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Abstract

We face the numerical solving process of the nonlinear Schrödinger1 equation (NLSE),

also called Gross-Pitaevskii2 equation, which is a central semilinear partial differential

equation (PDE) in the field of quantum mechanics. Concerning the spatial discretiza-

tion, we compare the continuous Galerkin3 (CG) methods with their close relatives, the

discontinuous Galerkin (DG) methods. As a practical example, we have a look at the

symmetric interior penalty Galerkin (SIPG) method and the standard finite element

method (FEM) with piecewise continuous basis functions. The semidiscrete NLSE

is solved with the average vector field (AVF) method. A special focus is dedicated

to the mass and energy preservation properties of the methods. Further on, we deal

with model order reduction, carried out with proper orthogonal decomposition (POD)

and randomized singular value decomposition (rSVD). The implementation is made in

Python4, using also the software FEniCS5 for CG and DUNE6 for DG methods.

Zusammenfassung

Wir behandeln das numerische Lösen der nichtlinearen Schrödingergleichung1, die auch

Gross-Pitaevskii2-Gleichung genannt wird. Diese semilineare partielle Differentialglei-

chung ist eine zentrale Gleichung der Quantenmechanik. Bezüglich der Ortsdiskretisie-

rung vergleichen wir die stetigen Galerkin3-Verfahren mit den ihnen ähnlichen unsteti-

gen Galerkin-Verfahren. Als praktisches Beispiel betrachten wir die klassische Finite-

Elemente-Methode (FEM) mit stückweise stetigen Ansatzfunktionen und das symmet-

ric interior penalty Galerkin (SIPG) Verfahren. Ein besonderer Fokus gilt den Massen-

und Energieerhaltungseigenschaften der Methoden. Die semidiskretisierte nichtlineare

Schrödingergleichung wird mit der average vector field (AVF) Methode gelöst. Schließ-

lich führen wir Modellreduktion mit proper orthogonal decomposition (POD) und der

randomisierten Singulärwertzerlegung durch. Die Implementierung wurde in Python4

unter der Verwendung der Software FEniCS5 für stetige und DUNE6 für unstetige

Galerkin-Verfahren realisiert.

1 Erwin Rudolf Josef Alexander Schrödinger (1887-1961)
2 Eugene P. Gross (1926-1991), Lev Petrovich Pitaevskii (1933)
3 Boris Grigoryevich Galerkin (1871-1945)
4 See https://www.python.org/
5 FEniCS is a popular open-source computing platform for solving partial differential equations.

See https://fenicsproject.org/
6 DUNE is a modular toolbox for solving partial differential equations with grid-based methods.

See https://www.dune-project.org/
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Introduction

According to [18, p. 2], the nonlinear Schrödinger equation (NLSE) appears in dif-

ferent areas of physics, chemistry and engineering. One application is the study of

Bose-Einstein7 condensation (BEC), where the NLSE is also called Gross-Pitaevskii

equation. Practical “experiments to create BECs are challenging and computationally

expensive” ([18, p. 2]). This increases the importance of numerical simulations to pre-

dict the long term behavior of the NLSE (see [18, p. 2]).

Due to the theoretical properties of the NLSE as a Hamiltonian8 partial differential

equation (PDE) (see Section 2.4), it is natural to choose mass and energy preserving

numerical methods for the space and time discretization of the NLSE. To that pur-

pose the symmetric interior penalty Galerkin (SIPG) method is used for the spatial

discretization and the average vector field (AVF) method is used for the temporal dis-

cretization of the NLSE.

The standard method for solving PDEs is the finite element method (FEM), which

is denoted as continuous Galerkin (CG) method in this thesis (although the FEM is

only one example of a CG method). We investigate if the discontinuous Galerkin (DG)

methods provides a good alternative to the CG method. The main purpose of this

thesis is the comparison of the two categories of methods. A numerical comparison is

done for the FEM method and the SIPG method (also denoted by DG in Chapter 5) as

representatives of the corresponding class of methods. The basis functions are chosen

piecewise linear in both cases. Furthermore, they are continuous in the CG case and

discontinuous in the DG case by definition.

Because nonlinear multidimensional PDEs in general are very time demanding, the use

of model order reduction (MOR) techniques is advisable. The corresponding reduced

order model (ROM) is especially helpful in scenarios where one has to compute the

solution to the PDE over and over again. Examples are optimal control problems or

multiple solution problems. To further reduce the computation times, the determinis-

tic singular value decomposition (SVD) appearing in the ROM can be replaced by a

randomized alternative, the randomized singular value decomposition (rSVD).

7 Satyendra Nath Bose (1894-1974), Albert Einstein (1879-1955)
8 William Rowan Hamilton (1805-1865)
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Outline

This thesis is structured as follows:

� In the remainder of the introduction, some fundamental notations and terminolo-

gies are given.

� In Chapter 1, we introduce the most important function spaces for this thesis.

Everything is based on the Lebesgue9 spaces. The Sobolev10 and Bochner11 spaces

are used frequently in the analysis of PDEs, whereas the broken Sobolev spaces

and finite element spaces are used as function spaces for the semi-discretized

solution.

� In Chapter 2, we present the NLSE with periodic boundary conditions. Addi-

tionally, the corresponding mass and energy functionals are defined and the real-

valued system of the NLSE is derived. Complex and generalized derivatives are

considered in the sections 2.2 and 2.3. With this background, the preservation

of mass and energy for the equivalent real-valued and complex-valued NLSE is

proven in Section 2.4. A few notes on the well-posedness of the NLSE follow.

� In Chapter 3, we introduce the CG and DG methods for the spatial discretiza-

tion of the NLSE. After a short theoretical comparison is made, the proof of the

semi-discrete mass and energy preservation follows. Finally, as time discretization

method, we choose the AVF method. It is presented together with the related

theta-method. For the AVF method, the energy preservation property for Hamil-

tonian ordinary differential equations (ODEs) is shown in Section 3.5.2.

� Chapter 4 deals with the MOR of the NLSE. We consider linear MOR with the

proper orthogonal decomposition (POD) method and nonlinear MOR with the

discrete empirical interpolation method (DEIM). The application of the POD

method to the NLSE is shown. The eigenvalue problem arising from the POD

method is solved by the SVD. An alternative method to the deterministic SVD

is the rSVD. We explain the algorithm and show some basic estimates.

� The solving process of the NLSE is implemented in Python for CG and DG

methods separately. In Chapter 5, we present two simulation scenarios for the

numerical comparison of the CG and DG method. At the end of Section 5.2,

there is a numerical comparison of the rSVD and the SVD method.

� Concluding, a summary of the thesis and a brief outlook is presented.

9 Henri Léon Lebesgue (1875-1941)
10 Sergei Lvovich Sobolev (1908-1989)
11 Salomon Bochner (1899-1982)
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Notation

Let K ∈ {R,C} and n ∈ N in this thesis. The real part and the imaginary part

of a complex number z = a + ib ∈ C are denoted by Re(z) = a and Im(z) = b.

Let z = (z1, . . . , zn)T ∈ Kn be a column vector, then zT denotes the transpose of z,

therefore a row vector. Furthermore, z = (z1, . . . , zn)T denotes the complex conjugate

of z with a+ ib = a− ib for a, b ∈ R and i being the imaginary unit. It is for y ∈ Kn,

〈y, z〉 := 〈y, z〉2 := y · z := yT z =
n∑
i=1

yi zi

the Euclidean12 inner product, the standard Hermitian13 form (with the “physics”

convention of linearity in the second and conjugate linearity in the first variable), and

‖x‖ := ‖x‖2 :=
√
〈x, x〉2

the Euclidean norm of Kn. In the case n = 1, we write |x| := ‖x‖2. It is important to

remember that 〈y, z〉2 ∈ C and 〈y, z〉 = 〈z, y〉 holds for the complex inner product.

Let A ⊆ Rn be a set, then ∂A denotes the boundary, A the closure of A and Ac the

complement of A. The symbol |A| indicates the n-dimensional Lebesgue measure of A.

For sets A and B we identify A ⊂ B with the proper subset A ( B. Throughout this

thesis, we will denote by In ∈ Rn×n the identity matrix of dimension n. The rank of a

matrix B ∈ Kn×n is denoted by rank(B). The matrix diag(α1, . . . , αn) ∈ Kn×n denotes

the diagonal matrix with entries α1, . . . , αn ∈ K.

The restriction of a function f to a subset A of the domain of f is denoted by f |A. By

range(f), we mean the range or image of the function f as (possibly true) subset of

the codomain. The symbol E denotes the expected value of a random variable.

The linear span of a set A of vectors is denoted by span(A). We indicate the dimension

of a vector space U by dim(U). If there exists an embedding between two vector spaces

U and V , it is denoted by U ↪→V . The space L (U, V ) is the vector space of all linear

continuous operators from a normed vector space U to another normed vector space V .

In terms of a numerical method, the step size in space is denoted by 4x > 0 resp.

4x1,4x2 > 0 to differentiate between the dimensions x1 and x2. The step size in time

is denoted by 4t > 0.

12 Euclid (of Alexandria) (fl. 300 BC)
13 Charles Hermite (1822-1901)
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With the symbol ∇, we denote the nabla and with ∆ the Laplace14 operator, i.e.

∇ =

(
∂

∂x1

, . . . ,
∂

∂xn

)
, ∆ = ∇ · ∇ =

(
∂2

∂x2
1

+ . . .+
∂2

∂x2
n

)
,

in which ∂
∂xi
, i = 1, . . . , n, are the partial derivative operators and ∂2

∂x2i
= ∂

∂xi

∂
∂xi

holds.

For x ∈ Rn and an n-dimensional multi-index ν ∈ Nn
0 , we define xν := xν11 · . . . ·xνnn and

|ν| := ν1 + . . .+ νn. Further, we set

∂νf(x) :=
∂ν1

∂xν11

· · · ∂
νn

∂xνnn
f(x)

for a (ν1, . . . , νn) (weak) differentiable function f .

14 Pierre-Simon Laplace (1749-1827)
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CHAPTER 1

Theoretical Foundation

This chapter is designed to give a rough, but insightful introduction of the main function

spaces we run into when doing analysis of the NLSE and the corresponding numerical

methods. These spaces are central to the theoretical part of this thesis, therefore they

are introduced extensively. We give an overview of the most important concepts and

results of the Sobolev theory used in this thesis. As we are considering a parabolic

PDE, we also work with Bochner spaces. These are a generalization of the Lebesgue

and Sobolev spaces to functions, whose values belong to a general Banach15 space.

Additionally, we introduce the broken Sobolev spaces and the finite element spaces,

which are needed for the semi-discretization of the NLSE.

Let Ω ⊂ Rn in this chapter be a bounded domain with polygonal boundary ∂Ω, unless

otherwise specified.

1.1 Sobolev Spaces

The basic foundation for all spaces coming up in this chapter is the theory about

Lebesgue and Sobolev spaces. We give a quick introduction in this theory by giving

the definitions and some important results about them. For a more detailed introduc-

tion with the extended definitions of the Lebesgue space, see e.g. [10, Chapters 4 and

16].

Definition 1.1 (Lebesgue spaces). Let A = B(Ω) be the Borel16-σ-algebra on

Ω and let λ be the Lebesgue measure, so that (Ω,A, λ) is a measure space. For

1 ≤ p ≤ ∞, we define the Lebesgue space

Lp(Ω;Kn) = {f : Ω→ Kn | f measurable, ‖f‖Lp(Ω;Kn) <∞},

with the norm

‖f‖Lp(Ω;Kn) :=

(∫
Ω

‖f(x)‖p2 dx

) 1
p

, p <∞, ‖f‖L∞(Ω;Kn) := ess sup
x∈Ω

|f(x)|.

and the inner product for p = 2,

〈f, g〉L2(Ω;Kn) :=

∫
Ω

〈f(x), g(x)〉2 dx.

15 Stefan Banach (1892-1945)
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We will suppress the codomain Kn in the notation of the space Lp(Ω,Kn) and write

instead Lp(Ω) in all cases. Important to note is that functions f ∈ Lp(Ω) are al-

ways equivalence classes of functions, which are the same up to a null set. Therefore,

one can not evaluate such a function at a given point, e.g. f(0) := 0 is not well-defined.

All Lebesgue spaces are Banach spaces with the corresponding norms. The space of

quadratically integrable functions, L2(Ω), is a central Lebesgue space. It is the only

one, which can be extended to a Hilbert17 space. The addition of weak derivatives to

the Lebesgue spaces leads to the Sobolev spaces.

Definition 1.2 (Sobolev spaces). For k ∈ N0 and 1 ≤ p ≤ ∞, we define the

Sobolev space

W k,p(Ω) := {u ∈ Lp(Ω) | ∂νu ∈ Lp(Ω) ∀ ν ∈ Nn
0 , |ν| ≤ k}

as the space of functions in Lp(Ω), whose weak derivatives up to the degree k

exist and are also in Lp(Ω). The corresponding norms are

‖u‖Wk,p(Ω) :=

∑
|ν|≤k

‖∂νu‖pLp(Ω)

1/p

, p <∞, ‖u‖Wk,∞(Ω) := max
|ν|≤k
‖∂νu‖L∞(Ω).

Again, for p = 2 we have an inner product:

〈u, v〉Wk,2(Ω) :=
∑
|ν|≤k

〈∂νu, ∂νv〉L2(Ω).

As an important example, a function f ∈ L2(Ω) belongs to H1(Ω), if ∇f exists in

L2(Ω), i.e.

‖∇f‖2
L2(Ω) =

∫
Ω

〈∇f(x),∇f(x)〉2 dx =

∫
Ω

∇f(x)
T
∇f(x) dx <∞.

The Sobolev spaces W k,p(Ω) are Banach spaces for all k ∈ N0, 1 ≤ p ≤ ∞. Further-

more, the space W k,2(Ω) is a Hilbert space for all k ∈ N0. A common notation is

Hk(Ω) := W k,2(Ω) for the Hilbert spaces (see [10, Section 16.2] for more details).

To define boundary values for functions that belong to Sobolev spaces, we need the

space Hk+1/2(∂Ω) for k ∈ N0. This is the interpolated space between Hk(∂Ω) and

Hk+1(∂Ω) (see [21, pp. 21-22] for the detailed construction). Now we present the trace

16 Félix Édouard Justin Émile Borel (1871-1956)
17 David Hilbert (1862-1943)
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theorem, which lets us talk about boundary values and normal derivatives of Sobolev

functions at the boundary of a domain.

Theorem 1.3 (Trace theorem). Let Ω ⊂ Rn be a bounded domain with a

C1,1 boundary ∂Ω. Let ~n be the outward unit normal vector to Ω. Then there

exist trace operators γ0 : Hk(Ω) → Hk−1/2(∂Ω) for k > 1/2 and γ1 : Hk(Ω) →
Hk−3/2(∂Ω) for k > 3/2 that are extensions of the boundary values and normal

derivatives at the boundary, respectively. The operators γi, i = 1, 2 are surjective.

Furthermore, for v ∈ C1(Ω), it holds

γ0v = v|∂Ω, γ1v = ∇v · ~n|∂Ω.

Proof. See e.g. [11].

By abuse of notation, we write v|∂Ω and (∇v ·~n)|∂Ω also for the corresponding traces of

Sobolev functions, γ0(v) and γ1(v) = γ0(∇v · ~n). As a consequence of Theorem 1.3, we

introduce the subspace of Hk(Ω), k > 1/2, where the boundary values of the functions

are zero in the sense of the trace theorem

Hk
0 (Ω) := {v ∈ Hk(Ω) : γ0v = 0 on ∂Ω}.

For the weak formulation of the NLSE, we give a generalized version of the continu-

ous first Green’s18 formula, which is used as a partial integration rule for functions in

Sobolev spaces.

Theorem 1.4 (First Green’s formula). Given a bounded domain Ω ⊂ Rn and

the outward unit normal vector ~n, it holds for all v ∈ H2(Ω) and w ∈ H1(Ω):

−
∫

Ω

(∆v)w =

∫
Ω

∇v · ∇w −
∫
∂Ω

(∇v · ~n)|∂Ωw.

Proof. The first Green’s formula is a corollary of the generalized divergence theorem.

A proof of this theorem can be found in [12].

In the case of periodic boundary conditions, the first Green’s formula simplifies, as we

can see in the following proposition.

18 George Green (1793-1841)
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Proposition 1.5. Let the assumptions of Theorem 1.4 hold. If the functions

v, w are periodic on ∂Ω for Ω = (a, b)2, a, b ∈ R, a < b, we have∫
∂Ω

(∇v · ~n)|∂Ωw = 0.

Proof. If we split the boundary of the domain Ω into four disjoint sets, ∂Ω = ∪̇4
i=1Γi,

with

Γ1 := (a, b)× {a},Γ2 := {b} × (a, b),

Γ3 := (a, b)× {b},Γ4 := {a} × (a, b),

it holds z|Γ1
= z|Γ3

and z|Γ2
= z|Γ4

for z ∈ {v, w}. For the outward unit normal vectors

~ni := ~n|Γi
, we have ~n1|Γ1 = −~n3|Γ3 and ~n2|Γ2 = −~n4|Γ4 so that we conclude

∫
∂Ω

(∇v · ~n)|∂Ωw =
4∑
i=1

∫
Γi

∇v · ~niw

=

∫
Γ1

∇v · ~n1w −
∫

Γ1

∇v · ~n1w +

∫
Γ2

∇v · ~n2w −
∫

Γ2

∇v · ~n2w

= 0,

where we used the periodicity of v and w (resp. the periodicity of the corresponding

trace operators a.e.) in the last equality. There is also a trace theorem for bounded

C0,1 domains (see, e.g., [19, Theorem 2.7]).

The combined formula of Theorem 1.4 and Proposition 1.5 yields

−
∫

Ω

(∆v)w =

∫
Ω

∇v · ∇w,

for all bounded domains Ω and periodic functions v ∈ H2(Ω), w ∈ H1(Ω). With this

equation holding, we do not have to handle the surface integral that is arising from

the partial integration by using the space H1
0 (Ω) for the test functions or including

Neumann19 boundary conditions.

1.2 Bochner Spaces

Now, we generalize the concept of Lebesgue and Sobolev spaces to functions, which

depend on time and space. Let for the whole chapter I := (0, T ) ⊂ R, T > 0, be

an open interval (not to be confused with the identity matrix In). Since we consider

functions u : I × Ω → K that depend on time and space, there are two options: We

19 Carl Gottfried Neumann (1832-1925)
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can either view u the usual way, u ∈ C1,2(I × Ω), or we separate the variables t and x

and write u : I → X, u(t) = (x 7→ u(t, x)), for a fixed t ∈ I and a Banach space X.

We abuse the notation and write u for both functions. The theory of Bochner spaces

aims to generate a good theoretical foundation for such functions. For a definition of

Bochner-measurable functions, see [26, Definitions 1.1, 1.2].

Definition 1.6 (Bochner spaces). See [26, Definition 2.1].

Let X be a Banach space. We define the Bochner space

Lp(I,X) := {u : I → X | u is Bochner-measurable, ‖u‖Lp(I,X) <∞}

with the associated norms

‖u‖Lp(I,X) :=

(∫
I

‖u(t)‖pXdt
)1/p

, p <∞, ‖u‖L∞(I,X) := ess sup
t∈I

‖u(t)‖X ,

and the inner product for p = 2,

〈u, v〉L2(I,X) :=

∫
I

〈u(t), v(t)〉Xdt.

Recall that it holds inf(∅) =∞ (resp. the infimum is not defined) in the definition of

the norm ‖f‖L∞(I,X), when f 6∈ L∞(I,X). Exactly as done in the Lebesgue theory,

functions in Lp(I,X) are equivalence classes of functions. The Bochner spaces are

Banach spaces for all p (see [26, Theorem 2.5]). The space L2(I,X) is a Hilbert space

endowed with the inner product 〈·, ·〉L2(I,X).

For the definition of the generalized time derivative of a function u ∈ Lp(I, V ), we

need a Gelfand20 triple (V,H, V ′) for a Banach space V and a Hilbert space H, see

[26, Definition 4.20]. The space V ′ denotes the continuous dual space of V . The most

important example of a Gelfand triple is V = H1(Ω), H = L2(Ω). In this case, it even

holds V ⊂ H and V ′ is isometrically isomorphic to V by the Riesz21 representation

theorem (see e.g. [2, Theorem 2.5.7]22).

20 Israel Moiseevich Gelfand (1913-2009)
21 Frigyes Riesz (1880-1956)
22 In this reference, the Riesz representation theorem is presented with the convention of linearity

in the first and conjugate linearity in the second variable.
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Definition 1.7 (Generalized time derivative). [26, Definition 4.22].

Let (V,H, V ′) be a Gelfand triple and let 1 < p < ∞. A function u ∈ Lp(I, V )

has a generalized time derivative dtu ∈ (Lp(I, V ))′ ∼= Lp
′
(I, V ′) if∫

I

〈dtu(t), v〉V ′×V φ(t)dt = −
∫
I

(u(t), v)H∂tφ(t)dt

holds for all v ∈ V and φ ∈ D(I) =̂ C∞0 (I) (see [26, Lemma 4.4]).

The generalized time derivative is compatible with the definition of the time deriva-

tive in the sense of vector-valued distributions (see [26, Definitions 4.5, 4.11 and 4.17,

Lemma 4.23]). With these derivatives, the generalized Sobolev spaces are defined.

Definition 1.8 (Generalized Sobolev spaces). See [26, Definition 5.1].

Let X and Y ⊇ X (resp. X ↪→Y ) be two Banach spaces and 1 ≤ p, q ≤ ∞. We

call

W 1,p,q(I,X, Y ) :=

{
u ∈ Lp(I,X)

∣∣∣ du
dt
∈ Lq(I, Y )

}
the generalized Sobolev space with the corresponding norm

‖u‖W 1,p,q(I,X,Y ) := ‖u‖Lp(I,X) +

∥∥∥∥dudt
∥∥∥∥
Lq(I,Y )

.

Additionally, we set for a Gelfand triple (V,H, V ′),

W (I, V ) := W 1,2,2(I, V, V ′).

On this space, we have the inner product

〈u, v〉W (I,V ) =

∫
I

〈u(t), v(t)〉V + 〈ut(t), vt(t)〉V ′ dt,

where the inner product of the derivatives is defined by the Riesz representation

theorem.

As it holds for the Sobolev spaces, all generalized Sobolev spaces are Banach spaces.

The space W (I, V ) is a Hilbert space. We will use W (I, V ) as function space of the

solution to the weak formulation of the NLSE.

Now, we state an important theorem for the generalized Sobolev space, which allows

us to identify a function in W 1,p,p′ , 1 < p <∞, with a continuous function and hence

allows us to define initial values for the solution to a parabolic PDE.
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Theorem 1.9 (Embedding, Partial Integration). [26, Theorem 5.15].

Let 1 < p < ∞ with p′ := p
p−1

, and let (V,H, V ′) be a Gelfand triple. Then, we

have the continuous embeddings

C∞(Ī , V ) ↪→W 1,p,p′(I, V, V ′) ↪→C(Ī , H),

where the first embedding is also dense.

For all u, v ∈ W 1,p,p′(I, V, V ′) and s, t ∈ Ī, the partial integration formula holds:∫ t

s

〈dtu(t), v(t)〉V ′×V dt = (u(t), v(t))H − (u(s), v(s))H −
∫ t

s

〈u(t), dtv(t)〉V ′×V dt.

For u = v, the partial integration rule yields∫ t

s

〈dtu(t), u(t)〉V ′×V dt =
1

2
‖u(t)‖2

H −
1

2
‖u(s)‖2

H .

1.3 Broken Sobolev Spaces

The semi-discrete solution to a parabolic PDE belongs to a finite dimensional subspace

of a broken Sobolev space (the finite element space) for every t ∈ I. Broken Sobolev

spaces are defined on a given mesh, therefore we want to introduce a definition we

need for the construction of our triangular meshes later on. In this thesis, we consider

domains Ω ⊂ R2, but the following concepts can also be extended to higher dimensions.

Definition 1.10. Let Ω ⊂ R2 be a polygonal bounded domain.

(1) Let T be a partition of Ω, consisting of a finite number of open, pairwise

distinct, simplicial or quadrilateral elements K ⊂ Ω. The partition is called

admissible if it holds Ω =
⋃
K∈T K and

(i) If Ki ∩Kj consists of exactly one point, then it is a common vertex

of K1 and K2,

(ii) If e := Ki ∩Kj consists of more than one point for i 6= j, then e is a

common edge of K1 and K2.

(2) A family of partitions {Th}h, h > 0 is called shape regular if there exists

τ > 0, s.t. every K ∈ Th contains a circle of radius ρK with hK
ρK
≤ τ , where

hK := sup{‖x − y‖2 : x, y ∈ K} is the diameter of K. The index h is

usually defined as the maximum element diameter.

For the space discretization in this thesis, we use a shape regular family {Th}h of ad-
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missible triangulations (partitions into simplicial elements) of Ω.

Definition 1.11 (Broken Sobolev Space). See [21, pp. 27-28].

For k ∈ N0, the broken Sobolev space is defined as the linear subspace of L2(Ω),

whose functions restricted to any element K ∈ Th have the regularity Hk(Ω),

Hk(Th) := {u ∈ L2(Ω) | u|K ∈ Hk(K) ∀K ∈ Th},

with the broken Sobolev norm

‖v‖Hk(Th) =

(∑
K∈Th

‖v‖2
Hk(Th)

)1/2

.

For the derivation of the DG weak formulation later on, we will need another two

definitions. For a function v ∈ L2(Ω), the value at a common edge e := K1 ∩ K2

of two elements K1, K2 ∈ Th is not uniquely determined, because it is a null set (in

R2). In our case, there exist two traces v|K1 and v|K2 of v on the edge e. Thus, by

the use of these traces we define the average and the jump of a broken Sobolev function.

Definition 1.12 (Average and Jump). Let e = K1 ∩ K2 be an edge of Th.

On the edge e, we define the average

{{v}} :=
1

2
(v|K1 + v|K2)

and the jump

[[v]] := v|K1 − v|K2

of a function v ∈ H1(Th), where a previously set orientation is given. The average

and the jump are similarly defined for the gradient of a function w ∈ H2(Th),

where we use the corresponding (normal derivative) traces.

The periodic boundary edges are treated analogously (see [18, pp. 6-7] for details). The

average and the jump of a broken Sobolev function naturally arise with the use of DG

methods. They come from the sum of the partial integration terms on each element,

when multiplying the PDE with a test function and integrating the equation over the

elements. Examples are found in [21, pp. 3-4], [21, pp. 30-31] or Theorem 3.2.
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1.4 Finite Element Spaces

Next, the broken Sobolev space Hk(Th), k > 3/2, is approximated by a finite dimen-

sional subspace, which is called the finite element space. These spaces will be used for

the DG test functions and semi-discrete solution to the NLSE. On the finite element

space, we identify the semi-discrete solution by its representation with respect of the

finite element basis.

Definition 1.13 (Finite Element Space). Let d ∈ N0 be the polynomial degree

of the local basis functions. The finite element space is defined as

Dq(Th) := {v ∈ L2(Ω) | v|K ∈ Pq(K) ∀K ∈ Th},

where Pq denotes the space of polynomials with total degree less than or equal to

q.

The elements of a finite element space are called test functions. The test functions of

the DG finite element space are in general discontinuous along the edges of the mesh.

This stands contrarily to the CG finite element space, where the test functions ought

to be continuous over the whole domain. Therefore, we cannot conclude v ∈ H1(Ω) for

all v ∈ Dq(Th) as in the continuous case (see [25, Theorem 1.6]).

The finite element space will be written as the span of all global basis functions,

Dq(Th) = span({φKi | 1 ≤ i ≤ Nloc, K ∈ Th}),

which are defined as

φKi
∣∣
K

= φ̂i ◦ FK and φKi
∣∣
Kc = 0, ∀ 1 ≤ i ≤ Nloc, K ∈ Th.

The local basis functions φ̂i, i = 1, . . . , Nloc, are defined on the fixed reference element

and the function FK maps the “physical” element K to the reference element. A

simple DG finite element basis construction uses the monomial basis for the local basis

functions. The local dimension then is

Nloc =
(d+ 1)(d+ 2)

2
,

which gives us Nloc = 3 when using piecewise linear basis functions. The complete

introduction of the reference element, the corresponding maps FK and the local basis

functions φ̂i for different element types, can be looked up in [21, pp. 32-36].
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CHAPTER 2

The Nonlinear Schrödinger Equation

Standing in the focus of this thesis, the nonlinear Schrödinger equation (NLSE) is a

semilinear parabolic PDE. We introduce the complex-valued and the equivalent real-

valued NLSE with periodic boundary conditions and we define the corresponding mass

and energy functionals. After presenting the concepts of complex differentiability and

generalized derivatives, we write the NLSE as a Hamiltonian system and derive the

conservation of the mass and energy for the solution to the NLSE. We conclude with

a few notes on the existence and uniqueness of a NLSE solution.

Problem Formulation

Let again I = (0, T ) be an open time interval with terminal time T > 0. For a

polygonal bounded domain Ω ⊂ Rd, d ∈ N, the continuous formulation of the NLSE is

given by

i ψt(t, x) = −α∆ψ(t, x) + Φ(x)ψ(t, x) + β|ψ(t, x)|2ψ(t, x), (t, x) ∈ I × Ω, (1)

ψ(0, x) = ψ0(x), x ∈ Ω, (2)

for initial values ψ0 (e.g. ψ0 ∈ L2(Ω)). The solution ψ is complex-valued and i ∈ C
denotes the imaginary unit. The parameters α ≥ 0 and β ∈ R are constants and there-

fore they are independent of space and time. A negative diffusion coefficient α < 0

leads to unstable solutions. The nonlinearity is called focusing (or attractive) for β < 0

and defocusing (or repulsive) for β > 0. The time-independent function Φ ≥ 0 is called

external potential. We restrict ourselves to the dimension d = 2, unless otherwise

specified.

Regarding the boundary conditions of the NLSE, one usually chooses Dirichlet23, Neu-

mann or periodic boundary conditions, or a combination of boundary conditions on

different boundary segments. In this thesis, we choose periodic boundary conditions

with Ω := (a, b)2 for a, b ∈ R, a < b, i.e.{
ψ(t, a, x2) = ψ(t, b, x2), ∀ (t, x2) ∈ I × [a, b],

ψ(t, x1, a) = ψ(t, x1, b), ∀ (t, x1) ∈ I × [a, b].
(3)

In a way, the choice of complete periodic boundary conditions is equivalent to Ω = R2,

because then the solution can be extended to the whole space and there is no real

23 Johann Peter Gustav Lejeune Dirichlet (1805-1859)
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boundary for ψ (in the sense of Proposition 1.5).

A strong solution to the NLSE would be a function ψ ∈ C(I×Ω) with ∂tψ ∈ C(I×Ω)

and ∆ψ ∈ C(I × Ω), s.t. (1), (2) and (3) are fulfilled. In this thesis, we focus on

so-called weak solutions, where the solution of the NLSE has to be only weak differen-

tiable. This will be discussed in detail in Chapter 3.

The mass functional N of a function ψ ∈ L2(I, L2(Ω)) at a given time t ∈ I is defined

as the squared L2-norm of ψ(t, ·) ∈ L2(Ω),

N (ψ(t, ·)) := ‖ψ(t, ·)‖2
L2(Ω) =

∫
Ω

|ψ(t, x)|2dx.

The energy functional E of ψ at t is defined as

E(ψ(t, ·)) :=
1

2

∫
Ω

(
α|∇ψ(t, x)|22 + Φ(x)|ψ(t, x)|2 +

β

2
|ψ(t, x)|4

)
dx.

From a practical point of view, this energy functional consists of the functionals of the

kinetic energy, the potential energy and the interaction energy, in this order (see [3,

p. 12]). Note that E(ψ(t, ·)) is well-defined (a.e.) if it holds ψ(t, ·) ∈ H1(Ω) ∩ L4(Ω)

for (almost) all t ∈ I and Φ ∈ L2(Ω). From the Rellich-Kondrachov24 theorem we

obtain the compact embedding H1(Ω) ↪→Lq(Ω) for all q ∈ [1,∞) (see [1, Theorem

6.2], d ≤ 3). In particular, it holds H1(Ω) ∩ L4(Ω) = H1(Ω). Therefore we demand

ψ ∈ L2(I,H1(Ω)).

Both functionals are defined on complex Sobolev spaces, but have values only in R. We

talk about this occurrence in the sections 2.2 and 2.3. The solution ψ to the NLSE is a

solution to a Hamiltonian system and therefore conserves the mass N and the energy

E . This property will be discussed in Section 2.4.

2.1 Derivation of the real-valued System

Because the NLSE is a complex-valued PDE, we can write it as a system of two real-

valued PDEs. We write ψ(t, x) = r(t, x) + is(t, x) for all (t, x) ∈ I × Ω, with the

real-valued periodic functions r = Re(ψ), s = Im(ψ). Now, the NLSE (1) is equivalent

to the following equations:

i(r + is)t = (−α∆ + Φ + β(r2 + s2))(r + is)

⇔ irt − st = −α∆r − αi∆s+ Φr + iΦs+ β(r2 + s2)r + βi(r2 + s2)s.

24 Franz Rellich (1906-1955), Vladimir Iosifovich Kondrashov (1909-1971)
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A comparison of the coefficients leads to the continuous real-valued system of the

NLSE: {
rt = −α∆s+ Φs+ β(r2 + s2)s, r(0, ·) = Re(ψ0),

−st = −α∆r + Φr + β(r2 + s2)r, s(0, ·) = Im(ψ0).
(4)

For the continuous solution vector z := (r, s)T , let us define the linear operator A, the

nonlinear operator b and the skew-symmetric matrix J (JT = −J):

A := (−α∆ + Φ)I2, b(z) :=

(
β(r2 + s2)r

β(r2 + s2)s

)
, J :=

(
0 1

−1 0

)
.

With these operators, the system (4) is equivalent to

zt = J [Az + b(z)], z(0, ·) = (Re(ψ0), Im(ψ0))T . (5)

We notice that the imaginary unit i was transformed into the real matrix representation

J of −i = 1
i
.

2.2 Complex Differentiability

This section is inspired by [10, pp. 53-57] and [5, Section 2.2]. Due to range(N ) ⊂ R
and range(E) ⊂ R, both functionals cannot be complex Fréchet25 or Gâteaux26 differ-

entiable. As a solution to this problem, we introduce the related Wirtinger27 deriva-

tives, which can be used to derive another kind of “complex derivatives” for the mass

and energy functionals. We present the concepts of complex differentiability and the

Wirtinger derivatives for functions defined on (a subset of) C. The main goal of this

section is to analyze the Wirtinger derivatives in a way, that one can safely apply this

concept to Hamiltonian systems like the NLSE (see Section 2.4).

Definition 2.1. Let f : V → C be a function with an open subset V ⊆ C.

(1) The function f is called to be complex differentiable at z0 ∈ V , if

∃f ′(z0) := lim
h→0

f(z0 + h)− f(z0)

h
(h ∈ C\{0}).

(2) Let U ⊆ V be an open subset. The function f is called holomorphic at

z0 ∈ U , if f is complex differentiable at every point of a neighborhood of z0.

It is called holomorphic on U , if it is holomorphic at every point z0 ∈ U .

25 Maurice René Fréchet (1878-1973)
26 René Eugène Gateaux (1889-1914)
27 Wilhelm Wirtinger (1865-1945)
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In contrast to the definition of the complex derivative, Wirtinger derivatives are de-

fined as complex linear combinations of the partial derivatives. Unlike it seems at first

glance, the two terms are not far apart from each other.

Definition 2.2 (Wirtinger derivatives). See [5, p. 7]. Consider the complex

plane C ∼= R2 = {(x, y) | x, y ∈ R} and a function f : V ⊆ C→ C, with V open

and f(x+ iy) = u(x, y) + iv(x, y) =̂ f(x, y). We define the Wirtinger derivative

and the conjugate Wirtinger derivative as the following linear partial differential

operators of first order:

∂

∂z
:=

1

2

(
∂

∂x
− i ∂

∂y

)
,

∂

∂z
:=

1

2

(
∂

∂x
+ i

∂

∂y

)
.

The Wirtinger derivatives ∂
∂z
f and ∂

∂z
f are well-defined if the function f is (real) par-

tial differentiable. We introduced the Wirtinger derivatives to (formally) differentiate

between z and z, as it is done in [7, Examples 3 and 5] for complex functions z.

Remark 2.3. With the definition of the Wirtinger derivatives, we can view the

variables z and z as independent variables via ∂
∂z
z = 1, ∂

∂z
z = 0 and vice versa.

However, we have to take care, because this does not mean, e.g., ∂
∂z
|z|2 = 0, since

|z|2 = zz and therefore ∂
∂z
|z|2 = z.

There exist some interesting connections between the Wirtinger derivatives and the

(complex) differentiability of a complex function as we will see in the following two

propositions.

Proposition 2.4. Let f : V ⊆ C→ C be a function with V open and f = u+ iv.

Let the functions u and v be (real) partial differentiable. Then, f is holomorphic

if and only if ∂
∂z
f = 0, i.e. the conjugate Wirtinger derivative of f disappears.

Proof. Through direct calculation, we obtain

∂f

∂z
=

1

2

(
∂f

∂x
+ i

∂f

∂y

)
=

1

2
(ux + ivx + i(uy + ivy)) =

1

2
(ux + ivx + iuy − vy) ,

which yields the following equivalence:

∂f

∂z
= 0⇐⇒ ux = vy, uy = −vx.
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The equations on the right-hand side are the Cauchy-Riemann28 equations. The state-

ment now follows from [10, Theorem 5.6 and Theorem 5.8].

Based on Remark 2.3, another way to express Proposition 2.4 is that a real differen-

tiable function f is complex differentiable if and only if it is independent of the variable

z.

Proposition 2.5. Let f : V ⊆ C→ C, V open, be a holomorphic function. Then

it holds f ′ = ∂
∂z
f , i.e. the complex derivative of f coincides with the Wirtinger

derivative of f .

Proof. Let us write f = u+ iv and obtain:

∂f

∂z
=

1

2

(
∂f

∂x
− i∂f

∂y

)
=

1

2
(ux + ivx − i(uy + ivy))

=
1

2
(ux + ivx − iuy + vy) =

1

2
(ux + ivx + ivx + ux)

= ux + ivx = f ′.

Here, we used the Cauchy-Riemann equations and the fact that the limit in the complex

derivative is independent of how h in Definition 2.1 approaches 0. That is why we can

approach along the x-axis to obtain the result.

From the proofs of Proposition 2.4 and Proposition 2.5, it is clear that these statements

also hold for the complex derivative of a function at a given point. A direct corollary

is the following remark.

Remark 2.6. A real differentiable function f : C→ C, f = u+ iv, does not have

to be complex differentiable even if u and v are (real) partial differentiable. For

example, f(x, y) = (x2 + y2)2 is partial differentiable at every point (x, y) ∈ R2,

but f(z) = |z|4 = (zz)2 has Wirtinger derivatives ∂f
∂z

= 2|z|2z and ∂f
∂z

= 2|z|2z.

This means, f is only complex differentiable at z = 0 with complex derivative

f ′(0) = 0.

In the rest of this section, we will use the notation CR for the real vector space C.

Further, we view a complex number z = x + iy as a real-valued vector through the

isomorphism z =̂ (x, y)T and hence also write z ∈ R2.

28 Augustin-Louis Cauchy (1789-1857), Georg Friedrich Bernhard Riemann (1826-1866)
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To write a function as dependent on (z, z), we introduce the following natural linear

subspace of C2
R, when working with Wirtinger derivatives. As far as the author knows,

it has no name, but one could call this space the Wirtinger space, since it is highly

related to the Wirtinger derivatives.

Definition 2.7 (“Wirtinger space”). Let us define the space

W := {(z, z)|z ∈ CR}.

We write z = (z, z) ∈W for an easier notation, because the element z is uniquely

determined by z. This space is a real Hilbert space with the inner product

〈z, w〉W = zw + zw = 2 Re(z) Re(w) + 2 Im(z) Im(w) = 2〈z, w〉R2

and the induced norm

‖z‖W =
√

2‖z‖2
R2 =

√
2‖z‖R2 .

With Remark 2.3 in mind, we rewrite a complex function, f(z) = f̃(z, z). This is

another approach, similar to writing the function as dependent on the real and the

imaginary part of z = x + iy =̂ (x, y)T , f(z) = f̂(x, y). The connection between the

two variants is x = (z + z)/2, y = i(z − z)/2. More precisely, one can show that the

space W is isometrically isomorphic to R2 and CR as a real Hilbert space with the inner

product 〈v, w〉W′ := 〈v, w〉R2 , W ∼= R2. Nonetheless, we want the inner product in W
to be the same as it would be for two independent variables z, z ∈ C (and h, h ∈ C) in

C2, 〈(
z

z

)
,

(
h

h

)〉
C2

= zh+ (z)h = zh+ zh.

Still, the two spaces are isomorphic as Banach spaces. The reason for this choice of

the inner product will be discussed in Remark 2.10 and Remark 2.15.

The space W allows us to switch easily between the real linear spaces CR and R2.

Consider the linear transformation TW ∈ L (R2,W), R2 ⊂ C2
R:(

z

z

)
= TW

(
x

y

)
, TW :=

(
1 i

1 −i

)
, T−1

W =
1

2

(
1 1

−i i

)
.

In fact it holds range(TW) = W and ‖TW(x, y)‖ =
√

2‖z‖R2 . Formally, the inverse

map of TW cannot be evaluated as the matrix product T−1
W z, z ∈ W, since this prod-

uct would not be well-defined on the real vector space W. Instead, we define T−1
W
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as the function (W → R2, (z, z) 7→ (Re(z), Im(z))T ). Here, (Re(z), Im(z))T is the

same as the matrix product T−1
W (z, z)T calculated in C. The matrix (T−1

W )T allows us

to switch between the Wirtinger derivatives and the partial derivatives ∂/∂x and ∂/∂y.

Remark 2.8. Let f(z) = f̃(z, z) = g
(
z+z

2
, i z−z

2

)
= g(x, y). If one would derive

the Wirtinger derivatives with the usual chain rule (treating z and z as normal,

independent variables), one would obtain(
∂
∂z
f(z)

∂
∂z
f(z)

)
=

(
∂
∂z
g
(
z+z

2
, i z−z

2

)
∂
∂z
g
(
z+z

2
, i z−z

2

) ) =

(
1
2
∂
∂x
g(x, y)− i

2
∂
∂y
g(x, y)

1
2
∂
∂x
g(x, y) + i

2
∂
∂y
g(x, y)

)

= (T−1
W )T

(
∂
∂x
g(x, y)

∂
∂y
g(x, y)

)
.

But a general chain rule for Wirtinger derivatives does not exist. Consider, e.g.,

the Wirtinger derivative ∂
∂z

Im(z) = i/2 6= 0. Nevertheless, we have the useful

sum rule, product rule and ∂
∂z

(f ◦ g) = (f ′ ◦ g) · ∂
∂z
g for partial differentiable

functions g : C → Rm and f : Rm → Rn. All of these rules follow from the

standard differentiation rules. A direct consequence is ∂
∂z
f(zz) = zf ′(zz) and

the formula above, which also holds per definition of the Wirtinger derivatives.

A result which needs some calculation effort, is the chain rule for the composition of a

holomorphic function with a partial differentiable function.

Theorem 2.9. Let f : C → C, f = u + iv, be holomorphic and let g : C → C,

g = r + is, be partial differentiable. Then, the following chain rule holds:

∂

∂z
(f ◦ g) = (f ′ ◦ g)

∂

∂z
g.

Proof. It holds (f ◦ g)(x+ iy) = u(r(x, y), s(x, y)) + iv(r(x, y), s(x, y)) and hence with

the Cauchy-Riemann equations ux = vy, uy = −vx and Proposition 2.5 (f ′ = ux + ivx):

2
∂

∂z
(f ◦ g) = (∇u ◦ g) · (rx, sx)T + i(∇v ◦ g) · (rx, sx)T − i[(∇u ◦ g) · (ry, sy)T

+ i(∇v ◦ g) · (ry, sy)T ]

=

(
1 0

0 −1

)(
ux ◦ g
vx ◦ g

)
·

(
rx

sx

)
+

(
0 i

i 0

)(
ux ◦ g
vx ◦ g

)
·

(
rx

sx

)

− i

[(
1 0

0 −1

)(
ux ◦ g
vx ◦ g

)
·

(
ry

sy

)
+

(
0 i

i 0

)(
ux ◦ g
vx ◦ g

)
·

(
ry

sy

)]
.
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We define the matrix

C :=

(
1 i

i −1

)
and conclude

2
∂

∂z
(f ◦ g) = C

(
ux ◦ g
vx ◦ g

)
·

(
rx

sx

)
− i C

(
ux ◦ g
vx ◦ g

)
·

(
ry

sy

)
= (f ′ ◦ g)gx − i(f ′ ◦ g)gy.

In the proof of Theorem 2.9, the symmetric, nilpotent matrix C transfers the complex

multiplication u · v for u, v ∈ C into the equivalent matrix product uTR2CvR2 with the

corresponding real-valued vector representations uR2 , vR2 ∈ R2 of u and v. One can also

prove a generalized version of Theorem 2.9 by the use of Cauchy-Riemann equations

for each partial complex derivative. The proof is done analogously. A useful corollary

of the generalized version is the following remark.

Remark 2.10. Let f : C → C, f(z) = f̂(x, y) be a complex function. There

exists a complex function f̃ : C2 → C with f̃(z, z) = f(z) for z ∈ C. Now let f̃

be partial complex differentiable, i.e. there exist the complex derivatives

f̃u(u, v) := lim
h→0

f̃(u+ h, v)− f̃(u, v)

h
, f̃v(u, v) := lim

h→0

f̃(u, v + h)− f̃(u, v)

h
.

With the equality f̂(x, y) = f̃(x+ iy, x− iy), we obtain

∂

∂z
f(z) =

∂

∂z
f̃(x+ iy, x− iy) = ∇f̃(z, z) · (1, 0)T = f̃u(z, z),

where we used the generalized version of Theorem 2.9. This equation means that

we can view z and z as independent variables and derive the partial derivative

lim
h→0

f̃(z + h, z)− f̃(z, z)

h
= f̃u(z, z) =

∂

∂z
f(z),

in the end obtaining the Wirtinger derivative. Analogously, we obtain

∂

∂z
f(z) = lim

h→0

f̃(z, z + h)− f̃(z, z)

h
= f̃v(z, z).

This remark will be further expanded in Remark 2.15 for generalized derivatives.
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In [5], one can find a lot about the theory of the Wirtinger calculus in C and in general

complex Hilbert spaces. The introduction of the space W is similar to the approach

in [5, Section 3.2]. Instead of giving the real Hilbert space R2 a complex structure, we

use the real structure of the space C.

2.3 Generalized Derivatives

We want to derive the Hamiltonian form of the NLSE. This is a Hamiltonian sys-

tem with generalized (resp. functional) derivatives, because the related Hamiltonian

function now is a functional. In this section, we deal with the Fréchet and Gâteaux

derivatives (see [2, Section 4.3] for a detailed introduction) and then we expand Section

2.2 by defining Fréchet Wirtinger gradients. This section is fundamental to Section 2.4,

where we finally show the mass and energy preservation of the NLSE solution.

The Fréchet derivative is the generalized derivative for operators between two Banach

spaces.

Definition 2.11 (Fréchet derivative). Let V and W be Banach spaces over

the field K and let K ⊆ V be open. We call the operator T : K → W Fréchet

differentiable at f0 ∈ K if there exists a linear continuous operator dT (f0) ∈
L (V,W ) s.t. it holds

lim
‖h‖V→0

‖T (f0 + h)− T (f0)− dT (f0)h‖W
‖h‖V

= 0.

The operator dT (f0) is called the Fréchet dervative at f0.

There is another generalized derivative concept, called the Gâteaux derivative. It de-

fines the directional derivative in possibly infinite dimensional Banach spaces.

Definition 2.12 (Gâteaux derivative). Let V and W be Banach spaces over

the field K and let K ⊆ V be open. We call the operator T : K → W Gâteaux

differentiable at f0 ∈ K if there exists dT (f0) ∈ L (V,W ) s.t. it holds

lim
t→0

T (f0 + th)− T (f0)

t
= dT (f0)h, ∀h ∈ V, ‖h‖V = 1.

The operator dT (f0) is called the Gâteaux dervative at f0.

A Fréchet derivative is always a Gâteaux derivative but not the other way around. In
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the case, where V = H is a Hilbert space and W = K, we can write the derivative

as an inner product in H. By the use of the Riesz representation theorem it holds

dT (f0)h = 〈w, h〉H for an element w ∈ H (H ∼= H ′). The element w is called the

gradient of T at f0 and denoted by w = ∇T (f0). The Fréchet Wirtinger gradients

are defined as a linear combination of the real Fréchet gradients. One can also define

Fréchet Wirtinger derivatives, see [5, Section 3.5]. The following definition is made for

a Hilbert space H, which in our case will be a function space.

Definition 2.13 (Fréchet Wirtinger gradients). Let H : H → K,H(f) =

H(f1 + if2) = H1(f1, f2) + iH2(f1, f2) be a functional with Fréchet differentiable

operators H1 and H2. We define the Fréchet Wirtinger gradient of H at c as

∇zH =
1

2
(∇1H− i∇2H) =

1

2
(∇1H1 +∇2H2) +

i

2
(∇1H2 −∇2H1),

and the Fréchet conjugate Wirtinger gradient as

∇zH =
1

2
(∇1H + i∇2H) =

1

2
(∇1H1 −∇2H2) +

i

2
(∇1H2 +∇2H1),

where ∇1H,∇2H are the real (partial) Fréchet derivatives.

In our application in Theorem 2.17, the Fréchet Wirtinger derivatives simplify:

Remark 2.14. Let H : F(Ω,CR) → R be a functional of a complex Hilbert

function space F(Ω,CR), where the Hilbert space contains functions f : Ω→ CR.

The Fréchet Wirtinger derivatives reduce in this case (H =̂ H1) to

∇zH =
1

2
(∇1H− i∇2H), ∇zH =

1

2
(∇1H + i∇2H),

by identifying H with H1. It is directly observed that it holds ∇zH = ∇zH.

The notation in this section is similar to the one in Section 2.2. Now, we view H as a

functional on F(Ω,C)2 via H[z] = H̃[z, z] (= Ĥ[r, s]). Also for the functions r, s and

z, z, we have the transformation

(r, s)T = T−1
W (z, z)T

with the inverse map to TW.
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Remark 2.15. Let H : F(Ω,CR)→ R, H[z] = H[z, z] = Ĥ[x, y] be a functional.

There exists a complex functional H̃ : F(Ω,C)2 → C, H̃ = H̃[u, v], with H̃[z, z] =

H[z, z]. Now let H̃ be Fréchet differentiable, which includes (see [2, Definition

4.3.13, Proposition 4.3.14]) that the partial derivatives H̃u[u, v], H̃v[u, v] with

H̃u[u, v]h = lim
t→0

H̃[u+ th, v]− H̃[u, v]

t
, H̃v[u, v]h = lim

t→0

H̃[u, v + th]− H̃[u, v]

t
,

for h ∈ F(Ω,C), ‖h‖ = 1, exist and it holds

dH̃[u, v](h, k) = H̃u[u, v]h+ H̃v[u, v]k, ∀u, v, h, k ∈ F(Ω,C).

Moreover, this yields ∇H̃ = (∇uH̃,∇vH̃)T := (∇H̃u,∇H̃v)
T . With the equality

Ĥ[x, y] = H̃[x+ iy, x− iy] = H̃[z, z], we obtain

∇zH[z, z] = ∇zH̃[z, z] =
1

2
(∇uH̃ +∇vH̃ − i(i∇uH̃ − i∇vH̃)) = ∇uH̃[z, z],

where we used

dH̃[z, z](h, h)T = H̃uh+ H̃vh, resp. dH̃[z, z](ih,−ih)T = H̃u(ih) + H̃v(−ih).

Analogously, we obtain ∇zH[z, z] = ∇vH̃[z, z]. If we derive the Gâteaux deriva-

tive in F(Ω,W),

dH[z, z](h, h) = lim
t→0

H[z + th, z + th]−H[z, z]

t
= H̃u[z, z]h+ H̃v[z, z]h

=
〈
∇H̃[z, z], (h, h)

〉
L2(Ω,C)2

=
〈
∇H̃[z, z], (h, h)

〉
L2(Ω,W)

,

we obtain the Fréchet Wirtinger gradients ∇H = ∇H̃[z, z] = ∇WH[z, z] with

∇WH[z, z] = ∇H̃[z, z] ∈ F(Ω,W). As a result, one could either derive the

gradient of H̃ and evaluate it at (z, z) or derive the gradient of H, defined on

L2(Ω,W) and set ∇H = ∇WH[z, z]. The same procedure is possible with the

partial Fréchet derivatives.

For an example of application, see Theorem 2.17.
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2.4 Mass and Energy Preservation

First of all, we write the real-valued NLSE (5) as an operator equation{
rt(t) = As(t) + bs(t)(r(t), s(t)), t ∈ I, in H1(Ω)′,

st(t) = −Ar(t)− br(t)(r(t), s(t)), t ∈ I, in H1(Ω)′,
(6)

with (Au)(v) = 〈∇u,∇v〉L2(Ω) + 〈Φu, v〉L2(Ω) and bu(r, s)(v) = 〈(r2 + s2)u, v〉L2(Ω) for

all v ∈ H1(Ω). We call (r, s) a weak solution if the functions

r, s ∈ W (I,H1(Ω)) = {u ∈ L2(I,H1(Ω)) | ut ∈ L2(I,H1(Ω)′)},

fulfill (6). Note that for the bounded Lipschitz29 domain Ω ⊂ R2, we have the compact

embedding H1(Ω) ↪→L4(Ω) (Rellich-Kondrachov theorem, see e.g. [1, Theorem 6.2]).

Therefore we do not need additional regularity for the solutions r, s and the test func-

tions v.

Now, we derive the Hamiltonian structure of the real-valued and the complex-valued

NLSE. At first, we present the usual way, which means the real-valued Hamiltonian

system to the NLSE.

Theorem 2.16. The real-valued NLSE (5) is a Hamiltonian system of the form(
rt

st

)
= J∇Ê [r, s],

with the Hamiltonian (energy) functional

Ê [r, s] =
1

2

∫
Ω

(
α(|∇r|2 + |∇s|2) + Φ(r2 + s2) +

β

2
(r2 + s2)2

)
and the skew-symmetric matrix J of Section 2.1.

Proof. The functional Ê is well-defined on H1(Ω). For r, s, h ∈ H1(Ω), it holds

Ê [r + h, s]− Ê [r, s] =
1

2

∫
Ω

(
α [〈∇h,∇h〉+ 2〈∇r,∇h〉] + Φ

[
2rh+ h2

]
+
β

2

[
2(r2 + s2)(2rh+ h2) + (2rh+ h2)2

] )
= Êr[r, s]h+R(r, s, h),

29 Rudolf Otto Sigismund Lipschitz (1832-1903)
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with

Êr[r, s]h :=

∫
Ω

α〈∇r,∇h〉+ Φrh+ β(r2 + s2)rh

and the rest term

R(r, s, h) :=
1

2

∫
Ω

(
α〈∇h,∇h〉+ Φh2 +

β

2

[
2(r2 + s2)h2 + (2rh+ h2)2

])
.

It holds Êr[r, s] ∈ (H1(Ω))′, because of

|Êr[r, s]h| =
∣∣∣∣∫

Ω

α〈∇r,∇h〉+ Φrh+ β(r2 + s2)rh

∣∣∣∣
≤ |α|

∫
Ω

|〈∇r,∇h〉|+
∫

Ω

|Φ||rh|+ |β|
∫

Ω

|(r2 + s2)r||h|

≤ |α|‖∇r‖L2(Ω)‖∇h‖L2(Ω) + ‖Φ‖L2(Ω)‖rh‖L2(Ω)

+ |β| ‖(r2 + s2)r‖L4/3(Ω) ‖h‖L4(Ω)

≤ C1‖∇h‖L2(Ω) + ‖Φ‖L2(Ω)‖r‖L4(Ω)‖h‖L4(Ω)

+ |β|
(
‖r‖3

L4(Ω) + ‖s2r‖L4/3(Ω)

)
‖h‖L4(Ω)

≤ C1‖∇h‖L2(Ω) + C2‖h‖L4(Ω) + |β|
(
‖r‖3

L4(Ω) + ‖s‖8/3

L4(Ω)‖r‖
4/3

L4(Ω)

)
‖h‖L4(Ω)

≤ C1‖∇h‖L2(Ω) + C2‖h‖L4(Ω) + C3‖h‖L4(Ω) ≤ C‖h‖H1(Ω),

where we used the Hölder30 inequality, the Minkowski31 inequality and the Rellich-

Kondrachov theorem. Further,

|2R(r, s, h)| =
∣∣∣∣∫

Ω

α〈∇h,∇h〉+ Φh2 + β
(
3r2h2 + s2h2 + 2rh3 + 0.5h4

)∣∣∣∣
≤ |α|

∫
Ω

〈∇h,∇h〉+

∫
Ω

|Φh2|+ |β|
∫

Ω

|3r2h2 + s2h2 + 2rh3 + 0.5h4|

≤ C1‖∇h‖2
L2(Ω) + ‖Φ‖L2(Ω)‖h‖2

L4(Ω) + |β|
(

3‖r‖2
L4(Ω)‖h‖2

L4(Ω)

+ ‖s‖2
L4(Ω)‖h‖2

L4(Ω) + 2‖r‖L4(Ω)‖h‖3
L4(Ω) + 0.5‖h‖4

L4(Ω)

)
≤ C1‖∇h‖2

L2(Ω) + C2‖h‖2
L4(Ω) + C3‖h‖3

L4(Ω) + C4‖h‖4
L4(Ω)

≤ C(‖h‖2
H1(Ω) + ‖h‖3

H1(Ω) + ‖h‖4
H1(Ω)) = o(‖h‖H1(Ω)), h→ 0,

where o denotes the small O notation. This shows that Êr[r, s] is indeed the first partial

Fréchet derivative of Ê .

30 Otto Ludwig Hölder (1859-1937)
31 Hermann Minkowski (1864-1909)

26



With the symmetry of Ê , it follows

Ês[r, s]k =

∫
Ω

α〈∇s,∇k〉+ Φsk + β(r2 + s2)sk.

Together, the partial derivatives Êr and Ês yield the Fréchet derivative

dÊ [r, s](h, k) = Êr[r, s]h+ Ês[r, s]k = 〈∇Ê [r, s], (h, k)〉L2(Ω),

where the second equality with

∇Ê [r, s] =

(
−α∆r + Φr + β(r2 + s2)r

−α∆s+ Φs+ β(r2 + s2)s

)
,

only holds if we additionally have r, s ∈ H2(Ω). This gradient is not the gradient of Ê
in H1(Ω)2, but it is the gradient of Ê in L2(Ω)2 ⊃ H1(Ω)2 (see Definition 2.11 and the

introduction of the gradient afterwards).

Now let r, s be the solutions to (5). One way to write the Hamiltonian system is(
rt(t)

st(t)

)
= J∇Ê [r(t), s(t)], ∀ t ∈ I,

for r, s ∈ L2(I,H2(Ω)), rt, st ∈ L2(I, L2(Ω)′) and obtain the continuous real-valued sys-

tem (5) if the functions are also continuously differentiable. An alternative formulation

is (
rt(t)

st(t)

)
= J

(
Êr[r(t), s(t)]
Ês[r(t), s(t)]

)
, ∀ t ∈ I,

with r, s ∈ L2(I,H1(Ω)), as an operator equation in (H1(Ω))′, which means(
rt(t)h

st(t)k

)
= J

(
Êr[r(t), s(t)]h
Ês[r(t), s(t)]k

)
, ∀ t ∈ I, ∀h, k ∈ H1(Ω),

for the corresponding weak formulation. In this case we only need rt, st ∈ L2(I,H1(Ω)′)

and can also write (
rt(t)

st(t)

)
= J∇Ê [r(t), s(t)], ∀ t ∈ I,

with the H1(Ω) gradient of Ê , but this gradient cannot be directly obtained in explicit

form. In general, the last equation only holds as an operator equation (by the use of

the Riesz representation theorem).
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Theorem 2.17. The NLSE (1) is a Hamiltonian system of the form(
zt

zt

)
= J∇E [z, z],

with the Hamiltonian functional

E [z] :=

∫
Ω

(
α|∇z|2 + Φ|z|2 +

β

2
|z|4
)

and a skew-symmetric matrix J .

Proof. Following [7], one possible way to derive complex Hamiltonian systems is to

work with the variable (z, z)T (∈ F(Ω,W)) and use functional (Wirtinger) derivatives.

We proceed similarly, using Fréchet and Gâteaux derivatives instead. At first, we write

the Hamiltonian E as a function dependent on the complex function z and its complex

conjugate:

E [z] =

∫
Ω

α〈∇z,∇z〉+ Φ〈z, z〉+
β

2
〈z, z〉2

=

∫
Ω

α(∇z)T∇z + Φzz +
β

2
(zz)2 = Ẽ [z, z].

Similar to Remark 2.15, we derive the Fréchet derivatives of Ẽ [z, z]:

Ẽ [z + h, z] =

∫
Ω

α(∇z)T∇(z + h) + Φz(z + h) +
β

2
(z(z + h))2

= Ẽ [z, z] +

∫
Ω

α(∇z)T∇h+ Φzh+
β

2

(
(zh)2 + 2(zz)(zh)

)
.

It follows

Ẽ [z + h, z]− Ẽ [z, z] = Ẽu[z, z] +R(z, z, h),

with

Ẽu[z, z]h :=

∫
Ω

α(∇z)T∇h+ Φzh+ βzzzh

and the rest term

R(z, z, h) :=

∫
Ω

β

2
(zh)2.
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It holds

|Ẽu[z, z]h| =
∣∣∣∣∫

Ω

α(∇z)T∇h+ Φzh+ βzzzh

∣∣∣∣
≤ α

∫
Ω

∣∣(∇z)T∇h
∣∣+

∫
Ω

|Φzh|+ |β|
∫

Ω

|z2zh|

≤ α‖∇z‖L2(Ω)‖∇h‖L2(Ω) + ‖Φ‖L2(Ω)‖zh‖L2(Ω) + |β|‖z‖2
L4(Ω)‖zh‖L2(Ω)

≤ C1‖∇h‖L2(Ω) + ‖Φ‖L2(Ω)‖z‖L4(Ω)‖h‖L4(Ω) + |β|‖z‖2
L4(Ω)‖z‖L4(Ω)‖h‖L4(Ω)

≤ C1‖∇h‖L2(Ω) + C2‖h‖L4(Ω) + C3‖h‖L4(Ω)

≤ C4‖h‖H1(Ω)

and

|R(z, z, h)| =
∣∣∣∣∫

Ω

β

2
(zh)2

∣∣∣∣ = |0.5β|
∫

Ω

|(zh)2| ≤ C5‖z2‖L2(Ω)‖h2‖L2(Ω)

= C5‖z‖2
L4(Ω)‖h‖2

L4(Ω) ≤ C6‖h‖2
H1(Ω) = o(‖h‖H1(Ω)), h→ 0.

The two results show that Ẽu[z, z] ∈ (H1(Ω))′ is the first partial Fréchet derivative of

Ẽ at (z, z) (see also Remark 2.15).

We conclude

Ẽv[z, z]h = Ẽu[z, z]h =

∫
Ω

α(∇z)T∇h+ Φzh+ β|z|2zh,

which gives the Fréchet Wirtinger (L2(Ω)) gradients (if z ∈ H2(Ω)):

∇zẼ = −α∆z + Φz + β|z|2z, ∇zẼ = −α∆z + Φz + β|z|2z.

If we set JC :=

(
0 −i
i 0

)
, this results in the system

(
zt

zt

)
= JC

(
∇zẼ [z, z]

∇zẼ [z, z]

)
=

(
−i(−α∆z + Φz + β|z|2z)

i(−α∆z + Φz + β|z|2z)

)
.

The first equation is equivalent to the NLSE and the second equation is redundant.

As a result, we may first compute the Fréchet Wirtinger gradients and the complex

Hamiltonian system and then derive the real-valued equivalent Hamiltonian system.

This approach is illustrated in the following remark.
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Remark 2.18. In our case, it holds Ẽ [z(t), z(t)] = 2Ê [r(t), s(t)]. The two Hamil-

tonian systems are equivalent through the isomorphism TW:(
rt

st

)
= T−1

W

(
zt

zt

)
= T−1

W JC

(
∇zẼ [z(t), z(t)]

∇zẼ [z(t), z(t)]

)

= J

(
1/2 1/2

i/2 −i/2

)(
∇1Ê [r(t), s(t)]− i∇2Ê [r(t), s(t)]

∇1Ê [r(t), s(t)] + i∇2Ê [r(t), s(t)]

)

= J

(
∇1Ê [r(t), s(t)]

∇2Ê [r(t), s(t)]

)
= J∇Ê [r(t), s(t)].

The following lemma is particularly useful for the proofs of energy preservation prop-

erties.

Lemma 2.19. A matrix S ∈ Cn×n is skew-symmetric, i.e. ST = −S, if and

only if it holds

xTSx = 0, ∀x ∈ Cn.

Proof. “⇒”: Let x ∈ Cn. It holds xTSx = (xTSx)T = −xTSx, which yields xTSx = 0.

“⇐”: Let x := ei be the i-th unit vector in Rn. We obtain

0 = xTSx = Sii, ∀ i = 1, . . . , n.

Now, let x := ei + ej, i, j ∈ {1, . . . , n}. We have

0 = xTSx = Sii + Sij + Sji + Sjj = Sij + Sji,

which gives Sij = −Sji. Together, the two properties yield ST = −S.

Recall the mass and energy functionals of the NLSE

N (ψ(t, ·)) := ‖ψ(t, ·)‖2
L2(Ω) =

∫
Ω

|ψ(t, x)|2dx

and

E(ψ(t, ·)) :=
1

2

∫
Ω

(
α|∇ψ(t, x)|22 + Φ(x)|ψ(t, x)|2 +

β

2
|ψ(t, x)|4

)
dx.

Now we prove the mass and energy conservation of the solution to the NLSE. In the

proof of Theorem 2.20, we consider the equivalent real-valued NLSE.
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Theorem 2.20. Let z ∈ W (I,H1(Ω)) be the weak solution to the NLSE (1).

Then, it holds

N (z(t)) = N (z(0)) and E(z(t)) = E(z(0)) for (almost) all t ∈ I.

Proof. We show the statement for strong differentiable functions r, s ∈ C1(Ī , H1(Ω))

(see [26, Definition 4.1]). This is a restriction, but the proof shows the main idea for

the derivation of such conservation laws. The strong time derivatives coincide with the

corresponding Fréchet/Gâteaux derivatives. Analogously to Theorem 2.16, one can

show for the real-valued mass functional N̂ [u, v] =
∫

Ω
u2 + v2 with u, v ∈ L2(Ω):

dN̂ [u, v](h, k) =

∫
Ω

2uh+ 2vk = 2〈u, h〉L2(Ω) + 2〈v, k〉L2(Ω), ∀u, v, h, k ∈ L2(Ω).

Let r, s ∈ W (I,H1(Ω)) be the weak solutions to (6). It holds with the chain rule for

all t ∈ I:

d

dt
N̂ [r(t), s(t)] = dN̂ [r(t), s(t)](rt(t), st(t))

= 2 〈rt(t), r(t)〉L2(Ω) + 2 〈st(t), s(t)〉L2(Ω)

= 2[(As(t))(r(t)) + bs(t)(r(t), s(t))(r(t))

− (Ar(t))(s(t))− br(t)(r(t), s(t))(s(t))]

= 0.

Further, we have for the H1-gradient ∇Ê of the real-valued energy functional Ê :

d

dt
Ê [r(t), s(t)] = dÊ [r(t), s(t)](rt(t), st(t))

=

〈
∇Ê [r(t), s(t)],

(
rt(t)

st(t)

)〉
H1(Ω)2

=
〈
∇Ê [r(t), s(t)], J∇Ê [r(t), s(t)]

〉
H1(Ω)2

= 0,

with the chain rule, Theorem 2.16 and Lemma 2.19.
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2.5 Existence and Uniqueness of the Solution

There exist many articles which focus on proving the existence and uniqueness of the so-

lutions to the NLSE or similar equations. For example, [22, Theorem 3.106] is working

with (pseudo-) monotone operators and the considered problem is close to our prob-

lem. However, it only handles a real-valued PDE with trivial initial values (ψ0 = 0)

and we have the special case p = d = 2 (p = 2 signifies a normal diffusion term).

According to [22], non-trivial initial values are handled with an unsteady version of the

theorem of Brezis32 on pseudo-monotone operators (see [22, Chapter 3: Theorem 2.10]

for the stationary version), referencing to [27, Theorem 3.4.1]. Global well-posedness

is shown for instance in [29] for L2-solutions with L2 intial data, in [17] for Lρ-initial

data with ρ < 2, ρ close to 2, or in [6] for H1-initial data with sufficiently small L2-norm.

In [23], there is a good overview of some of the known statements on the well-posedness

of the monomial Schrödinger equation in Rd without external potential. The article

deals with both the focusing NLSE and the defocusing NLSE. The quality of the results

depend heavily on the value of sc = d
2
− 2

r−1
, where d is the dimension of the domain

and r−1 is the exponent of the |ψ| term in the NLSE. This value divides the NLSE into

the energy subcritical case (sc < 1), the energy critical case (sc = 1) and the energy

supercritical case (sc > 1). The analyzation of the well-posedness of the NLSE differs

in each case. We state the local well-posedness results in our case, having sc = 0:

� If s > sc, the NLSE is locally well-posed in Hs(Ω) with an existence interval

depending only upon ‖ψ0‖Hs(Ω),

� If s = sc, the NLSE is locally well-posed in Hs(Ω) with an existence interval

depending upon eit∆ψ0, the symmetry group of the free particle (i.e. linear and

without potential) Schrödinger equation.

More local and global results can be found in [23].

32 Häım Brezis (1944)
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CHAPTER 3

Discretization Techniques

The goal in this chapter is to obtain a numerical solution to the real-valued NLSE

(5) for CG and DG methods. We start with the introduction of CG methods. As

example of application, the classical FEM is chosen in Chapter 5. Since in general CG

methods are widely used and they are similar to the DG methods, we are using them

as a comparison to the DG methods.

3.1 Finite Element Method

Let ψ0 ∈ L2(Ω). In the last section, we derived the real-valued NLSE{
rt = −α∆s+ Φs+ β(r2 + s2)s,

−st = −α∆r + Φr + β(r2 + s2)r.

Now we obtain the CG weak formulation of the NLSE by multiplying the real-valued

NLSE (5) with a test function φ ∈ V := H1(Ω) (φ is periodic or φ ∈ H1
0 (Ω)), inte-

grating both equations over the domain Ω and applying Green’s theorem together with

Proposition 1.5:
∫

Ω

rt(t)φ = α

∫
Ω

∇s(t) · ∇φ+

∫
Ω

Φs(t)φ+ β

∫
Ω

(r2(t) + s2(t))s(t)φ,

−
∫

Ω

st(t)φ = α

∫
Ω

∇r(t) · ∇φ+

∫
Ω

Φr(t)φ+ β

∫
Ω

(r2(t) + s2(t))r(t)φ.

(7)

for all t ∈ I and φ ∈ V . Let r, s ∈ W (I, V ). Starting from the CG weak formulation

(7), we derive the semi-discretized CG scheme according to [25, pp. 73-75]. The idea of

a Galerkin method is to approximate the solutions r and s of the infinite dimensional

space V with elements of a finite dimensional space Vh = span({φ1, . . . , φN}). This

N -dimensional space is called the (CG) finite element space (see Section 1.4). In the

CG setting, we use a conforming space for the approximation, i.e. Vh ⊂ V . The

construction of the basis elements φi ∈ V can be found e.g. in [25, pp. 7-11]. The

goal of the Galerkin method is then to find rh, sh ∈ L2(I, Vh) with time derivatives

r′h, s
′
h ∈ L2(I, V ′), which solve (7) for all t ∈ I and φ ∈ Vh. We take the approach

r(t, x) ≈ rh(t, x) :=
N∑
i=1

ri(t)φi(x), s(t, x) ≈ sh(t, x) :=
N∑
i=1

si(t)φi(x),

for all (t, x) ∈ I × Ω (with ri, si ∈ C1(Ī ,R), ∀i ∈ I). Inserting these representations

33



into the weak formulation (7) and applying the just mentioned equations to the basis

elements φi, . . . , φN , yields

N∑
i=1

r′i(t)

∫
Ω

φiφj = α
N∑
i=1

si(t)

∫
Ω

∇φi · ∇φj +
N∑
i=1

si(t)

∫
Ω

Φφiφj + β

∫
Ω

(r2
h + s2

h)shφj,

N∑
i=1

s′i(t)

∫
Ω

φiφj = −α
N∑
i=1

ri(t)

∫
Ω

∇φi · ∇φj −
N∑
i=1

ri(t)

∫
Ω

Φφiφj − β
∫

Ω

(r2
h + s2

h)rhφj,

for j = 1, . . . , N . We write this system as{
Mr′ = (αS +MΦ)s+ βbs(r, s, φ)

Ms′ = −(αS +MΦ)r − βbr(r, s, φ)
(8)

with the solution vectors

r = r(t) =


r1(t)

...

rN(t)

 , s = s(t) =


s1(t)

...

sN(t)

 ,

the mass matrices with and without potential Φ, M =
(∫

Ω
φiφj

)
i,j
,MΦ =

(∫
Ω

Φφiφj
)
i,j

and the stiffness matrix S =
(∫

Ω
∇φi · ∇φj

)
i,j

. The nonlinear vector is given by

bzh(rh, sh;φ) := β

(∫
Ω

(r2
h + s2

h)zhφ1, . . . ,

∫
Ω

(r2
h + s2

h)zhφN

)T
,

for zh ∈ {rh, sh}. Obviously, M,MΦ and S are symmetric matrices. Moreover, M and

S are positive definite matrices.

Finally, we collect both equations (8) in one nonlinear system of dimension 2N . For

this purpose, we define the matrices

M :=

(
M 0

0 M

)
, A :=

(
αS +MΦ 0

0 αS +MΦ

)
, J :=

(
0 IN

−IN 0

)
,

and the nonlinear vector

b(z) =

(
br(r, s;φ)

bs(r, s;φ)

)
.

This yields for z = (rT , sT )T , the CG full order model (CG-FOM):

M z′ = J [Az + b(z)].

Next, we introduce the DG methods and the DG semi-discretization of the NLSE. This
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is an alternative method to the CG method.

3.2 Discontinuous Galerkin Methods

In this section, let d ∈ {2, 3} be the dimension of the polygonal domain Ω (d = 2 in

our specific problem). According to [21, p. 27], (continuous) finite element methods

offer great properties such as a flexible accuracy dependent on the polynomial degree

of the ansatz functions and the good handability of complex geometries through the

use of unstructured grids. But they are not locally mass conservative and local mesh

refinement is rather complicated to use. Although DG methods are very similar to the

CG method, in contrast to these, they are locally mass conservative (in the meaning of

[21, Section 2.7.3]). Moreover, they handle local mesh refinement easily. A theoretical

comparison of CG and DG methods can be found in Section 3.3. In Chapter 5, the

methods are compared in terms of their numerical behavior.

Now, we derive the DG semi-discretization of the NLSE by following [21, pp. 29-31],

and [18, pp. 5-8]. In contrast to the CG method, the discontinuous Galerkin method

uses a non-conforming finite element space

Vh := Dq(Th) = {v ∈ L2(Ω) | v|K ∈ Pq(K), ∀K ∈ Th} 6⊂ V,

which is a finite dimensional subspace of the broken Sobolev space Hk(Th) (we set

k > 3
2

in this section). Let Γh be the set of all edges e in the triangulation Th, the

boundary edges are understood as interior edges via the periodic boundary conditions.

We define the DG parameters ε ∈ R, σ0, σ1 ≥ 0 and β0, β1 > 0. The parameters β0 and

β1 depend on the dimension d of the domain Ω. Introducing the general DG variational

formulation of the NLSE (5), we define the DG bilinear form aε : Hk(Th)×Hk(Th)→ R
for periodic boundary conditions:

aε(v, w) =
∑
K∈Th

∫
K

α∇v · ∇w +

∫
Ω

Φvw −
∑
e∈Γh

∫
e

{{α∇v · ne}}[[w]]

+ ε
∑
e∈Γh

∫
e

{{α∇w · ne}}[[v]] + Jσ0,β00 (v, w) + Jσ1,β11 (v, w),

with

Jσ0,β00 (v, w) =
∑
e∈Γh

σ0

|e|β0

∫
e

[[v]][[w]]

and

Jσ1,β11 (v, w) =
∑
e∈Γh

σ1

|e|β1

∫
e

[[α∇v · ~ne]][[α∇w · ~ne]].

The bilinear form aε is symmetric if and only if ε = −1. Also note that the penalty
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threshold values σ0, σ1 can be defined dependent on the edge e. The term Jσ1,β11 is an

extra stabilization term, which is not needed for the analysis of the DG method ([21,

p. 37]). In addition, we will not use this term in this thesis, so we set σ1 = 0. Together

with the nonlinear form

bzh(rh, sh;φ) =
∑
K∈Th

β

∫
K

(r2
h + s2

h)zhφ dx,

we obtain the DG variational formulation: Find rh, sh ∈ L2(I,Hk(Th)) with derivatives
∂
∂t
rh,

∂
∂t
sh ∈ L2(I,Hk(Ω)′) s.t. the following equations hold:

∑
K∈Th

∫
K

∂rh
∂t

φ = aε(sh, φ) + bsh(rh, sh;φ), ∀φ ∈ Hk(Th),

∑
K∈Th

∫
K

∂sh
∂t

φ = −aε(rh, φ)− brh(rh, sh;φ), ∀φ ∈ Hk(Th).
(9)

Common choices for the DG parameter ε are -1, 0 or 1. Combined with different choices

for the penalty parameters σ0 and σ1, one obtains different DG methods. These are:

� ε = −1: Symmetric Interior Penalty Galerkin (SIPG),

� ε = 0: Incomplete Interior Penalty Galerkin (IIPG),

� ε = +1: Nonsymmetric Interior Penalty Galerkin (NIPG).

Remark 3.1. The additional bilinear forms Jσ0,β00 , Jσ1,β11 : Hk(Th)×Hk(Th)→ R
are called penalization terms. They penalize the jump of the function values and

the jump of the normal derivatives (resp. the values of the corresponding traces).

If we plug in the Galerkin approach, we obtain

Jσ0,β00

(
N∑
i=1

ri(t)φi, φj

)
=

N∑
i=1

ri(t)
∑
e∈Γh

σ0

|e|β0

∫
e

[[φi]][[φj]].

For an edge e ∈ Γh, the term∫
e

[[φi]][[φi]] =

∫
e

(φi|K1 − φi|K2)
2

increases the larger the jump of φi at the edge e is. So J0 can be seen as a sort

of L2 error of the jump at an edge. Like this, one could view J1 as an L2 error

of the jump of the normal derivatives at an edge.
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Using the finite element space Dq(Th) and the Galerkin approach, the DG variational

formulation (9) changes into the general semi-discrete DG finite element scheme:

Find (rh, sh) ∈ Dq(Th)×Dq(Th) such that for all t ∈ I, it holds:
∑
K∈Th

∫
K

∂rh
∂t

φ = aε(sh, φ) + bs(rh, sh;φ), ∀φ ∈ Dq(Th),

∑
K∈Th

∫
K

∂sh
∂t

φ = −aε(rh, φ)− br(rh, sh;φ), ∀φ ∈ Dq(Th).
(10)

Again, this system can be written as a semi-discrete (Hamiltonian) system

M zt = J (Az + b(z)), (11)

with the corresponding DG matrices M ,A and the nonlinear vector b. These are not

the same as in the CG case, but are analogously defined (e.g. A = Aε corresponds

to the DG bilinear form aε). We call equation (11) the DG full order model (DG-FOM).

The derivation of the DG variational formulation (9) is one part of the proof for the

consistency of the DG method with the NLSE equation (1). Therefore we show now

the consistency of the two models, which can also be found in [21, pp. 30-31, 73-75] for

a linear elliptic and parabolic PDE each.

Theorem 3.2 (Consistency). Let k > 3
2
. Assume that the weak solutions r

and s of problem (5) belong to Hk(Th). Then r and s satisfy the variational

problem (9). Conversely, if r, s ∈ H1(Ω) ∩Hk(Th) satisfy (9), then r and s are

the solutions to problem (5) (in a weak sense).

Proof. First, we know from Section 2.1 that the complex-valued NLSE (1) is equivalent

to the real-valued system (5). We show the statement for rt = −α∆s+Φs+β(r2 +s2)s,

the other equation will follow analogously.

Let φ ∈ Hk(Th) be a test function. We multiply (5) by φ and integrate over one mesh

element K ∈ Th: ∫
K

rtφ = −
∫
K

α∆sφ+

∫
K

Φsφ+

∫
K

β(r2 + s2)sφ.
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Then, we apply the first Green’s formula (Theorem 1.4) and sum over all elements K:

∑
K∈Th

∫
K

rtφ =
∑
K∈Th

∫
K

α∇s · ∇φ−
∑
K∈Th

∫
∂K

α∇s · ~nKφ+
∑
K∈Th

∫
K

Φsφ

+
∑
K∈Th

∫
K

β(r2 + s2)sφ.

Because of the regularity of the solution, it holds α∇s · ~ne = {{α∇s · ~ne}} a.e. and

therefore we have∑
K∈Th

∫
∂K

α∇s · ~nKφ =
∑
e∈Γh

∫
e

[[α∇s · ~neφ]] =
∑
e∈Γh

∫
e

{{α∇s · ~ne}}[[φ]].

For the same reason, it holds [[s]] = [[α∇s · ~ne]] = 0 a.e. and we observe

∑
K∈Th

∫
K

rtφ =
∑
K∈Th

∫
K

α∇s · ∇φ−
∑
e∈Γh

∫
e

{{α∇s · ~ne}}[[φ]] + ε
∑
e∈Γh

∫
e

{{α∇φ · ~ne}}[[s]]

+
∑
K∈Th

∫
K

Φsφ+
∑
K∈Th

∫
K

β(r2 + s2)sφ+
∑
e∈Γh

σ0

|e|β0

∫
e

[[s]][[φ]]

+
∑
e∈Γh

σ1

|e|β1

∫
e

[[α∇s · ~ne]][[α∇φ · ~ne]].

Because of the symmetry, the second equation in (9) follows immediately, which proves

the first direction.

The other direction is also similar to the proof in [21, pp. 30-31] and follows by the

same arguments.

Now, we list some of the theoretical properties of the DG methods, which can be found

in [21, pp. 38-49, 73-87]. In the mentioned book, there is also a chapter about the ad-

vection diffusion equation with nonlinear source term (see [21, Chapter 4]). We sketch

some of the theoretical results for the linear elliptic and parabolic cases. These state-

ments give good insights into the general quality results of DG methods in simpler cases.

We start with two properties that are required for the Lax-Milgram33 theorem (see

[2, Theorem 7.3.4]), which is often used to proof existence and uniqueness of linear

differential equations.

33 Peter David Lax (1926), Arthur Norton Milgram (1912-1961)
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Coercivity of the Bilinear Form

The first central property of the bilinear form aε is the coercivity. A coercive bilinear

form also defines a positive definite stiffness matrix (see Lemma 3.7).

Definition 3.3. A bilinear form a defined on a normed linear space (V, ‖ · ‖V )

is coercive if there exists κ > 0 s.t.

∀v ∈ V, a(v, v) ≥ κ‖v‖2
V

holds.

We will show that the bilinear form aε of the DG methods is coercive if additional

assumptions on β0 and σ0 are satisfied. But first, we introduce the energy norm of the

space Dq(Th), which is often used for the theoretical results in this chapter.

Definition 3.4. The energy norm on Dq(Th) is defined as

‖v‖E :=

(∑
K∈Th

∫
K

α∇v · ∇v +

∫
Ω

Φv2 + Jσ0,β00 (v, v)

)1/2

.

The energy norm is indeed a norm on Dq(Th) if σ0 > 0. We will also use this norm in

the numerical experiments in Chapter 5 to show the energy preservation of the numer-

ical solutions.

Lemma 3.5. The bilinear form aε is coercive on (Dq(Th), ‖ · ‖E) if one of the

two following cases hold:

� ε = 1;

� ε ∈ {0,−1} and β0(d− 1) ≥ 1 and σ0 is sufficiently large.

Proof. The coercivity of a1 holds unconditionally because of

a1(v, v) = ‖v‖2
E, ∀ v ∈ Dq(Th).

The rest of the proof is quite technical and can be found in [21, pp. 38-40]. There, one

can also find a detailed remark about the assumption on σ0.
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Continuity of the Bilinear Form

A bilinear form is continuous if and only if it is bounded ([24, Proposition 2.2.10]).

Definition 3.6. A bilinear form a defined on a normed linear space (V, ‖ · ‖V )

is bounded if there exists C > 0 s.t.

∀v, w ∈ V, a(v, w) ≤ C‖v‖V ‖w‖V

holds.

With Hölder’s inequality and the trace inequalities (see [21, p. 23: (2.4) and (2.6)]),

one can straightforward proof the continuity of aε on the space (Dq(Th), ‖ · ‖E).

Existence and Uniqueness of the DG Solution

One can proof the existence and uniqueness to the finite dimensional linear elliptic

problem [21, p. 37: (2.35)] by showing the uniqueness of the DG solution (see [21,

Lemma 2.12]). Instead, the symmetry (only SIPG) and positive definiteness of the DG

mass and (modified) stiffness matrices are shown.

Lemma 3.7. Let the assumptions in Lemma 3.5 hold, such that the bilinear

form aε is coercive. In this case, the mass matrix M ∈ R2N×2N and the stiffness

matrix A ∈ R2N×2N of the DG-FOM (11) are positive definite. The matrix M

is symmetric, whereas A is symmetric only in the SIPG case.

Proof. The symmetries are clear. Let x ∈ RN be non-zero. Then we have

xh :=
N∑
i=1

xiφi ∈ Dq(Th), xh 6= 0.

Remember that the matrix A ∈ RN×N corresponds to the bilinear form aε. Using the

coercivity of aε, it holds

xTAx =
N∑
i=1

N∑
j=1

xiAijxj =
N∑
i=1

N∑
j=1

aε(xiφi, xjφj) = aε(xh, xh) ≥ κ‖xh‖2
E > 0.
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For the mass matrix, it holds

xTMx =
N∑
i=1

N∑
j=1

〈xiφi, xjφj〉L2(Ω) = 〈xh, xh〉L2(Ω) = ‖xh‖2
L2(Ω) > 0.

Since the mass and stiffness matrices are positive definite, the same holds for the

matrices A and M .

In the following proposition, we show the existence and uniqueness of the DG solution

to the linear Schrödinger equation.

Proposition 3.8. Let β = 0 and the assumptions in Lemma 3.5 be fulfilled s.t.

the bilinear form aε is coercive. Then, there exists a unique solution (rh, sh) ∈
Dq(Th)×Dq(Th) to the linear problem (10).

Proof. We know that the DG finite element scheme with β = 0 is equivalent to the

linear system M zt = JAz. Since M is symmetric positive definite by Lemma 3.7, the

inverse matrix M −1 exists and we write zt = M −1JAz. With the generalized version

of the Picard-Lindelöf34 theorem (see [2, Theorem 4.2.4]), we obtain a unique solution

(where the semi-discrete solution then belongs to the space Dq(Th)).

Error estimate

Let the case d = 1 also be included in this section. In [21, Theorems 2.13, 2.14, 3.4,

3.5], there are shown error estimates for the linear elliptic and parabolic case using the

energy norm ‖ ·‖E or the L2 norm. Note that these error estimates improve for specific

settings (such as taking the SIPG method) by the order of one (in h). In the parabolic

case, there are also error estimates presented for the fully discrete solution (see [21, Sec-

tion 3.4]), when using Runge-Kutta35 or DG methods for time discretization purposes.

We will state the a priori error estimate for the nonlinear advection diffusion equation

[21, Section 4.1 (4.1)-(4.4)], which comes the closest to the NLSE. The nonlinear source

term f(z) is supposed to be Lipschitz w.r.t. z and further f(z) ∈ L2(I, L2(Ω)) (which

means z ∈ L2(I, L6(Ω)) in our case). Note that the nonlinearity of the NLSE is only

locally Lipschitz.

34 Charles Émile Picard (1856-1941), Ernst Leonard Lindelöf (1870-1946)
35 Carl David Tolmé Runge (1856-1927), Martin Wilhelm Kutta (1867-1944)
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Theorem 3.9. [21, Theorem 4.2]. Assume that the exact solution z to ([21,

(4.1)-(4.4)]) belongs to W 1,2,2(I,Hk(Th), Hk(Th)) and z0 ∈ Hk(Th) for k > 3/2.

Let Zh be the semi-discrete DG solution. Further, assume that β0(d− 1) ≥ 1. In

the case of SIPG and IIPG, assume that σ0 is sufficiently large. Then, there is

a constant C independent of h s.t.

‖z − Zh‖L∞(I,L2(Ω)) +

(∫
I

‖z(t)− Zh(t)‖2
E

)1/2

≤ Chmin(q+1,k)−1(‖z‖W 1,2,2(I,Hk(Th),Hk(Th)) + ‖z0‖Hk(Th)).

For piecewise linear basis functions (i.e. q = 1, see Section 1.4) and k > 3/2, this

theorem yields the order 1.

3.3 Comparison of CG and DG Methods

Although CG and DG methods are quite similar, they do not share exactly the same

properties. The main difference is the use of continuous or discontinuous piecewise

polynomial basic functions (thus, solutions). We give a short summary of the compar-

ison found in [21, pp. 64-67], so that the reader is given a first overview.

� Size of problem: “For DG, the total number of degrees of freedom is propor-

tional to the number of elements in the mesh. [...] For CG, the degrees of freedom

depend on the number of vertices and possibly the number of vertices and ele-

ments in the mesh.”[21, p. 64)]. On rectangular meshes, “[t]he CG method is

[in general] less costly than DG if the polynomial degree is less than or equal

to 3. [...] On triangular meshes, the DG method is more costly than the CG

method.”[21, p. 65].

� Meaning of degrees of freedom: For CG with piecewise polynomials of degree

one, the degrees of freedom correspond to the solution values at the vertices of

the mesh. The degrees of freedom in the DG method do not have any meaning

besides being coefficients of the basis functions. “At a given vertex, there are

several values of the numerical solution.”[21, p. 65].

� Hanging nodes: Nonconforming meshes with hanging nodes can be used easily

with DG methods, but not with CG methods. Therefore, local mesh refinement

is handled much more easily with DG methods than with CG methods.

� Polynomial degree: DG codes are very flexible in the use of different polyno-

mial degrees for the same method. For CG methods, one usually starts with the

code for piecewise linear approximations and then writes different code for higher

polynomial degrees.
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� Basis functions: The support of the global CG basis functions is generally con-

tained in more than one mesh element, contrarily to the DG methods. However,

for DG methods, we can use the same local basis functions as in the CG case.

� Accuracy: “Both methods converge as the mesh size decreases or as the polyno-

mial degree increases. Error estimates in the energy norm are optimal. [...] Error

estimates in the L2 norm are optimal for the CG method, whereas they are op-

timal only in the symmetric version (SIPG) if no superpenalization is used.”[21,

p. 66]. In general, the accuracy is problem dependent and does not depend on

the choice of the method.

� Mass conservation: DG methods satisfy a local (and global) mass balance,

whereas CG methods satisfy only a global mass balance (see [21, Section 2.7.3]

for the consideration of the local mass balance).

3.4 Semi-discrete Mass and Energy Preservation

From here on, we will only consider the SIPG method. For it is a spatial discretization

scheme that maintains the Hamiltonian structure of the NLSE. Discretizing the weak

formulation (7) of the NLSE with the SIPG method, leads us to the semi-discretized

equations 〈
∂rh
∂t

, φ

〉
L2(Ω)

= ah(sh, φ) + bs(rh, sh;φ), ∀φ ∈ Dq(Th),〈
∂sh
∂t

, φ

〉
L2(Ω)

= −ah(rh, φ)− br(rh, sh;φ), ∀φ ∈ Dq(Th),

with the new bilinear form ah := a−1, which is given by

ah(zh, φ) = α
∑
K∈Th

∫
K

∇zh · ∇φ+
∑
K∈Th

∫
K

Φzhφ

−
∑
e∈Γh

∫
e

{{α∇zh}}[[φ]] + {{α∇φ}}[[zh]] +
∑
e∈Γh

σ0

he

∫
e

[[zh]][[φ]],

and the nonlinear form bz, z ∈ {r, s}. The parameter he := |e|β0 > 0 is the length of

the related edge e ∈ Γh (β0 = 1).

As we have seen in Section 2.4, skew-symmetric matrices play a big role, when showing

the preservation of the energy. Next, we show a special case, where the product of the

real skew-symmetric matrix J with another block matrix is again skew-symmetric.
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Lemma 3.10. Define the following matrices:

J :=

(
0 In

−In 0

)
,S :=

(
S1 S2

S3 S4

)
∈ C2n×2n,

with arbitrary matrices Si ∈ Cn×n, i = 1, . . . , 4. Then SJ and JS are skew-

symmetric if and only if S2, S3 are skew-symmetric and S4 = ST1 holds.

Proof. First, we note (SJ )T = −JST and (JS)T = −STJ . That means, SJ and JS

are skew-symmetric if and only if SJ = JST and JS = STJ holds. Further, with

J−1 = −J we have

SJ = JST ⇐⇒ J−1S = STJ−1 ⇐⇒ −JS = −STJ .

Therefore, it is sufficient to inspect the equation SJ = JST , which is the same as(
−S2 S1

−S4 S3

)
=

(
ST2 ST4

−ST1 −ST3

)
.

This matrix equation holds if and only if S2, S3 are skew-symmetric and S4 = ST1

holds.

For us, an important special case of Lemma 3.10 is a matrix S with S1 symmetric and

S2 = S3 = 0, which implies the symmetry of S .

We state two theorems on the preservation properties of the DG-FOM (11) for the

mass Nh and energy Eh of the semi-discrete solution ψh. They are proven similarly to

Theorem 2.20. We define the semi-discrete mass as the L2-norm of the semi-discrete

solution ψh evaluated at a point t ∈ I,

Nh(ψh) :=

∫
Ω

|ψh|2 =

∫
Ω

r2
h + s2

h.

With the broken Sobolev norm

‖v‖2
L2(Th) = 〈v, v〉L2(Th) =

∑
K∈Th

∫
K

v2 dx,

we define the semi-discrete (SIPG) energy as

Eh(rh, sh) :=
1

2
ah(rh, rh) +

1

2
ah(sh, sh) +

β

4
‖r2

h + s2
h‖2

L2(Th),

where ψh is identified with the function t 7→ rh(t, ·) and the same for rh and sh.
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Theorem 3.11. The semi-discrete solution ψh to the DG-FOM (11), discretized

by the SIPG method, conserves the discrete mass Nh exactly for all time, i.e.

Nh(ψh(t, ·)) = Nh(ψh(0, ·)), ∀t ∈ I.

Proof. See [18, Theorem 1].

Theorem 3.12. The DG-FOM (11) is a Hamiltonian ODE of the form

Mzt = J∇zEh(z)

arising from the discrete energy functional Eh(z), where J is again the 2N-

dimensional skew-symmetric matrix and z = z(t) is the vector of unknown coef-

ficients. Moreover, the SIPG solution to the DG-FOM satisfies the invariance of

the semi-discrete energy Eh for all time.

Proof. See [18, Theorem 2]. The idea is to show that ∇zEh(z) = Az + b(z) holds and

then derive d
dt
Eh(z) = 0 by using that M −1J is also skew-symmetric.

The semi-discrete mass and energy of the CG-FOM solution can be defined analogously,

using the corresponding bilinear form ah of the CG method. Since, in the proofs of

Theorem 3.11 and Theorem 3.12, only the bilinearity of ah and the specific form of

the discrete energy functional are used, the stated results also hold for the CG methods.

3.5 Time Discretization

We continue by discretizing the CG- and DG-FOM in time. For this reason, we take

an equidistant time grid ti = (i − 1)4t, i = 1, . . . ,m, tm = T, using a fixed step size

4t > 0. For a fully discrete solution z ∈ R2N×m, we write zi := z(:, i) ∈ R2N . Here, we

consider two different types of time discretization methods, namely the theta-method

(also called ϑ-method) and the average vector field method.

3.5.1 Theta-Method

A very common method to solve ODEs is the ϑ-method, especially for ϑ ∈
{

0, 1
2
, 1
}

.

The formula for yt = f(t, y(t)) is

yi+1 − yi
4t

= (1− ϑ)f(ti, yi) + ϑf(ti+1, yi+1), ϑ ∈ [0, 1], i = 1, . . . ,m− 1.
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For ϑ > 0, the ϑ-method is implicit. The following choices of the parameter ϑ lead to

the most commonly used ϑ-methods:

� ϑ = 0 : Explicit Euler36 method,

� ϑ = 1
2

Crank-Nicolson37 method,

� ϑ = 1 : Implicit Euler method.

It is known that the explicit and implicit Euler methods are first-order convergent and

the Crank-Nicolson method is second-order convergent in time.

The general FOM M zt = J (Az+b(z)) will now be discretized by the ϑ-method. From

zt = M −1J (Az + b(z)) we obtain

zi+1 = zi + (1− ϑ)4tM −1J (Azi + b(zi)) + ϑ4tM −1J (Azi+1 + b(zi+1))

⇐⇒M zi+1 = M zi + (1− ϑ)4tJ (Azi + b(zi)) + ϑ4tJ (Azi+1 + b(zi+1))

⇐⇒ (M − ϑ4tJA)zi+1 − ϑ4tJb(zi+1) = M zi + (1− ϑ)4tJ (Azi + b(zi)).

Defining B := (M − ϑ4tJA), we obtain the equivalent nonlinear system

Bzi+1 − ϑ4tJb(zi+1) = Bzi +4tJ (Azi + (1− ϑ)b(zi)). (12)

We suppress the dependance of B on ϑ and 4t, but that dependance is important

to have in mind. For β = 0 (i.e. b = 0), we obtain a linear system with coefficient

matrix B . If β 6= 0, the nonlinear system (12) can be solved with e.g. Newton38-like

methods. For ϑ = 0, it is explicit and one can solve the system by (formally) inverting

the coefficient matrix. Below, the invertibility of the matrix B is shown.

Lemma 3.13. The coefficient matrix B = (M − ϑ4tJA) is invertible for all

ϑ ∈ [0, 1] and 4t > 0.

Proof. From Lemma 3.7 we know that A and A are symmetric matrices and M is

positive definite. The matrix JA is skew-symmetric because of Lemma 3.10. Let

z ∈ R2N be non-zero. With Lemma 2.19 and the positive definiteness of M , it holds

zTBz = zT (M − ϑ4tJA)z = zTM z − ϑ4tzTJAz = zTM z > 0.

Thus, we have shown the positive definiteness of B . Hence, B is invertible.

36 Leonhard Euler (1707-1783)
37 John Crank (1916-2006), Phyllis Nicolson (1917-1968)
38 Isaac Newton (1643 - 1727)
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3.5.2 Average Vector Field Method

Another method for the time discretisation is the average vector field (AVF) method.

For a system

yt = f(y(t))

the formula reads as

yi+1 − yi
4t

=

∫ 1

0

f(ξyi+1 + (1− ξ)yi) dξ.

We state [9, Proposition 1] as motivation for the use of the AVF method.

Proposition 3.14. The AVF method is a B-series method, is affine-covariant,

self-adjoint, and of order 2. When

f(y) = J−1∇H(y), J =

(
0 −In
In 0

)
, H : Rn → R,

the AVF method preserves the energy H. It is pseudo-symplectic of order 2 (but

not 3) and conjugate-pseudo-symplectic of order 4 (but not 5).

The terms affine-covariant and self-adjoint for integrators as the AVF method are de-

fined in [9]. An introduction on B-series and pseudo-symplecticity can be found in [15].

There is an interesting connection between the AVF method and the Crank-Nicolson

method.

Remark 3.15. For linear problems f(y) = Ay + b with a matrix A ∈ Rn×n and

a vector b ∈ Rn, the AVF method results in the Crank-Nicolson method:

yi+1 − yi
4t

=

∫ 1

0

f(ξyi+1 + (1− ξ)yi) dξ =

∫ 1

0

ξAyi+1 + (1− ξ)Ayi + b dξ

=
1

2
Ayi+1 +

1

2
Ayi + b =

1

2
f(yi+1) +

1

2
f(yi).

Discretizing the general FOM M zt = J (Az + b(z)) with the AVF-method leads to:

M(zi+1 − zi) = 4t J

(∫ 1

0

ξAzi+1 + (1− ξ)Azi dξ +

∫ 1

0

b(ξzi+1 + (1− ξ)zi) dξ

)

= 4t J

(
1

2
A(zi+1 + zi) +

∫ 1

0

b(ξzi+1 + (1− ξ)zi) dξ

)
.
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The last integral can be approximated with the evaluation at the point ξ = 0 (i.e. the

integral is approximated by the left Riemann sum with partition {[0, 1]} of [0, 1]). We

suppress the approximation sign and write = instead of ≈ in the following three steps.

M(zi+1 − zi) = 4t J

(
1

2
A(zi+1 + zi) + b(zi)

)
, i = 1, . . . ,m− 1,

which is equivalent to(
M − 4t

2
JA

)
zi+1 =

(
M +

4t
2

JA

)
zi +4t Jb(zi), i = 1, . . . ,m− 1

and finally

Bzi+1 =

(
M +

4t
2

JA

)
zi +4t Jb(zi), i = 1, . . . ,m− 1,

where B is the same matrix as in the Crank-Nicolson case. This system is implicit

and nonlinear, but explicit in the nonlinear term. Hence, we can solve this system by

evaluating the right-hand side bi :=
(
M + 4t

2
JA
)
zi+4t Jb(zi) in each iteration and

afterwards solving the resulting sparse linear system Bzi+1 = bi. The left Riemann sum

is exact for constant functions and therefore of order one. If we want to have a better

approximation, we can choose a more accurate Riemann sum like the midpoint rule

or the trapezoidal rule, or we can use a finer partition of [0, 1]. But then, we have to

solve an implicit nonlinear system with a Newton-like method. The Riemann sum ap-

proximation does not preserve mass and energy. However, because b is continuous, the

approximation error also decreases for 4t→ 0 and therefore also the mass and energy

preservation error of the numerical solution. This can also be observed from Chapter 5.

The next theorem yields the energy preserving property of the AVF method. It can be

compared with [7, Theorem 1] or [20, p. 2].
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Theorem 3.16. Let S ∈ Rn×n be a constant skew-symmetric matrix and let

H : Rn → R be a Fréchet differentiable energy functional. Furthermore, let

y′ = f(y), f(y) := S∇H(y)

be the considered ODE and let yi, i = 1, . . . ,m be the solution obtained from the

AVF method
yi+1 − yi
4t

=

∫ 1

0

f((1− ξ)yn + ξyn+1) dξ,

applied to y′ = f(y). Then, the semidiscrete energy H is preserved exactly, i.e.

H(yi+1) = H(yi), i = 1, . . . ,m− 1.

Proof. Inserting the specific form of f into the AVF method formula yields

yi+1 − yi
∆t

= S

∫ 1

0

∇H((1− ξ)yi + ξyi+1) dξ.

Multiplying this equation with (
∫ 1

0
∇H((1− ξ)yi + ξyi+1) dξ)T from the left and using

Lemma 2.19, we obtain

1

4t

∫ 1

0

〈yi+1 − yi,∇H((1− ξ)yi + ξyi+1)〉 dξ = 0.

Using the fundamental theorem of calculus, this is equivalent to

H(yi+1)−H(yi)

4t
= 0,

which means, the energy H is preserved at every time instance ti.

The DG-FOM (11) fulfills the assumptions of Theorem 3.16.

Corollary 3.17. The semi-discrete energy Eh is preserved by the AVF method.

Proof. The matrix M −1 is symmetric positive definite and fulfills the assumptions

on S in Lemma 3.10. Hence, the matrix M −1J is also skew-symmetric and we can

apply Theorem 3.16 to the DG-FOM (11), because ∇Eh(z) = Az + b(z) was shown in

Theorem 3.12.
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CHAPTER 4

Model Order Reduction

In the computation of a numerical solution to a (nonlinear) PDE, one often has to solve

a large system of equations which results in huge running times. Especially in the case

of optimal control problems, where one has to solve a specific PDE many times, this

can be problematic. But there are various possibilities to reduce the dimension of a

linear or nonlinear system. For the model order reduction of the linear part of the

FOM (11), we choose the POD method. We discuss the discrete variant of the POD

method for the space Rn, presented in [14, pp. 1-13].

4.1 Discrete Proper Orthogonal Decomposition

Let Rn be the finite dimensional separable Hilbert space with the weighted inner prod-

uct 〈x, y〉M = xTMy, induced by a symmetric positive definite matrixM∈ Rn×n, and

the corresponding norm ‖x‖M =
√
〈x, x〉M, ∀x, y ∈ Rn. The Euclidean inner product

in Rn is also included, since M = In is obviously symmetric positive definite.

Suppose we have a vector y ∈ Rn with n� 1 and we want to represent y using a small

(M-) orthonormal basis (ONB) B := {ψ1, . . . , ψk} ⊂ Rn of the subspace span(B) of

Rn, with dim(B) = k � n. That is:

y ≈
k∑
j=1

yB,j ψj, with yB,j ∈ R for all j = 1, . . . , k. (13)

If we would have the equality above, then yB,j = 〈y, ψj〉M would hold. In fact,

〈y, ψj〉M =

〈
k∑
i=1

yB,i ψi, ψj

〉
M

=
k∑
i=1

yB,i〈ψi, ψj〉M = yB,j,

holds due to the bilinearity of the inner product 〈·, ·〉M and the orthonormality of

B, 〈ψi, ψj〉M = δij, with δ being the Kronecker39 delta. We cannot simply represent

every element y ∈ Rn with the ONB B, but we can instead search a basis which

minimizes the approximation error in (13) for yB,j := 〈y, ψj〉M, j = 1, . . . , k. The

generalized method of least squares for the approximated representation of the vectors

y1, . . . , ym ∈ Rn, m ∈ N, with an ONB B yields the discrete variant of the POD method.

39 Leopold Kronecker (1823-1891)
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Definition 4.1. Let y1, . . . , ym ∈ Rn be the so-called snapshots with snapshot

matrix Y := [y1, . . . , ym] ∈ Rn×m and snapshot subspace

Y := span({yj | 1 ≤ j ≤ m}) ⊂ Rn, d := dim(Y) = rank(Y ) ≤ min{n,m}.

The POD basis B := {ψi}ki=1 of rank k ≤ d is defined as the solution ψ1, . . . , ψk

to 
min

ψ1,...,ψk∈Rn

m∑
j=1

αj

∥∥∥yj − k∑
i=1

〈yj, ψi〉M ψi

∥∥∥2

M
,

s.t.〈ψi, ψj〉M = δij, ∀i, j = 1, . . . , k,

(14)

with weighting parameters αj > 0 for j = 1, . . . ,m.

Here, we want to minimize the mean squared error of the snapshots yj, j = 1, . . . ,m,

and their k-th partial Fourier40 sum. The snapshots will be yj = zj in our case, where

z is the fully discrete solution to the FOM. This means that they depend on the chosen

time instances {tj}mj=1. The weighting parameters can be used for time discretization

purposes in the continuous variant of the POD method. For now, they are chosen ar-

bitrarily and the dependence of the snapshots on the time instances will be suppressed.

Proposition 4.2. The minimization problem (14) is equivalent to the maximiza-

tion problem 
max

ψ1,...,ψk∈Rn

m∑
j=1

αj

k∑
i=1

〈yj, ψi〉2M,

s.t. 〈ψi, ψj〉M = δij, ∀i, j = 1, . . . , k,

(15)

Proof. This equivalent formulation is obtained by simple calculations.

Summarizing [14, Theorem 1.8 and Remark 1.11], we obtain the main theorem about

the discrete POD method in the space Rn with weighted inner product.

40 Jean-Baptiste Joseph Fourier (1768-1830)
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Theorem 4.3. Let Y := [y1, . . . , ym] ∈ Rn×m be the snapshot matrix with

rank(Y ) = d and D := diag(α1, . . . , αm) ∈ Rm×m. Let (ψi, λi) ∈ Rn × R+,

i = 1, . . . , n, be the solutions to the n× n dimensional eigenvalue problem

Y DY TMψi = λiψi, λ1 ≥ . . . ≥ λd > λd+1 = 0 = . . . = λn, (16)

with 〈ψi, ψj〉M = δij for all i, j ∈ {1, . . . , n}. Then, for every k ∈ {1, . . . , d} the

first k eigenvectors {ψi}ki=1 solve (14) and (15). Moreover, the value of the cost

evaluated at the optimal solution {ψi}ki=1 satisfies

m∑
j=1

αj

∥∥∥yj − k∑
i=1

〈yj, ψi〉M ψi

∥∥∥2

M
=

d∑
i=k+1

λi

and
m∑
j=1

αj

k∑
i=1

〈yj, ψi〉2M =
k∑
i=1

λi.

Now, we conclude with some notes about the computation of the POD basis {ψi}ki=1

of Theorem 4.3, guided by [14, Remark 1.11].

Using the Cholesky41 decomposition M = RRT and multiplying equation (16) with

the invertible matrix RT from the left, we obtain the generalized eigenvalue problem

RTY DY TRRTψi = λiR
Tψi,

which is equivalent to

Ŷ Ŷ T ψ̂i = λiψ̂i, i = 1, . . . , d, (17)

with defining Ŷ := RTY D1/2 ∈ Rn×m and ψ̂i := RTψi.

We solve (17) by using the compact SVD Ŷ = Ψ̂ΣΦ̂T with semi-orthogonal42 matrices

Ψ̂ = [ψ̂1, . . . , ψ̂d] ∈ Rn×d, Φ̂ = [φ̂1, . . . , φ̂d] ∈ Rm×d, and Σ = diag(σ1, . . . , σd) ∈ Rd×d

(with σ1 ≥ . . . ≥ σd > 0). We observe

Ŷ Ŷ T ψ̂i = Ψ̂Σ2Ψ̂T ψ̂i = σ2
i ψ̂i, i = 1, . . . , d,

and

Ŷ T Ŷ φ̂i = Φ̂Σ2Φ̂T φ̂i = σ2
i φ̂i, i = 1, . . . , d.

41 André-Louis Cholesky (1875-1918)
42 This means only the columns of the matrix are orthonormal (w.r.t. the Euclidean inner product).
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Hence, the columns of Ψ are eigenvectors of Ŷ Ŷ T and the columns of Φ are eigenvectors

of Ŷ T Ŷ , both with eigenvalues λi = σ2
i . Note that

〈ψ̂i, ψ̂j〉In = δij ⇐⇒ 〈RTψi, R
Tψj〉In = 〈ψi, ψj〉M = δij,

which means that ψi = (RT )−1ψ̂i, i = 1, . . . , k, are the desired M-orthonormal solu-

tions to (16). Straightforward, one could solve the symmetric n×n eigenvalue problem

Ŷ Ŷ T ψ̂i = σ2
i ψ̂i, i = 1, . . . , k.

Another way is to solve instead the symmetric m×m eigenvalue problem

Ŷ T Ŷ φ̂i = σ2
i φ̂i, i = 1, . . . , k,

and then set ψ̂i = 1
σi
Ŷ φ̂i for i = 1, . . . , k, which is recommended if m < n. This

method is sometimes called the method of snapshots (see [28]). Note that the equa-

tion Ŷ T Ŷ = D1/2Y TMY D1/2 holds, which means that in this case we do not need to

compute the Cholesky decomposition (or any other decomposition) of M. Hence, the

method of snapshots can be more attractive to use, even if m > n holds. But if Ŷ is

badly scaled, i.e. the condition number κ(Ŷ ) = σmax(Ŷ )

σmin(Ŷ )
= σ1

σd
is very large, the SVD of

the matrix Ŷ can be a stable alternative for the numerical computation of the POD

basis. Because then, we should avoid to build the matrix product Ŷ Ŷ T or Ŷ T Ŷ .

By choosing one of the three presented ways, we obtain the solutions ψ̂i to (17). Now,

we compute the solutions ψi to (16) via

ψi = (RT )−1ψ̂i, i = 1, . . . , k.

The matrices RT and (RT )−1 are upper triangular. Remember that we have the prop-

erty k ∈ {1, . . . , d}. This means that we have a perfect approximation of the snapshots

for k = d, since the POD basis now has the same dimension as the snapshot subspace

Y . But the computation time saved through the POD method is smaller when k is

close to d.

One error measure for the approximation of the snapshot subspace by the POD basis

we can derive from Theorem 4.3, is 1− ε(k). Here,

ε(k) :=

∑k
i=1 λi∑d
i=1 λi

=

∑k
i=1 σ

2
i∑d

i=1 σ
2
i

∈ [0, 1],

observes the ratio of the modeled to the ”total energy” contained in the snapshots.
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Now, an exemplary stopping criterion is to choose the smallest k ∈ {1, . . . , d} s.t.

ε(k) ≥ ε with 0 < ε < 1, ε ≈ 1, which means in a sense, that we covered 100ε percent

of the ”total energy”, contained in the snapshots, by the POD basis. It is impor-

tant to note that according to [14, Remark 1.9], the remaining singular values (SVs)

σi, i = k + 1, . . . , d, do not have to be computed for the computation of ε(k).

If we do not neglect that the snapshots come from the discretization of a PDE and are

therefore time dependent, we come to the continuous variant of the POD method. For

this variant we refer the reader to [14, Sections 1.2.2 and 1.2.3].

4.2 The POD Method for the NLSE

In this section, we follow [18, pp. 12-13]. The approach is to approximate the FOM

solution

ψh(t, x) ≈ ψrh(t, x) :=
k∑
i=1

zri (t)ui(x)

with the reduced basis functions ui, i = 1, . . . , k to obtain a system of lower dimension

k � 2N . Because the reduced basis functions belong to the linear subspace generated

by the DG (or CG) basis functions, they are linear combinations of them:

ui(x) =
2N∑
j=1

Uj,iφj(x)

These coefficients U.,i ∈ R2N are now written in vector form and collected in the

matrix U := [U1, . . . , Uk] ∈ R2N×k of POD modes. With this matrix, we obtain the

relation z ≈ Uzr. Let now M ∈ R2N×2N be the (CG or DG) mass matrix from the

semi-discretization in Chapter 3. We observe that the reduced basis functions are the

solutions to the minimization problem
min
u1,...,uk

1

m

m∑
j=1

∥∥∥ψh(tj, x)−
k∑
i=1

〈ψh(tj, x), ui)〉[L2(Ω)]2 ui

∥∥∥2

[L2(Ω)]2

s.t. 〈ui, uj〉[L2(Ω)]2 = UT
i MUj = δij, 1 ≤ i, j ≤ k.

(18)

With Theorem 4.3, problem (18) is solved by the M -orthonormal solutions to the

eigenvalue problem

ZDZTMUi = σ2
iUi, i = 1, . . . , k, σ1 ≥ . . . ≥ σd > σd+1 = 0 = . . . = σn, (19)

where Z is the snapshot matrix of the solution vectors and D = Im. The Cholesky

decomposition M = RRT is computed once in the off-line stage of the algorithm. The
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eigenvalue problem (19) is equivalent to

ẐẐT Ûi = λiÛi, i = 1, . . . , k, (20)

with Ẑ := RTZD1/2 ∈ R2N×m and Ûi := RTUi. We solve first the system (20) with

one of the SVD methods and afterwards the triangular system RTUi = Ûi.

It follows that UTM z ≈ UTMUzr = zr, with the M -orthogonality UTMU = Ik.

Therefore, for the resulting ODE we set zr(0) = UTM z(0) as initial condition. From

the FOM M zt = J (Az + b(z)), (11), we obtain the system

UTM zt = UTJAz + UTJb(z).

Now, by replacing z with Uzr, the reduced system of order k:

zrt = Arzr + br(zr), (21)

with Ar := UTJAU ∈ Rk×k and br(zr) := UTJb(Uzr) ∈ Rk follows.

We call the reduced system (21) the reduced order model (ROM) for the NLSE. By

solving it with the AVF method, we obtain the POD solution, which we will call the

ROM solution.

Remark 4.4. The ROM solution conserves the discrete mass exactly for all time.

However, it does not necessarily satisfy the energy conservation for all time,

because the matrix UUTJ does not have to be skew-symmetric in general. Still,

there exists a slightly updated version of the ROM, which is energy preserving.

This remark is carried out in [18, pp. 15-16].

4.3 Randomized Singular Value Decomposition

The computation of the deterministic SVD in (20) can be computationally expensive

for large snapshot matrices. Instead, we use the rSVD for computing the SVD of the

snapshot matrix. The rSVD is explained in detail in [16]. It offers a randomized time-

efficient approximation to the deterministic SVD. A numerical comparison of the two

methods is found in Chapter 5.
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A pseudocode for the rSVD algorithm without oversampling is given in the following:

Algorithm 1 Randomized Singular Value Decomposition

Input: A matrix Y ∈ Rn×m, the target rank k ≤ min{n,m}
Output: The first k left singular vectors and the k largest singular values of Y

Draw an m× k Gaussian43 random matrix Ω

Compute the random sample matrix X = Y Ω

Compute the QR decomposition X = QR

Projection B = QTY

Compute the SVD B = ŨΣV T with Σ = diag(σ1, . . . , σk)

Recover the left singular vectors U = QŨ of Y

return U, [σ1 . . . σk]

Remark 4.5. In our case holds k � m < n. The QR decomposition used in

Algorithm 1 is the reduced QR decomposition. This means, Q is only semi-

orthogonal (with orthonormal columns, QTQ = Ik, but not necessarily QQT =

In) and R is a squared upper-triangular matrix. Also, it is important to note

that for our application we do not need the matrix V , which depends on the

large dimension m. Instead, we only need to compute and store the small matrix

Ũ ∈ Rk×k and the k largest (first) SVs σ1, . . . , σk of the reduced (truncated)

deterministic SVD of B. In practice, a small oversampling parameter p with

k + p ≤ min{n,m} is used (e.g. p = 10) and k + p Gaussian random vectors are

generated.

The idea of the rSVD is to generate a good approximation to the deterministic SVD

of Y by approximating the high dimensional snapshot matrix Y by the smaller (com-

pressed) matrix B. We construct an orthonormal basis {Qi}k+p
i=1 for the range of the

sample matrix X. The range of X should approximate the range of Y . With this basis,

we can project the matrix Y into a lower dimensional matrix B. Then, we perform

the deterministic SVD on B and project the left SVs of B back to the higher dimension.

In other words, we search a good approximation to the unique orthogonal projector

PY with range(PY ) = range(Y ). If range(X) = range(Y ) would hold, PX would be the

unique orthogonal projector onto range(Y ) and we could conclude

(I − PX)Y = (I − PY )Y = 0,

since ker(I −PY ) = range(Y ). As we have seen, rank(X) = rank(Y ) is a desired state.

43 Carl Friedrich Gauss (1777-1855)
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With probability one, the random matrix Ω has full rank k (see [13]) and hence

rank(X) ≤ min{k, rank(Y )}. Therefore, if rank(X) = k ≤ rank(Y ), the columns

of X are linearly independent and it holds that PX = X(XTX)−1XT . Inserting the

QR-decomposition of X yields

PX = X(XTX)−1XT = QR((QR)TQR)−1(QR)T

= QR(RTQTQR)−1RTQT = QR(RTR)−1RTQT

= QRR−1(RT )−1RTQT = QQT ,

where the upper triangular matrix R ∈ Rk×k is invertible since X has full rank k and

in this case, XTX = RTR is positive definite.

We choose QQT as the approximation of PY . The quality of this algorithm now depends

on the approximation Y ≈ QQTY , because if Y = QQTY would hold, we would obtain

the deterministic (reduced) SVD of Y,

Y ≈ QQTY = QB = QŨΣV T = UΣV T .

Now, we want to derive bounds on the approximation error

‖Y −QQTY ‖F = ‖(I − PX)Y ‖F ,

in the Frobenius44 norm, ‖A‖F :=
√∑m

i=1

∑n
j=1 |aij|2 for A ∈ Km×n.

We state bounds on the expected value of the rSVD approximation of I − PY and on

the probability of a large deviation (see [16, Theorem 10.5 and Theorem 10.7]).

Theorem 4.6 (Average Frobenius Error). Suppose that Y is a real n ×m
matrix with SVs σ1 ≥ σ2 ≥ . . .. Choose a target rank k ≥ 2 and an oversampling

parameter p ≥ 2, where k + p ≤ min{n,m}. Draw an m × (k + p) standard

Gaussian matrix Ω, and construct the sample matrix X = Y Ω. Then the expected

approximation error is

E[‖(I − PX)Y ‖F ] ≤
(

1 +
k

p− 1

)1/2
(∑
j>k

σ2
j

)1/2

.

From the estimate of Theorem 4.6, we can see that the main source of the error is

the sum of the remaining squared SVs, which can drastically decrease if k gets larger,

44 Ferdinand Georg Frobenius (1849-1917)
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depending on the input matrix Y . But we have to ensure that we choose a greater

oversampling parameter p ∼ k (proportional to k) at the same time.

Theorem 4.7 (Deviation Bounds for the Frobenius Error). Frame the

hypotheses of Theorem 4.6. Assume further that p ≥ 4. For all u, t ≥ 1, we have

‖(I − PX)Y ‖F ≤

(
1 + t

√
3k

p+ 1

)(∑
j>k

σ2
j

)1/2

+ ut
e
√
k + p

p+ 1
σk+1.

with failure probability at most 2t−p + e−u
2/2.

For example, we choose u = 12e−1, t = 2, p = 11 to ensure a small failure probability

and at the same time improve the quality of the estimate. With this setting, the

estimate of Theorem 4.7 changes into

‖(I − PX)Y ‖F ≤
(

1 +
√
k
)(∑

j>k

σ2
j

)1/2

+ 2
√
k + 11σk+1,

with a probability of at least ≈ 0.9989648. Especially for matrices, where the SVs

σk decrease very slowly, the estimates of Theorem 4.6 and Theorem 4.7 can be bad.

In these cases, it is advisable to choose a larger oversampling parameter. But in all

cases, the bounds are at least
∑

j>k σ
2
j . One should not forget that the rSVD gets

computationally more expensive the larger k + p is.

In [16], one can also find similar estimates for the spectral norm.

4.4 Nonlinear Model Order Reduction with DEIM

The naive way to handle the nonlinearity of the system is to just compute the corre-

sponding integrals for the ROM. However, operating this way ignores the fact that we

still have the full dimension 2N in the evaluation of the nonlinearity:

br(zr) = UTJb(Uzr), with Uzr ∈ R2N .

To avoid this expensive evaluation, we also need MOR techniques for the nonlinear

term b(Uzr).

In the considered work of [18], there are two ways presented to reduce the dimension

and therefore the high computational costs of the nonlinearity: discrete empirical in-
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terpolation method (DEIM) and dynamic mode decomposition (DMD). Both methods

are combined with POD for the MOR of the linear term and the resulting methods

are called POD-DEIM resp. POD-DMD. We only introduce DEIM, the method that

is implemented in this thesis. We follow the procedure presented in [8].

The goal of DEIM is to approximate the nonlinear function zr(t) → b(Uzr(t)) by

projecting it onto a subspace of the space generated by the nonlinear function and

spanned by a basis {Qi}ki=1 ⊂ R2N , k � m,

b(Uzr(t)) ≈ Qγ(t),

with the DEIM basis matrix Q := [Q1 . . . Qk] ∈ R2N×k and the coefficient vector γ.

The dimension k of the DEIM basis does not have to be the same k as for the ROM in

Section 4.2. Since the system b(Uzr) = Qγ is overdetermined, we extract k equations

from the system to determine γ. For this reason, we project the system onto a subspace,

with the projection matrix P = [ep1 , . . . , epk ] ∈ R2N×k and an interpolation index vector

p ∈ Nk with pairwise distinct entries pj ≤ 2N . The projected system

P T b(Uzr) = P TQγ

is now uniquely solvable if P TQ ∈ Rk is invertible, which we assume. This results in

(P TQ)−1P T b(Uzr) = γ

and finally

b(Uzr) ≈ Q(P TQ)−1P T b(Uzr). (22)

By replacing b(Uzr) with the right-hand side, in the ROM (21), we obtain the DEIM-

ROM:

zrt = Arzr + brDEIM(zr),

with brDEIM(zr) := UTJQ(P TQ)−1P T b(Uzr).

The matrix B := UTJQ(P TQ)−1 ∈ Rk×k is computed once in the off-line stage. In each

time step, we evaluate P T b(Uzr) ∈ Rk and then multiply B with the result. Through

the specific form of P , we have only k evaluations of the nonlinearity b (determined by

the index vector i) instead of 2N .

For the DEIM approximation, we need the DEIM basis {Q}kj=1 and the interpolation

index vector p. As DEIM basis we use the POD basis U of rank k (w.r.t. the Euclidean
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inner product (M = I2N) instead of the inner product induced by M ) of the nonlinear

snapshot matrix Zb := [b(z(t1)), . . . , b(z(tm))] ∈ R2N×m, with the FOM solution z.

Then, we apply Algorithm 2 to the computed DEIM basis to obtain the index vector.

Algorithm 2 Discrete Empirical Interpolation Method

Input: DEIM basis {Qj}kj=1

Output: The index vector i and the corresponding projection matrix P

Set p1 ∈ arg max
i=1,...,k

|(Q1)i|

Set Qtmp = [Q1], p = p1 and P = [ep1 ]

for j = 2, . . . , k do

Solve (P TQtmp)γ = P TQj

Set r = Qj −Qtmpγ

Set pj ∈ arg max
i=1,...,k

|(r)i|

Set Qtmp = [Qtmp, Qj], P = [P, epj ]

end for

return Q, p, P

For a spectral norm error bound of the DEIM approximation (22) of b(Uzr) with Algo-

rithm 2, we refer to [8, Lemma 3.2]. In [4, Section 3.4], the DEIM algorithm is applied

to the semilinear elliptic max-PDE.

An alternative method for the MOR of the nonlinearity is the DMD. This approach

is not implemented in this thesis and we neglect it here. An introduction can be

found in [18, pp. 18-20] and the references therein. The DMD method results in a

linear ROM, therefore the DMD-ROM is solved significantly faster than the nonlinear

DEIM-ROM. But the mass and energy are preserved with a lower accuracy than by the

DEIM-ROM. The numerical results in [18, Chapter 5] show an average computationally

speedup of 10.9 for the POD-DEIM method and 965.5 for the POD-DMD method. But

the approximation results of the solution, mass and energy, are slightly better for the

POD-DEIM method in the first example and much better for the POD-DEIM method

in the second one. So if one prefers quality over time benefits, one should (generally)

choose DEIM (and DMD if otherwise).
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CHAPTER 5

Numerical Results

Implementation in Python

All numerical tests in this thesis have been made on a Notebook HP Pavilion 15 with

Intel® Core� i5-6200U CPU @ 2.30GHz and 8GB RAM. The codes are written in the

programming language Python and the tools of FEniCS45 and DUNE46 are used for

the numerical computations. All images presented in this chapter are own figures and

created with the Matplotlib47 library of Python. There is a prototype of the DEIM

algorithm implemented, but the method is not fully applicable at the moment. That

is why it is not analyzed in this chapter.

To obtain a good numerical comparison of the CG and DG methods, we consider two

different simulations. One simulation with having the exact solution to the NLSE and

one without having it.

For both methods, we use a triangular mesh with the same but variable h > 0. But

as measurement of the grid fineness, we take the number of intervals in time nt and in

space nx (which is the same in both dimensions x1 and x2) as well as the corresponding

step sizes 4t = T
nt

, 4x = b−a
nx

. The step size 4x2 is always chosen equal to 4x1.

Figure 1: Exemplary comparison of the CG and DG Grid for Ω = (0, 2π)2 with 2 · 102

triangular elements.

In Figure 1, both grids are plotted with the number of intervals in space (x1 and x2)

being nx = 10. For this thesis, we use an unstructured triangular DG mesh, but a

structured triangular mesh or other options as rectangular grids are also possible. In

45 https://fenicsproject.org/
46 https://www.dune-project.org/
47 https://matplotlib.org/
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many cases, the use of a rectangular domain leads to the use of rectangular elements,

but these are not as easy implemented within the FEniCS software. Therefore, trian-

gular grids are used in both cases to obtain a more accurate comparison of the two

methods.

The following two simulations are done for the focusing NLSE (β = −1), the linear

Schrödinger equation (β = 0) and the defocusing NLSE (β = 1).

5.1 Simulation 1: Without External Potential

A good test function for the NLSE with constant external potential Φ is

ψ(t, x) = ζ exp(i(c1x1 + c2x2 − ωt)),

for constants ζ, c1, c2 and Φ. This function fulfills the initial condition

ψ0(x) = ζ[cos(c1x1 + c2x2) + i sin(c1x1 + c2x2)]

and

ψt(t, x) = −iωψ(t, x), ∆ψ(t, x) = −(c2
1+c2

2)ψ(t, x), |ψ(t, x)| = |ζ|, ∀(t, x) ∈ I×Ω.

Hence, the following equivalence holds:

iψt(t, x) = [−α∆ + β|ψ(t, x)|2 + Φ]ψ(t, x)

⇔ ωψ(t, x) = α(c2
1 + c2

2)ψ(t, x) + (β|ζ|2 + Φ)ψ(t, x).

This means that ψ satisfies the NLSE with the choice of ω = α(c2
1 + c2

2) + β|ζ|2 + Φ.

Regarding the model order reduction with POD, we have a useful property of the

general exact solution:

ψ(t, x) = ζ exp(i(c1x1 + c2x2 − ωt))

= ζ exp(i(c1x1 + c2x2)) exp(−iωt)

= ζ
[

cos(c1x1 + c2x2) cos(ωt) + sin(c1x1 + c2x2) sin(ωt)

+ i
(

sin(c1x1 + c2x2) cos(ωt)− cos(c1x1 + c2x2) sin(ωt)
)]
.

Therefore, we can write the exact solution as

Re(ψ(t, x)) = f(t)u1(x) + g(t)u2(x),

Im(ψ(t, x)) = g(t)u1(x)− f(t)u2(x),
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with the time-dependent coefficient functions

f(t) := ζ sin(ωt), g(t) := ζ cos(ωt)

and the space dependent functions

u1(x) := sin(c1x1 + c2x2), u2(x) := cos(c1x1 + c2x2).

This property leads to the assumption that the POD approximation of ψ should al-

ready be sufficiently accurate for only two POD modes (u1 and u2). This can only

hold, if the needed POD modes u1 and u2 can be computed from the snapshot matrix

with a good accuracy. As we will see in the simulation results, this is true for the CG

method, but not true for the SIPG method.

We could use a constant external potential, but for this simulation we set Φ = 0 as

made in [18]. Also as mentioned in [18], the periodicity scaling parameters c1 and c2

are set to one, so that the exact solution is 2π-periodic in both dimensions. Therefore,

we consider the domain Ω = (0, 2π)2. To ensure at least one (nearly) full temporal

period of the exact solution for every β ∈ {−1, 0, 1}, the ending time T is set to a

value of two. The scaling parameter ζ is neglected in the numerical analysis in this

thesis. Hence, ζ = 1. An overview over the parameter choices for this simulation can

be observed in Table 1.

Table 1: Parameter setting for Simulation 1.

ψ0(x) α Φ(x) Ω T ζ c1 c2

exp(i(x1 + x2)) 2 0 (0, 2π)2 2 1 1 1

As already discussed above, the exact solution to these parameters is given by

ψ(t, x) = ei(x1+x2−(4+β)t).

Figure 2 shows the real part of ψ for the focusing case (β = −1) at different time

instances. There, one can see the periodicity in time. The solution behaves like a

traveling wave with direction (advection) (1, 1)T . The imaginary part of the solution

is omitted, because it is only the phase shifted real part.
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Figure 2: Real part of the exact solution to Simulation 1, ψ(t, x) = ei(x1+x2−3t), for

β = −1 at the time instances t = 0.0, 0.4, 0.8, 1.2, 1.6 and 2.0.

To compare the numerical (FOM and ROM) solutions with the exact solution, we have

to interpolate the exact solution from L2(Ω) onto the discrete (finite element) solution

space Dq(Th). The interpolated solution is called interpolated exact solution (IES) in

this chapter.

In the following figure, the SVs of the snapshot matrix to the linear Schrödinger equa-

tion are shown. The SV distribution looks very similar to the SV distribution of the

snapshot matrix for β ∈ {−1, 1} or with a different grid. Hence, the corresponding

figures are omitted here.

Figure 3: SVs for β = 0, nx = 16, nt = 100, CG (left) and DG (right).

As we can see in Figure 3, there is a huge difference between the SV decomposition
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of the CG and DG snapshot matrices. The SVs on the left diagram look as expected.

Only two SVs hold nearly all energy of the system, the other SVs are close to 0. Some-

how, this does not hold for the DG method. There are two SVs that are a little larger

as the other ones. But in total, there are six exceptionable SVs, before the SVs decrease

to approximately 10−4. Then, there are many SVs close to 10−5, before the SVs fall

again. From around 75 to 100, they are stagnating at a value of approximately 10−11.

This first result yields the expectation that the ROM errors of the DG method should

be much larger for a similar number of POD modes k. This expectation is observed

later in Figure 8.

There are three different space-time grids chosen for each simulation, whose are selected

according to 4x14x2
4t = (4x)2

4t = 25
32
π2 = const. The selected space-time grids and the

corresponding number 2N of degrees of freedom and number 2Nm of elements of the

snapshot matrix for Simulation 1 are shown in Table 2.

Table 2: Space-time grids for Simulation 1.

Grid nx = 16, nt = 100 nx = 24, nt = 225 nx = 32, nt = 400

2N , CG / DG 512 3072 1152 6912 2048 12288

2Nm, CG / DG 51712 310272 260352 1562112 821248 4927488

The degrees of freedom of the DUNE triangulations are six times higher than the

dimensions of the FENICS triangulations. As shown in Table 2, for the finest grid

in the DG case, the snapshot matrix already consists of nearly five million space-

time points. The greater space dimension in the DG case has a high impact on the

computation times of the FOM and the ROM, which can be observed by a comparison

of Table 3 and Table 4. The number k of POD modes is selected by the following

energy stopping criterion: Choose the smallest k, s.t. 1− ε(k) ≤ 10−6 holds with

ε(k) =

∑k
i=1 σ

2
i∑d

i=1 σ
2
i

,

defined according to Section 4.1. This selection process is done for both simulations

with the same threshold 10−6. Therefore, the value of k can vary depending on the

chosen method (CG or DG) and also depending on the parameters β, nx and nt. Table 3

shows the computation times of the CG-FOM and CG-ROM solution and the resulting

speedup for each grid-parameter setting.
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Table 3: Elapsed times of the CG-FOM and CG-ROM computations, Simulation 1.

Grid nx = 16, nt = 100 nx = 24, nt = 225 nx = 32, nt = 400

β -1 0 1 -1 0 1 -1 0 1

k 2 2 2 2 2 2 2 2 2

FOM 0.98 0.66 0.95 5.25 4.51 5.27 19.93 18.35 19.97

ROM 0.32 0.02 0.38 0.84 0.06 0.88 1.73 0.12 1.63

Speedup 3.06 33 2.5 6.25 75.17 5.99 11.52 152.92 12.25

The computational speedup of the model reduction with POD is higher for the finer

grids. In all cases, the speedup is at least ten times larger for the linear Schrödinger

equation. One can see that the evaluation of the nonlinearity in the AVF method leads

to higher running times for the nonlinear Schrödinger equations (β ∈ {−1, 1}) in the

FOM as well as in the ROM computation. This effect is even larger for the ROM,

because of the full dimension 2N appearing in the ROM without nonlinear MOR like

DEIM. This is observed by the great difference of the MOR speedups for β = 0 and

β ∈ {−1, 1} in Table 3 and in Table 4.

Table 4: Elapsed time of DG method, Simulation 1.

Grid nx = 16, nt = 100 nx = 24, nt = 225 nx = 32, nt = 400

β -1 0 1 -1 0 1 -1 0 1

k 6 6 6 6 6 6 4 4 6

FOM 16.31 13.13 15.79 99.68 93.01 99.41 393.51 380.83 392.26

ROM 2.27 0.38 2.01 8.21 0.85 8.25 25.27 0.98 25.01

Speedup 7.19 34.55 7.86 12.14 109.42 12.05 15.57 388.6 15.68

Because of the higher number of degrees of freedoms in the DG case, the running times

for the DG method are much higher. However, the use of the POD method decreases

this difference because of the higher speedups in the DG case. As one would expect,

the distribution of the SVs leads to a higher number k of POD modes in the DG case

compared to CG. But a value of k = 4 resp. k = 6 is already enough to fulfill the

energy criterion 1− ε(k) ≤ 10−6. The running times of DG can not reach the running

times of CG.

The exact mass and the numerical masses are not dependent on the parameter β.

Hence, the values of the mass for different grids are only plotted once in Figure 4. Also

the mass differences between the two Galerkin methods are very small.
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Figure 4: Exact and IES mass and energy, Simulation 1.

As we can see in Figure 4, the mass and energy of the IES converges to the mass

and energy of the exact solution. The absolute discretization (IES) energy errors are

smaller for the Schrödinger equations with less energy contained. The following two

figures show the maximum mass and energy errors of the CG/DG solutions over the

time grid,

max
i=0,...,nt+1

|Nh(IES(ti, ·)−Nh(zh(ti, ·))|, max
i=0,...,nt+1

|Eh(IES(ti, ·)− Eh(zh(ti, ·))|,

with zh ∈ ψh, ψrh (denoted as CG/DG-FOM resp. CG/DG-ROM).

Figure 5: Maximum mass errors, Simulation 1.
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Figure 6: Maximum energy errors, Simulation 1.

In Figure 5 and Figure 6, one can see the convergence of the numerical mass and energy

to the exact mass and energy for β ∈ {−1, 1}. For the linear Schrödinger equation, the

mass and energy are conserved in all cases except the DG-ROM case. But the mass

and energy is still preserved with a good accuracy except for the last grid. The two

less computed POD modes for the finest grid and β ∈ {−1, 0} have a big impact on

the mass and energy conservation in the linear case but no visible impact on the mass

and energy conservation in the focusing case (β = −1).

Figure 7: FOM Errors Simulation 1.

Both methods seem to converge in Figure 7. The solutions to the linear Schrödinger

equation have the smallest errors. Due to the suboptimal handling of the nonlinearity

(compare Section 3.5.2), this result can be expected. However, such a result can also

be expected in general. The DG FOM solution has smaller error values than the CG

FOM solution for all β ∈ {−1, 0, 1}.
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Figure 8: ROM Errors Simulation 1.

In Figure 8, the immense impact of the CG and DG snapshot SV distribution mentioned

before, can be observed. Although, there are four resp. six POD modes computed with

the DG method, the error values of the DG-ROM solution (regarding FOM) are much

higher for all grids. The loss in accuracy due to only four DG-POD modes computed for

β ∈ {−1, 0} is visible. Apart from that, the ROM errors do not seem to be dependent

on the grid parameters or β.

5.2 Simulation 2: With External Potential

For the second simulation, we use a spatially dependent external potential. The exter-

nal potential Φ in Table 5 is called harmonic external trap potential.

Table 5: Parameter setting for Simulation 2.

ψ0(x) α Φ(x) Ω T
1√
π

exp(−1
2
(x2

1 + x2
2)) 0.5 1

2
(x2

1 + 4x2
2) (−8, 8)2 3

For the parameter setting in Table 5, an exact analytical solution to the NLSE is not

known to the author. Therefore, only the numerical CG solution for this simulation

(only β = 0) at a few time instances is shown in the following. Because of the large

space needed for such visualizations, these and more time instances for all three choices

of β are attached in the appendix.
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Figure 9: CG-FOM solution of Simulation 2 for β = 0, nx = 64 and nt = 300 at the

time instances 0.0, 0.6 and 1.2.
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Figure 10: CG-FOM solution of Simulation 2 for β = 0, nx = 64 and nt = 300 at the

time instances 1.8, 2.4 and 3.0.
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Also in this simulation, the solution seems to be periodic in time. The temporal course

of the imaginary part looks like the reversed temporal course of the real part. The

small differences between the real part at t = 3 and the imaginary part at t = 0 can

appear due to inaccuracies of the CG method. Another possibility is that the period-

icity of the exact solution is not exactly equal to three. In the charts shown in the

appendix, one can see that the real and imaginary part of the CG-FOM solution look

really similar for t = 1.5. Compared to the CG-FOM solution for β = −1 and β = 1,

the periodicity seems to be dependent on β, but the behavior of the solution is very

similar for all choices of β.

Figure 11 shows the SV distribution for the linear Schrödinger equation and the coarsest

grid. Again, other choices of β, nx or nt do not lead to different observations.

Figure 11: SVs for β = 0, nx = 24, nt = 56, CG (left) and DG (right).

Just as in Simulation 1, the SV distribution for Simulation 2 is very different for CG

and DG. The SVs of the CG snapshot matrix decrease more uniformly. For DG, the

SVs are stagnating around a value of 10−1 to 10−2 and then, they decrease more rapidly

than in the CG case. The last DG-SV is at approx. 10−8 and the last CG-SV is at

approx. 10−13.

As in Simulation 1, there are three different space-time grids chosen for each simulation.

They are selected according to 4x14x2
4t = (4x)2

4t ≈ 8.3. The space-time grids and the

corresponding number 2N of degrees of freedom and dimension 2Nm for Simulation 2

are shown in Table 6.
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Table 6: Space-time grids for Simulation 2.

Grid nx = 24, nt = 56 nx = 32, nt = 100 nx = 40, nt = 156

2N , CG / DG 1152 6912 2048 12288 3200 19200

2Nm, CG / DG 65664 393984 206848 1241088 502400 3014400

Because of the larger volume of the domain in Simulation 2, the number of intervals in

space (24, 32, 40) are chosen larger than in Simulation 1 (16, 24, 32). Nevertheless, the

space step sizes 4x ∈ {2
3
, 0.5, 0.4} are higher than in Simulation 1 (4x ∈ {π

8
, π

12
, π

16
}).

The same holds for the time step sizes 4t. Compared to Simulation 1, the number of

elements of the snapshot matrix is higher for the first grid and smaller for the second

and for the third grid. This fact leads to larger running times for the first grid and

smaller running times for the second and the third grid (see Table 7 and Table 8).

Table 7: Elapsed time of CG method, Simulation 2.

Grid nx = 24, nt = 56 nx = 32, nt = 100 nx = 40, nt = 156

β -1 0 1 -1 0 1 -1 0 1

k 20 20 20 24 24 24 22 22 22

FOM 1.21 0.97 1.2 4.64 4.37 4.7 13.19 12.26 12.83

ROM 0.24 0.02 0.22 0.53 0.04 0.49 0.9 0.17 1.04

Speedup 5.04 48.5 5.45 8.75 109.25 9.59 14.66 72.12 12.34

Because of the larger number of degrees of freedom, the running times of the DG

method in Table 8 are higher than for the CG method.

Table 8: Elapsed time of DG method, Simulation 2.

Grid nx = 24, nt = 56 nx = 32, nt = 100 nx = 40, nt = 156

β -1 0 1 -1 0 1 -1 0 1

k 48 48 46 64 64 64 64 64 64

FOM 26.66 24.76 26.21 95.88 93.11 95.58 277.38 268.71 274.48

ROM 2.22 0.2 2.17 6.64 0.58 6.04 14.31 0.95 15.75

Speedup 12.01 123.8 12.08 14.44 160.53 15.82 19.38 282.85 17.43

Because the exact solution to this simulation is not known, the mass and the energy of

the numerical solutions are compared to the mass and the energy of the initial condition
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ψ0, interpolated into the space Dq(Th) (referred to as IES(0, ·)). In Figure 12, the exact

mass N (ψ0) and energy E(ψ0) are compared to the mass and energy of the interpolated

initial condition, Nh(IES(0, ·)) and Eh(IES(0, ·)).

Figure 12: Exact and IES mass and energy, Simulation 2.

As in Simulation 1, the mass and energy of the IES converge against the mass and

energy of the exact solution. The following two figures show the maximum mass and

energy errors over the time grid,

max
i=0,...,nt+1

|Nh(IES(ti, ·)−Nh(zh(ti, ·))|, max
i=0,...,nt+1

|Eh(IES(ti, ·)− Eh(zh(ti, ·))|

for zh ∈ {ψh, ψrh} (the CG/DG-FOM resp. CG/DG-ROM solutions).

Figure 13: Maximum mass errors, Simulation 2.
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Figure 14: Maximum energy errors, Simulation 2.

Regarding the two nonlinear Schrödinger equations, the mass and energy are preserved

better for the finer grids in Figure 13 and Figure 14. Again, the FOM solutions to the

linear Schrödinger equation preserve the mass and the energy with a good accuracy.

But both CG- and DG-ROM solution mass and energy errors are relatively high for

the linear case.

Figure 15: ROM Errors, Simulation 2.

Based on the diagrams in Figure 15, the ROM solution errors do not seem to be very

dependent on the parameter β or on the selected grid. Most of the errors shown in

this figure are even higher for the last grid compared to the second grid. However, the

difference is acceptable.

rSVD vs SVD

The comparison of the rSVD and the SVD is carried out in the setting of Simulation 2

with the CG method. A reference to the DG method is not necessary for this compar-
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ison and the running times for the CG method are smaller according to the previous

simulations. The simulation parameters which are not mentioned in this subsection

are the same as in the parameter setting in Table 5.

We choose a grid with nx = 32 and nt = 1000 to make the SVD more time demand-

ing. The computation time for the Cholesky decomposition is not affected hereby. We

choose p ∈ {0, 2, 4, 11} as oversampling parameter values to cover the different thresh-

old values we considered in the Section 4.3. The rSVD method will be denoted by the

corresponding oversampling parameter in the figures of this subsection. For the SVD,

we chose the Python function “numpy.linalg.svd”48 with and without computing the

full matrices. In this thesis, the SVD method without computing the full decomposi-

tion matrices is called compact SVD (cSVD), because it is a compact representation of

the SVD. The cSVD and the SVD method differ in computation time (see Figure 17),

but not in performance (measured according to the error measures shown below).

For the rSVD, the deterministic SVs are computed by the SVD. Afterwards, the rSVD

algorithm is applied to obtain the corresponding eigenvectors, which are not the deter-

ministic ones. Choosing another procedure is also possible.

In each observation presented in this subsection, there are k = 24 POD modes calcu-

lated.

We want to assess the quality of the rSVD and SVD approximation. As a quality

criteria of the decomposition, we compute the error of the M -orthogonality and the

errors of the original POD eigenvalue problem (19). I.e. the error values

eEV = max
i=1,...,k

|ZDZTMUi − σ2
iUi|, eM = max(|UTMU − Ik|),

are computed and shown in Figure 18. Further, the maximum absolute differences

between the FOM and the ROM solution are computed and shown in Figure 19. In

terms of the rSVD method, the program was executed three times to form an average

over the three error values. The standard deviation was not computed, but it was not

significantly high. For a pure and complete comparison of SVD and rSVD, a more

detailed test is recommended. Our focus, however, is the application of rSVD to the

NLSE.

48 See https://docs.scipy.org/doc/numpy/reference/generated/numpy.linalg.svd.html
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Figure 16: SVs for nx = 32, nt = 1000 and β = 0.

The SVs in this simulation stagnate from about 200 to 1000, where they are essentially

zero. The plot of the SVs in Figure 16 is not very different to the plots with β ∈ {−1, 1}.

Figure 17: Elapsed time of the different methods rSVD, cSVD and SVD with different

choices of the oversampling parameter p for rSVD.

In Figure 17, the dark part on the left side of the first four bars for the elapsed time

of the rSVD method is the time needed for the rSVD method itself. Together with the

previously calculated SVs from the SVD, the values of the full bars in Figure 17 are
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obtained. Because of the fine time discretization, the SVD needed 13.45s for β = −1,

which is about 28.39% of the computation time of the FOM. As a comparison, the

SVD for the previous coarse discretization nx = 32, nt = 100, needed 0.069s for the

CG method and β = −1. This is about 1.49% of the computation time of the FOM.

The computation time for the SVD can be reduced by more than four seconds using

the cSVD. This result is further improved by using the rSVD method with an over-

sampling parameter up to eleven. Most of the time is needed for the computation of

the SVs with the SVD method. This can be handled if threshold values for k are used

or a good choice is known (e.g. in Simulation 1).

Figure 18: Quality tests for the eigenvectors Ui, i = 1, . . . , k. The error eEV is plotted

on the left and the error eM on the right.

The rSVD error values eEV of the eigenvalue problem improve for a higher oversampling

parameter, but there is a large difference even between the rSVD method with p = 11

and the SVD method. The M -orthonormality is sustained in all cases with an accuracy

of ≈ 10−15. The errors eM decrease for β ∈ {0, 1}, but the values are already quite

low.

Figure 19: FOM-ROM Errors of the SVD and rSVD method with oversampling pa-

rameter p for different values of β.
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The errors shown in Figure 19 are the maximum L2/mean/max errors between the

FOM and the ROM (CG) solution over the time instances ti, i = 1, . . . , nt + 1. For

all β ∈ {−1, 0, 1}, the errors of the rSVD method converge against the SVD method

errors. Regarding the error values in Figure 19, the oversampling parameter p = 11

already yields results comparable to the SVD method.

Figure 20: Maximum mass errors on the left and maximum energy errors on the right.

In Figure 20, one can see that the mass and energy is preserved for the FOM and β = 0.

This property does not hold for the ROM solutions, but the error values of the rSVD

method converge against the error values of the SVD method. The mass and energy

preservation of the ROM solution with SVD is limited by the POD parameter k, which

is constant in this case (k = 24). Better preservation results can be obtained with

larger k (see Figure 16). The ROM mass and energy preservation is also limited by the

preservation properties of the FOM, as observed for β ∈ {−1, 1}. The oversampling

parameters p ∈ {2, 4, 11} lead to mass and energy errors of the rSVD method which

are close to the errors of the SVD method. For the defocusing NLSE (β = 1), the mass

is preserved even better for the rSVD method with small oversampling parameters, but

the differences are small.

The mass and energy errors for this grid also show that the mass and energy are

preserved with a higher accuracy for a finer time grid, when compared to the mass and

energy errors in Figure 13 and Figure 14. This behavior was discussed in Section 3.5.2.
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Conclusion and Outlook

Summarizing the results of this thesis, both methods, CG and DG, are good options

for solving the NLSE. The CG method is better at creating a ROM for Simulation

1 and Simulation 2 by providing a comparable or even better approximation to the

FOM with less POD modes computed. With the time discretization implemented in

this thesis, the mass and energy errors mainly depend on the temporal step size. The

DG method does not yield any great advantages over the CG method. Properties like

the local mass balance or the better usability of DG grids for local mesh refinement

need to be examined in another work.

The rSVD method turned out to be a good alternative for the SVD method. Espe-

cially in cases, where the SVD computation occupies a large proportion of the ROM

computation. A well chosen oversampling parameter is mandatory to maintain a good

quality comparable to the SVD method.

As we have seen, there are a few ways to improve the presented methods. At first,

POD with nonlinear MOR like DEIM can be used to get rid of the high dimensional

evaluation of the nonlinearity. This will improve the running time of the ROM dras-

tically for large systems. Another nonlinear MOR method like DMD can be used as

comparison. Then, a quadrature rule of higher convergence order can be used for the

nonlinear part in the AVF method. This would cause us to solve a nonlinear problem

with a Newton-like method, where we have to compute the gradient of the numerical

solution at each time instance. Nevertheless, this choice would improve the mass and

energy preservation properties of the numerical solution and also improves the conver-

gence rate for both, FOM and ROM, numerical solutions.
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Appendix

The CG-FOM solution of Simulation 2 for β = −1

Figure 21: Real part of the CG-FOM solution of Simulation 2 for β = −1, nx = 64

and nt = 300 at different time instances.
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Figure 22: Imaginary part of the CG-FOM solution of Simulation 2 for β = −1, nx = 64

and nt = 300 at different time instances.
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The CG-FOM solution of Simulation 2 for β = 0

Figure 23: Real part of the CG-FOM solution of Simulation 2 for β = 0, nx = 64 and

nt = 300 at different time instances.
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Figure 24: Imaginary part of the CG-FOM solution of Simulation 2 for β = 0, nx = 64

and nt = 300 at different time instances.
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The CG-FOM solution of Simulation 2 for β = 1

Figure 25: Real part of the CG-FOM solution of Simulation 2 for β = 1, nx = 64 and

nt = 300 at different time instances.
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Figure 26: Imaginary part of the CG-FOM solution of Simulation 2 for β = 1, nx = 64

and nt = 300 at different time instances.
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