared laser wavelength. The refractive index of water-glycerol mixtures is listed in
literature and rises from 1.33 to 1.47 with increasing the glycerol weight proportion
from 4.95 % to 99.84 % [138].

3.2.2

Sample Cell

Stable experimental conditions stand or fall with the performance of the measuring
cell. Below, the sample cell construction and its stability are described.
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Construction
The preparation of the sample cell is as follows: in principle a fluid chamber is
needed, whose height is a multiple of the particle diameter so that measurements
can be done far away from boundaries. The working distance of the microscope
objective is 0.13 mm only, so the glass slide, which is in contact with the immersion
oil, has to be very thin.
Through this work we apply two variants of sample cell construction, as shown
in Fig. 3.13. For the first type, which was has been used during the early state of this
work, polystyrene spacer particles of diameter 90 µm (purchased from microParticles
GmbH, monodispersity: s.d. (standard deviation) 1.1 µm) are added to the fluid to
keep the boundaries at certain distance. Afterwards, the sample is sealed with
epoxy glue. As there is a suboptimal liquid-liquid interface between the solution
and the sealing until the glue hardens 10 , we have changed to the second variant of
sample preparation. We use an advanced pre-cut double sticky tape (Grace BioLabs SecureSeal TM imaging spacer ) with a hole in the middle of 9 mm in diameter
and 120 µm in depth. In this configuration, there is no liquid sealing interface and
we have been able to increase the sample stability from four to seven hours (see
Fig. 3.14) compared to the first method.
Besides the different type of chamber construction, the rest of the cell preparation
is equivalent. First, we clean the glass substrate (Fisherfinest TM Permium Microscope Slides Plain 25 × 75 × 1 mm) and the thin cover slide (Marienfeld 22 × 22 mm
No. 0 ) with deionized water 11 and sonicate them. Then, the chamber is filled
with the solution, in which the probe particles (and the spacer particles in the first
method) are highly diluted, and the sample is sealed with a cover slip. Usually silica particles of diameter 2R = 2.73 µm (from microParticles GmbH, s.d. 0.13 µm),
with a refractive index of 1.42 provided by the manufacturer, are used 12 . If measurements are performed in a water-glycerol mixture, another particle material is
needed, since the refractive index of silica probes comes close to the index of the
surrounding medium (in our case), which would not allow trapping. Additionally,
the low refraction of imaging light on the liquid-glass interface makes silica particles appear almost invisible in (our) water-glycerol mixtures. Here, we change to
2R = 2.64 µm melamine resin particles (from microParticles GmbH, s.d. 0.05 µm),
where the producer specifies a higher refractive index of 1.68.
Stability
As mentioned above, we have verified that the bare viscoelastic solutions remain
stable for a long time (Fig. 3.11). When a fluid volume of a few microliters is
10

11
12

The glue must not diffuse into the liquid, which would alter the fluid properties. This gluing is
highly sensitive on external influences, e.g. the humidity and temperature in the laboratory.
No organic solvents should be used, because this makes the micelles stick to the boundaries.
This particles are used as they provided the highest trapping strength for the microspheres
available at the lab during this time.
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Figure 3.13: Schematic drawing of the sample construction of a glued cell from
the side view (a). The spacer particles (black spheres) keep the glass boundaries at
certain distance, while the probes (silver particles) sediment to the sample bottom.
The epoxy glue is shown in yellow. In the lower panel a schematic drawing of a
sample chamber made up by the double sticky tape (dark grey) is shown from the
bottom view (b). Below the tape a thin cover slide seals the chamber. In both
cases we lift and shift the particle (in xyz-direction) to the middle of the sample
cell by means of the optical tweezers before running an experiment. Thus, bulk
measurements can be performed far from any boundary.

confined in the sample chamber, conditions might change. Note that the relative
contact of the fluid and the boundaries is much larger and especially the chamber
sealing could be a weak point in respect to the sample stability. In addition, it is
not clear a priori, if exposing the fluid to the infrared laser modifies the micellar
structure, even though the micelles do not change the absorption coefficient of water
(see Fig. 3.12).
To test the long-time stability of the sample cell, we repeat a drag experiment
again and again over more than 10 hours and extract the viscosity (Fig. 3.14), as
described in subsection 3.2.1 Rheological Properties. This check reflects the sample
stability under real experimental conditions when shearing a probe through the micellar mixture. Even though, the viscosity does not resemble the elastic component
of the fluid, it is still an indicator for a modification in the microstructure. E.g.
ageing or depletion processes or a degeneration of worm-like micelles induced by the
laser are mirrored in a viscosity change. Fig. 3.14 shows that the sample maintains
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Figure 3.14: Check of the sample cell stability determined by means of a drag
experiment. After almost eight hours, the shear viscosity starts to drop (dashed
line). The cell for this measurement is constructed with the SecureSeal TM double
sticky tape. This measurement is performed in a 7 mM micellar solution at 25 ◦ C at
a shear rate of γ̇ = 0.07 s−1 (Wi = 0.18 ).
its properties for more than seven hours for cells built with the double sticky tape.
In case of glued samples, the time of steadiness reduces to roughly four hours.
Of course, the above-mentioned hours of stability do not necessarily apply for each
sample cell we build. Depending on external factors, like temperature or humidity
in the preparation room, the sample can hold longer or shorter. In that sense,
the measuring time is typically at least two hours for glued samples and five hours
for cells created with the other method. We check the sample stability during a
measurement by adding reference points over the whole run. For example, when we
determine the velocity dependence on the viscosity by a drag experiment, we always
measure several times the viscosity at a specific reference velocity. At the point
where the viscosity at a reference velocity drops, the sample has lost its stability.
These reference points are also important to make measurements on different sample
cells comparable. Further, we always set the test points in a randomized way that we
can detect and exclude systematic effects, like ageing or depletion in the measuring
cell or a change in the trapping properties. We additionally check the comparability
between different sample cells with the help of the static trap measurements before
and after each experiment, which are also used to inspect the laser performance (see
Figs. 3.4 and 3.5 in the previous section). Here, the MSD is a very sensitive quantity,
which indicates changes in the fluid or trapping properties: due to the viscoelastic
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coupling of the probe to the surrounding, a variation along the viscous or elastic
part results in distinct curve characteristics. Moreover, a different saturation value
of the MSD indicates a change in the trapping strength. Especially, the small, but
nonzero, polydispersity of the colloidal particles necessitates a check-up on the trap
stiffness (compare Fig. 2.10).
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4

Colloidal Particle in an Equilibrium Bath
For worm-like micellar solutions, the rheology and its corresponding shear-thinning
has been heavily studied, showing a linear-response close to equilibrium at vanishing
small deformations of the fluid’s viscoelastic network [11, 45, 46, 51, 52, 73–78]. However, the shear-thinning characteristic of these mixtures is known to become highly
nonlinear when breaking or rearranging the fluid’s microstructure with increasing
shear rates [20, 46, 48, 51, 54, 55, 66–69]. The nonlinear properties become relevant
when driving the bath out of equilibrium [19, 46]. In spite of its relevance, this
nonlinear features are still not fully understood [1, 20, 47].
During this chapter, we describe how the nonlinear bath properties leave their
marks even in equilibrium measurements. We further show how, in experiments and
theory, the nonlinearity leads to nontrivial inter-dependencies of the coefficients in an
effective linear Langevin equation. For instance, the memory kernel can be coupled
to the optical potential, while the trap affects only the probe particle. Simply
speaking, varying the trap stiffness can change the fluid viscosity acting on the
colloidal particle. Note that the dependence of the memory kernel on an external
potential, which acts only on the tracer particle, has been found in simulations
for solutes in water not long ago [139]. In addition, we compare the experimental
outcomes with a so-called stochastic Prandtl-Tomlinson (PT) model. This chapter
is based in large parts on the results published in Ref. [2].

4.1

Freely Diffusing Particle

Already a mere freely diffusing particle reveals insights on the nonlinearity of the
surrounding bath. The corresponding measurements are performed on a sedimented
colloidal particle in two dimensions in absence of an optical trap. Since a freely
diffusing particle travels, the field of view of the CCD camera is increased with
keeping the same resolution of 4 nm in tracking accuracy, but on the cost of a lower
framer rate (100 s−1 ). Here, two solutions are used: one viscoelastic under our typical
conditions (7 mM micellar mixture at 25 ◦ C) and another one purely Newtonian, but
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Figure 4.1: Trajectory (inset) and MSD (main graph) of a two-dimensional free
diffusion measurement of a probe in a 7 mM micellar solution at 25 ◦ C. We find
the following diffusion behavior: first a sub-diffusive regime, then an intermediate
elastic plateau (which is not very prominent here, but visible) on the time scale of
the structural relaxation time (τs = 2.5 s) and a diffusive regime on long time scales
(note the log-log scale). The inset is partially adapted and reprinted from Ref. [2].

with a comparable viscosity as the previous one (water-glycerol mixture). In both
cases, the experiment lasts for 30 min.

In Fig. 4.1, the MSD of the freely diffusing probe in the micellar solution is shown.
At time scales much smaller than the fluid’s structural relaxation time (τs = 2.5 s),
the MSD shows a sub-diffusive behavior (MSD ∝ tΥ , with Υ < 1), which is related to
the internal dynamics within the viscoelastic microstructure [11]. With approaching
τs , the particle dynamics slows down further, as the tracer experiences the coupling
to the entangled elastic network. This marks the so-called elastic plateau. At long
time scales the probe diffuses normal, where the MSD grows linear with time, like
for Newtonian liquids. Compared to a purely viscous fluid, our viscoelastic micellar
solution reveals (at least) two additional diffusion patterns between the short-time
ballistic and the long-time diffusive regime. This anomalous diffusion behavior is
well known from previous microrheological studies [29, 59, 77] and is a first hint for
the nonlinearity of the micellar solution.
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4.1 Freely Diffusing Particle
An established quantifier for nonlinearity is the so-called self-dynamic structure
factor (or often denoted as self-intermediate scattering function) [11, 140]

Ss (k, t) ≡ hexp (ik(x(0) − x(t)))i ≡ exp −D(k, t)k 2 t ,
(4.1)
with k is the wave number and D(k, t) defines the diffusion coefficient. The (static)
structure factor
PNis commonly used in light scattering experiments and is defined as
1
Sstat (k) = N i,j=1 hexp[ik · (ri − rj )]i [11, 140]. Light scattering experiments find
wide usage in exploring suspensions of nano- or micron-sized particles, like colloids
or macromolecules, and allows access to length and time scales, which are typically
not reachable by video microscopy [11]. Here, Sstat characterizes the interference
pattern of the ensemble average of N scattering centers at positions ri,j across the
whole sampling space in respect to their relative position in dependence on the
scattering wavevector k = kout − kin [11]. In dynamic systems, the position ri,j is
P
a function of time and Sstat expands to Sc (k) = N1 N
i,j=1 hexp[ik · (ri (0) − rj (t))]i,
named the collective dynamic structure factor [140]. For a single particle, in one
dimension Sc reduces to the correlation function, given by the definition in Eq. (4.1)
and depicts the dynamics of the position coordinate [140].
It should be noted that the diffusion coefficient D(k, t), defined at the right side
of Eq. (4.1), generally depends on the wave number k and time t, as bath particles
can interact with each other. When the fluctuations x(t) follow a Gaussian process,
the left-hand side can be rewritten as [140]

 2
k
2
(4.2)
(x(t) − x(0))
.
hexp (−ik(x(t) − x(0)))i = exp −
2
The comparison of Eq. (4.1) and Eq. (4.2) yields that D needs to be independent
of k for a purely Gaussian process. Thus, a k dependence in D is a signal for the nonGaussianity and nonlinearity of a stochastic process. Further, it can be shown that
the relation Eq. (4.1) reduces to the famous Stokes-Einstein relation in one dimension
under small wavenumber expansion [140]. With using ∆x(t) = x(0) − x(t), the lefthand side reads as


(ik)2
(ik)3
2
3
4
∆x(t) +
∆x(t) + O(k )
Ss (k, t) = 1 + ik∆x(t) +
2
6
k2
=1 −
∆x(t)2 + O(k 4 )
2

(4.3)

and the right-hand side can be expressed by
Ss (k, t) = 1 − k 2 D(k = 0, t)t + O(k 2 ).

(4.4)

Comparing Eq. (4.3) and Eq. (4.4) yields
∆x(t)2 = 2D(k = 0, t)t,

(4.5)
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Figure 4.2: Real part of the left-hand side of Eq. (4.1) extracted from the experimental trajectory shown in Fig. 4.1 and exponential fits (black lines). With increasing k the experimental curves get more noisy because of the faster exponential
decay.
which describes the linear growth of the MSD on long time scales, where the process
is diffusive as shown in Fig. 4.1. Thus, Eq. (4.5) is valid in the long-time limit.
Using the definition in Eq. (4.1), we obtain the long-time diffusion coefficient
1
(4.6)
log (hexp (ik∆x(t))i) .
t→∞
t→∞ k 2 t
We extract D(k, t → ∞) of Eq. (4.6) from the experimental data by fitting the
long-time limit of <(hexp (ik∆x(t))i) for a given k, as shown in Fig. 4.2. Then, we
normalize D(k, t → ∞) by D(kmin , t → ∞), where kmin is the minimum resolvable k
in the experiment, and yield the normalized long-time diffusion coefficient, plotted
in Fig. 4.3. The curves of the Newtonian and the viscoelastic bath are normalized
by D(kmin , t → ∞) = 1540 nm2 s−1 and D(kmin , t → ∞) = 205 nm2 s−1 , respectively.
For the Newtonian bath, D(k, t → ∞) remains unaffected of k that confirms its
linearity. In contrast, the viscoelastic bath reveals an obvious nonlinear character:
D(k, t → ∞) starts to drop around k ≈ 107 m−1 , which corresponds to a length scale
of roughly 2π/k ≈ 600 nm. Remember, the contour length of our worm-like micelles
is found between 100 and 1000 nm and the mesh size is in the order of 30 nm [51,56].
This implies that the relevant length scale for the onset of nonlinearity is dominated
by the contour length of the worm-like micelles rather than by their mesh size (recall
the broad distribution of length scales in such solutions).
In this context, the particle senses a larger length scale than the micellar length
at small k and it probes the continuous properties of the bulk volume. Here, the
lim D(k, t) = − lim
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Figure 4.3: Normalized long-time free diffusion coefficient of the trajectory in
Fig. 4.1 and the Newtonian water-glycerol bath. The error bars are estimated by
cutting each trajectory in two pieces and redo the above shown plot for the subsampling. Then, we use these curves as upper and lower limit for the error bars.
Partially adapted and reprinted from Ref. [2].
long-time diffusion coefficient reaches the plateau value D(kmin , t → ∞). With increasing k, the particle senses a length scale comparable to that of the bath particles
(micelles). As a consequence, the probe experiences a rising resistance due to the
(nonlinear) interactions with the bath particles and its diffusivity drops.
We accounted for the difference in the diffusion coefficient of the worm-like micellar mixture between D(kmin , t → ∞) = 205 nm2 s−1 and the obtained value from
the MSD linear fit (see Fig. 4.1) DMSD (t → ∞) = 428 nm2 s−1 . The reason might be
another enhancement of D(k, t → ∞) for k < kmin , which is currently not resolved.
kmin is restricted by the finite size of the sample cell and the range of length scales
where hydrodynamic interactions are most important (kmin & 0.5 · 107 m−1 ). Note
that, for high k, the error estimate of D(k, t → ∞) increases with k (see Fig. 4.2).
Additionally, resolving large k is limited by the spatial accuracy of the experiment
(∼ 4 nm).

4.2

Particle Confined in a Static Optical Trap

This section expounds, how nonlinear bath properties manifest when the fluid
is still at rest, but the probe is now confined in a harmonic optical potential
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Figure 4.4: Schematic drawing of the probe
confined in a harmonic optical trap. As
the trap is kept at fixed position, the surrounding fluid remains in thermal equilibrium, while the colloidal particle performs
Brownian motion within the trap. Inspired
by Ref. [2].

𝟎

𝒙

Vext (x) = 12 κx2 , as schematically drawn in Fig. 4.4. Under this configuration the particle displacement from the trap center x follows a Boltzmann distribution P (x) ∝
exp(−Vext (x)/kB T ) (see Fig. 4.5).
In the following, we experimentally show that the friction memory kernel Γ(t) is
coupled to Vext by varying the trap stiffness κ for different measurements. Besides
the presence of the trap, all measurements are performed at the same conditions as
in the previous section, in a 7 mM micellar solution at 25 ◦ C.

To demonstrate, how to extract the memory function from experimental data sets,
we start with the overdamped generalized Langevin equation [11]
Z
0 = −κx(t) −

t

du Γ(u)ẋ(t − u) + F (t),

(4.7)

0

where −κx(t) denotes the restoring force of the harmonic potential
R t when the probe
is displaced by x(t) from the trap center. The second term, − 0 du Γ(u)ẋ(t − u),
refers to the time-dependent resistance (or friction) force acting on the probe, while
Γ generally contains the viscoelastic response properties of the medium. The last
term describes the random force (or noise) F (t), originating from the random kicks
of the surrounding bath molecules. In this case, the noise source is not of special
interest, but can be assumed as white, Gaussian, and δ-correlated 1 [11, 140]
hF (t)i = 0, hF (t)F (t0 )i = F0 δ(t − t0 ),
1

When a large separation of time scales is assumed.
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Figure 4.5: Probability distribution P (x) normalized by its maximum value for
a probe surrounded by a micellar mixture trapped in a harmonic potential Vext .
P (x) strictly follows a Boltzmann distribution (fitted curve). The inset shows the
external potential calculated by means of P (x). Here, the harmonicity of Vext is
nicely recovered by a parabolic fit. Reprinted from Ref. [2].
while F0 describes the noise strength. Multiplying Eq. (4.7) with x(t0 ) and taking
the average yields


Z t
0
0
0
0 = −κx(t)x(t ) −
du Γ(u)ẋ(t − u)x(t ) + F (t)x(t )
0
Z t
d
0
(4.9)
du Γ(u) hx(t − u)x(t0 )i
= − κ hx(t)x(t )i −
dt
0
Z t
du Γ(u)Ċxx (t − u).
= − κCxx (t) −
0

Here, we define the position auto-correlation function Cxx (t) ≡ hx(t)x(t0 )i. Transforming Eq. (4.9) to Laplace space and applying the convolution theorem simplifies
the solution approach to


Z t
0 = L −κCxx (t) −
du Γ(u)Ċxx (t − u)
0
(4.10)


= − κĈxx (s) − Γ̂(s) sĈxx (s) − Cxx (t = 0) ,
R∞
where we use L {f (t)} = 0 dt exp(−st)f (t) = fˆ(s) to define the Laplace transformation [141]. Obviously, Cxx (t = 0) is exactly the variance hx2 i, and we can set
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Figure 4.6: Friction memory kernel Γ̂(s) for various trap stiffness κ extracted
by means of the spatial auto-correlation function (inset). Partially adapted and
reprinted from Ref. [2].
Cxx (t = 0) = kB T /κ by exerting the equipartition theorem. Doing so, the expression
for the memory kernel reads as
Γ̂(s) =

κĈxx (s)
kB T
κ

− sĈxx (s)

,

(4.11)

which directly links the memory with the spatial correlator in Laplace space.
With applying this relation on the experimental data, we extract Γ̂(s) for different κ, presented in Fig. 4.6. The three curves collapse for large s - or at short
time scales - as only the bare solvent friction has repercussions on the tracer particle. However, the curves are clearly separated when approaching small s values, i.e.
showing a strong dependence of Γ̂(s) on κ . Here, the nonlinear interplay of the colloidal particle with the surrounding micelles emerges when the probe is now sensing
a larger phase volume (in time). We emphasize, the memory curves are supposed
to converge to a plateau for s → 0 due to the finite memory in the system. This is
tricky to resolve, as the experimental resolution is restricted by the spatial accuracy
of the particle tracking and the measuring time. Nevertheless, the convergence to a
constant value is most evident for the blue curve at the lowest trap stiffness 2 . Note
2

We recall that our system is optimized for weak traps, like κ = 1.89 µNm−1 , as described in
section 3.1.1 Optical System. So, increasing the trap stiffness could slightly deteriorate the beam
quality.
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that a connection between the long-time friction coefficient γlt , known from microrheology, and the memory kernel of the generalized Langevin equation in Eq. (4.7)
is found by a small s expansion of Ĉxx (s) in Eq. (4.11)
Z ∞
Z ∞
κ2
0
0
(4.12)
dt0 hx(t0 )x(0)i .
γlt ≡ lim γ(t) = Γ̂(0) =
dt Γ(t ) =
t→∞
kB T 0
0
Referring back to Fig. 4.6: stiffening the trap increases γlt and thus the viscosity.
This dependence of the microrheological viscosity on the trapping strength has also
been mentioned in previous literature [82, 84].
Even though the displacement distribution in Fig. 4.5 suggests that the fluctuations of a particle under harmonic confinement follows at first glance a typical linear
Gaussian process, the dependence of the friction memory kernel on the trap stiffness is another striking indicator for nonlinear bath properties under equilibrium
conditions.

4.3

Stochastic Prandtl-Tomlinson (PT) Model

Since nonlinear markers are found experimentally in the properties of an equilibrium bath, it triggers the question how these nonlinear interactions enter the linear
coefficients of the generalized Langevin equation. This can be theoretically pointed
out both, with Hamilton dynamics, as well as by means of overdamped dynamics.
For a detailed discussion of the Hamilton dynamics, we refer to the references [2,21].
We start with the equations of motion for two coupled Brownian particles in one
dimension (schematically shown in Fig. 4.7)
0
γ ẋ(t) = − Vint
(x − q) − ∂x Vext (x(t)) + F (t),
0
γb q̇(t) =Vint
(x − q) + Fb (t),

(4.13)

where x(t) denotes the position of the probe particle, which is confined in the external optical potential Vext (x(t)) = 12 κx2 . This tracer particle interacts with a bath
particle at position q(t) via an arbitrary interaction potential Vint . γ and γb describe
the bare tracer friction and bath particle friction, respectively. For both particles
the noise is assumed to be Gaussian, white and δ-correlated ((i, j) ∈ {F, Fb })
hFi (t)i = 0, hFi (t)Fj (t0 )i = δij 2kB T γi δ(t − t0 ).

(4.14)

Further, the linearized equation of motion for the probe particle is described by
Eq. (4.7), where the friction memory kernel takes on the expansion
Γ(t) = γδ(t) +

∞
X
Γ(n)
n=0

n!

tn .

(4.15)

51

Chapter 4 Colloidal Particle in an Equilibrium Bath

𝑽𝐞𝐱𝐭 (𝒙)

𝜸𝐛

𝑽𝐢𝐧𝐭 (𝒙 − 𝒒)

𝜸

𝟎

𝒙

Figure 4.7: Model of two interacting Brownian particles. While the bath particle
is only coupled to the tracer particle via Vint (x − q), the probe particle experiences
the external trap potential Vext (x). Inspired by Ref. [2].
A computation of the Taylor terms of Eq. (4.15) produces
Γ(0)
Γ(1)
Γ(2)

Γ(n)

2
=β Fint
,
E
E 1  D
E D
D
1
(2)
(1)
(1)
(1)
2
,
Fint ; Fint +
β Fint Fint + Fint Fint
=−
γ
γb
κ D (1) (1) E
= 2 Fint ; Fint + O(κ0 ),
γ
..
.
E
n−1 D
(1)
(1)
nκ
=(−1)
Fint ; Fint + O(κn−2 ).
n
γ

(4.16a)
(4.16b)
(4.16c)

(4.16d)

Here, we write kB1T = β and establish the covariance hA; Bi = hABi − hAihBi.
Further, the interaction force Fint acting on the probe particle on account of its
interplay Vint with the bath particle is introduced.
Already Eq. (4.16b) involves the bare tracer friction γ in the memory kernel and
not the pure bath properties only. In addition, the term shows a dependence on the
force variance, which fades for a harmonic coupling potential. In the next Taylor
polynomial Eq. (4.16c) also the trap stiffness arises. The dependence on γ, κ and the
covariance of the derivative of the interaction force remains in any higher order in
t. Consequently, Eq. (4.16) conspicuously demonstrates how interactions enter the
memory kernel and create nontrivial inter-dependencies, which has been announced
by the experimental outcomes.
As the model Eq. (4.13) and the associated memory expansion Eq. (4.16) clearly
state a strong dependence on the tracer-bath-particle coupling, different shapes for
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Figure 4.8: Memory kernel Γ̂(s) − γ for different couplings Vint between the tracer
and the bath particle acquired by numerical simulations in respect to the model
given by Eq. (4.13). Simulations performed by Boris Müller. Partially adapted and
reprinted from [2].
Vint have been tested in numerical simulations. Although Eq. (4.16) also predicts
inter-dependencies on γ, we now focus only on the variation of κ, since this has been
investigated experimentally.
In Fig. 4.8 the memory kernel Γ̂(s) − γ, obtained from simulated data, is plotted
for different potentials Vint plugged in Eq. (4.13) 3 . In case of a harmonic coupling,
1
Vint (ξ) = κl ξ 2 ,
2

(4.17)

where ξ = q −x and κl denotes the interaction strength, the memory can be accessed
3

For the simulations, the bare friction coefficients have been chosen as γ = 1 and γb = 10. The
inverse temperature β was set to unity as well as all parameters appearing in Vint . Consequently,
κ is given in units of kB Tp
/d20 , where
p the length scale d0 , appearing in the interaction potential
below, can be related to hx2 i = kB T /κ.
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Figure 4.9: Schematic drawing of the Prandtl-Tomlinson model. V0 denotes the
amplitude and d0 gives the wavelength. Figure inspired by Ref. [142].
analytically, where no κ dependence appears 4 . The outcome is graphically presented
in Fig. 4.8a, where the memory derived from the simulated data matches with the
analytical description. As expected, the trap stiffness does not influence the memory
kernel for a harmonic coupling. Here, the particle diffuses freely with the bare tracer
friction Γ̂(s → ∞) = γ in the large s (short-time) limit, while the friction memory
kernel is given by Γ̂(s = 0) = γ + γb in the small s (long-time) limit, since the
potential is bounded.
Adding now nonlinearity, e.g. by choosing a symmetric double well potential
Vint (ξ) =

V0
(ξ − d0 )2 (ξ + d0 )2 ,
d40

(4.18)

with V0 is the barrier height between the wells, and d0 is half of the distance between
their minima, one observes a slight κ dependence in the intermediate part, but
the curves collapse again in the small and long s limit (see Fig. 4.8b). For small
s values, the tracer and the bath particle behave as a composite particle (with
Γ̂(s = 0) = γ + γb ), since they are coupled by a bound potential that makes them
move together on long time scales. In the large s limit, the tracer does not notice
the presence of the bath (Γ̂(s → ∞) = γ), like for the harmonic coupling.
Obviously, the memory kernel obtained with a harmonic or double well coupling
does not describe the experimental character of the curves in Fig. (4.6). In particular, a bounded potential does not capture the small s (long-time) limit and a nonharmonic coupling is required. It figured out that a stochastic Prandtl-Tomlinson
(PT) model mimics our experimental findings pretty well. The PT model has been
proposed by L. Prandtl to describe plastic deformations in crystals and dry friction [143]. In this model, a particle is dragged in a periodic potential and is damped
proportional to its velocity (which corresponds to a frictional force), while the particle itself is harmonically coupled to a host solid, as schematically shown in Fig. 4.9
5
. This model finds wide usage in the tribological community and is applied and
extended in various forms [142], e.g. within the Frenkel-Kontorova model describing
4

5

The analytical derivation and result for the memory kernel under harmonic coupling is pointed
out in [2, 21]
We call it a stochastic PT model, since the ”substrate” is allowed to be Brownian as well.
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the dynamic structure of a crystal lattice around the dislocation core [144] or, most
popular, in atomic force microscopy, where it delineates the damped motion of a
nanotip sampling a surface [145, 146]. In the following, the basic concept of the PT
model is used, where Vint reads as


2π
ξ .
(4.19)
Vint (ξ) = V0 cos
d0
Here, V0 describes the amplitude and d0 the wavelength (compare Fig. 4.9). This
extension of the PT model with Eq. (4.13) renders the coupling with a stochastic
bath particle, while the sinusoidal potential itself is not fixed in space. This goes
along with the physical interpretation of a micellar bath, which behaves as a dynamic background with a finite relaxation time. As already stated and simulated in
Fig. 4.8c, the stochastic PT model resembles the characteristic κ dependence on the
memory kernel fairly well, in particular in the small and large s limit.
The discussion of different tracer-bath couplings gives rise to match the experimental data with simulations based on the stochastic PT model for the two cases,
a freely diffusing particle and a particle under external confinement. In both situations, presented in Figs. 4.10 and 4.11, the simulated data show good agreement
with the experiments and display the same nonlinear markers. The corresponding
simulation parameters are given in table 4.1 and reveal reasonable quantitative values related to the experiment: V0 can be associated with a potential barrier acting on
the tracer particle formed by the surrounding micelles. As V0 is on the order of kB T ,
its magnitude seems reasonable. The wavelength d0 is related to the length scale,
where nonlinear interactions appear. Since the simulated value for d0 is approximately found between 100 and 200 nm, it is consistent with the length of the used
worm-like micelles (100 − 1000 nm) [51, 56]. Concerning the friction coefficients, the
bare tracer friction γ is a good guess for the solvent viscosity 6 and is determined to
η ≈ 7 mPa s. This value is seven times the viscosity of water, which might be related
to hydrodynamic interactions within the micellar solution. In combination with the
curvature of Vint at its minimum, the bath particle friction γb can be employed to
determine the relaxation time τhar of the bath for a fixed tracer position 7 . The obtained relaxation times are in the order of a few seconds (τhar = 4.2 s, 1.9 s, 1.9 s, 4.7 s
for the parameters of table 4.1), which is comparable to the structural relaxation
time of our micellar mixture (τs = 2.5 s) obtained by microrheological recoil and
macrorheological creep ringing experiments (see section 3.2 Sample Preparation).
Although a single set of simulation parameters in table 4.1 is desirable, as we
always keep the same fluid and tracer properties, there are some deviations when
changing κ. Note that the experimental system has been optimized to measure at
6
7

or infinite shear viscosity
The extraction of this time scale is explained in detail during the next chapter in section 5.1
Drag Exeriments Close to the Linear-Response.
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Figure 4.10: Comparison of the normalized long-time free diffusion coefficient
obtained from experimental data (shown in Fig. 4.3) with stochastic PT model simulations (solid lines). Simulations performed by Boris Müller. Reprinted from [2].
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Figure 4.11: Memory kernel extracted from experimental data of a colloidal particle in a static trap (shown in Fig. 4.6) and stochastic PT model simulations (solid
lines). The inset shows the corresponding correlation functions. Simulations performed by Boris Müller. Reprinted from [2].
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4.3 Stochastic Prandtl-Tomlinson (PT) Model
κ [µN m−1 ] V0 [kB T] d0 [nm] γ [µNs m−1 ] γb [µNs m−1 ]
0

2.1

98

0.16

148

1.89

1.9

210

0.18

66.7

2.81

2.11

210

0.168

68.2

7.29

1.4

120

0.189

148.3

Table 4.1: Simulation parameters of the stochastic PT model used for the solid
lines in Figs. 4.10 and 4.11.
trap stiffness κ ≈ 2−3 µN m−1 (in this range, the fitted values of table 4.1 are in good
agreement), whereas here we go beyond these κ values. This could result in local
heating, promote ageing or depletion effects or marginally worsen the trap quality.
Overall, the stochastic PT model exhibits gratifying qualitative and quantitative
accordance with the experimental observations.
The simple approach of a periodic potential mimics the micellar background surprisingly well. This might be related to the defined structural time scales, characterizing micellar fluids (see 2.5 Worm-like Micelles (Living Polymers)). With adding
more bath particles of different d0 , one can introduce additional length scales into
the system. This becomes relevant on the next step of complexity when moving the
trap and shearing the particle through the fluid, which is part of the next chapter.
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5

Colloidal Particle in a Non-Equilibrium
Bath
The nonlinear nature of the used bath has already been manifested in equilibrium
measurements. When an immersed probe particle is sheared through it, however,
it gets more pronounced and the surrounding fluid is driven out of equilibrium. In
this chapter, we present several experimental protocols of a colloidal particle driven
through a viscoelastic solution by means of optical tweezers (schematically drawn in
Fig. 5.1). Contrary to common active microrheological approaches, e.g. where a fast
driving protocol is applied [11,46,60–64,73,74,78,79,81,82,84–86], here, we focus on
really small shear rates (Weissenberg number Wi < 1), which allows to extract the
long time scales of the system. Note, for γ̇ → 0, the properties of the surrounding
bath are expected to converge to its linear-response [11,45,46,51,52,73–78]. We recall
that within our velocity range the Reynolds number is in the order of 10−11 − 10−9 ,
well below one, so that inertial effects are negligible (overdamped regime).
At first glance in Fig. 5.2, we compare the bare trajectory of a static and a driven
particle under steady state conditions for a 7 mM micellar solution at 25 ◦ C (note,
the definition of spatial coordinates used during this chapter is shown in Fig. 5.1).
Already at small Wi, the trajectories differ drastically from each other. Here, the
amplitude of the non-equilibrium fluctuations is clearly enhanced and, in contrast
to the equilibrium fluctuations, the probability distribution for a driven probe remarkably diverges from the Boltzmann statistics. Moreover, its trajectory implies
an oscillatory behavior.
A well established measure to characterize the deviation from a Gaussian probability distribution is the non-Gaussian parameter (NGP) [11]
NGP =

h∆x(t)4 i
− 3,
h∆x(t)2 i2

(5.1)

where ∆x(t) = x(t) − x(0). The NGP is defined by the ratio of the fourth moment
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Figure 5.1: Schematic drawing of the probe
confined in a harmonic optical trap. As the
probe is sheared through the fluid with velocity v, the surrounding media is driven out
of equilibrium. The coordinate ξ(t) provides
the particle position relative to the trap center, while x(t) = ξ(t) − hξ(t)i describes the
fluctuations around its mean value, set by
the force balance between the optical trap
and the viscous drag. Inspired by Ref. [1].
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and the variance, i.e. the NGP reduces to zero for a purely Gaussian process. Fig. 5.3
shows the NGP parameter determined from the trajectories in Fig. 5.2. As expected,
the static particle NGP is located around zero, which indicates a Gaussian behavior.
The same applies for the driven particle at short time scales. With time passing,
the probe experiences the nonlinear interaction with the surrounding micelles, i.e.
triggers a rising non-Gaussianity. Notably, the onset of non-Gaussianity is found
on the order of the structural relaxation time τs (2.5 s). For t → ∞, the NGP is
expected to converge to zero again, due to the finite memory of the system.

5.1

Drag Exeriments Close to the Linear-Response

We now explore the transition from the linear-response to the shear-thinning regime
by performing drag experiments in our viscoelastic bath. While the trap is driven at
constant velocity v, the probe fluctuates randomly in a NESS. Remember, the steady
state is reached when the friction force acting on the probe particle is balanced by
the restoring force of the trap (where the mean position of the tracer particle relative
to the trap center reads hξi).

5.1.1

Preliminary Considerations in the Framework of the Stochastic PT
Model

In chapter 4 Colloidal Particle in an Equilibrium Bath, experimental and theoretical
evidences have been shown that the friction force acting on the tracer particle due
to the nonlinear coupling to the bath particles rises when narrowing the optical
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Figure 5.2: The left panels show snapshots of trajectories of a probe suspended in a
micellar solution in a static (Wi = 0) and a constantly driven trap (Wi = 0.34 > 0).
In the right panels, the corresponding probability distribution is plotted. A Gaussian
fit (blue line) has been applied to the upper trajectory and is drawn into both
distributions.

0.1
0.2

® 

∆x(t) 4 / ∆x(t) 2

®

2 −3

0

0.3
Wi = 0
Wi > 0



0.4
0

2

4

t [s]

6

8

10

Figure 5.3: NGP for the fluctuations of a static and a driven particle calculated
from the trajectories in Fig. 5.2.
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Figure 5.4: Viscosity extracted from measurements in the linear-response regime
(v = 0) and from drag experiments (v > 0) in the constant regime. The viscosity of
the driven trap and the freely diffusing particle is the data shown in Fig. 3.10b. As
the viscosity extracted from the static trap measurements provides a lower boundary
limit for the real viscosity, this values are presented without an error estimation.
trap confinement. Interestingly, the zero-shear viscosity obtained from free diffusion
measurements in absence of a trap is in good agreement with the constant viscosity
regime of the flowcurves in Fig. 3.10.
We can extract the long-time friction coefficient γlt from static trap measurements by using Eq. (4.12). With applying the equipartition theorem kB T = κhx2 i,
one yields
Z t
κ
(5.2)
dt0 hx(t0 )x(0)i .
γlt ≡ lim 2
t→∞ hx i 0
Dividing γlt by 6πR gives an effective viscosity η(v = 0, κ). Note that during
the integration of the spatial correlation function hx(t0 )x(0)i = Cxx (t) in Eq. (5.2),
long-time tails in Cxx (t) can contribute a not negligible amount, which can easily
be overseen in experimental data. As these contributions would result in higher
η(v = 0, κ), we treat these quantitative values as a lower boundary limit for the real
viscosity experienced by a tracer particle in a static trap. For the sheared particle
Eq. (5.2) cannot be applied and the viscosity is defined as
κ hξi
(5.3)
,
6πvR
by utilizing the Stokes’ law. Fig. 5.4 shows the viscosity experienced by a freely
diffusing probe and a particle in a static and a moved trap. Note, the viscosity of the
η(v > 0, κ) ≡
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Figure 5.5: Expected flowcurve with the three plateaus: the linear-response
plateau (LR), an intermediate transient plateau (ITP) and the final plateau (FP)
at very high shear rates. Here, the three plateaus are connected by the two shearthinning regimes ST1 and ST2. At v = 0, the red square marks the effective
viscosity experienced by a colloidal particle in a trap and the black dot is related to
the viscosity acting on a freely diffusing particle in absence of a trap.
driven trap corresponds to the constant viscosity regime of the flowcurves shown in
Fig. 3.10. As mentioned before, the zero-shear viscosity acquired by a freely diffusing
particle is in agreement with the values in the constant viscosity regime at finite v.
Comparing now the viscosity of a trapped particle for v = 0 and v > 0, we find
remarkable higher values for v = 0 at κ = 2.81 µN m−1 and κ = 7.29 µN m−1 than
for v > 0 at κ = 2.81 µN m−1 . For decreasing v → 0, one would expect the viscosity
to increase monotonously until it saturates to η(v = 0, κ). Despite the well-known
range of constant viscosity, we anticipate, at least, one additional plateau in the
flowcurve when approaching the linear-response regime (Wi  1).
In Fig. 5.5, a schematic sketch of such a flowcurve is drawn. Starting at v = 0,
the viscosity acting on the particle is set by the linear-response parameters of the
fluid and the trap. At very small but finite driving velocities, the surrounding
bath is supposed to be very close to equilibrium conditions, i.e. in the linearresponse regime (LR). With a further increase of v, the first (nonlinear) shearthinning regime (ST1) is reached. This velocity range connects the linear regime
with an intermediate transient plateau (ITP). For even higher v, the viscosity drops
in the macrorheological shear-thinning manner (ST2), where a local structure is
introduced in the viscoelastic matrix resulting in a lower resistance. Ultimately, at
very high v, the curve is expected to reach a final plateau (FP), as indicated by the
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Figure 5.6: Model sketch of a confined tracer particle coupled to two bath particles
via the interaction potential Vint,1 and Vint,2 , respectively.
macrorheological flowcurve in Fig. 3.10a. Note that, in this context, we use the term
”shear-thinning” when the viscosity drops down with increasing shear velocities.
Thus, we can distinguish these regimes from the plateaus of constant viscosity. We
expect that the microscopic shear-thinning mechanism can deeply differ for the
regimes ST1 and ST2. In the following, we refer ST1 and ST2 to the micro and
macro shear-thinning regime, respectively.
In terms of a stochastic PT model, an additional plateau in the flowcurve can
be understood by coupling a second bath particle to the tracer particle in the trap,
which is schematically drawn in Fig. 5.6. We highlight, the length scale of tracerbath interaction is different for both bath particles. Translating the stochastic PT
model to the schematic flowcruve in Fig. 5.5, the two bath particles are in equilibrium
in the linear-response regime (LR). With increasing v, the influence of the tracer
coupling to the first bath particle (shorter length scale) decreases (ST1), until the
intermediate transient plateau (ITP) is reached. Here, the tracer does not sense
the first bath particle anymore and only the second bath particle (longer length
scale) remains in an equilibrium state. For even higher v, the tracer coupling to the
second bath particle weakens in the same manner as before (ST2) and both bath
particles are driven out of equilibrium. Finally, at very high v (FP), the tracer does
not notice the presence of both bath particles and experiences only the bare tracer
friction. In other words, the tracer probes two distinct length scales related to both
bath particles, respectively, which leads to an additional plateau in the flowcurve.
Please take notice, the theoretical framework and simulations regarding the twobath-particle stochastic PT model are still under investigation. In particular, the
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Figure 5.7: Long-time friction coefficient of a probe particle in a gently sheared
trap obtained from simulations within the stochastic PT model. The dashed lines
provide the limiting cases κ → 0 and κ → ∞. The insets show sketches of the trap
(red line) and the colloidal particle. Adapted and reprinted from Ref. [2].
quantitative influence of trap strength on the model parameters is not fully clarified, yet. Therefore, preliminary results and fit parameters of recent simulations are
shown in the limiting case of an infinite trap stiffness. For κ → ∞, the particle
trajectory is fully deterministic, as particle fluctuations within the trap are completely ruled out. Fig. 5.7 shows that in case of a slowly moving trap, the long-time
friction coefficient γlt ≡ Γ̂(0) converges for κ → ∞. This is provided without further
explanation and a detailed discussion of this outcome is presented in [2].

5.1.2

Experimental and Theoretical Findings

The drag experiments are performed by moving the sample cell relative to the fixed
laser beam using the piezoelectric stage (explained in section 3.1.1 Optical System).
Take into account that, when approaching the linear-response regime, the high experimental resolution at very small driving speeds and the precise particle tracking
related to this setup configuration is required. In addition to the typical measuring
temperature of 25 ◦ C, experimental data is acquired at 30 ◦ C in a 7 mM micellar
solution 1 . During the drag experiments, the colloidal particle is driven on a line
with a typical protocol drawn in Fig. 5.8. Before every measurement loop, we wait at
1

Changing the temperature alters the micellar structure and, in particular, the length and time
scales of the system.

65

shift

0

drive

Ξ

wait

Chapter 5 Colloidal Particle in a Non-Equilibrium Bath
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Figure 5.8: Driving protocol of the piezoelectric stage during a drag experiment.
The red lines are related to the forward and backward motion of the stage when
the colloidal tracer particle is sheared through the fluid. Note, the driving velocity
of each run is determined by the slope of the corresponding red curve. Before each
run, we wait to let the bath relax (blue lines). After every forward run, the stage is
shifted (black lines), such that the end position of the backward runs coincides with
the start position of the forward runs.
least 60 − 120 s to ensure that the surrounding viscoelastic bath is fully equilibrated
. Afterwards, the piezoelectric stage is driven forwards at constant speed and the
probe is dragged through the viscoelastic bath. Then, the stage position is shifted
to the departure position for the subsequent return. Before its way back, we wait
the same amount of time as before to make sure that the fluid is fully rested. On
its return, the stage reverses to its initial condition within the same time interval as
for the forward motion. The time interval of driving is in the order of 100 − 1000 s.
We recall, in section 3.2.1 Rheological Properties the time scale of fluid relaxation is
determined to τs ∼ 3 s (at 25 − 30 ◦ C).
Although, largest effects (increasing η for v → 0) are expected for strongly
confined probe particles, as demonstrated in Fig. 5.4, a weak trap is selected. In
case of a stiff trap (κ & 5 µN m−1 ), the colloidal particle is strongly attracted by
the optical potential and the response signal hξi is tiny, especially when reaching
small velocities. With a trapping strength of κ = 1.45 µN m−1 , the measuring signal
hξi is also well resolved for small v . 10 nm s−1 , while the linear-response and
the intermediate transient plateau are still separated. The measuring range of the
drag experiments is restricted by the highest velocity, where the trap can no longer
compensate the viscous drag force of the fluid and loses the particle.
The mean particle displacement relative to the trap center hξi is then taken
from the drag trajectories bearing in mind the reach of steady state conditions,
2

2

In case the probe particle is continuously driven from the left-hand side to the right-hand side
without waiting on the turning points, way more of the trajectories has to be cut until a NESS
is reached. Further, it complicates the determination when steady state conditions are reached.
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Figure 5.9: Flowcurves determined by a drag experiment for two different temperatures in a 7 mM micellar solution in experiment and simulation. The viscosity at
v = 0 estimates the lower boundary limit for a colloidal particle confined in a static
trap. We estimate the error bars of the experimental data by cutting the trajectories
in two parts and extracting η for both halves. The different regimes LR, ST1, ITP
and ST2 correspond to the schematic flowcurve in Fig. 5.9. The Wi-axis is created
by taking the approximated fluid relaxation time τs ∼ 3 s for both temperatures
sv
). Simulations performed and provided Rohit Jain.
(recall, Wi = τ2R
as introduced during section 3.1.2 Image and Data Analysis. In order to extract
a well-defined average value hξi, the viscosity measurements at very small shear
rates require long trajectories (∼ 1000 s). Note that here the signal to noise ratio
(displacement from the trap center vs. particle fluctuations) is quite low.
With applying Eq. (5.3), one obtains the flowcurves plotted in Fig. 5.9. Indeed,
both curves recover an additional plateau when approaching the linear-response
regime (LR) and follow the trend of the schematic drawing in Fig. 5.5. Notably,
the transition from the linear-response (LR) to the intermediate transient plateau
(ITP) appears for both curves within the range of v1 = v ∼ 10 nm s−1 and v2 = v ∼
30 nm s−1 . For the higher temperature, even the macro shear-thinning regime (ST2)
is reached around v & 100 nm s−1 . Further, the viscosity at 25 ◦ C is higher than at
30 ◦ C, which is the reason why the macro shear-thinning regime is not achieved for
the lower temperature (larger viscous drag force). Overall, the flowcurve at 30 ◦ C
reveals a more pronounced separation of regimes. In addition, the transition from
the linear-response (LR) to the intermediate transient plateau (ITP) is steeper and
more sharp. We recall that η for v → 0 extracted from drag experiments does
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Figure 5.10: Comparison of statistics of a particle fluctuating in static trap and
in a moved trap (at 30 ◦ C in a 7 mM micellar solution). The velocities in the moved
trapped are related to the linear-response (LR, lower v) and the intermediate transient plateau (ITP, higher v). A Gaussian fit is applied to the static trap measurement, which is also in good agreement with the probability distribution at the lower
velocity. In contrast, the distribution of the faster velocity experiment is broader
and non-symmetric, in particular in the tails.
not necessarily converge to the absolute viscosity value obtained from static trap
measurements at a comparable trap stiffness, as η(v = 0, κ) describes more a lower
boundary limit for the real viscosity experienced by a probe particle in a static trap.
One may ask, why we identify the second plateau in the blue curve with the
intermediate transient plateau (ITP) and not with the final plateau (FP). First, the
order of magnitude of the second plateau is in good agreement with the zero-shear
viscosity of the freely diffusing particle and the constant viscosity regime of the
macrorheological flowcurve in Fig. 3.10a. Second, the same graph Fig. 3.10a shows
that the scale of viscosity drops drastically for higher shear rates.
In Fig. 5.10, the probability distribution of the fluctuations x(t) (not to be confused with ξ(t)) of a probe confined in a static trap is compared with the statistics
of a colloid driven at velocities within the upper plateau (LR) and the intermediate
transient plateau (ITP), respectively. There are deviations from the equilibrium
statistics at driving speeds within the intermediate transient plateau (ITP, note
the semi-log scale). In contrast, there is remarkable good agreement between the
distributions for the static trap and the trap moved at velocities within the upper
plateau (LR). Consequently, we assume that the surrounding bath is (almost) in
an equilibrium state, at least within our experimental resolution, when the tracer
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particle is moved with the very small velocities of the upper plateau (LR). So, we
associate this plateau with the linear-response regime.
It turns out that the stochastic PT model does not only provide a prediction of the
flowcurve characteristics, it also offers a good quantitative fit model to the experimental data. Again, the simulations are based on nonlinearly coupled overdamped
Langevin equations defined in Eq. (4.13). Now, the tracer particle is coupled to two
bath particles (γb,1 and γb,2 ) and dragged by the moving harmonic potential of the
trap.
In this model, the relaxation time scales are set by a Brownian time scale τB and
a harmonic time scale τhar . Even though, the two-bath-particle PT model recovers
the flowcurve (see Fig. 5.9), for simplicity reasons, the single-bath-particle PT model
is used for discussing this time scales. As the tracer is coupled individually to each
bath particle, one finds both timescales for each tracer-bath particle coupling. τB
defines the time in which a probe particle with friction coefficient γ diffuses freely
over the typical length scale d0 of the interaction potential and is given by
τB =

d20
d20
=
,
D
kB T /γ

(5.4)

with D denotes the diffusion coefficient. The second time scale is defined over a
harmonic approximation of the interaction potential Vint


4π 2
2
Vint = − V0 1 − 2 (ξ − q) + O2
d0
(5.5)
2
∼ κhar (ξ − q) ,
2

describes the curvature of the potential at its minimum. The
where κhar = V0 4π
d20
harmonic approximation of the interaction potential sets the characteristic (bath
relaxation) time scale
γb
γb d20
(5.6)
τhar =
=
.
κhar
V0 4π 2
These time scales can be used to motivate the onset (v1 ) and ”ending” (v2 )
of the shear-thinning regimes, which connects two plateaus. The following scaling
arguments are related to the single particle stochastic PT model on the same lines
as before. For small drag velocities, the viscosity is constant. Here, the effective
friction γeff of an effective particle, composed of the tracer and the bath particle,
reads 3
γeff = γ + γb .
(5.7)
Only for large enough velocities the probe can escape the interaction potential, which
marks the first drop in the flowcurve. This happens at velocities such that v1 τhar ∼
3

Note, the flowcurves are only additive in the limit of very high trap-stiffness.
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d0 . There, the onset of shear-thinning can be obtained by using the following scaling
argument
d0 4π 2 V0
V0
d0
(5.8)
=
∼
.
v1 ∼
2
τhar
(γ + γb ) d0
d0 (γ + γb )
At large enough velocities, the tracer particle does not sense the coupling potential
to the bath particle anymore, and enters the free diffusive regime with the bare
tracer friction γ. When this diffusive regime begins, the value of drag velocity is
determined by
d0
kB T
v2 ∼
=
.
(5.9)
τB
d0 γ
In Fig. 5.9, the simulated curves demonstrate that the simple two-bath-particle PT
model matches the drag experiments in the complex fluid background surprisingly
well. The corresponding fit parameters are given in table 5.11. Quantitatively, the
length scales of d0,1 = 40 nm and d0,2 = 600 nm at 25 ◦ C are in the order of the mesh
size (30 nm [56]) and the contour length (100 to 1000 nm [51, 56]) of the micelles.
For the higher temperature, even larger and better separated length scales are found
(d0,1 = 100 nm, d0,2 = 2000 nm). This larger separation of length scales may explain
the pronounced curve characteristics, discussed above. Further, this implies that
increasing the temperature from 25 to 30 ◦ C supports the micellar growth. The
temperature dependence of the micellar length scales is still under investigation
and cryo-TEM measurements are currently performed to give an estimate, since
a statement exactly related to our system is quite challenging without additional
experimental proof 4 .
Better comparison to the rheological properties can be provided for the time
scales τhar of Eq. (5.6), where at 25 ◦ C this scale is determined to 0.03 s and 6 s for
the two bath particles, respectively. At higher temperature, τhar = 0.06 s and 20 s is
found. While the short time scale might be connected to a fast relaxation process on
the short length scale, e.g. to the mesh size, the long time scale is adopted from the
long length scale, which is probably introduced by the micellar length. The larger
time scales with increasing temperature are in accordance with the macrorheological
creep ringing experiments, shown in Fig. 3.9 in section 3.2.1 Rheological Properties.
In particular, the long time scales of τhar exhibit the same order of magnitude as the
structural relaxation time gained from the microrheological recoil experiment and
the macrorheological creep ringing measurement (τs ∼ 3 s). Again, the interaction
potentials V0 reveal reasonable values in the order of kB T . Further, the friction
coefficients are adjusted to match with experimental findings. In conclusion, the
4

We recall, our micellar system consists of surfactants and strong binding counterions. On the
one hand they behave as typical ionic micelles, but on the other hand they appear as pseudo
non-ionic micelles. As a different growth behavior for ionic and non-ionic micelles is found in
literature, we do not give a final answer on the growth characteristics, before evidence is found
in exact our system with the same fluid properties.
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Figure 5.11: Simulation parameters of the
stochastic PT model with two bath particles used
for the solid lines in Fig. 5.9. Simulations performed and provided Rohit Jain.

qualitative and quantitative agreement of the stochastic PT model with the experimental observations is gratifying and convincing.
Even though the impact of the trap stiffness κ on the flowcurve characteristic is
still under the scope of current research, the expected behavior within the stochastic
PT model is outlined below. Within the linear-response regime (LR), we assume a
huge κ dependence of the viscosity, as the probe experiences a strong coupling to
both bath particles (recall the discussion of the κ influence in chapter 4 Colloidal
Particle in an Equilibrium Bath). For the intermediate transient plateau (ITP),
only the interaction potential to one bath particle (the longer length scale) matters
and a smaller κ dependence is anticipated. Finally, the flowcurves for different κ are
expected to collapse to the bare tracer friction γ in the final plateau (FP), due to
the vanishing impact of the tracer-bath couplings.
Based on the findings in the static trap measurements (compare Fig. 5.4), one
can at least state that decreasing κ lowers the flowcurve at driving speeds within the
linear-response regime (also shown by Fig. 5.7). In terms of a microscopic picture,
one might imagine that a soft trap allows the probe particle to swerve the (micellar)
bath particles, while a strongly confined particle bulldozes through the surrounding
bath particles on a straight way, which results in a higher friction.
A full microscopic understanding of the first drop in the flowcurve (ST1) is still
lacking. One could draw the picture of a tracer particle, which can overcome the
smaller length scale, e.g. the mesh size of the system, only for sufficient high velocities. This marks the onset of the micro shear-thinning regime (ST1). We assume
this effect appears on a short time scale, which is also supported by the PT fit
parameters (0.03 for 25 ◦ C and 0.06 for 30 ◦ C). In that respect, we conclude that
the local structure remains rather unaffected by breaking through the short length
scale and the bath relaxes fast to its equilibrium state. With increasing the dragging
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velocity, the tracer particle overcomes the short length scale more easily leading to
a lower friction force until the probe does not experience the presence of the small
surrounding meshes any more. Here, the intermediate transient plateau (ITP) is
reached, where only the presence of the long length scale, e.g. the micellar length
matters. The probing of the long length scale introduces a comparable large relaxation time and the fluid is driven out of equilibrium. This long time scale is also
found in the course of the PT model. The subsequent macro shear-thinning effect
(ST2) is well known and related to a shear induced local alignment of the entangled
bath particles resulting in a lower viscosity.
As every semi-dilute viscoelastic solution shows at least two different length
scales (mesh size and contour length), we assume the flowcurve characteristic to be
generic for this kind of mixtures. This approach is under current examination.

5.2

Recoil Experiments at Small Shear Velocities

With the experimentally proofed findings of the stochastic PT model in mind, we
apply a different kind of measurement to test the generality of this model: recoil
experiments [20]. When shearing a colloidal particle through a viscoelastic bath
by means of optical tweezers, the trap is suddenly removed. After releasing, the
probe performs a recoil motion as the distorted bath relaxes to equilibrium. One
can then deduce rheological fluid properties by means of the characteristic recoil
trajectories. The recoil dynamics is recovered by a double-exponential decay, where
the fast relaxation time is related to the viscous damping of the solvent and the long
relaxation time refers to the elastic recovery of the deformed fluid microstructure
[20].
Contrary to the drag experiments in the previous section, this method operates in
the transient crossover from a NESS to equilibrium. Further, the absence of the trap
during the recoil allows to access the bare fluid properties. In particular, the probe
does not experience the potential and time scale introduced by the optical trap.
These differences make the recoil experiment to a good candidate for consistency
checks within the stochastic PT model.
Unlike in reference [20], we focus on the regime of small Wi, where we expect the
most pronounced effects in the course of the PT model. Within the scope of comparable experimental parameters 5 , the former measurements have been performed
at Wi between 0.125 and 12.5 [20], while we are mainly interested in the regime
of Wi . 0.1 (v . 100 nm s−1 ). In our system, this corresponds to Wi within and
smaller than the intermediate transient plateau in the flowcurve Fig. 5.9 , which is
far from the macro shear-thinning regime.
5

The authors used, inter alia, the same worm-like micellar system.
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Figure 5.12: The schematic stage position Ξ, the protocol for the trap stiffness κ
and the resulting tracer trajectory ξ during a recoil experiment (at 25 ◦ C in a 7 mM
mixture, v = 100 nm s−1 , Wi = 0.09 ). First, the probe is sheared in a highly confined
trap. Afterwards, the colloidal particle is released (κ = 0) when the piezoelectric
stage is stopped and the particle performs a recoil motion in the opposite direction
of the forerun shear. Note, before the second recoil, the stage is moving backwards
and the direction of the recoil trajectory is again inverse to the previous driving.

5.2.1

Measuring Recoil Curves

The recoil curves are again measured with the setup configuration of the piezoelectric
stage for the same reasons as in the previous section 5.1 Drag Exeriments Close to
the Linear-Response. In addition, the signals sent to the stage and the AOM are
synchronized such, that the AOM blocks the laser beam in the moment the stage
stops, as shown by the protocol in Fig. 5.12.
Before switching off the trap, the tracer is sheared through the fluid by a constantly moving and very stiff (κ ≈ 40 µN m−1 ) trap. A strongly confined particle
provides defined initial conditions when releasing the colloid, because the fluctuations are highly suppressed and very small. Furthermore, the optical potential needs
to be strong enough to recapture the tracer before a new run. Since the viscosity of
our mixture is two orders of magnitude higher than those of pure water, the probe re-
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Figure 5.13:
50 nm s−1 .

Individual recoil curves and their mean (black curve) at v =

mains in the vertical focal plane during the recoil time, which enables measurements
far from any boundary. During the measurements, we apply the same time interval
for shearing and measuring the recoil. For high enough velocities (v & 100 nm s−1 ),
as is the case in the example trajectory in the lower panel of Fig. 5.12, a relatively
small time interval of roughly 40 s is sufficient, to drive the fluid in a NESS and
resolve the recoil. Since the response signal decreases with lower velocities, we increase the interval up to ≈ 200 s for the smallest speeds (v ∼ 10 nm s−1 ) to check, if
really the full recoil is captured. In the course of the limited life-time of the sample
cell, one obtains between 50 (v ∼ 10 nm s−1 ) and 150 (v & 100 nm s−1 ) separate
recoil curves (one velocity corresponds to one sample cell). Hereafter, the experiments are performed at 25 ◦ C in a 7 mM micellar solution (structural relaxation time
τs = 2.5 s).

5.2.2

The Effect of Reverse Recoils

Fig. 5.13 shows the individual broad-spread trajectories of a recoil experiment at
v = 50 nm s−1 . Surprisingly, we do not only observe trajectories in negative ξdirection (”usual” recoil), we also get trajectories in the positive ξ-direction. This
means, the probe can also experience a recoil along the same direction of the previous
shear. We call such an unexpected recoil behavior along the positive ξ-direction
reverse recoil. In average, the particle performs an usual recoil motion (black curve in
Fig. 5.13), which shows a way less pronounced recoil behavior than many individual
curves.
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Figure 5.14: Heatmaps of recoils after shearing at different shear velocities v
(white text). With increasing v a reverse recoils becomes less and less likely. Note
the different y axis limits. Velocity regimes corresponding to the flowcurves Fig. 3.10
and Fig. 5.9: LR . 10 nm s−1 . ST1 . 30 nm s−1 . ITP . 400 nm s−1 . ST2.

Fig. 5.14 illustrates heatmaps of recoil experiments at different velocities within a
time interval of 40 s. This heatmaps depict the two-dimensional histogram (probability P (ξ, t)) of the particle displacement ξ at time t for a full set of recoil trajectories
at velocity v. While at v = 200 nm s−1 no reverse recoil is observed, these events
become more and more likely with decreasing speed (be aware of the different y axis
limits). At v = 8 nm s−1 , which corresponds to the linear-regime of the flowcurve in
Fig. 5.9, the heatmap even suggests a bi-modal split of trajectories starting around
t = 10 s. The same applies slightly to the 50 nm s−1 heatmap, where v is found in
the intermediate transient plateau of the flowcurve.
In general, the heatmaps suggest that the individual trajectories get less broadened with increasing shear velocity. Therefore, a well-defined and reproducible mean
recoil curve by averaging over all individual trajectories is (currently) only provided
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Figure 5.15: Mean recoil curve and double exponential fit at v = 200 nm s−1 . The
double exponential fit is shown for demonstration purposes, how τs is obtained and
does not matter for the following discussion. In the fit, the sum A1 + A2 gives the
full recoil amplitude and τ1 and τ2 are the time scales related to the fast solvent
relaxation time and the slow relaxation time of the fluid’s matrix. We associate τs
with the slow relaxation time of the fitted time scales.
for high enough driving velocities (v & 100 nm s−1 ). In Fig. 5.15, we show such a
mean recoil curve for v = 200 nm s−1 with the corresponding double exponential fit.
From such a fit, we extract the structural relaxation time, given in section 3.2.1
Rheological Properties. We emphasize that mean recoils at low velocities are tough
to resolve. Besides the long measuring time for individual recoils, quite some trajectories are needed to reach a well-defined average value, due to the low signal to
noise ratio (recall the lower number of individual trajectories for small v). In addition, reverse recoils distort the average value. Thus, quantities extracted from mean
recoil curves at low velocities are connected with huge errors, which are a multiple
of the measured values themselves. However, with reasonable statistics, e.g. by
increasing the life-time of the sample, it should be possible to extract time scales
and amplitudes from average recoils at small v. On that account, we rather focus
on the incidence of usual and reverse recoils.
To assign each individual trajectory either to an usual recoil or a reverse recoil,
they are now sorted by the initial particle velocity after its release
ζ=

dξ
dt

.

(5.10)

t=0

ζ reflects the immediate elastic relaxation of the stressed fluid microstructure when
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Figure 5.16: Probability distributions of the initial particle velocity after its release
ζ for different shear velocities (colored numbers in nm s−1 ). Negative ζ are related
to usual recoils and positive ζ to reverse recoils. Velocity regimes corresponding to
the flowcurves Fig. 3.10 and Fig. 5.9: LR . 10 nm s−1 . ST1 . 30 nm s−1 . ITP .
400 nm s−1 . ST2.
the probe is released from the trap. In this context, trajectories with ζ ≤ 0 are
related to usual recoils and those with ζ > 0 are counted as reverse recoils. We
extract ζ by fitting the initial slope of the recoil trajectories. Measuring ζ has the
advantage that the response signal is largest at the onset of the recoil, due to the
dominant elastic component, and only about the first 50 ms of the trajectories are
needed 6 .
Fig. 5.16 shows the probability distributions of ζ for different shear velocities.
At small velocities (v ≤ 8 nm s−1 ), the chance to find both kinds of recoils is almost
balanced. One may even assume the distribution at 8 nm s−1 as double peaked,
6

Note, our experimental protocol has been optimized to recover the full recoil motion. If one
focuses only on the measurement of ζ, the measuring time of the recoil can be reduced in order
to increase the number of trajectories within the life-time of the cell. But, still one has to
guarantee the reach of a NESS in the previous shear.
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Figure 5.17: Mean initial recoil velocity hζi for different shear velocities v. The y
axis is put to a symmetric (positive and negative values) log scale, where this axis
scales linear in the interval [-1,1]. The error bars are estimated by the standard
deviation of ζ.
but these curves should not be overinterpreted, due to the lack of statistics (only
50 individual trajectories are captured at this velocity). Nonetheless, reverse recoils
become more improbable with increasing velocities and from 200 nm s−1 on, no more
single event is observed. Thus, the probability distributions of ζ support the findings
by the heatmaps (Fig. 5.14). In Fig. 5.17, we illustrate the mean initial velocity hζi
for different shear velocities v. Here, hζi indicates a more pronounced (usual) recoil
for increasing v and is largest for the shear velocities in the macro shear-thinning
regime (v & 400 nm s−1 ).
We note that the initial velocity after releasing the particle is remarkably high
compared to the shear velocity. For instance, in a recoil experiment at v = 10 nm s−1 ,
|ζ| can reach velocities of more than 4000 nm s−1 (also hζi in Fig. 5.17 is large compared to v). Here, the viscoelastic bath reveals again its elastic (nonlinear) character,
even at very gentle perturbations.

5.2.3

Reverse Recoils in the Stochastic PT Model

This at first glance unexpected reverse recoils are also supported by the stochastic
PT model. At sufficiently small velocities (v . 100 nm s−1 ), the probe particle
is driven over the periodic interaction landscape Vint , as schematically shown in
Fig. 5.18. Depending on the particle’s position in Vint when releasing the probe, it
experiences either a force opposite to the shearing direction (usual recoil). Or, the
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𝑣

𝜅=0

𝑣
Figure 5.18: Schematic drawing of the recoil process within
the stochastic PT model. Depending on the position in Vint
when releasing the probe, it
performs an usual (red) or reverse (green) recoil motion.

potential force pushes the particle forwards in direction of the previous shear (reverse
recoil) 7 . As there is only few statistics for the very small velocities (v ∼ 10 nm s−1 ),
the transition from the linear-response to the intermediate transient plateau is not
discussed here. The preliminary simulated recoil curves (in Fig. 5.19) show usual
and reverse recoils and the same wide-spread trajectories like in Fig 5.13.
For high v in the macro shear-thinning regime, the tracer-bath coupling potential Vint loses ground. Here, the PT model predicts a decreasing amplitude with
increasing v, since the probe senses less and less the model length scales. This
prediction is in disagreement with our experiments and with the previous work on
recoils [20]. But we recall, the micellar mixture bears a broad range of length scales
and is highly dynamic. Maybe, the stochastic PT model runs into constraints and
is not suited to recover the recoil experiments at higher shear rates. Please take
notice that higher shear rates excite other length and time scales and the (nonlinear) tracer-bath coupling mechanism might change. In addition, the recoils describe
a transient non-equilibrium state, which differs from the drag experiments of the
previous section, where measurements have been performed in a NESS.
In respect to the scarcity of experimental statistics and possible limits of the
stochastic PT model, we are content with the experimental and theoretical observation of reverse recoils in the low shear velocity regime. Further comparisons between
them are highly speculative at this time and we leave this part for future work, with
maybe more stable sample cells and a refined model.

5.3

Oscillating Modes in an Overdamped Regime

As illustrated at the beginning of this chapter, the out of equilibrium trajectory in
Fig. 5.2 reveals a quite willful character compared to the probe particle at rest. In
particular, the impression of an oscillatory-like behavior attracts attention. Remem7

In terms of an effective description of the tracer-bath coupling by means of an internal potential,
the reverse recoil effect can only crop up for potentials, where the probe and the bath particle
are not bound. Here, the probe can be driven over a maximum.
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Figure 5.19: Simulated individual recoil trajectories and their mean (thick black
curve and inset) up to t = 10 s at v = 100 nm s−1 . The inset axes are related to
seconds and micrometers in the same manner as the main graph. Since this plot is
just demonstrated for a qualitative comparison with experiments, we do not provide
the fit parameters here. Simulations performed and provided by Rohit Jain.
ber, the system is highly overdamped (Re  1) and we are operating at small shear
rates (Wi < 1). In the following, we explore in more detail the motion of a probe
inside a constantly driven optical trap. Here, the velocities of interest are found in
the intermediate transient plateau of the flowcurve Fig. 5.9, where a new harmonic
oscillator state with non-trivial fluctuations is discovered. This part of the thesis is
based to a large extend on the results published in Ref. [1].

5.3.1

Experimental Results

Since the piezostage has been implemented at a later stage, the measurements were
performed with the scan cube, where the laser was moved instead of the sample cell
(compare section 3.1 Experimental Setup).
We use a 7 mM micellar solution at 25 ◦ C and a trap stiffness κ = 2.8 µNm−1 .
During the experimental protocol, the probe is driven on a line at constant velocity
v, as drawn in Fig. 5.20. Like described in section 3.1.2 Image and Data Analysis,
enough is cut from the trajectories to guarantee steady state conditions. Fig. 5.21
demonstrates the viscosity directly extracted from the measured trajectories via a
Stokes law (like in section 5.1 Drag Exeriments Close to the Linear-Response) and
validates the velocity independence for the used parameters, which means that Wi
is well below one.
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Figure 5.20: Driving protocol sent to the scanning mirrors. The optical trap is
driven forwards and backwards on a line, where Ξ denotes the laser position over
the time.
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Figure 5.21: Viscosity directly obtained from the measurements discussed below
(at 25 ◦ C in a 7 mM micellar solution, with κ = 2.8 µNm−1 ). This is exactly the
same set of data as shown in Fig. 3.10b in section 3.2.1 Rheological Properties and
corresponds to the intermediate transient plateau in the flowcurve Fig. 5.9. Partially
adapted and reprinted from Ref. [1].
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Figure 5.22: MSDs for different Wi. The open symbols are related to experimental
data and the solid lines denote the phenomenological description discussed below.
A dashed line marks the saturation value 2kB T /κ of the equilibrium MSD. Adapted
and reprinted from Ref. [1].
The raise of the fluctuation strength in the non-equilibrium bath, which is already
visible by the bare trajectory Fig. 5.2, is also mirrored by the corresponding MSDs in
Fig. 5.22. While in equilibrium, the MSD increases monotonically until it saturates
to 2kB T /κ, given by the equipartition theorem, the MSDs of the driven particle
quickly overtakes the static one. In other words, the driven particle explores a
larger phase space. The deviations from the equilibrium curve get more pronounced
with increasing Wi. Besides that, the curves reveal a completely different dynamics
and they do not collapse when normalizing them with their corresponding effective
temperature.
For inspecting the previously mentioned oscillatory-like behavior in detail, we
investigate the conditional probability P (x, t|x0 , 0) to find a particle at position x
8
at time t, given it was at x0 at t = 0. In that respect, such mean conditional
displacements (MCDs) are defined as
Z
hxix0 (t) ≡ dxP (x, t|x0 , 0)x.
(5.11)
According to the experiments, these MCD curves are obtained by taking any appearance of x(t) = x0 as a starting point for a new sub-trajectory. Then, we average
8

Remember, x(t) = ξ(t) − hξ(t)i describes the fluctuations relative to the mean particle position
in the trap.
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Figure 5.23: Linearity of the MCD curves in x0 at Wi = 0.17. The upper panel
shows MCD curves computed in intervals of x0 ± 5 nm. When normalizing the MCD
curves by x0 , they converge to a single line (lower panel). Adapted and reprinted
from Ref. [1].
over all sub-trajectories with the same initial position x0 . For discrete experimental
data, Eq. (5.11) changes to the weighted sum
1 X
hxix0 (tn ) ≡
n(xi , x0 , tn )xi .
(5.12)
n(x0 ) i
Here, P (x, t|x0 , 0) is replaced by the statistical frequency to find n(xi , x0 , tn ) occurrences of xi at time step tn , provided that the probe particle starts at the initial
position x0 at t0 = 0. The sum is normalized by the number of events n(x0 ) with
equal initial displacements x(tn ) = x0 within a trajectory. Every xi in the experimental data provides an initial condition x0 for the weighted sum in Eq. (5.12).
On account of proper statistics, we select all trajectories within an initial position
of x0 ± 5 nm before averaging. Moreover, values around zero are skipped, due to the
limited spatial resolution of the experiment in this range. Note, the initial particle
position can be left-hand side or right-hand side to x(t) = 0, which leads to two
MCD curves starting from positive and negative direction.
It turns out that the MCD curves scale linearly with the initial condition x0 .
Fig. 5.23 exemplarily demonstrates for Wi = 0.17 that the curves collapse to a
single line when normalizing by x0 . This linearity is found for all Wi, which are
applied during this section and improves the statistics significantly.
Computing the MCDs and normalizing by the initial position x0 finally yields
Fig. 5.24. In equilibrium (Wi = 0), the MCD converges to zero after a rapid initial
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Figure 5.24: Normalized MCD curves for different Wi. For finite Wi, they clearly
show an oscillatory behavior. In particular at small Wi, very long time scales are
introduced in the system. The open symbols refer to experimental data and the
solid lines to the phenomenological model discussed below. Adapted and reprinted
from Ref. [1].
decay. Such a behavior is expected in the overdamped limit and can be explained
figuratively. On fast time scales the tracer particle experiences only the low friction
force of the solvent particles and the restoring force of the optical trap, which attracts
the probe particle rapidly. With time passing, the tracer particle explores the length
scales of the large bath molecules slowing down the relaxation towards the trap
center. The slow relaxation time scale of this damped particle motion within the
trap is roughly given by the ratio of the particle’s friction and the trap stiffness.
When shearing now the probe through the fluid at small, but finite Wi, the MCD
characteristic differs drastically. Unlike the equilibrium case, the MCDs are not
monotonically decaying anymore and show an onset of the oscillatory behavior.
The amplitudes and oscillation frequencies rise with increasing Wi. In general,
the oscillations happen on a remarkably long time scale, which is a multiple of
the structural relaxation time of the micellar mixture (τs = 2.5 s). At the slowest
driving velocity, which corresponds to Wi = 0.04 , we find an oscillation time of
roughly 100 s, such that this curve relaxes quite slowly compared to the equilibrium
curve. Despite the asymmetric driving direction, the MCD curves are symmetric
with respect to the initial position. The oscillation frequencies and amplitudes for
different Wi are illustrated in Fig. 5.25 and both measures decline gradually towards
equilibrium.
The trap stiffness κ sheds light on the origin of the oscillatory motion. For κ → 0
the probe can diffuse freely, due to the vanishing small optical confinement. For

84

5.3 Oscillating Modes in an Overdamped Regime

Figure 5.25: Amplitudes (left) and frequencies Ω (right) of the MCD curves in
Fig. 5.24 for different Wi. The insets demonstrate, how these quantities have been
extracted from the measurements. Since the second zero crossing is not accessible
at Wi = 0.04 in Fig. 5.24, we evaluate the frequency by doubling the time interval
between the first zero crossing and the maximum amplitude (after the zero crossing).
Adapted and reprinted from Ref. [1].
κ → ∞, the particle’s oscillatory motion is ruled out, i.e. it moves strictly with
the constant speed of the moving trap. Fig. 5.26 shows the resulting MCDs for
three different κ. The most pronounced oscillatory behavior is found at the trap
stiffness κ = 2.80 µN m−1 , while the amplitude decreases for smaller and larger
κ than 2.80 µN m−1 . This leads to the assumption that oscillations should only
appear within a finite range of κ, as they are a product of the interplay between the
viscoelastic fluid response and the restoring force of the trap.
The same measurements are performed in another viscoelastic solution: a semidilute polymer mixture with similar structural relaxation time τs (see 3.2.1 Solutions)
at Wi = 0.34. Fig. 5.27 shows, the same oscillatory behavior is found in the polymeric fluid. Remarkably, the oscillation period is almost identical. This demonstrates that, despite the different microstructure and chemistry between the polymer
mixture and the micelles, the oscillatory motion appears and we assume this effect
to be generic for viscoelastic solutions with large structural relaxation times.
Furthermore, the resulting MCD curve, measured by means of the piezoelectric
stage is shown in Fig. 5.28 9 . With this setup configuration, multiple cycles can be
recorded due to the expanded trajectory length (see section 3.1.1 Optical System).
In this exemplary curve, the second oscillation cycle implies a shorter time scale,
9

Note, this MCD curve is computed from a trajectory of the previous drag experiment in section
5.1 Drag Exeriments Close to the Linear-Response, where several velocities are measured with
a single sample cell. For achieving as clean MCDs as plotted in Fig. 5.24, one has to exploit the
full statistics of a sample cell at a single velocity. Thus, this MCD curve is more noisy.

85

Chapter 5 Colloidal Particle in a Non-Equilibrium Bath

1

κ=1.89⋅10-6 N/m
κ=2.80⋅10-6 N/m
κ=7.28⋅10-6 N/m

0

<x(t)>x /x0

0.5

0

-0.5

-1

0

5

10

15

20

t [s]

Figure 5.26: MCD curves at different κ at Wi = 0.24. The oscillations seem to be
most pronounced at κ = 2.80 µN m−1 . Adapted and reprinted from Ref. [1].
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Figure 5.27: MCD curves in a semi-dilute polyacrylamide solution (at 25 ◦ C and
0.03 % wt. in water) at Wi = 0 (upper panel) and Wi = 0.34 (lower panel). The
qualitative behavior coincides with the measurements in the micellar mixture, which
suggests this effect to be generic. Adapted and reprinted from Ref. [1].
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Figure 5.28: MCD curves measured in the setup configuration with the piezostage.
Here, measurements are performed in a 7 mM micellar solution, but at 30 ◦ C, where
κ = 1.45 µN m−1 and v = 80 nm s−1 , corresponding to Wi = 0.10. This velocity is
also located in the intermediate transient plateau of the flowcurve at 30 ◦ C.
compared to the first oscillation. Due to the broad range of length scales in the
micellar system, one might imagine that multiple frequencies are excited, which is
then mirrored in different time scales in the MCD curves.

5.3.2

Phenomenological Description

In what follows, we apply a simple model that can explain the appearance of the
oscillations within a highly overdamped regime at Re  1. Indeed, this is not the
first time, where experiments refer to an unsteady particle motion in viscoelastic
fluids [147, 148] or deviations from a Newtonian liquid behavior [20, 46, 63, 86], but
these effects originate from highly nonlinear rheological properties of the bath, like
macro shear-thinning, which occur at larger shear rates (Wi > 1) than those we
apply in this measurements.
On the long time scales of the oscillations, the particle equation of motion is a
balance of the restoring force of the optical trap, the frictional force experienced by
the particle and a random stochastic force f (v) (the noise) 10 . In case of a viscoelastic
bath, the friction force depends on the history of the particle motion, such that this
force at time t is a nonlinear functional G{ẋ(t0 ) + v}t0 ≤t of the past trajectory [149].
Motivated by the linearity in x0 of the experimental MCD curves (see Fig. 5.23),
10

Recall, v is the velocity of the trap.
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we start with a linear equation in x
Z t
ds ẋ(s)Γ(v) (t − s) = −κx(t) + f (v) (t),

(5.13)

−∞

with Γ(v) being the memory kernel at velocity v, which is formally the functional
derivative of G around the non-equilibrium steady state
Γ(v) (t − s) =

δG{ẋ + v}(t)
δ ẋ(s)

.

(5.14)

ẋ=0

The noise follows a similar formal expression and is then independent of ẋ, with
hf (t)i = 0. As derived in detail in Ref. [21], the transformation to the comoving
frame and the linearization, which is not trivial due to the nonlinearity of G, introduce a dependence in Γ(v) on the driving speed v (and κ, as discussed in the
previous chapter 4 Colloidal Particle in an Equilibrium Bath and in Ref. [2, 139]).
For causality reasons Γ(v) (τ ) = 0 for τ < 0.
In a similar manner as deriving Γ̂(s) in Eq. (4.11) in section 4.2 Particle Confined
in a Static Optical Trap, Eq. (5.13) is transformed to Laplace space after taking the
average with the initial condition x(t = 0) ≡ x0 and we directly yield the following
expression for the MCD curves
hx̂ix0 (s) =

x0 Γ̂(v) (s)
sΓ̂(v) (s) + κ

.

(5.15)

R∞
Here, the Laplace transform ĥ(s) = 0 dt e−st h(t) is applied and we use that velocities average to zero for t < 0. Eq. (5.15) directly connects the MCD to the memory
kernel and is independent of the noise. Therefore, the correct form of the memory
kernel is needed to mimic the MCD curves, regardless of the noise.
Starting with the equilibrium case, a well-known Maxwell [11, 45, 102] or Jeffreys
model [45, 103, 104] already provides a qualitative explanation of the MCD curves
(compare 2.4 Maxwell and Jeffreys Model). Here, the friction memory kernel is given
by
γ0 − γ∞ − t
(5.16)
e τ,
Γ(0) (t) = 2γ∞ δ(t) +
τ
where τ is the memory relaxation time. Further, the friction coefficients γ0 and γ∞
are related to zero and infinite frequencies, respectively. The first term of Eq. (5.16)
characterizes the Markovian part of Γ(0) and describes the immediate response of
the fluid. On the contrary, the second term denotes the non-Markovian part of
the friction memory kernel. Here, the interaction of the tracer particle with the
viscoelastic matrix enters and influences the future particle motion on the time
scale τ .
In the course of this model, the friction coefficients and the relaxation time are
adjusted such, to find best accordance with the experimental data. Expectedly,
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the MCD decays monotonically to zero and captures the experimental behavior in
Fig. 5.24 (the fitted curve is shown as solid lines). Besides that, the fitted values,
listed in table 5.1, show meaningful dimensions. For the relaxation time τ , we find
9.1 s, which is on the order of the of the structural relaxation time (τs = 2.5 s)
and is thus reasonable. Further, the friction coefficient γ0 reads 20.6 µNs m−1 and
γ0
= 0.8 Pa s. We recall, the viscosity
corresponds to a viscosity of ηfit (Wi = 0) = 6πr
experienced by the probe particle in a static trap is found to be strongly dependent
on the confinement strength and we obtain ηfit (Wi = 0) in very good agreement
with the viscosity η(Wi = 0, κ = 2.81 µN m−1 ) = 0.8 Pa s (in Fig. 5.4 section 5.1
Drag Exeriments Close to the Linear-Response), extracted by the integration of
hx(t0 )x(0)i.
By means of the Fokker-Planck equation in the overdamped limit, it can be
verified theoretically that any equilibrium correlation function can be expressed as a
sum of positive exponentially decaying functions [1, 21]. In the course of Eq. (5.13),
the equilibrium MCD is directly linked to the spatial correlator in equilibrium (here
without further proof)
hx(t)ieq
x0 =

κx0
hx(t)x(0)ieq .
kB T

(5.17)

Consequently, the equilibrium MCDs are strictly monotonic and oscillations are
ruled out. Further, the equilibrium memory kernel can be written by means of the
fluctuation-dissipation theorem [92], which connects the frictional drag force with
the random thermal force
Γ(0) (|t|) =

1
hf (t)f (0)ieq .
kB T

(5.18)

Just like the MCD curves of a particle in a static trap, the equilibrium memory
kernel remains positive for all times t 11 .
Since Γ(0) does not capture an oscillatory behavior, we expand the model of
Eq. (5.16) by an additional generic exponential term and the non-equilibrium memory kernel for finite driving velocities is determined to
Γ(v) (t) = 2γ∞ δ(t) +

γ0 − γ∞ − γ1 − t
γ1 − t
e τ + e τ1 ,
τ
τ1

(5.19)

while we set τ < τ1 . We emphasize that the additional friction coefficient γ1 is
negative, such that Γ(v) is changing to negative values on long time scales, unlike the
equilibrium memory kernel. This approach of using negative memory is inspired by
the theoretical description of so-called stress overshoots observed in macrorheological
shear experiments in complex fluids. When suddenly shearing the fluid, the stress
might pass a maximum at the moment the yield stress is overcome [128–132].
11

Note, both sides of Eq. (5.18) are implicitly a function of κ.
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Wi

κ

γ∞

γ0

τ

γ1

τ1

γ2

τ2

0

2.8

0.18

20.6

9.1

−

−

−

−

0.04

2.3

0.19

6.8

25.0

−1135.1

27.0 −

−

0.11

2.3

0.19

5.3

28.0

−204.5

17.8 109.3

10.0

0.17

2.6

0.18

6.5

28.0

−67.3

15.0

17.3

2.0

0.24

2.7

0.21

7.1

14.8

−126.4

11.0 23.0

2.1

0.34

2.7

0.18

6.0

16.0

−84.1

12.0

0.4

6.4

Table 5.1: Fitted values, used in Figs. 5.22 and 5.24. The trap stiffness is in units
of µN m−1 , the friction coefficients in units of µNs m−1 and the relaxation times in
s.

This non-equilibrium memory kernel in Eq. (5.19) is now suitable to describe the
non-monotonic particle motion within the trap. Besides γ0 , which is set by the values
given in Fig. 5.21, the parameters (in table 5.1) are adjusted in a way to find the best
match with the experimental curves. Note, for Wi > 0.04 an additional exponential
term is needed to find convincing quantitative agreement. The variation in κ may
be caused by the fact that the trap stiffness might slightly vary when scanning the
laser over the objective’s back aperture 12 .
As the solid lines in Fig. 5.24 implicate, the phenomenological model of Eq. (5.19)
reproduces the MCD curves pretty well for finite Weissenberg numbers Wi > 0.
It recovers both, the rapid initial decay due to the particle interaction with the
solvent only and the oscillatory behavior on the long time scale. The theoretical
curves in Fig. 5.24 also show a remarkably high relaxation time, which can exceed
the relaxation times τ and τ1 , in particular at the smallest Weissenberg number
Wi = 0.04.
Except the similar formal use of negative memory modes, our system is entirely
different from the above-mentioned macroscopic shear experiments. Here, the interplay of the restoring force of the trap with the negative memory (negative friction)
leads to oscillatory solutions. Fig. 5.26 indicates that oscillations can only occur
within a finite range of trap stiffness and indeed, the MCDs by Eq. (5.19) provide solutions, which are either purely exponential ∼ e−|ν|t or damped oscillations
∼ e−(|ν|+i|Ω|)t (further information can be found in Ref. [1]). The dynamical phase
diagram in Fig. 5.29 illustrates the parameter space, where oscillations emerge, while

12

This problem does not arise when scanning the sample cell with the piezostage, instead of moving
the laser beam.
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Figure 5.29: Phase diagram of exponential and oscillatory solutions yield by
Eq. (5.19) (for Wi = 0.04). Only within a finite range of trap stiffness oscillations
arise. Here, κ and γ1 are normalized on the corresponding experimental parameters κexp = 2.3 µN m−1 and γ1exp = −1135.1 µNs m−1 from table 5.1. Adapted and
reprinted from Ref. [1].
the phase boundary is analytically expressed by 13
p
γ0 − 2γ1 2 γ1 (γ1 − γ0 )
κc =
±
.
τ1 − τ
τ1 − τ

(5.20)

For a viscoelastic fluid with a well-defined relaxation time, conditions are only resonant within the κc -line such that oscillations appear. Or in the sense of a micropicture, when the trap is too stiff, the particle moves with the constant speed of
the trap and in case of a very weak particle confinement, the dynamics is basically
diffusive. The choice of the ”correct” trap stiffness could explain, why these oscillations have been overseen in former microrheological drag experiments in viscoelastic
colloidal suspensions [63].
Apart from the MCD curves, also the MSDs can be derived from the linear equation of motion Eq. (5.13) and we yield


2
(v)
Z
f˜ (ω)

1 ∞
2
iωt
(5.21)
dω 1 − e
(x(t) − x(0)) =
2,
π −∞
(v)
ω Γ̃ (ω) − iκ
13

Here and in Fig. 5.29 the bare solvent friction γ∞ is set to zero.
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Figure 5.30: MSD and MCD (inset) of experimental data (open symbols) and
theoretical solution by using the effective mass concept (solid lines) at Wi = 0.34
(for both graphs). The saturation value 2kB T /κ is shown by the dashed horizontal
line. Please note the log scale. Adapted and reprinted from Ref. [1].
R∞
by using the Fourier transformation h̃(ω) = −∞ dt e−iωt h(t). Unlike Eq. 5.15 for the
MCD curves, the expression for the MSDs contains the noise. In equilibrium the
noise correlator is linked to the (equilibrium) memory kernel via the fluctuationdissipation theorem [92]


h
i
2
(0)
(0)
˜
f (ω)
= 2kB T < Γ̃ (ω) .
(5.22)
As the measurements are carried out far from the highly nonlinear macro shearthinning regime (Wi < 1), we assume Eq. (5.22) to hold also for the non-equilibrium
situation, in order to keep the identical number of free parameters for the fits as in
the MCD curves. By applying the very same fit parameters of table 5.1, as used for
the MCDs in Fig. 5.24, we produce the theoretical MSD curves in Fig. 5.22 (solid
lines). Here, the experimental and theoretical curves coincide remarkably well, in
particular by considering the consulting of the equilibrium fluctuation-dissipation
theorem for finite Wi.
An alternative phenomenological description of these oscillations in a highly overdamped regime is provided by the concept of an effective mass, which is briefly
outlined hereinafter (a more extended discussion can be found in [1, 21]). Typically,
oscillations in physical systems are a characteristic attribute of inertial effects. An
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inertial term can be formally identified by a partial integration of Eq. (5.13) 14 . This
term yields an effective mass of around 1010 times the actual mass of the particle.
We highlight that this effective mass is found to be negative for equilibrium conditions, while it is positive for the parameters applied in Fig. 5.24 for finite Wi. In that
respect, one may identify the oscillatory behavior formally with a positive particle
mass.
In Fig. 5.30, we show the description of the oscillations by means of an underdamped effective mass. Especially for the MCD curve (inset), great quantitative agreement of the oscillatory behavior between the experimental and theoretical
curve is found. Only the rapid initial decay is not captured by this model. Here,
the theoretical curves are shifted by t = −3 s to match the short-time behavior. In
addition, the MSD is nicely reproduced and the effective mass supplies a meaningful
qualitative description for the intermediate part: caused by its inertia, the particle
probes a larger volume, which increases the MSD. Finally, at very long time scales
the underdamped curve is expected to converge to the equilibrium curve to 2kB T /κ.

5.3.3

Oscillating Modes within the Stochastic PT Model

In the same manner, as the concepts of negative friction or effective mass do not
provide a full microscopic picture, the stochastic PT model does not deliver a microscopic description neither. Nevertheless, some expectations and preliminary results
regarding oscillations in the PT model are briefly presented in the course of this subsection. Please note, the match of the experimentally observed oscillations with this
model is still under consideration and, again, we discuss in terms of hand-waving
arguments.
First of all, oscillations are also obtained within the stochastic PT model, which
has been demonstrated qualitatively in the thesis of Boris Müller [21]. For the onset
of oscillations, one might expect the following behavior within the two particle PT
model: At v = 0 (Wi = 0), both bath particles are equilibrated and the probe relaxes
exponentially to zero, in case the potential barrier is high enough in comparison to
the thermal energy of the tracer particle. Furthermore, oscillations should be absent
or vanishing small for the very small driving velocities in the linear-response regime
(LR, first plateau in the flowcurve Fig. 5.9) and both bath particles are still very
close to equilibrium. With increasing v, the probe can escape the periodic interaction
landscape and, at least, in the intermediate transient plateau (ITP, second plateau
in the flowcurve) oscillations emerge. Here, the driven tracer does not experience the
coupling to the first bath particle (shorter length scale) anymore. It rather senses
the sinusoidal potential of the second bath particle (longer length scale) leading to a
14

Rt
One then obtains −∞ ds M(v) (t − s)ẍ(s) = −γ0 ẋ(t) − κx(t) + f (v)(t) . Further, the inertia
memory kernel can
kernel
R ∞ be linked to the friction memory
P
P and, finally, the mass m can be
defined via m ≡ 0 dt M(v) (t) = − (γ0 − γ∞ − i γi ) τ − i γi τi [1].
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pronounced oscillatory behavior 15 . Note, the two-bath-particle PT model allows the
separation of time scales of the equilibrium decay and the oscillations. For further
increasing v (Wi > 1), the probe looses more and more the connection to the second
bath particle (macro shear-thinning ST2) and one expects the oscillations to decrease
until they finally vanish. We emphasize again that the PT model might be limited
to decent shear rates, which are not too far from the intermediate transient plateau.
Further, at high shear rates the bath’s microstructure is highly disturbed or even
irreversible damaged (on the time scale of driving), which should not be captured
by the PT model.
In this context, we reanalyze the experimental data of the drag measurements
of section 5.1 Drag Exeriments Close to the Linear-Response (at 30 ◦ C and κ =
1.45 µN m−1 ) to test, in which regime of the flowcurve oscillations arise. Please
keep in mind that these experiments are performed at a different temperature and
trap stiffness and they have not been optimized to resolve the oscillatory particle
dynamics. In particular, the measuring signal at low shear velocities (LR) is quite
noisy. However, this data set provides qualitative proof for the presence or absence
of oscillations (more statistics is required for a quantitative comparison). Fig. 5.31
shows the MSDs of a driven probe under steady state conditions. Each panel is
related to a different regime in the experimental flowcurve of Fig. 5.9. While oscillations are absent in the linear-response regime (LR), they already arise in the
micro shear-thinning regime (ST1). An oscillatory behavior is also present in the
intermediate transient plateau (ITP) and it even survives for the high shear rates in
the macro shear-thinning regime (ST2). This implies that, up to the intermediate
transient plateau (ITP), the occurrence of oscillations is in qualitative agreement
with the expectations of the PT model, as discussed above. In particular, the MSD
in equilibrium and at v = 8 nm s−1 (LR) matches remarkably well by taking the poor
statistics of the drag trajectory into consideration. This supports the assumption
of reaching the linear-response for sufficiently low velocities further on. Apart from
that, the current PT model seems to fail for larger shear rates (Wi > 1). While the
model predicts a fading of oscillations with increasing shear rates beyond the intermediate transient plateau (ITP), the exact opposite behavior is observed, since we
capture the most pronounced effect in the macro shear-thinning regime (ST2). At
this point, we rule out the quantitative discussion of amplitudes and frequencies for
the different regimes, because of the aforementioned lack of experimental statistics
and possible limitations of the PT model and we leave this study for future work.
But how can the raise of oscillations in the overdamped limit within the low Wi
regime be rationalized apart from any phenomenological description? We highlight
15

One might imagine that the shorter length scale also triggers oscillations, but the amplitude
would be vanishing small, since the smaller length scale is found to be one order of magnitude
smaller than the larger length scale (compare table 5.11).
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Figure 5.31: MSD curves measured in the setup configuration with the piezostage.
Here, measurements are performed in a 7 mM micellar solution at 30 ◦ C and
κ = 1.45 µN m−1 . Each panel corresponds to a different regime in the flowcurve Fig. 5.9 (at velocity v): the linear-response plateau (LR), the micro shearthinning regime (ST1), the intermediate transient plateau (ITP) and the macro
shear-thinning regime (ST2). All panels share the same y-axis, but note the different scaling of the x-axis. We observe oscillations in every regime, besides in the
linear-response plateau (LR).

95

Chapter 5 Colloidal Particle in a Non-Equilibrium Bath
once more the difference to macrorheological experiments: while there a constant
shear rate or stress is imposed on the fluid, the generation of (local) stress or strain is
remarkably different when shearing a colloidal probe through a viscoelastic bath by
optical tweezers. Here, the particle motion is strongly influenced by the local stress
and strain fluctuations as a consequence of the strong tracer-bath coupling [84].
Therefore, both the strain rate and the stress rate become a function of time that
leads to unsteady or oscillatory particle dynamics, which is apparent in a certain
range of trap stiffness.

5.4

Colloidal Particle in a Modulated Trap

Since oscillating modes already appear at gentle shear velocities (Wi < 1), it triggers
the question, whether they can be further amplified by an external excitation, e.g.
by a sinusoidal modulation of the trap intensity or velocity. One could imagine that
certain modulation frequencies stimulate kind of a fluid specific resonance frequency
on the time scale of the previous oscillations.
This study has been part of a side-project during this thesis and here, the details
are briefly explained.
We perform the measurements with the piezoelectric stage, as multiple oscillation
cycles are required for each trajectory and again, high precision is needed. Modulating the trap velocity, instead of its intensity, seems more appropriate, as the
dependence of trap stiffness on the experimental flowcurves is not conclusive yet.
Further, it has been shown that oscillations appear only within a finite range of trap
stiffness.
The driving velocity has the following form
v(t) = v0 + vmod sin (Ωmod t + ϕ) ,

(5.23)

with v0 is the constant lateral driving velocity, vmod is the modulation amplitude,
Ωmod is the modulation frequency and ϕ is the phase shift. Thus, the protocol Ξ(t)
for the stage position (for a single run in positive direction) is set by
Z
vmod
cos (Ωmod t + ϕ) ,
(5.24)
Ξ(t) = dt v(t) = Ξ(t = 0) + v0 t −
Ωmod
which is qualitatively sketched in Fig. 5.32. Before each run, we wait until the
micellar mixture is equilibrated. The subsequent data set is acquired at experimental
conditions comparable to those of the MCDs in Fig. 5.24 in the previous section,
with a trap stiffness of 2.16 µN m−1 in a 7 mM micellar mixture at 25 ◦ C. During
the measurements, the lateral driving velocity v0 is kept constant at 200 nm s−1
(Wi = 0.18) and the modulation amplitude vmod is set to 0.3 · v0 . In consideration
of Fig. 5.21, we fairly operate in the intermediate transient constant regime of the
flowcurve, even in respect to the minimum and maximum values of v(t).
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Figure 5.32: Driving protocol applied to the piezostage (which corresponds to the
optical trap’s reference frame). The optical trap is constantly driven on a line forwards and backwards, while the trap velocity is additionally modulated. Ξ denotes
the laser position over the time and we wait a certain time interval between each
run. The lateral driving velocity v0 is kept constant for the whole measurement, but
the modulation frequency Ωmod is varied for each run. Further the time intervals of
driving are equal for each Ωmod .
Again, the transient initial part of the trajectories is cut, such that the measurements are evaluated under steady state conditions. As exemplary demonstrated by
Fig. 5.33, already the bare trajectories reflect the embossed modulation, considering
the defined periodicity and pronounced amplitudes 16 . In the event of exciting an
intrinsic time scale of the sheared fluid at a certain modulation frequency, we expect a noticeable increase of those amplitudes. For a quantitative assessment, we
estimate the power spectral density (PSD) of a discrete trajectory of length N by
2

N −1
∆t X
xn e−iωn∆t ,
S(ω) =
N n=0

(5.25)

where xn denotes the position after n time steps ∆t. This quantity provides a
measure of how the signal power is distributed over the frequencies ω. We now select
the value of the PSD at the modulation frequency S(ω = Ωmod ), as demonstrated
in Fig. 5.34 17 . Then this quantity, which delivers the amplitude strength at Ωmod ,
is plotted in Fig. 5.35 for different external modulation frequencies.
Starting on the right-hand side of the plot, first the amplitude power grows with
shrinking Ωmod . This trivial effect, which is also expected for purely Newtonian
fluids, is related to the fact that the probe can more easily follow a slow velocity
modulation. In addition, the amplitude of Ξ(t) in Eq. (5.24) and, thus, the amplitude
16

17

Hereinafter, the trajectories are analyzed in terms of x(t) = ξ(t) − hξ(t)i, which characterizes
the particle position around its mean position.
For all investigated modulation frequencies, we find the PSD to be by far the largest at ω = Ωmod .
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Figure 5.33: Trajectory of a constantly driven particle with an additional velocity
modulation (at Ωmod = 0.19 s−1 ).
of x(t) increases for declining Ωmod . We further do not observe any deviation from
this behavior around the time scale of the structural relaxation time (Ωmod (τs ) =
2π
= 2.5 s−1 ). However, a significant signature of a resonance effect is found around
τs
Ωmod = 0.2 s−1 . Unlike in a Newtonian fluid, here the curve shows a clear maximum
and decreases with even smaller frequencies. Notably, the occurrence of this peak is
not far from the frequency of the oscillating mode in an unmodulated trap, which
is found for the MCD curve in Fig. 5.24 at the corresponding Wi. In the same
manner as the oscillating modes of the previous section, this peak effect crops up at
a remarkably long time scale of roughly 30 s, while the structural relaxation of the
fluid is determined to τs = 2.5 s, which is one order of magnitude smaller.
So far, we have not been able to properly measure frequencies below Ωmod =
0.1 s−1 due to technical limitations and statistical reasons. Accordingly, a statement
about exciting a true resonance or just a higher harmonic is not possible until now.
But the concrete observation of a higher harmonic already indicates the possibility
to stimulate oscillating resonance modes. The excitation of the specific time scale
τresonance  τs in a highly overdamped regime is then a result of the interplay between
the viscoelastic tracer-bath coupling and the presence of the modulated trap, where
conditions are resonant.
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Figure 5.34: PSD S(ω) of the above shown trajectory Fig. 5.33 (Ωmod = 0.19 s−1 ).
Here, S(ω) is largest at the modulation frequency Ωmod .
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Figure 5.35: Value of the PSD S(Ωmod ) at the modulation frequency (compare
Fig. 5.34) for different Ωmod . The different symbols are related to three individual
data sets and S(Ωmod ) is normalized by the maximum value S(Ωmod )max with regard
to all data points. Further, the black solid line is a guide to the eye, created by
the moving average of three consecutive data points. The inset shows a single
measurement from the main graph (note the different x-scales). The dashed orange
line is related to the oscillation frequency observed in the MCD curve (Fig. 5.24) at
a similar Wi (= 0.17 ) in an unmodulated trap.
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6

Conclusion and Outlook
In this work, I have developed an experiment aiming at exploring the dynamics of a
colloidal particle embedded in a viscoelastic host liquid in and out of equilibrium by
means of optical tweezers microrheology. The intention of this thesis is to contribute
to a more comprehensive understanding of the small shear rate regime close to the
equilibrated state of the fluid. Although the experiments were mainly performed on
a worm-like micellar solution, we expect our findings to be generic for very different
viscoelastic media with a long relaxation time.
By using a statistical physics approach, we were able to find strong nonlinear
markers already in equilibrium measurements. One notable achievement of this
thesis is the fact that the diffusion behavior of a free particle is strongly affected by
its nonlinear coupling to the surrounding bath molecules. At the microscope level,
the friction memory kernel, extracted from the trajectory of a probe confined in a
static trap, is highly dependent on the imposed trapping strength, e.g. stiffening
the trap increases the friction coefficient and, thus, the viscosity experienced by the
probe particle. In addition, we performed an overdamped Langevin description in
combination with a stochastic Prandtl-Tomlinson model, which mimics the coupling
of the tracer particle to the micellar background that matches the experimental
outcomes.
These nonlinear features give rise to even more pronounced phenomena, once
the surrounding bath is driven out of equilibrium by shearing the bath particle.
Already the bare trajectory of a driven colloidal particle reveals its out of equilibrium
behavior and the fluctuations become non-Gaussian. In particular, we explored the
range of very gentle shear rates, where the Weissenberg number is well below one.
This leads to a variety of novel phenomena, like an additional step in the fluid’s
flowcurve and a new oscillatory state of the particle dynamics. Remarkably, all
experimental out of equilibrium features are qualitatively covered by the stochastic
Prandtl-Tomlinson model.
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In general, we ascertained that the probe dynamics in a viscoelastic fluid results
from the interplay between its coupling to the bath and to the optical potential.
Nevertheless, a full microscopic description of the probe dynamics is still lacking.
Since the trap stiffness is one of the key parameters for the discussed effects, a more
detailed investigation of its impact on the particle dynamics is required for a better
understanding. Triggered by the reverse recoil effect, we also expect fruitful insights
by studying the transition from steady state conditions to a NESS, or from one
NESS to another. We found first evidence for a resonance by modulating the trap
velocity on top of a constant shear rate. Thus, it is interesting to evaluate this
deeply in future work.
Additionally, in our experiments, the probe is driven through a viscoelastic fluid
with a constant trap velocity protocol. The tracer dynamics is strongly affected by
the host’s heterogeneous microstructure, which perturbs the force experienced by the
particle and its velocity. However, how both conditions, constant force and velocity,
affect the response of the host fluid is still unknown. In the future, we can implement
in our setup a feedback loop protocol in two different ways: the trap velocity can
be precisely adjusted in real-time (i) to directly keep the probe at constant velocity
or (ii) hold the particle at a fixed position within the trap (constant force). If a
particle is driven with constant force, it could dodge the fluid’s obstacles. While at
constant velocity it bulldozes through the obstacles on a direct path leading to a
distinct response behavior.
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geforderte Bewegung von in ruhenden Flüssigkeiten suspendierten Teilchen.
Ann. Phys., 322(8):549–560, 1905.
[90] M. von Smoluchowski. Zur kinetischen Theorie der Brownschen Molekularbewegung und der Suspensionen. Ann. Phys., 326(14):756–780, 1906.
[91] P. Langevin. Sur la théorie du mouvement brownien. C. R. Acad. Sci. Paris
146:530–533, 1908. English translation: P. Langevin. On the theory of Brownian motion. Am. J. Phys., 65(11):1079–1081, 1997.
[92] R. Kubo. The fluctuation-dissipation theorem. Rep. Prog. Phys., 29(1):255,
1966.
[93] K. Sekimoto. Stochastic Energetics. Springer Berlin Heidelberg, 2010.
[94] H. Risken. The Fokker-Planck Equation. Springer Berlin Heidelberg, 1989.
[95] J Perrin and J. Donau. Die Brown'sche bewegung und die wahre Existenz der
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Rohit Jain. Their sophisticated theoretical framework contributed greatly to a more
comprehensive understanding of the results presented in this thesis. Our pleasant
collaboration provided valuable input for both experiment and theory.
Muchas gracias to my former (Otto) office mate Celia (Dr.) Lozano for very
fruitful and delighting scientific discussions. Even after she left Konstanz, maybe by
Zeppelin, and hoisted her flag in Spain, her creative ideas and friendship have still
been very supportive. In addition, I would like to thank Juan Ruben Gomez-Solano,
who introduced me into my PhD topic. Further, I thank all former and current members of the group for their scientific input, an enjoyable time and leisure activities.
In particular, I want to thank Felix Ginot, who is following my project, Tobias
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