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Abstract

Nanomechanical membrane resonators are extensively used in a variety of applications
due to their high quality factor and sensitive response in the linear working range.
The quantitative characterization of mechanical properties of nanomechanical resonators
paves the way to understand the vibrational dynamics of nanomechanical systems and
provides the opportunity to extend the application into nonlinear regime. In the non-
linear regime, the nanomechanical systems present tremendous vibrational and coupling
behavior which can provide massive information beyond the linear regime. Thus ex-
tending the investigation into nonlinear is significantly important. In this thesis, we
present experimental studies of the bending waves of freestanding silicon nitride (SiN)
nanomembrane resonators in different dynamic regimes by using optical profilometry,
such as Imaging White Light Interferometer (IWLI) and Michelson Interferometer (MI),
in varying environments such as pressure and temperature.

To quantitatively characterize the basic mechanical properties of nanomembrane res-
onators, we introduce a method, named Vibrometry in Continuous Light (VICL) that
enables us to disentangle the response of the membrane from that of the excitation
system, thereby giving access to the eigenfrequency and the quality (Q) factor of the
membrane by fitting a damped driven harmonic oscillator model to the experimental
data. We verify the performance of the method by studying two modes of a 478 nm
thick SiN freestanding membrane and find Q factors of 2 × 104 for both modes at
room temperature. Finally, we observe a linear increase of the resonance frequency
of the ground mode with temperature which makes nanomembrane resonators suitable
for high-sensitive temperature sensors.

In the second phase of experiments, we study the vibrational motion of mechanical
resonators in the strong nonlinear regime. By imaging the vibrational state of rectan-
gular SiN membrane resonators and by analyzing its frequency response using optical
interferometry, we show that upon increasing the driving strength, the membrane adopts
a peculiar deflection pattern of concentric rings superimposed onto the drum head shape
of its fundamental mode. Such a circular symmetry cannot be described as a superpo-
sition of a small number of excited linear eigenmodes. Furthermore, different parts of
the membrane vibrate at different multiples of the drive frequency, an observation that
we term “localization of overtones”. We introduce a phenomenological model based on
the coupling between effective nonlinear resonators to represent different parts of the
membrane, which agrees well with the experimental observations.

Further more, we investigated the phenomenon of persistent response in ultra-strongly
driven membrane oscillators. The term “persistent response” denotes the development
of a vibrating state with nearly constant amplitude over a very wide frequency range (up
to 50% of the drive frequency). We reveal its underlying mechanism by directly imaging
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the vibrational state of membrane resonators. Beyond the spatial modulation, at even
larger driving strength nonlinear interaction and sub-harmonically driven parametric
resonance between different flexural modes and their localized overtones govern the per-
sistent response. Our result is important for understanding nonlinear resonance behavior
appearing in different fields of physics as well as for the development of amplitude-stable
mechanical resonators with broadband tunable frequency.
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Zusammenfassung

Nanomechanische Resonatoren basierend auf Membranen werden aufgrund ihres ho-
hen Gütefaktors und ihres empfindlichen Verhaltens im linearen Arbeitsbereich in einer
Vielzahl von Anwendungen eingesetzt. Die quantitative Charakterisierung der mechanis-
chen Eigenschaften von nanomechanischen Resonatoren ebnet den Weg zum Verständnis
der Schwingungsdynamik nanomechanischer Systeme und bietet die Möglichkeit, die An-
wendung in den nichtlinearen Bereich zu erweitern. Im nichtlinearen Regime zeigen die
nanomechanischen Systeme vielfältige Schwingungs- und Kopplungsverhalten, die über
das lineare Regime hinaus wichtige Informationen liefern können. Daher ist die Er-
weiterung der Untersuchung auf nichtlineare Systeme von großer Bedeutung. In dieser
Arbeit präsentieren wir experimentelle Untersuchungen der Biegewellen freistehender
Siliziumnitrid (SiN)-Nanomembranresonatoren in verschiedenen dynamischen Regimen
unter Verwendung optischer Profilometrie, wie z.B. bilgebende Weißlichtinterferometrie
(eng.: Imaging White Light Interferometry (IWLI)) und Michelson Interferometrie (MI),
in unterschiedlichen Druck- und Temperaturumgebungen.

Um die grundlegenden mechanischen Eigenschaften von Nanomembranresonatoren
quantitativ zu charakterisieren, stellen wir eine Methode namens Vibrometry in Con-
tinuous Light (VICL) vor, die es uns ermöglicht, die Antwort der Membran von der
des Anregungssystems zu trennen und dadurch Zugang zu der Eigenfrequenz und dem
Qualitätsfaktor (Q) der Membran zu erhalten, indem wir ein Modell eines gedämpften,
getriebenen harmonischen Oszillator an die experimentellen Daten anpassen. Wir ver-
ifizieren die Methode, indem wir zwei Moden einer 478 nm dicken freistehenden SiN-
Membran untersuchen und Q-Faktoren von 2 × 104 für beide Moden bei Raumtemper-
atur finden. Schließlich beobachten wir einen linearen Anstieg der Resonanzfrequenz der
Grundmoden mit der Temperatur und zeigen damit, dass sich Nanomembranresonatoren
für hochempfindliche Temperatursensoren eignen.

In einer weiteren Studie untersuchen wir die Schwingungsbewegung von mechanischen
Resonatoren im stark nichtlinearen Bereich. Durch die Abbildung des Schwingungszu-
standes von rechteckigen SiN-Membranresonatoren und die Analyse ihres Frequenz-
ganges mittels optischer Interferometrie zeigen wir, dass die Membran bei Erhöhung
der Antriebskraft ein ungewöhnliches Auslenkungsmuster aus konzentrischen Ringen
annimmt, die mit der Wölbung ihrer Grundmode überlagert sind. Eine solche kre-
isförmige Symmetrie kann nicht als Überlagerung einer geringen Anzahl angeregter lin-
earer Eigenmoden beschrieben werden. Außerdem schwingen verschiedene Teile der
Membran mit unterschiedlichen Vielfachen der Antriebsfrequenz, eine Beobachtung, die
wir als “Lokalisierung der Obertöne” bezeichnen. Wir stellen ein phänomenologisches
Modell vor, das auf der Kopplung zwischen effektiven nichtlinearen Resonatoren basiert,
um verschiedene Teile der Membran darzustellen, was gut mit den experimentellen
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Beobachtungen übereinstimmt.
Weiterhin untersuchen wir das Phänomen der “Persistent Response” in ultrastark

angetriebenen Membranresonatoren. Der Begriff “Persistent Response” bezeichnet die
Entwicklung eines Schwingungszustandes mit nahezu konstanter Amplitude über einen
sehr weiten Frequenzbereich (bis zu 50% der Antriebsfrequenz). Wir zeigen den zu-
grunde liegenden Mechanismus, indem wir den Schwingungszustand von Membranres-
onatoren direkt abbilden. Über die Lokalisierung von Obertönen hinaus bestimmen
bei noch größerer Anregung nichtlineare Wechselwirkung und subharmonisch getriebene
parametrische Resonanz zwischen verschiedenen Biegemoden und deren lokalisierten
Obertönen den persistent response. Unser Ergebnis ist wichtig für das Verständnis des
nichtlinearen Resonanzverhaltens, das in verschiedenen Bereichen der Physik auftritt,
sowie für die Entwicklung amplitudenstabiler mechanischer Resonatoren mit breitbandig
abstimmbarer Frequenz.
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1. Introduction

Nanomechanical membranes are extensively used in a variety of applications including,
among others, high frequency microwave communication devices such as Lamb wave
based Film Bulk Acoustic Resonators (FBAR) in the GHz range [1, 2], FBAR basic
structures with RF-MEMS switches [3], flexible substrate based FBAR [4] and even as
FBAR gas sensors [2]. Figure 1.1 shows the typical realizations of the FBARs, with a
membrane based resonator design. The symmetric fundamental Lamb wave (S0) mode
in an AlN thin film exhibits high acoustic phase velocity, low dispersive phase velocity
characteristic, and a moderate electro-mechanical coupling coefficient [5, 6].

Nanomechanical membranes are also applied in sensor application areas such as hu-
man motion detectors [7] and high sensitivity gas sensors [8, 9]. Pressure or absorption
of mass on the surface of the membrane can introduce a change or redistribution of
stress, consequently shifting the resonance peak of a specific vibration mode, as we
show on Fig. 1.2. The shifting of the peak or damping can be used to design nano-
/micro-sensors. Membranes of manifold materials such as silicon, siliconnitride, sili-
concarbide, mono-/multi-layers of graphene, and transition metal dichalcogenides (e.g.,
molybdenumdisulfide) have been recently studied regarding their nanomechanical prop-
erties [10–17]. Membranes inside an optical cavity allow a coherent coupling of optical
and mechanical degrees of freedom. This opens up fascinating possibilities for study-
ing the boundary between classical and quantum physics [18, 19], such as optical cavity
cooling [20], ultra precise mass spectrometry [21, 22], and many more. Different nanos-
tructures can be processed on membranes which can be patterned laterally by using dry
etching or focused ion beam techniques (e.g., for realizing phonon wave guides [23]).

Micro- and nanoscale mechanical resonators working in the nonlinear regime bear
rich potential to expand their dynamical performance and their application limits in
a broad range of areas, such as noise sensing [24], optical quantum metrology [25, 26],
nanoelectromechanical logic gates [27,28] and parametric oscillators [29,30]. Mechanical
resonators are realized by a variety of systems at different size scales, even as small as
single carbon nanotubes or patterned graphene sheets [13,31] up to top-down fabricated
microstructures. In the following sections we will introduce nanomechanical properties,
nonlinear dynamics and disspation effects in nanomechanical systems.

Nanomechanical systems

A typical nanomechanical resonator is one or two dimensional device. The size varies
from several nanometers to hundreds of microns. One dimensional structures are double-
clamped beams or string resonators or single-clamped pile resonators. Two dimensional
structures are mainly free-standing membrane resonators. In Fig. 1.3 (a), we show
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1. Introduction

Figure 1.1.: Recent research of FBAR. (a) Top view of Bulk Acoustic Wave
(BAW) resonator after release, the designed resonance area is 100 × 100 µm2.
Four through holes are distributed around the air-gap, which are used to release
the sacrificial layer [1]. (b) Admittance characteristic of the BAW resonator. The
parallel and series resonance frequencies of the resonator is at 1.506 GHz and
1.524 GHz [1]. (c) Schematic illustration of a FBAR gas sensor coated with
nanocomposite film of Single-walled Carbon NanoTubes (SWCNTs) embedded [2].
(d) Scanning Electron Microscope (SEM) image of Si-substrate back-side etched
by Potassium hydroxide (KOH) [2]. (e) An intended transfer misalignment to show
the free-standing membrane on air cavities [4]. (f) A zoom in look of the air cavity
framed in (e) [4]. (g) Schematic illustration of the final assembly of the flexible
substrate based FBAR [4].
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Figure 1.2.: An alkanedithiol cross-linked Au nanoparticle (GNP) membrane
resonator for gas sensing [9]. (a) Schematic of a GNP membrane drumhead res-
onator. (b) Amplitude spectrum of the GNP membrane resonator, measured under
20 mbar nitrogen pressure. The inset depicts the 3-D deflection of the fundamen-
tal mode. (c) Transduction mechanism of a GNP membrane resonator sensing
chemical vapors. The analyte in the GNP membrane reduces the pre-stress σ0

and hence causes a downshift of the fundamental vibrational resonance frequency
∆f0 of the membrane sensor.

a typical string resonator [32, 33] but with two vibrational degrees of freedom. The
dielectrical drive, tuning and readout for the resonator motion is designed. The in-plane
and out-of-plane vibration motion is demonstrated by the arrow shown in (a). The two
vibration modes are measured in Fig. 1.3 (c), two mechanical modes moving towards
with the increasing of DC voltage. the avoided crossing between the two modes can be
seen, initial state (I) and two possible final states after an adiabatic (A) or diabatic (D)
transition through the coupling region.

The pile resonators shown in Fig. 1.3 (d) demonstrate two orthogonal flexural modes
of single as-grown GaAs nanowires [34]. The vibration direction of two different modes
is marked by arrows. Typical resonance curves are measured by a pump-probe laser
technique. The two modes are sensitive to the force field, thus the nanowire can be
equipped with a magnetic head on the unclamped side to sense the magnetic filed, for
example [35].

Nanomembrane resonators belong the most common two dimensional nano-devices,
using the bending waves of the membrane. Here we show a soft-clamping patterned
SiN free-standing membrane with several mm lateral size in Fig. 1.3 (f), the simulated
displacement pattern of central area while resonating is enlarged and plotted in the
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1. Introduction

(a) (b) (c)

(d) (e)

(f) (g)

Figure 1.3.: Different nanomechanical systems. (a) A double-clamped string
resonator [33], two adjacent gold electrodes (yellow) used to dielectrically drive,
tune, and read out the resonator motion. The right-side gray box is the scheme of
the read-out microwave cavity. (b) SEM image showing a zoom of the clamping
point in (a). (c) The typical avoided crossing between two modes [33]. (d) Two
orthogonal flexural modes and their resonance curves of single as-grown GaAs
nanowires as a pile resonator [34]. (e) 3D image of a nanowire force sensor from
the Poggio Lab [35]. (f) A soft-clamping patterned SiN membrane with several
mm lateral size, the simulated displacement pattern of the central area is enlarged
and plotted in the right [36]. (g) Ring-down with continuous and stroboscopic
optical monitoring. The inset shows the Power Spectral Density (PSD) of the
continuous ring-down data [36].
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right [36]. The soft-clamping pattern is designed in particular areas only, as here the
etched drum-head most can be isolated by the etched holes. This concept reduce the
mechanical clamping lose and significantly enhances the Q factor of the resonator. Figure
1.3 (g) shows the ring-down measurements of the central drum measured by a pump-
probe laser technique. The life-time of the vibration can be as long as 16 min due to the
high Q factor. This method opens up the possibility of adding position and momentum
to the degrees of freedom that are amenable to measurement-based quantum control,
with potential applications in quantum information processing and gravitational-wave
detector [36].

The frequency and the Q

For a nanomechanical resonator, the fundamental behaviours are determined by the
resonance frequency f0 and the damping Q−1 (1/quality factor). Smaller dimensions
increase significantly the eigen-frequency f0, but reduce Q. Meanwhile, with the value,
the Q factor is also propositional to the stress. In Fig. 1.4, the rough relation of Q ∝ V 1/3

over a large size range is plotted. The Q factors of a typical carbon nanotube is as small
as 6 ∼ 300 [37] and the carbon nanomembrane can be higher than 400 [13]. Q factors
of different vibration modes of commercial high-Q silicon nitride membranes ranging
from 106 to 107 at low temperatures have been reported [38–40]. In the large size soft-
clamping patterned membrane, the Q can reach 109 [36]. The Q factor in our research
is around 104 depend on the size and the fabrication process of the SiN free-standing
membrane resonator [12,41–43].

The resonance frequency is sensitive to the environment temperature [15,43,45]. The
exploration of the temperature dependent mechanical properties of membranes is partic-
ularly important because it provides the possibility to control the mechanical properties
of nanomembrane devices. Liu et al. [15] found that time-dependent modulation of the
heating provided by laser irradiation, promotes rapid energy exchange between coupled
vibration modes, thereby tuning the mechanical mode frequencies by more than 12% by
optical heating. In this project we also managed to perform temperature dependent mea-
surements for the characterization of the nanomechanical properties of the resonators,
presented in the chapter 4.

Nonlinearity of nanomechanical systems

In many cases, for small amplitude vibration i.e. within linear regime, the nanomechani-
cal structure can be treated as an damped driven harmonic oscillator with effective mass
m and spring constant k. The damped driven harmonic oscillator equation describes the
time-dependent motion of the mass and read as follows:

ẍ+ 2Γẋ+ ω0
2x =

Fd
m
eiωdt, (1.1)

here the 2Γ = ω0/Q is the damping, ω0 =
√
k/m is the eigen-frequency of nanomechan-
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1. Introduction

Figure 1.4.: An overview of Q factors of nanomechanical systems in a large size
range. (a) SEM image of a high-Q SiN free-standing membranre [38]. (b) SEM
image of a high-stressed graphene sheet [31]. (c) The simulated deflection pattern
of an etched soft-clamping large size SiN membrane [36]. (d) The SEM image of a
free-standing carbon nanomembrane [13]. (e) Scaling of the Q with miniaturization
of the mechanical structures [44]. (f) The SEM image of the carbon nanotude [37].
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ical resonator and Fd, ωd correspond to the driving force and driving frequency. The
solution of the damped driven harmonic oscillator will be discussed in Chap. 4.

In nanomechanical resonators, the nonlinear regime is easy to access due to small sizes
and high quality factors. In this case, only a little power can drive the system with a
nonlinear response that differs from the Lorentzian. The most common way to discribe
the nonlinearity is given by the Duffing equation which expands Eq. (1.1) to a higher
order in x:

mẍ+m2Γẋ+ kx+ k3x
3 = 0 (1.2)

mẍ+m2Γẋ+ kx+ k3x
3 = F cos(ωt). (1.3)

Here k3 is the nonlinear coefficient and no driving is included in the system, k = mω0
2.

The cubic nonlinear term is required to ensure that the energy is bounded. A positive k3

will make the structure stiffer and results in maximum amplitudes at higher frequencies,
on the contrary, a negative k3 results in a softening nanomechanical system (maximum
amplitudes at lower frequencies) [46–48]. With a driving force included the Duffing
equitation can be written as Eq. 1.3.

Figure 1.5.: Nonlinear dissipation [44]. (a) Normalized response of Duffing equa-
tion without nonlinear damping (η = 0). Colors indicate different drive forces. (b)
Same as above but with nonlinear damping.

With stronger driving force, we may need to consider including also nonlinear damping
terms into the Duffing equation Eq. (1.3). In principle, the ẋ3, xẋ2, x2ẋ on the same
order as x3. The specific model of the van der Pol–Duffing equation is written as:

mẍ+m2Γẋ+mω0
2x+ k3x

3 + ηx2ẋ = F cos(ωt). (1.4)

also can be written as:

7



1. Introduction

mẍ+m(2Γ +
ηx2

m
)ẋ+mω0

2x+ k3x
3 = F cos(ωt). (1.5)

where η is the nonlinear damping coefficient. As explained in Ref. [47], the effect of
nonlinear damping can be observed in the stronger (than Duffing) drive regime where the
response bifurcates. For η = 0, the normalized response (amplitude divided by drive) is
independent of the drive as plotted in the Fig. 1.5 (a). For η > 0, the normalized response
drops with increasing drive force which signals the nonlinear damping, as depicted in Fig.
1.5 (b). In other words, if nonlinear damping is present, a displacement–force relation
will no longer be linear but falls off at higher drive forces. In addition, the ẋ3, xẋ2 and
x2ẋ conduct the same derived results [47]. Further details and re-scaling analysis of the
nonlinear equations of motion will be presented in Chap. 2.

Dynamics and energy dissipation of nanomechanical resonators

Among larger devices, quasi-two dimensional membrane resonators are interesting for
several reasons, e.g. they have resonant behavior in a broad range of frequencies (e.g.
from 100 kHz to several MHz) which make them attractive as broad-band transducers
for vibratory energy harvesting [49]. They are also important in hybrid engineered sys-
tems, since flexural modes can be easily coupled to other degrees of freedom such as
photons [50–53] and cold atoms in hybrid optomechanical architectures [54, 55]. Sus-
pended membrane resonators operating in the single-mode regime have been studied in
the weakly nonlinear limit and modeled as a Duffing resonator [46, 56] with a linear or
nonlinear damping [57]. Increasing the membrane deflection amplitudes enforces the non-
linearity, thereby giving rise to nonlinear coupling between eigenmodes [46,58,59]. So far,
experiments reported nonlinear interaction involving only two interacting modes [60–64],
and only when matching an internal resonant condition between eigen-frequencies [65].
The nonlinear internal resonance coupling has been studied by using a double-clamped
beam resonator with comb-drive electrodes for driving and detection [62]. It is composed
of three interconnected beams, of length l = 500µm, width w = 3µm, and thickness
t = 10µm. as shown in Fig. 1.6 (a). When the system is vibrating at fir in strong
nonlinear regime, the response of the higher mode at 3fir in the frequency spectrum
can be measured, i.e. the 1:3ω internal resonance coupling is given, as shown in the
lower panel of (a). The measured nonlinear curves of double-clamped beam resonator
with Vdc = 6 V and different values of Vac is plotted in Fig. 1.6 (b). The maximum
detuning frequency increases with driving for Vac < 20 mV, but for the higher driving
voltages the maximum detuning frequency remains constant at fir ∼ 67.92 kHz, because
of the coupling through an internal resonance. Based on the same double-clamped beam
nanomechanical resonator system, Fig. 1.6 (c) shows the frequency spectrum of the
ring-down process in the internal resonance coupling regime of a double-clamped beam
resonator [64]. The spectrum tracks the power on (regime I) and during (regime II and
III) ring-down process. In regime I, there are two sidebands symmetric to the main
steady-state frequency (64.9 kHz, IR) that indicate the energy exchange rate between
the main and higher frequency modes (a single-frequency response measured by spec-
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(a) (b)

(c) (d)

(e) (f)

Figure 1.6.: Internal resonance coupling in the nonlinear regime. (a) SEM of a
double-clamped beam resonator with comb-drive electrodes for driving and de-
tection. The lower panel shows the response of the higher mode at internal-
resonance frequency 3fir in the frequency spectrum when the system is vibrating in
fir [62]. (b) Measured nonlinear curves of the double-clamped beam resonator with
Vdc = 6 V and different values of Vac [62]. (c) Frequency spectrum of ring-down
process of nonlinearity in the internal resonance coupling regime of a double-
clamped beam resonator. The spectrum shows power on (regime I) and during
(regime II and III) the ring-down process. A single frequency spectrum is shown
in the left inset and the right inset shows the relation of detuning and coherent
time [64]. (d) The sample and measurement scheme of a free-standing graphene
nanomechanical resonator [63]. (e) The measured nonlinear curves of the graphene
resonator with different drive Vd and the maximum amplitude is shown in the up-
per panel [63]. (f) The ring-down curves of graphene resonators under different
drives [63].

9



1. Introduction

trum analyser is shown in the upper-left frame). During tcoherent (regime II), the main
frequency stays constant while the sidebands merge to the steady-state frequency. The
mechanism is explained in a further publication which we introduce below. Regime III
represents the normal exponential decay for a nonlinear Duffing oscillator. Right inset:
extracted detuning frequency vs corresponding tcoherent, showing a linear correlation.

For a graphene membrane resonator, similar internal resonance coupling has been
measured [63]. As shown in Fig. 1.6 (d), the bottom electrode performs the drive
and the graphene clamping Au electrode provides the DC gate voltage. By increasing
the driving voltage, the resonator will transit into a nonlinear coupling regime through
the internal resonance, verified by the cut-off maximum detuning frequency when Vd
exceeds a threshold as shown in Fig. 1.6 (e). In the internal resonance coupling regime,
the ring-down measurements are performed at different drive and different samples, two
or three stages of ring-down processes are observed. This indicates that the coupling of
the different higher modes through the internal resonance and the decay rate depends
on the coupling state. In the internal resonance coupling regime, the decay is fast and
the decay rate is determined by both the fundamental mode and higher coupling modes.
After the decoupling process, the ring-down trace follow the simple Duffing nonlinearity
with an exponential decay [63], as shown in Fig. 1.6 (f).

Sub-harmonic multiple frequency responses of membrane resonators are commonly
found in the frequency spectra of strongly driven membrane resonators [66, 67]. For
large deflection amplitudes displacement-induced changes of the mechanical properties
may enforce the nonlinearities and give rise to mode coupling [59,61] or to the appearance
of localized overtones [43]. This term denotes a deflection state in which different parts
of the membrane oscillate with different multiples of the driving frequency. However,
in the strongly nonlinear regime, membrane oscillators offer the possibility to explore
mode coupling mechanisms as well as energy transfer between modes [43, 46, 58, 63–65].
Independent of the exact realization these resonators reveal unusual dynamic behavior
such as persistent response, i.e. the development of a plateau in the resonance curves
that extends over a certain frequency range with almost constant or fluctuating ampli-
tude [60,63], as we will show in this thesis.
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2. The theory of interaction, nonlinear and
dissipation effects

2.1. Nanomechanic in nonlinear regime

2.1.1. Duffing

Duffing model is commonly used to describe the nonlinear effects in nanomechanical
membrane resonators. Its equation of motion is:

q̈(t) + ω2
0q(t) + 2Γq̇(t) + γq3(t) = Fd cos (ωdt) (2.1)

where ω0 is the eigen-frequency of the system, Γ is the damping, γ is the self-nonlinearity
and Fd is the external force.

There are several ways to solve this equation. Here, we use the rotating wave approx-
imation (RWA) method, which is widely applied in the non-linear dynamics.

Since the system is under external drive, we can assume that the displacement q is
dominated by the same frequency. It is convenient to work in the rotating reference
frame by applying the following canonical transformation

q(t) =

√
2ωdΓ

3γ
[u(t)eiωdt + u∗(t)e−iωdt]

q̇(t) = iωd

√
2ωdΓ

3γ
[u(t)eiωdt − u∗(t)e−iωdt]

(2.2)

where u(t) is the scaled complex vibration amplitude in the rotating frame. In order
for (2.2) to be self-consistent, the following condition u̇(t)eiωdt + u̇∗(t)e−iωdt = 0 also
has to be satisfied. We notice that when substituting (2.2) into (2.1), the cubic term
will produce higher harmonics (i.e., ei2ωdt, ei3ωdt). In RWA, we only keep the lowest
frequency term eiωdt and discards the higher order harmonics as they are normally at
smaller order of magnitude. Therefore, the equation of motion (2.1) becomes

u̇(τ) = −
(

1 + iΩ− i|u(τ)|2
)
u(τ)− iβ, (2.3)

with scaled parameters τ = Γt,Ω = ωd−ω0
Γ , and β =

√
3γF 2

32ω3Γ3 . For steady state, we

11



2. The theory of interaction, nonlinear and dissipation effects

require that u̇ = 0, and the stationary amplitude u(t) immediately follows

u =
−iβ

1 + iΩ− i|u|2
, (2.4)

or equivalently

|u|2(1 + (Ω− |u|2)2) = β2, (2.5)

β
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Figure 2.1.: (a) Frequency response with increasing effective drive β illustrating
the gradual change in the lineshape, where β = 0.1, 0.5, 1.0, 1.5, 2.0 and 2.5
from bottom to top, respectively.(b) Stability analysis of the Duffing model with
β = 2.0. The unstable region (gray area) represents the collection of all the possible
unstable solutions. The solid (dash) lines represent the stable (unstable) solutions.
The bi-stable region (light-blue area) is enclosed by the two vertical dashd lines,
where different colors are used to denote different solutions. The arrows represent
different jump behaviors while sweeping the frequency along different directions.

From the above equation, we can see that the stationary amplitude |u|2 satisfies a
cubic polynomial equation. Its solution not only relies on the effective drive β, but also
on the detuning δΩ. In addition, it has three real roots only when the parameters β and
ω satisfy the following conditions

2

27
[Ω(Ω2 + 9)− (Ω2 − 3)

2
3 ] ≤ β ≤ 2

27
[Ω(Ω2 + 9) + (Ω2 − 3)

2
3 ] (2.6)

This can be easily checked using the cubic determinant. Otherwise, it will only have one
real solution.

Figure 2.1 (a) plots the frequency response of the stationary amplitudes. When the
effective drive β is small, the frequency response has a Lorentzian lineshape. As the
drive is enhanced, the frequency response curve starts to bend over and breaks the
symmetry between positive and negative detuning. When the β is large enough, all the
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2.2. Nonlinear interactions

Ω satisfying (2.6) will form a bistable region. In this region, there are three solutions
which are labeled in different colors.

When there are multiple solutions in a dynamic system, it is always desirable to look
at their stability. This is done by linearizing the system around their stationary solutions
and look at the eigenvalues of the system which dominates their stability. Specifically,
we denote the deviation from the stationary solution ū by δu = u− ū. Using (2.3) and
keeping the expansion up to first order (i.e., δu and δu∗), we can see that δu satisfies
the following equations of motion,[

δu̇
δu̇∗

]
=

[
−(1 + iΩ− 2i|ū|2) iū2

−iū∗2 −(1− iΩ + 2i|ū|2)

] [
δu
δu∗

]
. (2.7)

This is a set of linear differential equations Ẋ = AX, and their solutions are superpo-
sition of the exponential functions eλit, where λi are the eigenvalues from the coefficient
matrix A. If one of the eigenvalues has a positive real part, then the solution will grow
unbounded as time increases, and therefore is an unstable solution. The eigenvalues for
(2.7) are

λ1,2 = −1±
√
|ū|4 − (Ω− 2|ū|2)2 (2.8)

and an unstable solution is evident if
√
|ū|4 − (Ω− 2|ū|2)2 > 1, which leads to

2

3
Ω−

√
Ω2 − 3

3
≤ |u|2 ≤ 2

3
Ω +

√
Ω2 − 3

3
(2.9)

In Fig. 2.1 (b), we plot the unstable region enclosed by Eq. (2.9). Any stationary
solution that fall into this region are unstable, and we can clearly see that the intermedi-
ate solution (green dashed lines) in the bi-stable region is unstable. In experiment, this
leads to a particular jump phenomenon as depicted by the arrows in figure 1b: during
an upsweep, the system will stay at the highest amplitude state until it reaches the high
frequency boundary of the bistable region and then suddenly falls down, indicated by
the blue down arrows. During a downsweep, the system stays at the low amplitude state
and suddenly jumps to another states when passing the low frequency boundary of the
bistable region, indicated by the orange uparrows.

2.2. Nonlinear interactions

2.2.1. Spatial modulation

Spatial modulation model

In this section we analyze a novel, nonlinear vibrational state of a membrane resonator,
achieved under strong drive. We observe the appearance of spatially modulated over-
tones. Upon increasing the driving strength, the membrane adopts a characteristic
ring-shaped deflection pattern in which different parts of the membrane vibrate at dif-
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2. The theory of interaction, nonlinear and dissipation effects

ferent sub-harmonically excited multiples of the driving frequency. Such a ring-shaped
pattern is distinctly different from the waveform and the symmetry of the flexural eigen-
modes of the rectangular membrane. In other words, this regular pattern can only be
reconstructed by using a superposition of a multitude of eigenmodes of the membrane.
Moreover, the presence of sub-harmonically excited tones points out that the system
is in a strongly nonlinear vibrational regime. Part of this phenomenon was reported
before [68], but remained unexplained. Here we analyze it in detail and present a phe-
nomenological model that captures the main features and semi-quantitatively describes
the experimental findings. The starting point of this model is that, under driving, the
deflection profile of the membrane is well described by

u(r, t) '
∑
n≥1

qn(t)hn (r) ei2nπfdt + c.c. , (2.10)

where r is the radial coordinate of the 2D membrane, hn(r) are arbitrary spatial profile
functions, and the amplitudes of vibration are qn(t), respectively. The amplitudes qn(t)
play the role of effective resonators with different eigen-frequencies fn and having sizeable
amplitudes at different positions on the membrane, described by the functions hn(r), i.e.
the localized overtones. We assume a nonlinear interaction V =

∑
n≥2 λnq

n
1 qn between

a mode q1 with eigen-frequency f1 and its overtones. This model is referred to as 1 : n
nonlinear coupling model. The theoretical description of the observed complex spatial
deflection profiles is a challenging task. A priori, one must go back to the governing
elastic equation of the system for the membrane profile u (~r, t) and exploit, e.g., numerical
simulations based on the decomposition of finite elements. However, we observed that
for certain driving frequencies and excitations the membrane is vibrating at different
frequencies in distinct spatial sectors. Our aim is to develop an analytical model for
this situation. To do so we employ a distributed model, assuming that the membrane
is composed by an inner disc coupled to outer rings, see Fig. 2.2. In that case the
membrane profile is described by Eq. (2.10) of the main text. A similar approach was
used in silicon ring resonators [69]. The inner disc and the outer rings play the role
of effective tones. We assume that these tones are nonlinearly coupled such that the
motion of the low frequency tone, the outermost ring u1, actuates the higher frequency
tones, i.e. the inner rings and the central disc, n ≥ 2.

The starting model is given by the nonlinear interaction between the fundamental
mode n = 1, with angular eigen-frequency ω1 ∼ ωd, and other tones ωn = nω1. The
dynamical equations read

q̈1(t) = −ω2
1q1(t)− 2Γ1q̇1(t)− γq3

1(t) + Fd cos (ωdt)

−
∑
n≥2

nλn q
n−1
1 qn , (2.11)

q̈n(t) = −ω2
nqn(t)− 2Γnq̇n(t)− λn qn1 (n ≥ 2) , (2.12)
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2.2. Nonlinear interactions

Figure 2.2.: Spatial modulation model. (a) The deflection profile for the (1,1)
mode of the membrane has circular symmetry with eigen-frequency f(1,1). The
corresponding deflection pattern schematically depicted in the Chap. 5 Fig. 5.3
shows a single drum head shape. (b) In the spatial modulation regime, upon
increasing detuning, the membrane starts to vibrate at the center with frequency
2fd, whereas the outer ring vibrates at frequency fd. The corresponding profile is
sketched as Fig. 5.3 in Chap. 5. (c) Phenomenological model of the membrane in
the spatial modulation regime. The outer ring is assumed as a resonator of eigen-
frequency f1 = f(1,1) and amplitude q1 and the inner disc is assumed as a resonator
of frequency 2f1 and amplitude q2. The two resonators are nonlinearly coupled
with potential Vint = 1

2λq
2
1q2. (d) Stroboscopic image recorded at fd = f3 (see

Fig. 5.3 of the Chap. 5). The central part vibrates at different frequency than the
ring which vibrates at f(1,1) and thus the phase of the drum head motion cannot
be locked with the value of the ring. Therefore only the deflection amplitude of
the outer ring is imaged correctly, while the central part appears blurred.
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2. The theory of interaction, nonlinear and dissipation effects

in which we have neglected the self nonlinearity of the higher tones since we expect that
they have a lower deflection amplitude as their motion is activated by the weak nonlinear
interaction with the fundamental mode given by the potential V =

∑
n≥2 λnq

n
1 qn. Using

the canonical transformations

un(t) = e−i n ωdt [qn(t)− iq̇n(t)/(nωd)] /2 , (2.13)

u∗n(t) = ei n ωdt [qn(t) + iq̇n(t)/(nωd)] /2 , (2.14)

and applying the rotating wave approximation (RWA), we arrive at the following equa-
tions

u̇1(t) =−
(

Γ1 + iδω − i 3γ

2ωd
|u1(t)|2

)
u1(t)− iF

4ωd

+
∑
n≥2

inλn
2ωd

un(t) (u∗1(t))n−1 , (2.15)

u̇n(t) =− (Γn + inδω)un(t) +
iλn

2nωd
un1 (t) (n ≥ 2) . (2.16)

with δω = ωd − ωn. The variables un describe the vibration amplitudes in the rotating
frame at the driving frequency ωd. Hence in the steady state, u̇n(t) = 0, we obtain the
stationary solution ūn given by the equations

0=

[
Γ1 + iδω − i 3γ

2ωd
|ū1|2

]
ū1 +

iF

4ωd
−
∑
n≥2

inλn
2ωd

ūn (ū∗1)n−1, (2.17)

and

0 = (Γn + inδω) ūn −
iλn

2nωd
ūn1 (n ≥ 2) . (2.18)

We use now the following scaling for the amplitudes

ūn =

√
2ωdΓ1

3γ
zn (2.19)

and set the scaled parameters as the scaled detuning Ω = δω/Γ1, the scaled damping
κn = Γn/Γ1, and

β = F

√
3γ

32ω3
dΓ

3
1

, gn =
λ2
n

4ω2
dΓ

2
1

(
2ωdΓ1

3γ

)n−1

(2.20)

with β the scaled force provided by the external drive. From the Eqs. (2.15) one can
obtain a closed equation for the amplitude of the mode ūn=1. The equation for the
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2.2. Nonlinear interactions

stationary amplitude z1 reads

0 =

1 + iΩ− i|z1|2 +
∑
n≥2

gn|z1|2(n−1)

κn + inδω

 z1 + iβ , (2.21)

whereas the scaled vibration amplitudes for n ≥ 2 are

|zn|2 =

(
gn/n

2
)

κ2
n + n2Ω2

|z1|2n . (2.22)

Based on the previous coupling model, we explicitly solve the special case involving
only two tones. In this case, ω1 and ω2 are the angular eigen-frequencies of the ring
and the center, respectively, and λ12 = λ is the coupling strength. This simplification
leads to Eq. (3) and Eq. (4) in the main text which are examples of the internal coupling
resonance of the type 1 : n involving only two modes n = 1 and n = 2 (with potential
energy Vn = λnq

n
1 q2 and ωn ≈ nω1). This coupling scheme has received great attention

- in particular for the case 1:3 - in experiments reported in Refs. [62–64] and in the
theoretical studies Refs. [65, 70]. In the 1:2 case, Eq. (2.21) reads:[

1 + iΩ−
(
i− g2

κ2 + i2δω

)
|z1|2

]
z1 = −iβ , (2.23)

which shows that the case n = 2 is special, since we obtain an equation similar to the
Duffing model. The amplitude square of the second tone is given by

|z2|2 =
(g2/4)

κ2
2 + 4Ω2

|z1|4 . (2.24)

In the spatial modulation regime with one inner drum head mode and one outer ring,
the membrane vibration is described by

h (~r, t) ≈ h1(~r) ū1e
iωdt + h2(~r) ū2e

2iωdt + c.c. , (2.25)

with h1(~r) the profile function of the ring and h2(~r)) the profile function of the center,
the latter similar to the profile of the (1, 1) mode. On the other hand, the experimentally
measured quantity by IWLI represents an average over the membrane, namely

A2
exp ∝

1

T

∫ T

0
dt

∫∫ Le
2

−Le
2

dxdy |h (~r, t)|2 (2.26)

with T = 2π/ωd, ~r ≡ (x, y) and Le the size of the observed square on the membrane.
Since neither the two shape functions h1(~r) and h2(~r), nor the phase difference between
the two parts moving at ωd and 2ωd can be measured, we introduce two weight factors to
fit the phenomenological model to the experimental data. To do so we use the following
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2. The theory of interaction, nonlinear and dissipation effects

simple ansatz
Ā ∝ (a |z1|+ b |z2|) . (2.27)

Note that in the single mode regime h (~r, t) ≈ h1(~r) ū1e
iωdt+c.c., the proportional scaling

Ā ∝ |z1| indeed holds.
The numerical simulation by applying the spatial modulation mode and comparison with
the experimental data is present and discussed in the chapter 5.

Projection of the ring-shape on the linear modes

Figure 2.3.: Example of the expansion of a ring shape on the normal eigenmodes
of a square membrane. The coefficients are scaled as Cn,m/(4πL

2) and using the
simple δ−function approximation for the ring shape (see text). For the parameter
ρR = 0.25 (the central position of the ring scale with with L/2) the coefficients
with m = 1 (a) and with m = 3 (b) are shown as varying n. For the parameter
ρR = 0.2 (the central position of the ring scale with with L/2) the coefficients with
m = 1 (c) and with m = 3 (d) are shown as varying n.

To simplify the notation and the discussion, we approximate the membrane to a square
of size L (the exact rectangular shape does not change the analysis). Hence, we assume
the orthonormal eigenmodes to be

Ψn,m(x, y) =
2

L
sin

[
πn

(
x

L
− 1

2

)]
sin

[
πm

(
y

L
− 1

2

)]
, (2.28)

with the range (x, y) ∈ [−L/2, L/2]. An arbitrary space function h(x, y) can be expressed
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2.2. Nonlinear interactions

as the linear combination of the eigenmodes

h(x, y) =
∑
n,m

Cn,m Ψn,m(x, y) , (2.29)

with linear coefficients

Cn,m =

∫
dS h(x, y) Ψn,m(x, y) . (2.30)

The function h(x, y) describes a ring. Therefore h(x, y) has the symmetry h(x, y) =
h(−x, y) = h(x,−y) = h(−x,−y). As a consequence, the only non-vanishing coefficients
are for n and m both odd which are symmetric functions with respect to the axes x and
y.

To simplify the calculations, we assume that the ring h(x, y) has a compact support
(i.e., it vanishes at the boundaries and the ring is well inside the square), such that
we can approximate the integral using circular coordinates. We obtain for the absolute
values of the scaled coefficients the following formula∣∣∣∣Cn,m2L2

∣∣∣∣ =

∫ 2π

0
dθ

∫ ρR+∆ρ/2

ρR−∆ρ/2
dρ ρ χ(ρ) cos (πnρ cos θ) cos (πmρ sin θ)

for n,m odd , (2.31)

where we set the dimensionless function χ(x, y) = h(x, y)/L. Here the parameters ρR
and ∆ρ are, respectively, the central value and the width of the ring, scaled with L/2.
The integration can be done analytically, and one obtains the Bessel function∣∣∣∣Cn,m4πL2

∣∣∣∣ =

∫ ρR+∆ρ/2

ρR−∆ρ/2
dρ ρ χ(ρ)J0(πnρ)J0(πmρ)

+ 2
∞∑
k=1

(−1)k
∫ ρR+∆ρ/2

ρR−∆ρ/2
dρ ρ χ(ρ)J2k(πnρ)J2k(πmρ) . (2.32)

In the simplest case we can assume the shape function to be a constant χ(c)(ρ) = 1/(∆ρ)
and one obtains ∣∣∣∣∣C(∆ρ)

n,m

4πL2

∣∣∣∣∣ =
1

∆ρ

∫ ρR+∆ρ/2

ρR−∆ρ/2
dρ ρ J0(πnρ)J0(πmρ)

+
2

∆ρ

∞∑
k=1

(−1)k
∫ ρR+∆ρ/2

ρR−∆ρ/2
dρ ρ J2k(πnρ)J2k(πmρ) . (2.33)
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2. The theory of interaction, nonlinear and dissipation effects

In the limit of ∆ρ→ 0, χ(c) becomes a δ−function and we have∣∣∣∣∣C(δ)
n,m

4πL2

∣∣∣∣∣ ' ρR
∆ρ

[
J0(πnρR)J0(πmρR)+

+2
∞∑
k=1

(−1)kJ2k(πnρR)J2k(πmρR)

]
. (2.34)

Examples are shown in Fig. 2.3. Generally, the main result is that the coefficients Cn,m
decay very slowly by increasing the number n and/or m. In other words, many modes
are needed to reconstruct a ring shape.

2.3. Thermoelasticity effects

2.3.1. Squeezing and sideband

To study the thermal noise effect, we need to add a thermal noise term ξ(t) in (2.1)

q̈(t) + ω2
0q(t) + 2Γq̇(t) + γq3(t) = Fd cos (ωdt) + ξ(t), (2.35)

and the thermal noise is assumed to be white noise satisfying 〈ξ(t)〉 = 0 and 〈ξ(t)ξ(t
′)〉 =

αδ(t− t′) where α denotes the fluctuation intensity of the thermal noise and 〈〉 denotes
averaging over time. Following RWA and the transformation (2.2), the equation of
motion in the rotating reference frame becomes

u̇(τ) = −
(

1 + iΩ− i|u(τ)|2
)
u(τ)− iβ − iξw(t), (2.36)

where ξw(t) =
√

3γ
8ω3Γ3 ξ(t)e

−iωdt

Since the thermal noise is weak, we can think of it as a perturbation against the
stationary state in (2.3) and follow the previous linearization approach from stability
analysis. The fluctuation around the steady state is governed by

δu̇ = −(1 + iΩ− 2i|ū|2)δu+ iū2δu∗ − iξw(t) (2.37)

In fact, the fluctuation around the steady state is still governed by the eigenvalues
we found from the stability analysis in (2.9). An intuitive understanding is that a ”one
time” perturbation from the steady state will leads to an damped oscillation determined
by the system’s eigen-frequency. The thermal noise acts as a constant source of such
perturbation (but with random amplitude) that will sustain this oscillation over a long
period. Therefore, one should expect additional oscillation frequencies in addition to
the drive frequency, even though it would be extremely small as it is due to thermal
fluctuation.

A more rigorous approach can be achieved by power spectral analysis of the vibration,
following the analysis in Ref. [71]. The frequency spectrum under periodic drive is
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2.3. Thermoelasticity effects

defined as

Q(ω) =
1

π
Re

∫ +∞

0
dteiωtQ(t),

Q(t) =
ωd
2π

∫ 2π/ωd

0
dt′[〈q(t+ t′)q(t)〉 − 〈q(t+ t′)〉〈q(t)〉].

(2.38)

Again, using (2.2), the frequency spectrum is given in terms of the perturbation vi-
bration amplitude δu

Q(ω) =
2ωdΓ

3πγ
Re

∫ +∞

0
dtei(ω−ωd)t〈δu∗(t)δu(0)〉, (2.39)

It is straight forward to solve eq.(2.36) and calculate its frequency spectrum from eq.
(2.38). Here, we briefly outline the procedure of the calculation. First, we rewrite (2.36)
into the following forms for simplicity

δu̇ = Aδu+Bδu∗ − iξw
δu̇∗ = B∗δu+A∗δu∗ + iξ∗w,

(2.40)

and their corresponding eigenvalues are denoted by λ. For a given stationary state, there
will always be a pair of λ and it is distinguished by the subscript. We use the following
transformation v = B∗δu− (A− λ)δu∗. The new variables v now satisfy a simple linear
differential equation

dv

dt
= λv + g(λ), where g(λ) = −i[B∗ξw + (A− λ)ξ∗w], (2.41)

and its solution is

v(t) = eλtv(0) +

∫ t

0
dτeλ(t−τ)g(λ). (2.42)

Now we can rewrite the quantity δu∗(t1)δu(t2) as

δu∗(t1)δu(t2) =
1

B∗
1

(λ1 − λ2)2
[(A− λ2)v1(t1)v1(t2)− (A− λ1)v1(t1)v2(t2)

−(A− λ2)v2(t1)v1(t2) + (A− λ1)v2(t1)v2(t2)].

(2.43)

and the averaging effect is

〈vi(t1)vj(t2)〉 = eλit1+λjt2 [〈v2(0)〉+
4αΓB∗(λi + λj − 2A)

λi + λj
[1− e−(λ1+λ2)t2 ]

Since we are considering fluctuations around a steady state, the time zero in Eq.(2.38)
can be considered as the starting point after a very long time (i.e., t2 → +∞), and we
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2. The theory of interaction, nonlinear and dissipation effects

can ignore the initial condition δv(0). The averaged effect simplifies to

〈vi(t1)vj(t2)〉 = −4αΓB∗(λi + λj − 2A)

λi + λj
e−λi(t1−t2). (2.44)

Noticing that ∫ +∞

0
dtei(ωw−ωd)t+λit =

1

λi + i(ω − ωd)
(2.45)

is converging due to the negative real part of λ, we can substitute (2.43) to (2.45) into
(2.38) and arrive at the following frequency spectrum after some long algebra

Q(ω) =
ΓkBT

2πω2
d

(ω − ωd + 2Γ|ū|2 − ΓΩ)2 + Γ2(1 + |ū|4)

[(ω − ωd)2 − Γ2|λ|2] + 4Γ2(ω − ωd)2
. (2.46)

From here, one can see additional power density at the two side-bands around the drive
frequency. The distance from the drive frequency is determined by the the eigen-energy
λj of (2.9), when the power density reaches its local maximum.

Particularly, when the Re(λ) � Im(λ) and Ω = 0, the side band energy lies at
δω = Im(λ) =

√
3|ū|2. If the effective drive β � 1 or β � 1, then we can have an

approximate solution |ū| ≈ β
1
3 . In the experiment, the applied force is proportional to

an applied voltage V , and therefore the square root of its input power P
1
2 . In these

cases, we can recover the simple scaling between the side band energy position and the
input power

δω ∝ P
1
3 . (2.47)
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3. The fabrication and characterization
method

In this chapter we introduce our sample fabrication process, optical interferometry setup:
Imaging White Light Interferometry (IWLI) and laser Michelson Interferometry (MI) as
well as the sample stage. Also introduce our characterization method: Vibrometry In
Continuous Light (VICL) method, Auto-Phase Shifting in Stroboscopic light (APSStro)
method and Time domain frequency spectrum ring-down method. With the help of
the setup and measurement method, we discussed the basic mechanical properties of
the SiN membrane resonator and the response of the piezo, measurement laser power
heating effects.

3.1. Sample fabrication

The membranes are fabricated using wet etching in aqueous potassium hydroxide (KOH).
A 0.5 mm thick commercial (100) silicon wafer which both sides are coated with a layer of
silicon nitride is applied. Silicon nitride layers with different thickness can be applied on
silicon wafers. The cross section of a free-standing silicon nitride membrane supported
by a silicon substrate is presented in Fig. 3.2 (b).

The silicon nitride (SiN) membranes are fabricated from a 0.5 mm thick commercial
(100) silicon wafer, both sides of which are coated with ∼ 500 nm thick low pressure
chemical vapor deposition (LPCVD) SiN. The membrane is fabricated on the front layer,
and the backside layer serves as an etch mask. Laser ablation is used to open the etch
mask with a typical size of 1 × 1 mm2. Using anisotropic etching in aqueous potassium
hydroxide (KOH), a hole is etched through the openings of the mask. After about twenty
hours the KOH solution reaches the topside layer and a membrane is formed, supported
by a massive silicon frame. The top view and the bottom view of the free-standing
SiN membrane is captured by optical microscope and present in Fig. 3.1 (a) and (b).
The cross section of a free-standing SiN membrane supported by the silicon substrate
is pointed out in Fig. 3.2 (a) and (b). In our work, different sized SiN membranes are
fabricated, e.g. ∼ 500 nm thick, ∼ 200 × 200 µm2, 300 × 300 µm2 and 400 × 400 µm2

lateral sizes. The chip carrying the membrane is glued using 2-component adhesive to a
piezo ring with 20 mm diameter and 5 mm thickness.

The membrane is fabricated on the front layer, and the backside layer serves as an
etching mask. Laser ablation is used to open the etching mask with a typical size of 1
× 1 mm2. Membranes with different sizes can be obtained by controlling the size of the
opened etching masks. Using anisotropic etching in KOH, a hole is etched through the
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3. The fabrication and characterization method

openings of the mask. After about twenty hours the KOH solution reaches the topside
layer and a membrane is formed, supported by a massive silicon frame. The upside down
microscopic images of well-etched SiN membrane focusing on the membrane and on the
bottom frame are showing in Fig. 3.1 (a) and (b).

Figure 3.1.: Microscopic image of backside etched samples. (a) The upside down
microscopic image of SiN membrane, focusing on the membrane backside surface.
(b) The upside down microscopic image of SiN membrane, focusing on the mem-
brane backside Si frame. (c) The top surface of SiN membrane. (d) A microscopic
image of a Si membrane fabricated by the same backside etching method.
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3.2. Characterization method

3.2.1. Measurement setups

Imaging White Light Interferometry (IWLI)

The sample is placed in a vacuum chamber held at room temperature, the chamber
can be placed on top of a temperature controllable hot pleat for temperature dependent
measurements, the chamber connected to a pressure controller, see Fig. 3.2(b) and Fig.
A.1 in Appendix, to ensure full control over the pressure of the surrounding atmosphere
in a pressure range from p = 0.001 mbar to atmospheric pressure for the measurement
system of IWLI. In our SiN membrane cases, when the pressure pumped down to 10−2

mbar, the damping is dominated by intrinsic damping mechanisms of the membrane an
its clamping, and losses due to coupling to the atmosphere are negligible [45]. After
installing and pumping the sample, the system is allowed to achieve thermal equilib-
rium. The temperature is monitored by a thermometer attached to the sample holder
in close vicinity to the substrate. The surface of the membrane is observed by an imag-
ing interferometer using different light sources, described in detail in Ref. [72]. The
excitation voltage is applied using a sinusoidal function generator the phase of which
can be locked to the stroboscopic light of the imaging white light interferometer. The
observed interference pattern represents the surface profile of the sample as exemplified
in Fig. 3.2 (d). The interference fringes can be used to quantitatively measure the vi-
brational amplitude and their spatial distribution. From the recorded data an averaged
amplitude over a pre-selected area can be determined. Figure 3.3 (a) shows an example
for the membrane shown in Fig. 3.2 panel (d), integrated over the entire membrane,
when excited with Vexc= 35 mV, i.e. in the Duffing regime for a frequency range around
the eigen-frequency of the (2,2) mode and under continuous illumination. Figure 3.3 (b)
shows the corresponding deflection pattern, recorded by stroboscopic illumination. It
contains also the vibrational phase information but is limited to the specific driving fre-
quency with a locked phase [12]. In this work, we utilized continuous light for recording
the resonance curves, stroboscopic light was utilized to measure the deflection patterns
such as the image shown in Fig. 3.3 (b).

Michelson Interferometry (MI)

A Michelson interferometer is utilized to measure the sweep-up and ring-down processes
at a certain point on the membrane area as well as the resonance curves and amplitudes
in steady state for a given excitation at particular positions on the membrane. The
sketch of the Michelson interferometer in AGScheer is plotted in Fig. 3.4. The sample
mounting on the piezo ring is the same as for the IWLI, and the sample is also placed in
a vacuum chamber at room temperature with base pressure 10−5 mbar. However, the
instrument is located in another lab with slightly different temperature. After installing
and vacuum pumping the system is allowed to thermalize for several hours, usually over
night. A HeNe laser (λ = 633 nm, the laser source and interferometer in AGWeig group)
is focused on a spot (d ≈ 2 µm) on the free-standing membrane which is positioned
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Figure 3.2.: Sketch of the Mirau interferometer and the sample holders in our lab
[41]. (a) The sample stage of pressure difference membrane measurement, specific
for bending membrane resonators; (b) The sample stage of the vacuum chamber
design for flat membrane resonators and pressure dependent VICL measurements;
(c) Sketch of the Mirau interferometer [73, 74]; Below the microscope objective
(simplified here by a single lens sketched) is a beam splitter, which directs a portion
of the incident light to a reference mirror. The reference beam, together with
the light reflected at the sample surface, enters the objective and is imaged onto
the chip of a CCD camera. This creates an interference image as shown in (d).
Alternatively, the interference fringes can be thought of as Newtonian rings arising
between the sample surface and the mirror image of the reference mirror symmetric
to the beam splitter; (d) Camera view captured vibrational motion of (1,2) mode
(≈ 1.66 MHz) of a 92 nm thickness, ∼ 400 µm lateral-sized SiN membrane by using
continuous illumination, VICL method. The blurred interference fringes represent
the large amplitude response. The green frame reveal the membrane/substrate
boundary. More detials can be found in ref [72].
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3.2. Characterization method

Figure 3.3.: Example of measurement results of IWLI. (a) Examples of Duffing
nonlinear resonance curves recorded using IWLI around the fundamental frequency
of (2,2) mode of the membrane using continuous light. Averaged amplitude inte-
grated over the whole membrane area. The arrow indicates the frequency at which
panel (b) is captured. (b) 3D color coded image of the deflection pattern recorded
at the frequency marked in panel (a).

using an xyz piezo-positioning stage. The laser power in the MI amounts to 0.1 mW,
small enough to avoid thermally induced nonlinear phenomena in the membrane due
to the absorption. The laser power heating effects are characterized by the MI, linear
resonance curves are measured under different laser power. The slight frequency shift
can be seen from the Fig. 3.5. When the laser power strong enough, the eigen-frequency
shifts are saturated due to the laser heating transport continuously. The vibrations
of the membrane modulate the reflected light, which interferes with a phase reference
(stabilized with a control bandwidth of 48 kHz). The detected power of the interference
signal is proportional to the amplitude squared for deflections much smaller than the
optical wavelength. For strong excitation voltages (' 1 V), this limit is hard to obey. At
most positions the deflection amplitude is then much larger than a quarter of the laser
wavelength used in the MI. To avoid ambiguities in the data interpretation we focus the
laser on a point close to one edge of the membrane, where the amplitude remains well
within one fringe of the MI signal. Examples of nonlinear response curves are shown in
Fig. 3.6 and logarithmic (panel (a)) and linear (panel (b)) scaling.

For the new MI assembled in the frame work of this thesis project, laser source is
chosen to be infrared laser (NIR, λ = 1550 nm). The power capability is from 12 mW
to 40 mW, in the experiment, we perform a 12 mW output.

3.2.2. Vibrometry In Continuous Light (VICL) method

In this section, we introduce the principle and examples of the Vibrometry In Continuous
Light (VICL) method, based on the setup of Fogalenanotech Photomap 3D White Light
Interferometer (IWLI). In the investigation of MEMS nano-membrane resonators, the
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Figure 3.4.: The sketch of Michelson interferometer in our lab. An ultra low
noise 1550 nm wavelength laser is used. A piezo glued to a mirror connected
to the PID controller of a Zurich Instrument lock-in is utilized as a feedback to
eliminate the system vibrational noise, the longer the reference arm the better
the noise canceling effects. The camera can be used to locate the sample and can
help focusing. In a cylindrical vacuum chamber, a NIR 100X objective is used for
the laser focusing and the substrate of the membrane resonator is glued to the
piezo and fixed to a 3D nano-positioners which allow us to have a full dimensional
control and the optical focus access. The signal detected by the photo-diode can
be recorded and analyzed by the oscilloscope and the lock-in.

out-of-plane vibrational mode is the major research object due to the one dimensional
vibration degree of freedom in free-standing nano-membrane resonators. In this project,
we mainly use the out of plane vibrometry in continuous light, also called mean mode
vibrometry. The main purpose is measuring the amplitude response as a function of the
driving frequency while the sample is linked to the vibrating signal or to an external
vibration source such as the piezo in our work for generating the vibrational motion.
The stroboscopic mode is disabled while applying the VICL option.

This measure is based on the evaluation of the fringe contrast formed by the working
principle of the Mirau interferometer as shown in Fig. 3.2 (c). A weak contrast, which
means that the fringes are blurred, indicates that the sample is vibrating as shown in
Fig. 3.2 (d). The amplitude of the movement can then be calculated using the contrast
of the fringes [72, 75]. Several VICL measure modes can be chosen, the monochromatic
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3.2. Characterization method

Figure 3.5.: Examples of resonance curves recorded using MI at the center of the
membrane, in the linear regime. From panel (a) to (f), different laser power was
applied. The power strengths are marked in the upper right corner of each panel,
the excitation is kept the same value. The linear resonance curves are fitted by
a lorentzian function, plotted as red solid curves. (g) The fitted eigen-frequency
values and the error bars are plotted.

Figure 3.6.: Examples of resonance curves recorded using MI at a point close
to one edge of the membrane, in the Duffing regime. Both panels show the same
data, panel (a) in logarithmic and panel (b) in linear scaling.
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light source (red LED) is applied in the case of FFT 2D real time or phase shift measure-
ments. A large wavelength band source (white LED) is applied in the case of white light
interferometry. The fringes can be adjusted by tuning the distance between the beam
splitter and the surface (by simply turning the ring on the objective) when the sample
is focused already. We turn the ring until the fringes are clearly visible on the surface.
A larger number of fringes will provide better resolution and higher signal-to-noise ratio
(SNR).

The typical frequency of resonators can be obtained by calculation or by literature
searching if the vibrating sample is classical, like micro-beams, micro-bridges or mi-
cro–membranes. If this is not possible, a procedure involving a frequency sweep can be
followed. The first method is a manual scan of the frequency range that involves a visual
detection of the contrast variation when the resonance frequency is reached. However,
the contrast variation reveals that the vibration motion has already reached the non-
linear state, the reduction of the vibration amplitude (piezo excitation) is necessary for
linear resonance measurements, as shown in Fig. 3.3.

The linear resonances of a particular vibration mode can be measured by the VICL
method according to the damped driven harmonic resonator model described by Eq.
4.2, the damping, eigen-frequency and excitation are associated. Thus, we designed
a pressure controlled test system with the IWLI to fully control of the damping and
excitation as shown in Fig. 3.2 (b). The sample is contained in a vacuum chamber
formed by the combination of a copper stage, top glass with O-ring (also the beam
splitter for the Mirau interferometer) and pump system. A needle valve allows us to
control and adjust the pressure in the chamber surrounding the sample, shown as green
shade area in Fig. 3.2 (b). By applying different pressure, different damping can be
obtained. With the help of our customized algorithm of VICL method, the quantitative
characterization of the mechanical properties of resonators can be achieved. The details
of measurement performance, algorithm design and data analysis of the VICL method
are explained in Chap. 4 as well as in Ref. [45].

3.2.3. Auto-Phase Shifting in Stroboscopic light (APSStro) method

In this chapter, the stroboscopic illumination is applied. The frequency of the vibrating
signal is equal to the frequency of the stroboscopic light source by frequency lock-in.
Under a specific observation phase, the sample seems fixed and the usual profile mea-
surement algorithms can be used to capture the 3D deflection pattern of a vibrating
resonator: (1) Phase shifting algorithm: dedicated to smooth surfaces (with step heights
lower than l/4). (2) White light interferometry: dedicated to rough surfaces or with step
heights greater than l/4). Example of vibrating (2,2) mode of a membrane measured
under stroboscopic light is shown in Fig. 3.3 (b). The dedicated measurement called
“Vibrometry in Stroboscopic Light”/“Phase shift and surface measurement” is used to:
reconstruct the oscillation at a certain vibration frequency; measure the amplitude of a
vibration with a 180° phase shift; measure the amplitude of a vibration with and without
excitation. By shifting the stroboscopic illumination phase by delay as shown in Fig. 3.7,
the vibration motion can be dynamically captured at a specific excitation frequency and
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power. We named the method as: Auto-Phase Shifting in Stroboscopic light (APSStro)
method. The working principle is explained into detail in the Ref. [72, 75] and in the
thesis of [41,76,77] give the names. The frequency of the light source is equal to the fre-
quency of the signal of the vibrating system but phase shifts are applied. For each phase
step, a measurement is carried out and the motion of the sample can be reconstructed
over a full period. A minimum of 3 steps is necessary. By using the APSStro method,
we achieved the 3D vibrational motion visualization, bending wave dispersion relation
measurements, Young’s modulus E and residual stress distribution mapping [12,13,42].
The experiments and data analysis by applying the APSStro method are discussed in
Chap. 4.

t
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Figure 3.7.: Shapes of the two-channel generator signals. The pulse frequency of
the stroboscopic light is locked to the piezo excitation sinusoidal function by the
internal lock-in amplifier. The phase of the vibrational motion can be controlled
by adjusting the delay of the stroboscopic-pause as marked by the red arrow in
S1. By adjusting the DutyCycle, it is possible to define the tightness of the pulse.
The smaller the value is, the more the sample is “frozen” during the pulse. The
intensity, which is proportional to the value of the cycle, has to stay sufficient to
do measurements.

Using a stroboscopic light source synchronized with the excitation voltage, the profile
was measured at 24 different phases of the oscillation. This movie of the motion of the
surface profile has a time resolution of up to 80 ns, limited by the minimum pulse width
of the stroboscopic light. The range of excitation frequencies from 100 Hz to 2 MHz is
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limited by the exposure time of the CCD camera and the bandwidth of the excitation
voltage source. More details about excitation and detection of membrane bending waves
have been described elsewhere [12, 41, 72]. By using an imaging interferometer with a
stroboscopic light source, we measure the surface profile z (~r, t) of the oscillating mem-
brane as a function of space and time. The upper limit of the useful amplitudes is given
by instrumental limits (interference fringes are washed-out at higher amplitudes) and
nonlinear effects of the mechanical system.

3.2.4. Time domain frequency spectrum and ring-down measurements

Frequency response spectra are measured using a fast lock-in amplifier with a band
width of 1 kHz. For the frequency-resolved ring-down measurements, the vibrations are
recorded with an oscilloscope with a sampling rate of 5 MS/s. Then a Fast Fourier
Transformation (FFT) is performed on sets of 2000 sample points each, each yields a
time domain frequency spectrum of the mechanical response as shown in Fig. 3.8 (a).
Integration around a particular resonance frequency yields the separated energy decay
traces shown in Fig. 3.8 (b).

Figure 3.8.: Energy decay in the linear response regime. (a) The ring-down
measurements of the (1,1) and (2,2) modes are performed after weakly driving
at their eigen-frequencies f(1,1) = 321 kHz and f(2,2) = 646 kHz, respectively.
Panel (b) shows the time-resolved FFT power spectra obtained by integrating
over a certain frequency range around the eigen-frequencies. The ring-down
traces present purely exponential decays with fitted decay rate for each mode
2Γ(1,1) = 20.0 s−1 and 2Γ(2,2) = 17.0 s−1.
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3.3. General mechanical properties characterization

3.3.1. Mechanical properties of SiN membrane

By applying our customized VICL (Vibrometery in continuous light) [45] and APSStro
measurement methods [12,13] dispersion relations of the bending waves of the membrane
are measured using IWLI. Note that temperature drifts induce frequency shifts in the
order of 500 Hz/K. The temperature in the lab is stabilized with a precision of ± 1K.
The IWLI and two different MIs are located in three different labs with slightly different
average temperature. Thus, the absolute values of the eigen-frequencies may vary about
± 500 Hz from set-up to set-up. Furthermore, we observed an aging effect during the
course of the study the membrane, resulting in increasing eigen-frequencies over several
months. The absolute values indicated in this thesis correspond to the ones measured
with MI. From this data, Young’s modulus E and the residual stress σ are determined
by fitting. The resonance frequencies as well as the mechanical Q factors of different
vibrational modes of this SiN membrane are quantitatively determined. For the (1,1)
mode we find f (1,1) = 323.5 kHz, Q (1,1) = 2× 104, E = 240.2 GPa, σ= 0.1261 GPa. The
full width at half maximum (FWHM) of the (1,1) mode in the linear response regime
is about 50 Hz. Table 1 gives an overview over the expected eigen-frequencies of the
membrane, measured by MI and IWLI, and calculated using the formula:

fm,n =
√

(σxxm2/L2
w + σyyn2/L2

h)/(4ρ). (3.1)

Here the mass density ρ = 3.18 × 103 kg/m3, Lw = 413.5 µm and Lh = 393.5 µm are the
edge lengths of the membrane, and m,n denote the integer mode indices representing
the number of antinodes. The observed temperature dependence of the eigen-frequencies
is attributed to temperature-dependent stress tensor components σxx and σyy along x
and y axis, respectively. The values given in the table have been calculated using the
values σxx = 0.110 GPa and σyy = 0.108 GPa determined by our spatially resolved
measurement method described in Ref. [42].

3.3.2. Piezo ring and its frequency response

The piezo rings are purchased from PICeramic, The electro-mechanical data are the
following: the series resonant frequency (close to the mechanical resonant frequency)
fs = 104 kHz, the parallel resonant frequency (close to the anti resonant frequency)
fp = 113 kHz, C = 1.4 nF and Keff = 0.39 according to the data provided by the
company as well as the impedance test shown in Fig. 3.9. The operation method can be
found in the manual [78]. In order to test the frequency response of the piezo ring we
performed control measurements with the MI on the substrate, aside of the membrane.
Two examples spanning a large range of excitations are shown in Fig. 3.10 for drive
frequency 320 kHz (close to the ground mode frequency of the membrane) and at 538
kHz, in a frequency range where no eigen-frequency of the membrane is located. Beside
the response at the drive frequency no other lines, neither super- nor sub-harmonic are
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observed. This observation demonstrates that the overtones or other signals observed
on the membrane are intrinsic to the membrane resonator.

Figure 3.9.: The impedance graph of the piezo rings, provided by PICeramic.

Figure 3.10.: Examples of power spectra recorded on the substrate aside of the
membrane for excitation frequency 320 kHz (top) and 538 kHz (bottom).
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mechanical properties

We fisrt present an experimental study of the bending waves of freestanding SiN nanomem-
branes using optical profilometry in varying environments such as pressure and temper-
ature. We used the VICL method that enables us to disentangle the response of the
membrane from the one of the excitation system, thereby giving access to the eigen-
frequency and the quality (Q) factor of the membrane by fitting a model of a damped
driven harmonic oscillator to the experimental data. The validity of particular assump-
tions or aspects of the model such as damping mechanisms, can be tested by imposing
additional constraints on the fitting procedure. We verify the performance of the method
by studying two modes of a 478 nm thick SiN freestanding membrane and find Q factors
of 2 × 104 for both modes at room temperature. Finally, we observe a linear increase
of the resonance frequency of the ground mode with temperature which amounts to
550 Hz/◦C for a ground mode frequency of 0.447 MHz. This makes the nanomembrane
resonators suitable as high-sensitive temperature sensors.

Depending on the material, the thickness, the lateral size of the membrane, and the
excitation state, the eigen-frequencies of bending waves of nanomembranes may range
from a few kHz to several 100 MHz [12], those of thickness oscillation may even exceed
100 GHz [79], requiring a versatile excitation and detection method able to operate in this
wide frequency range and to resolve small vibration amplitudes in the nanometer range.
Optical interferometry in combination with piezoelectric excitation is such a method
[12]. With this method we also achieved the spatially resolved measurement of the
stress tensor in thin membranes using bending waves [42]. However, the interferometer
detects the response of the complete system consisting of the excitation system and the
membrane under study. In general, the excitation system may also show resonances
in a wide frequency range of the membrane vibrations. Therefore the VICL can help
us to decompose the total response into the contributions of the membrane and of the
excitation system. Through this method the eigen-frequencies and Q factors of the
membrane can be characterized.

4.1. Vibrometry In Continuous Light (VICL) measurements

The sample is placed in a vacuum chamber connected to a pressure controller (see Fig.
3.2(b)), so we have full control over the pressure of the surrounding atmosphere in a
pressure range from p = 0.001 mbar to atmospheric pressure. Analysis in the below
we use a smaller pressure range because of the finite SNR at very low and and very
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high pressures. The surface of the membrane is observed by an imaging interferometer
using continuous light, see Ref. [72]. The observed interference pattern represents the
surface profile of the sample as exemplified in Fig. 3.2 (c). In principle, a high amplitude
gives a high SNR. However, when the oscillation amplitude exceeds a few percent of the
light wavelength, the contrast of the interference pattern is reduced. For an amplitude
of about 20% of the light wavelength, the contrast vanishes completely, as visible in
two areas in Fig. 3.2 (c). Below this threshold, the interference fringes can be used
to quantitatively measure the vibrational amplitude. For measuring resonance curves,
it is therefore necessary to adjust the amplitude of the excitation when varying the
frequency to keep the amplitude in a suitable measurement range. Fig. 3.3 (b) shows a
measurement example for the (2,2) eigenmode with a well-adjusted amplitude.

The oscillations excited by piezo ring are coupled into the silicon chip and lead to an
oscillation of the mechanical support of the membrane that itself excites the membrane
to oscillate. An example of such a measurement for a membrane with a lateral size of
roughly 400× 400 µm2 and a thickness of 400 nm is shown in Fig. 4.1 (a). The different
curves correspond to resonance curves measured at different pressures corresponding to
the same color code as in Fig. 4.2 that we will discuss below. The frequency range
is adapted to the width of the resonance curve. We observe a pronounced decrease
of the resonance width when lowering the pressure, indicating that at high pressure
the oscillations are damped by viscous friction with the air environment. Panel (a)
shows that for low pressure the amplitude |A| features a pronounced resonance around
f = 1.023 MHz superimposed by small amplitude fluctuations throughout the whole
frequency range. These background oscillations are attributed to the excitation system,
while the resonance is identified as the (1,2) mode of the membrane. A zoom into
the resonance is shown in the inset of panel (a). At higher pressure the background
oscillations are of comparable size than the resonance itself, thereby hiding the shape of
the resonance. In the following we describe how the contributions of membrane resonance
and excitation system can be disentangled.

4.2. VICL data analysis

4.2.1. Free-fitting model

We do not attempt to understand the mechanical details of the highly complex excitation
system consisting of the piezo, the supporting metal block, the chip as well as the glue
films in between. We will refer to it as the “excitation system” and to its resonance
amplitude as Aexc(ω) in the following description. Its properties change from sample
to sample, because of their dependence on the coupling strength of the sample to the
excitation system. Instead we will present how they can be determined from the total
response of the system. Three preconditions have to be fulfilled for the method to
be applicable: (1) The amplitude of the excitation system shows a linear dependence
on VAC. This requirement is fulfilled for small and moderate VAC. (2) Effects of the
surrounding atmosphere on the excitation system are negligible. This assumption is
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justified because of its high mass and low surface area. (3) Feedback by the membrane
motion on the excitation system is negligible. This is fulfilled for a sufficiently large mass
ratio between the excitation system and the membrane. In our case it amounts to five
orders of magnitude.

As a consequence of linearity, the oscillation amplitude of the mechanical support of
the membrane is a product of a function Aexc(ω) and VAC. Since the excitation system
resonance Aexc(ω) is assumed not to depend on properties of the atmosphere or of the
membrane, mentioned as precondition (2) and (3), it is a pure function of ω.

If the amplitudes are sufficiently small, the membrane can be modeled as a linear
oscillator. Therefore the total absolute amplitude |A| of the membrane oscillation is a
product of the resonance Amemb(ω) of an isolated membrane and the oscillation ampli-
tude of the excitation system

|A| = Amemb(ω) ·Aexc(ω) · VAC . (4.1)

In Eq. (4.1), only |A| and VAC are known from the experiment. For Amemb the well
known resonance curve of a damped driven harmonic oscillator is assumed

Amemb =
S√

(ω2 − ω2
0)2 + 4β2ω2

, (4.2)

with an eigen-frequency ω0, a damping constant β and a proportionality factor S measur-
ing the coupling strength between the membrane oscillation and the excitation oscillation
provided by the piezo ring. In the following, we present a way to separate the mem-
brane resonance Amemb from the excitation system resonance Aexc and to obtain the
parameters ω0, β and S.

The amplitude |A| is measured as a function of ω for N different pressures pi of the
surrounding atmosphere, and |A|i is the corresponding amplitude. The parameters ω0i,
βi and Si in Eq. (4.2) for Amemb as well as the excitation voltage VACi are also allowed
to be pressure dependent. If all the parameters are given, Aexc(ω) can be calculated:

Aexc(ω, {ω0i}, {βi}, {Si})

=

N∑
i=1

Wi(ω, {ω0i}, {βi}, {Si})

· |A|i(ω)

Amemb(ω, ω0i, βi, Si)VACi
. (4.3)

According to Eq. (4.1) the fraction on the bottom right is equal to Aexc(ω) for each
addend. Therefore the weighted average using a weight function with

∑
iWi ≡ 1 is also
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Figure 4.1.: (a) Measured resonance curves (i.e., oscillation amplitudes normal-
ized by the excitation voltage as a function of frequency of a SiN membrane
(400 nm thick and lateral size of 416 × 398 µm2)) are shown as dots. Each
curve corresponds to a different atmospheric pressure in a range of almost 5 orders
of magnitude from 1.6 × 10−2 mbar for the highest to 992 mbar for the lowest
curve. For a quantitative scale of pressures see Fig. 4.2 where the same color
code is used. The solid lines are results of a fit of |A|j(ω) which is defined in
the supporting information. The curves are shown for a selection of pressures to
enhance clarity. (b) Amplitude of the excitation system Aexc defined in the sup-
porting information. The product Amemb ·Aexc (solid lines in (a)) is used to fit the
experimental data. (c) Membrane resonance amplitudes Amemb. The inset shows
a magnified view of the low pressure peaks located inside the light gray rectangle
in the main panel.
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4.2. VICL data analysis

equal to Aexc(ω). The choice of Wi is arbitrary. We use

Wi(ω, {ω0i}, {βi}, {Si}) =
wi(ω, ω0i, βi, Si)∑
j wj(ω, ω0j , βj , Sj)

wi(ω, ω0i, βi, Si) =
Amemb(ω, ω0i, βi, Si)

maxω′ [Amemb(ω′, ω0i, βi, Si)]

with maxω[Amemb] denoting the maximum of the membrane resonance curve. This choice
of the weight function is advantageous, because data points with high amplitude and
therefore higher signal-to-noise ratio are given a higher weight. In Fig. 4.1 the factors of
Eq. (4.1) deduced by this analysis are plotted as a function of the excitation frequency.
The dimensionless response of the excitation system, Aexc, shown in panel (b) fluctuates
around an average of 0.55, but has no pronounced feature in the relevant frequency
range. Panel (c) displays the corrected response of the membrane Amemb, where now
the resonance is clearly discernable also for high pressures.

In Eq. (4.1) Amemb and Aexc depend on the parameters {ω0i}, {βi} and {Si}. There-
fore it can be used to find the best fit values for {ω0i}, {βi} and {Si}:

∀j : |A|j(ω) =Amemb(ω, ω0j , βj , Sj) (4.4)

·Aexc,0(ω, {ω0i}, {βi}, {Si}) · VACj

with Aexc,0(ω, ...) =
Aexc(ω, ...)

〈Aexc(ω′, ...)〉ω′

where Aexc,0 is Aexc normalized by its respective, pressure dependent frequency av-
erage. If ({ω0i}, {βi}, {Si}) is a solution, without normalization, using Aexc instead of
Aexc,0 in Eq. (4.4), ({ω0i}, {βi}, {cSi}) with an arbitrary constant c 6= 0 will also be a so-
lution, since Amemb in Eq. (4.2) is proportional to c and Aexc in Eq. (4.3) is proportional
to 1/c. This ambiguity is avoided by the normalization of Aexc to Aexc,0.

A least-square optimization algorithm is used to compute an approximate solution for
{ω0i}, {βi} and {Si}. The number of free parameters is 3N , but can be reduced by forcing
additional constraints on the so far independent parameters, as we will demonstrate in
later discussion.

A graph of the best fit parameters for a fit with 3N free parameters as a function
of pressure is shown as colored dots in Fig. 4.2. Instead of the damping parameter β
the equivalent but more accessible quality factor Q = ω0/β is shown in the upper panel.
The Q factor increases by almost 4 orders of magnitude when lowering the pressure from
atmospheric pressure to 50 mbar. At very low pressure (p < 0.05 mbar) the Q factor
saturates, indicating that the remaining damping is given by intrinsic properties of the
sample. In the second panel, the resonance frequency of the corresponding undamped
oscillator f0 = ω0/2π is shown. f0 is almost independent of pressure up to values of
p ' 30 mbar. For higher pressure it decreases, indicating that the strong damping limit
is approached. Since the parameters Si strongly depend on the normalization of Aexc,0

of each membrane resonance curve, and Aexc,0 a group of N curves denotes which a
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4. Quantitative characterization of mechanical properties

Figure 4.2.: Visualization the fit parameters as a function of the pressure of the
surrounding atmosphere. The colored dots show the results of a fit with 3N free
parameters. The color of the dots is the same as that of the corresponding curves in
Fig. 4.1. The black dots and lines correspond to a fit with additional constraints,
see text. The horizontal error bars are determined from the experimental values
of the pressure sensors and the vertical error bars correspond to the FWHM of the
resonance curves. The quality factor Q is plotted in panel (a), the eigen-frequency
of the corresponding undamped oscillator f0 = ω0/2π in panel (b), Aexc,eff in panel
(c), and the excitation voltage VAC in panel (d). The proportionality factors Si,eff

corresponding to the coupling strength between the excitation oscillation and the
membrane oscillation are plotted in panel (e).
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4.2. VICL data analysis

matrix, we show instead in panel (c) of Fig. 4.2 the more descriptive effective excitation
amplitude of the membrane frame Aexc,eff, which is defined as follows: Comparing Eq.
(4.1) and (4.2) to the well known formulas of the driven damped harmonic oscillator, we
conclude that the amplitude of the excitation system is SiAexc(ω)VAC/ω

2
0. The effective

amplitude is defined as the excitation system amplitude averaged using Amemb as a
weight function

Aexc,eff,i =

∫
dω[Amemb(ω, ...) · SiAexc(ω)VAC

ω2
0

]∫
dωAmemb(ω, ...)

. (4.5)

The Aexc,eff of the excitation system has a similar pressure dependence as VAC, as
anticipated. VAC, shown in Fig. 4.2 (d) was varied roughly linearly with pressure to
keep the absolute amplitude within a similar range. The effective amplitude factors Si,eff

in panel (e) are defined as:

Si,eff =
Aexc,eff,i

VAC
· ω2

0 (4.6)

This first analysis shows that for a given pressure the resonance curves can successfully
be decomposed into the contribution of the excitation system and the system itself,
justifying the assumptions made at the beginning. However, this free fitting with 3N
parameters does not reveal the reasons for the pressure dependence of Q and f0. To
do so, several additional constraints that relate the fitting parameters deduced for the
individual pressure values can be applied.

4.2.2. Fitting with constraints

Imposing constraints reduces the number of independent fitting parameters. In the free-
fitting model with 3N free parameters, Si, f0, and β are all individual parameters for
each pressure value. To demonstrate the impact of the constraints, we use the following
three, physically motivated constraints: 1) If the coupling between the excitation system
and the membrane was independent of pressure, S should be single-valued throughout
the whole excitation range. We set here the slightly relaxed constraint of one S1 per
excitation voltage decade. In the given example this constraint reduces the number
of independent fitting parameters from 3N = 72 (for 24 pressure values measured) to
2N + 4, since VAC is varied over four orders of magnitude. 2) Above a certain pressure
threshold (1.5 mbar in the present case) we assume a linear decrease of f0, reducing
the number of independent parameters by the number of measurement points above the
pressure threshold, plus 1 to describe the linear decrease. In the present case to 2N − 2
= 46, since 7 data points are above the threshold. 3) Finally, the third constraint is that
β is a linear function of the pressure, corresponding to viscous friction, resulting in a
final number of N = 24 independent fitting parameters.

As presented in Fig. 4.2, the black dots and lines represent the fitting results when
using all three additional constraints. We obtain a general good agreement between the
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fitting results of the free and the constrained model, except for the undamped eigen-
frequency f0 in the high pressure range 50 < p < 500 mbar, where the freely fitted
results are systematically higher than the constrained ones. In this pressure range the
amplitude of the membrane oscillation is relatively small compared to Aexc, increasing
the uncertainty with which f0 can be determined. Still, the error bar is smaller than the
deviation, meaning that at least one of the three constraints is not well justified. We
argue that constraint 2), (the linear decrease of f0) might be oversimplified. Nevertheless,
the trends are well-reproduced by the constrained fitting, supporting the assumption that
the membrane behaves as an harmonic oscillator.

In the model with additional constraints, different combinations of constraints and
therefore different numbers of independent fitting parameters and different fitting results
are possible. Of course, other constraints can also be chosen to test the applicability of
other models and the physical relations between the parameters. Once a function of a
specific physical model such as defects, crystallization and temperature dependent stress
of the membrane has been established, it can be utilized as a constraint. The validity of
such a constraint can be verified by comparing the accuracy of the fitting results between
the maximum number of free parameters and the constrained model. When constraints
describe the physical system inaccurately, the fitting results will deviate systematically
from the free-fitting model.

4.3. Quantitative characterization of mechanical properties

4.3.1. VICL test results: quality factor and eigen-frequencies

We now apply this method to the ground mode and an excited mode of a 478 nm thick
SiN membrane with a lateral size of 298×296 µm2.

Figure 4.3 shows the results for the ground mode (labeled the (1,1) mode, because
it has one maximum in x and one in y direction) of a membrane. In Fig. 4.3(a) and
(c), each curve represents a specific pressure: a lower pressure gives rise to a sharper
peak with a higher amplitude. We also observe a slight shift of the resonance to higher
frequencies with decreasing pressure in the low-pressure range, in contrast to the behavior
of a damped harmonic oscillator. At very low pressure even non-monotonic behavior of
the resonance frequency on the pressure may occur. We will comment on these two
effects in the following description. The frequency dependence of the amplitude of the
excitation system Aexc is presented in panel (b) of Fig. 4.3. The fit results of the Q
factor in Fig. 4.3 (d) increase with decreasing pressure as expected, if the damping is
dominated by the air environment. At low pressure, the Q factor saturates, indicating
that the intrinsic damping of the membrane starts to dominate. From the extrapolation
to low pressure the intrinsic Q factor and the eigen-frequency of the ground mode (1,1)
are estimated as Q = 2× 104 and f0 = 0.447 MHz, respectively. By comparing with the
theoretical eigen-frequencies expression:

fm,n '
√
σ(m2 + n2)/(4ρL2), (4.7)
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where σ, ρ, L and (m,n) correspond to the tensile stress, mass density, lateral size
of the membrane and the integer mode indices representing the number of antinodes,
respectively [39, 40], with the values σ = 1.099 × 10−1 GPa (measured by our phase
shifting and surface amplitude method [12]. Details will be presented in a forthcoming
publication), ρ = 3180 kg/cm3, and L ' 3.0 × 10−4 m, for the (1,1) mode, we obtain
f1,1 ' 0.438 MHz, which is 2.0% lower than our fitting results. Now we discuss the

Figure 4.3.: Fitted VICL result of the ground mode (1,1) vibration of the SiN
membrane at 0.447 MHz. The measured resonance curves under different pressures
with their individual fitting are plotted in (a). The separated Aexc and Amemb are
plotted in (b) and (c), respectively. (d) Fitted curve of Q factor of the ground
mode (1,1) vibration of the SiN membrane at 0.447 MHz. (e) Eigen-frequency
of the corresponding undamped oscillator f0. (f) Proportionality factors Si,eff

corresponding to the coupling strength between the excitation oscillation and the
membrane oscillation. Black dots and lines plotted in subfigure (d - f) represent
the corresponding constraint fitting results.

excited (2,2) mode which has resonance frequencies around 1 MHz. Curves measured in
a pressure range from 120 mbar to 0.091 mbar are plotted in Fig. 4.4 (a). Due to the
relatively small amplitude of this mode, the limited SNR, and the very large width of the
resonance curves, measurements at higher pressures are not possible. Similarly, at low
pressure very small excitation amplitudes have to be used to stay in the linear oscillator
regime. When increasing the excitation, the shape of the resonance curves starts to
deviate from the Lorentz curve shape. As a result the accessible frequency range is
limited. As before, the contributions of the membrane and the excitation system are
separated by the VICL analysis. The eigen-frequency of the (2,2) mode is estimated
as f0 = 0.909 MHz. For the (2,2) mode, f2,2 ' 0.876 MHz can be determined by the
theoretical eigen-frequency equation with a discrepancy of 3.72% compared with the

43



4. Quantitative characterization of mechanical properties

fitting results.
Figure 4.4 (e) shows a significant shift of f0 of the (2,2) mode in higher frequencies

when the pressure is lowered. This blue shift amounts to roughly 0.5 kHz below p = 3
mbar and is much more pronounced than for the (1,1) mode that increases by roughly
0.1 kHz in the same frequency range. In Fig. 4.4 (d), the low-pressure limit of the Q
factor of the membrane is estimated to be Q = 2×104, in agreement with the results for
the (1,1) mode and other modes for the same membrane (not shown). It also fits well
with the observed scaling with (L/h)2 reported in Ref. [39], from where we extrapolate
our membrane to have a Q factor around 1.5 × 104. This agreement indicates that the
leveling off of Q at low pressure signals indeed the onset of intrinsic damping. The
decrease of Q with increasing pressure for the (2,2) mode is weaker than for the (1,1)
mode, such that in general the (2,2) mode has a higher Q factor than the (1,1) mode,
indicating that the viscous damping of the environment is more effective for the ground
mode. This behaviour can be understood since the integral displacement in the ground
mode is much bigger than in the excited (2,2) mode. We now turn to the constrained

Figure 4.4.: VICL results: fitted of the (2,2) mode vibration of the SiN membrane
at 0.909 MHz. The measured resonance curves under different pressures with their
individual fitting are plotted in (a). The separated Aexc and Amemb are plotted in
(b) and (c), respectively. (d) Fitted curve of Q factor of the (2,2) mode vibration
of the SiN membrane at 0.909 MHz. (e) Eigen-frequency of the corresponding
undamped oscillator f0. (f) Proportionality factors Si,eff corresponding to the
coupling strength between excitation oscillation and membrane oscillation. Black
dots and lines plotted in subfigure (d - f) represent the corresponding constraint
fitting results.

fitting. The fitting results of the constrained model (black dots and lines in the right
panels of Fig. 4.3 and 4.4) approximately follow those of the free fitting model. However,
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the fitting results for the eigen-frequency of the (2,2) mode in the higher pressure range,
as shown in Fig. 4.4 (e), deviate systematically from the free-fitting results, indicating
that constraint 2) does not accurately describe the experiment in that range, probably
due to the mechanism described above. Another contributing possibility would be an
enhancement of the effective mass of the membrane due to the inertia of the surrounding
atmosphere, as observed earlier for Si membranes [12]. The Si,eff presented in panel (f) of
Fig. 4.3 and 4.4 show a relatively weak dependence on pressure, supporting the harmonic
oscillator model, in which a constant S is expected. For the (1,1) mode the constrained
fit results agree well with the free-fitting results, except for the two data points at the
extremes of the pressure range. For the (2,2) mode the Si,eff values of the free and
the constraint model both scatter around a constant value, and the deviation between
freely-fitted results and constrained results is smaller than the scatter. We attribute the
scatter to the small overall amplitude which is a factor of 25 smaller than for the (1,1)
mode.

4.3.2. APSStro measurement for the determination of dispersion relation

In Chap. 3 we presented the APSStro method. We now show how to extract the
dispersion relation of bending waves of pre-stressed thin plates from measured mode
shapes. Stress and bending stiffness of the membrane are determined as fit parameters
using a theoretical model of the dispersion relation. The mode shape of bending waves in
thin silicon and silicon-carbide membranes is measured as a function of space and time
[12,41–43]. This method also successfully applied on the test of vibrational mode shapes
of mechanical resonators made from ultra-thin carbon nanomembranes [13]. Besides,
the mode shapes hold information about all the relevant mechanical parameters of the
samples, including the spatial distribution of static pre-stress. We present a simple
algorithm to obtain a map of the lateral tensor components of the pre-stress, with a
spatial resolution much better than the wavelength of the bending waves [42].

The sample is the same one which used in our VICL experiments described in the
previous sections. Now we perform the experiments by applying the APSStro method,
a constant pressure as low as possible in our system (∼ 10−2 mbar) is performed. The
measurement implemented at excitation frequencies from f = 400 kHz to 2.0 MHz.
The eigen-frequencies and the Q factors of different vibration modes of the membrane
are quantitatively determined by the VICL method and the Q factor of the membrane
is about 2 × 104 [45]. Following are some examples of measured deflection amplitude
profiles, e.g. Fig. 4.5 (a)-(c) shows the vibration amplitude gradient image of (1,1) mode
(ground mode), (2,2) mode and (3,1) mode. Others higher harmonic vibration modes
separated from the 1st-fold vibration modes by our scripts are shown in4.5 (d)-(f). (m,n)
denotes the number of extremes in x and y directions. In some frequencies, the system
does not show clean k-eigenmodes. This is not a flaw of the measurement but the nature
of the excitation-membrane system. The reason is that in a square membrane, some
(n,m) modes and (m,n) modes are degenerate, therefore an infinitesimal disturbance is
enough to make the frequency eigenmodes a superposition of corresponding (n,m) and
(m,n) mode. Disturbances in this system are atmospheric damping and anisotropy or
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inhomogeneity of tension and density. If the frequency splitting between two modes
calculated by the analytical formula [12] is lower than the width of the resonance peak,
we must expect a coupling between the modes. The dispersion relation of the SiN

Figure 4.5.: Several representative vibration modes of the SiN membrane cap-
tured by applying the APSStro method. (a)-(c) 1st-fold vibration modes of ground
mode (0.448 MHz), (2,2) mode (0.910 MHz) and (3,1) mode (0.102 MHz), respec-
tively; (d) (7,5) mode, the 3rd-fold harmonic vibration mode of the membrane at
1.04 MHz; (e) (3,6) mode, the 2nd-fold harmonic vibration mode of the membrane
at 1.16 MHz; (f) 2nd-fold harmonic vibration mode of the membrane at 1.88 MHz.

membrane can be extracted by decomposing the patterns of different vibration modes
captured by interferometer and by separating them into different higher harmonics in
different resonance frequencies and the ~k-space fit method [12]. First, the observed wave
pattern can be separated into different higher harmonics of vibration modes by Fourier
transformation in time; then the deflection ~z is decomposed into a Fourier series to
obtain the ~k-space representation of a mode; at last the dispersion point in one specific
vibration mode can be extracted by ~k-space fit method or Maximum-amplitude method.

A non-linear dispersion relation curve of the SiN membrane measured in room tem-
perature is presented in Fig. 4.6 (a). Young’s modulus and the residual stress can be
calculated through the fitting process by using the dispersion relation Eq. 4.8 [12, 41].
Python scripts with least-square method are used to fit the obtained dispersion relation
with equation:

ω =

√
D

hρ
k2 +

σxx
ρ
k =

√
Eh2

12ρ (1− ν2)
k2 +

σxx
ρ
k. (4.8)

Here h, ρ, ν and E are the thickness, density, Poisson’s ratio and Young’s modulus of the
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membrane, respectively. The bending stiffness D can be determined by the equation:

D =
Eh3

12(1− ν2)
. (4.9)

The stress in the x direction of propagation is σxx. The extracted values for the frequency
f and the wave number 1/λ data from ~k-space fit method are used to fit the curve.
ω = 2πf and k = 2π 1

λ are used.

Wavenumber 1/λ (mm-1)

Figure 4.6.: Dispersion relation of a SiN membrane. The green dots indi-
cate the experimental values and the solid red line shows the result of it with
Eq. (4.8). Three vibration mode images as false-color representation are inserted.
The corresponding data points in the dispersion relation are pointed out by the
arrows.

The thickness, density and Poisson’s ratio are adapted as 4.78 × 103 nm, 3.18 × 103

kg/m3 and 0.27, respectively, in this case. The bending stiffness D is calculated to be
1.88 × 10−9 Nm and the estimated of Young’s modulus and stress are 191.1 GPa and
0.1099 GPa respectively. The thickness of membrane has a significant impact on fitting
results of the Young’s modulus (e.g. If the thickness is estimated to be 550 nm then the
Young’s modulus is fitted as 198 GPa. The thickness of the membrane is about 510 nm,
measured by interferometer, or 478 nm (550 nm) by ellipsometer with (without) a 2 nm
thickness SiO2 layer). With the help of σxx and the elastic constants E, the wavelength
which marks the transition between the strained-membrane and the thin-plate-regime
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can be determined as λ0 = 44 µm or 1/λ0 = 24 mm−1 by equation:

λ0 = 2

√
E

σxx
h. (4.10)

The phase velocity of the bending wave of SiN can be calculated as 186.0 m/s by equation:

lim
k→0

cmemb =
√
σxx/ρ. (4.11)

Most of the data points fit the dispersion relation well. Occasionally, some points deviate
from the tendency of the fitted dispersion relation significantly. In general, the deviation
of the point from the dispersion relation can be attributed to the localized anisotropic
stress of a membrane. This stress can be caused by the inhomogeneous density in a
small area, which can be introduced by defects and impurities during fabrication.

With the fitting results and the ~k-space fit method we can visualize the stress dis-
tribution of the SiN membrane and get the decomposition of the stress on different
directions [42]. Since the isotropic mechanical properties of the SiN membrane, the
stress tensor of σxx and σyy has very close value and similar distribution on their direc-
tion, shown in Fig. 4.6 (b). The mean value of the stress tensor in x and y direction
is about 1.1 × 10−1 GPa which is consistent with our dispersion relation fitting result.
However, the stripes of the stress distribution can be clearly seen in each direction, which
means although the membrane can be treated as an isotropic one but the distribution of
the stress is still not ideally homogeneous. The differences between the light and dark
yellow stripes are around 1.0 × 10−2 GPa, 10% of the mean stress of the membrane.
Besides, the gravity of the membrane and the clamping of the boundaries will bring a
spontaneous and an slightly inhomogeneous stress distribution which can be seen by our
Comsol simulation result.

The mechanical properties of SiN membrane are simulated with the finite-element
software package Comsol Multiphysics [80]. The SiN membrane covers the whole silicon
substrate and then part of the substrate is removed, which maintain the SiN at the centre
area free standing, i.e., 293.4× 292.6 µm free-standing SiN membrane locate at the centre
of a 1500 × 1500 µm N-type (100) silicon substrate. The thickness of membrane and
substrate is 478 nm and 500 µm, respectively. Young’s modulus of SiN is taken from the
experimental data, the other parameters are also set based on experiments. The bottom
of the substrate is fixed for the Comsol simulation. The simulation result is shown in the
lower panels of Fig. 4.6 (b), a clear hyperbolic-type inhomogeneous stress distribution
due to the clamping and the gravity of the membrane itself can be found. From Fig. 4.6
(b) we can conclude that the distribution of the stress of the diagonal components σxx
and σyy is in quantitative agreement with the theoretical calculation.

4.3.3. Temperature dependent mechanical properties

The minimization of the nanomembrane device and the optimization of IC manufactur-
ing process pave the way for integration of the resonator into IC chips. However, when
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the integrated circuit chip is in operation, the heat will raise the temperature, which
can easily reach 70 ℃ - 90 ℃. Not only the value of the resonance frequency depends
on the temperature but also the dispersion relation and mechanical parameters such as
Young’s modulus and residual stress. Thus the exploration of the temperature depen-
dent properties of the SiN free-standing membrane is particularly important. On the
other hand, the temperature dependent frequency provides a possibility to control the
resonance frequency of nanomembrane devices by changing temperature. ChangHua Liu
and Lincoln et al. [81] found that by laser irradiation time-dependent modulation of the
heating promotes rapid energy exchange between coupled vibration modes and provides
a simple scheme for manipulating transition metal dichalcogenides (TMD) resonators.

We now turn to a possible explanation of the frequency shifts and increased scattering
discribed in Sec. 4.2.1, especially in the lower pressure range, which are directly presented
in Fig. 4.4 (c) and Fig. 4.4 (e). The f0 in the weak damping regime at low pressure
should be approximately constant according to the expression of the damped driven
harmonic oscillator in Eq. (4.2).

Possible reasons for the frequency shift include the following: When running a com-
plete VICL test at room temperature which takes about 3 hours under continuous heat
input, at low pressure the temperature might not be constant. Further potential error
sources are the finite precision of the pressure measurement and the stability of the
electro-mechanical performance of the piezo ring. However, the pressure sensors are
well calibrated and the contribution of the excitation system including the piezo ring is
separated and extracted by our analysis. Thus we argue that the temperature variation
might cause the slight shift of the eigen-frequency. To quantify this effect we study the
sensitivity of the response curves of the ground mode of a SiN membrane to temperature
changes, as shown in Fig. 4.7. We placed the sample holder on an auto-controlled heat-
ing stage to adjust the temperature of the sample. The resolution of the temperature
controlled stage is 1 ◦C. The heating stage is placed under the vacuum chamber and
heats the whole vacuum stage to the set temperature. Temperatures are directly mea-
sured by the sensor which is fixed in the copper stage and next to the sample. Since the
interference pattern is highly sensitive to any changes of the geometry caused by thermal
nonequilibrium (thermal expansion, temperature gradients, etc.), we use the camera of
the interferometer to monitor the equilibration process, which may take up to 2 hours.
When the interference pattern is stable in time we start the VICL measurements.

The curves have been measured for ascending temperatures in a moderate vacuum
range of 3-4 mbar where the SNR is highest. The minimum setting temperature of
the heating stage is 38.0 ◦C. The resonance frequency shift between the lowest and the
highest temperature is about 3.5 kHz with an approximately linear increasing relation
between the temperature and the resonance frequency, presented in the inserted image
of Fig. 4.7. Thus the resonance frequency shift can be averaged as 550 Hz/◦C. This
increase may arise from the different thermal expansion coefficient of the silicon chip
and the SiN membrane [82].

In Fig. 4.4 (a) and 4.4 (c), the frequency shift of (2,2) mode can be directly observed.
The curves have been recorded for decreasing pressure. From 2 mbar down to 0.01 mbar
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f(2,2) increases by roughly 500 Hz. The temperature sensitivity indicated above was
determined for the (1,1) mode. When assuming that the temperature change of f(2,2)

scales with f(1,1), we imply the temperature dependent resonance frequency measurement
on (2,2) mode and we find the temperature sensitivity of the (2,2) mode of approximately
1100 Hz/◦C (quantitative measurements are shown in Fig. 4.10), corresponding to a
temperature increase of 0.5 ◦C. Such a temperature increasing magnitude can be caused
by the heat dissipation of running equipments of the VICL test. We therefore attribute
the deviations of these low-pressure data points to slight increases of the temperature.
A constant temperature of the sample would result in the red dashed line in Fig. 4.4
(e).

Figure 4.7 also shows that the Q factor is almost independent of temperature under
these conditions. We deduce an average value of 1.9 ± 0.4 × 103 agreeing well with the
value observed at room temperature, as shown in Fig. 4.3 (d). We conclude that in
this temperature range the viscosity of the air and its resulting damping are constant.
When operating the membrane resonator under these conditions, the FWHM of the
ground mode amounts to approximately 200 Hz, meaning that temperature changes of
0.4 K are detectable. This high temperature sensitivity makes SiN membrane resonators
suitable as temperature sensors. For lower pressures and even higher temperature res-
olution is possible because of the higher Q-factor. For example, in Fig. 4.4 (c), the
resonance frequencies of the lowest two pairs of pressure values are shifted by 50 Hz and
130 Hz, respectively, corresponding to a temperature variation of 0.44 ◦C and 1.15 ◦C,
respectively.

Young’s modulus is an important mechanical property of linear elastic solid materials.
It is the ratio of the stress (force per unit area) along an axis to the strain (ratio of
deformation over init ial length) along that axis in the range of stress in which Hooke’s
law holds.

For the tensile stress:

σ =
F

A
, (4.12)

where σ is the force per unit area, F and A are the force and the area. In a particular
axis xx, for the isotropic material the equation can be written as:

σxx =
Fxx
A
. (4.13)

The tensile stress would be the positive direction and the negative direction would be
the pressure stress.

For the strain:

Sxx =
∆Lxx
Lxx

, (4.14)

where ∆L is the length by which the object changes and L is the original length of the
object.
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4.3. Quantitative characterization of mechanical properties

Figure 4.7.: Resonance curves of the ground mode vibration at different tem-
peratures of the SiN membrane. Curves are measured in a close pressure range
of 2 ∼ 4 mbar in order to eliminate the frequency shift caused by different air
damping. Temperatures are directly measured by the sensor which is fixed in the
copper stage and next to the sample. Curves are measured at 25.0 ◦C, 38.0 ◦C,
44.5 ◦C, 50.8 ◦C, 57.4 ◦C, 64.3 ◦C and 70.0 ◦C. The values of the resonance fre-
quencies fitted from the resonance curves measured at different temperatures are
plotted in the inserted image. The colors of the dots correspond to those of the
resonance curves. The values of the resonance frequencies follow a linear tendency
illustrated by the linear fitting result (blue dashed line). The approximative values
of Q factors estimated from the resonance curves at different temperatures with
their linear fitting (red dashed line) are also plotted in the inset image. The error
bars are smaller than the symbol size.
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4. Quantitative characterization of mechanical properties

For Young’s modulus, equation:

E =
σxx
Sxx

=
FxxLxx
A∆Lxx

(4.15)

can be used to calculate the force it exerts under specific strain and the force exerted by
stretch or contraction.

Poisson’s ratio:

ν = −Syy
Sxx

= −Szz
Sxx

(4.16)

is the negative ratio of transverse to axial/longitudinal strain. The Poisson’s ratios of
most materials are between 0.1 to 0.4, the value of a stable, isotropic, linear elastic mate-
rial cannot be less than -1.0 or greater than 0.5 due to the general stability conservation
and further thermodynamic arguments.

The thermal effects of materials are non-negligible since they can significantly change
the mechanic properties of the membrane devices. To study the temperature dependent
elastic properties of SiN membranes, the thermal expansion coefficient can be used

α =
∆σ

L∆σ
. (4.17)

In our case, the thermal expansion coefficients of materials needed are: αSiN = 2.3 ×
10−6 ( ◦C−1) and αSi = 3.0 × 10−6 ( ◦C−1). When the devices fabricated by these two
materials are heated, the different thermal expansion coefficient can lead to mismatch
of thermal stress. The thermal stress will case extra stress and strain to the membrane
device and change the stress and Young’s modulus of the membrane. We consider the
device as an hybrid system, using the expression of Young’s modulus, described as Eq.
4.18, the strain depends on the ratio of the difference between two materials’ length
change along the strained axis (here: x-axis) to the difference between the original
length of two materials.

∆Sxx =
∆Lxx
Lxx

=
∆LSi −∆LSiN

LSi − LSiN
=
σxx
E
, (4.18)

where ∆Sxx describes the strain of the system in a specific temperature, ∆LSi and ∆LSiN

represent the thermal expansion of Si substrate and SiN membrane, respectively. LSi

and LSiN represent the original length of the device which contribute to the thermal
expansion of the system. Thus LSi is the only unknown parameter. It is related to the
length of LSiN, and LSiN is equal to 293.4 µm.

The APSStro method measurement is performed at different temperatures, from 25 ◦C
to 70 ◦C, to obtain the dispersion relations of the bending waves of SiN membrane. The
results are shown in Fig. 4.8. The ~k points are plotted as different symbols and the
dispersion curves are fitted by Eq. 4.8, Young’s modulus and residual stress can be
calculated from the fitting process. The data of estimates of Young’s modulus and stress
at different temperatures are shown in Tab. 4.1 and also plotted in Fig. 4.9. The fitted
Young’s modulus E and stress σ are marked as red dot and blue square, respectively.
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4.3. Quantitative characterization of mechanical properties

Figure 4.8.: The dispersion relations of SiN measured at 25.0 ◦C, 38.0 ◦C, 44.5 ◦C,
50.8 ◦C, 57.4 ◦C and 70.0 ◦C. Color of the dots correspond to the color of the fitting
curves. The measurement fitting of 64.3 ◦C was excluded.

Approximated linear relations are used to describe the temperature dependent Young’s
modulus and temperature dependent stress relations. The Yong’s modulus presents a
negative temperature coefficient while the stress presents a positive temperature coeffi-
cient.

Table 4.1.: Experimentally obtained temperature dependent mechanical proper-
ties of SiN membrane

T (◦C) 25.0 38.0 44.5 50.8 57.4 64.3 70.0

E (GPa) 191.8 187.8 177.2 171.7 166.3 159.3

σ (MPa) 109.9 110.9 114.2 121.2 120.7 123.9

f(1,1) (kHz) 440.94 447.79 451.36 455.11 458.86 462.41 465.68

Simu. f(1,1) (kHz) 457.19 462.56 465.01 467.23 469.53 471.53 473.11

Using the parameters obtained at 70 ◦C, Eq. (4.17) and Eq. (4.18), we can estimate LSi

as 294.2µm. This value corresponds well to the length of the SiN membrane (293.4µm)
as expected because the interaction area is the connection boundary between the two
materials. The calculated effective length of the LSi in different temperatures between
25 ◦C and 70 ◦C can be estimated as 293.7± 0.5 µm.

At last, we applied temperature dependent resonance curve measurements by VICL
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4. Quantitative characterization of mechanical properties

Figure 4.9.: The graphic of the temperature dependent Young’s modulus and
the temperature dependent stress of the membrane are plotted as red dots and as
blued dots, respectively. The results of Young’s modulus and stress are fitted with
a linear fitting function which correspond to the red dash line and the blue dash
line in this figure.

at the pressure around 2 ∼ 4 mbar for different vibration modes: (1,1), (1,2), (2,1),
(2,2), (1,3) and (3,1) mode. Several temperatures from 25 ◦C to 90 ◦C are applied for
each mode. The temperature values and the mode indices are indicated in the respective
panels. The temperature dependent resonance frequency shift around 40 ∼ 60 kHz from
25 ◦C to 90 ◦C can be clearly seen. The classical Lorentzian function model is used for
the fitting. The estimated Q and f of (1,1) mode are plotted in the inset of Fig. 4.7. The
quality factor Q is almost constant within the applied temperature range and the eigen-
frequency shift is linear with the increasing temperature. The resonance frequency shift
of the (1,1), (1,2), (2,1), (2,2), (1,3) and (3,1) mode are plotted in the Fig. 4.11. The
colored dots correspond to the resonance frequency of each mode plotted in Fig.4.10. The
colored data in pink and purple contain two different transparent color corresponding
to the inverted mode index (1,2) / (2,1) mode and (1,3) / (3,1) mode. The calculated
curves applying Eq. (4.7) are plotted by corresponding colors. By the linear fitting of
the temperature dependent stress relation, we obtain:

σ = 3.5(±0.66)× 10−3T + 0.99(±0.033), (4.19)
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4.3. Quantitative characterization of mechanical properties

Figure 4.10.: The temperature dependent resonance curves of different modes.
In the six panels we plotted resonance curves under different measurement tem-
peratures to show the tempearture dependent eigen-frequency shift of (1,1), (1,2),
(2,1), (2,2), (1,3) and (3,1) mode, respectively. The curves are measured by VICL
method using IWLI with slightly deviated temperature due to the experimental
environment, different colors represent the different temperatures.
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Figure 4.11.: Theory and experimental results of temperature dependent reso-
nance frequency shift. The theory curves are predicted by applying Eq. 4.7, the
tensile stress σ is adapted with the temperature dependent stress relation measured
by APSStro method shown in Fig. 4.6 and Tab. 4.1. For (1,2), (2,1) mode and
(1,3), (3,1) mode, the different transparency color dot are used in corresponding
group.

and introducing this into Eq. 4.7, we get:

fm,n '
√

(2.87× 10−3T + 1.01)(m2 + n2)/(4ρL2). (4.20)

The σ in the Eq. 4.7 is adapted by the σ − T relation. The temperature dependent
resonance frequency shifting tendency is well reproduced. Hence, in further, the read out
of the device resonance and temperature test range can be improved for the application
as high resolution temperature micro/nano sensor.

4.4. Characterization of patterned nanomembranes

The patterned nano-structures on the free-standing nanomembrane provide a variety
of possibilities to manipulate the vibration properties such as vibration modes, eigen-
frequency, residual stress , stress localization, Q factors and so on. These manipula-
tions let us control and modify the dispersion relation mechanical properties and the
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4.4. Characterization of patterned nanomembranes

complexity of the resonator devices to reach specific unique properties for example the
ultrahigh-Q soft-clamping membranes, two-degree freedom nanomechanical systems in
optical cavity, bending-wave localized vibration modes and so on. For the patterning
process, it can be easily processed by e-beam lithography and ICP / RIE mask etching.
Also focused Iron Beam (FIB) etching could be the promising way. Here in this thesis we
choose the FIB ecthing to perform the nano-patterning, several examples are presented
in this section.

μ

μ

μ

λ

Figure 4.12.: APSStro characterization of the FIB etched SiN membrane with
two channels. (a) The static deflection of the FIB etched stripes membrane
(280 µm × 290 µm sized). The two channels are etched through of the mem-
brane by using FIB with a 5 µm × 100 µm lateral size, the distance between two
channels is ∼ 50 µm. (b) The dispersion ~k points are measured by applying the
APSStro method and the fitted dispersion relation is plotted as red curve. (c) The
stress distribution of σxx, σyy and σxy along each direction of the membrane is
plotted. The color code represents the stress intensity in the MPa range.

SiN membranes were used to hold the patterns due to the flatness of the membrane
and their stable nanomechanical properties. In Fig.4.12 we show a characterization of a
FIB etched stripe pattern on a membrane (280 µm × 290 µm sized, 478 nm thick). In (a)
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4. Quantitative characterization of mechanical properties

the static deflection of the membrane captured by the APSStro method with the IWLI
is presented. The two channels are etched through of the membrane by using FIB with
a 5 µm × 100 µm lateral size, the distance between each stripe is ∼ 100 µm. The FIB
etching can result in a deformation at the etched-through boundary due to the etching
dose injection of the Ga+ and nonuniform stress distribution after etching, showing as
a deflected area in the central membrane area with around 2 µm amplitude difference.
Appling the APSStro method we captured the dispersion points and these ~k points are
fitted by the dispersion relation Eq. 4.8 shown in Fig. 4.12 (b). The ~k points present
a more scattered distribution, due to the deflection after the FIB etching. Vibration
modes are distorted by the deflected membrane and etched channels, curvature are more
pronounced due to the decreasing of the stress. The stress distribution is printed in (c),
the most deflected area outside the boundary of the channels contains stronger stress in
the σyy direction. The central area between the two channels show a stronger stress in
the σxy direction of around 40 - 50 MPa.

Some typical vibration modes of the two channels etched membrane are selected and
presented in the Fig. 4.13 captured by the APSStro method. The ground mode ((1,1)
mode) eigen-frequency is around 300 kHz after the etching process. Here we present the
mode patterns of the (3,3), (4,2), (2,4), (3,4), (4,3), (3,5), (4,4) and (5,4) modes with
resonance frequency of 900.0 kHz, 920.0/930.0 kHz, 960.0 kHz, 1070.0 kHz, 1090.0 kHz,
1250.0 kHz, 1270.0 kHz and 1510.0 kHz, respectively. The three panels with gray dashed
frame shows the localized vibration mode patterns are in between of two channels, and
denoted as inner channel mode patterns. The inner (1,1), inner (1,2) and inner (2,2)
modes are captured at 1010.0 kHz, 1810.0 kHz and 3680.0 kHz, respectively.

Next, we perform a serial experiment on three SiN membranes fabricated on one Si
substrate with 200 µm × 230 µm sized, 478 nm thick membranes. One membrane is
used as reference sample without any patterning, static deflection pattern is shown in
Fig. 4.14 (a). The other two have been patterned with a stripe and a mesh pattern,
shown in Fig. 4.15 (a) and Fig. 4.14 (c), respectively. The dispersion relations are
plotted in Fig. 4.14 (b), (d) and Fig. 4.15 (c). The stress distributions of the mesh and
striped etched membrane are plotted in Fig. 4.14 (e) and Fig. 4.15 (b), respectively.
We plot the dispersion relations of these three samples to compare the changing coming
from the etching in Fig. 4.16. The curvatures of striped and gird membrane are bigger
than the dispersion relation of plain membrane. The dispersion points are fitted with
the Eq. 4.8 plotted as solid lines with corresponding colors shown in Fig. 4.16. The
fitted results are listed in the Tab. 4.2.

Table 4.2.: Mechanical properties of patterned SiN membranes

Nano-membrane Plain Striped etching Mesh etching

Young’s modulus E (GPa) 198.0 204.9 185.6

Residual stress σ (MPa) 117.5 53.9 41.7

Eigen-frequency f(1,1) (kHz) 318.0 462.1 365.5

The fitted Young’s modulus, residual stress and (1,1) mode eigen-frequency have been
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4.4. Characterization of patterned nanomembranes

Figure 4.13.: APSStro method captured vibrational mode patterns of the FIB
etched SiN membrane with two channels. Same as the sample in Fig. 4.12.
The mode patterns are captured at different vibration frequencies and phases
(0◦ / 90◦), the corresponding resonance frequency and mode index are labeled
above the mode patterns. The gray dashed frame indicates the inner vibration
modes isolated by the etched two channels.
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Figure 4.14.: APSStro method characterization of plain and FIB etched SiN
membrane with a mesh. (a) The static deflection of the plain SiN membrane
(180 µm × 230 µm sized). (b) The figure presents the dispersion relation of the
bending wave of the plain membrane. Green dots represent the ~k point measured
and the red curve demonstrates the fitted dispersion. (c) The static deflection of
the mesh-shape FIB etched SiN membrane (200 µm × 230 µm sized). (d) The
figure presents the dispersion relation of the bending wave of the meshed mem-
brane. Green dots represent the measured ~k point and the red curve demonstrates
the fitted dispersion. (e) The stress distribution of σxx, σyy and σxy along each
direction of the meshed membrane is plotted. The color code represents the stress
intensity.60
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Figure 4.15.: APSStro method characterization of FIB etched SiN membrane
with stripes. (a) The static deflection of the FIB etched stripes membrane
(180 µm × 230 µm sized) captured by APSStro method with the IWLI. The
stripes are etched by using FIB and the depth is ∼ 100 nm with a 5 µm × 180 µm
lateral size, the distance between each stripe is ∼ 30 µm. (b) The stress distribu-
tion of σxx, σyy and σxy along each direction of the membrane is plotted. The color

code represents the stress intensity. (c) The dispersion ~k points are measured by
applying the APSStro method and the fitted dispersion relation is plotted as red
curve. (d) The stress slice value of σxx and σyy along the x direction is plotted.

characterized by the dispersion relation fitting and APSStro method, data are listed in
the Tab. 4.2. From the table we can see that the Young’s modulus does not change
too much by the etching. However, the residual stress has been changed significantly.
The residual stress of the etched membranes are almost half of the value of the plain
membrane. The measured (1,1) mode eigen-frequency of each membrane are also listed
in the table.
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4. Quantitative characterization of mechanical properties

Figure 4.16.: APSStro method characterized dispersion relations of the plain
membrane, FIB etched SiN membrane with stripes and with a mesh. The APSStro
method characterized membranes (180 µm × 230 µm sized) are present in Fig. 4.14
and Fig. 4.15. The dispersion ~k points are measured by applying the APSStro
method and the fitted dispersion relation is plotted as curves with corresponding
colors.

62



5. Evaluation of the Nonlinear Interactions
and Dissipation Effects

Micro- and nanoscale mechanical resonators bear rich potential to expand their applica-
tions in a broad range of areas, such as noise sensing [24], opto-mechanical (quantum)
metrology [25, 26], nanoelectromechanical logic gates [27, 28] and parametric oscilla-
tors [29, 30]. Mechanical resonators can have different size scales, and may be even as
small as single carbon nanotubes or patterned graphene sheets [13, 31]. Among larger
devices, quasi-two dimensional membrane resonators are interesting for several reasons,
e.g. they have resonant behavior in a broad range of frequencies (e.g. from 100 kHz
to several MHz) which make them attractive as broad-band transducers for vibratory
energy harvesting [49]. They are also important in hybrid engineered systems, since
flexural modes can be easily coupled to other degrees of freedom such as photons [50–53]
and cold atoms in hybrid opto-mechanical architectures [54, 55]. Suspended membrane
resonators operating in the single-mode regime have been studied in the weakly nonlin-
ear limit and modeled as a Duffing resonator [56]. Increasing the membrane deflection
amplitudes enforces the nonlinearity, thereby giving rise to nonlinear coupling between
eigenmodes [46,58,59]. So far, experiments reported nonlinear interaction involving only
two interacting modes [60–64], and only when matching an internal resonant condition
between eigen-frequencies [65].

In the section of spatial modulation, We will show that, to describe our experimental
observations, a small number of spatial modulation 1:n coupling modes is sufficient,
representing a significant simplification compared to the classical model based on linear
eigenmodes of a rectangular membrane [43]. Our conclusions are thus that spatially
modulated overtones represent, indeed, a new paradigm in the nonlinear dynamics of
membranes which goes beyond previous theoretical pictures, based on the approach of
nonlinear interaction of few linear eigenmodes [62–64].

In the section of persistent response, we analyze a peculiar nonlinear behavior achieved
in ultra-strongly driven resonators [83]. We apply a single sinusoidal drive with frequency
in the range of the fundamental mode. Varying the drive frequency, we observe the devel-
opment of a plateau in the resonance curves that extends over a certain frequency range
with nearly constant. This plateau is interrupted in some region where the amplitude
strongly fluctuates, which we attribute to the onset of chaotic regime [60,63]. However,
far away from these regions the response function of the membrane is stable and repro-
ducible. The curve shows also hysteresis for upward and backward frequency scanning.
We denote the almost constant amplitude over extremely wide frequency ranges as per-
sistent response. We show that the persistent response range can be extended over an
extremely wide range of more than 50% of the linear eigenfrequency, as shown in Fig
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5. Evaluation of the Nonlinear Interactions and Dissipation Effects

5.1 (b). We argue that this state is maintained by two different interaction mechanisms:
spatial modulation of overtones [43] demonstrated as area I, i.e. frequency multiples, of
one flexural mode of the membrane deflection, and nonlinear coupling between different
flexural modes demonstrated as area II. We will explain in the following sections.

The sample fabrication and measurement principles of the SiN membranes have been
described in detail elsewhere [12,41,42,45,72,84] and are summarized in Chap. 3. Flex-
ural modes of the membrane are excited by applying an AC voltage Vexc · sin(2πfdt) to
a piezo ring that causes a uniform thickness change of the piezo, resulting in an inertial
excitation of the membrane, see Fig. 5.1 (a). The vibrational state of the membrane
in vacuum is observed in two different set-ups providing two different types of opti-
cal interferometry. The imaging white light interferometer is able to spatially resolve
the deflection profile and to obtain the average amplitude response by integrating the
deflection profile over a selected area on the membrane surface [72]. The Michelson
interferometer is focusing on one particular position of the membrane with a spot diam-
eter of ∼2 µm. In this chapter we show data recorded on the membrane of a 478 nm
thick, 413.5× 393.5 µm2 lateral sized SiN membrane unless otherwise specified. Further
experimental details are also given in Chap. 3. In this chapter we analyze in details.

Figure 5.1.: (a) Sketch of the experimental setups showing the membrane chip
carrying a free-standing SiN membrane, the piezo ring and drive, the objective
of the IWLI and the MI. (b) Resonance curves generated by different Vexc and
recorded by the IWLI, showing the mean amplitude response (normalized to the
excitation voltage and averaged over the whole membrane area) from 320 kHz to
342.8 kHz. Two distinct frequency ranges are separated by a gray dashed line and
marked as I and II for further discussion.
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5.1. Spatial modulation in strong nonlinear regime

Table 5.1.: Experimental and theoretical values of several flexural modes. The
membrane is a 478 nm thick, 413.5×393.5 µm2 lateral sized SiN membrane which
we used in the experiments described in Chap. 5. Measured eigen-frequencies
of different flexural modes (m,n) in kHz. The indicated frequency values have
been measured by IWLI and confirmed by MI (underlined). Calculated eigen-
frequencies of different flexural modes (m,n) in kHz according to Eq. (3.1).

Experimental Theoretical

Mode 1 (n) 2 3 4 5 1 2 3 4 5

1 (m) 321 500 712 927 1174 325 507 714 930 1149

2 517 646 818 1018 1233 520 649 821 1014 1218

3 747 837 983 1326 738 834 974 1141 1326

4 979 1052 963 1039 1154 1299 1463

5 1219 1351 1640 1192 1254 1351 1477 1623

5.1. Spatial modulation in strong nonlinear regime

In the linear response regime, we find resonances corresponding to the eigen-frequencies
f(m,n) of the flexural eigenmodes [45]. For example, we find f(1,1) = 321 kHz and f(2,2)

= 646 kHz for the eigen-frequencies of the (1,1) and (2,2) mode, respectively, both with
quality factors in the order of 20000, see Chap. 4 for more characterization details. The
eigen-frequencies of all modes discussed in this chapter as well as further mechanical
parameters are listed in Tab. 5.1.

The deviation of the frequency responses from the Duffing model can be observed in
Fig. 5.2 when the driving is continuously increasing when Vexc reached the intermediate
strong level, here, Vexc > 5.0 mV. To investigate the origin of the deviation, we perform
the IWLI to capture the deflection profile when the deviation sets in, see the following
section.

5.1.1. Deflection patterns in linear, Duffing and spatial modulation regime

We utilize the IWLI signal integrated over the entire membrane area to record the
nonlinear vibration behavior under intermediate and strong sinusoidal excitation and
with a driving frequency fd around f(1,1). With Vexc = 2.5 mV to 5.0 mV, the resonance
curves exhibit a Duffing-type nonlinearity, as shown in Fig. 5.2, but when exceeding
Vexc> 5.0 mV, the amplitude rises more weakly than expected for the Duffing model but
persists over a larger frequency range. This observation signals the onset of the spatial
modulation phenomenon. The spatial deflection profiles captured by IWLI for Vexc =
15.0 mV are shown in Fig. 5.3 (a). When continuously sweeping the driving frequency
fd, the spatial appearance of the deflection pattern changes from single drum head type
at fd = f1 (see marker in Fig. 5.2) to a crater type at fd = f2, where the amplitude at the
membrane center decreases and the central part of the deflection pattern adopts a flat
shape. When further increasing fd to f3, the flat area evolves into a separate drum head
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5. Evaluation of the Nonlinear Interactions and Dissipation Effects

Figure 5.2.: Nonlinear resonance curves (measured by IWLI and integrated over
the entire membrane area) with varying Vexc, normalized to Vexc, are plotted vs
the detuning frequency with respect to the linear eigen-frequency fd − f0. Here f0

is the eigen-frequency of the fundamental mode f0 = f(1,1). The top axis shows
the absolute frequency values measured with the IWLI. The red dashed lines are
fits with the Duffing model.

shape. Finally, at f4 again a minimum occurs in the center surrounded by two rings.
The observed deflection patterns reveal a frequency-dependent spatial modulation of the
(1,1) mode, which cannot be described as a simple superposition of few (m,n) modes,
since it has a circular symmetry contrary to the axial symmetry of the higher (m,n)
modes in a rectangular membrane.

Fig. 5.3 (b-d) shows examples of deflection patterns recorded on another SiN mem-
brane with the dimensions 289 µm × 300 µm. The top row shows the deflection patterns
of the (1,2), (1,3), and the (2,3) mode. The bottom row shows the corresponding patterns
in the spatial modulation regime. The excitation was Vexc = 0.5 V and the frequencies in
Duffing regime / spatial modulation regime are the following: (b) 504.2 kHz / 505.2 kHz;
(c) 713.4 kHz / 714.6 kHz; (d) 825.4 kHz / 828.6 kHz. With the help of sweep-up and
ring-down experiments performed in the MI at different positions on the membrane, one
can reveal that the modulation is caused by frequencies which are identified as overtones
of the (1,1) mode with 2f(1,1) and 3f(1,1), as we will show in the following.

Shifting back to the default SiN membrane sample, we perform a slow sweep-up of
fd at constant Vexc from a starting value below the resonance frequency of a particular
mode up to a maximum frequency above the resonance frequency but within the fre-
quency range of the high response amplitude. At this frequency we switch off the drive.
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Figure 5.3.: Localized overtones for near-resonant drive in the spatial modu-
lation regime. (a) Spatial deflection patterns observed at different driving fre-
quencies fd denoted as f1, f2, f3, f4 in Fig. 5.2, associated with the spatial over-
tones of the (1,1) mode (Vexc = 15 mV). (b-d) (1,2), (1,3) and (2,3) modes and
their spatial modulation deflection of another SiN membrane with the dimensions
289 µm × 300 µm, captured by IWLI. (e) frequency spectrum (measured by MI)
of a sweep-up measurement around the (1,1) mode up to fd = 321.88 kHz (dashed
line), from where fd is kept constant, Vexc = 50 mV. Top: drive frequency as
a function of time. (f) Position dependence of relative amplitude of overtones
recorded at Vexc = 35 mV and fd ≈ f3 (see Fig. 5.3 (a) and measured by MI) for
a line cut parallel to the edges through the center of the membrane, see schematic
in the inset. The intensities of the individual overtones (up to 4th overtone shown)
and the total intensity are obtained from the sweep-up measurements.
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The measurement spot is close to one edge of the membrane and chosen such that the
maximum deflection stays smaller than a quarter of the laser wavelength (see the Chap.
3 for details). Note, that due to experimental constraints the excitations and axis scal-
ings in Figs. 5.3 (a) to (f) are different. A direct comparison between the amplitudes in
Fig. 5.3 (f) and the mode shapes in Fig. 5.3 (a) is therefore not possible.

A Fast Fourier Transform (FFT) algorithm is performed on the time domain deflection
displacement data in narrow time windows to get a time-resolved frequency spectrum of
the sweep-up and ring-down processes. Figure 5.3 (e) shows the time evolution during the
sweep-up of the frequency spectrum for a moderate excitation from a starting frequency
slightly above the linear eigen-frequency f0 up to fd = 321.88 kHz.

The subsequent ring-down part is displayed in Fig. 5.10. In contrast to the linear
response regime shown in Fig. 5.9 in the next, we observe response at multiple frequencies
which are setting in one after another at different fd. Strong signals are observed at
fd, 2fd, and 3fd, respectively. These responses evolve during ring-down towards the
overtones of the first mode, namely to f(1,1), 2f(1,1), and 3f(1,1).

We note that 2f(1,1) = 642 kHz can clearly be distinguished from the eigen-frequency
f(2,2) = 646 kHz of the (2,2) mode, given the frequency resolution of the FFT algorithm
∼ 1 kHz which is larger than the intrinsic line width of the linear resonances, which is
in the order of 50 Hz. A similar multiple frequency response has also been found for SiC
and Ge membrane systems [68] and graphene membrane resonators [85].

The multiple frequency response complements the observations from the IWLI and
gives a strong hint that the spatial modulation state corresponds to spatially varying
super-positions of the fundamental mode and its overtones. In addition, stroboscopic
IWLI measurements show (see Fig.2.2 (d) in Chap. 2), that at fd = f3 the central part
of the membrane (inner disc with a drum head shape) vibrates at a different frequency
than the outer annulus which moves at fd.

To further test this hypothesis of localized overtones we perform MI measurements
at different positions on the membrane. Figure 5.3 (f) shows the relative amplitudes of
the overtones observed in the frequency spectrum for a line profile from one edge of the
membrane to the other, crossing the center of the membrane, see inset of Fig. 5.3 (f).
At each spot a sweep-up is performed and the intensities of the overtones are evaluated
at fixed detuning by separately integrating the power of each time window within a
corresponding frequency range. The total intensity reveals a large plateau that extends
over a width of roughly 200 µm in the center of the membrane. The driving frequency
fd ' f(1, 1) has the highest amplitude at the outer rim of this plateau and strongly
decreases towards the center.

In the central part the intensity of the 2nd overtone exceeds the one of the ground
tone. The 3rd and 4th multiples of fd have weaker intensity and are even more centered.
This observation evidences the existence of spatially localized overtones, confirming the
interpretation of the IWLI data. The detailed microscopic analysis of the observed
spatial overtones and their appearance is a challenging theoretical task and beyond
the current work. The thermoelastic properties of the membrane represent a possible
physical origin behind the phenomenological model.
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5.1. Spatial modulation in strong nonlinear regime

5.1.2. Numerical simulation of spatial modulation

The main physical aspects can be captured by the phenomenological ansatz given in
Eq. (2.10) that describes that the membrane is vibrating at distinct sections at different
frequencies. We note that any profile function can be obtained as a linear combination
of the eigenmodes (m,n) since the latter form a complete orthonormal basis.

An example is given in the Chap. 2 in which we project the ring-shape of the deflection
onto the linear eigenmodes. This yields a very slowly convergent series: as expected
intuitively, a superposition of many modes is needed to reproduce a circular ring-shape
(N ≥ 100) of the rectangular membrane shown in Fig. 2.3. By contrast, the spatially
modulated overtones un can be viewed as renormalized eigenmodes appearing only for
strong driving. They can be mathematically defined on the concept of an invariant
manifold in an elastic nonlinear medium [86].

For simplicity we describe here the situation with only two resonators, i.e. the 1:2
model. The general 1 : n model is detailed in the Chap. 2 which includes Ref. [69, 70].
We thus consider the equation

u(r, t) ' q2(t)h2(r)ei4πfdt + q1(t)h1(r)ei2πfdt + c.c. , (5.1)

h1(r) is localized at a ring of radius R from the center and has the eigen-frequency
f1 ' f(1,1), the second one, and h2(r), is localized at the center, with eigen-frequency
2f1, as shown in Fig. 5.3 (a) for fd = f3.

1:2 ω coupling model simulation

Finally, in our model, we assume a nonlinear coupling between the two effective res-
onators and we set the following coupled equations for the amplitudes q1 and q2:

q̈1(t) = −(2πf1)2q1(t)− 2Γ1q̇1(t)− 2λ q1(t)q2(t) − γ1q
3
1(t) + Fdcos (2πfdt) (5.2)

q̈2(t) = −4(2πf1)2q2(t)− 2Γ2q̇2(t)− λ q2
1(t) (5.3)

Equations (5.2) and (5.3) mean that the membrane is effectively composed of an inner
disc coupled to an outer ring. A similar approach was used for silicon ring resonators [69].
The ring resonator is characterized by a Duffing nonlinearity with strength γ1, and both
are damped with damping constants Γ1 and Γ2.

Most importantly, we also postulate a nonlinear resonant interaction between the two
resonators, given by the last terms in Eqs. (5.1) and (5.3) with the interaction strength
λ, which can be derived from the nonlinear potential V = λq1

2q2. This interaction is
important since it implies a correlated behavior of the two amplitudes which we actually
observe in the system, as we discuss next.

In Fig. 5.4 we show more curves from the same data set as depicted in Fig. 5.2. The
orange lines are the same fits to the duffing model as in Fig. 5.2, the green curves are
calculated with the 1:2 coupling model and the blue curves using 1:2 and 1:3 coupling.
The model fits the experimental curves well. The small deviations can be explained by
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5. Evaluation of the Nonlinear Interactions and Dissipation Effects

Figure 5.4.: Experimental responses (symbols) integrated over the entire mem-
brane (shown as green frame in the inset) measured by IWLI for Vexc = 2.5,
4.2, 5.8, 6.7, 7.5, 8.3, 9.1, 10.0, 10.8, 11.6, 12.5, 13.3, 14.1, and 15.0 mV at
P = 0.055 mbar. The lines are fits with either the Duffing or the coupled model.
For details see text. Inset: Fitting of the curve recorded at 10.0 mV. The black
lines show the individual contributions of modes n = 1 and n = 2.

the simplicity of the model, e.g. neglecting the contributions of the higher overtones.
The fitting parameters and their analyzes are discussed below.

We now turn to exploit the nonlinear 1 : n model in practice. Equation (2.27), with
constant weighting factors a and b, represents a very first approximation to extract some
quantitative comparison with the experiment. Solving Eqs. (2.23) and (2.24), we use
Eq. (2.27) to fit the experimental amplitude averaged over the full area of the membrane
Le = L, see Fig. 2.2 (b). The results are reported in Fig. 5.5 (a) for Vexc = 10 mV.
The two black solid lines are the individual amplitudes |z1| and |z2| with the dashed
red lines for the unstable parts of the solutions. The solid light blue line is Eq. (2.27)
with the fitted parameters β = 23.36, κ2 = 29.25 and g2 = 35.0 and weighting factors
a = 2.92 and b = 180.0. In view of the simplicity of the model the, curve reproduces the
experimental data well.

Effectively, the vibrational shape of the membrane changes upon variating the detun-
ing δω even at fixed drive Vexc. This is particular relevant when we measure the average
amplitude in a square over the central part with smaller size Le = 1

16L of the entire
membrane (see Fig. 2.2 (b)): since the diameter of the ring increases with the detuning
to accommodate the higher tones, the ring eventually leaves the integration square L2

e.
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5.1. Spatial modulation in strong nonlinear regime

In this situation the average amplitude decreases drastically, resulting in a pronounced
peak, as observed in Fig. 5.7.

An example, how this can be described within the nonlinear coupling model, is shown
in Fig. 5.5 (b) in which we report the measured resonance curve integrated over the
central area of the membrane marked as blue square frame in Fig. 2.2 (b) and in the
inset of Fig. 5.7 (b). The formula with fixed weighting factors is now used for frequencies
below the first response maximum only, and we obtain a = 3.5 and b = 400.0, plotted
as solid black line (and continued as dashed line beyond the maximum).

When further increasing the detuning, the ring and drum head amplitudes partially
move out of the observation frame and the average amplitudes start to decrease. To take
this into account, the weighting factors are not kept fixed, instead beyond this peak we
use the fitting formula

Ā ∝
(
y1(δω) |z1|+ y2(δω) |z2|

)
(5.4)

with y1(δω) = c0− c1δω/Γ1 and y2(δω) = d0− d1δω/Γ1. The result is the blue solid line
in Fig. 5.5 (b) with fitted parameters c0 = 5.3, c1 = 0.019, d0 = 10.0 and d1 = 20.0. We
note that the system parameters κ2, β and g2 are the same as those obtained from the
fitting over the full membrane, demonstrating the consistency of the phenomenological
model.

1:2 & 1:3 ω coupling model simulation

We now give examples for the application of the model when more than two tones are
involved. Figure 5.4 shows the fitting results of the experimental curves recorded at
varying Vexc integrated over the entire membrane area using the 1 : n nonlinear coupling
model. The curves with intermediate drive strength (Vexc = 6.7 to 10.8 mV) have been
fitted with the 1:2 model. For stronger drive, the 1:2 model was not sufficient to describe
the experimental findings. Motivated by the observation of the IWLI measurements
showing another ring appear and the MI ring-down results also revealing the appearance
of another overtone, we fitted the resonance curves with Vexc = 11.6 to 15.0 mV using
three tones, n = 1, 2, 3, in which the ground mode n = 1 is coupled to n = 2 and to
n = 3 (referred to as 1:2 & 1:3 model). The fitting procedure yields Γ1 = 0.069 s−1

for the damping of the nonlinear system and γ1 = 7.0 × 104 m−2 · s−2 for the Duffing
coefficient as best-fit parameters.

The maximum detuning frequency of each curve, determined as the frequency at which
the amplitude breaks down, depends on Vexc, as shown in Fig. 5.6 (a). In the Duffing
regime, a slight increase of fdmax vs. Vexc is observed that turns into a linear behavior
with larger slope in the spatial modulation regime (shown as black dots). This increase
in slope is consistent with the shallow increase of the resonance amplitude. Since the
area under the resonance curve is a measure for the dissipated energy, the break-down
frequency has to increase markedly. The modeled effective force β of each curve is
shown in Fig. 5.6 (b), the colors of the symbols correspond to the color code of the
curves in Fig. 5.4. β increases with Vexc, with different slopes in the Duffing regime and
the spatial modulation regime. There is no change in slope at the cross-over from the
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Figure 5.5.: Decomposition of the modeling of spatial modulation. The 1:2 in-
ternal resonance of nonlinear coupling discussed above is used for the theoretical
modeling. A set of suitable parameters is applied for the central area and full area
(see Fig. 2.2) of the membrane, IWLI measured resonance curves, also shown in
Fig. 5.3. (a) The nonlinear response measured over the full area of the membrane
is plotted as green dots with the theoretical curve aq1 + bq2. The individual theo-
retical modeling of q1 and q2 are plotted with black solid curves (stable solutions),
the red dashed lines denote unstable solutions. (b) The nonlinear resonance re-
sponse measured in the central area of the membrane is plotted as blue dots with
the theoretical modeling curves y1q1 + y2q2 (blue) and a’q1 + b’q2 (black). The
fitting parts of the two modeling curves are plotted as solid lines; the ineffective
parts are plotted as dashed lines.
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5.1. Spatial modulation in strong nonlinear regime

Figure 5.6.: Fitting parameters for the whole-membrane measurements under
different excitation. (a) The maximum detuning frequency of each curve is plotted,
curves in the Duffing regime are plotted as orange, and the curves in the spatial
modulation regime are plotted as black. (b) Modeled effective force β of each
curve. Orange, green and blue represent the Duffing model, 1:2 coupling model
and 1:2 & 1:3 coupling model, respectively. (c) The efficiency of excitation as
defined in the text.
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5. Evaluation of the Nonlinear Interactions and Dissipation Effects

1:2 to the 1:2 & 1:3 model. The ratio (fdmax − f0) /β is a measure for the efficiency with
which the excitation is translated into deflection and is plotted in Fig. 5.6 (c). In the
Duffing regime the efficiency increases roughly linearly with Vexc. It reaches a maximum
at the transition to the spatial modulation regime and then decreases markedly. This
observation in agreement with the interpretation of redistribution of energy from one
single fundamental mode to other overtones in the spatial modulation regime. There
is no qualitative change at the cross-over between the 1:2 and the 1:2 & 1:3 model,
underlining the consistency of the model.

The 1 : n model can also be used to describe the resonance curves recorded for large
Vexc and displaying multiple maxima averaged over the central area, only, thereby using
weighting factor as described above. However, because of the large number of necessary
fitting parameters, their values are less meaningful, and we refrain from reporting them
here.

Development of the spatial overtones

In the previous section, we gave a short description of the decomposition of the spatial
modulation measured in the central area of the membrane as shown in Fig. 5.5 (b).
Now in this part, the analysis of the development of the spatial overtones is completed
by studying the deflection amplitude in a small area. Figure 5.7 (a) shows examples of
response curves integrated over a square with size 80 × 80 µm2 in the central area (see
dashed frame in inset) of the membrane for increasing Vexc.

A zoom into the maxima is given in panel (b). It reveals a series of maxima and min-
ima, before the amplitude eventually breaks down. The number of observable maxima
increases with Vexc in agreement with the increasing plateau length when integrating
over the whole membrane area. For small Vexc = 10 mV only the first maximum and
minimum are accessible, for Vexc = 100 mV four maxima and minima are obtained.

We interpret this observation as follows: Upon increasing fd the diameter of the
circular shaped overtones increase. The first maximum signals that u1 reaches the edges
of the integration window, thereby reducing the averaged amplitude. When further
increasing fd, more overtones are excited, increasing the amplitude and subsequently
leaving the central area, thereby reducing the averaged amplitude again. As an example
we fit the curve recorded for Vexc = 10 mV with our theoretical model, comprising two
tones, q1 and q2. To account for the fact that upon increasing fd, the radius of the ring
increases and partially leaves the integration area, we use a linearly decreasing weight
factor for mode q1, as described in Fig. 5.5 (b). The solid line in Fig. 5.7 (c) is the result
of the fitting with the theoretical model which describes the experimental observation
qualitatively correctly. The individual contributions and the total fitted amplitude and
further details are given in the Fig. 5.5 (b).

This concept can straightforwardly be extended to the situation with three and more
modes. However, the number of fitting parameters increases rapidly. Summarizing,
the deflection amplitude in the central area of the membrane can be interpreted as the
gradual transfer of vibrational energy from q1 to higher overtones qn.
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5.1. Spatial modulation in strong nonlinear regime

Figure 5.7.: Resonance curves measured in a localized area of the membrane.
(a) Normalized averaged amplitude responses of the central area of the membrane
(blue frame in inset deflection pattern), measured by IWLI curve for different Vexc

from 10 mV up to 93 mV. (b) Zoom into the maximum region. (c) Experimental
curve (symbols) for Vexc from 10 mV and fit (line) to the 1:2 model.

We perform a serial of experiments to clarify the ‘localization of overtones’ of mem-
brane resonators in spatial modulation regime. The sizes of the amplitude response
observation area of IWLI are adjusted in different measurements, as shown in the dash
line framed area on the deflection pattern image of a membrane in the inset of Fig. 5.8.
The frame is chosen in the center of the membrane and the frame size can be adjusted
from 100% to minimum ∼ 5% of the membrane area, as shown in the inset. The black
curve shows the amplitude response integrated over the whole membrane; slight fluctu-
ation above the amplitude saturation can be observed. While decreasing the integration
frame, a new cusp appears at ∆f = 0.2 kHz and the others become more pronounced.
According to the interpreted evolution of spatial modulation in Fig. 5.7, when we shrink
the integration frame, the contribution of the center drum-head area which accommo-
dates the higher overtones nfd (n = 2, 3, 4...) of the fundamental mode becomes more
pronounced. The smaller integration frame cause stronger fluctuations because the area
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5. Evaluation of the Nonlinear Interactions and Dissipation Effects

Figure 5.8.: Experimental response of different integration areas of the membrane
resonator, measured by IWLI at Vexc = 45 mV. The observation area is always sit-
ting in the center of the membrane, by continuously shrinking the integration area
(from 100% to 6%) and performing the measurements under the same condition
repeatedly, the response curves in the spatial modulation regime are recorded.

ratio (inner drum-head v.s. outer rings) increases. It also can cause a blue shift of the
maximum amplitude detuning frequencies of the cusps because the outer rings expand
out of the integration frame.

5.1.3. Energy decay of spatial modulation: ring-down

Ring-down of linear resonance

Figure 5.9 shows the ring-downs of the (1,1) and the (2,2) mode, respectively, after
driving them resonantly in the linear response regime. Both ring-downs show purely
exponential decay with decay rates 2Γ(1,1) ≈ 20.0 s−1 and 2Γ(2,2) ≈ 17.0 s−1. By
utilizing the formula f0/2Γ = Q, the Q factors of thes modes can be calculated as
Q(1,1) = 1.6 × 104 and Q(2,2) = 3.8 × 104. No overtones or higher modes are excited,
confirming the purely single-frequency excitation as well as the harmonic nature of the
resonator.

Nonlinear response with resonant drive in the spatial modulation regime

Figure 5.10 presents a ring-down measurement of the membrane after driving resonantly
at f(1,1) but with larger amplitude Vexc = 10 mV, showing several overtones of the (1,1)
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5.1. Spatial modulation in strong nonlinear regime

Figure 5.9.: Energy decay in the linear response regime. (a) The ring-down
measurements of the (1,1) and (2,2) modes are performed after weakly driving
at their eigen-frequencies f(1,1) = 321 kHz and f(2,2) = 646 kHz, respectively.
Panel (b) shows the time-resolved FFT power spectra obtained by integrating
over a certain frequency range around the eigen-frequencies. The ring-down
traces present purely exponential decays with fitted decay rate for each mode
2Γ(1,1) = 20.0 s−1 and 2Γ(2,2) = 17.0 s−1.

mode as discussed in the Fig. 5.3): Three significant frequencies are detected fd = 321.2
kHz, 2fd = 642.4 kHz and 3fd = 963.6 kHz. With the excitation switched off, the
frequencies decrease towards the eigen-frequencies of the overtones and reach f(1,1) =
321.0 kHz, 2f(1,1) = 642.0 kHz and 3f(1,1) = 963.0 kHz roughly at the same time. The
shift amounts to only a few hundred Hz to a couple of kHz and is therefore hard to see in
Fig. 5.10, but can be clearly detected when zooming into the individual frequency ranges.
Figure 5.10 (b) presents the time-resolved FFT power spectra obtained by integrating
over a certain frequency range around the individual resonance frequencies.

The ring-down traces present anomalous decay behavior for f(1,1) and its 2nd overtone
which reveals an oscillating faster decay. The signal powers of 2f(1,1) and 3f(1,1) are
weaker than the one of f(1,1). The signal power of f(1,1) only starts decaying 40 ms after
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Figure 5.10.: Energy decay of the ultra-strongly driven (1,1) mode in the spatial
modulation regime. The (1,1) mode is driven in the spatial modulation state
with Vexc = 10 mV, fd = 321.2 kHz slightly higher than the eigen-frequency
f(1,1) = 321 kHz and switched off at t = 0. (a) frequency spectrum of ring-
down measurement. The power trace of the (1,1) mode can be observed as well
as its 2nd and 3rd overtones at 2fd = 642.4 kHz and 3fd = 963.6 kHz. Two weak
and fast decaying frequency responses at 396 kHz and 716 kHz are also observed.
The overtones are labelled as f(1,1), 2f(1,1) and 3f(1,1). (b) The time-resolved and
frequency integrated power spectra of the data shown in a for different frequency
ranges (f(1,1) black, 2f(1,1) red, 3f(1,1) blue). The amplitude of the (1,1) mode per-

sists for around 40 ms and then decays exponentially, the 2nd and the 3rd overtone
decay immediately after switching off the drive and with a larger decay rate.

78



5.2. Persistent response and flexural mode coupling in ultra-strong nonlinear regime

the drive has been turned off. Then starts a slow anomalous decay process between 40
ms to 60 ms. The decay traces of the f(1,1) power shows an exponential decay process
60 ms after the power has been turned off. The decay rates of the individual overtones
are calculated by fitting an exponential function to the ring-down power integrated over
the respective frequency range. We obtain the decay rates in the spatial modulation
regime 2Γ(1,1) = 21.0 s−1 and 2Γ3(1,1) = 64.3 s−1. The decay rate of 2Γ(1,1) is fitted
from the f(1,1) ring-down trace after 60 ms, and 2Γ3(1,1) is fitted from the entire ring-
down trace by using an exponential decay model. The power oscillation of 2f(1,1) can
be directly seen even at the steady state with power on, the frequency is roughly 44 Hz.
Remainders of this oscillation are also observable during the 2f(1,1) ring-down process.
We argue that this extremely slow oscillation might be due to heat redistribution caused
by thermo-elastic processes. Further experiments are necessary to clarify the origin of
this behavior that is systematically observed for 2f(1,1).

5.2. Persistent response and flexural mode coupling in
ultra-strong nonlinear regime

In the last section, we discussed the deflection patterns, phenomenological models and
energy decay of the spatial modulation behavior for the intermediately strong drive. The
spatial modulation evolving from the Duffing nonlinearity, generates higher overtones
(multiple higher frequencies) of the fundamental mode, and the amplitude response can
be assigned to the I regime in Fig. 5.1 (b) [43]. Now we turn to regime II for the
discussion of the persistent response and flexural mode coupling regime. When zooming
into the plateau in Fig. 5.1 (b), “Duffing-like” and sudden pumped features with small
amplitude can be observed superimposed to the large and flat amplitude on the plateau
(flexural mode regime) [83]. In this section, we will explain the coupled flexural modes
and different nonlinear interaction behavior.

5.2.1. Sub-harmonically driven flexural mode: Off-resonance measurement

To clearly measure the sub-harmonically driven flexural modes (except (1,1) mode), we
apply an off-(1,1) resonance measurement, that the starting sweeping frequency of the
driven resonance is closing to but higher than the resonance frequency of (1,1) mode
(i.e. fd > f(1,1)). This point let us avoid the strong nonlinearity (1,1) mode. But still,
the (1,1) mode can vibrating at lower branch of its Duffing nonlinearity, corresponds to
the higher background amplitude response measured in Fig. 5.11.

The curves in Fig. 5.11 (a) showing the amplitude responses of the sub-harmonically
driven (2,2) mode under different excitations; the driven frequencies are around fd =
1
2f(2,2) = 328 kHz. Vexc is selected from 0.37 V to 1.11 V, see figure caption for each val-
ues. Analogously, Fig. 5.11 (b) to (d) show the response curves for the sub-harmonically
driven (3,3), (1,2) and (2,3) modes. From Fig. 5.11, the nonlinearity has mainly two
different shapes, one is the “Duffing like” shape: the Fig. 5.11 (a) and (b) corresponding
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(2,2) mode (3,3) mode

(1,2) mode (2,3) mode

Figure 5.11.: Amplitude response curves of Sub-harmonically driven (2,2), (3,3),
(1,2) and (2,3) modes measured by IWLI. (a) The curves showing the amplitude
responses of sub-harmonically driven nonlinearity of the (2,2) mode under differ-
ent excitations, the driven frequencies are around fd = 1

2f(2,2) = 328 kHz. Vexc is
selected from 0.37 V to 1.11 V for each drive: 0.370, 0.388, 0.416, 0.434, 0.462,
0.480, 0.508, 0.527, 0.554, 0.572, 0.600, 0.619, 0.647, 0.739, 0.924, 1.110 V, respec-
tively. (b) The curves showing the amplitude responses of sub-harmonically driven
nonlinearity of (3,3) mode under different excitations, the driven frequencies are
around fd = 1

3f(3,3) = 331 kHz. Vexc is selected from 4.62 V to 5.73 V for each
drive: 4.62, 4.71, 4.76, 4.80, 4.85, 4.90, 4.94, 4.99, 5.17, 5.36, 5.54, 5.73 V, respec-
tively. (c) The curves showing the amplitude responses of sub-harmonically driven
nonlinearity of (1,2) mode under different excitations, the driven frequencies are
around fd = 2

3f(1,2) = 340 kHz. Vexc is selected from 5.62 V to 5.76 V for each
drive: 5.62, 5.64, 5.67, 5.70, 5.73, 5.76 V, respectively. (d) The curves showing the
amplitude responses of sub-harmonically driven nonlinearity of (2,3) mode under
different excitations, the driven frequencies are around fd = 2

5f(2,3) = 333.5 kHz.
Vexc is selected from 5.86 V to 6.09 V for each drive: 5.86, 5.91, 5.95, 6.00, 6.05,
6.09 V, respectively.
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to (m,n) modes with m = n; another is the “parametric like” shape: the Fig. 5.11
(c) and (d) corresponding to (m,n) modes with m 6= n. Thus, the following discussion
section is mainly separated into these two different behavior, named as sub-harmonically
driven nonlinear coupling and sub-harmonic parametrically driven nonlinearity.

We will describe the self-nonlinearity, nonlinear coupling and parametrically driven
nonlinearity behavior in the persistent response and flexural mode coupling regime in
ultra-strong nonlinearity in the following sections.

5.2.2. Sub-harmonically driven nonlinear coupling

We performed a 1
2f sub-harmonically driven (1,1) mode, a 1

3f sub-harmonically driven
(1,1) mode and a 1

2f sub-harmonically driven (2,2) mode measurement to show the
sub-harmonically driven nonlinear coupling behavior of flexural modes in this section.

Sub-harmonically driven (1,1) mode: fd = 1
2f(1,1)

The curves showing the amplitude responses of sub-harmonically driven nonlinearity of
(1,1) mode under different excitations, the driven frequencies are around fd = 1

2f(1,1) =
163 kHz. Vexc is selected from 1.71 V to 4.93 V. The curves plotted in Fig. 5.12 (a) are
showing the Duffing nonlinear behavior with sub-harmonical drive for Vexc ≤ 3.41 V.
The fitting of these curves will need a 1

2 :1 ω (1,1) mode coupling nonlinearity instead of
a simple Duffing, although the nonlinearity is similar to the standard Duffing response.
When Vexc ≥ 3.414 V, the nonlinearity enters a 1:2 ω & 1:3 ω (1,1) spatial modulation
regime. The sub-harmonic (1

2ω) term is not sufficient, see the ring-down measurement
we discussed in the following.

The drive (Vexc) vs. maximum amplitude (Amax) relation, Vexc vs. maximum detuning
frequency (fdmax − f0) relation and the fdmax − f0 vs. Amax relation are plotted in Fig.
5.12 (b), (c) and (d). The drive Vexc vs. Amax relation shows a linear tendency for
Vexc ≤ 3.414 V, similar to the Duffing model, and the rest show a saturation of Amax in
Fig. 5.12 (b).

The frequency spectrum of the ring-down is shown in Fig. 5.13 (a) for Vexc = 10.0 V
and sub-harmonically driven nonlinearity, fd = 161.0 kHz. By applying the ring-down
measurements of the 1

2f sub-harmonically driven nonlinearity of (1,1) mode, the higher
overtone of (1,1) mode can be clearly seen. Additionally, the frequency response of f(2,2)

= 647 kHz also can be observed. The strongly driven nonlinearity at 4fd = 644 kHz
splits into two traces when the ring-down starts at t = t0. In Fig. 5.13 (b), the power
decay of the resonances occurring in the frequency range from 300 kHz to 1.0 MHz are
shown. To interpret the data, one has again to keep in mind that the measurement
is local, meaning that sudden jumps up or down of the amplitude of particular modes
are not violating energy conservation, but just indicate a rearrangement of the spatial
distribution of the vibration power. At the spot investigated here, the power of the
(1,1) mode and each overtone jumps down immediately after turning off the drive and
then decays exponentially, a similar observation was made in Ref. [63]. For the frequency
response of 4fd, a part of the sudden jumps down of the energy goes into the f(2,2) mode,
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5. Evaluation of the Nonlinear Interactions and Dissipation Effects

Figure 5.12.: Amplitude response curves of 1
2f sub-harmonically driven (1,1)

mode measured by IWLI. (a) The curves show the amplitude responses of the
sub-harmonically driven nonlinearity of the (1,1) mode under different excita-
tions, the drive frequencies are around 1

2fd = f(1,1) = 163 kHz. For each curve,
Vexc = 1.71, 1.90, 2.09, 2.28, 2.47, 2.66, 2.84, 3.04, 3.23, 3.41, 3.60, 3.79, 3.98, 4.17,
4.36, 4.55, 4.74 and 4.93 V, respectively. (b) The drive Vexc vs. Amax relation is
shown as blue dots with error bar for Amax. (c) The Vexc vs. fdmax − f0 relation
is shown as blue dots with error bar for fdmax − f0. (d) The fdmax − f0 vs. Amax

relation is shown as blue dots with error bars for fdmax − f0 and Amax.
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5.2. Persistent response and flexural mode coupling in ultra-strong nonlinear regime

Figure 5.13.: Ring-down measurements of the 1
2f sub-harmonically driven non-

linearity of the (1,1) mode. (a) Frequency spectrum of the ring-down for
Vexc = 10.0 V and fd = 161.0 kHz showing up the 3rd overtone of f(1,1). The
drive is turned off at t = t0 marked as white dashed line. We observe the fol-
lowing developments: 2fd = 322.0 kHz → f(1,1) = 321 kHz, 4fd = 644 kHz →
2f(1,1) = 642 kHz f(2,2) = 647 kHz, 6fd = 966 kHz → 3f(1,1) = 963 kHz. The

2nd overtone splits up into the 2nd overtone of the (1,1) and the fundamental (2,2)
mode. The frequency ranges in between are cut out for clarity and there is no
mode detectable response at fd, 3fd, 5fd, etc. (b) Time resolved, and frequency
integrated power spectra of the data shown in panel (a) for different frequency
ranges. The t = t0 is marked as gray dashed line.

obviously. The power of the (2,2) mode starts to decay with longer time than the 2nd

overtone of (1,1) mode, but the energy trace is not shown here. The decay overtones of
the 4th (1,1) modes are exponential with rather small time constant the corresponding
frequency spectrum is not shown in Fig. 5.13 (a).

Sub-harmonically driven (1,1) mode: fd = 1
3f(1,1)

The curves showing the amplitude responses of sub-harmonically driven nonlinearity of
the (1,1) mode under different excitations, the driven frequencies are around fd = 1

3f(1,1)

= 108 kHz. Vexc is selected from 4.90 V to 5.17 V. The curves are showing the Duffing
nonlinear behavior with sub-harmonic drive plotted in Fig. 5.14 (a) for Vexc ≤ 5.07 V.
The fitting of these curves will needs a 1

3 :1 ω (1,1) mode coupling nonlinearity instead
of a simple Duffing, although the nonlinearity looks similar to the standard Duffing
response. When Vexc ≥ 5.069 V, the nonlinearity enters a 1:2 ω & 1:3 ω (1,1) spatial
modulation regime, it can be confirmed by ring-down measurement. The reason of the
frequency shift with different Vexc are unclear.

The Vexc vs. Amax, the Vexc vs. fdmax − f0 and the fdmax − f0 vs. Amax relations
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5. Evaluation of the Nonlinear Interactions and Dissipation Effects

Figure 5.14.: Amplitude response curves of the 1
3f sub-harmonically driven (1,1)

mode measured by IWLI. (a) The curves show the amplitude responses of the sub-
harmonically driven nonlinearity of the (1,1) mode under different excitations, the
driven frequencies are around fd = 1

3f(1,1) = 108 kHz. The Vexc = 4.90, 4.92, 4.94
, 4.95, 4.97, 4.99, 5.01, 5.03, 5.05, 5.07, 5.09, 5.11, 5.13, 5.15, 5.17 V, respectively.
(b) The drive Vexc dependent maximum amplitude Amax relation is shown as blue
dots with error bar for Amax.(c) The Vexc vs. fdmax − f0 relation is shown as blue
dots with error bar for fdmax − f0. (d) The fdmax − f0 vs. Amax relation is shown
as blue dots with error bar for fdmax − f0 and Amax.
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5.2. Persistent response and flexural mode coupling in ultra-strong nonlinear regime

are plotted in Fig. 5.14 (b), (c) and (d). Similar to the 1
2f(1,1) sub-harmonically driven

nonlinear (1,1) mode, the 1
3f(1,1) sub-harmonically driven nonlinearity performs almost

the same tendency of excitation - detuning relations. The further research on these
relations can help us to clarify the different mode coupling regime.

Compared to 1
2 sub-harmonically driven (1,1) mode, the 1

3 sub-harmonically driven
case needs stronger Vexc. However, the Vexc to keep roughly the same fdmax−f0 is much
smaller than the 1

2 sub-harmonically driven case, ∼ 10%. When completely in the spatial
modulation regime (Vexc ' 5.0 V), both the 1

2 and the 1
3 sub-harmonically driven case

show roughly the same excitation value ∼5 V vs. detuning of 0.6 kHz.

Figure 5.15.: Ring-down measurements of the 1
3f sub-harmonically driven non-

linearity of the (1,1) mode. (a) Frequency spectrum of the ring-down for
Vexc = 8.0 V and fd = 106.6 kHz showing up the 3rd overtone of f(1,1).
The drive is turned off at t = t0. We observe the following developments:
3fd = 319.8 kHz → f(1,1) = 319.7 kHz, 6fd = 639.6 kHz → 2f(1,1) = 639.3 kHz,
9fd = 959.4 kHz → 3f(1,1) = 959.1 kHz. The rest frequency ranges are cut out,
because there is no mode response besides 3fd, 6fd, 9fd. (b) Time resolved, and
frequency integrated power spectra of the data shown in panel (a) for different
frequency ranges.

The frequency spectrum of the ring-down is shown in Fig. 5.15 (a) for Vexc = 8.0
V and sub-harmonically driven nonlinearity, fd = 106.6 kHz. By applying the ring-
down measurements of the 1

3f sub-harmonically driven nonlinearity of the (1,1) mode,
the fundamental and higher overtones of the (1,1) mode can be clearly seen, labeled as
f(1,1), 2f(1,1), 3f(1,1), respectively. Note the fd / ωd = 1

3f(1,1) / ω(1,1), but the response
at fd can not be detected. The strongly driven nonlinearity starts ring-down when the
power is turned off at t = t0. There is no mode response besides at 3fd, 6fd, 9fd. In Fig.
5.15 (b), the power decay of the resonances occurring in the frequency range from 300
kHz to 1.0 MHz are shown. At the spot investigated here, the power of the (1,1) mode
and each overtones starts to decay immediately after turning off the drive and decays
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5. Evaluation of the Nonlinear Interactions and Dissipation Effects

exponentially. Compared to Fig. 5.13 (b) the sudden jump down of the energy in this
case is missing, even with a stronger Vexc = 10.0 V.

Sub-harmonically driven (2,2) mode: fd = 1
2f(2,2)

The curves in Fig. 5.16 (a) showing the amplitude responses of sub-harmonically driven
nonlinearity of (2,2) mode under different excitations, the driven frequencies are around
fd = 1

2f(2,2) = 328 kHz. To interpret the data, one has to keep in mind that the
starting frequency of the driven resonance is off-(1,1) mode resonance frequency (i.e.
fd > f(1,1)). This point let us avoid the strong (1,1) mode nonlinearity. But still, the
(1,1) mode can vibrating at lower branch of its Duffing nonlinearity, corresponds to the
higher background amplitude response measured in (a). The Vexc vs. Amax relation, the
Vexc vs. fdmax − f0 relation and the fdmax − f0 vs. Amax relation is plotted in Fig. 5.16
(b), (c) and (d).

Frequency spectrum of the ring-down shown in Fig. 5.17 (a) for Vexc = 5.0 V and
sub-harmonically driven nonlinearity, fd = 322.0 kHz. By applying the ring-down mea-
surements of the 1

2f sub-harmonically driven nonlinearity of (2,2) mode, the fundamental
and higher overtones of fd can be clearly seen labeled as f(1,1), f(2,2), f(3,3), respectively.
The strongly driven nonlinearity starts ring-down when the power turned off at t = t0.
In Fig. 5.17 (b), the power decay of the resonances occurring in the frequency range from
300 kHz to 1.0 MHz are shown. At the spot investigated here, the power of the (1,1),
(2,2) and (3,3) mode starts to decay immediately after turning off the drive and decays
exponentially. Here, two stages of frequency and energy decay can be seen. The fast
decay of the frequency to f(1,1) and the energy fast decay of (1,1) mode in the first stage
can be clearly seen. The possible explanation is: The off-(1,1) measurement makes the
(1,1) mode vibrating in lower branch of its nonlinear state. When the drive is turned off,
the resonating state of the (1,1) mode switches from the lower branch back to the higher
branch of the Duffing nonlinearity to complete the ring-down process. However, the
mechanism of the first fast dissipation stage remains unclear. The ring-down measure-
ment clearly demonstrates that the 1

2f sub-harmonically driven nonlinearity of the (2,2)
mode can generate a strong nonlinear (2,2) mode vibrating around its eigen-frequency
f(2,2).

5.2.3. Sub-harmonic parametrically driven nonlinearity

For a quick overview of the parametric resonance, we perform a simple parametric excita-
tion of the (1,1) mode and measure the amplitude response by using MI as shown in Fig.
5.18. The frequency sweeps fore- and back-ward are measured. The amplitude response
of 2nd and 3rd higher harmonics are plotted as well. The (1,1) mode is parametrically
driven around 2f(1,1), with excitation Vexc = 90 mV and Vexc = 200 mV, respectively.
The corresponding typical parametric resonance curves are plotted in (a) and (b). In
this case, the standard parametric driving is performed: the excitation frequency is
around 2f(1,1) and the driving can be small. The curves in panel (b) are similar to the
resonance curves we measured by IWLI as shown in Fig. 5.11 (c) for the (1,2) mode
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5.2. Persistent response and flexural mode coupling in ultra-strong nonlinear regime

Figure 5.16.: Amplitude response curves of 1
2f sub-harmonically driven (2,2)

mode measured by IWLI. (a) The curves showing the amplitude responses of sub-
harmonically driven nonlinearity of the (2,2) mode under different excitations, the
driven frequencies are around fd = 1

2f(2,2) = 328 kHz. For each curve, Vexc = 0.37,
0.39, 0.42, 0.43, 0.46, 0.48, 0.51, 0.53, 0.55, 0.57, 0.60, 0.62, 0.65, 0.74, 0.92, 1.11
V, respectively. (b) The Vexc vs. Amax relation is shown as blue dots with error
bar for Amax. (c) The Vexc vs. fdmax− f0 relation is shown as blue dots with error
bar for fdmax − f0. (d) The fdmax − f0 vs. Amax relation is shown as blue dots
with error bar for fdmax − f0 and Amax.
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5. Evaluation of the Nonlinear Interactions and Dissipation Effects

Figure 5.17.: Ring-down measurements of the 1
2f sub-harmonically driven

(2,2) mode. (a) Frequency spectrum of the ring-down for Vexc = 5.0 V and
fd = 322.0 kHz showing up the 3rd overtone of fd. The drive is turned
off at t = t0. We observe the following developments during the dingdown:
fd = 322.0 kHz → f(1,1) = 319.2 kHz, 2fd = 644.0 kHz → f(2,2) = 643.3 kHz,
3fd = 966.0 kHz → f(3,3) = 975.3 kHz. The other frequency ranges are cut out,
because there is no mode response besides fd, 2fd, 3fd. (b) Time resolved, and
frequency integrated power spectra of the data shown in panel (a) for different
frequency ranges.

and (d) for the (2,3) mode. Thus, in the following, we will discuss the sub-harmonic
parametrically driven nonlinearity, means the excitation frequency is not set to twice
the eigen-frequency of a flexural mode, but we drive the system sub-harmonically. The
higher overtone of the driven nonlinearity can provide part of its energy as a paramet-
ric driving source. As long as the frequency of the overtone matches (or is close to)
twice the eigen-frequency of one specific flexural mode, the flexural mode can be driven
parametrically.

The off-resonance nonlinear flexural mode measurement was performed at fd = 332.5
kHz, Vexc = 7.0 V, such that the strong nonlinearity of the (1,1) mode is excluded. The
sub-harmonic strongly driven nonlinear (1,2) mode is measured. The eigen-frequency of
the (1,2) mode is ∼ f(1,2) = 500 kHz and is ∼ f(2,1) = 516 kHz, respectively. Note that fd
is not close to any nf(1,2), with integer n, in another words: the driving frequency fd has
no fractional numerical relationship with the higher harmonic frequency responses. In
Fig. 5.19 (a), we present the ring-down frequency spectrum of the sub-harmonic strongly
driven nonlinear (1,2) mode. The f(1,1) is weak and vibrating in the lower branch of its
nonlinearity, a sudden jump of both the frequency and amplitude (in Fig. 5.19 (b)) can
be observed. The strongest (1,2) mode vibrating at 498.75 kHz which is exactly equal
to 3

2fd, and finally rings-down to the eigen-frequency of f(1,2) = 496.9 kHz. The higher

overtones of the (1,2) mode can be measured at 6
2fd = 997.5 kHz and 9

2fd = 1496.25 kHz
and then decay to their eigen-frequencies 2f(1,2) = 993.8 kHz and 3f(1,2) = 1490.7 kHz,
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Figure 5.18.: Parametric resonance frequency sweep for- and back-ward by using
MI. The amplitude responses of 2nd and 3rd higher harmonics are plotted as well.
(a) The (1,1) mode is driven around 2f(1,1), with excitation Vexc = 90 mV, the
typical parametric resonance curves are plotted in (a) as well as (b). In panel (b)
with Vexc = 200 mV, two spikes can be found at 643.9 kHz and 639.2 kHz while
sweeping downwards, distance is around 4.7 kHz.

Figure 5.19.: Ring-down measurement of sub-harmonic parametrically driven
(1,2) mode. The off-resonance measurement was applied at fd = 332.5 kHz,
Vexc = 7.0 V, strong nonlinearity of (1,1) mode is excluded. (a) The frequency
spectrum of the ring-down process, frequency ranges are fd,

3
2fd,

6
2fd and 9

2fd, cor-
responding to f(1,1), f(1,2), 2f(1,2) and 3f(1,2), respectively. The ring-down starts
at t = t0. (b) Time resolved, and frequency integrated power spectra of the data
shown in panel (a) for different frequency ranges. The ring-down starts at t = t0.
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5. Evaluation of the Nonlinear Interactions and Dissipation Effects

respectively. Some other very week higher frequency responses are observed (without
showing) including the (4,4) mode response and the (2,3) / (3,2) mode. The ring-down
traces of each frequency responses are measured, the three strongest power responses are
corresponds to f(1,2), 2f(1,2) and 3f(1,2), respectively. The f(1,2) trace has a slow decaying
range around 60 ms after the ring-down starts due to the energy transfer from the higher
overtones, then decays exponentially. The power of 2f(1,2) is heavily oscillating while
the excitation is remaining on, the observation is quite similar to what we observed in
the spatial modulation of the (1,1) mode. Two sudden jumps of power of the (1,1) and
the (4,4) modes are observed in the ring-down traces.

We also analyzed the higer frequency response of the (2,3) and (3,2) mode in the
same measurement above, but not shown in Fig. 5.19, the driving frequency fd has a
fractional numerical relationship with the (2,3) and (3,2) mode as well: the (2,3) and
(3,2) mode are vibrating as 5

2fd = 831.25 kHz and decay to the f(2,3) = 814.2 kHz and
f(3,2) = 832.8 kHz, respectively.

From the excitation relation for fractional higher frequency responses, we can see
that for the (2,2) mode, 6

2fd = 997.5 kHz is the only integer match of the frequency to
3fd, (overtone of the driving frequency) but it can not be proven if it is driven by the
nonlinearity of fundamental (1,1) mode. Since the energy mainly pumps the (1,2) mode
towards a parametrically driven nonlinearity. In other words, the 3rd overtone of strong
driving acts as an parametric excitation generating the strong nonlinearity of the (2,2)
mode. We call this mode a sub-harmonic parametrically driven nonlinear (2,2) mode.
Equivalently, 5fd, the 5th overtone of the driving frequency, can parametrically drive the
(2,3) and the (3,2) mode. From the observations the frequency relation of sub-harmonic
parametrically driven nonlinearities of different modes can be summarized as: 2f(m,n)

= (m + n)fd. To be specific, the corresponding fractional frequency relations observed
here are as follow:

For (1,2) mode:

• 1f(1,2) ≈ 3
2fd

• 2f(1,2) ≈ 6
2fd

• 3f(1,2) ≈ 9
2fd

For (2,3) mode:

• f(2,3) ≈ 5
2fd

For (m,n) mode:

• f(m,n) ≈ m+n
2 fd

• if(m,n) ≈
i(m+n)

2 fd

here i is integer for the spatial modulation of (m,n) mode.
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5.2. Persistent response and flexural mode coupling in ultra-strong nonlinear regime

5.2.4. Energy decay of persistent response and flexural mode coupling

We here concentrate on the analysis of the flexural mode coupling regime obtained for
ultra-strong driving. Figure 5.20 (a) shows a zoom into the gray-shaded area II plotted in
Fig. 5.1, where the amplitude is almost independent of the driving force Vexc. However,
nanometer scale variations are detected in all four curves, signaled by small steps and
kinks on the apparent plateaus. Depending on the driving force Vexc the kinks do not
appear at exactly the same position but in similar regions. To obtain further insight, it is
useful to monitor the evolution of the deflection profile as the frequency is swept upward
from 326 kHz. For fd < f(2,2)/2 we only see the deflection pattern of the (1,1) mode.
When fd ≈ f(2,2)/2, a (2,2) mode pattern is observed superimposed over the (1,1) mode
pattern, setting in at the position labeled A in Fig. 5.20 (a). When further increasing fd,
the (2,3) mode is switched on abruptly and soon transitions into the (3,2) mode in the
region labeled B. For even larger fd, the pattern of the (1,2) mode appears which then
switches to the pattern of the (3,4) mode at the first shoulder in the area marked by C.
These two mode patterns are shown in the left and middle image in the corresponding
dashed frame. Before they disappear again at the right end of area C, both patterns are
observed simultaneously. The abrupt changes of the deflection patterns coincide with
the small jumps or kinks on the amplitude plateau.

The appearance of higher modes (m,n) in the deflection profile, is a signature of mode
coupling, which is another manifestation of internal resonances, now in the conventional
sense occurring between different flexural modes [60, 63]. Together with the possibility
to excite overtones of the individual (m,n) modes, the vibrational state of the membrane
can adopt complex states consisting of several overtones of different modes. We argue
that the complex superposition of several resonances is generated by an effective non-
linear coupling between different types of tones and modes. The patterns are created
by sub-harmonic resonances associated with the self-nonlinearities of the flexural modes
(hallmarked by the appearance of overtones), or by the coupling between the higher
flexural modes and the (1,1) fundamental mode. As an example, we discuss the possible
excitation mechanism of the pattern observed in area B of Fig. 5.20 (a): The eigen-
frequencies f(2,3) and f(3,2) differ slightly from each other, because of the rectangular

shape of the membrane. The 2nd overtones of these frequencies, 2f(2,3) ≈ 1635 kHz and

2f(3,2) = 1654 kHz are close to the 5th overtone of the actual driving frequency. We
argue therefore that these modes are excited by a sub-harmonic excitation mechanism
involving overtones. We will further elucidate this point in the energy decay discussion
below. In order to study the observed mode coupling phenomena in more detail, we ex-
plore the frequency response and the ring-down behavior of the membrane subject to an
ultra-strong excitation, Vexc = 5.0 V and driving frequency fd = 338.6 kHz, well above
f(1,1) by MI. With the excitation switched on, the time resolved frequency spectrum
recorded in the frequency range 250 kHz to 2500 kHz displayed in Fig. 5.20 (b) shows
the contribution of fd and its overtones up to 7th order. After turning off Vexc at t =
0, owing to the detuned drive, the frequency of the individual responses shifts towards
a nearby eigen-frequency of the membrane. By comparison with the eigen-frequencies
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Figure 5.20.: Visualization of mode-coupling patterns and ring-down in the flex-
ural mode coupling regime. (a) Zoom into range II of Fig. 5.1 (b). The amplitude
forms a plateau around 225 nm, but reveals small steps and kinks in the saturated
area, some of them being marked by colored areas A, B and C. The diagonal
slight fringes are caused by the continuous light measurement of IWLI. The red
arrows indicate the positions where we captured the flexural deflection patterns for
Vexcapprox 4.6 V. The independent sweeps within the frequency ranges A, B and
C are applied by using the same excitation in order to prevent the superposition
with the (1,1) mode. The black arrow indicates the frequency at which the ring-
down experiments in panels (b) and (c) are performed. (b) Frequency spectrum of
the ring-down for Vexc = 5 V and fd = 338.6 kHz showing up the 7th overtone of
fd. The drive is turned off at t = 0. We observe the following developments:
fd = 338.6 kHz → f(1,1) = 321 kHz, 2fd = 677 kHz → f(2,2) = 646 kHz,
3fd = 1016 kHz → f(3,3) = 982 kHz, 6fd = 2013 kHz → 4f(1,2) = 1952 kHz,

7fd = 2370 kHz → 2f(3,4) = 2320 kHz. The 5th overtone splits up into the 2nd

overtones of the (2,3) and the (3,2) modes (5fd = 1693 kHz → 2f(2,3) = 1635 kHz
and 2f(3,2) = 1654 kHz). The inset shows a zoom into the range around 5fd. The

frequency range from 1150 kHz to 1550 kHz is cut out, because 4th overtone is too
weak to be detected. (c) Time resolved, and frequency integrated power spectra
of the data shown in panel (b) for different frequency ranges.
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5.2. Persistent response and flexural mode coupling in ultra-strong nonlinear regime

recorded in the linear response regime, the appearing modes are identified as: (1,1),
(2,2), (3,3), 2nd overtone of the (2,3) and the (3,2) modes, 4th overtone of the (1,2)
mode and 2nd overtone of the (3,4) mode, labeled accordingly in the frequency spectrum
in Fig. 5.20 (b). In the inset we show a blow-up of the frequency range around 5fd
observing a splitting into the 2nd overtone of the (2,3) and the (3,2) modes.

In Fig. 5.20 (c), the power decay of the resonances occurring in the frequency range

Figure 5.21.: Energy decay in the strongly driven persistent response regime of
the (1,1) mode. The figure shows the ring-down after driving with V exc = 5 V
and fd = 338.6 kHz, as shown in Fig. 5.1 (b), within the persistent response
regime. When the drive is turned off at t = 0, the frequencies shift down to
eigen-frequencies of the membrane or their overtones. The corresponding modes
can be identified and are labelled in the time evolution of the frequency spectrum.
During the ring-down process at t = 16 ms, abruptly a vibration is excited at
frequency frd = 1965 kHz and is identified as the 4th overtone of the (1,2) mode,
because its frequency evolves to 4f(1,2) = 1952 kHz. At this moment of the decay,
the ring-down frequencies of the ground mode and its first overtone have evolved
to 325.5 kHz and 655 kHz, respectively. These modes are identified as the (1,1)
and the (2,2) mode because of their asymptotic frequencies 321 kHz and 646 kHz,
respectively. At t = 16 ms, overtones of f (1,2) and f (2,2) fulfil the internal reso-
nance condition 4f (1,2) = 3f (2,2), while there is no simple internal resonance to
any overtone of f (1,1).

from 300 kHz to 2.5 MHz are shown. To interpret the data, one has again to keep in
mind that the measurement is local, meaning that sudden jumps up or down of the
amplitude of particular modes are not violating energy conservation, but just indicate
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a rearrangement of the spatial distribution of vibration power. At the spot investigated
here, the power of the (1,1) mode jumps down immediately after turning off the drive and
then decays exponentially. The power of the (2,2) mode starts to decay with comparable
time constant as the ground mode, but then slows down, around 30 ms and again after
roughly 100 ms showing overall a non-exponential decay. A similar observation was made
in Ref. [63], where this phenomenon was attributed to mode-coupling through internal
resonances. However, since here the vibration state of the membrane is generated by
a complex coupling between nonlinear resonators, the decay behavior is more complex,
also involving spatial overtones of the flexural modes [56,87]. The decay overtones of the
(2,3)/(3,2) and the (3,4) modes are exponential with rather small time constant. The
4th overtone of the (1,2) mode shows a distinctly different behavior: Its power abruptly
jumps up at ∼16 ms, i.e., at a moment at which the frequency of the (2,2) mode has
shifted such that the condition 4f(1,2) = 3f(2,2) is fulfilled, as shown in Fig. 5.21. We
note that the sudden power increase of 4f(1,2) is reproducible when measuring repeat-
edly at the same spot, but different mode combinations are detected when measuring
at another spot. The common phenomenon is a mutual energy transfer between several
flexural modes and their overtones whenever an internal resonance condition is fulfilled
during ring-down. This behavior is consistent with what we observed by IWLI shown
in Fig. 5.20 (a) in the shaded areas, where at particular driving frequencies internal
resonances are met. This observation of an overall redistribution of the excited modes
and overtones can be interpreted as an indication for the non-equilibrium property of
the persistent response state obtained by the ultra-strong and off-resonant drive.

In Fig. 5.21, we present the same data as shown in Fig. 5.1 (b). We zoom into the ring-
down frequency response around the f(1,1), f(2,2), and the 4f(1,2) modes.
At t = 16 ms after switching off the drive, the 4f(1,2) mode is generated abruptly at
frd = 1965 kHz. As shown in Fig 5.20 (c), the f(3,3), 2f(2,3)/(3,2) and 2f(3,4) modes are
decaying fast and to the noise floor within the first 16 ms, while the (1,1) and the (2,2)
mode decay more slowly and shift their frequencies. At t = 16 ms the ring-down frequen-
cies of the modes are 325.5 kHz and 655 kHz, respectively. We noticed that the frd of
4f(1,2) mode at t = 16 ms is exactly three times the actual frequency of the (2,2) mode.
Hence, because of the equality 4f(1,2) = 3f(2,2) at this particular moment, we argue that

the 4th overtone of the (1,2) mode is generated by energy transfer from the (2,2) mode.
No other integer factor relation between mode eigen-frequencies (up to mode (4,5)) or
their overtones (up to 4th overtone) are fulfilled at that time.

5.2.5. Phase diagram of the persistent response

Combining the findings of all excitation ranges covering the linear, the Duffing, the spa-
tial modulation, and the flexural mode coupling regime enables to establish a tentative
phase diagram of the complex vibrational behavior of the membrane resonator subject
to strong excitation, as shown in Fig. 5.23 (a). For small detuning, δf , and small excita-
tion, Vexc, the membrane oscillates harmonically in its ground mode, thus, in the linear
regime (not shown here). When increasing the excitation strength, there is a gradual
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5.3. Thermoelastic effects in SiN nanomembrane resonators

transition to the usual Duffing behavior.
For even larger Vexc, the spatial modulation regime sets in (blue shaded area labeled

Figure 5.22.: Nonlinear response and amplitude saturation. False-color map of
the nonlinear response of the membrane at frequency fd under increasing sinu-
soidal drive Vexc, measured by IWLI. The drive frequency is increased starting the
linear eigen-frequency f(1,1). The color bar shows the absolute amplitude response
averaged over the entire membrane. The colored dashed lines mark the selected
traces given in Fig. 5.1 (b).

as S in Fig. 5.23 (a)). Since the overtones can only be identified by MI measurements,
which are limited in Vexc, we were not able to determine whether this spatial modulation
state vanishes above a certain drive strength. When increasing δf , the spatial modulation
phase transitions gradually to the flexural mode coupling phase. In the transition range
(green shaded area labeled S+F), spatial modulation of the ground mode and flexural
modes are observed simultaneously, as exemplified in Fig. 5.23 (b). Here, a ring-down
experiment is shown for the frequency range around 2fd. After turning off the drive,
the mode splits into two branches that shift to the 2f(1,1) and f(2,2) eigen-frequencies,
hence, one spatial overtone of the ground mode and one higher flexural mode (denoted
as F). As shown in Fig. 5.22, this F phase persists to even higher detuning, when further
increasing Vexc to the experimental limit 10 V.
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5. Evaluation of the Nonlinear Interactions and Dissipation Effects

Figure 5.23.: Phase diagram of the vibrational state of the membrane resonator
in strong nonlinear response. Vibrational state phase diagram as a function of
detuning from the ground mode eigen-frequency, δf , and excitation strength, Vexc.
The solid lines are roughly taken from IWLI data shown in Fig. 5.22, neglecting
the occasionally even longer extensions of the persistent response state. The lines
are guides to the eye. Colored dots correspond to the MI ring-down experiments.
The inset shows an example of a coexistence of spatial modulation and flexural
mode coupling: Ring-down recorded for Vexc = 1.77 V at fd = 331 kHz showing a
frequency splitting into f(2,2) and 2f(1,1).

f(1,1) mode

Heat flow

100 μm

Figure 5.24.: Sketch of the heat flow of thermoelastic effects. The arrow shows the
diffusion path while membrane is vibrating in a strong (1,1) mode. The deflection
pattern is taken by IWLI.
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5.3. Thermoelastic effects in SiN nanomembrane resonators

5.3.1. Thermal diffusion in the nonlinear regime

The maximum amplitude deflected area in the membrane resonator while heavily vi-
brating produce the most heat due to the thermoelasticity effect. The heat will diffuse
from the strongly deflected area to the substrate or the environment, through the lateral
2D surface or the thickness, respectively. As shown in Fig. 5.24, the arrow demonstrate
the heat flow direction while membrane vibrating in a strong nonlinear (1,1) mode, the
deflection pattern is taken by IWLI. To estimate the life-time τ of the heat diffusion,
the thermoelastic effect is calculated as [88,89]:

τtL =
Lw × Lh
π2D

(5.5)

or

τth =
h2

π2D
, (5.6)

here, Lw and Lh represent the lateral size of the membrane surface, h represents the
thickness of the membrane. D is the thermal diffusivity of the membrane and can be
calculated as:

D =
κ

CV
, (5.7)

here, the thermal conductivity of the SiN membrane is κ = 3.2 W/mK and the heat
capacity is CV = 2.1×106 J/m3K. In our case, Lw×Lh = 413.5×393.5 µm2. Thus, the
characteristic-time τtL of the heat flow in the lateral surface of the SiN can be calculated:

τtL =
CV · Lw · Lh

π2κ
= 0.016 s, (5.8)

and the frequency of the thermal diffusion along the surface is calculated as the inverse
of τtL: ftL = 62 Hz.
The dwell time τth of the heat diffusion in the thickness of the SiN can be calculated:

τth =
CV · h2

π2κ
= 2× 10−8 s, (5.9)

and the frequency of the thermal transport in thickness is: fth = 5 × 107 Hz. If we
consider the ballistic limit, the relation between the diffusive limit can be described as:

κdiffusive

κballistic
=
π|Λ|
2h

. (5.10)
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5. Evaluation of the Nonlinear Interactions and Dissipation Effects

Here, the κdiffusive, κballistic and Λ represent the thermal conductivity in diffusive limit,
thermal conductivity in ballistic limit, phonon mean free path, respectively [90]. Given
that the phonon mean free path in SiN is comparable to the thickness of the membrane,
the ballistic limit only gives a factor of π/2 modification compared to the diffusive
case [90–92].

From these estimation we estimate the follow scenario: the thermal transport in the
thickness direction is very fast, such that we assume constant temperature and thermal
equilibrium over the thickness of the membrane. However the thermal diffusion in the
lateral surface of the membrane is much slower. The estimated frequency of the thermal
diffusion in plane is close to the measured beating frequency of the 2f(1,1) in the ring-
down measurement in the spatial modulation regime, while the power is till on, as
shown in Fig. 5.10 (b). The beating frequency amounts to be 44 Hz approximately.
Hence, the thermoelastic effect may create a thermal gradient between the center of
the membrane and the boundaries which are thermalized by the thick substrate. This
thermal gradient launches a heat wave that propagates to the edges of the membrane,
is back-reflected there and thereby further increases the local temperature in the center.
The 2nd overtone, oscillating at 2f(1,1) is particularly affected, because it goes along with
a strong local deformation in the center of the membrane, while the ground mode itself
results in smaller curvature.

5.3.2. Characterisation of sidebands

sweep

fd, Vexc

Am
pl

itu
de f(1,1)

(a) (b)

Frequency

fd, Vexc fd, Vexc

Vnoise

Vnoise

Figure 5.25.: Sketch of the two-tone measurement method. (a) One tone with
strong drive Vexc is applied to excite a strong nonlinearity at fd, then the second
tone with small amplitude Vnois and frequency fnois is applied to sweep through the
frequency range. IWLI is applied to record the amplitude response. (b) The two
tone measurement applied in a two coupled flexural modes case. The strong drive
Vexc at fd is applied to excite a strong nonlinearity of two coupled flexural modes.
The second tone with small amplitude Vnois and frequency fnois is applied to sweep
through the frequency range. IWLI is used to record the amplitude response.
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5.3. Thermoelastic effects in SiN nanomembrane resonators

In Fig. 5.25 we present the sideband measurement method by applying two-tone mea-
surements. In (a), a strong drive Vexc is applied at a specific frequency fd to generate the
nonlinearity of a single flexural mode (1,1) here. Simultaneously, a second tone (sinu-
soidal function) with small amplitude is sent to the piezo as well and swept through the
frequency range around fd. According to the theory [71], the position of the sidebands
depends on the drive Vexc of the system. In (b), the strong drive Vexc is applied at a spe-
cific frequency fd to generate the nonlinearity of two coupled flexural modes, (1,2) and
(2,1) in this case. The second small amplitude tone is swept over the frequency range. In
both case of IWLI and MI measurements, the method can be applied. In the discussion
below, we will show the results measured by IWLI. The linear eigen-frequencies amount
to f(1,2) = 500 kHz and f(2,1) = 516 kHz approximately. Thus, the strong tone at fd
choosen between f(1,2) and f(2,1) can generate the (1,2) and (2,1) mode into the flexural
mode coupling regime.

Now we show some of the sideband curves measured by IWLI for different Vexc and
fd, see Fig. 5.26. In (a) different sideband curves for Vexc = 0.3 V at different fd
(values shown in the the upper-left corner) labeled as the red-dashed lines in each panel.
The blue-dashed line labels the eigen-frequency of the fundamental (1,1) mode. The
measured sidebands are fitted with a lorentzian function and are plotted as the red solid
curves. The sidebands shift with the increasing driving frequency fd, but the distance
between each sideband to the fd remains roughly constant as shown in Fig. 5.26 (b).
However, the intensity of the sidebands are changed.

By the fitting of the sidebands for Vexc = 2.2 V and fd = 323.54 kHz, the sidebands are
symmetric to the driving frequency fd with distance δf ' 0.92 kHz and the amplitude
of each peak can can be significantly different according to Ref. [71], the difference of
the sidebans can be attributed to thermal fluctuations affecting the upper and the lower
branch of a Duffing resonator differently. The fitted quality factors of the sidebands are
Ql = 4.5× 104 and Qr = 2.6× 104, respectively.

In Fig. 5.27, we performed the drive dependent sideband measurements in the strongly
driven nonlinear regime. In panel (a), the 2D map shows the sidebands shifting with
different Vexc from 50 mV to 2300 mV, the driving frequency is fd = 324.0 kHz. The
second tone with small amplitude Vnois swept from 322.5 kHz to 325.5 kHz and the
amplitude response is measured by IWLI and the sidebands are fitted by lorentzian
functions. The blue and red color represent the lower and higher sideband and the
fitting curves of the sidebands are plotted as the solid lines, the fitting function is
324± 676.5×Vexc

(2/3) and describes the experimental findings well. However, the power
dependent relation is only established when the fd is close to the eigen-frequency of the
driven flexural mode [71], as confirmed in our further experiments. When the detuning
is higher than 0.6 KHz, a deviation from the sideband power dependence can be ob-
served, possibly due to the involvement of its spatial modulation. The pre-factor 676.5
is system-specific for the membrane under study. The fitted Q-factor of both sideband
are plotted in Fig. 5.28. Upon increasing the drive Vexc, the Q-factor of the upper side-
band decreases while the Q-factor of the lower sideband increases. Thus, the damping
of the upper sideband increases while the damping of lower one decreases.
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Figure 5.26.: The two-tone measurement sideband curves taken by IWLI. (a)
The sideband curves measured when the drive Vexc = 0.3 V is applied at different
fd (indicated in the upper left corner) and marked by the red-dashed lines. The
blue-dashed line labels the eigen-frequency of the fundamental mode. Sidebands
measured are fitted with a lorentzian function. (b) The fitted sideband frequencies
shown in (a). Red color corresponds to the drive tone fd, black and blue represent
the left and right sideband, respectively (share the same sweeping frequency fnoise

values in y axis). (c) The fitting example of a measured sideband with Vexc = 2.2
V and fd = 323.54 kHz, fitted with a lorentzian function. The black dashed line
marks the driving frequency of the nonlinearity.
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Figure 5.27.: Drive dependent sideband measurements. (a) The 2D map shows
the sidebands shifting as a function of Vexc from 50 mV to 2300 mV, the driving
frequency is fd = 324.0 kHz. The small signal Vnois is swept from 322.5 kHz to
325.5 kHz and the amplitude response is measured by IWLI. (b) The fitting results
of sidebands by a lorentzian function. The blue and red symbols represent the
lower and higher sidebands and the fitting curve of the drive dependent sideband
detuning is plotted as solid lines in the corresponding color. The black line marks
the drive frequency, the fitting function is indicated in the legend.

Figure 5.28.: The fitting results of the Q of the drive dependent sideband mea-
surements shown in Fig. 5.27. The blue and red represent the lower and higher
sideband.
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6. Summary and Conclusion

In this thesis, we start from the fabrication of free standing SiN nanomembranes with a
few hundred nanometers thickness and different lateral sizes by a wet-etching method. A
piezo electrical drive can bring the membrane into a resonant vibrating state by applying
suitable excitation drive and frequency. Different optical profilometry techniques such as
white light and laser interferometry are used for revealing the mechanical properties, de-
flection patterns and vibrational dynamics characterization. The vibration mode profile,
the dispersion relation of the membrane bending waves and the mean-mode amplitude
responses are determined by white light interferometry. In the Duffing nonlinear regime
to the ultra-strongly driven nonlinearity, the Michelson laser interferometry shows pow-
erful capabilities in the frequency spectrum and time domain energy dissipation char-
acterization. By combining these two optical profilometry techniques, we achieved the
analysis of the nonlinear behaviour in the strongly and ultra-strongly driven regime of
the SiN nanomembrane. We proposed the spatial modulation model, flexural mode cou-
pling mechanism and the scheme of the persistent response in the ultra-strongly driven
regime.

First, we presented a method to qualitatively determine the eigen-frequencies and the
Q factors of freestanding SiN membranes at varying pressure by optical profilometry.
This VICL method uses the resonance curve of a damped driven harmonic oscillator to
decompose the response of the membrane coupled to the excitation system into contri-
butions of the membrane and of the excitation system alone. With the VICL method
we determine the Q factors and the eigen-frequencies of individual vibration modes of
a SiN membrane. The validity of particular assumptions or aspects of the model such
as dampingmechanisms, can be tested by imposing additional constraints on the fitting
procedure. We compare the best-fit results obtained when fitting all individual resonance
curves independently, with a constrained fitting imposing correlations between the fit re-
sults according to a damped linear oscillator with viscous friction. The eigen-frequencies
of the (1,1) and (2,2) mode correspond well to the expected values for a bending plate.
The low-pressure limits of the Q factors of these two modes are estimated to be 2× 104

as expected for membranes with the given ratio of lateral size and thickness. Further
investigations are necessary to reveal the nature of the intrinsic damping. We find that
the (1,1) mode is well described by the harmonic oscillator model, while the (2,2) mode
reveals slight deviations from the model that we attribute to the finite accessible pressure
and the frequency range due to the onset of nonlinear components for slightly higher
excitation amplitudes. Small variations of the resonance frequency can be attributed to
a slight temperature variation. In the intermediate pressure range, when air damping is
dominant, but the signal-to-noise ratio is high, the Q factor is independent of the tem-
perature around room temperature. These two properties, the high sensitivity of the
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6. Summary and Conclusion

resonance frequency to the test environment temperature and the robustness of the Q
factors open up the possibility to use the system as a highly sensitive temperature sensor.
The APSStro method is applied to characterize the dispersion relation of the bending
wave of the membrane resonators. Among the application of the APSStro method, we
realized the mismatch of the vibration phase of a specific mode at different areas on the
surface of the membrane with strong drive. That bring us strong interests to do further
investigations in strong nonlinear regime.

Neither the Duffing nor the van der Pol-Duffing model describe the vibration dynam-
ics in strongly driven nonlinear regime. Thus the mode coupling mechanism must be
introduced. When the driving force exceeds the Duffing nonlinear regime, we observed
central drum head and outer ring shaped deflection patterns located on the surface of
the membrane. The symmetry of the overtones is circular and therefore distinctly dif-
ferent from the one of higher flexural modes of the rectangular membrane. Thus, the
phenomenological model spatial modulation is described as the coupling between central
drum head oscillator and the outer ring oscillators. by combination of two complemen-
tary experimental approaches and the nonlinear 1 : n coupling spatial modulation model
we revealed a novel deflection state caused by a nonlinear coupling mechanism between
several overtones of a single flexural mode of a membrane resonator. This deflection state
is hallmarked by a spatial modulation pattern, in which different parts of the membrane
vibrate at different frequencies. For rectangular membranes the spatial modulation state
can be distinguished from the linear deflection pattern by a distinctly different symmetry.
The coupling mechanism is mediated by nonlinear interaction and activated by strong
driving.

Next, ultra-strong drive is applied to the system. By combining two complementary
experimental approaches we revealed a novel coupling mechanism between several over-
tones of a spatial modulation pattern as well as the appearance of sub-harmonically
excited higher flexural modes. The complex behaviour is classified into two coupling
mechanisms: nonlinear interaction and sub-harmonically driven parametric resonance,
corresponding to flexural m = n modes and m 6= n modes,respectively. They behave
as integral overtones for the nonlinear interaction and as fractional higher frequency re-
sponses for the sub-harmonically driven parametric resonance. The coupling mechanism
is mediated by ultra-strong drive. The vibrational state of the membrane is hallmarked
by the development of a pronounced and flat plateau of the frequency which persists over
a large range of driving frequencies. This persistent response state has an extension of
more than 50% of the driving frequency. The plateau formation effectively protects the
membrane from bursting, since the local deflections are limited. Owing to this property,
ultra-strongly driven membranes lend themselves to be utilized as adaptive resonators
without actively tuning their eigen-frequency, e.g. for energy transfer to resonating
systems with different degrees of freedom.

So far, we have investigated membranes with quality factors Q around 20,000. We
argue that the observed phenomena might become even more pronounced when increas-
ing the Q factor by using thinner membranes. We suggest a tentative deflection state
diagram for the rich vibrational behavior of the resonator. The states depend on the
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specific mode as well as on the position on the membrane. We except that our findings
will help clarifying other unusual phenomena appearing in strongly nonlinear systems,
also beyond the mechanical case.
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A. Measurement setup

Figure A.1.: Construction of the measuring device for studying the membrane
modes. On display are the silicon chip (blue) with nine membranes (green), the
piezo disk (white), the brass block (gray) and the screw cap (yellow), which can
be connected to the pump. In addition, the sectional view on the right shows the
SiO2 layer (brown), the piezo’s wiring and the hole for generating the negative
pressure [76].
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B. Membrane eigen-properties

Property Value Comment Source

Material-properties

Chemical formula SiC

Modification β-SiC (3C-SiC) [93]

Crystal structure Zinc blende structure, monocrystalline [94], [93]

Symmetric Cubic [94]

Young’s modulus E ≈450 GPa / ≈410 GPa E direction-dependent [95]/ [96]

Poisson ratio ν ≈0.14 ν direction-dependent [96]

Density ρ 3220 kg/m3 [97]

Dielectric constant εR 6.94 at wavelength 640 nm [98]

Sample properties

Thickness h 290 nm [99]

Bending stiffness D 8.5 to 9.3 · 10−10 Nm depending on the value
for E

Eq. 4.8

Stress σkk 77.9 MPa from fit to Eq. 4.8

cmemb for k → 0 155.5 m/s = 0.45 cgas cmemb =
√
σkk/ρ

Crit. Wavelength λ0 42 µm

Lateral dimensions 389× 461 µm2 100 µm – 1 mm possible

Reflectivity for light 53% Fresnel formulas
at 640 nm wavelength > 7.5% from camera picture

Static deflection Ẑ ≈ 30 nm from static profile

Radius of curvature R ≈ 630 mm effectively R =∞
Frequency fR for k → 0 ≈ 2.8 kHz <Measuring resolution

Scattering of Resonance
Frequencies

1.2%
√∑

(Meas./Fit− 1)2

Fixation on the chip Film grown epitaxially on Si wafers; Membrane
by etching from the back

[93]

Isotropy σαβ isotropic, E anisotropic; for λ > λ0 domi-
nated σαβ ⇒ Disp.-Rel. extensive isotropic

Homogeneity No evidence of inhomogeneity found.

Influence of the sur-
rounding atmosphere

Enhance the effective mass density ρeff of the
membrane

Flow regime Continuum – moving boundary conditions

Measurement and evaluation

Max. meaningful p 200 mbar ρeff/ρ− 1
!

= 10%

Excitable nf modes only 1f mode visible

Evaluation method Maximum amplitude method

Table B.1.: Overview of the properties of the Silicon Carbide Membranes; the
information comes partly from the literature and partly from formulas or measure-
ments, which are discussed in our previous work.
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Property Value Comment Source

Material-properties

Chemical formula Si

Crystal structure Diamond structure, single crystal

Symmetric Cubic

Young’s modulus E E100 = 130 GPa E direction-dependent [100,101]
E110 = 169 GPa

Poisson ratio ν ν100 = 0.28, ν110 = 0.06 ν direction-dependent [100,101]

Density ρ 2330 kg/m3 [102]

Dielectric constant εR 15.0 + 0.135i at wavelength 640 nm [98]

Sample properties

Thickness h 340 nm [103]

Bending stiffness D 4.6 to 5.6 · 10−10 Nm [100] or [110] Eq. 4.8

Stress σkk 0 to 71 MPa FE-Sim. (∆p=50 mbar)

cmemb for k → 0 0–175 m/s = 0–0.51 cgas cmemb =
√
σkk/ρ

Crit. Wavelength λ0 0 to ≈ 30 µm

Lateral dimensions 715× 691 µm2 100 µm – 1 mm possible

Reflectivity for light 24% Fresnel formulas
at 640 nm wavelength

Static deflection Ẑ 8.3 µm from static profile

Radius of curvature R 7.2 mm

Frequency fR for k → 0 188 kHz Eq. 4.8

Scattering of Resonance
Frequencies

≈ 25% because of anisotropy
and inhomogeneity

Fixation on the chip Film fixed on substrate via wafer bonding; Mem-
brane by etching from the back

[103,104]

Isotropy Tension and bending stiffness anisotropic

Homogeneity Inhomogeneous tension

Influence of the sur-
rounding atmosphere

Enhance the effective mass density ρeff of the
membrane

Flow regime Continuum – fixed boundary conditions

Measurement and evaluation

Max. meaningful p Ground mode: 100 mbar, λ ≤ 100 µm: 1 bar

Excitable nf modes n = 1 to 8

Evaluation method Max.-Ampl.-Method for f < 1.5 MHz
~k-Space-Fit-Method for f > 1 MHz

Table B.2.: Overview of the properties of the Si membrane from our previous work
[12]; The information comes partly from the literature and partly from formulas or
measurements, which are discussed in this work. The voltage and the quantities
derived therefrom refer to an applied pressure difference of ∆p = 0− 50 mbar.
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B. Membrane eigen-properties

Property Value Comment Source

Material-properties

Chemical formula Si3N4

Structure poly-crystalline [93,94]

Young’s modulus E 270 GPa [105]

Poisson ratio ν 0.27 [105]

Density ρ 3180 kg/m3 [105]

Dielectric constant εR 4.1 at wavelength 640 nm [98]

Sample properties

Thickness h 92 nm Ellipsometer measure-
ment

Bending stiffness D 1.9 · 10−11 Nm Eq. 4.8

Stress σkk 1.12 GPa from fit to Eq. 4.8
0.11 GPa from our work. [43,45]
1.10 GPa [105]

cmemb 593 m/s = 1.7 cgas from fit to Eq. 4.8

Crit. Wavelength λ0 2.9 µm

Lateral dimensions 416× 398 µm2 100 µm – 1 mm possible

Reflectivity for light 35% Fresnel formulas
at 640 nm wavelength > 4.3% from camera picture

Scattering of Resonance
Frequencies

0.2% from Fig. 4.6

Fixation on the chip Si3N4 film on SiO2 layer on Si wafer; Membrane
by etching from the back

Isotropy Isotropy expected, verification not possible

Homogeneity Homogeneity expected, verification not possible.

Influence of the sur-
rounding atmosphere

Damping proportional to the pressure

Flow regime Boundary between continuum with moving
boundary conditions and transitional regime

Measurement and evaluation

Max. meaningful p 50-100 mbar damping too high for
higher pressures

Excitable nf modes only 1f mode visible

Evaluation method Fits the resonance curve (see our work [41,45].)

Table B.3.: Overview of the properties of high-stress silicon nitride membranes;
the information comes partly from the literature and partly from formulas or
measurements, which are discussed in this work [12,41–43,45].
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Property Value Comment Source

Material-properties

Structural formula [-CH2-CH2-]n
Crystal structure Single-crystal particles (regular hexagon prisms)

of ≈ 10 nm size in an amorphous matrix
[106]

Microscope. Symmetric Isotropic in the membrane plane

Young’s modulus E 0.6–1.4 GPa HDPE Vol.-Material [107]

Poisson ratio ν 0.42 HDPE Vol.-Material [108]

Density ρ 940–965 kg/m3 HDPE Vol.-Material [107]

Dielectric constant εR 2.25 at wavelength 640 nm [109]

Sample properties

Thickness h 40± 5 nm AFM-Measurement

Bending stiffness D 6.5 · 10−15 Nm for E = 1 GPa Eq. 4.8

Stress σkk 2.4 MPa from fit to Eq. 4.8

cmemb 50 m/s = 0.15 cgas cmemb =
√
σkk/ρ

Crit. Wavelength λ0 1.6 µm

Lateral dimensions 50× 50 µm2 depend. on TEM-Nets

Reflectivity for light 5.1% Fresnel formulas
at 640 nm wavelength > 0.6% from camera picture

Scattering of Resonance
Frequencies

3.6%
√∑

(Meas./Fit− 1)2

Fixation on the chip Free film captured by water surface and filed on
TEM nets

[110]

Isotropy & Homogene-
ity

Strong evidence of anisotropy and / or inhomo-
geneity; Cause not fully understood

Influence of the sur-
rounding atmosphere

Enhance the effective mass density ρeff of the
membrane

Flow regime Continuum - moving boundary conditions

Measurement and evaluation

Max. meaningful p 140 mbar ρeff/ρ− 1
!

= 10%

Excitable nf modes n = 1 bis 3

Evaluation method Max.-Ampl.-Method for f < 2 MHz
~k-Space-Fit-Method for f ≥ 2 MHz

Table B.4.: Overview of the properties of the HDPE membrane; The information
comes partly from the literature and partly from formulas or measurements, which
are discussed in this work.
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Property Value Comment Source

Material-properties

Chemical formula C

Crystal structure Polycrystalline, hexagonal

Young’s modulus E 11.7 GPa Graphite [111]

Poisson ratio ν 0.24 Graphite [111]

Density ρ 1252 kg/m3 calculated [112]

Dielectric constant εR 4.7 + 7i at wavelength 640 nm
for Graphite

[113]

Sample properties

Thickness h 1 nm [114]

Bending stiffness D 1.0 · 10−18 Nm Eq. 4.8

Stress σkk 4.0 MPa from fit to Eq. 4.8

cmemb 57 m/s = 0.16 cgas cmemb =
√
σkk/ρ

Crit. Wavelength λ0 1.1 µm

Lateral dimensions 50× 50 µm2

Reflectivity for light 1.4 · 10−3 Fresnel formulas
at 640 nm wavelength 3 · 10−4 from camera picture

Scattering of Resonance
Frequencies

12%
√∑

(Meas./Fit− 1)2

Fixation on the chip Free film captured by water surface and filed on
Si chip with holes

[114]

Isotropy & Homogene-
ity

Strong evidence of anisotropy and/or inhomo-
geneity; Cause not fully understood

Influence of the sur-
rounding atmosphere

Enhance the effective mass density ρeff of the
membrane

Flow regime Continuum - moving boundary conditions

Measurement and evaluation

Max. meaningful p 4.7 mbar for basic, 11 mbar for λ = 30 µm

Excitable nf modes n = 1 bis 4

Evaluation method Max.-Ampl.-Method for f < 2 MHz
~k-Space-Fit-Method for f ≥ 2 MHz

Table B.5.: Overview of the properties of the CNM; the information comes partly
from the literature and partly from formulas or measurements, which are discussed
in our work [13,41]. In many cases Graphite values were used as a rough compar-
ison value because there is no data available for CNMs.

114



C. Numerical simulation code

115



Model of 1-2 ω & 1-3 ω coupling for spatial modulation
In[ ]:= $Assumptions = {δΩ, β, g2, κ2, ϕ2, g3, κ3, ϕ3} ∈ Reals

In[ ]:= Clear[δΩ, β, g2, κ2, ϕ2, g3, κ3, ϕ3]

Solve equation

In[ ]:= XX1A[δΩ_] := Root # - δΩ +
g2 2 δΩ + ϕ2

κ22 + 2 δΩ + ϕ22
# +

g3 3 δΩ + ϕ3

κ32 + 3 δΩ + ϕ32
#^2

2

+

1 +
g2 κ2

κ22 + 2 δΩ + ϕ22
# +

g3 κ3

κ32 + 3 δΩ + ϕ32
#^2

2

# - β
2 &, 1;

XX2ARE[δΩ_] := ComplexExpandReRoot

# - δΩ +
g2 2 δΩ + ϕ2

κ22 + 2 δΩ + ϕ22
# +

g3 3 δΩ + ϕ3

κ32 + 3 δΩ + ϕ32
#^2

2

+

1 +
g2 κ2

κ22 + 2 δΩ + ϕ22
# +

g3 κ3

κ32 + 3 δΩ + ϕ32
#^2

2

# - β
2 &, 2;

XX2AIM[δΩ_] := ComplexExpandImRoot

# - δΩ +
g2 2 δΩ + ϕ2

κ22 + 2 δΩ + ϕ22
# +

g3 3 δΩ + ϕ3

κ32 + 3 δΩ + ϕ32
#^2

2

+

1 +
g2 κ2

κ22 + 2 δΩ + ϕ22
# +

g3 κ3

κ32 + 3 δΩ + ϕ32
#^2

2

# - β
2 &, 2;

XX2A[δΩ_] := If[Chop[Abs[XX2AIM[δΩ]]] > 0, 0, 1] XX2ARE[δΩ];

XX3ARE[δΩ_] :=

ComplexExpandReRoot # - δΩ +
g2 2 δΩ + ϕ2

κ22 + 2 δΩ + ϕ22
# +

g3 3 δΩ + ϕ3

κ32 + 3 δΩ + ϕ32
#^2

2

+

1 +
g2 κ2

κ22 + 2 δΩ + ϕ22
# +

g3 κ3

κ32 + 3 δΩ + ϕ32
#^2

2

# - β
2 &, 3;

XX3AIM[δΩ_] := ComplexExpandImRoot

# - δΩ +
g2 2 δΩ + ϕ2

κ22 + 2 δΩ + ϕ22
# +

g3 3 δΩ + ϕ3

κ32 + 3 δΩ + ϕ32
#^2

2

+

1 +
g2 κ2

κ22 + 2 δΩ + ϕ22
# +

g3 κ3

κ32 + 3 δΩ + ϕ32
#^2

2

# - β
2 &, 3;

XX3A[δΩ_] := If[Chop[Abs[XX3AIM[δΩ]]] > 0, 0, 1] XX3ARE[δΩ];



 

XX4ARE[δΩ_] :=

ComplexExpandReRoot # - δΩ +
g2 2 δΩ + ϕ2

κ22 + 2 δΩ + ϕ22
# +

g3 3 δΩ + ϕ3

κ32 + 3 δΩ + ϕ32
#^2

2

+

1 +
g2 κ2

κ22 + 2 δΩ + ϕ22
# +

g3 κ3

κ32 + 3 δΩ + ϕ32
#^2

2

# - β
2 &, 4;

XX4AIM[δΩ_] := ComplexExpandImRoot

# - δΩ +
g2 2 δΩ + ϕ2

κ22 + 2 δΩ + ϕ22
# +

g3 3 δΩ + ϕ3

κ32 + 3 δΩ + ϕ32
#^2

2

+

1 +
g2 κ2

κ22 + 2 δΩ + ϕ22
# +

g3 κ3

κ32 + 3 δΩ + ϕ32
#^2

2

# - β
2 &, 4;

XX4A[δΩ_] := If[Chop[Abs[XX4AIM[δΩ]]] > 0, 0, 1] XX4ARE[δΩ];

XX5ARE[δΩ_] :=

ComplexExpandReRoot # - δΩ +
g2 2 δΩ + ϕ2

κ22 + 2 δΩ + ϕ22
# +

g3 3 δΩ + ϕ3

κ32 + 3 δΩ + ϕ32
#^2

2

+

1 +
g2 κ2

κ22 + 2 δΩ + ϕ22
# +

g3 κ3

κ32 + 3 δΩ + ϕ32
#^2

2

# - β
2 &, 5;

XX5AIM[δΩ_] := ComplexExpandImRoot

# - δΩ +
g2 2 δΩ + ϕ2

κ22 + 2 δΩ + ϕ22
# +

g3 3 δΩ + ϕ3

κ32 + 3 δΩ + ϕ32
#^2

2

+

1 +
g2 κ2

κ22 + 2 δΩ + ϕ22
# +

g3 κ3

κ32 + 3 δΩ + ϕ32
#^2

2

# - β
2 &, 5;

XX5A[δΩ_] := If[Chop[Abs[XX5AIM[δΩ]]] > 0, 0, 1] XX5ARE[δΩ];

YY1A [δΩ_] :=

1

4
g2

κ22 + 2 δΩ + ϕ22
XX1A[δΩ];

ZZ1A [δΩ_] :=

1

9
g3

κ32 + 3 δΩ + ϕ32
XX1A[δΩ];

YY2A [δΩ_] :=

1

4
g2

κ22 + 2 δΩ + ϕ22
XX2A[δΩ];

ZZ2A [δΩ_] :=

1

9
g3

κ32 + 3 δΩ + ϕ32
XX2A[δΩ];

YY3A [δΩ_] :=

1

4
g2

κ22 + 2 δΩ + ϕ22
XX3A[δΩ];
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ZZ3A [δΩ_] :=

1

9
g3

κ32 + 3 δΩ + ϕ32
XX3A[δΩ];

Import data

In[ ]:= (*dataC=Import["I:/Nonlinear/SIN02_400/Data treatment/ring

shape 2w0 process/1,2,3coupling/SiN_400_20mv_center.csv","Data"]*)

dataF = Import["I:/Nonlinear/SIN02_400/Data treatment/ring shape 2w0

process/1,2,3coupling_scaling/20170724/SiN_400_14.96mv_full_duffing.csv", "Data"]

Numerical simulation

In[ ]:= β := 8.719987607 * 5; (*driving*)

g2 := 25;

κ2 := 18 * 5; (*damping*)

ϕ2 := 0.0;

g3 := 25;

κ3 := 18 * 5; (*damping*)

ϕ3 := 0.0;

a := 4.45;

b := 50;

c := 50;

plot1 = Plot[{a * XX1A[x], a * XX2A[x], a * XX3A[x], a * XX4A[x], a * XX5A[x]},

{x, -80, 80}, PlotRange → {0., 20}, PlotStyle → {Red, Green, Blue, Orange, Magenta}]

plot2 = Plot[{YY1A[x], ZZ1A[x], YY2A[x], ZZ2A[x], YY3A[x], ZZ3A[x]}, {x, -80, 80},

PlotRange → {0., 0.005}, PlotStyle → {Red, Black, Green, Green, Blue, Blue}]

plot3 = Plot[{a * XX1A[x] + b * YY1A[x] + c * ZZ1A[x], a * XX2A[x] + b * YY2A[x] + c * ZZ2A[x],

a * XX3A[x] + b * YY3A[x] + c * ZZ3A[x] + a * XX4A[x] + a * XX5A[x]}, {x, -80, 80.},

PlotRange → {0., 20}, PlotStyle → {Red, Green, Black, Orange, Magenta}]

Showplot3, ListPlotdataF, PlotMarkers → {Graphics@Circle[{0, 0}], .02},

PlotRange → {0., 25}

Data saving

data03 = Flatten[Cases[plot1, Line[x__] → x, Infinity], 1];

Export["I:/Nonlinear/SIN02_400/Data treatment/ring shape 2w0

process/1,2,3coupling_scaling/20170724/Modeling_14.96mv_w1.csv", data03, "CSV"];

data04 = Flatten[Cases[plot2, Line[x__] → x, Infinity], 1];

Export["I:/Nonlinear/SIN02_400/Data treatment/ring shape 2w0

process/1,2,3coupling_scaling/20170724/Modeling_14.96mv_w2_w3.csv",

data04, "CSV"];

data05 = Flatten[Cases[plot3, Line[x__] → x, Infinity], 1];

Export["I:/Nonlinear/SIN02_400/Data treatment/ring shape 2w0

process/1,2,3coupling_scaling/20170724/Modeling_14.96mv_total.csv", data05, "CSV"];
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