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Conductance oscillations in mesoscopic rings: Microscopic versus global phase
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The phase of Aharonov-Bohm oscillations in mesoscopic diffusive metal rings in the presence of a magnetic
field, can be modulated by the application of a dc-bias currentI dc. We address the question of how a variation
of I dc and hence of the microscopic phases of the electronic wave functions results in the observable ‘‘global’’
phase of the conductance oscillations. Whereas the first one can be varied continuously, the latter has to be
quantized for a ring in a two-wire configuration by virtue of the Onsager symmetry relations. We observe a
correlation between a phase flip by6p and the amplitude of the oscillations.
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I. INTRODUCTION

The fundamental concept of time-reversal symmetry
important implications on the symmetry of transport prop
ties. Onsager succeeded in deriving general reciprocity r
tions from the principle of microscopic reversibility.1 The
application of the Onsager relations~OR! to the electrical
conductance as a macroscopic quantity, was discusse
Casimir.2 When quantum interference effects are negligib
they imply a symmetry condition for the magnetocondu
tance ~MC! with respect to sign reversal of the field, i.e
G(B)5G(2B). In mesoscopic devices, however, the sy
metry of the MC upon magnetic-field reversal depends
the sample geometry.3 It is necessary to distinguish betwee
mesoscopic two-wire and four-wire configurations. In a tw
wire configuration, the current and voltage leads branch o
side the phase-coherent region of the electrons and the
ductanceG is indeed symmetric with respect to the magne
field B, as in macroscopic samples.3–5 This simple symmetry
relation does not hold for a four-wire configuration with
bifurcation of the voltage and current leads within the pha
coherent region. In this geometry, the symmetry is only
served when simultaneously reversing voltage and cur
probes:GU,I(B)5GI ,U(2B). The latter has been confirme
experimentally by Benoitet al.6 by studying conductance os
cillations of mesoscopic rings.

In mesoscopic rings exposed to a perpendicular magn
field B, the interference of partial waves of electrons prop
gating phase coherently in opposite directions, leads to o
lations ofG with a fundamental periodBper5f0 /A, where
f05h/e is the flux quantum andA the enclosed area of th
ring.7 In rings with finite width of the arms, the interferenc
of waves within one arm of the ring results in a modulati
of the amplitude and the phase of the oscillations:8
0163-1829/2001/64~8!/085404~7!/$20.00 64 0854
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DG5g~B,E!cosF2p
BA

f0
1w~B,E!G . ~1!

The oscillations ofDG with respect toB are usually termed
the Aharonov-Bohm~AB! effect although strictly speaking
the AB effect, in its original meaning, refers to a phase sh
of electron waves by a vector potential only, i.e., with va
ishing magnetic field along the electrons’ trajectories.9 The
amplitude g and the phasew are sample specific as the
depend on the microscopic arrangement of the scatte
centers in the ring. Both quantities are random functions
the magnetic fieldB and the energyE of the electrons. The
typical scales inB andE for a variation ofg andw, are the
correlation fieldBc,AB'f0/2wL and the Thouless energ
Ec,AB;hD/L0.7Lw

1.3, wherew is the width of the ring arms,L
the half-perimeter of the ring,Lw is the phase-coherenc
length, andD is the diffusion constant.10–12

Hence, for a ring in a two-wire configuration, the symm
try condition does not allow arbitrary values of the phase
the AB oscillations. On the other hand, in a naive pictu
this phase is determined by the arbitrary~but fixed for a
given field! phase difference between electron partial wav
traveling through the two arms, which in turn depends on
phase an electron accumulates at the scattering centers i
metal ring during its diffusive motion. Consequently, a co
tinuous phase shift of the AB oscillations would be expect

In our experiment, we address the question ofhow the
quantization condition of the macroscopically observa
phase of the conductance oscillations is fulfilled when
microscopic electronic phase is varied continuously. Mos
the previous experiments on OR in diffusive metal rings w
continuous voltage drop along the ring arms,6,13 investigated
only ‘‘snap shots’’ of a given distribution of microscopi
phases, since they compared the behavior of microscopic
©2001 The American Physical Society04-1
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different samples. Here we tune the microscopic behavio
a given sample, i.e., with identical distribution of scatteri
centers. By the application of a dc-bias currentI dc we gen-
erate a nonequilibrium energy distribution of the electrons
the ring since no energy relaxation occurs in the pha
coherent region. The energy of the electrons contributing
the charge transport, and hence also the phase of the m
scopic electronic wave function, can be modified by a va
tion of I dc. We analyze the reaction o
the global phase of the AB oscillations to this continuo
variation on the microscopic level. Technically this is pe
formed by monitoring the cross correlation for MC traces
different I dc.

II. EXPERIMENT

We show here data taken on four different samples~see
Table I!. The samples were prepared by electron-beam
thography and thermal evaporation of Cu or Ag on a Si s
strate at room temperature followed by a lift-off process. T
differential resistancedV/dIac was measured at 19 Hz~typi-
cally I ac5100 nA) with a superimposed dc-bias currentI dc
with the sample mounted inside the mixing chamber o
dilution refrigerator with a base temperature of 20 mK. T
energy scaleEac5eIacR related to the ac current, was alwa

TABLE I. Parameters of four representative samples, on wh
the data presented in this paper have been taken; configuratio
fers to mesoscopic two-wire or four-wire configuration. The! for
sample No. 1, indicates that the bifurcation of the current and v
age leads into four wires was not directly at the ring, but a
distance of 500 nm from the ring.f denotes the mean diameter
the rings,w the width of the ring arms,d the thickness of the
deposited film,R the total resistance of the sample including t
ring and the leads,Rring is the resistance of the ring determined
subtracting fromR the calculated contributions of the leads assu
ing a constant resistivityr and taking into account the geomet
~measured from electron micrographs!. The elastic mean-free-pathl
has been determined from the residual resistance ratio R
5R(300 K)/R(4.2 K).11 l / l e2ph ~with the values for the
electron-phonon scattering lengthl e2ph taken from literature! and
independently by using the material-specificr l products. The val-
ues determined by both methods agree within 20%. The correla
field Bc,UCF has been determined from the UCF recorded in
magnetic field range from28.5 to 8.5 T and the phase-coheren
lengthLw by Lw5f0 /wBc,UCF.

Sample No. 1 2 3 4

Metal Cu Ag Cu Cu
Configuration ! 2 2 4
f ~nm! 1000 980 980 975
w ~nm! 60 80 80 60
d ~nm! 20 25 15 15
R(V) 61.0 26.2 60.5 55.6
Rring(V) 33 16 38 55.6
l ~nm! 14 25 12 10
Bc,UCF ~mT! 38 53 62 62
Lw ~nm! 1750 940 800 1070
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kept smaller than the thermal energyET5kBT andEc . The
refrigerator was equipped with a superconducting solen
allowing magnetic fields from28.5 to 8.5 T with a resolu-
tion of 0.02 mT. Due to the hysteresis of the superconduc
magnet, the absolute field values had to be corrected b
offset of 4.5 mT, which was reproducible within an error
0.1 mT when sweeping the field always with the same r
'1 mT/min.

Figure 1 shows electron microscope photographs of
rings. In the two-wire configuration, the voltage and curre
leads branch at a distance of 4mm from the ring~not shown
in the micrograph! which is more than the phase-coheren
lengthLw of '1 mm. Lw has been determined by analysis
the universal conductance fluctuations~UCF! measured
simultaneously.14 In the four-wire configuration, the bifurca
tion is directly at the ring. For sample No. 1, the separat
between current and voltage leads was at a distance
500nm from the ring. For this sample we observed
mixed behavior between two-wire and four-wire behav
~see below!.

III. RESULTS AND DISCUSSION

Figure 2~a! displays the MC of sample No. 4~in four-wire
geometry! for I dc50 measured atT520 mK ~without any
filtering! for the field range of26 to 6 T, where we observe
UCF. Obviously the MC is not exactly symmetric with re
spect to the magnetic field. The aperiodic, reproduci
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FIG. 1. Electron micrographs of~a! sample No. 3 in two-wire
and~b! sample No. 4 in four-wire configuration. The rings have
average diameterf of approximately 1mm and a linewidth of~a!
80 nm and~b! 60 nm. For sample parameters, see Table I.
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CONDUCTANCE OSCILLATIONS IN MESOSCOPIC . . . PHYSICAL REVIEW B 64 085404
UCF were used for determiningBc,UCF. In panel~b! we have
plotted the unfiltered data~upper curve! and the Fourier fil-
tered data for the smaller field range of 0.22 T,B,
0.28 T,showing clearly the AB oscillations with a period o
(5.260.5) mT, in good agreement with the expected va
F0 /A55.3 mT. The filtering has been performed with
bandpass allowing only periods between 2 and 10 mT. O
for sample No. 1 with the largestLw , we observed contribu
tions from the first harmonic of the AB oscillations with
period of h/2e.15 Consequently, we used for filtering thos
data, the wider period range of 2 to 20 mT~see Fig. 8!. The
finite resolution of the period of theh/e oscillations is due to
the finite width of the ring arms and, as explained below,
intrinsic period modulations enforced by time-reversal sy
metry.

We observe equilibrium amplitudesg(E50,B) of theh/e
oscillations between 0.01e2/h for sample No. 3 and
0.06 e2/h for sample No. 1. The expected saturation va
for a fully phase-coherent sample would be 0.3e2/h. When
the length of the ring arms is larger thanLw , g(E50,B)
of the AB oscillations is exponentially suppressed by a fac
(2Lw /U)exp@2U/Lw#, where U is the circumference o
the ring.16 With our sample parameters we estimate t

FIG. 2. ~a! ConductanceG of sample No. 4~four-wire configu-
ration! vs magnetic fieldB at currentI dc50 and a temperatureT
520 mK. ~b! Amplification of field range 0.22 to 0.28 T as me
sured~upper curve! and after Fourier filtering~lower curve!. Only
frequencies corresponding to a period range from 2 to 10 mT w
taken into account. The data are offset vertically for clarity an
linear background has been subtracted.
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reduction factor to be of the order of;0.1 for sample No. 1
and;0.0160.003 for sample Nos. 2, 3, and 4, in reasona
agreement with the experimental findings.

Figure 3~Fig. 4! displays the evolution of the AB oscil
lations with applied dc-current for sample No. 2~No. 4! in a
two-wire ~four-wire! configuration. The AB oscillations with
a period of 5.2 mT, are clearly visible, and it is evident th
their amplitude and phase vary withI dc for both samples.

First we discuss the behavior of sample No. 2. AtI dc
51.2mA ~fourth curve from the top!, the amplitude has a
first minimum and the phase has flipped byp. Note that the
offset of the field axis has not been subtracted. Therefore
AB oscillations are symmetric~within the measurement reso
lution! around the offset valueB54.5 mT. Evidently, the
precision with which the phase shifts can be determin
depends on the amplitude. For amplitudes larger thanDG
'0.02 e2/h, the error in the phase is smaller thanp/4. In a
separate publication14 we showed that the average amplitu
of the oscillations increases with increasingI dc. We used this
effect, which has been studied in detail in a recent work
Terrier et al.17 for the evaluation of the phase shift, to me
sure oscillations with larger amplitude at largeI dc and hence

re
a

FIG. 3. Conductance oscillationsDG of sample No. 2 vs mag-
netic field B at currentsI dc50,0.4,0.8, . . . ,6.8 mA ~from top to
bottom! and a temperatureT590 mK. The data were digitally
Fourier filtered. Only frequencies corresponding to a period ra
from 2 to 10 mT were taken into account. The data are offset v
tically for clarity. The effective zero field is atB54.5 mT.
4-3
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to increase the signal-to-noise ratio.
The AB oscillations of sample No. 4 in four-wire configu

ration ~Fig. 4! are also shifted withI dc, but they are not
symmetric upon reversal ofB, in agreement with theoretica
prediction3 and previous experimental observation.6

The average phase shift in the whole investiga
magnetic-field range is analyzed quantitatively by calcu
ing the cross-correlation function~CCF! between the con-
ductance oscillations measured at currentsI 1 and I 2:

C~ I 1 ,I 2 ,DB!5E DGI 1
~B!DGI 2

~B1DB!dB.

The CCF of two periodic functions with the same period
again a periodic function. A shift ofdB between these func
tions manifests itself in a shift of the maxima ofC(DB)
by dB.

Figure 5~a! shows the CCF’s of oscillations measured
sample No. 2. The CCF’s are calculated forDG(B) taken at
different I 25I dc, each time with reference toDG(B) at I 1
50. It can be seen that the oscillations are either in phas
shifted bydB5Bper/2. For comparison, the evaluation of

FIG. 4. Conductance oscillationsDG of sample No. 4 vs mag-
netic field B at currentsI dc50,0.15,0.3, . . . ,3.3mA ~from top to
bottom! and a temperatureT590 mK. The data were digitally
Fourier filtered. Only frequencies corresponding to a period ra
from 2 to 10 mT were taken into account. The data are offset
tically for clarity. The effective zero field is atB54.5 mT.
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d
t-

or

ring in a four-wire configuration, is displayed in Fig. 5~b!.
Here the shiftdB between the oscillations is arbitrary.

The phase shift of the oscillationsdw is related todB by
the relation dw52pdB/Bper . The observed shift of the
CCF’s results indw50 or dw5p for a two-wire configura-
tion @cf. Fig. 6~a!# whereasdw is arbitrary for the four-wire
configuration@cf. Fig. 6~b!#. This behavior demonstrates con
vincingly the expected symmetry relations as the MC o

e
r-

FIG. 5. ~a! Cross-correlation functionsC(I 1 ,I 2 ,DB) for I 150
and differentI 25I dc vs DB for sample No. 2 in a two-wire con-
figuration. The magnetoconductance is displayed in Fig. 2 and
evaluated in a magnetic-field range from230 to 30 mT.~b! Cross-
correlation functions for sample No. 4 in four-wire configuration f
comparison.

FIG. 6. Phase shift referred toI dc50 for samples~a! No. 2 and
~b! No. 4. Some of the magnetoconductance traces are displaye
Figs. 3 and 4. The data were evaluated in a magnetic-field ra
from 230 to 30 mT. The dashed line is a guide to the eye.
4-4
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CONDUCTANCE OSCILLATIONS IN MESOSCOPIC . . . PHYSICAL REVIEW B 64 085404
sample in two-wire configuration has to be symmetric up
the reversal ofB. This restricts the phasew in Eq. ~1! to
either 0 orp, whereas there is no constraint for a four-wi
configuration.

In a recent experiment with a metal ring interrupted
two tunnel junctions, the existence of the magnetoelec
AB effect was demonstrated.18 In this experiment, a voltage
differenceV between the two arms of the ring induced
electrostatic phase shiftdw5eVtd /\, wheretd is the diffu-
sion time through the sample.9 This leads to a phase shift o
the magneto-conductance oscillations as a function ofV. The
measured voltage difference necessary to induce a p
shift of p, was constant over the whole voltage range, si
in those samples the two arms of the ring are on well-defi
potentials as the voltage drop occurs across the tu
junctions.

In contrast, in our experiment, the voltage drop occ
along the whole length of each arm of the ring. Therefo
the potential along the diffusive paths is not well define
and we cannot expect a periodic phase shift as a functio
I dc. Indeed we found a broad distribution of length of t
plateaux with the same phase between 0.4 and 2.4mA, when
we evaluated a series of 129 magnetoconductance sweep
different I dc up to '50 mA for sample No. 3. With our
sample parameters, the correlation energy isEc,AB
'22 meV. With a ring resistance of 38V, this corresponds
to a current scale of approximately 0.6mA, in reasonable
agreement with the observed distribution of plateau leng

From a simple point of view, the AB oscillations aris
from the interference of an electron that splits into two p
tial waves at one side of the ring. These waves traverse
ring in opposite arms and the amplitudes recombine at
other side. The interference is determined by the phase
ference of the wave functions. From this simple argume
the phase of the wave functions should be the same aB
50, provided that the arms have equal lengths. Hence aB
50, the interference should be constructive and the cond
tance has a maximum.

However, the phase of the electronic wave function a
depends on the configuration of the scattering centers.
this reason, the phase will usually not be the same in b
arms of the ring, so that on the one hand, atB50, an arbi-
trary interference between the partial waves might be p
sible. Indeed it was demonstrated that the AB oscillatio
average to zero when the measurements are taken on a
of rings,13 each of them in a two-wire configuration wit
short interconnecting wires. On the other hand, the OR
quires that for a ring in a two-wire configuration, the co
ductance atB50 has either a maximum or a minimum. Th
means that the interference has to be either fully construc
or destructive.

The key to the resolution of these seemingly contradict
statements is that the above argument, considering only
wave functions, is too simple. For the correct calculation
the conductance, all transmitted and reflected partial wa
have to be taken into account.3 They are not independent o
each other but the OR impose correlations between them

In order to visualize these correlations, the phase and
amplitude of the oscillations are displayed in a comm
08540
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graph in Fig. 7. The data were extracted from a series of
traces measured on sample No. 3. It can be seen that
quantities are a function ofI dc. There is a definite correlation
between the variation of the amplitude and the phase; at e
phase flip byp there is a minimum of the oscillation ampl
tude. Hence no abrupt flip of the conductance oscillatio
occurs, but every variation of the phase by6p is accompa-
nied by a continuous decrease and subsequent increase
oscillation amplitude.

Superimposed on the strong fluctuations of the oscillat
amplitude, an overall increase ofDGrms is observed. Aver-
aging over a larger field interval than just@230 mT,30 mT]
yieldsDGrms;AI dc, in agreement with the prediction for th
conductance fluctuations in singly connected mesosco
samples.14,19

Furthermore, the correlation between the partial wa
evoked by the OR, results in a slight modulation of thelocal
period, as, e.g., visible in Figs. 3 and 4: The arrows indic
the positions of conductance maxima for negative and p
tive effective magnetic field. In the two-wire sample~Fig. 3!
the arrows shift towardsB50 for certain ranges ofI dc or
they separate from each other. This means that the osc
tions are compressed or expanded in those current ran
The arrows in Fig. 4 move simultaneously to the left or to t
right, keeping the oscillation period constant.

In a recent experiment on semiconductor rings in tw
wire configuration with a few electron transmission cha
nels, the phase of the oscillations could be modified by va
tion of a gate voltage.5 A phase flip byp of the fundamental
oscillation was accompanied by the occurrence of a domi
ing higher harmonic withh/2e periodicity. In our experiment
on diffusive rings with many electron transmission channe
there are so many degrees of freedom for the electronic
tial waves that they arrange to a minimum of the oscillati
amplitude. However, the center of the Fourier peak seem
shift to higherBper values when the amplitude approaches
minimum. A naive interpretation is that the partial wav

FIG. 7. ~a! Phase shift referred toI dc57.6 mA and ~b! rms
amplitude of the conductance oscillations vsI dc. The data were
measured at sample No. 3 and evaluated in a magnetic-field r
from 230 to 30 mT. The dashed lines are guides to the eye.
dotted-vertical lines mark the positions of a phase flip by6p.
4-5
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traveling along the inner perimeter of the ring have high
weight at thoseI dc values. In summary, correlations betwe
the partial waves within one ring arm~giving rise to the
minimum of the oscillation amplitude whenever a phase
is necessary! as well as between the two ring arms, are n
essary to fulfill the OR.

Finally, let us briefly discuss how strict the given criterio
is for the definition of two-wire and four-wire configuration
We investigated sample No. 1, where the separation of
connecting wires into current and voltage leads was not
rectly at the ring but at 500 nm,Lw from the ring, i.e.,
within the phase-coherent volume, as required for a fo
wire configuration. Figure 8 displays the MC at low fields f
various values ofI dc. For this sample we observe not on
h/e but alsoh/2e oscillations, due to the much higherLw .21

Both amplitudes are modulated byI dc, but no clear correla-
tion between the modulation was observed@see Fig. 8~b!#.
The behavior of the phase shifts displayed in Fig. 9 is in
esting; although the MC isnot symmetric around the offse

FIG. 8. ~a! Magneto conductance atT590 mK of sample No. 1
for I dc50,0.2,0.4, . . . ,1.8 mA. ~b! Amplitudes of theh/e ~closed
symbols! andh/2e ~open symbols! oscillations. The data are evalu
ated in a magnetic-field range from230 to 30 mT. The dashed line
are guides to the eye.
08540
r

-

e
i-

r-

r-

value of the magnetic fieldB54.5 mT, the phase does no
shift continuously but jumps betweenw50 andp for both
the h/e and theh/2e oscillations. Also the UCF’s are asym
metric ~not shown!. This observation is in agreement wit
the findings of Umbachet al.13 who always observed for a
four-wire configured series of rings~each of the rings was in
two-wire configuration with short interconnecting lead!
phases that were eithe
0 or p.

In conclusion, although the microscopic phase of the el
tronic wave function is varied continuously by a modific
tion of I dc, the macroscopic phase of the conductance os
lations varies in a quantized manner for two-wi
configurations. However, there is no abrupt change in
MC. Rather, the macroscopic phase flip is accommodated
a rearrangement of the individual electron phases to prod
an interference pattern leading to a minimum of the osci
tion amplitude. This continuous variation of the interferen
on the microscopic level is also visible~cf. Fig. 3! as a slight
shift of the oscillation frequency whenever a phase flip o
curs. Thus, the suppression at macroscopic phase flips
cates the rearrangement at the microscopic level. This c
firms the notion that the current induced variation of t
energy of the electrons leads to an altered microscopic in
ference pattern. In the case of a four-wire configuration, t
variation of the interference does not need to be correlate
both arms of the ring, as can be seen in the arbitrary va
of the phase shift of the oscillations.
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magneto-conductance traces displayed in Fig. 8. The data w
evaluated in a magnetic-field range from2100 to 100 mT. The
dashed and dash-dotted lines are guides to the eye.
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